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EXISTENCE OF RENORMALIZED SOLUTIONS FOR SOME
ANISOTROPIC QUASILINEAR ELLIPTIC EQUATIONS

T. AHMEDATT!, A. AHMED?, H. HJIAJ?, AND A. TOUZANI!

ABSTRACT. In this paper, we consider a class of anisotropic quasilinear elliptic
equations of the type
N
= Oai(e,u, V) + [0 @ e = fau), in 0
i=1
u=20 on 0},

where f(z,s) is a Carathéodory function which satisfies some growth condition. We
prove the existence of renormalized solutions for our Dirichlet problem, and some
regularity results are concluded.

1. INTRODUCTION

Let € be an open bounded subset of RN, N > 2, with the smooth boundary 9.
Zhao et al. have studied in [17] the quasilinear elliptic problem

—div(a(z, Vu)) + [ul'7u = A f(z,u), inQ,
a(z,Vu) -nds = 0,
Q
u = constant on 0,

They have proved the existence of weak solutions under some suitable growth assump-
tions on f(x,s), (see also [2,7]). In the framework of Sobolev spaces with variable
exponents, Fan and Zhang [11] have considered the following nonlinear elliptic problem

div(|Vuf®2Vu) = Af(z,u), in €,
u =0, on 0f),
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where A\ > 0 and f(z, s) satisfies the growth condition |f(x,s)| < n + 0|s]°~!, where
1 <0 <p~ and 7,0 are two positive constants (we refer also to [6]). In [3], the authors
have proved the existence of weak solutions for the quasilinear p(z)-elliptic problem

—diva(z,u, Vu) = f(x,u, Vu),

by using the calculus of variations operators method, where f(z, s, ) is a Carathéodory
function which satisfies some growth condition.

In the framework of anisotropic Sobolev spaces, Di Nardo, Feo and Guibé have
studied in [9] the existence of renormalized solutions for some class of nonlinear
anisotropic elliptic problems of the type

N
- Z6361(@1(17u>|axzu|pl_2a$,u) = f—divyg, in 2,

=1

with f € L'(Q) and g € TIY,LP (), the uniqueness of renormalized solution was
concluded under some local Llpschltz conditions on the function a;(z, s) with respect
to s, (see also [1] and [8]).

The aim of this paper is to study the existence and regularity of renormalized
solutions for the anisotropic quasilinear elliptic problem

N
(1.1) Z@iai(x,u,Vu) + |u)* @ty = f(x,u), in Q,
’ i=1

u =0, on 0f),

where (a;(z, s,€))i=1,. n are Carathéodory functions, the right-hand side f(z,s) is a
Carathéodory function satisfying only some nonstandard growth condition.

One of our motivations for studying (1.1) comes from these applications to electro-
rheological fluids as an important class of non-Newtonian fluids (sometimes referred
to as smart fluids). The electro-rheological fluids are characterized by their ability
to drastically change the mechanical properties under the influence of an external
electromagnetic field. A mathematical model of electro-rheological fluids was proposed
n [14,15], also in the robotics and space technology (we refer for example to [16]).

One of the difficulties in proving the existence of renormalized solutions stems
from the nonstandard growth of the Carathéodory function f(x,s), to overcome
the difficulty, we use the regularizing effect of the term |u|*®~'u with some special
technics.

The rest of this paper is structured as follows. In Section 2 we recall some definitions
and results on the anisotropic variable exponent Sobolev spaces. We introduce in
Section 3 some assumptions for which our problem has at least one renormalized
solution. Section 4 will be devoted to show the existence of renormalized solutions
for the problem (1.1) in the anisotropic Sobolev space with variable exponents, and
we will give some regularity results, that is |u[*®~'u € L'(Q).
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2. PRELIMINARY
Let © be a bounded open subset of RY, N > 2, we denote
€. (92) = {measurable function p(-) :  — R such that 1 < p~ < p* < N},

where
p~ =essinf{p(z)/z € Q} and p™ = esssup{p(z)/z € Q}.

We define the Lebesgue space with variable exponent LP)(Q) as the set of all mea-
surable functions u : €2 — R for which the convex modular

pp(y(u) = /Q\UI”(x)dw
is finite. If the exponent is bounded, i.e., if p™ < +o00, then the expression
[ullpey = f{A > 02 pyey(u/A) < 1}

defines a norm in LP1)(12), called the Luxemburg norm. The space (LPO(Q), || - l())
is a separable Banach space. Moreover, if 1 < p~ < p™ < +o00, then LPO)(Q) is
uniformly convex, hence reflexive, and its dual space is isomorphic to LP'*)(Q), where

Lo+ 1. — 1. Finally, we have the Holder type inequality:

p(z) = P(z)
1 1
uvdx’ﬁ — + —— | [[ulloe |Vl ) s
fywte] < (2 + ) ool

for any u € LPO)(Q) and v € L 0)(Q).
The Sobolev space with variable exponent W1P()(€) is defined by

WhrO(Q) = {u € LPY(Q) and |Vu| € LPV(Q)},

which is a Banach space, equipped with the following norm

[ellpey = Mlellpey + 1V allpe)-
The space (WPO(Q), ]| - [|1,() is a separable and reflexive Banach space. We define

Wy (')(Q) as the closure of C°(Q) in W'()(Q). For more details on variable exponent
Lebesgue and Sobolev spaces, we refer the reader to [10].

Now, we present the anisotropic variable exponent Sobolev space, used in the study
of our quasilinear anisotropic elliptic problem.

Let p1(+),p2(+), ..., pn(-) be N variable exponents in €, (€2). We denote

() = (p1(+),...,pn(-)) and Dinu — du

oz, fori=1,...,N,

and we define

pt =max{py,...,py} and p~ = min{py,...,py}, thenl<p~ <p".

The anisotropic variable exponent Sobolev space WP()(Q) is defined as follow

WHPO(Q) = {u € WHH(Q) and D'u € LPO(Q) for i =1,2,..., N},



620 T. AHMEDATT, A. AHMED, H. HJIAJ, AND A. TOUZANI

endowed with the norm
N

(2.1) gy = llullis + 3 1D
i=1

We define also Wol’ﬁ(')(Q) as the closure of C3°(Q2) in WP)(Q) with respect to the
norm (2.1). The space (Wol’p(')(Q), HUHLﬁ(~)) is a reflexive Banach space (cf. [13]).

Remark 2.1. In view of the continuous embedding Wol’ﬁ(')(Q) — W,'(Q) and the
Poincaré type inequality we conclude that the two norms ||ul|y z.) and YN, || D%ull,,.)
are equivalent in the anisotropic variable exponent Sobolev spaces.

Lemma 2.1. We have the following continuous and compact embeddings.
o Ifp~ <N, then W&’ﬁ(')(Q) —— LI(Q2), for q € [p~,p*[, where p* =

o Ifp~ = N, then Wy"(Q) < LUQ), for all q € [p~, +00].
o Ifp~ > N, then Wy (Q) s L®(Q) N Q).

NE7
N—E* :

The proof of this lemma follows from the fact that the embedding W, (Q) —

Wol ®(Q) is continuous, and in view of the compact embedding theorem for Sobolev

spaces.

Proposition 2.1. The dual of Wol’ﬁ(')(ﬂ) is denote by W*Lﬁ(')(Q), where p/(-) =
(Pi(), .., Pv()) and ﬁ + ﬁ =1 (¢f. [5] for the constant exponent case). For

each F' € W*LI’H/(')(Q) there exists Fy € (L' () and F; € L%O(Q) fori=1,2,...,N,
such that F = Fy — "N D'F;. Moreover, for any u € Wol’p(')(Q), we have

N
(F,u) = Z/ F;D'udx.
i=0 /<
We define a norm on the dual space by

N N
I1F[|_y 7y = inf { Y N E ey with F = Fy = D'F; such that Fyy € (L2 (Q))'
i=1

=0
and F; € Lp2<'>(9)}.

Definition 2.1. Let k& > 0, the truncation function Tj(:) : R — R is defined by
s, if |s| <k,
(o) =9 k-2 it |s| > k,
5]
and we define

‘J'é’p( )(Q) = {u : 2 — R measurable, such that T} (u) € Wol’ﬁ(')(ﬂ) for any k£ > 0}.
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Proposition 2.2. Let u € ‘J'é’ﬁ(')(ﬂ). For any i € {1,..., N}, there exists a unique
measurable function v; : £ — R such that

DTy (u) = Vi-X{Jul<k} a-€. €K, for all k>0,

where x 4 denotes the characteristic function of a measurable set A. The functions v;
are called the weak partial derivatives of u and are still denoted D'u. Moreover, if u
belongs to Wy ' (Q), then v; coincides with the standard distributional derivative of u,
that is, v; = D'u.

3. ESSENTIAL ASSUMPTIONS

Let © be a bounded open subset of RV (N > 2). We consider p(+) = (p1(-), ..., pn(*))
the vector of exponents p;(-) € C.(Q) fori=1,..., N,and let ¢(-), s(-) € C(2) where

¢(z) < max(s(z),p" — 1) a.e. in Q.

We consider the Leray-Lions operator A acted from W,/ () into its dual W10 (),
defined by the formula

N
Au= =) 0'a;(z,u, Vu),
i=1
where a; : Q@ x R x RV — R are Carathéodory function which satisfy the following
conditions

(3.1) |ai(z, 5,€)| <B(Ki(x) + |sP@~ 4 |gp@=1) " for any i = 1,..., N,
(3.2) ai(z,5,)& >al&P @, foranyi=1,..., N,

forall € = (&,...,&y) and & = (&,...,&y), we have

(3.3) [ai(z, 5,€) — ai(x, s, )|(& — €3) >0, for & # &,

for a.e. z € Q, all (s,¢) € R x RY, where K;(x) is a positive function lying in LP:()(Q)
and «, 8 > 0.

As a consequence of (3.2) and the continuity of the function a;(x, s, -) with respect
to &, we have

a;(z,s,0) = 0.

In this paper, we consider the following quasilinear anisotropic elliptic problem

N
= dai(x,u, V) + [uf @ e = f(z,u), i Q

(3.4) gt

u =0, on 012,
where f: Q) x R — R is a Carathéodory function satisfying
(3.5) [f(,7)] < g(a) + [r|"® ae in Q,

and ¢(-) is a measurable positive function in L'(£2).
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Remark 3.1. The assumption (3.1) is used here to ensure that a;(z, u, Vu) belongs to
LP:0)(Q). In the other case where Au = — Y | 9%a;(z, Vu), the uniqueness of solution
can be concluded under some additional conditions on the Carathéodory function

f(@,s).
4. MAIN RESULTS
We begin by recalling some important lemmas useful to prove our main result.
Lemma 4.1 ([3]). Let g € L™O(Q) and g, € L™(Q) with ||gu|-() < C forl <r(z) <
0. If gn(z) — g(x) a.e. on Q, then g, — g in L™ ().
Lemma 4.2 ([4]). Assuming that (3.1)-(3.3) hold, and let (u,)nen be a sequence in
WP Q) such that u, — u in WeP(Q) and

/Q(|un|po(x)—2un _ ]u\pO(I)_Qu)(un — u)dx
N . .

+Z/ (a;(x, up, Vuy,) — a;(x, up, Vu))(D'uy, — Du)dz — 0,
i=17¢

then w, — u in Wol’ﬁ(')(Q) for a subsequence.

Our objective is to prove the existence of renormalized solutions for the quasilinear
anisotropic elliptic problem (3.4).

Definition 4.1. A measurable function u is called renormalized solution of the quasi-
linear elliptic problem (3.4) if Ty (u) € Wol’p(')(ﬂ) for any k > 0, with f(z,u) € LY(Q),
and

N

(4.1) lim

/ a;(r,u, Vu)D'udr = 0,
h—o0 =7 J{h<|u|<h+1}

such that u satisfies the following equality
N
Z/ ai(x,u,Vu)(S’(u)chiu+S(u)Digo)dx—i—/ 5@~ S (u)pda
=179 Q

- /Q f(a, u)S(u)pda,

for every ¢ € Wol’ﬁ(')(Q) N L*>®(£2) and for any smooth function S(-) € W*°(R) with
a compact support.

Theorem 4.1. Assuming that the conditions (3.1)~(3.3) and (3.5) hold true, then the
quasilinear anisotropic elliptic problem (3.4) has at least one renormalized solution.
Moreover, we have

lul*@ € L}(Q).
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4.1. Proof of Theorem 4.1.

Step 1: approximate problems. Firstly, we consider the approximate problem

(4 2) Apn + ’Tn(unﬂs(x)_lTn(un) = fn(van(un»? in €2,
) Up = 0, on 02,
where A, v = — XN, da;(z, T, (v), Vo) and f,(z,7) = T,,(f(x,r)). Thanks to (3.5),

it’s clear that
[fulw, )| < nand |fulz,r)] < g(a) + |r[*©.
We consider the operator G,, : Wol’ﬁ(')(ﬂ) — W‘lvﬁ(‘)(ﬂ) by

(G, v) = /Q T, ()1, (w)vdz — /Q o, To(w) ode,

for any u,v € W, P (')(Q). In view of the generalized Holder-type inequality, we have

(1.3) (Gt )] < [ [Ta@) olda+ [ |fula, Tuw)] Joldo

§n3+/ |v|d:v—|—n/ |v|dx
Q 0

st
= (0" +n)llvlh
< Cillollzy:

Lemma 4.3. The bounded operator B, = A, + G, acted from Wol’ﬁ(')(Q) into
W=L'0)(Q) is pseudo-monotone. Moreover, B, is coercive in the following sense:

By, .
W — +00 as vl ) = 00, for any v € WyP(Q).

Proof. In view of the Holder’s inequality and the growth condition (3.1), it’s easy to
see that the operator A, is bounded, and by (4.3) we conclude that B, is bounded.

For the coercivity, we have for any u € W™ (')(Q),
(Bhu,u) = (Apu,u) + (Guu, u)

N .
= ;/Qai(x,Tn(u),Vu) D’udx—i—/Q|Tn(u)]S(w)|u|dx
— [ 1l Tuw)ulda
N .
ozizl/Q|D’u

-
Co [ully ) — aN[Q = Conllully g,

v

P 4 [ (T dz — ol
Q

v

it follows that
(Bnu,u)

— 400 as ||ul|yz.) — oo.
[l )
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It remains to show that B, is pseudo-monotone. Let (uy,)ren be a sequence in Wy ¢ (Q)
such that

up — u, in Wol’ﬁ(')(Q),

(44) Bnuk — Xn> in W_LZ;/(.)(Q)?
hm Sup<Bnuk‘7 uk‘) S <X7L7 'LL>
k—o0

We will prove that
Xn = Bpu and (Bpug, ug) — (Xn,u) as k — oo.

In view of the compact embedding Wy () << L1(€2), we have u; — u in L!(€2)
and a.e. Q, for a subsequence still denoted (uy)gen-

We have (ug)gen is a bounded sequence in W, " (')(Q), using the growth condition
(3.1) it’s clear that the sequence (a;(x, T),(uz), Vur))ren is bounded in LPi)(Q), then
there exists a function ¢; € LPi()(Q) such that

(4.5) ai(x, T (ug), Vug) — ¢; in LPO(Q) as k — oo.
On the one hand we have
(4.6) T (g ) [P 7T (ug) — | T () [*71T, (w) weak—x in L(€),
and since f,(x,T,(s)) is a Carathéodory function, then
(4.7) folz, To(ug)) = folz, Th(u)) weak—x in L°(£2).
Then, for any v € Wol’ﬁ(')(Q) we have
(4.8)
(Xet) = Jim (Byug, )
— Jixgoé/s)ai(x,Tn(uk), V) Dvdx + ’}Lralo/sz T () |* O T, (g vd
- kh_)rgo/gfn(a:, T, (ug))vdx

- é/ﬂ% Divder/QITn(u)|s(x>—1Tn(u)vda:—/an(l“,Tn(U))vdx.

Having in mind (4.4) and (4.8), we conclude that

N
lim sup(By, (ug), ux) = limsup(Z/ ai(z, T, (ug), Vug) D'ugdx
k—oo k—o00 i=1 Q
—i—/Q|Tn(uk)]S(x)1Tn(uk)ukdx—/an(x,Tn(uk))ukdx>
N

Z/ ©; Diudx—i-/ | T, (w) 27T, (w)udz

=178 &

—/Q fulz, T (u))udx.

IA
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Since uj, — u strongly in L*(€2), and thanks to (4. 6)7(4 7) we obtain

(4.9) / 1Ty () " T (g — / T, () [*) VT, () udze
and
(4.10) /Q o, T () Yupdze — /Q Fol, To(w)ude.
Therefore,
(4.11) lu};nsupZ/ ai(z, T, (ug), Vug) D'ugdr < Z/ ©; D'udz.
=0 =]
On the other hand, in view of (3.3) we have
(4.12) iv:l/g(ai(a:,Tn(uk), Vuy) — ai(z, T, (ug), Vu))(D'uy, — D'u)dz > 0,
then )

N

N
Z/Qa,-(:v,Tn(uk),Vuk)Diukdx > Z/Qai(a:,Tn(uk),Vuk)Diudx
i=1

i=1
N
+ Z/ ai(z, T, (ur,), Vu)(D'up — D'u)dz.
i=17%
In view of Lebesgue’s dominated convergence theorem we have T),(ux) — T,,(u) in

LriO(Q), thus a;(x, T (ug), Vi) — a;(z, T, (v), Vu) strongly in LPi0)(Q), and using
(4.5) we get

N N
limian/ ai(z, Ty (ug), Vug) D'upds > Z/ ©; D'udz.
Q = Jao

k—o0 )

Having in mind (4.11), we conclude that

k—o0

(4.13) lim Z/ ai(z, T (ug), Vug) D'uydr = Z/ ©; D'udzx.

Therefore, by combining (4.8) and (4.9)—(4.10), we conclude that
(Bpug, ug) — (Xn,u) as k — 00.

Now, by (4.13) we can prove that

lim (2:1 /Q(ai(x,Tn(uk), Vuy) — ai(z, T, (ug), Vu)) (D'uy, — D'u)dw

k—o0

+/ (|2 2 — [l ~20) (up — u)da:) =0,
Q
and so, by virtue of Lemma 4.2, we get

up — u in Wolﬁ(')(ﬂ) and D'uj, — D'u a.e. in Q,
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then
a;(x, T, (ug), Vug) = a;(z, T, (u), Vu) in LPO(Q), fori=1,... N,

and thanks to (4.6)—(4.7), we obtain x,, = B,u, which conclude the proof of Lemma 4.3.
U

In view of Lemma 4.3, there exists at least one weak solution u, € W,” (')(Q) of
the approximate problem (4.2) (cf. [12], Theorem 2.7, page 180).

Step 2: a priori estimates. Choose 1 < 6 < p~ such that 1 < ¢(z) < max(s(z),pt—6).
By taking ¢(u,) = (1 — W) sign (u,) € Wol’p(')(Q) as a test function in (4.2),
we obtain

0—1) Z/ ail, Tn(tn), Vitn) - Di“”dx+/Q|Tn(un)|S<$> (1 - (1)9_1> dx

1+|un|) 1+ |un|

1 :
:/an(gg,Tn(un)) (1 — (91> sign (u,)dz.

1+ |ugl)

By using the coercivity (3.2) and the growth condition (3.5), we obtain

| D, |Pi(®) 1
(4.14) - 1) Z/ dx+/|T Un) U(l—()“)czx

(1 + |u,|)? 1+ |uy|

1
< To(un)|®) (1 — —————— | dx.
_/ng(x)\ + [T ) ( i ‘unl)g_l) :
For the first term on the left hand side of (4.14), for any i = 1,..., N, we have

’L

Dz pi(z Dz "
/! nl / | D'u L S —\QI
(1+\un\ (1 + [un|)?
Diu,
. " e — 1)
(1+ ua )™
un| ds
/ SR L PITSY
1+s) i
[un] ds
i_ dx—|Q|
! -1

> —
- C’ (1+ |un|
dx — 2|0,
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and since ¢(u,) > 5 for |u,| > R, with R = 277 — 1. Using Young’s inequality it

follows that

1
2

(4.15)

S s ac)dl,
20C, “— *y /|un|>R} n(tn)|

< [ lg@)lde + [ 1T(ua)dz + 2aN (6 — 1),
Q Q

Since 1 < ¢(z) < max(s(z),p" — 6), by using Young’s inequality we conclude that
(4.16) -
/ T, ()| " < al 1) bdr + ! | T, (un)[F®da + Cy
o [Fnitn =g, & 4 Jquaizrmy " '

It follows from (4.15) that there exists a constant C that does not depend on n, such
that

(4.17) Z/

Let £ > 1, in view of (4.14) we conclude that

(4.18) GZ/|DTk )P dz < Z

Therefore, we obtain

N .
3 / DT (u
i=1 7%

9d:c+/ T, ()| ””)dx—Ir/ 1T (1)1 dz < C.
Q

IE

\D’
1+ |un|

Tgdat [T < C

W) [P @dr < Cy(1 + k)Y, for k> 1.

Thus, the sequence (T} (uy))n is bounded in W, i (')(Q), and there exists a subsequence
still denoted (Ty(uy,)), and n € Wol’p(')(Q) such that

(4.19) Ti(un) = i in Wy (),
Ty (uy) — my in L*(Q) and a.e. in €.

On the other hand, in view of Poincaré type inequality, for any i € {1,..., N} we
have

kP meas{|un| > k) :/ T () P d:v</ T () |77 dac
{lun|>k}
<o [ 1D T
< CPhi yDiTk(un) P dy + CPi |Q
< 112122}](\[ (¢3 (Z/ |D'T(u
< Cy(1+ k),

Pi®) gy + |Q|>
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where C3 is a constant that does not depend on k and n. Since 1 < 6§ < p~, we
conclude that

1+ k)°
(4.20) meas{|u,| > k} < Cg(kpt) — 0 as k — 0.

Now, we will show that (u,), is a Cauchy sequence in measure. Indeed, we have
for every ¢ > 0,

meas{|u, — | > 0} < meas{|u,| > k} + meas{|u,,| > k}
+meas{|Ty(un) — T ()| > 0}

Let € > 0, in view of (4.20) we may choose k = k(e) large enough such that
(4.21) meas{|u,| > k} < % and meas{|u,| > k} < %
Moreover, thanks to (4.19) we have

Ty (u,) — . in LY(Q) and a.e. in .

Thus (T (un))nen is a Cauchy sequence in measure, and for any & > 0 and 6, > 0,
there exists ng = no(k, d,¢) such that

(4.22) meas{|Ti (un) — Th(um)| > 6} < % for all m,n > no(k, 8, ).

By combining (4.21) and (4.22), we conclude that for all §,¢ > 0, there exists ny =
no(0, €) such that

meas{|u, — uy,| >0} <e, for any n,m > ny.

Thus (u,), is a Cauchy sequence in measure, and converges almost everywhere, for a
subsequence, to some measurable function u. Thanks to (4.19) we conclude that

Ty (un) — Ti(u) in Wy ().
In view of Lebesgue dominated convergence theorem, we obtain
Ti(up) = Tp(u) in LPO(Q), fori=1,...,N.

Moreover, by taking Ty (u,) as a test function in the approximate problem (4.2), we
have

N

= [ ful, Tu(un)) T d.
In view of (3.2), (3.5), and using (4.17) we obtain

aZ/ |D* Tk |p’($)dx </ () |Te(un) |dx+/ T, () |q(:” Ty (uy,)|d

< kllg(x) || 10 + KT (wn)| " || 110
<k(lg(@)|zr @) + Ch).
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It follows, for any ¢ = 1,..., N, that
kP

)|Pi da
<:CM / DiTy(un) P
<G Q| | K (tn) )
<cr /Q | DT (u,) [P dz + €77 |
< Cyk.

Thus, we conclude that

(4.23) K2V meas{|u,| > kY < Oy, for any k> 1,

where C} is a constant that doesn’t depend on k and n.

Step 3: the equi-integrability of (| T, (un)*® T, (un))n and (fo (2, Ty (tn)))n. In the
sequel, we denote by €;(n), i = 1,2, ..., various real-valued functions of real variables

that converge to 0 as n tends to infinity. Similarly, we define £;(h) and €;(n, h).
In order to pass to the limit in the approximate equation, we shall show that

(4.24) T (1) 57T () — |ul*® 1 strongly in L'(Q)
and
(4.25) fulx, Ty(uy,)) — f(z,u) strongly in L'(Q).

We have | T, (u, ) |*® T, (up) — |u|* @ w and f,(z, T, (u,)) — f(z,u) a.e. in Q. Thus,
in view of Vitali’s theorem, to show the convergence (4.24) — (4.25), it is suffices to
prove that(f,(x, T, (un)))n and (|1}, (u,)|*® 1T, (uy))y are uniformly equi-integrable.
Let h > R, by taking v, = ¢(un)|Thi1(un) — Th(uy)| as a test function in (4.2), and
since v,, have the same sign as u,,, we have

Z / a5, To(tt), Vit ) (D' T () — DVTi (1) )p ()t

#0- 0y [ TR T T g ) - 7)o

1T T () = Thun)| ()|

S/Qlfn @, To(un))| | Thir (un) = Th(un) [@(un)|de.

1
We have |¢(u,)| > 5 on the set {h < |u,|}, and thanks to (3.2) we obtain
N . .
Z/Qai(%a T(tun), Vun ) (DT g1 (un) — DT (un)) [ (un)|dz

N
T
9_12/@3: (wn), V) D

"u
T, n) — Th(uw,)|d
o 1+ |un|) | h+1(u ) h(u >| x
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1 N ,

- z, Tn(uy), V) Diu,dr + — / U [PF®) dge

4 Z/{h<|un|<h+1} ail (ttn). ) Z {h<|un|<h+1}| |

D'L Di
_ 1 Z/ %dﬁ
1<)y (14 |unl)?

Ly T, (un), V dz + C. (D)
>— / T, Up, Up, un T + / R L x,

42 {h<lun|<h+1} a:(@, Talun), Vin) D 52 {ht1<funlt (14 |ugl)?

1
with C5 = a - min {4, (0 — 1)} . Having in mind (3.5) we conclude that

| D, [Pi(®)

(4.26) / T(un), Vuy) D'updx + C, / T e ?
Z h<|un\<h+1} (, Tnltn), Vitn) D unde 52 {ht1<funl} (14 Jug|)? !

+/Q!Tn(un)l” | Thia (un) = Ti(un) | (un)da

= |9(@) | Thir (un) — Th(un)|dx
{h<|un|}

+/ T ()| 7| T g1 (1) = Ti(un)| [sp ()|
{h<Jun|}

For the second term on the left-hand side of (4.26), thanks to Poincaré’s inequality
we have

? pi(x)
Z / | Dt ——dx

{(h<unl} 1+|u I)

———dx — C:N h < lu,
{(h<unl} 1+|unl) sVmeasth < fual}

|un| dS p;
_05 /T - —— | dx — CsNmeas{h < |u,|}
h{Un (1 + S)pi_
N Jun | ds  |Pi
>, ———| dx — CsNmeas{h < |u,|}
Tatendl (1 4 o
(Jtn] — |Th () |)P
>0 / dr — Cs N h <u,
Z (h<funly (14 |uy|)? o Crmensti < fund)

>, Z/ ed:x—C’GZ/

7d
h<|un|} {h<lunly (1 4+ Jun)?

— CsNmeas{h < |u,|}.
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Having in mind (4.26), we conclude that

a;(z, T, (un), Vi, ) D'u,dx + 072/ |up|Pi 0 da

44 /{h<IUn|Sh+1} (h<lunl}

[ )P T () = T () ()
{h<|un|}

{h<|un|}| ()] e M}l (1) |7 Thyi1 () — Th ()| ()]

+C Z /
Since ¢(z) < max(s(z),p* —0), and in view of Young’s inequality we have

/ [T ()| | T () = T ()| Lo dee
{h<|unl}

C%i/
T 2 I Jr<ual}
1

+ T ()" Tt () — T ()| [0 (un) |,
2 J{n<|un|}

and thanks to (4.23), we have

7da:—|—0 Nmeas{h < |u,
{h<lunl} (1 + [unl)? ’ th < fual}

Odz + Cy / Thir () — Tt dee
{h<|un|}

N
——dzx < hPi =% meas{h < |u,
Z/h<|un} 1+ |un|) ; { [unl}

<NRE =% meas{h < |u,|}

Nh2" ! meas{h < |u,|}
- Ro—1

§h901—>0ash%oo
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Also, we have meas{|u,| > h} goes to zero, as h tends to infinity, and since g(z) €

L'(Q2) we conclude that
gq(h) = /{ - lg(x)|dz + CsN meas{h < |u,|} — 0 as h — occ.
h< Un
It follows that

(4.27) ai(z, Ty (uy,), Vu,)D'u,dx

4 — /{h<|un<h+1}

1
Z/ ]~ (T ()"
{h<un|} 2 {h+1<|unl}

<C T n) — Th(un)|d h
_SAMWJ|Mmu> () do + 3(h)
S&;(h).
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We conclude that

(4.28) lim < / T ()@ e + |Tn(un)|q(x)da:> 0,
h—oo \ J{h+1<|un|} {h+1<|un|}
therefore, thanks to (4.28) we have for any ¢ > 0, there exists h(d) > 1 such that
4]
4.29 / T, (uy, 5($)dx+/ T, (u)|"®dz < =.
(4:29) {h(8)<[un|} T o) {R(8)<[un|} T o) 2
On the other hand, for any measurable subset E C ) we have
(4.30) / T ()| * @) d —|—/ T, ()| 7@ dz
E
< T () | e + T (1) |9 d
{R(8)<|unl} {R(8)<|unl}

+/E|Th(5)(un)’s(x)dg;+/E\Th(é)(un)’q(x)dx

It’s clear that, there exists 3(d) > 0 such that for any £ C Q with meas(E) < 5(9)
we have

(5
(431) [ Thio )P+ [ [T (1) < .
Finally, by combining (4.29), (4.30) and (4.31), we obtain
(4.32)

/ T, (1)@ de —|—/ | T (u,)| "™ da < 6 for any E C Q such that meas(E) < 3(6).
E

Consequently, (|7}, (u,)[*® T, (u,))n and ([T, (un )| *®) 1T, (uy)), are uniformly equi-
integrable, and in view of the growth condition (3.5) we have

| fol, To(un))| < g(z) + ‘Tn<un)‘q(x)a

with g(z) € LY(Q), then (f,(x, Tn(uy,))), is also uniformly equi-integrable. According
to Vitali’s theorem, the statements (4.24) and (4.25) are concluded. Moreover, in
view of (4.27) we have

(4.33) hm lim sup Z

/ ai(z, Ty (), Vi, ) D'updr = 0.
h—oo n—oo i=1 7 {h<|un|<h+1}

Step 4: strong convergence of truncations. Let h > k > 1, and we set ¥p(u,) =

(1 — |71 (un — Th(un))]). By taking (Th(un) — Ti(w))ibn(un) € Wy #0) (Q) as a test

function in (4.2) we obtain

> [ i, Talun), V) (D' Te(un) = D'Ta(w) () da

a Z /h<|un|<h—|—1} T (tn), V) D'ty | Tio(n) — Ti(w)|d
+ /Q T (1) T (1) (Ti (1) — Ti () i
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Z/an(l}Tn(Un))(Tk(un) — Tie(u) ) (un)dx
It follows that

(4.34) ;/Qai(:c,Tn(un),Vun)(DiTk(un) — DTy (u))p (uy,)dx
< [ 1l Tuwa)| 1 Tilwn) = Th(w)lda + [ 1T )| [T(wn) = Ti(w)lda

Z/h<|un<h+1} 2, T (), Vg ) D'y | Ty () — Ty ()| de.

For the first and second terms on the right-hand side of (4.34), we have T (u,) — Ty (u)
weak—x in L>(€2), and thanks to (4.24)-(4.25) we have |T,(u,)|*® — |u|*® and
fo(x, T(uyn)) — f(x,u) strongly in L'(Q), then

(4.35) es(n / T (1)@ T (1) — T () |d — 0 a5 11— 00
and
(4.36) ge(n) = /Q | fr(x, T (un))| | Tk (un) — Ti(u)|de — 0 as n — oo.

On the other hand, according to (4.33) we have
437) & Z / (&, T (1), Vi) Ditn | Tio (1) — Tho() iz
h<|un\<h+1}

<2k2/ (2, T (), V) D'updr — 0 as h — co.

h<\un|<h+1}

By combining (4.34) and (4.35)—(4.37) we conclude that

(4.38) E/Qai(x,Tn(un), Vu,) (D' Ty (u,) — DTy (u))n (up)dz < e7(n, h).

For the term on the left-hand side of (4.38), since a;(x, s,0) = 0, it follows that
(4. 39)

Z [, e Talen), V) (D Tin) = DTi) ()

=3 gy oo ), VT (DT ) = DT

N
Z/{k<u |<h+1} (, Tha1(un), VIhi1(un)) D Ty (w) p(uy,)dx

Z <al 2, To(wn), Vi (1)) — a,-(x,Tk(un),VTk<u))>(DiTk<un) — DiTy(w))dz

=1
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+ Z / a5, T (), VT () (DT () — DT (u))da

- Z / oy 0 T ), Vs (00)) DT )

For the second term on the right-hand side of (4.39), we have T (u,) — Ti(u) in
LPO(Q), then, a;(z, Ty (un), VIk(w)) — a;(x, Ti(u), VI (u)) strongly in L7 (Q), and
since DT}, (u,) converges to DTy (u) weakly in LPi()(Q), we obtain

(4.40) eg(n Z/ ai(z, T (uyn), VT (u))(D"Ty (u,) — D'Ti(u))dx — 0 as n — oo.

Concerning the third term on the right-hand side of (4.39), we have (|a;(z, Th11(un),
VThi1(un))|)n is bounded in LP)(Q), then there exists v; € LPi()(Q) such that
|a; (2, Ty (wn), Vi1 (un))| — v; weakly in LPi0)(Q) for any i = 1,..., N. Therefore,

(4.41)  go(n (2, Thi1 (un), VThs1 (un)) D' Ti(w) ¥y (uy,)de

k<\un|<h+1}

<Z / \as(2, Tt (tn), Vs (un))] | DT ()| d

{k<|un|<h+1}
— i | DTy (u)|dz = 0 — 0.
;/{Mlulshﬂ} vi |D'Ty(u)|dz as n — 00
By combining (4.38)—(4.41), we conclude that
N . .
Z/Q (ai(x,Tk(un), VTi(u,)) — ai(z, T (u,), VTk(u))> (D"Ty.(up) — DTy (u))dx
i=1

Sflo(na h)

In view of Lebesgue dominated convergence theorem, we have T}, (u,) — Ti(u) strongly
in L' (€2). Thus, by letting n then & tend to infinity we deduce that

;/Q (ai(x, Ti(un), VI (uy,)) — ai(x, T (u,), VTk(u))>(DiTk(un) — D'Ty(u))dx
+ /Q(’Tk(unﬂf*sz(un) — ]Tk(u)|3+’2Tk(u))(Tk(un) —Ti(u))dr — 0 as n — co.
In view of Lemma 4.2, we conclude that

(4.42) Ti(un) — Ty (u) strongly in Wyt (Q),
) Diu, — Diu a.e. in Qfori=1,...,N.
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Moreover, we have a;(z, T,,(u,), Vu,)D'u, tends to a;(z, u, Vu) D'u almost everywhere
in Q, and in view of Fatou’s lemma and (4.33), we conclude that

lim Z

/ a;(z,u, Vu)D'udx
h—o0 {h<|u|<h+1}

< lim liminf Z

/ a;(z, T, (uy), Vun)Diund:L’
h—o0 M—00 {h<|un|<h+1}

< lim lim sup Z/ x, T, (), V) D'uydr = 0,

h—oo n—ooo 4 h<|un\<h+1}

which prove (4.1).

Step 5: passage to the limit. Let ¢ € Wy (Q) N L>(Q), and choosing S(-) be a
smooth function in C§(R) such that supp (S(-)) C [-M, M] for some M > 0.

By taking S(u,)p € Wol’p(')(Q) N L>*(2) as a test function in the approximate
problem (4.2), we obtain

(4.43) Z/ a;(z, Ty (uy), Vuy,) (DiunS’(un)w + S(un)Di(p) dx

+/ | T, () |5 71T, () S () o = / fo(x, T (un))S (uy ) pda.
For the first term on the left-hand side of (4.43), we have

Z:/Qai(x,Tn(un), Vu,) (DiunS'(un)go + S(un)Di@) dx

=3 [ T ), Vg ) (') D T () + S (Ta ) D)

in view of (4.42), we have (a;(x, Tar(un), VT (tn)))n is bounded in LP:0)(Q), and
since a;(x, Thy(u,), VT (uy)) tends to a;(z, Tar(u), VT (1)) almost everywhere in €,
it follows that

a;i(w, Tar(un), VT (1)) = ai(z, Tar(u), VT (w)) in LPO(Q),
and since (S () oD Tar(un) + S(Tar(un))Dip) — (S"(u) D Tar(u) + S(Tar(u)) D)
strongly in LP**)(Q), we deduce that

(4.44) lim Z/ ai(x, Tn(un), Vuy,) (DiunS’(un)@+ S(un)DQp) dx

n—oo

— lim Z / ai @, Tor (wn), VTar (un)) (DTar ()8 () + S(Tar () D) d

n—oo

_Z/ ai(w, Tar (u), VT (w) (D'Ths (w) S'(w)p + S(Tha (u)) D'p) da:
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N

= ; /Q a;(x,u, Vu) (DiuS’(u)gp + S(u)DQp) dx.

Concerning the second term on the right-hand side of (4.43), we have S(Ty(u,))p —
S(Ths(u))p weak—+ in L>®(Q), and thanks to (4.24), we have |T},(uy)|*® 1T, (u,) —
lu|*@ =1y strongly in L*(Q), it follows that

(4.45)  lim / yTn(un)|S<x>—1Tn(un)5(TM(un ))pda / P @S (Tyy (u) ) pdiz

n—oo JO

Similarly, thanks to (4.25) we have f,,(z, T, (u,)) — f(z,u) strongly in L'(Q) then
(4.46)
tim [ e, T () S (T (wn)ipde = | fa,0)S(Tn(w)pda = [ fla,u)S(u)pda.

n—oo

By combining (4.43) and (4.44)—(4.46), we conclude that
N
ai(x,u, Vu) (DuS"(u)p + S(u) D) dr + | |u|*™ " uS(u)pds
Vu) (D'us’ S(u)D'p) d 1S (u)ed
: Q Q

= / f(z,u)S(u)pdz.
which complete the proof of the Theorem 4.1.
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