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MORE ABOUT PETROVIC’S INEQUALITY ON COORDINATES
VIA m-CONVEX FUNCTIONS AND RELATED RESULTS

ATIQ UR REHMAN!, GHULAM FARID!, AND WASIM IQBAL?

ABSTRACT. In this paper the authors extend Petrovié’s inequality for coordinated
m-convex functions in the plane and also find Lagrange type and Cauchy type mean
value theorems for Petrovié¢’s inequality for m-convex functions and coordinated
m-~convex functions. The authors consider functional due to Petrovié¢’s inequality
in plane and discuss its properties for certain class of coordinated log-m-convex
functions.

1. INTRODUCTION

A function f : [a,b] — R is said to be convex if

fltw+ (1 —t)y) <tf(z)+ (1 —t)f(y)
holds, for all z,y € [a,b] and t € [0,1].
In [6], Dragomir gave the definition of convex functions on coordinates as follows.

Definition 1.1. Let A = [a,b] x [¢,d] C R? and f : A — R be a mapping. Define
partial mappings

(1.1) fy o la,b] = Rby fy(u) = f(u,y)
and
(12) fo: [Cvd] — R by fx(v) :f(a:,v).

Then f is said to be convex on coordinates (or coordinated convex) in A if f, and f,
are convex on |a,b] and [c, d] respectively for all y € [¢,d] and x € [a,b]. A mapping
f is said to be strictly convex on coordinates (or strictly coordinated convex) in A

Key words and phrases. Petrovié¢’s inequality, mean value theorem, log-convexity, m-convex func-
tions on coordinates.

2010 Mathematics Subject Classification. 26A51, 26D15, 35B05.

DOIT 10.46793/KgJMat2003.335R,

Received: January 24, 2018.

Accepted: April 30, 2018.

335



336 A. U. REHMAN, G. FARID, AND W. IQBAL

if f, and f, are strictly convex on [a, b] and [c, d], respectively, for all y € [c,d] and
x € [a,b].

In [22], G. Toader gave the definition of m-convexity as follows.

Definition 1.2. The function f : [0,0] — R, b > 0, is said to be m-convex, where
m € [0, 1], if we have

ftr+m(l—t)y) <tf(z) +m(l—1)f(y),
for all z,y € [0,b] and ¢ € [0, 1].

Remark 1.1. One can note that the notion of m-convexity reduces to convexity if we
take m = 1. We get starshaped functions from m-convex functions if we take m = 0.

Definition 1.3. A function f : [a,b] — R is called log-convex if

fltz+ (1= t)y) < f1@) + O (y)
holds, for all z,y € [0,b] and ¢ € [0, 1].
Log-convex functions have excellent closure properties. The sum and product of
two log-convex functions is convex. If f is convex function and ¢ is log-convex function

then the functional composition g o f is also log-convex.
In [1], Almori and Darus gave the definition of log-convex on coordinates as follows.

Definition 1.4. Let A = [a,b] X [¢,d] and let a function f : A — Ry is called
log-convex on coordinates in A if partial mappings defined in (1.1) and (1.2) are
log-convex on [a, b] and [c, d], respectively, for all y € [¢,d] and x € [a, b].

In [8], Farid et al. gave the definition of coordinated m-convex functions as follows.

Definition 1.5. Let A = [0,5] x [0,d] C [0,00)?, then a function f: A — R will be
called m-convex on coordinates if the partial mappings
fy :10,b] = R defined by f,(u) = f(u,y)

and
fz :[0,d] — R defined by f.(v) = f(z,v)
are m-convex on [0, b] and [0, d], respectively, for all y € [0,d] and = € [0, b].

In [17] (see also [15, p. 154]), M. Petrovi¢ proved the following result, which is
known as Petrovi¢’s inequality in the literature.

Theorem 1.1. Suppose that (z1,...,x,) and (p1,...,p,) be two non-negative n-tuples
such that Y3 prxr > x; fori = 1,...,n and Y}_ prxr € [0,a]l. If f is a convex
function on [0,a), then the inequality

(1.3) épkf(:ck) </ (i:lpkxk) + (;pk - 1) f(0)

1s valid.
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Remark 1.2. Take pp = 1, k =1,...,n the above inequality becomes

kéf(:vk) <f (Z xk> + (n —1)£(0).

In [2], M. Bakula et al. gave the Petrovi¢’s inequality for m-convex function which
is stated in the following theorem.

Theorem 1.2. Let (zy,...,x,) be non-negative n-tuples and (py, ..., pn) be positive
n-tuples such that

P, ::Zpk7 07Ain:§:pkxk2x]~ for each j=1,...,n.
k=1 k=1

If £ :]0,00) = R be an m-convex function on [0,00) with m € (0, 1], then

(1.4) Zn:pkf(xk) <min {mf (2)+ (P, = 1)f (0), f () + m(P, = 1)f (0)} .

k=1

Remark 1.3. If we take m = 1 in Theorem 1.2, we get famous Petrovi¢’s inequality
stated in Theorem 1.1.

In [19], Rehman et al. gave the Petrovi¢’s inequality for coordinated convex func-
tions, which is stated in the following theorem.

Theorem 1.3. Let (xy,...,x,) € [0,a)", (Y1,---,Yn)
(q1,-.-,qn) be positive n-tuples such that Y}_, pxxy €
Zzzl Pk Z 17

€ [0,0)™ and (p1,...,pn),
[070’)7 Z;L:lq]y] € [07b)7

n n
Pn;:Zpk, 07é:i’n:Zpkxkinforeachizl,...,n,
k=1 k=1

and
Q, = qu, 0+# g, = quyj >y; foreachi=1,....,n.
j=1 j=1
If f: A — R be a coordinated convezx, then

n n

(1-5) Z Zpk%f(mk; yj) <f (fnvgn) + (Qn - 1) f ("%nv O)

o (P 1) (F(0,G) + (Qu — 1)£(0,0)).

By considering non-negative difference of (1.5), the authors in [19] defined the
following functional

(1'6) T(f) :f (i‘na gn) + (Qn - 1) f (fim 0) + (Pn - 1) [f (Oa gn) + (Qn - 1) f(0> 0)]
= > putif (Tn, y5)-
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By considering non-negative difference of (1.3), the authors in [4] defined the
following functional

an ) =7 (z pkxk) - (z pkf<ask>) ; (z . 1) £(0).

One of the generalizations of convex functions is m-convex functions and it is
considered in literature by many researchers and mathematicians, for example, see
[7,10-12,24] and references there in. In [17] (also see [15, p. 154]), M. Petrovi¢ gave
the inequality for convex functions known as Petrovié¢’s inequality. Many authors
worked on this inequality by giving results related to it, for example see [13,15,17]
and it has been generalized for m-convex functions by M. Bakula et al. in [2]. In [19],
Petrovié¢’s inequality was generalized on coordinate by using the definition of convex
functions on coordinates given by Dragomir in [6].

In this paper the authors extend Petrovié¢’s inequality for coordinated m-convex
functions in the plane and also find Lagrange type and Cauchy type mean value
theorems for Petrovi¢’s inequality for m-convex functions and coordinated m-convex
functions. The authors consider functional due to Petrovi¢’s inequality in plane and
discuss its properties for certain class of coordinated log-m-convex functions.

2. MAIN RESULT

The following theorem consist the result for Petrovi¢’s inequality on coordinated
m-~convex functions.

Theorem 2.1. Let (x1,...,x,), (Y1, ..., Yn) be non-negative n-tuples and (p1, ..., pn),

n

(q1,---,qn) be positive n-tuples such that Y pp > 1,
k=1

Py:=> pr, 0#&,=> pyry > foreachi=1,...,n
k=1 k=1

and

Qn=> a5, 0#Fn=> qy; >y foreachi=1,...,n.
=1

j=1
If f:]0,00)* = R be an m-conver function on coordinates with m € (0,1], then

n n

(2.1) Z Zpkqu(xk,yj) <min {mmin {G,,1(Z,/m), G1m(Tn/m)} + (P, — 1)

o X min{G,,1(0), G1,,(0)} , min {Gp1(2,), G1.m(T0n)}
+m (P, — 1) min {G,,1(0), G1.,(0)}},

where

(2.2) Gilt) = (1, Z’;) F(Qn — 1) (£,0).



MORE ABOUT PETROVIC’S INEQUALITY ON COORDINATES... 339

Proof. Let f, : [0,00) = Rand f, : [0,00) — R be mappings such that f,(v) = f(z,v)
and f,(u) = f(u,y). Since f is coordinated m-convex on [0, 00)?, therefore f, is m-
convex on [0,00), so by Theorem 1.2, one has

S pefy () < min {mf, (Eufm) + (P — 1)fy (0)., fy () +m(Pa — 1), (0)}

k=1
This is equivalent to

> pf (o) Smin oo (E /i, 0) + (P = 1) 0.),

f (@) +m(P, —1)f(0,y)}.
By setting y = y;, we have

anpkf(ﬂﬁkyyj) <min {mf (Zn/m,y;) + (Fn = 1)1 (0,9;) ,

k=1
f (i‘na yj) + m(Pn - 1)f <0>y])} )
this gives

Zzpk% 'rknyj <m1n{mz% xn/mayj)_’_(Pn_1)2ij<0ayj)a
k=1j=1 j=1

(2.3) )
qu (Zn, y5) +m(Py — 1)2%]”(07%)}-

Now again by Theorem 1.2, one has
z":lqu (/0 y5) < i {0 f (T /0, /1) + (Qu — 1) (/. 0)
- £ Fufms ) + (@ — 1)1 (Fnfm, 0)},
qu 10, 5) < min {m (0, Gu/m) + (@ — 1)f (0,0),
£0,50) + m(Qu — 1)f (0,0}

and

Z % an, y] < min {mf (xnv yn/m) (Qn - 1)f (jm 0) )
f (i'na gn) + m(Qn - 1)f (i'nv O)} :

Putting these values in inequality (2.3), and using the notation in (2.2), one has the
required result. O

Remark 2.1. If we take m = 1 in Theorem 2.1, we get Theorem 1.3.

In the following corollary, we gave new Petrovi¢’s type inequality for m-convex
functions.
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Corollary 2.1. Let (z1,...,2,), (Y1, - -, Yn) be non-negative n-tuples and (py, . . ., pn),
(q1,--.,qn) be positive n-tuples such that Y pr > 1 and
k=1

P, .= Zpk7 O#in:Zpkkaxi foreachi=1,... n.
k=1 k=1

If f :]0,00)? = R be an m-convex function on coordinates with m € (0,1], then one

has
n

(2.4) z_:npkf(:zck) <min {mmin{(m +n —1)f(Z./m), (mn —m+1)f(Z,/m)}

+ (P, — )min{(m+n —1)f(0),(mn—m+1)f(0)},
min {(m +n —1)f(z,), (mn —m+1)f(2,)}
+m(P, — 1)min{(m +n—1),(mn—m+1)f(0)}}.
Proof. If we put y; =0 and ¢; =1, j = 1,...,n with f(2,0) — f(x) in inequality
(2.1), we get the required result. O
Remark 2.2. If we take m = 1 in inequality (2.4), we get the inequality (1.3).
Let f:]0,b] — R be a function. Then we define

f(x) —mf(a)
2. P, =
(25) am. () r—ma
for all = € [0,b]\{ma}, for fixed a € [0,b]. Also define

Pac m _P;E m
(2.6) Tm(T1, T2, 233 ) 1= — (z3) = (1’2)’

T3 — T2

where x1, z9, 23 € [0,b], (9 — maxy) (x5 — maxy) > 0, 9 # x3.
In [11] (see also [7, p. 294]), V. G. Mihesan considered the functions defined in (2.5),
(2.6) and proved the following result.

Remark 2.3. If we take m = 1 in (2.5) and (2.6), we get divided differences of first
and second order respectively.

By considering non-negative difference of (1.4), we defined following functional
(2.7)

Pl f) = min {mf (22) + (P, = 1)f (0), £ (&) + m(P, — 1f (0)} - kipkf(xk»

Also by considering non-negative difference of (2.1), we defined following functional
(2.8) Yo (f) =min {mmin {G,, 1(z,,/m), G1 (2, /m)}
+ (P, — 1) min {G,1(0), G1,m(0)} , min { G, 1 (7)), G1m(T0) }
+m(Py — 1) min {Gr,1(0), Grm (00} = D2 > pra f (@, yy)-
k=1j=1
If we take m =1 in the above (2.8), we get 71(f) = 1 (f).
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Remark 2.4. Under the suppositions of Theorem 2.1, if f is coordinated m-convex in
A? then 7,,(f) > 0.

Here we state an important lemma that is very helpful in proving mean value
theorems related to the non-negative functional of Petrovié¢’s inequality for m-convex
functions.

Lemma 2.1. Let f:[0,b] — R be a function such that
(x —ma)['(x) = f(z) + m[f(a)

2% — 2max + ma?
for all z € [0,b]\{ma}, a € (0,b) and m € (0,1).
Consider the functions 11,15 : [0,b] — R defined as

U1(z) = Mya? — f(x)

my <

< M17

and
() = f(x) —mya?,

then vy and 1y are m-convez in [0, b]

Proof. Suppose
Y1(z) — mipi(a)

P (w) =
r —ma

_ Mya? — f(x) —mf(a) + mMa®

B r —ma

MG —m) | [(@) - mf)

T z—-ma  z-—ma
So we have

, 2?2 = 2max + ma®*  (x —ma)f'(z) — f(x) + mf(a)
Fuma () = My (x — ma)? a (x — ma)? '

Since

2 — 2maz + ma® = (x — ma)® + m(1 —m)a® > 0,
by given condition, we have
My (2* — 2max + ma®) > (x — ma) f'(z) — f(x) +mf(a).
This leads to
r? — 2max + ma? - (z —ma)f'(z) — f(z) + mf(a)

M,

(x — ma)? - (x — ma)? ’
x? — 2max + ma? _ (@=ma)f'(z) — flz) + mf(a)
My (x — ma)? (x — ma)? =

This implies

P/

avmﬂpl

() >0, forall z €[0,ma)U (ma,b.
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Similarly, one can show that

Pl

avmﬂpQ

() >0, forall z € [0, ma)U (ma,b].

This gives P, .4, and P, ., 4, are increasing on x € [0,ma) U (ma, b] for all a € [0, b].
Hence by Lemma 2.1, ¢ (z) and ¢9(z) are m-convex in [0, b]. O

Here we give mean value theorems related to functional defined for Petrovi¢’s
inequality for m-convex functions.

Theorem 2.2. Let (z1,...,x,) € [0,b], (q1,...,¢,) and (p1,...,ps) be positive n-
tuples such that S-}_; prax > x; for each j =1,2,...,n. Also, let ¢p(x) = 22,
If f € CY([0,0]), then there exists & € (0,b) such that

~ (E=ma)f'(§) — f(§) + mf(a)
(2.9) P (f) = St - ma? P

provided that P,,(¢) is non zero and a € (0,b).

m(¢>a

Proof. As f € C'(]0,b]), so there exists real numbers m; and M; such that

_ (e ma) @) — () + mf(0)
b 22 — 2maz + ma?

for each = € [0,0], a € (0,b) and m € (0,1).

Now let us consider the functions v; and 1y defined in Lemma 2.1. As ) is
m-convex in [0, b],

g M17

:Pm<¢1) Z 07
that is
P (My2? — f(z)) >0,

which gives

Similarly 15 is m-convex in [0, b], therefore one has
(2.11) 11 Pra(¢) < Pra(f)-
By assumption P,,(¢) is non zero, combining inequalities (2.10) and (2.11), one has
Pu(f)
< < M.
F (o) T

Hence, there exists £ € (0,b) such that
Plf) _ (€=ma)f'(§) — f(E) + mfla)

Pm(0) &2 — 2ma& + ma?

Hence, we get the required result. O
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Corollary 2.2. Let (x1,...,2,) € [0,0], (¢1,.--,qn) and (p1,...

,Dn) be positive n-

tuples such that S-}_, prax > x; for each j =1,2,...,n. Also let p(z) = z2.

If f € C([0,0]), then there exists &€ € (0,b) such that
_ (E=a)f'(§) = f(&) + f(a)
provided that P(¢) is non zero and a € (0,b).

Proof. If we put m =1 in (2.9), we get the required result.

Corollary 2.3. Let (x1,...,2,) € [0,b], (q1,---,qn) and (p1, ...

(¢>7

O

,Pn) be positive n-

tuples such that Yp_, pxwx > x; for each j = 1,2,...,n and a € (0,b). Also let

o(z) = 2.
If f € CY([0,D]), then there exists € € (0,b) such that

P(f) = f"(a)P(e).
Proof. If we put m =1 in (2.9), we get
PAf) _ (E—a)f'(§) — (&) + fa)

Plo) (§—a)
_ 1 / . f(a) — f(g)
“Ea (f O- "% )
Take limit as & — a, we get
P V(i fla) = f(§)
o) i (19 - 19218
= lim = (/) = /(@)
Again taking limit as & — a, we get
:P(f) 1"
% = ["(a)

Hence, we get the required result.

Theorem 2.3. Let (z1,...,z,) € [0,b], (q1,...,q,) and (p1,...
tuples such that Y34 prxy > x; for each j =1,2,...,n. Also, let ¢(x) = 2°.

If f1, f» € CY([0,D]), then there exists £ € (0,b) such that

P(f1) (€ =ma)fi(§) — f1(§) +mfi(a)

Pulfa)  (E—=ma)fi(€) — fo(§) +mfa(a)’

provided that the denominators are non-zero and a € (0,b).
Proof. Suppose a function k € C*([0,b]) be defined as
k=af—cf,

O

,Dn) be positive n-
2
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where ¢; and ¢y are defined as

C1 ::Pm(fQ)a
(&) ::Pm(fl)-

Then using Theorem 2.2 with f = k, one has

(& —=ma)((crfr — caf2)(§)) = (crfr — cafo)(§) + mlcrfr — cafa)(a) =0,
that is

(& — ma)(clf{(f) - C2f§(5)) —c1f1(§) + c2f2(§) +mey fi(a) — meyfo(a) =0,

which gives

(€ —ma)er fi(€) — (€ —ma)eafo(§) — e fi(§) + cafo(§) +meifi(a) — meafola) =0,

which implies

e {(§ —ma)f1(€) — f1(§) +mfi(a)} — 2 {(§ —ma)f3(§) + fo(§) —mfa(a)} = 0,
e {(§ —ma) f1(€) — f1(§) +mfi(a)} = co {(§ —ma)f5(§) — fa(§) +mfa(a)}

and

e (£—=ma)fi(§) — fi(§) + mfi(a)

¢ (& —ma)fs(§) = f2(€) +mfala)

After putting the values of ¢; and co, we get the required result. O

Here we state an important lemma that is very helpful in proving mean value
theorems related to the non-negative functional of Petrovi¢’s inequality for coordinated
m-~convex functions.

Lemma 2.2. Let A = [0,b] x [0,d], m € (0,1). Also let f : A — R be a function such

that

(27 B ma)a%f(%y) B f(l",y) + mf(avy)
(22 — 2max + ma?)y>?

<M,

my <

and
(v = mO)LF(wy) - F(z,9) +mf(z,0
(y? — 2mcey + mc?)x?
for all x € [0,b]\{ma}, a € (0,b) and y € [0,d]\{mc}, c € (0,d).
Consider the functions oy, : [0,0] = R, and o, : [0,d] = R, defined as

a(z,y) = max{M, Mo}a*y* — f(z,y)

ma % X 25

and
B(l‘, y) = f(l’, y) - min{ml? mQ}nyz'

Then o and [ are coordinated m-convex in /.
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Proof. Consider the partial mappings o, : [0,b] — R and a, : [0,d] — R defined by
ay(z) := afz,y) for all z € (0,b] and a,(y) := a(x,y) for all y € (0,d].

Ay \T) — Mo, a
o) 22 =m0
_ CY(LC, y) - ma(avy)
r — ma
- M1$292 B f(I,y) — mM1a2y2 + mf(a, y)
- r — ma
- M (1‘2 B ma2)y2 B f(xay) - mf(avy)
Y —ma T —ma ’

So we have

: _ oy 0 (@ —ma®)y?\ 90 ([ flx,y) —mf(a,y)
oy (2) - (1)
(

a,m,ay

0z T —ma T — ma
v o (7% — 2maz + ma®) z—ma)d fz,y) — flz,y) + mf(a,y)
= My (x—ma)2 (x—ma)2 .
Since
M, > (33 — ma) f(l' y) f(xa y) + mf(a, y>,

(xz — 2max + ma?)y?
by given conditions, we have

(2% — 2max + ma®)y® > 0.
This implies
, (2% — 2max + ma?) - (x —ma)5- 9 ~f(z,y) = f(z,y) +mf(a,y)

My (x — ma)? - (x — ma)?
gl =2 ) (e el fe)—Sle) i)

This implies
Pl o (x) >0 for all z € [0,ma) U (ma,b].

a,m,0y

Similarly, one can show that

P! (y) > 0 for all = € [0,mc) U (me, d|.

a,m,0g

This ensures that P, , o, is increasing on [0, ma) U (ma, b] for all a € [0,b] and P, .o,
is increasing on [0, mc) U (mec, d] for all ¢ € [0,d]. Hence, by Lemma 2.1, « is m-convex
in A.

Similarly, one can show that 5 is m-convex in A. O

Here we give mean value theorems related to the functional defined by Petrovi¢’s
inequality for coordinated m-convex functions.
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Theorem 2.4. Let A = [0,b] x [0,d], (x1,...,2,) € [0,8], (y1,...,9n) € [0,d]
be non-negative n-tuples and (q1,...,qn), (p1,--.,pn) be positive n-tuples such that
Sk Py > Ty for each j =1,2,...,n. Also, let p(z,y) = x?y>.
If f € CY(A), then there exists (£1,m1) and (&2,1m2) in the interior of A, such that
(&1 — m@)g%f(flﬂh) — f(&,m) +mf(a,m)
(&% — 2ma&; +ma?)n;

(2.12) Tn(f) =

and

(2.13) Tn(f) =

Ton(p)

(& — m@)a%f(fm n2) — [ (&, m2) +mf(a,m)
(&3 — 2maéy + ma?)n3
and provided that 1, () is non-zero and a € (0, ).

Tm(@)?

Proof. As f has continuous first order partial derivative in A, so there exists real
numbers mq, mq, M; and M, such that

(x B ma)a@zf(x7y) B f(x,y) + mf(a7y>
(22 — 2max + ma?)y?

my < < M,

and
(y —ma) 2 f(,y) - fl@,y) + mf(z,a)
(y? — 2may + ma?)a?
for all x € (0,b], y € (0,d], a € (0,b) and m € (0,1).
Now let us consider the functions o and [ defined in Lemma 2.2.
As « is m-convex in A, then

mo < My,

Tm(a) >0,
that is
To(Miz?y® — f(z,y)) >0,

which gives

(2.14) MTou() = Tu(f).
Similarly 3 is m-convex in A, therefore one has
(2.15) mi (@) < Tolf)-
By the assumption 1, () is non-zero. Combining inequalities (2.14) and (2.15), one
has
mi < Tm(f) < Ml-
Ton(p)

Hence there exists (£;,7;) in the interior of A, such that

(& —ma) 2 f(&,m) — f(&m) +mf(a,m)

Tolf) = (& — 2mas + mad) 7

Similarly, one can show that

(62 — ma) 3 f(&2,m0) — f(&a,12) + mf(aﬂ?z)T
(&3 — 2maéy + ma?)n3

Tm(f) =
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which is the required result. 0]

Corollary 2.4. Let A = [0,b] x [0,d], (x1,...,2,) € [0,0], (y1,...,yn) € [0,d]
be non-negative n-tuples and (qi,...,qn), (P1,--.,pn) be positive n-tuples such that
Sk prxk > x; for each j =1,2,...,n. Also, let p(z,y) = x%y>.

If f € CY(A), then there exists (&1,m1) and (Eo,m2) in the interior of A, such that

. (&1 — a)a%f(fb?h) — f(&,m) + fla,m)

e (€ — P e

and

(& — a)a%f(&, n2) — f(&2,m2) + fla,m2)
(&2 —a)n3

provided that T(p) is non-zero and a € (0,0).

T(e),

r(f) =

Proof. If we put m=1 in (2.12) and (2.13), we get the required result. O

Theorem 2.5. Let A = [0,b] x [0,d], (z1,...,2,) € [0,b], (y1,.-..,yn) € [0,d]
be non-negative n-tuples and (q1,...,qn), (p1,--.,pn) be positive n-tuples such that
S Py > xy for each j =1,2,...,n. Also, let p(z,y) = x*y>.

If fi, fo € CY(A), then there exists (£1,m1) and (&,12) in the interior of A, such
that

Yo f1) _ (& — ma)g%fl(gl,nl) — fi(&,m) +mfi(a,m)
To(f2) (& — ma)a%fz(fzﬂh) — fo(2,m2) + mfala, m2)

and

To(f) (& —ma)g filé,m) = filé,m) +mfi(a,m)

Talf2) (& —ma)g, fo(&o, 1) — fol&asti) +mfa(a,12)

provided that the denominators are non-zero and a € (0,b).

Proof. Suppose
k=cifi —cafs,

where ¢; and ¢y are defined by

C1 :Tm(fZ)y
cg =Ton(f1)-
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Then using Theorem 2.4 with f = k, we get
(e ma) (C1f1 — 2 fo)(§,m) — (e fi — caf2) (€ m) + mleifi — caf2)(a,n) =0,

<awmq%ﬁ@m—@wmmiﬁ@m—qmwmegm
+ m01f1(a7 77) - mCZfZ(av 77) =0,

{(5 ma) f1(&m) — f1(&n) +mf1(a,77)} —02{(€—ma);;f2(£ﬂ7)
+ fa(&,m) — mfa(a,n }
B
enf (€= ma) g e - ﬁ@m+mﬁmm}=@{@—mmhﬁ@m
— fa(&,m) + mfa(a,n }

and
_ 2 fi&,m) — f1(&,m) +mfi(a,m)
a (& —ma) f2(&.m) — f2(&.m2) + mfala, me)

Similarly, one can show that

¢ (& —ma)g filér,m) — fil&,m) +mfi(a,m)

a  (&-— ma) & fo(€2,12) — fa(a,m2) + mfa(a,m2)”
After putting the values of ¢; and co, we get the required result. O

G2 (& — ma)

3. Log CONVEXITY

Here we have defined some families of parametric functions which we use in sequal.
Let I = [0,a),J = [0,b) C R be intervals and f; : I x J — R represents some
parametric mapping for ¢ € (¢,d) C R. We define functions

fry I = Rby fi,(u) = fi(u,y)
and
fta:J = Rby fio(v) = filz,v),

Where x € [ and y € J. Suppose H; denotes the class of functions f; : I x J — R for
€ (¢, d) such that the functions

t = 1 (uo, ur, ug, fry), for all ug,ui,us € 1
and
t — rm(Vo, v1,0a, fra), for all vy, vy,v9 € J

are log-convex functions in Jensen sense on (¢, d).
The following lemma is given in [16].
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Lemma 3.1. Let I C R be an interval. A function f: I — (0,00) is log-convex in
J-sense on I, that is, for each r,t € I

002 2 (50

if and only if the relation
m?f(t) + 2mnf (

holds, for each m,n € R and r,t € I.

t+r

5 >+n2f(7“)20

Our next result comprises properties of functional defined in Theorem 2.1.

Theorem 3.1. Let f; € H;y and 1., be the functional defined in (2.8). Then the
function t «— 1., (f) is log-convex in Jensen sense for each t € (¢, d).

Proof. Let
h(u,v) = m?fi(u,v) + anft%r (u,v) +n’f,(u,v),
where m,n € R and ¢,7 € (¢,d). Also we can consider that
hy(u) = m®fi,(u) + 2mnft+Tr7y(u) +n?f,,(u)
and
he(v) = m?f; .(v) + anf%x(v) +n2f, . (v),
which gives
T (U0, U1, Uz, By ) =M (g, Uty Ug, fiy) + 2mnr, (ug, uy, us, ft%rﬁy)
+ 177 (o, Ur, Uz, fry).

As .y, [ug, u, ug, fiy] is log-convex in Jensen sense so by using Lemma 3.1, the right
hand side of the above expression is non negative so h, is m-convex, similarly h, is
also m-convex, so h is m-convex on coordinates, which implies 7,,(h) > 0 and

m*r, (f,) + 2mnrm(ft+7r) + 2, (f,) > 0.

Hence, t — 1,,(f:) is log-convex in Jensen sense. O

Theorem 3.2. Assume that f; is of class Hy and T,, be the functional defined in
(2.8). If the function V., (fi) is continuous for each t € (¢, d), then 1y, (fi) is log-convex
for each t € (¢,d).

Proof. If a function is continuous and log-convex in Jensen sense, then it is log-convex
(see [3, p. 48]). It is given that 7,,(f;) is continuous for each t € (¢, d), hence 1., (f:)
is log-convex for each t € (¢, d). d

Lemma 3.2. If f is a convex function for all x1,x4,x3 of an open interval I for
which x1 < x9 < x3, then

(3 — 22) f(21) + (21 — 23) f(22) + (T2 — 71) f(3) > 0.
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Theorem 3.3. Let f, € Hy and 1., be the functional defined in (2.8). If T (fi) is

positive, then for some r < s < t, where r,s,t € (¢,d), one has

L f)]™ < Ll )] T £

Proof. Consider the functional 7,,(f;). Also let r < s < t, where r,s,t € (¢,d), since
Yo (fi) is log-convex, that is, log 77, (f;) is convex. By taking f = log?7,, in Lemma
3.2, we have

(t —s)log Ty (fr) + (r —t)1og Vo (fs) + (s — ) log Ton(f2) > 0,

which can be written as

Lo (f < [l f)) " a7
[
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CERTAIN GENERATING MATRIX FUNCTIONS OF LEGENDRE
MATRIX POLYNOMIALS USING LIE ALGEBRAIC METHOD

AYMAN SHEHATA!2

ABSTRACT. The main aim of this present paper is to investigate a new of interesting
generating matrix relation for Legendre matrix polynomials with the help of a Lie
group-theoretic method. Certain properties are well known but some of them are
believed to be novel families of matrix differential recurrence relations and generating
matrix functions for these matrix polynomials. Special cases of new results are also
given here as applications.

1. INTRODUCTION, MOTIVATION AND PRELIMINARIES

Special matrix functions are attaining significant results from both the practical
and theoretical examples in different fields of Physics, Mathematics and Lie theory.
Theories in connection with the unification of generating matrix relations for various
special matrix functions are of greater importance in the study of special matrix
functions by Lie group theory. The above idea was originally generated by Weisner
group-theoretic method and [22-24] also applied this technique to obtain the gen-
erating relation. However, the study of special functions from Lie group-theoretic
method approach has been obtained generating relations in the books of McBride
[12] and Miller [13]. In [17,18,21], the author has earlier introduced and studied the
Legendre matrix polynomials. In [3,9-11,14-16, 19, 20], certain properties of some
special matrix functions via Lie algebra have been proposed as finite series solutions
of second-order differential matrix equation.

Motivated by their work, in the present paper, our aim is to establish some results
for Legendre matrix polynomials. Here, we give the families of generating matrix

Key words and phrases. Legendre matrix polynomials, Legendre differential matrix equation,
generating matrix functions, Lie algebra.
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functions for Legendre matrix polynomials and the differential recurrence matrix
relations for these matrix polynomials are also obtained in section 2. In section 3, we
study of linear differential operators for Legendre matrix polynomials which generate
Lie algebra to apply Weisner’s method to obtain some generating matrix relations and
apply these linear operators to determine a local representation which makes a one
to one correspondence between these Lie algebra with the help of Weisner’s method.

Here, the concepts associated with the functional matrix calculus are reviewed.
Throughout this article, for a matrix A € CV*¥ its spectrum o(A) denotes the set
of all the eigenvalues of A. We denote by I and O the identity and null matrix in
CN*N | respectively.

Definition 1.1 ([7]). For a matrix A € CV*¥ such that o(A) does not contain 0 or a
negative integer (0(A) NZ~ = () where () is an empty set), the matrix form of shifted
factorial is defined as

(1.1) (A), = { AA+TD) - (A+(n—1)I) =T(A+nl)T7'(A), neN,

I, n =20,
where T'(A) is an invertible matrix in C¥*" and I'"'(A) is inverse Gamma matrix
function (see [8]).

For A is an arbitrary matrix in CV*" and using (1.1), we have the relations (see
Defez and Jodar [4])

(Anir = (A)n(A + nf)k = (A)p(A+kD)n,

(=1 n
(—nl); = (n—k)[ 0<k<n,
0, k> n,
(1.2) (A)pp = { (()’ DF(A)[(I = A=nI)i] 7, gi ZS n,
If Re(u) € o(A) is not an integer and using (1.1), we have the relation
(1.3) L(I—A—nD)T™HI—A) = (=1)"[(A)] ",

where I'(1 — A) is an invertible matrix.

Lemma 1.1. If A(k,n) is a matriz in CN*N for k,n € Ny, the relation is satisfied
(see Defez and Jodar [4])

(1.4) SN Alk,n)=> > A(k,n—k

n=0 k=0 n=0 k=0
Definition 1.2 (Jédar and Cortés [7]). For any matrices A, B, and C' in CV*¥ such
that C' is an invertible matrix and for |z| < 1, the hypergeometric matrix function is

defined as follows
00 k

(15) 2Fi(A, B; Ci2) = 3 —(AN(B)l(C)] ™

k=0
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For A € CV*N we have the relation (see Defez and Jodar [5])
(1.6) DF[tA ™ ] = (A4 D(A + Dyt Pk =0,1,2,.. .

Theorem 1.1. For |z| < 1 if A, B and C are matrices in CN*N where the matriz
C' satisfies the condition C' + nl is an invertible matrix for all integers n > 0 and C,
C — A and C — B are positive stable matrices with all matrices are commutative, then
the relation

(1.7) o (A, B; C; z) =(1-2)F,n (C — A, C - B;C; z)
Corollary 1.1 ([1,2,6]). Jacobi matriz polynomials have the matriz recurrence rela-
tion:
d (A,B) d ,B)
(x —=1)|(A+ B+nl)—P"")(z)+ (A+nl)—P," " (x)
dx dx
(1.8) —(A+ B+nl) [nPT(LA’B) () — (A+nD) PP (a:)] ,

where A and B are commutative matrices in CN*N such that
Re(z) > =1, forallz € o(A) and Re(w) > —1, forallw € o(B).
Definition 1.3 ([18]). Let A be a matrix in C¥*¥ such that
(1.9) 0 <Re(N) <1, forall\eao(A).
Legendre matrix polynomials P,(z, A) is defined by

Py(z, A) :kz:) (_kl!zn“_l;)’f)! (1 5 x) YA+ kDD(A), n>0
1—2x

<1
2

Y

_ 2F1<—nf, (n + 1)1;,4;;(1 —:z:)),

such that A + kI is an invertible matrix for all integers k& > 0.

Theorem 1.2 ([18]). For n > 0, the Legendre matriz polynomials P,(z, A) satisfy
the second order differential matriz equation as

(1.10) (1 —2*)D*P,(x, A) +2((1 — 2)I — A)DP,(z, A) + n(n + 1)P,(z, A) = 0,
r—1 d

<1 D= —.
2 ’ dx

Theorem 1.3 ([18]). For the Legendre matrixz polynomials P,(x, A), we have the pure
matrix recurrence relation

(1.11)
(A+nl)Pii(x,A) = 2n+ )zP,(z,A) + (A— (n+ 1)) Py (z,A), n>1.
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2. SOME NEwW RESULTS FOR LEGENDRE MATRIX POLYNOMIALS

Here, we derive families of new results for Legendre matrix polynomials with A a

matrix in CN*¥ satisfying the condition (1.9). We have the following main results.

Theorem 2.1. The generating matrixz functions for the Legendre matriz polynomials

are
a _ 1 2(z — 1)t
n _ _ 1 - A
(2.1) Z:t Pu(z,A) =(1-1) 2F1<2], I; A; EDE )
for |2 1 t)Q <1, |t| <1, and

1—x)t
2

(2.2) Z P (z,4) = 1F1<(n+1)I;A; (1_2I>t>, ‘( |<1.

Proof. From the definition of hypergeometric matrix function and multiplying (1—¢)~?,

we have
B 1 2(x — 1)t
1— VR =11 A: =2
( t) 2 1(2 s Ly ) (1 —t)2 )

1
— “ (1+2k)ltk I 7]
Z A (1) (2 )
oo oo gkyntk 1
(5

=20 g (L 20) D (D
From (1.2), we can write that

n=0 k=0
1
( 2k — 22k <QI> ;
0o 00 thn+k

> > o (L4 20) D)2 (Dai[(A)] ™z — )"

n=0 k=0

which implies

Using (1.2), we get
(Dnsar = (Da2r((1+ 2k) ),
which implies

0o 0o tn—l—k L (1’ _ 1>k
Z Z I pgor[(A)w)™ .
n=0 k=0 'k| 2
Using Lemma 1.1 and replacmg n by n — k, we find that

rz—1 F
= el (75

oo n n|tn
z >

n= Ok—O

o (4 DDA (“7 - 1>k.
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By using (1.2) in the above equation, we obtain (2.1).
From the definition of hypergeometric matrix function and multiplying e’, we have

¢ ((n ryra; Y _Qx>t> = g% kl!((n + D) T)R[(A)] ™ <<1 ;x)t)’“

tn+k’

-3 > S o (1)

Using Lemma 1.1 and replacing n by n — k with the help of these Eqgs. (1.1), (1.2)
and (1.3), we find that

m((n —k+ DI)p[(A)] " <1 ; x)

— k afl—x *
=33 Ve v (1)

1 41— kn Sl AL
(U mD (DA ( )t (e a),

n=0 """

which completes of the proof (2.2). O

Precisely the same manner as described Theorem 2.1 and using (1.2), (1.3) and
(1.4), we can prove the following results.

Theorem 2.2. For Legendre matriz polynomials, the following generating matrix
functions are

o n _ -1 4 (1—=)

and

i_o:otnpn(xa Ay =(1—-t)" [ <], (n+ 1)I; A (;(1__12§>,

Lemma 2.1. The following equalities for the hypergeometric matriz function satisfy
as follows
dTL

dzm
(2.3) X QFl(A,B;C—’I’LI;Z),

where C and C — nl are invertible matrices.

i | 2P (45:52)| <l

(2.4) x oFi(A+4nl, B+nl;C+nl;z),

[ZC_I o (A,B;C’;z)} =(C — n])nzc_(”“)]



358 A. SHEHATA

where C' and C' + nl are invertible matrices, and

j:n (1= 2)™5C L1y (A, B; C;2)| =(C = A)u(C = B),[(C),] !
(2.5) x (1= )" B0, 1y (A, B; C 4 nl; 2),

where C' and C + nl are invertible matrices.

Proof. To prove (2.3), from (1.1) and (1.6), we get
jz" {ZC+(I<:—1)I} =(C+ (k=1)D(C+ (k=2))---(C + (k —n)I)CHkn+DI

=(C)x(C = nl),[(C — nI)k]—lzC-i-(k—n—l)I.

Substituting the above expression into the series expression of hypergeometric matrix
function, we obtain (2.3).
From (1.5), we get

d o Lk B
7 2 Iy (A,B; C; Z) :;ZE)H(A)kH(B)kHKC)kH] !
0 k
_ _ z _
—AB- 0! g) A+ DB+ Dil(C+ il !
(2.6) =ABC™ 3Py (A+ ;B +1,C +1;2).

By iteration (2.6), for n, one gets (2.4).
In (1.7), we can write

2F1(C — A C—-B;C, z) = (1 — 2)AB=C¢ QFl(A,B;C'; z)
Differentiating with respect to z of n times with the help of this eq. (2.3), we have

jznn{(l — 2)ABC LR (A, B; C’;z)}
—oR(C- A0~ B0

=(C' = A)u(C = B)a[(C)a] " 2F1(C = A4 nl,C = B+nl;C +nl; 2)
=(C = A)(C = Bl(C)a] (1 = ) L R (A, B C -l 2),
and using (1.7), we have the desired recurrence relation. O

Theorem 2.3. The following differential recurrence matriz relations for Legendre
matriz polynomials hold true:

r

(2.7) e {(1 — )4 P, (x, A)} =(=1)"(A =), (1 =)= IPp (2, A+ r]),
where A+ rl is a matriv CN*N satisfying the condition (1.9),
d?”

" |[Pu(z, A)| =(=1)727" (=), ((n + 1)1),[(A),]""
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(2.8) X oF) ((r —n),(n+r+1DI:A+rl; 1;35>

NxN
CH,

where A + 1l is an invertible matriz and

T

dx”

(14 2) 4 P, A)] =(=1)"(A+nl) (A = (n+ 1)),
x [(A)]711 + z)=4 Py(x, A+ rl),

CNXN

where A+ rl is a matrix satisfying the condition (1.9).

Proof. To prove (2.7), taking A — —nl, B — (n+1)I, C — A and z — % in
equation (2.3), we complete the proof.
Taking z — 5%, A = —nl, B = (n+ 1)l and C = A in equation (2.4), which

2
completes of the proof (2.8).
Taking z — 5%, A — —nl, B — (n+1)I and C' — A in equation (2.5), theorem
can be proved. [l

Therefore, in (1.8) we interchange A and B and replace by —x with the help
PBA () = (~1)"PAB)(z) to obtain in the following result.

Corollary 2.1. Jacobi matriz polynomials have the matrix relation:

(z+ D[(A+ B +nl)DP{*P(z) — (B +n) DR ()]

d
=(A+ B+nl)[nPP(2) + (B+nl) P (2)], n>1,D= -
x
The relations presented in the following theorem are also interesting.

Theorem 2.4. Legendre matriz polynomials P,(x, A) satisfy the following differential
recurrence matrix relations:

(2.9)  (z = 1)(DPu(w, A) + DPs(w, A)) = n(Pu(x, A) = Pya(2, A)), n>1,

(@ + 1)((A+ (n = DI)DPy(x, A) + (A = (n+ 1)[)DP, 1 (x, A))
(2.10) =n((A+ (n = DD Py(x, A) = (A= (n+ D)) Pya(x, 4)), n>1
and

(2.11)
(2% = )DPy(x, A) =((1 4 na)l — A)Py(z,A) + (A= (n+ D) Pya (2, A), n>1.

Proof. To prove 2.9. In the generating matrix relation (2.1). If we put that

O (z,t, A) = i t"Py(x,A) = (1—1)"' LR, (;]71; A; m>

n=0

(2.12) =(1—t)""(x,t, A),
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where VU(z,t, A) = oF} (1] I; A2 1 t)g )
Differentiating (2.12) with respect to x and ¢, we obtain

%) gy
5o 0.t A) = 24(1 = )W (x,1, A)

and
;@(x,t, A)=(1—t)2U(a,t, A) +2(x — 1)(1 +t)(1 — t) W' (z,t, A).
Therefore ®(z,t, A) satisfies the partial differential matrix equation

(2.13) (x—1)(1+ t)gq)(x, t,A) —t(1 — t)gtcb(x, t,A) = —td(x,t, A).

Oz
Equation (2.13) can be put that

0 0 0
2.14 —1 t,A) —t—®(x,t,A) = — td(x,t, A) — t* = D(x,t, A
Q14) (o= 1) Bt A) b B 1, A) = — 0(r, 1, A) — 5 B(a 1, A)
0
—(z—1)t=—9o A).
(2= V)t b(a, 1, 4)
Since
®(z,t,A) = > t"P,(z, A),
n=0
if we differentiate (2.12) with respect to x and ¢, we get
(1—x)aax O(x,t, A) Zt”l—xddp(x/l)
and
Q(I)(J?,t,A) =Y nt" P, (x,A),
ot =
(2.14) yields that
> t”((aj — 1)iPn(a:, A) —nP,(x, A)>
= dx
== t""'P,(x, A) = > nt"" Py(x, A) — Z " (z dd P.(x,A)
n=0 n=0 €
==Y t"Pi(z,A) =) (n—1)t"P,1(z, A) — Zt" 1—2x) dd P, i(z,A)
n=1 n=0
Z —1—n+1)t"P,_1(z,A) — Zt”l—xddPn_l(a:,A)
n=0
:—Znt P, 1(z,A) — Zt"l—xddpnl(x,A).
n=0

Comparing the coefficients of ¢", which leads to (2.9).
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If we choose A = A— 1, B =1— A in Corollary 2.1, we see that the matrix
polynomials PA-11-4) () is PA-T1=4)(z) = A p (1 A) which leads to the result
(2.10).

Let us eliminate -2 P,_;(z, A) from multiply (2.9) by (z + 1)(A — (n + 1)I) and
multiply (2.10) by (z — 1) which gives the result (2.11).

Eliminating P, 1(x, A) from (1.11) and (2.11), one can obtain in the following

result. O

Theorem 2.5. The differential recurrence matrix relation for Legendre matriz poly-
nomzials holds

(22 = 1)DP,(z, A) =((1 — (n+ 1)x)] — A)P,(x, A)
—(A+nl)Pii(x, A).

3. GROUP-THEORETIC METHOD FOR LEGENDRE MATRIX POLYNOMIALS

In order to use Weisner’s method. Replacing D by a%’ n by ya% and P,(z, A)
by P.(z,y,A) = y"P,(z,A) in (1.10) is constructed the partial differential matrix
equation

o2 0
2
(1= 2%) 55 Py, A) + 2[(1—2)I - A o Falz,y. A)
2
0
1 2__P, A) 4 2y=—P, A) =0.
(3.1) +y e (2, A) + Yoy w(7,y,A) =0

Thus, P,(x,y, A) = y" P,(z, A) is a solution of the partial differential matrix equation
(3.1). Linear differential operators A, B and C are defined as follows

0
(3.2) A= ya—yl,
1—2% 0 0 1

and
(3.4) C=(1-2% g[—xQQI—l—((l—x)I—A)

' B You Y Dy v
Then
(3.5) A[Pn(a:,A)y”} =nP,(z, A)y",
(3.6) B[ Pu(z, A)y"| = = (A= (n+ 1)) Py (z, A)y" !
and
(3.7) C[Pu(x, A)y"| = (A+nl)Poyr(z, Ay,

From (3.2), (3.3) and (3.4), the following theorem can be stated.
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Theorem 3.1. Linear partial differential operators A, B and C as defined in (3.2),
(3.3) and (3.4) have the following properties

(38)  ()[ABl=-B (i)[AC=C; (i) [B,Cl=-24—T
where 1 is the identity operator, and the notation [A,B] = AB — BA.

Proof. Now, we proceed to calculate [A,B]. So that, we consider the action of AB on
the Legendre matrix polynomials P, (z,y, A)

o[I—a2%0 0 1

Hence, on simplification, we have

ABP,(x,y, A)

2

ABP,(z,y, A) =(1 — 2?) 0 Bu(,y, A) L aa

— P, A
Dy0r ; (z,y,A)

2

(3.9 by s Pa s )+ (L= A)5 Pl ) = (T = )Pz, ),

In the similar fashion we can operate BA on the P,(z,y, A) and simplified as
2

Py, A) + a:(.fyPn<x,y,A>

0xdy
o A) + A 0 A
(3.10) +$ya 5 Po(,y, A) + (I — )ay (T, Y, A).
Subtracting (3.10) from (3.9) and for amay 352937 we get
(A, B|P,(z,y, A) —(AB — BA) P (a A =m0 )
) n Y y7 - n Y y7 - y ax n ) y?
C Pale,A) = (T = APy, 4
— T 1\, Y, - - n\T, Y, .
Ay ! Y ’

Further simplifying, we get
[A,B|P,(z,y, A) = —BP,(x,y, A).

Hence, we have [A,B] = —B. Similarly, we can calculate each of the results [A, C]
and [B, C]. Thus, the required results are established. O

Now, if we operate the partial differential operator (1 —z?)LL on P,(z,y, A), we give
2

(1 —2HLP,(2,y, A) =(1 — 2?)? 882P (z,y,A) + (1 — 2%y 882 (z,y, A)
+2[(1 —2) — A|(1 — 2%)=— 0 P.(z,y,A)

ox
Loyl - x?)ij,y, A)
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and

2

o) 0
(1229 N N
CBP,(z,y, A) =(1 — z%) a:I:2Pn(ac,y,A) +2(1—2) —A)(1—=x )axPn(a:,y,A)

0 0?
1—222)—P A) — a2 =P A
+y( x)ay (2, y, A) Y G (2,9, A)
+ (I — A)?P,(z,y, A).

But
2

0 0
.2
)Pn(ZL’,y,A) _y ayQUn(m7yuA)+yaypn(m7y7*’4)

0

A’P, A)=y—
(z,y,A) yay<

0
Y oy
Hence, we get
2

(1 —2*)LP,(2,y, A) — CBP,(z,y, A) =y2§y2Pn(x7 v, A) + yaayPn(% y, A)
— (I = AYPu(z,9, A),
which can be express as:
(1= 2®)LPy(z,y, A) = [CB + A% — (I — A)’I| P, (,y, A).
Since, P,(z,y, A) is the Legendre matrix polynomials, we conclude that
(1—2*)L=CB+A*— (I — A)’L
Now, we show that
(1= 2?)L, A| P (2,9, A)
=((1 = 2”)LA — A(1 - 2”)L) Po(x, y, A)
=((CB+A? — (I - A’T)A — A(CB + A” — (I — A)’T)) Po(x,y, A)
(311)  =(CBA — ACB)P,(x,y, A).
Also, with the aid of (3.8), we have
CBA — ACB = CBA — (C+ CA)B=CB - CB = 0.

So that from (3.11), we get
[(1 - a,-?)L,A} =0.

Hence, we proved that (1 — z?)L commute with A. In a similar manner, we can
calculate of the operator (1 — z?)LL commute with each of the differential operators B
and C. Thus, we can give in the following.

Theorem 3.2. The operator (1 — z*)L. commute with each of the linear differential
operators A, B and C defined in (3.5), (3.6) and (3.7) as follows

(i) [(1 - 2)L, Al =0, (i) [(1 —2})L,B] =0, (iii) [(1 — 2?)L,C] = 0.
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The extended forms of the transformation groups generated by the differential
operators A, B and C are given by

e f(w,y, A) =f (x, ey, A),

JHB xy +b
f(z,y,A) f(\/y T ohy

for |y? + 2bxy| < 0?, |5&| < 1 and

Vi + 2bry + b2,A),

e (a,y, A) = (cPy? + 2eay + 1>%f( vty Y )

A
Ve2y? + 2cay + 17 v/ Ay? + 2cay + 1

21 <1, f(z,y,A) is an arbitrary matrix function, and

where |c?y* + 2czy| < 1 and
a, b and c are arbitrary constants.
From the above equations, we get
Bt f(z y A) :f< y(@ + cy) + b(c*y? + 2cay + 1)
Vey? + 2cxy + 1\/1)2 (2y? 4 2cxy + 1) + 2by(z + cy) + 2
\/b2 (Ry? +2caxy + 1) + 2by(x + cy) + y? A>

(22 + 2cay +1)2

Y

(3.12)

3.1. Generating matrix functions. From (3.5), P,(z,y, A) = P,(z, A)y" is a solu-
tion of the system

LP,(z,y,A)=0 and (A —nl)P,(z,y,A)=0.
From (3.12), we get
e“Ceett (1 — 2?)L[Py(z, A)y"] = (1 — 23 LeCe e [P, (2, A)y™].
(z,

Therefore, the transform e“Cet®e® [P, (z, A)y"] is annulled by (1 — 22)L.
If we choose a = 0 and P,(x,y, A) = P,(z, A)y™ in (3.12), we get

1, )
:(b2(c2y2 +2cxy + 1) + 2by(x — cy) + y2) (Y 2cay + 1) (z+3n)
2,2 2 1
xP( y(x + cy) + b(c*y* + 2cxy + 1) ,A).
VG 2ery + TPy + 2exy + 1) + 2by(x + cy) + o
On the other hand we get

. © om0 bk
eCeB[P, (x Z Z o (A+(n—=k)Dp((n+ 1)1 — A
X yn k+mPn—k+m<x7 A)
Equating the results (3.6) and (3.7), we get

1, (Ly3nr
(()2(c2y2 + 2cxy 4+ 1) + 2by(x + cy) + y2) ? (02y2 + 2cxy + 1) (3+5n1)
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P ( y(o + cy) +b(c*y? + 2cay + 1) A)
! VEy? + 2cxy + 1\/1)2(023/2 + 2cxy + 1) + 2by(z + cy) + y27
n Cmbk

(313) = i > T

m=0 k=0
Here, we derive of some interesting results as the particular case of generating matrix
relations (2.11), we need to consider three cases.
Case 1: b= —1,¢c=0.
If we substitute b = —1 and ¢ = 0 in (3.13), then it will gives us

-1
-B A) = i 22 1,A).
e Pf(z,y,A) = f( o A )

Hence, if we take f(z,y, A) = P(z,y, A) = P,(z, A)y", we find

(3.14) B[Py (z, A)y"] = (1 - 20y + yz)%nPn (\/% A) ,

since

(A4 (n— ) D)+ DI = A)y™ 7P, A).

B[Py (xz, A)y"] ! _f@i;(zﬂn(gg, A" + x;;(Pn(x,A)y”)

=((n+ 11— A)P,_(z, A)y" "

On another hand, we can expand left-hand side of (3.14) in a series form and then
repeated application of (3.6) on the same side of (3.14), we have

"1

(3.15) e B[Pz, Ay = 3 (A= (0 DIPoi(z, Ay F,
k=0 "

Equating expressions (3.14) and (3.15), we get

n

1 _ 1n zy — 1
—(A - D) Pz, A)y™ ™ = (1 -2 )P, A).
> A e Do A = (1= 204) R (e a)

Replacing y~! by t, we obtain of a generating matrix relation
"1

k=0

1, ¢
=(1- 22t + )" P [ ———— A).
V1= 2xt 4 t2
Case 2. If we choose b =0 and ¢ =1 in (3.13) we have
1
C 2 —3 r+y Yy
A) = 2 1 A
e fwy.4) (y e ) f(\/y2+2xy—|—1’ Vi +2xy + 1 )
Hence, if we take f(x,y, A) = P(x,y, A) = P,(z, A)y", we find

r+y Y
V2 +2zy + 17 V2 + 22y + 1

_1
eCP(x,y, A) :<y2 + 2cxy + 1) 2P<
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and
n+1
c ol —nil r+y
(3.16) e“P(z,y, A) = y" (4 + 2cay +1) P(x/y2+2xy+1’A>'

Since we have
C[Pn(:m A)y"} =(1— xQ)yaax (Pn(a:, A)y") — a:yQ(;Z (Pn(:v, A)y")
— xy(Pn(x, A)y”) = (A+nl)P,yq(x, A)y" .

On other hand, we can expand left hand side of (3.16) in a series form and then
repeated application of (3.7) on the same side of (3.16), we have

n

(3.17) ¢ Pu(, A)y"| = Z k'(A+ nl ) Ppsr(z, Ay

Equating expressions (3.16) and (3.17) we get

fj (At nI) P, Ayt —(1+2xy+y)*%1p Y 4
k n+k n 1 + 21‘:1/ + y2 ) ’
and replacmg y by —t, we get of a generating matrix relation

n

> (_kl,) (A+nl)pPoi(z, A)t*
k=0 :

1 —t
B ) (L B
V1 —2xt 4+ t2
Case 3: b=1,c= —1.
Let us take b =1 and ¢ = —1, so that (3.17) becomes

C B P, Ay

>
i(l)

e’CeB[Pn(a:, Ayl =

1k ((A+nl)), B [Pryr (2, A)y™™]
= i znj :Ilg)!TF(A +nl )DL YA+ (n —r))B*[Pu(z, A)y"]

and

0
(3.18) x (A— (n+D1)pP, iz, A)y" "
Using (3.13) and (3.18), we get

_(ntl 1
e CEP(a, A)y") = (v — 20y +1) 2 ’Pn< il ,A>
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(3.19) = kfj an (;BTF(A +nDT A+ (n—r)) (A — (n+ 1)) Py_g(z, A)y"F

and

_(n+1) 1_xy
2_9 1) * P, A
(y e ) Vi —=2zy + 1

= i_o: zn: (;llf?TF(A +nD )TN A+ (n—r))(A - (n+ D)) P_i(z, Ay *,

Replacing y~! by ¢ in (3.19) we get

_(n+1 _
t2n+1(t2 — ot + 1) ( J2r )Pn<t$,14>
V2 =2tz + 1
B oo n (_1)
_ZZ rlk!

D(A+nDT YA+ (n— 1)) (A~ (n+ 1)) Pyp(z, At

T

4. CONCLUSION

A novel approach has been obtained in this paper for studying many interesting
results of Legendre matrix polynomials viz certain generating matrix relations, matrix
recurrence relation, matrix differential recurrence relation and matrix differential
equation. Lie algebra method developed in this work can also be used to study
some other Legendre matrix polynomials which play as applications and a vital role in
Mathematical Physics in the future. However, the merging of these matrix polynomials
with a Lie algebraic techniques is also stimulating for further research work.
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ON THE HERMITE-HADAMARD TYPE INEQUALITIES FOR
FRACTIONAL INTEGRAL OPERATOR

H. YALDIZ! AND M. Z. SARIKAYA?

ABSTRACT. In this paper, using a general class of fractional integral operators, we
establish new fractional integral inequalities of Hermite-Hadamard type. The main
results are used to derive Hermite-Hadamard type inequalities involving the familiar
Riemann-Liouville fractional integral operators.

1. INTRODUCTION

Let f: I CR — R be a convex mapping defined on the interval I of real numbers
and a,b € I, with a < b. The following double inequality is well known in the
literature as the Hermite-Hadamard inequality [5]:

(1.1) f(“;b>gbialbf(x)dxgw_

The most well-known inequalities related to the integral mean of a convex function
are the Hermite-Hadamard inequalities.

In [2], Dragomir and Agarwal proved the following results connected with the right
part of (1.1).

Lemma 1.1. Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with
a <b. If f" € Lla,b], then the following equality holds:
fla+fB) 1 _b—a !

' /
2 _b_a/af(x)dx— 5 0(1—2t)f(ta+(1—t)b)dt,

(1.2)

Key words and phrases. Fractional integral operator, convex function, Hermite-Hadamard inequal-
ity.
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Theorem 1.1. Let f: I° CR — R be a differentiable mapping on I°, a,b € I° with
a <b. If |f'| is convex on [a,b], then the following inequality holds:

ay IO e < C i+ o).

b—a

Meanwhile, in [8], Sarikaya et al. gave the following interesting Riemann-Liouville
integral inequalities of Hermite-Hadamard type.

Theorem 1.2. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Li(la,b]). If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

w(N0) < g o+ )] < HOLL0,

with o > 0.

Lemma 1.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € Lla,b], then the following equality for fractional integrals holds:

(15) HOL IO ot ) + U5 (@)
_b o 01 (1= )% — 1) f (ta + (1 — £)b) dt.

Theorem 1.3. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
|f'| is convex on [a,b], then the following inequality for fractional integrals holds:

(1.6) ’f (@) ; 1) _ QF <(bo‘ jal)l T2, £ (0) + T f(@)]
b—a 1 / /
<3ty (1 ge) @I+ O

For some recent results connected with fractional integral inequalities see ([8]-[11])
In [7], Raina defined the following results connected with the general class of
fractional integral operators

1.7 7 (@)= FO ey =5 TRk 0 <

( ) PA ([L’) PA (‘CE) kz:%) F(pk+ )\).’E y PyA > 7|$| <K,
where the coefficents o (k), k € Ny = NU {0}, is a bounded sequence of positive real
numbers and R is the real number. With the help of (1.7), Raina and Agarwal
et al. defined the following left-sided and right-sided fractional integral operators,
respectively, as follows:

18) el = [ @0 F o~ ] p(dt, >,

a

b A—1
(1.9) Brnswp@) = [ (t=2) 7 To  w(t = 2) et @ <b,

x
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where A\, p > 0, w € R, and ¢ (t) is such that the integrals on the right side exists.
It is easy to verify that J7 , ., ¢(z) and 37 , , ¢ (x) are bounded integral operators
on L(a,b), if

(1.10) M =37, [w(b—a)’] < oo.

In fact, for ¢ € L (a,b), we have

(1.11) 135 s wrwp(@)]|, < MO —a) [lelly
and

(1.12) 137w @), <M= a) gl
where

el = ( / |90(t)!pdt) |

The importance of these operators stems indeed from their generality. Many useful
fractional integral operators can be obtained by specializing the coefficient o (k). Here,
we just point out that the classical Riemann-Liouville fractional integrals IS, and [;-
of order a defined by (see, [3,4,6])

(1.13) (1% ) (2) := F(la) / (@ — 0 p(t)dt, =>a,a>0
and
(1.14) (1) (x) = P(la) /: (t—2)*  o(t)dt, = <ba>0,

follow easily by setting
(1.15) A=a,0(0)=1landw=0

in (1.8) and (1.9), and the boundedness of (1.13) and (1.14) on L (a, b) is also inherited
from (1.11) and (1.12), (see [1]).

In this paper, using a general class of fractional integral operators, we establish
new fractional integral inequalities of Hermite-Hadamard type. The main results are
used to derive Hermite-Hadamard type inequalities involving the familiar Riemann-
Liouville fractional integral operators.

2. MAIN RESULTS

In this section, using fractional integral operators, we start with stating and proving
the fractional integral counterparts of Lemma 1.1, Theorem 1.1 and Theorem 1.2.
Then some other refinements will folllow. We begin by the following theorem.
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Theorem 2.1. Let ¢ : [a,b] — R be a convex function on [a,b], with a < b, then the
following inequalities for fractional integral operators hold:

(I“‘b 1 o o
- ¢<2 >Szw_@NﬁHmww_@ﬂK&*““0®%+@””W@“M

Lol +o()
= 2 Y

with A > 0.
Proof. For t € [0,1], let = ta+ (1 —t)b, y = (1 — t)a + tb. The convexity of ¢ yields

a+b r+y\ _e@)+e)
22 o(45) = o (1Y) s 22,
a+b
(2.3) 290( 5 >§gp(ta+(1—t)b)~|—90((1—t)a+tb).

Multiplying both sides of (2.3) by t)‘*lff;/\ [w (b — a)”t*], then integrating the resulting
inequality with respect to t over [0, 1], we obtain

1
2 (a ; b) /tH&f;A [w(b—a)tP]dt

0

< / LT w (b — a) 1] o (ta + (1 — )b) dt

1
+ / PG w (b— ) ] (1 — t)a + tb) dt.
0
Calculating the following integrals by using (1.7), we have

/t* 1F7 [w (b— a)’ t)dt = F7,,, [w (b— a)f],

/ PIIFT [w (b — a) 1) (ta + (1 — £)b) dt

b
o [ T e 0= e o) e

and
1

/#*19;1A w(b—a)"t?) o (1 — t)a + th) dt
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o | T =)
As consequence, we obtain
(2.4 2ﬁhﬂkwb—mﬂw(“§b)é(bf@AK%AHw@<@+(%WKW@<®}

and the first inequality is proved.
Now, we prove the other inequality in (2.1), Since ¢ is convex, for every ¢ € [0, 1],
we have

(2.5) ota+(1—1)b)+o(1—t)a+1tb) <p(a)+ ¢ (D).

Then multiplying both hand sides of (2.5) by t*'57, [w (b — a)”#’] and integrating
the resulting inequality with respect to t over [0, 1], we obtain

/t’\_lffz’/\ [w(b—a)’t’] ¢ (ta+ (1 —t)b)dt

0

[T (b - @) ] (1~ Da + th) dt

1
<le(@) + 9 O)] [ 2757, w (b - ) ]t
0
Using the similar arguments as above we can show that
1 g g (o
G o (Brar?) O (8asmup) @] < T lob=a)lo () +o ()

and the second inequality is proved. 0

Remark 2.1. If in Theorem 2.1 we set A = a, 0 (0) = 1, w = 0, then the inequalities
(2.1) become the inequalities (1.4) of Theorem 1.2.

Remark 2.2. If in Theorem 2.1 we set A =1, ¢ (0) = 1, w = 0, then the inequalities
(2.1) become the inequalities (1.1).

Before starting and proving our next result, we need the following lemma.

Lemma 2.1. Let ¢ : [a,b] — R be a differentiable mapping on (a,b) with a < b and
A>0. If ¢ € L|a,b], then the following equality for fractional integrals holds:

(2.6)

¥ (a) + ¢ (b) 1 , i
2 e (e )0 @) )

p
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25 mb 6 [/ 1F7 s [w (b= a)” (1= )] (ta+ (1 - t)b) dt

- / PF7 L w (b — a) 1) (ta+ (1 t)b) dt |

Proof. Here, we apply integration by parts in integrals of right hand side of (2.6),
then we have

1 [U=0 T - a) (1= 8] (tat (1 - tp) at

- / PF7 L w (b —a)’ 7] (ta + (1 — £)b) dt

(ta+ (1 —t)b)|"
a—2>b

— (1=t T, w(b—a) (1—1)) 2

0

o [ I e (b —a) (1 0] (a (- ) de

o(ta+ (1—0)b)|"

+ t’\?;AH [w(b—a)’t’] P

0
1

1
v /tA*“J“Z’A w(b—a)’t?] ¢ (ta + (1 — t)b) dt.
0

Now we use the substitution rule last integrals in (2.7), after by using definition of
left and right-sided fractional integral operator, we obtain proof of this lemma. [

Remark 2.3. If in Lemma 2.1 we set A = o, 0 (0) = 1, and w = 0, then the inequalities
(2.6) become the equality (1.5) of Lemma 1.2.

Remark 2.4. 1f in Lemma 2.1 we set A = 1, ¢ (0) = 1, and w = 0, then the inequalities
(2.6) become the equality (1.2) of Lemma 1.1.

We have the following results.

Theorem 2.2. Let ¢ : [a,b] — R be a differentiable mapping on (a,b) with a < b and

A > 0. If |¢'] is convex on [a,b], then the following inequality for fractional integrals
holds:

(2.8)

pratw®) (b pab-wP) (a
T R T b ap] [Oen) O () )
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"foHz [w(b—a)’|¢ (a)] + |¢' (b)]
P+ [w (b —a)”] 2 7

o (k) = o (k) (1—2pkl“).

Proof. Using Lemma 2.1 and the convexity of |¢'|, we find that

<(b—a)

where

¢ (a) + ¢ (b) 1 U i
P e () O v
(b—a) < o (k)wk (b—a)™
SQ?Z,M [w (b~ a)"] LX:% T (pk+\+1)

x ( [la=o/ 2 e e @] + (1= 1) 1 0] dt)]

(b—a) = o (k)wk (b—a)™
257 311 [w(b—a)’] Lz:% C(pk+A+1)

x4 [[a= 0 = e (@) + (1= ) I Gl de

1

+ [ = =P @)+ (- 6 | )] dt

1

2

_ (b_ &) o' p / /
s oo —ay] (Tl 0= ) (¥ @]+ ¢ ).

This completes the proof. 0

Remark 2.5. If in Theorem 2.2 we set A = a, 0 (0) = 1, and w = 0, then the inequality
(2.8) become the inequalities (1.6) of Theorem 1.3.

Remark 2.6. If in Theorem 2.2 we set A =1, 0 (0) = 1, and w = 0, then, the inequality
(2.8) become the inequalities (1.3) of Theorem 1.1.

Theorem 2.3. Let ¢ : [a,b] — R be a differentiable mapping on (a,b) with a < b. If

|©'|? is convex on [a,b] for some q > 1, then the following inequality for fractional
integrals holds:

¢ (a) + ¢ (b) 1 ) )
O (o) 0 (s )
(b—a)

<
N 2?;)\-5-1 [w (b —a)’]

Foir [w (b —a)f]
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. {(W (@) + 31 <b>|q>é . (3!<p’ @7 + Wﬂ |

8 8

where

=

1 » 1
o1 (k) =0 (k) <WHW> (1~ 5m)
3 1 1 _
wzth5+5—1,)\>0.

Proof. Using Lemma 2.1 and the convexity of |¢’|?, and Holder’s inequality, we obtain

¢ (a) +¢(b) 1 ) )
’ 20— a) Tp W (b)) (8 av0) B+ (8 00-00) (a)}‘
(b—a) 0 U(k‘)wk (b—a)pk
—23pr+1 [w (b —a)’] L;) T (pk+A+1)
X / {(1 — t)ﬁk—i—/\ _ tﬁk+)\]pdt / [t 10 (@) + (1= 1) |¢" (b)ﬂ 0

F [ a0 || e @+ -0l o)) d

1 1

(b—a) = g (k)w* (b — a)™
=957 o1 [0 (b —a)] LZIO T(pk+ A+ 1)

1 1

[t (@) + (1= 1) | (b)]"] dt

S —_

1
2
0

2
Q=

1

1
4 / [t(Pk—l—)\)p —(1— t)(p"/’“)p] dt / t Iap —t)|¢’ (b)ﬂ dt

1

_ 0-a
2?Z,A+1 [w (b — a)p]

3 {(W @l + 31 W)é . <3|<p’ @+l (b)‘qﬂ |

Here, we use (A — B)” < A — BP for any A > B > 0 and p > 1.
This completes the proof. O

?Z}AH [w (b — a)p]
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Corollary 2.1. Under the assumption of Theorem 2.3 with A = «, ¢ (0) = 1 and
w =0, we have

x (Is@’ (a)|q23|90’ (b)|q>3 N <3|90’ (a)|q8+ w (b)|q>;

Corollary 2.2. If we take a =1 in Corollary 2.1, we have

pla)+o) 1 ]
—<b_a)a/<p(t)dt

2

§<b;a> (pil)p(lzlpl); 1
y (Iw’(a>!q23\¢’<b>!q>q+ (3\s0’<a)!"8+ W(b)lq>q
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AN APPROXIMATE APPROACH FOR SYSTEMS OF
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS BASED
ON TAYLOR EXPANSION

M. DIDGAR!2, A. R. VAHIDI?**, AND J. BIAZAR?

ABSTRACT. The main purpose of this work is to present an efficient approximate
approach for solving linear systems of fractional integro-differential equations based
on a new application of Taylor expansion. Using the mth-order Taylor polynomial for
unknown functions and employing integration method the given system of fractional
integro-differential equations will be converted into a system of linear equations
with respect to unknown functions and their derivatives. The solutions of this
system yield the approximate solutions of fractional integro-differential equations
system. The Riemann-Liouville fractional derivative is applied in calculations. An
error analysis is discussed as well. The accuracy and the efficiency of the suggested
method is illustrated by considering five numerical examples.

1. INTRODUCTION

During the past decades, fractional calculus and fractional differential equations
have found various applications in sciences and engineering, such as electrical net-
works, rheology, acoustics, electroanalytical chemistry, neuron modeling, viscoelas-
ticity, material sciences, fluid flow, diffusive transport akin to diffusion, probability,
electromagnetic theory, and so on (see [7,13,18,24,26]).

Since most of FDEs do not have exact solutions, approximate and numerical tech-
niques have received considerable attention to solve fractional differential equations.

Key words and phrases. Fractional differential equation (FDE), systems of fractional integro-
differential equations (SFIDE), Riemann-Liouville fractional derivative, Taylor expansion, error
analysis.
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So far, several analytical and numerical methods have been proposed to solve frac-
tional differential equations which the interested reader can refer to [1-5,10-12,16,19—
23,25,27-30,34] and the references therein.

In this paper, we investigate the approximate solutions of linear fractional integro-
differential equations systems based on a new application of Taylor expansion (see
[6,8-10,14,15,17,31-33]). By expanding unknown functions as an mth-order Taylor
polynomial and employing integration method, we can convert the given system of
fractional integro-differential equations into a system of linear equations with respect
to unknown functions and their derivatives. Approximate solutions can be obtained
by solving the resulting system of equations according to a standard rule. The results
of the obtained approximations of the suggested method are then compared with
the referenced methods for several examples. In the present investigation, the main
property of this approximate method besides simplicity and reliability is that an mth-
order approximation is equal to exact solution if the exact solution is a polynomial
of degree at most m. The present work may be viewed as an extension of the results
obtained in [10].

The remainder of this paper is organized as follows. In Section 2, some definitions
of fractional calculus are recalled. In Section 3, we describe the proposed method.
In Section 4, we give an error analysis. In Section 5, we investigate some examples,
which demonstrate the effectiveness of our approach. In Section 6, our findings are
concluded.

2. PRELIMINARIES AND BASIC DEFINITIONS

Let’s describe some basic concepts, and properties of the fractional calculus, which
will be used later.

Definition 2.1. A real function ¢(z), z > 0, is said to be in the space C,, p € R if
there exists a real number p (> u), such that ¢(x) = aP¢;(x), where ¢1(x) € C|0, 00),
and it is said to be in the space C}; if and only if o™ e Cy, neN.

Definition 2.2. The Riemann-Liouville fractional integral operator of order o > 0,
of a function ¢ € €, u > —1, is considered as follows

176 (x) :r(la) [ = 0rtodr, > 0.0>0,

T9(x) =¢(x).

Definition 2.3. The Caputo fractional derivative of ¢(z) is considered as follows

Do) = 1" (fiote)) = g [ = 0t

dx™ n—aq

forn—-1<a<n,neN z>0 ¢cC".
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Definition 2.4. The Riemann-Liouville fractional derivative of ¢(z) is considered as

follows o
D) = (I ().

forn—-1<a<n,neN z>0 ¢ecC".

3. DESCRIPTION OF THE METHOD

Consider the following system of linear fractional integro-differential equations

CRIN R 3 NETALIEYY i oF ETALY.

=fix), i=1,...,v,
with initial conditions
(3.2) W0)=0, k=0,1,....n—1,n—1<aq <nneN,

where D% ;(x) indicates Riemann-Liouville fractional derivative of order a;, and Ay,
Ap are constants, Ky, (v,t), Ky, (z,t), fi(x) are given known functions which satisfy
certain conditions so that system (3.2) has a unique solution, and v¢;(x) are unknown
functions.

According to definition (2.4), system of fractional integro-differential equation (3.1)
can be rewritten as

n 1 vV x V
ddmn (J"_O”@/Ji(ﬂﬁ)) + /\1/0 le K, (@, t);(t)dt + )\2/0 le Ko, (@, t);(t)dt = fi(x),

or equivalently by using definition (2.2), we have

dn 1 x N 1 v
(33) (Fray [t o | Ko o 0 0

dz" \T'(n — oy

0 3 Ko, (0,000t = fi),

In the following, by integrating both hand side of (3.3), n times with respect to z
from 0 to s and with the help of changing the order of the integrations, we obtain
1 =

g ACET RO PO uy A e o M EAOERY

v z x(x_s)l—l
A Ky, (s,)0;(t)dsdt = Fiy(z), 1=1,...,n,
X [ 2, (5 1005 (0)dsdt = Fi(x) "

(3.4)

(-1
where

T (Jf _ t)l_l ‘
F; :/7itdt, =1,...,v,
in which the variable s has been replaced by z, for simplicity. Hence we transformed
the system of fractional integro-differential equations (3.1) into a system of mixed
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Volterra-Fredholm integral equations. To approximately solve the resulting system, we
reduce Eq. (3.4) into a system of linear equations with respect to unknown functions
and their derivatives. Toward this goal, the method assumes that the desired solutions
1;(t) to be m+1 times continuously differentiable on the interval I, in other words
t; € C™F(I). Therefore, for ¢; € C™ (1), 1;(t) can be expressed in terms of the
mth-order Taylor series at an arbitrary point x € I as

1 o m
Gi(t) = () + ()t = 2) oo (@) (= 2) o Byt ),
where E; (¢, z) indicates the Lagrange error bound

(m+1)
E;m(t,z) = m(t — )™t
for some point §; between x and ¢t. Generally, the Lagrange error bound Ej;,,(t, )
becomes sufficiently small as m gets great enough. Especially, if the solutions v;(t)
are polynomials of degree up to m, then the last Lagrange error bound becomes zero,
namely, the obtained approximate solutions of system (3.1) yield the true solutions.
With due attention to aforementioned assumption, by omitting the last Lagrange
error bound, we consider the truncated Taylor expansion v;(t) as

(35) o)~ v Sk

Inserting the approximate relation (3.5), for unknown functions ;(t), into (3.4) we
obtain

(3.6) f: (1) w](k)(x) /Ox (x ;(7;) i‘?;t;ci—ldt

v om (-k)x 1z (g — )1
+)\1sz] <)/ /0 ((l_fﬂ(t—x)k[(hj(s,t)dsdt

v o m (k) T Tz (p—g -1
+AQZZ% ()/0 /t ((l_l))!(t—x)kKQU(s,t)dsdt

In fact, system (3.1) was converted into a linear system of ordinary differential equa-
tions with respect to v;(z) and its derivatives up to order m. In other word, we have
obtained v linear equations in (3.6) with respect to v x (m + 1) unknown functions
ij(-k), for k =0,...,m, 7 = 1,...,v. In the following, we want to determine @/J](k)
by solving a system of linear equations. In order to achieve this goal, other v x m
independent linear equations with respect to ¢;(z), .. ., 1/J§m)(:1:) are needed, which can
be achieved by integrating both sides of Eq.(3.4) m times with respect to x. Thus,
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we have
1

(3.7) /0 (x eyt dt+)\12// 7+l . Ky, (s, )y (t)dsdt

I'(y+n—ow)

m_sw-i-ll ™)
mz// iy e (0 dsdt = FO @), 9 =1,.m,

where

oy [Cle—t)T _ _
Fi (I)—/O WE(t)dt, l—l,...,V,V—l,...,m
We apply the Taylor expansion again and substituting (3.5) for ¢;(t) into E(3.7) leads
to

m (_1)k k) /w (ZL‘ _ t)k+’y+n7a¢71
- dt
v om w(k ’y+l 1
+aY Y Y / / o z Gt )P K, (s, t)dsdt+
=1k
v.om w(k v—i—l 1
NS Y / / 0T z Ty (P s )dsdt
J=1k=0

(88)  =F @), y=1,...,m

In this way, (3.4) and (3.8) construct a system of linear equations with resect to
unknown functions 1;(x) and its derivatives up to order m. The obtained system is
indicated as follows

where
[ @) - @ o ae) o gl - q1m<w> qmcc)
a5 (@) - qZS(w) el @) e @R e g(@) e gl(a)
ag(@) o ag@ o i@ o gY@ o al(@) qum(:v)
(3.9Q(x) = : : : : : : ,
ao(x) - qgle) o (=) - gl - (@) - qum(x)
ais (x) qia”(w) @) e @) e an(e) qi;'ri(:v)
| @6 (x) - @dt(®) o ) e gt - gim(@) - aum(z) |

T

F(x) = [ Fl(x),...,Fy(x),...,Fl(w(x),...,FV('Y)(x),...,Flm)(x),...,Flfm)(x) } ;
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T(2) = [ gi(2),. @), 0P @), W @), e (@), e () ]

In coefficient matrix (3.9), the first v rows refer to coefficients of w](-k) (x) in (3.4) for

k=0,...,m,j=1,...,v and the other rows refer to coefficients of 1/1](-k) (x) in (3.8)
for v = 1,...,m. Application of a standard rule to the resulting new system yields
an mth-order approximate solution of (3.1) as ¥, (z). It is to be noted that not only
¥;(z) but also w](»k) (x), for k =1,...,m, are determined by solving the resulting new
system but in point of fact, it is 1;(x) that we need.

4. ERROR ANALYSIS

In this section, we expand the error analysis proposed in [9] for derived mth-order
approximate solution of fractional integro-differential equations system (3.1). We
assume that the exact solutions 1);(¢) are infinitely differentiable on the interval I; so
1;(t) can be expressed as an uniformly convergent Taylor series in I as follows

[eS) — k
w0 = 3 o

Using the proposed method in the previous section, system of fractional integro-
differential equations (3.1) can be converted into an equivalent system of linear equa-

tions with respect to unknown functions wfk)(x), k=0,1,... as
QY =F,

where
Q= lim QY v = u@w v, F= lim F,,

Y
V—r00 vy V—r00

o, W, and F,, as shown in the previous section, are defined as follows

Q) = |gff ()] =[P @), F, = [£"()]

m+1)x1’
Hence, under the solvability conditions for the above system and letting B = Q !,
the unique solution is represented as

in which

v(m+1)xv(m+1 v(m+1)x1’

(4.1) ¥ = BF.

We rewrite relation (4.1) in an alternative matrix form as
v, ] _[Br BZ|[F

42) lwm]—[Bzz Bgzuﬂ-

Accordingly, we can find out that the vector W, consists of the first v(m + 1) elements
of the exact solution vector ¥ must satisfy the following relation

(4.3) ¥, = BYF, + BLSF.

According to the proposed process, the unique solution of SFIDE (3.1) can be denoted

as
-1

(4.4) ¥, =Q" F,,

vv
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where W, is replaced by ¥, as its approximate solution.
Subtracting (4.4) from (4.3) leads to

(4.5) U, - ¥, = DF, + B'°F,

where
—1
v _ v vy
Dw/ - Bw/ B 1777

In the following, we expand the right-hand side of (4.5) and the first v elements of
the vector at the left-hand side of (4.5) can be expressed as

77/}”(:13)— sz _|_ Z Z p=1,...,v,

j=01:=1 j=m+1i=1
where -
V1() %1(37)
w@=| " =],
wl’(x) ,IZV($)

and dfo( ), bfjo (x) are the elements of D! and B.>, respectively. Thus, according to

the Cauchy-Schwarz inequality we have
YR
‘ fi(J)(x)‘
j=0i=1

() = 9"(@)| < (ZZ

o0 v 2 2 o v . 2 %
+ ( b () ) ( (=) ) :
j=m+1i=1 Jj=m+1i=1

It is to be noted that as lim Dy =0and lim B2 =0, we have
V—>00 —r0

lim |¢*(z) — 4" (2)| = 0.

V—>r00

5. ILLUSTRATIVE EXAMPLES

In this section, the efficiency and the accuracy of the proposed approach is illustrated
by considering some numerical problems. The obtained numerical results are compared
with some existing approaches and it was found that the proposed approximate
approach produces acceptable results and even more accurate results in comparison
with some existing methods. All computations are performed using Mathematica 8.

Example 5.1. Consider the following system of fractional integro-differential equations
(see [5,29]):
D3y () — fy (Vi(t) +a(t)) dt =

3

D3y () = Jo (a(t) + ¢a(t)) dt =

(5.1)
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in which the initial conditions are chosen all to be zero and the exact solutions are
1(z) = x and ()

Using the present method, the first-order and the second-order approximate solu-
tions at equidistant points are computed. The obtained results and the results given
in [5,29] are listed in Tables 1 and 2. From Tables 1 and 2, we observe that the
second-order approximate solution yields the exact solution as expected, since the

M. DIDGAR, A. R. VAHIDI, AND J. BIAZAR

= xT".

exact solution is a polynomial function of degree 2.

TABLE 1. Absolute errors of Example 5.1 for ¢y (z).

Method in [29]

Method in [5]

Suggested method

m=1

[\)

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

8.75559 x 102
1.23823 x 1071
1.51651 x 101
1.75112 x 101
1.95781 x 101
2.14467 x 1071
2.31651 x 1071
2.47646 x 1071
2.62668 x 10~1
2.76876 x 1071

2.78470 x 10~3
3.93816 x 1073
4.82324 x 1073
5.56940 x 10~3
6.22678 x 1073
6.82110 x 1073
7.36763 x 1073
7.87633 x 1073
8.35411 x 1073
8.80600 x 1073

1.73688 x 10~ T
5.59324 x 101
1.98751

4.08095

1.10827

5.81370 x 10!
3.21226 x 10~1
1.50704 x 101
2.74544 x 1072
6.20423 x 1072

OOOOOOOOOOS

TABLE 2.

Absolute errors

of Example 5.1 for ¢q(z).

X

Method in [5]

Method in [30]

Suggested method

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.93140 x 10~
1.09257 x 1073
3.01076 x 1073
6.18049 x 10~3
1.07969 x 102
1.70314 x 102
2.50391 x 1072
3.49621 x 1072
4.69331 x 102
6.10763 x 10~2

1.29824 x 104
3.77788 x 10~*
7.13496 x 10~*
1.12845 x 103
1.61892 x 103
2.18315 x 1073
2.82043 x 1073
3.53063 x 103
4.31399 x 103
5.17100 x 1073

m=1

3.56504 x 107>
3.25545 x 1073
3.28085 x 1072
1.35422 x 10!
6.60271 x 1072
6.09208 x 102
6.26674 x 1072
6.66494 x 10~2
7.19976 x 1072
7.88615 x 1072

m=2
0

SO OO OO o oo

It is important to note that after converting system (5.1) into a system of linear

equations, the Mathematica command ‘LinearSolve’ is used for the new system.

Example 5.2. Consider the following system of fractional integro-differential equations

(see [29]):

D3y () — [y wpa(t)dt =

Dzyy(z) — fol iy (t)dt =

1

Wl N8

SS9
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in which the initial conditions are chosen all to be zero and the exact solutions are
¥1(z) = 2 and vy(x) = z.

We employ the approach described in Section 3 to evaluate the approximate solu-
tions. For this case, we can find that v,,(z) yields the exact solution only by setting
m = 1. Moreover, we present the results given in [29] in Table 3.

TABLE 3. Absolute errors of Example 5.2 in [29] for (¢ (z), ¥2(x)).

1.0 1.58969 x 1073,  1.58969 x 10~

x Methode in [29]
0.1 (5.02704 x 10~°,  5.02704 x 10~%)
0.2 (1.42186 x 1074, 7.10931 x 10~4)
0.3 (2.61213 x 1074, 8.70709 x 10~%)
0.4 (4.02163 x 1074,  1.00541 x 1073)
0.5 (5.62040 x 1074, 1.12408 x 1073)
0.6 (7.38821 x 1074, 1.23137 x 10793)
0.7 (9.31021 x 10~%,  1.33003 x 107?)
0.8 (1.13749 x 1073,  1.42186 x 1073)
0.9 (1.35730 x 1072, 1.50811 x 1073)
( ) 3)

Example 5.3. Consider the following system of fractional integro-differential equations
(see [16,30]):

1z +_4x% 12821

20 12 I(3) 150(3)

Dis(a) — [ (@) [n(t) + vt dt = -

1
4

in which the initial conditions are chosen all to be zero and the exact solutions are
Pi(z) =2 — 2® and Yy(x) = 2% — .

We apply the approach described in Section 3 to determine the approximate solu-
tions. For this case, we can find that v,,(x) yields the exact solution only by setting
m = 3. We present our results when m = 1,2, 3, and the results given in [30] in Tables
4 and 5.

FExample 5.4. Consider the following system of fractional integro-differential equations
(see [16,30])

83 2513 +_12595%L
71'_

80" 3[(3)  1IT(})
67 13 12525

Dia(a) = [+ ) 4(6) + val0]dt =~ = o+

in which the initial conditions are chosen all to be zero and the exact solutions are

1(x) = 23 — 2% and Yy(z) = 18—5552.

Diy(e) — [ 2wt [(1) — pult)] di =
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TABLE 4. Absolute errors of Example 5.3 for ¢4 (x)

Method in [30]

Suggested method

m=1

m=2

Il
w

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.86460 x 10~3
3.38103 x 1073
4.91496 x 10~3
6.51082 x 1073
8.18437 x 1073
0.94249 x 1073
1.17883 x 102
1.37235 x 102
1.57484 x 102
1.78631 x 102

2.33950 x 102
6.86709 x 102
1.21870 x 101
1.73108 x 10!
2.11497 x 10!
2.25976 x 10~1
2.06732 x 101
1.47035 x 101
4.52912 x 1072
9.29796 x 1072

4.37610 x 1073
1.69027 x 103
1.70008 x 103
3.93799 x 10~3
4.52983 x 1073
3.55933 x 103
1.36667 x 103
1.59402 x 103
4.82795 x 1073
7.84433 x 1073

OOOOOOOOOOS

TABLE 5. Absolute errors of Example 5.3 for ¢, (z)

X

Method in [30]

Suggested method

m=1

m=2

Il
w

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.99879 x 10~ *
4.75397 x 10~
7.89170 x 10~
1.13069 x 10~3
1.49445 x 103
1.87697 x 103
2.27584 x 1072
2.68925 x 1072
3.11582 x 102
3.55442 x 1072

1.46339 x 102
3.25600 x 10~2
4.88261 x 1072
6.04406 x 10~2
6.45455 x 1072
5.84157 x 1072
3.97032 x 1072
6.79901 x 10~3
4.07493 x 1072
1.01834 x 107!

3.62132 x 10~3
1.64100 x 102
2.95774 x 1072
3.63960 x 10~2
3.60909 x 10~2
3.03835 x 1072
2.15300 x 10~2
1.17235 x 102
2.96446 x 1073
2.95048 x 103

OOOOOOOOOOS

Applying the approach described in this paper, we determine the approximate
solutions. For this case, we can find that 1,,(z) yields the exact solution only by setting
m = 3. We present our numerical results obtained by proposed Taylor expansion
method for m = 1,2,3 and the results obtained in [30] in Tables 6 and 7.

Example 5.5. Consider the following system of fractional integro-differential equations

D41/J1

D¥ebo(z /

¢1 + ot )
vo—t

P (t +¢2() g — —

x—t

1623 32z3 . 3941
35 50(L)

27x% 16x2 243475
5\/_ 140

in which the initial conditions are chosen all to be zero and the exact solutions are

Y1 (z) = 22 and ¢y(x) = 23

Based on the proposed method in Section 3, we obtain the approximate results by
setting m = 1, 2, 3 and we observe that the third-order approximate solution yields the
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TABLE 6. Absolute errors of Example 5.4 for ¢;(z).

Method in [30]

Suggested method

m=1

m=2

w

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.96792 x 10~ %
6.85268 x 10~*
1.42175 x 1073
2.38624 x 1073
3.56576 x 103
4.95084 x 1073
6.53406 x 103
8.30938 x 103
1.02717 x 102
1.24167 x 102

1.66987 x 102
4.54650 x 1072
7.48952 x 102
9.69101 x 102
1.05439 x 10~ 1
9.62850 x 102
6.71607 x 102
1.77783 x 102
5.00357 x 1072
1.32209 x 10!

4.37610 x 1073
1.69027 x 103
1.70008 x 103
3.93799 x 10~3
4.52983 x 1073
3.55933 x 103
1.36667 x 103
1.59402 x 103
4.82795 x 1073
7.84433 x 1073

OOOOOOOOOOS

TABLE 7. Absolute errors of Example 5.4 for i (x).

Method in [30]

Suggested method

m=1

m =2

w

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

8.20450 x 10~1
1.58553 x 103
2.41026 x 1073
3.30743 x 1073
4.28071 x 1073
5.33111 x 1073
6.45864 x 1073
7.66286 x 1073
8.94313 x 1073
1.02987 x 102

1.35222 x 10~ T
1.88478 x 107!
2.17328 x 101
2.25836 x 107!
2.16061 x 101
1.89798 x 107!
1.49181 x 107!
9.71051 x 10~2
3.76493 x 1072
2.34213 x 1072

4.98795 x 102
8.22827 x 1072
9.64328 x 102
9.56954 x 102
8.41589 x 102
6.57542 x 10~2
4.42508 x 1072
2.32810 x 1072
6.32948 x 1073
3.30327 x 1073

OOOOOOOOOOS
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exact solution as expected. In the following, our results for m = 1,2, 3 at equidistant
points in [0, 1] are tabulated in Tables 8 and 9.

TABLE 8. Absolute errors of Example 5.5 for ¢, (x).

X

m=1

m=2

w

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

4.39572 x 10~ 4%
2.02649 x 1073
6.38129 x 1073
1.85611 x 10~2
4.69815 x 1072
9.46103 x 102
1.53109 x 101
2.14122 x 1071
2.76101 x 10!
3.40830 x 10!

5.63735 x 108
1.49505 x 106
1.61418 x 1075
1.16368 x 10~*
6.32737 x 10~*
2.86770 x 1073
1.22967 x 102
7.00457 x 1072
2.65058 x 101
1.19614 x 10!

OOOOOOOOOOS




390

M. DIDGAR, A. R. VAHIDI, AND J. BIAZAR

TABLE 9. Absolute errors of Example 5.5 for ¢q(z).

T m=1 m=2 m=3
0.1 1.17689 x 10~ ¢ 2.02948 x 10~° 0
0.2 1.61962 x 103 1.53357 x 104 0
0.3 9.65962 x 103 4.69785 x 104 0
0.4 3.89089 x 102 8.58738 x 10~* 0
0.5 1.13095 x 10~* 4.68815 x 10~* 0
0.6 2.40454 x 1071 4.31091 x 1073 0
0.7 3.98040 x 10! 2.88928 x 1072 0
0.8 5.63382 x 107! 1.89377 x 1071 0
0.9 7.33038 x 10! 7.60116 x 10! 0
1.0 9.12716 x 10! 3.53191 x 10! 0

6. CONCLUSION

In this paper, we have proposed an approximate method for solving systems of
fractional integro-differential equations. In the proposed technique, the SFIDE to
be solved, has been converted into integral equations. Then Taylor expansion for
unknown functions and integration method have employed to convert the resulting
integral equations into a system of linear equations with respect to unknown functions
and their derivatives. By applying a standard method the resulting system has been
solved. In particular for such cases when the exact solutions are polynomial functions
of degree up to m, the derived mth-order approximations are exact.
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ON CAPUTO FRACTIONAL DERIVATIVES VIA CONVEXITY
G. FARID!

ABSTRACT. In this paper some estimations of Caputo fractional derivatives via
convexity have been presented. By using convexity of any positive integer order
differentiable function some novel results are given.

1. INTRODUCTION

Caputo fractional derivatives are defined as follows (see [1]).

Definition 1.1. Let @ > 0 and o ¢ {1,2,3,...}, n = [o] + 1, f € AC"[a,b], the
space of functions having nth derivatives absolutely continuous. The left-sided and
right-sided Caputo fractional derivatives of order o are defined as follows:

(CD3‘+)(x):F ! /x o) dt, x>a

(n—a)Ja (x—t)entl™"

and

—1)” b f(g)

¢pp _ / dt b,

( b_f) (@) I'(n—a) /s (t—x)ontl” v

If o =n € {1,2,3,...} and usual derivative f™(z) of order n exists, then Caputo
fractional derivative (CD;‘ f ) (z) coincides with £ (x) whereas (CDgL f) (x) coin-

cides with £ (x) with exactness to a constant multiplier (—1).
have

In particular we

(CD2 ) (@) = (DY f) (@) = S (@),
where n =1 and a = 0.

Key words and phrases. Convex function, Caputo fractional derivatives.
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Since the inequalities always have been proved worthy in establishing the mathe-
matical models and their solutions in almost all branches of applied sciences (see [2,3]).
Especially the convexity takes very important role in the optimization theory. The
aim of this paper is to introduce some fractional inequalities for the Caputo fractional
derivatives via the convexity property of the functions which have derivatives of any
integer order.

2. MAIN RESULTS

First we give the following estimate of the sum of left and right handed Caputo
fractional derivatives.

Theorem 2.1. Let f : I — R be a real valued n-time differentiable function where n
is a positive integer. If f™ is a positive convex function, then for a,b € I, a < b and
a, B > 1, the following inequality for Caputo fractional derivatives holds

(2.1) C(n—a+1) (“De'f) (@) +T(n =B +1) (D)) (@)

( —a)" 1 f"(a) + (b —a)" P f(h)
2
T — a)nfa+1 + (b o :L,)nﬁ+1‘|
5 .

<

+10)|!

Proof. Let us consider the function f on the interval [a, z|, € [a,b]. For t € [a, x],
the following inequality holds

(2.2) (x—t)"*<(x—a)"*
Since f™ is convex therefore for ¢ € [a, x] we have
—1 t—a
2.3 M) < L0 ¢ QI
(2.3 FO) < T )+ L o)

Multiplying inequalities (2.3) and (2.2), then integrating with respect to t over [a, z]
we have

L%w%waﬂmwws“ﬁjﬁfﬂﬂwwl?m—mﬁ+ﬂWml?rww¢
(2.4) I'(n—a+1) (CDg:lf) (z) < (x — GQ)n_aH (£ (a) + F ().

Now we consider function f on the interval [x,b], z € [a,b]. For t € [x,b] the following
inequality holds

(2.5) (t—a)" P < (b—x)" "

Since f™ is convex on [a, b], therefore, for t € [z, b] we have
t— b—t

(2:6) ) < g 70 + g ).

“b—=x b—=x
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Multiplying inequalities (2.5) and (2.6), then integrating with respect to ¢ over [z, b]
we have

b — )8 b b
L@—wﬁﬁﬂmwﬁs(ﬂﬁl,ﬂ%méa—xmqumwéw—wﬁy
C B-1 (b— )"
(2.7) P(n—B+1) (“DJ7'f) (1) < [ 0) + f™ ().
Adding (2.4) and (2.7) we get the required inequality in (2.1). O

It is nice to see that the following implication holds.

Corollary 2.1. By setting o = [ in (2.1) we get the following fractional integral
inequality

C(n—a+1) ((“Def) (@) + (“D52 ' f) (@)
S@—@W”“ﬂ”@%+@—xﬁﬂ“ﬂw@X+ﬂm@%@**W%““+@—xﬁﬂ“m

2 2
Now we give the next result stated in the following theorem.

Theorem 2.2. Let f : I — R be a real valued n-time differentiable function, where
n is a positive integer. If |f™+Y| is convex function, then for a,b € I a < b and
a, B >0, the following inequality for Caputo fractional derivatives holds

(2.8) D(n—a+1)(°Ds f) () + T(n = 8+ 1) (°DJ_f) ()
—((z = )" " (@) + (b —2)" P F™ (b))
(@ —a) ™ f" D (a)] + (b — 2) [ f" D (b))

- 2
P @) (2 = a) o+ (b — )
+ .
2
Proof. Since |f™+1)] is convex, therefore, for t € [a, ] we have
t—a
(n+1) < (n+1) v Y e(ntl)
7)) < T 0 @) + L2 e )
from which we can write
(2.9)
r—1 t—a
_ (n+1) =0 nt) (n+1)
(E= 17 @) + =2 @) ) < 1)
T — t—a
< (n+1 (n+1) .
< T2l (e L2 e )
We consider the second inequality of inequality (2.9)
n T—1t . t—a, .,
FOVE) < ——[f" D (@) + — | ().

Tr—a Tr—a
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Now for a > 0 we have
(2.10) (x—t)"*<(z—a)"%te€|a,z]
The product of last two inequalities give
(w = )" f (1) < (x = ) (( = O f (@) + (¢ = )| [ (@)]).

Integrating with respect to ¢ over [a, x] we have
(2.11) / (& — £ fOHD (1) dt

<(o -y (1100 @ = v+ @) [ - a)e)

g)rat (!f(”“)(a)\ + \f(”“)@)I)
2

:(x —

and

[ @=tye e @it = ;@@ — i+ (n-a) [ = @
= —f"a)(z—a)"*+T(n—a+1) (CD;“+ ) ().
Therefore, (2.11) takes the form
(2.12) T(n—a+1)(°Dg,f) (@) = F"(a)(z - a)" ™

<@F_@nﬁwl(uw+nwﬂ+wf@+wuw>
< ! |

If one consider from (2.9) the first inequality and proceed as we did for the second
inequality, then following inequality can be obtained

(2.13) F™a) (@ —a)"* =T(n—a+1) (°Di, f) (x)
g@_ayaﬂ<ummmn;u@m@ﬂ)

From (2.12) and (2.13) we get

(2.14) T —a+1)(“Dg, f) (x) = F"(a)(x — a)" |
s@_awﬂH<MWﬂwn;uwmwﬂ>

On the other hand for ¢ € [z, b] using convexity of |f"+1)| we have

b—t

(215) O] < @) + T )

Also for t € [z,b] and 5 > 0 we have
(2.16) (t—a)" P < (b—ax)" "
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By adopting the same treatment as we have done for (2.9) and (2.10) one can obtain
from (2.15) and (2.16) the following inequality

(2.17) (=5 +1) (“Di_f) (@) = FOO) b — )"
wpn (DO 14 ()]
<(b—x) g ( 2 )

By combining the inequalities (2.14) and (2.17) via triangular inequality we get the
required inequality. 0]

It is interesting to see the following inequalities as a special case.

Corollary 2.2. By setting o = [ in (2.8) we get the following fractional integral
inequality
P(n—a+ D)[(°Dg f) (2) + (D5 f) (2)]
—(@=a)"f™(a) + (b — z)" = f™ (b))
(@ —a) D (@) + (b — 2" £V (D)
- 2
SOV @) (@ = a)" ! + (b —2)" 1)
+ 5 .

Before going to the next theorem we observe the following result.

Lemma 2.1. Let f : [a,b] — R, be a convex function. If f is symmetric about “T“’,
then the following inequality holds

(2.18) f (a;b) < f(z), =€ la,b].

Proof. We have

a—l—bil m—ab+b—x +1 T —a +b—mb
2 2\b—-a b—ax 2 b—aa b—a |

Since f is convex, therefore we have

a+b 1 T —a b—=x r—a b—=x
f( 2 >SZ<f<b—ab+b—ax>+f<b—aa+b—ab>>

= (@) + flat+b—1)).

Also f is symmetric about £, therefore, we have f(a+b— z) = f(z) and inequality
in (2.18) holds. O

Theorem 2.3. Let f: I — R be a real valued n-time differentiable function where n
is a positive integer. If f™ is a positive convex and symmetric about “TH’, then for
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a,bel,a<banda,B >1, the following inequality for Caputo fractional derivatives
holds

1 1 1 o (a+b
(2.19) 2<n—a+1+n—ﬁ+1>f ( 2
P(n—B+1) (D" f) (@) T(n—a+1)(°D'f) ()
S e (ST
S0+ 1)
Proof. For = € [a, b] we have
(2.20) (x—a)" P < (b—a)"".
Also f is convex function we have
(n) T ey gy DT )
(2.21) £ ) < T2 o) 4 D ),

Multiplying (2.20) and (2.21) and then integrating with respect to = over [a,b] we
have

[ ar e < S L om e - o+ @0 - o).

From which we have

o —B+1) (D) (@) _ 1) (a) + £ 0)

2.22

(222) (b — a)r—h+1 - 2
On the other hand for x € [a, b] we have

(2.23) (b—x)"* < (b—a)" .

Multiplying (2.21) and (2.23) and then integrating with respect to = over [a, b] we get
b (n) () (p
/ (b— )" ™ (2)dx < (b —a)" " f7a) + )

2
From which we have
I'(n—a+1) (CDS_;1 ) (b) - f™(a) + f™(b)
(b _ a)n—a-i—l — 2 :
Adding (2.22) and (2.24) we get the second inequality
L(n—p+1)(°Dy'f) (a) . L(n—a+1) (9D f) (b) _ fO@) + £O0)
2(() _ a)n—,@’—i—l Q(b _ a)n—a+1 - 2 ’

(2.24)

Since £ is convex and symmetric about “T*b using Lemma 2.1 we have

(2.25) £ <a;b> < f™(2), € [a,b].



ON CAPUTO FRACTIONAL DERIVATIVES... 399

Multiplying with (z — a)"~? on both sides and then integrating over [a, b] we have

f(n) <CL ‘2|‘ b) /b($ . &)n—ﬁdm < /b($ — a)n_ﬁf(”)(x)dl’.

By definition of Caputo fractional derivatives one can has

2 ) 2(n—pB+1) 2(b — a)n—p+1
Multiplying (2.25) with (b — z)"~*, then integrating over [a, b] one can get
0 ﬂm<a+b> 1 grm—a+4>@Dxi)w)
2 J2(n—a+1) 2(b — a)r—otl
Adding (2.26) and (2.27) we get the first inequality. O

Corollary 2.3. If we put o = (3 in (2.19), then we get
(n) a+b 1 F(TL—O(—{—l) C na+l1 C na+1
f ( ; ) P TS T ((°Dgtf) (@) + (CDg f) ()
@) + )
f— 2 .
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BEST PROXIMITY POINT RESULTS VIA SIMULATION
FUNCTIONS IN METRIC-LIKE SPACES

G. V. V.J. RAO!, H. K. NASHINE?*, AND Z. KADELBURG?

ABSTRACT. In this paper, we discuss the existence of best proximity points of certain
mappings via simulation functions in the frame of complete metric-like spaces. Some
consequences and examples are given of the obtained results.

1. INTRODUCTION

Khojasteh et al. introduced in [13] the notion of simulation function in order to
unify several fixed point results obtained by various authors. These functions were
later utilized by Karapinar and Khojasteh in [9] to solve some problems concerning
best proximity points.

On the other hand, spaces more general than metric and fixed point and related
problems in them have been lately a wide field of interest of huge number of mathe-
maticians. Among them, metric-like spaces, introduced by Amini-Harandi in [2], took
a prominent place.

In this paper, we are going to extend these investigations to best proximity points of
mappings acting in complete metric-like spaces, using conditions involving simulation
functions. The results will be illustrated by several examples, showing the strength
of these results compared with others existing in the literature.

2. PRELIMINARIES

Throughout the paper, R and R*, Ry will denote the set of real numbers, the set
of positive real numbers and the set of nonnegative real numbers, respectively. Also,
Ny and N will denote the set of nonnegative, resp. positive integers.

Key words and phrases. Z-contraction, best proximity point, simulation function, admissible
mapping.
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We shall first recall some basic definitions and some results from [1,5,13].

Definition 2.1 ([13]). A simulation function is a mapping ¢ : Rj x R — R satisfying
the following conditions:
(C2) C(t,s) <s—tforallt,s>0;
(¢3) if {t,} and {s,} are sequences in (0,00) such that lim,, . t, = lim, . s, =
[ € (0,00), then limsup,,_,.. ((tn, $n) < 0.

Note that, according to the axiom ((»), each simulation function ( satisfies ((¢,t) < 0
for all £ > 0. The family of all simulation functions will be denoted by Z.

Ezample 2.1 (See, e.g., [1,5,7,13]). Fori=1,2,...,6, define mappings (; : Rf xRy —
R, as follows.

(i) Ci(t,8) = d1(s)—pa(t) for all ¢, s € Ry, where ¢y, ¢o : R — R{ are continuous
functions, with ¢;(t) = 0 if and only if t = 0 and ¢y (t) <t < ¢o(t) for all t > 0.
(i) Co(t,s) =s— J;gz; t for all t, s € Ry, where f,g: Ri® — R{ are two functions,
continuous with respect to each variable and such that f(¢,s) > g(¢,s) for all
t,s > 0.
(iii) (3(t,8) = s — ¢(s) —t for all t,s € R}, where ¢ : Rf — Ry is a continuous
functions, with ¢(t) = 0 if and only if £ = 0.
(iv) If ¢ : R§ — [0,1) is a function such that limsup,_,,+ ¢(t) < 1 for all 7 > 0, let

Gu(t,s) = sp(s) —t, forallt seR].

(v) If n: Rf — R{ is an upper semi-continuous function such that n(t) < ¢ for all
t >0 and n(0) =0, let

G(t,s)=mn(s)—t, forallt,seR].
(vi) If ¢ : Rf — R{ is a function such that f§ ¢(u) du > € for each € > 0, let
¢
Co(t,s) = s — / é(u)du, forallt,s € RS,
0
It is clear that each function (;, i = 1,2,...,6, is a simulation function.
Definition 2.2 (]2]). Let X be a nonempty set, and a mapping o : X x X — R{ is
such that, for all z,y, 2z € X,
(01) o(z,y) = 0 implies x = y;
(02) O'(l', y) = U(ya l’),
(03) O'(l', y) < O'(l‘, Z) + O-(Zv y)
Then (X, o) is said to be a metric-like space.

As is well known, each partial metric space is an example of a metric-like space.
The converse is not true. The following example illustrates this statement.
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Ezample 2.2. Take X = {1,2,3} and consider the metric-like 0 : X x X — R{ given
by

o(1,1) =0, 0(2,2) =1, 0(3,3) =
9 7
0(2,1)=0(1,2) = —, 0(1,3)=0(3,1)=—, 0(2,3)=0(3,2) = —.
10 10
Since 0(2,2) # 0, o is not a metric and since ¢(2,2) > ¢(2,1), o is not a partial

metric.

Every metric-like ¢ on X generates a topology 7, whose base is the family of all
open o-balls

{B,(z,0) :x € X,0 >0},
where B, (z,0) ={y € X : |o(z,y) —o(z,z)| <}, for all x € X and § > 0.
Definition 2.3 (]2]). Let (X, o) be a metric-like space, let {z,} be a sequence in X
and z € X. Then

(i) {x,} is said to converge to x, w.r.t. 7, if lim, o o(x,, x) = o(z, z);
(ii) {z,} is called a Cauchy sequence in (X, o) if lim, ;500 0(2p, 2,,,) exists (and
is finite);
(ili) (X, o) is called complete if every Cauchy sequence {x,} in X converges with
respect to 7, to a point x € X such that

ngr_r)looa(xn,xm) = lim o(xp,x) =o(z,);

(iv) a function f: X — X is continuous if for any sequence {z,} in X such that
o(x,,r) = o(x,x) as n — oo, we have o(fz,, fr) = o(fz, fxr) as n — oo.

Note that the limit of a sequence in a metric-like space might not be unique.

Lemma 2.1 ([11]). Let (X, 0) be a metric-like space. Let {z,} be a sequence in X
such that x,, — x where v € X and o(x,z) = 0. Then for all y € X, we have

lim o(z,,y) = o(z,y).

U will denote the family of non-decreasing functions v : Ry — Ry satisfying the
following conditions:
(i) ¥(t) <t, for any t € RT;
(ii) ¢ is continuous at 0.
Let (X, 0) be a metric-like space, and U and V' be two non-empty subsets of X.
Recall the following standard notation:
o(U, V) :=inf{o(u,v) : u € Uv € V},
Up:={uecU:o(u,v)=0(UV) for somev € V},
Vo:={veV:ou,v)=0(U,V) for some u e U}.



404 G. V. V. J. RAO, H. K. NASHINE, AND Z. KADELBURG

Consider now a non-self mapping 7' : U — V and the equation Tu = u (u € U). As
is well known, a solution of this equation, if it exists, is called a fixed point of T'. If
such solution does not exist, an approximate solution u* € U have the least possible
error when o(u*, Tu*) = (U, V). In this case, u* is called a best proximity point of
the mapping T : U — V.

Finally, recall the following useful notions.

Definition 2.4 ([6]). Let U and V' be nonempty subsets of a metric-like space (X, o),
and a : U x U — RZ be a function. We say that the mapping T is a-proximal
admissible if

a(z,y) > 1and o(u, Tx) =o(v,Ty) =c(U,V) = a(u,v) > 1,
for all z,y,u,v € X.
If o(U,V) =0, then T reduces from a-proximal admissible to a-admissible.

Definition 2.5 ([8,10]). Let 7 : X — X be a mapping and o : X x X — R{ be a
function. We say that the mapping 7' is triangular weakly-a-admissible if

a(z,y) > 1and a(y,z) > 1= a(z,z) > 1.

3. MAIN RESULTS

Definition 3.1. Let (X, o) be a metric-like space, U and V' be two non-empty subsets
of X, eV, a: X xX = RJ and ¢ € Z. We say that T : U — V is an a-1)-(-
contraction if 7" is a-proximal admissible and

(3.1)

o(z,y) > 1 and o(u, Tz) = 0(0, Ty) = (U, V) = C(a(m, g)o(u,v), bo(z,1))) > 0,

for all z,y,u,v € U.

Definition 3.2. Let (X, o) be a metric-like space, U and V' be two non-empty subsets
of X, a: X x X =+ R{ and ¢ € Z. We say that T': U — V is an a-(-contraction if
T is a-proximal admissible and
(3.2)

a(z,y) > 1and o(u, Tx) =o(v,Ty) =o(U,V) = ((a(x,y)o(u,v),o(z,y)) >0,

for all z,y,u,v € U.

Notice that Definition 3.2 is not a special case of Definition 3.1 since the function
¥ (t) =t does not belong to V.

The following lemma provides a standard step in proving that the given sequence
is Cauchy in a certain space.

Lemma 3.1 (See, e.g., [14]). Let (X,0) be a metric-like space and let {x,} be a
sequence in X such that o(x,41,x,) is non-increasing and that lim,, . 0(x,41,x,) = 0.
If {z,,} is not a Cauchy sequence, then there exist an € > 0 and two sequences {my}
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and {ny} of positive integers such that the following four sequences tend to € when
k — oo:

O-(xmm xnk)’ U('ka-i-l? xnk+1)7 O-(‘rmk—lﬂ xnk)7 U(xmw xnk_l)'
Now we present the main results of this article.

Theorem 3.1. Let (X, 0) be a metric-like space, U and V' be two non-empty subsets
of X, a: X x X - R{, ¥ €V and ( € Z is non-decreasing with respect to its second
argument. Suppose that T : U — V' is an a--(-contraction and

(1) T is triangular weakly-a-admissible;

(2) U is closed with respect to the topology T, ;

(3) T(Uy) C Vo;

(4) there exist xg, x1 € U such that o(xy, Txg) = o(U, V) and a(zg, x1) > 1;

(5) T is continuous.

Then, T' has a best proximity point, that is, there exists z € U such that o(z,Tz) =
a(U, V).

Proof. Take zg,x; € U given as in (4). Taking (3) into account, we conclude that
Tz, € Vi which implies that there exists x5 € U such that o(xe,Tz,) = o(U, V).
Since «a(zg,x1) > 1 and T is a-proximal admissible, we conclude that a(zy,z9) > 1.
Recursively, a sequence {z,} C U can be chosen satisfying

(3.3) o(zps1, Txy) = o(U, V) and a(xy,, x,11) > 1, for all n € Ny.

If 2, = xgyq for some k € Ny, then o(zy, Txy) = o(xpr1, Txy) = o(U, V), meaning
that xj is the required best proximal point. Hence, we will further assume that

(3.4) Ty # Tpy1, forall m e Ny,

Using relations (3.3) and (3.4), we get that o(x,, Tz,-1) = 0(2pi1, Tx,) = o(U, V),
for all n € N. Furthermore, by (3.1)

(3.5) Cla(xp_1,2n)0(Tn, Tpy1), V(o(Tp_1,2,))) >0, foralln €N,

since T': U — V is an a-1)-(-contraction. Regarding (3.4) and ((z), the inequality
(3.5) implies that

0(Tn, Tni1) < a(z,9)o (T, Tni1) < Y(o(Tp-1,2)) < 0(Tp-1,2,), forallm e N.

Thus, {o(zn, T,41)} 1S @ non-increasing sequence bounded from below and there exists
L € R{ such that o(x,, 2,11) — L as n — co. We shall prove that L = 0. Suppose,
on the contrary, that L > 0. Taking the upper limit in (3.5) as n — oo, regarding
((3), property (i) of ¥» € ¥ and that ¢ is non-decreasing with respect to the second
argument, we deduce

0 < limsup {(a(zn, Tn-1)0(Tpn, Tpi1), V(0 (T, Tn-1)))

n—oo

S lim supC(oz(xn, m1171)0'(1'717 anrl)a O'(*Tna xnfl)) < 07
n—o00

which is a contradiction. We conclude that lim,, .. o(x,, ny1) = 0.
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We shall now prove that the sequence {z,} is Cauchy. Suppose that it is not. Then,
there exist € > 0 and subsequences {z,,, } and {z,,, } of {z,}, so that ny > my >k
and
(3.6) (T s Tny ) > € and 0 (T, Tny—1) < €.

By Lemma 2.1, we have

k;ll)Dé.lo O-(mmkuxnk) = ]C].Lrgoo-(xnk_17xmk_l) = €.

Since T is triangular weakly-a-admissible, from (3.3), we get that
a(Tp, xy,) > 1, forall n,m € Ny with n > m.

Hence,
(3.7)
(T, Tpy) > 1and (2, TTm,—1) = 0(p,, Tap,—1) =c(U, V), forall keN.

Since T is an a-y-(-contraction, the obtained relations (3.7) yield the following in-
equality:

0 < {(zn, Tn_1)o(Tmy,, Tny ) V(0 (T, Ty, ))), for all k € N.
Letting k — oo, using (3.6) and ((3), and regarding properties of ¢ € ¥ and that ( is
non-decreasing with respect to the second argument, we obtain

0 S hm_)sup <(Oé($n7 xnfl)a-(xmku xnk>> w<0<l’mk—1; T'rnkfl)))

< limsup (T, Tn—1)0(Tmy, Tny)s 0 (Tmp—1, TTnj—1)) < 0,
n—oo

which is a contradiction. Thus, we conclude that the sequence {z,} is Cauchy in U.
Since U is a closed subset of a complete metric-like space (X, o), there exists z € U
such that

(3.8) lim o(z,,z) =0.

n—oo

Since T' is continuous, we deduce that

(3.9) lim o(Tz,,Tz) =0.

n—oo

From (3.3), using the triangle inequality together with (3.8) and (3.9), we find that
o(U,V) = lim o(zns1, Tan) = 0(2,T2).
Thus, z € U is a best proximity point of the mapping 7. O

The continuity hypothesis in Theorem 3.1 can be omitted if we assume the following
additional condition on U:

(P) if a sequence {u,} in U converges to u € U and is such that a(u,,u,+1) > 1
for n > 1, then there is a subsequence {u,x)} of {u,} with o(u,),u) > 1 for
all k.



PROXIMITY POINT RESULTS VIA SIMULATION FUNCTIONS 407

Theorem 3.2. Let all the conditions of Theorem 3.1 hold, except that the condition
(5) is replaced by
(5") (P) holds.
Then T has a best proximity point.
Proof. As in the proof of Theorem 3.1 we conclude that there exists a sequence {z,}
in Uy which converges to z € Uy. Using (3), we note that Tz € Vj and hence
o(uy, Tz) =0o(U, V), for some u; € U,.

Notice that from (P), we have a(z,,,2z) > 1 for all & € N. Since T is a-proximal
admissible and

(3.10) o(u1,Tz2) = o(xp41, Tan,) =c(U, V),
we obtain that a(x,,11,u;) > 1 for all £ € N and
(@ 1, 0)0 (1, Ty 1), 90 (2, 70,))) 2 0.
Then, ((z) implies that
011, T 11) < 1, 1) 1) < D02 7)) < 02, Ty)
and so limy_,e 0 (U1, 2, +1) — 0. Thus, u1 = z and by (3.10) we have o(z,T2) =

a(U, V). O

Theorem 3.3. Let (X, 0) be a metric-like space, U and V be two non-empty subsets
of X, (€Zand a: X x X — RY. Suppose that T : U — V is an a-(-contraction
and that conditions (1)-(4) of Theorem 3.1 are satisfied, as well as

(5") T is continuous or (P) holds.
Then, T has a best proximity point.

Proof. By following the lines in the proof of Theorem 3.1, we easily construct a
sequence {x,} in U which converges to some z € U, moreover

(3.11) dim o(zn,2z) =0.
Suppose first that 7" is continuous. Then
(3.12) lim o(Tx,,Tz) = 0.

From (3.3), the triangle inequality together with (3.11) and (3.12) imply
o(U,V) = lim o(zns1, Tan) = 0(2,T2).
In other words, z € U is a best proximity of the mapping 7.
Suppose now that (P) holds. Regarding (3), we note that Tz € Vj and hence
o(uy,Tz) =o(U, V), for some u; € U,.

Notice that from (P), we have a(x,,,z) > 1 for all & € N. Since T is a-proximal
admissible, and
o(u1,Tz2) = o(xp41, Tan,) =0(U, V),
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we get that a(zp, +1,u1) > 1 for all k € N and
(3.13) C(a(Tny 41, ur)o (U, Tnyi1), 0(2, 20, )) 2 0.

Then, ((2) implies that o(uy, Tp, 1) < (@41, u1)0(Ur, Tpyt1) < 0(2, T,,) and so

]}Ln& o(uy, Tp,+1) — 0.

Thus, u; = z and by (3.13) we have o(z, T2) = o(U, V') and the proof is completed. [J

Notice that Theorem 3.3 cannot be obtained by combining Theorems 3.1 and 3.2,
since the function ¢ (t) = ¢t does not belong to W. Furthermore, in Theorems 3.1 and
3.2, we have an additional condition that { is non-decreasing in its second argument.

Definition 3.3. Let (X, o) be a metric-like space, U and V' be two non-empty subsets
of X, a: X x X —- R and ¢ € Z. We say that T : U — V is a generalized a-(-
contraction if T" is a-proximal admissible and
(3.14)
a(z,y) = 1and o(u, T) = o(v, Ty) = (U, V) = C(alz,y)o(u,v),r(,y)) = 0,
for all x,y,u,v € U with x # y, where
o(z,u)o(y,v) }
r(z,y) = max< o(z,y), .
() = e o), T
Theorem 3.4. Let (X, 0) be a metric-like space, U and V be two non-empty subsets
of X and o : X x X — R, ¢ € Z. Suppose that T : U — V is a generalized

a-(-contraction and conditions (1)-(5) of Theorem 3.1 are satisfied. Then T has a
best proximity point.

Proof. As in the proof of Theorem 3.1, we can construct a sequence {z,} in X
satisfying conditions (3.3) and (3.4). Combining these relations with (3.14), we get
that o(x,, Tz, 1) = 0(zps1, Tx,) = (U, V) for all n € N and

C(a(zp_1,Tn)0(Tn, Tpg1), 7(Tp_1,2,)) >0, foralln € N.

Here,

O-<xn71; .Qin)U(In, anrl) (.CE T )
O'(Q?n,h xn) n—1,+4n
= max {0(Tp, Tni1), 0(Tn_1,Tn)}.

Suppose that for some n € N

r(Tp-1,%,) = Max {

max {O'(ZEn, xn+1)7 U(xn—la xn)} = O-(Ina xn—&—l)‘
Since o (zp, Tyy1) > 0, using the property (2) of the simulation function, we obtain
C(CV(xnfla l'n)O'(.Tn, ‘rn+l)7 O'(.I'n, xn+1>) < 0;

which is a contradiction. It follows that r(z, 1,%,) = o(x,_1,2,) for all n € N,
implying that

(3.15) Cla(xp—1,2n)0(Tn, Tpi1),0(Tp_1,2,)) >0, foralln e N,
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Using ((2), the inequality (3.15) yields that
0(zp, Tpni1) < 0(Tp_1,x,), forallneN.

Hence, {o(x,,z,+1)} is a non-increasing sequence, bounded from below, converging
to some L > 0. Suppose that L > 0. Taking the upper limit as n — oo in (3.15),

using ((3), we get

0 S lim sup C(Oé(fbn, ZEn_l)O'(ZL‘n, xn-‘rl)? 77/}(0-(1‘71—17 xn))) < 07

n—oo

which is a contradiction. Hence, we conclude that lim, o 0(2y, 1) = 0.

In order to prove that {z,} is a Cauchy sequence, suppose the contrary. Then, as
in the proof of Theorem 3.1, there exist € > 0 and subsequences {x,,, } and {x,, } of
{z,}, so that for ny > my > k we have

O (Timys Tny) = € and 0 (T, Tny—1) < €.
Also, in the same way, the following inequalities hold:
(3.16) lim o (T, , Tn,) = UM o(Tp, -1, Tmy—1) = €,

k—00 k—o00

klggl() 0(Tpmy—1, Tny) = ’}L%lo 0(Tpy—1, Ty ) = €.
Since T is triangular weakly-a-admissible, we derive that

a(xy, Ty) > 1,  for all n,m € Ny with n > m.
Thus, we have

(3.17) (X, T, ) > 1 and o(zp, , Tom,—1) = 0(Tp,, T2y, 1) = o(U, V),

for all £ € N. Since T is a generalized a-(-contraction, the obtained relations (3.17)
imply

0 < (i Tmp—1, Tnp—1)0 (Timp > Tny )s T(Timp—1, Tny—1)),  for all k € N.

Since

Tm,—1, L Tn,.—1,T
(318) T(:L‘mk_l, :L‘nk_l) — max {O’( mE—1, mk>0'< ng—1, nk> , O(xmk—la xnk—l)} :
O'(xmkfbxnkfl)

taking limits of both sides of (3.18), we conclude that limg_,oo 7(Tmy—1, Tny—1) = €.

Letting k& — oo and keeping (3.16) and ({3) in mind, we get

0 S llm_)supg(()é(Imk—l) xnk—l)a(xmkaxnk)vr<xmk—17 xnk—l)) < 07
n—oo

which is a contradiction. Thus, we conclude that the sequence {z,} is Cauchy in U.
The final step of the proof is the same as for Theorem 3.1. O
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4. COROLLARIES AND EXAMPLES

Using Example 2.1, it is possible to get a number of consequences of our main
results by choosing the simulation function ¢ and a(z,y) in a proper way. We skip
making such a list of corollaries since they seem clear. We just state the following one
as a sample

Corollary 4.1. Let (X,0) be a metric-like space, U and V' be two non-empty subsets
of X and o : X x X — RJ, v € W. Suppose that T : U — V is a given a-prozimal
admissible mapping such that

alz,y) > 1 and o(u,Tx) = o(v,Ty) =c(U,V) = az,y)o(u,v) < (o(x,y))),

for all x,y,u,v € U. Suppose also
(a) T is triangular weakly-c-admissible;
(b) U is closed with respect to the topology induced by T,;
(c) T(Uy) C oy
(d) there exist xg,x1 € U such that o(x1,Tze) = o(U,V) and a(xg, x1) > 1;
(e) T is continuous or (P) holds.

Then, T has a best proximity point.

In particular, if the given space (X, o) is also endowed with a partial order =<, by
taking
a(z,y) > 1 e a =y,
one can get standard variations of the given results in a partially ordered space.
The following illustrative examples show how our results can be used for certain
mappings acting in metric-like spaces.

Ezample 4.1. Consider X = {a,b,c,d} equipped with o : X x X — R{ defined by

1 1
o(a,a) = 5 o(b,b) =0, o(c,c)=2, o(d,d)= 3’ o(a,b) =3,
5 3 3 5
U(CL,C) - ia U(avd) - 5 J(ba C) =2, U(b7 d) - 57 U(Cv d) - Ea

and o(z,y) = o(y,x) for x,y € X. It is clear that (X, o) is a complete metric-like
space. Take U = {b,c} and V' = {¢,d}. Consider the mapping T : U — V defined
by Tb = d, and Tc = c¢. Remark that o(U,V) = o(b,d) = 3. Also, Uy = {b} and
Vo = {d}. Note that T'(Uy) C Vp. Take ¢(t) = 2¢, and ((t,s) = 3s —t for all t, s > 0.
Define a : X x X — RJ by

(2,9) 1, xz,yeU,
alz,y) = i
Y 0, otherwise.

Let x,y,u,v € U be such that

a(z,y) > 1and o(u, Tx) = o(v,Ty) = o(U,V) = ;’
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Then, necessarily, we have t = y = u = v = b. So, a(u,v) > 1, that is, T is a-proximal
admissible.

We need to prove that T'is an a-1- contraction. By the previous conclusion, the
only case to be checked is when x =y = v = v = b. Then we have

¢((b,b)a(b,b), ¥ (o (b, b)) = ¢((1-0,4(0)) = 0.
Thus, all the conditions of Theorem 3.1 are satisfied. So T" has a best proximity point

(which is z = b). On the other hand, e.g., Corollary 2.2 (with k& = 2) of [4] is not
applicable for the standard metric.

Ezample 4.2. Consider the set X = {a,b, c,d} equipped with the following complete
metric-like o

o(a,a) = o (b, b) = i o(e,0) = o(d,d) = 2,
o(a,b) = o(c,d) = ; o(a,¢) = obd) =1, o(a,d) = o(b,c) = 2

and o(z,y) = o(y,z) for all z,y € X. Let U = {a,b} and V = {¢,d}; then o(U,V) =
1, Uy = U and V, = V. Consider, further, the mappings 7" : U — V given by Ta = c,
Th=c, a:X x X —[0,400) given by

1, ifx,yelU,
a(z,y) =

0, otherwise,

and ¢ € Z given by ((t,s) = s — f—iit. Let us check that the mapping T is a
generalized a-(-contraction. Let x,y,u,v € U be such that = # y, a(x,y) > 1,
o(u,Tx) = o(v,Ty) = 1. Then it must be u = v = a and either x = a, y = b or x = b,
y = a. In both cases, it is a(u,v) > 1. In order to check condition (3.14), it is enough
to consider the case * = a, y = b, u = v = a (the other is treated symmetrically).

Then,

C(alz,y)o(u,v),r(z,y)) = (1 ' i’max{;’ i;}) =4 (zll’ ;)

1 2

i oL >0
2 14+1 4 20 7
and the condition is satisfied. All other conditions of Theorem 3.4 are fulfilled, hence,
we conclude that the mapping 7" has a best proximity point (which is z = a).

5. APPLICATION TO BEST PrROXIMITY RESULTS ON A METRIC-LIKE SPACE WITH
A GRAPH

Throughout this section, (X,0) will denote a metric-like space and
G = (V(G), E(G)) will be a directed graph such that its set of vertices V(G) = X
and the set of edges F(G) contains all loops, i.e., A :={(z;z) : 2 € X} C E(G). We
need in the sequel the following hypothesis:
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(Pg) if a sequence {u,} in X converges to u € A such that (u,,u,+1) € E(G), then
there is a subsequence {u,u} of {u,} with (u,u,u) € E(G) for all k.

Definition 5.1. Let U and V be two non-empty subsets of X and a: X x X — Ry
We say that T': U — V is a G-proximal mapping if

(z,y) € E(G), az,y) > 1,

(5.1) o(u,Tz) = o(v,Ty) = o(U,V)

} = (u,v) € B(G),

for all x,y,u,v € U.

Definition 5.2 ([8,10]). Let U and V' be two non-empty subsets of X, let T': U — V
be a mapping and o : X x X — R{ be a function. We say that 7' is triangular
weakly-G-admissible if

a(z,y) € E(G) and a(y, z) € E(G) = a(z,2) € E(G).

Corollary 5.1. Let U and V' be two non-empty subsets of X and b € V. Suppose
that T : U — V is a mapping such that

o(Tx, Ty) < ¢(o(z,y)),
for all z,y € U such that (x,y) € E(G). Suppose also:
(a) T is triangular weakly-G-admissible;
(b) T(Uy) C Vo,
c) there exist xo,x1 € U such that o(xy,Txo) = o(U, V) and (zo,x1) € E(G);
d) T is continuous or (Rg) holds.

(

Then, T" has a best proximity point.

Proof. It suffices to consider a : X x X — R{ such that

[ 1 it (zy) € B(G),
oz,y) = { 0, if not.

All the hypotheses of Corollary 4.1 are satisfied. U

In this way, we can derive all results and consequences of the paper [15], extending
them to partially ordered metric-like spaces. Similarly, we can extend the frame of
several other existing results from, e.g., [3,10,12,16].

Acknowledgements. The authors are thankful to the referee for his/her careful
reading of the article.
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NUMERICAL RADIUS INEQUALITIES IN 2-INNER PRODUCT
SPACES
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ABSTRACT. In this paper, we have obtained the analogue results on numerical
radius inequalities from the classical inner product spaces to 2-inner product spaces.
We have established several related reverse inequalities and some well known results
in 2-inner product spaces.

1. INTRODUCTION AND PRELIMINARIES

Let 2 be a linear space of dimension greater than 1 over the field K = R of real
numbers or the field K = C of complex numbers. Suppose that (-,-|-) is a K-valued
function defined on 2" x 2" x 2 satisfying the following conditions:

(I1) (z,z|z) >0, and (x,z|z) = 0 if and only if x and z are linearly dependent;

(12) (z,z[2) = (2, 2|2);

(I3) (y,z|z) = (2, y]2);

(I4) (ax,y|z) = a(x,y|2) for any scalar a« € K

(15) (z+2',ylz) = (2, y[2) + (@', y|2).

(+,-]-) is called a 2-inner product on 2" and (27, (-,-]-)) is called a 2-inner product

space (or 2-pre-Hilbert sapce). Some basic properties of 2-inner product (-, +|-) can be
immediately obtained as follows (see [3]):

(P1) (0,yl2) = (z,0[z) = (x,y[0) = 0;
(P2) (z,aylz) = @ (z,y|2);
(P3) (z,y|az) = |of? (z,y|2), for all #,y, 2 € 2 and a € K.

Key words and phrases. 2-inner product space, linear 2-normed space, numerical range, numerical
radius.
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Using the above properties, one has proved that Cauchy-Schwartz inequality (see [5])

|(z, yl2)* < (2,2]2) (v, 9l2).

It should be noticed that, the most standard example for a linear 2-inner product

(+,-|-) is defined on 2" by

(L.1) (2, 9]) = det (gzi o 2) ,

for all z,y,z € 2. In [2], it is shown that, in any given 2-inner product space
(Z°,(+,+]")), we can define a function

(1.2) [z, 2l =/ (, z[2),

for all x,z € %2 . It is not hard to see that this function satisfies the following
conditions (see [6]):

(N1) ||z,y|| = 0 if and only if z and y are linearly dependent;

(N2) |z, yll = Jly, |l

(N3) ||az,y|| = |af ||z, y|| for any real number «;

(N4) g + 2| <z, y]| + [l 2]

Any function ||-, || defined on 2" x 2" and satisfying the above conditions is called a
2-norm induced from a 2-inner product on 2" and (27, ||+, -||) is called linear 2-normed
space.

Some of the basic properties of 2-norms are that they are non-negative and
|z, y + az|| = ||z,y], for all z,y € 2" and all « € R. Whenever a 2-inner prod-
uct space (2, (+,:])) is given, we consider it as a linear 2-normed space (<, |-, ‘||
with the 2-norm defined by (1.2).

An operator A € B (Z") is said to be bounded if there exists a real number M > 0
such that

[Az, y|| < M ||z, yl|,
for every z,y € 2. The norm of the b-operator is defined by [9]:

(1.3) [All, = sup {[| Az, b]| : ||z, b]| =1},

where b is fixed element in 2. We can easily verify that the left-hand side of (1.3),
is equivalent with sup {|(Az, z|b)| : ||z, b|| < 1}.

Harikrishnan et al. in [8] proved the Riesz theorem in 2-inner product spaces. As a
consequence of their work, we have

(Az, y|b) = (z, A"y[b) ,

for each xz,y € 2 and fixed element b € 2.
Recently, M. E. Omidvar et al. [10] established various reverses of the Cauchy-
Schwarz and triangle inequalities in 2-inner product spaces.
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In this paper, we introduce the concepts of b-numerical radius in 2-inner product
spaces. Some fundamental inequalities related to the b-numerical radius of bounded
linear operators in 2-inner product spaces are established.

2. MAIN RESULTS

We first review some basic facts about numerical range and numerical radius in
Hilbert space ¢, then try to define them in a 2-inner product space. Let (JZ, (-, -))
be a complex Hilbert space and B (.7°) denote the C*-algebra of all bounded linear
operators on J. An operator A € B () is called positive if (Az,z) > 0 for all
x € . We write A > 0 if A is positive. The numerical radius is defined by

w(A) =sup{|Al: A e W (A)},

where W (A) is the numerical range of A given by

W (A) ={(Ax,x) :x € 2, ||z|]| = 1}.
The following properties of W (A) are immediate:
(a) W (ad + BA) = a+ W (A) for o, 5 € C;
(b) W (A*) = {X AeW (A)}, where A* is the adjoint operator of A;
(c) W(U*AU) = W (A) for any unitary operator U.
The most important classical fact about the geometry of the numerical range is that

it is convex and its closure contains the spectrum of the operator. The usual operator
norm of A, is defined by

|A|| = sup [|Az||, forall x € 57,
1

llzll=

where ||z|| = (m,m)%. It is well known that w (-) defines a norm on B () and that
for every A € B (), we have

(2.1) 1Al < w(4) < 14]

Thus, the usual operator norm and the numerical radius norm are equivalent. See [7]
for a discussion and further references.

Now we are in a position to state the main result of this section. The b-numerical
range of A € B (Z"), denoted by W}, (A), is the subset of the complex numbers given
by

Wy (A) = {(Az, z[b)  [|, bl] < 1}.
The b-numerical radius of A € B (Z"), denoted by wj (A), is defined by
wp (A) = sup {[(Az, z[b)| : ||z, bl] < 1}.
It is easy to see that, for any (z,b) € 2 x (b), we have

[(Az, 2[b)] < wy (A) [l b]".



418 P. K. HARIKRISHNAN, H. R. MORADI, AND M. E. OMIDVAR

The b-numerical radius wy, (A) of an operator A on 2" is a norm on B (£"), this norm
is equivalent to the b-operator norm. In order to get our main result, we need the
following lemmas:

Lemma 2.1 ([1]). Let A€ B (%), then
4(Az,ylz) = (A(z +y), v +ylz) — (A(x —y),z —ylz)
+i(A(x+iy),x+iylz) —i(A(x —iy),x —iy|z),
for any x,y,z € Z.
Lemma 2.2 ([4]). For every x,y € Z , we have
49,517 + e =y, 0% = 2 (|l blI* + Il b]*) -
We shall, however, present another result, which is a possible generalization of (2.1).

Proposition 2.1. For each A € B(Z"), we get
1
§||A||b < wy (A) < [ Al

Proof. If X = (Ax, z|b) with ||z, b|| < 1, by Schwartz inequality we obtain
Al < [(Az, z[b)] < [[Az, bl ||, bl < [[A]l,
On the other hand, by Lemma 2.1 and Lemma 2.2 we get
4](Aw,ylb)| < wy (A) [l +y,b)* + [l = y,b]* + ||z + iy, b]* + || — iy, b]]
= 2wy (A) [[|2,0]° + [ly, b1 + . b]1* + i, bII%]
< 8wy (A).
By taking supremum over ||z, b|| = ||y, b|| = 1, we deduce the desired result. O
Theorem 2.1. Let A,B € B(Z") and AB = BA, then
wp (AB) < 2wy (A) wy (B) .
Proof. We may assume wy, (A) = w, (B) = 1 and show that w, (AB) < 2. By the

triangle inequality, the power inequality theorem, and the subadditivity of w (-), we
have

wy (AB) = wy (i [(A +B)?—(A- B)zD

IN

w, [(A+ B)* = (A - B)?|

IN

[(wh (A+ B))® + (w2 (A~ B)Y]

INA
e e

[(@p (A) + w3 (B))? + (wy (A) + w3 (B))?]

I
™

as desired. 0
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The following simple result provides a connection between the numerical radius and
b-numerical radius as follows:

Theorem 2.2. Let A € B(Z'), then
(2.2) w (A) < wy (A) + [|All,
where

1A, = sup {|(Az, 2[b)| : ||z, bl] < 1},
and b € X is a fized element.
Proof. We observe that

|(Az, 2[b)| = |(Az, ) |[b]* = (Az,b) (b,7)|  (by (1.1))
> [(Az, )| |b]* — [(Az,b)[ (b, 2)]

By taking supremum over ||z, b|| < 1 we deduce the desired result (2.2). O

The following inequalities may be stated as well.

Theorem 2.3. Let A € B(Z") be a bounded linear operator on the linear 2-normed
space X . If \ € C\ {0} and a > 0 are such that

(2.3) |A = M|, < «,
where I is the identity operator on 2, then

1a?
2.4 All, — A) < ——.
(2.4) 1Al — s ( )_2|A|

Proof. For (x,b) € 2, (b) with ||x,b|| = 1, we have from (2.3) that
J(A =2 2,b] < A=A, < o,
giving
2.5 1Az, BlI* + |A]* < 2Re [X (Ax, [b)| + o
< 2|\ (Az, z|b) + .

Taking supremum over (x,b) € 2, (b), with ||z, b|| = 1 we get the following inequality

(2.6) LAI; + AP < 2wy (A) [A] + o,

Since

(2.7) 20| All, AL < IAll; + A,

hence by (2.6) and (2.7) we deduce the desired inequality (2.4). O

Corollary 2.1. In particular, if ||A — N ||, < « and [N = wy (A), A € C, then
1A, — wi (A) < o,
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Proposition 2.2. Let A € B(2Z") be a non zero bounded linear operator on the linear
2-normed space Z and X\ € C\ {0} and o > 0 with |\ > a. If

A=A, <a,
then

a?  wy(A)
29 \UTDE S AL

Proof. From (2.6) of Theorem 2.3, we have
ALl + [A]° = o < 2[A]wy (4),

which implies, on dividing with /|A|* — a2 > 0 that

2
A* — a2 VI = a2

Whence )
1Al
2N All, < e 4 P =,
A" = a?
and by (2.9) we deduce
14)], < AL
p
VP —a?’
which is equivalent to (2.8). O

Corollary 2.2. Squaring (2.8), we get the inequality

415 = 3 (4) < 5 JAIE.

Corollary 2.3. Let A € B(Z") be a bounded linear opemtor on the linear 2-normed
space and X € C\ {0} and o > 0 with |\| > « then —i < @<L f

B
Proof. From Proposition 2.1, we infer that % <% i ”)
By (2.8) we have ,/ &‘2 < “‘" f§H Combining the above two inequalities one can
obtain — % > % implies (ﬁ) < 3 which implies — \2[ < ﬁ < § U
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PARACONTACT METRIC (i, i) R-HARMONIC MANIFOLDS
I. KUPELI ERKEN

ABSTRACT. We give classifications of paracontact metric (&, /i) manifolds M?2"+!
with harmonic curvature for n > 1 and n = 1.

1. Introduction

Paracontact metric structures were introduced in [5], as a natural odd-dimensional
counterpart to para-Hermitian structures, like contact metric structures correspond
to the Hermitian ones. Paracontact metric manifolds (M?"*1 & & n, ) have been
studied by many authors in the recent years, particularly since the appearance of [10].
An important class among paracontact metric manifolds is that of the (&, fi)-spaces,
which satisfy the nullity condition (see [4])

(1.1) R(X,Y)E = R(n(Y)X = n(X)Y) + a(n(Y)hX — n(X)hY),

for all X,V vector fields on M, where & and ji are constants and h = %ngé.

This class includes the para-Sasakian manifolds (see [5,10]), the paracontact metric
manifolds satisfying R(X,Y)¢ = 0, for all X, Y (see [11]), etc.

In [4], the authors showed that while the values of & and ji change the form of (1.1)
remains unchanged under D-homothetic deformations. There are differences between
a contact metric (k, u)-space (M?*" 1 p, €. n,g) and a paracontact metric (%, fi)-space
(M1 3 & n,g). Namely, unlike in the contact Riemannian case, a paracontact
(%, fir)-manifold such that & = —1 in general is not para-Sasakian. In fact, there are
paracontact (&, fi)-manifolds such that 2% = 0 (which is equivalent to take & = —1)
but with & # 0. For 5-dimensional, Cappelletti Montano and Di Terlizzi gave the
first example of paracontact metric (—1,2)-space (M?**1 5 €. 1, ) with A2 = 0 but

Key words and phrases. Paracontact metric manifolds, R-harmonic manifold, (&, u)-nullity distri-
bution.
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h # 0 in [3] and then Cappelletti Montano et al. gave the first paracontact metric
structures defined on the tangent sphere bundle and constructed an example with
arbitrary n in [4]. Later, for 3-dimensional, the first numerical example was given
in [6]. Another important difference with the contact Riemannian case, due to the
non-positive definiteness of the metric, is that while for contact metric (k, u)-spaces
the constant k can not be greater than 1, paracontact metric (&, f1)-space has no
restriction for the constants & and fi.

Contact metric R-harmonic manifolds were studied in [1], [9]. But no effort has
been made for paracontact (R, ji)-manifolds. Hence, in this paper, we give some
characterizations for paracontact (i, ) R-harmonic manifolds, i.e, for paracontact
metric manifolds whose characteristic vector £ belongs to the (kK # —1, ft)-nullity
distribution and whose curvature tensor R satisfies the condition (divR)(X,Y, Z) = 0.

The outline of the article goes as follows. In Section 2, we recall basic facts which we
will need throughout the paper. In Section 3, we deal with some results related with
paracontact metric manifolds with characteristic vector field £ belongs to the (&, fi)-
nullity distribution. Section 4 is devoted to paracontact metric (%, 1) R-Harmonic
manifolds. For such manifolds, our first result is that a paracontact metric R-harmonic
manifold M?"*where n > 1, for which the characteristic vector field ¢ belongs to the
(k # —1, i)-nullity distribution is either locally product of a flat (n + 1)-dimensional
manifold and n-dimensional of negative constant curvature equal to —4, or Ricci
operator of the manifold has the form Q = (n24+n+2)I+ (3n+1)h— (3n2+Tn+2)n®E¢
with £ < —5, or the manifold is an Einstein manifold. Our second result is that a
paracontact metric R-harmonic manifold M?3, for which the characteristic vector field
¢ belongs to the (k # —1, i)-nullity distribution is either flat, or Ricci operator of the
manifold has the form Q = 41 + 4h — 12n ® € with & = —4.

2. PRELIMINARIES

In this section we collect the formulas and results we need on paracontact metric
manifolds. All manifolds are assumed to be connected and smooth. We may refer
to [5], [10] and references therein for more information about paracontact metric
geometry.

An (2n + 1)-dimensional smooth manifold M is said to have an almost paracontact
structure if it admits a (1, 1)-tensor field @, a vector field £ and a 1-form 7 satisfying
the following conditions:

i) nE) =1 @FZ=I-n®¢

(ii) the tensor field ¢ induces an almost paracomplex structure on each fibre of
D = ker(n), i.e., the £l-eigendistributions, D* = Ds(+1) of ¢ have equal
dimension n.

From the definition it follows that ¢¢ = 0, n o ¢ = 0 and the endomorphism ¢ has
rank 2n. We denote by [@, ¢| the Nijenhius torsion

(2, 2/(X.Y) = G°[X, Y] + [pX, §Y] - ¢[pX, Y] - ¢[X, pY].
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When the tensor field Ny = [@, ¢] —2dn®¢ vanishes identically the almost paracontact
manifold is said to be normal. If an almost paracontact manifold admits a pseudo-
Riemannian metric g such that

G(PX,pY) = —g(X,Y) +n(X)n(Y),

for all X,Y € I'(T'M), then we say that (M,$,&,n,g) is an almost paracontact
metric manifold. Notice that any such a pseudo-Riemannian metric is necessarily of
signature (n + 1,n). For an almost paracontact metric manifold, there always exists
an orthogonal basis {Xi,...,X,,Y1,...,Y,, &}, such that g(X;, X;) =65, 9(V;,Y;) =
—0ij, 9(X;,Y;) =0, (£, X;) = g(£,Y;) =0, and Y; = ¢X;, for any 4,5 € {1,...,n}.
Such basis is called a @-basis.

We can now define the fundamental form of the almost paracontact metric manifold
by F(X,Y) = g(X,¢Y). If dn(X,Y) = g(X,Y), then (M,p,&,n,g) is said to
be paracontact metric manifold. In a paracontact metric manifold one defines a
symmetric, trace-free operator h = %Lg(ﬁ, where L¢, denotes the Lie derivative. It is
known [10] that 7 anti-commutes with ¢ and satisfies A& = 0, trh =trh@ = 0 and

(2.1) VEé=—¢+ @h,

where V is the Levi-Civita connection of the pseudo-Riemannian manifold (M, §).
Let R be Riemannian curvature operator

R(X.Y)Z = (ViyZ) — (VixZ) = [Vx.Vy]Z — VixyZ.

Moreover h = 0 if and only if ¢ is Killing vector field. In this case (M, @, &,n,§) is
said to be a K-paracontact manifold. A normal paracontact metric manifold is called
a para-Sasakian manifold. Also in this context the para-Sasakian condition implies
the K-paracontact condition and the converse holds only in dimension 3. We also
recall that any para-Sasakian manifold satisfies

R(X,Y)E = =(n(Y)X —n(X)Y).

3. PARACONTACT METRIC (R, fi)-MANIFOLDS

In this section we recall several notions and results which will be needed throughout
the paper.

Let (M, p,&,m,G) be a paracontact manifold. The (&, ji)-nullity distribution of a
(M, ¢,&,n,g) for the pair (&, i) is a distribution

N(&, i) :p — Ny(k, i) ={Z € T,M | R(X,Y)Z = k(3(Y, 2)X — §(X, Z2)Y)
for some real constants & and fi. If the characteristic vector field ¢ belongs to the
(R, ii)-nullity distribution we have (1.1). [4] is a complete study of paracontact metric

manifolds for which the Reeb vector field of the underlying contact structure satisfies
a nullity condition (the condition (1.1), for some real numbers & and f1).



426 I. KUPELI ERKEN

Lemma 3.1 ([4]). Let (M,$,&,n,G) be a paracontact metric (k, i)-manifold of di-
mension 2n + 1. Then the following identity holds:
(B1)  (Vxh)Y = (Vyh)X = — (1+#)(29(X, gY)E +n(X)@Y —n(Y)2X)
+ (1= ) (n(X)@hY —n(Y)phX),
for any vector fields X, Y on M.

Lemma 3.2 ([4]). Let (M, $,§,1,3) be a paracontact (R, ft)-manifold such that i #
—1. Then the operator h in the case k > —1 and the operator ph in the case k < —1
are diagonalizable and admit three eigenvalues: 0, associated to the eigenvector &, A

and -\, of multiplicity n, where \ = |1+ &|. The corresponding eigendistributions
D:(0) = RE, D;(N), Di (=) and D;(0) = RE, D@E(S‘); ®¢E(_5‘) are mutually or-
thogonal and one has $D; () = D; (FA) and @®¢E(i5\) = D¢B($5\). Furthermore,

- 1 -
Di(£N) = X + hX | X eT(DF) >},
() = {X & x| x e (o)}
in the case kK > —1, and
- 1 .
D (FN) =X+t ——=0phX | X eT(DT);,
<ph( ) { m‘p | ( )}
in the case & < —1, where DY and D~ denote the eigendistributions of ¢ corresponding
to the eigenvalues 1 and —1, respectively. Finally any two among the four distributions

D+, D=, D;i(N\), Di (=) in the case & > —1 or DT, D, 9@1(5‘)7 D@B(_S‘) in the

case K < —1 are mutually transversal.

Theorem 3.1 ([4]). Any positive or negative definite paracontact (k, fi)-manifold such
that & < —1 carries a canonical contact Riemannian structure (¢,&,1,q) given by

1 ~
= 7h7 = —d N . _|_ ® ,
¢ e n( o) +nen
where the sign + depends on the positive or negative definiteness of the paracontact
(R, t)-manifold. Moreover, (¢,&,m,9) is a contact metric (k, )-structure, where

<\ 2
K=FRt2— (1—’5) =2

Lemma 3.3 ([4]). In any (2n + 1)-dimensional paracontact (g, fi)-manifold

(M, p,&,1n,q) such that kK # —1, the Ricci operator Q is given by

32) Q=20 —n)+n)+ 2(n—1)+@)h+ (2n—1) +n(2k — i) @ E.

Lemma 3.4. Let (M, $,&,n,§) be a paracontact (i, fi)-manifold such that & # —1.
Then the following identity holds:

(VxS)(Y. Z) =[2(n — 1) + A (4(Vxh)Y, Z)
(3.3) +[2(n = 1) + 02k — 1) (G(VxEYIN(Z) + 3(Z,VxEn(Y)),
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for any vector fields X, Y, Z on M.
Proof. Differentiating S covariantly with respect to X, we have
(3.4) (VxS)Y,Z) =VxS(Y,2) - S(VxY,Z) - S(Y,VxZ).
By means of S(Y, Z) = §(QY, Z) and (3.2), we find
VxS(Y, Z) =(2(1 = n) + nfi)(§(VxY, Z) + §(Y,Vx Z))
+(2(n = 1) + B)(G(VxhY, Z) + §(hY, Vx 2))
+(2(n = 1) +n(2k — 1)) (G(VxY.€) + 3(Y, Vx€))n(Z)
(3.5) +(2(n — 1) +n(2f — 1))(§(VxZ.€) + 5(Z, Vx))n(Y).

Taking into account again (3.2), we get

—S5(VxY,Z) == (21 —n) + nj)§(VxY, Z)
— (2(n—1)+ @) (g(hVxY, Z)
(3.6) —(2(n = 1) +n(2k — L))n(VxY)n(Z)
and

— @n— 1)+ p3(RY, V< 2)
(3.7) — (2(n = 1) +n(2& — ))n(VxZ)n(Y).
Using (3.5)-(3.7) in (3.4), we obtain the requested equation. O

4. PARACONTACT METRIC (%, ji) R-HARMONIC MANIFOLDS

In this section, we will investigate harmonicity of the curvature tensor of a pseudo-
Riemannian manifold. It is well known that, if the divergence of the curvature tensor
of a pseudo-Riemannian manifold is equal to zero, then this curvature tensor is called
harmonic.

Proposition 4.1. Let R be a curvature tensor field which satisfies the second Bianchi
tdentity. If S is the associated Ricci tensor field, then

(divR)(X,Y, Z) = (VxS)(Y, Z) — (VyS)(X, Z).
Definition 4.1 ([7]). A curvature tensor field R is harmonic if
(divR)(X,Y, Z) = 0.
A pseudo-Riemannian manifold M is said to be R-harmonic if its curvature tensor
field R is harmonic. Following [8], a pseudo- Riemannian manifold has harmonic

curvature tensor if and only if the Ricci operator @, which is given by S (X,Y) =
g(QX,Y) where S is the Ricci tensor, satisfies

(4.1) (VxQ)Y — (VyQ)X =0,
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for any vector fields X, Y on M .

Theorem 4.1 ([11]). Let M*"*! be a paracontact metric manifold and suppose that
R(X,Y)¢ =0 for all vector fields X and Y. Then locally M*" ' is the product of a
flat (n + 1)-dimensional manifold and n-dimensional manifold of negative constant
curvature equal to —4.

Theorem 4.2. Let M*" ™! be a paracontact metric (&, ji) R-harmonic manifold where
n>1. If K # —1, then M is either

i) locally product of a flat (n + 1)-dimensional manifold and n-dimensional of
negative constant curvature equal to —4, or
ii) the Ricci operator of the manifold has the form

Q=0 +n+2I+GBn+1h— B’ +Tn+2neE,

with & < =5, or
iii) M is an Einstein manifold.

Proof. Using (3.3) and (4.1), we obtain
(VxQ)Y = (VyQ)X =[2(n — 1) + gl (Vxh)Y = (Vyh)X)
+[2(n = 1) + (28 = )] (G(VxE Y)E+n(Y)VxE
(4.2) — §(Vy&, X)E = n(X)Vyé).
With the help of (3.1) and R-harmonic manifold definition, (4.2) returns to
(VxQ)Y = (VyQ)X =[2(n — 1) + i] [- (1 + &)(24(X, @Y)E + n(X)@Y — n(Y)gX)
+ (1= B ((X)phY —n(Y)phX)]
(n—1) +n(2k — 1)) [§(VxE Y)E+n(Y)VxE

+[2
— §(Vy&, X)§ = n(X)Vy¢]
(4.3) ~0

If we take the inner product of (4.3) with ¢ and use (2.1), one can easily show that
0 = 25(X, ¢ [5(2 — i) — iln + 1)].
Taking into account that g(X,@Y) = dn(X,Y) # 0, we can conclude that
(4.4) R(2—ji) — filn+1) = 0.
Replacing X by ¢ in (4.3), by direct computations we get
[7(2 =) — fi(n+ 1) @Y + [—2nk + (3 — n — )] ghY = 0.
In virtue of (4.4), we have

(4.5) [—2n& + (3 —n — )] ghY = 0.
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From the last equation, precisely following cases occurs

(4.6) R2—pg)—p(n+1)=0 and —2nk+a(3—n—pn) =0,
@hY =0.

We now check, case by case, whether (4.5) give rise to a local classifcation.

First of all, solving the system of (4.6), we have following possibilities:

(i) R=pa=0;
(i) 7 = —(n +3) = —fi

(iif) & = =040 5 — 9 9p,

If the first (i) equality holds, then using Theorem 4.1, we conclude that M is locally
product of a flat (n+ 1)-dimensional manifold and n-dimensional of negative constant
curvature equal to —4. If the second (ii) equality holds, then we can deduce that the
Ricci operator of the manifold has the form Q = (n? +n + 2)I 4+ (3n + 1)k — (3n? +
n+2)n® ¢ with £ < —5.

If the third (iii) equality holds, using (3.2), we obtain M is an Einstein manifold.

Secondly, suppose @BY = 0. By (2.1), we have Vyé = —@Y which means that M
is K-paracontact and hence h = 0. Using the fact that h? = (1 + &)@, we obtain
k = —1. But this contradicts with the chosen of £. So, we omit this case. O

Using the same method for the proof, we can give following result.

Theorem 4.3. Let M? be a paracontact metric (i, i) R-harmonic manifold. If
R # —1, then M is either
i) flat, or
ii) the Ricci operator of the manifold has the form Q =4I + 4h — 12n ® £ with
k= —4.

Remark 4.1. Using Theorem 3.1 and Theorem 4.2, we can say that if M?"*! be a
paracontact metric R-harmonic manifold with ¢ belonging to (k£ # —1, i)-nullity
distribution ,then M?"*! carries a canonical contact metric (k, u)-structure where
either/le,,u:2or/<a:% M,uz?.
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ON THE NORMALIZED LAPLACIAN SPECTRUM OF SOME
GRAPHS

RENNY P. VARGHESE! AND D. SUSHA'!

ABSTRACT. In this paper we determine the normalized Laplacian spectrum of dupli-
cation vertex join of two graphs, duplication graph, splitting graph and double graph
of a regular graph. Here we investigate some graph invariants like the normalized
Laplacian energy, Kemeny’s constant and number of spanning tree of these graphs.

1. INTRODUCTION

All graphs explained in this paper are undirected, without parallel edges and loops.
Let G = G(V, E) be a graph with vertex set V(G) = {v1,v9,...,v,} and edge set
E(G). The adjacency matrix, A(G) = (aij)nxn, IS an n X n symmetric matrix with
rows and columns are indexed by vertices of G where a;; = 1 if the vertices v; and
v; are adjacent in G, 0 elsewhere. The characteristic polynomial of A is of the form
fa(A : z) = det(xl, — A) where I, is the identity matrix of order n. The roots of
fa(A : z) = 0 constitute the eigenvalues of G. We denote these as A\; > Ay > --- > A\,
and form the A - spectrum of G.

Let d; be the degree of the vertex v; in G and D(G) = diag(dy,ds, ..., d,) be the
diagonal degree matrix of G. The matrix D~'/? is a diagonal matrix with diagonal

entries \/% for all i. Chung in [5] introduced a new matrix called, normalized Laplacian

matriz of a graph G. It is defined to be the matrix L(G) = D~Y2LD~'/2 whose

Key words and phrases. Normalized Laplacian spectrum, normalized Laplacian energy, Kemeny’s
constant, spanning tree.

2010 Mathematics Subject Classification. Primary: 05C50, 05C90.

DOIT 10.46793/KgJMat2003.431V

Received: December 21, 2017.

Accepted: June 04, 2018.

431



432 R. P. VARGHESE AND D. SUSHA

(i, 7)™ - entry is given by,

1, if v, =v; and d; # 0,
-1
7. — )—— ifv; and v; are adjacent,
L;; ﬁdz’dj J

0 otherwise.

The roots of the characteristic equation of L are known as the normalized Laplacian
eigenvalues of G. Since i(G) is symmetric and positive semi definite matrix, its
eigenvalues are all real and non negative of the form 0 =0y < 09 <--- < g,. These
eigenvalues together their multiplicities is called normalized Laplacian spectrum or
L-spectrum of G and is denoted by LSpec(G).

The mathematicians like Chen and Zhang express the resistance distance in terms
of normalized Laplacian eigenvalues and vectors of the graph G [4]. Also they propose
degree-Kirchhoff index is closely related to spectrum of the normalized Laplacian. The
concept of limit point for the normalized Laplacian eigenvalues are used by Kirkkland
in [9]. In [1] Banergee and Jost investigated, how the normalized spectrum is affected
by some operations like mofit doubling, graph splitting or joining. Renny and Susha
defined some new join and corona based on duplication graph of an arbitrary graph
(see [13,14]).

Motivated by these, in this paper we are interested in finding the normalized
Laplacian spectrum of duplication, splitting and double graph of a regular graph
G. Also we define and determine the normalized Laplacian spectrum of Duplication
vertex join of two regular graphs Gy and Gs.

The arrangement of the paper in section wise as follows. Section 2 describes
the necessary preliminaries. In Section 3, we determine the normalized Laplacian
spectrum of duplication vertex join of two graphs, duplication, splitting, double graph
of a regular graph. Then in the last section we discuss some applications such as
normalized Laplacian energy, the Kemeny’s constant and number of spanning tree of
these graphs.

2. PRELIMINARIES

Definition 2.1 ([8,11,12]). Let G be a graph with vertex set V(G) = {vy,vq, ..., 05}
and U(G) = {uy,us,...,u,} be the vertex set of another copy of G. The double
graph, Ds(G), is the graph obtained by joining w; to every vertices in N(v;), the
neighbourhood set of v; of G, for each 7. If we remove the edges of the copy of G
in vertex set U(G) in the double graph we get the splitting graph, splt(G), of G.
Removing the edges of two copies of GG in the double graph, then it is called the
duplication graph, DG, of G.

_ | My My
Lemma 2.1 ([6]). Let M = My, M,

Then the eigenvalues of M are those of My + My together with My — M.

be a symmetric block matrix of order 2 x 2.



ON THE NORMALIZED LAPLACIAN SPECTRUM OF SOME GRAPHS 433

Proposition 2.1 ([6]). Let Py, Py, P> and P3 be matrices of order ny X ny,ny X ng, ng X
ni,ng X ng respectively. Then

R P ] B {det(Po) det(Py — PyPy Py), if Py is invertible

det =
© [ P Py det(Ps) det(Py — PLPy ' Py), if Py is invertible.

Remark 2.1. Let G be a r-regular graph with adjacency matrix A. Then normalized
Laplacian matrix is 1 — 2 [5].

FiGUurE 1. Duplication, splitting and double graph of Ky

3. NORMALIZED LAPLACIAN SPECTRUM OF SOME GRAPHS

In this section we determine the normalized Laplacian spectrum of duplication
vertex join of two graphs, duplication, double and splitting graph of a regular graph.

3.1. Normalized Laplacian spectrum of duplication vertex join.

Definition 3.1. For ¢ = 1,2, let G; be graphs on n; vertices. Let DG; be the
duplication graph of G;. The duplication vertex join of G; and G5 is denoted by
G1 VG, and is the graph obtained from DG, and G, by joining every vertex of Gy to
all the vertices of G.

FExample 3.1. The following, Figure 2 illustrate the Definition 3.1.

F1GURE 2. Duplication vertex join of C5 and K.

Let G;, i = 1,2, be r;-regular graphs on n; vertices and m; edges. Then G;V(G, has
2n1 4 no vertices and 2my + moy + ning edges.
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Theorem 3.1. Fori = 1,2, let G; be r;-reqular graphs on n; vertices with spectrum
Mi1(G) > N2(G) > -+ - > N\, (G). Then the normalized Laplacian spectrum of G1V Gy

50,1 — 226 14 i i =2,3,... =2,3,...,n9. T '
is 0, e o i 3y ...,n, k ,3,...,n9. Together with the roots

of the equation

$2 . 3711 + 27’2 2711712 + 27117”1 + NoTo

T = 0.
ny + 7o (Tll +7’2)(712 +7”1)

Proof. Let G;, i = 1,2, be riregular graphs on n; vertices. Let V(G;) =
{v1,v9,...,0,, } be the vertex set of G; and U(G;) = {x1,%a,...,2,,} is the ad-
ditional vertices corresponding to each vertex of Gy. Let V(Ga) = {ug,ug,. .., upn,}
be the vertex set of Gs.

Under this vertex partitioning the adjacency matrix of G1VGy is,

On1 Al Jnl Xng
A = Al 0n1 0n1 X1ng 9
J?’LQ Xn1 Onz XMy AQ

where A; and A, are the adjacency matrix of G; and G5 respectively. J denote matrix
with all entries equal to 1 and 0 is the zero matrix of appropriate order. The degree
of the vertices of G1VGy are dg,vg, (Vi) = no + 11, dgyve,(x:) =11, 1 =1,2,...,m
and dg,vg,(u;) =n1+1re, j=1,2,...,no.

The diagonal degree matrix of G1V(Gy is

(7"1 + TLQ)Inl 0 O
D = 0 T1]n1 0
0 0 (ny + ro) 1y,

Hence, the Laplace adjacency matrix of G1VGs is

(Tl + n2>I _Al _Jnl Xng
L = —Al 7”1] 0n1><n2 s
_JTL2 Xn1 OngXTbl nllng + L2

where L, is the Laplacian matrix of GG5. Also,

_ [n -
VT + No
D2 = 0 In, 0
VAR
I,
0 0 —
L VN1 + 1o ]
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By simple calculation we get

[ ] _Al _Jn1Xn2 1
141 \/7’1(77@4‘7“1) \/(711"‘7”2)(7124‘7‘1)
pLD V[ = | — L, 0
r1(ng + 1)
_Jn2xn1 0 I — A2
| /(1 +r)(ng + 1) ComtTn

Since G is ri-regular, it has an eigenvector j, , a vector with all entries equal to 1,
corresponding to the eigenvalue ;. All other eigenvectors are orthogonal to j, . Let
A2; be an eigenvalue of G5 with eigenvector Z such that jF;CZZ = 0 Then (0,0, Z2)T is

an eigenvector of L corresponding to the eigenvalue 1 — —22i—

ni+re’

This is because, e
0 0 0

. Ao
Llo]|= 0 - (1 — j ) 0
AsZ ny+r
z) \Z-ii \Z
Therefore, 1 — A2 for 4§ = 2,3,...,n9, is an eigenvalue corresponding to the eigen-

n1+712

vector (0,0, Z)T.

Let X be an eigenvector corresponding to the eigenvalue Ay; of Gy. Then (X, X, 0)T
i i t ding to the ei luel — ——21_ F
is an eigenvector corresponding to the eigenvalue Ty or,

v AX
X (ri(ng +r1) ) X
Llx]| = —AX :(1-“) X
0 (r1(ng +11) ri(ng +71) 0
0

Therefore, 1 — —=24—— for i = 2,3,...,n4, is an eigenvalue corresponding to the
/—rl(ng—i—rl) ) ) )

eigenvector (X, X,0)T. Similarly we can prove (—X, X,0)7 is an eigenvector corre-

sponding to the eigenvalue 1 + E\“'+ fori=2,3,...,n;.
ri(n2—rri

Thus we obtain ny — 14 2(n; — 1) = 2ny + ny — 3 eigenvalues of L all orthogonal
to (§,0,0)7,(0,j,0)" and (0,0,j)".
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The remaining three vectors of L are of the form 7 = (aj, ﬁj,’YJ)T for (o, B,7y) #
(0,0,0). Let v be an eigenvalue of L with eigenvector 7. Then from L7 = vT we get,

(3.1) a— o B — e v = va,
\/rl(ng + 1) \/(nl + 7o) (ng + 1)
r
(3.2) ——————a+ B8+ 0y =18,
ri(ng +11)
n

(3.3) - a+08+(1- v = vy.

V(1 + 72) (ng + 1) T
By solving above three equations we get the cubic equation as,
(34) ;U3 . 3721 + 2T2$2 4 2”1712 + 27117”1 + ng’l"gx —0.

ny + 7o (ny +1r2)(ngy +11)

Now the theorem follows. L]

Corollary 3.1. If Gy = K, (totally disconnected graph with ny vertices), then the
normalized Laplacian of G1V Gy consz’sts of 0,2, a; and B; together with 1, repeats no
times, where ai:l_\/m?;ﬁ’ B = %, 1=2,3,...,m

Proof. If Gy is totally disconnected or K, then r, = 0. The cubic equation (3.4)
reduces to

3 —32% + 22 =0.

On solving we get the solution as z = 0, 1,2. The remaining eigenvalues are obtained
from Theorem 3.1. Hence the corollary is proved. ([l

3.2. Normalized Laplacian spectrum of duplication, splitting and double
graph.

Theorem 3.2. Let G be a r-reqular graph on n wvertices with adjacency spectrum
{r = A, Aa,...,A\n}. Then the normalized Laplacian spectrum of the duplication
graph, DG, consists of 1 £ % fori=1,2,...,n

Proof. Let A be the adjacency matrix of G. The Laplacian and normalized Laplacian
matrix of DG are

rl, —A = I —
= " - r
L [ “A vl ] and L ;A )
r n
Since G is r-regular with n vertices, the duplication graph DG is also an r-regular
graph on 2n vertices with eigenvalues £X;, © = 1,2,...,n. By Remark 2.1, the

normalized Laplacian eigenvalues of DG are 1 £+ %, 1=1,2,...,n. U

Theorem 3.3. Let G be an r-reqular graph on n wvertices with adjacency spectrum
{r=XA,N, ..., N} Then the normalized Laplacz'an spectrum. of the splitting graph,
splt(G), consists of 1 — 2%, 1 —|— i fori=1,2,...,n
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Proof. Let A and D be respectively the adjacency matrix and diagonal degree matrix

of G. The Laplacian matrix of splt(G) is L = [ 2”32 A ;IA ] .

In O
Also D = 2Ly 0 and D~1/2=| v2r |
0 rl, 0

The normalized Laplacian matrix is

L-= —
i — p-12pp-1/2 — 2r 2

—A
= I,
V2
The characteristic polynomial of L is
A A
3 (x — 1)1, + o —=
det(zI — L) = det a7 V2

/3 (x — 1)1,

Using Proposition 2.1 and the result [6] that, if ); is an eigenvalue of A then P();) is
an eigenvalue of P(A), for any polynomial P(z). We arrive at

fa(L:2) = (z —1)"det | (x — 1)I A A
GL\S ) =T AW T2r 2r2(z—1)
A A2
= —1)%], —1)— - —
det ((x )1, + (z )2'r 2r2>
i Ai A2
— o 1 2 -1 e )
i:l—[l <(x S+ >2r 27’2>
" 4r — A 2r2 —r); — A\?
o 2 i i i
B ,:1—[1 (x ( 2r Jo+ 2r2 >
= (a:—l—)\l) (m—l—F)\i).
bale] 2r T
Thus we obtain the normalized Laplacian spectrum. 0

Theorem 3.4. Let G be an r-reqular graph on n vertices with adjacency spectrum
{r = X, Aa,..., \u}. Then the normalized Laplacian spectrum of the double graph,
Dy (@), consists of 1, repeats n times and 1 — % fori=1,2,... n.

Proof. Let A be the adjacency matrix of G. The Laplacian and normalized Laplacian

matrix of Dy(G) are
I A A
2rl, — A —A ~ nT 50 o0
= " = 2r 2r
L=1""24 o —a| ™ L= _4 A

_ I, — —
2r 2r
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As like the proof of the Theorem 3.2 and using Remark (2.1), we get the normalized
Laplacian eigenvalues of Dy(G). O

4. APPLICATIONS

In this section we discuss some applications of normalized Laplacian spectrum.
Here we determine the normalized Laplacian energy, Kemeny’s constant and number
of spanning tree of the different graphs under consideration.

4.1. Normalized Laplacian energy. In [10], I. Gutman defined the graph energy,
E(G), as the sum of the absolute value of its eigenvalues. Let G' be a graph on n
vertices with adjacency spectrum A; > Ay > --- > ), then energy

= ZMJ
i—1

Let G be a graph on n vertices and normalized Laplacian spectrum 0 = o7 < g3 <
- < 0y,. The normalized Laplacian energy is denoted by LE(G) and is defined in [3]
as

(4.1) LEG)=Y"|oi - 1].

i=1
Theorem 4.1. Let G be an r1 reqular graph on ny vertices and Gy = Fm, totally
disconnected graph. Then,

2(E(Gy) —7“1)'

ri(ng +11)

E(G\VGy) =

Proof. We have \; = r and E(G) = >0 || = r1 + X125 [Ai|. By Corollary 3.1
and (4.1) we get,

— = | Al | =
E(01VG2)—TL2XO+2+Z +Z

i=2 \/T1(ne +11) =2 \/T1(n2 +11)

:2+ Z|)\11

rl(ng + 1)

2(E (Gl)—ﬁ)_ 0

ri(ng +11)

—24

Theorem 4.2. Let G be a r-reqular graph with n vertices. Then

(a) LE(DS) = 2B(G);
(b) LE(D,G) = LE(G);
(c) LE(spli(C)) = 2 B(G)

Proof. The proof follows from Theorem 3.2, Theorem 3.4 and Theorem 3.3. 0
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4.2. Kemeny’s constant. Kemeny’s constant K(G), of a graph G is defined as the
expected number of steps required for the transition from a starting vertex v; called
origin to a destination vertex, which is chosen randomly according to a stationary
distribution of unbiased random walks on G [2,7]. Also K(G) is a constant and
is independent of the choice of the origin v;. Let G be a graph on n vertices and
normalized Laplacian spectrum 0 = 0y < 09 < --- < 0, then Kemeny’s constant is
the sum of all reciprocal normalized Laplacian eigenvalues except 1/07. Thus we can
write,

(4.2) K(G) = Z —.
Theorem 4.3. Fori = 1,2, let G; be r;-reqular graph on n; vertices with adjacency
spectrum {r; = A, Aigy - - -, Ain, } - Then the Kemeny’s constant of G1V Gy is

(3n1+2r2)(n2+7’1) +§ ny + ro n ™ 2T1(712+T1)

G1VGs .
( ! ) 2n1N9 + 2n1711 + NaT i1+ 1y — Ao; =2 M2r1 + ’l“% - )\%]

Proof. Since for i = 1,2, G; is r;-regular graph on n; vertices and let 1; and 7, be the

: : 2 3ni1+42rp 2nino+2ni1ri+noere
roots of the quadratic equation z mtrs LT Tt natr) 0. Then

1 +i_771+772

m 2 mme
. (3711 + 27’2)(712 + Tl)
© 2nqne + 20y + nory’

— 2 ny + ro 1 1
K(G{VG :E —+——|——
(G17C2) = n1 e — Ag Up)

\VT1 1(ng +11) V71 1(ng +11)
VTri(ng +11) +/\1J Vri(ne +r1) — Ay

. (3711 + 27’2)(”2 + 7“1) i 2 ny 4+ 1o
2n1n2+2n1r1+n27’2 i 2n1+7’2—)\2i

1 21/7’1 712+T1
\/ n2+7“1 .

o (no+11) —

On simplification we get the required result. 0J

Theorem 4.4. Let G be an r-reqular graph on n vertices with adjacency spectrum
{r=XA,Na, ..., \n}. Let K(G) be the Kemeny’s constant of G, then

(1) K(DS ) K(G)+r X o

(2) K(splt(G)) = K(G) +2r XLy 555
(3) K(Dy(G)) = K(G) + n.
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Proof. (1) Since G is r-regular with adjacency spectrum {r = A, Ag,..., \,}, the
normalized Laplacian spectrum consists of 1 — %, for i = 1,2,...,n. Therefore,
K(G) =X, -3~

By Theorem 3.2 and (4.2) we get the Kemney’s constant as

K(DS) :i<1—?>_1+§<1+?>_1

=2

:K .
(GH—T;r—l—)\i

The other results obtained from Theorem 3.4, Theorem 3.3 and (4.2). O

4.3. Number of spanning tree. Let t(G) denote the number of spanning tree of
the graph G, the total number of distinct spanning subgraphs of G that are trees.
If G is a connected graph with n vertices and the normalized Laplacian spectrum
0=01(G) < 03(G) -+ < 0,(G) then the number of spanning tree (see [5])
im1di 1lip 0

adi

Theorem 4.5. For i = 1,2 let G; be r;-reqular graph on n; vertices with adjacency
spectrum {r; = i1, Aizy - -« s Ain, }- Then the number of spanning tree of G1V Gy is

(4.3) HG) =

ni

n2
t(leGg) =T H(m + To — )\21) H(n2T1 + T% — )\i)
i=2 i=2
Proof. Since for ¢ = 1,2, G; is a r;-regular graph with n; vertices, there are n; vertices
of degree ny 4+ r1, another n; vertices are of degree r; and ns vertices are of degree
ny + ro.
Let n; and 7y be the roots of the quadratic equation

22 3ng + 27’296 2n1ng + 2n11r1 + Nory _ 0
Ny + 7o (n1 + 1) (ng +11)
then we have
_ 2nqng + 2n9ry + narg
iz = (n1 + TQ)(HQ + T’l) ’
Zd’ = 711(712 + 7”1) +nir; + ng(nl + 7’2)
= 2n1ng + 2n171 + Nara,
Hdi = (ng 4+ 7)™ (ng +172)".
Hence, from (4.3), we get,
- npitt n2 2 — Ao Mori(ng + 1) — A
HGATGy) = (ng 4 7)™ (g +12) 7717721—[ ny + 1y 2 H 1(ng 1) 1j
2711712 + 27117"1 + NoTo i—9 ny + 1o j=2 ™ (TLQ + 7“1)
ng ni
=1 H(m + 79 — Aoj) H(”ﬂ‘l +7r7 = AL). [

=2 =2



ON THE NORMALIZED LAPLACIAN SPECTRUM OF SOME GRAPHS 441

Theorem 4.6. Let G be a r-regular graph on n wvertices with adjacency spectrum
{r=MA,X ..., \}. Let t(G) be the number of spanning tree of G then,

(1) (99): MO (r+ )

(2) t(splt(G)) = "I (2r + \);
(3) £(Da(G)) = 2272 1(@).

Proof. (1) Since G is r-regular with adjacency spectrum {r = A, Ag,..., A\, }, the
normalized Laplacian spectrum of ¢(DG) consists of 1—2¢, fori = 1,2, ..., n. Therefore
HG) = LTIy (r — Ni). Also Ty d; = r*"and 30 d; = 2nr.
By Theorem 3.2 and (4.3) we get the
om T =M T A

T A -
t(DS) - = 2217“ :

——GH T+ )
2 =1

The other results follows from Theorem 3.4, Theorem 3.3 and (4.3). O
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CONVERGENCE OF DOUBLE COSINE SERIES
KARANVIR SINGH! AND KANAK MODI?

ABSTRACT. In this paper we consider double cosine series whose coefficients form a
null sequence of bounded variation of order (p,0), (0,p) and (p,p) with the weight
(jk)P~! for some p > 1. We study pointwise convergence, uniform convergence and
convergence in L"-norm of the series under consideration. In a certain sense our
results extend the results of Young [7], Kolmogorov [3] and Méricz [4, 5].

1. INTRODUCTION

Consider the double cosine series

(1.1) > AjAkajy cos jx cos ky,

=0 k=0

on positive quadrant 7' = [0, 7] X [0, 7] of the two dimensional torus where Ay = 3
and \; =1for j=1,2,3,....

The rectangular partial sums S,,,(z,y) and the Cesaro means o,,,(x,y) of the
series (1.1) are defined as

Spn(T,y) = Z Z AjAkaji cos jx cos ky,
=0 k=0

1 m n

Zzsjk(‘ray)a m7n>07

m+ 1)(n+1) ot

Umn(%?J) :(

Key words and phrases. Rectangular partial sums, L"—convergence, Cesaro means, monotone
sequences.
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and for A > 1, the truncated Cesaro means are defined by
1 [Am)] [An]

o) = (Ol ) 2 2,

j=m+1 k=n-+1

Now assuming the coefficients {a;; : 7,k > 0} in (1.1) be a double sequence of real
numbers which satisfy the following conditions for some positive integer p:

(1.2) lae|(GK)P~1 — 0 as max{j, k} — oo,
(1.3) Jim > 1A poaj| (jk)P~H =0,
—>ooj:0
(1.4) jll)m Z|A0pajk|(3k> =0,
(1.5) Z Z|Appajk|(jk)p_l <0
=0 k=0

The finite order differences A,,a, are defined by
Aooajk =0k,
Apqtjk =Dp-1905k = Dp-1405416, P =1, 20,
Dpqtjr =Dpg-10ik — Dpg1Gjpt1, p =0, 1.

Also a double induction argument gives

B =30 (1) (Ve e

s=0t=0

We can call the above mentioned conditions (1.2)-(1.5) as conditions of bounded vari-
ation of order (p,0), (0,p) and (p, p) respectively with the weight (jk)P~1. Obviously
these conditions generalise the concept of monotone sequences. Also any sequence
satisfying (1.5) with p = 2 is called a quasi-convex sequence [3,5]. Clearly the condi-
tions (1.3) and (1.4) can be derived from (1.2) and (1.5) for p = 1 and moreover for
p = 1, the conditions (1.2) and (1.5) reduce to |a;z| — 0 as max{j, k} — oo and

0o o0
Z Z\Anajk] < Q.
7=0 k=0

Generally the pointwise convergence of the series (1.1) is defined in Pringsheim’s sense
([8], Vol. 2, Ch. 17) which means that the rectangular partial sums of the type

Syn(,Y) ZZ)\ k@ cos jrcosky, m,n >0,
7=0k=0

are formed and then by taking both m,n tend to oo (independently of one another)
the limit f(z,y) (provided it exists) is assigned to the series (1.1) as its sum.
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Also let ||f]], denotes the L"(T?)-norm, i.e,

T 1/r
wmzw/wmwm@ Cisr<oo
0 0

and || f|| denotes L'(T?)-norm, i.e,

11 = [ [ 17 0)l dod.
0 0

In this paper, we will investigate the validity of the following statements:

(a) Spn(T,y) converges pointwise to f(z,y) for every (z,y) € T?;
(b) Spun(z,y) converges uniformly to f(x,y) on T?;
(©) [1Smn (2, y) = f(z, )|l = o(1) as min{m, n} — 0.

Such type of problems have been studied by Young [7] and Kolmogorov [3] for one-
dimensional case (single trigonometric series especially cosine series ) and by Méricz [4,
5] and K. Kaur, Bhatia and Ram [2] for double trigonometric series. In [5], Moricz
studied both double cosine series and double sine series as far as their integrability and
convergence in L' —norm is concerned where as in [4] he studied double trigonometric
series of the form

i i Cjk6i(ja:+k:y)7
under coefficients of bounded variation. All of them discussed the case for p = 1 or
p = 2 only. Our aim in this paper is to extend the above results from p = 1 to general
cases for double cosine series.

In the results, C, and C),, denote constants which may not be the same at each
occurrence. Also we write A\, = [An] where n is a positive integer, A > 1 is a real
number and [-] means greatest integral part.

The first main result reads as follows.

Theorem 1.1. Assume that conditions (1.2)—~(1.5) are satisfied for some p > 1, then

(i) Spn(z,y) converges pointwise to f(x,y) for every (z,y) € T? such that z,y > 0;
(ii) |Smn(z,y) — f(x,y)]l, = o(1) as min{m,n} — oo, 1 <r < 0.

The above theorem has been proved by Moricz [4,5] for p = 1 and p = 2 using
suitable estimates for Dirichlet’s kernel D;(z) and Fejér kernel K;(x). In the case
of a single series for p = 2, the results regarding convergence have been proved by
Kolmogorov [3].

Obviously, condition (1.5) implies any of the following conditions:

> —k+1
(1.6) 1/{?11 nh_{goz Z | Bppae| (k)P =0,

=0 k=n+1
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LA
(1.7) l/grll im > Z

Jj=m+1k=0 m

—J+1
|Appayk|(3k) =0.
We introduce the following three sums for m,n > 0 and A > 1:

Zl\o(m n,z,y) Zm Z 1 a;j, cos jx cos ky,

j=m+1 k=0 m

s —k+1
(/)\1 (m,n,x,y) Z Z An—F¥ 1 ;i cos jx cos ky,
=0 k=n-+1 An
A om, —J4+1 A —k+1 ,
Z (m,n,z,y) Z Z a;j, cos jx cos ky
-m Ap — 1N
j=m+1 k=n+1 m n
and we have
A 1 dm A A
le<m,n;$,y> = ()\ _ m) Z 201<u7n;$7y> - 201<m7n;x7y) Y
m u=m+1
A 1 An A A
> (mynsxy) = o ;1 D mviey) = (monyay) ).

This implies

. 2 <sug (IZél(u,n;x,yN)
(1-8) Zn(m,n;x,y) < e
2 sy (IShim. i)

n<v<Ap

The second result of this paper is the following theorem.

Theorem 1.2. (i) Let E C T?. Assume that the following conditions are satisfied:
(1.9) lim lim ( sup ]Zi\o(m, n; x,y)|) =0,

Al m,n—o0 (m,y)GE
o A
(1.10) lim lim ( sup ’201(7”’”;33’3/)‘) = 0.

If VA (x,y) converges uniformly to f(z,y) on E C T?> as min{m,n} — oo
(that is, in the unrestricted sense), then so does Spy,.
(ii) Assume that the following conditions are satisfied for some r > 1:

. T A
lim Tm (|30 (m 2, y)]) =0

ALl mn—oo

(1.11) lim Tm (I35 (m,nsz,y)],) =0

Al m,n—oo
If |V, — fll- — 0 unrestictedly then ||Sym — fll» — 0 as min{m,n} — oo.

We will also prove the following theorem.
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Theorem 1.3. Assume that the conditions (1.2)—(1.4) and (1.6)—(1.7) are satisfied
for some p > 1, then

(i) if VX, (z,y) converges uniformly to f(x,y) as min{m,n} — oo, then so does
Smn;

(i) if |V, = fll. — O wunrestictedly for some r with 1 < r < oo, then
| Sin — fllr — 0 as min{m,n} — occ.

2. NOTATION AND FORMULAS

We define for every aw = 0,1,2,... the sequence S, ST, S5, ... by the conditions

SP=5, Se=381 ax>1

n
u=0

and
n

AV =1, AY=> A" a>1,
u=0

denotes binomial coefficients. Also

n+ « n<
A% = ~ -1, -2, -3,....
n ( n ) F(Q{—{—l)7 Of# b ) ]

The Cesaro means 7, of order a of " a, will be defined by T/ = Aﬁ and also it is
known [8] that [ |1)%(x)|dz, a > 0, is bounded for all n.

3. LEMMAS
We require the following lemmas for the proof of our results.

Lemma 3.1. For m,n > 0 and p > 1, the following representation holds:

Spn(T,Y) Z Z AjAka;i cos jx cos ky

7=0 k=0
m n m p—1
=2 Z DpaiS) (@) SE () + 32D BwajnnS) ()5S (y)
7=0k=0 7=01t=0
n p— p—1p—1
+ Z Spaerl,kSrsn(x)Slfil(y) + Z > Agtmirn155,(2) S (y).
k=0 s=0 t=0

Lemma 3.2 ([1]). For m,n >0 and XA > 1, the following representation holds:

g Am +1 /\n—i-l( n )
mn — Omn = o —Oxpmnn — Om Omn
A — M Ap —n Ams A
Am + 1 A+ 1

(O-Am,n - Umn) + (O-m)\n - Umn)

A, — M A — N

A A A
- le(mvna xz, y) - Zlﬂ(m’ n, x,y) - ZOl(m’ naxvy)'
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Lemma 3.3. For m,n >0 and \ > 1, we have the following representation:
A A A
Vnﬁn - Smn = le(mu TL, J], y) + Zlo(m’ TL, JZ’ y) + ZOl(m’ na JZ, ?J)
Proof. We have
1 m
v = S;

j=m+1 k=n+1

Performing double summation by parts, we have

A Amtl )\n+10A o A+ 1 n+10A
AN —m Ay —n T A —m A, —n "
m+1 N, +1 m+1 n+1
_)\m—m /\n—nam’)‘”+)\m—m )\n—ngmn
Am+1 N, +1
:/\m —m A, — n(a)‘m’/\" = Pn = Omon + Onn)
Am + 1 Ap +1
+/\m_m(akm,n—amn)—i-)\n_n(om,,\n—amn)—i-amn.

The use of Lemma 3.2, gives

dmo dn A —i4+1 A —k+1 ,
VA — E § i) COS Jx cos k
" j=m+1 k=n+1 )‘ —m da—n T ’
o +1
+ E g - ——— @}, cos jx cos ky

j=m+1 k=0 m

kE+1
—i—z Z )\ _+ ;i cos jx cos ky.
7=0 k=n-+1
Lemma 3.4. For m,n > 0 and X\ > 1, we have the following representation:

dm 1
S mmz,y) = Y Z —IH L cos jrcos ky
j=m+1 k=0 m

m - /\m . 1 p—1 p—1
Z 1];) N — AppajS; (z)S1 " (v)
g=m+1 k= m
Ly Am Am—J+1

+ Aptaj,nJrle_l(f)SZ(?/)

m
j=m+1t=0 m

Z Z Z Aspa]Jrl kS )Sﬁ_l(y)

] =m+1 s=0 k=0
—1p—1

Z ZZASta]+1TL+IS( )sz(y)

m ] =m+1 s=0 t=0

)\m
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p—1l n

=2 Dttt ()] ()
s=0 k=0
p—1p—1

- Z Z AStam-‘rl,n-‘rlen(m)Sfl(y)‘

s=0t=0

Proof. We have by summation by parts,

A
Zlo(m n;x,y)
_Zcosk‘y< Z )\mjmajkCOSJx>

Jj=m+1

Am—J+1 _
= Z COS k'y( Z ﬁ Ap(]aijf 1(1:)

Jj=m+1

/\ Z Z Do, kS Z D 01,15, (z ))
m ] =m+1 s=0 s=0

Am )\m — i1 3 n

=y ﬁ Sy 1(x)<z Aok, COS ky)
j=m+1 m k=0

)\ Z Z(Z D@11, COS ky) Ss( )

m ] =m+1 s=0 \k=0

i (Z Ao,k COS ky) S(@)

k=0

ka A —J+1 p - p-1 pf t
- N —m S (x) > DppaiSE (y) + D Ayt Sy (y)
m t=0

j=m-+1 k=0

Z Z (Z Dspajia, kSk (y) + pi: AstajH,nHSfL(y)) S; (z)

] =m+1 s=0 \k=0 t=0

p—1/n p—1
RS (Z AimniS 1) + 5 Astam+1,n+1s,z<y>) 53,(2).

s=0 \k=0 t=0

/\m

Similarly we can have representation for 333, (m,n;x, y). O

4. PROOF OF THEOREMS

Proof of Theorem 1.1. For m,n > 0 and p > 1, we have from Lemma 3.1,

m p—1
Sn (T, Y) Zzﬁpp%ksp 1 z)Sy 1 +ZZAM% n+15 71( )Sh(y)
7=0 k=0 j=0t=0

n p—1 p—1p—1

+ Z Z AspamH’kan(x)S,f_l(y) + Z Z Astam—i-l,n-l-lsfn(x)S:L(y)

k=0 s=0 s=0t=0
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=D T LT T,
Using the results as given in [6] that S¥(z) = O (a%p), forallp > 2, 0 <z <, etc,

we have for 0 < z,y <,

> 18paiS] (2)SE T ()] < 0o (by (1.2))

and also by (1.3)—(1.5), we have

ip_l Dptajpi1 < Z Z ( > (i\ﬂpoaapmwﬂ)

j=01t=0 t=0 v=0 7=0

m
< sup Z|Ap0ajk|

n<k<n+p ;=0

< sup > |Dpoaze| — 0as min{m,n} — oco.
n<k<n+p j—q

Thus,

|
—

m p
> ptaj,nHSf*l(:c)SZ(y) — 0 as min{m,n} — .
j=0t

Il
o

And similarly

S A <3 ( ) > Soptns o)

s=0 k=0 s=0 u=0

n
< sup Z | DNopail

m<j<m+p r_q

< sup > |Agpaji| = 0as min{m,n} — oco.
m<j<m+p r_q

Thus,

n p—
SN Agama S5 (2)SE (y) — 0,

k=0 s=0
as min{m,n} — oco. Also

—1p—1 1p—1 s
ZZAstam—Hn-H <ZZZZ< )( >|A00am+u+1n+v+1
s=0t=0 s§=0 t=0 u=0v=0

< sup |ajk| — 0 as min{m,n} — oco.
j>m,k>n

So,

p—1p—1

S At 155, (2)Sh(y) — 0 as min{m,n} — oo.

s=0 t=0
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Consequently, series (1.1) converges to the function f(z,y) where

y) = Z Z Appaijf—l(x)Sﬁ—l(y) and mlrlbllloo Son(x,y) = f(x,y).

j=0k=0

Now we will calculate || X ||, | X2, | X5 and || X4 in the following way:

HZIH - | i Xn: Appajksfil(ﬂf)sﬁil(y)

n

Sl [ 1557 )Y ) ldady

n

| A

2
£

Bl A7 47 [ [T @)1 ()l dady

=]
bl

o

IN

uMs

Cp Z| ppajk‘]p kP~ 1
0 k=0
1

i A;mfajm—lsp 1( )St( )

=0 t=0

5. -

<.
~+

p—1 t m
t e
<>y (/) (Zmpoajmﬂo arta, [ [ T )ldedy
=0 v=0 =0 —m =

m p—1
o o Syt ()
t=0

n<k<n+p =0

<C, sup Z‘Apﬂajk’jp_lkp_la

n<k<n+p §j=0

p—1
=2

spam+1,ks78n (flf)sgil (y)

355 ( ) (S tmmnenal) i [ [0 oy
k=0 070

s=0 u=0

n p—1
<C, sup Z]Aopajk| kPt (Z m5>
s=0

m<j<m+p _q
n
<C, sup > |Dgpaz] j17ET,
m<j<m+p _
p—1p—1

1> = | S At 1 85 (@) S (1)
s=0 t=0
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—1p—-1 s

=595 9 95 of 4 | (4 I PERPINEY / / 173 0T o)y

s=0 t=0 u=0 v=0

| sp—11.p—1
<C, sup |a| 7 k"
j>m,k>n

Now let R, consists of all (j, k) with 7 > m or k > n, that is,

o0 n

22 et = 2 Z+§: i + i i :

j=m+1k=0 j=0k=n+1 j=m+1lk=n+1

Then

T 1/r
1 = Sl = ( [ [ 1@y —Smnu,y)rdxdy) S l<r<os,
0 0

< Z Appaijf_l(x)Sg_l(y)
(4,k) €ERmn r
m p—1
+ 120D Apajn S (2)Sh(y)
=0 t=0 ,
n p—1
H3 S At x S5 () SE ()
k=0 s=0 .
p—1p—1
+ Z AstGmH,nHS,fI(QJ)SZ(Z/)
s=0 t=0 r
SCPT{ ( Z |Appajk|jp1kpl)
(] k ERmn

—l—( sup Z\Apgajk|jp1kpl)

n<k<n+p §=0

+ ( sup Z\Aopajk| jp_lkp_1>

m<j<m+p p—

+ < sup |a;i jplkp1> } (as discussed above )

ji>m,k>n

—0 as min{m,n} - oo (by (1.2)-(1.5)),

which proves (ii) part.
Proof of Theorem 1.2. Using the relation (1.8), we find that (1.9) or (1.10) implies

(4.1) lim lim (sup |Z mnxy)z().

A1 mn—o0 (z,y)€E
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Assume that VA (z,y) converges uniformly on E to f(z,y). Then by Lemma 3.3, we
get

lim (
m,n— 00

sup (Smn(z,y) — V2 (z,y DS lim (Sup ‘ mnxyD
(w,y)€E< ( ) ( )) ™m,n—00 (z,y)EE Zlo

+m,lTltr£loo< Sup ‘201 m,n, T,y ’)
+m,lrllr—r>loo< Sup ‘le m,n; T, Y D

After taking A | 1 the result follows from (1.9), (1.10) and (4.1).
For (ii) part of theorem, we have

A
qu(m,m%y) . = )\m » <H201 u,n; T y

A
<2 su < U, N; T, ) .
< <mp sz )

=0.

A

)

Thus (1.11) implies

lim lim HZL (m,n;x,y)

Al mmn—o0

Thus, the result of Theorem 1.2 (ii) follows.

Proof of Theorem 1.3. Using the Lemma 3.4, we can write the expression for
Z(/)\l (m7 n;x, y) as

N, —k+1
An —

;i cos jx cos ky

Aspam—o—l,ksrsn(x)‘siil (y)

Z Z ZAptajk-&-lS “H(@)Sk(y)

7=0k=n+1t=0
—1p—1

Z Z D Dt o155, (4) Sp(y)

n+1 s=0 t=0

)\—n

)\n—nk

p—1

-2 Z Dptjni1 ) ()5, (y)

t=0 j=0
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p—1p—1

=2 Dsttmirn+15,(2) S, (y)
s=0 t=0
=h+L++ 1+ 5+ 1.

Now by using (1.2)-(1.4) and (1.6) along with estimates of S?™'(x) etc., as mentioned
in [6], we have the following estimates in brief:

m An
> Z
j=0 k=n+
mo AN, — k41
E: o
n+ )\n_

—0 as min{m,n} — oco.

—k+1

TL

|| = e ApapSy T (2)SE (y)

‘Appajk‘

]Ok 1

Consequently, lim  lim ( sup |Il|) — 0 as min{m,n} — oco. Also,

An p—1 k. + 1 . b1
Ll =] > Z Aspamﬂ,ksm(l‘)sk (y)
k=n-+1 s=0
A
Sy ) > [Buptmuess
s=0 u=0 k=n+1

n
< sup > |Agaje] =0 as min{m,n} — co.
m<j<mtp

So, lim  lim ( sup ]l}]) — 0 as min{m,n} — oo. Also,
)\il m,n—o0 (m,y)GE

p—1 m

1I3] < sup D0 [ Apeajpa]

n<k<An t=0 j=0

< sup zz( )zmptaj,km
=0

n<k<An t—0 v=0

< sup Z|Ap0ajk\ — 0 as min{m,n} — oo,
n<k§/\n+pj:0

which implies lim M sup |I3] ] — 0 as min{m,n} — co. Now,

p—1p—1

|I4|§ sup ZZ’Astam+l,k+1|

n<k<An s=0 t=0

< sup |aj| = 0 as min{m,n} — occ.
ji>m,k>n
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Thus lim  lim ( sup |I4|> — 0 as min{m,n} — oco. Also,
(

All mn—o0 zy)EE

— t m
|I5] < Z Z < > Z!Apoaj nivott] < sup Z|Ap0ajk| — 0 as min{m,n} — oo,
t=0 v=0 =0

n<k<n+p j—0

which implies lim lim ( sup ][5]) — 0 as min{m,n} — oo. Also,
A}l mn—oo (x,9)€E

16| < 2:1]22:1 XS: > ( ) ( ) | A0t ut1ntvr |

s=0 t=0 u=0 v=0

< sup |aj| = 0 as min{m,n} — oo,
j>mk>n

and

lim lim sup |Ig| | — 0 as min{m,n} — oo.
M1 min=eo ((x,wle)E' 6') b

Thus, combining all these, we have

i 5, (sup [ 0ms ) =0

Similarly (1.2)—(1.4) and (1.7) results in

m i <( sup (32, (mini yﬂ) 0

Thus, first part of theorem follows from Theorem 1.2.
Proof of (ii). We have

”Smn - f”r SHSmn - vri\LnHT—i_HVTgn - f”r
By assumption ||V}, — f||. — 0, so it is sufficient to show that
|Smm — VA |l — 0 as min{m,n} — oo.

By Lemma 3.3, we have
A A
1S = Vinalle <UD (ms s 2, )l + 132, (my ms 2, ) s

A
sl DM CAEEN] S

Now in order to estimate |30, (m,n;2,9)|, , we first find || 11||, [| 12|, | 5]l [|Z4ll, || 5]
and ||Ig]|, so we have

S

=0 k=n+1

<X Z o A AT AL [ 1T @) T ) dady

—k+1

L] = Appaij?l(w)Sz‘l(y)

+1
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—k+1
<O Z Z - |Appajk’jp_lk3p_la
7=0 k=n+1 n
An p—1 k, + 1 s B
HI?H = Z Z Aszoam—kl,ksm(x)slf l(y)
k=n+1 s=0 n
An
<C Z Z ( > Z |A0pam+u+1,k|kp_1ms
s=0 u=0 k=n+1

An p—1
<C, sup ( Z \Aopajk|kp1> (Zm")
s=0

An
| ap—11.p—1
<Cp, sup > [DopaglT R

m<j<m+p p—p 11

p—1 m

[ I3]] <C, sup ZZ’AWGJJCHUZF k

n<k<)\n t=0 _]_O

=G s Z Z ( ) VAN YT iy

n<k<)\nt =0 v=0 j=0

SCp sup Z|Ap0ajk|jp_1kjp_17

n<k§>\n+pj:()
p—1p—1

||I4|| SCp sup ZZ|Astam+1,kz+1|mskt

n<k<An 5=0 t=0
p—17.p—1
<C, sup |agl" K",

j>m k>n
m
<65 S ( ) S 1A ot s 770
=0 v=0 j=0

<C, sup Z‘Ap()ajk |]lp71kp717

TL<k<TL+p ]_0

—1p—1 s
||[6H <O Z Z Z Z < ) ( >|A00am+u+1 o1 M’ nt

s=0 t=0 u=0 v=0

17.p—1
<C, sup |a|f" kP
ji>m,k>n

Thus, we can estimate

An m )\

<G D)

k=n+1 j=0

An
—i—C'p,,( sup Z ]Aopajk\jplkpl>

m<j<m+p p—p41

(m,n;x,y) |A op k| PP

= e
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—l—C'pT( sup Z|Ap0ajk|jp_1kp_l>

n<k<An+p 7=0
+C ‘ ) | 'pflkpfl
pr sup ajk )
j>mk>n

+ Opr( sup Z|Ap0ajk|jp_1kp_1>

n<k<n+p =0

—l—C'pT( sup |ajk|jp_1k;p_1>.

ji>m,k>n

By (1.2)—(1.4) and (1.6), we conclude that
Similarly, by conditions (1.2)—(1.4) and (1.7), we get
Also, by (1.8), we have

. T A
lim T (I35, 0moniz. ) =0

Thus, ||Smn — VA |l — 0 as min{m,n} — oo.
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NECESSARY AND SUFFICIENT CONDITION FOR OSCILLATORY
AND ASYMPTOTIC BEHAVIOUR OF SECOND-ORDER
FUNCTIONAL DIFFERENTIAL EQUATIONS

SHYAM SUNDAR SANTRA!?

ABSTRACT. In this paper, necessary and sufficient conditions are obtained for oscilla-
tory and asymptotic behaviour of solutions of second-order neutral delay differential
equations of the form

d d

o [T 5 [2(@) +p@)a(r(1)]] + ()G (2(0(t)) =0, fort = to,

under the assumption [ > ﬁdn = oo for various ranges of the bounded neutral
coefficient p. Our main tools are Lebesgue’s dominated convergence theorem and
Banach’s contraction mapping principle. Further, an illustrative example showing
the applicability of the new results is included.

1. INTRODUCTION

Consider a class of nonlinear neutral delay differential equations of the form:

d d

(1.1) 7 [r(t) (t) +p<t>x<r<t>)}] +q(1)G(z(a(t))) =0,

dt

where
(A1) r,q,7,0 € C(Ry,Ry), p € C(R4,R) such that 7(t) < t, o(t) <t for t > to,
7(t) — o0, o(t) — oo as t — oo, with invertible 7 when necessary;
(A2) G € C(R,R) is nondecreasing with satisfying the property uG(u) > 0 for u # 0
and
(A3) R(t) = g%—>+ooast—>oo.

Key words and phrases. Oscillation, nonoscillation, neutral, delay, nonlinear, Lebesgue’s domi-
nated convergence theorem, Banach’s contraction mapping principle.
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Baculikova et al. [3] have studied the linear counterpart of (1.1),

(12 & r) S e(e) + P (o) + alt)eo(0)) =0,

when 0 < p(t) < py < oo and (A3) holds. The authors have obtained sufficient
conditions for oscillation of solutions of (1.2) through some comparison results, where
the comparison results are unpredictable. In [6], Dzurina have studied (1.2) when
0 < p(t) < po < oo and (A3) holds true. He has established sufficient condition for
oscillation of solutions of (1.2) by comparison techniques. In [16], under various ranges
of p, Santra studied oscillatory behaviour of the solutions of the following neutral
differential equations

% Lalt) + (D)t )] + 4G (ot~ 0) = 0
and
(1.3 lalt) + p(0)a(t )] + 4G (ot — 0)) = ().

Also, sufficient conditions are obtained for existence of bounded positive solutions
of (1.3). Tripathy et al. [18] have studied and obtained the sufficient conditions
for oscillation, nonoscillation and asymptotic behavior of solutions of (1.1) provided
G could be linear or nonlinear. The motivation of the present work come from the
above studies. Hence, in this work, an attempt is made to study the more general
form of (1.2) without making any comparison. It seems that this method is the next
alternative to the works [3,6] when p is bounded.

The neutral differential equations find numerous applications in natural sciences
and technology. For instance, they are frequently used for the study of distributed
networks containing lossless transmission lines (see, for e.g., [8]). In this paper, we
restrict our attention to study (1.1), which includes a class of nonlinear functional
differential equations of neutral type. In this direction we refer the reader to some of
the works (see [1,4,5,10,13,19,20]) and the references cited therein.

By a solution to equation (1.1), we mean a function x € C([T},00),R), where
T, > tg, such that rz’ € C'([T,, 00), R), where

(1.4) 2(t) == x(t) + p(t)z(7(t)), fort>T,,

and satisfies (1.1) on the interval [T}, 00). A solution x of (1.1) is said to be proper if
x is not identically zero eventually, i.e., sup{|z(t)|: ¢t > T} > 0 for all T > T,,. We
assume that (1.1) possesses such solutions. A solution of (1.1) is called oscillatory
if it has arbitrarily large zeros on [T}, 00); otherwise, it is said to be nonoscillatory.
(1.1) itself is said to be oscillatory if all of its solutions are oscillatory.

Remark 1.1. When the domain is not specified explicitly, all functional inequalities
considered in this paper are assumed to hold eventually, i.e., they are satisfied for all
t large enough.
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2. MAIN RESULTS

In this section, necessary and sufficient conditions are obtained for oscillatory
and asymptotic behaviour of solutions of second order nonlinear neutral differential
equations of the form (1.1).

Lemma 2.1. Assume that (A1)-(A3) hold. If x is an eventually positive solution of
(1.1) such that the companion function z defined by (1.4) is also eventually positive,
then z satisfies

(2.1) Z(t) >0 and (rz')(t) <0, for alllarget.

Proof. Suppose that x(t) > 0 and z(t) > 0 for ¢t > ¢;, where t > t;. By (Al), we may
assume without loss of generality that :E(U(t)) > 0 for t > t;. From (1.1) and (A2),
it follows that

(2.2) (rz')(t) = —q(t)G (z(a(t))) <0, fort>t.

Consequently, rz’ is nonincreasing on [t1, 00) and thus either 2’(¢) < 0 or 2/(t) > 0 for
t > to, where to > t1. If 2/(t) < 0, then there exists € > 0 such that r(t)z'(t) < —e for
t > to, which yields upon integration over [t9,t) C [t2, 00) after dividing through by r
that

t 1
2.3 2(t) < z(t —5/—d, for t > t,.
23) ()< 2lt) < || ;
In view of (A3), letting t — oo in (2.3) yields z(t) — —oo, which is a contradiction.
Therefore, 2/(t) > 0 for t > t5. This completes the proof. O

Remark 2.1. Tt follows from Lemma 2.1 that lim; ., 2(¢) > 0, i.e., there exists € > 0
such that z(t) > ¢ for all large t.

Lemma 2.2. Assume that (A1)-(A3) hold. If x is an eventually positive solution of
(1.1) such that the companion function z defined by (1.4) is bounded, then z satisfies
(2.1) for all large t.

Theorem 2.1. Assume that (A1)-(A3) hold and —1 < —a < p(t) < 0, a > 0 for
t € Ry. Furthermore, assume that

(A4) G is strictly sublinear, that is, % > C’;(;’), O<u<w, g<1,
holds. Then every unbounded solution of (1.1) oscillates if and only if

(Ab) [7° q(n)G(aR(a(n)))dn =400, T' > 0 for every e > 0.

Proof. Suppose the contrary that x is a nonoscillatory solution of (1.1). Then, there
exists t; > to such that either z(¢) > 0 or z(¢) < 0 for ¢t > t;. Assume that z(t) > 0,
x(7(t)) > 0 and z(o(t)) > 0 for t > t;. Proceeding as in the proof of Lemma 2.1, we
see 1z’ is nonincreasing and z is monotonic on [ty, 00), where to > t;. We have the
following two possible cases.
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Case 1. Let z(t) < 0 for t > t5. As z is unbounded, there exists T > t5 such that
x(T) = max{z(n) : to <n < T}. Then, from (1.4), we have z:(T) < 2(T)+z(7(T)) <
x(T), which is a contradiction.

Case 2. Let z(t) > 0 for t > t5. By Lemma 2.1, (2.1) holds for ¢t > ¢5. Note that
limy o0 7(¢)2(t) exists. Upon using z(f) < (¢) in (2.2) and then integrating the final
inequality from ¢ to +o00, we obtain

| amG(=em)dn < r(t)2' (1),

that is,
(2.4) /(1) (1@ | amG (=) dn.
for t > t5. Let t;, > t3 be a point such that
R(t) — R(ty) > ;R(t), t>ty.
Then integrating (2.4) from t, to t(> t,), we get
(1) — 2(t) > [ (17]) " a6 (=0 () dcn
> [ [ 006 (<o () dcan

that is,
() = (R - R(t) [ a(QG(=(o())d¢
(25 > RO [T d QG O)d, 2t

Using the fact that r(¢)z/(¢) is nonincreasing on [t4, 00), we can find a constant € > 0
and t5 > t4 such that r(¢)2'(t) < e for t > t5 and hence z(t) < eR(t), t > t5. On the
otherhand, (A3) implies that
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for t > t5. If we define

~ q(Q)G(eR(e(¢)))2(0(C))
=3 eﬁRﬁ( o ©
then z(t) > R(t)w(t) for t > t5. Now,
o 14G (R (1) (ot
wit) =3 55R5@7t)
Lo ( o(t) )wﬁ ) <0, t>ts,

D) eb <0,

implies that w(t) is nonincreasing on [t5, 00) and lim; ., w(t) exists. It is easy to
verify that

/ — G cR(o
o] < -0 8) oty 410 (eR(o(2))) 5(o(0)

2 eb v
_ t)G(eR(o(t
e 2@“@)(;() (éﬁ( ®) o
(2.6) g—“if%@G@Rw@D,

for t > t5. Integrating (2.6) from ¢5 to t(> t5), we obtain

(12;5 ) /fq(u)G(eR(a(n)))dn < -

5

t
<w'P(t;) < 00
ts

w' " (n)

a contradiction to (A5).
If z(t) <0 for t > ty, then we set y(t) := —x(t) for t > ¢; in (1.1). Using (A2), we
find

i O 0+ O O] + a0 o)) =0, tor 10,

where H(u) := —G(—u) for u € R. Clearly, H also satisfies (A2). Then, proceeding
as above, we find the same contradiction.
Next, we suppose that (A5) does not hold. For € > 0, let us assume that

| amG(eRiot))dn < <.

Consider

M:{xmé(ﬂmamR%ﬂﬂ:Obmeﬁmﬂam

;mw—R@ﬂgdwédﬂw—RUN}
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and define
(@)(T), t € [to, T),
OO = e 0) + [ i[5+ [ a0e(ee@)a . 1=
For every x € M,

t 1 € e’}
(@2)(t) > ()[3 v/ q<<>G(w<a<<>>)d<] dn

> [ o = im0 — AT
and z(t) < eR(t) implies that
@2)(0) <= plt)a(rl) + 5 [ 7
<as [R(T(t)) - R(T>]+2§ [R(t) — R(T)]
<ae|R(t) - R(T)] + 235 [R(t) = R(T)]

= <a + §>5[R(t) — R(T)]

<e|R(t) - R(T)]
implies that (®x)(t) € M. Define u, : [ty,+00) — R by the recursive formula
un(t) = (Punor ) (t), n>1,

with the initial condition

U()(t) =

{o, t € [to, T),

S[R(t) — R(T)), t>T.

Inductively it is easy to verify that
%[R(t) — R(T)] < i (t) < ua(t) < e[ R(t) — R(T)),

for t > T. Therefore, for t > tg, lim, o u,(t) exists. By the Lebesgue’s dominated

convergence theorem, v € M and (Pu)(t) = u(t), where u(t) is a solution of (1.1) such

that u(t) > 0. Hence, (A5) is necessary. This completes the proof of the theorem. [

Theorem 2.2. Assume that (Al)-(A3) hold and —1 < —a < p(t) < 0, a > 0 for
t € Ry. Then every unbounded solution of (1.1) oscillates if and only if (A5) holds
for every € > 0.

Proof. Without loss of generality, suppose the contrary that x is an eventually positive
unbounded solution of (1.1). Then, there exists t; > t, such that z(¢t) > 0, x(T(t)) >0

and x(o(t)) > 0 for ¢t > t;. Proceeding as in the proof of Lemma 2.1, we see 72’ is
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nonincreasing and z is monotonic on [tg,00), where to > ¢;. We have the following
two possible cases.
Case 1. Let z(t) < 0 for t > t5. The case is same as in proof of Theorem 2.1.
Case 2. Let z(t) > 0 for t > t5. By Lemma 2.1, (2.1) holds for ¢ > ¢3. Since z(t)
is unbounded and monotonic increasing, then it follows that
Lo ()

_ _1; / _
M ra T Ry T Jim r(1)2/(t) = a < co.

If @« =0, then lim; o, R(t) = 400 implies that lim; . 2(t) < +o00, which is absurd
(because of unbounded z(t)). Hence o # 0. Therefore, there exists a constant € > 0
and a to > t; such that z(t) > eR(t) for t > t5. Consequently, x(t) > z(t) > eR(t) for
t > ty. Using x(t) > eR(t) in (2.2) and then integrating from ¢, to +00, we obtain a
contradiction to (A5) for every € > 0.

The case where x is eventually negative unbounded solution is very similar and we
omit it here.

The necessary part is same as in Theorem 2.1. This completes the proof of the
theorem. 0

Theorem 2.3. Assume that (Al)-(A4) hold and —1 < —a < p(t) < 0, where a > 0,
t € Ry. Then every solution of (1.1) oscillates or converges to zero if and only if
(A5) holds for every e > 0.

Proof. Without loss of generality, suppose the contrary that x is an eventually positive
solution of (1.1). Then, there exists t; > t such that z(¢t) > 0, z(7(¢)) > 0 and
x(o(t)) > 0 for t > t;. Proceeding as in the proof of Lemma 2.1, we see rz’ is
nonincreasing and, rz’ and z is monotonic on [tg,00), where 5 > t;. By Lemma 2.1,
we have the following three possible cases.

Case 1. Let z(t) < 0, r(t)2'(t) < 0 for t > t5. Since z(t) < 0 implies z(¢) is
bounded due to Theorem 2.1 and r(¢)z'(t) < 0 implies that z(¢) is unbounded due to
Lemma 2.1, a contradiction.

Case 2. Assume that z(t) < 0, r(¢)2'(t) > 0 holds for ¢t > t5. Therefore,

0> lim z(t) =limsup z(t)

t—o00

> lim sup (m(t) — Cbx(T(t)))

t—00
> hrtri)soljp z(t) + hgg}f(—ax(T(t)))
=(1 — a) limsup z(t),
t—00
implies that limsup,_, . z(t) = 0 and hence lim;_,o, 2(t) = 0.
Case 3. Let z(t) > 0, r(t)2/(t) > 0 for t > t5. The case follows from Theorem 2.1.
Hence, (A5) is a sufficient condition. The case where z is negative solution is similar
and we omit it here.
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The necessary part is same as in the Theorem 2.1. Thus, the proof of the theorem
is complete. [l

Theorem 2.4. Assume that (Al)-(A3) hold and —1 < —a < p(t) < 0 such that
r(t) > T(O’(t)) fora>0,teR,. Furthermore, assume that

(A6) G is strictly superlinear, that is, % > i(g), u>v>0,0>1,

holds. Then every solution of (1.1) either oscillates or converges to zero if and only if
(A7) J5° o5 [ 1 a(Q)dc] dny = +oo.

Proof. For the sufficient part, we use the same type of argument as in the proof of
Theorem 2.3 for first two cases of the pair z(t) and r(¢)2'(¢). Let us consider the Case
3 for t > t;. By Remark 2.1, there exists a constant ¢ > 0 and ¢y > t; such that
z(a(t)) > ¢ for t > t5. Consequently,

for t > ty. Therefore, (2.4) becomes

r(02 ) 275 [ g (o) dn,

that is,

(o) (o) = S2| [~ st (o10),

for t > t,, implies that

O IR

> €§)Zﬁ(g >Vt Q(n)dn]'

r(t)

Integrating the last inequality from ¢, to 400, we get

Gg(;) /: r(ln) V;O q(C)dC] dn < : ;((Z((Z)))) dn < oo,

which is a contradiction to (A7).
The case where x is eventually negative solution is omitted since it can be dealt
similarly.
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Next, we show that (A7) is necessary. Assume that (A7) fails to hold and let

660 [ | [ a0ac

where € > 0 is a constant. Consider

M = {x € O([to, 00), R) : (t) = % t€ [t T), % <a(t) <e, fort > T},
and define
g, t € [to, T,
(x)(t) = —p(t)z(7(t)) % /Tt r(ln) [ /17 h q(g)G(x(o(g)))dg] dy, t>T,
for every z € M, (dz)(t) > £ and

(®2)(1) <ae + 5 +Ge) /t L l/:’ q(g)dC] dn

implies that ®x € M. The rest of the proof follows from Theorem 2.1. This completes
the proof of the theorem. O

Theorem 2.5. Assume that (A1)-(A3), (A6) hold and 0 < p(t) < a < 1 such that
r(t) > T(a(t)) fort € Ry. Furthermore, assume that G is Lipschitzian on the interval

of the form [c,d], 0 < ¢ < d < co. Then every solution of (1.1) oscillates if and only
if (A7) holds.

Proof. Suppose the contrary that x is a nonoscillatory solution of (1.1). Then, there
exists t; > to such that either z(¢) > 0 or x(t) < 0 for ¢t > ¢;. Assume that x(t) > 0,

:E(T(t)> > 0 and x(a(t)) > 0 for t > t;. Clearly, z defined by (2.1) is positive on

[t1,00). By Lemma 2.1 and Remark 2.1, there exists ¢ > 0 such that z(t) > ¢ for
t > t9, where ty > t;. On the other hand, z being increasing implies that

(1 —a)z(t) <(1 —p(1))2(t) < 2(t) — p(t)2(7 (1))
=z(t) — p(Op(r(1))x(r(7 (1)) < a(t),

for t > t3, where t3 > to. Consequently, (1.1) becomes

(r@®)2(1)) + a®)G((1 — a)z(a())) <0,
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for t > t3. Using (A6) it follows that

G((1—a)z(o(t
G((1=a)z(o(t)) = (f(_ a)ﬁiﬁ <(a((t))))) (1-a)®2%(a(t))
G(g(l - a))

zmu — )2 (o(1)).

The remaining portion of the sufficient part follows from Theorem 2.4.
Conversely, suppose that (A7) fails to hold. Then there exists T > 7™ such that

[ [ e

where K = max{K;,G(1)} and K is the Lipschitz constant of G' on [7(115“), 1} for

t > to. Let X = BC([ty,00),R) be the space of real valued continuous functions on
[to, 00). Indeed, X is a Banach space with respect to sup norm defined by

2] = sup{le(t)] - ¢ = to}.

1—a
d - v
n < FK

Define
S = {ueX: 7(11_a) <u(t) <1, tZtO}.
We notice that S is a closed convex subspace of X. Let ® : S — S be such that
((I)JJ)(T), t € [to,T],
(Pz)(t) = 9+a ] o0
— L, _ >T.
p(02(r(0) + 35" = [ 5| [ QG (o)) ac| an, 127

For every z € X, (®z)(t) < % <1 and
9+a 1—-a 7

(®2)(t) > ~a+ -0~ 20 = (1~ a),

implies that ®(x) € S. Now for x1, x5 € S, we have

[(®1)(1) — (®5)(1)] <alas (7(2)) — w2 (7(1))]

+ / h (177)[ / T 401G (x1(0(0))) - G(@(o(c)))mc] dn,

that is,

[(P1)(t) — (Do) (t)] <allzy — 2o + [|21 — 2] K, /too 1[

(1)
1l—a
S(CL + 5) |21 — 2|

_1+4a
5

/n °°q<<>d<] dn

||$1 — To|.
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Therefore, || Pz — Pz,|| < ||z — 25| implies that @ is a contraction. By using
Banach’s contraction mapping principle, it follows that ® has a unique fixed point
x(t) in [7(115a), 1}. Hence, (A7) is the necessary condition for oscillation of (1.1). This
completes the proof of the theorem. O

Theorem 2.6. Assume that (A1)-(A3) hold and 0 < p(t) < a < 1 fort € R,.
Furthermore, assume that G be Lipschitzian on intervals of the form [c,d], 0 < ¢ <
d < 00. Then every bounded solutions of (1.1) oscillates if and only if (A7) holds.

Proof. Proceeding as in proof of the Theorem 2.5 we have obtained x(t) > (1—a)z(t) >
(1 — a)e = ;. Consequently, (1.1) becomes

(r(6)2' (1)) + q(t)Gler) <.

Twice integration on last inequality yields a contradiction to (A7). The necessary
part is same as in the proof of Theorem 2.5. Hence the details are omitted. Thus the
proof of theorem is complete. O

Theorem 2.7. Assume that (Al)-(A3) hold and —oco < —a; < p(t) < —ax < —1
such that 3ay > ay fort € Ry where a;,ay > 0. Let G be Lipschitzian on intervals of
the form [c,d], 0 < ¢ < d < co. Then every bounded solution of (1.1) oscillates or
tends to zero if and only if (A7) holds.

Proof. Without loss of generality, suppose the contrary that x is an eventually positive
solution of (1.1). Then, there exists t; > ty such that z(¢t) > 0, z(7(¢)) > 0 and
x(o(t)) > 0 for t > t;. Proceeding as in the proof of Lemma 2.1, we see rz’ is
nonincreasing and, 7z’ and z is monotonic on [ty, 00), where to > t;. Since x(t) is
bounded, then by (1.4), z(t) is bounded and hence lim; ., z(t) exists. It is easy to
see that the case z(t) < 0, r(t)z'(t) < 0 is not possible. Using the proof of Lemma
2.2, we conclude that the case z(t) > 0, r(t)2'(t) < 0 does not arise. Therefore, we
have following two cases.

Case 1. Let z(t) > 0, r(t)Z/(t) > 0 for [t3,00), t3 > t3. Then we can find a constant
e >0 and ¢4 > t3 such that z(cr(t)) > ¢ for t > t4, that is, x(a(t)) > z(a(t)) > ¢ for
t > t4. Hence, (1.1) becomes

(r®)2()) + Gle)a(t) <0, t > ta.

Twice integration on last inequality gives a contradiction to (A7).
Case 2. Let z(t) < 0, 7(t)2'(t) > 0 for [t3,00), t3 > to. We claim that lim; . 2(t) =
0. If not, there exist @ < 0 and ¢4 > t3 such that Z(T_l(a(t))> < a for t > ty.

Hence, z(t) > —a11’<7'(t)) implies that z(t) > —aflz<7_1(t)), that is, x(o(t) >
—(11_12<7'_1(0(t))) > —a;'a for t > t4. Consequently, (1.1) reduces to

(r(t)z’(t))/ + G(—af1a>q(t) <0,
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for t > t,. Using the same type of argument as in the former case, we get a contra-
diction to (A7). Thus, our claim holds and hence

0 = lim (1) = liminf (2(t) + p(t)(r(1)))
< li{g(ixr)lf (:L‘(t) — a2$(7(t)))
<limsup x(t) + ligci)gf(—aﬂ(T(t)))

t—o00

=(1 — ag) limsup z(t),
t—o0

implies that lim sup,_,. z(t) = 0 ['" 1 — ag < 0]. Therefore, lim;_,, z(t) = 0.
The case where x is negative bounded solution is very similar and we omit it here.
For the necessary part, it is possible to find T" > T™ such that

L@@{Amq<g>dg} <22

where K = max{K;,G(1)} and K, is the Lipschitz constants of G on [a, 1], where

a = %73;22_“1) Let X = BC([ty,0),R) be the space of real valued continuous

functions defined on [ty, o). Indeed, X is a Banach space with the sup norm defined
by

2]l = sup{[z(t)] : ¢ = to}.
Define
S={ueX:a<u(t) <1, t>t}

and we note that S is a closed convex subspace of X. Let ® : S — S be such that

t € [to, T,

(
(@2)(t) = p(r1()  p(r0))
(

For every x € S,

(®x)(t) < —
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and
e TRy [ | acetaron)acan
2ot - f()t [0S e an
o Gcfj) [ [ et an
a—1 ay—1

J— — =q
aq 3@2 ’

implies that ®x € S. Now for x1, 29 € S, we have

1
D — (P <1 71 — T2 ! T 7 1,0\
(@21)(t) — (D) (D) pa(fl(t))\’ (7' ®) =227 ®) + (@)

< [ 1 (e10) — o1 | an

CL2—1

1
<—|lz1 — 2of + |1 — 22|
a2

=7||z1 — 22,
implies that
[Pz1 — Pasf| < vl — 2,
where v = é(l + “2—3_1) < 1. Therefore, ® is a contraction. Hence by the Banach’s
contraction mapping principle ® has a unique fixed point = € S. It is easy to see that
lim; o (t) # 0. This completes the proof of the theorem. d
3. DISCUSSION AND EXAMPLE

It is worth observation that we could succeed partially to establish the oscillation
of all solutions of the nonlinear equation (1.1), when |p(t)| < co. We failed to obtain
the necessary and sufficient conditions in the range 1 < p(t) < oo and p(t) = —1.
Therefore, the undertaken problem is incomplete for all range of p(t).

Remark 3.1. In Theorems 2.2, 2.6 and 2.7, GG could be linear, sublinear or superlinear.
We conclude this section with the following examples to illustrate our main results:

FExample 3.1. Consider the delay differential equations

d| d 4
. — | t— — i _ — >
(3.1) T tdt [z(t) — 3x(e ™t)]| + tx(t) 0, fort>1,
where r(t) = t, p(t) := =3, 7(t) == e t, q(t) := 5, o(t) ==t and G(u) := u for

t > 1 and u € R. It can be easily shown that Theorem 2.7 applies to (3.1). Thus,
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every bounded solution oscillates or converges to zero asymptotically. Obviously,
z(t) = sin(In(#?)) for t > 1 is an oscillating solution.
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SOME ESTIMATES FOR HOLOMORPHIC FUNCTIONS AT THE
BOUNDARY OF THE UNIT DISC

B. N. ORNEK!

ABSTRACT. In this paper, for holomorphic function f(z) = z + 222 + 323 + - -
belong to the class of N (), it has been estimated from below the modulus of the

angular derivative of the function Z}CES) on the boundary point of the unit disc.

1. INTRODUCTION

Let f be a holomorphic function in the unit disc £ = {z: |z| < 1}, f(0) = 0 and
|f(2)] < 1for |z| < 1. In accordance with the classical Schwarz lemma, for any point
z in the disc E, we have |f(2)| < |z] and |f'(0)| < 1. Equality in these inequalities
(in the first one, for z # 0) occurs only if f(z) = ze?, where 6 is a real number ([8], p.
329). For historical background about the Schwarz lemma and its applications on the
boundary of the unit disc, we refer to (see [2,7]).

The basic tool in proving our results is the following lemma due to Jack.

Lemma 1.1 (Jack’s lemma). Let f(z) be holomorphic function in the unit disc E
with f(0) = 0. Then if |f(2)| attains its maximum value on the circle |z| = r at a
point zg € E, then there exists a real number k > 1 such that

20f"(20) -
f(20) =

Let A denote the class of functions
f(2)=2+c2® +c32° +-- -,

Key words and phrases. Schwarz lemma, holomorphic function, angular limit.
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that are holomorphic in the unit disc E. Also, N (\) be the subclass of A consisting
of all functions f(z) which satisfy

/ 1 B
(1.1) (Zf ) /\) :

zf’
2
for some real o > 0, 6>Oand/\—i
Let f(z) € N()) and define ¢(z) in E by

(h(z))* —1
(h(z))* +1

(1.2) o(z) =

>l >

where h(z) = ZJJ;;S)
Obviously, ¢(z) is holomorphic function in the unit disc £ and ¢(0) = 0. We want

to prove |¢(z)| < 1 for |z| < 1. Differentiating (1.2) and simplifiying, we obtain

SE N

and, so
), (Zf’(2)>'5 _ |1 +6() O] 2200/(2)
i@ TG 1= 6(2) (1-9()

:‘ 2029/ (2)
(1-¢(2))

B _ é B
5] -
If there exists a point zg € E such that
max [¢(z)| = [¢(z0)] = 1,

EINEN

then Jack’s lemma gives us that ¢(zp) = € and 20¢'(20) = ko (2), k > 1.
2X209'(20) 2\ ket

Thus we have
s (zof%zo))’ - | _
f(z0) (1 - ¢(2)) (1— )’

Zof’(zo)

f(20)
@t ety
T e ‘() '

g B

2

This contradict (1.1). So, there is no point 2y € E such that ¢(zp) = 1. This means
that |¢(2)| < 1 for |z| < 1. Thus, from the Schwarz lemma, we obtain

ol < 52

c

A= 5o
Moreover, the equality |co| = 52% occurs for the function
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That proves the following lemma.

Lemma 1.2. If f(z) € N (), then we have

20
1.3 < .
(1.3) e2f = B+«
The equality in (1.3) occurs for the function
JH(34)
f(z) =eo .

The following boundary version of the Schwarz lemma was proved in 1938 by
Unkelbach in [21] and then rediscovered and partially improved by Osserman in [17].

Lemma 1.3. Let f(z) be a holomorphic function self-mapping of E = {z : |z| < 1},
that is |f(z)| < 1 for all z € E. Assume that there is a b € OF so that [ extend
continuously to b, |f(b)] =1 and f'(b) exists. Then

2
1.4 ') > ——.
The equality in (1.4) holds if and only if f is of the form
a—z
f(z) = AT forall z € E,

for some constant a € (—1,0].

Corollary 1.1. Under the hypotheses lemma, we have
(1.5) 1f'(b)] = 1,
with equality only if f is of the form
f(z) = ze”,
where 6 is a real number.

The following Lemma 1.4 and Corollary 1.2, known as the Julia-Wolff lemma, is
needed in the sequel [15].

Lemma 1.4 (Julia-Wolff lemma). Let f be a holomorphic function in E, f(0) =0
and f(E) C E. If, in addition, the function f has an angular limit f(b) at b € OF,
|f(b)| =1, then the angular derivative f'(b) exists and 1 < |f'(b)] < oo.

Corollary 1.2. The holomorphic function f has a finite angular derivative f'(b) if
and only if [’ has the finite angular limit f'(b) at b € OF.

Inequality (1.4) and its generalizations have important applications in geometric
theory of functions (see, e.g., [8,18]). Therefore, the interest to such type results is
not vanished recently (see, e.g., [1,2,5-7,15-17,19,20] and references therein).
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Vladimir N. Dubinin has continued this line and has made a refinement on the
boundary Schwar lemma under the assumption that f(z) = ¢,2? 4+ ¢py12P™ + -
with a zero set {z;} (see [5]).

S. G. Krantz and D. M. Burns [3] and D. Chelst [4] studied the uniqueness part
of the Schwarz lemma. According to M. Mateljevi¢’s studies, some other types of
results which are related to the subject can be found in ([13,14] and [12]). In addition,
[11] was posed on ResearchGate where is discussed concerning results in more general
aspects.

Also, M. Jeong [10] showed some inequalities at a boundary point for different form
of holomorphic functions and found the condition for equality and in [9] a holomorphic
self map defined on the closed unit disc with fixed points only on the boundary of the
unit disc.

bl

2. MAIN RESULTS

In this section, for holomorphic function f(z) = z + 2% + c32 + - - - belong to the
class of N (\), it has been estimated from below the modulus of the angular derivative
zf'(2)

of the function ) on the boundary point of the unit disc.

Theorem 2.1. Let f(z) € N (\). Assume that, for some b € OF, f has angular limit
f(b) at b and % = i*. Then we have the inequality

(2.1) ‘(Z]f(;)):b ; f .

The equality in (2.1) occurs for the function

v

_ B
where \ = Fra

Proof. Consider the function

1
17

where h(z) = ZJ{ES) and \ = mia ¢(z) is a holomorphic function in the unit disc £
and ¢(0) = 0. From the Jack’s lemma and since f(z) € N (), we obtain |¢(z)| < 1
for |z| < 1. Also, we have |¢(b)| =1 for b € OFE.

From (1.5), we obtain

1< [¢'(b)] =
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and

') _ M)

2
1< — —
A1+ A

IN

So, we take the inequality (2.1).
Now, we shall show that the inequality (2.1) is sharp. Let

Then, we have

fl(z) 1 <1+z))‘7

flz) z\1—z
f'(z) <1 + z)’\
h pu— p—
(2) =2 f(z) 1—2
and R
1 -1 2
h’(z):)\< +Z> .
1—-2 (1—-2)
Therefore, we obtain
L+a\*t 2
W) = (1) -
1—1 (1 —14)
and 8
W) =X\= . O
WOl = A= 7
Theorem 2.2. Under the same assumptions as in Theorem 2.1, we have
/ ! 2
4
0 Kf <z>> § 8 |
f(2) ) .ol (B+a) 26+ (B+a)lel)
The inequality (2.2) is sharp with equality for the function
[ 1)
fey=e "
_ B
where \ = Fra

Proof. Let ¢(z) be as in the proof of Theorem 2.1. Using the inequality (1.4) for the
function ¢(z), we obtain

<y =

_ 2 W) _ [0
14 [¢'(0)] '

SO+ A
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Since
o 2(h(2)3 T (2)
P(2) =+ )
A1+ (h(2))7)
and
, 2 |(h(0)X W (0)|  2ea] o
#(0)] = = A il o
we have
2 |
1+ Ll A
and 0
|}/(b)|25 é}:quE;T-

So, we obtain the inequality (2.2).
To show that the inequality (2.2) is sharp, take the holomorphic function

z

()
f(z) =e° ( .
Then R

f'(2) (1 + z)

h p— p—
=5 i

and

|h' (1) = A
Since |ca| = 2 is satisfied with equality. That is;

472 402

_ — A\ 0
Nt Jea]  Zh+ 2N

Theorem 2.3. Let f(z) € N(\). Assume that, for some b € OF, f has angular limit
f(b) at b and % = i*. Then we have the inequality

. ’<w%a>’ S 22\~ |aal) )

() ). AD2 — [eof” + |4Xes — 32X — 1) + (1 — N
where A\ = BJ% The inequality (2.3) is sharp with equality for the function

[ H(30)
fz)y=en "
Proof. Let ¢(z) be as in the proof of Theorem 2.1. By the maximum principle for
each z € F, we have |¢(z)| < |z|. So,
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is a holomorphic function in E and |¢(z)] < 1 for |z| < 1. For any real number p =
that is not a non-negative integer

=3 (4 ) -,

n=0

where k = f(i)) =1+4cz+ (205 —3) 22+ -+

From equality of ¢(z), we have

6(x) _1(h(2))> =1 _1(k)"—
vlz) = z Z(h(z))§+1 z (k) +1
Thus, we take
2.9 wO) =2 <1
and
/(0] = [4\c3 — c5(2A 4—)\;) +(1 - )\)02\'
Moreover, it can be seen that
b/ (b) _ ) = @) _ by
¢(b) B o
The function
() = ¥(z) = ¥(0)
1 —1(0)¢(z)

is a holomorphic in the unit disc E, |®(z)| < 1 for |z| < 1, &(0) = 0 and |P(b)| = 1
for b € OF.
From (1.4), we obtain

2 o L= 1+\w<0>!
TH]0(0)] < [@'(b)] (“i)w’)f [ (b)] < ~100) |4 (b)]
1 + rw<0>\
Since
@) = LWLy
(1= 2(0)%(2)
o) Remd@D Vel e - gea—1) 4+ (1= Mol

|CI) (0)| :1 . |¢(O)|2 - 1— (@)2 4)\? |C2| 7

2X
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we take

2 <1+;ﬂpw@y_%

[4Aes—3(2A-1)+(1-N)ea| = 1 _ le2l 2\
1+ 24A2—|02|2 2X
_Dklel (IO,
N 2\ — |CQ| A ’
Therefore, we obtain
1 2 (43 — [eal’) 22— loo| _ (D)
AN2 — [eof® 4 [4hes — BN = 1) + (1 = Mo 2A + eo] = A
and ,
22\ —
4N2 — |co]” 4 [4hes — B (2N — 1) + (1 — N

So, we obtain the inequality (2.3).
To show that the inequality (2.3) is sharp, take the holomorphic function

z A
J 1 (3) ae
0

flz)=e
Then 0 R
z 1+2
Me) =255 = (1 - z>
and
(@) = X
Since |co| = 2, (2.3) is satisfied with equality. O

>l=

If (i’:é?) — 1 has no zeros different from z = 0 in Theorem 2.3, the inequality
(2.3) can be further strengthened. This is given by the following theorem.

1
Theorem 2.4. Let f(z) € N()\) and (ZJ{(S)) * —1 has no zeros in E except z =0 and
ca > 0. Assume that, for some b € OE, f has angular limit f(b) at b and % =i,

Then we have the inequality
2X |¢a| In? (%) )

2f'(2)\’
(2:5) ‘( ) . (_2)\\cg|ln(|§§)—]4)\03—03(2)\—1)4—(1—)\)02\

where A\ = ﬁ%[ In addition, the equality in (2.5) occurs for the function
[ 4
fey=e "0
B
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Proof. Let co > 0 in the expression of the function f(z). Having in mind the inequality

1
(2.4) and the function (z}c(g)) * — 1 has no zeros in E except F — {0}, we denote by

Int(2) the holomorphic branch of the logarithm normed by the condition

_ |2l
Iny(0) =1In <2>\> < 0.

The auxiliary function

_ ny(z) — In(0)

~ Iny(z) + Inw(0)

is a holomorphic in the unit disc £, |[A(z)| < 1, A(0) = 0 and |A(b)| =1 for b € OF.
From (1.4), we obtain

A(z)

2 ’ |21nf¢;(0)’ w/(b)'
o —2In(0) ) -
B ln2w<()) + arg2 ¢ (D) {l¢’' ()| — 1} .
Since
1 ’4)\03—03(2)\—1)4.(1_)\)02‘
I —
IR
=1 [ a2 -1 + (1 - Moy
= In (%) 2\ ’02‘

and replacing arg? v (b) by zero, then we have

! R 0101
B [4Acz—3(2A-1)+(1-Ne2| ~ |p (@) A

L 2A|CQ\1H<%) 2
and
. 2 Jeo| I’ () L0l
2\ o In (120) = [4hes = B@A = 1)+ (1= N)eo| ~ A
Thus, we obtain the inequality (2.5) with an obvious equality case. 0

The following inequality (2.6) is weaker, but is simpler than (2.5) and does not
contain the coeffient cs.

Theorem 2.5. Under the hypotheses of Theorem 2.4, we have the inequality

(2.6) ‘(i{é?);b > 6fa [1 ~In ((5 + a)lggﬂ .
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Moreover, the result is sharp and the extremal function is

z A
J ()
0

S

_ B8
where A = T

Proof. Let co > 0 . Using the inequality (1.5) for the function ®(z), we obtain
21n (0 W (b —21n (0
< 8] = O [0 e 1)
lIn v (b) + In+p(0)|° | ¥(b) In“(0) 4 arg? ¢(b)
Replacing arg? p(b) by zero, then we have

-1 [In(0)]
1§1n(§§|){ A\ —1}

and
') >N|1-1 leof :
)= a1 (5
Thus, we obtain the inequality (2.6) with an obvious equality case. O
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