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A NOTE ON ALMOST ANTI-PERIODIC FUNCTIONS IN
BANACH SPACES

M. KOSTIC' AND D. VELINOV?

ABSTRACT. The main aim of this note is to introduce the notion of an almost
anti-periodic function in Banach space. We prove some characterizations for this
class of functions, investigating also its relationship with the classes of anti-periodic
functions and almost periodic functions in Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

As mentioned in the abstract, the main aim of this note is to introduce the notion
of an almost anti-periodic function in Banach space as well as to prove some character-
izations for this class of functions. Any anti-periodic function is almost anti-periodic,
and any almost anti-periodic function is almost periodic. Unfortunately, almost anti-
periodic functions do not have a linear vector structure with the usually considered
operations of pointwise addition of functions and multiplication with scalars. The
main result of paper is Theorem 2.3, in which we completely profile the closure of
linear span of almost anti-periodic functions in the space of almost periodic functions.
We also prove some other statements regarding almost anti-periodic functions, and
introduce the concepts of Stepanov almost anti-periodic functions, asymptotically
almost anti-periodic functions and Stepanov asymptotically almost anti-periodic func-
tions. We investigate the almost anti-periodic properties of convolution products,
providing also a few elementary examples and applications.

Let (X,]|| - ||) be a complex Banach space. By C,([0,00) : X) we denote the
space consisting of all bounded continuous functions from [0, c0) into X, the symbol
Co([0,00) : X) denotes the closed subspace of Cy([0,00) : X) consisting of functions
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vanishing at infinity. By BUC(]0,00) : X) we denote the space consisted of all
bounded uniformly continuous functions from [0, 00) to X. This space becomes one
of Banach’s endowed with the sup-norm.

The concept of almost periodicity was introduced by Danish mathematician H.
Bohr around 1924-1926 and later generalized by many other authors (cf. [6-9] and
[16] for more details on the subject). Let I =R or [ = [0,00), and let f: I — X be
continuous. Given € > 0, we call 7 > 0 an e-period for f(-) if and only if

[fE+7)—fOl <e tel

The set constituted of all e-periods for f(-) is denoted by J(f,€). It is said that f(-) is
almost periodic, a.p. for short, if and only if for each € > 0 the set J(f,¢€) is relatively
dense in I, which means that there exists [ > 0 such that any subinterval of I of
length [ meets J(f,€).

The space consisted of all almost periodic functions from the interval I into X
will be denoted by AP(I : X). Equipped with the sup-norm, AP(I : X) becomes a
Banach space.

For the sequel, we need some preliminary results appearing already in the pioneering
paper [2] by H. Bart and S. Goldberg, who introduced the notion of an almost periodic
strongly continuous semigroup there (see [1] for more details on the subject). The
translation semigroup (W (t));>0 on AP([0,00) : X), given by [W () f](s) := f(t + s),
t>0,s>0,f¢e AP([0,00) : X) is consisted solely of surjective isometries W (t)
(t > 0) and can be extended to a Cy-group (W (t))er of isometries on AP([0, 00) : X),
where W (—t) := W (t)~! for t > 0. Furthermore, the mapping E : AP([0,00) : X) —
AP(R : X), defined by

[Ef](E) = [W () [)0), teR, feAP([0,00): X),

is a linear surjective isometry and FE f is the unique continuous almost periodic ex-
tension of a function f(-) from AP([0,00) : X) to the whole real line. We have that
[E(Bf)] = B(Ef) forall Be€ L(X) and f € AP([0,00) : X).

The most intriguing properties of almost periodic vector-valued functions are col-
lected in the following two theorems (in the case that I = R, these assertions are
well-known in the existing literature; in the case that I = [0,00), then these asser-
tions can be deduced by using their validity in the case I = R and the properties of
extension mapping F(-); see [14] for more details).

Theorem 1.1. Let f € AP(I : X). Then the following holds:

(i) fe BUC(I : X);
(i) ifg e AP(I : X), he AP(I:C), a, B € C, thenaf+Pg and hf € AP(I : X);
(iii) Bohr’s transform of f(-),

P.(f):= lim ! te_"sf(s) ds,

t—oo t Jo
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exists for allr € R and

: 1 i —irs
Pf) = Jim g [ e (s s
foralla eI, reR;
(iv) if B.(f) =0 for allr € R, then f(t) =0 for allt € I;
(v) o(f) :={r e R: P.(f) # 0} is at most countable;
(vi) if co € X, which means that X does not contain an isomorphic copy of co,
I =R and g(t) = [f; f(s)ds (t € R) is bounded, then g € AP(R: X);
(vii) if (gn)nen is a sequence in AP(I : X) and (gn)nen converges uniformly to g,
then g € AP(I : X);
(viii) if I =R and f' € BUC(R : X), then f' € AP(R: X);
(ix) (spectral synthesis) f € Span{e*x: u € o(f), x € R(f)};
)
)

(x) R(f) is relatively compact in X;
(xi) we have

[fllee = sup[lf (), o€ 1.
t>1o

Theorem 1.2 (Bochner’s criterion). Let f € BUC(R : X). Then f(-) is almost peri-
odic if and only if for any sequence (b,) of numbers from R there exists a subsequence
(an) of (bn) such that (f(- + a,)) converges in BUC(R : X).

Theorem 1.2 has served S. Bochner to introduce the notion of an almost automorphic
function, which slightly generalize the notion of an almost periodic function [4]. For
more details about almost periodic and almost automorphic solutions of abstract
Volterra integro-differential equations, we refer the reader to the monographs by T
Diagana [6], G. M. N’Guérékata [9], M. Kosti¢ [14] and M. Levitan, V. V. Zhikov [16].

By either AP(A : X) or APy(I : X), where A is a non-empty subset of I, we denote
the vector subspace of AP(/ : X) consisting of all functions f € AP(I : X) for which
the inclusion o(f) C A holds good. It can be easily seen that AP(A : X) is a closed
subspace of AP(I : X) and therefore Banach space itself.

2. ALMOST ANTI-PERIODIC FUNCTIONS

Assume that I =R or I = [0,00), as well as that f : I — X is continuous. Given
e > 0, we call 7 > 0 an e-antiperiod for f(-) if and only if

(2.1) lfE+7)+fO <e, tel

In what follows, by ¥, (f, €) we denote the set of all e-antiperiods for f(-).
We introduce the notion of an almost anti-periodic function as follows.

Definition 2.1. It is said that f(-) is almost anti-periodic if and only if for each € > 0
the set J,,(f, €) is relatively dense in I.
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Suppose that 7 > 0 is an e-antiperiod for f(-). Applying (2.1) twice, we get that

[f(t+27) = fOI =fE+2m)+ fE+7)] = [ft+7)+ fFO]l
<|[ft+2r)+ fE+n)+ | fE+7)+ fO)] <2, tel

Taking this inequality in account, we obtain almost immediately from elementary
definitions that f(-) needs to be almost periodic. Further on, assume that f: I — X
is anti-periodic, i.e, there exists w > 0 such that f(t + w) = —f(t), t € I. Then
we obtain inductively that f(t + (2k + l)w) = —f(t), k € Z, t € I. Since the set
{(2k + Dw : k € Z} is relatively dense in I, the above implies that f(-) is almost
anti-periodic. Therefore, we have proved the following theorem.

Theorem 2.1. (i) Assume f : I — X is almost anti-periodic. Then f : 1 — X
is almost periodic.
(ii) Assume f: I — X is anti-periodic. Then f: 1 — X is almost anti-periodic.

It is well known that any anti-periodic function f : I — X is periodic since, with
the notation used above, we have that f(t + 2kw) = f(t), k € Z\ {0}, t € I. But,
the constant non-zero function is a simple example of a periodic function (therefore,
almost periodic function) that is neither anti-periodic nor almost anti-periodic.

Ezample 2.1. (i) Consider the function f(t) := sin(nt) +sin(mty/2), t € R. This is
an example of an almost anti-periodic function that is not a periodic function.
This can be verified as it has been done by A. S. Besicovitch [3, Introduction,
p. ix].
(ii) The function g(t) := f(¢t) + 5, t € R, where f(-) is defined as above, is almost
periodic, not almost anti-periodic and not periodic.

We continue by noting the following simple facts. Let f : I — X be continuous,
and let ¢ > € > 0. Then the following holds true.
() Vap(f.€) C Vap(f,€).
(ii) If I =R and (2.1) holds with some 7 > 0, then (2.1) holds with —7.
(ili) If I =R and 74,75 € ¥gp(f, €), then 7 £ 75 € I(f,€).
Furthermore, the argumentation contained in the proofs of structural results of [3,
pp. 3-4] shows that the following holds.

Theorem 2.2. Let f: I — X be almost anti-periodic. Then we have the following.
(i) ¢f(-) is almost anti-periodic for any c € C.
(ii) If X = C and inf,cg |f(x)| =m > 0, then 1/f(-) is almost anti-periodic.
(iii) If (gn : I — X)nen is a sequence of almost anti-periodic functions and (g,)nen
converges uniformly to a function g : I — X, then g(-) is almost anti-periodic.

Concerning products and sums of almost anti-periodic functions, the situation
is much more complicated than for the usually examined class of almost periodic
functions.
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Example 2.2. (i) The product of two scalar almost anti-periodic functions need not
be almost anti-periodic. To see this, consider the functions f;(t) = fa(t) = cost,
t € R, which are clearly (almost) anti-periodic. Then fi(t)- f2(t) = cos*t, t € R,
cos?(t + 7) + cos? t > cos’t, 7, t € R, and therefore ¥y, (f1 - fa,€) = 0 for any
e€(0,1).
(ii) The sum of two scalar almost anti-periodic functions need not be almost anti-
periodic, so that the almost anti-periodic functions do not form a vector space.
To see this, consider the functions fi(t) = 271 cos4t and fo(t) = 2cos2t, t € R,
which are clearly (almost) anti-periodic. Then

fi(t) + fot) = 4cos* t — 2, teR.

Asssume that f; + f5 is almost anti-periodic. Then the above identity implies
that the function t — Scos*t — 3, t € R, is almost anti-periodic, as well. This,
in particular, yields that for any € € (0,1) we can find 7 € R such that

‘86084@4—7') +8cos4t—6‘ <e teR.

Plugging t = 7, we get that 8 cos* 7 + 2 < ¢, which is a contradiction. Finally,
we would like to point out that there exists a large number of much simpler
examples which can be used for verification of the statement clarified in this
part; for example, the interested reader can easily check that the function
t +— cost 4+ cos2t, t € R, is not almost anti-periodic.

Assume that f : I — X is almost anti-periodic. Then it can be easily seen that
f(-+a) and f(b-) are likewise almost anti-periodic, where a € I and b € I\ {0}.

Denote now by ANPy(I : X) the linear span of almost anti-periodic functions
I — X. By Theorem 2.1(i), ANPy(I : X) is a linear subspace of AP(I : X). Let
ANP(I : X) be the linear closure of ANFy(I : X) in AP(I : X). Then, clearly,
ANP(I : X) is a Banach space. Furthermore, we have the following result.

Theorem 2.3. ANP(I : X) = APrp\j03({ : X).

Proof. Since the mapping E : AP([0,00) : X) — AP(R : X) is a linear surjective
isometry, it suffices to consider the case in which I = R. Assume first that f €
APp\(0y(I : X). By spectral synthesis (see Theorem 1.1(ix)), we have that

f € Span{erz:pea(f), x€R(f)}
where the closure is taken in the space AP(R : X). Since o(f) C R\ {0} and the
function ¢ +— e t € R, p € R\ {0} is anti-periodic, we have that Span{e*x : u €
o(f), € R(f)} CANPy(R: X). Hence, f € ANP(R : X). The converse statement

immediately follows if we prove that, for any fixed function f € ANP(R : X), we
have that Py(f) =0, i.e.,

(2.2) lim E tf(s) ds = 0.

t—oo t Jo
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By almost periodicity of f(-), the limit in (2.2) exists. Hence, it is enough to show
that for any given number € > 0 we can find a sequence (wy,),en of positive reals such
that lim,, ,. w, = 0o and

(2.3) HQj)n/onn f(s)ds

By definition of almost anti-periodicity, we have the existence of a number [ > 0 such
that any interval I,, = [nl, (n + 1){] (n € N) contains a number w,, that is anti-period
for f(-). The validity of (2.3) is a consequence of the following computation:

/OM f(s)ds /Own f(s)ds+ /2wn f(s)ds

Wn

[ 1+ s+ ) as

< [T+ fls +wn) ds S wn, mEN,
0

€
<< neN
=5 n

finishing the proof of theorem. 0
Let f € AP(I : X) and 0 # A C R. Since

o(f) € A if and only if P.(f) =0, r € R\A if and only if Py(e ™ f(-)) =0, r € R\A,

we have the following corollary of Theorem 2.3 (see also [1, Corollary 4.5.9]).

Corollary 2.1. Let f € AP(I : X) and ) # A C R. Then f € AP\({ : X) if and
only if e=" f(-) € ANP(I : X) for allr € R\ A.

Further on, Theorem 2.3 combined with the obvious equality o(Ef) = o(f) imme-
diately implies that the unique ANP extension of a function f € ANP([0,00) : X) to
the whole real axis is E'f(-). As the next proposition shows, this also holds for almost
anti-periodic functions.

Proposition 2.1. Suppose that f : [0,00) — X is almost anti-periodic. Then Ef :
R — X is a unique almost anti-periodic extension of f(-) to the whole real axis.

Proof. The uniqueness of an almost anti-periodic extension of f(-) follows from the
uniqueness of an almost periodic extension of f(-). It remains to be proved that
Ef:R — X is almost anti-periodic. To see this, let € > 0 be given. Then there exists
[ > 0 such that any interval I C [0, 00) of length [ contains a number 7 € I such that
I1f(s+7)+ f(s)]| <€ s>0. We only need to prove that any interval I C R of length
2l contains a number 7 € I such that

IEA®E+7) + [EfON = [WE+7)f + WO <€ teR.

If I C[0,00), then the situation is completely clear. Suppose now that I C (—o0,0].
Then —I C [0,00) and there exists a number —7 € —I such that

sup | f(s =)+ fls)ll < e
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Then the conclusion follows from the computation

Wt +7)f +W(E)FUO) < W (t+7)f 4+ W(t) Il Lo (10,000)
< WA+ 7)o (0,00 W (=) f + [l 222 (0,00))
= sup [f(s=1)+ f(s)| <e teR

Finally, if [ = I U I, where I; = [a,0] (a < 0) and I, = [0,b] (b > 0), then |a| > [ or
b > [. In the case that |a| > [, then the conclusion follows similarly as in the previously
considered case. If b > [, then the conclusion follows from the computation

IW(t+7)f+WE) IO < W (t+7)f +W(E) fll o (0.00))
< W ()| oo (0,00 [W(T) f + FllLoe((0,00))
=swlf(s+7)+ fls) < LER,

where 7 € [, is an e-antiperiod of f(-). O

For various generalizations of almost periodic functions, we refer the reader to [14].
In the following definition, we introduce the notion of a Stepanov almost anti-periodic
function.

Definition 2.2. Let 1 < p < oo, and let f € L} (I : X). Then we say that f(-) is
Stepanov p-almost anti-periodic function, SP-almost anti-periodic shortly, if and only

if the function f: 1 — L?([0,1] : X), defined by
f)(s)=flt+s), tel selo1]
is almost anti-periodic.

It can be easily seen that any almost anti-periodic function needs to be SP-almost
anti-periodic, as well as that any SP-almost anti-periodic function has to be SP-almost
periodic, 1 < p < o0.

3. ALMOST ANTI-PERIODIC PROPERTIES OF CONVOLUTION PRODUCTS

Since almost anti-periodic functions do not form a vector space, we will focus our
attention here to the almost anti-periodic properties of finite and infinite convolution
product, which is undoubtedly a safe and sound way for providing certain applications
to abstract PDEs.

Proposition 3.1. Suppose that 1 < p < oo, 1/p+1/qg=1 and (R(t))i~0 C L(X) is
a strongly continuous operator family satisfying that M =332 | R(-)|| zafers1] < 00.
If g : R — X is SP-almost anti-periodic, then the function G(-), given by

t

(3.1) G@y:/ R(t — s)g(s)ds, teR,

—0o0

is well-defined and almost anti-periodic.
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Proof. 1t can be easily seen that, for every ¢ € R, we have G(t) = [5° R(s)g(t — s) ds.
Since ¢(-) is SP-almost periodic, we can apply [15, Proposition 2.11] in order to see
that G(-) is well-defined and almost periodic. It remains to be proved that G(-) is
almost anti-periodic. Let a number ¢ > 0 be given in advance. Then we can find a
finite number [ > 0 such that any subinterval I of R of length [ contains a number
7 € I such that [T ||g(s +7) + g(s)||Pds < ¢, t € R. Applying Hélder inequality
and this estimate, similarly as in the proof of above-mentioned proposition, we get
that

G +7)+ GO < [T IRO) - gt +7 1) + gt =) dr

- rk+1
=3 [ IREI- gt +7 =)+ glt =)l dr

O_O k+1 1/p
< 2_: I R() || a1y (/k lg(t +7—71)+gt—7)|? dr)

t—k 1/p
= Z | RGN pap k1) </tk1 llg(s + 1)+ g(9)|” ds)
< Z | R() Lok prne = Me, tER,

which clearly implies that the set of all e-antiperiods of G(-) is relatively dense in R. [

In order to relax our exposition, we shall introduce the notion of an asymptotically
(SP-)almost anti-periodic function in the following way (cf. also [12, Lemma 1.1]):

Definition 3.1. (i) Let f € Cp([0,00) : X). Then we say that f(-) is asymp-
totically almost anti-periodic if and only if there are two locally functions
g:R — X and ¢ : [0,00) — X satisfying the following conditions:
(a) g is almost anti-periodic;
(b) ¢ belongs to the class Cy([0, 00) : X);
(c) f(t) = g(t) +q(t) for all £ > 0.

(ii) Let 1 < p < oo, and let f € LY ([0,00) : X). Then we say that f(-) is
asymptotically Stepanov p-almost anti-periodic, asymptotically SP-almost anti-
periodic shortly, if and only if there are two locally p-integrable functions
g:R— X and ¢ : [0,00) — X satisfying the following conditions:

(a) g is SP-almost anti-periodic;
(b) ¢ belongs to the class Cy([0,00) : LP([0,1] : X));
(c) f(t) =g(t)+q(t) for all t > 0.

Keeping in mind Proposition 3.1 and the proof of [15, Propostion 2.13], we can
simply clarify the following result.
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Proposition 3.2. Suppose that 1 <p < oo, 1/p+1/qg=1 and (R(t))i>0 C L(X) is
a strongly continuous operator family satisfying that, for every s > 0, we have that

- Z ||R(')||Lq[s+k,s+k+1] < 0.

Suppose, further, that f : [0,00) — X is asymptotically SP-almost anti-periodic as
well as that the locally p-integrable functions g : R — X, q : [0,00) — X satisfy the
conditions from Definition 3.1(ii). Let there exist a finite number M > 0 such that the
following holds:

s P
(i) Ty o0 ft“ IR a(s = ) dr]” ds = 0;
(ii) limyye0 /T mP ds = 0.

Then the function H(-), given by

t
H(t) = / R(t—s)f(s)ds, t>0,
0
is well-defined, bounded and asymptotically SP-almost anti-periodic.

Before providing some applications, we want to note that our conclusions from [15,
Remark 2.14] and [14, Proposition 2.7.5] can be reformulated for asymptotical almost
anti-periodicity.

It is clear that we can apply results from this section in the study of existence and
uniqueness of almost anti-periodic solutions of fractional Cauchy inclusion

D] u(t) € Au(t) + f(t), teR,

where D/, denotes the Riemann-Liouville fractional derivative of order v € (0,1) and
f R — X satisfies certain properties, and A is a closed multivalued linear operator
(see [8] for the notion). Furthermore, we can analyze the existence and uniqueness of
asymptotically (SP-) almost anti-periodic solutions of fractional Cauchy inclusion

(DFP),_ : { %ét(i) weo ,Au(t) + f(t), t>0,

where D/ denotes the Caputo fractional derivative of order v € (0, 1], zp € X and
f :]0,00) — X, satisfies certain properties, and A is a closed multivalued linear
operator (cf. [14] for more details). Arguing so, we can analyze the existence and
uniqueness of (asymptotically SP-) almost anti-periodic solutions of the fractional
Poisson heat equations

{Dz+[m<x>< o] = (A—b(t,2) + f(t,1), tER zeQ,
v(t,x) =0, (t,x) € [0,00) x 99,

and
D} [m(z)v(t,x)] = (A = b)v(t,z) + f(t,x), t>0, z €,
v(t,z) =0, (t,x) € [0,00) x 01,
m(z)v(0,x) = up(x), =z €,
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in the space X := LP(Q2), where 2 is a bounded domain in R", b > 0, m(z) > 0 a.e.
r e, meL®Q),v€(0,1)and 1 < p < oo, see [8] and [14] for further information
in this direction.

For some other references regarding the existence and uniqueness of anti-periodic
and Bloch periodic solutions of certain classes of abstract Volterra integro-differential
equations, we refer the reader to [5,7,10-13,17,18].
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