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RESULTS ON TAUBERIAN THEOREM FOR CESARO
SUMMABLE DOUBLE SEQUENCES OF FUZZY NUMBERS

B. B. JENA!  S. K. PAIKRAY!, P. PARIDA?, AND H. DUTTA3

ABSTRACT. The paper aims to establish new results on Tauberian theorem for
Cesaro summability of double sequences of fuzzy numbers, and thus to extend and
unify several results in the available literature. Further, a number of special cases,
corollaries and illustrative example in support of the investigation of this paper are
also presented.

1. INTRODUCTION AND PRELIMINARIES

The notion of the fuzzy set was introduced by Zadeh [19]. Matloka [10] has estab-
lished bounded and convergent sequences of fuzzy numbers and proved that every
convergent sequence is bounded. Nanda [12] has studied the spaces of bounded and
convergent sequences of fuzzy numbers and proved that every Cauchy sequence of
fuzzy numbers is convergent. Subrahmanyam [13] has presented Cesaro summability
of sequences of fuzzy numbers and established Tauberian hypotheses identified with
the Cesaro summability method. Talo and Canak [15] introduced necessary and suffi-
cient Tauberian conditions, under which convergence follows from Cesaro convergence
of sequences of fuzzy numbers. Altin et al. [1] studied the concept of statistical
summability by (C, 1)-mean for sequences of fuzzy numbers and obtained a Tauberian
theorem on that basis. Talo and Basar [14] introduced the concept of slow decreasing
sequence for fuzzy numbers and have shown that Cesaro summable sequence (X,,)
is convergent, if (X,,) is slowly decreasing. Recently, Canak [2] has established the
concept of the slow oscillation (that is, both slowly decreasing and slowly increasing)

Key words and phrases. Double Cesaro summability, slow oscillation, Tauberian condition, se-
quence of fuzzy numbers.
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496 B. B. JENA, S. K. PAIKRAY, P. PARIDA, AND H. DUTTA

sequences for fuzzy numbers and have shown that Cesaro summable sequence (X,,) is
convergent if (X,,) is slowly oscillating.

Let D denote the set of all closed and bounded intervals X = [z1, 23] on the real
line R. For X,Y € D, we define

d(X,Y) = max{|zy — y1], |z2 — g2},
where
X = [z1,29], Y = [y1, 2]
It is surely understood that (D, d) is a complete metric space.
A fuzzy number X is a fuzzy set on R and is a mapping X : R — [0, 1] associating

each number ¢ with its grade of membership X ().
A fuzzy number X is said to be convex, if

X(t) =min{X(s),X(r)}, s<t<r.
If there exists tg € R, such that X (ty) = 1, then the fuzzy number X is called normal.
A fuzzy number X is said to be upper semi-continuous if, for each € > 0, we have
X0,z +€))

for all € [0,1]), is open in the usual topology of R. The set of all upper semi-
continuous, normal, convex fuzzy number is denoted by R([0,1]). For a € (0, 1], the
a- level set of fuzzy number X denoted by X© is defined by

X={teR:X(t) 2 a}.
The set X is defined as the closure of the following set
{teR: X(t) > 0}.
We define,

d : R([0,1]) x R([0,1]) — R, U {0},
by

d(X,Y) = sup d(X*Y?).

0=Za<1
2. DEFINITIONS AND MOTIVATION

A double sequence (X,,,) of fuzzy numbers is a function, X : NU {0} x NU {0} —
R([0,1]) and is said to be convergent to a fuzzy number X if, for every ¢ > 0, there
exist a positive integer ngy such that

d (X, Xo) <€, forall m,n = ny.
We define,

(an7 Xm,n—1)7
(ana mel,n)

Anan
Amen

and

Am,n)(mn = d(an7 Xm—l,n) - Ci(Xm,n—h Xm—l,n—1)7 X—l = U.
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A double sequence (X,,,) of fuzzy numbers is said to be bounded, if there exists a
positive number X > 0 such that

(X, Xo) £ K, for all m,n € NU{0}.
The Cesaro means (C, 1) of sequence (X,,) of fuzzy numbers are defined by

1 n
Op = MJZ%Xj, for all n € NU{0}.

A sequence (X,,) of fuzzy numbers is Cesaro summable to a fuzzy number L if, for
every € > 0, we have (see [2])
d(on, L) <€, n— 0.

Similarly, the Cesaro means (C, 1, 1) of double sequences (X,,,) of fuzzy numbers are
defined by

n 11)

(2.1) US#)(X) = ZZ Z pqq + Xoo

(m+1 quO p=1q=1

(see [11]). Analogous to equation (2.1)7 we may define the (C, 1,0) and (C, 0, 1)-means
of sequences (X,,,) are

(2.2) o0 (X i Z and o%V(X) =
m

respectively.
Then we say that, a double sequence X = (X,,,) of fuzzy numbers is (C,1,1)-
summable to a fuzzy number L if, for every € > 0, we have

J(a(l’l)(X), L) <e€, forall m,n— occ.

mn

Similarly, we say that it is (C, 1, 0)-summable to a fuzzy number L if, for every € > 0,

we have
mn

J(a(l’o)(X), L) <e, forallmn— oo

and (C,0,1)-summable to a fuzzy number L if, for every € > 0, we have

J(a(l’o)(X) L) <e€, forall m,n— occ.

mn

Now, for each non-negative integers k and r, we may define o*”)(X) as follows:

(k?")(X): (m+1 n_|_1 ZZ ) , 7 = 1,

mn p 0¢=0
an, k, r=20.
A double sequence X = (X,,,) of fuzzy numbers is said to be (C, k, r)-summable
to a fuzzy number L if, for every € > 0, we have

g

ci(a(l")(X), L) < e, forall m,n — oo.

mn
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Remark 2.1. If k = 1 and r = 1, then (C,k,r)-summability reduces to (C,1,1)-
summability. Furthermore, if £ # 0 and r = 0 then (C, k, r)-summability reduces to
(C, k,0)-summability. Finally, if £ = 0 and r # 0 then (C, k, r)-summability reduces
to (C, 0, r)-summability.

Note that here, Cesaro summability of X = (X,,,) refers (C,1,1) and (C, k,r)-
summability of X = (X,,,,).

It may also be noted that, the convergence of a double sequence X = (X,,,) of
fuzzy numbers implies the Cesaro summability of X = (X,,,), but the converse is not
generally true.

For example, consider a function f(x,y) = €**sin(3y); the sequence (X,,,) of fuzzy
numbers which is the sequence of coefficients in the Taylor’s series expansion of the
function f(x,y) about origin is Cesaro summable but not convergent.

For the proof of converse part, certain conditions are presented in terms of oscillatory
behavior of double sequence X = (X,,,) of fuzzy numbers.

Let us define (X,,,) as

m n (1 1)
(2.3) X = YD 5% Yrg + Xoo, m,n €N,

p=14q=1

where

(2.4) X — ol (X) = VRV (AX) =

ZZPQ

(m—l—) ) 150 4=0

(see [9]). Moreover, in analogy to Kronecker identity for a single sequence of fuzzy
numbers, we can write

2.5 YWO(AX) = - A, X,
( ) mn ( ) (m+1) pz;)p( D, D, )
and

(2.6) YOD(AX) = )

as the (C,1,0)-mean of the sequence (mAmen) of fuzzy numbers and the (C,0,1)-
mean of the sequence (nA,X,,,) fuzzy number respectively.

Furthermore, as the sequence Y,V (A, X)) of fuzzy numbers is the (C,1,1)
mean of the sequence mn(A,;;, Xmyn) of fuzzy number, the sequence mn(A,, Xomn) is
(C,1,1)-summable to a fuzzy number L, whenever

d(Yﬁ;U(Amnan), L) <e¢€, forall m,n — oo.
For each non-negative integers k and 7, let us define Y,*")(AX) as follows:

n

Y(f_l’r_l), k.r>1,
0

YED(AX) = (m+1 )(n+1) 2

qu

mn(AmnXmn), k,r=0.
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The sequence mn(A,,, Xmy,) of fuzzy numbers is said to be (C, k,r)-summable to a
fuzzy numbers L if, for every ¢ > 0, we have

J(Y&T)(Amnan), L) <€, forall m,n — oo.

Remark 2.2. If k = 1 and r = 1, then (C,k,r)-summabllity reduces to (C,1,1)-
summability. Furthermore, if k # 0 and r = 0, then (C, k, r)-summabllity reduces to
(C, k,0)-summability. Finally, if £ = 0 and r # 0, then (C, k, r)-summabllity reduces
to (C, 0, r)-summability.

Next, we present the De la Vallée Poussin mean of double sequence (X,,,) of fuzzy
numbers for sufficiently large nonnegative integers m,n for A > 1 and 0 < A <1
. D] ]

) = o Do ) 22,

i=m+1 j=n-+1

and
1 m n
D= D) o, 2

i=Am+1 j=In+1

T (X) =

respectively.

A single sequence X = (X,,) of fuzzy numbers is slowly oscillating (in the sense of
Stanojevi¢) if, (see [18])
(2.7) lim limsup max d(Xx, X,) = 0.

A1t n n+1Zk<[An]

Similarly, we may write a double sequence X = (X,,,) of fuzzy numbers is slowly
oscillating (in the sense of Stanojevi¢) if,
i j
B8 I s B (ZZ A“v“XW“)
Recently, few researchers have investigated on sequences and sequences of fuzzy
numbers for proving Tauberian theorems. Different classes of sequences and sequences
of fuzzy numbers have been introduced and studied by Tripathy et al. [17], Dutta
[3], Dutta [4], Dutta and Bilgin [6], Tripathy and Debnath [16], Dutta and Basar [5],
Jena et al. [7], Jena et al. [8] and many others. Recently, Canak [2] has introduced
Tauberian theorem for Cesaro summability of sequences of fuzzy numbers.
Motivated essentially by the above-mentioned works, here we wish to present the
(presumably new) the notion of (C, 1, 1)-summability of a double sequences of fuzzy
numbers defined in (2.3).

3. TAUBERIAN THEOREMS FOR CESARO MEAN

Theorem 3.1. If the double sequence (X)) of fuzzy number is (C,1,1)-summable
to a fuzzy number L and (X,,,) is slowly oscillating (in the sense of Stanojevic), then

d(Xmn, L) <€, for all m,n — oo.
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To prove the above theorem, we need the help of the following lemmas.

Lemma 3.1. A double sequence X = (X,n) of fuzzy numbers is slowly oscillating if

and only if (Y,(1:1)) is slowly oscillating and bounded.

Proof. Let X = (X,,,,) is slowly oscillating. Initially, let us show that
d(V.3D 0) = 0(1).

mn

We have by definition of slow oscillation, for A > 1

lim lim sup max ( Z Z Aquuv,O) <e€

A=l mon s mA+1ln+1565S [dmAn] it 1 v—mit 1

and let us rewrite the finite sum

i=1j5=1
as the series
o0 o0
> > ijAX;
u=0 v=0 Qﬂl 21}11 éu]é% 2%
Clearly,
_ [ m n [ o0
IS iax,0)<i(Sy ¥ iAo
i=1j=1 u=0v=0 _m o o <jjcm
oo o0
= mn
<a(3-3 o)
u=0 v=0
and
_ i J
max o d Z Z Ay Xuw, 0
i+ e HSUIS [ 2% ) u=sr+l o=ty 41
_ * *
e (zo > 2u+v> mnC*, C* >0,
u=uvv

Consequently, we have

d(YUED(AX =d B =0(1 .
( mn ( )70) ((m+ TL—|—1 pzoqzopq P,q Pq 0) O( )7 m,n—>oo

Since,

n (1 1)
T (X Z m Xoo
p=1g=1 bq

is slowly oscillating; so (Y,(1:1)) is oscillating slowly.
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To prove the converse part, consider (Y,{:)) is bounded and slowly oscillating. Now
the boundedness of (Y,(1:V)) implies that ¢{;V(X) is slowly oscillating. Furthermore,
(YLD} being oscillating slowly, so by Kronecker identity (2.4), (X,,,) is oscillating
slovvly Which completes the proof of Lemma 3.1. 0J

Next, we represent d (an,aﬁ}) (X )) under two different cases in the following
lemma.

Lemma 3.2. Let X = (X,,,) be a sequence of fuzzy numbers with m,n sufficiently
large, then we have the following.

(i) For A >1

_ L1 Am+1)((An]+1) | =/ aa 1,1
d (X, 012 () :(([[)\m]]— m))(([[kn]} - n)) {d@[&m])’“”}(X) i)

_d( . [A)n](X)agﬁhl)(X)) }

[Am] + 1 d( (1,1)

= ] = oK) o (X))
An]+1 -/ q
T Dl —m” (g (30, 05 (30)

. Dl Dl
&y " P =l =) (Z 2 Ko )

i=m+1 j=n-+1
(i) For0 <A <1

_ 11 Am| 4+ 1)([An| + 1 7 (11 1,1
1 (Xom oli0)) =1 —][;m]);([n = {d (o3 (0. o)

1,1

Am|+1 -
. “"]]d (410,080, (X))

m — [Am s

[)\n] + 1d< (10 x) S0 (X))

n — [)\’I’L] Omn > Y, [An)

1
3 " o Do D) ( NPy Xm”’X”)'

i=[Am]+1 j=[An]+1

Proof. We have by De la Vallée Poussin mean of double sequence (X,,,) of fuzzy
numbers
1 [Am]  [An]

) = ] =] =) 2, 2,

i=m+1 j=n+1
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1 [Am] [m] (An] [n
~(m] = m) (] - {(Z Z) (ZZ)}

1 [Am] [An] [Am] [n] [m] [An] [m] [

ZO]OZO]O 10]01030

= ! n m (1,1)
~([m] — m)([)\n]—n){([)\]+1>([)\ ]+ DOl

— (Am] +1)(n+ 1)0&@%} ~ ([vm] — ml)([M] —n)

—{m+ D)+ Doty — (m+ D(n+ o}

([Am] + 1)([An] +1) R (dm] + 1)([An] + 1) )
(] = m)((n] —n) " Pl ([am] — ) ([An] — ) Pk

OE T }

[Am],n

([Am] —m)([An] — )U mPnl T (n] _n)gm,[A

)
(W] + V(M) +1) (] +1) (Ll)}}

1.1 )\m +1 )\n +1 = 1,1 - (1,1) 1,1
Tmn — 0-7(71:71) = (([[)\m]]_ m))(([[)\n]] . 73) {d ( )\m]) [An]> a[(Am]), ) d ( [/\np 07(n n)>}
([Am] +1) - 1,1 1,1 ([An] +1) - 1,1
" ([Am] — m)d (U[(Am}),n’ gnn)> + ([An] — n)d( A) ) Ufn’n)> '

Also,

) Dol [l
Ko = T = ] = ) o~ ) (Z 2., %o Xm")'

i=m-+1 j=n+1
Subtracting (a[(;;ii[/\n]) from the above identity, we have
[An]

_ 11 1 [Am]
=d (Tm”(X) [(Am}) [An]> ([Am] — m)([An] —n) ( Z Z (Xij, Xonn) )

i=m-+1 j=n+1
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— o) £ DO o) ()i 20) — 20, 0500)

AL g0 o0 st 0) + 2L G0 (3 600 (x)

[An] —m s [Am] —m " mRnl e

1 [Am]  [An]
~ ([Am] —m)([\n] —n) (Z > (X X )

i=m—+1 j=n+1

Which establish (i). Next, the proof of (ii) is similar to (i). O

Proof of Theorem 1.

Proof. Let (X,n) is (C,1,1)-summable to a fuzzy number L, this implies o(l:D is
(C,1,1)-summable to a fuzzy number L. Now from equation (2.4), we have (Y(l 1))
(C,1,1)-summable to zero. Thus by Lemma 3.1, (Y,{l:V)) oscillating slowly. Again by
Lemma 3.2 (i), we get

mn 7 Ymn mn ([}\m] _ m)([}\n] —n [Am],[An] » Y[ Am]n\ T mn

Cj(y(l,l) O—(l,l)(Y(l,l))) _ ([Am] + 1) ([An] + 1)) {J(U(l,l) (Yrgln,l)) s (Y(l,l)))

= d (o3, (VD) 00 (V) }

[Am] +1
+ o7 = (ol (Vi) o (VD))

[)\n] —m ) mn mn
An]+1 -/ a1 oy (L) L)
+ md (crm,pn](Ymn ), oLy (L ))
- [/\2"5] [gi] (L1) -(1,1)
(3.3) _ 1y
(P\m] - m)([)\n] - n i=m+1 j=n+1

It is easy to verify that for A > 1 and sufficiently large n

([Am] 4+ 1)([An] + 1) ([Am] 4+ 1)([An] + 1) _ 4AN?
((Am] =m)([An] —=n) ~ ([Adm] =1=m)([An] =1—-n) ~ (A—=1)*

Next, by (3.3)

d (Y(l D gLy (1 ))) <

mn mn m

7 1,1 ,
md (Tmn (Yn(l,lrzl) ) ’ U[(Am])7[/\n] (Yn(llnl))>

[An]
_ 7 (L1 31,1
(34) m+1 nJrlgl’Lan <[Am],[An] d ( Z (Y 7Ymn ))

j=n+1
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Taking lim sup both sides of (3.4), we have

. 4N? 1,1
th}z,Snup d (Yn%ll » Omn " (Yn(qlrzl))) éﬁ hlﬁsnup d (Tmn (Y(l 1)) O-[()\m) 1,[An] (Y(l 2 ))
al (1,1) v (1,1)
. —li Y Y,
(3 5) 1H7711,Snup m+1 n+lglz%<[>\m [)\n] j Zn;rl ( Fomn )

Furthermore,

0[&1%]) [/\n](Y( DY 50, m,n— oo,
so first term in the right hand side of equation (3.5), must vanish.
This implies,

lim Supd (y (L) (1, 1)(Y(1,1))>

[An]

. <li d yiD y Loy
(3 6) > lnylliluperl,nJrlg%é[/\m]:[)‘”} (j;—l( i o Imn )
As A — 17 in (3.6), so we get
(3.7) limsupd (V,(;", 000 (v, (51)) <0,

It implies that,
d (Y(l’l) O) <€ m,n — Q.

mn

Since (X,n,) is summable to a fuzzy number L by (C,1,1) mean and

J(Y(l’l) O) <€  m,n— oo,

SO B
d(Xmn, L) <€, m,n— oco.
Which completes the proof of the Theorem 3.1. 0

Corollary 3.1. If (X,u,) is (C, k,r)-summable to a fuzzy number L and (X.,) is
slowly oscillating (in the sense of Stanojevié), then

d( Xy, L) <€, m,n — oo.

Proof. Let X = (X,,,) be slowly oscillating, then ¢*")(X) is slowly oscillating (by
Lemma 1). Furthermore, since X = (X,,,,,) is (C, k, r)-summable to a fuzzy number
L, so by Theorem 3.1

(3.8) d(ol7(X),L) <e, mn— 0.

mn

Next from the definition,
(3.9) olE(X) = ol (X) (ol b0 (X)

mn mn
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Clearly, equation (3.8) and (3.9) implies X = (X,,,) is (C,k — 1,r — 1)-summable to
a fuzzy number L. Again (0,(7’;;1’“1) (X)) is also slowly oscillating (by Lemma 3.1);
thus by Theorem 3.1, we have

d( (k=L,r— 1)(X),L> <€ m,n — 0.

mn

Continuing in this way, we obtain

A( X, L) <€, m,n — oo.

Which completes the proof of the Corollary 3.1. 0

Remark 3.1. If k = 0, and r # 0, then (C,k,r)- summability reduces to (C,0,r)-
summability. Again for k # 0 and r = 0, (C, k, r)-summability reduces to (C, k,0)-
summability.

Theorem 3.2. If the double sequence X = (Xpn) of fuzzy number is (C,1,1)-
summable to a fuzzy number L and Y (L, 1)(Amnumn) is slowly oscillating, then

Ad( Xy, L) < €, m,n — 0.
Proof. As (X,un) is (C,1,1)-summable to a fuzzy number L, so (o{LD) is (C,1,1)-

mn

summable to a fuzzy number L. Therefore, (Y,{:V) is (C, 1, 1)-summable to zero by

equation (2.4). Using identity (2.4) to (Y,{kV), we get Y (Y,(L)) is Cesaro summable

to zero. So that Y (Y,(LD) is oscillating slowly by Lemma 3.1. Now by Lemma 3.2(i),
d (Y (Y00, e0Dy (VD))

mn ) ? mn

_ ([Am] + 1) ([An] + 1)
([Am] —m)([An] —n)

mn

7 1 1
d (ain) Y (VD) ol Y (VD))

mn Y mn mn

- 1
_ d( (1,1) }y(y(lﬂ)) 0(171)Y(Y(1,1))>

N [)\m]Jrld( (1,1) Y(Y(l’l)),0(1’1)Y(Y(1’1)))

[)\n] —m [)\m] mn m,n mn

+ [/\”]+1 J(U( 1) Y(Y(l 1)) (1, 1)Y(Y(1,1)))

[)\m] - m J[An] » Omn mn
1 [Am]  [An] 0
(3.10) = Dol —m) (Dl = ) ( 22 (YO Y v >)) -

It is easy to verify that for A > 1 and sufficiently large n

([Am] 4+ 1)([An] + 1) _ ([Am] 4+ 1)([An] + 1) _ 4A\?
((Am] =m)([An] —=n) ~ ([dm] =1=m)([An] =1-n) ~ (A—=1)*




506 B. B. JENA, S. K. PAIKRAY, P. PARIDA, AND H. DUTTA

Next, by (3.10)

_ 42 _
S (1,1) (1,1)
(3.11) "t o | 2 (VOSDYOR) |

Taking lim sup both sides of (3.11) we have
lim sup d (Y(Y(l:l)) U(l,l)y(y(1,1))>

4A\? . - 11
<o e e d (7Y (V). oV (60)
A (1,1) (1,1)
(3.12) _hr?n,snupm+1,n+12%§[km],[kn}d j:zn;ﬂ (Y<Yij P )) .

Furthermore, as a[(i 1i[/\n]Y(Y(M)) converges, so first term in the right hand side of

;n mn
equation (3.12), must vanish.
This implies,

mn rmn

lim sup d (Y(Y(l’l)) U(I’I)Y(Yn%l)))

[An]
<71 7 '('1’1) (1,1)
(3.13) < lim sup m+1’n+lr§r1i%}§[/\m]7[/\n]d( > (Y(Y;J ), Y(Y ))) .

man j=n+1

As A — 17 in (3.13), so we get

mn rmn mn

(3.14) limsupd (Y (v,{5), 00y (D)) < 0.

It implies that,
d(Y (YD) 0) <€, m,n— oco.

mn

Since (X,u,) is summable to a fuzzy number L by (C,1,1) mean and

dY (YD) 0) <€, m,n— oo

S0,

d(Xmn, L) <€, m,n — oo.
Which completes the proof of the Theorem 3.2. O

Corollary 3.2. If (X,,,) is (C, k,7)-summable to a fuzzy number L and Y,\LV(AX)
is slowly oscillating, then

d( X, L) <€, m,n— oo.
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Proof. As Y LD(AX) is slowly oscillating, setting X = (X,u,) in place of Y,(LD(AX),
then o7 (Y. (LD(AX)) is slowly oscillating by Lemma 3.1. Again as Y,(,V(AX) is
(C, k,r)-summable to a fuzzy number L, so by Theorem 3.2, we have

(3.15) ci(a,(f,fg) (Yn%;l)(AX)) ,L) <€ m,n— 0.
By definition,
(3.16) ol (Vi (AX)) = ol (VD (AX)) [k D (v oh(ax)).

From (3.15) and (3.16) we have Y,.)(AX) is (C,k — 1,7 — 1)-summable to a fuzzy
number L. Again by Lemma 3.1, since

o Y (VP (AX),

mn

is slowly oscillating, so we have
d (o DY 0N(AX)), L) <€ (by Theorem 3.2).

mn

Continuing in this way, we obtain
J((Yrgf)(AX)), L) <€ m,n — 0.
Which completes the proof of the Corollary 3.2. U

Remark 3.2. If k = 0, and r # 0, then (C,k,r)- summability reduces to (C,0,7)-
summability. Again for £ # 0 and r = 0, (C, k, r)-summability reduces to (C,k,0)-
summability and consequently the following corollaries are generated from the main
result.
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SHARP BOUNDS ON THE AUGMENTED ZAGREB INDEX OF
GRAPH OPERATIONS

N. DEHGARDI* AND H. ARAM?*

ABSTRACT. Let G be a finite and simple graph with edge set E(G). The augmented
Zagreb index of G is

B de(u)de(v)
AZIG) = 3 (da<u>+d0<v>—2>’

weE(G)

where dg(u) denotes the degree of a vertex w in G. In this paper, we give some
bounds of this index for join, corona, cartesian and composition product of graphs
by general sum-connectivity index and general Randi¢ index and compute the sharp
amount of that for the regular graphs.

1. INTRODUCTION

Let G be a finite and simple graph with vertex set V' = V(G) and edge set E = E(G).
The integers n = n(G) = |V(G)| and m = m(G) = |E(G)| are the order and the
size of the graph G, respectively. For a vertex v € V(G), the open neighborhood of
v, denoted by Ng(v) = N(v), is the set {u € V(G) | wv € E(G)}. The degree of
v € V(G), denoted by dg(v), is defined by dg(v) = |Ng(v)|. The maximum (resp.
minimum) degree of vertices of GG is denoted by A¢g (resp. d¢). We use Bondy and
Murty [10] for terminology and notation not defined here.

Several authors defined and studied more vertex degree-based graph invariants such
as [16]. One of them is augmented Zagreb index of G that is proposed in 2010 by
Furtula et al. [15] as

Key words and phrases. Augmented Zagreb index, general sum-connectivity index, general Randié
index, graph operations.
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510 N. DEHGARDI AND H. ARAM

AZI(G) = dG(u)dc(v)_ 2>3 |

weE(G) <dG<U) + dg(v)

where dg(u) denotes the degree of a vertex uw in G. The researchers give a good bounds

for it by using different graph parameters, investigate the impact of removing and

adding the edge for graph on the augmented Zagreb index. For details see [1,18,24,27].
In 2009, Zu and Trijnasti¢ [28] defined the sum-connectivity index as

X(G)= > de(u)+da(v)

weE(G)

and one year later, they in [29] introduced the general sum-connectivity indez as

@) = Y (de(u) +da(v)), for A€R.
weE(G)
There are good results on general sum-connectivity index such as [22,23]. In 1975,
the chemist Milan Randi¢ [21] introduced a topological index R(G) under the name
branching index. The branching index was renamed the molecular connectivity index
and is often referred to as the Randi¢ index and later named second Zagreb indez. In

1998, Bollobas and Erdos [9] proposed the generealization state of it named general
Randi¢ indez, R)\(G), as
R\(G) = Y (dg(u)da(v)), for AR
weE(G)

later that is named second general Zagreb index.

The relation between several indices and operations of graphs were very studied.
(see [2-8,11-14,17,19,20,25,26]). In this paper, we calculate bounds of the augmented
Zagreb index by two other indices, the general sum-connectivity index and the Randi¢
index for join, corona, cartesian and composition product of graphs and compute the
sharp amount of that for the regular graphs.

2. THE JOIN OF GRAPHS

The join G + H of graphs G and H with disjoint vertex sets V(G) and V(H)
and edge sets F(G) and E(H) is the graph union G U H together with all the
edges joining V(G) and V(H). Obviously, |V(G + H)| = |V(G)| + |V(H)| and
|E(G + H)| = [E(G)] + [EH)] + [V(G)[[V(H)].

Theorem 2.1. Let G be a graph of order ny and of size my and let H be a graph of
order ny and of size mo. Then
(Ag —1)’AZI(G) | n3xs(G) + (3n3AE + 3n3)x2(G) + 3n3xa(G)
(AG + no — 1)3 8(5@ + no — 1)3
N (6naAg + 3n3)Ro(G) + (12n3A¢ + 3n3) R (G) + myn$
8((5@ + ng — 1)3

AZI(G+ H) <
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(Ay — 1)3AZI(H)
(A +n — 1)
" nixs(H) + (3ni A% + 3n1)x2(H) + 3nixi (H)
8(51{ + ny — 1)3
8((5}[ +ny — 1)3
(Ag +n2)(Ag +m1) ’
¢+ 0m+n+ny—2) "7

+ NNy <

with equality if and only if G and H are reqular graphs.
Proof. By definition,

AZIGAH) = Y ( dG+H<u)dG+H<v>> 2)‘”’.

wEE(G+H) deym(u) + daym(v) —

We partition the edges of G + H in to three subset F;, Fy, and FEj, as follows:

:{e = uv | U,V € V(G)}7
:{e = uv ’ U,V € V(H>}7
Ez={e=wv|ueV(G),veV(H)}.

Let e = uwv € Ey. Then dgyp(u) = dg(u) + ng and dgrg(v) = dg(v) + no. Hence

((da(u) +n2)(da(v) +n2))* =(da(u)de (v))?[3n2(da(u) + de(v)) + 3n3)
+ (do(u)de(v))® + da(u)da(v)
x [6n5(da(u) + da(v)) + 3ny)
+n5(da(u) + dg(v))® + 3n5(dg(u) + da(v))

+ (dg(u) + da(v))*[3n3de (u)de (v) + 3n5] + nj

and

( d i (w)des (V) )
) —2

darm(u) + deyr(v) —

(4 2n ’ dg(u)dg(v) ’
= (1 do(0) T do(v) 1 2ms — 2) (d(;(u) +do(v) 2)

N n3(de(u) + dg(v))® + [3n3(de(u)de (v))* + 3n3)(de(u) + da(v))?
(dg(u) + dg(v) + 2ny — 2)3
) + [3na(dg(u) + dg(v)) + 3n3)(dg(u)da(v))?
dg<u> + dg(v) + 2n2 - 2)3

N 3n5(dg(u) + dg(v)

(
[6n§(dg(u) + dg(?))) + 3n§]dg(u)dg(v) + ng
(d(;(u) + dg(’l}) + 2n9 — 2)3

511
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- < Ag—1 )3 ( de(w)de(v) )3
“\Ag+ny—1 dg(u) + dg(v) — 2
+naﬁﬂﬁ+ddmf+%&@ﬁé+3ﬁﬂ%ﬂﬁ+ddWV
8(5@ + ng — 1)3
+ 3n3(dg(u) + dg(v)) + (6n2Ag + 3n3) (dg (u)da(v))?
8((5G + ng — 1)3
(12n3Aq + 3n3)dg(u)dg(v) + nS
8(5@ + ng — 1)3 ‘

Therefore,

ZE< dG+H<u>dG+H<v>_2>3§(AG—1>3AZI(G)+ -

dG+H(u) + dg+H<U) Ag+ngs—1 8(5@ + No — 1)3
N n3x3(G) + (3n3A% 4 3n3)x2(G) + njxi(G)
8(5@ + no — 1)3
N (6n2Ag + 3n3)Ra(G) + (12n3A¢ + 3n3) Ri(G)
8(5(; + Ng — 1)‘3 '

(2.1)

Obviously, equality holds if and only if Ag = dg. Similarly

< derm(u)dayn(v) )3 < ( Ay —1 maon$
vact, \deym(u) +deim(v) —2) ~ \Ag+n —1 8(dg +mny —1)3
n nixs(H) + (3niA% + 3ni)x2(H) + 3nx. (H)
8(dg +mny —1)3
N (6n1Ag + 3n?)Ry(H)+(12n3A g + 3n}) Ry (H)
8(0g +mny —1)3 '

)3 AZI(H) +

(2.2)

Equality holds if and only if Ay = dy. Let e = uv € Fj3 such that u € V(G) and
veV(H). Then dgyp(u) = dg(u) + ne and dgig(v) = dg(v) + ny. Hence for every
edge e = uv € Fjs,

( don(w)dgin(v) ))3

dayr(u) +darm(v

( (de:(u) + n2) (dir (v) + 1) )
dg<u) + dH(’U) +n; +ng — 2

(Ag +n2)(Ag +n1) \° |
( )

5G+(5H—I—n1+n2—2

VAN

Therefore,

(2.3) ( dayr(u)daym(v) >3 < nyng ( (Ag +n2)(Ag +n1) >3
woeBs dg+H(u)+dG+H(U) 0c +0g +ny+n9—2




SHARP BOUNDS ON THE AUGMENTED ZAGREB INDEX OF GRAPH OPERATIONS 513

with equality if and only if Ag = dg and Ay = dy. By Equations (2.1), (2.2) and
(2.3), we have:

(A~ 1)*AZI(G) | nixa(G) + (Bn3AL + 3nd)xe(G) + 303, (G)
(Ag +ns— 1)3 8(6¢ +ny — 1)3
(6n2A¢ + 3n3)Ra(GQ) + (12n3A¢ + 3n3) R (G) + myn$
8(6g +mng —1)3
(Mg — 1PAZI(H)  ndxs(H) + (3n3A% + 3nd)xa(H) + 3y (H)
(A +ny— 1) 8(6y +ny —1)3
(6n1Ay + 3n2)Ry(H) + (12n3A 5 + 3n}) R (H) + man$
8(dy +ny—1)3

+n1n2< (AG+n2)(AH+n1) >3.

AZI(G+ H) <

+

+

0 + 0 +n1+nz —2
Equality holds if and only if G and H are regular graphs. U

Theorem 2.2. Let G be a graph of order ny and of size my and let H be a graph of
order ny and of size mo. Then

(b6~ VPAZIG)  nda(C) + (B + 3na(C) + 33 (C)
(6 +ny —1)3 8(Ag +ny —1)3
(6120 + 3n2)Ro(G) + (120366 + 3n3) Ry (G) + myn$

AZI(G + H) >

+ 8(AG + ng — 1)3
(0n = 1°PAZI(H) | mixs(H) + (30705 + 3m)x2(H) + 3npx (H)
(5H+n1—1)3 S(AH+H1—1)3

N (61105 + 3n3)Ro(H) + (120305 + 3n}) Ry (H) + mon$

S(AH + ny — ].)3

3
¥ nyns (56‘ + ng)(éj-[ + nl) 7
Ac+Ag+ny+ng—2

with equality if and only if G and H are regular graphs.

Proof. Using an argument similar to that described in proof of Theorem 2.1, we
obtained the result. O

Corollary 2.1. Let G be a k-reqular graph of order ny and let H be a r-regular graph
of order ny. Then

AZI(G + ) = k(k + ny)® r(r+mnp)® nina(k 4+ no)3(r + ny)?
S 16(k4+ny—1)3  16(r4+n; —1)3 (k47 +ng +ng—2)3
3. THE CORONA PRODUCT OF GRAPHS

The corona product G o H of graphs G and H with disjoint vertex sets V(G) and
V(H) and edge sets F(G) and E(H) is as the graph obtained by taking one copy
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of G and |V(G)| copies of H and joining the i-th vertex of G to every vertex in
i-th copy of H. Obviously, |V (G o H)| = |V(G)|+ |[V(G)||V(H)| and |E(G o H)| =
[E(G)|+ V(OIEH)| + VG|V (H)|.
Theorem 3.1. Let G be a graph of order ny and of size my and let H be a graph of
order ny and of size mo. Then
Ag —1)PAZI(G) | n3xs(G) + (3n3AF + 3n5)x2(G) + 3n3x1(G)
(AG + No — 1)3 8(6@ + no — 1)3
N (6n2Ag + 3n3)Ra(G) + (12n3A¢ + 3n3) Ry (G) + min$

8(5@ + ng — 1)3
L (B = VPAZI(H) | xs(H) + A +3)xa(H) +3n(H)

AZI(G o H) !

A% 8%,
8%,
(Ag +n2)(Ag +1)\°
+n1n2<5c+5H+n2—1 ’

with equality if and only if G and H are regular graphs.

Proof. We partition the edges of G in to three subset E;, E5 and Ej such that
Ei={e=w|u,veV(G)}, Fa={e=uwv|u,veV(H)}and E3={e=uv |u €
V(G),v e V(H)}

If e = wv € Ey, then dgon(u) = de(u) + ne and dgop(v) = de(v) + ne and if
e =wuv € By, then dgop(u) = dg(u) + 1 and dgom (v) = dy(v) + 1. By used of proof
of Theorem 2.1, we have,

> ( deorr (W) dgor (v) )3 _(Ag - 13AZ1(G)
dgop(u) + dgog(v) =2 ) = (Ag+ny—1)3

n3xs(G) + (3n3A% + 3n3)x2(G) + nix1(G)

+
8((5G + ng — 1)3

(6n2Ag + 3n3)Rao(G) + (12n3A¢ + 3n3) Ri(G)

+
8((5@ + no — 1)3

uwveFy

6

(3.1) + oot lnj— 7
dgon(u)dgon (v) P (A —1)3AZI(H)
uvze:EQ (dGoH<u) + dgor (V) — 2) = A3
L a(H) + BAL +3)xa(H) +3x(H)
85%
(3.2) L (68 +3)Ro(H) + (1204 + 3) Ry (H) + my

893
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Obviously, equalities hold if and only if Ag = d¢ and Ay = dg.
Let e = uv € E3 such that u € V(G) and v € V(H). Then dgoy(u) = dg(u) + ng
and dgop (v) = dy(v) + 1. Hence for every edge e = uv € Ej,

( deon (W) dcon (v) ) _ ( (do(u) + ) (s (v) +1) )
dgon(u) + dgop (v) — 2 dg(u) +dg(v) +no+1—2

< (Ag +n2) (A +1) ’
- 0+ 0y +ny—1 )

Therefore,

Y

daon (w)dgor (V) P mna(Ag 4 n2)?(Ay +1)3
(33) 2 (dGoH(u) +dgon(v) — 2) = (O +0u +ng — 1)8

uwveFEs3

with equality if and only if Ag = d¢ and Ay = §y. By Equations (3.1), (3.2) and
(3.3), we have:
(A — 1)°AZI(G) | n3xs(G) + (3n3A% + 3n3)x2(G) + 3n3x1(G)

(Ag +ng — 1)3 8(0g +ng — 1)3
(61206 + 3n2)Ra(G) + (12n3A¢ + 3n3) R (G) + myn§

8(56' + Ng — 1)3
(Ag —1)2AZI(H) N x3(H) + (3A% + 3)x2(H) + 3x1(H)
A3 8%
843

(Ag +n2)(Ag + 1)\’

og +0m+ny—1 )
Equality holds if and only if G and H are regular graphs. U

AZI(G o H) <

+

N

+ (ARLD) (

Theorem 3.2. Let G be a graph of order ny and of size my1 and let H be a graph of
order ny and of size mo. Then
o — 1)°AZI(G) | n3xa(G) + (3n30% + 3n3)x2(G) + 3n3x1(G)
(0g +ny —1)3 8(Ag +mng—1)3

(61206 + 3n2) Ro(G) + (12n30¢ + 3n3) Ri(G) + myn$

AZI(G o H) >

+ S(AG —I— ng — 1)3
+ 3 + 3
(6851 + 3) Ro(H) + (1205 + 3)R1(H) + mo
* SA3
H

n1n2(5G + n2)3(5H —+ 1)3
(AG—|—AH+HQ— 1)3 ’
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with equality if and only if G and H are regular graphs.
Proof. The proof of the result is similar to this given in Theorem 3.1. O
Corollary 3.1. Let G be a k-reqular graph of order ny and let H be a r-regular graph

of order ny. Then
k(k + ngy)® r(r+1)%  nng(k+mng)3(r +1)>
16(k + ng — 1)3 1673 (k+7r+mng—1)3

AZI(Go H) =

4. THE CARTESIAN PrRODUCT OF GRAPHS

The Cartesian product G' x H of graphs G and H has the vertex set V(G x H) =
V(G) x V(H) and (u,z)(v,y) is an edge of G x H if ww € F(G) and © = y, or
u=wvand zy € E(H). Obviously, |V(G x H)| = |V(G)||V(H)| and |E(G x H)| =
[E@IVH)] + V(G EH).

Theorem 4.1. Let G be a graph of order ny and of size my and let H be a graph of
order ny and of size mo. Then
no(Ag + Ay — 6 — 1)2AZI(G) + ni(Ag + Ay — dg — 1)3AZI(H)
(Ag+ Ay —1)3
naAdx3(G) + na(3A% AL + 3A% ) x2(G) + 3na A% x1(G) + A&my
8(dg + oy — 1)3
A xs(H) + ni(3A%4 A% + 3A%)x2(H) + 3n AL X1 (H) + AYmy
8(dg + o — 1)3
na(6ArAg + 3A%)Ra(G) + na(12A% A + 3A%)R1(G)
* 300G + o — 1)
N n1(6AgAg + 3A%L)Ry(H) + ny(12A8 Ay + 3AL) Ry (H)
8(dg + oy — 1)3 ’
with equality if and only if G and H are regular graphs.

AZI(G x H) <

+

+

Proof. By definition,

3
AZI(G x H) = 3 ( der (u, 2)dexn (0, y) ) .
(u,z)(v,y)EE(GxH) dGXH(“: 37) + dGXH(U7 y) -2

We partition the edges of G x H in to two subset E; and FEs, as follows:
Ey={e = (u,2)(v,y) | ww € E(G),z =y},
Ey ={e=(u,z)(v,y) | xy € E(H),u = v}.
Let e = (u,z)(v,x) € Ey. Then dgwxy(u,x) = dg(u) + dg(z) and dgxp(v,x) =
dg(v) + dy(x). By used of proof of Theorem 2.1, we have

( descrr(u, 7)dgrr (v, ) )3 (Dot Ay~ by —1)° ( dg(u)dg (v) )3
dGXH(“’) l‘) + dGXH(’U,QT) -2 - (AG + AH — 1)3 dg(u) + dg(v) -2
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L Ahlde(w) + d6(v))*)(da(u) + do(v))”

8(0c + 011 — 1)?
(BALAZ + 3A%)(dg (u) + da(v))?
8(0c + 0 — 1)
3A% (dg(u) + de(v))
R(0c + 0 — 1)3
(6ArAG + 3A% ) (de(u)dg(v))?
8(dg + oy — 1)3

(12A%{AG + 3A§1)dG(u)dG(v) + A%

R(0c + 0 — 13 '

Therefore,

Z ( dGXH(u,a:)dGXH(v,x)_ 2>3

(u,z)(v,x)EE dGXH(u7$> + dGXH(,Uy'ZL‘)

<n2(AG + Ay — 0y — 1P AZI(G)  naAxs(G) + 3ne Al xa (G)

= (Aot Ay — 1) O E e
n2(BAH AL + 3A%)x2(G) - na(6AgAg + 3A%) Ry (G)
8((561 + 0y — 1)3 8((5@ + 0y — 1)3

8(d¢ + o — 1)3
Obviously, equality holds if and only if Ag = d¢ and Ay = dy. Similarly,

(4.1)

3 < daxr(u, x)daxm(u, y) >3 <n1(AG +Ag —6q — 1)2AZI(H)
doxg(u,x) +daxg(u,y) —2/) — (Ag + Ay —1)3
n1 A3 (H) + 3ni Ay (H)
8(0g + oy — 1)3
11 (303 A% + AL ()
8(0cr + 6: — 1)3
n(6A5AG + 3AZ) Ry(H)
8(0g + 6y — 1)3

(u,z)(u,y)EE2

517

(4.2) + ey —_

Equality holds if and only if Ag = dg and Ay = dy. By Equations (4.1) and (4.2),

we have:

712(
<
AZI(G x H) < I

8(0c + 65 — 1)®
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+
8(dg + oy — 1)3
na(6ArAg + 3A%)Ry(G) + na(12A% Ag + 3A%L) Ry (G)
8(dg + o — 1)3
8(dg + oy — 1)3 ’
with equality if and only if G and H are regular graphs. U

Theorem 4.2. Let G be a graph of order ny and of size my and let H be a graph of
order ny and of size mo. Then
no(0c + 0y — Ay — 1)2AZI(G) +n1(0¢ + 05 — A — 1)2AZI(H)
(0g + 0y —1)3
N n203x3(G) + n2(30%0% + 355)x2(G) + 3n20%x1(G)
8(Ag + Ay —1)3
N9 (6050 + 30%) Ra(GQ) + no(120%0¢ + 30%) Ri(G) + 64my
8(Ag+ Ay —1)3
108X (H) + 11 (363,05 + 30¢) x2(H) + 31108 x:1 (H)
8(Ag + Ay —1)3
n1 (6050 + 304)Ro(H) + ny (120805 + 304) Ry (H) + 6&mea
8(Ag + Ay —1)3 ’
with equality if and only if G and H are reqular graphs.

AZI(G x H) >

_|_

Proof. Using an argument similar to that described in proof of Theorem 4.1, we
obtained the result. 0J

Corollary 4.1. Let G be a k-reqular graph of order ny and let H be a r-reqular graph

of order ny. Then AZI(G x H) = %,

5. THE COMPOSITION PRODUCT OF GRAPHS

The composition G[H] of graphs G and H has the vertex set V(G[H]) = V(G) %
V(H) and (u,x)(v,y) is an edge of G[H] if (uv € E(G)) or (xy € E(H) and
u = v). Obviously, |V(G[H])| = |V(G)||V(H)| and |E(G[H])| = |[E(G)|V(H)] +
|E(H)|[V(G)].
Theorem 5.1. Let G be a graph of order ny and of size my1 and let H be a graph of
order ny and of size mo. Then

AZI(G[H])

ng(ngAG + Ay — 0y — ng)gAZ[(G) + nl(AH + noAg — nadg — 1)3AZI(H)
- (ngAG + AH — 1)3
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n3A%Xs(G) + n3(Bny AL AL + 3n3AL)X2(G) + 3n3A%L X (G)
* 8(n2dc: + 01 — 1)3
N nn3Adx3(H) + ni(3n3A%AZ + 3niAL) xo(H) + 3nin3Adx (H)
8(ngdg + oy — 1)3
N n3(6n3ArAg + 3n3AL) Ry (G) + n2(12n3A% A + 3n2A%) R (G) + n2mi AY
8(77,256' + 0 — 1)3
N ny (6n2AgAg + 3n3AZ)Ry(H) + ny(12n3AL Ay + 3n3AL) Ry (H) + nymanSAS,
8(n9dg + 0y — 1)3 ’
with equality if and only if G and H are regular graphs.

Proof. We partition the edges of G[H] in to two subset E; and Fy, as follows:
Ey :{6 = ('Ll,, .%')(U,y) ‘ uv € E(G)}7
Ey ={e = (u,2)(v,y) | ay € E(H),u = v},

Let e = (u,2)(v,y) € Ey. Then dgim(u,r) = nede(u) + dg(z) and dagim(v,y) =
noda(v) + dy(y). By used of proof of Theorem 2.1, we have,

( derm) (u, 2)dam (v, y) >3 <ng(n2AG +Ap—0g—ny)? < dg(u)dg(v) )3
dem (u, ) + depm (v, y) — 2 (neAg + Ay —1)3 dg(u) +dg(v) — 2
N n3 A3 (da(u) + dg(v))3+3n.A% (dg(u) +da(v))
8(nedg + oy — 1)3
(3npA%AZ + 3n3A%) (dg(u) + da(v))?
8(n2dg + oy — 1)3
(6n5AAG + 3n3A%) (dg(u)dg(v))?
8(n2dg + oy — 1)3
(12%%A?{AG + BHEA%{)dg(U)dg('U) + A%
8(nodg + 0 — 1)3 '

Therefore,
dg[H] (u, l’)dg[]ﬂ (U, l’) 3 <ng(n2AG + AH — 5H — TLQ)?’AZ](G)
By derm(u, ) + dgpm (v, 2) =27 (noAg + Ay —1)3
8(%2(5@ + 5H - 1)3
n5(3ns AL AG + 3n3A%4)x(G)
8(”256: + 5H — 1)3
ns A% x3(G) N 3n3 A% (G)
8(712(50 + (5H - 1)3 I 8(n25G + 5H - 1)3
n3(12n3A3 Aq + 3n3A%)Ri(G)
8(712(5G + (SH — 1)3

(w,z) (v,y
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2 AG
(5.1) NI L ) S
8(n25g + (SH — 1)3
Obviously, equality holds if and only if Ag = d¢ and Ay = dy. Similarly,

( deym) (u, x)dem (v, y) )3 _m1(An 4 n2Ag — nadg — 1)°AZI(H)
(u,z)(u,y)EE> dG[H] (U, LU) + dG[H](u7 y) —2 N (nQAG + AH - 1>3

n1(6naAgAg + 3n3A%) Ry (H)

8(7”&256' + 0 — 1)3

(30303, A% + 3ndA)xa(H)
8(n9dg + oy — 1)3

mnsALXs(H)  3mnsAgxi (H)

8(0¢ + 0 — 1)3 8(ngdg + 0y — 1)3

ny(12n3 AL Ay + 3n3AL) R (H)
8(’/12(5@ + (SH — 1)3

(5.2) 5 ngmngﬁf -
n90q + 0 1)

Equality holds if and only if Ag = d¢ and Ay = dy. By Equations (5.1) and (5.2),
we have:

AZI(G[H])
<ng(n2AG + AH - 5H - n2)3AZ](G) + nl(AH + HQAG - n2(5G - 1)3AZ[<H)
- (TlgAG + AH — 1)3
N n3A% x3(G) + n3(3n3A% AL + 3n3AY ) xa(G) + 3n3A% X1 (G)
8(7126@ + 5H — 1)3
N nn3Adx3(H) + ni(3n2A%AZ + 3n3AL) xo(H) + 3nin3Ad X1 (H)
8(%256' + 5H — 1)3
N n3(6n3AgAg + 3niA%) Ro(G) + n2(12n3A% Ag + 3n3A%) Ry (G) + nami AY
8(’”25@ + (SH — 1)3
8(712(56' + (SH — 1)3 ’
with equality if and only if G and H are regular graphs. U

Theorem 5.2. Let G be a graph of order ny and of size my1 and let H be a graph of
order ny and of size mo. Then

AZI(G[H))

>ng(n2(5G + (SH — AH — n2)3AZI(G) -+ nl((SH -+ n2(5G — ngAG — 1)3AZ[(H)
- (n25G + (SH — 1)3




SHARP BOUNDS ON THE AUGMENTED ZAGREB INDEX OF GRAPH OPERATIONS 521

303 x3(G) + n3(3n30%,08 + 3n305)x2(G) + 30303 x1 (G)
8(n2AG + Ay — 1)3
N nan3dgxs(H) + nq(3n30%02% + 3n368)x2(H) + 3ni1n30%x1 (H)
8(n2AG + AH — 1)3
n3(6n30gdc + 3n30% ) Ro(G) + n2(12n36%06 + 3n3d% ) Ri(G) + namy6%
+
S(nQAG + Ag — 1)3
n1(6n2050c + 3n20%) Ro(H) + ny(12n363.05 + 3n304) Ry (H) + nymanSe
+ ;
S(HQAG + AH — 1)3
with equality if and only if G and H are reqular graphs.

+

Proof. The proof of the result is similar to this given in Theorem 5.1. O

Corollary 5.1. Let G be a k-reqular graph of order ny and let H be a r-reqular graph

of order ny. Then AZI(G[H]) = %'
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ON EQUIENERGETIC, HYPERENERGETIC AND
HYPOENERGETIC GRAPHS

SAMIR K. VAIDYA' AND KALPESH M. POPAT?

ABSTRACT. The eigenvalue of a graph G is the eigenvalue of its adjacency matrix
and the energy E(G) is the sum of absolute values of eigenvalues of graph G. Two
non-isomorphic graphs G; and G of the same order are said to be equienergetic if
E(G1) = E(G3). The graphs whose energy is greater than that of complete graph
are called hyperenergetic and the graphs whose energy is less than that of its order
are called hypoenergetic graphs. The natural question arises: Are there any pairs of
equienergetic graphs which are also hyperenergetic (hypoenergetic)? We have found
an affirmative answer of this question and contribute some new results.

1. INTRODUCTION

We begin with finite connected and undirected graphs without loops and multiple
edges. The terms not defined here are used in sense of Balakrishnan and Ranganathan
[1] or Cvetkovié et al. [5]. The adjacency matrix of a graph G with vertices vy, va, ..., v,
is an n x n matrix [a;;] such that,

L,

0, otherwise.

if v; is adjacent with v,
(l,’j =

The eigenvalues of adjacency matrix of graph is known as eigenvalues of graph. The
set of eigenvalues of the graph with their multiplicities is known as spectrum of the

graph. Hence,
Spec(G)z(Al Ny - An>.

ml m2 ... mn
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Two non-isomorphic graphs are said to be cospectral if they have same spectra,
otherwise they are known as non-cospectral. Let G be a graph on n vertices and
A1, A2, ..., Ay be the eigenvalues of G. The energy of a graph G is the sum of absolute
values of the eigenvalues of graph G and denoted by E(G). Hence,

E(G) —im.

The concept of energy was introduced by Gutman [6]. A brief account of energy
of graph can be found in Cvetkovié¢ et al. [5] and Li et al. [10]. Two non-isomorphic
graphs GG; and G of same order are said to be equienergetic if E(G1) = E(Gs).

Ramane et al. [12,13] have proved that if G; and G5 are regular graphs of same
order then for k > 2, L*(G,) and L¥(G5), L*(G,) and L*(G-) are equienergetic. Here,
L*(@) is called iterated line graph of G.

Some equienergetic graphs have been described in Li et al. [10], while a symmetric
computer aided study have carried out for equienergetic trees [2,11]. Some open
problem on equienergetic graphs were posted in [8]. To find out non-copspectral
equienergetic graphs other than trees is challenging and interesting as well. We take
up this problems and construct a pair of graphs which are equienergetic.

In 1978 Gutman [6] conjectured that among all graphs with n vertices, the complete
graph K, has the maximum energy. This was disproved by Walikar et al. [16] and
was defined the concept of hyperenergetic graphs whose energy is greater than that
of complete graphs. Gutman [7] has proved that hyperenergetic graphs on n vertices
exist for all n > 8 and there are no hyperenergetic graphs on less than 8 vertices.

A graph G on order n is said to be hypoenergetic [3] if E(G) is less than its order
otherwise it is said to be non-hypoenergetic [4]. In 2007 Gutman [9] have proved that
if the graph G is regular of any non-zero degree, then G is non hypoenergetic.

The present work is aimed to contribute to find families of hyperenergetic and
hypoenergetic.

The splitting graph S'(G) of a graph G is obtained by adding to each vertex v a new
vertex v’, such that v is adjacent to every vertex that is adjacent to v in G. The shadow
graph Do(G) of a connected graph G is constructed by taking two copies of G say G’
and G”. Join each vertex v’ in G’ to the neighbors of the corresponding vertex u” in
G". Vaidya and Popat [15] have proved that for any graph G, E(S'(G)) = V5E(G)
and E(D9(G)) = 2E(G).

The m-splitting graph Spl,,(G) of a graph G is obtained by adding to each vertex
v of G new m vertices, say vy, Vs, V3, ..., Uy, such that v;, 1 <i < m, is adjacent to
each vertex that is adjacent to v in G.

The m-shadow graph D,,(G) of a connected graph G is constructed by taking m
copies of G, say G1,Go,...,G,,, then join each vertex u in GG; to the neighbors of the
corresponding vertex v in G, 1 <17,5 < m.

Proposition 1.1 ([14]). E(Spl,(G)) = V1 + 4m E(G).
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Proposition 1.2 ([14]). E(D,,(G)) = mE(G).

2. EQUIENERGETIC GRAPHS

Theorem 2.1. Spl,(G) and D3(G) are equienergetic.

Proof. Let G be any graph with n vertices. Then, D3(G) and Spl,(G) are graphs with

3n vertices. According to Proposition 1.1 and Proposition 1.2,

E(Sply(G)) = 1+ 42)E(G) = 3E(G) = E(Dy(G)).
Ezample 2.1. Consider Sply(Cy) and D3(Cy),

” ” ”
V1 Vy V1

’ 7 ’
vy v vy

V1 Vg V1 Vg

V2 L&) V2 L&)

, > ,
V2 V3 V2

” ” ”
v, Vs v,

>
V3

Sply(Cy) Ds3(Cy)
FIGURE 1

17

vi V2 V3 Vg V] v, vz v, v] v vy
vw70 1 0 1 0 1 0 1 O 0
vo |1 0O 1 0O 1 0 1 0 1 0 1
v3 |0 1 O 1 O 1 0 1 0 1 0
vy |1 O 1 0 1 O 1 0 1 0 1
vp|{0 1 0 1 0 0 0O 0 0 0 0
vy, |1 0 1 0 0 O O 0 0 0 0

ABPLED =" 10 1 0 1 0 0 0 0 0 0 0
vy |1 0 1 0 0 0O O 0 0 0 O
vyl0O 1 0 1 O O O O O 0 O
vy |1 0 1 0 O O O O O 0 O
vy |01 0 1 0 0 0 0 O 0 0
vy I 1 0 1 0 O O 0O O 0O 0 O

O

”
Vy

”
V3

n
Uy

1_

S O O O O o o o o =
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Therefore, spec(Splg(CZL)):G _12 le _14 g) Here,

E(Sply(Cy)) = 12,

>
~
>
~
>
~
>
~

vy vz V3 Vg V] v, vy vy, v] vy vy v}

v»70 1 0 1 0 1 O 1 O 1 0 17
vw|1 0 1 0 1 o0 1 0 1 0 1 O
v |0 1 0 1 O 1 O 1 O 1 0 1
vy|1 0 1 0 1 o0 1 0 1 0 1 O
vp|0 1 0 1 0 1 0 1 0 1 0 1
v, |1 0 1 0 1 0 1 0 1 0 1 0

AlDs(Co) = v,001 0 1 0 1 0 1 0 1 0 1f
vyl 0 1 0 1 0 1 0 1 0 1 O
vyl0O 1 0 1 0 1 0 1 0 1 0 1
vy[1 0 1 0 1 O 1 O 1 0 1 O
vy O 1 0 1 o0 1 0 1 0 1 0 1
vy[1 0 1 0 1 0O 1 O 1 0 1 0

Therefore, spec(D5(Cy)) = <§ _16 100> . Here, E(D5(Cy)) = 12. Hence, Spl,(Cy)

and D3(Cy) are equienergetic.

3. HYPERENERGETIC GRAPHS

Theorem 3.1. S'(K,) is hyperenergetic if and only if n > 6.

Proof. Consider a complete graph K, on n vertices. Then, S’(K,,) is a graph with
2n vertices. It is obvious that energy of complete graph with 2n vertices is 2(2n — 1).
Now, if S’(K,) is hyperenergetic, then

E(S'(K,)) > 2(2n — 1) ©V5(E(K,)) > 2(2n — 1)
&V5(2(n—1)) > 2(2n —1)

V5 —1
V5 —2

<n > 6. [l

=n >

Ezample 3.1. Consider complete graph K and S'(Kg).
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Uy

(O)) U6
V3 Us
4
Kg
S'(Ke)
FIGURE 2

V1 Uy Vg Vg Vs Vg V] U, Uy Uy Vg Vg
v+»w[0 1 1 1 1 1 0 1 1 1 1 17

v»|1 o0 1 1 1 1 1 o0 1 1 1 1

v3y|1 1 o0 1 1 1 1 1 0 1 1 1

vy /1 1 1 0 1 1 1 1 1 0 1 1

vs|1 1 1 1 0 1 1 1 1 1 0 1

A(S' () = v¢/1 1 1 1 1 0 1 1 1 1 1 0
(5'(Ke)) {0 1 1 1 1 1 0 0 0 0 0 0

v'2 1 o0 1 1 1 1 O O O O O O

vé 1 10 1 1 1 O O O O O O

vfl 1 11 0 1 1 O O O O 0 O

vgl 1 1 1 0 1 0 0 0 O 0 O
vgL1 1 1 1 1 0 0 0 0 0 0 O]

Hence,

—1+v5 —-1—v56 5+5V5 55\/5)

spec(S'(Ks)) = 2 2 9 9
5 5 1 1
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Here,
E(S'(Kg)) = 10v/5 = E(S'(Kg)) > 22
=F(S'(Kg)) > E(K12)
=S5'(Kg)is hyperenergetic.

The following is a graph of E(S'(K,)) and E(K,,) which helps to understand that
S'(K,) is hyperenergetic when n > 6.

100 1 B(K,,) = 2(2n — 1)
E(S'(K,)) =2v5(n—1)

T 80 |

60 |
S
R 40|
>
0
5)
g 20
24 : : : : :
1 ) 10 15 20 25
n (No. of vertices) —
FIGURE 3

The natural question arises: Are there any graphs which are equienergetic and
hyperenergetic as well? To answer this question we prove following corollary.

Corollary 3.1. D3(S'(K,)) and Sply(S'(K,)) are equihyperenergetic graphs for
n > 9.

Proof. As we have discussed in Theorem 3.1, S’(K,,) is a graph with 2n vertices.
Therefore, D3(S’(K,,)) is a graph with 6n vertices. To prove above result we show
that D3(S'(K,)) is hyperenergetic if and only if n > 9.

If D3(S'(K,)) is hyperenergetic then

E(D3(S'(K,))) > 2(6n — 1) ©3E(S'(K,)) > 2(6n — 1)
&3V5(E(K,)) > 2(6n —1)
©3v5(2(n—1)) > 2(6n — 1)
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3 _
3v5—6
Sn > 9.

Hence, D3(S'(K,)) is hyperenergetic for n > 9. Therefore, according to Theorem 2.1,
D3(S'(K,)) and Sply(S'(K,,)) are equihyperenergetic for n > 9. O

4. HYPOENERGETIC GRAPHS

Theorem 4.1. D,, (K, ,) is hypoenergetic.

Proof. Consider star graph K, on n vertices. Then F(K3,) = 2y/n. Now, D,, (K1)
is a graph with m(n + 1) vertices. As,

n>1=mn-172>0

=n?—2n+1>0

=n’+2n+1>4n

=4n < (n+1)*

=2vn < (n+1)

=m(2y/n) < m(n+ 1).
According to Proposition 1.2, we have E(D,,(K1,)) = mE(Ky,) = m(2y/n) <
m(n + 1). Hence, D,,(K,) is hypoenergetic. O

Example 4.1. Consider star graph Kj4 and Dy(K;4) (see Figure 4). Therefore,

spec(Dy(K14)) = <le _14 g) Hence, E(Dy(Ki4)) = 8 < 10 and Dy(K4) is hy-

poenergetic.

U1 (%] Vs (2
U1 ()] Vs (2
Y,
v

(%
i ! / !
U1 Uy U3 Uy

K4
Dy(K14)

FIGURE 4
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A(Dy(K14)) =

S. K. VAIDYA AND K. M. POPAT

Vy V3 vy4 VU

o4
=
S
NS
S
W~
<
FNE

<

'y
T e T = e T == T e e S e S S e M ]
o o o o »m o o o o ~g8

O O O O R O O O O
O O O O B O O ©o o =
SO O O O = O O O O =
e e e = T R S e S )
O O O O R O O OO O =
O O O O R O O O OO =
o O O O R O O O O
O O O O R O O ©o © =

The following graph on Figure 5 is a graph of n and F(G) which helps to understand
that Do(K ) is hypoenergetic.

60 |
[ 50

40 |

Energy E(G)

30 |
20 |

10 +

B(Da(K 1)) = 4/

1 5 10 15 20 25
n (No. of vertices) —

FIGURE 5

The natural question arises: are there any graphs which are equienergetic as well
as hypoenergetic? We call such graphs as equihypoenergetic. To answer this question
we prove following corollary.

Corollary 4.1. Ds(K;,) and Sply(K;,,) are equihypoenergertic graphs.



ON EQUIENERGETIC, HYPERENERGETIC AND HYPOENERGETIC GRAPHS 531

Proof. 1t is obvious that from Theorem 4.1, D3(K ) is hypoenergetic and from The-
orem 2.1, D3(K; ) and Sply(K7 ,) are equienergetic. Hence, D3(K,,) and Sply (K7 ,)
are equihypoenergertic graphs. 0
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A GENERALIZED CLASS OF CLOSE-TO-CONVEX FUNCTIONS
PARDEEP KAUR! AND SUKHWINDER SINGH BILLING?

ABSTRACT. Let 3%(53) denote the class of functions f, analytic in the open unit
disk E which satisfy the condition

Re ((1 —a) zgég) ta (1 n Z]{,/;Z))) > B, z€eE,

where a, f3 are pre-assigned real numbers and ¢(z) is a starlike function. The special
cases of the class H?() have been studied in literature by different authors. In
2007, Singh et al. [5] studied the class HZ(8) and they established that functions
in HZ () are univalent for all real numbers a, ( satisfying the condition « < 5 < 1
and the result is sharp in the sense that constant § cannot be replaced by a real
number smaller than a. Singh et al. [7] in 2005, proved that for 0 < o < 1 functions
in class HZ («) are univalent. In 1975, Al-Amiri and Reade [2] showed that functions
in class HZ(0) are univalent for all & < 0 and also for « = 1 in E. In the present
paper, we prove that members of the class H®(3) are close-to-convex and hence
univalent for real numbers «, [ and for a starlike function ¢ satisfying the condition

ﬁ+a—1<aRe(Z$;S)) <B<1

1. INTRODUCTION AND PRELIMINARY

Let A be the class of functions f, analytic in the open unit disk E = {2z : |z] < 1}
and normalized by the conditions f(0) = f(0) — 1 = 0. Let 8" and X denote the
classes of starlike and convex function respectively analytically defined as follows:

8*={f€A:Re<Z}f;S)) >0, zeE},

Key words and phrases. Analytic function, univalent function, close-to-convex function
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and

K:{fEA:Re<1+ZjJi/;S)> >0, ze]E}.

It is well-known that
(1.1) feXezzf €8

A function f € A is said to be close-to-convex if there is a real number o, —7/2 <
a < /2, and a convex function g (not necessarily normalized) such that

/

Re (aaf,(z)) >0, zcE.
g'(z)

In view of the relation (1.1), the above definition takes the following form in case ¢ is

normalized. A function f € A is said to be close-to-convex if there is a real number
a, —m/2 < a < /2, and a starlike function ¢ such that

Re <ei°‘ ];((;)) >0, zekE.

It is well known that every close-to-convex function is univalent. In 1934/35, Noshiro
[4] and Warchawski [8] independently obtained a simple but elegant criterion for
univalence of analytic functions. They proved that if an analytic function f satisfies
Ref’(z) > 0 for all z in E, then f is close-to-convex and hence univalent in E.

For pre-assigned real numbers a, 3 and ¢ € 8*, the class H?(f3) is defined as the
class of functions f € A as follows:

Re <(1 - a)zgéi";) +a (1 + Zﬁ;g)) >~ B8, z€cE.

The following special cases of the class H?() have been studied in literature by
different authors. In fact, the class HZ(0) was first studied in 1975 by Al-Amiri and
Reade [2]. They proved that for a < 0, each function in H?Z(0) satisfies Re(f'(z)) > 0
in E and hence univalent in E. They left the problem of univalence open for @ > 0
(except for aw = 1, where f is convex, obviously). Ahuja and Silverman [1] observed
that the convex function f(z) = z/(1 — z) is not in HZ(0) for any real o, a # 1.
Further this problem pursued by Singh et al. [7] and they proved that for 0 < o < 1,
the class HZ(«) consisting univalent functions. In 2007, Singh et al. [5] studied the
class HZ (). They proved that if f € HZ(S), then Re(f'(z)) > 0 in E for all real
numbers «, 3 satisfying o < < 1 and the result is best possible one in the sense
that g cannot be replaced by a real number smaller than «. Their result contains the
previous result of Singh et al. [7] and improves the result of Al-Amiri and Reade [2].

In the present paper, we study a more general class H?(3) and establish that the
functions in H2(B3) are close-to-convex and consequently univalent subject to the
condition

2¢'(2)

¢(2)

B—I—a—1<aRe< >§B<1.
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where «, 8 are pre-assigned real numbers and ¢ is a starlike function. We claim that
our results generalize the previous known results in this direction.
To prove our result, we shall need the following lemma of Miller [3].

Lemma 1.1. Let D be a subset of C x C, where C is the complex plane and let
& : D — C be a complex function. For u = uj + ius, v =01 + ivg (uy, Uz, v, Vo are
reals), let @ satisfies the following conditions:

(i) ®(u,v) is continuous in D;

)
(ii) (1,0) € D and Re(®(1,0)) > 0 and
(iii) Re ®(iug,v1) <0 for all ((tug,vy) € D such that v; < —(1 + u3)/2.
Let p(z) = 1+ p1z + p2z® + -+ be regular in the open unit disk E, such that
(p(2),2p'(2)) € D for all z € E. If

Re(®(p(z),2p'(2))) >0, =z €E,
then Re(p(z)) >0, z € E.

2. UNIVALENCE OF FUNCTIONS IN H¢(53)

Theorem 2.1. Let ¢ be a starlike function and let o, B be real numbers such that

(2.1) B+a—1<aRe (ﬁé?) <pfg<1l
If f € A satisfies
A P(R) 2f"(2)
(2.2) Re ((1 @) o2 —I—a(l—I— 70 >> >3, zek,
then Re (Zgéi';)) >0 E. So f is close-to-convexr and hence univalent in E.

Proof. Write p(z) = %, where p is analytic in E such that p(0) = 1 and ¢ is a

starlike in IE. Then

- )Zf’() < f”(z)):(1_a)p(z>+a<zp'<z>+z¢'<z>>_

¢(= ) f'(2) p(z)  ¢(2)
Thus, condition (2.2) is equivalent to
/ 2¢'(z) _
(2.3) (1 % @ P S) . ﬁ(ziﬁ 6) >0, z€E.

p(
Let D =C\ {0} x C and define ®(u,v) : D — C as under:

11—« a v Z¢(i)) B

3" 180 T 1-5

O (u,v) =
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Then ®(u,v) is continuous in D, (1,0) € D and in view of the given condition, we

have
1—a(1—Re(2@)) g3
Re(®(1,0)) = ( () >0
1-p
Further, from (2.3), we get Re[®(p(2), 2p'(2))] > 0, z € E. Let u = uy + iug, v =
2
v1 +1ive where uy, ug, v and v are all reals. Then, for (iug,vy) € D, with v; < — 1+2u2,
we have
z¢'(2)
| 1—a. o v o(FF) -5
Re(® =R Ly AW
e(P(iug, v1)) e(l—ﬁlu2+1—ﬁiuz+ 13
z¢'(z)\ _
_aRe (575) - 8 <0
1-06 -
The proof now follows from Lemma 1.1. O

To illustrate the above result, we consider the following example.

Ezample 2.1. On selecting ¢(z) = ze® and f(z) = z+ % in Theorem 2.1, we can easily
check that for « = —0.1 and 8 = 0, the condition (2.1) is satisfied as follows

—1.1 < —0.1Re(1+2) <0< 1

and
z2f'(2) z2f"(2)\\ _ . 0.1+ 0.2z
Re ((1 —a) o) +a (1 + 70 >> = Re (1.16 (1+2)— 1+z> > 0.
Therefore,

Zf,(Z) — Re e *
Re<¢(z)>_R(1+ Je > > 0,

thus f is close-to-convex and hence univalent in [E.

Theorem 2.2. Suppose that ¢ is starlike in E and «, [ are real numbers such that

B+a—1>aRe (Z:;;(ZZ))) > 5> 1.
If f € A satisfies

G () )
(2.4 Re <<1 )LL) (1 +LE )) <p, :z€E,

2f'(2)
¢(2)

then Re <

) > 0 E. So, [ is close-to-convex and hence univalent in E.
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Proof. Write ZQS) = p(z), where p is analytic in E such that p(0) = 1 and ¢ is starlike

in E. Note that 1 — 5 < 0, thus the condition (2.4) reduces to

l-—a a zp'(z) Oéz;sgg) —p
Re(l—ﬁp(z>+1—ﬁp(2) - >0, ze€R.

The proof can now be completed on the same lines as the proof of Theorem 2.1. [

In a special case when ¢(z) = z in Theorem 2.1, we obtain the following result of
Singh et al. [5].

Theorem 2.3. Let a and 3 be real numbers such that o < < 1. Assume that an
analytic function f € A satisfies the condition

"
(2.5) Re ((1 —a)f'(z) +« (1 + ZJ]:/<(§)>> >3, zeLk.
z
Then Ref'(z) > 0 in E. So, f is close-to-conver and hence univalent in E. The result
is sharp in the sense that the constant  on the right hand side of (2.5) cannot be
replaced by a constant smaller than c.

Selecting ¢(z) = z in Theorem 2.2, we obtain the following result of Singh et al. [6].

Theorem 2.4. For real numbers o and [ such that o > 3 > 1, if f € A satisfies the
inequality

Re ((1 —a)f'(2) +a (1 + Zﬁ;g)) <8, z€cE.

Then Ref'(z) > 0 in E. So, f is close-to-convex and hence univalent in E.

Acknowledgements. The authors are thankful to the reviewer for valuable com-
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A NEW CLASS OF INTEGRALS INVOLVING GENERALIZED
HYPERGEOMETRIC FUNCTION AND MULTIVARIABLE
ALEPH-FUNCTION

DINESH KUMAR!, FREDERIC AYANT?3 AND DEVENDRA KUMAR*

ABSTRACT. The aim of this paper is to evaluate an interesting integral involving
generalized hypergeometric function and the multivariable Aleph-function. The
integral is evaluated with the help of an integral involving generalized hypergeometric
function obtained recently by Kim et al. [8]. The integral is further used to evaluate
an interesting summation formula concerning the multivariable Aleph-function. A
few interesting special cases and corollaries have also been discussed.

1. INTRODUCTION AND PRELIMINARIES

Hypergeometric function is an important and useful tool for special functions that
plays an important role in the field of analysis. Transformation theory plays a major
role to provide a platform for the development of beautiful transformation. It is
important to mention that whenever generalized hypergeometric function reduces to
a gamma function, the results are very important from application point of view in
mathematics, statistics and mathematical physics [2,11,22]. Recently Rohira et al.
[17] have evaluated a class of integrals involving generalized hypergeometric function
and the H-function defined by Fox [5] (see also, [16]). In this paper, we aim to
present a class of integrals involving generalized hypergeometric function and the
multivariable Aleph-function.

The multivariable Aleph-function is an extension of the multivariable I-function
defined by Sharma and Ahmad [20], which is a generalization of the multivariable H-
function defined by Srivastava et al. [24,25] (see also, [3,4,10,23]). The multivariable
Aleph-function is defined by means of the multiple contour integral given by the

Key words and phrases. Multivariable I-function, multivariable H-function, double finite integrals.
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following manner:

N (2z1,...,20)
21
. 1 r
_ o0,ma,ng,. me,ne (aj; Oé )7 e ’a§ )) )
=N R: R . . R(™) . 1n
Pisqi; T Rep, (1) 54,1 5T, (1) 5 33D, (r) 4y () 3Ty ()
P ,
ZT
PN N () WY (O
T; (aﬂ,aﬁ e QGi ) )\ ),

(B f)>m+1,q2] J(CORCONN}

i (0020 g 55 [(67) ), [ (o), o]
1)

T;(1) (d( (1)7511(1)) +1’q(1)} Yoo {(dg”")) , (5](-r))1’mj s |:7—,L‘(r) (dgz()’“)’éj(:()r))m 1 q(’“)]
(1.1)
o ' o
(27rw)r /L1 /Tw(él)"'agr) ]L[lek (é'k) 2L dgl...dé’,,

with w = v—1,

‘]‘-zlf‘(l aJ+Zk 1a fk)

V&)= S [T T (0 — Shoy 0 €6) T T (1= bji + Sy B0 6|
and

0 (&) = I T (4)” = 076 G4 T (-6 +5)76)

PR Z (1£’;> 1 [T<k) H] mk+1 r (1 - déz()k) +9 1(k)§k) f(2k+1 I ( ﬂ()k) (f()mék)} '

For more details, reader can refer to recent works [1,18]. The condition for absolute
convergence of multiple Mellin-Barnes type contour can be obtained by extension of
the corresponding conditions for multivariable H-function given as | arg z| < %Al(-k)ﬂ,
where

n Pi g
= o’ —m > ) —m Y gy +Z% = T Z vﬂ<k>+z5k)
j=1

j=n+1 7j=1 Jj=ng+1
q,(k)
— T Y. 0 Z(k) >0, withk=1,...,r,i=1,...,R, i® =1,... R®,
J=mp+1
where k=1,...,r,i= R, %) =1,... R®,

The complex numbers 2 7& 0. Throughout the paper, we assume the existence
and absolute convergence conditions of the multivariable Aleph-function. Here and
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in the following, let Re(a) be the real part of a complex number a. We establish the
asymptotic expansion in the convenient form, below

N (2z1,...,2.) =0(|z1]*, ..., |2z *), max(|z],...,]|2z]) =0,
N(z1,..002) =0 (|20, 2], min (|2, ]z]) = oo,
where & = 1,...,r, o = min [Re (d§k)/5§k)>}, j = 1,...,my and
r = max [Re ((cgk) — 1) /fyj(k))}, j = 1,...,n. For convenience, we will also use
the following notations in this paper:
V:m17n1;"';m7“7n’r7
(1.2) W =p,w, 0, Ti; Rm% <o Dim) s Qi) 5 T R(T);

(1.3)

A={ (a0 o) b L (asa®, o) (@), 1
{Tm (it it ), o } T {(cg»r); %(-T))Lm} : {Tm (i gitm ), o } :
(1.4)

(o). ) {0),.)
{n(n (dﬁmv 5,(;)1))%“7%(1) } eeed {(dy); 5](r)>17mT} ) {Tm <d§:2r>§ 6;:()T))mr+l,qi(r) } ’

2. REQUIRED FORMULA

Recently, Kim et al. [8] have obtained the following integral formula involving
generalized hypergeometric function which will be required in our present study. Here
and in the following, let C and Z; be the sets of complex numbers and non-positive
integers, respectively.

Lemma 2.1. For Re(2¢c —a —b) > —1 and d € C\Z; , we have the following integral
formula, given by

Lo a,b,d+1;
/O”C H(1-a)f 3F2[ La+b+1),d; ]dx

B WF(C)ZI_CF(%CL—FIZ)—F )F(c—%a—fb—i- )
T(ta+ )T (3+ )T (c—ta+1)T(c—1b+ 1)

2¢—d\ ' (c)4~ F( a+3b+ )F(c—fa—fb—i- )
( d ) F(3a)T(30)T (c—3a+1)T(c—4b+1)
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3. MAIN INTEGRALS

In this section, we evaluate the following interesting integral involving generalized
hypergeometric function and the multivariable Aleph-function.

Theorem 3.1.
(3.1)

s (1—a)™
1 :
-1 (1 e a,b,d+ 1, : _
/Ox (1—ux) 3F2[;(a+b+l),d;x]}z . de = A4
zahr (1—2)"
214_h1 (1_c;hla"'vh‘r)7(§+§a+%b_c;h1""’hr)’A

NO n+2 1%
pi+2,q;+2,7; R:W

ZT4_hr (%‘i‘%a_c;hfl?"'ah’?“)7(%+%b_c;hlv"'7hr>78
214*}11 (1—C;hl,...,hr),(d—2c;2h1,...,2h7«>,

0On+3:V
+ Ay Np +3,¢:+3,7; R:W

zTZJ;_hT (%a—c;hl,...,hr> ;(;b—c;hl,...,hr),
(L+ta+ib—chi,... h), A

(1+d—2¢;2h,...,2h,), B
where A and B are given by (1.3) and (1.4) respectively. Also,
T4~ F( a—+ 1b + )

(3.2) Ay =
' F(§a+§)1“(§b+§>
and
w4l (Sa+ b+ ])
(3:3) A= (sa)T(20)

Provided that
h;i >0, fori=1,...,7, Re(c)>0,de C\Z;,

" d
Re (¢) + ) h; min Re<6]1>>0 fori=1,...,r,

J

1 (k) -
< ZA;
2 7 7

‘arg zpa™ (1 —x)™

where AE’“) is defined by (1.2) fork=1,...,r
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Proof. To prove (3.1), first we assume the left side of (3.1) by the notation JF, and
then express the Aleph-function of several variables involved on the left hand side
of (3.1) in terms of Mellin-Barnes contour integral with the help of (1.1), and next
change the order of integrations which is permissible under the stated conditions, so
we obtain

_ 1 : Sk ! c+2f_lhisifl
sfl—(m)r/ﬁl.../Twsl,...,sr)lgek(sk)zk [

a,b,d+1;

_ C+Zzl 81
x (1—2) 3F2[ La+b+1),d;

] dx} ds;y...ds,

Now, we evaluate the inner integral with the help of lemma 2.1, after algebraic
manipulations, we have

N :7T4_CF<G—|- b—|- / / (s s)ﬁe (3)2
4723:1h”’1j(0+2¢:1h¢8i) <C+Z hSz—*a_*b‘f‘)
F(c+2§1h43i—la+l)F(c+Zi1h45i—%b—|—§)

T4~ CF( a—i—lb—l— r ) )
+ df(ia)F@ Gy /L1 r@/} 31,...,sr)]£[1 k (sk) 2,
4_Z::1hisir(c+2i=1hi3i) (C+Z phisi — 3 a_7b+ )
T (et X hisi = sa+1) T (c+ X0 hisi — 3b+1)
I'(2c—d+2%7  his; + 1)
T(2c—d+257 his:)

and reinterpreting the multiple Mellin-Barnes contour integral in terms of Aleph-
functions of r-variables, we obtain the desired result (3.1). O

X ds;...ds,

X

ds;...ds,,

Theorem 3.2.
zah (1—a2)t
1 . .
/ 22 (1—z)" R dz
0 )
zeal (1— )
Z1 (1—Oé;h1,...,h7«),(1—5;11,...,ZT>,A
(3.4) _Ng :—+22q:/+1 i R:W )
2 1l—a—-p;h+1l,...,~h.+1.), B
here provided that
h; >0, l; >0, fori=1,...,r,
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i J
Re (a) + ;:1 hi min Re (6(i)) >0,

<j<m; \
J

mi J -
Re(ﬁ)—l—;lllmm Re(é(i))>0, i=1,...,m,

<j<m; \
J

‘arg zpa™ (1 — )

K3 Y

1
< §A(k)ﬂ'

where AE’“) is given by (1.2) fork=1,...,r.

Proof. To prove (3.4), we express the Aleph-function of several variables involved on
the left hand side of (3.4) in the terms of Mellin-Barnes contour integral with the
help of (1.1), and change the order of integrations which is permissible under the
stated conditions and use the formula concerning beta-integral to evaluate the inner
integral. Now reinterpreting the multiple Mellin-Barnes contour integrals in terms of
Aleph-functions of r-variables, we obtain the desired result (3.4). O

4. APPLICATION IN OBTAINING A NEW SUMMATION FORMULA

We have the following summation formula concerning the multivariable Aleph-
function, defined as

Theorem 4.1.
(4.1)

= (a), (b), (d+1),
S (3a+b+1) (d), s

2 | (1—c—=s;h1,... h), (—¢;hyy.o o b)), A

0,n+2:V . . .
X Npi+2,qz'+1,Ti;RiW . = A

2 (—2c —s;2hy,...,2h,), B

214—h1 (1—C;hl,..-,hr),(%—F%a“‘%b_c;hl,---,hr),A

NO,n+2:V
Dit+2,qi+2,7; W

2, 47 (%+%a_c;h1,,,,,hr),(%+%b—c;h1,...,hr),B
214—h1 (1—C;hl,...,hr),(d—QC;th,...,Zhr),
+ AN e .

zréi_h" (%a—c; hl,...,hr> ,.(lb—c; hl,...,hr>,

2
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(A+3a+ib—chy,... h), A

(1+d—2c¢;2hy,...,2h,), B

where Ay and As are defined in (3.2) and (3.3) respectively, also the validity conditions
can easily be obtained from (3.1).

Proof. We have the following integral denoted by IJ (say), given as

zah (1—a2)t
1 :
_ c—1 i c a, b, d + 1, .
_/Ox (1—2x) JQ[;(a%—ble),d;x]N ' dz.
z (1 — x)lr
Expressing the generalized hypergeometric function sF5 as a series, and after algebraic
manipulations we have
2 (1 - :zt)l1
> b). (d+1 1
J = - (a), (b), (@ + 1), / (1 - 2)° R ' dz.
S (Sa+b+1)) (@), 8! o

zeah (1 — x)lr
Finally, evaluating the above integral with the help of (3.4), we arrive at

= (a), (b), (d+1),
S (3(a+b+1)) (d), s
2 | (1—c—=s;hy,...,h), (—¢c;hyy.. o hy), A

j:

(42) X< N e | ,
Zr (—2c¢ — s;2hy,...,2h,), B

Hence, the summation formula (4.1) follows from equating the two integrals (3.1) and
(4.2). O

When d = 2¢, then above result reduces to the following interesting relation:
> (a), (b), (2c+1),
s=0 (% (a+b+ 1))5 (2¢), s!

21 | l=c—=s;hy,... b)), (—c;hy, ... hy) A

0,n42:V . ) _
X Npi+274i+17T¢;RZW . . = Ay,
2 (—2¢ — s;2hy,...,2h,), B
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aah | U=chy k) (S e+ ib—ch, b)), A

NO,n+2ZV
Pi+2,qi+2,7; R:W

Zr4_hr (%—}—%a—c;hl,,,,,hr),(%—i—%b—c;hl,...,hr),B
214—}11 (1—c;hl,...,hr),(O;th,...,Qhr),

0,n+3:V
+ Ao NS g po i mew

Zrzi—hr (%a—c;hl,...,hr) ;(;b—C;hlw-th)’
<%+%a+%b—c;h1,...,hr>,fl

(1:2h,...,2h,), B

5. SPECIAL CASES

In this section, we will see the interesting special cases of integral formula (3.1) and
summation formula (4.1).

Let b = —2s and replace a by a + 2s, where s is zero or a positive integer. In such
case, one of the two terms on the right hand side of (3.1) will be vanished and we get
the following interesting result, as concerning by the following corollary.

Corollary 5.1.

2z (1 — x)hl

1 .

c—1 o c a+23,—23,d+1, '

/0 vl l %<a+1)7d; di ' dx

Z’r‘ l'hT (1 _ .T)hT
1 7 47 (I—=c hyy.oyhy),

:M NO,n+2:V '
4e la+ 1 Di+2,q;+2,7; RW ] ‘

(30+1), At | (4 dats—chy,. . ),

(%—F%a—c;hl,...,h,«),fl

(%—s—c;hl,...,hr),B
provided that the condition easily obtainable from (3.1) is satisfied.

Let b = —2s — 1 and replace a by a + 2s + 1, where s is zero or a positive integer.
Then, one of the two terms on the right hand side of (3.1) will vanish and we get the
following corollary.
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Corollary 5.2. By assuming that the validity condition easily obtainable from (3.1)
is satisfied, then we have

aah (1—a)™

a—i—28—|—1,—28—1,d—|—1;x]N da

1
c—1 _ c
/O:L‘ (1 ZL‘) fQ[ %(CL—I—l),d; .
zoahr (1—2)"
—h (1 —=c; hyy... hy)
o1 . 214 s 101, s Tor )
_ (=) vm (%)S O3V :

] 92c+1 (1a+ ;) Pit3,i+3,7; RW
20T 3),

2, 4= (%+%a+3—c;h1,...,h,«>,
(3+3a—chy,... hy),(d=2c2h,. .., 2h,), A

(_l_S—C;hl,...,hr>,(1+d—20;2h1,...,2hr),B

2

Next, we will provide the special cases of the summation formula (4.1).
Concerning the following corollary, we consider the Aleph-function of one variable
defined by Siidland et al. [26,27] (see also, Saxena et al. [18]).

Corollary 5.3.
(1—c—=s;h1),(=c;hy), A

21

io: b) (d + 1)3 le,n1+2

1 p1+2,q1+1,7.1 ’R(l)
Sofa+b+ d), s! iV :
(2 )> @) (—2c—s;2hy), B

(1—ch), (3+3a+3b—ch), A

mi,n1+2 P 4—h1
P1+2,q1+2,7, (1), R 1

(%+%G—C,h1),(%+%b—c,h1),B
(1=cihi),(d—2c;2h), (3 +3a+3b—chi), A
mi,n1+3 —hy .
+A2 Np1+3 Q3,0 RO | A1 4 '
(%a—c;m),(%b—c;hl),(1—|—d—20;2h1),B

where

_ 1. 1) 1 . @
A = {(Cj ,’Yj )1,711} s {ﬂ'(l) (Cji(l)’7ji(1)>ﬂ1+17pi<1)}

and

_ (1), (1) 1 . s
B= {(dj 10, )1,m1}’ {Ti(l) (dﬂ“>’ 6JZ(1>)m1+1,qi(1)} '
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Provided that:
hy >0, Re(¢) >0, d#0,—1,-2

g e ey

(i(l)
Re(c) + hy min Re (51)) > 0, ’argzlxhl (1—x)h1

1<i<my )

<1
—T
27

Jj=ni+1 j=mi+1

n1 q;(1)
(Zvﬁ- . VDL (zzw)w
j=1

Now, we consider the [-function defined by Saxena [19]. We have the following
result.

Corollary 5.4.

(1—c—s;h1),(—c;hy), A
S (a)s (b)s (d+ 1)5 ™ n1+2 ( .
+

1 101-|-2 qa+1LRM
so(z(a+b+1 d), s! :
<2( )>s (4) (—2c —s;2hy), B’

(1 —c; hy), % % c;h1>,A’

l
2
_ mi,n1+2 —h1

=4 p1+2,q1+2;RM) a4

(%‘F;G—C%]h),(;+;b—c;h1),B/
(1= cihy), (d—2c;2h), (3 +3a+3b—chi), A’

m1,n1+3 —hy
+ A2 Ip1+3 @1+3;RM “1 4

(%a—c; h1> , (%b— c; h;),(l—i—d—Qc;Zhl), B’

= {0, L), )

o (1), ¢(1) 1) . 5(1)
B = {(d] ) 5] >1,m1} ’ { (dji(l) ) 5ji(1))m1+1,qi(1) } )
Provided that

hi >0, Re(c) >0, d#0,—1,-2,..

where

and

*

(i(l)
Re(¢) + hy min Re( ) > 0, ’argzlx (1—xz)™

1
1<i<m 5l1) < §7T’

ni Py
(Z VR D! z(l) + 25 Z 5]1(1))
j=1

j=ni+1 J=mi+l

Remark 5.1. By the similar methods, we can obtain the similar summation formula
with the Aleph-function of two variables (see [9]), the I-function of two variables
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(see [12,21]), the multivariable I-function (see [13,15]), the multivariable A-function
(see [7]), the A-function [6], the modified multivariable H-function (see [14]) and the
multivariable H-function (see [3,4,10,24,25]).

6. CONCLUDING REMARKS

In this paper, we have established two integrals formulas and one summation formula
involving the generalized hypergeometric function and Aleph-function of r-variables.
On account of the most general character of the multivariable Aleph-function in
Theorems 3.1, 3.2 and 4.1, numerous other special cases associated with potentially
useful higher transcendental functions, orthogonal polynomials of one and several
variables can be deduced.
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LOWER BOUNDS FOR INVERSE SUM INDEG INDEX OF
GRAPHS

I. GUTMAN?!, M. MATEJIC?, E. MILOVANOVIC?, AND I. MILOVANOVIC?

ABSTRACT. Let G = (V, E), V ={1,2,...,n}, be a simple connected graph with n
vertices and m edges and let dy > ds > -+ > d,, > 0, be the sequence of its vertex
degrees. With ¢ ~ j we denote the adjacency of the vertices ¢ and j in G. The
inverse sum indeg index is defined as IST = > d(fjrddjj with summation going over
all pairs of adjacent vertices. We consider lower bounds for 1.57. We first analyze
some lower bounds reported in the literature. Then we determine some new lower
bounds.

1. INTRODUCTION

Let G = (V,E), V ={1,2,...,n}, E = {e1,ea,...,en}, be a simple connected
graph with n vertices and m edges, and let A = d; > dy > --- > d, = 6 > 0,
d; = d(i), and d(e;) > d(ez) > --- > d(ey), be sequences of its vertex and edge
degrees, respectively. We denote by A., = d(e;) + 2 and 6., = d(en) + 2. If the
vertices ¢ and j are adjacent, we write ¢ ~ 7.

In graph theory, an invariant is a property of graphs that depends only on their
abstract structure, not on the labeling of vertices or edges, or on the drawing of the
graph. Such quantities are also referred to as topological indices. Topological indices
gained considerable popularity because of their applications in chemistry as molecular
structure descriptors [2, 24, 25].

An important class of graph invariants are those whose general formula is

VDB =VDB(G) =Y ®(d;,d;),

i~vj

Key words and phrases. Degree (of vertex), degree (of edge), inverse sum indeg index, Zagreb
index.
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which are usually referred to as vertex—degree based topological indices. Here ® may
be any function satisfying the condition ®(x,y) = ®(y,z). A very large number of
particular VDB indices has been considered in the literature, some of which are listed
below. There are countless papers reporting relations for VDB indices, which includes
bounds (in terms of various graph parameters), characterization of graphs extremal
w.r.t. some particular VDB index (in some particular class of graphs), and inequalities
between various members of the VDB family. Readers interested in this topic may
consult the recent collections of review articles [12-14].

The present paper contributes to the theory of VDB indices, comparing some
previously known inequalities and challenging their validity, and offering a few new
results of the same kind.

The oldest VDB topological indices, the first and the second Zagreb indices are
defined as (see [8,9])

n

M1 = Ml(G> = Zd2 and M2 = MQ(G) = Zdl dj,

K
i=1 inj

where the first Zagreb index can be expressed as
(1.1) M, => (d; +dj).
i~j
Bearing in mind that for the edge e connecting the vertices ¢ and 7,

d(E):dl—i-dJ—Q,

the index M; can also be considered as an edge-degree based invariant (see [17])

M:ip@+4

i=1

A so-called forgotten topological indez is defined as (see [8])

F=F(G) =Y d = Y (& + &),
i=1 inj
It can be easily observed that for the indices M, and F' the following identities hold:

m 2
i=1 inj
Multiplicative versions of the first and second Zagreb indices, denoted by II; and
I1,, respectively, were first considered in a paper [10] published in 2011, and were
promptly followed by numerous additional studies. These indices are defined as:

Hl :H1<G)2Hd22 and HQIHQ(G) :Hd’tdj
i=1

i~vg
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One year later, motivated by the identity (1.1), the multiplicative sum—Zagreb index
was conceived as [3]:

I =(G) = [[(d: + ;).
i~
Probably the most popular and most thoroughly investigated molecular—structure
descriptor is the classical Randic¢ (or connectivity) index

1

(1.2) R=R(G) :Z\/ﬁ’

invented by Randi¢ in 1975 [21].
Replacing in (1.2) multiplication by summation, the so-called sum—connectivity
index was put forward as (see [32])

1

SCI=SCIG)=) ——.
z; Vi +d;

In [1] (see also [11,16]) a topological index called general Randi¢ index, R,, was
introduced as

Ro = Ro(G) = > _(did;)®,
invj

where « is an arbitrary real number. For o = —1/2 we have R = R_; 5, whereas for
a = 1/2, the reciprocal Randi¢ index, RR, [11,16] is obtained.

In order to improve the predictive power of the Randi¢ index, a large number of
additional vertex—degree based topological descriptors was introduced. The geometric—
arithmetic indez, introduced in [30], is defined as

2,/d; d;
GA=GAG) =3 ;=
di+ d,

invj
The harmonic index, introduced in [4], is defined as

2
H:H(G):Zd«kd‘.
i J

i~j
It should be noted that II, SCI, and H can be considered as edge-degree based
topological indices as well, since the following identities hold:

m 2
H= Y e

m m 1

I = 1:[1 ld(ei) +2], SCI = Zd(e)—i—2

In a series of papers [26-28,31], Vukicevi¢ introduced the so-called Adriatic indices,
providing a general method for constructing vertex—degree based graph invariants;
for review see [29]. Vukicevi¢ himself restricted the considerations to some 148 such
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indices, although their possible number would be infinite. One of these Adriatic
indices, named symmetric division deg index, is

1(d; d;
SDD =SDD(G)=> —[-+-2]).
) ; 2 (dj ! di)
Another Adriatic index, the so-called inverse sum indeg index, was singled out in [26]
as being a significantly accurate predictor of total surface area of octane isomers. It

is defined as

d; d;

IST =1S51(G) = e
(G) ; d; +d,;

In this paper, we are interested in lower bounds on I1SI. We first perform the

analysis of some earlier reported lower bounds for 1,57 [5,19,23]. Then we determine

some new lower bounds for it, in terms of some other vertex—degree based graph

invariants.

2. PRELIMINARY CONSIDERATIONS

In this section, we analyze some lower bounds for the inverse sum indeg index
reported in [5,19,23].
In [23] the following inequality was proven
(n—1)°

. > —
(2.1) IST > .

with equality if and only if G = K ,_;. This bound is the best possible in its class.
In [5] it was proven

2

(2.2) Isr>",
n

with equality if and only if the graph G is regular or biregular. This bound depends
on the parameters n and m, and it is the best one in its class, so far.

The bounds given by (2.1) and (2.2), although simple, are very important and,
as we shall demonstrate, are convenient for testing whether other lower bounds,
depending on some other parameters, have any sense. Of course, it is of interest to
determine other (lower) bounds that establish relationships between /.S7 and other
graph invariants. But, if these inequalities are weaker than inequalities (2.1) and (2.2),
the question of their purpose arises. In that sense we will analyze lower bounds for
IST obtained in [5] and [19].

In [5] the following lower bounds for .51 were also established:

m? 62
(2.3) ISI > A

1

2
(2.4) ISI Z‘SQH,
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M,
. >—=
(2.5) IS >33,
2 2
(26) 151> 28
m
(2.7) ISI >H,
M, F
. >l =
(2.8) IST 5 s
m2voA
2. IS >—-—7—
(29) 5 “(0+ AR
2
(2.10) 151 >WCD”
R_y
(2.11) ISI >m ( ) ,
11y
whereas in [19] it was proven that
VOA H M,
2.12 151 > ———.
(2.12) 512 m(6 + A)

The inequalities (2.3)—(2.12) are all correct. However, it is questionable whether
any of the bounds given by (2.3)—(2.10) are worthy. In what follows we discuss this
matter.

Since
= Z d? > né?,
i—1
we have that
m2 _ m2H?
>
n M1

Thus, the inequality (2.3) is a direct consequence of the inequality (2.2).

Since
n52H 52 Z ( ) Z 2 < 5j 2ﬂ m
d; idei—i—dj_Q §y &’
it holds
m? _ 6°H
= >0
n — 2

Thus, the inequality (2.4) is a direct consequence of the inequality (2.2).
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Using the arithmetic-harmonic mean inequality for real numbers (see for example
[18]), we get

1 1 2
~HM, == d; + d;) > m?
M =5 2 g L ) = m
that is
0H _ m?é
- > ,
2 - M

implying that the inequality (2.3) is a consequence of (2.4).

If m > n, the inequality (2.5) is a consequence of (2.2).

Let m =n —1, i.e., G is a tree. In [6] it was proven that
(2.13) My(T)<A@2n—-A—-1—Fk)+k(k—-1),
where

k=n—1 (mod A—-1), 1<k<n-1
From (2.13) it follows

2A(n — 1)2
MyT)<AC2n—A—-1—k)+k(k—1)< L,
n

wherefrom we get

W (n=17 | M(T)

n n - 2A
This means that the inequality (2.5) is a consequence of (2.2) for every connected
graph G.

According to the inequality

2

1 1 mH

SCI)? = S ——— = ,
s - (S7t) =St

m? _ PH _ (SCI)
- .

it follows
>

2~ m

This means that the inequality (2.6) is a consequence of both (2.2) and (2.4).

Let m = n —1, i.e., G is a tree of order n, and let n > 3. Then d; + d; > 3 for
every i ~ j. Therefore,

(n—1y
n

It follows that in this case the inequality (2.7) is a consequence of both (2.1) and (2.2).

Let m > n. Then d; + d; > 2 for every ¢ ~ j. Then we have

2

m
—>m>H.
n

Therefore, in this case, the inequality (2.7) is also a consequence of (2.2).
The inequality (2.2) is stronger than the inequality (2.8) when G is a biregular
graph, or G = P,, or G = K,, —e, or G = K,,_1 +e. When n > 3 and G is not a

2
Zg(n_l)ZH-
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regular graph, then we could not find any connected graph for which the inequality
(2.8) is stronger than the inequality (2.2). Moreover, if A > 24, then the right-hand
side of (2.8) can be negative. Therefore, the right-hand side of (2.8) should be avoided
when estimating lower bound for I.ST.

Since
1 1 d; + dj 1
n = _ —|— _— = = —_—
Z (di dj> Z d; d; /di d;

i~

dd \l»\/>\/7

for every edge in the graph G, it follows
(A+0)R
n < ———=.
T VAS

and

Therefore,
m? N m2V/AS
n = (A+0R’
Thus, the inequality (2.9) is a consequence of the inequality (2.2).

The inequality (2.2) is stronger than the inequality (2.10) when G = P,, or G =
K,—eorG=K, 1+e,n>3. Ifn>3and G is not a regular or biregular graph,
then we could not find any connected graph for which the inequality (2.10) is stronger
than the inequality (2.2). However, it remains an open question whether this is the
case for every connected graph under given conditions.

The inequality (2.11) is stronger than the inequality (2.2) for G = P,, G 2 K,, — e
or G = K, 1+ e. Again, we could not find any connected graph which is not regular
or biregular for which the inequality (2.2) is stronger than the inequality (2.11). It is
still an open question if this is always the case.

The inequalities (2.2) and (2.12) are not comparable. Thus, for example, if the
connected graph is biregular or G = K,,_1 + e, then the inequality (2.2) is stronger
than the inequality (2.12). If, however, G = P, or G = K,, — e, then the inequality
(2.12) is stronger than (2.2).

3. MAIN RESULTS

Before we establish some new lower bounds for 1.51, we recall some discrete inequal-
ities for real number sequences that will be used subsequently.

Let p = (p;) and a = (a;), i = 1,2, ..., m, be positive real number sequences with
the properties p1 +po++--+pn =1land 0 < a < a; < A < +00. In [22] the following
inequality was proven

(3.1) szaz—l—aAZ <a+A
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Equality holds if and only if a; = A or a; = a, for every 1 = 1,2,...,m.
Let x = (z;) and a = (a;), ¢ = 1,2,...,m, be positive real number sequences. In
[20] it was proven that for any r > 0 holds

(3.2) I S
i—1 @ Za>
P
with equality if and only if ==
If a =(a;),i=1,2,...,m, is a positive real number sequence, then [15]
m 2 m m 1/m
(3.3) <Z \/a_z> > a;+m(m—1) (H ai>
i=1 i=1 i=1
Equality holds if and only if a; = as = -+ = a,,.
Theorem 3.1. Let G be a simple connected graph. Then
AR_ My + A, 6., H?
3.4 IST > SRR
( ) N 4(A81 + 561)R—1
Equality holds if and only if G is reqular or biregular.
Proof. For p; = %, a;, == d; +d;, a = 9., A = A, where summation is

performed over all pairs of adjacent vertices of GG, the inequality (3.1) becomes

d; d;
Zdl dj + A61561 Zm < (Ael +581>ISL
i j

i~j i~
ie.,
(3.5) My + A6 Z%qA +6.,)ISI
' T dirdy)r T T .
Forr =1, z; := di%dj, a; == #dj, where summation goes over all pairs of adjacent

vertices, the inequality (3.2) transforms into

2
1

~ (d; +d;)? ~ 1 ’
i~vj
XN; d; d;
that is
d; d; H?
3.6 v > .
(36) ; (d; +d;)*> — 4R,

In view of (3.5) and (3.6), we obtain (3.4).
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The equality in (3.6) holds if and only if for any two pairs of adjacent vertices i ~ j

and u ~ v

1 1 1 1
(3.7) a4 + 4" + i
Let j and u be two vertices adjacent to ¢, that is ¢ ~ 7 and ¢ ~ u. Then, from the
above identity, it follows d; = d,. Since G is a connected graph, equality in (3.6)
holds if and only if GG is regular or biregular.

Equality in (3.5) holds if and only if d; + d; = A., or d; + dj = é.,, for every edge
of G. This means that equality in (3.5) holds if and only if G is regular or biregular
or for some edges d; + d; = A, holds whereas for the remaining edges d; + d; = o, .
This means that equality in (3.4) holds if and only if G is regular or biregular. O

In the next theorem we obtain a lower bound for 157 in terms of the parameters
m, A, O.,, and the topological indices My and SDD.

Theorem 3.2. Let G be a simple connected graph with m edges. Then
2Mo(SDD + m) + m?A., 0.

3.8 IST > L

(38) ~  2(SDD +m)(A, + 0e,)

Equality is attained if and only if for any two pairs of adjacent vertices i ~ j and
u ~ v the identity

S

(39) + = df +

&\Q’*

S &

holds.

Proof. By the arithmetic-harmonic mean inequality (see e.g. [18]), we have

d; d; (di+d)? _
3.10 > m?.
(3.10) %(dm)?; dd, =
Since
(d; + d;) & + 2+ 2d; d; 02 + 2
_ 2m = 2(SDD
; did; X; did; gdd +2m =2(SDD +m),

from (3.10) and the above it follows
Z dl dj > m2
~ (d; +d;)> — 2(SDD +m)

i~vj

From this and inequality (3.5) we obtain (3.8).

Equality in (3.10) is attained if and only if for any two pairs of adjacent vertices
i ~ j and u ~ v the equality (3.9) holds. Consequently, equality in (3.8) holds if and
only if for any two pairs of adjacent vertices i ~ j and u ~ v the equality (3.9) is
valid. O
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In the following theorem we determine a lower bound for I.ST in terms of the
parameters m, A.,, d.,, and the topological indices My and G A.

Theorem 3.3. Let G be a simple connected graph with m edges. Then

dmMsy + A, 0, (GA)?
Am(Ae, + 0, )

(3.11) 151 >

Equality in (3.11) holds if and only if for any two pairs of adjacent vertices i ~ j and
u ~ v, the equality (3.9) is valid.

Proof. Since

d; d;

d; d; S 1
Z(d,-+dj)2_z di+d; )] —m

i~] ad)

it follows
5 d; d; - 1 (GA>2
o (dit+d;)> —m\ 2/
From this inequality and (3.5) we obtain (3.11).
The equality case in Theorem 3.3 is proved in a same way as in the case of Theo-
rem 3.2. U

In the following theorem we determine a lower bound for /.57 in terms of M; and

RR.

Theorem 3.4. Let G be a simple connected graph with m edges. Then

(RR)?
(3.12) IST > =

1

Equality holds if and only if for any two pairs of adjacent vertices © ~ 7 and u ~ v,
the equality (3.9) is valid.

Proof. Yor r =1, x; :== ,/d; d;, a; := d; + d;, where summation goes over all pairs of
adjacent vertices of G, the inequality (3.2) transforms into

- () (i)

i~vj

that is

(RR)?
151 > ———.
ST =2 M,y

The equality case in (3.12) is proved in a same way as in the case of Theorem 3.2. [



BOUNDS FOR INVERSE SUM INDEG INDEX 561

The inequalities (3.4), (3.8), (3.11) and (3.12) are stronger than the inequality (2.2)
when G = P,, G =2 K, —eor G = K,,_; +e. We could not find any connected graph
for which the inequality (2.2) is stronger than these inequalities. However, it is an
open question whether these inequalities are always stronger than (2.2).
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A NOTE ON THE DEFINITION OF BOUNDED VARIATION OF
HIGHER ORDER FOR DOUBLE SEQUENCES

BHIKHA LILA GHODADRA! AND VANDA FULOP?

ABSTRACT. In this study the definition of bounded variation of order p (p € N) for
double sequences is considered. Some inclusion relations are proved and counter
examples are provided for ensuring proper inclusions.

1. INTRODUCTION

While studying convergence properties of double trigonometric and Walsh series,
many authors have considered double sequences which are of bounded variation or
more generally of bounded variation of order (p,0), (0,p), and (p,p) (see, e.g., [1,
3]). Also, many results regarding the convergence of trigonometric and Walsh series
with coefficients of bounded variation of higher order are proved (see, e.g., [1,3]).
But, it seems that showing the inclusion relations for such classes of sequences and
constructing counter examples for showing proper inclusions have not yet been done.

The main goal of this note is to prove such inclusion relations and constructing
examples for showing proper inclusions. We start with the one dimensional case. In
what follows, by a sequence (or a single sequence), we mean a function from Z to C,
and by a double sequence, we mean a function from Z x Z to C.

2. ONE DIMENSIONAL CASE

We recall the definition of bounded variation of order p for a single sequence (see
[2, Defintion 1.4]).

Key words and phrases. Double sequence of bounded variation, double sequence of bounded
variation of order p (p € N), double sequence of bounded variation of order (p,0), double sequence
of bounded variation of order (0,p), double sequence of bounded variation of order (p, p).

2010 Mathematics Subject Classification. Primary: 40B05.

DOT 10.46793/KgJMat2004.563G

Received: April 20, 2018.

Accepted: July 02, 2018.

563



564 B. L. GHODADRA AND V. FULOP

Definition 2.1. A null sequence {a; : k = ..., —1,0,1,...}, i.e., {ax} such that
ar — 0 as |k| — oo, is said to be of bounded variation of order p (p € N) if
> |APa| < oo,
k=—0c0

where APq;, = A(AP ay) = AP~ tay — AP7lay,y and Alay, = ay.

From this definition, it is clear that if {as} is of bounded variation of order p, then
it is of bounded variation of order p + 1 also. Also, in [2] an example of a sequence is
given which is of bounded variation of order 2, but not of bounded variation.

3. Two DIMENSIONAL CASE

In this section, we shall consider the definition of a double sequence of bounded
variation of order p. For that first we have the following definition of differences.

Definition 3.1. Let {c¢(j,k) : 7,k = ...,—1,0,1,...} be a double sequence. Its
differences are defined by

AOOC(ja k) = C(.j7 k)v
quc(j, k) = Ap—l,qc(j7 k) — Ap—l,qc(j +1,k), p>1,
quc(j, k) = Ap,q—lc(ja k) - Ap,q—lc(ja k+1), ¢>1.

As is well-known, the two right-hand sides coincide if min(p, ¢) > 1. Also, we mention
that that double induction argument gives

Apge(js k ZZ S“( )(Ct])c(j—l—s,k—}—t).

s=0t=0
Definition 3.2. A double sequence {c(j,k) : j,k = ..., —1,0,1,...} of complex
numbers is called a null sequence, if it satisfies
(3.1) c(j, k) — 0 as max(|j|,|k]) — oc.
Definition 3.3. A double null sequence {c(j, k) : j,k=...,—1,0,1,...} is said to

be of bounded variation if
(32) Z Z |A11€ j, | < 0.
j=—00 k=—00
We shall denote the class of all double sequences of bounded variation by BQJ.

Now, we give an analogous definition of bounded variation of order p (p > 2) for a
double sequence.

Definition 3.4. A double null sequence {c(j, k) : j,k = ...,—1,0,1,...} is said to
belong to the class (BY)P, i.e., of bounded variation of order p > 2, if the following
three conditions are satisfied:

(3.3) Z Z |Appe(d, k)| < oo,

j=—00 k=—00
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(3.4) i 3 BRI =0,

and

(3.5) lim > [Agye(, k)| = 0.
ljl=o0 . T2

Some authors (see, e.g., [1,3]) call conditions (3.3)—(3.5) as conditions of bounded
variation of order (p,p), (p,0), and (0,p), respectively.
Our main aim is to prove that the following chain of inclusion relations holds:

BY = (BY)' C (BY)> C--- C (BY)? C (BY)P* C
We also show that each of above relation is proper.
Theorem 3.1. If {c(j, k)} € BY, then {c(j,k)} € (BY)>.
Proof. Suppose {c(j,k)} € BU. Then, we write

(3.6) Z Z |Ay1c(d, k)| < oc.

j=—00 k=—00
Since
Agsc(j, k) = Ajac(j, k) — Arac(j + 1, k)
== Allc<ja k) - Allc<ja k + 1) - Allc(j + 17 k) + Allc(j + 17 k + 1)7
it follows from (3.6) that

Yo D |Awe(k |<4Z Z |A11c(j, k)| < oo.

j=—00 k=—o00 Jj=—00 k=—00

So, {c(j, k)} satisfies (3.3) for p = 2. Now, as {c(J, k)} is of bounded variation, that is,
{c(j,k)} is a double sequence satisfying (3.1) and (3.2), it follows (see, e.g., [4, Proof
of Lemma 1]) that

ko—1

Aioc(jf, ko) = Z Aqc(j, k) and Ajge(j, ko) = — Z Aqc(j, k

k=ko ke=—00
for each fixed kg € Z. Therefore, for each fixed kg € Z, we have

|Agoc(g, ko)l = |Avoc(d, ko) — Ayoc(j + 1, ko)

= Z AHC(j, k) — Z AHC(j + 1,k)

k=ko k=ko
< Al k) 4+ D |Avc(i + 1, k)|
k‘:ko k:k’O

and
|Agoc(g, ko)l = |Avoc(d, ko) — Aqoc(j + 1, ko)
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ko—1 ko—1
== > Auc(ik)+ > Anc(j+1,k)
k=—00 k=—00
ko—1 ko—1
S Z ]Anc(j, k)’ + Z ‘Allc<j + 17 k)‘ .
k=—00 k=—o00

Therefore, in view of (3.6), we have

S DGRl < S S [AncGi b+ S S Al + 1 k)

j:foo j:foo k=ko jZ*OO k=ko
— 0 as ko — o0

and
e o] ko—1 ') ko—1
Z |Asoc(g, ko)l < Y0 D [Auc, B+ > D |Auc(j+1,k)]
j=—o00 j=—00 k=—00 j=—00 k=—o00

— 0 as ko — —o0.

Therefore, {c(j,k)} satisfies (3.4) for p = 2. Similarly, it satisfies (3.5) for p = 2.
Thus, {c(j, k)} € (BY)?. This completes the proof. O

Theorem 3.2. If {c(j, k)} € (BY)?, p > 2, then {c(j, k)} € (BY)P+.
Proof. Suppose {c(j, k)} € (BY)P. Then, (3.3)-(3.5) hold true. Since

AP+1,P+1C<j’ k) = Ap,p+1c(ja k) - Ap,p+lc<j + 1, k)
= Appc(g k) — Appe(d, bk +1) = Appe(J + 1, k) + Appe(f + 1,k + 1),

it follows from (3.3) that

Z Z |Apy1pric(d, k |<4Z Z |Apyc(d, k)| < oo.

j=—00 k=—00 Jj=—00 k=—00
So, {c(j,k)} satisfies (3.3) for p+ 1 in place of p. Also, for a fixed k € Z, we have
Z |Ap+1 0C j? | - Z |Ap0C j? ) Ap,OC(j + ]-7k)|
j=—00 J=—00
< 2 Bpocl )+ >0 [Bpoc(i + 1,k))
j=—00 j=—00

— 0 as |k| — oo,

in view of (3.4). So, {c(j, k)} satisfies (3.4) for p+ 1 in place of p. Similarly, in view of
(3.5), {c(j, k)} satisfies (3.5) for p+ 1 in place of p. Therefore, {c(j, k)} is of bounded
variation of order p + 1. O

Now, we will prove that the inclusion relations proved in above theorems are proper.
In the following example, we give an example of a double sequence defined on Z x Z,
which is of bounded variation of of order 2, but not of bounded variation.
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Ezample 3.1. We consider {a;} and {b;} to be single sequences as in [2, Example, p.
424]. That is, for j,k=1,2,...,and —j < p < j, =k < ¢ < k, we put

. =1l _k—ld
2+p ]2 3 k2+q— kQ .

As argued in [2], the sequences {a;} and {b;} are well-defined on NU {0} as j2+ j =
G+1?—(@G+1)and k*+k=(k+1)>— (k+1). Wealso put a; =0 if j < —1, and
by = 0 if £ < —1. Then, {a;} and {b;} are well-defined sequences on Z.

Now, we put

c(j, k) = ajby, j. kel

Then, {c(j, k)} is a well-defined double sequence on Z x Z. Actually, it is proved in [2]
that these single sequences are of bounded variation of order 2, but not of bounded
variation. We claim that the double sequence {c(j,k)} is of bounded variation of
order 2, but not of bounded variation.

We first observe that

Aye(g, k) =c(g k) —c(j+ 1,k) —c(jk+1)+c(j+1,k+ 1)
= ajby — aj11br — ajbry1 + aji1bpia
= (a5 = aj+1)bk — (a5 — aj11)bri
= (Aay)b, — (Aaj)bii
= (Aa;)(Aby)
and therefore, we also have
Agzc(j, k) = Arac(j, k) — Arzc(j + 1, k)
= Anc(j, k) — Ape(g, k+1) — Ape(f+ 1,k) + Ape(f+ 1L, k+ 1)
— (Aa;)(Abe) — (Aa;)(Abis) — (A1) (Abg) + (Aazr)(Abyy)
= (Aq;)(Aby — Abpy1) — (Aaj1)(Aby — Abgys)
= (A%a;)(A%y).
Now, by definition of {a;},
_J=lpl g—=lp+1 _ Ip+ 1= p]

Aa-er =Q24p — Aj24pp1 = : - .
JeTPp JeTp J TP ]2 32 j2
1 :
90 lfp Z 07
_ )
J

Therefore, |Aajzy,| = 1/5% and similarly |Abg,| = 1/k2. Next, we have

zmm B SDONIYTINIE Sb SIS ok BN oL

j=lp=—j Jj= 1p——Jj Jj= 1] Jj= 1J
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and similarly
(o.) o0 2
Do 1A= T
k=0 k=1
Therefore, as Aa; = 0 for j < —1, and Ab, = 0 for £ < —1, we have

SO JAncG k)= 33 [(Aa)(Ab) = 303 [(Aay)(Aby)|

j=—00 k=—00 j=—00 k=—o00 7=0 k=0

— (§|Aaj|) <§|Abk|>
-(£2)(52) -~

which proves that {c(j, k)} is not of bounded variation.
But, for —j <p < -2,

-1 -1
A a 2+p Aa 2+p Aaj2+p+1 — (]2) - () - 0,

for0<p<j-—-1,

1 1
A2aj2+p = Aajeyy — Aajypy = (]2) - () -

and, for p = —1 we have

-1 1 —2
2 _
A CL]'2,1 = Aaj2,1 — ACLJQ = <‘]2> — <]2> = jT

Similarly, A%y, =0, for —k < ¢ < =2, for 0 < ¢ < k — 1, and A%by2_y = —2/k>.
Hence, as A%a; = 0, for j < —2, and A?b, = 0, for k < —2, we have

> 3 Baii= 3 [(8%) (%)= 3 3 |(a%) ()

Jj=—00 k=—00

B+ 80 + (8]

(z pw) (> ’kaD

=11+ |1 (=2)| +](=2) - 1] + (Zl E; A2 aﬂﬂ,‘) (?j E_:JA%W(I‘)
© 2\ (& 2
e (£5) 1)

j=1
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So, {c(j, k)} satisfies (3.3) for p = 2. Now, for each fixed ko € Z, we have

o0 o0 2
= (Z ’A2aj’) |bke| = (Z ]2) bk, | < 00
=0

J=1

> 1As0c(ds ko)l =D ‘Azajbko
=0

J=0

and in view of |bg,| — 0 as |ky| — oo, it follows that {c(j, k)} satisfies (3.4) for p = 2.
Similarly, {c(j, k)} satisfies (3.5) also for p = 2. Thus, {c(j, k)} is of bounded variation
of order 2.

Ezample 3.2. Consider the sequences {a;} and {b;} defined in Example 3.1. Let {a’;}

and {b}} be sequences defined on Z such that a; = 0, by = 0, and Aa} = a; and

Aby, = by, for j, k € Z. These sequences {a;} and {b;} can be constructed as follows.

By our definition, we have a; = 0, if ¢ < —1, and the elements ag, aq, as, ... are:
r21 012321

1T 4444 999999

In view of 0 = ap = Aq{ = aj — a} and a; = 0, we calculate aj = 0. Then, from

1 =a, = Ad| = a} — d}, and from @} = 0, we calculate a), = —1. Similarly, we can

calculate all other elements of {a}} and {b}}.

Now, we put ¢'(j, k) = ajby, for j,k € Z. Then, as in Example 3.1, we can easily
see that {c/(j,k)} is of bounded variation of order 3 but not of bounded variation of
order 2.

Continuing in this way, for each p € N, we can construct a sequence of bounded

variation of order p 4+ 1 which not of bounded variation of order p.
This shows that (BY)? is a proper subset of (BY)P for each p € N.
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SOME GRUSS TYPE INEQUALITIES FOR FRECHET
DIFFERENTIABLE MAPPINGS

T. TEIMOURI-AZADBAKHT! AND A. G GHAZANFARI!

ABSTRACT. Let X be a Hilbert C*-module on C*-algebra A and p € A. We denote
by D,(A, X) the set of all continuous functions f : A — X, which are Fréchet
differentiable on a open neighborhood U of p. Then, we introduce some generalized
semi-inner products on D, (A, X), and using them some Griiss type inequalities in
semi-inner product C*-module D, (A, X) and D,(A, X™) are established.

1. INTRODUCTION

Let A, X be two normed vector spaces over K(K = C,R), we recall that a function
f A — X is Fréchet differentiable in p € A, if there exists a bounded linear mapping
u: A — X such that

L ) = £() — u(B)llx

h=0 1] 4

and in this case, we denote u by D f(p). Let D,(A, X) denotes the set of all continuous
functions f : A — X, which are Fréchet differentiable on a open neighborhood (say U)
of p. The main purpose of differential calculus consists in getting some information
using an affine approximation to a given nonlinear map around a given point. In
many applications it is important to have Fréchet derivatives of f, since they provide
genuine local linear approximation to f. For instance, let U be an open subset of A
containing the segment [z,y] = {(1—0)x +60y: 0 <0 <1}, andlet f: A — X be
Fréchet differentiable on U, then the following mean value formula holds

I£() = ) < lle =yl swp [DF((1 = 0)z + )]

=0,

Key words and phrases. Fréchet differentiable mappings, C*-modules, Griiss inequality.
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For two Lebesgue integrable functions f,g : [a,b] — R, consider the Cebysev
functional:

T(f,9) = = [ f0g(dt — 2 [ syt [ g(oyar

In 1934, G. Griss [4] showed that
1
(1) 7(7.)| < (M ~m)(N —n),

provided m, M,n, N are real numbers with the property —oo <m < f < M < o0
and —oo <n < g< N <oo ae. on [a,b]. The constant 1 is the best possible in the
sense that it cannot be replaced by a smaller quantity and is achieved for

() = gla) = sgn (e - “50).

2
The discrete version of (1.1) states that: if a < a; < A, b < b < B, i=1,..,n,
where a, A, b, B, a;, b; are real numbers, then

1 n

1 & 1&

where the constant i is the best possible for an arbitrary n > 1. Some refinements
of the discrete version of Griiss inequality (1.2) for inner product spaces are available
in [1,6].

Theorem 1.1. ([2, Theorem 2|). Let (H;(-,-)) and K be as above and
T = (x1,...,2,) € H", @ = (vq,...,0p) € K" and p = (p1,...,pn) a probability
vector. If v, X € H are such that

Re(X —zj,x; —x) >0, forallie{l,...,n},

1
< JA—-a)(B-b),

or, equivalently,

X 1
iy [ SIX =gl forallie{1,....n},

T; —

holds, then the following inequality holds

n n n
Z PiQ;T; — Z yZ1e% Z PiT;
i=1 i=1 i=1

1 n n
< §||X — Zpi Q; — ijaj
i=1 j=1

n
Zpiai
i=1

The constant % in the first and second inequalities is the best possible.

1
272
i=1
In recent years several refinements and generalizations have been considered for the

Griiss inequality. We would like to refer the reader to [2-6,8,9] and references therein
for more information.

1 n
< S1X — 1 lzmaiﬁ -
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In this paper, for every Hilbert C*-module X over a C*-algebra A, some Griss type
inequalities in semi-inner product C*-module D,(A, X™) are established. We also for
two arbitrary Banach x-algebras, define a norm and an involution map on D,(A, B)
and prove that D,(A, B) is a Banach *-algebra.

2. GRUSS TYPE INEQUALITIES FOR DIFFERENTIABLE MAPPINGS

Let A be a C*-algebra. A semi-inner product module over A is a right module X
over A together with a generalized semi-inner product, that is with a mapping (., .)
on X x X, which is A-valued and has the following properties:

(i) (x,y + 2) = (z,y) + (x, 2) for all z,y,z € X
(ii) (x,ya) = (z,y)a for z,y € X,a € A;

(iii) (z,y)* = (y,z) for all x,y € X;
(iv) (z, >>0f0rx€X

We will say that X is a semi-inner product C*-module. If, in addition,
(v) (z,z) = 0 implies = = 0,

then (-,-) is called a generalized inner product and X is called an inner product
module over A or an inner product C*-module. An inner product C*-module which
. . . 1, .
is complete with respect to its norm ||z|| = [|(z, z)||2, is called a Hilbert C*-module.
As we can see, an inner product module obeys the same axioms as an ordinary
inner product space, except that the inner product takes values in a more general
structure rather than in the field of complex numbers. If A is a C*-algebra and X is
a semi-inner product A-module, then the following Schwarz inequality holds:

)y, z) < [z, 2)l{y,y), = yeX
(e.g., [7, Proposition 1.1]).

Theorem 2.1 ([3]). Let A be a C*- Algebra, X a Hilbert C*- module. If z,y,e € X,
(e, e) is an idempotent in A and «, 3, \, p are complex numbers such that

“ a+6 A+
r —

2

1
| <gla-a |s <Ip-u,

hold, then one has the following inequality:

Iz, y) = (z, e){e, y)|l < le|0< = BlA = pl.

Example 2.1. Let A be a C*-algebra and X be a semi-inner product C*-module
on a C*-algebra B. If functions f,g € D,(A, X), then function k : A — B as
k(a) = (f(a), g(a)) is differentiable in p € A and derivative of that is a linear mapping
Dk(p) : A — B defined by

Dk(p)(a) = (Df(p)(a*),g(p)) + (f(p), Dg(p)(a)).
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Because
(flp+h),9(p+n)) = (f(p), ())—(Df(p)( ), 9(p)) — (f(p), Dg(p)(h))
=(f(p+h),9(p+h)—g(p) — Dgp)(h))) +{f(p+h) — f(p), Dg(p)(h))
+(f(p+h") = f(p) = Df(p)(R"),9(p)) + (f(p+h) = f(p+1h"),9(p))

Let A be a C*-algebra and X a semi-inner product A-module. If f € D,(A, X) and
a € A, we define the function f, : A — X by f,(t) = f(t)a.

Theorem 2.2. Let X be a semi-inner product C*-module on C*-algebra A, and
pe Aeec X. If (e,e) is an idempotent element in A, and f,g € D,(A, X), then for
every a € A, the map [-,-|a : Dp(A, X) X Dp(A, X) — A with

£ 9l = (DF@)(@), Dgp)(@)), + (£(p).90)), = D{F(),90)), (p)(@),
is a generalized semi-inner product on D,(A, X), where
(f(a),g(a))1 = (f(a), g(a)) — (f(a), ) (e, g(a)).

Proof. First, we show that f, € D,(A, X) and Df,(p) = (Df(p))a. There exists a
bounded convex set V(= B(p,r)) containing p such that V. C U. Let p,h € V, a € A,
then

[fa(p +h) = fa(p) = (DF(p)(R))all = [[f(p + h) = f(p) = Df(p)(h)]all
< |[f(p+h) = flp) = Df(p)(M)lllall.

This implies that f, € D,(A, X).
A simple calculation shows

[£.9la =(Df(p)(a) = £(p), Dg(p)(a) — 9(p))
— (Df(p)(a) = f(p),e){e, Dg(p)(a) — g(p))
—((DIO)N@ = 1)) = e(e. (DI )a) — 1)),

(Dg(p)(a) — g(p)) ~ e{e. (Dg(p)(a) ~ 9(p))) -

Therefore,
1. 1la ={(DI®)(@) = F0) = (e, (DS ) (@) = FB)).
(DD = F0) = e{e. (DF@N@) ~ F@)) = 0.
It is easy to show that [+, ], is a generalized semi-inner product on D,(4,X). O

Lemma 2.1. Let X be a semi-inner product C*-module on C*-algebra A, and p,a €
Aee X. If (e,e) is an idempotent element in A, f,g € D,(A, X) and o, 8,0/, 3, u,
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A\ s N are complex numbers such that

a+f

1
_ <oy —
R ]
a,—"_/B, ]‘ / /
D))~ e b,
2 2
A p 1
_ AT R <2 =
o) - 252 <3
/_|_>\/ 1 , ,
O

then the following inequality holds

D) @), Do) + (F(2). 9p))s — D{F(), 90, () o)
<l =B+ o’ = FD(A— ul + N = ).

Proof. Since [-,-], is a generalized semi-inner product on D,(A, X), the Schwartz
inequality holds, i.e,

ILf, glall* < NILf Flall g, glall
We know that

This inequality and Theorem 2.1 imply that
1 ! 112 1 2 1 / !
I1f: flall <7 lo" = F1° + Zla = B + 5lo” = Fle = 5]
1
=l =Bl + o’ = B>
Similarly,
1 / /2 1 2 1 !/ !/
llg: glall <IN = WP+ 32— 6l + SV = lA = g
1
=7 (A= pl+ N =) O

Let X be a semi-inner product C*-module over C*-algebra A. For every x € X, we
define the map : A — X" by &(a) = (za,...,xa), a € A.
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Lemma 2.2. Let X be a semi-inner product C*-module, xq,yo,r1,y1 € X and
(ri,re,...,m) € R™ a probability vector. If p € A and f = (fi,-.-,[n),
g=1(91,---,9n) € Dy(A, X") such that

‘Df(p)—xo—;yo S‘%;yo
and
Dy(p) 1’1—2|‘Z/1 S‘m;@h ’
then for all a € A, we have
i=1 =1

1
< llwo = wollllz1 — wmllllal

Proof. For every a € A, we define the map (-, ) : Dp(A, X") x Dy(A, X") — A with

(19), = L r{ DE@@. Do) (@) = ( DA a), Do (p)(a))

i=1
The following Korkine type inequality for differentiable mappings holds:

n

1
(1:9), =5 > o DAp)a) = Dfs(p)a). Dos(p)(a) = Das(p)(a)),
i=1,j=1
Therefore, ( 1, f)a > 0. It is easy to show that (-, -)a is a generalized semi-inner
product on D, (A, X™).
A simple calculation shows that

(1.9), g r{ D)) = 20, Dap)(@) ~ “a)
- <Zani<p><a> SIS D))~ )
i=1 i=1
From Schwartz inequality, we have
[(.9)J" < v [Pt — 220 S Dot - 2o
i=1 -
— 2 L —
<|ps - 252 oot - TE] VT

1
< g leo = wolPllzs = wal*lall™ N
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Corollary 2.1. Let X be a semi-inner product C*-module, xq,yo € X, (aq,..., ) €

C" and (r1,79,...,7,) € R™ a probability vector. If p € A and f = (f1,...,fn) €

D, (A, X™) such that

Zo + Yo
2

To — Yo

Df(p) — 5

Y

then for all a € A, we have

ZnalDfl Zna@ Zanz

r.

(2.1)

n n
Zﬁ|ai|2 - ZTz‘Oéi
i=1 i=1

Proof. We have

;D fi(p Z Ty Z r:Df;(p
=Zm(az~—2wa7) HDfxp)()— : ]
i=1 j=1
<> il = > oyl |IDf(p) — ot lall
i=1 j=1

Lo — Yo

%
ZTZO@ } ) O

Corollary 2.2. Let X be a semi-inner product C*-module, xo,y0 € X. If p € A and
f = (f17 s 7fn) S Dp(A7Xn> such that

[zn: 7l o)

i=1

o + Yo

To —
Df(p) - < =52
then for all a € A, we have
(2.2)
n+1 z": < llallllzo = yolln { (n = D(n +1)|*

= - 4 3 ’

and
n+1) 2n +1) &

(2.3 Dfe(p)(a) — ¢ L3 DAy

el ”fg\;gy"””wn —1)(n+1)(2n + 1)(8n + 11).

Proof. If we put ri = %, a; = k in inequality (2.1), then we get (2.2), and if i =
L o; = k? in inequality (2.1), then we get (2.3). O
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3. DIFFERENTIABLE MAPPINGS ON BANACH *-ALGEBRAS

Theorem 3.1. Let A, B be two Banach *-algebras and p € A, then D,(A, B) is a
Banach x-algebra with the point-wise operations and the involution f*(a) = (f(a))*,
a € A, and the norm

If]] := max {Sup IDf ()], sup ||f(a)||} < 00.
zeU acA

Proof. First we show that the involution f — f* is differentiable and D f*(x)(h) =
(Df(x)(h*))*, z,h € U. It is trivial that Df*(x) is a bounded linear map with
IDf*(@) = [Df(z)] and
1f*(z + ) = f*(z) = Df*(z)(h)]

= (f(a+h) = f(x) = Df() (W)

=[lf(z +h) — f(z) (@) (A7)

=[lf(z+h) = f(z) (x)(h) + Df(z)(h) — Df(x)(h")]]

Sel|nll + 1D f (z)(h = )| < el[All + 2[[Df () [|A]]-
From [|[Df*(z)|| = [Df(z)] and [[f*(a)]| = [|f(a)]l, we obtain

Hfﬂ|=1nax{sup|u9f*@»u,supnf*aou}
xeU a€A

_Df
_Df

:mw{mmWﬂwwamwww}zww
xeU acA

Now, we show that D,(A, B) is complete. There exists a bounded convex set V(=
B(p,r)) containing p such that V' C U. Suppose that (f,) is a Cauchy sequence in
D,(A,B), i.e.,
[fn(a) = fm(@)]| =0, a€A, and [|Dfo(z) = Dfm(z)| =0, zeV.
Since B is complete, therefore L(A, B) the space of all bounded linear maps from A
into B, is complete. So, there are functions f, g such that sup,c4 || fn(a) — f(a)]] = 0

and sup,cy | Dfn(z) — g(z)|| = 0. Given € > 0, we can find N € N such that for
m >n > N one has

1D = Diallse = sup 1D () = DS < 3,

(3.1) m-umkzﬁymm—nnuW<§

We may suppose that there exist a € A such that p 4+ a € V. Using Lipschitzian
functions f,, — f,, we obtain that

||fm(p+ CL) - fm(p> - (fn(p+ a’) - fn(p))H
< sup [|Dfulp+0a) = Dy (p +00) ] < 3 la].
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Passing to the limit on m, we get

(3:2) 1£(p+a) = () = (falp+ @) = fuP)) < lall
Utilizing differentiability fy and (3.1), we have
[fn(p+a) = fn(p) — g@) ()|l < fn(p+a) = fn(p) — Dfn(p)(a)]

£ 5
(3.3) +IDfn(p)(a) = g(p)(a)]l < Sllall + 5lla]
From (3.2) and (3.3), we obtain
1f(p+a) = fp) — g(p)(a)|| < ellall.
Therefore, D,(A, B) is a Banach *-algebra. O
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THE 0-CAUCHY PROBLEM ON WEAKLY ¢-CONVEX DOMAINS
IN CP™

SAYED SABER!?

ABSTRACT. Let D be a weakly g-convex domain in the complex projective space
CP". In this paper, the (weighted) 0-Cauchy problem with support conditions in
D is studied. Specifically, the modified weight function method is used to study the
L? existence theorem for the 9-Neumann problem on D. The solutions are used to
study function theory on weakly g-convex domains via the d-Cauchy problem.

1. INTRODUCTION AND MAIN RESULTS

The O-problem is one of the important central problems of complex variables. A
classical result due to Hoérmander tells us that the d-problem is solvable in pseu-
doconvex domains, and hence, pseudoconvex domains has been widely accepted as
the standard domain which we can solve the d-problem. In [16], Ho extend this
problem to weakly g-convex domains. In fact, Ho is the first person to study the
O-problem in g-convex domains in C". This paper is devoted to studying the L? 9
Cauchy problem and the O-closed extension problem for forms on a weakly g-convex
domain D in the complex projective space CP". These problems were first studied
by Kohn and Rossi [20] (see also [12]). They proved the holomorphic extension of
smooth C'R functions and the J-closed extension of smooth forms from the boundary
bD of a strongly pseudoconvex domain to the whole domain D. The L? theory of
these problems has been obtained for pseudoconvex domains in C™ or, more generally,
for domains in complex manifolds with strongly plurisubharmonic weight functions
(see Chapter 9 in [6] and the references therein). The L? 9 Cauchy problem was
considered by Derridj [8,9]. In [30,31] Shaw has obtained a solution to this problem
on a pseudoconvex domain with C! boundary in C". Also, in the setting of strictly

Key words and phrases. 0, O-Neumann operator, g-convex domains.
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582 S. SABER

g-convex (or g-concave) domains, this problem has been studied by Sambou in his
thesis (see [29]). In [1], Abdelkader-Saber studied this problem on pseudoconvex
manifolds satisfing property B. In [26,27], Saber studied this problem on a weakly
g-convex domain with C'-smooth boundary and on a g-pseudoconvex domain D in
C", 1 < q¢ < n, with Lipschitz boundary. Recently, Saber [28] studied this result
to a g-pseudoconvex domain D in a Stein manifold. On a pseudoconvex domain in
CP", Cao-Shaw-Wang [4] (cf. also [5]) obtained the L? existence theorem for the
O0-Neumann operator N and obtained the (weighted) L? 9 Cauchy-problem on such
domains. The aim of this paper is to extend this result to the situation in which the
boundaries are assumed weakly g-convex domain D in CP™. Moreover, the solutions
are used to study function theory on such domains via the 9-Cauchy problem.

2. NOTATION AND PRELIMINARIES

Let (zo,x1,...,x,) be a (fixed) homogeneous coordinates of CP". If U is the
open set in CP" defined by zg # 0 and if (21, 29, ..., 2,), where z; = z;/x0, is the
homogeneous coordinates of Uy, we assume that

iy | daif? | Yy 2 dzf
ST P (PR
The Fubini-Study metric of CP™ determined by (zg,x1, ..., x,). This is well-known
standard Kahler metric of CP".

Let D be a bounded domain in CP" and let C% (D) be the space of complex-valued
differential forms of class C* and of type (p,q) on D. Denote by L*(D) the space
of square integrable functions on D with respect to the Lebesgue measure in CP",
L2 (D) the space of (p,q)-forms with coefficients in L?(D) and L2 (D, ¢) the space
of (p, q)-forms with coefficients in L?( D) with respect to the weighted function e=?.
For u,v € L2 (D), the inner product (u,v) and the norm || u || are denoted by:

(u,v>:/ uA*x7 and | u|]*= (u,u),
D

where * is the Hodge star operator. Let dist(z,bD) be the Fubini distance from z € D
to the boundary bD and let § be a C* defining function for D normalized by |dd| = 1
on bD such that

5= 6(z) = — dist(z,bD), if z€ D,
B ~ \dist(z,bD),  if z € CP™\D.

Let ¢, = —tlog|d|, t > 0, for u,v € Lf,,q(D,qﬁt), the inner product (u,v),, and the
norm || u |4, are denoted by:

(u,v)g, = (U, v); = /D u Ak,

lull3, =1 w lIf= (u, ),
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where ;) = 0 = . Since ¢; is bounded on D, the two norms || - || and || - [|; are
equivalent. Let 0 : domd C L2 (D, ) — L2 1(D, ¢;) be the maximal closure of the
Cauchy-Riemann operator and 52 be its Hilbert space adjoint. Let [, = 99, + 9,0
be the Laplace-Beltrami operator, where 8, = 5;.

Denote by V the Levi-Civita connection of CP™ with the standard Fubini-Study
metric w. Let {e;} be an orthonormal basis of vector fields. For any two vector fields
f, g, the curvature operator of the connection V is denoted by

R(f,9) = ViVy = VgV —Vipg.
By setting R;ju = w(R(e;, €j)ex, €;), the Ricci tensor R;; is denoted by
fRij = ngfRikkj?
k
which turns out to be self-adjoint with respect to w and the scalar curvature
(2.1) O=> Ry=> eic;Rju
i i
as the trace of the Ricci tensor.

Definition 2.1. Let D be an open set in an n-dimensional complex manifold X,
let k& be an integer with 1 < k < n — 1 and put £ = X\D. The set D is said
to be pseudoconvex of order k in X if, for every b € E and for every coordinate
neighborhood (U, (21, ..., 2,)) which contains b as the origin, the set

i=k+1

{(zl,...,zn)eU: %=0,1<i<k 0< ) |Zi|2<t}

contains no points of E for some ¢t > 0, then there exists ¢ > 0 such that for each
(21, ..., 2,) with |2]] < ¢, 1 <i <k, the set

{(Zl,...,Zn)EU: ZZ:ZZ/,ngSk', Z ’21‘2<t}

i=k+1

contains at least one point of E.

Definition 2.2. Let D be an n-dimensional complex manifold and let ¢ be an integer,
1 < g < n. By Fujita ([13], Proposition 8) a C? function ¢ : D — R is pseudoconvex
of order n — ¢, if and only if its Levi form d0¢ has at least n — ¢ + 1 non negative
eigenvalues at each point of D.

Definition 2.3. Let D be an open subset of an n-dimensional complex manifold X.
D is said to have C? boundary in X if for all z € bD there exist an open neighborhood
U of z and a C? function § : U — R, called a defining function of D at z such that
do(z) # 0and DNU = {z € U : 4(z) < 0}. Following Ho [16], D is said to be a
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weakly g-convex (¢ > 1) if at every point xy € bD we have

! 026

Z Z ——— ujx Urg = 0, for every (0, ¢)-form,

TR 02,0z},
where " 95

u= > uydz’ such that > —u;r =0, forall |[K|=q—1.
= =1 0%

q j
Moreover, D is weakly g-convex if and only if for any z € bD the sum of any ¢ eigen-
values 0;,, .. .,0;,, with distinct subscripts, of the Levi-form at z satisfies 2?21 0;; =2 0

(cf. [15] and Lemma 4.7 in [34]).

Definition 2.4. Let D be a smooth domain in C", D is said to be a weakly g-concave
if D° is weakly g-convex.

Lemma 2.1 ([16]). Let D be a smooth domain in C" and p be its defining function.
The following two conditions are equivalent.

(1) D is weakly q-convez.
(2) For any z € bD the sum of any q eigenvalues p;,, ..., p;,, with distinct sub-
scripts, of the Levi-form at z satisfies 35_; p;; > 0.

It follows from Lemma 2.1 that D is weakly g-concave if and only if for any ¢
eigenvalues p;,,. .., p;, of the Levi-form at z € bD with distinct subscripts we have

FExample 2.1. Let D be an open subset of an n-dimensional complex manifold X and
suppose that the boundary bD is a real hypersurface of class C? in X, that is, there
exist, for each z € bD, a neighborhood U of z and a C? function p : U — R such that
dp(z) #0and DNU ={z € U : p(z) < 0}. Then D is pseudoconvex of order n — ¢
in X, if and only if the Levi form 99p has at least n — ¢ non-negative eigenvalues
on T (bD) for each defining function p of D near z, where T.(bD)(C T,(bD)) is the
holomorphic tangent space of the real hypersurface bD at z (cf. [10,35] called such a
subset D a (¢ — 1)-pseudoconvex open subset with C? boundary).

Theorem 2.1 ([23]). Let D € CP™ be a pseudoconvexr domain of order n —q, 1 <
g <n. Let d(z,bD) be the Fubini distance from z € D to the boundary bD. Then the
function —logd(z,bD) is (¢ — 1)-pluirsubharmonic in D.

Lemma 2.2 ([17], Lemma 2.6). Let ¢ be a real valued function of class C? defined in
an n-dimensional complex manifold D. Then ¢ is (q—1)-plurisubharmonic, 1 < g < n,
in D if and only if ¢ is weakly q-convex in D.

Remark 2.1. Pseudoconvex open sets in the original sense are pseudoconvex of or-
der n — 1.

Remark 2.2. The pseudoconvexity of order n — ¢ of an open subset D in X is a local
property of the boundary bD C X of D. More precisely, D is pseudoconvex of order
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n — q in X if, for each p € bD, there exists a neighborhood U C X of p such that
D NU is pseudoconvex of order n — ¢ in U.

Remark 2.3. If an open set D in an n-dimensional complex manifold X is weakly
g-convex, 1 < g < n, then D is pseudoconvex of order n — ¢ in X. However, the
converse is not valid even if X = C" (see [10] and [22]). By Fujita [13], an open subset
D of C" is pseudoconvex of order n — ¢ in C”, if and only if D has an exhaustion
function which is pseudoconvex of order n — ¢ on D. Thus, by the approximation
theorem of Bungart [3], an open subset D of X is pseudoconvex of order n — ¢ in X,
if and only if D is locally g-complete with corners in X in the sense of Peternell [24].

Proposition 2.1 (Bochner-Hérmander-Kohn-Morrey formula). Let D be a compact
domain with C*-smooth boundary bD and 6(z) = —d(x,bD). Suppose that © is the
curvature term defined in (2.1) with respect to the Fubini-Study metric w. Then, for
any u € Cgﬁl(ﬁ) N domgz; with1 < q<n—1, and ¢ € C*(D), we have

2

+ ((i00¢)u, u),

Oury

(2.2) 5u||i + ||5;UJH?§ =(Ou,w)y + | ok

¢
9585 . ) e
—i—/bD((zc?@(S)u, u)e ?ds.

This formula is known (cf. [2,7,15,18,19,32,36]) for some special cases, although it
has not been stated in the literature in the form (2.2). If u has compact support in
the interior of D, the (2.2) was proved in [2], Chapter 8 of [7] and (2.12) of [36]. The
boundary term had been computed in [14], Chapter 3 by combining the Morrey-Kohn
technique on the boundary with non-trivial weight function. If one combines the results
of [15] and [37] with the interior formulae discussed above, one can prove that (2.2)

holds for the general case with a weight function e~ and the curvature term. Specially,
for ¢ =0, (2.2) was proved in [32].

Proposition 2.2. For any (p, q)-form u of D €@ CP™ with ¢ > 1,
(Ou, @) = q(2n + 1)|u?, whenuis a(0,q)-form,
(Ou,u) =0, for any (n,q)-form u,
(Ou,u) >0, whenp>1 anduis a(p,q)-form.

The statement for (0, q)-forms and (n, q)-forms was computed in [32] and [36]. Also,
following Lemma 3.3 of Henkin-Iordan [14] and its proof showed that the curvature
operator © acting on L;z)’q(D) 1S a mon-negative operator.

3. THE 0-CAUCHY PROBLEM ON WEAKLY ¢-CONVEX DOMAINS

This section is devoted to showing the existence of the O-Neumann operator on a
weakly g-convex domain D in CP", 1 < ¢ < n, and by applying these existence to
solve the 0 problem with support conditions on D. The boundary integral in (2.2) is
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non-negative for ¢ > 1 by the assumption on D. Also, by taking ¢ = 0 in (2.2) and
using Proposition 2.2, we find the fundamental estimate

lull> < e ([0ul* + [77ull?)

This means that [J has closed range and ker (0 = {0}. Thus, one can establish the
L?-existence theorem of the d-Neumann operator N.

Theorem 3.1. Let D @ CP" be a weakly q-convex domain with C?* smooth boundary.
Then, for each 0 < p < n, 1 < q < n, there exists a bounded linear operator
N: L2 (D) — L2 (D) with the following properties:
(i) RangeN C domd, ON = NO = Id on domJ;
(ii) for f € Lf,’q(D),
f=00'Nf ® 0ONY;
(iii) N0 =0N ondomd, 1 <qg<n—1;
(iv) 9N =N3J ondomd’, 2 < q<n;
(v) N, ON and O'N are bounded linear operators on L2 (D).

Using the duality relations pertaining to the 9-Neumann problem, one solve the L2
0 Cauchy problem on weakly g-convex domains in CP", 1 < ¢ < n. This method was
first used by Kohn-Rossi [20] for smooth forms on strongly pseudoconvex domains.
More precisely, we prove the following L? Cauchy problem for 9 in CP™:

Theorem 3.2. Let D @ CP" be a weakly q-convex domain, 1 < q¢ < n with C?
smooth boundary. Then, for f € Liq(CP”), supp f C D, 1 < ¢ < n— 1, satisfying
df = 0 in the distribution sense in CP™, there exists u € Lg’q_l(CPn), suppu C D
such that Ou = f in the distribution sense in CP™.

Proof. Let f e L2 (CP"), supp f C D, then f € L2 (D). From Theorem 3.1,

Np—pn—q exists for n —q > 1. Since Np_pn_q = 0,1 on Range[d,_p,,,—, and
Range Ny, _pn—q C dom U, _ppg, then Ny_ppgx f € domO, g € L2, (D),
for ¢ <n — 1. Thus, we can define u € L2 (D) by

U=—% ONp_pn_yq * [

Thus suppu C D and u vanishes on bD. Now, we extend u to CP" by defining v = 0
in CP"\ D. It follows from the same arguments of Theorem 9.1.2 in [6] and Theorem
2.2 in [1] that the form u satisfies the equation du = f in the distribution sense in
CP™. Thus the proof follows. 0

4. THE WEIGHTED 0-CAUCHY PROBLEM

In this section, we assume that D is a weakly g-convex domain, 1 < ¢ < n, with
C? smooth boundary in CP". Also, we will choose ¢; = —tlog|d|, t > 0 in (2.2),
and using Remark 2.3 and by using Proposition 2.2, the inequality (2.2) implies the
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weighted L2-existence for the 9. Also, for u € Dom([J;) of degree ¢ > 1 and for ¢t > 0,
we have

tllullf < ([9ullf + [19;ul?)
= (O, u),
< [[Befllellwlle,
ie.,
tlulle < 18wl

Since [J; is a linear closed densely defined operator, then, from [15, Theorem 1.1.1],
Range([;) is closed. Thus, from (1.1.1) in [15] and the fact that [J; is self adjoint, we
have the Hodge decomposition

L2 (D, ¢,) = 09,dom(0y) & 3,09 dom(Jy).

Since [J; is one to one on dom((J;) from (1.5.3) in [15], then there exists a unique
bounded inverse operator

N, : Ran(0,) — dom(C,) N (ker(T))*

such that N;O,f = f on dom((J;). Therefore, we can establish the existence theorem
of the inverse of [J; the so called weighted d-Neumann operator N;.

Theorem 4.1. For any 1 < q < n andt > 0, there exists a bounded linear operator

Ny : M( , ) — Lg,q(D,qﬁt) satisfies the following properties:
(i) Range (V;) € dom(O;), N;[0; = I on dom(;);
(ii) for f € L2 (D, ¢r), we have u = 0O, N.f @ 0,0N.f;
(iii) ON; = N;O, 1 <qg<n—1;
(iv) I'N, =N, 9, 2< q < m;
(v) forall f € L2 (D, ¢:), we have the estimates

N Nle <l e,
VEHIONf |l + VElF Nuflle < f s
(vi) if Of =0, then uy = 0, N, f solves the equation Ou, = f.

Theorem 4.2. For [ € L2 D d), 1< — 1, supp f C D, satisfying 0f =0 in
the distribution sense in (CP” there eq:zsts u € qu (D, ¢;), suppu C D such that
Ou = f in the distribution sense in CP™.

Proof. Following Theorem 4.1, N, exists for forms in L2 _ —pn—q(D,¢¢). Thus, one can
defines u, € L2 (D, ¢¢) by

(4.1) U = = *@) ONnpng %1 [

Thus suppu; C D and u; vanishes on bD. Now, we extend u; to CP" by defining
uy = 0in CP™\ D. We want to prove that the extended form u, satisfies the equation
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§Ut = [ in the distribution sense in CP". Forn € L2, . (D, —¢;) N domad, we
ave

(On. %) fip = /Dg?? A x ) (x f)
:/Dgn/\*(_t) *(t) f

= (-1 [ ann g
(=P, x-n0m)p
= (=1 f, xndm)cpn,

because supp f C D. Since ¥|p = 0 |p, when ¢ acts in the distribution sense (see
[15]), then we obtain

<5777 *(t) f>D = <f7 ) *(—t) 7]>(Cpn
(0 fix(—om)cen

0.
It follows that 0, (%) f) = 0 on D. Using Theorem 4.1 (iv), we have
(4.2) 9, Ni(xwy f) = Nid; (% f) = 0.

Thus, from (4.1) and (4.2), one obtains
gut =—0 *_¢ gNn—p,n—q *¢ ?

= (=" %% d x ONy png *f

in the distribution sense in D. Since . = 0 in CP™\ D, then for u € L? (CP")Ndom a,

one obtains
%k %
<u,0 u>cpr =< u,0 u>p

=< %0 Uy (1)U >()D

= (=) < D x u, *(—pyu >@)p
= (—1)P" < %u, 0 %y u >mp
=< *U, k(O >()p

=< f,u>p

=< f,u >cpn,

where the third equality holds since xu = (—=1)%' 9N, _,,_,* f € domd . Thus
Ouy = f in the distribution sense in CP". O
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As in [5], we prove the following results.

Proposition 4.1. Let D be the same as in Theorem 3.1. Put §) = CP™\D. Then,
for any f € Wplf(ﬂ), Of =0,0<e< %, there exists ' € Wy (CP") such that
Flo = f and OF =0 in CP".

Proof. Since D has C? smooth boundary, there exists a bounded extension operator
from Wy (€2) to W;’q(([ZP”) for all s > 0 (cf. e.g. [33]). Let f € W, ¢(CP") be the
extension of f so that f|o = f with

Hf~HW1+5((CP”) < CHf”wH—s(Q)

Furthermore, we can choose an extension such that df € We(D) N L3(D, ¢s.).

One defines Tf by Tf = — %o 5]\725(*_255}:) in Q. As in Theorem 4.2, Tf €
L2(D, ¢.). But for a C%-smooth domain, we have that T'f € L2(D, ¢.) is comparable
to We(Q) for 0 < e < % This gives that T'f € W; ,(Q) and Tf satisfies 9T f = df in
CP" in the distribution sense if we extend T'f to be zero outside .

Since 0 < & < 3, the extension by 0 outside { is a continuous operator from W¢((2)
to We(CP™) (cf. e.g. [21]). Thus we have T'f € W*(CP").

Define
) if € D,
) F-Tf, ifzeq.
Then F' € Wy (CP") and F is O-closed extension of f to CP". O

Corollary 4.1. Let D @ CP™ be a weakly g-concave domain, n > 2 with C? smooth
boundary. Then W, *(D) Nker d = {0}, 1 < p < n and Wy (D) Nker d = C.

Proof. Using Proposition 4.1 for ¢ = 0, we have that any holomorphic (p,0)-form
on D extends to be a holomorphic (p,0) in CP", which are zero (when p > 0) or
constants (when p = 0). O

Corollary 4.2. Let D @ CP™ be a weakly g-concave domain, n > 2 with C? smooth
boundary. Then, for any f € WI};E(D), where 0 <p<n,1<qg<n—2,p#q, and

0<e <3, such that 3f =0 in D, there exists u € W, ;=(D) such that du = f in D.

Proof. If p # q, we have that F' = du for some U € W, _,(CP"). Let u = U on D,
we have u € W, (D) satisfying du = f in D. O

Acknowledgements. The author is grateful to the referee for several helpful remarks
and comments.
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JOHNSON PSEUDO-CONTRACTIBILITY AND
PSEUDO-AMENABILITY OF 6-LAU PRODUCT

M. ASKARI-SAYAH!, A. POURABBAS!, AND A. SAHAMI?

ABSTRACT. Given Banach algebras A and B and § € A(B). We shall study the
Johnson pseudo-contractibility and pseudo-amenability of the #-Lau product A x4 B.
We show that if A xg B is Johnson pseudo-contractible, then both A and B are
Johnson pseudo-contractible and A has a bounded approximate identity. In some
particular cases, a complete characterization of Johnson pseudo-contractibility of
A Xxg B is given. Also, we show that pseudo-amenability of A xy B implies the
approximate amenability of A and pseudo-amenability of B.

1. INTRODUCTION

Let A and B be two Banach algebras and 6 € A(B), where A(B) is the character
space of B. Then the Banach space A x B with the product

(a,b)(c,d) = (ac+ 0(d)a + 0(b)c,bd), a,c € A, b,d € B,

and /'-norm becomes a Banach algebra, which is called the #-Lau product of A and B
which is denoted by A x4 B. The #-Lau product was first introduce by A. T. Lau [14]
for F-algebras. Recently, this product was extended to general Banach algebras by
M. Monfared [15] for every Banach algebras A and B and every character § € A(B).
One may regard A (B) as a closed two sided ideal (Banach subalgebra) of A x4 B
by identifying it with A x {0} ({0} x B), respectively. Therefore, if there is no
ambiguity, we may simply write a (b) instead of (a,0) ((0,b)) for every a € A (b € B),
respectively. Monfared studied several properties of A Xy B including semisimpility,
Arens regularity, existence of approximate identity and amenability. We recall that the
concept of an amenable Banach algebra was introduced by Johnson in 1972. Indeed,
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a Banach algebra A is called amenable if there is an element M € (A ®, A)** such
that a - M = M - a and 7% (M)a = a for every a € A, where 7 : A®, A — A is
the product morphism and A ®, A is the projective tensor product of A. Motivated
by this construction of Johnson, some authors introduce several modifications of this
notion by relaxing some conditions in different versions of definitions of amenability.
The notion of pseudo-amenability was introduced by F. Ghahramani and Y. Zhang
[13]. A Banach algebra A is called pseudo-amenable if there is a net (m,) C A®, A
such that a - my, — my -a — 0 and m4(my)a — a for every a € A. The concept of
approximately amenable Banach algebras was introduced by F. Ghahramani and R.
J. Loy in [11], see also [12]. A Banach algebra A is called approximately amenable if
there are nets (M,) C A®, A, (F,) € A and (G,) C A such that for every a € A
(i) a-My—My-a+F,®a—a® G, — 0;

(ii) aF, — a, G,a — a and

(ili) ma(My)a — Foa — Gpa — 0.

Recently the second and third authors [19] have defined a new concept related to
amenability called Johnson pseudo-contractibility. Indeed, a Banach algebra A is
called Johnson pseudo-contractible if there is a not necessarily bounded net (M, ) C
(A ®, A)** such that a - M, = M, - a and 7% (M,)a —a — 0 for every a € A.

In the Section 2 we deal with Johnson pseudo-contractible Banach algebras. We
show that if A xy B is Johnson pseudo-contractible, then A is Johnson pseudo-
contractible and has a bounded approximate identity and B is Johnson pseudo-
contractible. Moreover, we show that in particular cases, for example when A is
Arens regular and weakly sequentially complete or when A is a dual Banach algebra,
Johnson pseudo-contractibility of A X, B is equivalent with amenability of A and
Johnson pseudo-contractibility of B. Some example are given at the end of the section.

In the Section 3 we focus on pseudo-amenability of A x4 B. Pseudo-amenability of
A Xy B was studied by E. Ghaderi et al. [10]. They showed that pseudo-amenability
of A x4 B implies pseudo-amenability of B, and implies pseudo-amenability of A
whenever A has a bounded approximate identity. We show that the existence of
bounded approximate identity in this result is not a necessary condition. Indeed, we
show that if A x4y B is pseudo-amenable, then A is approximately amenable and B is
pseudo-amenable.

2. JOHNSON PSEUDO-CONTRACTIBILITY OF A Xy B

We state a result from [2] that will be used frequently in this section.

Theorem 2.1. Let A be a Johnson pseudo-contractible Banach algebra with an iden-
tity. Then A is amenable.

Lemma 2.1. Let A be a Johnson pseudo-contractible Banach algebra and let I be a
two sided closed ideal of A. If I has a bounded approximate identity, then I is Johnson
pseudo-contractible.
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Proof. By hypothesis there is a net (M,) C (A ®, A)** such that a - M, = M, - a
and 7 (M,)a —a — 0 for every a € A. Let (eg) be a bounded approximate identity
for I and let E be a weak* cluster point of (eg) in I"*. Then by setting (N,) =
(E-M,-E)C(I®,I)™, we have
r-Ny=N, -z,
and
1 (No)x =73 (E - M, - E)x =7y (My)r — z,

for every x € I. It follows that I is Johnson pseudo-contractible. 0

Theorem 2.2. Let A and B be two Banach algebras and 6 € A(B). If A X B is
Johnson pseudo-contractible, then the following statements hold.

(a) A is Johnson pseudo-contractible and has a bounded approzimate identity.
(b) B is Johnson pseudo-contractible.

Proof. Suppose that ® : (A xy B)®, (A xg B) — A x¢ B is the linear map determined
by

®((a,0) @ (c,d)) = 0(d)(a,b),  a,c€ A bde B.
Let (U,) C ((A x¢ B) ®, (A xg B))* be such that

(a,b) - U, =U, - (a,b), Tax,5(Ua)(a,b) — (a,b),
for every a € A and b € B. Then by Goldstine’s theorem for every « there exists
a net (uq,) in (A xg B) ®, (A x¢ B) such that w* — lién Uqo, = U,. Suppose that

Uq, = %(afﬁ,bfﬁ) ® (c;?,d;?) for sequences (a;”),(c;?) € A and (b;?), (d;”) C B,
i=1

where > (a5, b)) || - [|(c;?, d?)|| < oo. Note that 6 has an extension 6 € A(B**)
i=1

given by O(F) = F(f) for every F € B**. Since ® and 0 are bounded, ®* and 6 are
weak™® continuous maps. Now we have

<(07 é)? CD**(UQ» =w" — 1%11((0, 0>’ CI)(uOtﬁ»

= w —lim > 0(57)6(5;")
=1

- w* — lién(((), 0), Tax,B(Uay))
= ((0,0), 7%, 5(Ua)) — 1.

Set @ (Uy) = (Pa; Ya), Where ¢, € A™ and ¢, € B**. We can see that 0(1ha) — 1.
Take o such that (1,,) # 0, for every a € A we have

a®™(Uyy) = D (a - Uyy) = @ (Uy, - a) = 0.
Also, we have

aq)**(UOéo) = (av O)(¢O¢07 ¢a0) = (a¢ao + é(wao)av O)
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Therefore aga, + 0(Vag)a = 0, 50 a(—0(Vay)  day) = a, where —0(1),) " ba, € A*.
This shows that A has a bounded right approximate identity. A similar argument
shows that A has a bounded left approximate identity. It follows that A has a bounded
approximate identity. Since A is a two sided closed ideal of (A x¢B) and has a bounded
approximate identity, by Lemma 2.1 it is Johnson pseudo-contractible.

It is well known that (A xg B)/A = B and there is a surjective homomorphism
from A x4 B onto (A x¢ B)/A. So, [19, Proposition 2.9] implies Johnson pseudo-
contractibility of B. O

We remark that the converse of the previous theorem does not hold in general. For
example, A(H), the Fourier algebra on the integer Heisenberg group H, is Johnson
pseudo-contractible and has a bounded approximate identity and M (H), the measure
algebra over H, is Johnson pseudo-contractible (H is discrete and amenable). But
A(H) xg M(H) is not Johnson pseudo-contractible for every 6 € A(M(H)). Indeed,
A(H) xg M(H) has an identity [15, Proposition 2.3]. If A(H) xy M(H) is Johnson
pseudo-contractible, then, by Theorem 2.1, A(H) x¢ M (H) is amenable and [15, page
285] implies the amenability of A(H). It gives a contradiction that H has an abelian
subgroup of finite index, see [9, Theorem 2.3].

From [15, page 285] and Theorem 2.1, we have the following corollary.

Corollary 2.1. If B has an identity, then the following statements are equivalent:

(a) A xg B is Johnson pseudo-contractible;
(b) A x¢ B is amenable;
(c) A and B are amenable.

Corollary 2.2. If A has an identity, then A x¢ B is Johnson pseudo-contractible if
and only if A is amenable and B is Johnson pseudo-contractible.

Proof. In view of [3] AxgB is nothing but the ¢*-direct sum A B with coordinatewise
product whenever A has an identity. If A is amenable and B is Johnson pseudo-
contractible, then A @ B is Johnson pseudo-contractible by [19, Theorem 2.11]. The
converse comes immediately from Theorem 2.2 and Theorem 2.1. 0

A Banach algebra A is called dual if it is a dual space such that multiplication in
A is separately w*-continuous. It is well known that a dual Banach algebra with a
bounded approximate identity has an identity [18, Proposition 1.2], so we have the
following corollary from Theorem 2.2 and Corollary 2.2.

Corollary 2.3. Let B be a Banach algebra and let A be a dual Banach algebra and
0 € A(B). Then A xg B is Johnson pseudo-contractible if and only if A is amenable
and B is Johnson pseudo-contractible.

A Banach algebra A is called Arens regular if the first and the second Arens products
on A** coincide. Also, a Banach algebra A is called weakly sequentially complete if
every weakly Cauchy sequence in A is weakly convergent.
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Proposition 2.1. Suppose that A and B are two Banach algebras and 0 € A(B). If
A is Arens reqular and weakly sequentially complete, then A x¢ B is Johnson pseudo-
contractible if and only if

(a) A is amenable and has an identity;
(b) B is Johnson pseudo-contractible.

Proof. If A xy B is Johnson pseudo-contractible, then, by Theorem 2.1, A has a
bounded approximate identity. Using Ulger theorem [4, Theorem 2.9.39], A has an
identity. Now apply Corollary 2.2. U

It seems that Johnson pseudo-contractibility of A x4 B is related with amenability
of A. We believe that Corollary 2.2 holds without the assumption that A has an
identity. However, it remains as a conjecture. We left it as an open problem in the
following questions.

Question 1. Does Johnson pseudo-contractibility of A x4 B implies the amenability
of A?

Question 2. Suppose that A is an amenable Banach algebra and B is a Johnson pseudo-
contractible Banach algebra and 6 € A(B). Is A Xy B a Johnson pseudo-contractible
Banach algebra?

We finish this section with some examples. First we recall some concepts and
notations from semigroup theory. A semigroup S is called regular if for every s € S
there exists an element ¢ € S such that sts = s and tst = t. A semigroup S is an
inverse semigroup if for every s € S there exists a unique element ¢ € S such that
sts = s and tst = t. The set of idempotents of a semigroup S is denoted by E(S),
which is a partially ordered set with the following order

p<qep=pi=qp, p,q€E(S).
For p € E(S), we set (p] = {z : z < p}. An inverse semigroup S is called uniformly
locally finite if sup{|(p]| : p € E(S)} < oo. It is well known that the discrete semigroup
algebra (1(S) is weakly sequentially complete [4, Theorem A.4.4]. Our main reference
for semigroup theory is [5].

FEzample 2.1. Suppose that B is a Banach algebra and 6 € A(B).

(i) Let S be a uniformly locally finite inverse semigroup. Then Johnson pseudo-
contractibility of £'(S) x4 B implies that ¢!(S) is Johnson pseudo-contractible
and has a bounded approximate identity. From [16, Proposition 2.1] E(S)
must be finite and from [20, Theorem 2.3] every maximal subgroup of S is
amenable, in other word ¢!(S) is amenable, see [7].

(ii) Suppose that S is regular and ¢1(S) is Arens regular. If £*(S) x4 B is Johnson
pseudo-contractible, then, by Proposition 2.1, £}(.S) is amenable and has an
identity. So, by [7], E(S) is finite. Now [5, Theorem 12.2] implies that S is a
unital finite semigroup. Indeed, ¢*(S) x4 B is Johnson pseudo-contractible if
and only if S is a unital finite semigroup and B is Johnson pseudo-contractible.
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Example 2.2. Using [8, Theorem 3.1] one can see that M;(C) (the Banach algebra of
I x I-matrices over C, with finite /!-norm and matrix multiplication) has no bounded
approximate identity unless [ is finite, but in this case M;(C) is amenable and has
an identity. So, for Banach algebra B and § € A(B), M;(C) x4 B is Johnson pseudo-
contractible if and only if I is finite and B is Johnson pseudo-contractible.

A linear subspace S'(G) of L'(G) is said to be a Segal algebra on G if it satisfies
the following conditions:

(i) S1(G) is dense in L}(G);
(ii) S'(G) with a norm ||| g1 is a Banach space and |[f|l 1) < I flls1q) for
every f € SYQG);
(iii) S*(G) is left translation invariant (that is, L,f € S*(G) for every f € S*(G)
and y € G) and the map y — L,(f) from G into S*(G) is continuous, where
L)) = )
(iv) 1Ly (F)lls1(y = I flls1(qys for every f € SHG) and y € G.
Ezample 2.3. Suppose that B is a Banach algebra and § € A(B). Let S'(G) be a Segal
algebra on G. If S1(G) x4 B is Johnson pseudo-contractible, then S'(G) = LY(G).

3. PSEUDO-AMENABILITY OF A X4 B

Remark 3.1. Note that if U € (A xy B) ®, (A x4 B), then there are M € A®, A,
NeA®,B,Le B®,Aand H € B®, B such that

U=M+N+L+H
and
1Ull axo )2y axom) = 1Ml ag,a + 1N ag, 5 + 1Ll pe,a + 1H | 5,5 -
Theorem 3.1. Suppose that A and B are Banach algebras and 8 € A(B). If A x¢ B

is pseudo-amenable, then

(a) A is approximate amenable and
(b) B is pseudo-amenable.

Proof. 1t is well known that (A x4 B)/A = B and there is a surjective homomorphism
from A x¢ B onto (A xg B)/A. So [13, Proposition 2.2] implies pseudo-amenability
of B.

By assumption there is a net (U,) C (A xy B) ®, (A x4 B) such that

(xay>'Ua_Ua'(x>y) _>07 T(UQ)(JZ',y) — (xay)a
for every x € A, y € B. Particularly for every x € A we have
(3.1) x-Uy—Uy-x—0, 7(Uy)xr — .

Suppose that U, = § (a?,b%) @ (¢, d) for sequences (a$), (¢¢) € A and (b3), (dS) C

1=

B, where 3 [|(a2, b2)]| - ||(c2, d2)|| < co. Set My = 3 af ® ¢, Fiy = — > 0(d®)a,
=1 i=1 =1

71771 107
K3
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Gy =— % 6(b¢)c and H, = § b$ @ df. One can easily see that
i=1

i=1
7TA><93<UDL> - (WA(MQ) - Fa - GOMT‘—B(HOé))'
For an arbitrary element b in B, we have

TaxeB(Ua)(0,0) = (0(b)(ma(Ma) — Fo = Ga), mp(Ha)b) — (0,0),

SO
ma(M,) — F, — G, — 0, O(mp(Hy)) — 1.
Note that
(3.2)
x-U, :Z(x,O)(a?,O) )+ Z x,0)(0,b5) ® (¢, 0)
i=1 -

o0

+fj(x,0)(a$, (0.47) + (@, 0)(0,87) © (0, 47)

:x-<i(a?®c§“)>+i(x® +Z rad @ dfY) +Z (b)z @ d)

i=1 i=1
=r- M, —2® G, +Zxa ® df) +Z (b)x @ dy).
i=1 i=1

Similarly we have

(3.3) Uz =M, -z—F,@x+> (b @cfz)+ > _(bF @ 0(df)z).

i=1 i=1
From (3.2), (3.3) and (3.1), by using Remark 3.1 we obtain
(@) x- My — My -2+ F, @2 —12® Gy — 0;
(b) Z (zad @ d$) + Z( () @ d) — 0;

l_

(c) Z(ba®c x)+z(ba®e(da) ) — 0.

i=1

Define a bounded hnear map ¢ : A®, B - Aby ¢(a®b) = 60(b)a. From (b) we have

—xF, +0(rp(H,))x xZH (d)as —1—20 (b3 d)x

=0 (Z(m ®d“>+z )z ©d)) =0,

i=1 i=1
now 0(mp(H,)) — 1 implies that xF,, — x. Similarly, by using (c¢) we have G,x — =.
So we find (M,) C A®, A, (F,) C A and (G,) C A such that

(@) z-My—My -2+ F,@x—12® G, — 0;

(b) zF, =z, Gax — x;

(¢) ma(My)x — Foxr — Gz — 0,
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for every z € A. It follows that A is approximately amenable. O

Example 3.1. Let S be a uniformly locally finite inverse semigroup and let B be a
Banach algebra and § € A(B). If £*(S) x4 B is pseudo-amenable, then by Theorem 3.1
(*(S) is approximately amenable. Theorem 4.3 of [17] shows that ¢!(S) is amenable.

Ezample 3.2. Let G = SU(2) be the 2 x 2 unitary group, and suppose that S*(G) #
L'(G) is a Segal algebra on G. In [1] Alaghmandan showed that S'(G) is not approx-
imately amenable. Thus, by Theorem 3.1, S'(G) x4 B is not pseudo-amenable for
every Banach algebra B and § € A(B).

Ezxample 3.3. Let G be an infinite abelian compact group and let B be a Banach
algebra and 6 € A(B). We claim that L?(G) xy B is not pseudo-amenable. To
see this, suppose that L*(G) x¢ B is pseudo-amenable. Then Theorem 3.1 implies
that L?(G) is approximately amenable. But by the Plancherel theorem L?*(G) is
isometrically isomorphism to EQ(G’), where G is the dual group of G and EQ(G’) is
equipped with the pointwise product. So EQ(G) is approximately amenable which is a
contradiction with the main result of [6].
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NEW EXPLICIT BOUNDS ON
GRONWALL-BELLMAN-BIHARI-GAMIDOV INTEGRAL
INEQUALITIES AND THEIR WEAKLY SINGULAR ANALOGUES
WITH APPLICATIONS

M. MEKKI!, K. BOUKERRIOUA!, B. KILANI?, AND M. L. SAHARI!

ABSTRACT. In this paper we derive some generalizations of certain Gronwall-
Bellman-Bihari-Gamidov type integral inequalities and their weakly singular ana-
logues, which provide explicit bounds on unknown functions. To show the feasibility
of the obtained inequalities, two illustrative examples are also introduced.

1. INTRODUCTION

The integral inequalities which provide explicit bounds on unknown functions have
proved to be very useful in the study of qualitative properties of the solutions of differ-
ential and integral equations. During the past few years, many such new inequalities
have been discovered, which are motivated by certain applications. For example, see
in [1-4,7-11,14,15] and the references therein. In particular, Sh. G. Gamidov [6],
while studying the boundary value problem for higher order differential equations,
initiated the study of obtaining explicit upper bounds on the integral inequalities of
the forms

(1.1) u(t) <c+ /ata(s)u(s)ds + /ab b(s)u(s)ds,

for t € [a,b], under some suitable conditions on the functions involved in (1.1). In
[12], Pachpatte established more general Gamidov inequalities as follows:

u(t) < a(t) + / "Bt s)u(s)ds + / ’ e(s)u(s)ds.

Key words and phrases. Integral inequality, weakly Singular inequality, explicit bounds, Bihari-
Gamidov inequality.
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On the other hand, Zheng [16] also established a weakly singular version of the
Gronwall-Bellman-Gamidov inequality as follows:

1 ! a—1 1 r a—1
u(t) <c+ F(Oz)/o (t— ) f(s)u(s)ds + F(a)/o (T — ) f(s)u(s)ds.

Recently, Kelong Cheng el al. [5] studied the following inequality:
t
WP (t) <al(t) + b(t) / (11 — s)lgn=l £ ()y9(s)ds
0

+ ¢(t) /()T(Ta2 — 522)P2m g1 (5)y" (5)ds,

where p > ¢ > 0, p > r > 0 and [y, 55, %], ¢ = 1,2, is the ordered parameter
group. In this paper, motivated mainly by the work of Kelong Cheng el al. [5],
we discuss more general form of nonlinear weakly singular integral inequalities of
Gronwall-Bellman-Bihari-Gamidov

(1) <a(t) + 1) | (10— )Pl gn T f ()l (s)ds

Felt) [ (T = 55715 ns) g (5))ds,

where g : R, — R, is a differentiable increasing function on Ry with continuous
non-increasing first derivative ¢’ on Ry. Our paper is organized as follows. In Section
2 we prepare some tools needed to prove our theorems. Section 3, we discuss some
nonlinear Gamidov type integral inequalities and obtain new explicit bounds on these
inequalities. Section 4, we give explicit bounds to new nonlinear Gronwall-Bihari-
Gamidov integral inequalities with weakly singular integral kernel and in Section 5,
we give an examples to show boundedness and uniqueness of solutions of integral
equation with weakly singular kernel.

2. PRELIMINARIES

Throughout the paper, R denotes the set of real numbers, Ry = (0,00), R, =
[0,4+00) and I = [0,7](T > 0 is a constant), C'(X,Y) denotes the collection of
continuous functions from the set X to the set Y, p, ¢, r are real constants such that
p#0,0<gq, r <p. For convenience, we give some lemmas which will be used in the
proof of the main results.

Lemma 2.1 ([1, page 16]). Let q(t) and p(t) be continuous functions for t > a, let
z(t) be a differentiable function fort > «, and suppose

ZA)<pt)z(t)+q(t), t=a
z(a) < 2.
Then

t

p(s)ds) + /q(s) exp </:p(7')d7') ds, t>a.

(67

() < s(a)esp [

«
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Lemma 2.2 ([7]). Assume thata >0, p>q >0 and p # 0, then

ar < gK%aiji_qK%,
p p
for any K > 0.

Lemma 2.3 (Discrete Jensen inequality). Let Ay, Ag, A, Ay, ..., A, be nonnegative
real numbers and v > 1 a real number. Then

(Ar -+ A) < H AT+ A5+ - + A7),
Lemma 2.4 ([8]). Let a, B, v and m be positive constants. Then

t t —1)+1
/0 (ta . Sa)m(ﬁfl)sm('Y*l)dS — Eﬁ lww—’m(ﬁ — 1) +1|, te ]R+

where
B[¢,n] = /1 s H1 —s)"ds, Re( >0,Ren > 0),
is the well-known beta funcgion and
g=m(a(f—1)+y—1)+1

Assume that for the parameter group [, i, Vi

1
(21) Q; € (07 1]7 Bl S (07 1)7 Vi >1-— Ea
such that
1
(2.2) —+ai(6i—1)+%-—120, m>1,1=1,2.
m

Definition 2.1 ([13]). The Riemann-Liouville fractional integral of order « for a
function f is defined as

1

0 = 5 [ (=9 (). a0,

provided that such integral exists.

Now we state the main results of this work.

3. MAIN RESULT

Lemma 3.1. Assume that u(t),m(t),l(t),n(t) € C(I,Ry) and g : Ry — Ry is a
differentiable increasing function on Ry with continuous non-increasing first derivative
g on Rq. If

(3.1) ult) < m() +1(t) [ n(s)glu(s))ds,
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then

(3.2) u(t) < m(t) +

for allt € I, provided that

(3.3) / g I(s)ds < 1.

Proof. Let
T

1= /n(s)g(u(s))ds.
0
Obviously, IT is a constant. It follows from (3.1) that

(3.4) u(t) < m(t) + 1)L

Applying the mean value theorem for the function g, then for every x > y > 0, there
exists ¢ €y, z[ such that

9(x) —g(y) =g )z —y) < g ) (= —y),
which gives
(3.5) g(u(t)) < g(m(t) + () < ¢'(m) I + g(m(t)).
Multiplying both sides of (3.5) by n(t), then integrating the result from 0 to 7', it
yields

(3.6) / n(s)g(uls))ds < / n(s)g(m(s))ds + I / J'(m(s))n(s)l(s)ds.

The inequality (3.6) can be restated as

/T ds—l—H/g s))n(s)l(s)ds,

I (1 - /g’(m(s))n(s)l(s)ds) < /n(s)g(m(s))ds.

From (3.3), we observe that

that is

(3.7) I <
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Therefore, the desired inequality (3.2) follows from (3.7) and (3.4). O
Remark 3.1. If g(z) = z, then Lemma 3.1 reduces to [5, Lemma 3].

Corollary 3.1. Suppose that the hypotheses of Lemma 3.1 hold. If

T

u(t) < mf(t) +1(t) /n(s) arctan(u(s))ds.

Then
I(t) Z)/’n(s) arctan(m(s))ds

n(s)l(s) ’
1+ m2(s)ds

T
L=
0

1 +m?(s)
And if
u(t) < mit) + I(t) / n(s) In(u(s) + 1)ds,
then

Theorem 3.1. Assume that u(t),a(t),b(t),c(t), f(t),n(t) € C(I,Ry) and g : Ry —
R, s a differentiable increasing function on Rg with continuous non-increasing first
derivative g on Ry. If u(t) satisfies

(3.8) uP(t) < a(t) + b(t /tf Jul(s)ds + c(t /Tn s,

then, under the condition that

T
/g I(s)ds < 1,
0



608 M. MEKKI, K. BOUKERRIOUA, B. KILANI, AND M. L. SAHARI

the following explicit estimate

(3.9) u(t) < |m(t) +

T t p—T .-
m@_prb@AQ@mm<lP(mﬁd&+z(pa)+ LK
zu):przw>Gm)0P@m§

(3.10)  b(t) = b(t) + (1),
and
P(t) = LK% f(1) b(t)
_ 50 (15 ae) + P53,
(3.11) Q0 = 1) (Lot + 13

Proof. The inequality (3.8) can be rewritten as

(3.12) uP(t) < a(t) + (b(t) + ¢(t)) (/f(S)uq(S)d8+/n(S)g(u"(S))dS) :

Define a function z(t) by

(3.13) ()= [ Jour(s)ds + [ n(s)(ur (9)d
Then, from (3.12), we have
u(t) < alt) +b(t)=(t),
b(t) = b(t) + c(t),
(3.14) u(t) < (alt) + b(t)=(1))7.
Applying Lemma 2.2 to inequality (3.14), for any K > 0, we obtain

() < (a(t) +b(t)=(1))7 <

p
(3.15) u%ws(dw+b@y@»2gg

T (al(t) + b)) + ¥ ; LR = (),
ap 7 P—q, .1

K
K7 (a(t) +b(t)z(t)) + 5 Kv,

N
—
o
~—
I
S
—
»
~—
Q
—~
IS
3
—~
»
~—
~—
U
»
VAN

[ nls)glw(s)ds.
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From (3.13) and (3.15), we get

() < f(t) <qu(a(t) +o(1)2(t) + LK E ) |

p p
Then
iy < RS T 4, p—4q
B16) )< IR 00+ 100 (a0 + 0K,
the inequality (3.16) can be restated as
(3.17) 2(t) < P(1)2(t) + Q(1),

where P and @ are defined as in (3.11). Applying Lemma 2.1 to the inequality (3.17),
we have
t

(3.18) z(t) < z(0) exp </Ot P(s)ds> + /Q(S) exp (/st P(T)dT) ds.

Substituting (3.15) in (3.18),

2() < [Q(s) exp ( / t P(T)dT) ds+

(3.19) + (exp /OtP(s)ds> /Tn(s)g(w(s))ds.

Then we can write the inequality (3.19) in the following form

fr _

r

s) exp (/ P(T)dT> ds + ;Kr;pa(t) +2 ; "Kr

w(t) <

p

(3.20) —l—; 2 b(t) (exp/ ds) O/Tn(s)g(w(s))ds,

where w(t) is defined as (3.15). The inequality (3.20) can be restated as

(3.21) w(t) < m(t) +l(t)/n(s)g(w(s))ds,

0

where m, | are defined as in (3.10).
Applying Lemma 3.1 to the inequality (3.21) and using (3.15), we get the required
inequality in (3.9). O

Remark 3.2. If g(x) = x, inequality (3.8) can be reduced to the case discussed by
Kelong Cheng el al. [5, Theorem 7).



610 M. MEKKI, K. BOUKERRIOUA, B. KILANI, AND M. L. SAHARI

4. NONLINEAR WEAKLY SINGULAR INTEGRAL INEQUALITIES
Theorem 4.1. Let a(t), b(t), c(t), f(t), n(t) and g be as in Theorem 3.1. Suppose
that u(t) € C(I,R;) satisfies

(1) <a(t) + (1) [ (1 gy )l (s)ds

0

(41) reft) [ (102 — oy () mf g (wr () )ds,
if .
[ g ()is)ds < 1
then ’
U(t) [ (s)g(m(s))ds |
(4.2 0 < mey+ — ,

~

L= [ () (s)1(5)ds

fort e I, where p>q>0,p>r>0,mi,ms,p,q and r are constants, such that
e+ =1, and

t

mit) =" () /0 Q(s) exp( / P(r)dr)ds+
ro mp P p— =
+ﬁK ra*(t) + P K
(t) %K B (1) exp( /0 P(s)ds),

B (1) =b°(t) + ¢ (1),
P(t) =;K%pfml ()b (8),

(4.3) Q(t) =f™ (t) (Zqupa* (t) + TK5> .
a*(t) =3™"1ta™(t),
b () =3™Lb(t)™ (M t? )z
(4.4) c*(t) :3m1*1c(t)m1(M2T92)% :
M, :iB lmz(% ;‘1) L (B - 1) + 1] ,
(4.5) 0; :m; [ (B — 1)l+ vi— 141, i=1,2

where the parameter group (o, B, vi] satisfies (2.1)-(2.2).
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Proof. From assumptions (2.1)-(2.2), using the Holder inequality with indices mq, mq
o (4.1), we get

1

t my
uP(t) Sa(t) + b(t) (/ (tm _ 8041)m2(ﬂ1—1) 5m2(711)d5)
0
1
t my
< ([ e (syas) ™
0 . R
ma
+ C(t) (/ (Taz _ Saz)mz(ﬁzfl) SmQ(,yQ_l)dS)
0

1

(4.6) x ( /0 ' nml(s)g(ur(s))ds> o

By using Lemmas 2.3 and 2.4, the inequality (4.6) can be rewritten as
uP™ (t) <3™ g™ (t)

m
mo

¢
+ 3™ () X ( / (1 — o)ty sz(“_l)ds>
0
¢
X (/ fml(s)uqml(s)ds)
0
T ma
+ 3m1_lcm1(t) (/ (Ta2 _ Sa2>m2(52—1)8m2(72—1)d5>
0
T
X </ nml(s)g(ur(s))ds>
0
1

—gmi—1 m1( )_|_3m1 Lpma (¢ )<M1t91)
X (/0 ™ (s)ud™(s)ds

+3mtem (1) <M2T92)

/-\

S‘H N—

( /OT ”ml(S)g(u’“(s))dS> ,

where M;,0;, 1 = 1,2, are given in (4.5).
Letting u™ (t) = w(t), we have

w(t) < a'(0) +5°(0) [ F™s)us(s)ds +et(0) [ (s)gwr (5)ds,

where r; = .=, which is similar to inequality (3.8), where a*(t), b*(¢) and c*(t) are
given in (4.4). An application of Theorem 3.1 to the inequality above gives that

my
T

1) [ (5)g m(s))ds
L= [ () (s)1(5)ds

QQ\
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holds for t € I, where m(t) and [(t) are given in (4.3). Since u™ (t) = w(t), we can
get (4.2). O

Remark 4.1. If g(x) = z, inequality (4.1) can be reduced to the case discussed by
Kelong Cheng el al. [5, Theorem 12].

5. APPLICATIONS

In this section, we present applications of the inequalities (4.1) in Theorem 4.1 for
studying the boundedness of certain fractional integral equation with the Riemann-
Liouville (R-L) fractional operator. Consider the following fractional integral equation:

1 T
G1) ult) = o) + FFEuO) + gy | @ =5 N (s, uls)ds,
where 0 < a<1land F;N € C(R x R,R), a(t) € C(I,R,).
Theorem 5.1. Consider the fractional integral equation (5.1) and suppose that F
and N satisfy the following conditions

(5.2) |F(t,2)] < Ft) |2]7,

IN(t, 2)| < n(t) "g(2"),

where f,n € C(I,R,) and g is defined as in Theorem 3.1, my > 1> q, r > 0. Under
the condition

/Tg (s)l(s)ds < 1,

the following estimate

(5.3) u(t) < [ m) +

holds, where

+ (1 — 77:1> Km™
It) :m1 K™ 5 (1) exp < / tP(s)ds) ,
bE(t) =b*(t) + c*(t),
P(t) =g f™ ()b (t),
Q) =f™ (t)(¢K" a*(t) + (1 — ¢)K)
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and

a*(t) = 3™ ta™(t),

B = ()
- le(&) 1 9
gmi—l my

() = (MaT%)m2
¢ ( ) le(O{)( 2 ) )

M1:M2:B[1,m2(a—1)+1],
QIZQQZmQ(OJ—l)‘i‘l.

Proof. According to Definition 2.1, from (5.1)-(5.2), we have

1) = alt) + g5 [ (0= o) (Flou(e)ds + s [0 = Ns.u(s) s,
for t € I. Hence,
ut)] <a(t) + g ) 0= 9" Pl ds+ s [0 = 97 [N (s, ()] ds
<alt) + g 0= 97 1) o) s

+ F(l&) /0 YT = 8 n(s) ™ g(ur (s))ds.

Lettlng Qp = Q2 = ]'7 Y= 72 = 17 51 = 52 =, p= lab(t) - ﬁ and C(t) - (@)’
and applying Theorem 4.1, we get the desired estimate in (5.3). U

Proposition 5.1. Assume that the functions F' and N in (5.2) satisfy the conditions
(5.4) IN(t,2)] = N(t,z) < n(t) "]z — 2],

where f(t) and n(t) are defined as in Theorem 4.1, € > 0 and z(t) is a solution of
(5.1). Then (5.1) has at most one solution.

Proof. Let z(t) and Z(t) be two solutions of (5.1), it is easy to see from (5.4) that

_ Lot a1 _
|2(t) = =(1)| Sw/o (t = 5)* f(s)[2(s) —2(s)[ ds

4 F(la) / (7 = )7 n(s) “]2(s) — 2(s)|ds.
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Lettingay = e =1, =1 =1,6=F=a,p=q=r=1,m; = 1+¢ a(t) =0,
g(t) =t and applying Theorem 4.1, we obtain that

1+e€

(1- &) K™ ({Tn““e(s)ds

() - =) < | (1- ! ) Kt 4 i
L= [nte(s)i(s)ds

letting € — 0, we obtain the uniqueness of solution of equation (5.1). 0
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EXISTENCE OF RENORMALIZED SOLUTIONS FOR SOME
ANISOTROPIC QUASILINEAR ELLIPTIC EQUATIONS

T. AHMEDATT!, A. AHMED?, H. HJIAJ?, AND A. TOUZANI!

ABSTRACT. In this paper, we consider a class of anisotropic quasilinear elliptic
equations of the type
N
= Fai(e,u, V) + [0 @ = fau), i Q
i=1
u=20 on 012,

where f(x,s) is a Carathéodory function which satisfies some growth condition. We
prove the existence of renormalized solutions for our Dirichlet problem, and some
regularity results are concluded.

1. INTRODUCTION

Let € be an open bounded subset of RN, N > 2, with the smooth boundary 9.
Zhao et al. have studied in [17] the quasilinear elliptic problem

—div(a(z, Vu)) + [ul"7u = A f(z,u), inQ,
a(z,Vu) - nds = 0,
Q
u = constant on 0,

They have proved the existence of weak solutions under some suitable growth assump-
tions on f(x,s), (see also [2,7]). In the framework of Sobolev spaces with variable
exponents, Fan and Zhang [11] have considered the following nonlinear elliptic problem

div(|VuP®2Vu) = Af(x,u), in €,
u =0, on 0f),

Key words and phrases. Anisotropic Sobolev spaces, variable exponents, quasilinear elliptic equa-
tions, renormalized solutions.
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where A\ > 0 and f(z, s) satisfies the growth condition |f(x,s)| < n + 0|s]°~!, where
1 <0 <p~ and 7,0 are two positive constants (we refer also to [6]). In [3], the authors
have proved the existence of weak solutions for the quasilinear p(z)-elliptic problem

—diva(z,u, Vu) = f(x,u, Vu),

by using the calculus of variations operators method, where f(z, s, ) is a Carathéodory
function which satisfies some growth condition.

In the framework of anisotropic Sobolev spaces, Di Nardo, Feo and Guibé have
studied in [9] the existence of renormalized solutions for some class of nonlinear
anisotropic elliptic problems of the type

N
- Z6361(@1(17u>|axzu|pl_2a$,u) = f—divyg, in €,

=1

with f € L'(Q) and g € TIY,LP (), the uniqueness of renormalized solution was
concluded under some local Llpschltz conditions on the function a;(z, s) with respect
to s, (see also [1] and [8]).

The aim of this paper is to study the existence and regularity of renormalized
solutions for the anisotropic quasilinear elliptic problem

N
(1.1) Z@iai(x,u,Vu) + |u)* @ty = f(x,u), in Q,
’ i=1

u =0, on 0f),

where (a;(z,s,€))i=1,. n are Carathéodory functions, the right-hand side f(z,s) is a
Carathéodory function satisfying only some nonstandard growth condition.

One of our motivations for studying (1.1) comes from these applications to electro-
rheological fluids as an important class of non-Newtonian fluids (sometimes referred
to as smart fluids). The electro-rheological fluids are characterized by their ability
to drastically change the mechanical properties under the influence of an external
electromagnetic field. A mathematical model of electro-rheological fluids was proposed
in [14,15], also in the robotics and space technology (we refer for example to [16]).

One of the difficulties in proving the existence of renormalized solutions stems
from the nonstandard growth of the Carathéodory function f(x,s), to overcome
the difficulty, we use the regularizing effect of the term |u|*®~'u with some special
technics.

The rest of this paper is structured as follows. In Section 2 we recall some definitions
and results on the anisotropic variable exponent Sobolev spaces. We introduce in
Section 3 some assumptions for which our problem has at least one renormalized
solution. Section 4 will be devoted to show the existence of renormalized solutions
for the problem (1.1) in the anisotropic Sobolev space with variable exponents, and
we will give some regularity results, that is |u[*®~1u € L'(Q).
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2. PRELIMINARY
Let © be a bounded open subset of RY, N > 2, we denote
€, (92) = {measurable function p(-) :  — R such that 1 < p~ < p* < N},

where
p~ =essinf{p(z)/z € O} and p™ = esssup{p(z)/z € Q}.

We define the Lebesgue space with variable exponent LP)(Q) as the set of all mea-
surable functions u : €2 — R for which the convex modular

pp(y(u) = /Q\UI”(x)dx
is finite. If the exponent is bounded, i.e., if p™ < +o00, then the expression
[ullpey = f{A > 02 pyey(u/A) < 1}

defines a norm in LP1)(12), called the Luxemburg norm. The space (LPO(Q), || - l())
is a separable Banach space. Moreover, if 1 < p~ < p™ < +o0, then LPO(Q) is
uniformly convex, hence reflexive, and its dual space is isomorphic to LP'*)(Q), where

Lo+ 1. — 1. Finally, we have the Holder type inequality:

p(z) = p(z)
1 1
uvdm’ﬁ — + —— | [[ullot |Vl s
fywte] < (2 + ) ool

for any u € LPO)(Q) and v € L' 0)(Q).
The Sobolev space with variable exponent W1P()() is defined by

WhPO(Q) = {u € LPY(Q) and |Vu| € LPV(Q)},

which is a Banach space, equipped with the following norm

[ellpey = llellpey + 1V allpe)-
The space (WPO(Q), ]| - [|1,() is a separable and reflexive Banach space. We define

Wy (')(Q) as the closure of C°(Q) in W'()(Q). For more details on variable exponent
Lebesgue and Sobolev spaces, we refer the reader to [10].

Now, we present the anisotropic variable exponent Sobolev space, used in the study
of our quasilinear anisotropic elliptic problem.

Let p1(+),p2(+), ..., pn(-) be N variable exponents in €, (€2). We denote

() = (p1(*),...,pn(+)) and Diny — du

. fori=1,...,N,

and we define

pt =max{py,...,py} and p~ = min{p;,...,py}, thenl <p” <p".

The anisotropic variable exponent Sobolev space WP()(Q) is defined as follow

WHPO(Q) = {u € WHH(Q) and D'u € LPO(Q) for i = 1,2,..., N},
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endowed with the norm
N

(2.1) gy = llullis + 3 1D
i=1

We define also Wol’ﬁ(')(Q) as the closure of C5°(Q) in WP)(Q) with respect to the
norm (2.1). The space (Wol’p(')(Q), HUHLﬁ(~)) is a reflexive Banach space (cf. [13]).

Remark 2.1. In view of the continuous embedding Wol’ﬁ(')(Q) — W,'(Q) and the
Poincaré type inequality we conclude that the two norms ||ul|y z.) and YN, || D%ull,,.)
are equivalent in the anisotropic variable exponent Sobolev spaces.

Lemma 2.1. We have the following continuous and compact embeddings.
o Ifp~ <N, then Wol’ﬁ(')(Q) —— LI(2), for q € [p~,p*[, where p* =

o Ifp~ = N, then Wy"(Q) s LUQ), for all ¢ € [p~, +00].
o Ifp~ > N, then Wy (Q) s L®(Q) N Q).

NE7
N—E* :

The proof of this lemma follows from the fact that the embedding Wy (Q) —

Wol ®(Q) is continuous, and in view of the compact embedding theorem for Sobolev

spaces.

Proposition 2.1. The dual of Wol’ﬁ(')(ﬂ) is denote by Wfl’ﬁ(')(Q), where p/(-) =
(Pi()y .., Pv()) and ﬁ + ﬁ =1 (¢f. [5] for the constant exponent case). For

each F' € W*LI’H/(')(Q) there exists Fy € (L' () and F; € L%O(Q) fori=1,2,...,N,
such that F = Fy — SN | D'F;. Moreover, for any u € Wol’p(')(Q), we have

N
(F,u) = Z/ F;D'udx.
i=0 /<
We define a norm on the dual space by

N N
I1F[|_y 7y = inf { Y N E ey with F = Fy = D'F; such that Fyy € (L2 (Q))'
i=1

=0
and F; € Lp2<'>(9)}.

Definition 2.1. Let k& > 0, the truncation function Ty () : R — R is defined by
s, if |s| <k,
()= k-2 it |s| > k,
5]
and we define

‘J'é’p( )(Q) = {u : 2 — R measurable, such that Tj(u) € Wol’ﬁ(')(ﬂ) for any k£ > 0}.
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Proposition 2.2. Let u € ‘J'é’ﬁ(')(ﬂ). For any i € {1,..., N}, there exists a unique
measurable function v; :  — R such that

DTy (u) = Vi-X{Jul<k} a-€. €, for all k>0,

where x 4 denotes the characteristic function of a measurable set A. The functions v;
are called the weak partial derivatives of u and are still denoted D'u. Moreover, if u
belongs to W' (Q), then v; coincides with the standard distributional derivative of u,
that is, v; = D'u.

3. ESSENTIAL ASSUMPTIONS

Let © be a bounded open subset of RV (N > 2). We consider p(-) = (p1(-), ..., pn(*))
the vector of exponents p;(-) € C.(Q) fori =1,..., N,and let ¢(-), s(-) € C;(2) where

¢(z) < max(s(z),p" — 1) a.e. in Q.

We consider the Leray-Lions operator A acted from W, () into its dual W10 (Q),
defined by the formula

N
Au= = 0'a;(z,u, Vu),
i=1
where a; : Q@ x R x RY — R are Carathéodory function which satisfy the following
conditions

(3.1) |ai(z, 5,€)| <B(Ki(x) + |sP@7 4 |gpi@=1)  for any i = 1,..., N,
(3.2) a;(z,5,6)& >al&P @, foranyi=1,..., N,

forall € = (&,...,&y) and & = (&,...,&y), we have

(3.3) [ai(z, 5,€) — ai(x, 5, )](& — €3) > 0, for & # &,

for a.e. z € Q, all (s,¢) € R x RY, where K;(x) is a positive function lying in L?:()(Q)
and «, 8 > 0.

As a consequence of (3.2) and the continuity of the function a;(x, s, -) with respect
to &, we have

a;(z,s,0) = 0.

In this paper, we consider the following quasilinear anisotropic elliptic problem

N
= dai(x,u, V) + [uf @ e = f(z,u), i Q

(3.4) Pt

u =0, on 0f2,
where f: Q) x R — R is a Carathéodory function satisfying
(3.5) [f(,7)] < g(a) + [r|"® ae in Q,

and ¢(-) is a measurable positive function in L'(2).
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Remark 3.1. The assumption (3.1) is used here to ensure that a;(z, u, Vu) belongs to
LP:0)(Q). In the other case where Au = — Y | 9%a;(z, Vu), the uniqueness of solution
can be concluded under some additional conditions on the Carathéodory function

f(@,s).
4. MAIN RESULTS
We begin by recalling some important lemmas useful to prove our main result.
Lemma 4.1 (3]). Let g € L™O(Q) and g, € L™(Q) with ||gu-) < C forl <r(z) <
0. If gn(x) — g(x) a.e. on Q, then g, — g in L™ ().
Lemma 4.2 ([4]). Assuming that (3.1)-(3.3) hold, and let (u,)nen be a sequence in
WP Q) such that u, — u in WeP(Q) and

/Q(|un|po(x)—2un _ ]u\pO(I)_Qu)(un — u)dx
N . .

+Z/ (a;(x, up, Vuy,) — a;(x, up, Vu))(D'u, — Du)dz — 0,
i=17¢

then w, — u in Wol’ﬁ(')(Q) for a subsequence.

Our objective is to prove the existence of renormalized solutions for the quasilinear
anisotropic elliptic problem (3.4).

Definition 4.1. A measurable function u is called renormalized solution of the quasi-
linear elliptic problem (3.4) if Ty (u) € WoP(Q) for any k > 0, with f(z,u) € L(),
and

N

(4.1) lim

/ a;(r,u, Vu)D'udr = 0,
h—o0 =7 J{h<|u|<h+1}

such that u satisfies the following equality
N
Z/ ai(x,u,Vu)(S’(u)chiu+S(u)Digo)dx—i—/ 5@~ 1uS (u) pda
=179 Q

- /Q F(a,u)S(u)pda,

for every ¢ € Wol’ﬁ(')(Q) N L*>(£2) and for any smooth function S(-) € W*°(R) with
a compact support.

Theorem 4.1. Assuming that the conditions (3.1)~(3.3) and (3.5) hold true, then the
quasilinear anisotropic elliptic problem (3.4) has at least one renormalized solution.
Moreover, we have

lul*@ e LY(Q).
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4.1. Proof of Theorem 4.1.

Step 1: approximate problems. Firstly, we consider the approximate problem

(4 2) Apn + ’Tn(unﬂs(x)_lTn(un) = fn(xa Tn(“ﬂ))? in €2,
) Up = 0, on 02,
where A,v = — SN, da;(x, T, (v), Vo) and f,(z,7) = T,,(f(x,r)). Thanks to (3.5),

it’s clear that
|[fala,r)| < nand | fu(w,r)] < g(a) + [r|7).
We consider the operator G,, : Wy (Q) — W-170(Q) by

(G, v) = /Q T, ()1, (w)vdz — /Q o, To(w) Joder,

for any u,v € W, P (')(Q). In view of the generalized Holder-type inequality, we have

(1.3) (Gt )] < [ [T olde+ [ |fule, Tuw)] Joldo

§n3+/ |v|d:c—|—n/ |v|dx
Q 0

st
= (0" +n)llvll
< Cilloll gy

Lemma 4.3. The bounded operator B, = A, + G, acted from Wol’ﬁ(')(Q) into
W=L'0)(Q) is pseudo-monotone. Moreover, B, is coercive in the following sense:

By, .
W — +00 as [[v]l1 ) = 00, for any v € WyP(Q).

Proof. In view of the Holder’s inequality and the growth condition (3.1), it’s easy to
see that the operator A, is bounded, and by (4.3) we conclude that B, is bounded.

For the coercivity, we have for any u € W™ (')(Q),
(Bhu,u) = (Apu,u) + (Gru,u)

N .
= ;/Qai(x,Tn(u),Vu) D’udx—i—/Q|Tn(u)]S(w)|u|dx
— [ 1l Tuw)ulda
N .
ozizl/Q|D’u

-
Co [[ully ) = aNIQ = Conllully g,

v

P 4 [ (T dz — Conlul
Q

v

it follows that
(Bnu,u)

— +00 as ||ul|1z.) — oo.
[l )
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It remains to show that B, is pseudo-monotone. Let (uy,)ren be a sequence in Wy ¢ (Q)
such that

up —u, in Wol’ﬁ(')(Q),

(44) Bnuk — Xn, in W_IJ;I(.)(Q)?
hm Sup<Bnuk‘7 uk‘) S <X7L7 'LL>
k—o0

We will prove that
Xn = Bpu and (Bpug, ug) — (Xn,u) as k — oo.

In view of the compact embedding Wy () << L1(€2), we have u; — u in L!(€2)
and a.e. , for a subsequence still denoted (uy)gen-

We have (ug)gen is a bounded sequence in W, ™ (')(Q), using the growth condition
(3.1) it’s clear that the sequence (a;(x, T),(uz), Vur))ren is bounded in LPi()(Q), then
there exists a function ¢; € LPi()(Q) such that

(4.5) ai(x, T (ug), Vug) — ¢; in LPO(Q) as k — oo.
On the one hand we have
(4.6) T (g ) [P 7T (ug) — | T () 77T, (1) weak—x in L°(€),
and since f,(x,T,(s)) is a Carathéodory function, then
(4.7) folz, To(ug)) = folz, Th(u)) weak—x in L°(2).
Then, for any v € Wol’ﬁ(')(Q) we have
(4.8)
(Xet) = Jim (Byug, )
— Jixgoé/s)ai(x,Tn(uk), V) D'vdx + ’}Lrgo/sz T, (g ) |* O 1T, (g vda
- kh_)rglo/gfn(a:, T, (ug))vdx

- é/ﬂ% Divder/QITn(u)|s(x>—1Tn(u)vda:—/an(I,Tn(U))vdm.

Having in mind (4.4) and (4.8), we conclude that

N
lim sup(By, (ug), ux) = limsup(Z/ ai(z, T, (ug), Vug) D'ugdx
k—oo k—o00 i=1 Q
—i—/Q|Tn(uk)]S(x)1Tn(uk)ukdx—/an(x,Tn(uk))ukdx>
N

Z/ ©; Diudx—i-/ | T, (w) 2@, (w)uda

=178 &

—/Q fulz, T (u))udz.

IA
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Since uj, — u strongly in L*(€2), and thanks to (4. 6)7(4 7) we obtain

(4.9) / 1Ty () " T (s g — / T, () [*) VT, (w)udee
and
(4.10) /Q o, To(w) Yupdze — /Q Fol, To(w)ude.
Therefore,
(4.11) llénsupZ/ ai(z, T, (ug), Vug) D'ugdr < Z/ ©; D'udz.
=00 =]
On the other hand, in view of (3.3) we have
(4.12) iv:l/g(ai(a:,Tn(uk), Vuy) — ai(z, T, (ug), Vu))(D'uy, — D'u)dz > 0,
then )

N

N
Z/Qa,-(:v,Tn(uk),Vuk)Diukdx > Z/Qai(:v,Tn(uk),Vuk)Diudx
i=1

i=1
N
+ Z/ ai(z, T, (ur,), Vu)(D'up — D'u)dz.
i=17%
In view of Lebesgue’s dominated convergence theorem we have T),(ux) — T),(u) in

LriO(Q), thus a;(x, T (ug), Vi) — ai(z, T, (u), Vu) strongly in LPi0)(Q), and using
(4.5) we get

N N
limian/ ai(z, Ty (ug), Vug) D'updr > Z/ ©; D'udz.
Q = Jao

k—o0 -1

Having in mind (4.11), we conclude that

k—oo

(4.13) lim Z/ ai(z, T (ug), Vug) D'ugdr = Z/ ©; D'udzx.

Therefore, by combining (4.8) and (4.9)—(4.10), we conclude that
(Bpug, ug) — (Xn,u) as k — 0.

Now, by (4.13) we can prove that

lim (2:1 /Q(ai(x,Tn(uk), Vuy) — ai(z, T, (ug), V) (D'uy, — D'u)dw

k—o0

+/ (|2 2 — [l =20 (g — u)da7> =0,
Q
and so, by virtue of Lemma 4.2, we get

up — u in Wolﬁ(')(ﬂ) and D'uj, — D'u a.e. in Q,
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then
a;(x, T, (ug), Vug) = a;(z, T, (u), Vu) in LPO(Q), fori=1,... N,

and thanks to (4.6)—(4.7), we obtain x,, = B,u, which conclude the proof of Lemma 4.3.
U

In view of Lemma 4.3, there exists at least one weak solution u, € W,” (')(Q) of
the approximate problem (4.2) (cf. [12], Theorem 2.7, page 180).

Step 2: a priori estimates. Choose 1 < 6 < p~ such that 1 < ¢(z) < max(s(z),pt—6).
By taking ¢(u,) = (1 - W) sign (u,) € Wy P(Q) as a test function in (4.2),
we obtain

0—1) Z/ ail, Tn(tn), Vitn) - Di“”dx+/Q|Tn(un)|S<$> (1 - (1)9_1> dx

1+|un|) 1+ Jup|

1 .
:/an(gg,Tn(un)) (1 — (91> sign (u,)dz.

1+ |unl)

By using the coercivity (3.2) and the growth condition (3.5), we obtain

| D, |Pi(®) 1
(4.14) - 1) Z/ dx+/|T Un) U(l—()“)czx

(1 + |u,|)? 1+ |uy|

1
< To(un)|®) (1 — —————— | du.
_/ng(x)\ + T ) ( i ‘unl)g_l) :
For the first term on the left hand side of (4.14), for any i = 1,..., N, we have

’L

Dz pi(z Dz n
/! nl / | D'u L S —\QI
(1+\un\ (1 + [un|)?
Diu,
e " e — 1)
(1 + Jua )™
un| ds
/ SR P
1+s) i
[un] ds
i_ dx—|Q|
! -1

> —
- C’ (1+ |un|
dx — 2|0,
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and since ¢(u,) > 5 for |u,| > R, with R = 277 — 1. Using Young’s inequality it

follows that

1
2

(4.15)

S s ac)dl,
20C, “— *y /|un|>R} n(tn)|

< [ lg@)ldz + [ 1T(ua) " dz + 24N (6 — 1),
Q Q

Since 1 < g(z) < max(s(z),p" — ), by using Young’s inequality we conclude that
(4.16) -
/ T, ()| " < al 1) bdr + ! | T, (wn)[F®da + Cy
o [Fnitn =g, & 4 Juaizrmy " '

It follows from (4.15) that there exists a constant C that does not depend on n, such
that

(4.17) Z/

Let £ > 1, in view of (4.14) we conclude that

(4.18) GZ/|DTk )P dz < Z

Therefore, we obtain

N .
3 / DT (u
i=1 7%

9d:c+/ T ()| ””)dx—Ir/ 1T (1)1 dz < C.
Q

IE

\D’
1+ |un|

Tdat [T < Ca

W) [P @dr < Cy(1 + k)Y, for k> 1.

Thus, the sequence (Tj(uy))n is bounded in W, i (')(Q), and there exists a subsequence
still denoted (Ty(uy)), and n; € Wol’p(')(Q) such that

(4.19) Ti(un) = i in Wy ™ (),
Ty (uy) — my in L*(Q) and a.e. in €.

On the other hand, in view of Poincaré type inequality, for any i € {1,..., N} we
have

kP meas{|un| > k) :/ T () P d:v</ T () |77 dac
{Iu_n\>k} ‘

<cn / DTy ()P

< Chi yDiTk(un) i) dy + CPi |Q

< max (O (Z/ DT () [P dx+|Q|>

1<i<N

< Cs(1+ k),
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where C3 is a constant that does not depend on k and n. Since 1 < 8 < p~, we
conclude that

1+ k)°
(4.20) meas{|u,| > k} < Cg(kpt) — 0 as k — 0.

Now, we will show that (u,), is a Cauchy sequence in measure. Indeed, we have
for every ¢ > 0,

meas{|u, — | > 0} < meas{|u,| > k} + meas{|u,,| > k}
+meas{|Ty(un) — T ()| > 0}

Let € > 0, in view of (4.20) we may choose k = k(e) large enough such that
(4.21) meas{|u,| > k} < % and meas{|u,| > k} < %
Moreover, thanks to (4.19) we have

Ty (u,) — . in LY(Q) and a.e. in .

Thus (T (un))nen is a Cauchy sequence in measure, and for any & > 0 and d,¢ > 0,
there exists ng = no(k, d,€) such that

(4.22) meas{|Ti (un) — Th(um)| > 6} < % for all m,n > no(k, 8, ).

By combining (4.21) and (4.22), we conclude that for all §,¢ > 0, there exists ny =
no(0, e) such that

meas{|u, — u,| >0} <e, for any n,m > ny.

Thus (u,), is a Cauchy sequence in measure, and converges almost everywhere, for a
subsequence, to some measurable function u. Thanks to (4.19) we conclude that

Ty (un) — Ti(u) in Wy ().
In view of Lebesgue dominated convergence theorem, we obtain
Ti(up) = Ti(u) in LPO(Q), fori=1,...,N.

Moreover, by taking Ty (u,) as a test function in the approximate problem (4.2), we
have

N

= [ fulw, Tu(un)) Tl d.
In view of (3.2), (3.5), and using (4.17) we obtain

aZ/ |D* Tk |p’($)dx </ () |Te(un) |dx+/ T, () |q(:” Ty (uy,)|d

< kllg(x) || 10 + KT (wn)| " || 110
<k(lg(@)|r1 @) + Ch).
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It follows, for any ¢ = 1,..., N, that
kP

V|Pi da
<:CM / DiTy(un) P
<G Q| | k() )
<cr /Q | DT (un) [P dz + €77 |
< Cyk.

Thus, we conclude that

(4.23) K2V meas{|u,| > k} < Oy, for any k> 1,

where C} is a constant that doesn’t depend on k and n.

Step 3: the equi-integrability of (| T, (un)|*® T, (un))n and (fo (2, Tp(tn)))n. In the
sequel, we denote by €;(n), t = 1,2,..., various real-valued functions of real variables

that converge to 0 as n tends to infinity. Similarly, we define £;(h) and €;(n, h).
In order to pass to the limit in the approximate equation, we shall show that

(4.24) T (1) 57T (u) — |ul*® 1 strongly in L'(Q)
and
(4.25) fulx, Ty(uy,)) — f(z,u) strongly in L'(Q).

We have | T, (1, )|*® T, (up) — |u|*® " w and f,(z, T, (u,)) — f(z,u) a.e. in Q. Thus,
in view of Vitali’s theorem, to show the convergence (4.24) — (4.25), it is suffices to
prove that(f,(x, T, (un)))n and (|1}, (u,)|*® 1T, (uy,)), are uniformly equi-integrable.
Let h > R, by taking v, = @(un)|Thi1(un) — Th(uy)| as a test function in (4.2), and
since v,, have the same sign as u,,, we have

Z / a5, To(tt), Vi) (D' T () — DVTi (1)) o (1)t

#0- DY [ TR T T g ) - T o

1T T () = Thun)| ()|

S/Qlfn 2, Ta(un))| | Thir (un) = Th(un) [@(un)|de.

1
We have |¢(u,)| > 5 on the set {h < |u,|}, and thanks to (3.2) we obtain
N . .
Z/Qai(%a T (tn), Vun ) (DT 1 (un) — DT (un)) [0 (un)|dz

N
T
9_12/@3: (un), Vun)D

"u
"\, n) — Th(uw,)|d
Q 1+ |un|) | h+1(u ) h(u >| x
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1 N ,

- z, Tn(uy), V) Diuydr + — / U [P ®) dge

4 Z/{h<|un|<h+1} ail (ttn). ) Z {h<|un|<h+1}| |

D'L Di
_ 1 Z/ %dm
1<ty (14 |unl)?

Ly T, (un), V dz + C, (D)
>— / T, Up, Up, un T + / R L x,

42 {h<lun|<h+1} a:(@, Talun), Vin) D 52 {ht1<funly (14 |ugl)?

1
with C5 = a - min {4, (0 — 1)} . Having in mind (3.5) we conclude that

| D, [Pi(®)

(4.26) / T (un); Vuy) D'updx + C, / T e d
Z h<|un\<h+1} (7, Tn{tn), Viin) D unde 52 {ht1<funl} (14 Jug|)? !

+/Q!Tn(un)l” | Thia (un) — Ti(un) | (un)da

= |9(@) | Thir (un) — Th(un)|dx
{h<|un|}

+/ T ()| 7| T g1 (1) = T ()| [sp ()|
{h<|un|}

For the second term on the left-hand side of (4.26), thanks to Poincaré’s inequality
we have

? pi(x)
Z / | D ——dx

{(h<unl} 1+|u I)

———dx — C:N h < lu,
{(h<unl} 1+|unl) sVmeasth < fual}

|un| dS p;
_05 /T T dx — CsNmeas{h < |u,|}
(4 s)
N Jun | ds P
>0 ——— | dx — Cs5Nmeas{h < |u,|}
Tl (g 4 gy
(|| — T3 (wn) )P
>0 / dx — CsN h < |uy,
Z th<tunly (1 ual)? oo Comensth < fnl)

>, Z/ ed:x—C’GZ/

7d
h<|un|} {h<lunly (1 4+ Jun)?

— CsNmeas{h < |u,|}.
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Having in mind (4.26), we conclude that

a;(z, T, (un), Vi, ) D'u,dr + 072/ |up|Pi 0 da

44 /{h<IUn|Sh+1} (h<lunl}

[ ) T () = T () ()
{h<|un|}

{h<|un|}| ()] e |w}l () |7 Thyi1 () — Th ()| ()]

+C Z /
Since ¢(z) < max(s(z),p* —0), and in view of Young’s inequality we have

/ [T ()| | T () = T ()| Lo dee
{h<|unl}

C%i/
T 2 I Jr<fual}
1

+ T ()" Tt () — T ()| [0 (un) |,
2 J{h<|un|}

and thanks to (4.23), we have

7da:—|—0 Nmeas{h < |u,
{h<lunl} (1 + [unl)? ’ th < fual}

Odz + Cy / Thir () — Tt |dee
{h<|un|}

N
——dzx < hPi =% meas{h < |u,
Z/h<|un} 1+ |un|) ; { [unl}

<N =% meas{h < |u,|}

Nh2' ! meas{h < |u,|}
- Ro—1

§h901—>0ash%oo

631

Also, we have meas{|u,| > h} goes to zero, as h tends to infinity, and since g(z) €

LY(Q2) we conclude that
gq(h) = /{ - lg(x)|dz + CsN meas{h < |u,|} — 0 as h — oc.
h< Un
It follows that

(4.27) ai(z, Ty (uy), Vu,)D'uy,dx

4 — /{h<|un<h+1}

1
Z/ ]~ (T ()"
{h<|un|} 2 {h+1<|unl}

<C T n) — Th(un)|d h
_SAMWJ|Mmu> () do + 3(h)
S&;(h).
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We conclude that

(4.28) lim < / T ()@ e + |Tn(un)|q(x)da:> 0,
h—oo \ J{h+1<|un|} {h+1<|un|}
therefore, thanks to (4.28) we have for any 0 > 0, there exists h(d) > 1 such that
4]
4.29 / T, (uy, S(x)dx%—/ T, (u)|"®de < =.
(4:29) {h(8)<[un]} T o) {R(8)<|un|} T o) 2
On the other hand, for any measurable subset E C ) we have
(4.30) / T, (1) |* @) d —|—/ T, ()| 7@ dz
E
< T () | e + T (1) |9 d
{R(0)<|unl} {R(8)<|unl}

+/E|Th(5)(un)’s(x)dg;+/E\Th(é)(un)’q(x)dx

It’s clear that, there exists 3(d) > 0 such that for any £ C Q with meas(E) < 5(9)
we have

(5
(431) [ This @)D+ [ [T (1) < .
Finally, by combining (4.29), (4.30) and (4.31), we obtain
(4.32)

/ T, (1)@ de —|—/ | T (u,)| "™ da < 6 for any E C Q such that meas(E) < 3(6).
E

Consequently, (|7}, (u,)[*® T, (u,))n and ([T}, (un)|*®) 1T, (uy)), are uniformly equi-
integrable, and in view of the growth condition (3.5) we have

| fol, To(un))| < g(z) + ‘Tn<un)‘q(x)a

with g(z) € LY(Q), then (f,(x, Tn(uy,))), is also uniformly equi-integrable. According
to Vitali’s theorem, the statements (4.24) and (4.25) are concluded. Moreover, in
view of (4.27) we have

(4.33) hm lim sup Z

/ ai(z, T, (), Vi, ) D updr = 0.
h—oo n—oo i=1 7 {h<|un|<h+1}

Step 4: strong convergence of truncations. Let h > k > 1, and we set ¥p(u,) =

(1 — |71 (up — Th(uy))|). By taking (Ti(un) — Tk (w))n(u,) € Wlp( () as a test

function in (4.2) we obtain

> [ @, Tulun), V) (D' Te(un) = D'Ta(w) () da

a Z /h<|un|<h+1} T (tn), V) D'ty | Tio(un) — Ti(w)|d
+ /Q T ()T (1) (Ti (1) — Ti (1)) i
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:Alfn(x7Tn(un))(Tk(un) — T (u) ) (un)dx
It follows that

(4.34) ;/Qai(:c,Tn(un),Vun)(DiTk(un) — DTy (u))p (uy,)dx
< [ 1l Tu )| 1Tilwn) = Th(w)lda + [ 1T )| [T(wn) = Ti(w)lda

Z/h<|un<h+1} 2, T (), Vg ) D'y | Ty (wy) — Ty ()| d.

For the first and second terms on the right-hand side of (4.34), we have T (u,) — Ty (u)
weak—x in L>(€2), and thanks to (4.24)-(4.25) we have |T,(u,)|*® — |u|*® and
fo(x, T(uyn)) — f(x,u) strongly in L'(Q), then

(4.35) es(n / T (1)@ T (1) — T () |d — 0 a5 11— 00
and
(4.36) ge(n) = /Q | fr(x, T (un))| |Tk(un) — Ti(u)|de — 0 as n — oo.

On the other hand, according to (4.33) we have
437) & Z / (&, T (1), Vi) Ditn | Tio (1) — Tho() iz
h<|un\<h+1}

<2k2/ (2, T (), V) D'updr — 0 as h — 0.

h<\un|<h+1}

By combining (4.34) and (4.35)—(4.37) we conclude that

(4.38) E/Qai(x,Tn(un), Vu, ) (DT (un) — D'Ti,(w) )n (un ) dx < e7(n, h).

For the term on the left-hand side of (4.38), since a;(x, s,0) = 0, it follows that
(4. 39)

Z [, e Talun), V) (D Tin) = DTi) ()

=3 oy O ), VT (DT ) = DT

N
Z/{k<u |<h+1} (, Tha1(un), Vi1 (un)) D Ty (w) ¥p(uy,)dx

Z <al 2, To(wn), VT (1)) — a,-(x,Tk(un),VTk<u))>(DiTk<un) — DiTy(w))dz

i=1
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+ Z / a5, T (), VT () (DT () — DT (u))daz

- Z / oy 0 T ), Vs (0] DT )

For the second term on the right-hand side of (4.39), we have T (u,) — Ti(u) in
LPO(Q), then, a;(z, Ty (un), VIk(w)) = a;(x, Ti(u), VI (u)) strongly in L7 (Q), and
since DT}, (u,) converges to DTy (u) weakly in LPi()(Q), we obtain

(4.40) eg(n Z/ ai(z, T (uyn), VT (u))(D"Ty (u,) — D'Ti(u))dx — 0 as n — oo.

Concerning the third term on the right-hand side of (4.39), we have (|a;(z, Th11(un),
VThi1(un))|)n is bounded in LP)(Q), then there exists v; € LPi()(Q) such that
|a; (2, Ty (tn), Vi1 (un))| — v; weakly in LPi)(Q) for any i = 1,..., N. Therefore,

(4.41)  go(n (2, Thi1 (Un), VThs1 (un)) D' Ti(w) ¥y (uy,)de

k<\un|<h+1}

<Z / \as(, Tt (tn), Vs (un))] | DT ()| d

{k<|un|<h+1}
— i | DTy (u)|dz = 0 — 00.
;/{Mlulshﬂ} v |D'Ty(u)|dz as n — 00
By combining (4.38)-(4.41), we conclude that
N . .
Z/Q (ai(x,Tk(un), VTi(u,)) — ai(z, Ti(uy,), VTk(u))> (D"Ty.(up) — DTy (u))dx
i=1

Sflo(”a h)

In view of Lebesgue dominated convergence theorem, we have T}, (u,) — Ti(u) strongly
in L' (€2). Thus, by letting n then & tend to infinity we deduce that

;/Q (ai(x, Ti(un), VI (uy,)) — ai(x, T (uy,), VTk(u))>(DiTk(un) — D'Ty(u))dx
+ /Q(’Tk(unﬂf*sz(un) — ]Tk(u)|3+’2Tk(u))(Tk(un) —Ti(u))dr — 0 as n — co.
In view of Lemma 4.2, we conclude that

(4.42) Ti(un) — Ti(u) strongly in Wyt (Q),
) Diu, — Diu a.e. in Qfori=1,...,N.
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Moreover, we have a;(z, T,,(u,), Vu,)D'u, tends to a;(z, u, Vu) D'u almost everywhere
in Q, and in view of Fatou’s lemma and (4.33), we conclude that

lim Z

/ a;(z,u, Vu)D'udx
h—o0 {h<|u|<h+1}

< lim lim inf Z

/ a;(z, T, (uy), Vun)Diund:L’
h—o0 M—00 {h<|un|<h+1}

< lim lim sup Z/ z, T, (), V) D'uydr = 0,

h—oo n—ooo | h<|un\<h+1}

which prove (4.1).

Step 5: passage to the limit. Let ¢ € Wy (Q) N L>(Q), and choosing S(-) be a
smooth function in C§(R) such that supp (S(-)) C [-M, M] for some M > 0.

By taking S(u,)p € Wol’p(')(Q) N L>*(€2) as a test function in the approximate
problem (4.2), we obtain

(4.43) Z/ a;(z, Ty (uy), Vuy,) (DiunS’(un)w + S(un)Di(p) dx

+/ | T, () |57 () S () pdac = / fo(x, T (un))S (uy) pda.
For the first term on the left-hand side of (4.43), we have

Z:/Qai(x,Tn(un), Vu,) (DiunS'(un)go + S(un)Di@) dx

=3 [ Tar ), Vg ) (') oD o) + S (Ta () D')

in view of (4.42), we have (a;(x, Tar(un), VTas(tn)))n is bounded in LP:0)(Q), and
since a;(x, Th(uy,), VT (uy)) tends to a;(z, Tar(u), VT (1)) almost everywhere in €,
it follows that

a;(w, Tar(un), VT (1)) = a;(z, Tar(u), VT (w)) in LPO(Q),
and since (S () oD Tar(uy) + S(Tar(uyn))Dip) — (S"(u) D Tar(u) + S(Tar(u)) D)
strongly in LP**)(Q), we deduce that

(4.44) lim Z/ ai(x, Tn(un), Vuy,) (DiunS’(un)@+ S(un)DQp) dx

n—oo

— lim Z / ai @, Tor (wn), VTar (un)) (D Tar ()8 () + S(Tar () D) d

n—oo

_Z/ ai(w, Tar (u), VT (w)) (D'Ths (w) S (w)p + S(Ths (u)) D'p) da:
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N

= ; /Q a;(x,u, Vu) (DiuS’(u)gp + S(u)DQp) dx.

Concerning the second term on the right-hand side of (4.43), we have S(Ty (un))p —
S(Ta(u))p weak—x* in L=(€2), and thanks to (4.24), we have |T},(u,)|*® T, (u,) —
lu|*@ =1y strongly in L*(Q), it follows that

(4.45)  lim / yTn(un)|S<x>—1Tn(un)5(TM(un ))pda / P @S (Tyy (u) ) pdiz

n—oo JO

Similarly, thanks to (4.25) we have f,,(z, T, (u,)) — f(z,u) strongly in L'(Q) then
(4.46)
tim [ o, T (wa))S (T (wn)ipde = | fa,0)S(Tn(w)pda = [ fla,u)S(u)pda.

n—oo

By combining (4.43) and (4.44)—(4.46), we conclude that
N
ai(x,u, Vu) (DuS"(u)p + S(u) D) dr + [ |u|*™ " uS(u)pds
Vu) (D'us’ S(u)D'p) d 1S (u)ed
: Q Q

= / f(z,u)S(u)pdr.
which complete the proof of the Theorem 4.1.
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CERTAIN CLASSES OF BI-UNIVALENT FUNCTIONS OF
COMPLEX ORDER ASSOCIATED WITH
QUASI-SUBORDINATION INVOLVING (p, q)-DERIVATIVE
OPERATOR

S. ALTINKAYA! AND S. YALCIN?

ABSTRACT. In this present paper, as applications of the post-quantum calculus
known as the (p, ¢)-calculus, we construct a new class Dzliq (7,¢, ¥) of bi-univalent
functions of complex order defined in the open unit disk. Coefficients inequalities
and several special consequences of the results are obtained.

1. INTRODUCTION AND PRELIMINARIES

The g-calculus as well as the fractional g-calculus provide important tools that
have been used in the fields of special functions and many other areas. Historically
speaking, a firm footing of the usage of the g-calculus in the context of Geometric
Function Theory was actually provided and the basic (or ¢-) hypergeometric functions
were first used in Geometric Function Theory in a book chapter by Srivastava (see,
for details, [30]). In fact, the theory of univalent functions can be described by using
the theory of the ¢-calculus. Moreover, in recent years, such g-calculus operators as
the fractional g-integral and fractional g-derivative operators were used to construct
several subclasses of analytic functions (see, for example, [3,19,21,26]). In particular,
Purohit and Raina [20] investigated applications of fractional g-calculus operators
to define several classes of functions which are analytic in the open unit disk. On
the other hand, Mohammed and Darus [14] studied approximation and geometric
properties of these g-operators in regard to some subclasses of analytic functions in a
compact disk.

Key words and phrases. Coefficient bounds, Bi-univalent functions, Quasi-subordination, g-
calculus, (p, q)-derivative operator.
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Further the possibility of extension of the g-calculus to post-quantum calculus
denoted by the (p, ¢)-calculus. The (p, ¢)-calculus which have many applications in
areas of science and engineering was introduced in order to generalize the ¢-series by
Gasper and Rahman [8]. The (p, q)-series is derived as corresponding extensions of
g-identities (for example [2,6]).

We begin by providing some basic definitions and concept details of the (p,q)-
calculus which are used in this paper.

The (p, g)-number is given by

n n

p" —q
nl, .= . PFQ
g = 2=

which is a natural generalization of the g-number (see [11]), that is
_1-
=T

q# 1

tim [1],,, = [1],

It is clear that the notation [n], is symmetric, that is,

Let p and ¢ be elements of complex numbers and D = D,,, C C such that z € D
implies pxr € D and qr € D. Here, in this investigation, we give the following two
definitions which involve a post-quantum generalization of Sofonea’s work [27].

Definition 1.1. Let 0 < |¢| < |p| < 1. A given function f : D,, — C is called
(p, q)-differentiable under the restriction that, if 0 € D, ,, then f/(0) exists.

Definition 1.2. Let 0 < |¢| < [p| < 1. A given function f : D,, — C is called
(p, q)-differentiable of order n, if and only if 0 € D, ,, then f(™(0) exists.

Definition 1.3 ([6]). The (p, ¢)-derivative of a function f is defined as

f(pr) — f(gx)
(p—q)x
and (D, ,f)(0) = f'(0), provided f’(0) exists.

(anf)(l') = ) z 7A 07

As with ordinary derivative, the action of the (p, q)-derivative of a function is a
linear operator. More precisely, for any constants a and b,

Dpg(af(z) +bg(2)) = aDyof(2) + 0Dy g(2).

The (p, q)-derivative fulfils the following product rules

Dy o(f(2)9(2)) =f(p2)Dypq9(2) + 9(q2) Dyq f(2),
Dy o(f(2)9(2)) =9(p2) Dy f(2) + f(q2)Dpeg(2).
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Further, the (p, ¢)-derivative fulfils the following product rules

D, (f(@) 9(a2) Dpof(2) = f(q2) Dye9(2)

(2) 9(r2)g(qz) ’
(2)\ _92)Dpyf(2) = f(p2)Dpag(2)
br < (2 )) 9(pz)9(qz) '

Let A indicate an analytic function family, which is normalized under the condition
of f(0) = f(0)—1=0in A ={z:2€Cand |2|] <1} and given by the following
Taylor-Maclaurin series:

(1.1) f(z) =2+ ianz"

Further, by S we shall denote the class of all functions in A which are univalent in A.
If f is of the form (1.1), then

( qu _1+Z

With a view to recalling the principle of subordlnatlon between analytic functions,
let the functions f and ¢ be analytic in A. Then we say that the function f is
subordinate to g if there exists a Schwarz function w (2), analytic in A with

w(0)=0,lw(z)| <1, z€A,
such that

f(z)=g(w(z)), zeA
We denote this subordination by

f=<gor f(2)<g(2), z€A.
In particular, if the function ¢ is univalent in A, the above subordination is equivalent
to
f(0)=g(0), f(A)Cg(A)
In the year 1970, Robertson [23] introduced the concept of quasi-subordination. For
two analytic functions f and g, the function f is said to be quasi-subordinate to g in
A and written as

f(2) <p9(2), z€A,
if there exists an analytic function |h(z)| < 1 such that E ; analytic in A and

/()

— A

n) J9B) 2EA
that is, there exists a Schwarz function w(z) such that f(z) = h(z)g(w(z)). Observe
that if h(z) = 1, then f(2) = g(w(z)) so that f(z) < g(z) in A. Also notice that
if w(z) = z, then f(z) = h(2)g(z) and it is said that is majorized by g and written
f(2) < g(z) in A. Hence it is obvious that quasi-subordination is a generalization
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of subordination as well as majorization (see, e.g., [13,22,23] for works related to
quasi-subordination).

The Koebe-One Quarter Theorem [7] ensures that the image of A under every
univalent function f € A contains a disk of radius 1/4. Thus every univalent
function f has an inverse f~! satisfying f~!(f(2)) = z and f(f ' (w)) = w

(ol <70 (f) , ro(f) = %), where
(12) f_l (w) =w — a2w2 + (2(1% — a3> U)3 — (5&3 — 5a2a3 —+ a4) w4 + .

A function f € A is said to be bi-univalent in A if both f and f~! are univalent
in A. Let ¥ denote the class of bi-univalent functions in A given by (1.1). For
a brief history and interesting examples in the class X, see [29] (see also [4,5,12,
16]). Furthermore, judging by the remarkable flood of papers on the subject (see,
for example, [10,17,28]). Not much is known about the bounds on the general
coefficient |a,|. In the literature, there are only a few works determining the general
coefficient bounds |a,| for the analytic bi-univalent functions ([1,9,15,31]). The
coefficient estimate problem for each of |a,| (7 € N\ {1,2}, N={1,2,3,...}) is still
an open problem.

Recently for f € A, Selvaraj et al. [25] defined and discussed (p, ¢)-analogue of
Salagean differential operator as given below:

D, f(z) =f(2)
D1197qf<z) =z (Dpqf(2))

D! f(2) =D, (D" f(2))

Dyof () =2+ Ll 02", ke No=NU{0}2 € A,

If welet p =1 and ¢ — 17, then D’;’q f(2) reduces to the well-known Salagean
differential operator (see [24]).

Making use of the differential operator D
bi-univalent functions as follows.

k

g We introduce a new class of analytic

Definition 1.4. A function f € ¥ given by (1.1) is said to be in the class
Dy, (7:.¢¥), 7eC\{0}, 0<(<1LkeNy, 0<g<p<l, zweA,
if the following conditions are satisfied:

1 z (D’;’qf(z))/
1\ (1= QDL f(2) + ¢ (DE,1(2)

=1 =<, (¥(z) = 1)
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and

1 w (Dmg(w)) ;=1 =<, (T(w) —1),
7\ (1= 0D g(w) + Cw (DL g(w))

where the function g is given by (1.2).

Remark 1.1. For p =1 and ¢ — 1, a function f € ¥ given by (1.1) is said to be in the
class D (7, ¢, W), if the following conditions are satisfied:

1 =(D"() 1| =, (W(z) = 1), zeA
(1= QD*f(2) + ¢= (D" f(2))

and

1 w (Dtg(w) 1| =, (W(w) 1), zeEA,
7\ (1= QD g(w) + ¢w (D*g(w))

where v € C\{0}, 0 < (¢ <1, k € Ny and the function ¢ is given by (1.2).

Remark 1.2. For ( =0 and v € C\{0}, a function f € ¥ given by (1.1) is said to be
in the class D};,q (v, U), if the following conditions are satisfied:

1 (z (DE,1(2))

v\ DI f(2)

S 1)<p(\11(z)1), z €A

and

/

1 [w (D" g(w

- <kp’q( )) —1| <, (T(w)—1), z€A,
7\ Dpg9(w)

where k € Ny, 0 < ¢ < p <1 and the function g is given by (1.2).

Remark 1.3. For ( = k =0 and 7 € C\{0}, a function f € ¥ given by (1.1) is said to
be in the class Sy (v, ¥), if the following conditions are satisfied:

and

where the function g is given by (1.2).
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2. MAIN RESULT AND ITS CONSEQUENCES
Firstly, we will state the Lemma 2.1 to obtain our result.

Lemma 2.1 ([18]). If s € P, then |s;| < 2 for each i, where P is the family of all
functions s, analytic in A, for which

Re(s(z)) > 0,

where
s(2) =1+ 812+ 85927+ .

Through out this paper it is assumed that ¥ is analytic in A with U(0) = 1 and let

Also let
(2.2) h(z) = Do+ Diz+ Doz* +--- . |h(2)| <1, z € A.

We begin this section by finding the estimates on the coefficients |ay| and |as| for
functions in the class D’;’q (v, ¢, ¥) proposed by Definition 1.4.

Theorem 2.1. Let f of the form (1.1) be in the class D’;’q (7,¢, V). Then
711 Dol C1v/Cy

las| <
¢<1 — )28l ,7C2 Do — [22% [(1 = ¢)(C2 = C1) + (1 + O CED |

and )
"YD0| 012 |vD1| Cy |'YD0| Ch

(1= 2, 20-Q[B), 20-Q[B],,

las] <

Proof. It f € D’;q (7, ¢, V) then, there are two analytic functions u,v : A — A with

u(0) =v(0) =0, |u(2)|] < 1,|v(w)| < 1 and a function h given by (2.2), such that

1 Dt f(2)
(23 - - (53.,/(2) 1| = ) (R((=) - 1)

Y\ (=D}, f(2) + 2 (D} f(2))
and

k /

24) - - (D) 1] = ) (W) - 1).

v\ (1= ¢)D} g(w) + Cw (D} g(w))
Determine the functions s; and s, in P given by

s1(z) = i_zzi =14tz +tg2® 4 -
and .
B C) S S

1 —w(w)



BI-UNIVALENT FUNCTIONS INVOLVING (p,q)-DERIVATIVE OPERATOR 645

Thus,
_si(z) -1 1 1)
(2.5) u(z)—81(z)+1—2<t12+<t2—2)2+ )
and
so(w)—1 1 @\ o
(2.6) U<w):82(w)+1:2<QIw+<q2_2>w —i—)

The fact that s; and s, are analytic in A with s;(0) = s2(0) = 1. Since u,v : A — A,
the functions s;, s, have a positive real part in A, and the relations |t;| < 2 and
lg;| < 2 are true. Using (2.5) and (2.6) together with (2.1) and (2.2) in the right
hands of the relations (2.3) and (2.4), we obtain

2.7) h(z) (U (u(z)) — 1) :;DOC’ltlz

1 1 t2 1
—|— <2D101t1 + §D()Cl (tg - 21> + 4D0C(2t%) 2’2 + e

(2.8)

() (¥ (o(w)) — 1) =5 DeCrgro

ai

1 1
+ (chlfh + EDocl <Q2 5

2
In the light of (2.3) and (2.4), we get

(1-2) [2]];,qa2 :D001t1

1
) +4D002Q%> w4

2.
(2.9) > i
2(1-¢) [3]’;,(1 az — (1 —¢?) [2];2,2 a3 _ DiCity | DoCy t] DyCyt}
(2.10) = + th— 2] +
~ 2 2 2 4
and
(1-0) [Q]k DyCrq

2.11 — P g, =
( ) v a2 9 )
(2.12)
2(1 - ¢)[3]) (203 — as) — (1 — () [2]2", a3 _DiGiar | DoCy <q2 B q%) N DoCaq?

~ 2 2 2 1
Now, (2.9) and (2.11) give
(2.13) ti=—q
and

(2.14) 8(1—()* 205 a3 = ¥ DiCE (8 + ai) -
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Adding (2.10) and (2.12), we get
4(1 =) [3];;(1 —2(1-¢%) {2]1272 2 DoCi(ta+q2) Do (Cy—Ch)(t1+q7)

2.15 : = .
( ) ~ L 9 + 1
By using (2.13), (2.14) and Lemma 2.1 in (2.15), we obtain
71 1Do| C1VCY
|az| <

= Q21 7C2D — 22, [(1= O(C2 — C1) + (1 + QG2
Next, to find the bound on |as|, by subtracting (2.12) from (2.10), we have
4(1 —i) [S]I;,q (ag B ag) _ DG (;2 — q2) + D:,Cy (;1 —q1)
It follows from (2.13), (2.14) and (2.16) that
_ PDCE (T +qi) | vDiCi(t— q1) | vDoCh (ts — o)
C 8-, 81-QBL,  81-0OBl,
Applying Lemma 2.1 once again for the coefficients t1, 9, ¢; and ¢, we readily get
VDol C? [vD1| G [7Do| C1
(1= 12, 20-0B, 20-0B],
This completes the proof of Theorem 2.1. O
Corollary 2.1. Let f of the form (1.1) be in the class D* (,(, ¥). Then

7 [Do| C1/ T
V(1= Q) 129CDy3E — 228 [(1 = ¢)(C — C1) + (1 + C)yCEDy||

(2.16)

las] <

las| <

and )
|vDo|” CF |vD1| Cy |vDy| C4
1222k T 2(1— 3% ' 2(1— Q)3F

Corollary 2.2. Let [ of the form (1.1) be in the class D';jq (v, V). Then
7|1 Do] C1v/Ch
V2Bl €20 — RIZ [(Ca — C1) +C3 Dy

lag| <
(

las| <

and )
0] < IvDol”C} | |vD1|Cy | |¥Do| Cy
> 2% 2 E_ -

Corollary 2.3. Let f of the form (1.1) be in the class Sx, (v, V). Then

[7Do| C1v/ Ty
VI1C1 = Gy +7C2Dy|

lag| <
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and

(ID1] + Do) [7[ €1
5 :

jas| < |yDol” CF +

3. CONCLUDING REMARK

Various choices of ¥ as mentioned above and suitably choosing the values of C; and
C5, we state some interesting results analogous to Theorem 2.1 and the Corollaries
2.1 to 2.3. For example, the function V¥ is given by

v - (7

0
) =142024+20%2%+--., 0<6<1,

which gives
Ol = 20 and CQ = 292

By taking
14+(1-2
\I'(z>=leﬂ(l—u)zw(l—u)zu-“> O<sp<d
we have

01202:2(1—[0
On the other hand, for —1 < B < A < 1, if we let

1+ A
\I/(z):JBizl—k(A—B)z—B(A—B)quL---, 0<f<1,

then we have
Ci=(A—-B)and C, = —B(A— B).

The details involved may be left as an exercise for the interested reader.
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