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SOME ESTIMATES FOR HOLOMORPHIC FUNCTIONS AT THE
BOUNDARY OF THE UNIT DISC

B. N. ORNEK!

ABSTRACT. In this paper, for holomorphic function f(z) = z + 222 + 323 + - -
belong to the class of N (), it has been estimated from below the modulus of the

angular derivative of the function Z}CES) on the boundary point of the unit disc.

1. INTRODUCTION

Let f be a holomorphic function in the unit disc £ = {z: |z| < 1}, f(0) = 0 and
|f(2)] < 1for |z| < 1. In accordance with the classical Schwarz lemma, for any point
z in the disc E, we have |f(2)| < |z] and |f'(0)| < 1. Equality in these inequalities
(in the first one, for z # 0) occurs only if f(2) = ze?, where 6 is a real number ([8], p.
329). For historical background about the Schwarz lemma and its applications on the
boundary of the unit disc, we refer to (see [2,7]).

The basic tool in proving our results is the following lemma due to Jack.

Lemma 1.1 (Jack’s lemma). Let f(z) be holomorphic function in the unit disc E
with f(0) = 0. Then if |f(2)| attains its maximum value on the circle |z| = r at a
point zg € E, then there exists a real number k > 1 such that

20f"(20) -
f(20) =

Let A denote the class of functions
f(2)=2+c2* +c32° +-- -,
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that are holomorphic in the unit disc E. Also, N (\) be the subclass of A consisting
of all functions f(z) which satisfy

/ 1 B
(1.1) (Zf ) /\) :

zf’
2
for some real a > 0, 5>Oand/\—i
Let f(z) € N()) and define ¢(z) in E by

(h(z)* —1
(h(z))* +1

(1.2) ¢(2) =

>l >

where h(z) = ZJJ;;S)
Obviously, ¢(z) is holomorphic function in the unit disc £ and ¢(0) = 0. We want

to prove |¢(z)| < 1 for |z| < 1. Differentiating (1.2) and simplifiying, we obtain

(i) - o (528)

and, so
@), (Zf’(@)'ﬁ _ |1 +(2) [V 2229'(2)
1) ) - () (1-o(2))°

:‘ 2029/ (2)
(1—¢(2))

B _ é B
5] -
If there exists a point zg € E such that
max [¢(z)| = [¢(z0)] = 1,

EINEN

then Jack’s lemma gives us that ¢(zp) = € and 20¢'(20) = ko (2), k > 1.
2X209' (20) 2\ ket

Thus we have
s (zof%zo))’ - | _
f(z0) (1 - ¢(2)) (1— )’

Zof’(zo)

f(z0)
@t ety
T e ‘() '

g B

2

This contradict (1.1). So, there is no point 2, € E such that ¢(zp) = 1. This means
that |¢(2)| < 1 for |z| < 1. Thus, from the Schwarz lemma, we obtain

ol < 52

c

A= 5o
Moreover, the equality |co| = 52% occurs for the function
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That proves the following lemma.

Lemma 1.2. If f(z) € N (), then we have

20
1.3 < .
(1.3) 2] = B+«
The equality in (1.3) occurs for the function
JH(H4)
f(z) =eo .

The following boundary version of the Schwarz lemma was proved in 1938 by
Unkelbach in [21] and then rediscovered and partially improved by Osserman in [17].

Lemma 1.3. Let f(z) be a holomorphic function self-mapping of E = {z : |z| < 1},
that is |f(z)| < 1 for all z € E. Assume that there is a b € OF so that [ extend
continuously to b, |f(b)] =1 and f'(b) exists. Then

2
1.4 ') > ——.
The equality in (1.4) holds if and only if f is of the form
a—z
f(z) = AT forall z € E,

for some constant a € (—1,0].

Corollary 1.1. Under the hypotheses lemma, we have
(1.5) 1f'(b)] = 1,
with equality only if f is of the form
f(z) = ze”,
where 6 is a real number.

The following Lemma 1.4 and Corollary 1.2, known as the Julia-Wolff lemma, is
needed in the sequel [15].

Lemma 1.4 (Julia-Wolff lemma). Let f be a holomorphic function in E, f(0) =0
and f(E) C E. If, in addition, the function f has an angular limit f(b) at b € OF,
|f(b)| = 1, then the angular derivative f'(b) exists and 1 < |f'(b)] < oo.

Corollary 1.2. The holomorphic function f has a finite angular derivative f'(b) if
and only if [’ has the finite angular limit f'(b) at b € OF.

Inequality (1.4) and its generalizations have important applications in geometric
theory of functions (see, e.g., [8,18]). Therefore, the interest to such type results is
not vanished recently (see, e.g., [1,2,5-7,15-17,19,20] and references therein).
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Vladimir N. Dubinin has continued this line and has made a refinement on the
boundary Schwar lemma under the assumption that f(z) = ¢,2P + cpp2PTH + -+
with a zero set {z;} (see [5]).

S. G. Krantz and D. M. Burns [3] and D. Chelst [4] studied the uniqueness part
of the Schwarz lemma. According to M. Mateljevi¢’s studies, some other types of
results which are related to the subject can be found in ([13,14] and [12]). In addition,
[11] was posed on ResearchGate where is discussed concerning results in more general
aspects.

Also, M. Jeong [10] showed some inequalities at a boundary point for different form
of holomorphic functions and found the condition for equality and in [9] a holomorphic
self map defined on the closed unit disc with fixed points only on the boundary of the
unit disc.

bl

2. MAIN RESULTS

In this section, for holomorphic function f(z) = z + 2% + c323 + - - - belong to the
class of N (\), it has been estimated from below the modulus of the angular derivative
zf'(2)

of the function ) on the boundary point of the unit disc.

Theorem 2.1. Let f(z) € N (\). Assume that, for some b € OF, f has angular limit
f(b) at b and % = i*. Then we have the inequality

(2.1) ‘(i{l?)ﬁ ; f .

The equality in (2.1) occurs for the function

v

_ B8
where \ = Fra

Proof. Consider the function

1
17

where h(z) = ZJ{ES) and \ = mia ¢(z) is a holomorphic function in the unit disc £
and ¢(0) = 0. From the Jack’s lemma and since f(z) € N (), we obtain |¢(z)| < 1
for |z| < 1. Also, we have |¢(b)| =1 for b € OFE.

From (1.5), we obtain

1< [¢'(b)] =
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and

') _ M)

2
1< = —
A1+ A

IN

So, we take the inequality (2.1).
Now, we shall show that the inequality (2.1) is sharp. Let

Then, we have

f'(z) 1 <1+z))‘7

flz) z\1—z
f'(z) <1 + z)’\
h pu— p—
(2) =2 f(z) 1—2
and R
1 -1 2
h’(z):)\< ”) .
1—-=2 (1—-2)
Therefore, we obtain
L+i\* 2
W) = (1) -
1—1 (1 —14)
and 8
W) =X\= . O
WOl =A= 7
Theorem 2.2. Under the same assumptions as in Theorem 2.1, we have
/ ! 2
4
02 Kf <z>> § 8 |
f(2) ) .ol (B+a) 26+ (B+a)lel)
The inequality (2.2) is sharp with equality for the function
[ ()
fey=e "
_ B
where \ = Fra

Proof. Let ¢(z) be as in the proof of Theorem 2.1. Using the inequality (1.4) for the
function ¢(z), we obtain

<) =

_ 2 W) _ [0
14 [¢'(0)] '

S+ A
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Since
o 2(h(2)3 T (2)
P(2) = 1 T2
A1+ (h(2))7)
and
, 2 |(h(0)> ' H(0)|  2ea] o
#(0)] = = A il Lo
we have
2 _|W()
1+ Ll A
and e
|}/(b)|25 é}:quE;T-

So, we obtain the inequality (2.2).
To show that the inequality (2.2) is sharp, take the holomorphic function

z

()
f(z) =e° ( .
Then R

f'(2) (1 + z)

h pu— p—
=5 i

and

|h' (1) = A
Since |ca| = 2 is satisfied with equality. That is;

472 472

_ — A\ 0
Nt Jea]  2Zh+2A

Theorem 2.3. Let f(z) € N(\). Assume that, for some b € OF, f has angular limit
f(b) at b and % = i*. Then we have the inequality

. ’<w%a>’ a1+ 22\~ |aal) )

() ). AD2 — |eof” + |4Xes — 32X — 1) + (1 — Ny
where A\ = BJ% The inequality (2.3) is sharp with equality for the function

[ 4(30)
ORI
Proof. Let ¢(z) be as in the proof of Theorem 2.1. By the maximum principle for
each z € F, we have |¢(z)| < |z|. So,
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is a holomorphic function in E and |¢(z)] < 1 for |z| < 1. For any real number p =
that is not a non-negative integer

=3 (4 ) -,

n=0

where k = f(i)) =1+4cz+ (205 —c3) 2%+ -+

From equality of ¢(z), we have

6(x) _1(h(2))> =1 _1(k)"—
vlz) = z Z(h(z))§+1 z (k) +1
Thus, we take
2.9 wO) =2 <1
and
/(0] = [4\c3 — c5(2A 4—)\;) +(1 - )\)02\'
Moreover, it can be seen that
b/ (b) _ ) = @) _ by
¢(b) B o
The function
() = ¥(z) = ¥(0)
1 —1(0)¢(z)

is a holomorphic in the unit disc E, |®(z)| < 1 for |z| < 1, &(0) = 0 and |P(b)| =1
for b € OL.
From (1.4), we obtain

2 A St ()] 1+\w<0>r
o) < PO h_i)w(b)’g WO < 50 YO
_ 1 + rw<0>\
Since
v(z) = PO e,
(1= 2(0)%(2)
o) Remd@ DNl e - gea—1) 4+ (1= Mol

|CI) (0)| :1 . |¢(O)|2 - 1— (@)2 4)\? |C2| 7

2X
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we take

2 <1+;ﬂpw@y_%

[4Aes—c3(2A-1)+(1-N)ea| — 1 _ le2l 2\
1+ 24A2—|02|2 2X
_ Dtlol (WO,
N 2\ — |CQ| A ’
Therefore, we obtain
- 2 (43 — [eal’) 22— loo| _ (D)
AN2 — [eo® 4 [4hes — BN = 1) + (1 = Mo 2A + o] = A
and ,
22\ —
4N2 — |co]” 4 [4hes — B (2N — 1) + (1 — N

So, we obtain the inequality (2.3).
To show that the inequality (2.3) is sharp, take the holomorphic function

z A
J 1 (3) de
0

flz)=e
Then 0 R
z 1+2
Me) =255 = (1 - z>
and
(@) = X
Since |co| = 2, (2.3) is satisfied with equality. O

>l=

If (i’:é?) — 1 has no zeros different from z = 0 in Theorem 2.3, the inequality
(2.3) can be further strengthened. This is given by the following theorem.

1
Theorem 2.4. Let f(z) € N()\) and (ZJ{(S)) * —1 has no zeros in E except z =0 and
ca > 0. Assume that, for some b € OF, f has angular limit f(b) at b and % =i,

Then we have the inequality
2X |ca| In? (%) )

2f'(2)\’
(25) ‘( ) - (_2)\\cg|ln(|§§)—]4)\03—03(2)\—1)4—(1—)\)02\

where A\ = ﬁ%[ In addition, the equality in (2.5) occurs for the function
[ 4
fey=e "0
B
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Proof. Let c5 > 0 in the expression of the function f(z). Having in mind the inequality

1
(2.4) and the function (z}c(g)) * — 1 has no zeros in E except F — {0}, we denote by

In®(z) the holomorphic branch of the logarithm normed by the condition

_ |2l
Iny(0) =In <2>\> < 0.

The auxiliary function

_ ny(z) — In(0)

~ Iny(z) + Inw(0)

is a holomorphic in the unit disc £, |[A(z)| < 1, A(0) =0 and |A(b)| =1 for b € OF.
From (1.4), we obtain

A(z)

2 ’ |21nf¢;(0)’ w/(b)'
o —21n(0) ) -
B ln2w<()) + arg? ¢(b) {l¢’' ()| — 1} .
Since
1 ’4)\03—03(2)\—1)4.(1_)\)02‘
I —
IR
=1 [ — a2 -1 + (1 - Ny
= In (%) 2\ ’02‘

and replacing arg? v (b) by zero, then we have

! R 0101
B [4Acz—3(2A-1)+(1-Ne2| ~ |p (@) A

L 2A|CQ\1H<%) 2
and
. 2 Jeo| I’ () L0l
2\ o In (120) = [4hes = BRA = 1)+ (1= N)eo| ~ A
Thus, we obtain the inequality (2.5) with an obvious equality case. 0

The following inequality (2.6) is weaker, but is simpler than (2.5) and does not
contain the coeffient cs.

Theorem 2.5. Under the hypotheses of Theorem 2.4, we have the inequality

(2.6) ‘(i{é?);b > 6fa [1 ~In ((5 + a)lggﬂ .
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Moreover, the result is sharp and the extremal function is

z A
J(5)
0

S

_ B8
where A = T

Proof. Let co > 0 . Using the inequality (1.5) for the function ®(z), we obtain
21n (0 W (b —21n (0
< 8] = O [P0 e 1l 1)
[In v (b) + In+p(0)|” | ¥(b) In“(0) 4 arg? ¢ (b)
Replacing arg? p(b) by zero, then we have

-1 [In(0)]
1§1n(§§|){ h\ —1}

and
) >A|1-1 leof :
)= a1 (5
Thus, we obtain the inequality (2.6) with an obvious equality case. O
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