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CONVERGENCE OF DOUBLE COSINE SERIES
KARANVIR SINGH! AND KANAK MODI?

ABSTRACT. In this paper we consider double cosine series whose coefficients form a
null sequence of bounded variation of order (p,0), (0,p) and (p,p) with the weight
(jk)P~! for some p > 1. We study pointwise convergence, uniform convergence and
convergence in L"-norm of the series under consideration. In a certain sense our
results extend the results of Young [7], Kolmogorov [3] and Méricz [4, 5].

1. INTRODUCTION

Consider the double cosine series

(1.1) > AjAkajy cos jx cos ky,

=0 k=0

on positive quadrant 7' = [0, 7] % [0, 7] of the two dimensional torus where Ay = 3
and \; =1for j=1,2,3,....

The rectangular partial sums S,,,(z,y) and the Cesaro means o,,,(x,y) of the
series (1.1) are defined as

Spn(x,y) = Z Z AjAkaji cos jx cos ky,
=0 k=0

1 m n

Zzsjk(‘ray)a m7n>07

m+ 1)(n+1) ot

Umn(%?J) :(
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444 K. SINGH AND K. MODI

and for A > 1, the truncated Cesaro means are defined by
1 [Am)] [An]

V) = (Ol ) 2, 2,

j=m+1 k=n-+1

Now assuming the coefficients {a;; : j,k > 0} in (1.1) be a double sequence of real
numbers which satisfy the following conditions for some positive integer p:

(1.2) lae|(GK)P~1 — 0 as max{j, k} — oo,
(1.3) Jim > 1A paj| (jk)PH =0,
—>ooj:0
(1.4) jll)m Z|A0pajk|(3k> =0,
(1.5) Z Z|Appajk|(jk)p_l <0
7=0 k=0

The finite order differences A,,a, are defined by
Aooajk =0k,
Apqtjk =Dp-1405k = Dp-1405416, P =1, 20,
Dpqtjr =Dpg-10ik — Dpg1ajpt1, p =0, =1

Also a double induction argument gives

B =230 (1) (Ve e

s=0t=0

We can call the above mentioned conditions (1.2)-(1.5) as conditions of bounded vari-
ation of order (p,0), (0,p) and (p, p) respectively with the weight (jk)P~1. Obviously
these conditions generalise the concept of monotone sequences. Also any sequence
satisfying (1.5) with p = 2 is called a quasi-convex sequence [3,5]. Clearly the condi-
tions (1.3) and (1.4) can be derived from (1.2) and (1.5) for p = 1 and moreover for
p = 1, the conditions (1.2) and (1.5) reduce to |a;x| — 0 as max{j, k} — oo and

0o oo
Z Z\Anajk] < Q.
7=0 k=0

Generally the pointwise convergence of the series (1.1) is defined in Pringsheim’s sense
([8], Vol. 2, Ch. 17) which means that the rectangular partial sums of the type

Syn(T,Y) ZZ)\ k@i cos jrcosky, m,n >0,
7=0k=0

are formed and then by taking both m,n tend to oo (independently of one another)
the limit f(z,y) (provided it exists) is assigned to the series (1.1) as its sum.
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Also let ||f]], denotes the L"(T?)-norm, i.e,

T 1/r
wmzw/wmwm@ Cisr<oo
0 0

and || f|| denotes L'(T?)-norm, i.e,

11 = [ [ 17 0)l dody.
00

In this paper, we will investigate the validity of the following statements:

(a) Spn(r,y) converges pointwise to f(z,y) for every (z,y) € T?;
(b) Spun(z,y) converges uniformly to f(x,y) on T?;
(©) [1Smn (2, y) = f(z, )|l = o(1) as min{m, n} — 0.

Such type of problems have been studied by Young [7] and Kolmogorov [3] for one-
dimensional case (single trigonometric series especially cosine series ) and by Méricz [4,
5] and K. Kaur, Bhatia and Ram [2] for double trigonometric series. In [5], Moricz
studied both double cosine series and double sine series as far as their integrability and
convergence in L' —norm is concerned where as in [4] he studied double trigonometric
series of the form

i i Cjkez‘(jamtkzy)7
under coefficients of bounded variation. All of them discussed the case for p = 1 or
p = 2 only. Our aim in this paper is to extend the above results from p = 1 to general
cases for double cosine series.

In the results, C, and C),, denote constants which may not be the same at each
occurrence. Also we write A\, = [An] where n is a positive integer, A > 1 is a real
number and [-] means greatest integral part.

The first main result reads as follows.

Theorem 1.1. Assume that conditions (1.2)—~(1.5) are satisfied for some p > 1, then

(i) Spn(z,y) converges pointwise to f(x,y) for every (z,y) € T? such that z,y > 0;
(ii) |Smn(z,y) — f(z,y)]l, = o(1) as min{m,n} — oo, 1 <r < 0.

The above theorem has been proved by Moricz [4,5] for p = 1 and p = 2 using
suitable estimates for Dirichlet’s kernel D;(z) and Fejér kernel K;(x). In the case
of a single series for p = 2, the results regarding convergence have been proved by
Kolmogorov [3].

Obviously, condition (1.5) implies any of the following conditions:

> —k+1
(1.6) lgrll nh_{goz Z | Bppae| (k) =0,

=0 k=n+1
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LA .
(1.7) lgrll im > Z

Jj=m+1k=0 m

—J+1
|Appayk|(3k) = 0.
We introduce the following three sums for m,n > 0 and A > 1:

Zl\o(m n,z,y) Zm Z 1 a;j, cos jx cos ky,

j=m+1 k=0 m

s —k+1
(/)\1 (m,n,x,y) Z Z An—F¥ 1 ;) cos jx cos ky,
=0 k=n-+1 An
A om, —J+1 X —k+1 ,
Z (m,n,z,y) Z Z a;j, cos jx cos ky
-m An — 1N
j=m+1 k=n+1 m n
and we have
A 1 dm A A
le<m,n;$,y> = ()\ _ m) Z 201<u7n;$7y> - 201<m7n;x7y) Y
m u=m+1
A 1 An A A
> (mynsxy) = o ;1 D mvizy) = (monyay) ).

This implies

. 2 <sug (IZél(u,n;x,yN)
(1-8) Zn(m,n;x,y) < e
2 s (IShim. i)

n<v<Ap

The second result of this paper is the following theorem.

Theorem 1.2. (i) Let E C T?. Assume that the following conditions are satisfied:
(1.9) lim lim ( sup ]Zi\o(m, n; x,y)|) =0,

Al m,n—o0 (m,y)GE
o A
(1.10) lim lim ( sup ]ZOl(m,n;@y)D = 0.

If VA (x,y) converges uniformly to f(z,y) on E C T?> as min{m,n} — oo
(that is, in the unrestricted sense), then so does Spy,.
(ii) Assume that the following conditions are satisfied for some r > 1:

. T A
lim Tm (|30 (m 2, y)])) =0

ALl mn—oo

(1.11) lim Tm (I3 (m,nsz,y)],) =0

Al m,n—oo
If |V, — fll- — O unrestictedly then ||Sym — fll» — 0 as min{m,n} — oo.

We will also prove the following theorem.
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Theorem 1.3. Assume that the conditions (1.2)—(1.4) and (1.6)—(1.7) are satisfied
for some p > 1, then

(i) if VA, (z,y) converges uniformly to f(x,y) as min{m,n} — oo, then so does
Smn;

(i) if |V, = fll. — O wunrestictedly for some r with 1 < r < oo, then
| Sin — fllr — 0 as min{m,n} — oc.

2. NOTATION AND FORMULAS

We define for every aw = 0,1,2,... the sequence S, ST, S5, ... by the conditions

SP=5, Se=381 ax>1

n
u=0

and
n

AV =1, AY=> A" a>1,
u=0

denotes binomial coefficients. Also

n-+ « n<
A% = ~ -1, -2, -3,....
n ( n ) F(Q{—{—l)7 Of# b b )

The Cesaro means 7, of order o of " a, will be defined by T\ = Aﬁ and also it is
known [8] that [ |13 (x)|dz, a > 0, is bounded for all n.

3. LEMMAS
We require the following lemmas for the proof of our results.

Lemma 3.1. For m,n > 0 and p > 1, the following representation holds:

Syn(T,Y) Z Z AjAka;i cos jx cos ky

7=0 k=0
m n m p—1
=X Z DopaiS) (@)Y () + 32D BwajnnS) ()5, (y)
7=0k=0 7=01t=0
n p— p—1p—1
+ Z Spaerl,kSrsn(x)Slfil(y) + Z > Agptmirn155,(2) S (y).
k=0 s=0 t=0

Lemma 3.2 ([1]). For m,n >0 and X\ > 1, the following representation holds:

g Am +1 /\n—i-l( n )
mn — Omn = o —Oxpmn — Om Omn
A — M Ap —n Ams A
Am + 1 A+ 1

(O-Am,n - Umn) + (O-m,kn - Umn)

A, — M A — 1N

A A A
- le(m,n,x, y) - Zlﬂ(m’ n, l’,y) - ZOl(m’ n, %y)
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Lemma 3.3. For m,n >0 and \ > 1, we have the following representation:
A A A
Vnﬁn - Smn = le(mv TL, J], ?J) + Zlo(m’ TL, I, y) + ZOl(m’ TL, J:) ?J)
Proof. We have
1 m
v = S;

j=m+1 k=n+1

Performing double summation by parts, we have

A Amtl )\n+10A o A+ 1 n+10A
AN —m A, —n T A —m A, —n "
m+1 A, +1 m+1 n+1
_)\m—m /\n—nam’)‘”+)\m—m )\n—namn
Am+1 N, +1
:/\m —m A, — n(a)‘m’/\" = Pn = Omon + Onn)
Am + 1 A +1
+/\m_m(akm,n—amn)—i-)\n_n(om,,\n—amn)—i-amn.

The use of Lemma 3.2, gives

dmo dn A —i4+1 A —k+1 ,
VA - E § i) COS Jx cos k
" j=m+1 k=n+1 )‘ —m da—n T ’
o +1
+ E g - ——— @}, cos jx cos ky

j=m-+1 k=0 m

kE+1
—i—z Z )\ _+ a;j, cos jx cos ky.
7=0 k=n-+1
Lemma 3.4. For m,n > 0 and X\ > 1, we have the following representation:

dm 1
S mmz,y) = Y Z —IH L cos jrcos ky
j=m+1 k=0 m

m - /\m . 1 p—1 p—1
Z 1];) N — AppajS; (z)S1 " (v)
g=m+1 k= m
Ly Am Am—J+1

+ Aptaj,nJrle_l(f)SZ(?/)

m
j=m+1t=0 m

Z Z Z Aspa]Jrl kS )Sﬁ_l(y)

] =m+1 s=0 k=0
—1p—1

Z ZZASta]+1TL+IS( )sz(y)

m ] =m+1 s=0 t=0

)\m
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p—1l n

=2 Dt w55, ()] ()
s=0 k=0
p—1p—1

- Z Z AStam-‘rl,n-‘rlen(m)Sfl(y)‘

s=0t=0

Proof. We have by summation by parts,

A
Zlo(m n;x,y)
_Zcosk‘y< Z )\mjmajkCOSJx>

J=m+1

Am— 7+ 1 _
= Z COS k'y( Z ﬁ Ap(]aijf 1(1:)

Jj=m+1

/\ Z ZASOCLJ—HkS ZAsoam—HkS (z ))
m ] =m+1 s=0 s=0

Am )\m — i1 B n

=y ﬁ&'ﬁ-’ 1(x)<z Apgajkcosk;y>
j=m+1 m k=0

)\ Z Z(Z AsO%HkCOSky)Ss( )

m ] =m+1 s=0 \k=0

i (Z Ao,k COS ky) Sp(@)

k=0

ka A —J+1 p - p-1 pf t
- N —m S; (x) > DppaiSE T (y) + D Ayt Su(y)
m t=0

j=m-+1 k=0

Z Z (Z Dspajia, kSk (y) + pi: ASta/j“l‘l,n'FlS:L(y)) S; (z)

] =m+1 s=0 \k=0 t=0

p—1/ n p—1
RS (Z AimneSi 1) + 5 Astam+1,n+1s,z<y>) 53,(2).

s=0 \k=0 t=0

/\m

Similarly we can have representation for 333, (m,n;x, y). O

4. PROOF OF THEOREMS

Proof of Theorem 1.1. For m,n > 0 and p > 1, we have from Lemma 3.1,

m p—1
Sn (T, Y) Zzﬁpp%ksp 1 z)Sy 1 +ZZAM% n+15 71( )Sn ()
7=0 k=0 j=0t=0

n p—1 p—1p—1

+ Z Z AspamH’kan(x)S,f_l(y) + Z Z Astam—i-l,n-l-lsfn(x)S:L(y)

k=0 s=0 s=0 t=0
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=D T LT Y,
Using the results as given in [6] that S¥(z) = O (a%p), forallp > 2, 0 <z <, etc,

we have for 0 < z,y <,

> 18paiiS] (2)SE ()] < 0o (by (1.2))

and also by (1.3)—(1.5), we have

ip_l Dptajpi1 < Z Z ( > (i\ﬂpoaapmwﬂ)

j=01t=0 t=0 v=0 7=0

m
< sup Z|Ap0ajk|

n<k<n+p j—0

< sup > |Dpoaze| — 0as min{m,n} — oco.
n<k<n+p j—q

Thus,

|
—

m p
> ptaj,nHSf*l(x)SZ(y) — 0 as min{m,n} — .
j=0t

I
o

And similarly

S A <Y ( ) > Soptcnsra)

s=0 k=0 s=0 u=0

n
< sup Z | DNopail

m<j<m+p r_q

< sup > |Agpajr| = 0as min{m,n} — oco.
m<j<m+p p_q

Thus,

n p—
SN Agpama w85 (2)SE (y) — 0,

k=0 s=0
as min{m,n} — oco. Also

—1p—1 1p—1 s
ZZAstam—Hn-H <ZZZZ< )( >|A00am+u+1n+v+1
s=0t=0 s§=0 t=0 u=0v=0

< sup |ajk| — 0 as min{m,n} — oco.
j>m,k>n

So,

p—1p—1

S Agamir 155, (2)S)(y) — 0 as min{m,n} — co.

s=0 t=0
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Consequently, series (1.1) converges to the function f(z,y) where

y) = Z Z Appaijf—l(x)Sﬁ—l(y) and mlrlbr_l)loo Son(x,y) = f(x,y).

j=0£k=0

Now we will calculate || 3 ||, | X2, | X5 and || X4 in the following way:

HZIH - | i Xn: Appajksfil(ﬂf)sﬁil(y)

n

S8l [ 1557 )Y ) ldady

n

| N

2
£

Bl 45747 [ [T @)1 ()l dady

]
ol

=0

Z| ppajk‘]p kP~ 1
0 k=0

-1

i A;mfajm—lsp 1( )St( )

=0 t=0

IN

HMS

Cp

5. -

<.
~+

p—1 t m
t e
<>y (/) (Zmpoaj,mﬂo At [ [ T )ldedy
=0 v=0 =0 —m =

m p—1
e oy Syt ()
t=0

n<k<n+p =0

<C, sup Z‘Apﬂajk’jp_lkp_la

n<k<n+p j=0

p—1
=2

spam+1,ks78n (flf)sgil (y)

355 ( ) (S tmamnenal) i [ [0 oy
k=0 070

s=0 u=0

n p—1
<C, sup Z]Aopajk| kPt (Z m5>
s=0

m<j<m+p _q
n
<C, sup > |Dgpag] jSTET,
m<j<m+p _q
p—1p—1

1. = | S At 85, (@) S (1)
s=0 t=0
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—1p—1 s

=595 9 95 of 4 | (4 [FRPRINERY / / 173 0T )y

s=0 t=0 u=0 v=0

| sp—11.p—1
<C, sup |a| k"
j>m,k>n

Now let R, consists of all (j, k) with 7 > m or k > n, that is,

o0 n

22 iker = 2 Z+§: i + i i :

j=m+1k=0 j=0k=n+1 j=m+1k=n+1

Then

T 1/r
1 = Sl = ( [ [ 1@y —Smnu,y)rdxdy) S l<r<os
0 0

< Z Appaijf_l(x)Sg_l(y)
(j,k) €ERmn r
m p—1
+ 20D Apajnn S (2)Sh(y)
§=0 t=0 .
n p—1
H 1D Apams11S5 (2)SEH (y)
k=0 s=0 r
p—1p—1
=+ Z AstCLmH,nHS;(QJ)SZ(Z/)
s=0 t=0 r
SCPT{ ( Z |Appajk|jp1kpl)
(] k ERmn

—l—( sup Z\Apgajk|jp1kpl)

n<k<n+p §=0

+ ( sup Z\Aopajk| jp_lkp_1>

m<j<m+p p—q

+ < sup |a;i jplkp1> } (as discussed above )

ji>m,k>n

—0 as min{m,n} - oo (by (1.2)-(1.5)),

which proves (ii) part.
Proof of Theorem 1.2. Using the relation (1.8), we find that (1.9) or (1.10) implies

(4.1) lim lim (sup |Z mnxy)z().

A1l mn—o0 (z,y)€E
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Assume that VA (z,y) converges uniformly on E to f(z,y). Then by Lemma 3.3, we
get

lim (
m,n— 00

sup (Spn(z,y) — V2 (z,y DS lim (Sup ‘ mnxyD
(w,y)€E< ( ) ( )) ™m,n—00 (zy)EE Zlo

+m,lTltr£loo< Sup ‘201 m,n, T,y ’)
+m,lrllr—r>loo< Sup ‘le m,n; T, Y D

After taking A | 1 the result follows from (1.9), (1.10) and (4.1).
For (ii) part of theorem, we have

A
qu(m,m%y) . = )\m » <H201 u,n; T y

A
<2 su < u,n; T, ) .
< <mp s )

=0.

A

)

Thus (1.11) implies

lim lim HZL (m,n;x,y)

Al mmn—o0

Thus, the result of Theorem 1.2 (ii) follows.

Proof of Theorem 1.3. Using the Lemma 3.4, we can write the expression for
Z(/)\l (m7 n;x, y) as

A, —k+1
An —

;i cos jx cos ky

Aspam—o—l,ksrsn(x)‘siil (y)

Z Z ZAptajk-&-lS “H(@)Sk(y)

7=0k=n+1t=0
—1p—1

Z Z D Dl o155, (4) Sp ()

n+1 s=0 t=0

)\—n

)\n—nk

p—1

-2 Z Dptjni1 ) ()5, (y)

t=0 j=0
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p—1p—1

=2 Dsttmirn+1S,(2) S, (y)
s=0 t=0
=h+L+L+ 1+ 5+ 1.

Now by using (1.2)-(1.4) and (1.6) along with estimates of S?™'(x) etc., as mentioned
in [6], we have the following estimates in brief:

m An
> Z
j=0k=n+
mo AN, — k41
E: o
n+ )\n_

—0 as min{m,n} — oco.

—k+1

TL

|| = NSy (2)SE (y)

‘Appajk‘

]Ok 1

Consequently, lim  lim ( sup |Il|) — 0 as min{m,n} — co. Also,

An  p—1 k. + 1 . o1
Ll =] > Z Aspamﬂ,ksm(l‘)sk (y)
k=n-+1 s=0
A
SH oy ) > [Buptmuess
s=0 u=0 k=n+1

n
< sup > |Agage] =0 as min{m,n} — co.
m<j<mtp i

So, lim  lim ( sup ]l}]) — 0 as min{m,n} — oo. Also,
)\il m,n—oo (m,y)GE

p—1 m

1I3] < sup DY [ Apeajpa]

n<k<An t=0 j=0

< sup zz( )zmptaj,km
=0

n<k<An t—0 v=0

< sup Z|Ap0ajk\ — 0 as min{m,n} — oo,
n<k§/\n+pj:0

which implies lim M sup |I3] ) — 0 as min{m,n} — co. Now,

p—1p—1

|I4|§ sup ZZ’Astam+l,k+1|

n<k<An s=0 t=0

< sup |aj| = 0 as min{m,n} — occ.
ji>m,k>n
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Thus lim  lim ( sup |I4|> — 0 as min{m,n} — oco. Also,
(

All mn—o0 zy)EE

— t m
|I5] < Z Z < > Z!Apoaj niot1] < sup Z|Ap0ajk| — 0 as min{m,n} — oo,
t=0 v=0 =0

n<k<n+p j—0

which implies lim lim ( sup ][5]) — 0 as min{m,n} — oo. Also,
A}l mn—oo (x,9)€E

16| < 2:1]22:1 XS: > ( ) ( ) | A0 Um w1 mtvr |

s=0 t=0 u=0 v=0

< sup |aj| = 0 as min{m,n} — oo,
j>mk>n

and

lim lim sup |Ig| | — 0 as min{m,n} — occ.
All m,n—o0 (m,y)GE

Thus, combining all these, we have

i 5, (sup [ 0ms ) =0

Similarly (1.2)—(1.4) and (1.7) results in

m i <( sup (32, (m.ni yﬂ) 0

Thus, first part of theorem follows from Theorem 1.2.
Proof of (ii). We have

“Smn - f”r SHSmn - vri\LnHT—i_HVTgn - f”r
By assumption ||V}, — f||. — 0, so it is sufficient to show that
1Smm — VA |l — 0 as min{m,n} — oo.

By Lemma 3.3, we have
A A
1S = Vinalle <UD (ms s 2, )l + 132, (my ms 2, ) s

A
Sl DM GRS

Now in order to estimate |33, (m,n;2,9)|, , we first find || 11|, || 12|, || 5]l [|Z4ll, || 5]
and ||Ig]|, so we have

S

=0 k=n+1

=X Z o A AT AL [ 1T @) T ) dady

—k+1

L] = Appaij?l(w)Sz‘l(y)

+1
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—k+1
<O Z Z - |Appajk’jp_lk3p_la
7=0 k=n+1 n
An p—1 k, + 1 s B
HI?H = Z Z Aszoam—kl,ksm(x)slf l(y)
k=n+1 s=0 n
An
<C Z Z ( > Z |A0pam+u+1,k|kp_1ms
s=0 u=0 k=n+1

An p—1
<C, sup ( Z \Aopajk|kp1> (st)
s=0

An
| ap—11.p—1
<Cp, sup > [DopaglT R

m<j<m+p p—p 11

p—1 m

[ I3]] <C, sup Zzyﬁptaj7k+l‘jp7 k

n<k<)\n t=0 _]_O

=G s Z Z ( ) VAN YT iy

n<k<)\nt =0 v=0 =0

SCp sup Z|Ap0ajk|jp_1kjp_17

n<k§>\n+pj:()
p—1p—1

||I4|| SCp sup ZZ|Astam+1,kz+1|mskt

n<k<An 5=0 t=0
p17.p—1
<C, sup |agl" K",

j>m k>n
m
<65 s ( ) S 1A 0tms s 770
=0 v=0 =0

<C, sup Z‘Ap()ajk |]lp71kp717

TL<k<TL+p ]_0

—1p—1 s
||[6H <O Z Z Z Z < ) ( >|A00am+u+1 S nt

s=0 t=0 u=0 v=0

17.p—1
<C, sup |a|f" kP
ji>m,k>n

Thus, we can estimate

An m )\

<G D)

k=n+1j=0

An
—i—C'p,,( sup Z ]Aopajk\jplkpl>

m<j<m+p p—p41

(m,n;x,y) |A TN L

= e
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—l—C'pT( sup Z|Ap0ajk|jp_1kp_l>

n<k<An+p j=0
+C |ajilg? kP!
pr sup ajk )
j>mk>n

+ Opr( sup Z|Ap0ajk|jp_1kp_1>

n<k<n+p j=0

—l—C'pT( sup |ajk|jp_1k;p_1>.

ji>m,k>n

By (1.2)—(1.4) and (1.6), we conclude that
Similarly, by conditions (1.2)—(1.4) and (1.7), we get
Also, by (1.8), we have

lim  Tm (I3 (mons2,9)]l,) =0

All mn—oo

Thus, ||Smn — VA |l = 0 as min{m,n} — oo.
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