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CHEBYSHEV POLYNOMIALS FOR CERTAIN SUBCLASS OF
BAZILEVIC FUNCTIONS ASSOCIATED WITH RUSCHEWEYH
DERIVATIVE

ABDUL RAHMAN S. JUMA!, SABA N. AL-KHAFAJI?, AND OLGA ENGEL3

ABSTRACT. In this paper, through the instrument of the well-known Chebyshev
polynomials and subordination, we defined a family of functions, consisting of
Bazilevié¢ functions of type «, involving the Ruscheweyh derivative operator. Also,
we investigate coefficient bounds and Fekete-Szegé inequalities for this class.

1. INTRODUCTION AND DEFINITIONS

Let A be the class of functions f of the form
(1.1) f(2) =24 ar2",
k=2

which are analytic in the open unit disk U= {z: 2z € C: |z| < 1}. Let 8 denote the
class of analytic functions f € A, which are univalent in U and are normalized with
the following conditions:

F(0)=0 and f'(0)=1.

Let f and g be analytic functions in U. We say that the function f is a subordinate
to g in U, written as f < g, if there exists a Schwarz function w, which is analytic in
U with w(0) = 0 and |w(z)| < 1, (z € U) such that f(z) = g(w(z)). Furthermore, if
g is univalent in U, then we get

f(z) <9(2), (2 € U) & f(0) = g(0) and f(U) C g(U) (see [6]).

Key words and phrases. Analytic functions, univalent functions, Chebyshev polynomials,
Ruscheweyh derivative operator, subordination, Fekete-Szego inequalities, Bazilevié¢ functions.
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174 A.R.S. JUMA, S. N. AL-KHAFAJI, AND O. ENGEL

The problem of finding the sharp bounds for the non-linear functional |asz — pa3| for
Taylor-Mclaurin series is popularly known as the Fekete-Szegé problem. This problem
has a rich history in the geometric functions theory. Its source was in the disproof by
Fekete and Szegd of the 1933 guess of Littlewood and Paley that the coefficients of
odd univalent functions are limited by unity (see [7], has since received great attention,
especially in many subclasses of the family of univalent functions. For that reason
Fekete-Szego functional was studied by many authors and a some assessments were
found in a numerous subclasses of normalized univalent functions (see [3,9,11,12,14]).

The significance of Chebyshev polynomial in numerical analysis is increased in both
theoretical and practical points of view. Out of four kinds of Chebyshev polynomials,
many researchers dealing with orthogonal polynomials of Chebyshev, contain chiefly
results of first and second kinds of Chebyshev polynomials Ty () and Ug(t) respectively
and their numerous uses in different applications. Additionally, one can see those
given by the papers in ([1,2,4,5] and [8]). The Chebyshev polynomials of the first
and second kinds are well known in the case of a real variable ¢ on (—1,1), which are
defined as follows

Tk(t) =cos kb,
_sin(k +1)0
- sind

Uy (%)

where k is the degree of the polynomial and t = cos 6.
In [14] (also see [13]) Ruscheweyh introduced the following derivative operator:

Df () =1(2),
R Cand ()

n!

Y

forn € N={1,2,...}. The symbol D"f is called the n'* order Ruscheweyh derivative

of f.
We observe that

and in general

D"f(z) =2+ p(n, k)agz",
k=2

where

n+k—1>
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Definition 1.1. A function f € A of the form (1.1) belongs to class G(«,t), if it
satisfies the following subordination

12 Slat) = { fea BUENDIOIT 1 } |

Where()gozgl,tE(%,l} and z € U.

Note that, if ¢ = cosa, @ € (—n/3,7/3), then

1

H(z,t) :=

(%) 1 —2cosaz + 22
= sin((k+ 1

:1+szk (z ).
= sin «
Thus
H(z,t) =1+2cosaz+ (3cos’a —sin*a)z* +--- (2 € ).

Therefore, from [15] we can write
H(z,t) =1+ Ui(t)z + Up(t)2> +--- (2 €U, t € (—1,1)),

where
sin(k arccost)

Uirll) = — =5

denotes the Chebyshev polynomials of the second kind. It is known that
Up(t) = 2tUg_1(t) — Up_o(t)

(k€ N)

and
Ui(t) =2t

(1.3) Us(t) =4t* — 1,
Us(t) =8t* — 4t.

The ordinary generating function for Chebyshev polynomials Ty (t), t € [—1, 1], of the
first kind have the following form
1 -1tz

T(t)f = ———
];) (*) 1—2tz 4+ 22

The Chebyshev polynomials of the first kinds Tj(¢) and of the second kinds Ug(t)
are connected by the following relations:

dTy(t)
gr =kUj_1(1),

Ty(t) =Uk(t) — tUg_1(2),
2T (t) =Ux(t) — Up_ao(t).

(z € U).
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By giving specific values to the parameters o and n in this class we obtain the
following cases.
(i) If @ = 0 and n = 0, then we get

2f'(2) 1
< H(z,t) = ———
f(z) (2:1) 1 — 2tz + 2%
it reduces to a special case of the class Bf (A, t), which was introduced by Bulut,

Magesh and Abirami [5].
(ii) If n =0 and a = 1, then we get

1
"(2) < H(zt) = ————

it also reduces to a special case of the class B (A, t), which was introduced by Bulut,
Magesh and Abirami [5].
(iii) If n = 0, then we get

f(2)

it reduces to the class H(«), which was introduced by Bulut, Magesh and Abirami
[5], as a special case to the class BE (A, ).

The aim of this paper is to provide estimates for initial coefficients of Bazilevié¢
functions of type a in the class G(a,t), involving by the Ruscheweyh derivative
operator. Besides that, the problem of Fekete- Szeg6 in this class is additionally
explained.

-« 1
Hzt) = —
) SHED =

7o)

2. PRELIMINARIES
We need the following lemma to prove our main result.
Lemma 2.1 ([10]). If w € 8, then for any complex number u
|wy — pwi| < max{1, [ul}.

The result is sharp for the functions w(z) = 2* or w(z) = z.

3. MAIN RESULTS
Theorem 3.1. Let f € A belong to the class §(a,t). Then
2t

(a+1) (":1>

las| <
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and
o AR 4t? - 8at®
30 = (a+ 2)(n:2> (a+1)(a+2) (n+2> (a4 1)%(a + 2) (n+2>
da(a — 1)t

C2a+1)2(a+ 2)(”“) ("*2) '

n

(
Proof. If f € §(w,t), then from (1.2) we have
(3.1) (D" f(2))/ (D" f(z))*"

Za—l

=1+ U;(H)w(z) + U ()w?(z) + - --

Replacing the value of D™(f(z)) and (D"(f(z)))" with their equivalent series expres-
sions in (3.1), it follows that

(z + 122 kp(n, k)akzk> (1 + ki;p(n, k)ak(a)zk_l)

Z+ ioj p(n, k)ayz*
k=2

= 14+ U (Hw(2)+Us(t)w? (2)+- - -

k—1

By using the binomial expansion of 1 + %% p(n, k)ax(a)z", upon simplification we
k=2

obtain

<z+2<n;§1>a222+3<n;§2>a323+-~>
S
:{1+U1(t)w(z)+U2<t)w2(z)+---}<z+<”‘£1> 24 <”+2>agz+ )

where w is an analytic function, such that w(0) = 0 and

(3.2) lw(z)| = |e1z + c22® + 32 +---| <1 (2 €0),
where
(33) Gl <1 (GeN).

From (3.2) and (3.3), we have

(3.4) <z+2<n;2_1>a222+3<n:;2>a323+...)
(o e {2 )

=1+ Ui()erz + (Ur(t)ez + Us(t)e}) 2 + - - |

< <n+1> ) <n+2> 5 )
X | z+ asz” + azz” + -+ |.
n n
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From (3.4), we obtain
U1 (t)Cl
(a+1) (“:1)

It is easily seen that from (1.3) and (3.5), we have

(35) g =

2t
(a+1) (”Zl) .

Now, in order to find the bound on |as|, from (9), we get

|as| <

:Ul(t)CQ + Uy (t)c? N U2(t)c? 20U%(t)c3

(a+2) (n+2> (a+1)(a+2) (”:2) (a+ 1)2(a + 2) (n+2)

B a(a — 1)UR(t)c] ‘
2(a+1)%(a+2) (") (")

n n

(3.6)

By using (1.3) and (3.5) in (3.6), we get

] < £A-1 At? B 8at?
() e+ 0e+2)(77) (a+ )2+ 2)(7)
dafa —1)t2

C2a 12+ 2) (") ()

n n

Theorem 3.2. If function f of the form (1.1) belongs to the class G(a,t), then

42 — 1 N 2t 402t
o2t (@2+1) (a2+1)

}.

L max {1
(Oé2 + 2) (n:Q) )
afa- (") 2" (a2 +2)

(a2-+-1)(“;1)2 Mo + 12"

|as — pa3] <

The result is sharp.

Proof. From (3.5) and (3.6), we get

0 — i :Ul(t)CQ + Uy(t)c? N U2(t)c? B 2 U3(t)c?
S (a+2)() (a+Da+2)(")  (a+1)2(a+2)("?)
afa — 1)U (t)ct Ut ()i

2(a+ 1)2(a +2) (nil) (nIZ) N ,u(a +1)2 ("+1)2.

n
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Therefore,

2
as — (ay =

Uy (t) ot U2(t)+ Ui(t) 222Ut
(@+2)("3 7 \U®)  (a+1) (a+1)?

Cala=)U0(Y) L () 2)) (;2].

dat2(3) (@ 12(

Then, in view of Lemma 2.1, we conclude that

las — pa3| < Gi(t) U2(t) Ui(t)  22°U(¢
3~ pag| S ( ) Ui(t)  (a+1) (a+1)?
Uy

oa — 1) <>("+2) U1<t>(”+2)<a+2>}

2ot () (a1t
482 — 1 2t 4ot

% a+l (a+l?

Putting o = 1 in Theorem 3.2, we obtain the following result.

which is equivalent to

2t
|az — paj| Smax{l,

(a+2) (”:2)
afa = (") 2(")(a +2)

(a + 1)2(71:1)2 M(a‘l' 1)2(n:1>2

This completes the proof.

Corollary 3.1. If f given by (1.1) belongs to the class G(1,t), then

| P et 3(")
as — ua ——— max —t— .
3 Haq _B(nZQ) ) it M2<n:1>
The result is sharp.
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A UNITARY TREATMENT OF CERTAIN INEQUALITIES
INVOLVING MEANS

A. F. ALBISORU! AND M. STROE?

ABSTRACT. The aim of this paper is to state and prove certain inequalities that
involve means (e.g., the arithmetic, geometric, logarithmic means) using a particular
result. First of all we recall useful properties of a real-valued convex function that will
be used in the proof of our inequalities. Further, we present three inequalities, the
first involving the logarithmic mean, the second involving the classical arithmetical
and geometrical means and in the last we introduce a new mean. Finally, we give
alternate proofs to the Schweitzer’s inequality and Khanin’s inequality.

1. INTRODUCTION

Recall that, for a,b € (0,00), the logarithmic mean is given by the relation

b—a
L(a,b) = ———
(a,) logb —loga’
and for £k € N\ {1} and z1,...,2, € [a,b] we introduce the generalized mean as

follows
W TF 4k
- .
These means frequently appear in the setting of inequalities.

The subject of inequalities has fascinated a great deal of mathematicians and the
proof of this fact lives in the classical and recent results that bear their names. A large
number of inequalities have been the subject of well-known books such as [1,3,4,6].

Note that, an important notion that we employ in this paper is that of a convex
function, and we are interesed in the property that the maximum of a convex function

Key words and phrases. Generalized mean, logarithmic mean, convex function, maximum point.
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is attained on the boundary of the convex and bounded domain, on which it is defined
(for additional details, see, e.g., [2,7,8]).

The aim of our work is to establish certain inequalities using convex functions. In
Section 2 we give the important notions that will be used throughout the paper. We
introduce here the notion of a convex function and we also give a fundamental result
which will be used in the proof of our inequalities, namely Theorem 2.1. Through
this particular result we point some properties of convex (see, e.g., [5], [7, pp. 89,
118]) functions of several variables and their applications. In Section 3 we have three
important applications. Application 3.1 gives an estimate for the difference between
the arithmetic and geometric mean in terms of the logarithmic mean. Application 3.2
gives another estimate for the difference between the arithmetic and geometric mean
and in Application 3.3 we give an estimate for the difference between the generalized
mean and arithmetic mean using a new mean. We end this section with Schweitzer’s
inequality (Theorem 3.4) and Khanin’s Inequality (Theorem 3.5). We have provided
alternative proofs for these inequalities using Theorem 2.1.

2. PRELIMIARIES

If € C R™ is a convex set, then, a function f : ¢ — R is said to be convex if
F((T=XNz+Ay) < (1 =XN)f(x)+ Af(y), forallz,yecl, forall Xel0,1].

We point out the fact that, if f : [a,b] — R is convex, then the maximum value of
f is attained at the boundary. We shall prove this useful property at Lemma 2.1.
In the latter, for a,b € R, we have the following notations:

la,b]" =[a,b] x --- X [a,b],
{a,b}" ={a,b} x --- x {a,b}.

In the latter, we shall prove a theorem that points out that, in certain conditions,
the maximum of a convex and continuous function f : [a,b]” — R can be found by
taking the maximum of the function on the vertices of the considered hypercube |[a, b]",
where a,b € R.

Before we proceed to the proof of this result, we shall state a useful lemma (see,
e.g., [7, Theorem 3.4.6, Theorem 3.4.7]).

Lemma 2.1. Let a,b € R and let f : [a,b] = R be a convex and continuous function.
Then

T = gy 1)

Proof. Since f is continuous on [a, b], we deduce that there is an « € [a, b] such that

f(@) = max f(x).

z€[a,b]
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Now, we argue by contradiction. Assume that a € (a,b). This means that there is
some A € (0,1), such that

a=(1—=Xa+ b

Hence,
fle) =f((1=A)a+Ab) < (1= A)f(a) + Af(b)
<1 =N f(@) + Af(),
ie., f(a) < f(a), which is absurd and our proof is complete. O

We have the following theorem.

Theorem 2.1. Let f : [a,b]" — R be a @*-class function on [a,b]", such that:

82
(2.1) 92 >0, foralli=1,n.
Then

Jmax, f@) = s f(@).

Proof. Define the function ¢ : [a,b] — R in the following manner

91(1‘1) = f(xlv s ’xn>’

where the variables s, ...z, are arbitrarily fixed. Using condition (2.1) for i = 1,
we deduce that g; is convex, hence:

max f(xy,...,7,) = max f(x1,...,2,).

Jnax, [l ) LA [z )
Let x1 € {a,b} be the value for which the maximum is attained. We apply the same
steps as above to the function g, : [a,b] — R, go(z2) = f(21, 29, ..., 2,) and we deduce
that there exists x5 € {a, b} such that

max f(xy,x2,...,T,) = max f(x,To,...,x
xze[a,b]f( 1,42 ) n) waclab} f( 1,42, ) n)a
and we use the same arguments for x3, ..., z,. Consequently, we obtain
max f(r)= max f(z
z€[a,b]™ f( ) zef{a,b}m f( )7
where x = (z1,...,z,) € R™

This completes our proof. O
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3. APPLICATIONS OF THEOREM 2.1

In this section we give the main results of our paper.

Application 3.1. Let xq,...,2, € [a,b] C (0,00), where a = minz; and b = maxz;.
i=1n i=1n
Then (a.b)
T+ -+, L(a,b
N T < (D(ayb) —a) [
z e € o) ) (gl 1),
where
L(a,b) b—a
a,b) = ———
’ logb —loga’

denotes the logarithmic mean of a and b.

Proof. Consider the function f : [a, b]” — R, given by the relation

T4t
f(xl,...,xn):#"— VTR

Take note that

_2n-—1

n
Z; s

oy _ne1
ox?  n?

3=

(1’1 e mi—lxi+1 cee xn)

fori =1,n.
Since all partial derivatives of second order of f are positive, by applying Theo-
rem 2.1 we obtain

2510 = i T )
We shall determine now r?azc} f(z).
rea,by™

Without loss of generality, we may now assume that the maximum of f is obtained
at the point (z1,...,x,), where

Ty =Tg =" =Tp-k =0q
Tpn—k+1 = Tp—k42 = * " = Tp = b.
Hence, to determine r?al}é f(z), it is enough to find the maximum of the expression
rea,bp™
—k kb, k o
E:w_ ‘/an_kbk:a+(b—a)—a<z> 7
n n

for k=1,n—1.
To this end, let g : (0,1) — R be given by

g(t):a+t(b—a)—a<z>t.

The derivative of ¢ is as follows

Jt)=b—a—a (Z) log (2) :
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Hence,

b)t _ L(a,b) et = log(L(a, b)) —loga € (0,1).

") =0 -
g(t) < (a a logh — loga

We deduce that t' is a global maximum point for g. Consequently,

.
tggﬁQ() g(t")

Our claim is that

/ L(a,b)
= (L — —1].
o(6) = (£(ast) — ) | o
Indeed,
b
gt)=a+t'(b—a)— ()
a
L(a
=a+t(b—a)—a <a )
b—a log(L(a,b)) —loga
_ . L —a)— L
@t logh —loga L(a,b) —a (L(a,0) —a) (a,)
1
= L — (L L
0 L)) gy (Hasb) = o) = Lo

_ L(a,b)

- (L(a7b) a) + L((l L(CL b))(L(CL b) CL)

_ L(a,b)
and our claim is verified. This concludes the proof. 0J
Application 3.2. Let xy,...,2, € [a,b] C (0,00), where ¢ = minz; and b = maxz;.

i=1n i=1n
Then T
DI Y < (Vo - Vay

Proof. Using similar arguments to those in the proof of Application 3.1, we consider
the expression

g (n—kat+kb Y gn—kpk

n
Note that,
—k)a+ kb n

n

Eg(n

E Y

due to the geometric and harmonic mean inequality, i.e.,

Ygn—kpk > "
= n=k

SalkEn
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Thus, one obtains

k ab
E< —(b—a) — ——.
sat+(b-a) b—E(b—a)
On the other hand, we introduce the function A : (0,1) — R as follows
ab
hit)y=1+1tb—-a) — ————.
() =1+tb-a) =m0

The derivative of the function A is

b
W) =b—a— ¢

(b~ b~ )

Vb
C Va+ b

It follows that t' is a global maximum point for h and therefore,

h(t) < h(t') = (Vo — v/a).

b—a).

Then we have

Wit)y=0at =t € (0,1).

Consequently, we obtain
Tt T,

_ ’ﬂ/xl...ajn S (\/E_\/&)Q’
n
and our proof is finished. O

Now, we introduce the quantity

k+1 _ gk+1 kL gk—1p 1 ... L pk
Pu(ab) = b a :f/a +atth + +b7
(k—1)(b—a) E+1

for k € N, k > 2 and P(a,b) = 5.
One can easily see that a < Pg(a,b) < b, and thus Py(a,b) is a mean.

Application 3.3. Let xy,...,2, € [a,b] C (0,00), where @ = minz; and b = maxz;.
i=1n i=1n
Then
k... 4 gk P P._(a.b
R A e +xn§(Pk,1(a,b)—a) - kil(illk 1(a, b)) .
n n P (a,b)

Proof. Let f : [a,b]™ — R be given by

Wk 4+ +ak o+ 4o,

flzy,. ... x,) = —

n n
One can easily see that

1_
Pf _ k=1 (ot taf\ T ab o dal baf 4+l
or?  n2 " n

i n

for all e = 1, n.
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We apply Theorem 2.1 and we obtain that

C/(n—p)a’%pbk ~(n—a)p+pb
n n

= max ({“/p(b’f—a’“)—l—ak—p(b—a)—a).
pe{l,n—13 \V n n

Consider, now, the function ¢ : (0,1) — R given by
g(t) = {Jt(bk — a¥) + ak — t(b - a) — a.

e @) = _max

We deduce that

Hence,
Plinl(a? b) B ak

Jt)=0sa:=t= bk — gk

Consequently, we have

t) = .
Jé?&”f)g() g(a)

On the other hand, we get

() = Py 1(a,b) — W(b _a)—a
— Pes(ob)—a— H0ZD Bale D 0 p () g

bk — a* k(Py_1(a,b) —a)

P i(ab) —a— Pgl(a, b) P (a, Pla, b)) (Pe1(a,b) — a)

_ _ PiZi (a, Peoi(a, b))
= (Py_1(a,b) — a) (1 - PF!(a,b) ) '

This concludes our proof. 0

Remark 3.1. Setting n = 2 in Application 3.3 yields the following inequality

ai - tal ot < (b—a)?
n n ~ 4(a+b)

In the latter, we shall state and prove Schweitzer’s inequality.

Theorem 3.4 (Schweitzer). Let xq,...,2,,a,b > 0 such that x; € |a,b] for alli = 1,n.

Then,
1 1 b)?
(x1_|_..._|_xn) (x_'_'”—i_x)S(aljc_Lb) n2, for n even,
1 n
1 Ly (a+b)? , (a—b)?
4+ < — i
(14 + ) <$1+ +$n>_ 1" 1ap 0 Jorm odd



188 A. F. ALBISORU AND M. STROE

Proof. Define f : [a,b]" — R as follows

f(xl,...,mn):(x1+---+xn)<1—i—-'-—i-1).

T Tp
Then, for all i = 1, n, we have

O*f 2@+ @i xg e+ )

= > 0.
Ox? x}
Apply Theorem 2.1 and deduce that
Jnax f (x) = max f (),
where z = (x1,...,2,) € R". Now, we determine n{laljfL f(z). Without loss of
reqa,by™

generality, we may assume that

Hence,

max f(r) = max (ka+ (n— k)b) <k+”_k>.

z€{a,b}" ke{l,...,n}

We consider the function g : (0,00) — R, defined by

(k) = (ka + (n — k)b) <k+”;k>

a

A short computation yields

(b—a)* , nb—a)?
k)= — k= + k+n”.
9(k) ab ab
One can easily deduce that the maximum of g is obtained when z = 7. Moreover,
the restriction of g to the set {1,...,n} obtains its maximum value at k& = § if n is

even and k = "T_l or k= "T“ is n is odd. On the other hand, take note that

n\ (a+0)* ,
g (2) =1 n“, for n even,
n—1 n+1 (a+0)?* , (b—a)?
= = — fi .
g<2> 9(2) b T dap 0 ermodd
This concludes our proof. 0

Now we focus on the statement and proof of Khanin’s inequality.
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Theorem 3.5 (Khanin). Let z1,...,x,,a,b € R such that z; € [a,b] for all i =1, n.
Then

(b—a)’
A )

2
<b—a> —M forn odd.

(3.1)

IA

for n even,

x%+-~+xi_(x1+m+xn>2
n

x%+-~~+mi_(x1+m+xn>2
n

IN

4 4n? 7
Proof. Let f: [a,b]” — R, given by

$2++xi x ++$n 2
flzy,. .. x,) =2 —< ! ) :
n n
Note that
o*f 2(n—1)
= > 0.
Ox? n?

Now, apply Theorem 2.1 and deduce that

n

x%+---+x3_<x1+-~+xn>2< ka®+ (n— k)b* <ka+(n—k)b>2
- < .

n n

Further, we consider the function g : (0,00) — R, given by

ka2 + (n— k) (ka+ (n—k)b\’
g(k) = N\
n n
It can be easily seen that the restriction of g, i.e., g : {1,2,...,n} — R obtains its

maximum value when k = % if n is even and when k = ”T’l or k = "TH if n is odd.
Taking note that

n\ (b—a)
g (2) = for n even,

n—1 n+1 b—a\® (b—a)?
g( 5 )_g< 5 )_< 1 ) SR for n odd,

we obtain relations (3.1).
This completes our proof. [l
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SOME REFINEMENTS OF THE NUMERICAL RADIUS
INEQUALITIES VIA YOUNG INEQUALITY

Z. HEYDARBEYGI' AND M. AMYARI'*

ABSTRACT. In this paper, we get an improvement of the Holder-McCarthy operator
inequality in the case when r > 1 and refine generalized inequalities involving powers
of the numerical radius for sums and products of Hilbert space operators.

1. INTRODUCTION

Let (3, (-,-)) be a complex Hilbert space and B(H) denote the C*-algebra of all
bounded linear operators on H. Recall that for A € B(H), W(A) = {(Ax,z) :
v e I |lzf] = 1}, w(A) = sup{[A] : A € W(A)} and [|A[| = sup{[|Az] - [lz] = 1},
denote the numerical range, the numerical radius and the usual operator norm of A,
respectively. Also an operator A € B(JH) is said to be positive if (Ax,x) > 0 for each
x € H and, in this case, is denoted by A > 0.

It is well-known that W (A) is a convex subset of the complex plane that contains
the convex hull spectrum of A (see [4, p. 7]). It is known that w(-) defines a norm on
B(H), which is equivalent to the usual operator norm || - || [4, Theorem 1.3-1]. For

A € B(H), we have
1
(1.1) Il < w(4) < [|A]l.

The inequalities in (1.1) have been improved by many mathematicians, (see [2,7, 10,
13,17-19)).

Key words and phrases. Bounded linear operator, Hilbert space, norm inequality, numerical radius
inequality.
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Kittaneh in [7,8] showed that if A € B(3), then
1 1 s
(12 w(A) < LAL+ 1400 < S0l + 14213,
where |[A|*> = A*A, and
1 1
(1.3) Z||A*A+AA*|| <w?(A) < §||A*A+AA*||.

He also obtained the following generalizations of the first inequality in (1.2) and the
second inequality in (1.3):

(1.4) wT(A) < ; H‘APM 4 ’A*’2(17)\)r
and
(1.5) w? (A) < [NAP+ (1= )| A,

where 0 < A < 1, and r > 1 in [9, Theorem 1, Theorem 2], respectively.

In Section 2 of this paper, we get an improvement of the Holder-McCarthy operator
inequality in the case when r > 1 and refine inequality (1.4) for » > 1 and inequality
(1.5) for r > 2, see ([3,12,16]). In addition, we establish some improvements of norm
and numerical radius inequalities for sums and powers of operators acting on a Hilbert
space in Section 3. For recent work on the numerical radius inequalities, we refer the
reader to [13-15,18].

2. REFINEMENTS OF THE HOLDER-MCCARTHY OPERATOR INEQUALITY

In this section, we obtain an improvement of Holder-McCarthy’s operator inequality
in the case when r > 1 and get some improvements of numerical radius inequalities
for Hilbert space operators. The following lemmas are essential for our investigation.
The first lemma is a simple consequence of the Jensen inequality for convex function
f(t) =t", where r > 1.

Lemma 2.1. ([13, Lemma 2.1]). Let a,b >0 and 0 < A < 1. Then
b < Aa+ (1= Nb< (Aa” + (1= \)r,  forr>1.
The second lemma is known as a generalized mixed Schwarz inequality.

Lemma 2.2. ([8, Lemma 5]). Let A € B(H) and x,y € H be two vectors and
0<A<1. Then
(A, y) P < (AP, 2) (| ANy, y).

The third lemma follows from the spectral theorem for positive operators and the
Jensen inequality and is known as the Holder McCarthy inequality.

Lemma 2.3. ([13, Lemma 2.2]). Suppose that A is a positive operator in B(H) and
x € H is any unit vector. Then

(i) (Az,z)" < (A"x,x) forr > 1;
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(i) (A"x,x) < (Az,z)" for 0 <r < 1.
The last lemma is an improvement of Holder-McCarthy’s inequality.

Lemma 2.4. ([6, Corollary 3.1]). Let A be a positive operator on H. If x € H is a
unit vector, then

(Az,x)" < (A"z,x) — (|JA — (Az,x)|"z, x), forr > 2.
The next theorem is a refinement of inequality (1.5) for r > 2.
Theorem 2.1. I[f A€ B(H),0< A <1 andr > 2, then
w? (A) < MAP + (L= M)A = inf ¢(x),

[lz]l=1

where
C(x) = ((A|AP = (|APz, 2)| + (1= X) [|A*2 = (|42, 2)| ) @, ).
Proof. Let x € H be a unit vector.
Az, 2) > < (JA/P 2, 2) (|A* PPNz, 2)  (by Lemma 2.2)
< (JAPz, )| APz, 2)' ™ (by Lemma 2.3 (ii))
< (M|APz, )" + (1= N){(|A* ]z, 2)")7  (by Lemma 2.1)
< ( (AP, z) = {||A]? = (A2, 2)| 2,2))
+u—m«m%www«wmﬂwmwa@]awn

(by Lemma 2.4).

Hence,
Az, 2) < A ((|AP"z,2) = (||AP = (| APz, 2)| 2, 2))
+ (1 =N (A Pz, 2) = (A = (AP, 2)| 2,7)).
By taking supremum over x € H with ||z|| = 1, we get the desired relation. O

Recall that the Young inequality says that if a,b > 0 and A € [0, 1], then
(1—Na+ b > a0

Many mathematicians improved the Young inequality and its reverse. Kober [11],
proved that for a,b > 0

(2.1) (1=Na+M<a 0 +(1-NHWa— Vb2 A>1.
By using (2.1), we obtain a refinement of the Holder-McCarthy inequality.
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Lemma 2.5. Let A € B(H) be a positive operator. Then

(2.2) (Az, z)? (1 +2(A—1) (1 - m>) < (Arz, x),

for any A > 1 and x € H with ||z|| = 1.

Proof. Applying functional calculus for the positive operator A in (2.1), we get
(1—Nal + A < a' A+ (1-)) (af + A —2V/aA?).

The above inequality is equivalent to

(2.3) (1= Na+MAz,2) < a' MNAz,2) + (1= A) (a+ (Az,2) — 2V/a(A?x, 7)) ,

for any x € H with ||z|| = 1. By substituting a = (Az,x) in (2.3), we get

(Az, )z
By rearranging terms, we get the desired result (2.2). 0

Al
(Az,2) < (Av,2)' (A2, 2) +2(1 = \){Aw,2) (1 - <>) .
Note that by the Hélder-McCarthy inequality, 1 > 1 — ‘4222 > (. Hence, the

(Az,z)2
< (A, ),

(Az, )
where A is positive and A > 1. One can easily see that

1—<Am’xZinf{l—w:xeﬂ{,ﬂxl\:l}.

following chain of inequalities are true:

(Azz, z

~

NI

(Az, 2)* < (Az, x)? (1 +2(\—1) (1 —

<Ax,x>% (Az, )2

So,

(2.4)

142(A—1) (1_M) >14+2(A—1) inf{1—wrxe%\|wllzl}-
(Az, )2 (Az,x)®

If we denote the right-hand side of inequality (2.4) by ((z), then from inequality (2.2),
we get

(2.5) (Az, 2)* < 2<Akx,x>, A> 1

The following theorem is an improvement of inequality (1.4).

Theorem 2.2. Let A € B(H) be an invertible operator, 0 < X < 1 and r > 1. If for
each unit vector x € H

((z) = <1+2(T—1)<1—m>>
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and 1
(4" " Va, z) ))
x)=(14+2(r—1)(1— - 11,
)= (12001 GRS
then
r 1 2\r *12(1=A)r
w'(A) < 5o [l + 4] ,

where ¢ = inf)y=1¢(z), v = infjz=17(z) and p = min{¢,v}.
Proof. Let x € J{ be a unit vector. Then

(2, ) < (|4, 2)* (AP0 )

< (<’A|2)\x7x>T X <A*2(1>\)1’,Q}>T)71“

2

r

1(1, 1) \
< (2 <§<|A|2 ’\x,x>—|—§<|A 2 /\)x,x> )) .

1 .
(A 2)f" < 57 (AP + APz, ).

Hence,

By taking supremum over z € H with ||z|| = 1, we get the desired relation. O

3. INEQUALITIES FOR SUMS AND PRODUCTS OF OPERATORS

In this section, we recall that some general result for the product of operators
from [5].
If A, B € B(H), then

w(AB) < 4w(A)w(B).

If A is an isometry and AB = BA, or a unitary operator that commutes with another
operator B, then

w(AB) < w(B),

(see [4, Corollary 2.5-3]). Dragomir in [1, Theorem 2] showed that for A, B € B(3H),
any A € (0,1) and r > 1

(3.1) |(Az, By)|*" < M(A"A)5z,2) + (1 = A){(B"B) ™7y, ),

where z,y € H, with ||z| = |ly|]| = 1.
Let A, B € B(H). The Schwarz inequality states that

|(Az, By)|* < (Az, Az)(By, By), forall x,y € 3.
We get the following refinements of inequality (3.1) for r > 2.
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Lemma 3.1. For A, B€ B(H),0<A<1andr>2

1

(A, By)[" <M(A*A)5z,2) — A([(A"A)> — (A" A3z, )| 2, 2) + (1 - N)
(3:2) X (B'B)™ry.y) — (1= N ([(BB)™ — (B"B)™w.0)| v.w).
for any @,y € 3, with ||z|| = [ly| = 1.

Proof. For any unit vectors z,y € J, we have

{(B*A)z,y)|* <((A*A)z,2){(B*B)y,y) (by Schwarz inequality)
=(((A"A)3) 2, 2)((B*B)T%)' "y, y)
<((A*A)>z,2)M(B*B)™xy,y)"  (by Lemma 2.3)
<(M(A*A)3z,2)" + (1 — N{(B*B)™5y,y)")* (by Lemma 2.1)

T
x, x>

< (A((A*A)Kx, z) = A{|(A"4)> — (A" A)>z, )

+ (1= X){((B"B)™y.y)

- 0= (@B () 1))y e 2.4)
Therefore,
(Az, By)[r <A(A"A)3z,2) — A (|(A"A)% — ((A"A)rz, 7)
+ (1= A){(B*B)™ %y, )
— (=N {|[(BB)y= — (BB =y, 9)| v.y),
for any x,y € H, with ||z|| = [|y|| = 1. d

.
a:,x>

Theorem 3.1. Let A,B € B(H),0< A< 1andr >2. Then
(3.3) IB A" < A(A*A)[| + (1 = N)|(B*B)T=|| — inf ¢(x) — inf {(y),

llzfl=1 lyll=1

where

=

C(x) =A(|(A"4)
C(y)

— ((A*A)§.CI:,:1:> Tas,:v>,
(1= N {|(B*B)™ — ((B*B) ™y, )| y,y).

In addition,
(34)  w'(B'A) < NA"A)F + (1 - N(BB)TF| — inf (a),

llzll=1
where
(@) = ((A[(A4*A)> = (A" A)3z, )|

+ (1= ‘(B*B)ﬁ — ((B*B)ﬁx,aﬁ’?“) a:,x> :
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Proof. By taking supremum over z,y € H with ||z|| = |ly|| = 1 in inequality (3.2), we

get the required inequality (3.3).
Putting # = y in inequality (3.2), we obtain the numerical radius inequality (3.4).
0

Corollary 3.1. For A,B € B(H), 0 < A <1 and r > 2, the following inequalities
hold:

Az, y)[r < M(A*A)Sz, ) — A (|(A"A)Y = (A" A) 3z, 2)|
(A%, ) [ < M(A"A) 5z, 2) — A([(A"A)Y — (A" A3z, 2)| @, 2)
+ (1= A{(AA) 5y, y) — (1= ) (|(A4) = — (A4 =y,0)| vy)
where z,y € 3, ||z]| = |ly]| = 1.

Corollary 3.2. For A)B € B(H), 0 < A < 1 and r > 2, the following norm
inequalities and numerical radius inequalities hold:

() I[P < AI(AA)X] + (1 = X) = inf ¢(2);

[lz]|=1
() 4% < M(A" )3+ (1= AJI(AA) 7S]~ inf C(0) — inf G0
(iii) w? (A) < [|MA*A)5 + (1 = NI — Hiﬂlilg(a:), where
C(x) =2 (|(A*A)x — (A" A)3z, )| @,7),

C(y) =1 = 1) {[(A4) ™ — (A4S y,0)| vy);
(iv) w? (A2%) < [[M(A*A)T + (1 — \)(AA") T — |\§:I||1£1C(I)’ where

C(x) = ((M(A"A)> = ((A"A)>z, )

We are going to establish a refinement of a numerical inequality for Hilbert space
operators. We need the following lemmas. The first lemma is a generalization of the
mixed Schwarz inequality.

‘ T

+ (1= N)[(A4) ™= — (A4 =z, )| ) 2,).

Lemma 3.2. ([17, Lemma 2.1}). Let A € B(H) and f and g be nonnegative functions
on [0,00) which are continuous and satisfy the relation f(t)g(t) =t for allt € [0, 00).
Then

[(Az, )| < [[f(AD=[lg([A"Dyll,
forall x,y € H.

The next lemma is a consequence of the convexity of the function f(t) =", r > 1.

Lemma 3.3. ([17, Lemma 2.3]). Let a;, 1 = 1,2,...,n, be positive real numbers.
Then

n

n T
(Za,) < nT_IZa;’, forr > 1.
i=1

=1
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The following theorem is a generalization of the inequalities (1.3) and (1.4).

Theorem 3.2. ([17, Lemma 2.5]). Let A;, X;, B; € B(H), i =1,2,...,n, and let f
and g be nonnegative functions on [0, 00) which are continuous and satisfy the relation
f(t)g(t) =t for allt € [0,00). Then

n . nr—l

i=1

n

D ((BIAIXB)" + (Arg*(1IX7DA))|

i=1

r>1.

We refine the above inequality for » > 1 by applying a refinement of the Holder-
McCarthy inequality. To achieve our next result, we utilize the strategy of [17,
Lemma 2.5].

Theorem 3.3. Let A;, X;, B; € B(H), i = 1,2,...,n, be invertible operators and
let f and g be nonnegative functions on [0,00) which are continuous and satisfy in
f(t)g(t) =t for allt € [0,00). Then, for allr > 1,

r—1 n

Y (B FAIX)B:) + (A7 g2 (1 X7 ) A)"

=1

?

where p = min{(, v}, C:inf{l—i—Q(r— 1) (1 — <(B DB >%>) | = 1}

((By f2(1X:]) Bi)=,
- (a2 DA) b
and y=inf{1+2(r—1)(1— x|l =1p.
((Arg2(1X7 ) Aiz)
Proof. For every unit vector x € H, we have
> ((ArX;B;)z, x)

i=1 =1

(f:\ A*XBx,a:>|>T = (i|<X¢Bix,Aﬂ>|>r

i=1 =1

(z (X)) Bz, Bix)

=1

(by Lemma 3.2)

S

n T

S
[N

<92<|X;‘|>Aix,Aix>%>

<n ! Z <B;‘f2(|X,~|)Bix, ZL‘> <A;k92(|Xi*|)Aix, ZL‘>
i—1

(by Lemma 3.3)

Tli(sz\X]Ba:@)

i=1

1
2

[N

(<A:g2<1Xﬂ>Aw>’“)

(s ( (57 P B+ (A2 D)

=1

by AM —
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< (3 (g @By e + XAy

i=1
by (2.5))
7"*1 n
<" Z<( (B PIXDBY + (A (X DAY Yo )
o=
n'- S r * * r
(3 (B 0xBy + (DAY Yoo
i=1
Therefore, by taking supremum over z € H with ||z|| = 1, we have the desired
relation. O

If we assume that f(t) =t and g(t) = t'=*, 0 < A < 1, in Theorem 3.3, then we
get the following corollary.

Corollary 3.3. Let A;, X;, B; € B(H), i = 1,2,...,n, be invertible operators, r > 1
and 0 < A< 1. Then

n r—1
1%

=1

D (B[P By)" + (A7 X7 POV A

i=1

where p = min {(, v},

< B X;|*B; ;x,x>
¢=inf{1+2(r—1) r| el =1,
U eyt
<A*|X 203 4 )éx,x>
v=inf{1+2(r—1) | el =
<(A*|X\2(1 A)A)JL‘,:E>2

In particular,

1 n
B > (BF|Xi|B; + A7 | XA

=1

Setting A;, = B;=1,i=1,2,--- ,n, in Theorem 3.3, the following inequalities for
sums of operators are obtained.

Corollary 3.4. Let X; € B(H), i =1,2,...,n, be invertible operators and f and g be
continuous nonnegative functions on [0,00), such that f(t)g(t) =t for allt € [0,00).

Then, forr > 1,
w" Xz S
i=1 2p

n

(X + g (X))

=1
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where p = min{(, v},

C:inf{l—l—Q(T—l) (1_ <f(‘Xz’)l’,33>1) . “55” — 1}7
(21X, )2
'y:inf{l—l—2(r—1) (1—
In particular,

. n nr—l
“ (ng) =
where = min{(, v},
Xi A )
g:inf{1+2(r—1) (1—W) el = 1}7
(1Xi|?, )
X0 N, @
< L) =1

y=inf{l1+2(r—1)(1— :
(X720, z)

1 - . .
If A = 3 in above inequality, we get
n nr—l
w" Xz <
(2 ) 2

where p = min{¢, v},

<=inf{1+2 (r—1) ( EXx $>>) :H:z:H:l},

| >) }
=infd1+2(r—1) ~|:z||=1;.
! { ( (Xilayt )

Letting n = 1 in inequality (3.3), we obtain

Z ’Xi|2)\r + |X;<|2(17)\)r

i=1

NI

D1+ X7

i=1

r>1,

l\J\»—A

T 1 r ® |7
W(X)§@|I|X| + 11X

where p = min{¢, v},

C:inf{1+2(r—1( E |m>>) ||x||=1}7

7:inf{1+2 ( (X, x>>) = H_l}

Next, we present some numerical radius inequalities for products of operators. Put
X, =1,1=1,2,...,n,in Theorem 3.3, to get the following.

M\»—‘



NUMERICAL RADIUS INEQUALITIES VIA YOUNG INEQUALITY 201

Corollary 3.5. Let A;, B; € B(H), i =1,2,...,n, be invertible operators and r > 1.

Then B
(ZA* ) Z|B|2r+|A|2r
2
where p = min{¢, v},
C=inf{1+2(r—1) 1—M el =1,
(|Bilz, z)*
y=inf{1+2(r—1) (1—W) el = 1}-
(|Ailz, z)>

In particular,

ZBB+A* Dll-

i=1

Remark 3.1. If we set n =1 in Corollary 3.5, then

w'(A*B) < ZluH(B*B)T 4 (ATAY

where p = min{(, v},

Y PR (o T A DT
(B*B)x,z)?
y=inf{1+2(r—1) 1—<(A*A)§gc’gg> el =1
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APPROXIMATE SOLUTION OF BRATU DIFFERENTIAL
EQUATIONS USING TRIGONOMETRIC BASIC FUNCTIONS

BAHRAM AGHELI

ABSTRACT. In this paper, I have proposed a method for finding an approximate
function for Bratu differential equations (BDEs), in which trigonometric basic func-
tions are used. First, by defining trigonometric basic functions, I define the values
of the transformation function in relation to trigonometric basis functions (TBFs).
Following that, the approximate function is defined as a linear combination of trigono-
metric base functions and values of transform function which is named trigonometric
transform method (TTM), and the convergence of the method is also presented. To
get an approximate solution function with discrete derivatives of the solution func-
tion, we have determined the approximate solution function which satisfies in the
Bratu differential equations (BDEs). In the end, the algorithm of the method is
elaborated with several examples. In one example, I have presented an absolute
error comparison of some approximate methods.

1. INTRODUCTION

A problem of the non-linear eigenvalue problem in n dimensions is the Bratu
differential equations (BDEs) as follows [13]

n 0 2
(1.1) > (m) D (t1,ty, ... ty) + Xexp(P (t1,ta,...,t,)) =0,

i=1 i
in which |z;| < 1fori=1,2,...,n, with the following boundary conditions as |z;| = 1,
(1.2) D (ty,t,...,t,) =0.

The main objective in this paper is to offer a simple method in which it is possible
to apply trigonometric transform method (TTM) to tackle with the one-dimensional

Key words and phrases. Trigonometric transform, Bratu differential equations, basic functions.
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(1D) BDEs of the following form
(1.3) u’(t) + Aexp(u(t)) =0, 0<t<T,
(1.4) uw(0) = ug, u(0) = ug,

where A > 0 and t € R are constant functions (see [12,23]).
The analytic solution for BDEs is presented as follows:

cosh (¢ (1 — 1))\
u(t)zlog( h(2(t 2))) ,

cosh (%)

in which ¢ is the solution of ¢ = /2 cosh (%) (see [12,23]). Whereas A\, =
3.513830719, the BDEs has

e one solutions when A = \;

e two solutions if A < A;

e 10 solution when \ > A..

Researchers and scholars are requested to check papers that have been introduced
to get a better grasp of thoroughgoing introduction about BDEs and its history
in [10,18].

On the importance and motivation for Bratu differential equation, it should noted
that it has a key role in many of the physical phenomena, chemical models and other
sciences. Such applications include the model of thermal reaction process, the fuel
ignition model of the thermal combustion theory, the Chandrasekhar model of the
expansion of the universe, the radiative heat transfer nanotechnology and the chemical
reaction theory (see [9,10,12,18]).

As another instance, mathematical modeling in chemistry for the electro-spinning
process is related to BDEs via thermo-electro-hydrodynamics balance equations.
Colantoni and his co-author in [5] represented a model that is the mono-dimensional
Bratu equation as follows:

(1.5) u”(t) — Xexp(u(t)) = 0,

18 E2(I-r%k E)?

featuring A = pErs

, in which

e 1 is the radius of the jet at axial coordinate X in the Figure 1;

e [ is the electrical current intensity;

e F is the electric area in the axial direction;

e p is the material density;

e k is a fixed value which is only dependent on temperature with regard to

incompressible polymer.

Many researchers have used numerical methods for the purpose of solving the BDEs.
We can refer to a number of familiar methods, including Homotopic perturbation
method [8], Finite difference [19], Optimal homotopy asymptotic method [6], Wavelet
method [17], Laplace transform decomposition method [15], B-splines method [4],
Variational iteration technique [7], Adomian decomposition method [23], Differential
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FIGURE 1. Electro-spinning process setup.

quadrature method [21], Lie-group shooting method [1], Reproducing kernel Hilbert
space method [2], Pseudo-spectral collocation method [3] and [11,12,14,16,22].

This paper is organized as what follows: in Section 2, discretization of the derivative
is given. In Section 3, we have expressed the trigonometric Basic functions (TBFs).
In Section 4, a description of the new approach that is named trigonometric transform
method (TTM) is presented. Some numerical examples are offered in Section 5. And
conclusions are drawn in Section 6.

2. DISCRETIZATION OF THE DERIVATIVE

In this section, we introduce discretization of the derivative of a function. The
approximation of derivatives by forward differences is one of the most basic tools
in finite difference methods for the approximate solution of differential equations,
especially initial value problems. The n-th order forward difference is given by

1 & (n

u™(t) & e > (-1) <Z>u (n—1di)h+t), neN.
i=0

Depending on the application, the spacing h may be a variable or a fixed. In this

paper, we consider 7 =t;41 —t; and t; =a+ j7 for j =0,1,2,.... For second order

derivative we have:

(2.1) W (tiin) % g (ultsn) — 2u(t;) + ult; ),

in which u(ty) and u/(tg) are known and u(t_1) = u(0) — 7u;(0).

3. TRIGONOMETRIC Basic FuncTioNs (TBF'S)

In this section, we introduce the trigonometric basis functions and properties that
are used in the main sections of the paper to approximate the function of the solution.

Definition 3.1. Presuming that forn > 1, a =ty <t; < --- < t,_.1 <t, = b be
specified nodes, we express that basic functions 7o, 71, ...,7T,, are defined on [a, b
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with their trigonometric functions Ty(t), T1(t), . . ., Tn(t), as follows:

Ty(t) = {

0.5 (1+cos =(t—to)), ta<t<t,

0, otherwise,
(1 + cos T tk)> Dt <t <ty
(3.1) Ti(t) = (1+cos t—tk)) te <t <tpe, k=1,23....n—1,
otherwise,
( ).t St <t

{ otherwise,
in which hy = tgy —tp for k=0,1,...,n — 1.

Remark 3.1. The trigonometric functions introduced in Definition 3.1 are the trigono-
metric basis functions (TBFs) in which the following properties are satisfied.

(1) Ty of [a,b] to [0,1] is continuous, 3> Ty(t) = 1 for all t € [a,b] and Tj(t) = 1,
k=0
k=0,1,2,...,n
(2) Tk( ) =0ift ¢ (tk 17tk+1) for k = 1,2,...,71— ]_, T[)(lf) =0ift ¢ (to,tl) and

T.(t) =0if t & (tn_1,tn).
(3) On subinterval [ty _1,t541] for k =1,2,... ,n—1, Ti(t), certainly is an increasing
function on [ty _1,t;] and decreasing function on [t,t;41]. Basic functions are

called uniform as long as tj,1 — ¢t = h = =2 and two additional properties
coincide.
(4) Tk(tk—t) :Tk(tk—f—t), forall t € [0 ] and k = 1 2 .., N 1

(5) Ti(t) = Tp—1(t — h) and Tyy1(t) = Ti(t — h), for k=1,2,....,n—1 and
t e [tk,tk+1].

Lemma 3.1 ([20]). Considern > 2, Ty, Ty, ..., T,, be the TBFs which builds on [a, b].
Therefore,

t1 tn h
(3.2) / Ty (t)dt = / T,(t)dt =
tO tn—l 2
and
tkt+1
(3.3) / Ti(t)dt = h,
tk—1
fork=1,2,....,n—1, in which h is the distance between each of the two neighboring
nodes.

Definition 3.2. Let f be a function belonging to Cfa,b] and T}, i = 0,1,...,n, be
the TBFs which buildup on [a, b]. We define the Fj that is the transform of function
f on [a, b] with respect to basic functions T} given by
b
t)T(t)dt
(3.4) FkZM, k=0,1,2,.
fa Tk(t)dt

Cy M.
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Definition 3.3. Let f be a function belonging to C[a,b] and T}, i = 0,1,...,n, be
the TBFs which buildup on [a,b] and F}, be transform of function f on [a,b] with
respect to basic functions Tj. Then

0 =3 BT

is approximate of function f on [a, b] with respect to TBFs.

Theorem 3.1 (Convergence). Let f be a uniformly continuous function on |a,b].
Thus, for any € > 0, there exists n. such that for all n > n.

(3.5) [f(t) = fn ()] <€

Proof. f is a uniformly continuous function on [a, b]. Therefore,
(Ve >0) (36 =0(e)) (Jz—t| <d=|f(x) = f(t)] <e (0<d<e)).
For all € > 0, we have

(1) — _S BT i _Fl<e
=0

It is sufficient to show that |f(t) — F;| <e. Let x, t € [mi_l,xiﬂ], i=1,2,...,n—1,
so that we can evaluate

um—m:hm—

fff(t)Ti(t)dt‘ < =S T (@) - fOldE
Jo Tt |~ [ T de ’
if and only if
0<2h<e or h< %
Regarding h = =2, it is sufficient that n, > (bﬁ_a). O

For descriptlon of fractional derivative, we have the following proposition.

Proposition 3.1. With substituting f,(t) = i F, Ty (t) in (2.1), we will have the
k=0
next equation for k=0,1,2,....,.n—1:

1
(3.6) fa(tisr) = 73 (Fer = 285 + Fja).

4. DESCRIPTION OF THE NEW APPROACH

Let solution of (1.3) be continuous on [0, b]. To gain approximate solution of u(z),
we divide [0, b] to n equal partition with step length 7:

(41) toZO, ti:to—FiT, Z.:O,l,...,n,’i':*.
n

Considering the trigonometric functions with regard to Definition 3.1 on [0, ] and

Definition 3.3, we can gain approximate function u(x) by u,(x) = ¥ Uy Tk(t). It is
k=0
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evident that for calculating u,(t), t € [0,b], we should calculate Uy, k =0,1,2,... n.
In order to gain the approximate solution of the problem (1.3), w,(t) for pomts
to, t1, . .., t, must be satisfied in (1.3). Due to the boundary conditions (1.4), u,(to) :=
u(to) = up and for other points t1,1s, ..., t,, we have

(4.2) un(tge1) + Aexp(un(tps1)) =0, k=0,1,2,...,n—1,

in which m —1 < p<m and m € Z".
Using (3.6) and (4 2) converts to the following form for £ =0,1,2...,n — 1:

(4.3) o (Uk+1 —2Uk + Up—1) + Aexp(Un(tg41)) = 0,
where Uy = u(0) and U_; = u(0) — /(0) are known initial conditions.
Now, using the boundary condition, we can calculate Uy, Us, ..., U, by the obtained

recursive equation (4.3) and then gain the approximate solution u(t) ~ u,(t) for (1.3).
In order to gain approximation of BDEs, an algorithm by this method is offered in
the subsequent algorithm.

Algorithm 1: An algorithm for approximation of BDEs
Step 1: Input n and b.

Step 2: Set 7 «+ %

Step 3: Locate t, < k7, k=0,1,2,...,n

Step 4: Choose TBFs Ty (t) toward k =0,1,2,...,n
Step 5: Set recursive equations

hg(Uk—i-l —2Up 4 Up—1) + Aexp(Un(tis1)) = 0,
where Uy = u(0) and U_; = u(0) — 7u/(0).
Step 6: Calculate every Uy, k =1,2,...,n, of an equation of degree one.

Step 7: The approximate solution is
k=0

5. EXAMPLES

Now that it is easier to understand trigonometric transform, a number of examples
will be given in this section and then will be calculated. These examples include BDEs.
In all these examples, software Mathematica 11 has been used for calculations and
graphs.

Ezample 5.1. We propose the BDEs for the first example [23]:
(5.1) u’(t) —2exp(u(t)) =0, 0<t<1,
with the precise solution u(t) = log((cost)~2) and the primary conditions:

(5.2) w(0) =0, (0) = 0.
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Following the TTM, according to what was formulated and presented in section 4 for
(5.1)—(5.2), we can calculate Uy, Us, ..., U,, and then gain the approximate solution
un(t) of (5.1).

In Table 1, we can see the estimated solutions for Eq.(5.1), which is derived for
various values of n applying TTM. Also, the estimated and approximate solutions are
illustrate in Figure 2.

TABLE 1. Approximate result of Example 5.1 with various values of n.

TTM
t n = 50 n=2500 n=1000 n = 1500 Exact
0.0 0.0 0.0 0.0 0.0 0.0
0.2 0.0543317 0.0407728 0.0404703 0.0402949 0.0402695
0.4 0.193714  0.165493  0.164871  0.164416  0.164458
0.6  0.42896 0.385508  0.384559  0.383323 0.38393
0.8 0.799043  0.725417  0.723832  0.722438  0.722781

1.2} *
1.0f "
08F
06F
0.4F *
02F +* X

*
:"_._'* * 1 L . 1
02 04 08 0.8 1.0

* Exact

x % Approx

FiGURE 2. Figure for Example 5.1 exact and the approximation solutions.

Noteworthy in the values obtained in the Table 1 is that by increasing the amount
n, a more accurate answer for (5.1) can be achieved.

Example 5.2. Consider the BDEs for the second example [23]:

(5.3) u”(t) + mexp(—u(t)) =0, 0<t<I1,
given that the primary conditions:
(5.4) u(0) =0, «'(0)=m.

The unknown coefficient Uy, Us, ..., U, with due attention to the TTM, according
to Section 4 for (5.3)—(5.4) are calculated.

In Table 2 and in Figure 3, we can view the precise and approximate answers for
n = 1500 through applying TTM.

The approximate solution obtained by the proposed method corresponds to the
precise solution u(t) = log(1 + sin(7t)).

In Figure 3, we can see the estimated solutions toward n = 1500, which is derived
for various value of ¢ applying TTM.
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TABLE 2. Approximate result of example 5.2.

t TTM Exact Absolute Error Relative Error
0.2 0.462127 0.46234 212.789 x10~% 460.455 x10~©
0.4 0.66794 0.668371 430.849 x10~6 645.042 x10~°
0.6 0.667754 0.668371 616.549 x10=6 923.317 x10~¢
0.8 0.46142 0.46234 920.306 x10~6 1.99451 x1073

0.7 A
06F * W
0.5F
0.4¢F Exact
03 & * * Approx
0.2F
0.1F

02 04 06 08 10

FIGURE 3. Comparison of the approximate solution (5.3) with exact
solution for n = 1500.

Ezample 5.3. We offer the BDEs for the third example [23]:
(5.5) u'(t) — mexp(u(t)) =0, 0<t<1,
including the primary conditions:

(5.6) u(0) =0, «'(0)=—m.

It can be seen in Table 3 and Figure 4 that solving equations with approximate
expression is calculated and displayed for n = 1500 and various values of .

TABLE 3. Approximate result of Example 5.3.

t TTM Exact Absolute Error Relative Error
0.2 0.451242 0.451272 30.7122 x10°% 68.0615 x10°°
0.4 -0.227657 -0.226202 1.45505 x10~3 6.39141 x10~3
0.6 -0.576992 -0.573173 3.81849 x10~2 6.61792x1073

0.8 -0.699629 -0.69232  7.30951 x10~3 10.4477 x10~3

In Table 4, we can see the estimated solutions toward n = 1500, which is derived
for various values of ¢ applying TTM.

Toward n = 1500, the solution that we have gained is in accordance with the precise
solution U(t) = 10g (m) .
Example 5.4. Consider the BDEs [1]:
(5.7) u"(t) +2exp(u(t)) =0, 0<t<1,
supposing that the primary conditions:

(5.8) w(0) =0, (0)=0.



BNM

NPS

LTM

DM

BSM

LGSM

SCM

TTM

n=1500

0.1
0.3
0.5
0.7
0.9

1.91 x10~ ™
1.17 x10713
1.88 x10713
1.16 x10~13
1.90 x10~14

9.71 x107?
1.98 x1078
2.60 x1078
1.98 x1078
9.71 x107°

2.13 x1073
6.19 x1073
9.60 x1073
1.19 x1073
1.09 x1073

1.52 x1072
5.89 x107%
6.98 x107%
5.89 x1073
1.52 x1073

1.72 x107°
4.49 x107°
5.56 x107°
4.49 x107°
1.72x107°

4.03416 x1076
5.22122 x 1076
1.4554 x10~8
5.19455 x 1076
4.01345 x1076

6:88x10~*
8:21x1074
8:60x1074
8:21 x107*
6:88 x10~*

0
169.624x 1076
341.417 x107°
424587 x1076
445.899 x1076
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FIGURE 4. Comparison of the approximate solution (5.5) with exact
solution for n = 1500.

The unknown coefficient Uy, Us, ..., U,, with due attention to the TTM, according
to Section 4 for (5.7)—(5.8) are calculated.

Table 4 illustrates an absolute error comparison of the TTM and approximate
methods: Block Nystrom method (BNM) [12], Non-polynomial spline (NPS) [11],
Laplace transform method (LTM) [18], Decomposition method (DM) [16], B-splines
method (BSM) [4], Lie-group shooting method (LGSM) [1] and Sinc-collocation
method (SCM).

In Figure 5, we can see the estimated solutions toward n = 1500, which is derived
for various value of ¢ applying TTM.

* I 1 1 1 1
oy 04 06 08 1.0
02 LN
04 * N Exact
* Approx
06} *
*
-08 "

FIGURE 5. Comparison of the approximate solution (5.7) with exact
solution for n = 1500.

Noteworthy in the values obtained in the last column Table 4 is that by increasing
the amount n, a more accurate answer for (5.7) can be achieved.

6. CONCLUSION

I have proposed a method for finding an approximate function of Bratu differential
equations (BDEs), in which TTM are used. All examples with absolute and relative
errors show that we have favorably applied trigonometric transform method TTM
to obtain approximate solution of the BDEs. The obtained solutions that are very
close analytical solutions indicate that a little iteration of TTM will result in some
useful solutions. As the result seems necessary from the authors’ point of view, the
suggested technique has the potentials to be practical in solving other similar ordinary
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differential equations of integer orders and partial differential equations of non integer
orders.
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DENSITY PROBLEMS IN SOBOLEV’S SPACES ON TIME SCALES
AMINE BENAISSA CHERIF! AND FATIMA ZOHRA LADRANI?

ABSTRACT. In this paper, we present a generalization of the density some of the
functional spaces on the time scale, for example, spaces of rd-continuous function,
spaces of Lebesgue A-integral and first-order Sobolev’s spaces.

1. INTRODUCTION

The theory of time scales, which has recently received a lot of attention, was
originally introduced by Stefan Hilger in his Ph.D. Thesis in 1988 in order to unify,
extend and generalize continuous and discrete analysis (see Hilger [4]).

Recently, the Lebesgue A-integral has been introduced by Bohner and Guseinov
in [2, Chapter 5. For the fundamental relationship between Riemann and Lebesgue
A-integrals see A. Cabada, D. Vivero [3]. The first study Sobolev’s spaces on time
scales R. Agarwal et al. (see [7]).

In this paper, we study the density relationship between some of the functional
spaces on the time scale, for example, spaces of rd-continuous function, spaces of
Lebesgue A-integral and first-order Sobolev’s spaces.

2. PRELIMINARIES

We will briefly recall some basic definitions and facts from time scale calculus that
we will use in the sequel.

Let T be a closed subset of R. It follows that the jump operators o,p : T — T
defined by

o(t):=inf{seT:s>t} and p(t):=sup{seT:s <t}

Key words and phrases. Time scale, Lebesgue’s spaces, Sobolev’s spaces.
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216 A. BENAISSA CHERIF AND F. Z. LADRANI

(supplemented by inf () := sup T and sup @) := inf T) are well defined. The point ¢ € T
is left-dense, left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t, o(t) =
t, o(t) > t, respectively. If T has a right-scattered minimum m, define Ty, := T — {m},
otherwise, set T, = T. If T has a left-scattered maximum M, define T* := T — { M},
otherwise, set T* = T.

Definition 2.1 ([1]). The function ¢ : T — R will be called rd-continuous provided
it is continuous at each right-dense point and has a left-sided limit at each point, we
write ¢ € Crq(T) = Crq(T, R).

Definition 2.2 ([1]). Assume ¢ : T — R is a function and let ¢ € T*. Then we define

¢ to be the number (provided it exists), with the property that given any ¢ > 0,

there is a neighbourhood U of ¢ (i.e., U = (t — 0,t + §) N'T) for some 6 > 0 such that
lp(o(t)) — p(s) — *(t)[o(t) — s]| < €lo(t) —s|, forall seU.

We call ¢ the delta (or Hilger) derivative of ¢ at t.

Lemma 2.1 ([3]). The set of all right-scattered points of T is at most countable, that
is, there are J C N and {t;};e; C T such that

Ri={t €T, ot) >t} = {t;},cs.

In order to do this, given a function ¢ : T —R, we need an auxiliary function
which extends ¢ to the interval [a, b] defined as

—n ) o), ifteT,
(2.1) (1) = { o(ty), ifte (t;,o(t;)) forall j e J.
Let E C T, we define
(2.2) Je={j€J:t;€ENR} and E=FEU U,y 0 ().

Proposition 2.1 ([3]). Let A C T. Then A is a A-measurable if and only if, A is
Lebesgue measurable.
In this case the following properties hold for every A-measurable set A.

1. Ifb¢ A, then
(2.3) pa (A) = pr (A) + 3 p(ty);

2. pa (A) = purg (A) if and only if b ¢ A and A has no right-scattered point.

Theorem 2.1 ([3]). Let E C T be a A-measurable such that b ¢ E, let E be the set
defined in (2.2), let ¢ : T —R be a A-measurable function and ¢ : [a,b] — R be the
extension of ¢ to [a,b]. Then, ¢ is Lebesgue A-integrable on E if and only if ¢ is
Lebesgue integrable on E and we have

(2.4 Jewat=[ewa=[ pwa+ ¥ nit)e ).

Jj€JE
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We state some of their properties whose proofs can be found in [7,8].

Definition 2.3 ([7]). Let p € [1,+00). Then, the set L (T,R) is a Banach space
together with the norm defined for every ¢ € L% (T,R) as

P
HSOHLQ(T,R) - </[a,b)mr |90($)|pA3>
We denote by:

C* (T,R) {gp : T — R : ¢ is A-differentiable on T* and ¢~ € C (']I‘k ]R)} ,
C (T,R) := {(p T — R : ¢ is A-differentiable on T" and ¢® € C,q (']I‘ ]R)} :

Theorem 2.2 ([8]). Let p € [1,00), then, we have the following properties:
1. Coq (T, R) is dense in L\ (T,R);
2. LX(T,R) is dense in L) (T,R);
3. C!(T,R) is dense in C(T,R).

Theorem 2.3 ([7]). Let p € [1,400). The set W'P(T,R) is a Banach space together
with the norm defined for every ¢ € WP(T,R) as

A
Iz = 121 mm + [ 5 rgy

3. MAIN RESULTS

In this section, assume that T is bounded with @ := min T and b := max T and for
simplification, we note

le,d)p =[c,d)NT and [c,dly =[c,d]NT, forallecdeT.
Remark 3.1. C(T,R) and C,4(T, R) are Banach spaces together with the norm defined
by
lplloo := sup |@(t)].

tela,b]r
Set
I'={jeJ:p(t;)=1;}.

To derive main results in this section, we need the following lemma.

Lemma 3.1. Let p € [1,400[, C(T,R) is dense in C,q(T,R) provided with the
induced topology of L' (T,R).

Proof. For all i € I, we defined r; by r; = {t; : t; <t;}. Let (v},), .y be a sequence
defined by

v = (t;), foralliel.
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Then, for all i € I, we have (v}), € (ri,t;). Let (t), oy be a sequence on time scale T
defined by

(3.1) t! = inf {ti—v;,ti)T, forallneN, i€ I.
Let ¢ € Cp4 (T, R), we consider the sequence function (), oy given by

o (t;) + T t—t;), iftelth t;]y foraliel,
wn (1) = lirgl o (1), " if t =0,

tb—

@ (1), if not.

Set t € [t!,t;]y, for all i € I, which implies that

on (1) — o (D] <l ()] + | (O] + | (t:) — ¢ (82)] ‘ i

<2|l¢ll + ]90 (t:) — (ti)‘
<4l

Finally, we get that|p, (t) — ¢ (t)| < 4||¢|l, for all ¢ € [a,b);. It is clear that (¢,),
is continuous in T. Now, we show that (¢,), .y converges to ¢ in LR\ (T,R). I
particular, we have
[ len®) =0 @F At = [lon®) -0 ()F At < 2|02, [ At
[ab An An
=47 |5 1a (An),
with A, = U [t},ti)y, for all n € N. From (2.3), we have
iel
pa(A) A A+ Y ul)
el telti by
Sl X (1)
i€l il
<2} (tz‘ —ti) <> v
iel il
b—a
(3.2) < Z (t:) < Sor
’LEI
Therefore, we obtain
—a
lon — go||Lp R S e T for all n € N.
The proof is complete. O

Remark 3.2. C'(T,R) and C},(T, R) are Banach spaces together with the norm defined
by
lelli = llelloo + 12 loo-
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Let us define a second type of extension for a function ¢ on [a, b]. We introduce the
following function

o(t), ifteT,
(3.3) @@:{@@@”@@Nttﬂ+wm7ﬁt€@J(NENMJeJ

Lemma 3.2. If ¢ : [a,b] — R belongs to C' (a,b), then o1 belongs to C}, (T, R).
Proof. We note ¢ = ¢r, then v is A—differentiable on T*, and 9* is given by

wA(w{ © (1), if t € TF\R,

) — ¢ (t;
w@(%ﬂwh[i“:@eTMmmuel
o (t;

Now, we show that )* is rd-continuous. Let ¢ € T* a left-dense or a right-dense point
and prove that

lim v (s) = & (1).
Since ¢ € C' (a,b), then for all € > 0, there exists o > 0, such that
(3.4) ' (s)—¢ ()| <e, forallse(t—at+a).

We define  on (t — a,t +a) by € (s) = ¢ (s)—¢ (t) (t — s). By (3.4) we have ’f/ (s)’ <

g, for all s € (t — a,t + «) . Then ¢ is an e-Lipschitz function on (t — a, t + «), so we

get

p (1) =@ (s)
T—8

And we have lsig%a(s) = t. There exists v > 0, such that |0 (s) —t| < ¢, for all

s€(t—vt+7) NT. Put 6 = min(a,) for all s € (t—39,t+ ) NT. We consider
the following two cases.
If s is right-dense, then

o (1) =R (s)| = | (1) = ¢ (s)] < e
If s is right-scattered, one has o (s),s € (t — d,t + ) N'T, then
Asw_wwﬂ_wwwh—¢@)<€

o(s)—s -
Finally, we obtain that ¢* is a continuous function at right-dense points in T, and
its left-sided limits exist at left dense points in T. [l

Lemma 3.3. Let p € [1,+o00[, C'(T,R) is dense in C};(T,R) provided with the
induced topology of WA (T, R).

(T,
Proof. Let ¢ € CY, (T, R), we define P, by
Pi, (8) = @ () + ¢ (6) (t = t:) + aha (t,1:) + Bhy (t,1;), for all t € [t 4],

o' (1) — <e foralls,7€(t—a,t+a) and 7 # s.
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where (t},), oy is defined in (3.1) and (hy), are polynomials defined in [1], we choose
« and [ such that

(3.5) P, (t;) = (t;) and PzAn (t;) = p? (t;) , foralliel,neN.
Then « and 3 is the solution of the following system

ahy (87, t:) + Bhs (87, 1) = @ (17) — @ (t;) — > () ha (7, 13)
ahy (87, ;) + Bhy (87, 1;) = o (t7) — > (L) -

Let (¢n),en be a sequence defined by

P, (), iftelth t], foralliel,
on (t) =< limp(t), ift=0,

e (), if not.

By (3.5), we conclude that ¢,, is A-differentiable on T* and (gpﬁ) is continuous in T*.
For all i € I, we get

[l —elar<
[t5,t:[NT

(e O+ I ()] + [0 (1) 1 (¢, 1)) At

[t:ril it [mT

[tzﬂti[rﬂr
<2|[pllog P (i, 8 + H%DAHOO ha (t:, 17')

I EAC RGN
[t%,ti[ﬂT

= [t ;[T (’SOA <t)’ + ’90A (t:)

(3.7) <2|p®|| b (ki 47) + lavha (8], 1) + Bhy (8], 13)]

+ |ahy (£ ;) + Bha (t,1:)]) At

For all ¢ € I, we define 1, on [}, ;) by
Miin (8) = ahy (8,t;) + Bhygy (s, t;), forall ke N.

Hence, we deduce that

(3.8) Mg () = ahyy (s,t;) + Bhy, (5,;) = My—1in (s), forall s € [tfl, ti)qu :
by (3.8), we get

(3.9) Mk,in ()] < /:i Mk—1in (T)] AT, forallk € N;s € [ti, ti)qu :

Since, |171,in (8)] < |in (87)] for all s € [t4,t;)y, using the inequality (3.9), we find

(3.10) Mo ()] < (6 =) lmin (E1)], forall s € [t 8;)
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and
(3.11) M3 ()] < (85 = 17)? Iuim ()], forall s € [t,,,8:)
By (3.10), we obtain
|aha (&7, t:) + Bhs (7, )] < (G = £) [1in (£7)]
<t — 1)) [ (1) — ¢ (t:)
(3.12) <2(t:; - 7) |¢*)

and by (3.11), we have
s (87, t0) + Bha (8 6:)] < (8 = 17)° [ im (87)]
<(t —t?)Q\soA (t7) — ™ (t:)
(3.13) <2 (t; —tM)>.

Substituting (3.13) in (3.6), we get
[ 1ea®) =18t < (2l0l + %)) (=) + kuwz; (t; — 17)
i€ €

[aab)T
(3.14) <8 @l + - at 1) 4]
It follows from (3.12) and (3.7), that
(3.15) [ et -t wlar<afed| T t- ) < o ¢
[a,b) i€l

By inequality (3.14) and (3.15), we obtain that (i), converges to ¢ in W' (T, R).
Finally, by Holder’s inequality, we conclude that (,), converges to ¢ in W ” (T, R).
O

Remark 3.3. Let E | F, G be three spaces such that £ C F' C G and (G,7) is a
topological space.

1) If Fis dense in (G, 7) and E is dense in (F, 1), then E is dense in (G, 7).
2) If E is dense in G, then F is dense in G.

The following theorem is a new generalization of the Theorem 2.2.
Theorem 3.1. Let p € [1,+o0], then C (T,R) is dense in L\ (T,R).

Proof. Let p € [1,400[, we have C'(T,R) C C,q(T,R) C LX (T,R). By Lemma 3.1
and Theorem 2.2, hence C,q (T,R) is dense in L (T,R) and C (T,R) is dense in
Cra (T, R) provided with the induced topology of LX (T,R). Then, by Remark 3.3,
we obtain C'(T,R) is dense in LX (T,R). O

The following results are consequences of Theorem 3.2.
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Proposition 3.1. Let p € [1,+o0], then C, (T,R) is dense in L (T,R).

Proof. Let p € [1,400[. By Theorem 2.2, we have C}, (T,R) is dense in C (T,R),
then C}, (T,R) is dense in C (T, R) provided with the induced topology of LA (T,R),
and we have C (T, R) is dense in LY (T,R), by Remark 3.3 , we conclude C (T, R) is
dense in L\ (T,R). O

As a proposition of the previous result, we deduce the following corollary.
Corollary 3.1. Let p € [1,400), then WA (T,R) is dense in C (T, R).

Proof. We have C,(T,R) ¢ W,”(T,R) ¢ C(T,R), by Theorem 2.2, C,(T,R)
is dense in C(T,R). Therefore, Remark 3.3 implies that Wx” (T,R) is dense in
C (T,R). 0

In the same way, we find the following corollary.
Corollary 3.2. Let p € [1,400), then Wx (T,R) is dense in Cyq (T, R).
Corollary 3.3. Let p € [1,400), then WA (T,R) is dense in L (T,R).

The next result show that spaces C; (T,R) and C* (T, R) are dense in Wx* (T, R).
Theorem 3.2. Let p € [1,400), C, (T,R) is dense in WA? (T, R).

Proof. Let ¢ € WA (T,R), by Corollary 3.9 in [7], we have g € W'? (a,b). Since
C' ((a,b)) is dense in WP (a,b), then there exists a sequence (1), .y € C' (a,b) that
converges to @ in W (a,b). Let (), oy be a sequence defined by

©n = Y1, foralln e N.
By Lemma 3.2, we get (¢,), € C}y (T,R). Now we show that (¢,), converges to ¢
in WL (T,R), we have
|@n =Pl = 100 = ooz

by Corollary 3.10 in [7], there exists a constant C' > 0 which only depends on (b — a)
such that
lopn — QOHWXP('JT,R) < Cllvn = @llwr(ap)) »

we prove that (¢,), converges to ¢ in WA? (T, R). O
Theorem 3.3. Let p € [1,400|, then C* (T, R) is dense in WA? (T, R).

Proof. Let p € [1,+00[. We have C' (T,R) ¢ C%,(T,R) ¢ WA”(T,R). By Lemma
3.3 and Theorem 3.2, hence C, (T, R) is dense in Wr* (T,R) and C* (T, R) is dense
in C!, (T,R) provided with the induced topology of Wx” (T,R). Then, by Remark
3.3, we obtain C' (T, R) is dense in WA” (T,R). O
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4. CONCLUSION

Finally, we give a diagrams that summarizes the main results
Crq (T, R) Cra (T, R)
1 \J
WaP(TR) — LA(T,R) — LL(T.R)

) T
C' (T, R) C (T,R)

For T is bounded and p € [1,+00).
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A NOTE ON PAIR OF LEFT CENTRALIZERS IN PRIME RING
WITH INVOLUTION

MUZIBUR RAHMAN MOZUMDER!, ADNAN ABBASI!, NADEEM AHMAD DAR?2,
AND AFTAB HUSSAIN SHAH?

ABSTRACT. The purpose of this paper is to study pair of left centralizers in prime
rings with involution satisfying certain identities.

1. INTRODUCTION

In the present article, R will represent an associative ring with centre Z(R). Q,,r
and C' represents the maximal ring of quotient and the extended centroid of a prime
ring, respectively. For the explanation of Q,,r and C refer to [4]. R is said to be
n-torsion free if na = 0 (where a € R) implies a = 0. R is called prime if aRb = (0)
(where a,b € R) implies a = 0 or b = 0. We write [z,y] for 2y — yx and xoy for
xy + yx, respectively. An additive map = — z* of R into itself is called an involution
if (i) (zy)* = y*2* and (ii) (2*)* = x holds, for all z,y € R. A ring R together with
an involution * is said to be a ring with involution or *-ring. An element x in a ring
with involution * is said to be hermitian if 2* = = and skew-hermitian if z* = —=x.
The sets of all hermitian and skew-hermitian elements of R will be denoted by H(R)
and S(R), respectively. The involution is said to be of the first kind if Z(R) C H(R),
otherwise it is said to be of the second kind. In the latter case, S(R)NZ(R) # (0). A
description of such rings can be found in [7], where further references can be found.

Following [17], an additive mapping 7' : R — R is said to be a left (resp. right)
centralizer (multiplier) of R if T'(xy) = T'(x)y (resp. T(xy) = 2T (y)) for all z,y € R.
An additive mapping T is called a centralizer in case T is a left and a right centralizer
of R. Considerable work has been done on left (resp. right) centralizers in prime and
semiprime rings during the last few decades (see for example [3,6,10,11,14-17]) where
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further references can be found. The first result studying the commutativity of prime
ring involving a special mapping was due to Divinsky [5], who proved that a simple
artinian ring is commutative if it has a commuting non-trivial automorphism. This
result was later refined and extended by a number of authors in various directions
(see [2,3,8,9,12,13]). Moreover in [3] some related results involving left centralizers
have also been discussed. In [10] Oukhtite established similar problems for certain
situations involving left centralizers acting on Lie ideals. Recently Ali and Dar [1]
proved that if a prime ring with involution of the second kind such that char(R) # 2
admits a left centralizer T': R — R satisfying any one of the following conditions:
(i) T ([, z"]) = 0;
(ii) T(xox*) =0
(i) T([z,0")) % [r,2"] = 0

(iv) T(xoz*) + (zox*) =0,
for all z € R, then R is commutative. In this paper, we shall consider similar problems
involving pair of centralizers. We shall restrict our attention on left centralizers, since
all results presented in this article are also true for right centralizers because of
left-right symmetry.

Lemma 1.1 ([7], p. 20-23). Suppose that the elements a;, b; in the central closure of
a prime ring R satisfy > a;xb; = 0 for all x € R. If b; # 0 for some i, then a.s are
C'-dependent.

2. MAIN RESULTS

Theorem 2.1. Let R be a prime ring with involution * of the second kind such that
char(R) # 2. If R admit two nonzero left centralizer Ty and Ty from R to R such that
[T (z), To(x*)] € Z(R) for all x € R, then R is commutative.

Proof. We have

(2.1) [T1(x), Tx(z")] € Z(R), forallz € R.
Linearizing (2.1), we get

(2.2) [T (z), To(y")] + [T1(y), Ta(2")] € Z(R), forall z,y € R.

Replacing y by ky in (2.2) and using (2.2), we get 2([T1(y), Tx(z*)])k € Z(R) for
all z,y € R and k € S(R) N Z(R), since char(R) # 2 and S(R) N Z(R) # (0).
This implies that [T3(y), Tx(2*)] € Z(R) for all z,y € R. Taking = z*, we have
[T1(y), To(x)] € Z(R) for all z,y € R. This can be further written as

(2.3) [T1(y), Tx(z)],r] =0, forall z,y,r € R.
Replacing y by ym, where m € R in (2.3) and using (2.3) we get
i (y)llm, To2)), ] + [T1(y), rllm, To(x)] + [T (y), Ta(@)][m, r] = 0,
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for all z,y, m,r € R. Replacing m by Ty(x) we get

(2.4) [T1(y), To(z)|[To(z),r] = 0, forall z,y,r € R.

Replacing r by ru, where u € R in (2.4) and using (2.4) we get
(T1(y), To(z)|r[Te(z),u] =0, for all x,y,r,u € R.

Then by primeness of R, for each fixed x € R, we get either [T7(y), T2(z)] = 0 for all
y € Ror [Tx(z),u] =0 for allu € R. Define A = {x € R | [To(x),u] =0 for allu € R}
and B = {z € R | [T1(y),To(z)] = 0 for all y € R}. Clearly, A and B are additive
subgroups of R whose union is R. Hence, by Brauer’s trick, either A = R or B = R.
IfA=R

(2.5) [To(x),u] =0, forall z,u € R.

Then taking x = zy in (2.5), where y € R and using (2.5) we get Ty(x)[y, u] = 0 for
all z,y,u € R. Now take x = xm, where m € R, then as T, is nonzero, applying the
primeness of R, we obtain R is commutative. If B = R

(2.6) [T1(y), To(z)] =0, forall z,y € R.

Then replacing y by yv, where v € R in (2.6) and using (2.6) we get T1(y)[v, Ta(x)] = 0
for all x,y,v € R. Now replace y by yr, where r € R. Then as T} is nozero, by
primeness of R, we have [v, Ty(z)] = 0 for all v,z € R. With similar steps as we did
before we get R is commutative. U

Theorem 2.2. Let R be a prime ring with involution * of the second kind such that
char(R) # 2. If R admits two nonzero left centralizer Ty and Ty from R to R such
that T\ (x) o To(x*) € Z(R) for all x € R, then R is commutative.

Proof. We have
(2.7) Ty(z) o Ty(z*) € Z(R), forall x € R.
Linearizing (2.7), we get
(2.8) Ti(z) o To(y™) + Ti(y) o Tn(2*) € Z(R), forall z,y € R.
Replacing y by ky in (2.8) and using (2.8), we get
2(Th(y) o To(z*))k € Z(R), forall x,y € Rand k € S(R) N Z(R).

Since char(R) # 2 and S(R) N Z(R) # (0), this implies that Ti(y) o Ta(z*) € Z(R)
for all z,y € R. Replacing = by z* we get T1(y) o To(x) € Z(R) for all z,y € R. This
can be further written as

[T1(y) o Tu(x), 7] = 0,

(T3 () To(), 7] + [To(@) T (), 7] = 0,
29)  TTaa)r] + [Tily) rIT(0) + B@)Ta(0), ] + 1), 173() =
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for all z,y,r € R. Replacing y by yTs(z) in (2.9), we get
(2.10)  Ti(y)To(2)[Ta(2), 7] + Ta(y)[Ta(2), | To(2) + [T1(y), r](Ta(x))
+1o(2)T1(y)[To(2), r] + Ta(2)[T1(y), r]Ta(z) + [Ta(x), r]Ti(y) Ta(x) = 0,

[

[
for all z,y,r € R. Left multiplying (2.9) by T5(x) and subtracting it from (2.10), we
get

(2.11) (T1(y) T (z) + To(z)T1(y))[Ta(x), r] = for all z,y,r € R.
Replacing r by rm, where m € R in (2.11) and using (2.11), we get
(Ty(y)To(z) + To(x)Ti(y))r[Ta(x), m] = for all z,y,r,m € R.

Then by primeness of R, for each fixed x € R, we get either [Ty(z), m] = 0 for all
m € Ror T1(y)Te(z)+To(z)Ti(y) = 0 for all y € R. Define A = {z € R | [Ta(x),m| =
O0forallm € R} and B = {z € R | T1(y)T2(x) + To(z)Ti(y) = 0 for all y € R}.
Clearly, A and B are additive subgroups of R whose union is R. Hence by Brauer’s
trick, either A = R or B = R. If A = R, then we consider [Ty(x),r] = 0 for all
x,r € R, proceeding similarly as we did after (2.5), we get R is commutative. Now,
consider B = R, in this situation

(2.12) Ti(y)Ts(z) + To(z)Ti(y) = 0, for all z,y € R.

Then replacing y by yu, where v € R in (2.12) and using (2.12), we get T3 (y )[u, Ty (z)]
= 0 for all z,y,u € R. Replacing y, where v € R by yv, we get T1(y)v[u, Tr(z)] =0
for all z,y,v,u € R. Then as T} is nonzero, by primeness we get [U,TQ( )] = 0 for

all x,u € R. Now, following same line of proof as we did after (2.5), we get R is
commutative. O

Theorem 2.3. Let R be a noncommutative 6-torsion free prime ring with involution
x of the second kind. If R admit two nonzero left centralizers Ty and Ty from R to R,
such that [Ty (x), To(x*)] £ [z, 2*] € Z(R) for all x € R, then Ty = \T.

Proof. We have
(2.13) [Ty (z), To(z")] £ [z,27] € Z(R), forallz e R.
Linearizing (2.13), we get
(2.14) [Ti(z), To(y*)] + [T1(y), To(x®)] £ [z, y*] £ [y, 2] € Z(R), for all z,y € R.
Replacing y by ky in (2.14) and using (2.14), we get

2([T1(y), Ta(2™)] £ [y, "))k € Z(R), forall z,y € Rand k € S(R)NZ(R).
This further implies that

6([T1(y), To(x™)] £ [y, "))k € Z(R), forallz,y € Rand k € S(R)N Z(R).
Since R is 6-torsion free and S(R) N Z(R) # (0), we have

[T1(y), To(z")] £ [y,2*] € Z(R), forall z,y € R.
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Replacing x by z*, we get
[T1(y), Ta(x)] + [y, 2] € Z(R), forall z,y € R.

Taking y = z, we have

(2.15) [T1(x), Tz(x)] € Z(R), forall x € R.

This further implies that

(2.16) [[T1(z), To(x)],r] =0, for all x,r € R.

On linearization, we get

(2.17) [T1(x), To(y)], r] + [[T1(y), Ta(x)], 7] = 0, for all x,y,r € R.

Replacing y by y7'(z) in (2.17) and using (2.16) and (2.17), we obtain
(2.18) [Ti(x), Ta(y)][Ti(x), r] + [T1(y), r][Ta(z), Ta(x)] + [T1(y), To(x)] [Ty (z), 7] = 0,
for all z,y,r € R. Taking y = z in (2.18) and using (2.15), we arrive at
3[T1(x), To(x)|[Ty(z),r] = 0, for all z,r € R.
This further implies that
6[11(x), To(x)][Ti(z),r] =0, for all z,7 € R.
Since R is 6-torsion free ring, we have
(2.19) [Ty (x), To(x)][T1(x),r] =0, forall z,r € R.
Replacing r by rm, where m € R in (2.19) and making use of (2.19), we get
[T1(x), To(x)]r[Ti(x),m]| =0, for all z,m,r € R.

Using the primeness of R, for each fixed x € R, we have either [Ti(x), Tz(z)] = 0
or [Ti(x),m] = 0. Define B = {z € R | [T1(z),T2(z)] = 0} and A = {z € R |
[T1(x),m] = 0 for all m € R}. Clearly, A and B are additive subgroups of R whose
union is R. Hence by Brauer’s trick, either B= R or A= R. If B=R,

(2.20) [T1(z),m] =0, forall z,m € R.
Replacing = by xy, where y € R and using (2.20), we get
Ti(z)[y,m] =0, forall z,y,m € R.
This further implies that
Ti(x)wly,m] =0, for all x,w,y,m € R.

Using the primeness, we get T1(z) = 0 for all x € R or [y, m] = 0 for all y,m € R.
Since T7 is nonzero, therefore we get R is commutative, which is a contradiction to
our assumption. Therefore we are left with B = R

(2.21) [T1(x), To(x)] =0, forall x € R.
Linearizing (2.21), we get
(2.22) [Ty (z), To(y)] + [T1(y), To(x)] = 0, forall z,y € R.
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Replacing = by zz, where z € R in (2.22) and using (2.22), we get

(2.23) Ti(x)]z, Ta(y)] + To(x)[T1(y), 2] =0, for all x,y,z € R.
Again taking © = zw, where w € R in (2.23), we get
(2.24) Ty (z)wlz, To(y)] + To(x)w[Ti(y), 2] = 0, for all z,y,z,w € R.

In view of Lemma 1.1, we have [z, T5(y)] = 0 for all y,z € R or Ti(x) = A(z)Tz(x),
where \(z) € C. But since Ty # 0, [z,T3(y)] = 0 implies R is commutative, a
contradiction. Hence we get T7(x) = A(z)Ty(z), where A(z) € C. Using this in (2.24),
we have

A@)Ta(z)wlz, Ta(y)] + To(z)wy) T2 (y), 2] = 0,

(M) Ta(z) — Ay) Ta(2))wlz, To(y)] = O,
for all x,y,z,w € R. Using the primeness of R and Brauer’s trick we finally get
T1 = NT5. This completes the proof. 0

Theorem 2.4. Let R be a prime ring with involution x of the second kind such
that char(R) # 2. If R admits two nonzero left centralizer Ty and Ty from R to R
such that Ty (z)x* £ x*Ty(x) € Z(R) for all x € R, then either R is commutative or

Ti(y) = F1Ta(y) for ally € R.
Proof. We have

(2.25) Ti(z)z* £ 2™ Ty(z) € Z(R), forall x € R.
Linearaizing (2.25), we get
(2.26) Ti(x)y* + Thi(y)z* £ 2" Th(y) £ y*Ta(z) € Z(R), forall z,y € R.

Replacing y by ky in (2.26) and using (2.26), we have
2(Th(y)x* £ 2™ Tx(y))k € Z(R), forall z,y € Rand k € S(R)NZ(R).
Since char(R) # 2 and S(R) N Z(R) # (0), this implies that
Ti(y)z* £ 2" Th(y) € Z(R), forall z,y € R.
Taking x = x*, we get
Ti(y)x £ 2T5(y) € Z(R), forall z,y € R.

Replacing = by z, where z € Z(R) and using the primeness of R and the fact that
S(R)NZ(R) # (0), we obtain T} (y) £ T5(y) € Z(R) for all y € R. This can be further

written as

(2.27) (T1(y),r] £ [Tx(y),r] =0, forall y,r € R.
Replacing y by yw, where w € R and using (2.27), we have
(2.28) (T (y) £ Ta(y))[w,r] =0, for all y,w,r € R.

Replacing w by wm, where m € R in (2.28) and using (2.28), we obtain
(T1(y) £ To(y))wim,r] =0, for all m,y,w,r € R.
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In view of the primeness of R we get either R is commutative or T1(y) = F71»(y) for
all y € R. O

Theorem 2.5. Let R be a prime ring with involution * of the second kind such that
char(R) # 2. If R admit two nonzero left centralizer Ty and Ty from R to R, such
that T\ (x)Ty(x*) € Z(R) for all x € R, then R is commutative.

Proof. We have
(2.29) Ti(z)T5(2") € Z(R), forall z € R.
Linearizing (2.29), we get
(2.30) Ti(2)T2(y") + Ti(y)Ta(z*) € Z(R), for all z,y € R.
Replacing y by ky in (2.30), where k € S(R) N Z(R) and using (2.30), we have
2T (y)To(x*)k € Z(R), forall z,y € Rand k € S(R)NZ(R).

Since char(R) # 2 and S(R) N Z(R) # (0), this implies that

Ti(y)Tz(x*) € Z(R), forall z,y € R.
Taking x = x*, we obtain

Ti(y)Tz(x) € Z(R), forall z,y € R.
This can be further written as
(2.31) Ty (y)[Ta(x),r] + [Ti(y), r]Ta(x) = 0, for all x,y € R.
Replacing = by zw, where w € R in (2.31) and using (2.31), we get

Ty (y)Ty(z)[w,r] =0, forall z,y,w,r € R.
Replacing y by ym, where m € R, we get
Ti(y)RTs(z)[w,r] = (0), forall z,y,w,r € R.

This implies in view of the primeness of ring R, either Ti(y) = 0 for all y € R
or Ty(x)[w,r] = 0 for all z,w,r € R. Since T} # 0, we get Ty(z)[w,r] = 0 for all
xz,w,r € R. This further implies that T5(x)y[w,r] = 0 for all z,y,w,r € R. Since
T, # 0, using the primeness of R, we get R is commutative. O

Theorem 2.6. Let R be a prime ring with involution * of the second kind such that
char(R) # 2. If R admit two nonzero left centralizer Ty and Ty from R to R such that
Ti(x)x £ 2*Ts(x) € Z(R) for all x € R, then R is commutative.

Proof. We have
Ti(x)x £ 2*Ty(z) € Z(R), forall z € R.

Linearizing (2.48), we get
(2.32) Ti(x)y+Ti(y)r £ " Ty(y) £ y*Tr(x) € Z(R), for all z,y € R.
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Replacing y by ky in (2.32) and using (2.32), we arrive at
2T (x)y + Ti(y)r £ x*T5(y))k € Z(R), forall z,y € Rand k € S(R) N Z(R).
Since char(R) # 2 and S(R) N Z(R) # (0), this implies that
(2.33) Ti(z)y+ T (y)x £ 2" Tx(y) € Z(R), forall z,y € R.
Again, replacing x by kx in(2.33) and using (2.33), we get
2(Ty(z)y + Ti(y)x)k € Z(R), forallz,y € Rand k € S(R)N Z(R).
Since char(R) # 2 and S(R) N Z(R) # (0), we have
Ti(z)y+ Ti(y)x € Z(R), forall z,y € R.

This can be further written as T} (x o y) € Z(R) for all z,y € R. Taking y = z, where
z € Z(R), we get Ti(x) € Z(R) for all x € R. This further implies that [T7(z),y] =0
for all z,y € R. Replacing x by zw, where w € R, we get T} (z)[w,y| + [T1(z),y]w =0
for all z,y,w € R. That is, T (z)[w,y] = 0 for all z,y,w € R. Replacing x by xm,
where m € R and using the facts that T} # 0 and the primeness of R, we obtain
[w,y] =0 for all w,y € R. That is, R is commutative. O

Theorem 2.7. Let R be a noncommutative prime ring with involution % of the second
kind such that char(R) # 2. If R admit two nonzero left centralizer Ty and Ty from R
to R such that Ty (x*) £ To(x)x* € Z(R) for all x € R, then Ty = FT1.

Proof. We have

(2.34) 2Ty (z") £ To(z)z* € Z(R), forall x € R.
Linearizing (2.34), we get
(2.35) T (y*) + yTh(x*) £ To(x)y* £ To(y)a™ € Z(R), forall z,y € R.

Replacing y by ky in (2.35) and using (2.35), we get
2(yTy (") £ To(y)x")k € Z(R), forall z,y € Rand k € S(R)NZ(R).

Since char(R) # 2 and S(R) N Z(R) # (0), this implies that

yT(x*) £ Th(y)z* € Z(R), forall z,y € R.
Taking x = x*, we get

yT(x) £ Th(y)z € Z(R), forall z,y € R.
This further implies that

[yTy(x),r] £ [Ta(y)z,r] =0, for all z,y,r € R.

That is,
(2.36) y[Ti(x),r] + [y, r|Ti(z) £ To(y)[x,r] £ [To(y),r]z =0, for all x,y,r € R.
Replacing = by zw, where w € R in (2.36) and using (2.36), we obtain
(2.37) (YT () £ To(y)z)|w,r] =0, for all z,y,w,r € R.
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Replacing w by wm, where m € R in (2.37) and using (2.37), we get
(2.38) yTi(x) £ To(y)r =0, for all x,y € R,
since R is noncommutative. Replacing y by yz in (2.38) and using (2.38), we get
y(aTy(z) — Ty(x)z) =0, forall z,y € R.

Using the primeness of R, we get

(2Ty(z) — Ty (x)x) =0, forall z € R.
Linearizing the above equation, we get
(2.39) T (y) + yTi(z) — Ti(z)y — Ti(y)xr =0, forall z,y € R.
Replacing y by yu, where u € R in (2.39) and using (2.39), we arrive at
(2.40) y[Ti(z),u] + T1(y)[u,z] =0, for all z,y,u € R.
Replacing = by xm, where m € R in (2.40) and using (2.40), we get
(2.41) (yTi(z) — Ti(y)x)m,u] =0, for all z,y,m,u € R.

Replacing m by wm, where m € R in (2.41) and using (2.41), we have T} is centralizer,
since R is noncommutative. Hence in view of (2.38), we get (T’ (y) & T5(y))x = 0 for
all z,y € R. Using the primeness of R, we obtain T3 (y) = F13(y) forally € R. [

Theorem 2.8. Let R be a prime ring with involution * of the second kind such that
char(R) # 2. If R admits two left centralizer Ty and Ty from R to R such that
Ty (x)T(x*) £ za* € Z(R) for all x € R, then either R is commutative or Ty and T
centralizer.

Proof. We have
(2.42) Ty (z)To(2*) £ 2™ € Z(R), forall z € R.

If either T} or T is zero, then we get +za* € Z(R) for all x € Z(R). Replacing x by
x+y, where x,y € R, we get xy* + yz* € Z(R) for all x,y € R. Taking y = yk where
k € Z(R)NS(R) and adding with the previous equation, we get 2yx*k € Z(R) for all
z,y € Z(R) and k € S(R) N Z(R). Since char(R) # 2, this implies that yz*k € Z(R)
forall z,y € Rand k € S(R)NZ(R). Use primeness and the fact that S(R)NZ(R) # 0,
we have yz* € Z(R) for all z,y € R. This further implies that yx € Z(R) for all
xz,y € R. Thus zz € Z(R) for all z € R and z € Z(R). Use primeness and the fact
that S(R) N Z(R) # (0), we obtain R is commutative. Now consider neither 7} nor
T, is zero. Linearizing (2.42), we get

(2.43) Ti(2)To(y") + Ti(y)Te(z") £ zy* £ yz™ € Z(R), forall x,y € R.

Replacing y by ky in (2.43) and using (2.43), we get 2(T} (y)Ts(z*) yx*)k € Z(R) for
all z,y € R. Since char(R) # 2 and S(R)NZ(R) # (0), this implies that T} (y)T»(z*) £
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yx* € Z(R) for all z,y € R. This can be written as
[T1(y)Ta(2"), 7] £ [ya",r] = 0,
T1i(y)[Ta(z"), 7] + [Ta(y). r]Ta(z”) £ yla™, 7] £+ [y, r]2” = 0,
for all z,y,r € R. Taking x = x*, we obtain
(2.44) T\(y)|[Ta(x),r] + [Ti(y), r|Ta(z) £ y[z,r] £ [y, 7]z =0, for all x,y,r € R.

Replacing = by zw, where w € R in (2.44) and using (2.44), we get (71 (y)12(z) +
yx)[w,r] = 0 for all x,y,w,r € R. Replacing w by wm, where m € R and using the
previous equation, we get (71(y)T»(z) £ yx)w[m,r| = 0 for all z,y, w,m,r € R. Now
using the primeness we get either 71 (y)T2(x) £ yz = 0 for all z,y € R or [m,r] =0
for all m,r € R. If [m,r] = 0 for m,r € R, this implies that R is commutative. Now
suppose

(2.45) Ti(y)To(x) £yz =0, forall z,y € R.
Replacing y by yT’(w) in (2.45), we get

(2.46) Ty (y) T (w)Ty(x) £ yTy (w)x =0, for all z,y,w € R.
Taking y = w in (2.45) and left multiplying by T} (y), we get

(2.47) Ty (y) Ty (w)Ty(x) £ T (y)wx = 0, for all z,y,w € R.

Subtracting (2.47) from (2.46), we have (£yT(w) F T1(y)w)x = 0 for all z,y,w € R.
Since R # (0) and using primeness of R we get (+yT)(w) F T1(y)w) = 0 for all
y,w € R. This implies that T} is a centralizer. Similarly, we can show that 75 is a
centralizer. 0J

Theorem 2.9. Let R be a prime ring with involution * of the second kind such that
char(R) # 2. If R admits two nonzero left centralizer Ty and Ty from R to R such
that Ty (z)x* £ 2T5(x) € Z(R) for all x € R, then R is commutative.

Proof. We have

(2.48) Ti(x)z* £ aTy(x) € Z(R), forall x € R.
Linearizing (2.48), we have
(2.49) Ti(x)y* + To(y)z* £ 2T(y) £ yTa(z) € Z(R), forall z,y € R.

Replacing z,y by kz, ky in (2.49) where k € S(R) N Z(R) and subtracting it from
(2.49), we get

2T\ (z)y* + Th(y)z*)k* € Z(R), forall z,y € Rand k € S(R)N Z(R).
This implies that

2(Ty (z)y* + Ty(y)x*)k* € Z(R), forall z,y € Rand k € S(R)N Z(R).
Since char(R) # 2 and S(R) N Z(R) # (0), we get
(2.50) Ti(x)y* + To(y)z* € Z(R), forall x,y € R.
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Replacing y by yk in (2.50), where k € S(R) N Z(R) and using (2.50), we get
2Ty (y)z*k € Z(R), forallz,y € Rand k € S(R)NZ(R).

Taking x = h, where h € H(R) N Z(R), we get 2Ty(y)hk € Z(R) for all y € R,
he HR)NZ(R) and k € S(R) N Z(R). Since char(R) # 2 and S(R) N Z(R) # (0),
we get To(y) € Z(R) for all y € R. This can be further written as

[T5(y),r] =0, forally,re R.

Replacing y by ym, where m € R, we get To(y)[m,r| = 0 for all y,m,r € R. Further,
replacing y by yw, where w € R, we get To(y)w[m,r] = 0 for all y,w, m,r € R. Then
by primeness, we get either 7o = 0 or [m,r| = 0 for all m,r € R. Since Ty # 0,
therefore we only have [m,r] = 0 for all m,r € R. That is, R is commutative. O
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CURVATURE PROPERTIES OF GENERALIZED PP-WAVE
METRICS

ABSOS ALI SHAIKH!, TRAN QUOC BINH?, AND HARADHAN KUNDU!

ABSTRACT. The main objective of the present paper is to investigate the curvature
properties of generalized pp-wave metrics. It is shown that a generalized pp-wave
spacetime is Ricci generalized pseudosymmetric, 2-quasi-Einstein and generalized
quasi-Einstein in the sense of Chaki. As a special case it is shown that pp-wave
spacetime is semisymmetric, semisymmetric due to conformal and projective cur-
vature tensors, R-space by Venzi and satisfies the pseudosymmetric type condition
P-P= f%Q(S, P). Again we investigate the sufficient condition for which a gener-
alized pp-wave spacetime turns into pp-wave spacetime, pure radiation spacetime,
locally symmetric and recurrent. Finally, it is shown that the energy-momentum
tensor of pp-wave spacetime is parallel if and only if it is cyclic parallel. Again the
energy momentum tensor is Codazzi type if it is cyclic parallel but the converse
is not true as shown by an example. Finally, we make a comparison between the
curvature properties of the Robinson-Trautman metric and generalized pp-wave
metric.

1. Introduction

The class of pp-wave metrics (see [29,71]) arose during the study of exact solutions
of Einstein’s field equations. The term “pp-wave” is given by Ehlers and Kundt [29],
where “pp” abbreviates the term “plane-fronted gravitational waves with parallel
rays”. The term “plane-fronted gravitational waves” means there admit a geodesic
null vector field whose twist, expansion and shear are zero. The term “plane rays”
implies that the rotation of the vector field vanishes. For vacuum type N, this ensures

Key words and phrases. Einstein field equations, Brinkmann-wave metric, pp-wave metric, gen-
eralized pp-wave metric, Robinson-Trautman metric, Einstein manifold, quasi-Einstein manifold,
2-quasi-Einstein manifold, generalized quasi-Einstein manifold in the sense of Chaki, recurrent type
curvature condition, pseudosymmetry type curvature condition.
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the existence of a covariantly constant vector field which is parallel to the null vector
field. There are various forms of generalized pp-wave metrics in different coordinates.
The pp-wave belongs to the class of solutions admitting a non-expanding, shear-free
and twist-free null congruence and it admits a null Killing vector.

The family of pp-wave space-times was first discussed by Brinkmann [4] and in-
terpreted in terms of gravitational waves by Peres [46]. According to Brinkmann, a
pp-wave spacetime is any Lorentzian manifold whose metric tensor can be described,
with respect to Brinkmann coordinates, in the form

(1.1) ds* = H(u,x,y)du® + 2dudv + dz* + dy?,

where H is any nowhere vanishing smooth function. Again it is well known that a
Lorentzian manifold with parallel lightlike (null) vector field is called Brinkmann-wave
([4,30]). A Brinkmann-wave is called pp-wave if its curvature tensor R satisfies the
condition R;;*'Rygu = 0 ([30,44,69]). In 1984, Radhakrishna and Singh [47] presented
a class of solutions to Einstein-Maxwell equation for the null electrovac Petrov type
N gravitational field. They presented a metric of the form

1
ds’ = ~2Udu’ + 2dudr — SP[(dz*)” + (da')?),

where U = U(u, 23, 2*) and P = P(23, z*) are two nowhere vanishing smooth functions.
For the simplicity of notation, we write the variable u as x, and the function U as h
and P as f. Then the aforesaid metric can be written as

(1.2) ds* = —2h(z, 2%, ") (dz)? + 2dxdr — ;f(x?’, )[(dz?)? + (dx*)?].

In Section 3 we show that the metric (1.2) admits a covariantly constant null vector
field and it satisfies the condition R;;j"? Ry = 0 if

(1.3) fs+ fi— [ (fss+ faa) =0.

Thus we can say that the metric (1.2) is a Brinkmann-wave and it becomes a pp-wave
if (1.3) holds. Hence we can say the metric (1.2) as “generalized pp-wave metric”.
We note that for f = —2 and h = —1H(u,2?, z*), the solution (1.2) reduces to the
pp-wave metric (1.1).

In the study of differential geometry the notion of manifold of constant curvature
has been generalized by many authors in different directions such as locally symmetric
manifold by Cartan [5], semisymmetric manifold by Cartan [6] (see also [73-75]), pseu-
dosymmetric manifold by Adaméw and Deszcz [1] (see also [15,22,24,34,35,78-80)),
recurrent manifold by Ruse ([49-51], see also [82]), weakly generalized recurrent mani-
fold by Shaikh and Roy ([52,66]), hyper generalized recurrent manifold by Shaikh and
Patra ([65,68]), super generalized recurrent manifold by Shaikh et al. [67]. We note
that in such geometric structures the first order and second order covariant derivatives
of the Riemann curvature tensor and other curvature tensors are involved. We mention
that the notion of pseudosymmetry by Deszcz is important in the study of differential
geometry due to its application in relativity and cosmology (see [14,23,28] and also
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references therein). The notion of pseudosymmetry is extended by considering other
curvature tensors in its defining condition, such as conformal pseudosymmetry, pseu-
dosymmetric Weyl conformal curvature tensor, Ricci generalized pseudosymmetry
etc. and they are called pseudosymmetric type conditions. It may be mentioned
that different pseudosymmetric type conditions are admitted by various spacetimes,
such as Godel spacetime ([26,32]), Som-Raychaudhuri spacetime ([57,70]), Reissner-
Nordstrom spacetime [37], Vaidya spacetime [63] and Robertson-Walker spacetime
([2,13,27]).

The main object of the present paper is to investigate the geometric structures
admitted by the generalized pp-wave metric (1.2). It is interesting to note that the
metric (1.2) without any other condition admits several geometric structures, such
as Ricci generalized pseudosymmetry, 2-quasi Einstein and generalized quasi-Einstein
in the sense of Chaki [8]. Again it is shown that the pp-wave metric (i.e., (1.2) with
condition (1.3)) is Ricci recurrent but not recurrent, semisymmetric, R-space by Venzi,
conformal curvature 2-forms are recurrent, Ricci tensor is Riemann compatible and
fulfills a pseudosymmetric type condition due to the projective curvature tensor P.
For the study of pseudosymmetric type conditions with projective curvature tensor
we refer the reader to see the recent papers of Shaikh and Kundu ([58,59]). It is
interesting to note that for such a metric P- R =0 but P-XR # 0.

It is also shown that the metric is weakly Ricci symmetric and weakly cyclic Ricci
symmetric for different associated 1-forms, which ensures the existence of infinitely
many solutions of associated 1-forms of such structures. Again we investigate the
condition for which such a spacetime is locally symmetric and recurrent.

The paper is organized as follows. Section 2 deals with defining conditions of
different curvature restricted geometric structures, such as recurrent, semisymmetry,
pseudosymmetry, weakly symmetry etc. as preliminaries. Section 3 is devoted to the
investigation of curvature restricted geometric structures admitted by the generalized
pp-wave metric (1.2). Section 4 is mainly concerned with the geometric structures
admitted by pp-wave metric and plane wave metric. Section 5 deals with the investi-
gation of the conditions under which the energy-momentum tensor of such spacetimes
are parallel, Codazzi type and cyclic parallel. Finally, the last section is devoted
to make a comparison between the curvature properties of the Robinson-Trautman
metric and generalized pp-wave metric as well as pp-wave metric.

2. PRELIMINARIES

Let M be a connected smooth semi-Riemannian manifold of dimension n (> 3)
equipped with the semi-Riemannian metric g. Let R, R, S, 8 and k be respectively the
Riemann-Christoffel curvature tensor of type (0,4), the Riemann-Christoffel curvature
tensor of type (1,3), the Ricci tensor of type (0,2), the Ricci tensor of type (1,1) and
the scalar curvature of M.

For two symmetric (0, 2)-tensors A and E, their Kulkarni-Nomizu product A A E



240 A. A. SHAIKH, T. Q. BINH, AND H. KUNDU

is defined as (see e.g. [22,33]):

(AN E) (X, Xo, X3, Xy) =A(Xy, Xy) E(Xo, X3) + A(Xo, X3)E (X1, Xy)
— A(Xq, X3)E(Xs, Xy) — A(Xy, Xy) E (X1, X3),

where X7, Xy, X3, Xy € x(M), the Lie algebra of all smooth vector fields on M.
Throughout the paper we will consider X, Y, X3, Xs,... € x(M).

In terms of Kulkarni-Nomizu product, the conformal curvature tensor C, the con-
circular curvature tensor W, the conharmonic curvature tensor K ([36,83]) and the
Gaussian curvature tensor & can be expressed as

1 K
C =R RNt G T ym oY)
W=R- 271(7;_1)(9/\9),
K=R— L (g15),
& —;(g/\g)-

Again the projective curvature tensor P of type (0,4) is given by

P(X17X27X37X4) :R(X17X27X37X4)
1
n—1

[9(X1, X4)S(Xa, X3) — g(Xa, X4)S(X7, X))
For a symmetric (0, 2)-tensor A, we get an endomorphism A defined by g(AX,Y) =
A(X,Y). Then its k-th level tensor A* of type (0,2) is given by
ARX,Y) = A(AM1X)Y),
where A*~! is the endomorphism corresponding to A*~*, k=2.3,..., and A! = A.
Definition 2.1 ([3,60]). A semi-Riemannian manifold M is said to be Ein(2), Ein(3)
and Ein(4) respectively if
S?% + M\ S + \ag =0,
53 + )\332 + )\43 + )\59 :O,
St XS+ ArS? 4+ AgS + Agg =0,
holds for some scalars \;, 1 <7 <9.
Definition 2.2 ([3,60]). A semi-Riemannian manifold M is said to be generalized
Roter type ([56,60]) if its Riemann-Christoffel curvature tensor R can be expressed
as a linear combination of g A g, gAS, SAS, gAS? SAS?and S? A S%. Again M

is said to be Roter type (see [16,17]) if R can be expressed as a linear combination of
gNg,gNSand SAS.
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Again for a (0,4)-tensor D, an endomorphism Z(X,Y) and the corresponding
(1,3)-tensor D can be defined as

2(X,Y)X:1 =D(X, V)X, D(Xy, Xy, X3,Xy) =9(D(Xy, Xo) X3, Xy).
Again for a symmetric (0, 2)-tensor A, another endomorphism X A4 Y (see [13,22])
can be defined as
(X A4 Y)X) = A(Y, X)X — A(X, X))Y.

By operating Z2(X,Y) and X A4 Y on a (0, k)-tensor B, k > 1, we can obtain two
(0, k + 2)-tensors D - B and Q(A, B) respectively given by (see [18,19,25,54,55] and
also references therein):

D B(X1,Xo,..., X4, X,Y)
=~ B(D(X,Y)X1, Xo, ..., Xp) — - — B(X1, Xa, ..., D(X,Y)X,).
and
Q(A, B)(X1, Xo, ..., X4, X, Y)
=((XNaY)-B)(X1,Xo, ..., Xg)
—AX, X))B(Y, Xa, ..., Xg) + -+ + A(X, X0) B(X1, X3, ..., Y)
—AY, X1)B(X, Xo, ..., Xg) — - — A(Y, X¢) B(X1, Xo, ..., X).
In terms of local coordinates system, D - B and Q)(A, B) can be written as
(D - B)isigigjt = = 9" [DijtirgBpin-iy, +** + DijtingBivin-p) 5
Q(A, B)iyiyigjt =Auiy Bjigeoiy, + - + Aty Bigiyeoj
— Aji, Biigei, — -+ — Aji, Biyiget.-
Definition 2.3 ([45,49-51]). A semi-Riemannian manifold M is said to be B-recurrent

if VB =11 ® B for an 1-form II. In particular for B = R (resp., S), the manifold M
is called a recurrent (resp., Ricci recurrent) manifold.

Definition 2.4 ([1,6,15,55,73]). A semi-Riemannian manifold M is said to be B-
semisymmetric type if D - B = 0 and it is said to be B-pseudosymmetric type if

k
> ¢ D; | - B =0 for some scalars ¢;’s, where D and each D;, i = 1,...,k, k > 2,
i=1
are (0,4) curvature tensors. In particular, if ¢;’s are all constants, then it is called
B-pseudosymmetric type manifold of constant type or otherwise non-constant type.

In particular, if © = 2, Dy = R, Dy = & and B = R, then M is called Ricci
generalized pseudosymmetric [12].

Definition 2.5. A semi-Riemannian manifold M is said to be quasi-Einstein (resp.
2-quasi-Einstein) if at each point of M, rank(S — ag) <1 (resp., < 2) for a scalar a.
Also M is said to be generalized quasi-Einstein in the sense of Chaki [8] if

S=ag+ U+~ [IIxQ+I1I® 0,

for some 1-forms II and €.
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Quasi-Einstein, as well as 2-quasi-Einstein manifolds were investigated among others
in [2,9-11,19,21,22] and [25].

Definition 2.6. Let D be a (0,4)-tensor and E be a symmetric (0, 2)-tensor on a
semi-Riemannian manifold M. Then F is said to be D-compatible ([20,39,40]) if

D(EX, X, X5, X3) + D(EXo, X, X3, X1) + D(EX;5, X, X1,X) =0

holds, where & is the endomorphism corresponding to F defined as g(EX;, X3) =
E(Xy,X3). Again an 1-form II is said to be D-compatible if IT ® IT is D-compatible.

Definition 2.7. A semi-Riemannian manifold M is said to be weakly cyclic Ricci
symmetric [64] if its Ricci tensor satisfies the condition

(2.1) (VxS) (X1, Xo) + (Vx,9)(X, Xo) + (Vx,5) (X1, X)
=II(X) (X1, X2) + Q(X1) S(X, Xz) + O(X2) S(Xy, X),

for three 1-forms II, Q and © on M. Such a manifold is called weakly cyclic Ricci
symmetric manifold with solution (I, 2, ©). Moreover if the first term of left hand side
is equal to the right hand side, then it is called weakly Ricci symmetric manifold [77].

Definition 2.8. Let D be a (0,4) tensor and Z be a (0, 2)-tensor on a semi-Riemannian
manifold M. Then the corresponding curvature 2-forms Qff,; (see [3,38]) are called
recurrent if and only if ([41-43])

(Vx,D)( X2, X5, X,Y)+ (Vx,D)( X3, X1, X, Y) + (Vx, D) (X1, X2, X, Y)
=I1(X1)D(X2, X3, X, Y) + I(X2)D( X5, X1, X, V) + II(X3) D(X1, X2, X, Y),
and 1-forms A(zy [72] are called recurrent if and only if
(Vi 2)(Xa, X) — (Va, 2)(X1, X) = T(X1)Z (X, X) — 1(X2) Z(X1, X),
for an 1-form II.

Definition 2.9 ([48,59,81]). Let £L(M) be the vector space formed by all 1-forms ©
on a semi-Riemannian manifold M satisfying

O(X1)D(Xa, X3, X4, X5) + O(X2) D(X3, X1, Xy, X5) + O(X3) D(Xy, Xo, Xy, X5) = 0,
where D is a (0, 4)-tensor. Then M is said to be a D-space by Venzi if dim £(M) > 1.

3. CURVATURE PROPERTIES OF GENERALIZED PP-WAVE METRIC
We can now write the metric tensor g of the generalized pp-wave metric (1.2) as
follows:
0
0
~1r 0
_1

[Nl
Q- O O

2f
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Then the non-zero components of its Riemann-Christoffel curvature tensor R, Ricci
tensor S and scalar curvature x of (1.2) are given by

_ —f3ha + fihy + 233 —fahs — fahy +2fhsy

Riz13 = 2f , Rz = 2f ;
R _ Jahs — faha +2fhay Rores — —f3 = fi + ffss + ffus
1414 = of ; Raaza = I )
S ZW, S33 = Sy4 = it ;féfgg i ff44>
. C2(fFH S7— f (f33+ faa))
— 7 7

d 0 0 f: 0
where f3 = ansy Ja= 37]1, J3s = Tﬁ, faa = 37]:?;, Jaa = affi ete.
Again the non-zero components of the conformal curvature tensor C' and the projective
curvature tensor P are given by

_ _ —f3ha+ faha + fh3z — fhay ~ —Jahs — f3ha +2fh34
Ciz13 = — Craa = ,  Cizia = ;
2f 2f
2 (hsz + haa) _ —3f3hg+3fsha +4fhsz — 2fhay
Py =———F—", Puiiz= ;
3f 6f
— fyhs — fshgs 4+ 2fh
Pi31a = — Pizsn = Pung = —Pug1 = Juhs f23f4 / =,
b fshs = fiha 2y
1441 = — 2f ;
Pt — —f3hs + faha +2[fhs3 P —3f3hs + 3faha + 2fhgs — 4 haa
1331 = — 2f ;o Pa=— 67 :

Now the non-zero components (upto symmetry) of the energy momentum tensor
4

- ls- (G-0)]

where ¢ = speed of light in vacuum, G = gravitational constant and A = cosmological
constant, are given by

A (f3hA — f2hss — f2has + fasfh+ faufh — f2h — f2h)
A f3G 7
7, _C A fiof + fuuf = JE = f) ctfA

_ Tys = Tyy = — .
873G R 1Y e
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Then the non-zero components (upto symmetry) of covariant derivative VT of the
energy momentum tensor 7' are given by

¢ (hags + hia)

Ty, = 1 fG ;
4
T3 :47rcf4G (—fzhf344 — [?hfs33+ [Phass + [Phoaa — f3f?hss — [3/ ha
+4 fsfssfh+ 2fsfsafh+ 2 s faafh — 3f5h — 3f3ffh) )
4
Ti14 :47rcf4G (—fzhf444 — [Phfsa + [Phsga + [Phasa — faf?hss — fof*ha
+2f1fs3fh+ 2 s faafh+ 4 fsfaafh — 3fih — 3f3?f4h) ;
T (P faua + [P fa33 + 3f5 +3f7fs — Af fasfs — 2f faafs — 2f fafas)
123 874G ’
T (P faaa A+ [P 3a + 317 + 3054 — 2f fasfa — Af faafs — 2f f3[34)
124 = ;
8w f4G
T (= = R ffs ot ffaa) hs
13,1 = STFIG )
T (5 = fR A [ fazt [ faa) ha
e 87 3G ‘

From above we see that the Ricci tensor S of (1.2) is of the form
(3.1) S(X,Y) = ag(X,Y) + fn(X)n(Y) +~[n(X)o(Y) +n(Y)(X)],

Wherea:w, =1 v=1, n=1{10,0,0} and

5:{2f2(h33+h44)—2(f33+f44)fh+2(f§+ff)h—f3 [ (fs3+ faa — f3— f3) 0 0}‘

2f3 3
Therefore, the metric (1.2) is generalized quasi-Einstein in the sense of Chaki. More-

over, |[n]| = 0, ||6]]> = (f§+ff—f(f33+f;i))(f—2(h33+h44))7 g(n,6) = _f§+ffffgf33+f44)

Vn = 0. So there exists a null covariantly constant vector field ¢, where ( is the cor-
responding vector field of n (i.e., g(¢, X) = n(X), for all X). Hence we can conclude
that the spacetime with the metric (1.2) is a generalized pp-wave metric.

Now from the value of the components of various tensors related to (1.2), we can
state the following.

and

Theorem 3.1. The generalized pp-wave metric (1.2) possesses the following curvature
restricted geometric structures:

(i) Ricci generalized pseudosymmetric such that R - R = Q(S, R);
2 2
(ii) 2-quasi-Finstein, since rank (S — fstii *’;E,f”*f“)g) = 2;
(iii) generalized quasi-Finstein in the sense of Chaki such that (3.1) holds;
)

(iv) Ricci tensor is Riemann compatible as well as Weyl compatible;




CURVATURE PROPERTIES OF GENERALIZED PP-WAVE METRICS 245

(v) Ein(3) manifold such that S = —f§+f‘f*§(3f33+f44)52.

Now from the components of R, we see that the only non-zero component (upto

(F+ 13— F(fast 1))
2f4 .

symmetry) of the tensor Dyji = RjjRyg is given by Dsysy =
Hence from definition, we can state the following.

Theorem 3.2. The generalized pp-wave metric (1.2) becomes a pp-wave metric if

f3+ 12 = [ (fas+ faa) = 0.
Ezample 3.1. If we consider f(z3,2%) = e’ +%" then f24 f2— f (fs3 + fua) = 0. Hence
by above theorem the metric

1
ds* = —2h(z, 2%, 2*)(dz)? + 2dxdr — 56I3+”4[(dm3)2 + (dz*)?]

is a pp-wave metric.

4. CURVATURE PROPERTIES OF PP-WAVE AND PLANE WAVE METRIC

In this section we investigate the curvature restricted geometric structures admitted
by the pp-wave metric. Since under the condition (1.3) the generalized pp-wave metric
(1.2) becomes a pp-wave metric, putting this condition we get the non-zero components
of R, S, C'and P of the pp-wave metric given as follows:

R _ —Jshs + fiha+ 2fhs3 Riats — — fahs — f3ha + 2fh3y
1313 = 2f ; 1314 = 2f ;
R  fshs — faha + 2fhay
1414 — 2f )
2 (hss + h
Spy = ( 33f 44)7

_f3h3+f4h4+fh33 _fh44 _f4h3 _f3h4+2fh34

Ciziz3 = — Craa = o , Clzu = 2 ;
2 (hsz + haa) _ —3f3hg +3fshy +4fhss — 2fhy
Pioyy =——7—=, Puiz= ;
3f 6f
— fahs — f3hga 4+ 2fh

Pusts = = Pusns = Piats = —Pragi = 27" f; 7 That
P — Jshs — fahy +2fhy

1441 = — i ;
Praas — —f3hs + faha + 2 hs3 Py — —3f3hs + 3faha +2fhg3 — 4 fhas

1331 = — i P SVIVIES 6/ :

Using the values of the components of g, R, S and C' we get
(i)k=0,@i) R-R=0, (iii) R-S =0, (iv) Q(S,R) =0, (v) R-C =0, (vi)C-R =0,
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(vii) C'- C'= 0 and (viii) Q(S,C) = 0.
The energy momentum tensor 7" is given by
_C4 (th — h33 — h44) _ C4A Tow — Ty — C4fA
47TfG ) 12 87TG’ 33 44

Then the non-zero components of covariant derivative of T" are given by

(4.1) Ty, =

T — c* (hygq + his3)
et | Amfa
c* (fhsas + fhsss — fahss — f3haa)
4.2 =
(42) T (e |
T — ¢t (fhaaa + fhasa — fahss — fahaa)
11,4 1 2G )

From the above calculations, we can state the following.

116G

Theorem 4.1. The pp-wave metric (1.2) with the additional condition (1.3) possesses

the following curvature properties.

(i) k=0 and hence R=W and C = K.

(ii) R-space and C-space by Venzi for {1,0,0,0}. Hence, from second Bianchi
identity, the curvature 2-forms gy, are recurrent for the 1-form {1,0,0,0}.
(iii) It is semisymmetric and hence Ricci semisymmetric, conformally semisymmet-

ric and projectively semisymmetric.

(iv) If a, + o, # 0, then the conformal 2-forms Qi are recurrent with 1-form of

recurrency
H: 10a1+a2 a5+a6+a7
) ) O{3 + a4 ) ag + 054 b
where
o, =(fshs — faha — f (hss — haa)) (f3 (h3s + has) — f (h3ss + h3aa)) ,

o, = (= fahs — faha +2fh3a) (f (R334 + haaa) — fa (hsz + haa)),
s =f° <4h§4 + (haz — haa) 2) + f3 (h§ + hi) + [ (h§ + hi) ,
a, =2f fa (ha (has — haa) = 2h3hzs) — 2f f5 (2hahsa + hs (has — had))
ay, =f? (2hsy (hsss + haa) + (has — has) (Rssa + huaa))
+ f3ha (hss + has) + fiha (has + haa) |
o =ff3(—2h3y (hsz + has) — ha (hszz + haaa) + hs (hsza + haaa))
a, =—ff (—h§3 + hiy + h3 (hass + haaa) + ha (hasa + h444)) .

Q

«

(v) It is not recurrent but if hag + hay # 0, then it is Ricci recurrent with 1-form

of recurrency

I — {h144 + h'133 0 fh344 + fh333 - f3h33 - f3h44 fh444 + fh'334 - f4h33 - f4h44

hasg + hyy f (has + haa) ’ f (has + haa)

2
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(vi) If hag+hay # 0, then it is weakly cyclic Ricci symmetric with solution (11,2, ©),

given by

I — {H1 0 [ (hass + hsas) — f3 (hss + has) [ (h3ga + hasa) — fa (hsg + has) }

Y f (has + has) ’ [ (has + has) ’
0= {91 0 f (hass + haaa) — f3 (hgs + haa) f (hasa + haaa) — fa (has + h44)}

Y J (has + has) ’ [ (hgs + has) 7
o — {3 (hiss + hiaa) I, — .0, [ (hsss + haaa) — f5 (has + h44),

hss + haa [ (hss + haa)

f (hssa + haaa) — fa (has + haa) }
[ (hss + haa) ’

where 1I; and 1 are arbitrary scalars.
(vii) Ricci simple (i.e., S =an®n) for
 2(hs3 + haa)
o = A3 T Td)
f
and hence SAS =0 and S? = 0. Again, ||n|| =0 and Vn = 0.
(viii) Q(S,R) = Q(S,C) =0 but R or C is not a scalar multiple of SAS as S is of
rank 1.
(ix) C-R=0 and hence C-S=0,C-C=0andC-P=0.
(x) P-R=0but P-R#0. Also but P-S=P-8§=0.
(xi) Ricci tensor is Riemann compatible as well as Weyl compatible.

(xii) P- P =—3Q(S,P).

and n=1{1,0,0,0}

Remark 4.1. From the value of the local components (presented in Section 4) of various
tensors of the pp-wave metric, we can easily conclude that the metric is

(i) not conformally symmetric and hence not locally symmetric or projectively
symmetric;

(ii) not conformally recurrent and hence not recurrent or not projectively recurrent;

(iii) not super generalized recurrent [67] and hence not hyper generalized recurrent
[65], weakly generalized recurrent [66];

(iv) not weakly symmetric [76] for R,C, P,W and K and hence not Chaki pseu-
dosymmetric [7] for R, C, P,WW and K

(v) neither cyclic Ricci parallel [31] nor of Codazzi type Ricci tensor although its
scalar curvature is constant;

(vi) not harmonic, i.e., divR # 0 and moreover divC # 0, divP # 0.

Remark 4.2. In [12] it was shown that if Q(S, R) = 0, then R = LS A S for some scalar
L if S is not of rank 1. Recently, in Example 1 of [59] a metric with Q(S, R) = 0, on
which S is not of rank 1 and R = e¢® S A S is presented. It is interesting to mention

that the rank of the Ricci tensor of the pp-wave metric is 1 and here R # 0 but
SANS=0.
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Remark 4.3. Tt is well-known that every Ricci recurrent space with II as the 1-form
of recurrency, is weakly Ricci symmetric with solution (I1,0,0). It is interesting
to mention that there may infinitely many solutions for a weakly Ricci symmetric
manifold. The pp-wave metric ((1.2) with condition (1.3)) is weakly Ricci symmetric
with solution

I — {Hl 0 f (hass + hags) — f3 (has + haa) f (hssa + haas) — fa (hsz + hay) }
o f (has + hy) ’ f (has + hyg) ’
Q :{91707070}a
hisgs + hiaa
O=¢7——7— 1 _Q,0,0,0 5
{ hss + has ! ! }

where II; and §2; are arbitrary scalars.

Again it is clear that the pp-wave metric (1.1) in Brinkmann coordinates, is a
special case of (1.2) for f = —2 and h = —1H and hence satisfies (1.3). Therefore
from Theorem 4.1, we can state the following about the geometric properties of the
metic (1.1).

Corollary 4.1. The metric given in (1.1) possesses the following curvature properties.

(i) K =0 and hence R=W and C = K.
(ii) R-space and C-space by Venzi for {1,0,0,0}. Hence, from second Bianchi
identity, the curvature 2-forms Q?}%)l are recurrent for the 1-form {1,0,0,0}.
(iii) Semisymmetric and hence Ricci semisymmetric, conformally semisymmetric
and projectively semisymmetric.
(iv) If 4H2, + (Hs3 — Hy)? # 0, then its conformal curvature 2-forms Qe are
recurrent with 1-form of recurrency 11, given by

M, =1, Tl,—0,

:2H34 (Hszq + Huygs) + (Hsz — Hayy) (Hssz + Hzyug)
AH3, + (H33 — Hus)?

_2H3 (Hsgs + Hags) — (Hsz — Hyy) (Hssa + Hyag)
4H3, + (Hss — Hyy)?

Iy

Y

11y

(v) If Hss + Hyy # 0, then it is Ricci recurrent with 1-form of recurrency 11, given
by

II =

{1 0 Hszs + Hgyqy Hsgy + H444}
" Hsz+ Hyy ' Hzz+ Hyy )
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(vi) If Hs3 + Hyy # 0, then it is weakly Ricci symmetric with solution (11,$2, ©),

given by
- {Hl, 0, Hssz + H344’ Hszy + H444} ’
H3s + Hyy  Hsz + Hy
Q:{QbO)O:O}a
Hizz + Hig
G):{—H —Q ,0,0,0}7
H3s + Hyy ' '

where 11y and )y are arbitrary scalars.
(vii) If Hys+Hyy # 0, then it is weakly cyclic Ricci symmetric with solution (11,2, ©),

given by
- {Hl, 0, H3sz + H344, Hszy + H444} ’
Hszz + Hyy  Hsz + Hyy
0 {Ql, 0, Hjsz + H344’ Hszy + H444} 7
H3s + Hyy ~ Hzz + Hyy
[ 3(His3 + Hiag) Hsss + H3ga Hzza + Hyag
e = —1II; — 94,0, ; )
H3s + Hyy Hszs + Hyy  H3z + Hyy

where 1I; and 1 are arbitrary scalars.
(viii) Ricci simple [44] (i.e., S =an®mn) for
a= ; (Hs3 + Hy) and n={1,0,0,0},
and hence S NS =0 and S? = 0. Here ||n|| =0 and Vn = 0.
(ix) Q(S,R) = Q(S,C) =0 but R or C is not a scalar multiple of SN S as S is of
rank 1.
(x) C-R=0 and hence C-S=0,C-C=0andC-P=0.
(xi) P-R=0but P-R#0. Also but P-S=P -8 =0.
(xii) Ricci tensor is Riemann compatible as well as Weyl compatible.
(xiii) P-P = —1Q(S, P).

3

Again the non-vacuum pp-wave solution presented in [69] is a special case of (1.1)
for H(x, 23, 2%) = 2a1e27°~%7"  Hence the line element is explicitly given by:

(4.3) ds® = 2a,¢™%" =% (dz)? + 2dxdr + [(dz®)? + (dz*)?).
Now the geometric properties of the metric (4.3) can be stated as follows.

Corollary 4.2. The metric given in (4.3) possesses the following curvature properties.

(i) It satisfies the curvature conditions (i)-(xiii) of Corollary 4.1 with different
associated 1-forms of the corresponding structures.

(ii) Moreover it is recurrent for the 1-form of recurrency {0, 0, 2as, —2a3}. Hence
it is Ricci recurrent, conformally recurrent and projectively recurrent. Also it
is semisymmetric and hence Ricci semisymmetric, conformally semisymmetric
and projectively semisymmetric.
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Again the generalized plane wave metric [71] is given by
(4.4) ds* = 2H (z,2°, 2*)(dz)? + 2dzdr + (dz®)? + (dx*)?,

where H(z,23, 2%) = a1(2%)? + aa(2*)? + azx32? + agx® + asz* + ag, a;’s are scalar.
Hence, it is a special case of (1.1) and we can state the following.

Corollary 4.3. The metric given in (4.4) possesses the following curvature properties:

(i) it satisfies the curvature conditions (i)-(ix) of Corollary 4.1 with different as-
sociated 1-forms of the corresponding structures;

(ii) moreover it is locally symmetric and hence Ricci symmetric, conformally sym-
metric and projectively symmetric.

From Corollary 4.1, Corollary 4.2 and Corollary 4.3, we can state the following
about the recurrent structure on a semi-Riemannian manifold.

Remark 4.4. From Corollary 4.2 we see that the metric (4.3) is recurrent but not locally
symmetric and from Corollary 4.1 we see that the metric (1.1) is Ricci recurrent but
not recurrent. These results support the well-known facts that every locally symmetric
manifold is recurrent but not conversely, and every recurrent manifold is Ricci recurrent
but not conversely.

5. ENERGY-MOMENTUM TENSOR OF GENERALIZED PP-WAVE METRIC

In this section we discuss about the energy-momentum tensor of the generalized
pp-wave metric (1.2) and also the other special forms, such as (1.1), (4.3) and (4.4).
From the values of the energy momentum tensor 1" of the generalized pp-wave metric
(1.2), we can conclude that T is of rank 1 if the cosmological constant is zero and
(1.3) holds. In this case

c* (hss + hus)
T=——T7"—7"— ={1,0,0,0}.
amfG e {1,0,0,0}

Again it is easy to check that 7 is null. Thus we can state the following.

Theorem 5.1. For zero cosmological constant, the generalized pp-wave metric (1.2)
is a pure radiation metric if and only if it is a pp-wave metric.

Corollary 5.1. For zero cosmological constant, the pp-wave metric ((1.2) with (1.3)
or (1.1)) is a pure radiation metric.

We note that recently Shaikh et al. [62] studied the curvature properties of pure
radiation metric. Again from the values of the components of VT of the metric (1.2),
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we get
Tig+Tia+ T
:304 (P33 + P1aa)
A fG ’

Tiig+ Tz + T30
A

G (f3h333 + [Phsas — fa33f*h — faaaf?h+ faaf?hs + faaf?hs — faf*hss

— [3/ haa + Afs fss fh 42 s faafh+ 2 fs faafh — f5fhs — [ fhs — 3f5h — 3f3f42h> ;
Tirg+ T +Tap

oA

17 fiG (f hasa + [Phass — fa3af*h — faaaf?h + faaf?ha — faf?has — faf*has
+2f1fssfh+ 2fsfsafh+ fssf?ha + Afafaafh — f5fha — [ fha — 3fih — 3f32f4h) ;
Tig3 + 1231 + 1312

c (f? fass + f2 faaa + 3f5 + 3f7 fs — Af fasfs — 2f faafs — 2ff4f34)
8w f4G

Thioa+Toar +Tuip

_04 (f*fs3a + [?faas +3fF +3f5 o — 2f fssfa — Af faafs — 2f f3f34)
87 fAG

and

o
Thg—"Tz1 = St fiG <2f hass + 2f°haas — 2fsa3f°h — 2 f300f?h

— f33?hs — faaf?hs — 23/ has — 2f3*has + 83 fssfh + Afafsafh
+A s fasfh + f3 Phs + £ fhy — 6 f3h — 6 fs f11) |

C4

Th14 —Than “85/1G <2f3h334 + 2f%haas = 2fasafh = 2faaaf?h — fas 2Dy
— faaf?ha = 2f1f?haz — 2faf?has + Afafssfh + Afsfaafh + 8fafaafh
+ 13 fha+ £ Fha — 6fh — 6 £3 fah)
and
Thos —Tize = Tozn — T3

(% fass + [2faaa + 33 +3f7 fs — 4f fasfs — 2f faafs — 2ff4f34)
8w f4G

T124_T142:T241_T214

t(f? fasa + [P faaa + 33 +3f3fa — 2f fasfa — 4f faafs — 2ff3f34)
8w fAG
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Now putting the condition (1.3) to above, we get
! (fhaaa + fhsss — fshss — fshaa)

Tz — Tz = e ,
5.1
(5.1) . c* (fhasa + fhasa — fahss — fahaa)
Tia—"Tur = In 20 ,
and
3¢t (hyga + h
Tia+Tig+Thg = ( 41;?6? 133)7
4 (fhags + fhsss — fahss — fah
(5.2) Tyg+Tiz1+ 1311 = o + 1 ;;}2(-7#’ w — Js 44),
4 (fhass + fhssy — fahss — fah
Tug+Tyng+Tna= < (Fhaaa £ 1 ;;?QGﬁL = J1 44).

Now, from (4.2), (5.1) and (5.2), we can state the following.
Proposition 5.1. The energy momentum tensor T' of the pp-wave metric (1.2) with
the condition (1.3) is
(i) parallel if
hisa + higzs = fhaas + fhazs — fshas — f3haa = fhasa + fhaza — fahas — fahay = 0;
(For ezample: f(z3,2%) = e+ and h(z', 23, %) = e +2").
(ii) Codazzi type if
fhaaa + fhass — fshas — fshaa = fhaas + fhasa — fahss — fahas = 0;
(For example: f(23,2%) = e* T and h(z', 23, %) = emt@’+o),
(iii) cyclic parallel if
hisa + hizs = fhaaa + fhass — fshas — f3haa = fhaaa + fhaze — fahaz — fahas = 0.
(For example: f(23,2%) = e”* and h(z", 23, 2%) = =" +2").
Proposition 5.2. The energy-momentum tensor of the pp-wave metric of the form
(1.1) is
(i) parallel if Hiyy + Hizz = Hzuq + H3zz = Hyaq + Hszq = 0;
(For ezample: H(u,z,y) = (2)* + (y)?).
(ii) Codazzi type if Hzuq + Hszz = Hyaq + Hizq = 0;
(For example: H(u,z,y) = (uz)? + (uy)?).
(iii) cyclic parallel if Hygg + Hi33 = H3gq + Hsgzs = Hygg + H3zy = 0.
(For ezample: H(u,z,y) = (2)* + (y)?).

Now we can conclude the following.

Theorem 5.2. On a pp-wave spacetime (endowed with the metric (1.2) with (1.3) or

(1.1))

(i) the energy-momentum tensor is parallel if and only if it is cyclic parallel;
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(ii) the energy-momentum tensor is Codazzi type if it is cyclic parallel but not
conversely (see Example 5.1);

(iii) the Ricci tensor is zero, i.e., the space is vacuum if h or H is harmonic, i.e.,
hss + hyy = 0 or Hss + Hyy = 0 and in this case VT = 0.

Ezample 5.1. We now consider a special form of the generalized pp-wave metric (1.2)
as

. 1 .

(5.3) ds® = 2"~ (dz)? + 2dwdr — iex37x4[(dx3)2 + (dz*)?.

Then the non-zero components of its R, VR, S and VS are given by
Ri313 =Ri414 = exﬂtmzla R1313,1 = R1414,1 = exﬂtﬁa

511 :4€x, 51171 = 4e”.

It is easy to check that the scalar curvature of this metric is zero and it is conformally
flat. Now the non-zero components of its energy momentum tensor 7" and its derivative
VT are given by

T cler—e! <2€x4 — AeIB) AN T T AAet
1= i v T =ooay I =l = e e
cle®
11 =5 A

Thus we can easily check that the Ricci tensor and the energy momentum tensor of
(5.3) are codazzi type but not cyclic parallel.

6. ROBINSON-TRAUTMAN METRIC AND GENERALIZED PP-WAVE METRIC

Recently, Shaikh et al. [53] studied the curvature properties of Robinson-Trautman
metric. The line element of Robinson-Trautman metric in {¢, r, z3, 2*}-coordinate is
given by

2
- r 4
(6.1) ds* = —2(a — 2br — qr™")dt* + 2dtdr — P[(da:3)2 + (dz*)?,
where a,b,q are constants and f is a function of the real variables z3 and z*. In
this section we make a comparison between the curvature properties of the Robinson-
Trautman metric (6.1) and generalized pp-wave metric (1.2) as well as the pp-wave
metric (1.1).

Theorem 6.1. The Robinson-Trautman metric (6.1) and generalized pp-wave metric
(1.2) have the following similarities and dissimilarities.
A. Similarities:

(i) both the metrics are 2-quasi-Finstein;
(ii) both are generalized quasi-Einstein in the sense of Chaki;
(iii) Ricci tensors of both the metrics are Riemann compatible as well as Weyl
compatible.
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B. Dissimilarities:

(iv) (6.1) is Deszcz pseudosymmetric whereas (1.2) is Ricci generalized pseudosym-
metric;

(v) the conformal curvature 2-forms are recurrent for (6.1) but not recurrent for
(1.2);

(vi) the metric (6.1) is Roter type and hence Ein(2) but (1.2) is not Roter type but
Ein(3).

Theorem 6.2. The Robinson-Trautman metric (6.1) and pp-wave metric (1.1) have
the following similarities and dissimilarities.
A. Similarities:

(i) for both the metrics, the conformal curvature 2-forms are recurrent;
(ii) Ricci tensor of both the metrics are Riemann compatible as well as Weyl
compatible.

B. Dissimilarities:

(iii) the metric (6.1) is 2-quasi-Einstein, where as (1.1) is Ricci simple and hence
quasi- Finstein,

(iv) (6.1) is Deszcz pseudosymmetric whereas (1.1) is semisymmetric;

(v) (6.1) is pseudosymmetric due to conformal curvature tensor whereas (1.1) is
semisymmetric due to conformal curvature tensor;

(vi) the metric (6.1) realizes S NS # 0 but (1.1) satisfies S NS = 0;

(vii) the metric (6.1) is Roter type and hence Ein(2) but (1.1) is not Roter type but
Ein(3).
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SOME REMARKS ON DIFFERENTIAL IDENTITIES IN RINGS
MOHD ARIF RAZA', HUSAIN ALHAZMI', AND SHAKIR ALI?

ABSTRACT. Let 1 < k and m, k € Z*. In this manuscript, we analyse the action of
(semi)-prime rings satisfying certain differential identities on some suitable subset
of rings. To be more specific, we discuss the behaviour of the semiprime ring
R satisfying the differential identities ([d([s,t]m), [s, ]m])* = [d([s,t]m), [S,]m] for
every s,t € R.

1. MOTIVATION

The work of this manuscript is motivated by the various results established by many
well known algebraists (see [1,2,4,6,7,9-11,14,15,17,19], and references therein). The
famous and classical result in this direction is due to Jacobson [12]. The theorem to
which we want to mention is the following: “any ring in which s* = s, 1 < k € Z*
s mecessarily commutative”. The above mentioned result generalizes Wedderburn
theorem, i.e., “every finite division ring is commutative”, and also the result that
“any Boolean ring is a commutative ring”.

In [10], Herstein discussed the commutativity of a ring and he established that
“a ring must be commutative if it satisfies [s,t]" = [s,t], for every s,t € R, where
1 <neZ"” In 2011, Huang [11] proved that “if a prime ring R admits a deriva-
tion d such that d([s,t])* = [s,t], for all s,t € I, a nonzero ideal of R (where
1 < k,n € Z*) R is commutative”. In 2017, De Filippis et al. [8] proved the fol-
lowing “let R be a prime ring of characteristic different from 2, d be a nonzero
derivation of R, f(x1,...,x,) be a multilinear polynomial over € and 1 < k € Z*

such that ([d(f(rl,...,rn)),f(rl,...,rn)])k = [d(f(re,....r), f(r1, ..., m)] for all

Key words and phrases. (Semi)-prime ring, derivation, Engel polynomial, maximal right ring of
quotients, generalized polynomial identity (GPI).
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Ty, Tn € R. Then f(xy,...,x,) is central valued on R”. In particular, if multi-
linear polynomial replace by commutator, then we conclude with the commutativity
of rings. On the other hand, Giambruno et al. [9] generalizes Herstein result for
Engel polynomial and they established that “a ring must be commutative if it satisfies
([s,t]m)™ = [s, ] 7 In view of Giambruno et al. result Raza and Rehman [18] proved
that “a prime ring R is commutative if it satisfies d([s,t]m)" = [s,t]m for all s,t € I,
a nonzero ideal of R”.

In the prospect of above motivation, our intention is to explore the action of prime
and semiprime rings satisfying Engel polynomials, which are not multilinear associated
with derivations. To be more specific, we discuss the behaviour of the semiprime ring R
satisfying the differential identities ([d([s,t],), [s, tlm])* = [d([s, t]m), [$, t]m] for every
s,t € R.

2. THE RESULTS

We use the following notations and definitions, unless otherwise mention, R be a
ring, Z(R) be the center of R, Q be a Martindale quotient ring of R, U be a Utumi
quotient ring of R, and € be the extended centroid of R (see [3] for further details).
A ring R is said to be prime if for any s,t € R, sRt = (0) implies s = 0 or t = 0,
and R is semiprime if for any s € R, sRs = (0) implies s = 0. An additive mapping
d: R — R is said to be a derivation if it satisfies d(st) = d(s)t + sd(t) for every
s,t € R. If for any fixed p € R, d(s) = [p, s], for every s € R, then d is said to be
inner derivation. Moreover, d is said to be Q-inner if the extension of d to Q is inner
otherwise Q-outer.

We will proceed by first proving the following auxiliary result.

Lemma 2.1. Let 1 <k € ZT and 1 < m € ZT. Next, R = M,,(C) be the ring of
m X m matrices over the field C such that [[p, [s,t]m], [s,t]m]* = ([, [5, tlm], [S; t]m]-
Then p € Z(R).

Proof. Let p = Y=,; pijei;, where e;; denotes the usual unit matrix with 1 in (¢, j)-entry

and zero elsewhere and p;; € €. We show that p is a diagonal matrix. Next, let s = ¢;;

and ¢t = ej; and in view of our hypothesis, we deduce that ([p,e;;]2)* = [p, eij]2, i-e,

—2e;5qe;; = 0 and hence pj; = 0 for any 7 # j. Therefore, p is a diagonal matrix.
Further, we see that

([le(P), [s: hnll2)" = [[e(p), [s, t]n])2

is a generalized polynomial identity of R for ¢ € Aute(R). This shows that ¢(p) is
diagonal matrix. Precisely, we consider the automorphism ¢(p) = (1 + e;;)p(1 — e;5)
for any i # j and say @(p) = X;; pi,ei;, where pj; € C. Since p;; = 0, then by easy
computation we obtain 0 = pj; = p;; — pi. So, that p;; = p;; holds for any i # j. This
implies that p € Z(R). This completes the proof. O
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Lemma 2.2. Let 1 <k € Z* and 1 < m € Z*. Next, let R be a non-commutative
prime ring of characteristic different from 2. If p € Q and [[p, [s,t]m)], [s, t]m]* =
[[D, [S, t]m], [s, t]m] be a generalized polynomial identity for R, then p € C.

Proof. We prove this lemma by contradiction, i.e., we assume that p ¢ C. Clearly, Q
satisfies [[p, [s, t]m], [8; t]m]® = ([ [$, tlm], [s; t]m] (see [5]). Specifically, as p ¢ € then
the above identity is a non-trivial generalized polynomial identity for Q. Thus, Q is a
primitive ring which is isomorphic to a dense ring of linear transformations of a vector
space V over € (by Martindale’s theorem in [16]).

Now firstly we discuss the case when dime(V) = m, where m > 1, a finite positive
integer. In this case, the contradiction follows by Lemma 2.1.

We now assume that dimeV = oo. Then, we have

(2.1) ([p, [5, tlm]2)" = [p, [5, tlm]2, for all s,t € Q.

Moreover, again by Martindale’s theorem [16], it follows that soc(Q) = H # (0) and
eXe is a finite dimensional simple central algebra over €, for any minimal idempotent
element e € . Moreover, we may assume that H is non-commutative, otherwise
Q must be commutative. Of course, H satisfies ([p, [s, t]m]2)* = [, [5, t]m]2 (see for
example proof of [14, Theorem 1]). As H is a simple ring, either H does not contain
any non-trivial idempotent element or I is generated by its idempotents. In this last
case, suppose that H contains two minimal orthogonal idempotent elements e and f.
By the hypothesis, for [s,t],, = [es, f]m = esf, we have

(2.2) exf(plexf =0,

in case we get fpesfpesfpe = 0, by the primeness of R, we get fpe = 0, where e
and f are orthogonal idempotent element of rank 1. Specifically, as e of rank 1, we
have ep(1 —e) = 0 and (1 — e)pe = 0, i.e., ep = epe = pe. Therefore, [p,e] = 0 and
[p, H] = 0, where H is generated by these idempotent elements. This argument gives
the conclusion that p € € or R is commutative. In this last case, we conclude with
contradiction.

Thus we take the case when J{ cannot contain two minimal orthogonal idempotent
elements and so, H = D for a suitable division ring D finite dimensional over its
center. This implies that Q = H and p € H. By [20, Theorem 2.3.29 | ([14, Lemma
2]), H C M,(K), M,(K) satisfies ([p, [s,t]m]2)¥ = [p, [$, t]m]2, Where K is a field. If
n =1, then H C F, a contradiction. Moreover, if n > 2, then p € Z(M,,(F)), as we
have just seen.

Finally, consider if H does not contain any non-trivial idempotent element, then H
is finite dimensional division algebra over € and p € H = RC = Q. If C is finite, then
JH is finite division ring, that is, H is a commutative field and so R is commutative
too. If € is infinite, then H ®e K = M,,(K), where K is a splitting field of . In this
case, we get the conclusion by Lemma 2.1. OJ
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Theorem 2.1. Let 1 < k € Z* and 1 < m € Z*. Next, let R be a prime ring
of characteristic different from 2 and I be a nonzero ideal of R. If I satisfies
[d([5,t]m), [8, tlm]® = [d([s,t]m), [, t]m] for all s,t € I, then R is commutative.

Proof. We suppose on contrary that R is non-commutative. Then, by Lemma 2.1 and
Lemma 2.2, we discuss the case when d is not Q-inner. Note that

(23) d([s,w—z(—nm(’“) S dd() ey

m=1 m/ ii—m-1

+ Ek: (—1)™ <Z> tmd(s)thm

+ jgo(—l)m (2) t"s (T+S_§m_1 t"d(t)ﬁ) :

Using the hypothesis and well known results, we can say that R satisfies

[d([s, tm); [3, thm]* = [d([s, tlm). [5, t]m]-

Therefore, we obtain

E o G A

<—1>m<k) Yo td)r)st T+ zk:(—l)m<k>tmd(s)tkm

= i+j=m—1 m=0

k—1 k k k

+ > (—1)m< )tms >ooootdmtt ], S (—1)’”( )tkstkm].
r+s=k—m-—1

In view of Kharchenko’s theorem [13], we get

([i(—U’"(k) >, twt)st" " + i(—mm(i)tmztkm

m=1 M) itj=m—1 m=0

m

+§(—1)m<k)tms 3 tfwts,Zk:(—l)’”@)t’“st’“‘ka

r+s=k—m-—1 m=0
—[Xk:(—nm(k) S twt)sttT + ij(—nm(k)tmzt’f—m
m=1 M) itj=m—1 =0 m

+kzl(1)m<k>tms 3y t’"wtizk:(—l)m@)tkst’“m}

m=0 m r+s=k—m—1 m=0
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for all s,t,z,w € R and hence it satisfied by Q [3, Theorem 6.4.4]. Thus, Q is non-
commutative as R. Let us take p’ € Q with p’ ¢ C. Also, we can see that d' : Q — Q
is a nonzero derivation of Q defined by d'(s) = [p/, s] for all s € Q. Replacing z,w by
d'(s),d'(t) in the last identity and using (2.3), we obtain that

(@[, t]m), [5, )" = [d'([5, t]m), [5, t]m],

for all s, € Q. Thus, we can write

(', [s, ] [, ] = [P, [, thom]s [ thom
for all s,t € R. Application of Lemma 2.2 yields the desire conclusion. O

As the immediate consequences of the above theorem, we obtain the following
results.

Corollary 2.1. Let 1 <k € Z' and 1 < m € Z". Neat, let R be a prime ring of
characteristic different from 2 and d be a derivation of R such that [d([s, t]m), [s, t]m]* =
[d([s,t]m), [S, t]m] for all s,t € R. Then, R is commutative.

Corollary 2.2. Let 1 < k € Z". Next, let R be a prime ring of characteristic
different from 2, d be a derivation and L be a noncentral Lie ideal of R. If R satisfies
[d(u), u]* = [d(u),u] for all u € L, then R is commutative.

Now, we discuss the our last result for semiprime case. We set out with few
preliminary notions which are required for the establishment of the proof of our main
theorem. More or less of these notions are classical and we introduce them briefly,
let R be a semiprime ring and € be the extended centroid R. Also, the orthogonal
completion of R is the intersection of all orthogonally complete subset of Q containing
R and is denoted by A = O(R). In [3, Theorem 3.2.7], Beidar et al. proved that “if
M € spec(B), then Ry = R/RM is prime, where B = B(C) is a Boolean ring of C
and spec(B) is the set of all maximal ideal of B”. We use the notations 2-A-ring,
Horn formulas and Hereditary formulas. For more definitions and related results
see ([3], pages 37, 38, 43, 120). Also we use the results obtained by Beidar et el.
[3, Proposition 2.5.1 and Theorem 3.2.18] which state that “any derivation d of a
semiprime ring R can be uniquely extended to a derivation of U (we shall let d also
denote its extension to U)” and “let R be an orthogonally complete Q-A-ring with
extended centroid C, ©;(s1, Sa, ..., sn) Horn formulas of signature of Q-A, i =1,2,...
and O(ty,ta, ..., tx) a hereditary first-order formula such that ~® is a Horn formula.
Further, let @ = (a1, as,...,a,) € R™, ¢ = (c1,co,...,c1) € R¥. Suppose that
R E ®(c) and for every mazimal ideal M of the Boolean ring B = B(C), there exists
a natural number i = i(M) > 0 such that

R = ©(ou () = Oi(on(a@)).
Then there exist a natural number N and pairwise orthogonal idempotents ey, es, ..., en
€ B such that e + e+ -+ ey =1 and e;R |= ©,(e;d) for all e; # 07, respectively.
Now, we are able to discuss our last result.
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Theorem 2.2. Let R be a 2-torsion free semiprime ring and d be a nonzero derivation
of R such that ([d([s,t]m), [s,t]m])F = d([s,t]m), [s,t]m] for all s,t € R. Further, let
A = O(R) is the orthogonal completion of R and B = BC, where C is the extended
centroid of R. Then there exists a central idempotent element e € B such that d
vanishes identically on eA and the ring (1 — e)A is commutative.

Proof. In view of our hypothesis, R satisfies

([d([s, thm), [s, thn])* = [d([5, t]m). [5, t]m]-

Moreover, U satisfies ([d([s,t]m), [s; t]m])* — [d([s,t]m), [8, t]m] = O for every s,t € U
(see [15]). By Remark 3.1.16 of [3], we conclude that d(A) C A and d(e) = 0 for every
e € B. Therefore, A is an orthogonally complete 2-A- ring, where Q = {0, +, —, ., d}.
Consider the formulas

o= || ([d([sat]m)v [S7ﬂm])k - [d([&ﬂm)v [S7t]m] =0 ||’ for all s, ¢,
O, = st=ts|, foralls,t,
Oy = | d(s) =01, foralls.

One can smartly verify that ® is a hereditary first-order formula and "®, ©,, ©, are
Horn formulas. Using Theorem 2.1, we can smartly verify that all the requirements of
[3, Theorem 3.2. 18] are satisfied. Therefore, there exist two orthogonal idempotent
e; and e such that e; + ey = 1 and if e; # 0, then e;A = ©;, ¢ = 1,2. This completes
the proof of the theorem. O
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APPLICATION OF THE SUMUDU TRANSFORM TO SOLVE
REGULAR FRACTIONAL CONTINUOUS-TIME LINEAR
SYSTEMS

ZINEB KAISSERLI! AND DJILLALI BOUAGADA!

ABSTRACT. In this work, Sumudu transform is used to establish the solution of a reg-
ular fractional continuous-time linear system based on Caputo fractional derivative-
integral. First results of the proposed method are presented and compared to the
existing ones.

1. INTRODUCTION

In recent years, fractional calculus and fractional systems appear and play a key
role in several applications and domains [7,9,12,13]. The use of the mathematical
tools, theories and methods is required to solve such problems. Find the solution of a
regular fractional continuous-time linear system with regular pencil is one of the most
important problems in systems and control theory [3,14].

In this paper, instead of Laplace transform [2,7], the Sumudu transform [1, 16],
which is a kind of the Laplace transform but does not require any conditions on the
function to be transformable [15], is used to solve such a regular fractional continuous-
time linear system based on the Caputo fractional derivative-integral [7]. The Sumudu
transform is relatively new but it is as powerful as the Laplace transform and has some
good features as for instance, unlike the Laplace transform, the Sumudu transform of
the Heaviside step function is also Heaviside step function [6].

More than that, an interesting fact about this transformation is that the original
function and its Sumudu transform have the same Taylor coefficients expect n!. Hence,

Key words and phrases. Regular fractional linear system, Caputo fractional derivative-integral,
Sumudu Transform.
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the Sumudu transform, can be viewed as a power series transformation as shown in
[11,16].

Another very interesting property, which makes the Sumudu transform more advan-
tageous then the Laplace transform is the scale and unit preserving properties which
could provide convenience when solving differential equations. In other words, the
Sumudu transform can be used to solve various mathematical and physical sciences
problems without restoring to a new frequency domain [1,16].

Furthermore, the solution of a regular fractional continuous-time linear system, us-
ing the Sumudu transform, requires only some boundary conditions and compatibility
requirements.

The rest of the present paper is organized as follows. Basic definitions and properties
are recalled in Section 2. Then, in Section 3, the solution of the regular fractional
continuous-time linear systems is proposed using Sumudu transform followed by some
academic and real examples which are presented in Section 4. The obtained results are
compared to the state-of-the-art methods [2,7]. Finally, the last Section summarizes
and discusses the obtained results.

2. PRELIMINARIES
In the present section, main definitions and properties are recalled.
Definition 2.1 ([4]). The function defined by:
d"x(T)

drn -’

t p)(r
(2.1) D%z(t) = L )/0( (7) dr x(”)(r):

I'(n—« t— )t

is called the Caputo fractional derivative-integral of the function z(t), where
n—1<a<n,néeN and I refers to the standard Gamma function.

Definition 2.2 ([1,16]). Let us consider the set of functions:
1t .
A= {:c(t) | exists M, 71, 7 > 0, [2(t)] < Me 5, if t € (=1)) x [0, oo)}.

The Sumudu transform X (v) of the function () is defined over the set of functions
A by:

(2.2) X(v) = 8[z(t)](v) = v /OOO (e Sdv, e (—m,m).

Theorem 2.1 ([10]). The Sumudu transform of the fractional derivative-integral (2.1)
forn—1<a<n,neN* has the form:
] ).
=0

where X (v) refers to the Sumudu transform of the function x(t).

(2.3) S[Dz(t)](v) = v <X(v) _ kzi: oF1



SUMUDU TRANSFORM & REGULAR FRACTIONAL CONTINUOUS-TIME LINEAR SYSTEM39

Proposition 2.1 ([1]). Let z1(t) and x5(t) be in A, having the Sumudu transforms
X1 (v) and Xa(v), respectively. Then, the Sumudu transform of the convolution product
of 1 and x4

(x1 % 29)(t) = /OOO x1(t — 1) xo(7) dr,

is given by:

8[(w1 % 22)(1)](v) = v X1 (v) X5(v).

Proposition 2.2 ([1]). For any a € RY, the Sumudu transform of F(;i:-l) is:

] -

In the following, we denote by R™*"  the set of real matrices with m rows and n
columns and by R™ the set of real columns vectors.

Proposition 2.3 ([7]). Let F' € R™™ be a real matriz. Then, for any v € C and
n—1<a<n,neN* the Laurent series is given by:

(2.4) (I, —v*F)™!' = i Froke

k=0
3. MAIN RESULTS

Let us consider the following regular fractional continuous-time linear systems:
(3.1) D%x(t) = Az(t) + Bu(t),
(3.2) y(t) = Cz(t) + Du(t),
where D® is the Caputo fractional derivative-integral, z(t) € R™, u(t) € R™ and
y(t) € RP are the state, the input and the output vectors of the model respectively,
and A € R B e R™™ (C € RP*™ and D € RP*™,
The boundary conditions of the system (3.1) are given by:
z(0) = xo.
Furthermore, the solution z(t) is impulse free which is equivalent to the following
compatibility conditions:
o vFFie ATz (k) (0) exists foralli € Nyand 0 < k <n—1,n € N*and v € (-7, 72);
e u(t) is provided.
It is assumed that the pencil of the pair (I, A) is regular, i.e.,
(3.3) det(I,, — v*A)~1 #£0,

for almost v € C.
By applying the Sumudu transform (formulas (2.2) and (2.3)) to the system (3.1),
we obtain:

S[DYx(t)](v) = S8[Az(t) + Bu(t)](v).
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Let us denote X (v) and U(v) as the Sumudu transforms of z(¢) and u(t) respectively.
Then, the use of the formula (3.3), yields:

X(U):(In_UaA)_ <aBU +ka1 kl) >
which is equivalent to:
n—1
X(U) = Ua(fn — UO‘A)_IBU(t) + (I _ UaA)—l Z Uk:L‘(k)

By the Laurent series (2.4), we obtain:

00 oo n—1
_ Z A'Bo (,U(’L'+1)CM71) (U(U)) + Z Z Aivark:C(k)(O).
=0 =0 k=0

Finally, applying the convolution theorem (Proposition 2.1) and the inverse Sumudu
transform (Proposition 2.2) give the following theorem.

Theorem 3.1. The solution of the implicit fractional dynamical system (3.1) is given
by:

i I A'B —Ta) /Ot(t — T)(i+1)a_1u(7')d7'

oo n—1 tia+k

(3.4) +Y DA

== Fia+k+1)

z*)(0),

where a and T represent the fractional derivative-integral order and the standard
Gamma function, respectively.

If « =1, its remain to the following.

Corollary 3.1. For a =1, we get:

Z

=0 H‘l)

[ ue)dr

l

ZO 2—1—1)

4. EXPERIMENTAL RESULTS

This section present academic and real examples. In both cases the obtained results
are compared to the existing ones.

Ezample 4.1. Find the solution of the system (3.1) for 0 < a < 1 and:

A:<8 (1)>, Bz(?), ZL‘():(i) and  wu(t) =1(z).
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Using (3.4), it follows that:
to t2a
_.|_
MNa+1) TI'(2a+1)

o !
1 [
Tt

1+

(1)

which is the same result obtained in [7].

FExample 4.2. Let us consider the following system:

(4.1) DYEx(t) = Az(t) + Bu(t),
with 0 < a <1 and the matrices:
100 0 0000 0
010 O 1 000 0
E_0001’A_0100’B_O’
00 —-10 0001 1
(4.2) C=(1101), D=0
and the initial conditions:
1
11
Ty = 0
1
It is clear that det E' # 0. Therefore, the system (4.1) becomes:
D°x(t) = Az(t) + Bu(t),
where
000 O 0
~ 41, | 100 O 5 el 0
A=FE A= 000 -1 and B=E "B= 1
010 O 0
It follows then
1
tOC
14—
et
ZE(t) — /t a1 1o t2a t3a
—— [ (t= dr — _ —
Ty o O )T =y " TR 1) TBat 1)
to t2a
1
TTatr) TTRar
Finally, using the systems (3.2) and (4.2), and the state z(¢) the output result is:
T W G
=2 Ta+1)  TRa+1)
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the same result is obtained using Laplace transform [2].

Example 4.3. Let us consider the following regular fractional continuous-time system:

(4.3) D"’z (t) = Az(t) + Bul(t),
where
010 0
A=10 0 1 , B=10 and wy = 20.
00 —w? 1

The fractional continuous-time linear system (4.3) is derived from the one degree
of freedom model of a passive car suspension as shown in Figure 1.

l o)

Insulated system M z1(f)

Suspension l 10) Tzo(t)

FIGURE 1. One degree of freedom general model of a car suspension [5].

M represents the car quarter mass, 2y is the profile of the road, fy is the efforts
applied on the suspension, and z;, f; are the force generated by the suspension and
the vertical movement of the mass respectively.

In this example o = 1.5. Then, using (3.4), the solution is:

O t 0 t
(t) = RAVAL /O(t—) ()dr+1 - /Ot—7)2u(r)dr

& 1

1
—wy,
To,1 A7 Zo,2 950 1

+1 To2 |+ 3r Zo,3 yé’o 2
Zo,3 —Z0,3 wh Io 3
x
0,2

Sﬁ / 2.5
+— To3 t

1571' / 1.5

—517053 Wh,

o [ (cu) { 1

t
t — 1.5240.5 d
(1.5 + 0.5) T(1.5 1 0.5) /0< T) T u(T)dr

T !
0,3 5i 3,0 56
(150 1.5i+1

1.5:T'(1.54) (2.25i% + 1.5i)[(1.54) ’

_|_
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where

To,1 556,1
z(0) =29 = | o2 and  2'(0) = | g,
20,3 1673

5. DI1SCUSSION AND CONCLUSION

In this paper, a new method for solving regular fractional continuous-time linear
systems is presented which has been already introduced in [8]. The main idea consist
on using the Sumudu transform to solve such a system. Thanks to the interesting
properties of the Sumudu transform, the result can be derived easily and the method
can be used for several practical applications.

The first results obtained are promising and encourage us to extend the method to
singular fractional continuous-time linear systems, and to other type of systems and
circuits, and also to other applications as for example to crone suspension which are
one of our future research topics and will be discussed in a separate paper.

[1]

REFERENCES

F. M. Belgacem, A. A. Karaballi and S. Kalla, Analytical investigations of the sumudu transform
and applications to integral production equations, Problems in Engineering, Hindawi Publishing
Corporation 3 (2003), 103-118.

D. Bouagada and P. Van Dooren, State space solution of implicit fractional continuous-time
systems, Fract. Cale. Appl. Anal. 15(3) (2012), 356-361.

R. Caponetto, G. Dongola, L. Fortuna and I. Petras, Fractional Order Systems: Modeling and
Control Applications, World Scientific Series on Nonlinear Science, Series A 72, World Scientific,
Singapore, 2010.

M. Caputo, Elasticitd e Dissipazione, Zanichelli, Bologna, 1969.

L. Fadiga, C. Farges, J. Sabatier and M. Moze, On computation of H., norm for commensurate
fractional order systems, 50" IEEE Conference on Decision and Control and European Control
Conference, Orlando, FL, USA, 2011, 8231-8236.

F. Jarad, K. Bayram, T. Abdeljawad and D. Baleanu, On the discrete Sumudu transform,
Romanian Reports in Physics 64(2) (2012), 347-356.

T. Kaczorek and K. Rogowski, Fractional Linear Systems and FElectrical Circuits, Studies in
Systems, Decision and Control 13, Springer International Publishing, Switzerland, 2015.

7. Kaisserli and D. Bouagada, State space solution of fractional continuous time systems using
sumudu transform, Bulletin d’Information de I’Académie de Hassan 11 des Sciences et Techniques,
MADEYV Conference, Rabat, Morocco, 2017, 53-57.

S. Karunathilaka, N. Hampson, R. Leek and T. Sinclair, The impedance of the alkaline zinc-
manganese diozide cell. II an interpretation of the data, Journal of Applied Electrochemistry
11(6) (1981), 715-721.

Q. D. Katatbeh and F. M. Belgacem, Application of the Sumudu transform to fractional differ-
ential equation, Nonlinear Stud. 18(1) (2011), 99-112.

A. Kiligman, N. Eltayeb and R. A. M. Atan, A note on the comparison between Laplace and
Sumudu transforms, Bull. Iranian Math. Soc. 37 (2011), 131-141.

I. Podlubny, Fractional Differential Equations, Academic Press, New York, 1998.

V. H. Schmidt and J. E. Drumheller, Dielectric properties of lithium hydrazinium sulfate, Phys.
Rev. 4 (1971), 4582-4597.



274 Z. KAISSERLI AND D. BOUAGADA

[14] D. Valério and J. Costa, A method for identifying digital models and its application to non-
integer order control, Controlo-6!" Portuguese Conference on Automatic Control, APCA, Faro,
Junho, 2004.

[15] J. Vashi and M.G. Timol, Laplace and Sumudu transforms and their application, International
Journal of Innovation Science, Engineering & Technology, 3(8) (2016), 538—-542.

[16] G. K. Watugala, Sumudu transform - a new integral transform to solve differential equations
and control engineering problems, Internat. J. Math. Ed. Sci. Tech. 24 (1993), 35-43.

LACSY TeaM LMPA,

MATHEMATICAL AND COMPUTER SCIENCE DIVISION,

ABDELHAMID IBN BADIS UNIVERSITY - MOSTAGANEM (UMAB),

P. O. Box 227 UNIVERSITY OF MOSTAGANEM, 27000 MOSTAGANEM, ALGERIA
Email address: zineb.kaisserli@univ-mosta.dz

Email address: djillali.bouagada@univ-mosta.dz



KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 45(2) (2021), PAGEs 275-288.

ON THE NON-NEGATIVE RADIAL SOLUTIONS OF THE TWO
DIMENSIONAL BRATU EQUATION

MBE KOUA CHRISTOPHE NDJATCHI', PANAYOTIS VYRIDIS!, JUAN MARTINEZ?,
AND J. JUAN ROSALES?

ABSTRACT. In this paper, we study the boundary value problem on the unit circle
for the Bratu’s equation depending on the real parameter u. From the parameter
estimate, the existence of non-negative solution is set. A numerical method is
suggested to justify the theoretical result. It is a combination of the adaptation of
finite difference and Gauss-Seidel method allowing us to obtain a good approximation
of p., with respect to the exact theoretical method p. = A = 5.7831859629467.

The vast majority of phenomena that occur in nature are described by a non-linear
differential equation or by a system of non-linear equations. Among these equations,
the Bratu’s equation, given by

V2u 4 pe =0,

is a classical example of equation with a strong nonlinear exponential term and a real
parameter p. This equation arises originally as a simplified model for the description
of the combustion of solid fuels. Also it is often appears in science and engineering
as a model in various physical applications, from chemical reactions, thermal combus-
tion theory, heat transfer radiation until the Chandrasekhar’s model of the universe
expansion and even nanotechnology [2,3,9,13]. In [5], the dynamics of the Bratu
equation were analyzed and the existence of bifurcations was shown. They are also
devoted to describe the Gaussian curvature problem in Riemannian geometry [15], the
mean field limit of vortices in Euler flows [8], the Onsager formulation in statistical
mechanics [6], the Keller-Siegel system of chemotaxis [19] and the Chern-Simon-Higgs

Key words and phrases. Non-linear eigenvalue problem, finite difference method, Gauss-Seidel
method.
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gauge theory [7,21].

Recently, most of the research has focused on better and more efficient solution
methods for determining solutions, approximate or exact, analytical or numerical to
this non-linear Bratu model [1,4,11,12,17,18,20].

In this paper we study the two-dimensional Bratu’s equation depending on a real
parameter p on the unit circle with the Dirichlet homogeneous boundary condition.
We prove the existence of non-negative radial solutions for a certain range of the real
parameter . A numerical method is suggested to justify the theoretical result.

1. THEORETICAL RESULT: EXISTENCE OF THE SOLUTION

We study the two dimensional Bratu’s equation on the unit circle with the homo-
geneous boundary condition,

—Viu(z,y) = pe ), iyt <1,
(1.1) ’ 5 To
U([E,y)—07 € +y _]-7

where p is a real parameter. The existence of the solution for the problem (1.1)
beyond a certain limit of the parameter u is based on a general theory of the non-
linear eigenvalue problem

(1 2) —V2U(ZE) = ,LLf(ZE,’LL), S Qa

' u(z) =0, x € 09,
where ) is an open bounded region of R™ and f(x, u) is a non-negative and continuous
function on (z,u) € Q x R. We have the next result [17]:

Theorem 1.1. Assume that
(1.3) flzyu) > h(x) +r(@)u, (z,u) € Qx|0,00),

where h and r are non-negative and continuous functions in 2. Then the non-linear
eigenvalue problem (1.2) has no non-negative solutions for any u > X, where \ is the
principal eigenvalue of the linear eigenvalue problem

{ —V2u(z) = Ar(z)u, x€Q,

(1.4) u(z) = 0, x €N,

In particular, due to the estimate

flz,u)=¢€">1+u,

the linear eigenvalue problem (1.4) corresponding to the nonlinear problem (1.1) is
given by h(z) =r(z) =1, i.e.,
~Vu(z,y) = Au(w,y),  2?+y> <1,
(1.5) _ 2, o _
u(z,y) =0, ¥ +y° =1

Introducing the polar coordinates on the plane
x(r,0) =rcosf, y(r,0)=rsinf, 0<r<10<60<2r,
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we obtain the equivalent, to the (1.5), problem

Pu  10u 1 0%u
—+——+ ===+ Au=0 1,0)=0.
o Tror g =0 uL)

The standard method of separation of variables

u(r,0) = R(r) ©(0),

with the boundary values

(1.6) R(1)=0, ©(0) =060+ 2r),
leads to the ordinary differential equations

(1.7) 0"(0) + KO(8) =0,

and

(1.8) r2R"(r) +rR'(r) + (M?* — K)R(r) = 0

where K is a constant. In order to obtain a periodic solution, according to the second
relation of (1.6) for the equation (1.7), the condition K = n? is necessarily required,
where n € N. Therefore, the equation (1.8) becomes

r?R"(r) + rR'(r) + (\r? —n*)R(r) = 0,
which is the Bessel’s equation with the general solution
R(r) = e1J,(VAT) + Y, (VAT),

where ¢; and ¢y are arbitrary constants. Requiring a bounded solution, when r = 0,
we set ¢y = 0. Furthermore, using the first relation of (1.6) we obtain

J(VA) =0,
which implies that
A(m)m = .](Qm),n .
Thus, the boundary value problem (1.1) has no non-negative solution for p > j(Q’m),n'
Since, the first root of the Bessel’s function Jy(x) is ji0 = 2.40482555769577, then

the threshold is pu. = A = 5.7831859629467.
In the next section we applied this result for the corresponding radial solution.

2. RADIAL POSITIVE SOLUTION OF THE BRATU’S EQUATION

The positive solution on the unit disc By has a radial symmetry i.e. depends only
on r = /22 +y%. In order to prove this we follow the technique developed in [10].
First, we observe that the homogeneous boundary condition implies, that 0B, is a
level set of the positive solution u € C?(5;) and therefore for the outer unit normal
vector to 0B1, we have

Vu

jzlv—u’ or (z,y)-Vu==£|Vu|.

v(w,y) = (2,y) =
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Furthermore,

1 g 1
@) = 1 —|—/ —etulEy) g = 1 + u(w,y)/ et u@y) gt
o dt 0
Next, we write the Bratu’s equation in the equivalent form
V2u + c(x, y)u = —pu < 0,
where .
c(x,y) = u/ et@ gt > 0.
0

The Serrin’s maximum principle implies, that

(2.1) g;:(x,y)-Vu:—\Vu\ <0, on JB;.
Denote by B = By N {(z,y) € R?> y > 0} the upper unit half disc and By =
By N{(z,y) € R? y < 0} the lower unit half disc. Thus, (2.1) implies
0
o) = = [Vule,y)| — o 52 (o) <0, on OB,

which means that Ou/0y < 0 on dB;". The smoothness of u implies that du/dy < 0
in Bi close to OB;". Thus, the solution u is a decreasing function on the y - direction
close to OB; . Furthermore, define the sets I, = {(x,a), x € R}, for 0 < a < 1 and
E,={(z,y) € B, a <y < 1}. To any (z,y) # (x,a), we assign its reflection with
respect to the line [,, the point (z,2a — y).

Theorem 2.1. Ifu € C’Q(Bl) is a positive solution of the Bratu’s equation, then u is

a function of r = /22 + y2.

Proof. 1t is sufficient to show that u(x,y) = u(z, 2a — y) whenever a = 0 i.e. the line
l, coincides with the axis x. To this end, define

ap = inf{a € [0,1] : u(z,y) <u(z,28—y), (x,y) € Ez, a <[ <1},

The above infimum is well defined, since the solution u is a decreasing function on
the y - direction close to B;". We will prove that ay = 0. Suppose that ag > 0 and
define the function

U(%Q) :u(x,Zao—y)—U(x,y), (x,y) < Ello‘
Then v(z,y) > 0 and
VQU(‘T7 y) - O(ZL’, y)U((I,’7 y) =0,
where
1
Clx,y) = [ulz,2a0 — y) — ulx,y) | / eltu(m200 =)+ (=Du@lge > 0,
0

The Serrin’s maximum principle and the above discussion implies that

ov
v(z,y) > 0,, (z,y) € By, afy(%y) <0, (z,y) € lo, N B
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and, equivalently

ou
a—y(z,y) <0,(z,y) € l,, N By,

with the partial derivatives with respect to y, always taken close to dB;. Thus, we

have, that the positive solution u is also decreasing function on l,, N Bi". Choosing
any € > 0, sufficiently small for 0 < f = ag — € < ag, we have

u(z,y) < u(z,2a0 —y), (x,y) € Eq,

u(z,y) < ulz,2a0 —y) <w(@,26—y), (v,y)€lsN B,
and by the smoothness of u
u(z,y) <u(@,26—y), (z,y)€ By [ <ao,
which contradicts to the definition of ag. Thus, necessarily ag = 0, and
u(z,y) < ulz,—y), (v,y) € By
In the same way, we can obtain

U(Q?,y) Z'U/(.T, _y>7 (xvy) EBfu
which implies u(z,y) = u(z,—y) in the unit disc. Finally, the axis x can be any
diameter of the unit disc, thus we have the radial symmetry of the solution. 0

3. NUMERICAL METHOD

To find the numerical solution of (1.1), we have used an adaptation of the second-
order Finite Difference Method (FDM). First, we consider a rectangular region (R)
defined by

—1<x<1,

{—1§y§L
in the cartesian system (OXY'), and we insert into (R) the circle (€) defined by
22 + y* = 1. Next, the region (R) is subdivided into the grid n x n equal subregions:

h x h where 5
h=—,

n
i.e, the axis (OX) and (OY) are partitioned in n equal part each one. So, each point
or node (x;,y;) of the grid is the intersection of the z = x; vertical line and the y = y;
horizontal line, where
r;i=—141th, 1=0,...,n,
and
yj=—14+jh, j=0,...,n
Then, it is not difficult to see the following.
(a) For an exterior point or endpoint P ; = (x;, y;) of the circle (C), i.e., z7 +y7 > 1.
See the Figure 1.
We have

(3.1) Py u(xi,y;) = wi; = 0.
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FIGURE 1.

(b) For each interior point P;; of the circle (€), i.e., 27 + y]z < 1, we apply the
Finite Difference Method (FDM) using the Taylor series with the variable x around
x;, and with the variable y around y; [16], i.e., without loss of generality, around of
this point P;; we suppose the next four points Py, P ji1, Pi—1,, Pij—1 which are
known respectively as East(E), North(N), South(S), West(W) point with respect to

P, ;, see Figure 2.

Piji1

1

})i——l,]
—1

P,

—1

FIGURE 2.

So, we define:
Py rul@ + h,y) = w(wig, yy) =
Piji1tu(z,y + h) = u(w, ?Ja+1) Wijt1,
Pij1u(@,y —h) = u(w;,y;-1) =
Py u(@ —h,y;) = u(i,y;) =
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Next, for every interior point (x,y) of the circle, we have

0*u 1
52 ~ ﬁ[u(x + h,y) — 2u(z,y) + u(z — h,y)],
0*u 1

(3.2) g~ i@y th) = 2u(ey) +u(ey - h).

By adding these two equations (3.2), the equation (1.1) for all interior point of the
circle can be replaced by the difference equation:

AT ANE TN
ox?  OJy*> h?
=(=p)(1 +u(z,y)).
Then, it is easy to see that

v+ h,y) +u(r,y+h) +u(r—hy) +ule,y —h) —4du(z,y)]

(3.3) Aw;j — wig1; — wim1; — Wi — wi i1 = (—p)(—=h?)(1 +w; ),
where u(z;,y;) = w;; and ¥ =14+ w; ; + - -
So, (3.3) implies that for each interior point P ; of the circle (€), we have

(3.4) (4 = ph*)wij — Wis1j — Wim1g — Wijer — Wijy = ph?,

where t =0,...,n,and 7 =0,...,n.

The reader may find an illustrative example in the Appendix.

To find the value u(z;,y;) = w;; of the point P, ; on the region (R), the system
of linear equations (3.1) and (3.4) is established, moreover, the solution of (1.1) is
reduced to the solution w; ; of the system of linear equations (3.1) and (3.4), depending
on the parameter p. Finally, to solve the system of linear equations (3.1) and (3.4),
the Gauss-Seidel’s Method is used [4].

Since (1.1) and (3.4) depends on the parameter u, we determine the threshold g,
giving the grid n x n of (R), and also giving a value the parameter p for the grid
n x n of (R) the norm |w; j| = Upq, is found.
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Algorithm

1 Input: Value n of the subdivision of the region (R); Initial value of p = po;
k =step of pu.

2 Output: Value of the threshold f.; Approximate solution u(z;,y;) > 0 of the
interior point of the circle for certain range of p; Maximum value t,,q, of the
solution u(x;, y;).

3 for V(z;,y;) € (R) do

4 if (@;,y;) satisfy x? + yj2- > 1 then
5 | Output: u(z;,y;) = 0.
6 else
7 for V(z;,y;) that satisfy x2 + yJQ- <1ldo
8 (1) Using FDM, establish the system of linear equations AX = B
which depends on parameter .
9 (2) Solve the system of linear equations AX = B by the
Gauss-Seidel’s Method for given initial value p = py.
10 if Ju(z;,y;) <0 then
11 | Change Initial value of 1 = jio; goto (2)
12 else
13 (3) while Vu(z;,y;) >0 do
14 (3.1) p=p+k.
15 (3.2) Solve the system of linear equations AX = B by the
Gauss-Seidel’s Method.
16 (3.3) if Fu(z;,y;) <0 then
17 Output: . = p — k; w(zi, yj) > 05 Upar = max(u(z;, yj)).
18 Stop.
19 else
20 | Output: g4 u(zi, y;) = 05 Upae = max(u(z;,y;)).
21 end
22 end
23 end
24 end
25 end

26 end
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4. RESULTS

We developed a software in high-level programming language (in this case, Java)
based on the algorithm mentioned above. The following tables show the result of (1.1)
for the respective partition 40 x 40 and 70 x 70 (see Figure 3).

P6=48.39661429378321

Grid | 40 Step | Graph | s
P7=48.7985241 18874475 ')
= 1011 | Erase PB= 48.396683592228406
PU= 47.150226754967416

File P10=44.90958334997749
P11= 41.30408584871580
P12= 35.38854305635518

Time 1764835 P13= 24.433348300460512
P14= 27.998225515177694
P15= 44.30654992883104
P16= 62.18721793854559

Galcul with Mu | stop | P17=75.25630097895055
P18= 84.32485416592188
| calcul with fixed Mu See Equation P19=00.5407275429539
it P20= 94.61956723909553
point filter

P21= 96.94568339137535
P22=97.70300679353723
3 P23= 96.9458222241003

R R EERR R RRRERRRRRRRRRRRRRRERRRREI Ho8 haibiazeaiaeg
T 1TI11111111111 P25=90.54111850874712
AT T T 111111 Bonar U loiings
T 1TI11111111111 P27=75.256830777795
AT T 1111111111110 E25c 02 i Clolrasd
AT 1111111111111 110 F20-arlonnaioasero.
001111 111111111111111111111100 A0 Zroshndoloni 2y
0011111111111 1111111111111100 Elir 2bdels0nsannaas
0001111111 111111 11111111111111111111000 | Bag- 52 1240604502915
000011111111111141111111111111111110000 L aromioaessatitia
000011111111111111111111111111111110000 B3t sodianionzeraig
000001111111111111111111111111111100000 EEr At st
000000111111111111111111111111111000000 £0- 110 tao2edonobotl
000000001111111141111111111111100000000 D3 12000800 n0eits
0000000001 111111 1111111111111 PaB- 137.02024547141345 d
[RRRAREEARERRERE] -
111111111111 diou -
L] 13024.0290842215

Max 697.5299282170618

Exact Value of Mu 5.6065999999999985

Iniciar

(a) Result for 40 x 40

4.1. Finding of .. For each grid, we find the respective u. and the norm t,,,, given
in Table 1.

TABLE 1.

nxn

fhe

umax

30 x 30

5.505499999999999

126.26207775999859

40 x 40

5.6065999999999985

697.6299282170618

50 x 50

5.6065999999999985

114.5670432582935

60 x 60

5.6065999999999985

102.23255929486518

70 x 70

95.6065999999999985

101.79863813473932

75 x 75

5.584800000000021

60.012385961525645
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Grid | 70 Step

Mu 5 101011

[ cacutwinme | | stp |

| calcutwinmeanu | | see Equaton |
point fiter

Time
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( File ]

4761762

L e R RN EER R RR R
aooo 1T T T T T AT T A T
o000t AT T T T T AT T A T T
00000011111111111111111111111111111 111111111411
00000007111111111111111111111111111 111111111411
000000071111111111111111111111111111 111111111111
00000000111111111111111111111111111 111111111111
0000000001111 1111 AT T AT T A 1T
0000000000111 11111 1T AT T AT T AT 111
00000000000111111111111111111111111 111111111411
00000000000011111111111111111111111 111111111411
00000000000000111111111111111111111 111111111111
00000000000000011111111111111111111 111111111111

00000000000000001 1111111111111 A1 11114141
000000000000000000111111 1111411114411 11141411
00000000000000000000111111111111111 1111111111117
00000000000000000000000111111111111 1111111111101

000000000000000000000000001111111111111111100001
<%

Exact Value of Mu 5.6065999999999985

Interactions-=49672
P1=2.0726085456412034
P2=20212514824232218
P3=3.3499620022656352
P4= 3.60514498081968125
P5=37723487572198313
P6=3.8854573223007174
P7=3.959540338734567
P&= 4 001799575486057
PO= 4 015572210434625
P10=4.001838567091867
P11= 3.959617495464889
P12=3.8855708843373105
P13= 3.772495751323607
P14=3.60532043408650924
P15= 3 3501578416903402
P16= 2 921450596638641
P17=2.072859975121031
P18= 2.241349040939976
P19= 3.310396940511468
P20=4.144047161750114
P21= 5 355560153043445
P22=§ 244401021736044
P23= 5.853644912625247
P24=7 27729956190362
P25=7.577062349158075
P26=7.787694840201044

L LT-LLE

Da7—

MNorm

3316.805630203534

Max 101.79863813473932

(b) Result for 70 x 70

FIGURE 3. Result for 40 x 40 and 70 x 70

T00

500

Umax

300

200

FIGURE 4. Graph of u,q; vs u, for 40 x 40
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4.2. Graph of u,,,, vs u, for 40 x 40. We have drawn the graph of u,,q. vs u, for
40 x 40, given in Figure 4.

4.3. The graph of the solution u(x,y), for 50 x 50 and 75 x 75 with u = 4.
The graphs of the solution u(z,y) of the equation (1.1) are drawn with the parameter
1 =4, for the respective partition 50 x 50 and 75 x 75, given in Figure 5.

10

tirse
o
HHIN ;
LHITHIHY
SIS : 1

FIGURE 5. Graphs of the solution u(x,y), for 50 x 50 and 75 x 75

So, from the Figure 5, we can see that, as u € C?(By = {(x,y) : 22 +y* < 1})
is a positive solution of the Bratu’s equation for u < pu., then u is a function of

r =2+ 12
5. CONCLUSION

In this paper, we have studied the boundary value problem on the unit circle for the
Bratu’s equation which depends on a real parameter u, we show that the boundary
equation has the no non-negative solutions when p > . = 5.7831859629467, where we
have implemented the numerical method, that is, the combination of the adaptation of
finite difference and Gauss-Seidel method, which allows us to obtain a good approach
of u. with respect to the exact theoretical method p. = A = 5.7831859629467.

A possible application of these results could be to the simplified stationary model
for energy functional related to thermo-electro-hydrodynamics description of electro-
spinning [14].

6. APPENDIX

:. The grid has 5 x 5 = 25 points, in which 9
) Pl,l) P1,2a P1,37 P2,17 P2,2a P2,3) P3,17 P3,27 P3,3

Example 6.1. Let n = 4, so h =
are interior points of the circle, i.
(see Figure 6).

The points which satisfy 27 + 37 > 1, i.e.,

SEIN

@

Poo 1U(9307y0) =u(-1,-1) = wo,o = 0,
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Py | Py
Pos 4 Pyy
03 23 Py
Py Py
Py P
* . ° [ ] ®
Py Py Py
F 21 41
\ngn Py
w_ | Dy
Poo Py Py
FIGURE 6
1
Py wu(xo, 1 ZU( 1, )_wo,l—O,

1
5) = w4,3 - 07
U(l, —]_> = Wy 4 = 0.

)

So, for the interior points of the circle which satisfy x? + yjz- <1

7!
P1,1 : (4 - Z Wy,1 —Wo1 — Wo,1 — W12 — W10 =

4 —

(-5
Ps: (4
(1-
y

W12 — W22 — Wp2 — W13 — W11 =

Wi,3 — W23 — W3 — W14 — W12 =

)

..p

Wz 1 — W31 — Wi1 — W2 — Wopo =

)

4 — Wo2 — W32 — W12 — W23 — W21 =

)

~— ~—
S B R R S

»Mt sz »Mt >M
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% 2
P2,3 : (4 - 4> W23 — W33 — W13 — Waqa — W22 = Z’
Py (4 — M) W31 — W1 — Wo 1 — W39 — W30 = H;
4 4
Py, (4 — 'Z) W3 — W4 — W — W33 — W3] = %,
2 K
P3,3 : (4 - 4> W3,3 — W43 — W3 — W34 — W32 = Z

It is not defficult to establish the system of linear equations AX = B, where

(4-8) -1 0 ~1 0 0 0 0 0
~1 (4-8 -1 0 ~1 0 0 0 0
0 -1 (4= 0 0 ~1 0 0 0
~1 0 0 (-5 -1 0 ~1 0 0
A=| 0 ~1 0 0 (-5 -1 0 ~1 0o |,
0 0 ~1 0 -1 (4-5 0 0 ~1
0 0 0 ~1 0 0 (4-# -1 0
0 0 0 0 ~1 0 R |
0 0 0 0 0 -1 0 1 (4—1)]

T
XZ{wl,l Wi2 W13 W21 W22 W23 W31 W32 w3,3} )

B-| '

pS
RS
=
=
=
RS
RS
RS
=
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LYAPUNOV-TYPE INEQUALITY FOR AN ANTI-PERIODIC
CONFORMABLE BOUNDARY VALUE PROBLEM

JAGAN MOHAN JONNALAGADDA!, DEBANANDA BASUAZ?,
AND DIPAK KUMAR SATPATHI?

ABSTRACT. In this article, we present a Lyapunov-type inequality for a conformable
boundary value problem associated with anti-periodic boundary conditions. To
demonstrate the applicability of established result, we obtain a lower bound on the
eigenvalue of the corresponding eigenvalue problem.

1. INTRODUCTION

The subject of fractional calculus deals with the theory and applications of integral
and differential operators of arbitrary order. The combined efforts of a number of
scientists for many years resulted a strong basic theory of fractional calculus [13,19].
In this process, several types of fractional differential operators were proposed so far.
Unfortunately, each type obeys only some of the properties of the classical derivative.

In 2015, Ortigueira et al. [15] formulated two criteria required by an operator
capable of being interpreted as fractional derivative. Recently, Tarasov [20] proposed
a principle of nonlocality for fractional derivatives. As a result of these two articles,
neither of the conformable differential operators proposed by Khalil et al. [12] are
interpreted as fractional derivatives. Further, differential equations with conformable
derivatives can be represented as differential equations of integer order for the space
of differentiable functions. Subsequently, the conformable derivative was generalized
in many ways [1,10,11]. Several authors have explored properties [3-7] and physical
applications of the conformable derivative [5,6,24]. Recently, Anderson et al. [5]
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argued that there is a significant value in exploring the mathematics and physical
applications of these derivatives.

The Lyapunov inequality is a necessary condition for the existence of a nontrivial
solution of Hill’s equation associated with Dirichlet boundary conditions.

Theorem 1.1 ([14]). If the boundary value problem

y(a) =0, y(b) =0,
has a nontrivial solution, where p : [a,b] — R is a continuous function, then

4
(b—a)

The Lyapunov inequality (1.2) finds its applications in various problems related
to the theory of differential equations and allied fields. Due to its importance, the
Lyapunov inequality has been generalized in many forms. For a detailed discussion
on Lyapunov-type inequalities and their applications, one can refer [8,16,18,21-23]
and the references therein.

On the other hand, Abdeljawad [2] and Gholami et al. [9] independently generalized

Theorem 1.1 to the case where the classical second-order derivative in (1.1) is replaced
by an ath-order, 1 < a < 2, conformable derivative.

(1.1) {y”(t) +pt)y(t) =0, a<t<b,

(1.2) /ab Ip(s)|ds >

Theorem 1.2 ([2]). If the boundary value problem

{(Tm)(t) +p(Hy(H) =0, a<t<b,
y(a) =0, y(b) =0,

has a nontrivial solution, where p : [a,b] — R is a continuous function, then

aa

b
[ we)ias > (0= 1) (b= a1

Here T, denotes the a'"-order conformable differential operator. Motivated by
these works, in this article, we derive a Lyapunov-type inequality for the following
two-point anti-periodic conformable boundary value problem:

(1.3) {(Ttﬁy) ) +p)y(t) =0, 1<a<2,0<t<T,
y(0) +y(T) =0, ¥(0)+y(T)=0.

2. PRELIMINARIES

Throughout, we shall use the following notations, definitions and known results of
conformable calculus [1,12].
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Definition 2.1 ([1]). Let y : [a,00) — R and 0 < o < 1. The a'"-order conformable
derivative of y starting from a is defined by
y(t+=(t—a)) = y(0)

(Teyy) (t) = lim . . te(a,00).

If (T;ﬂry) exists on (a,b), then
(729) (@) = lim (T7,y)(0).

Definition 2.2 ([1]). Let y : [a,00) — R, @ > 0 and choose n € N; such that
n—1< a < n. Assume that y" V) exists on (a,00). The a™-order conformable
derivative of y starting from a is defined by

(Te.y) () =(To Py =) (1)

. y(n—l) (t + €(t o a)n—a) - y(n—l) (t)
=lim
e—0 £

, te(a,00).

If y™ exists on (a,00), we have

(T(f:_y) (t) = (t —a)" Y™ (), te(a,o0).
Also, we define
(T2,4) (1) = (1), ¢ € (a,00).

Definition 2.3 ([1]). Let y : [a,b] — R, @ > 0 and choose n € Nj such that
n —1 < a < n. The a'"-order conformable integral of y starting from a is defined by

(120)0) = gy [ (=9 s = "ulohds, e € Lot

Theorem 2.1 ([1]). Let y : [a,b] = R, o > 0 and choose n € Ny such that n — 1 <
a < n. Ify"Y ezists on (a,b), then
™ (a)(t —a)*

(I, Toy) () = y(t) = 5 :

k=0

t € (a,b).

3. ANTI-PERIODIC BOUNDARY VALUE PROBLEM

In this section, we derive a few properties of the Green’s function for the boundary
value problem (1.3) and obtain the corresponding Lyapunov-type inequality.

Theorem 3.1. Let 1 < a < 2 and h : [0,T] — R is a continuous function. The
conformal boundary value problem

{(T&y) () +h(t)=0, 0<t<T,

(3.1)
y(0) +y(T) =0, ¥'(0)+y(T)=0,
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has the unique solution

where

T t-—

<4+ Qs)sa—2, 0<t<s<T,
(3.2) G(t,s) = T sy

<+ )SH, 0<s<t<T.

47 2
(3

Proof. Applying I§, on both sides of (3.1) and using Theorem 2.1, we have

¢
(3.3) y(t) = Cy + Cot — / (t — 5)s* 2h(s)ds.
0
Differentiating (3.3) with respect to ¢, we get

(3.4) y'(t) =Cy — /Ot s 2h(s)ds.
Using y(0) + y(T) = 0 in (3.3) we get

(3.5) 20 + CyT = / $*2(s)ds.
Using 4/(0) + ¢/(T) = 0 in (3.4) we get
e a—2
(3.6) O, = 5/0 %2 (s)ds
Then, from (3.5) and (3.6), we have
20, = _7/ $*2h(s ds+/ 5)s%~2h(s)ds,

which implies

(3.7) C = ;/T (Z — s) s 2h(s)ds.

Then, from (3.3), (3.6) and (3.7) we have
;/0 (§—8> 21 (5)ds + - / a2p( )ds—/ot( — 6)s 2 h(s)ds
LGt G
= [t =) 2nis)as
/tdw-t) e (52
= [ s

The proof is complete.
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Lemma 3.1. The Green’s function G(t,s) defined in (3.2) satisfies the following
properties:
(a) G(t,s) < G(s,s), (t,s) € (0,T] x (0,T];
(b) s**G(s,s) =L, s€[0,T);
t,s) €

() [sG(t,)| < T, (t:5) €0,7) < [0,T];
2
(d) maxepo,r) Jo G(t,s)ds = - (2—22(2:_11)(04—1)) ;
(e) maxepor Jy s> G(t, s)ds =L,
(£) maxepo o G'(t, 8)ds = 5y
(8) maxieor) o Gt )ds = 3;
(h) maxepn) fOT ‘G(t, s)‘ds = TS&:?.

Proof. Define the functions

T — T —
Gi(t,s) = <4 + L 5 8) 5772 and  Gy(t,s) = <4 + 2 5 t) 572,

We can easily check that G(t, s) is an increasing function of ¢. Differentiating Go(¢, s)
with respect to t for every fixed s, we observe that, G(t, s) is a decreasing function
of t. Thus, we have (a). The proof of (b) follows from (3.2). Clearly, from (a) and
(b), we have

(3.8) s*7G(t,s) < (t,s) € [0,7] x [0,T].

*M'ﬂ

Consider

s20G (L, s) = 1 + 5

2 4

T s—t_ T 0-T T
>Z >

which implies

(3.9) 279G (1, ) < Z
Similarly
S29Gy(t, 5) :ZH;S Z 02T > :i
implies
(3.10) FOC(t5) < -
So, from (3.9) and (3.10), we get
(3.11) _ 200 s) < Z (t,s) € [0,T] x [0,7].

Then, from (3.8) and (3.11), (c¢) follows. For (d), consider

T trT s —1\ .9 r/rot
/OG(t,s)dS—/O<4—|— 5 )s ds—i—/t <4+

S) s 2ds
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_(T t> ot +ta+<T+t) Tet et

4 2/ \a-1) 22 \4 2)|la—-1 a-1
1T o

(3.12) —2[—].

(0% (0%

Define H;(t) as the right hand side of (3.12). Now, differentiating H;(¢) with respect

to t and equating it to 0, we obtain t = —L4—. Again, differentiating H,'(t) with
2a—1

respect to ¢, we observe that H,"(t) <0 at t =

L. So, H,(t) attains its maximum
2a—1

at t = il Thus, we have (d). Consider

ot

T YT st Lt

/sQaG(t,s)ds—/< i )d —|—/< S)ds

0 0

T ¢ ¢ (Tt T% —¢?

1 Y (LA L A N . .
(3.13) (4 2)t+4+(4+2>( 2 ( 1 )

Define Hy(t) as the right hand side of (3.13). Now, differentiating Hs(t) with respect
to t and equating it to 0, we obtain t = Again, differentiating Hy'(t) with respect

to t, we observe that Hy"(t) < 0 at t = L. So, Hy(t) attains its maximum at ¢ = L.
Thus, we have (e). Consider

2
/ a—2 a—2
/OGts 2/ d$+2/ ds

tal Tozl tafl
:_5 [a—l]jLQ[a—l_a—l]

SNl

Ta—l
< —.
~ 2(a—1)
This completes the proof of (f). For (g), consider
T t T t T T
2, :——/d /d——— — L L
/0 ¢(t9) Ta) BTt T T T
Consider
T t T
/ Gt 5)|ds :/ G (t, 5) |ds+/ Gi(t, 5)|ds
0
</( i DQQdS—i-/ ( ‘ 28>30‘2d5

Tt ! s —1t\ . o T (Tt !
= — / < >s ds + — —
da—=1) Jo \ 2 4 \a—1 a-1

()

Tt~ 1 to N to t(Ta—l _ toz—l) N Ta—l _ ta_l
Ha—1) 2a  2(a—1) 2(a—1) 2a
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T° 7o Te T(Ta—2)
3.14 < i _tflra=2)
(3:14) _4(a—1)+a—1+204 da(a—1)
Thus, we have (h). The proof is complete. O

We are now able to formulate a Lyapunov-type inequality for the anti-periodic
boundary value problem.

Theorem 3.2. If (1.3) has a nontrivial solution, then

T 4
(3.15) / $*2|p(s)|ds > —.
0 T

Proof. Let C[0,T] be the Banach space of continuous functions y on [0, 7] with the
norm

= t)).
lylle = max ly(t)]

It follows from Theorem 3.1 that a solution to (1.3) satisfies the equation

y0) = [ Gl spls)us)ds

Consider

01 = [ Gt 9ps(s)as
< [ (Gt It o) lds
<ol [ |Gt )| Ip(s)lds

=yl [ [*[Gte, ][50 s,

which implies

<
Iyl < llyll mas,

T
32_0"G(t, s)” [/ ‘so‘_Qp(s)’ds}
0
An application of Lemma 3.1 yields the result. The proof is complete. O

4. APPLICATION

In this section, we estimate a lower bound for the eigenvalue of the conformable
eigenvalue problem corresponding to the conformable boundary value problem (1.3)
using three different methods.

Definition 4.1 ([17]). A Lyapunov Inequality Lower Bound (LILB) is defined as a
lower estimate for the smallest eigenvalue obtained from Lyapunov-type inequality
given in (3.15) by setting p(s) = A, that is,

1

A >
o Y—VGTT'LGJII?7

where Gpe = maxo<i<r |G(t, 5)|.
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Definition 4.2 ([17]). A Cauchy-Schwartz Inequality Lower Bound (CSILB) is defined
as a lower bound for the smallest eigenvalue obtained from Cauchy-Schwartz inequality
of type given in (3.15) by setting p(s) = A, that is,

A > l/OT/OTGQ(t,s)dsdt]_ .

Definition 4.3 ([17]). A Semi Maximum Norm Lower Bound (SMNLB) is defined
as a lower bound for the smallest eigenvalue obtained from Semi Maximum Norm
inequality of type given in given in (3.15) by setting p(s) = A, that is,

1

~ maxo<<r fif |G(t,s)|ds

NI

(4.1)

Theorem 4.1. Assume that y is a nontrivial solution of the conformable eigenvalue
problem

(Tg.y) () + My(t) =0, 0<t<T,
y(0) +y(T) =0, y'(0)+y(T)=0,
where y(t) # 0 for each t € (0,T). Then
4(a—1
(4.2) A(LILB) Z(aTa), l<a<?,
43 A LW m8) 3
() (CSILB) = Ta 5_04_ )
da(a—1)
4.4 A >——=  1l<a<?2
(4.4) (SMNLB) =Te(Ta —2)’ o >

Proof. We choose p(s) = A in (3.15). Then, we obtain,

A ! 2d 4
a— > o
/0 S S T,

Tt 4
> —.
A(a—l) - T

This proves the result (4.2). Consider,

/oT /OT G*(t, S)dsdt] .
(£ ot
<:1F62 /oT /oT Sza_4dsdt> K

implies

(NI

A>

v
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4 <T2a2>‘5 4y/(20=3)

T\2a -3 T
So, (4.3) is proved. The result (4.4) follows from (4.1) and (3.14). The proof is
complete. O
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ON THE HARMONIC INDEX AND THE SIGNLESS LAPLACIAN

SPECTRAL RADIUS OF GRAPHS
HANYUAN DENG!, TOMAS VETRIK2, AND SELVARAJ BALACHANDRAN2:

ABSTRACT. The harmonic index of a conected graph G is defined as H(G) =
Y wwe B(G) m, where E(G) is the edge set of G, d(u) and d(v) are the degrees
of vertices u and v, respectively. The spectral radius of a square matrix M is the
maximum among the absolute values of the eigenvalues of M. Let ¢(G) be the
spectral radius of the signless Laplacian matrix Q(G) = D(G) + A(G), where D(G)
is the diagonal matrix having degrees of the vertices on the main diagonal and A(G)
is the (0,1) adjacency matrix of G. The harmonic index of a graph G and the
spectral radius of the matrix Q(G) have been extensively studied. We investigate
the relationship between the harmonic index of a graph G and the spectral radius of
the matrix Q(G). We prove that for a connected graph G with n vertices, we have

n2

2 —1)’ if n > 6,
aG) _ | 6
HG) ~ ) 3 if n =5,
3, if n =4,

and the bounds are best possible.

1. INTRODUCTION

A lot of research has been done on topological indices due to their chemical impor-
tance. Chemical-based experiments show that there is a strong relationship between
the properties of chemical compounds and their molecular structures. Topological
indices are used for modelling properties of chemical compounds and biological activ-
ities in chemistry, biochemistry and nanotechnology. We study the harmonic index

which is one of the most known topological indices.

Key words and phrases. Harmonic index, spectral radius, eigenvalue, signless Laplacian matrix.
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Let G be a simple connected graph with vertex set V(G) and edge set E(G).
The degree of a vertex v € V(G), d(v), is the number of edges incident with v. A tree
is a connected graph containing no cycles and a unicyclic graph is a connected graph
containing exactly one cycle. A bicyclic graph is a connected graph G having n + 1
edges where n is the number of vertices of GG. Let us denote the complete graph, the
star and the path having n vertices by K,,, S, and P,, respectively.

Let ey, eq,...,ex € E(G). We denote by G — {ej,es,...,ex} the graph with
vertex set V(G) and edge set E(G) \ {e1,eq,...,ex}. An edge-induced subgraph
Gley, ea,. .., €] is a subgraph of G which consists of the edges e, e, ..., e and ver-
tices incident with e, es, ..., €.

The spectral radius of a square matrix M is the maximum among the absolute values
of the eigenvalues of M. Let ¢(G) be the spectral radius of the signless Laplacian
matrix Q(G) = D(G) + A(G), where D(G) is the diagonal matrix having degrees of
the vertices on the main diagonal and A(G) is the (0,1) adjacency matrix of G. We
denote the spectral radius (of the adjacency matrix A(G)) of a graph G by A(G).

The Randi¢ index of a graph G is defined as

This topological index has been successfully related to chemical and physical properties
of organic molecules, and become one of the most important molecular descriptors.
The Randié¢ index was introduced by Randi¢ [16] and generalized by Bollobéds and
Erdds [3]. Using the AutoGraphiX2 system, Aouchiche, Hansen and Zheng |[1, 2]
studied lower and upper bounds on R(G) @ i(G) in terms of the number of vertices of
G, where i(G) is one of the following invariants: the maximum, minimum and average
degree, diameter, girth, algebraic and vertex connectivity, matching number and the
spectral radius of G, and @ denotes one of the four operations +, —, x, /.
The harmonic index

2
N weB(G) d(u) 4+ d(v)

of a graph G was introduced by Fajtlowicz [8]. Hansen and Vukicevié¢ [12] studied
the connection between the Randi¢ index and the chromatic number of graphs. Deng
et al. [6] considered the relation connecting the harmonic index and the chromatic
number and strengthened the result relating the Randi¢ index and the chromatic
number conjectured by the system AutoGraphiX and proved in [12]. Favaron, Mahéo
and Saclé [9] considered the relationship between the harmonic index and eigenvalues
of a graph.
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Using the AutoGraphiX system, Hansen and Lucas [11] gave a conjecture saying
that if G is a connected graph having n > 4 vertices, then
in —4
WG )
R(G) — n
vn—1
with equality if and only if G is K, for 4 <n < 12 and G is S,, for n > 13. Recently,
Ning and Peng [15] solved this conjecture.
Motivated by the work of [15] we study the relationship between the harmonic index
H(G) of a graph G and the spectral radius of the signless Laplacian matrix Q(G). In
particular, we prove the following theorem.

if4<n<12,

if n > 13,

Theorem 1.1. Let G be a connected graph having n vertices. Then

) an267
a6 |
3 if n =4,

with equality if and only if G is S,, forn > 6 and G is K,, for4 <n <5.

2. PRELIMINARIES

In this section, we present known results, which will be used in the proofs of our
theorems. Upper bounds on the spectral radius of the signless Laplacian matrix and
the adjacency matrix of a graph were given in [10] and [13], respectively.

Lemma 2.1 ([10]). Let G be a connected graph with n vertices, m edges and let q(G)
be the spectral radius of the signless Laplacian matriz of G. Then

2m
G) < —— —2
¢(G) s — +n-2
with equality if and only if G is K,, or S,.

Lemma 2.2 ([13]). Let G be a connected graph G with n vertices, m edges and let
M G) be the spectral radius of the adjacency matrixz of G. Then

AMG) <V2m—n—+1,
with equality if and only if G is K, or S,.

Let us present three lower bounds on the harmonic index H(G) of a graph G for
general graphs, unicyclic graphs and bicyclic graphs.

Lemma 2.3 ([5]). Let G be a connected graph with n vertices and m edges. Then

2m?
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Lemma 2.4 ([7,14,17]). Let G be a unicyclic graph with n > 3 vertices. Then
5n? 4+ n — 12
2n(n + 1)
Lemma 2.5 ([7,14]). Let G be a bicyclic graph with n > 4 vertices. Then
14 2n® +14n+ 16

H(G) =

HG) > — — .
(@) 2 5 nn+1)(n+2)
3. RESULTS
First we consider graphs with n > 6 vertices, m edges and the harmonic index at
leagt 20=D) 4 Alm-n+1)

Theorem 3.1. Let G be a connected graph with n > 6 wvertices and m edges. If
H(G) > 2(";1) + 4(m "D then

oG
H(G) ~ 2(n—1)’
with equality if and only if G is S,,.

Proof. Let H(G) > 2("7:1) + 4(mn"+1) By Lemma 2.1, we have ¢(G) < 2% +n — 2,
with equality if and only if G is either K,, or S,,. Thus

m 2(n—1) 4(m— n+1) n?
q(G) i tn—2 (o + ) _
H(G) — 2(nn—l) + 4(m;;¢+1) 2(nn 1) + (mng"‘l) 2(TL — 1)

Note that for K,, we have m = "("271) and for this value we get 2(7:1) + 4(m;§+1) =

4(2=1)2. Since H(K,) = & > 4(%2)? for every n > 6, we obtain a(Kn) - _n?

H(EK,) S 2(n—1)°
For the graph S,, we have m=n- 1. Since H(S,) = 2("7;1) = 2(”7;1) + 4(m;2n+1) for
m=mn—1, we get ‘I((S n)) = ( 1), which implies that q(%)) < 5 21), with equality if

and only if G is .5,,. U

Let us show that the main result holds for trees and graphs satisfying the inequality
m>n+1+ ﬁ.

Theorem 3.2. Let G be a connected graph with n > 6 vertices and m edges.
(i) Ifm=n-—1, then q(cg) <3 2 with equality if and only if G is S,,.

20T’
.. n2
(ii) If m > n+ 1+ 24, then £ H(G) < Q(n_l).2
(iii) If n =6,7 andm =10, then 4 H(G) < 3y
Proof. By Lemmas 2.2 and 2.3 we have H(G) > 2’1\"“2 > m Let f(m) =
H(G) . 2(n—1) o 4(m n+1 Then
2m? 2n—1) 4(m—-—n+1 2 x g(m
o = -1 4 ) 2xgm)

n(2m —n+1) n n? Cn2(2m—n+1)’
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where g(m) = (m —n+ 1)[(n — 4)m — (n* — 3n + 2)].
(i) If m = n — 1, then g(m) = 0 which implies that f(m) > 0 and H(G) >

2n=1) y Amst D) From Theorem 3.1 we get I(E{I((GG)) < 50 With equality if and only
if Gis S,.
(i) fm >n+1+ 55 = % then (n —4)m — (n® — 3n +2) > 0. This implies

that g(m) > 0 and f(m) > 0. Thus, H(G) > 2("n L4 4(m;§+1). Since G is not S,

n2

from Theorem 3.1, we get % < 501y
(iii) If n = 6 and m = 10, or n = 7 and m = 10, or n = 10 and m = 12, then
g(m) =0. Thus f(m) > 0 and H(G) > 2("71_1) + 4(m;§+1). Since G is not S, from

4(G) n?
Theorem 3.1 we get 4 HE) < 31" U

The following two results solve our problem for every m = n and m = n + 1,
respectively.

Theorem 3.3. Let G be a connected graph with n > 6 vertices and m = n edges.
Then

o(G) _

H(G) 2(n-1)

Proof. If m = n, then G is a unicyclic graph and by Lemma 2.4 we have H(G) >

5;12;’11%2 It can be checked that 53 ZFZSZ > 2(71;1) + 2. Then from Theorem 3.1 we

(@) n?
obtain I?I(G) < 5Ty O

Theorem 3.4. Let G be a connected graph with n > 6 and m =n + 1 edges. Then
o)
H(G) 2(n—-1)

Proof. If m = n + 1, then G is a bicyclic graph and by Lemma 2.5 we have H(G) >

14 2n2+14n+16 2n2+14n+16 2(n—1) 8

= - m It can be checked that i — n(nil)(nim > =— + . Then, from

Theorem 3.1, we obtain 21((%)) < 2(2’7:) O
From Theorems 3.2, 3.3 and 3.4 we obtain the best possible bound on E(G) for

graphs G having n > 10 vertices.

Corollary 3.1. Let G be a connected graph with n > 10 vertices. Then
oG
H(G) ~ 2(n—1)

with equality if and only if G is Sn.

Proof. Since n+2 > n+1+ %5 for n > 10, by Theorem 3.2 (if), #75 < g for

(i @) > 2(n—1
every n > 10 and m > n + 2. By Theorems 3.3 and 3.4, ( )) < 5D for graphs G
such that m = n and m = n + 1, and by Theorem 3.2 (i), %)) < D for graphs G

such that m = n — 1 with equality if and only if G is S,,. O
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From Theorems 3.2, 3.3 and 3.4 we also know that if 6 < n < 9, then the only cases

which remain unsolved are:
(i) n =6 and m = 8,9;

(ii) n =7 and m = 9;

(iii) n = 8 and m = 10;

(iv) n =9 and m = 11.

For this purpose we present results on the spectral radius of connected graphs with
n vertices and n + 2 < m < n+ 3 edges. From [4, Theorems 3.2 and 3.3] and their
proofs we obtain the following lemma.

Lemma 3.1 ([4]). The mazimum spectral radius A\(G) of a connected graph G with
n > 4 vertices and m edges is the maximum root of
(i) g N) =X =222 —(n—1D)A+2(n—4) if m=n+2;
(i) pa(A) = A — (n+ 3)A* — 8\ +4(n — 6) and
©03(A) = A6 — (n+3)A = 10A3 4+ (4n —21) X% + (2n —8)A — (n—5) if m = n+ 3.

We use Lemma 3.1 in the proof of Theorem 3.5.

Theorem 3.5. Let G be a connected graph with n vertices and m edges. If
(i) n =6 and m = 8,9;
(ii) n =7 and m = 9;
(ili) n = 8 and m = 10;
(iv) n =9 and m = 11,
q

(&) ~ _n?

then HE) < 31y

Proof. By Lemma 3.1, we can calculate the upper bounds on the maximum spectral
radius \. We have A < 3.1775 if n =6 and m = 8, A\ < 3274 if n =7 and m = 9,
A< 333 ifn=8and m =10, A < 3475 if n=9and m =11, A < 3404 if n =6
and m = 9.

Thus, from Lemma 2.3 we obtain the lower bounds on the harmonic index of
G. HG) > 211294 if n = 6 and m = 8, H(G) > 2.15903 if n = 7 and m = 9,
H(G) > 219739 if n = 8 and m = 10, H(G) > 2.22671 if n = 9 and m = 11,
H(G) > 2.33015 if n =6 and m = 9.

By Lemma 2.1, we obtain upper bounds on ¢(G). We have ¢(G) < % if n =6 and
m=238,¢q(G) <8ifn=Tandm =29, ¢(G) < Zif n=8and m =10, ¢(G) < 2 if
n=9and m=11, ¢(G) <2 ifn=06and m=9.

It is easy to verify that % < 2(::)

From Theorems 3.2, 3.3, 3.4 and 3.5 we get Corollary 3.2.

for all these cases. OJ

Corollary 3.2. Let GG be a connected graph with n vertices where 6 < n <9. Then
oG
H(G) ~ 2(n—1)

with equality if and only if G is S,,.
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It remains to find upper bounds on ]3((%)) for graphs G having n < 5 vertices. For

n = 3 there are only two non-isomorphic graphs: K3 and K3 — {e}, where e € E(Kj3).

We have H(K3) = 2 and by Lemma 2.1, ¢(K3) = 4, thus 13(([}?3)) = 3. For K3 — {¢}

we obtain H (K3 — {e}) = 5 and by Lemma 2.1, ¢(K3 — {e}) < 3, so % <2

Hence Iq{((GG)) < % for any graph G having 3 vertices with equality if and only if G is

Ks.
Let us present bounds for graphs having 4 and 5 vertices.

Theorem 3.6. Let G be a connected graph with 4 vertices. Then

q(G)
HG) =

with equality if and only if G is Kjy.

Proof. The only graph with 4 vertices and 6 edges is K, and the only graph with 4

vertices and 5 edges is Ky — {e}. Since H(K,) =2 and ¢(K,) = 6 (by Lemma 2.1),

we get 1?1(([1%1)) =3

For K, — {e} where ¢ € F(K}), we obtain H(K, — {e}) = 2, and from Lemma 2.1

15°
we have ¢(K; — {e}) < 22, which gives % <83

We have two non-isomorphic graphs for m = 4, namely C; and S; + {e}. We

get H(Cy) = 2 and ¢(Cy) < % (by Lemma 2.1), so gl((cc‘i)) < I < 3. Similarly,

H(Sy+{e}) =2 and q(Sy + {e}) < &, thus % <3
There are two non-isomorphic graphs for m = 3, namely S, and P,. We have

H(Sy) =2 and ¢(S4) = 4 (by Lemma 2.1), thus 13((%3) = £. Similarly, H(P,) = % and

q(Py) <4, hence 13(&)) <23 ‘

Theorem 3.7. Let G be a connected graph with 5 vertices. Then
q(G) _1

HG) =5

with equality if and only if G is K.

Proof. We consider the cases m = 7,8,9,10. The only graph with 5 vertices and 10

edges is Ks. Since H(K5) = 5 and ¢(K5) = 8 (by Lemma 2.1), we get g(é((s;) =
The only graph with 5 vertices and 9 edges is K5 — {e} where e € E(K;5). We

have H(K5 — {e}) = 33 and from Lemma 2.1 we obtain ¢(K5 —e) < £, which gives

g(Ks—e) 210 - 16

H(Ks—e) = 69 ~ 5°

For m = 8 we have G = K5 — {e1,ea} where e1,e5 € E(Kj5). There are two non-

isomorphic graphs having 8 edges. If e; and ey are adjacent, then H(K5—{e1, e2}) = g—;,

and if e; and ey are not adjacent, then H(K5—{e,es}) = % So, H(K5—{e1,e2}) > %
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and from Lemma 2.1 we obtain ¢(K5 — {ey,e2}) < 7, which gives
q(K5 — {er, ea}) < 196 16
H<K5—{€1,€2}) 67 5 '

For m = 7 we have G = K5 — {e1, es,e3} where e, ey,e3 € E(K5). There are four
non-isomorphic graphs having 7 edges. If Gley, 9, €3] is K3, then H(K5—{ey, ea,e3}) =
% If Gleq, ez, €3] is Sy, then H (K5 — {e1,es,e3}) = %. If Gley, €2, €3] is a path, then
H(K5 - {61, €2, 63}) = % If G[el, 62,63] is not connected (G[el,eg, 63] is K2 U Pg),
then H (K5 — {e1,e2,e3}) = 3I. Thus H(K5 — {ey, 2, €3}) > § and from Lemma 2.1
we obtain ¢(K5 — {e1, eq,€3}) < %, which gives

q(Ks — {e1,e2,e3}) _26 _16

< .
H(K5—{61,62,€3}) - 9 5

If m = 4,5 or 6, it can be proved similarly that 13((%)) <2 0

From Theorems 3.6 and 3.7, and Corollaries 3.1 and 3.2 we obtain our main result
(Theorem 1.1).
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SUMMATION-INTEGRAL TYPE OPERATORS BASED ON
LUPAS-JAIN FUNCTIONS

NESIBE MANAV! AND NURHAYAT ISPIR!

ABSTRACT. We introduce a genuine summation-integral type operators based on
Lupasg-Jain type base functions related to the unbounded sequences. We investigated
their degree of approximation in terms of modulus of continuity and X-functional
for the functions from bounded and continuous functions space. Furthermore, we
give some theorems for the local approximation properties of functions belonging to
Lipschitz class. Also, we give Voronovskaja theorem for these operators.

1. INTRODUCTION

Inspiring by Lupag’s paper [12], Agratini studied the following operators

(1.1) L,(f,x)= 2‘”2% <S> :

where f € C'[0,00), C'[0,00) is the space of all real valued continuous functions on
[0,00) in [1]. Agratini gave some estimations for rates of convergence, an asymptotic
formula and a reobtained version by using probabilistic methods at the same study.
Also, he introduced a Kantorovich and a Durrmeyer modifications of the operators
(1.1). Agratini, in [2], gave some estimations on the Kantorovich variant of the
operators (1.1) by using modulus of smoothness. Moreover, he investigated rate of
convergence by the step weight function of Lupag operators, for local Lipschitz class
functions. Also, he gave some approximation properties of the operators given by
(1.1) using probabilistic methods.

Key words and phrases. Lupag-Jain functions, summation-integral type operators, moduli of
continuity, X-functional, Voronovskaja theorem.
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In [3], Erengin and Tagdelen introduced a generalization of the operators (1.1) with
the help of increasing and unbounded sequences of positive numbers (a,), (b,). They
studied weighted approximation properties of these generalized operators. Later, in [4],
they studied convergence properties of the Kantorovich type version of these operators.
By using the modulus of continuity and Peetre’s K-functional, they gave the rate of
convergence of these operators. Also, they investigated convergence properties for the
functions from local Lipschitz class.

In [9], we generalized the operators (1.1) based on Lupag base function by using

the sequences (a,), (b,) as follows
oo (4no
(bn )k f (bn k‘) ,
an

(1.2) Loy (Fi2) = 27007 3 25

k=0

where (ay,), (b,) are unbounded and increasing sequences of positive real numbers
such that

b, b,
(1.3) lim — =0 and — <1.
n—o0 an an
We gave and investigated some basic results for these operators. Also, using Lupag
and Szasz basis functions we defined summation-integral type operators

b (f37) = % i i () /ank (u) f (u) du,

n k=0
an (22 . dn g
where P, () = e o” <b7}€!> s Ik (2) = <;nkk?k
approximation of these operators in terms of Ditzian-Totik modulus of smoothness
and corresponding K-functional. Also, we examined the convergence by using the
Lipschitz class functions and we gave some results in weighted spaces.

Govil et al. in [5], introduced a modification of Lupag operators with weight of
Szész basis functions. They investigated the rate of convergence for the functions
which have bounded derivatives. In addition, they gave a new modification of the
Lupas operators as follows

27, Then, we gave the degree of

D, (f;x) = nkioj lnx(x) /pmk,l (w) f (u)du+ 1, 0(x)f(0), x>0,

where

and
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Jain in [10], introduced the modified form of the Szdsz-Mirakjan operator as follows

14 P i) =Y siatar () ez

where the operators based on certain parameter 0 < § < 1 and the base function

kg T (N + KB ht
P () = et i )

The rate of approximation of operators given by (1.4), for some values of n, is better
than the rate of approximation of operators Szasz-Mirakjan.

Gupta and Greubel established the Durrmeyer variant of the operators (1.4) as
follow

be (f;z) = kf: (/ pg,k—l(“ﬂ“) ng(x) /pg,k—l (u) f(u) du+e ™ f(0)

and investigated some approximation properties in [6].
Inspiring by the previous studies, we define a genuine summation-integral type
operators by using Jain and Lupag base functions for integrable functions as follows

(1.5) DY, (fix)

(/eﬁ( 1u> ) /95< 1u)f(u)du+2‘52xf(0),

where feC[0,00) is integrable function, ,’;7,6(:6):(*’21,6,)’“2*71, (an) and (b,) are un-
bounded and increasing sequences of positive real numbers satisfying the condition

(1.3) and the Jain-type base function is

a,, ay (G k-1 (§2o+ks)
65<k bnx>:bnx<bnx+kﬁ> £
for x€]0,00), neN and 5€[0,1). Here, by considering the definition of 85 we see that
o0 (k) =1,

In addition, if we take (f,g)=[;"f(t)g(t)dt at the definition of the operators D([li] by
we can write these operators as follow (see [6,7])

= (Os(k=1820) S(1))

(1.6) DY, (fi)=3" ) = (@) +27 BT L(0).

= (0s(k—1,2u

In this paper, we give the degree of approximation of these operators using the
modulus of continuity and Peetre’s K-functional. Also, we give some theorems about
local approximation and Voronovskaja theorem.
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1.1. Direct results for ng},bn operators. In this section, we give some basic prop-

erties of the operators Dgi],bn operators.
Lemma 1.1. For 0<p<1 we define
O k—1,%2u),t"
P:(k—1,6>=< ot 0 >,
(s (k=L 2u) 1)

and we get the following

Py (k—1,8)=1,
Pf‘(k—l,ﬁ)zsl [(1—5)“5(12__;)1 ,
P; (k=1,8)= (2") [(1—5)2k2+(1+4ﬁ—252)k+521<3__55)] .

The proof is obtained by method of Lemma 2 at [6].

Lemma 1.2. ([9, Lemma 1]). For feC0,00) and z€[0,00), the operators L, p, given
by (1.2) satisfy the following conditions

1
L, b, (e1;7)=2,

)

by,
L, b, (eg;a:):x2+2—:v,
a

where e;(x)=x", i=0,1,2, and (a,), (b,) are sequences of positive real numbers satisfying
the condition (1.3).

Now, we give the following equalities for the test functions of the operators defined
with (L.6).
Lemma 1.3. Let e(x)=2*, k=0,1,2, and (a,), (b,) are unbounded and increasing
sequences of positive real numbers satisfying the condition (1.3). For each z€[0,00),

the operators D[ ] _ satisfy the following equalities

D([zm bn (60;‘7:):17

G b, B(2—P)
Dan,bn<€17‘r> (1 5)+an (1_5) )
b, 2
Pl = () G0

by
Dy (esi)=(1=B)a"+3. " (9-15p+95°~35")a*

n

2 3
+<b:> <6+14B+1662 265+ 6;) +<> 621(:6)
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by
Dyopa(esiw)=(1=5) "+ (18-286+226° 85" +25")a”

n

b\’ 104° ba " B4(5-B)
+<n> (42—+3052—2063+2054—1_ﬁ>x+<an> 15

Proof. Considering the definition of the operator (1.6), the properties of Pochammer
symbol, and using the equality

2
+<b”> (47—40B+30B2—2063+5B4)x2

2%””:5% (Z:x)k, x€[0,00),

£ R

and by considering Lemma 1.1 and Lemma 1.2, we get
Dy, (eose ZP* (k=L B)I5 () +27 7 eo (0)= 317 1 (2)=La, b, (c0:)=1.
For e; and ey we have following results,

DY, (er;z) ZP* (k—1,B8)I% 4 (x)+2 "1 (0)

:lel’k(:c) li( 1%+1>]
S 20

an an ﬁ

—(1-8) Lo (erie >+U 2

bn B(2— 5)
=(1-p)x +a -3
K@

DY, (ega ZP*k LA

a

L, b, (€0;7)

)27 ey(0)

:<bn) (1o (4523 2o

(07% n

() DS

an, 1-5 P

—(1=5)La, 4, (e2; )+bl((1 —B3)?+(2+48-26) ) La, b, (e1;2)

ba )" B2(3-B) .
+ <an> (1_76)[/(1”71,” (60,1’)
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2
=(1-8)*2*+32 2+ <> = 2
( ) Qp, n (1_6)
By using same method, if we keep to continue the calculations we can get the values
of other test functions. U

As a result of this lemma, we can give the central moments.

Lemma 1.4. For each x€[0,00) and the operators DY we have

A, b ?
b, B(2—
UT) paaai=DEL, (t-alie)=a (=g 2 )
232 —T7B+3 b, b, \ > B2(3—
19 koDl (0ot T e () 0D
and
MnA(!E)i:nglbn ((t—x)4;x>
—B4x4+2” (32B+2252+453—34g4_ 451(:5) ) 43
bn 2 1254 6/@2(3_6)

b\’ 108°  B*(3—0) b\’ B2(3—5)
+<an> (42+3052+3053+2054—1_ 6_4 07) >x+<an> 5

Proof of the last lemma is obvious from Lemma 1.3.
Remark 1.1. To obtain the Korovkin-type theorem we change S with the sequence
(B,) with the following property 3,€[0,1) for every n€N and
(1.9) lim (3,,=0.

n—oo

At the rest of this paper, we will use the notation D instead of DY

an b Qn,bn*

U
Remark 1.2. Using the conditions (1.3) and (1.9) for each 0<z<oo, we get
n1 (2)=DL") ((t—2);2)—=0,  as n—oo,
pna()=DL") ((t=2)%2)—0,  as n—oo,
and
/uLnA(x):D([i’fin ((t—x)4;x) —0, as n—oo.

Lemma 1.5. For all n€N and x€[0,00), if limy, 00 3™ 8,=CER, we have
a

(1.10) i (0=
(1.11) lim ™ 1y 0(2)=32,

n—00 bn
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2
(1.12) lim (Zn> fina(2)=32¢ x> +232°.

n—o0
n

To satisfy the Korovkin-type theorem we consider the lattice homomorphism T},:
C|0,00)—=C[0,a] defined as T,(f)=f(0,a) with a fixed a>0. It is clear that, from Lemma
1.3 and by using the condition (1.9), we have T, (Dgf:;)n(ek))%Ta(ek):a:k uniformly
on [0,a], where k=0,1,2. Then, by the well-known Korovkin theorem, the following
result is proven on any compact subset of [0,00) as n—o0.

Theorem 1.1. Let (Dﬁ'z;}n) be the sequence of linear positive operators given by
(1.6), feC0,a] and (5,) be the sequence satisfying the condition (1.9). The sequence
Dai’f;)n) converges uniformly to f(x) on [0,a].

2. DEGREE OF APPROXIMATION

In this section, we give an estimate the degree of approximation for the operators
Dc[filbn (f;x) in terms of the modulus of continuity, Ditzian-Totik moduli of smoothness,

and the Peetre’s K-functional. Also, we give Voronovskaja theorem for Dﬂbn( fiz)
operators.

We begin by recalling some definitions and notations. By Cz[0,00), we denote the
class on real valued continuous and bounded functions f defined on the interval [0,00)
with the norm || f||=sup,c(o )| f(7)]. For f€CE[0,00), >0, the mth order modulus
of continuity is defined as

win(f,0)=sup sup |A}f(z)],
0<h<éz€[0,00)
with A is the forward difference.
The Petree’s K-functional is defined by

Ky(f,0)= inf —g||+dlg” 5>0
2(f9) 96015[0700){||f gll+ollg" (I3, :
where C%[0,00)={g€Cp[0,00) : ¢,9"€Cp[0,00)} and ||-|| is the uniform norm on
Cp[0,00). By ([8], page 10), we have the following inequality
(2.1) K (f.6)<Mewn(f,V0),

where M is a positive constant and ws is the second order modulus of smoothness for
feCp[0,00) defined as

wo(fV8)=sup  sup | f(a+2h)—=2f (x+h)+f(z)].

0<h<dz,x+2h€[0,00)

Now, we can give the following result.

Theorem 2.1. (Dgi";,n) denotes a sequence of linear positive operators defined by (1.6)
and let (B3,) be the sequence satisfying the condition (1.9). Then, for all feCg[0,00)
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and for each x€[0,00), the following inequality
(2.2) DI (F)—f ()| <20 (1017

holds, where 62&”})“ (2)={ptn2(x)}"* and w is usual first moduli of continuity.

Proof. For every u,te[0,00) and 6>0, considering the definition of modulus of conti-
nuity we can write

|f ()= f(@)|<(1+0" u—z)w(f,0).
Using the definition of (1.5) with the above inequality we have,

DI (fr)—f ()]
-1

gz (/eﬁn <k:—1,znu) du> z;;vk(:c)/eﬁn (k—l,znu) (145 fu—a|)du
(23)  =w(£.6)DL", (eo)(@)+5 w(£,0) D, (Ju—a])(x).
Applying Cauchy-Schwartz inequality, we have

DI (Fio)— £ ()| Sw(£.0)+0  w(£,0){ D ((u—2)?)(2)}
By considering (1.8), if we choose § ::5([51 ", (1) as follows

S (2)={pim ()},
we obtain (2.2) for each z€[0,00). O

1/2

Now, we give the rate of convergence by means of Peetre’s K-functional.

Theorem 2.2. For each :UE[O o0) and feCg[0,00), the following inequalities
(2.4) DI (F)— f(2)|<4%a (£, (2)) 4 (£.0l0)

<Muws (f \/7>+w1 fal (@)

hold, where d([i”;) (x)= (5[ﬂ"] (x ))2+<a[672}bn(x))2 with 5Li”in(x) is given in Theorem 2.1,

an,bn an

Oéanybn 1—pn

—Bpx and M is a constant independently of n and x.

[Bn]

Proof. Lets take auxiliary operators for D, ",

_ operators as below

by (2 m))

@5 DI (s DL'B"in(f;:v)Jrf(x)—f((1—Bn)33 s

So, it is obvious to see that for all feCg[0,00)
@6)  [Di, ()| <[P, () |+ |+‘f< ~B)e
<3I£1-

b Bn(2_ﬁn)
]-_Bn
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From the Lemma 1.3 we see that the new operators 526:;)”( f;z) obtain Egi"in (tx)=x

and as a direct result of this they obtain 551”;7” (t—x;2)=0. For geC%[0,00), t€[0,00)

by using the Taylor formula, we know
t
g(0)=g(@)+(t=2)g'(2)+ [ (t=u)g" (u)du

Now, we apply the operators D[ﬂ 1, to both sides of this equality and using the equality
(2.5), we get

t
) 671, n
DY} (g3x)—g(zx)=DL"), ( / (t—u)g”(u)du;x)

(l_ﬂn)x"!‘b*z 5n(i—/3n)

— /“ o ((1—&)1’ a:ﬁnf ﬁfn) u)g”(u)du.

Now, passing absolute value and later considering the feature of norm give us following
inequalities

xT

(Bn]
DL, (gi0)=9(@)

<l ( [lt=ullg"(w)|du; )

(1 Bn)x"l‘bn Bn(2—PBn)

1-0Bn
+

en <l (D,Ei’:%,n(<t—x>2;x)+<<1—@n>x+”W‘ﬁ”)—x) )

9" (u)|du

Qp, 1_571

From Lemma 1.4, by using the (1.8) and taking (—Bn)x+2—zﬁ”ﬁ;f”):— [Bn";)n(:p), we
get

2
(A e G < R R = )}
(2.8) =d’ (2).

Qn,bn

Using the inequality (2.7) and equality (2.8) we can write

(2.9) DL, (gs)—g(@) | < (42}, ) g1
For feCg[0,00) and considering (1.5), we can write
‘D([zinbn e x)‘
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Ski(/ %(’“ ", ) ) /Gﬂ(k Lo ) | (w)|du+2757| £(0)
<||f||2(/95<k L )du) L i ( x/%( — ,bnu>du+2_(§f«f$

(210) =D, (eor)=[ £1]
Combining (2.9) and (2.6), for feC3[0,00) and for geC[0,00), we have

D, (f30)=$ )| <[P, (7 =g)io) |+ =g @)+ DER, (i) ()

Hr(1-ges a0 )

bn n 2— n
<tlf—gll+(a, )l 1+ (=g 220D ) )|

Taking the infimum over all geC%[0,00), we reach the result (2.4) and by using the
inequality (2.1) we find, for each z€[0,00)

’Dﬁ";}" (f;x) ’<4Mw2 (f d[ﬂ"] ( ))—i—wl (f,a([li’t;)"(x)>,
which implies the proof. O

Now we give the result by using Ditzian-Totik moduli of smoothness. Let start
with reminding the some definitions which will be used.

Let function fe€C[0,00) and if we take step weight function ¢:[0,00)—R. The first
order Ditzian-Totik modulus of smoothness and corresponding K- functional are given

by, respectively,
wi(fV6)= sup { <x+h¢($)>+f (x—lw(a:)) xihqb(x)e[o,oo)},
0<h<vV/§ 2 2 2
Ko(f,0)=mt{|[f =gl +dll¢g'll - 9€C'(9)},  0>0,
where C(¢)={9€AC},c[0,00) : ||¢¢'|| <00}, g€AC),[0,00) shows that the function g

is differentiable and g is absolutely continuous on every closed interval [a,b]C[0,00).
It is known that there exists a positive constant M >0, such that (see [8], p.68)

(2.11) A (VE) <Ko £ 9) <Ml (£.V5).

Theorem 2.3. Let feCg[0,00). For x€(0,00), we have

(2.12) | DU ()= f|| <251 6 (£00, ) <2Mw? (f \Mfﬁbn),

where ¢(x)=+/x is a step function.
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Proof. For geC(¢), by using Taylor’s formula of g, we have

o+ o/ wdu=g(o)+ [ ou)du

Then, for the step function Qﬁ(x):\/f, we get

|i—]

—du )

l9(H)—g(2)|<ll6g || =[|6g' | 2| Vi—Vz|=2]l 67l

From the inequality \/f+\/52\/5, we get
ji—z| |i—z|

(2.13) l9(t)—g(2)[<2l69' |l —= . :
VT ¢(z)
Using (2.13) and (2.10) for feCp[0,00) and gGC(qb) we have
DU (fia)— @) <[ DV, (1 —g)sa) | DL ()=o) la(e)— 1)
<2 f—gl+21%7 "wDai"ant—xm).
¢(z)
By applying Cauchy-Schwartz inequality, we can write

Lt sl st A o ()

=264l

o)
s2nf—gu+2”ﬁf ”;°6ai"bn< )

Taking the infimum on the right hand side over all geC?(¢) we obtain

| Day b (f1) = f ()| <2516 (.64,
Considering (2.11) we get (2.12) which is desired result. O

In this section, we obtain some pointwise estimates of rate of convergence of the
operators (1.6). The Lipschitz-type space is given as follow, in [13];

|t—x["

Lz‘pm:{fec[o,o@ : rf<t>—f<x>\sté+;;, w,tem,oo)},

where M is a positive constant and ne(0,1].

Theorem 2.4. Let feLip},(n). Then, for all x€(0,00), we get

n/2
214) DY (f52) —f(x)\§M<“"’2<x)> |

T

where i, 2(x) is the same as in Lemma 1.4.
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Proof. For a function f€Lipi,;(n), by using the definition, we get

0-s@l=M

: Bn
Applying the operators Dgn;,n

t— n
DV (f0) ) <My D), (' x’n;x).
’ (t+x)2

By using the Holder’s inequality, with p:%, q:ﬁ and, using the Lemma 1.4, we can
write

on both sides of the above inequality, we have

ot -siofsan (o2, ((525) ) (plihir) ™

(t+x)

<M %/Q(D[B"]n«t—x)%x)) .
So, we obtain (2.14). O

Now we give an estimate for the rate of convergence by the means of the general
space of the Lipschitz-type maximal functions. Let Cp [0,00) be the space of bounded,
uniformly continuous real valued functions on [0,00). The Lipschitz-type maximal
function of order 1 of feC[0,00) is introduced by Lenze [11] as

o) 50— (@)

, 2€[0,00),
troeloes)  [t—z” |
and ne(0,1].

Theorem 2.5. Let (Dﬁ”iﬂ) be a sequence of linear positive operators defined by (1.6).
Then, for all feCpl0,00), we get

n r n n
DI (F)—f (@) |< Falw) (84, ()
where 5Li"l],n is the same as in Theorem 2.1.

Proof. Using the definition of maximal function, we get

()= f (@) < fy(w)[t—a]",

and applying the operators D[B ”}

DI (fi)— f<x>\ < fol@)DI) (jt—a|"a).

Applying the Holder’s inequality with p:% and q:ﬂ, using Lemma 1.3, it follows
that

. on both sides of this equation, we get

n 2—n
2

(DY) (1)) *

DI ([t—=["2) < () (DL (It—2]*2))
<folx) (DL, ((t—2)57))

NS
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— } "
<fol@) (4, (x))".
Hence, the proof is completed. U
3. VORONOVSKAJA THEOREM
We prove a Voronoskaja type theorem for the operators D([l'i ";,n( fiz) .
Theorem 3.1. For every feCg[0,00) such that f',f"€Cg[0,00), and for every fized
x€[0,00), we have
(Bn] o _ ! § 1"
gﬁngobf(Da b (fi)=f (@) ) ==Caf () +Ga f" (),
where C is the same with the Lemma 1.5.

Proof. Let x€[0,00) be a fixed point. For all t€[0,00), by using Taylor expansion we
have

f(t)Zf(JfH(t—ﬂf)f'(m)Jr;(t )*f"(2)+R(t,2)(t—z),

where R(t,z) is the remainder term, R(t,x)€Cg[0,00), and R(t,x)—0 as t—x . Apply-

ing the operator Dw ”}, to both sides of Taylor expansion and considering D[B "] 5, (€0i)=

1, we get

n 1 n "
o (DL, (F5)= () =3 D, (=) £ ) gy DU, (=) £ a)
+Z£Dgi’j§,n (R(t.2)(t—x)*)

:A1+A2—|—A3.

Thus, we immediately have

AlIZZMn,l(I)f/(x)’

1 n "
=g 3" (@) ().

Now, we estimate Az. From Cauchy-Schwartz inequality, we have

_CLn [Bn] 2.
Ag_apambn (R(t.2)(t—2)%x)

<{olt (e} (52 Dl (1)}

The properties of the function R(¢,z) implies that R*(z,z)=0 and R?*(z,z)€Cp[0,00).
Hence, we obtain

Jim DU ((R(t2) o) =R (a.2) =0, 2€[0,00).
Furthermore, by applying equation (1.12) from Lemma 1.5, we get
: (Bn] 2.\ —
dim Dy (R(t,x)(t—a:) ,J:) =0.
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Moreover, if we take limits as n—o00 over A; and A,, from the equalities (1.10) and
(1.11), this implies the desired result. O
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