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INTEGRAL BOUNDARY VALUE PROBLEMS FOR IMPLICIT
FRACTIONAL DIFFERENTIAL EQUATIONS INVOLVING
HADAMARD AND CAPUTO-HADAMARD FRACTIONAL

DERIVATIVES

P. KARTHIKEYAN! AND R. ARUL!

ABSTRACT. In this paper, we examine the existence and uniqueness of integral
boundary value problem for implicit fractional differential equations (IFDE’s) in-
volving Hadamard and Caputo-Hadamard fractional derivative. We prove the exis-
tence and uniqueness results by utilizing Banach and Schauder’s fixed point theorem.
Finally, examples are introduced of our results.

1. INTRODUCTION

FDE’s are considered to be a different model to integer differential equations. It
has been proved by applying importance in the modeling of various fields of physical
sciences, medicine, electronics and wave transformation [8,16,21,23,26]. The dom-
inant techniques are the method of introducing a parameter for solving an implicit
differential equations. In past three years, the most of research paper to devel-
oped existence and uniqueness of implicit FDE’s involving various derivatives like
the Caputo,Riemann-Liouville, Caputo-Hadamard, Hadamard, Hilfer-Hadamard frac-
tional derivatives etc., (see [4-7,9,14,15,19,20, 24]).

Caputo Hadamard fractional derivatives were studied in [12] by the authors F. Jarad,
T. Abdeljawad and D. Baleanu, where a Caputo-type modification for Hadamard
derivatives was introduced and studied. Later, more properties of Hadamard fractional
derivatives were investigated in [1,2,10,13].

Key words and phrases. Implicit fractional differential equations, Hadamard fractional operators,
boundary condition, fixed point theorem, existence and uniqueness.
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332 P. KARTHIKEYAN AND R. ARUL

The applications of Hadamard fractional differential equations in mathematical
physics cuold be found in [11,17,18,22,25]. In [3] the authors have studied Hilfer-
Hadamard FDE’s with variable-order fractional integral and fractional derivative.
Motivated by the above cited work, we studies the solutions of existence and uniqueness
results to the following implicit fractional differential equations with integral boundary
conditions of the form

(1.1) HDVs(t) = g(t, z(t)," Dz(t)), ted:=(b,T),

(1.2) z(b) =0, z(7T) = /\/ng(s)ds, b<o<T,NeR,

where %DV is the Hadamard fractional derivative of order 1 < ¥ < 2,

(1.3) HDVx(t) = g(t,x(t), Dx(t)), teJ:=[bT],

(1.4) 2(b) = 0, 2(T) = )\/Oax(s)ds, b<o<TAER,

where “*D? is the Caputo-Hadamard fractional derivative of order 1 < ¢ < 2 and

g:Jd xR xR — R is a continuous function.

In this paper, Section 2, has definitions and some of the most important basic
concepts of the fractional calculus. In Section 3, existence and uniqueness of solutions
for integral boundary conditions of implicit fractional differential equations involv-
ing Hadamard fractional derivative and Caputo-Hadamard fractional derivatives are
proved by utilizing Banach and Schauder’s fixed point theorems. In Section 4, an
illustrative examples are provided to explain of the results of the problem (1.1)—(1.4).

2. BAsic RESULTS

In this section, the some most important basic concepts, definitions and some
supporting results are used in this paper. By €(d,R) we denote the Banach space of
all continuous functions form J into R with the norm ||x||, = sup{|x(¢)| : t € J}.

Definition 2.1 ([15]). The derivative of fractional order ¥ > 0 of a function g :
(0,00) — R is given by

DI a(t) = F(nl—ﬂ) (i) /Ot @_g;;)_mds,

where n = [¥] + 1, provided the right side is pointwise defined on (0, c0).
Definition 2.2 ([15]). The Hadamard fractional integral of g is defined by
I t\""'g(s)
Yat) = oo [ (log ) T ds, 90,
wd e (l) F(ﬁ)/b(ogs s

Definition 2.3 ([15]). The Hadamard fractional derivative of g is continuous
function and further, log(-) = log,(-) is defined as

L DVa(t) = 1“(711—19) (ti)n /bt (10g Z)Mlgf)ds,
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where n — 1 <9 <n, n =[] + 1 and [J] denotes the integer part of the real number
0.

Definition 2.4 ([12]). For at least n-times differentiable function g, the Caputo-
Hadamard fractional derivative of order ¥ is defined as

HDUax(t) = F(nl—19) /at (1n z>n_ﬂ_15"g€9<9)ds.

Lemma 2.1 (Hadamard fractional derivative). Let v € C([b,T],R) and = €
C23([b,T],R). Then

TDix(t) =w(t), ted:=bT],
(2.1) 2(b) = 0, 2(T _)\/ s)ds, b<o<T,AeR,

is equivalent to the integral equation given by

L) )y (i)
(1) _r(ﬁ)/b (1 S) . ds + @) {(ln %)19—1 ) {ff (1n §>19—1 dS”

9— 1 T 9—1
(2.2) [ / / (1 ) >d as— [ (m 7) U(S)ds]
b s s
Lemma 2.2 (Caputo-Hadamard fractional derivative). Let v € C([b, T],R) and z €
C3([b, 7], R).
HDVp(t) = v(t), tegd:= b7,
(2.3) 2(b) = 0, 2(T )\/ s)ds, b<o<T,AeR,

is equivalent to the integral equation given by

o) = [ (! o U(5>ds+ (hlg)
(t) /b( s) s r'(9) [( ) )\{gl(mg )erH

(2.4) [//(1 )ﬁ ) s —/ (mr‘!)ﬁ f)ds

Lemma 2.3 (Nonlinear alternative of Lerary-Schauder type, [7]). Let B be a Banach

space, C a closed, convex subset of B, W an open subset of C and 0 € U. Suppose that

F :U — € is a continuous, compact map. Then either (i) F has a fived point in U,
or (ii) there is a u € OU and X\ € (0,1), with u = AF(u).

3. MAIN RESULTS
To prove the existence and uniqueness results we need the following assumptions.

Assumption 3.1. The function g : J x R x R — R is a continuous function.
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Assumption 3.2. There exists constants K, > 0 and 0 < L, < 1 such that
lg(t,u,v) — g(t,ur,v1)| < Kglu —uq| + Lyglv —vq], for any u,v,us,v1 € R.

Assumption 3.3. There exist a continuous nondecreasing function ¢ on [0, c0) — (0, 00)
and a function p(t) € C'([b, T],R™) such that

[lg(t, w, 0)|| < p)p([[ul] +[lv]]).

The integral boundary conditions for implicit fractional differential equations with
Hadamard fractional derivative (1.1)—(1.2) is equivalent to the integral equation

gl [ oty st ()

CT() . s I'(9) [(ln %)071

_ ANJ

) /7 <ln ‘I)ﬂl g9(s,2(s)), % 2)195"(8>>ds],

o /1 \P-1
where Ny = [, (ln 5) ds.
The integral boundary conditions for implicit fractional differential equations with
Caputo-Hadamard fractional derivative (1.3)—(1.4) is equivalent to the integral equa-
tion

- lét(l t)ﬁ19<&axs»fwfzwxc@>ds% (in})

IROEANE s ) [(In7) — AN

In > 2(r), ®7Sx(r))draks

r T

A
_/‘Onz> o)D),

=1%f(s (1n§) 019?"5—195
x(t)_lf( )+<F(19) Klni)—)\Nz}) [A/b Ifl( )d [f2(> )

or

where Ny = o (ln% — 1) +band f, fi, fo € C(J,R) satisfies the functional equations

f(s) = g(s, 1" f(s), f(s)),
fir) = g(r, 7 fi(r), fulr)),
fa(s) = 9(8 I' fa(s), f: (7”)),

7 f(s) (ln > g ()),G%D%(S))ds’

S
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P = [ () ST,

r r

Phe= [ (m 7>M 9o, 2(). 7 D'als)) 5,
b

S S

Theorem 3.1. Assume that assumptions 3.1 and 3.2 hold. If

] 7 9 (111%)219—1
In — Mo —b)—1
F(ﬁ+1)< b) +F(79+1) (1n%)19*1—AN1 Wie=0=1

then there exists a unique solution for (1.1)—(1.2) on J := [b,T].

Proof. Let B, = {x € C([b,T],R) : ||z|| < r}. Consider the operator H : C([b, T|,R) —

C([b, T],R) defined by

(3.1) H@)t)=I"f(s) + (r(&) | ((m;;) . ) (A s = 1 1(s).

m§)’ - am|

where f, f1, fo € C(d,R) satisfies the functional equations
f(s) = f(s,1°f(s), f(5)),
fir) = f(r I fi(r), fi(7)),
fa(s) = f(s,1” fa(s), fa(s)),

91
where Ny = [ (ln %) ds and
[ﬁf(s) — 1 /bt (ln t>79_1 g(s)x(s)),g{ Dﬂl‘(S))d&

() s s
)= [ () A D),
i) = [ (m “T)ﬁ glon r(0)). Dlo))

Clearly, the fixed point of operator H is solution of problem (1.1)—(1.2).

x1,x9 € C([b, T],R). Then

1

(3)(0) = O)1) =575 / t (1n t)“ (s) = h(s) ;.

S S

+( (nt)" )
r'(9) {(m N ANl]

A ba/b (ln 8)19_1 Mdrds

r r

Let
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[ (m ‘-T) ) =LiUP]

b
where f(s), h(s), f(r), h(r) € C([b, T],R) are such that

Now,

+( (nt)" )
r@)|(m?)" - am
[ (m2) O

. 51
(3.2) -/ (m b) |fs()|ds},
and, by Assumption 3.2, we have
[(f(s) = h(s))] = lg(s,z1(s), f(s)) — g(s, 2(s), h(s))],
[(f(s) = h(s))| < Kglzi(s) — z2(s)| + Lglz1(s) — za(s)] <

X

1—L |71(s) — ma(s)],

() = B € 1) = o)

Similary,

() = HD) € T2 ken(r) = 2o

The equation (3.2) implies

1 K, 7\’
(00 - (o)) <yt (125 e =l (1)
<1n%>219—1

T(0+1) '(m %)H — AN,
K,

(0 = 0= (55 ) )l -

+
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. ! (1113)219 1
S(F(ﬁ +1) (111 b) i (W +1) ‘(m %)H — AV
< (o =8 = 1)) ({2 )l =l

Thus,

|(Fa1)(2) = (Ha2) (1)) S(pwlﬂ) (ln(}f)ﬁ T+ 1 (1;2)2 ‘1 — AN,

< (Ao =) = 1) (724 a1 = 2]

By (3.1), the operator H is continuous. Hence, by Banach’s contraction principle,
H has a unique fixed point which is a unique solution of the problem (1.1)-(1.2) on
J:=1b,7]. O

Theorem 3.2. Assume that assumptions 3.1 and 3.2 hold. If

X 7 (ln %)ﬁJrl
T +1) (ln b) T () — AN| Wle=0=1)

then there ezists a unique solution for (1.3)=(1.4) on J := [b, T].

g

The proof of Theorem 3.2 is similar to the Theorem 3.1.

Theorem 3.3. Assume that assumptions 3.1 and 3.3 hold. Then there is at least one
solution for the problem (1.1)—(1.2) on J =: [b, T].

Proof. Step 1. Show that H maps bounded sets (balls) into bounded sets in
C([b, 7], R).

For a positive number rq, let B,, = {z € C([b,T|,R) : ||Z*|| < r1} be a bounded
ball in C([b, T],R), where

1Z*]] = sup ([[=[| + [lg]])-
te(b,7]

Then

[H(z) ()] < ds +

t(tﬂllgsx )," Da(s))]

r

|

S S

)
DM/ / <lni)” Hg(ryx(r), s DUa(r)]
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d—1 9—1
t(t \wnwu (In
S

)
[w//on) Al
[ )ﬁlmemmw}’

ie.,

) ln% 201

% (Ao =) = 1) )o(r)]lpl]

Step 2. Show that H maps bounded sets (balls) into equicontinuous sets in C([b, 7], R).
Let gy, po € [b,T], p1 < pz. Then, we have

[19€(2) (1) = F() (2)] §r<119> e [(m “)ﬂ ~ (n 5{1)“*] 22 Dl
" <1n ’”)“ S‘W”)Hp”ds}

_l_
M1 S S
1 v—1
(02" (0
b b
+ ¥—1
I'(¥) l(ln‘g — AN,
o s 9—1 *
b b r T

_/7<1n7) ez Dliell }

Obviously, the right-hand side of the above inequality tends to zero independently
of u,v € B, as pus — 1 — 0. As H satisfies the above assumptions, therefore, by
the Arzela-Ascoli theorem, it follows that H : C([b, T],R) — C([b, T],R) is completely
continuous. Let = be a solution. Then, for t € [b,7] and following the similar
computations as in the first step, we have

()] =A[H () ()]

v (ln
S<F(191+1)<hﬂz> i (0+1)‘( S Y (W(U_b)_D)
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x o([|=Dlpl]-
Consequently, we have
ol .

e ) e A N

r(19+1)‘ (n %)”‘1—,\N1’

There exists M* such that ||z|| # M*. Let us set
U= {x € C(bTLR) : [lal] < M},

Note that the operator H : U — C([b, T], R) is continuous and completely continuous.
From the choice of U, there is no z € OU such that x = AHzx for some 0 < X < 1.
Consequently, by the nonlinear alternative of Lerary-Schauder type (Lemma 2.3), we
deduce that H has fixed point # € U which is a solution of the problem (1.1)-(1.2). O

Theorem 3.4. Assume that assumptions 3.1 and 3.3 hold and there exists a constant
M* > 0, such that

* 1 o\ (ln%)ﬂﬂ
> (rtes (mS) "m0 D )llplle el

Then, there is at least one solution for the problem (1.3)~(1.4) on J =: [b,T].

The proof of Theorem 3.4 is similar to the Theorem 3.3.

4. EXAMPLES

In this section, some examples are introduced for Hadamard and Caputo-Hadamard
fractional derivatives of implicit fractional differential equations with integral boundary
conditions.

Example 4.1. Consider the implicit Hadamard FDE’s with three point integral bound-
ary conditions of the form

(4.1) DT a(t) = 2 ~ , l<9<2,
(t+6)*(|1 + |z + D7 z(t)])
(4.2) #(1) = 0, 2(b) = /b (s)ds.

Here v = %,

o ]
g(t,2(t)," Da(t)) (t+ 6)2(|1 + |z + [*D7 (1))

9
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o =3, A = 5. Hence, the Assumption 3.2 holds, with K, = L, = % and we will check
that

1 7\’ (m3)™" K,
T (mb) +p(ﬁ+1)\(lng)“—wl (Mo =9 -1| 7255

Thus, the Theorem 3.1 is satisfied and shows that the problem (4.1)—(4.2) has a unique
solution on g =: [b, TJ].

< 1.

FExample 4.2. Consider the implicit Caputo-Hadamard FDE’s with three point integral
boundary conditions of the form

||
(t+6)2(|1 + |z| + DT (1))

(4.4) 2(1) = 0, 2(b) = )\/bax(s)ds.

Here v = %,

(4.3) CHDT 5 (t) = , 1<0<2,

|z

t,x " ’GﬂfaDﬁm 1)) = 10 ’
9( ( ) ( )) (t+6)2(|1+|x|+|€9{®71‘(t)|)

o =3, A = 5. Hence, the Assumption 3.2 holds, with K, = L, = % and we will check
that

1 T\" (lm%)19+1 K,
o (mb) S (g M0 -0 o <

Thus, the Theorem 3.2 is satisfied and shows that the problem (4.3)—(4.4) has a unique
solution on J =: [b, T].
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SERIES EXPANSION OF A COTANGENT SUM RELATED TO
THE ESTERMANN ZETA FUNCTION

MOULOUD GOUBI*

ABSTRACT. In this paper, we study the cotangent sum cg (%) related to the Ester-

mann zeta function for the special case when the numerator is equal to 1 and get

two useful series expansions of c¢gy (%)

1. INTRODUCTION

For a positive integer pand ¢ = 1,2, ..., p—1, such that (p, q) = 1, let the cotangent
sum (see [10])

q) ; _
Co (p) is the value at s = 0,

p

(
o) < 3 88 (20
<

It is well-known that the sum ¢ ) satisfies the reciprocity formula (see [2])

aq
p

o) i () 2= (5):
P q \¢ Tq 2 P
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The Vasyunin cotangent sum (see [11])

(-5 G) =)

arises in the study of the Riemann zeta function by virtue of the formula (see [2,9])
1 gt /1 NP g\ dt
gl kGl () 5
2m\/pq J—oo 2 p) ;+t
q

log2r —~ (1 1 -
:Ogﬁ'y<+>+qug_ﬂ<v<p>+v<q»
2 P q 2pq P 2pq q P

This formula is connected to the approach of Nyman, Beurling and Baez-Duarte to
the Riemann hypothesis (see [8]), which states that the Riemann hypothesis is true if
and only if 7}1_)1210 dy = 0, where

1 oo 1
Bo=inf o | ’1— A( 't)
A e I L R
and the infimum is taken over all Dirichlet polynomials

An(s) ="

n=1

2 dt

1T, 490
T

ns’

In a recent work with A. Bayad [7], we have proved that the sum V' (%) satisfies the
reciprocity formula

ERCRIE

where
G (p.q) ng(/ﬁn {l;} {S}

Thereafter the restriction of the relationship (1.1) to ¢ = 1 gives

N

(G(p,p) +G(q,9) +G (p,q) + (q—p)10g1q9> ,

Co (;) = —iG(p,p) —(p—1)logp.

Exactly our interest in this work is the case ¢ = 1 in order to get two series
expansions of ¢ (%) First we recall the different asymptotical writings of ¢ (11;) in
the literature. In [10, Theorem 1.2, Theorrem 1.3] M. Th. Rassias proved that

1 1 P
o . = ;plogp - (log2m — ) + {0 (logp) or O(1)}.

In [9, Theorem 1.7] H. Maier and M. Th. Rassias provide the following improvement.
Let byn € N, b > 6N, with N = [%J +1. There exist absolute real constants Ay, As > 1
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and absolute real constants FEy, [, with |E;| < (A;1)*, such that for each n € N we
have
1\ 1 p A
2) = Zplogp— Llog2n—~) -~ + S E R
& (p) —plogp — — (log 2m —7) 7T+z§ -+ R (),
where |R* (p) | < (Agn)™" p= (1),

Only in [9, Theorem 1.9] H. Maier and M. Th. Rassias provide another improvement,

1 1
Co () = —plogp — p (log2m —~v)+ Cip+ O (1).
P m T

We draw attention that S. Bettin finds other reformulations of ¢ (%) inspired from

continued fraction theory (see [3]).
Finally from another point of view we show in [5] with A. Bayad and M. O. Hernane

that
1 1 2 1
|- | = log — =P —|— + o=
p T 36

1 1% ] 4k 2k-1B2 1 2k—1 1
5 0 YERY
= k(2K)! \p pY
There is a misprint in the formula (1.22) Corollary 1.2 in [5] the correct one is in the

formula (1.21) Corollary 1.2.
Otherwise in the same paper [5], an integral representation of co(%) is given by

N 1 t(p—2)aP —pa ' +pr—p+2
(1.2) c <> - ;/0 ) dz.

In this work we prove that

p—1
(p—2)x —pxp1+px—p+2_q:—13z —r—1)r
r=1

1
and we get another formulation that is

W)L ey
"\p 7o 1+xz+--+ar! ‘

Applying some techniques from the generating function theory [4] to previous integrals;

we find two series expansions of ¢ (%) , as they are well explained in the next section.

2. SERIES EXPANSION OF ¢ (%)
Let b; be the integer sequence defined by by = 1,b; = 2 and the recursive formulae:
by —2bp 1 +bp2=0, 2<k<p-—-1 k=p+1,
by —2bp—1 +bp_2 =1
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and
b — 201 +bp—o —bp_p +205_p1 —bp_p2=0, E>p+2.
According to the terms b we get the first series expansion in the following theorem.

Theorem 2.1.

1\ 1 by
(2.1) %<p>=Wp@—1ﬂp—”g;@H4J@+p+1nk+zwk+m‘

For p > 1 we define the arithmetic function a, in the form

1, if p |k,
a,(k) =< —1, ifk=1 (mod p),
0, otherwise.

This function is not multiplicative. In general the arithmetical functions are defined
from the set of natural integers N into C. We can extend this definition to F (C, C); set
of functions from C to C. In that case the corresponding function is A : N — F(C, C)
with A(p) = a,. Furthermore, A (pq) = £A(p)A(q) and |A| is multiplicative.
Let the function M (p, k) defined by
1, 3
M (p,0) = 5p" = gp+1
and

M k)= (= 1) (o4 k1) =kt k= 1) (s = Hi), k21,

where Hj, is the Harmonic number

M1
Hk - Z .
j=1J
Following this function a second series expansion of ¢ (%) is given in the following
theorem.
Theorem 2.2.
1 1
(2.2) Co () ==Y a,(k)M (p,k).
p T k>0

2.1. Proof of Theorem 2.1. We take inspiration from the theory of generating
functions [4,6], and prove that the sequence (by) is generated by the rational function:

f () = !

1 —2x + 22 — oP + 2P+l — gpt2’
More precisely we get the following lemma.

Lemma 2.1.
1
(2.3)

_ k
1 — 2% + 22 — aP + 2Pt — gpt2 _kg%)bkx ’

lz] < 1.
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Proof. Tt is well known that
(2.4) =Y 2 2| <1l

Since for 0 <z < 1

0<(z—172(1—-2P) <1
and
(z—1°1—2aP)=1- (295 — 2% + 2P — 201! —i—xp”) ,
then we have
0 < 2x—a? 4+ P — 227 4 2P < 1.
Furthermore, f (z) is developable on entire series to get the result we have to take
the quantity 2x — 2% + 2P — 22T + 2772 instead of z in the last formula (2.4). Now,
writing .

_ k
1 — 21 + 22 — P + 2zp+! — gp+2 ,;)dkx

and then
(1 — 2% + 22 — 2P 4 22PT — x”+2) S dpat | = 1.
k>0
To compute this we use the well known Cauchy product of two entire series

k
Z agpx” Z djxj = Z a;dy_; z*,
k>0 §>0 k>0 \j=0

which generates the product of a polynomial of degree n with an entire series that
also gives an entire series as follows

(kit) am) (Z dj33j> =3 (min{i’k} ajdk_j) o

Jj=0 k>0 j=0
We return to f(z) in writing

p+2
1 — 2z + a2 — P + 2P — P2 = Z apx”,
k=0

with ap =1, a1 = =2, ap =1, a, = —1, ap41 = 2, ap42 = —1, and the others are
zero. We conclude that dy = 1, d; = 2. The formula
min{p+2,k}
Z ajdk_j =0
j=0

states that
dip —2dk—1 +dp—2=0, 2<k<p—-1,k=p+1,
dy —2dp1 +dp_o =1
and
di — 2dp_1 + dp_9 — dk_p + Qdk_p_1 — dk_p_g =0, k>p+2.
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Finally, we see that dj and by are identical for every integer £ > 0. For more
information on this approach we refer to [6]. O

To get the result (2.1) of Theorem 2.1 we must substitute the expression (2.3) in
the identity (1.2) and one obtains

Co <> == Z bk/ ( p — 2) 2FP — paFtPTl o it 4 (2 — p) a:k) dz.

p T k>0
Furthermore,
} _ 1 Z —2 p__ _p _p=2
p TS k:—l—p+1 Ck+p  k+2 k+1)
Finally,
1 by
_ p— 2
(p) I )%;)(k+1)(k+p+1)(k+2)(k+p)
and ¢y (1) = ¢ ( ) = 0 is compatible with the definition of ¢y.

Regardlng the identity (2.3) Lemma 2.1 we remark that

1
= bt |z < 1.
(1—2)* (1~ ar) 1;)

Furthermore, for z = % we deduce that the coefficients by satisfy the following
statements
b 2p+2 b
Z —]Z = and  lim —IZ = 0.
S 2 w1 hoo 2

2.2. Proof of Theorem 2.2. First we began by proving another integral representa-
tion of ¢g (%) )

Lemma 2.2.

-1 S r—1
(2.5) co <1> — 71T/01 Yroilp—r—1) Tf dr.

P l+x+-- a7t
Proof.
q—1 q q—1
(x—1)3 (q—r—l)m’”’l:Z(q—r+1)(r—2)x”—BZ(Q—T)(T—1):!;7"
r=1 r=3 r=2
q—2 q—3
+3> (g—r—1ra"=> (g—r—2)(r+1)a".
r=1 r=0

It’s obvious to remark that

(q—r+1)(r—-2)—-3(@-r)(r—1)+3(@—-r—1)r—(¢—r—2)(r+1)=0
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and the quantity

is reduced to

(@ —2)a"+2(q—3) 2" +3(qg — 4)277% = 3(g — 2)2*! — 6(¢ — 3)2"* — 3(¢ — 2)a?
+3(q—2)272 +3(q—2)x +6(q —3)2? —q+2—2(q — 3)x — 3(q — 4)2*.

After simplification we obtain

1
=1 (g—r—1Dra" ' =(q—2)2 — gz + gz — ¢+ 2. O
1

<
I

ﬁ
Il

The Theorem 2.2 is immediate from the Lemma 2.2 in the following way. Since

1 1—=x

L4+ 4arl 1 —gp

and |z| < 1, then

1 l1—=x

= :Z(l—x)xpk.

l+x+--- Pt 1—ar =

Furthermore,

! = Sy (k) 2*

l+z+-+zrt

and we have

Zp;% (p—r—1)rz"? p—1 o
T = k — _1 +r .
1+ax 4o 4 gp-1 kg%;%()(p r—1)rx

The passage to the integral inducts

1 L, (p—r—1)r
co | = :E Ea k) ~——
0 (p) Pt p( ) k?+7"
But
pfl( _ _1) 1 p+k711
p—r r
Worm ) o= +k—1>—k k-1 Y -
2y (p )(219 (p )T:le

and the result (2.2) is deduced.
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3. CONNECTION TO DIGAMMA FUNCTION

1
P
the function digamma and Bernoulli polynomials in the work [1] of L. Baez Duarte

et al. 1
1 2 Pz T T
& <p) —R b @%)’

where B is the reduced Bernoulli polynomial

07 lf x € Zv
_ 1
By (x) {2} — 5 otherwise,

We finish this work by revisiting the proof of the expression of ¢ ( ) according to

and 1 the digamma function defined by
1 1 1
¢(z)__7_z+z<k:_ k+z)'

k>1

Starting with the demonstration of a property of ¥ that will be used later.
Proposition 3.1.

r+1 r 1 !
1 —yp (-] = .
3 Q/J( p ) ¢<P> Py 1~|—.75+---~|—33P*1dx

Proof. We quote from [5] the formula

w(:;l) _w@) :pé(pk+r+11)(pk+r)'

can be written as following

1
The general term [ s

1 1 1
— - — pk+r—1 _ _pk+4r d
(pk+r+1)(pk+r) pk+r pk+r+1 /0 (x v ) v

and the passage to the sum states that

Z 1 /1 lﬂ“*l _ Ird
- ———ax.
iso Pk +r+1)(pk+r) Jo 1—aP
Finally,
1 1 21
Z = / ldx
iso (Pk +7+1) (pk +7) o 1+x+-- 4P
and we have (3.1). Proposition 3.1 follows. 0

In [5], it is shown that

a5 ()

This identity conducts to the following interesting lemma.
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Lemma 3.1.

(3.2) Ep: (0 (;) = —yp —plogp.

Proof. Since

then

Furthermore,
P r
DU <> = —yp — plogp. O
r=1 p
According to the identity (3.1) Proposition 3.1 and the integral representation (2.5)

we conclude that
r+1 r
o(p)=mEo-r-or(o(5) ()

Furthermore combining this result with the identity (3.2) Lemma 3.1 we get

ofj) e o= (o (57) -+ )

and
1 D 1 2t r
c|—|=——logp— + — 2r—p—1 zb(),
0<p> STt ngl( )
then
1 12
col—)=— 2r—p @D()
(3) =S5 er-n)
But

which means that

o) =25 G 6)
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FIXED POINT THEOREMS VIA WF-CONTRACTIONS
R. GUBRAN!, W. M. ALFAQIH?3, AND M. IMDAD?

ABSTRACT. In this paper, we introduce a new class of contractions which remains
a mixed type of weak and F-contractions but not any of them.

1. INTRODUCTION AND PRELIMINARIES

Investigating fixed point of a mapping continues to be an active topic of research in
nonlinear analysis wherein Banach contraction principle remains the main tool as it
offers an efficient and plain technique to compute such points. This vital principle has
undergone considerable extensions and generalizations in various ways concerning two
or three terms in the contraction inequality. One of the noteworthy generalization of
this principle involving three terms was due to Alber and Guerre-Delabriere [1] which
was refined later by Rhoades [17] and then generalized by Dutta and Choudhury [7].

Let U be the set of all continuous and monotonically nondecreasing functions
¥ :[0,00) — [0, 00) such that 1(¢) = 0 if and only if ¢ = 0.

Theorem 1.1 ([7]). Let (X,d) be a complete metric space and f: X — X a weak
contractive mapping, i.e.,

v(d(fz, fy) < ¢(d(z,y)) — e(d(z,y)),
for all x,y € X, where 1, o € W. Then f has a unique fized point.

Nowadays, there is a tradition of proving unified fixed point results employing
an auxiliary function general enough yielding several contractions and henceforth
several fixed point results in one go. In 1997, Popa [15] introduced the idea of implicit
function which was well followed by [2,3,9,10,16]. Khojasteh et al. [12] introduced the
idea of simulation function which is also designed to unify several contractions. For

Key words and phrases. Fixed point, W F-contractions, F-contractions, weak contractions.
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further work on simulation functions, one can consult [4,6,8,11,13,18] and some other
ones. One of the recent widely discussed generalizations of Banach principle (utilizing
auxiliary function) is due to Wardowski [19] wherein the author generalized Banach
contraction principle by introducing a new type of contractions called F-contraction
and proved that every such contraction defined on a complete metric space possesses
a unique fixed point.

Definition 1.1 ([19]). A self-mapping f on a metric space (X,d) is said to be an
F'-contraction if there exists 7 > 0 such that

(1.1) d(fz, fy) > 0= 7+ F(d(fz, fy)) < F(d(z,y)), forallz,yeX,
where F': R, — R is a mapping satisfying the following conditions:
F1: F is strictly increasing;
F2: for every sequence {s,} of positive real numbers,
lim s, =0« lim F(s,) = —o0;
n— oo n—o0
F3: there exists k € (0,1) such that 111(1)1+ s*F(s) = 0.
5

We denote by F the family of all functions F satisfying conditions (F1)-(F3). Some

natural and known members of F are F(s) =1Ins, F(s) =s+1Ins and F(s) = \_/—%

2. WF-CONTRACTIONS

Definition 2.1. A self-mapping f on a metric space (X,d) is said to be WF-
contraction if there exist two functions G,d : [0,00) — [0,00) such that, for all
x,y € X with d(fx, fy) > 0, we have

(2.1) o(d(x,y)) + Gld(fz, fy)) < G(d(z,y)),

where G and ¢ satisfy the following conditions:

G1: G is strictly increasing;
G2: §(t) > 0 for all ¢ > 0 and for every strictly decreasing sequence {s,} of
positive real numbers,

lim 6(s,) =0= lim s, = 0;
n—oo n—oo

G3: there exists k € (0, 1) such that lir(r]l+ skG(s) = 0.
5=

In the sequel, G denotes the family of all functions G' meeting the requirements
of Definition 2.1 while A stands for the set of all functions d enjoying (G2). Some
members of G are G(s) =In(s+ 1), G(s) = s, G(s) = (s+ 1) + @ and G(s) = {/s,
n € N.

Ezxample 2.1. Let X =[0,00) and f a self-mapping on X given by

T+ 2
, forx <2
fle) =4 2

2, for x > 2.
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Then f satisfies (2.1) for G(s) = s+ ﬁ and d(t) = £. Indeed, the following three
cases arise.
Case 1. If 2 <z <y, then d(fx, fy) = 0. However, inequality (2.1) becomes:

y—x+1<( )+ 1
s 2=V 20—z +1)
which can be written as
1 7 1
2.2 < = S
(22) 2= Ty

where z = y —x > 0. Observe that, the R.H.S of (2.2) is increasing mapping in z for
z > 0 having the value % at z = 0.
Case 2. If 2 > y > z, then (2.1) becomes:

y—x+y—x+ 1 <( )+ 1
8 2 T w-a)+2-V 20y — ) + 2
which can be written as
3 1 1
(2.3) 0< -2+

-8 2242 z2+2’
where z = y — x > 0. Here, also, the R.H.S of (2.3) is increasing mapping in z for
z > 0 with the value 0 at z = 0.
Case 3. If x <2 <y, then (2.1) becomes:

y_x+(1 x)+ ! <(y—z)+ !
8 2/ 2((1-%)+1) 2(y—=z)+1)
or
x 1 7 1
1-= <ly—m)p—
< 2>+4—x_8(y Dt Sy 12
Let 2 —x =a and y — 2 = b. Then,
a 1 7 1
2o <L [ P
SR - Gl o w4
which is equivalent to
2b+a 3a + 7
2+a)(l4+a+d) — 4

which is true if we expand it and remember that a,b > 0.

The following two remarks highlight the relation between W F-contractions and the
weak and F'-contractions.

Remark 2.1. Observe that ¢ in Theorem 1.1 may not belong to G as it is not required
to be strictly increasing. On the other hand, f in Example 2.1 is a W F-contraction
for G(s) = s+ m but not weak contraction as G(0) # 0. Consequently, the class
of W F-contractions and the class of weak contractions are independent.
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Remark 2.2. Notice that, G(s) = s, s € [0,00), is a member of G which is not in &.
On the other hand, F' € F given by F(s) =Ins is not in G (for § = 7).

Remark 2.3. Every W F-contraction mapping is a contractive mapping and hence

continuous. This fact follows from (G1) and (2.1), i.e.,
d(fz, fy) < d(z,y), forallz,ye X, x#y.

Lemma 2.1. Every W F'-contraction mapping has at most one fized point.

Proof. If z,y € X are two distinct fixed points of f, then (2.1) gives rise (d(z,y)) < 0,
which is a contradiction as §(¢) > 0 for all ¢t > 0. O

Lemma 2.2. Let (X,d) be a metric space space and {t,} a sequences of positive real
numbers such that

(2.4) O(tn) + G(tns1) < G(tn),
for all n, where G € G and § € A. Then the sequence {t,} is decreasing and

Proof. As 6(t) > 0 for all £ > 0, we have G(t,+1) < G(t,) for all n € N. Since G is
strictly increasing, we get ¢,,11 < t,, for all n € N. Suppose that nh_}IIOlo t, = r for some

r > 0. Then G(r) < G(t,41) for all n > 0. In view of (2.4), we have
G(tni1) <G(tn) — 0(tn)
SG(tn—l) - [5(tn) + 5(tn—1)]

(2.5) <G(ty) — Y_4(t:).
i=0
Therefore, >, (t;) < G(to) for all n > 0. O
Now, we are equipped to state and prove our main result.

Theorem 2.1. Let (X,d) be a complete metric space and f : X — X a WF-
contraction for some G € G and 6 € A. Then f has a unique fixed point.

Proof. Let z¢ € X be arbitrary and define a sequence {z,} in X by x,.1 := fx, for
all n € Ny := NU{0}. Notice that, if z, = z,41 for some n € Ny, then z,, is the
required fixed point and we are done. Henceforth, we assume that such equality does
not occur for all n € Ny. Denote ¢, = d(z,, T,11). On setting x = z,, and y = x4
in (2.1), we have

(2.6) I(tn) + G(tns1) < G(t,).

In view of Lemma 2.2, 3>>7°,d(¢;) < oo so that lim d(t,) = 0 and hence, in view
of (G2),

(2.7) lim 1, = 0.
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We assert that {z,} is a Cauchy sequence. From (G3), there is k € (0, 1) such that
(2.8) lim t:G(t,) = 0.

Let M = mind(t;), 0 <i <n. In view of (2.5), we have

thas(Gtusn) — G(0)) < s ([6100) - 3 0(00] - G

= _tﬁﬂ Z o(t;)
=0
< —ntfiHM
<0.
Letting n — oo (in view of (2.7) and (2.8)) gives rise

lim nt* = 0.
n—oo

Therefore, there exists n € N such that ntﬁ < 1 for all n > N so that

(2.9) tn <

— nl/k7

Hence, for m,n € N with m > n > N, we have

m 00 o 1
=n 1=n =n !

Therefore, {x,} is a Cauchy sequence. In view of Remark 2.3 and the completeness
of X, we have

for all n > N.

= Jim s = f(Jim ) = f
Now, Lemma 2.1 concludes the proof. O

Remark 2.4. f in Example 2.1 is a W F-contraction. As X is complete, f has a unique
fixed point (namely = = 2).

3. CONSEQUENCES

Corollary 3.1 (Banach Contraction Principle). Every self-mapping f on a complete
metric space (X,d) has a unique fized point if it satisfies the following:

(3.1) d(fz, fy) < Bd(x,y), forallxz,y € X, where § € (0,1).
Proof. The result is a direct consequence of Theorem 2.1 by taking G(s) = s and
d(s) = As where A =1 — p. O

Corollary 3.2. Every self-mapping f on a complete metric space (X, d) has a unique
fized point if it satisfies the following: for all x,y € X with d(fz, fy) > 0, we have

(3.2) d(fz, fy) < e "[d(z,y) + 1] — 1, where T > 0.
Proof. Follows from Theorem 2.1 by taking G(s) = In(s+ 1) and d(s) = 7. O
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One can list further consequences by varying the functions G and § suitably such
as in above two corollaries.

4. APPLICATION

Finally, we discuss the application of fixed point methods to the following two-point
boundary value problem of second order differential equation:

(t) = u(t,z(t)), teJ=]0,1],
-y {<m (1) =0,

where u : J xR — R is a continuous function and the Green function G(t, s) associated
to (4.1) is given by

t(l—s), 0<t<s<l,
G@’S):{l £), 0<s<t<

Let C(J) denotes the space of all continuous functions defined on J. We know that
(C(J),d) is a complete metric space (see [5,14]) where

(4.2) d(z,y) = ||u — v]|e= max{\x() y®le ™}, 7> 0.

Now, we prove the following result on the existence and uniqueness solution of the
problem described by (4.1).

Theorem 4.1. Problem (4.1) has at least one solution x* € €% provided the following
condition hold:

Gt s)uls. x(s)) = G(t, s)uls, y(s))| < 7e*"]a(s) — (s)| - 1,

forallt,s € J and x,y € C(J) where T is a given positive number.

Proof. Observe that x € €2 is a solution of the problem described by (4.1) if and only
if x € C is a solution of the integral equation

1

(4.3) x(t) = / G(t, s)u(s,z(s))ds, forallte J
0

Define a function f : €(J) — C(J) by

(4.4) fx(t) = /01 G(t, s)u(s,xz(s))ds, forallte J.
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Clearly, if z € C(J) is a fixed point of f, then x € C(J) is a solution of (4.3) and
hence of (4.1). Let x,y € C(J) then, by the hypothesis, we have

2(0) = £u(0)] =] [ Gt s)uts,a)ds = [ G, uts, yls))ds
< /01 ‘G(t, s)u(s,z(s)) — G(t, s)u(s, y(s))‘ds
< / 1
= [ reerlyls) — als)e s 1

1

STB_sz(.CE,y)/ eds — 1
0

<e Td(x,y)—1

<e Td(z,y)+e " —1,

e 2|y (s) — x(s)|e e — 1} ds

so that
|[fa(t) = fy(®)le™™ < e Td(z,y) + e — L.

Thus, d(fz, fy) < e "d(z,y) + e 7 — 1 so that condition (3.2) is satisfied. Now,
Corollary 3.2 ensures the existence of a unique solution of 4.1. O
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A CATEGORICAL CONNECTION BETWEEN CATEGORIES
(m,n)-HYPERRINGS AND (m,n)-RING VIA THE FUNDAMENTAL
RELATION I™

AMENEH ASADI', REZA AMERI?, AND MORTEZA NOROUZI?

ABSTRACT. Let R be an (m,n)-hyperring. The I'*-relation on R in the sense of
Mirvakili and Davvaz [34] is the smallest strong compatible relation such that the
quotient R/T* is an (m, n)-ring. We use I'*-relation to define a fundamental functor,
F from the category of (m,n)-hyperrings to the category of (m,n)-rings. Also, the
concept of a fundamental (m,n)-ring is introduced and it is shown that every (m,n)-
ring is isomorphic to R/T'* for a nontrivial (m, n)-hyperring R. Moreover, the notions
of partitionable and quotientable are introduced and their mutual relationship is
investigated. A functor G from the category of classical (m,n)-rings to the category
of (m,n)-hyperrings is defined and a natural transformation between the functors
F and G is given.

1. INTRODUCTION

The notion of n-ary groups (also called n-group or multiary group) is a generalization
of that of groups. An n-ary group (G, f) isa pair of aset G and amap f : Gx---xG —
GG, which is called an n-ary operation. The earliest work on these structures was done
in 1904 by Krasner [24] and in 1928 by Dérnte [22]. Such n-ary groups have many
applications to computer science, coding theory, topology, combinatorics and quantum
physic (see [18-21,36] and [38]). One of the applications is the entering into algebraic
hyperstructures theory defined by Marty in [30]. This work is initiated by Davvaz
and Vougiouklis [16] by defining n-ary hypergroups. By its generalization, (m,n)-
hyperrings and (m, n)-hypermodules were introduced and studied in different contexts.
Some of the studies can be seen in [2,5,11,27-29,32,33] and [34].

Key words and phrases. (m,n)-rings, (m,n)-hyperrings, I'*-relation, category.
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On the other hand, fundamental relations are one of important concepts in alge-
braic hyperstructures theory which classical algebraic structures will be obtained from
algebraic hyperstructures by them. The relations have been studied and investigated
on hypergroups in [23] and [25], on hyperrings in [1,13,15] and [42], and on hyper-
modules in [3] and [4]. After defining n-ary hyperstructures, fundamental relations
were extended on them. This extension done on n-ary hypergroups in [12] and [16],
on (m,n)-hyperrings in [34] and (m, n)-hypermodules in [5]. The I'*-relation in the
sense of Mirvakili and Davvaz [34] is one of relations on an (m, n)-hyperring by which
an (m,n)-ring is induced via the quotient.

In this paper, in Section 2, we give some basic preliminaries about (m,n)-rings and
(m, n)-hyperrings. In Section 3, we define the concept of a fundamental (m, n)-ring and
prove that every (m,n)-ring is isomorphic to R/I"™* for a nontrivial (m, n)-hyperring R.
In Section 4, we define the notion of quotiontable and partitionable (m,n)-hyperrings
and study a relationship between them. Finally, in Section 5, we introduce the category
of (m,n)-hyperrings, denoted by (m,n) — H, and investigate functorial connections
between the categories of (m, n)-hyperrings and (m, n)-rings via I'*-relation. Moreover,
a natural transformation between these functors is characterized.

2. (m,n)-RINGS AND (m,n)-HYPERRINGS

In this section we recall some definitions about (m,n)-rings and (m, n)-hyperrings
based on [9,16] and [34] for development of our paper.
Let H be a nonempty set. A mapping f : H X ---x H — H (P*(H)), where
—_——

P*(H) is the set of all nonempty subsets of H, is called an n-ary operation (hyperop-
eration). A pair (H, f) consisting of a set H and an n-ary operation (hyperoperation)
fon H is called an n-ary groupoid (hypergroupoid). Note that for abbreviation, the

sequence ;, Tit1, - - . , ; will be denoted by x7 and for j < 1, x‘z is the empty set. Also,
F(T1, o i Yis1s -« Yjy i1y - - - 2n) Will be written as f(z, yl 4, 27,1). In the case
when y;1 = - = y; = y the last expression will be written as f(zf,y"=", 20, ,). If

f is an n-ary operation (hyperoperation) and ¢t = I(n — 1) + 1 for some [ > 1, then

t-ary operation (hyperoperation) [y, 1s defined by

f(l)@l( )+ )= fUfC o ff (D), x721+11)7 ) $(§_1)():_1)+2)'
l

An n-ary operation (hyperoperation) f is called associative, if

i—1 n-+i—1 2n—1\ __ 7—1 n+j—1 2n—1
f<1'1 7f($z )axn+i)_f($1 7f(xj )axn-{-j)v

holds, for every 1 < i < j < n and all 27" ' € H. An n-ary groupoid (hyper-

groupoid) with the associative n-ary operation (hyperoperation) is called an n-ary
semigroup (semihypergroup). An n-ary groupoid (hypergroupoid) (H, f) in which the
equation b = f(ai™", z;,a,) (b € flai™', x;,al,,)) has a solution z; € H, for every

aﬁ_l,agﬁrl,b € H and 1 < i < n, is called an n-ary quasigroup (quasihypergroup).
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If (H,f) is an n-ary semigroup (semihypergroup) and an n-ary quasigroup (quasi-

hypergroup), then (H, f) is called an n-ary group (hypergroup). An n-ary groupoid

(hypergroupoid) (H, f) is commutative, if for all ¢ € S,, and for every a} € H, we

have f(a1,...,an) = f(ao(1)s - - 0o@m). If af € H, then we denote (ag(1); - ., aom))
o(n)

by Q1) -

Definition 2.1. Let (H, f) be an n-ary group (hypergroup). A non-empty subset B

of H is called an n-ary subgroup (subhypergroup) of (#, f), if f(z7) € B (f(z}) C B)

for all 27 € B, and the equation b = f(bi"", a;, b)) (b € f(bi"!, 2;,b,)) has a

solution x; € B, for all b} !, bl ,be Band 1 <1< n.

Definition 2.2. An (m,n)-ring (hyperring) is an algebraic structure (R, f, g), which
satisfies the following axioms:
(1) (R, f) is an m-ary group (hypergroup);
(2) (R,g) is an n-ary semigroup (semihypergroup);
(3) the n-ary operation (hyperoperation) g is distributive with respect to the m-ary
operation (hyperoperation) f, i.e., for all a{ ", a?,,,27" € R,and 1 <i <n

g(ai_17 f(a‘Jln)a a?—&-l) - f(g(ail_la L1, a?—i—l)v v 7g(ail_17 L, a?—i—l))'
We say that an (m, n)-ring (hyperring) (R, f, g) has an identity element if there exists
1 € R such that z = g(1@, 2, 107Y) ({2} = g(1®, 2,1 D)) forall 0 < i < n — 1.

Ezample 2.1. Consider the ring (Z, +, -) where “+” and “-” are ordinary addition and
multiplication on the set of all integers. It is easy to see that Z with f(z,y, z) = x+y+=z
and g(z,y,z) = x-y-z for all x, y, z € Z will give rise to a (3, 3)-ring. Now, consider the
following 3-ary hyperoperations on Z h(x,y, z) = {z,y,z,z+y,x+ 2,y + z,x + y+ 2}
and k(z,y,z) = {z-y-z}. Then, it can be seen that (Z, h, k) is a (3, 3)-hyperring.

Let (Ry, f1, 1) and (Rs, fa, g2) be two (m, n)-hyperrings. The mapping ¢ : Ry — Ry
is called a homomorphism from R; to R, if for all 21",y € R; we have

(fi(z]") = falp(z1), .- p(zm)) and  @(g1(yy)) = g2((y1), - -, P (Yn))-

3. FUNDAMENTAL (m,n)-RINGS

Let (R, f,g) be an (m,n)-hyperring and p be an equivalence relation on R. If A
and B are non-empty subsets of R, then ApB means that for every a € A, there exists
b € B such that apb and for every v € B, there exists u € A that upr. We write
ApB if apb for any a € A and b € B. The equivalence relation p is called compatible
on (R, f), if a;pb; for all 1 <i < m implies that f(af*)pf(b]"). Moreover, it is called
strongly compatible if f(a)pf(b7) when a;pb; for 1 < i < m.

Now assume that % = {p(r) | r € R}, be the set of all equivalence classes of R with
respect to p. Define m-ary and n-ary hyperoperations f/p and g/p on % as follow:

f/p(p(a)") ={p(c) | c € f(p(a)")} and g/p(p(a)i) = {p(c)|c € g(p(a)})}.
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Based on [16], in [34], it was shown that (R/p, f/p, g/p) is an (m,n)-hyperring (ring)
if and only if p is (strongly) compatible relation on R. Mirvakili and Davvaz in [34]
introduced the strongly compatible relation I'* on (m,n)-hyperrings as follows.

Let (R, f,g) be an (m,n)-hyperring. For every k € N and I € N, where s =
k(m — 1) + 1, the relation I'yys is defined by

xrk‘lsy = {-T,y} g fk (ula o aus)7

where u; = gg,)(z}}) for some ziy € R with ¢; = l;(n — 1) + 1 such that 1 < i < s.
Now, set I';, = U [pys and I' = U ['x. The results [34, Theorem 5.5 and 5.6] yield

I3eEN keN*
that the transitive closure of I', I'*, is a strongly compatible relation on R that is the
smallest equivalence relation such that (R/I'*, f/T'*, g/T™*) is an (m,n)-ring. Hence,
['* is said to be a fundamental relation on R.

Lemma 3.1. Let (R, f,q), (S, f',¢') be (m,n)-hyperrings and h : R — S be a homo-
morphism. Then, for all x,y € R,
(1) ™y implies h(x)T*h(y);
(13) if h is an injection, then h(z)[™h(y) implies that xT™*y;
(zit) if h is a bijection, then Ty if and only if h(z)[™h(y);
(1) if h is a bijection, then h(F*(a:)) = T*(h(z)).

Proof. (i) Let T*y. Then there exist k,[; € N and 2! € R, where t; = [;(n — 1) + 1
and 1 < i < s such that {z,y} C fu (ul,...,us), Where u; = gy (l). Since h is
homomorphism, we have

{h(a). h(y)} = hiz. y}Ch(ﬂmul,..., ))
(hul,..., )
= fhy (h (), -a9<z5>(wiﬁs)))
= fi s

g lt1 g(l )(h( )st ))

So, h(z)I™h(y). .
() For 2,y € R, since h(x)[*h(y), there exist k,15 € N and z/j' € S, where
=lLin—1)+1and 1 < i < s such that {h(z ) h(y)} € fllur, ... us) for

= g (zi1"). Now, for an injection h : (R, f,g) = (S, f,¢') we have
.y = {07 (b)) b () = 07 (R, o)} )
hl(f(’k)(ul,...,us)>
fory (901) (P NE)s 90 (h_l(Z)ii‘*))'

N
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So, zI™y.

(#4i) It is clear by (i) and (7).

(iv) Let z € R. By (iii), we have

@)= U hy)=Uhny)= U hly =) m
yel*(z) al™y h(z)[*h(y)

Corollary 3.1. Let (Ry, f1,g1) and (Ra, fa, g2) be isomorphic (m,n)-hyperrings. Then
Ry /T = Ry /T,
Proof. Let h : (Ry, f1,91) — (Rs, f2,g2) be an isomorphism. Define n : Ry /T* —
Ry /T by n(F* (m)) =1I" (h(x)) By Lemma 3.1, n is well-defined, one to one and
onto. Hence, n is an isomorphism, since h is a homomorphism. [l
Definition 3.1. An (m,n)-ring (R, f, g) is called a fundamental (m,n)-ring if there
exists a non-trivial (m,n)-hyperring, say (S, f’,¢'), such that (S/I'*, f'/T*, ¢ /") =
(B, f.9)-
Remark 3.1. It is needed to explain what a non-trivial (m, n)-hyperring is. An (m,n)-
hyperring (S, f’, ¢') is said to be trivial if |f'(z7")| = |¢'(y7)| = 1 for all 27", y7 € S.
For example, let (R, f,g) be an (m,n)-ring. Define m-ary and n-ary hyperoperations

faf) ={f(a)} and ¢'(y7) = {g(y})} for all 7",y € R. Then (R, f',¢’) is a trivial
(m, n)-hyperring.

Lemma 3.2. Let (R, f,g) be an (m,n)-ring with identity, then for any (m,n)-ring
S with identity, there exist m-ary and n-ary hyperoperations “f'” and “g'” on R x S
such that (R x S, f',¢') is an (m,n)-hyperring.

Proof. Let S be a non-zero (m,n)-ring with identity 1. Define m-ary and n-ary
hyperoperations “f’” and “¢’” on R x S as follows:

F(ras0)ees s ) = {(FOP) 0 (07,0
¢ ((revs0)ces () ) = {0090, (000,50 .

(For abbreviation, f’((rl, $1)y ey (Tm, sm)) denoted by f’((r, 5)71”), similarly this is

for ¢'). Clearly “f’” and “¢’” are associative and “¢’'” is distributive with respect to
“f". Also, we have

i Rx S i) = U (o7 07, (n ) )

(r',s")ERxS

= U {(f(riilarlvrm—lxsl)a"'>(f(riilyrlarﬁ-lx‘si*l)?
(r',s")ERxS

(f(riila T/a T?j—l)v 5/)7 (f(riila T,) Tﬁl)a Si+1)7

) (f(rlfla 7, rﬁ-l)a Sm)}
=R x S.
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Thus, (R x S, f',¢') is an (m,n)-hyperring. O

The (m,n)-hyperring (R x S, f', ¢) is called an associated (m,n)-hyperring to R
(via S) and denoted by Rg.

Theorem 3.1. Let (R, f,q) and (T, f,g) be isomorphic (m,n)-rings with identity.
Then, for any (m,n)-ring S with identity, Rs and Ts are isomorphic (m,n)-hyperrings.

Proof. Let h : R — T be an homomorphism. Define w : (Rx S, f',¢') = (T'x S, f',¢)
by w(r,s) = (h(r),s) for all (r,s) € R x S. Since h is an isomorphism, it is easy to
see that w is well-defined and a bijection. Now we verify that w is a homomorphism.

o(£(esr)) = ({0 s, (075w} )

Similarly, w(g’((r, s)’f)) = g’(w((r, 5)?)). Thus, (Rx S, f',¢)= (T xS, f',¢). O
Theorem 3.2. Every (m,n)-ring is a fundamental (m,n)-ring.

Proof. Let (R, f,g) be an (m,n)-ring. By Lemma 3.2, for any (m,n)-ring S, (R x
S, f',q') is an (m,n)-hyperring. For any r € R and (s,s') € S x S we have
{(r,s),(r,s")} = ¢ ((r,s), (1,87 1), so (r,s)I*(r,s"). Hence, (r,s") € I'*(r,s). Thus,
[*(r,s) = {(r,z) | x € S}. Define the mapping 6 : (Rx S/T*, f'/T*, ¢'/T*) = (R, f, g)
by 0(I'*(r,s)) = r. It is clear that 6 is well-defined and one to one, since for any
(r,s),(r',s") € Rx S, T*(r,s) = I'*(+',s') if and only if (+/,s") € I'*(r,s) if and
only if » = r" if and only if 8(I'*(r,s)) = O(I'*(+',s')). 6 is a homomorphism. Let
(r,s)7", (r,s)} € R x S. We have

o(5/0 (o)) =6(T* (7)) ) = - = 6(T (0T, sm) ) = £07)
—f(( )y ) (/0 ) ) = 0(T (7)1 )
=0T (g7 50) ) = 91) = 9 (O ()7 ).

Since for any r € R, 0(I'*(r,0)) = r, then 6 is onto. Thus, 6 is an isomorphism. [
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Theorem 3.3. Let (R, f,g) be an (m,n)-hyperring. Then there exist an (m,n)-ring
S, m-ary and n-ary hyperoperations ' and g on R X S such that (R, f,g) can be
embedded in (R xS, f',q').

Proof. Let (R, f,g) be an (m,n)-hyperring and set S = (R/I'™*, f/T™*,g/T"*). Define
m-ary and n-ary hyperoperations f’ and ¢’ on R x R/T™*, as following:

7T enr) = (Fem. ),
g (@) = (9671901 ).

Let (r,I"(v))T" = (', T*(v'))T", then r; = r'; and I'*(v;) = [*(v]) for all 1 < j < m.
Since T™*(v;) = [*(v';) for all j = 1,...,m, there exist k;, I} € N and xzi” € R,
where ¢;; = l;;(n — 1) + 1 and i; = 1;,...,s;, such that {v;,v';} C fx,)(uy,,. .., us,),

thij
where u;; = gq,)(2;,,”). Hence,

(FOP). WD C (AP S0 S0 00, O
CF(Fan s i ()
and
{91 9D} € {g0D). 901, v5). 901,02, ). g0})
C 9ot f ) ).
Thus, I(f(2f')) = T*(f(v})) and T*(g(e1) = D(g(e})). So, (F07),T°(S(oT) =

fOr), T (f(v'7)) and (g(r}), T (g(v1)) = (9(r'7), I (g(v'1))). Therefore, the m-ary
and n-ary hyperoperations f’ and ¢’ are well-defined. Now, we show that (Rx S, f', ¢)

is an (m,n)-hyperring. Let (r,I'*(v))]* € Rx S. Then for any 7,5 € {1,--- ,m}, since
“f7 is associative, it follows that:

£ T @) P T ), (T )2
—(F O ) T S ) )
= (P A D (S Y, 02
=P (T @R T @), 6T ) ).

So, f'is associative. Similarly, it can be shown that ¢ is associative on R x S. Now, we
verify the reproduction property. Since f(ri™", R,r,) = R and R/T* = U;er ' (t),
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£ @) R xS T @)
- U (0T 0T ), T o))

(r',T*(v'))ERXS

= U (e e )
(r',T*(v'))ERXS
—RxT*(R)=Rx&.

To investigate distributivity law, let (', *(v"))]* € R x S, (r,'*(v))} € R x S. Since
g is distributive with respect to f, then

g (T @) (T WD), (T @)
= (9 £OT) ) T 0 ST, 000
=(FlolE ), g ),

D (F(g0 01t g0 s tl))
=1/ @) 6 T @) (T @),

J (T @) 0 T s (T @)2)):

So, (R x S, f',¢") is an (m,n)-hyperring. Now, define the mapping 6 : (R, f,g) —
(Rx S, f,q), by 0(r) = (r,T*(r)). Let r,7” € R. Then r = ¢ if and only if
(r,I*(r)) = («',T*(r")) if and only if O(r) = 0(r'). Let r{*,r} € R. Then

0(f(r1") = (f(r"), D (f (") = F/((r, T2 (r)))) = f1(6(r)")

and

0(g(r1)) = (9(r?), I (g(r1)) = ¢'((r, " (r))T) = 4'(0(r)7),
where 0(r)¥ means 0(r1),...,0(r;) for k = m or k = n. Thus, (R, f,g) can be
embedded in (R x S, f', ¢'). O

Theorem 3.4. Let R and S be two sets such that |R| = |S|. If (R, f,qg) is an (m,n)-
hyperring, then there exist m-ary and n-ary hyperoperations “f'” and “g'” on “S7,
such that (R, f,q) and (S, f',q’) are isomorphic (m,n)-hyperrings

Proof. Since |R| = |S], then there exists a bijection ¢ : R — S. For any s7*, s} € S,
define the m-ary and n-ary hyperoperations “f’” and “¢'” as follows:

(s =o(f(r),  g'(s7) = (g(r7))-
First we prove that f’ and ¢’ are well-defined. Let s; = &;, where s; = ¢(r;), s; = ¢(r})

1

and r;,r, € Rfor i =1,...,m. So, s; = §; implies that ¢(r;) = ¢(r;). Since ¢ is
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bijection, then r; = /; for i = 1,...,m and so f'(s7*) = o(f(r7")) = o(f(+r']")) =
(8’7, similarly ¢'(st) = ¢'(s']). Moreover, since

(3.1) o(f(r1") = f'(o(r)T"),

o(g(r1)) = g'(o(r)7),
¢ is a homomorphism. Now, it is enough to show that (S, f’, ¢') is an (m, n)-hyperring.
Define the map 6 : (R, f,g9) — (S, f',¢") by 0(z) = ¢(x). Since ¢ is bijection then 6
is a bijection. Now we show that 6 is a homomorphism. Let " € R. Then, by (3.1),

0(f(r1")) = o(f(r1")) = [/ (¢(r)1") = f/(0(r)1") and O(g(r7)) = ¢(g(r7)) = ¢'(¢(r)7) =
g (0(r)}). Thus, 0 is an isomorphism and so (5, f’, ¢') is an (m, n)-hyperring. O

Corollary 3.2. Let (R, f,g) be an (m,n)-ring of infinite order. Then there exist m-
ary and n-ary hyperoperations “ f'” and “g'” on R such that (R, f,g) is a fundamental

(m, n)-ring of itself, i.e., (R/T*, f'/T* ¢ /T*) = (R, [, g).

Proof. For a given (m,n)-ring (R, f,g), consider the smallest associated (m,n)-
hyperring (R X Zs, f’,¢'). By Theorem 3.2, (%,f’ﬂ"*,g’/r‘*) = (R, f,9).
Since R is infinite set, then |R| = |R X Z| and, by Theorem 3.4, there exist m-
ary and n-ary hyperoperations “f”” and “¢g”” on (R, f, g), such that (R, f”,¢") and
(R X Za, ', ¢'), are isomorphic (m,n)-hyperrings. Now, we have

(. frg) = (D) e e} o (L), e ).

Hence, (R, f,g) is a fundamental (m,n)-ring of itself. O

We recall the relation 5y = U;>; Bk on an n-ary semihypergroup (R, f) defined by
Davvaz and Vougiouklis in [16], where x5,y if and only if there exist ¢t = k(m — 1) + 1
and 2 € R such that {z,y} C fu(2}). It is well known that 5, is the smallest
strongly compatible equivalence relation on n-ary semihypergroup (R, f) such that
(R/By, f/By) is an n-ary semigroup. Clearly, 3y C T and so 87 C I'*.

Theorem 3.5. Every finite (m,n)-ring is not its fundamental (m,n)-ring.

Proof. Let (R, f,g) be a finite (m,n)-ring, |R| = n. If “f"” and “¢’”, are m-ary and
n-ary hyperoperations on R, such that (R, f,g) is an (m,n)-hyperring, then there
exist 21" € R such that |f/'(«]*)| > 2. Hence, there are a,b € f(27"). So afb and
then al'b. Therefore, al™*b and I'*(a) = I'*(b). Since R/I'* = {I'*(t) | t € R}, then
|R/T*| < n. Thus, (R, f,g) 2 (R/T*, f'/T*, ¢ /T). O

4. EMBEDDABLE (m,n)-HYPERRING

In this section we introduce the concepts of partitionable and quotientable (m,n)-
hyperrings and investigate the relation between them. Also, we give some results
concerning about these concepts.
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Definition 4.1. An (m,n)-hyperring (R, fi, ¢1) is said to be a partitionable (m,n)
hyperring if there exists an (m,n)-ring (.5, f, g), an equivalence relation p on (S, f, g)
non-trivial m-ary and n-ary hyperoperations f’ and ¢ such that (S/p, f’,¢) =
(R7 fla gl)

Theorem 4.1. Every (m,n)-hyperring is a partitionable (m,n)-hyperring.

Proof. Let (R, f,g) be an (m,n)-hyperring. Then we consider three cases.
Case 1. Let R be finite and |R| = n. Define on Z the equivalence relation p by

xpy < x =y (mod n).
Clearly |R| = |Z/p|. So, by Theorem 3.4, there exist m-ary and n-ary hyperopera-
tions f’ and ¢’ on Z/p, such that (Z/p, f’,¢') is an (m,n)-hyperring and (R, f,g) =
(Z/p, [, 9")

Case 2. Let R be infinite countable. Then |R| = |Z|. Let A = {A;}icz be a
partition of Z such that there exists an index j € Z such that |A;| = 2 and for any
j#i1€Z, |A;| =1. Clearly, the binary relation p on Z, by

rps < (Ik € Z) s.t {r,s} C Ay

is an equivalence relation on Z and clearly |Z| = |A| = ‘%’. Thus, by Theorem

3.4, there exist m-ary and n-ary hyperoperations “f’” and “¢g’” on Z/p, such that
(Z/p, f',9') is an (m,n)-hyperring and (R, f1,91) = (Z/p, ', ).

Case 3. Let R be uncountable. Then |R| = |R| and similarly as in case 2 it can be
concluded that R is a partitionable (m,n)-hyperring. O

Let (R, f,g) be an (m,n)-ring. We say that (N, g) is a normal subgroup of n-
semigroup (R, g), if g(ai™", N,al,,) = g(agggl), N, aggzl)), for all a} € R, 0 € S,, and
1 <4 <mn. Also, for a normal subgroup N of (S, g), we set

SIN ={g(ay", N.a}yy) [z € S, 1 <i <n}.

Definition 4.2. An (m,n)-hyperring (R, f, g) is called a quotientable (m,n)-hype-
rring if there exist an (m, n)-ring (S, h, k), non-trivial m-ary and n-ary hyperoperations
f" and ¢ such that (S/N, f',¢') = (R, f,g), where N is a normal subgroup of the
n-semigroup of (S, k).

Theorem 4.2. Every (m,n)-hyperring is a quotientable (m,n)-hyperring.

Proof. Let (R, f,g) be an (m,n)-hyperring and consider the following cases.
Case 1. Let R be finite and |R| = n. Consider (Z} = Z,, \ {0}, ®) and set g(z}) =

(D for 7 € Z,. Clearly, N = {1} is a normal subgroup of (Z, g) and |R| = |Z,/N|.

=1
Thus, by Theorem 3.4, there exist m-ary and n-ary hyperoperations f” and ¢’ on Z,,/N
such that (Z,/N, f',¢') is an (m,n)-hyperring and (R, f,g9) = (Z,/N, ', 4¢').

Case 2. Let R be infinite countable and |R| = |Z x Z|. Note that (Z X Z, f,g) is
an (m,n)-ring such that f((a,b)") = (a1 + -+ + am, by +--- + b,,) and g((a,b)}) =
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(ay-ag---ap,by-by---by,) for any ai*, al, bi*, b} € Z, where “+ 7 and “-” are ordinary
binary operations on Z. Now, let N = {(—1,1),(1,1)}. Then N is a normal in
((Z x Z)*,g). Clearly |Z x Z| = |(Z x Z)/N|. Hence, by Theorem 3.4, there exist
m-ary and n-ary hyperoperations f’ and ¢’ on (Z x Z)/N such that ((Zx Z)/N, f', ¢')
is an (m, n)-hyperring and (R, f,g) = (Z x Z)/N, f'. ).

Case 3. Let R be uncountable. Then |R| = |R x R| and similarly as in case 2 we
conclude that R is a quotientable (m,n)-hyperring. O

Theorem 4.3. Every quotientable (m, n)-hyperring is a partitionable (m, n)-hyperring.

Proof. Let (R, f1,91) be a quotientable (m, n)-hyperring. Then, there exist an (m,n)-
ring (5, f,g), non-trivial m-ary and m-ary hyperoperations f’ and ¢ such that
(S/N,f'.q") = (R, f1,91), where N is a normal subgroup the n-semigroup (S,g).
Define, the binary relation p on S as follows:

rpy ~ g(.il?, x;_lv N7 x?—i—l) = .g(ya xé_la N7 .17?_,_1)-

Clearly p is an equivalence relation on S and for any s € S, p(s) = g(s, 25", N, 22, ).
Hence, (R, f1, 1) is a partitionable (m,n)-hyperring. O

Remark 4.1. Consider the (m,n)-hyperring (Zs, f, g) with the m-ary and n-ary hyper-
operations f(z7") = Zs and ¢(y}') = Zs for all 21",y € Z3. Define on Z the relation
p by p=1{(0,0),(2k,2k"), (2k + 1,2k" + 1)} Clearly p is an equivalence relation and
|Zs| = |%]. Hence, by Theorem 4.1, (Zs, f, g) is a partitionable (m,n)-hyperring. But
p is not a multiplicative normal n-subgroup of Z. Thus, the converse of Theorem 4.3,
is not valid.

Let (R, fi,g1) be an (m,n)-hyperring.  Consider the canonical projection
¢+ (R fi,;0) = (R/T" fi/T",q1/T7) by @(r) = I'"(r). Also, by Theorem 4.2,
there exist an (m,n)-ring (S, f, g), normal n-subgroup N such that 6 : (R, f1,91) —
(S/N, f',¢') is an isomorphism. Hence, we have the following theorem.

Theorem 4.4. Let (R, f1,g1) be a quotientable (m,n)-hyperring via an (m,n)-ring
(S, f,9). Then there exists a unique homomorphism 1, such that 10 = .

Proof. Since (R, f1,¢91) is a quotientable (m,n)-hyperring via an (m, n)-ring (S, f, g
there exists a normal subgroup of the n-semigroup (.S, g) such that (S/N, f',¢") =
(R, f1,g1). Define ¢ : S/N — R/T* by ¥(g(s7", N, s?,.,)) = I'*(r) such that 6(r) =
g(si' N, s,,) for any s} € S. Therefore ¢) = ¢ o00~!, so 1 is a homomorphism. Also,
PO(r) = (po 071 (0(r)) = ¢(r). Thus, the following diagram is commutative.

R— S/N

N

R/T*

Moreover, it is easy to see that 1) is unique. 0



372 A. ASADI, R. AMERI, AND M. NOROUZI

Corollary 4.1. Let (R, f1,91) be a quotientable (m,n)-hyperring via an (m,n)-ring
(S, f,g). Then the following diagram is commutative.

R S/N

R/T* — (S/N)/T*

Proof. Define the maps 0:R/T* — (S/N)/F* by O(I'*(r)) = I'*(0(r)) and ¢ : S/N —
(S/N)/T* by @(g(siT N, s 1)) =T (g(si™", N, s%,)). Since 6 and ¢ are homomor-
phism, 6 and ¢ are so. Hence, for any r € R

2(r) = p(glst Ny s2) ) = T (957 Nasii) ) = 7 (600) = 0T (1) = D).

5. CATEGORICAL RELATIONS ON (m,n)-HYPERRINGS AND (m,n)-RINGS

Now we introduce the category of (m,n)-hyperrings, denoted by (m,n) — H,. This
category is defined as follows:
(7) the objects of (m,n) — H, are (m,n)-hyperrings;
(77) for the objects R and R’ of (m,n) — H,., the set of all homomorphisms from R
to R’ are arrows and denoted by h: R — R'.

In this section, we try to investigate the relation between two categories (m,n) — H,
and (m,n) — R, (category of (m,n)-rings) and work on natural transformations
between them. At first, we define an arrow F : (m,n) — H, — (m,n) — R, by
F(R) = R/T*, where (R, f,g) is an object of (m,n) — H, and for any arrow v :
(R, f1,91) = (R2, f2, g2), we define:

Fv): R /T = Ry /T" by F(v)(I'*(x)) =T"(v(x)), forevery z € Ry.
By Corollary 3.1, F' is well-defined. Hence, we have the following.
Theorem 5.1. F is a covariant functor from (m,n) — H, to (m,n) — R,.

Proof. For any object (R, f,g) of (m,n)—H,, F(R) = R/T"" is an (m,n)-ring and then
F(R) is an object in (m,n) —R,. Now, we show that F'(v) is an arrow in (m,n) — Ry,
for any arrow v : (Ry, f1,91) = (Ra, f2,92). Let I'*(2)7", I'*(z)} € Ry/T"*. Thus,

F) (AT (T @)7)) = <>( (f1 o) ) ( ()
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Similarly, we have

F(v) (91 /r*(r*(x)?)) _ g,/ (F@) (T*(21)) .., F(w) (T (xn))).
Also for the composition of two arrows F(v) and F(w) in (m,n) — Ry, where v :
(R1, f1,91) = (R, f2,92) and w : (R, fo, g2) — (R, f3,93), we have

F(w)o F(v) = F(w)(F(v)) = F(w)(I''(v)) =" (wov) = Flwov).
Moreover, for 1z : R — R and 1pg) : R/T* — R/T™, we have

F(ln) (@) = T*(1a(@)) = I*(z) = Lem (o).
Therefore, F' is a covariant functor of (m,n) — H, to (m,n) — R,. O

Now, for (m,n) — H,, (m,n) — Ry, any (m,n)-ring (R, f,g) and S = Z,, define
a categorical arrow U : (m,n) — R, — (m,n) — H, by U(R) = Rg, which for any
(m, n)-ring homomorphism v : (Ry, f1,91) — (Ra, f2, g2) defined by
Uw)(z,y) = (v, 1s)(x,y) = (v(2), 1s(y)) = (v(2),y).-

By Theorem 3.1, U is well-defined. Hence, we have the following theorem.
Theorem 5.2. U is a covariant functor from (m,n) — R, to (m,n) — H,.

Proof. For any object (R, f,g) of (m,n) — R, by Lemma 3.2, U(R) = R x S = Rg
is an (m,n)-hyperring and so U(R) is an object in (m,n) — H,. Consider any arrow
v (R, fi,51) = (R2, f2,02) in (m,n) — R,. We show that U(v) is an arrow in
(m,n) — H,. Let (r,s)}", (r,s)} € Ry x S. Now, by Lemma 3.2,

U (£(5)7)) = U@ ({ACT) 501 (AT, 0}

Similarly, we have U(v)(g] ((7’, s)?)) = go(UW)(r1,81),..., UW)(rn, sp)). Thus, U(v) :
Ry xS — Ry x S is an (m,n)-hyperring homomorphism and so is an arrow in

(m,n) — H,. Now, we investigate the composition property. Let v and w be arrows
in (m,n) —R,. So,

U(v)oU(w)(r,s) =U(v) (U(w)(r,s)) =U(v) (w(r),s) = (uow(r),s) = U(vow)(r, s).
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Moreover, consider 1z : R — R and 1y g) : U(R) — U(R). For any (r,s) € Rs
U(1gr)(r,s) = (1r(r),s) = (r,s) = Ly (r, s).

Hence, U is a covariant functor of (m,n) — R, to (m,n) — H,. O

Theorem 5.3. The functor U : (m,n) — R, — (m,n) —H, is a faithful functor.

Proof. Let (Ry, f1,91) and (Rq, f2, g2) be objects in (m,n) — Ry, v1,v2 1 Ri — Ry
be parallel arrows of (m,n) — R, and U(ry) = U(rz). So, for any (r,s) € Rig,
U(wy)(r,s) = U(vy)(r,s) and so v; = v,. Thus, U is a faithful functor. O

Theorem 5.4. On objects of (m,n) —R,, FolU = 1.
Proof. For any object (R, f,g) in (m,n) — R,, we have
(F © U)(R7 f? g) - F<R57 flag/) = (RS/F*7 f//r*7g//r*) = (RJ f7 g>7
by Theorem 3.2. [

Theorem 5.5. For functors 1,F oU : (m,n) — Ry — (m,n) — R, there exists a
natural transformation p:1 — FoU.

Proof. For two functors 1 and F o U of (m,n) — R, to (m,n) — R,, define a map
w:1l— FolU as follows:

w:1(R) = (FoU)(R) by pu(r) =TI"(r,0).

Now, for any (m,n)-ring homomorphism v : (R, f,g) — (R, f’,¢'), consider the
following diagram.

1(R) — (F o U)(R)
1(v) FoU(v)
1(R) —E (FoU)(R)
For any r € R, we have
((F oU)(v)o ,uR)(r) =Fo U(V)(MR(T)) =FoU(v) (F*(r, 0))

=1 (I/(T), 0)
= KR (V(’f’))
= i (1)) = (11 0 1)) ).

So, 1 is a natural transformation. 0

Theorem 5.6. For functors 1 and U o F' from (m,n) — H, to (m,n) — H,, there
exists a transformation 6 : 1 — U o F' such that is natural.



A CATEGORICAL CONNECTION BETWEEN CATEGORIES 375

Proof. For two functors 1,UoF : (m,n)—H, — (m,n)—H,, defineamap : 1 — UoF
as 0 : 1(R) — (Uo F)(R) by 6(r) = (F*(r),O). Now, for any (m,n)-hyperring
homomorphism v : (R, f,g) — (R, f',¢'), consider the following diagram.

1(R) —22 (U o F)(R)

iUoF(V)
0

I(R') —= (U o F)(R')

For any r € R, we have

((U o F)(v) o eR) (r) = U F(v)(9a(r)) = U o F(v) <F*('r’), o)

— (r*(u(r)),o)

Therefore, 0 is a natural transformation. 0]
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APPLICATIONS OF FRACTIONAL DERIVATIVE ON A
DIFFERENTIAL SUBORDINATIONS AND SUPERORDINATORS
FOR ANALYTIC FUNCTIONS ASSOCIATED WITH
DIFFERENTIAL OPERATOR

ABBAS KAREEM WANAS! AND MASLINA DARUS?

ABSTRACT. The purpose of this paper is to derive subordination and superordi-
nation results involving fractional derivative of differential operator for analytic
functions in the open unit disk. These results are applied to obtain sandwich results.
Our results extend corresponding previously known results.

1. INTRODUCTION AND PRELIMINARIES

Let H = H(U) denote the class of analytic functions in the open unit disk U =
{z€ C:|z| <1}. For a € C and n € N, let H [a, n| be the subclass of H consisting
of functions of the form:

f)=a+a,z"+anq 12"+, acC.

Also, let A be the subclass of H consisting of functions of the form:
(1.1) f(2) =24 ap2".
k=2

Let f,g € . The function f is said to be subordinate to g, or g is said to be
superordinate to f, if there exists a Schwarz function w analytic in U with w (0) = 0
and |w (z)| < 1, z € U, such that f(z) = g(w(z)). This subordination is denoted by
f<gor f(z) < g(z), z € U. Tt is well known that, if the function g is univalent
in U, then f < g if and only if f(0) = ¢g(0) and f(U) C ¢g(U). Let p,h € 3 and

Key words and phrases. Analytic functions, differential subordination, differential superordination,
fractional derivative, differential operator.
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P(r,s,t;2) : C3 x U — C. If p and 9 (p(2), 2p'(2), 2*p"(2); 2) are univalent functions
in U and if p satisfies the second-order differentlal superordination

(1.2) h(z) < ¥(p(2), 20 (2), 2°D" (2); 2),
then p is called a solution of the differential superordination (1.2). An analytic function
q is called a subordinate of (1.2), if ¢ < p for all p satisfying (1.2). An univalent
subordinat ¢ that satisfies ¢ < ¢ for all the subordinants ¢ of (1.2) is called the best
subordinant.

Miller and Mocanu [6] obtained conditions on the functions h, ¢ and ¢ for which
the following implication holds:

h(z) < ¥(p(2), 20 (2), 2°D"(2); 2) = a(2) < p(2).

Ali et al. [1] have used the results of Bulboaca [3] to obtain sufficient conditions for
certain normalized analytic functions to satisfy

2f'(2)
f(2)
where ¢; and ¢, are given univalent functions in U with ¢;(0) = ¢2(0) = 1.

Also, Tuneski [16] obtain sufficient condition for starlikeness of f € A in terms of

the quantity £ (';c(/z(g)(;) Shanmugam et al. [14], Goyal et al. [4], Wanas [17, 18] and

q(z) < < q2(2),

Attiya and Yassen [2] have obtained sandwich results for certain classes of analytic
functions.

Definition 1.1 ([9]). For f € A the operator I}, is defined by I} ,;: A — A,
L, 0af (2) =My, a(2) x R f(2), z€U,

where

[T+ A+ X)) (k=) +d]™
My =
Ni2a.0(7) Z+k§ 1+ Xa(k—1))+d o

and R"f(z) denotes the Ruscheweyh derivative operator [10] given by
R'f(z) =2+ C(n,k)az",
k=2

where C(n, k) = roiiis, nom € Ng = NU{0} , > A >0, £> 0 and (+d > 0.

If f given by (1.1), then we easily find that
o = T(k+n) [0+ N+ )E=1)+d]"
Iie — 2+
Wharal (2) = 24 2 [ [ A+ xk—1)+d | ™
Definition 1.2 ([15]). The fractional derivative of order 4, 0 < § < 1, of a function

f is defined by
_ 1 d o )
Dif(e) = r(1 —5)dz/o (z —t)° d,
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where the function f is analytic in a simply-connected region of the z-plane containing
the origin and the multiplicity of (z — ¢)7° is removed by requiring log(z — t) to be
real, when Re(z —t) > 0.

From Definition 1.1 and Definition 1.2, we have

L & KD(n + k
(1.3) DL af (2) = (21_5)2 ‘5+k2:?2p<k_5<+5r<31+1>

1+ M+ X)) (k=) +d™ s
l 01+ Xk —1)) +d =

It follows from (1.3) that
(1.4)
Oz (DI, 0 af (2)) = [0+ (k= 1)) +d] DI f(2)
— [+ Qalk = 1) = (1= 0)M) +d] DIS, paf (2)-
In order to prove our results, we make use of the following known results.

Definition 1.3 ([5]). Denote by @ the set of all functions f that are analytic and
injective on U\ E(f), where

E() = {¢e o tim f(z) = o
and are such that f'(¢) # 0 for ¢ € OU\E(f).

Lemma 1.1 ([5]). Let q be univalent in the unit disk U and let 6 and ¢ be analytic in
a domain D containing q(U), with ¢(w) # 0 when w € q(U). Set Q(z) = z¢'(2)p(q(2))
and h(z) = 0(q(2)) + Q(2). Suppose that

(1) Q(z) s starlike univalent in U;
(2) Re{Zh(Z)} >0 forzeU.

If p is analytic in U, with p(0) = ¢(0), p(U) C D and
(1.5) 0(p(2)) + 20" (2)6(p(2)) < 0(q(2)) + zq'(z)d(a(2)),
then p < q and q is the best dominant of (1.5).

Lemma 1.2 ([6]). Let q be a convex univalent function in U and let o« € C, B € C\{0},

with
Re {1 + Zs,éz))} > max {0, _Re <g>} .

If p is analytic in U and

(1.6) ap(z) + Bzp/(2) < aq(z) + B2 (2),
then p < q and q is the best dominant of (1.6).
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Lemma 1.3 ([6]). Let g be a convex univalent function in U and let B € C. Further
assume that Re(B) > 0. If p € H[q(0),1] N Q and p(z) + Bzp'(z) is univalent in U,
then

(1.7) q(2) + Bz¢'(z) < p(2) + Bzp'(2),
which implies that ¢ < p and q is the best subordinant of (1.7).

Lemma 1.4 ([3]). Let q be convex univalent in the unit disk U and let 6 and ¢ be
analytic in a domain D containing q(U). Suppose that
{ (q(z)} >0 for z€ U;
(2) Q(z) = 2¢'(2)p(q(z)) is starlike univalent in U.
If p € H[q(0),1] N Q, with p(U) C D,8(p(z)) + zp'(2)d(p(z)) is univalent in U, and

(1.8) 0(a(2)) + 2¢'(2)d(a(2)) = O(p(2)) + 20" (2)d(p(2)),
then q¢ < p and q 1is the best subordinant of (1.8).

2. SUBORDINATION RESULTS

Theorem 2.1. Let q be convex univalent in U with ¢(0) =1, 0 € C\ {0}, v > 0 and
suppose that q satisfies

(2.1) Re {1 + Zj((;))} > max {o, “Re (“jf”) } .

If f € A satisfies the subordination

o [0+ Oalh = 1) + d]\ (T2 0) DI, uf(2))'
22 (1_ n(1—0) )( )

o [0(1 + (Ao(k — 1)) + d] <r<2 ) Diff;x,g,dﬂz))” <D§f§;’,ﬁ;ﬁzdf<z>)

(A (1—9) z1-8 D™, oaf (2)
o /
<q(z) + =0, (2),
then
(2 —48)Dimm 7
(2.3) ( 2= Zi_?“’f’dﬂz)) <q(2)

and q is the best dominant of (2.2).

Proof. Define the function p by

. 5 rn,m > v
(2.4) p(z) = (F(Q J) lzzl{,(\sl,,\z,z,dﬂ )) el
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Then the function p is analytic in U and p(0) = 1. Differentiating (2.4) logarithmically
with respect to z, we have

2p'(2) _ (D51A1 A2 Edf(z)),

p(2) Dz[)\l,)\g,f,df( z)
Now, in view of (1.4), we obtain
() _ 7160+ Oulk— 1) +d) (DURAHFG)
p(2) h DI eaf ()

Therefore,

p'(2) L1+ ok —1)) +d (T(2—0) DI, uf (2)\]
(1—-08)y A (1—0) Z1-9
(DL
DI, 0af (2)

It follows from (2.2) that
o o

p(z) + WZPI(Z) < q(z) + qu/(z)-

Thus, an application of Lemma 1.2, with o =1 and § = ~, we obtain (2.3). [

(=

Theorem 2.2. Letn; € C, 1 =1,2,3,4,v>0,t € C\ {0} and q be conver univalent
in U with q(0) =1, q(2) # 0, z € U, and assume that q satisfies

(25)  Re {1 oy 2By By 4 20D Zq/(z)} >0,

t t t ¢(z)  q(z)
Suppose that % is starlike univalent in U. If f € A satisfies
(2.6)
) 2 3 2q'(2)
v (7717 12,13, M4, 7, ta 57 n,m, )\17 )\27 f, d7 Z) <M + HQQ(Z) + 134 (Z) + 1aq (Z) +1 Q(Z) )
where
(2.7)

\Il(nlan277737774777t 6 n,m )\1,)\2,£,d; Z)
nm n,m 2y nm
o D? ,\Mﬁdﬂ ) . D5[/\1/\ﬁdf( ) . D? AlAﬁdf(z)
D(zs‘[;}l?;Q,ﬁ,df( ) D(s])\l A2, de( ) DzI;\Z?;\g,Z,df(z)
Lt Qo(k = 1)) +4 (Diff;?i;zdﬂz) . Dif?;?;;zdﬂz))

oy DSV f(z) DI, o af ()
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then

n,m v
D(z;]/\l,A:,zdf(z> < q(2)
DI, vaf (2)

and q is the best dominant of (2.6).

Proof. Define the function p by

(2.8) p(z) = (

DI 00t (2)

Then the function p is analytic in U and p(0) = 1.
By a straightforward computation and using (1.4), we have
(2.9)

M+ mep(2) + n3p”(2) + map®(2) + t

s Tn,m~+1 v
DZI,\l,,\z,z,df(Z)) el

zp'(2)
p(z)
where U (1, n2, N3, N4, 7, t, &, n, My Ay, A, £, d; 2) is given by (2.7). From (2.6) and (2.9),
we obtain

=wv (nlv7727T]377747/77t767nam)/\17/\27£7d; Z) )

2q'(2)
q(z)

2p'(2)

p(2)

<M+ n2q(2) + 137 (2) + nag®(z) + t

M+ n2p(2) + n3p?(2) + map®(z) +
By setting
O(w) =m + mw + nsw® + muw’®  and  G(w) = —, w #0,

we see that f(w) is analytic in C, ¢(w) is analytic in C\ {0} and that ¢(w) # 0,
w e C\ {0}. Also, we get

SIS

and

h(z) = 0(q(2)) + Q(2) = m + 12q(2) + 13q*(2) + Mg (2) + -

It is clear that Q(z) is starlike univalent in U,

Re{Zh,(Z)} — Re {1 + q(z) + 275’73612(2) + ?’Z“q?’(Z) EVACN qu} > 0.

Q(z) ¢(z)  q(2)
Thus, by Lemma 1.1, we get p(z) < ¢(z). By using (2.8), we obtain the desired
result. O

Theorem 2.3. Letn;, € C,i=1,2,3,4,t € V\ {0} and q be convexr univalent in U
with q(0) =1, q(2) # 0, z € U, and assume that q satisfies (2.5). Suppose that Zgég)
is starlike univalent in U. If f € A satisfies

(2.10)

Q (nlv7727773an47t767n7m7)\17)\27£7d; Z) = Ui + 772Q(Z) + 773612(2) + 774(]3(2) +1

2q'(2)
q(z)
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where

(2.11)

Q (7717 2, M3, M4, t? 57 n,m, /\17 >\27 ‘ga d7 Z)
n,m 2
SIDIL (2) ( 1 )222“) (DLt af (2))
n,m 2 3 n,m 4
(2 - 8) (DI, o af (2) L'(2-9) (DA, 1af(2))
n,m 3
1\ B (DI () e+ ek — 1) +d]
Tt =) p— 5t ) 8
(DZIAl,,\2,e,df(Z)) !

n,m-+2 n,m-+1
w (14 Dg[,\l,,\;z,df(z) _ QDEI)\l,)\;é,df(Z)
Dg[f\lﬁizdf(z) Dg[fﬁz,z,df(z) ’

=1 + N2

then »
1-8 o Fsm
z DZ[)\l,)\Q,E,df(Z)

(2= 0) (DI, eaf (2))
and q is the best dominant of (2.10).

3 < q(2)

Proof. Define the function p by
A-ODIEmt f(
(2.12) p(z) = D tal () 5, 2€U.
(2= 0) (DI, 1l (2))
Then the function p is analytic in U and p(0) = 1.
We note that
(2.13)

m + mep(2) + n3p*(2) + mp’(2) + t

zp'(2)

p(z)
where Q (91, 72, M3, N1, , 0, n, M, A1, Ao, £, d; ) is given by (2.11). From (2.10) and (2.13),
we obtain

=0 (771;7727773a7747ta5;n7ma )‘la )‘2’£7 d? Z) )

z2p'(2) ¢ (2)

p(2) q(z)
The remaining part of the proof Theorem 2.3 is similar to that of Theorem 2.2 and
hence we omit it. O

<M+ 12q(2) + 1367 (2) + Mg (2) + t

M+ n2p(2) + n3p*(2) + map®(z) + ¢

3. SUPERORDINATION RESULTS

Theorem 3.1. Let q be convex univalent in U with ¢(0) =1, v > 0 and Re{c} > 0.
Let f € A satisfies

T2 -8 D, f(2)\
( ( ) Zi_)(\;,)\we,df( )) cK [q(O), 1] N




386 A. K. WANAS AND M. DARUS

and
[ o+ Qulk— 1)+ d]\ (T2 =8) DAL, uf ()Y
A (1—9) Z1-0
o [((1+ ok = 1) +d] (D2=0) DY, af (2)\" [ DL 0af (2)
(A (1-0) 2 DI, eaf (2)
be univalent in U. If
g /
B a(e) + g2 )
L[y o+ Qolk - 1) +d] (T(2-0) DI, eaf ()
A (1 —9) Z1-9
ol + Qulk = 1) +d] (T2 = 8) DILR, 0af (2)\" [ DI 10 (2)
(A (1= 9) 21 DI, 0af(2) )
then

_ s rn,m e o
(3.2) q(z) < (F(2 9) Z{A&l,me,df( ))

and q is the best subordinant of (3.1).

Proof. Define the function p by
L(2—0) DI, vaf (2))
p(z) = ,

zeU.
15

(3.3)

Then the function p is analytic in U and p(0) = 1. Differentiating (3.3) logarithmically
with respect to z, we get

n,m /
2p'(2) . z (Dgf,\{,AQ,ﬁ,d (Z)> (-4
DI, ol (2)

After some computations and using (1.4), we find that

(3.4) <1 oI+ (Aa(k—1)) + d]) (F(Q —0) Dg[f{&,g,df(z)y

Ag)\l(l — 5) 21_6
o [0(1+ (a(k = 1) +d) (T(2=0) DILT, oaf(2)\" [ DIL5s vaf (2)
(1 =9) N DI, 00t (2)
g /
) + )
From (3.1) and (3.4), we have
o / o /
)+ s () <) +
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Thus, an application of Lemma 1.3, with a = 1 and g = ﬁ, we obtain the

results. O

Theorem 3.2. Letn; € C, i =1,2,3,4,v>0,t € C\{0} and q be convex univalent
in U with q(0) =1, q(z) # 0, z € U, and assume that q satisfies

(3.5) Re{n; (2 )+27t73q2( )+3t”4q3( )} 0.

Suppose that % is starlike univalent in U. Let f € A satisfies
n,m+1

Dg])\l,)\g,e,df(z)

DI, eaf (2)

and WV (n1,m2,M3, M4, 7, t,0,m,my Ay, Ao, U, d; 2)  is univalent  in U, where
\11(7717772’77377747,77t757n7m7 >\17>\27€7 d’ Z) is given by (27) ]f
(3.6)

) € Hlq(0),1]NnQ

2q'(z
m + UQQ(Z) + 773q2(2) + 7)4q3<z) +1 ;Z(i)) = v (7717 N2, 13, M4, 7, t? 67 n,m, /\17 /\27 Ea d7 Z) )
then
n,m v
q(Z) =< D(zsl)q,,)\;zdf(z)
DI, eaf (2)

and q 1is the best subordinant of (3.6).
Proof. Define the function p by

37) o) = | poptas
D3 -’,\1 A2, edf Z

Then the function p is analytic in U and p(0) = 1.
By some computation, we have
(3.8)

z
v (77177727 n3, 774777757 (5,n,m, )\17 >\27€7 da Z) ="M + 77219(2) + 775292(2) + 774]33(’2) +1

where W (91, 12, M3, N4, 7, t, 8, n, My Ay, A, £, d; 2) is given by (2.7). From (3.6) and (3.8),
we obtain

M +1q(2) + 130°(2) + mg*(2) + tzjé? < () mp () + () + tzzfég) '

By setting 0(w) = ny + now + nsw?® + nyw® and ¢(w) = L, w # 0, we see that O(w) is
analytic in C, ¢(w) is analytic in C \ {0} and that ¢(w) # 0, w € C\ {0}. Also, we
get
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It is clear that Q)(z) is starlike univalent in U,
9’((1(2))} {772 203 o 314 4
Re = Re z)+ z)+ z } > 0.
e 2+ 22 ) 4+ 20 )

Thus, by Lemma 1.4, we get ¢(z) < p(z). By using (3.7), we obtain the desired
result. O

Theorem 3.3. Letn; € C,i=1,2,3,4,t € C\ {0} and q be conver univalent in U
with q(0) =1, q(z) # 0, z € U, and assume that q satisfies (3.5). Suppose that %
is starlike univalent in U. Let f € A satisfies

2D i f (2)
(2= 68) (DA, caf (2))

and (1, M2, M3, N, t, 0, m,my Ay, Ao, £, d; 2)  is univalent  in U, where
Q (7717 n2, N3, T]47ta 67 n,m, )‘la )‘27€7 d) Z) is given by (2]‘]‘) [f
(3.9)

5 € H[q(0),1]NnQ

2q' (2
T + 772(]('2) + 773(]2(2) + 774(]3(2) +t q(i)> < Q (7717 77277]377747t7 67 n,m, >\17 >\27€7 d7 Z) )

then
1-8 s prom+1
z Dz]>\1,)\2,€,d (2)

n,m 2
['(2-9) (DgIA{,AQ,é,df(Z))
and q is the best subordinant of (3.9).

q(z) <

Proof. Define the function p by
1_5D§[n7m+1
(3.10) p(e) = — = Debinedl &)y,
(2= 0) (DI, vaf (2))

Then the function p is analytic in U and p(0) = 1.
We note that
(3.11)

2p'(z
Q (771’772777377747t75an7m7 )\17 )\27€7 d7 Z) =M + U?p(z) + 773p2(,2’) + 774p3(z) +1 P i>)7

where Q (1, M2, 13, N4, £, 0, m, m, A1, Ao, £, d; 2) is given by (2.11). From (3.9) and (3.11),
we obtain

2q (2 z
m 4 12q(2) + 1367 (2) + g’ (2) + t q(i)) <+ mep(2) +m3p?(2) +nap®(2) +

The remaining part of the proof Theorem 3.3 is similar to that of Theorem 3.2 and
hence we omit it. O
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4. SANDWICH RESULTS

Combining results of differential subordinations and superordinations, we state the
following “sandwich results”.

Theorem 4.1. Let ¢; and go be convex univalent in U with ¢;(0) = g2(0) = 1. Suppose
q2 satisfies (2.1), v > 0 and Re{c} > 0. Let f € A satisfies

['(2—46) DIy 7
( ( ) zl)(;l,)\z,é,df(z)> eH[1,1]NQ
z

and

o[0(1+ (No(k—1))+d] (T(2-9) D‘j[fl”’ﬁ% af(2) K

(- ) ()

o [0(1+ (ao(k — 1)) + d] <r< —8) DI Aﬂdﬂz))” (Dﬁf;z’";:é df<z>)
A (1—0) 21 DI, 0af (2)

be univalent in U. If

g

a—on 2¢1 ()
<<1_ o [0(1+ (Mo(k 5)))+d}> (m—a) pirm ))v

g)\l(l — - s
o [0(1+ Mok — 1)) +d] (T(2—0) DX, af (2)\ [ DN E s af (2)
A (1 —9) z1=0 DI, el (2)
o
=<ga(2) +

= CMZQQ(Z),

then

. 5 rn,m Y
o) < (PO TR B

and q1 and qq are, respectively, the best subordinant and the best dominant.

Theorem 4.2. Let ¢ and go be convex univalent in U with ¢1(0) = q2(0) = 1. Suppose
¢ satisfies (3.5) and qo satisfies (2.5). Let f € A satisfies

(Dilf;i’i;izdﬂz)

Y
i cH[1L,1]NnQ
DgI)\{,)\g,E,df(z))
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and W (n1,m2, 103, M4, V5,0, my A1, Ao, 0y d; z) s wnivalent  in U,  where
\I](nlvn27n37n4777t757n7m7 )\17>\27£7 d7 Z) is giU@’I’L by (27) ]f

zq) (z
M+ 12q1(2) + 03¢ (2) + nagi (2) + ¢ th((z)) <W (N1, 12,3, M4, Y5 t, 0, My A,y Aa, £, d; 2)
1

<M+ N2q2(2) + 033 (2) + nagis (2)
2qy(2)
Q2(Z)

IO
0(2) < | el < ga(2)
(D(ZS[AlvA27£7d‘f(z)

and q; and qo are, respectively, the best subordinant and the best dominant.

+1

Y

then

Theorem 4.3. Let q; and go be convex univalent in U with q1(0) = g2(0) = 1. Suppose
q1 satisfies (3.5) and qo satisfies (2.5). Let f € A satisfies

APDI L f(2)
(2= 68) (DA, caf (2))

and  Q (M1, M2, M3, M4, t,0,m,mu A, Ao, 0, dy2)  is undvalent  in U, where
Q (1, m2,m3, M4, t, 6, n,my Ay, Ao, £, d; 2) is given by (2.11). If

2q (2
M+ m2q1(2) + 1367 (2) + agi (2) + q%(i)) <Q (N1, M2, M3, M, T, 0,1, My Ay, Ao, 4, ds 2)
1

s € H[1,1]NQ

=<m1 4 12ga(2) + 0365 (2) + nags (2)
2q5(2)

+1 o (2)

)

then
1-8 )8 From+1
z Dzl)q,)\g,f,d (2)

(2= 8) (DI, af (2)

and q, and qo are, respectively, the best subordinant and the best dominant.

q(z) < 7 < ¢2(2)

Remark 4.1. By specifying the function ¢ and selecting the particular values of
M1, M2, M35 M4y Vs O, 1, My A1, Ao, £ and d, we can derive a number of known results. Some
of them are given below.

(1) Taking § =n = Ay =d =0 and ¢ = 1 in Theorems 2.1, 3.1, 4.1, we get the
results obtained by Raducanu and Nechita [10, Theorem 3.1, Theorem 3.6,
Theorem 3.9].

(2) Puttingd =n=X=m =m3=m=d=0,17=/¢=1and ¢(w) =t in
Theorems 2.3, 3.3, 4.3, we obtain the results obtained by Nechita [8, Theorem
14, Theorem 19, Corollary 21].
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B)Foro=n=X=m=np=mn=d=0,\ =mn=»(=1and ¢(w) =1 in
Theorems 2.3, 3.3, 4.3, we have the results obtained by Shanmugam et al. [13,
Theorem 5.4, Theorem 5.5, Theorem 5.6].

(4) By takingd =n=m=X=m =n3=m=d=0, \y = =¢ =1 and
¢(w) =t in Theorems 2.3, 3.3, 4.3, we get the results obtained by Shanmugam
et al. [13, Theorem 3.4, Theorem 3.5, Theorem 3.6].

(5) Puttingd =n=X=m =n3=m=0,1n,=¢=1and ¢(w) =t in Theorems
2.3, 3.3, 4.3, we have the results obtained by Shammaky [12, Theorem 3.4,
Theorem 3.5, Theorem 3.6].

(6) Takingd =n=m = Xy =d=0and \; = ¢ =1 in Theorem 2.1, we obtain the
results obtained by Murugusundaramoorthy and Magesh [7, Corollary 3.3].

(7) Putting 6 =n=m = A =d = 0and \y = ¢ = 1 in Theorems 3.1, 4.1,
we obtain the results obtained by Raducanu and Nechita [10, Corollary 3.7,
Corollary 3.10].

Acknowledgements. The authors would like to thank the referee(s) for their helpful
comments and suggestions.
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NEW GENERALIZED APOSTOL-FROBENIUS-EULER
POLYNOMIALS AND THEIR MATRIX APPROACH

MARIA JOSE ORTEGA!, WILLIAM RAMIREZ!, AND ALEJANDRO URIELES?

ABSTRACT. In this paper, we introduce a new extension of the generalized Apostol-
Frobenius-Euler polynomials J{Lm_l’a] (z;¢,a; A;u). We give some algebraic and
differential properties, as well as, relationships between this polynomials class
with other polynomials and numbers. We also, introduce the generalized Apostol-
Frobenius-Euler polynomials matrix U™~ (z; ¢, a; \; u) and the new generalized
Apostol-Frobenius-Euler matrix U™~ 1] (¢, a; \; u), we deduce a product formula for
Ulm=Lel(z: ¢, a; A; u) and provide some factorizations of the Apostol-Frobenius-Euler
polynomial matrix U1l (x;¢,a; A;u), which involving the generalized Pascal
matrix.

1. INTRODUCTION

It is well-known that generalized Frobenius-Euler polynomial H® (x;u) of order a
is defined by means of the following generating function

n

1— ey 00
(1.1) < u) e =3 Héa)(:c;u)zﬁ,
n—0 n:

eF —u

where u € C and a € Z. Observe that H{"(z;u) = H,(x;u) denotes the classical
Frobenius-Euler polynomials and H{®(0;u) = H(® (u) denotes the Frobenius-Euler
numbers of order . H,(x; —1) = E,(x) denotes the Euler polynomials (see [2,7]).
For parameters A, u € C and a,b,c € RT, the Apostol type Frobenius-Euler polyno-
mials H,(z; A\;u) and the generalized Apostol-type Frobenius-Euler polynomials are

Key words and phrases. Generalized Apostol-type polynomials, Apostol-Frobennius-Euler polyno-
mials, Apostol-Bernoulli polynomials of higher order, Apostol-Genocchi polynomials of higher order,
Stirling numbers of second kind, generalized Pascal matrix.
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defined by means of the following generating functions (see [8]):

n

(1.2) ( L-u ) e = i H,(x; A;U)%,

Ae? —

n=0
a? —u\% 00 o
Tz (@) (. ).
(1.3) ()\bz —u> c —ng_OHn (z;a,b, c,)\7u)n!.

If we set z =0 and o = 1 in (1.3), we get

z n

a” —u

)\bz—u:

> Hy(a,b,c; A u)

z
n!’
n=0 :

H,(a,b,c;u; \) denotes the generalized Apostol-type Frobenius-Euler numbers (see
[3]).

In the present paper, we introduce a new class of Frobenius-Euler polynomials
considering the work of [8], we give relationships between this polynomials whit
other polynomials and numbers, as well as the generalized Apostol-Frobenius-euler
polynomials matrix.

The paper is organized as follows. Section 2 contains the definitions of Apostol-
type Frobenius-Euler and generalized Apostol-Frobenius-Euler polynomials and some
auxiliary results. In Section 3, we define the generalized Apostol-type Frobenius-Euler
polynomials and prove some algebraic and differential properties of them, as well
as their relation with the Stirling numbers of second kind. Finally, in Section 4 we
introduce the generalized Apostol-type Frobenius-Euler polynomial matrix, derive
a product formula for it and give some factorizations for such a matrix, which in-
volve summation matrices and the generalized Pascal matrix of first kind in base c,
respectively.

2. PREVIOUS DEFINITIONS AND NOTATIONS

Throughout this paper, we use the following standard notions: N = {1,2,...},
No = {0,1,2,...}, Z denotes the set of integers, R denotes the set of real numbers
and C denotes the set of complex numbers. Furthermore, (A\g) =1 and

A= AXA+1)A+2)--- A+ k—1),

where £ € N, A € C. For the complex logarithm, we consider the principal branch.
All matrices are in M, (K), the set of all (n + 1) x (n + 1) matrices over the field
K, with K =R or C. Also, for 7,7 any nonnegative integers we adopt the following
convention

J
Now, let us givel some properties of the generalized Apostol-type Frobenius-Euler
polynomials and generalized Apostol-type Frobenius-Euler polynomials with parame-
ters A, a, ¢, order « (see [4,8,11]).

<Z> =0, whenever j > 1.
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Proposition 2.1. For a m € N, let {H(® (z;u)}n>0 and {H,(z; \;u) }nso be the se-
quences of generalized Apostol-type Frobenius-Fuler polynomials, generalized Frobenius-
Fuler polynomials respectively. Then the following statements hold.

(a) Special values: for n € Ny,
HO(z;u) = 2™

(b) Summation formulas:

M=

H (2 0.0,b, 6 )) = (”)fﬁﬁka:u;a,ac;AXxlncy%*,

k

il
o

NE

H (w4 yiusa b ) = 3 ()

(i)k (y7 u;a, b7 G, A)‘[—IIE;_O[) (I’, u; a, b7 (6% >\)a

<n> H (w5u5.0,0, ¢ NV H, (y; 05,0, ¢ 0),
k

(¢ +y) o) = H

SNy

3

HE(z;u? 6%, b2, A0 = Y (Z) Hk_a)(x;u; a,b,c; /\)Hr(l:i)(x; —u;a,b,c;\).
k=0

Definition 2.1. ([5, p. 207]). For n € Ny and = € C, the Stirling numbers of second
kind S(n, k) are defined by means of the following expansion

=Y <x> k1S(n, k).
o \k
The Jacobi polynomials of the degree n y orde (a, ), with o, 8 > —1, the n-th
Jacobi polynomial P(*#(z) may be defined through Rodrigues’ formula
(_1)n d" n+ao n+ao
ST %{(1—@ (1+ )"}

and the values in the end points of the interval [—1,1] is given by

P = ("), P = (")

n n

PP () = (1 —2) 1 +xz)7°

n

The relationship between the n-th monomial z" and the n-th Jacobi polynomial
P{) () may be written as

n_ N (nta) (I+a+B+2k) s,
(2.1) T —n!];)(n_k)( 1>k(1+0&+5—|—]€)n+1pk (1—2x).

Proposition 2.2. For A € C and m € N, let {B"(2)},50, {Gn(2)}nzo and
{€n(x; N) Yoo be the sequences of generalized Bernoulli polynomials of level m, Genoc-
chi polynomials and Apostol-Euler polynomials, respectively, we have the relationships:

(a) [12, Equation (4)]

n __ n n k' [m—l] .
2 = <k> R
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(b) [9, Remark 7]

23) " = e [z (” . 1) Gul) + GnH(:c)] ;

(c) [10, Equation (32)]
(2.4) 2" = ; lxkz: (Z) En(z ) + Enla; )\)] .

Definition 2.2. Let z be any nonzero real number. For ¢ € R, the generalized
Pascal matrix of first kind in base ¢ P.[x] is an (n+ 1) X (n 4 1) matrix whose entries
are given by (see [13,14])
(;)(xln o) I, 1> g,
Pije(®) =
0, otherwise.

When ¢ = e, the matrix P.[z] coincides with the generalized Pascal matrix of first
kind P[x]. Furthermore, if we adopt the convention 0° = 1, then P.[0] = I,,41, with
I, = diag(1,1,...,1).

An immediate consequence of the remarks above is the following proposition.
Proposition 2.3 (Addition Theorem of the argument). For z,y € R is fulfilled
Pc[x + y] - Pc[x]Pc[y]'

Proposition 2.4. For ¢ € R", let P.[x] be the generalized Pascal matrixz of first kind
in base ¢ and order n+ 1. Then the following statements hold.

(a) P.[x| is an invertible matrixz and its inverse is given by

P a] = (Rfa]) ™ = Pf—al.

c

(e) The matriz P.[x] can be factorized as follows
(2.5) P.lz] = Guo|z|Groi ] - - - Gicl],

where Gy, [z] is the (n+ 1) X (n+ 1) summation matriz given by

[I"O’“ s O[x]] o k=1,...,n—1,
Gk,c['r] — k,c
Sn.clx], k=n,

being Sk.c[z] the (k+1) x (k+ 1) matriz whose entries Sk.(x;1,7) are given by
(xlnc)™7, i>j,
Ske(x;i,j,¢) = 0<1,j<k.
0, J >,
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3. GENERALIZED APOSTOL-FROBENIUS-EULER POLYNOMIALS
HIm=1el (25 ¢, a5 Ay w)

Definition 3.1. For m € N, a, \,u € C and a,c € RT, the generalized Apostol-type
Frobenius-Euler polynomials in the variable z, parameters ¢, a, A\, order a and level
m, are defined through the following generating function

 (zlna)t “

hz%) et S~ e clm—1,0] "
3.1 — 7 = ST I (¢ 0 )
( ) Ac? — um ¢ — n (.1', G a; >u> nl’
In(u™)  In(})

where |z] < W o |

For x = 0 we obtain, the generalized Apostol-Frobennius-Euler numbers of param-
eters A € C, a,c € RT, order a € C and level m € N

Hm=tel (e a; A u) = HME(0; ¢, a5 X ).
According to the Definition 3.1, with e = exp(1), we have (1.1) and (1.2)
HO (zre, 115 u) = HY (23 X u),
H ’”(:c;e, Lu) = HY (2 )\ ).

n

ST S

Example 3.1. Forany A € C, m =2, c=2,a =3, a = % and u = 2 the first the
generalized Apostol-type Frobenius-Euler polynomials in the variable z, parameters

¢, a, A\, order a and level m are:
1

3 2,3 02) = St

1 -3 1/ In3 3AIn2
g_([l’<2)] c2.3:-)\:92) = - In4
i (x;2,3;A;2) 4% |3 )\_44-(/\_4)2 +zln4|

2
[1.(2)] 1, (—3 -3 In3 3AIn2
2.3 \:92) = = _ -
RS i | Gl weri s wri
+1 | =3 —2In3In2 6% In 4 4 3AIn4
2V A —4 (A—4)? (A—4)3  (A—4)?

-3 In3 3In2 -3
In2 Indy/——]| .
e /\—4<)\—4+(>\—4)4>+$ ! \/)\—4]

Example 3.2. Forany A € C,m =4, c =2, a =3, a =1 and u = 2 the first the
generalized Apostol-type Frobenius-Euler polynomials in the variable x, parameters
¢, a, \, order o and level m are:

—15
%[3:1] -9 3-)\:2) =
0 (.Z', )y 7Y ) )\ _ 167
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In3 Al51In2 15In2
%[371] 223\ 2) = .
U (E23N2) = e e T YA s 6|
1 In9 2In31n2 2In31n2 30In4
FEY (2,2, 3:0:2) = ~ a2 — A —\2
2 (@232 = 50 s T A T ieE T Y A= 16 (A — 16)3

+x

)\ _
=162 ‘=162 “A—16

Ezxample 3.3. Forany A\ e C,m=2,c=3,a=¢e, a = %, and u = 5 the first the
generalized Apostol-type Frobenius-Euler polynomials in the variable z, parameters
¢, a, A\, order a and level m are:

L] a o yomy s —24
H (z;3,e;\;5) = T

2
L) e e |l (A—25 w 241n3
9-Cl ($,3,67)\,5)—ZL‘ 3 )\_25+)\()\_25)2

30\ 1In 4 151n 4 2151114]

Wl

wl—

2
5
L(H], o _12 24 (A—25 w 241n3
T e Xis) =g gy (ar ) s T — )
2 o (A—25\7 w 241n 3
: 1
3" (-24) n3<>\—25+)\()\—25)2>

14 /A=25\" w , —481n9
S 2= [—2m3 —A
"3 ( ) ( -2 (v 2mp

141 { 3060513257434037
where w = In (1125899906842624)'

Theorem 3.1. For m € N, let {HI")(z;¢,a; \;u) }oso be the sequence of general-
ized Apostol-type Frobenius-Euler polynomials, whit parameters \,u € C and a,c € RT,
order a € C and level m. Then the following statements hold.

(a) For every a =0 and n € Ny
Hm=L0 (2 e a; M) = (zlne)™

(b) For a, A € C and n,k € Ny, we have the relationship

HI (s as Au) =y <Z> 3 (0 X w) ()
k=0



NEW GENERALIZED APOSTOL-FROBENIUS-EULER POLYNOMIALS 399

—Z( ) nmkla 1](0 a; A; u)ﬂ{[m 11](x ca; A u).

(c) Differential relations. For m € N and n,j € Ny with 0 < j < n, we have
n!
(n—j)!
(d) Integral formulas. For m € N, is fulfilled

3 s e As)) O = (In )’ 365 (¢, 05 0 w)

x 1 _ _
[ 9w v de = 2 [ s, A — B s, ).
x0 n -+ 1

(e) Addition theorem of the argument.

(3.2) J{L?‘_l’O‘J“ﬁ](x—i—y;c,a;/\;u) = zn: (k) ﬂ{[m la}(x c,a;\; u)f}{[m 1B](y,c a; \;u),
k=0

(3.3) 9{,[1”71’04 (x+y;c,a; A\ u) = Z <Z> I]-C?[lni;l’a] (y; ¢, a; A u)(z1n ),
k=0

n

(34)  (@+y)logo)" =) (’,j) N a w3 (s as ).
k=0

Proof. (3.2) From Definition 3.1, we have

n

Zf}f[m LatBl(z 4y, ¢, a3\ u) —

n=0 n!
[ (zlna)h - (@+5)
_ h=0 ) (z+y)z
Ac? — u™ ¢
fm— 1 :a m—1 h B
lna o (zlna) m
Z ] —u
_ | h=0 xz | h=0 Yz
Ac? —um ‘ Ac? —um ¢
= m=Lal( . e . - & (m=1,81(,, ~e e )~ 2"
:Zf}cn ’ (IE,C,(I,)\,U)*Z%TL 7 (’y,C7CL,)\,U)7
= n! = n!
—ZZ()U‘Ckm la](xca)\u)ﬂ-f[m 1ﬁ](y,ca/\u)z‘. O
n=0 k=0 "

Proof. (3.4) Making an adequate modification § = —a and aplply (3.2)

n

ZU—C’” LatBl (a4 oy eas ) —

n=0

n!
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rm—1 h 7 (e tB)
'« (#lna)"
_ h=0 C(achy)z
ACZ — u™
(el (zlna)" 1" el zlnah o g
o Z
_ | r=0 : o7 | h=0 e
ACE — u™ ACZ — u™

- —la m—1,—a z"
:z_:oﬂ-dlm L ](x;c;a;/\;u i Z:OU'C[ L ](y,c a; \; u)n'
—claty)z

oo nZTL
=3 (g loge)" -

n=0
Therefore, (3.4) holds. O

From (2.1) and Proposition 2.2 we deduce some algebraic relations connecting the
polynomials HI™=49 (2 ¢, a; \; u) with other families of polynomials.

Theorem 3.2. For m € N, the generalized Apostol-type Frobenius-FEuler polynomials
of level m HI™=1(x; ¢ a; \;u), are related with the Jacobi polynomials PP (z), by
means of the identity.

(3.5)

Hm=tol(z 4 ys e, a3\ u)

< 1 2 -
:Z Z] (Inc)? ]+a n (L+a+ 5+ 2k) %[ni-l’a](y;c,a;)\;,u;y))P(a’ﬁ)(l—233).
pat —k/ NI/ " ’

I+a+pB+k)j

Proof. By substituting (2.1) into the right-hand side of (3.3) and using appropriate
binomial coefficient identities (see, for instance [1,5,6]), we see that

J-Cq[lm_l’a](x +y;c a3\ u)
" (n [m—1,0] . n_»n_j r(n—J+ta

= CFHE yic,a; \u)(n— 7)) (Ine)"™? -1 ( , )
Z(J) ( = ey -1 7

(1 + o+ ﬁ + 2]{3) P(a”ﬁ)
(I+a+B+k)n "

n—i

g( ) v M](Z/;C,G;A;U)(n—j)!(lnc)nj(_1>k<n—j+a>

(1 —2z)

n—j—k
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y (14 a+ B+ 2k)
1+a+B8+k)n_j

= zn:(_l)k ”z:: (n) (n - j j_L Z) %E«m_l’” (y; ¢, a; A u)(n — §)(Inc)" ™7

n—17

P11 = 22)

y (14 a+ B+ 2k)
(1+Oé+ﬁ+/€)n —j+1

S

] l+a+ 6 + k)j+1
X %L’ijl’a](y; c,a; \; u)Pka’B)(l — 2x).
Therefore, (3.5) holds. O

Theorem 3.3. For m € N, the generalized Apostol-type Frobenius-FEuler polynomials
of level m HI™=4(x: ¢, a; \;u), are related with the generalized Bernoulli polynomials
of level m BI™~U(x), by means of the following identity

k(1 ; _ _
Fmtel(z +y e, a5\ u) = }:X:kf; ()(iﬁﬁ%“ﬁ%am&uwﬂﬁﬁuwl

kO]k

PO (1 - 2)

Proof. By substituting (2.2) into the right-hand side of (3.3), it suffices to follow the
proof given in Theorem 3.2, making the corresponding modifications. 0

Theorem 3.4. For m € N, the generalized Apostol-type Frobenius-FEuler polynomials
of level m HI™=19(x; ¢ a; \;u), are related with the Genocchi polynomials G, (x), by
means of

J{Lm_l’o‘] (x;¢,a; A;u)
(3.6)

;Z (3o [mwy,cmwz()() 31 g .02 s ) (n )

Proof. By substituting (2.3) into the right-hand side of (3.3), we see that
HIm=bel(z: ¢, a5 \;u)

Gk+1($).

n n—j
2: gclm— 1a] (lnc”J <n—j+1>
- y,c,a;)\ u Gk+1($) +Gn7j+1($)
- ( ) 2n—j+1) [\ k+1
n n— n—j .
n [m—1,a] IHC J n—j+1
= gl ce,ap\; G
e o<j) J (y; ¢, a; ,U) 2(n—j+1) O( k41 k+1(7)

" m Inc)™—7
+3 gelm=tel( )= ).
2 ( ) y,c,a,)\,u)2(n ) j+1(x)

Then, using appropriate combinational identities and summations (see, for instance
[1,5,6]), we obtain

J{Lm_l’a] (z+y;c,a; N u)
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L= (Ine)* | (n\ (j m—1,a i n m—1,a
:2,§(k+)1 [2 <j><i>9fijl7 (s e X ) (mcy ”(k)ﬂfiﬁ Wwse i hiu) | G (2).
Therefore, (3.6) holds. O

Theorem 3.5. Form € N, the generalized Apostol-type Frobeniu-Fuler polynomials of
level m HI™=1(2: ¢, a; \;u), are related with the Apostol-Euler polynomials €, (z; \),
by means of the following identity

(3.7) S + yie 4 A u)
1 |
=52 <n> ATy + Liesas Asu) + (In e T (s e a5 )] €y M),

Proof. By substituting (2.4) into the right-hand side of (3.3), we can see that
(3.8)

Flm—1al (x 4+ y;c,a; A u)

n

o (1) gt ki —k
:1§)<k’>g{]{f ](y;c,a Au)(inc) () [)\]go< j )89(35 A)+ Eni(x )‘)]
:kZ:) (Z)j—(][fm 1a](y,c a; \;u)(Inc)"F (2) n;o n;k) &i(z;\)

J
B 1
n Z (Z) g_CI[Cm 1,a] (y’ ¢, a: /\, U) (hl c)n—k <2> 8n—k(l‘; >\)

k=0
The first sum in (3.8) becomes

Z) 319 (- ¢ a: A w)(In €)™ ()i( ) (:\)

(o () o-inoes

) (”) OS> (";j)%kml’a%y; c.ai hiu)(In )™

0(2 J k=0
(;) (?)8 (3 )™ 1a](y+1 C,a; \;u).

For the second sum in (3.8), we obtain

(3.10) Z ( )9{,;” 1a](y,c a; \;u)(Ine)" ™" (;) En—k(z; N)

(3.9)

> o

I

J

I
hE

o

.

n

;Z ( )J{Lmkla(y,c a; \; u)(lnC) Er(z ).

k=0
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Combining (3.9) and (3.10) we get
Hm=Lel (2 + y; e, a5\ u)

-(3);

DO | >

(?)8 (23 NHI Ty 4+ 1605 M)

+
N | —

Melmz

(j.) For s e, a3 A ) (In ) €5 (3 )

o

n

/= |
(=

HMM s

) [A%Lm_l’a](y + Lic,a; \u) + (Ine) HM 1oy e, a5\, u)} En—j(z; N).

Therefore, (3.7) holds. O

Proposition 3.1. Form € N, a, \,u, € C, a,c € RT and n € Ny, we have

HIm=tel(x + e a3\ u) = Zk"( ) Z ( )ﬂ[m 1a](y70 a; A u)(Ine)" 7 S(n — j, k)

-3 k'( ) 3 ( )%[m Yy . a: ;) (0 P S (). K).
— e\
4. THE GENERALIZED APOSTOL-FROBENIUS-EULER POLYNOMIALS MATRIX

Definition 4.1. The generalized (n+1) x (n+1) Apostol-Frobenius-Euler polynomials
matrix U =19(z; ¢, a; A\ju) with m € N, a, A\, u € C and a, ¢ positive real numbers is

defined by

()3 N ws e Aw), i >,
u[m—l,a}

i, (5155 C,a; A U) =

0, otherwise.
While, the matrices
U=z e, a3 A u) = UM (26 a5 M),
U= (e, a; A u) == Um0 ¢, a; \; )

are called the Apostol-Frobenius-Euler polynomial matrix and the Apostol-Frobenius-
Euler matrix, respectively.

Since HM=10(z; ¢, a; A\;u) = (zIn(c))”, we have U1 (z; ¢, a; A\;u) = P.lz]. It is
clear that (3.3) yields the following matrix identity:

Ul (@ 4 ys e, a; A u) = Wy e a5 M\ u) Pz

Theorem 4.1. For a fized m € N, let {HM™ 1 (z;c,a;\u)}s0 and
{HM=101(2; ¢, a3 \; u) }uso be the sequences of generalized Apostol-type Frobenius-Euler
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polynomials in the variable x, parameters \,u € C, a,c € RT, order a € C and level
m. Then satisfies the following product formula:

(4.1) U@ 4 yie e A ) = UM (3 e a3 A w) W (g ey a A )
= Uz e A ) U (ys e a3 A )
= Ylm-1el (y; ¢, a3 A u) ylm—1o (x;¢,a; \;u).

Proof. Let B[m_l’a’ﬁ](a;)\;u)(az,y) be the (7,7)-th entry of the matrix product
(

,3,¢
U=bel(2: ¢, a; A u) W8 (y; ¢, a; A; u), then by the addition formula (3.2) we have

BZ[Z-Z;L%B] (a; Asu)(z,y) = Z (;) HZ[T;;LQ] (x;¢,a; A;u) (j) HLW_Z;I’M (y; ¢, a5 A u)
(0 g m—1,0] kN 1 m—1,6
=3 (k) U RN (J.)?fkj (y; ¢ s w)

Z) (Z B ]>9{£mk1’a] (z5¢,a5 A, u)ﬂ'fgf;l’m (y5c,a5 A5 u)

=\ i = k
i\ 2 (0= 5\ aim—tal [m—1,4]
=" g Mok (@ a A )T (y; ¢, a; \;u)
1) k=0
= (;) H O @ e as A ),
which implies the first equality of the theorem. The second and third equalities of
can be derived in a similar way. O

Corollary 4.1. For a fized m € N, let {HM™5(z;¢,a;\u)} 0 and
{HIm=101(2; ¢, a5 X\; u) }uso be the sequences of generalized Apostol-type Frobenius-Euler
polynomials in the variable x, parameters \,u € C, a,c € R, order a € C and level
m and P.[x] the generalized Pascal matriz of first kind in base c. Then

um=tel(z 4y e, a; A ) = WM (s e, a; X w) Pyl
= P[z)um =y ¢, a; N u)
= U (y; e a; Asu) Pelal.
In particular,
Uz 4+ y; e, a; M) = Pala]UWm Y (y: ¢, a3\ )
= PyJuUm™ Y (z; ¢, a; Ny u).
Proof. The substitution 5 = 0 into (4.1) yields
UMbl (z 4y e, a; M) = WM (25 6 a; X w)Um 0 (g e a; A u).
Since U=1%(y; ¢, a; \;u) = P.[y], we obtain
(4.2) U=l (@ 4y ey a; A u) = U5 (2 ¢, a; N w) Byl
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A similar argument allows to show that

um=tel(z 4y e, a: A u) = Poz]Um =ty ¢, a; A w)
= Uty ¢ a3 Ay u) Pela].

Finally, the substitution & = 1 into (4.2) and its combination with the previous
equations completes the proof. O

Using the relation (2.5) and Corollary 4.1 we obtain the following factorization for
U=tel(x 4 y; ¢, a; A\; u) in terms of summation matrices.

u[m—l,a] (ZC + Yy; ¢, a; >‘7 U) = ru[m—l,a] ([L’, C, @; /\7 U)Gn,c[y]Gn—l,c[y] o Gl,c[y]'

Under the appropriate choice on the parameters, level and order, it is possible
to provide some illustrative examples of the generalized Apostol-Frobenius-Euler
polynomials matrices.

Ezample 4.1. For m = 1, ¢ = a = e = exp(1), a = 1, A = —1, The first four
polynomials 5{,[3_1’1] (x;e,e;1;u), k=0,1,2,3 are
Hy P are e liu) =1,
1
j_(:[l_lvl] . 1 — _
1 (ZL‘,G,@, ,U) T 1_u7
_ 2 14+u
fH[Zl 1’1](x;e,e;1;u) =12 — . _ux—i- A=
3 5 3(1+w) u? +4u+1
x xr —
1—u (1 —u)? (1 —wu)3

J'C:[;_l’l](x; e,e;l;u) =% —

Hence, for n = 3, we have

1 0 0 0
=)0 o o1y — (W0 10 0
u (z;e,e;1;u) v w1 0|
uzo Uz usp 1
where
ug =ty = uzy = M} (e, 5 1L u),
uzo = uz = M5 (ase, 5 15u),

uzp = }fg_u] (z5e,e;15u).
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Ezample 4.2. For m =1, ¢ = a = e = exp(l), A = 1 and u = —1, The first four
polynomials J—C,[Cl_l’a] (x;e,e;1;—1), k=0,1,2,3, are

5{8_1’0‘] (z5e,e;1;—1) =1,

3G w615 -1) = — %
e —1
}C[Ql 1 ](:c;e,e;l;—l) :$2—ax+a(a4 ),
A 3 3 —1 3a’(a — 1
G (e e 15— 1) = 2P — D02 4 afa—1) ~ 3a’(a—1)
2 4 8
Then, for n = 3, we have
1 0 0 0
[m—1,a] (... 1. _ U10 1 0 0
uzg 3uzr duzpy 1

where
Up = U1l = U3z = 5{[11_1’(1](37; e,e;1;—1),
Ugp = U3 = 3{[21—1’&] (z5e,e;1;—1),
uso = My~ (wse, 615 1),

Example 4.3. For A\ e CCm=c=2,a=3, a = %, u = 2, we have the Example 3.1.
Therefore,

[1.(3)] - : ’
L) o oy, 3
U[L%]($;2,3;)\;2) = G (22’3’ A;2) A—4 0
| Vi 1 0 0
J{Q’(ﬁ)] (x;2,3;X;2) 29’41’(5)] (x;2,3;X;2) ﬁ
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ON A FAMILY OF (p,q)-HYBRID POLYNOMIALS
GHAZALA YASMIN! AND ABDULGHANI MUHYT!

ABSTRACT. In this paper, the class of (p, ¢)-Bessel-Appell polynomials is introduced.
The generating function, series definition and determinant definition of this class
are established. Certain members of (p, ¢)-Bessel-Appell polynomials are considered
and some properties of these members are also derived. Further, the class of 2D
(p, q)-Bessel-Appell polynomials is introduced by means of the generating function
and series definition. In addition, the graphical representations of some members of
(p, q)-Bessel-Appell polynomials and 2D (p, ¢)-Bessel-Appell polynomials are plotted
with the help of Matlab.

1. INTRODUCTION

The quantum calculus (or called g-calculus) has been extensively studied and has
applications in various fields of mathematics, physics and engineering. Further, mo-
tivated and inspired by these applications, many mathematicians and physicist have
developed the theory of post quantum calculus (based on (p,¢) numbers), an exten-
sion of the g-calculus and is denoted by (p, ¢)-calculus. The recent interest in the
subject is due to the fact that the (p,¢)-calculus has popped in such diverse areas
as quantum algebra, number theory etc. [3-5,12]. Recently, Duran et al. [5] defined
(p, ¢)-analogues of Bernoulli, Euler and Genocchi polynomials and derived the (p, q)-
analogues of some known earlier formulae. We now review briefly some definitions
and notations of (p, ¢)-calculus taken from [3,4,12].

The (p, g)-numbers are defined as follows:

a—1 __ pa — qa

(g =P F P TP P T A AT T = =g 1<pshLacN
Key words and phrases. (p,q)-Bessel polynomials, generating relations, determinant definition,
(p, q)-Appell polynomials.
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We note that [o],, = p* ![a]yp, where [o]y), is the g-number given by [a],/, =

(?;;7;;—1 By appropriately using the relation [a],, = p®

[&]q/p, most (if not all) of
the (p, q)-results can be derived from the corresponding known g¢-results by merely
changing the parameters and variables involved. In case of p = 1, (p,g)-numbers
reduce to g-numbers [8,9].

The (p, ¢)-factorial [m],,! is defined by

[m]pq! = H[S]p,q = [Upa2lpalBlpg - [Mlpg, meN, [0 =1.
s=1
The (p, ¢)-binomial coefficient [ﬂp , is defined by
|
m - '[m]p’q' Los=012....m
S1pg [s]pq! [m — sp,q!

The (p, ¢)-analogue of (z + y)™ is given by

(x+y)y, = Z [ml p(m2 s> G )xsym *, (p, q¢)-Gauss Binomial Formula.
s=0 L5 1pg

The (p, g)-analogue of the classical derivative D f of a function f with respect to ¢
is defined by
fpt) — flat)

Dyaf(t) = H =t

t #0.
Also, we note that
(i) (D4 f)(0) = f(0), provided that f is differentiable at 0;
((Hg Dy qlarf(t) +az g(t)) = a1 Dy o f(t) + a2Dypq9(t);
Dyg(f9)(t) = f(Pt)Dpgg(t) + 9(at) Dpg f(t) = 9(0t) Dy f(£) + f(q8) Dpag(2);
(iv)
D, (f (t)> _ 90) Dpof(t) = F(01) Dpag(t) _ 9(at)Dpaf(t) — f(gt)Dpaglat)

g(t) g(pt)g(at) - g(pt)g(at)
The (p, q)-exponential functions are given as:
(1.1) €p.q( Z p ]
pa!

(1.2) g(%)

Z m]pq
which satisfy the following properties:
(1.3) Dy gepq(t) =epg(pt),  DypoEpq(t) = Epq(qt),

(1.4) epg(t) Epg(—t) =Ep4(t)epq(—t) = 1.
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The class of Appell polynomials was introduced and characterized completely by
Appell [2]. Further, Throne [16], Sheffer [15] and Varma [17] studied this class of
polynomials from different points of views. Sharma and Chak [14] introduced a g-
analogue for the class of Appell polynomials and called this sequence of polynomials
as g-Harmonic. Later, Al-Salam [1] introduced the class of ¢-Appell polynomials
{Am.q(x)}_, and studied some of its properties. These polynomials arise in numerous
problems of applied mathematics, theoretical physics, approximation theory and many
other branches of mathematics. Recently, many researchers introduced and studied
some hybrid special polynomials related to ¢-Appell polynomials (see for example
[19]). The polynomials A,, ,(z) (of degree m) are called g-Appell provided that they
satisfy the ¢-differential equation given by:

(1.5) Dy AAmq(2)} = [m|Am-14(x), m=0,1,2,3,...,q€ C,0<|q| <L

The (p,q)-Appell polynomials (pqAP) {A,,,.(2)}50_, (see [11]) are defined by
means of the followin generating functions

tm
(1.6) Apq(t) epq(xt) A, —,
P.q pial Z mypia [m]p,q!
where
!

and A, pq = Ampq(0) denotes the (p, ¢)-Appell numbers.
The explicit form of the pqAP A, ,,(x) given as (see [11]):

(1.8) Ampa(t) =D [m] p(m;)ﬂ&paqu_s'
s=0 L% 1pgq
The function A, ,(t) may be called the determining function for the set A, , ().
Based on suitable selections for the function A, ,(t), different members belonging to
the family of (p, ¢)-Appell polynomial A,, ,,(z) can be obtained. These members are
mentioned in Table 1.

TABLE 1. Some known (p, ¢)-Appell polynomials

[ S. No. \ Apq(t) \ Generating Functions \ Polynomials \

7

L pa(t) = o I(t) 5 (e,,_q(tt)fl)epvQ(‘/L.t) =3, %m,p‘q(x)m The (p, ¢)-Bernoulli
polynomials [6] (see also [11])

IL. Apa(t) = ¢ [q]( ke p[q]( yera(@t) = 20 8,,1,,,1(1(1:)#;(1! The (p, ¢)-Euler polynomials [6]
I1I. Apq(t) = o 2}{ )’t 1 (e;[zl]fq )’t 7¢», Jdzt) =22, Smﬂpﬁq(x)#:q!, The (p, q¢)-Genocchi polynomials [6]

The Bessel polynomials form a set of orthogonal polynomials on the unit circle in
the complex plane. They are important in certain problems of mathematical physics,
for example, they arise in the study of electrical networks and when the wave equation
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is considered in spherical coordinates. Several important properties and applications
of these polynomials can be found in [7].

The Bessel polynomials p,,(z) [18] are defined by means of the following generating
function

i ) (x)ﬁ _ pali—yi=20)
o " m)

This paper is organized as follows. In Section 2, the (p, ¢)-Bessel-Appell polynomials
are introduced by means of the generating function and series definition. Also, the
determinant definition and some properties for the (p, ¢)-Bessel-Appell polynomials are
established. Further, some members of (p, ¢)-Bessel-Appell polynomials are considered.
In Section 3, the 2D (p, ¢)-Bessel-Appell polynomials are introduced by means of the
generating function and series definition. In Section 4, the graphical representations of
some members belonging to (p, ¢)-Bessel-Appell and 2D (p, q)-Bessel-Appell families
are plotted for suitable values of the indices.

2. (p,q)-BESSEL-APPELL POLYNOMIALS

In this section, we introduce the (p,q)-Bessel-Appell polynomials (pqBeAP) by
means of generating function, series definition and determinant definition. First,
we introduce the (p, ¢)-analogue of the Bessel polynomials denoted as (p, ¢)-Bessel
polynomials py, ().

Definition 2.1. The (p, ¢)-analogue of the Bessel polynomials p,(z) are defined by
the following generating function:

1) >~ prusal) o = epafall - VI=20)

[m].q!
and posses the following series expansion:

Prnpa(T) = mz_o [

[m—1+ s, ™

m—1—slpglslpq! 2°

In order to establish the generating function for the pqBeAP, the following result
is proved.

Theorem 2.1. The following generating function for the (p, q)-Bessel-Appell polyno-
mials ,Ampq(x) holds true:

(22) Apepa(a(l = VITZ)) = 3 phmpa(a)

m=0 [m]p,q! '

Proof. By expanding the (p, ¢)-exponential function e, ,(xt) in the left hand side of
the equation (1.6) and then replacing the powers of z, i.e., 2% x, 22 ... 2™ by the
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corresponding polynomials po (%), p1.p.q(%), P2pq(T)s- -\ pmpge(z) in the left hand
side and x by p;,4(2) in the right hand side of the resultant equation, we have

t t? tm
Apq(t) (1 + Pl,p,q(x)m + P2p,q(T) B et Pm,p,q(x)W + - )
p,q: p,q: p,q:

o tm
mzzo"qmyp,q(f)lp,q(x)) ]!
Further, summing up the series in left hand side and then using equation (2.1) in
the resultant equation, we get
Apg(t)epq(x(l — V1 —2t)) = Z Amnpa(P1,p,4(T)) tf
m=0 [m]p,q!
Finally, denoting the resultant pqBeAP in the right hand side of the above equation
by pAmpq(2), that is

Ampq(P1p4(T)) = pAmpq(2),
the assertion (2.2) is proved. O

Remark 2.1. It is remarked that for p = 1, the pqBeAP ,A,,,,(z) reduce to the
g-Bessel-Appell polynomials (qBeAP) ,A,,,(x) such that
pAm,g(2) = pAmq(T).
Thus, taking p = 1 in equation (2.2), we get,
tm
A, (t)eqg(x(1 — /1 -2t Z oA (T [m]q!’

which is the generating function for the q—Bessel—Appell polynomials.

Next, the series definition for the pqBeAP ,A,,, (x) is derived by proving the
following result.

Theorem 2.2. The (p,q)-Bessel-Appell polynomials ,Ap, pq(x) are defined by the
following series definition:

" Im
(2.4) pAmpa(T) = Z l ] Aspq Pm—spaq(T).
s=0 s p,q
Proof. In view of equations (1.7) and (2.1), equation (2.2) can be written as:
s Pm - -Am7 , (,I‘) T 1 1
szo " Spq'mzo nal [ Ip.a! TnZ:Op " [m]p,q!

which on using the Cauchy product rule gives

tm o¢] tm
spa Pm—spg(T) = D pAmpq(r) T
mz:og)[ Lq o e [m]y.q! mz::op e [m].q!

Equating the coefficients of like powers of ¢ in both sides of the above equation, we
arrive at our assertion (2.4). O
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Remark 2.2. For p = 1, series definition (2.4) becomes

o Im
P‘Am#]('r) = Z l5‘| ‘As,q pm—s,q(x)a
q

s=0

which is the series definition for the ¢-Bessel-Appell polynomials.
Next, we establish the determinant definition for the pqBeAP ,A,, , 4().

Theorem 2.3. The (p, q)-Bessel-Appell polynomials A, p () of degree m are defined

by
1
(2.5) p‘Aom,q(x) :B )
0,p,q
(=™
2.6 Ao ) ="
( ) 4 7P7Q( ) <307p7q)m+1
1 pl,p,q(x) p2,p,q($) e pm—l,p,q(x) pm,p,q(x)
BOm,q Bl,p,q B2,p,q cee Bm—Lp,q Bmyp,q
2 -1
> 0 Bop.a [1]p,q31»p-,q T [ml ]p,qu*Z,p,q [T]p7q3m71=pvq 7
m—1 m
0 0 Bop.a T [ 2 ]p,qu—&pﬂz [2]p,q3m—2,p,q
0 0 0 . Bo.p.a [4] ) B
1 " m
B = Asp.gBm—s ) =123,...,
\pyq Ao g (; {S ] . \p,q ,p,q> m

where By pq # 0, Bopg = ﬁpq and pmpqe(x), m =0,1,2,..., are the (p,q)-Bessel
polynomials of degree m.

Proof. Consider ,A,,, () to be a sequence of the pqBeAP defined by equation (2.2)
and A pq, Bmpq be two numerical sequences (the coefficients of g-Taylor’s series
expansions of functions) such that

/ 2 ¢
Apq(t) =Aopg + A1 pgm— +Aspasr— T+ Ampa—— +
pall) =Aopa + Aoy Aavagr g ot Amaa g
(27) m = 07 17 27 3’ tety ‘AO,p,q ?é 0’
Apalt) =B+ Brpgrr 1+ Bapa 4t Bt
p,q - pr,q 17p,q [1]paq! 2’p7q [2]10711! b [m]pvq' ’
(28) m = 07 17 27 37 Tt BO,p,q 7é 0’
satisfying

(2.9) Apg (t)ﬁp,q (t) =1.
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On using Cauchy product rule for the two series production A, 4(t)A, 4(t), we get

A~ el tm 0 tm
A, (A, ,(t) = A —— 2 T —
i Apalt) = 2 Ay 2 Broay )
= As7 y Bm—s, a7 1 1
m:Osz:;) [S‘|p,q P P [m]pﬂl!
Consequently,
L |m 1, ifm=0
2.10 A oBmsoa =1 )
(210) Zu e P {0, if m> 0.
S 0 P,q
That is
1
B0,p,q A >
0,p,q
(2.11) 1 .
Bm,p,q:_ Z [ ‘| -A,qum s, | s m=12,...
Aopa \Z L5 1,4

Next, multiplying both sides of equation (2.2) by flp (1), we get
Apq(O)Apq(t)epq((l — V1 —2t) Z Am,pal

Further, in view of equations (2.1), (2.8) and (2.9) the above equation becomes

212) b)) =SB .
3 @) i = 3 By O oAusal®)

Now, on using Cauchy product rule for the two series in the r.h.s of equation (2.12),
we obtain the following infinite system for the unknowns ,A,, , 4(2):

(2.13)

Bopq phopg(®) =1,
Bipg pA0pq(T) T Bopg pA1pq(T) = prpq(2),

Bapg pAopa(t) + ]p,qBLp,q pA1p.a(T) + Bopg pA2pq(T) = p2,,4(@);

Bim-1.p.g pA0pa(T) + [mfl}p qu—Zp,q A1pa(T) + 4 Bopg pAm—1p4(2)

= pm—l,p,q(x>7
Bunpa pAopa(T) + [ﬂp qgm—l,p,q pA1pg(@) + -+ Bopg pAmpq(T) = Pmpq(T),

)

Obviously the first equation of system (2.13) leads to our first assertion (2.5). The
coefficient matrix of system (2.13) is lower triangular, so, this helps us to obtain
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the unknowns ,A,,,,(z) by applying Cramer rule to the first m + 1 equations of
system (2.13). According to this, we can obtain

(2.14)
Bo.p.q 0 0 0 1
Bipag Bop.g 0 0 P1p.(T)
By ] B B 0 (z)
Pra 1p,g2 L 0.p,q P2,p,q
Bin-1p.q [mfl]p7qu72 P.q [mz_l]nqgmf&p,q Bop.g Pm—1,p,q(T)
Binp.g [T]pﬂgm—l,p q [Tg}pﬂgm—lp,q [m—l]p qBLP g PmpalT)
pAm.p.q(T) = : )
’ Bo.p,q 0 0 0 1
314’ q BO,p q 0 0 0
Bap.a mpngl,p q Bop.g 0 0
Bin-1p.q [mfl}p’q m—2,p,q [mgl}p’q'Bm—S,p,q Bop.g 0
Binp.a [T]p,qgm*l,m [Tg]p,qgmflp,q [mﬁl]mglm’q Bop.q
where m = 1,2,3, ..., which on expanding the determinant in the denominator and
taking the transpose of the determinant in the numerator, yields to
1
Ampqa(t) = m——
P 7107!1( ) (‘BOJ),q)"H—l
Bopg Bipag Bapa Bin-1p.4 Binp.a
2 ~1
0 Bop.g [1],,,(13171141 [ml ]p,qu*lpyq [T}p,q‘Bm711p1q
(2.15) . -
X 0 0 Bop.q [ 2 ]p,qu—&nq [2}p7q3m—2m,q .
0 0 0 Bop.a [mw—Ll]p’qBLp q
1 P1p,a(E)  P2pq(T) Prm—1,p,q(T) Prm.p.q(T)

Finally, after m circular row exchanges, that is after moving the j* row to the

(7 + 1)™ position for j = 1,2,3,...,m — 1, we arrive at our assertion (2.6).

O

On taking p = 1 in Theorem 2.3, we get the determinant definition for the ¢-Bessel-
Appell polynomials ,A,, ,(z).

Corollary 2.1. The g-Bessel-Appell polynomials ,A, o(x) of degree m are defined by

(2.16) pHo,q(2) :Bo

»d
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1 pre(T)  p2ql@) ... Pm—1,q4(T) Pm.q(T)
Bog Brg  Bog .. Buig Bong
(-1)™ |0 Bog [[].Big - [ Bm2qs [7] Bm-
1 = 7 : g™ 1 lq 4 Lllg e
(2 7) p‘Am,q(x) (‘BO,q)m+1 ’
0 O fBOv‘I e |:7n2_1:| qufgsq [7;] q‘Bmfzvq
0 0 0 . Bo.g 7] Bra

1 m m
Bog=— (> AcoBmsa), m=1,2,3,...
4 Aqu (S—l |:s:|q " ,q) "

Theorem 2.4. The following identity for the pgBeAP A, ,q(x) holds true:
1 =l im
pAmpq(T) = B Prp,a(T) — Z s Br—spa phspa(®) ], m=12,...
O7p7q s=0 p,q

Proof. Expanding the determinant in equation (2.6) with respect to the (m + 1)
and using the same technique used in [10], we get the required result. U

On taking p = 1 in Theorem 2.4, we get the following result for the g-Bessel-Appell
polynomials ,A,, ().

Corollary 2.2. The following identity for the ¢qBeAP ,A., ,(x) holds true:

1 m—1 m
p'Am7(I(x) pm q( ) Z 3Tnf,s’q p-A57q<x) 5 m = 1, 2, .
By > s,

2.1. Certain Members of the (p, ¢)-Bessel-Appell Polynomials. Recently, dif-
ferent members of the family of (p, q)-Appell polynomials are studied by many re-
searchers (see for example [4,5]). By making suitable selections for the function
A, 4(t), the members belonging to the family of the (p, ¢)-Bessel-Appell polynomials
pAmpq(x) can be obtained. The (p, ¢)-Bernoulli polynomials (pgBP) B, ,,.(x), (p, ¢)-
Euler polynomials (pqEP) &,,,,(x) and (p, ¢)-Genocchi polynomials (pqGP) G, 4(2)
are important members of the (p, ¢)-Appell family. In this subsection, we introduce the
(p, q)-Bessel-Bernoulli polynomials (pqBeBP) ,%B,, ,4(), (p, ¢)-Bessel-Euler polynomi-
als (pgBeEP) ,&,,,4(z) and (p, ¢)-Bessel-Genocchi polynomials (pqBeGP) ,5,,,,4(2)
by means of the generating functions, series definitions and determinant definitions.

2.1.1. (p,q)-Bessel-Bernoulli polynomials. Since, for A, ,(t) = W the pqAP
Ampq(z) reduce to the pgBP 9B, ,,(x) (Table 1 (I)). Therefore, for the same choice
of A, ,(t), the pqBeAP ,A,, , ,(z) reduce to pqBeBP ,B,,,, ,(x), which are defined by
means of following generating function:

t tm

2.18 — e, (x(1—1—=2t 2t) B,, —_—
( ) ep,q(t) —1 p’q< ( mz:op pq [m]p,q!
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The pqBeBP ,B,,,,(z) of degree m are defined by the series

pBmpa(T) = Z [ZL] By p.qPm—s.p.q(T)-
s=0 P.g
The following identity for the pgBeBP ,%B,,, , ,(x) holds true:
1 ! m
219) Bogae) = o (a3 || By Bale)), =122
P> 5= P,q
Further, by taking B, , =1 and B;,, = [J+1] ,J=1,2,3,..., in equations (2.5)

and (2.6), we obtain the determinant definition of the pqBeBP p%m,m(az).

Definition 2.2. The (p, ¢)-Bessel-Bernoulli polynomials ,B,,,,(x) of degree m are
defined by

(2.20) B0 p.q(x) =1,

L pipq(z)  prpql) ... Prm—1,p,q(T) Prm.p,q(T)
1 _1 _1 _1 1
[2]p.q (3]p.q T mlp,q [m+1]p,q
2 1 m—1 1 m 1
(2.21)  ,Brpgle) =(—1)" 0 1 mp,q[Q]p,q [ 1 Luq[m—l]p,q [1]p7q[m]p,q ,
m—1 1 m 1
0 0 1 e [ 2 }P’q [(m—2]p,q [2}19’11 (m—1]p.,q
. : . . . . : )
0 0 0 . 1 [mil}m o
m=1,2,3,...,

where py,,4(x), m=0,1,2,3,..., are the (p, ¢)-Bessel polynomials of degree m.

2.1.2. (p, q)-Bessel-Euler polynomials. Since, for A,,(t) = [2](,,)11’ the pgqAP
A pq(z) reduce to the pqEP &,,,,() (Table 1 (II)). Therefore, for the same choice
of Ap4(t), the pqBeAP ,A,, , 4(x) reduce to pqBeEP ,&,, , ,(z) which are defined by

means of following generating function:

2y £
9.22 _Ypa 1-vI—20) e L
( ) ep,q(t) + 1 ep#](x( Z pq [m]p,q!
The pgqBeEP ,E&,, () of degree m are deﬁned by the series:
= im
pCmpa(T) = Z [ ] Es p.aPm—spqa(T).
s=0 L% 1pg
The following identity for the pqBeEP ,&,,, ,(x) holds true:
1 w1 im
pEmpa(T) = B (Pm,nq@) - Z [s] Bin-spa pgsm,q(x))a m=12,...
07;0,!1 s=0 p»,q

Further, by taking Bg,, =1 and B, ,, = %, j=1,23,..., in equations (2.5) and
(2.6), we obtain the determinant definition of the pqBeEP ,&,, ,4().
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Definition 2.3. The (p, ¢)-Bessel-Euler polynomials ,&,, ,, 4(%) of degree m are defined

by
(2.23) pgo,p,q(l‘) =1,

L prpg(z) p2pqe(T) Pm—1pq(T)  Pmpq(T)

I b

2 1 m—1 1 m 1
(2.24) pgm,p,q<$) =(-1)™ 0 1 [1]p,q§ [ 1 ]p,qf [1]p7q§ ,
—1
0 0 1 [mQ ]p q% [T;]pg%
0 0 o .. 1 [m]d
m=1,2,3,...,

where pp,,4(), m=0,1,2,3,..., are the (p, ¢)-Bessel polynomials of degree m.

2.1.3. (p, q)-Bessel-Genocchi polynomials. Since, for A, ,(t) = eﬁ}(ﬁt’)qil, the pgqAP
Am.pq(z) reduce to the pqGP G, ,(z) (Table 1 (III)). Therefore, for the same choice
of A, ,(t), the pqBeAP ,A,,,,(x) reduce to pgBeGP ,SG,, ,(x) which are defined by

means of following generating functions:

2yt JTTE) = 3 -
(2.25) m epq(r(l—+1—-2t)) = gopgm,p,q(l’) o

The pgBeGP ,G,, () of degree m are defined by the series:

m

pgm,p,q(x) = Z r;] 98,p7qpmfs,p,q(x)'
P

s=0
The following identity for the pqBeGP ,G,,,,(x) holds true:
1 =l m
pImpa(®) = | Pmpg(T) — Z Bri—spa p9spa(@) ], m=12,...
3071’9(1 s=0 5 p,q

3. 2D (p, q)-BESSEL-APPELL POLYNOMIALS

First, we introduce the (p, ¢)-analogue of the 2D Appell polynomials which are the
2-variable generalization of the (p, q)-Appell polynomials denoted as 2D (p, ¢)-Appell
polynomials A,, ,, ,(z, ).

Definition 3.1. The (p, ¢)-analogue of the 2D Appell polynomials A,,,,(z,y) are
defined by the following generating function:

(B1)  Apal) enaleD) Epa(yt) = 3 Aumpalz.y)

m=0 [mlp.q!

) 'Am,p,q = -Am,p,q(()? 0)-
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TABLE 2. Some members of 2D (p, ¢)-Appell polynomials

[ S. No. [ Ap,q(t) [ Generating Functions [ Polynomials ]
1. Apq(t) = (ep,q(tt)fl) (ep,qft)fn6P«‘1(xt)EPv‘1(yt) The 2D (p, q)-Bernoulli
] +™m .
— Zm 0 Bm.p.a(z, y)m polynomials
2 2
1I. Apq(t) = (EPFQ]£34+1) (ep[q]( )Jrl)ep q(xt)Ep, q(yt) The 2D (p, q)-Euler
= Zm o0 €m,p,a(z,Y) [m]p a polynomials
2Tp.qt 2 -
111 Ap,q(t) = (ep[,j?i;-H) (ep[ J(t)_'_l)ep,q(zt)Ep,q(yt) The 2D (p, q)-Genocchi
= Zm 0 Sm.p,a (2, Y) [nf]p a polynomials

Some members of the 2D (p, ¢)-Appell polynomials are listed in Table 2.

The approach used in previous section is further exploited to introduce the 2D
(p, q)-Bessel-Appell polynomials (2DpqBeAP) and focus on deriving its generating
functions and series definitions.

In order to establish the generating function for the 2DpqBeAP, the following result
is proved.

Theorem 3.1. The following generating function for the 2D (p,q)-Bessel-Appell
polynomials ,A., pq(x,y) holds true:

(3.2) Apg(t)epq(x(l — V1 —=21))E,q(yt) = Z pAmpa(T,Y) :
m=0 [mlp.q!

Proof. By expanding the first (p, ¢)-exponential function e, ,(xt) in the left hand side

of the equation (3.1) and then replacing the powers of z, i.e., 2% z, 2% ... 2™ by the

corresponding polynomials po (%), p1.pq(%), P2pg(T)s- ., pmpge(z) in the left hand

side and x by p;,4(2) in the right hand side of the resultant equation, we have

t 2 tm
Apq(t) (1 + Pl,p,q(x)m + Pz,p,q(I)m +-+ Pm,p,q(l’)m + - ')Ep,q@t)
o0 tm
Z m,p,q pl,pq LE) y) [m] N
= p,q-

Further, summing up the series in left hand side and then using equation (2.1) in
the resultant equation, we get

Apq(t)epq(x(1 =1 =2t))E,  (yt) = Z A pa(PLpa(T),y)

m=0 [m]p.q! .

Finally, denoting the resultant 2DpqBeAP in the right hand side of the above
equation by ,A,, (7, y), that is

Amal’aQ(pl,Pﬁ(x)v y) - P‘AmuP7Q(x7 y)’

the assertion (3.2) is proved. O
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Remark 3.1. Tt is remarked that for p = 1, the 2DpqBeAP ,A,,, (2, y) reduce to the
2D ¢-Bessel-Appell polynomials (2DqBeAP) ,A,, 4(x,y) such that

p-Am,q(aja y) = p-Am,l,q<x7 y)
Thus, taking p =1 in equation (3.2), we get
tm

A Deala(l = VI E ) = 3. phumaley) o

m=0 [m}q' 7

which is the generating function for the 2D g-Bessel-Appell polynomials.

Next, we give the series definition for the 2DpqBeAP ,A,,,,(z,y), by proving the
following result.

Theorem 3.2. The 2D (p, q)-Bessel-Appell polynomials ,A, . q(x,y) are defined by
the following series definition:

m m s <
(33) P‘Amvp,lI<l” y) - Z [ s ‘| q(2>y P‘Am—S,}Lq (x)
s=0 p,q
Proof. In view of equations (1.2) and (2.2), equation (3.2) can be written as:
0 tm o0 s ts 0 tm
Appa(®) =S qb) y° =2 rAmpa(T,y) ,
TnZ:O e [m]p,q! s;(] [sp.q! mZ:o e [m]p,q!

which on using the Cauchy product rule gives

tm

(e.) m m s < o tm
3 XY o) = 3 ale)
m=0 s=0 p,q :

Ipa m=0 [mp,qe!
Equating the coefficients of like powers of ¢ in both sides of the above equation, we
arrive at our assertion (3.3). O

Remark 3.2. For p = 1, series definition (3.3) becomes

m

Al =3 || Al

s=0

which is the series definition for the 2D ¢-Bessel-Appell polynomials.

Certain members belonging to the 2D (p, ¢)-Appell family are given in Table 2.
Since, corresponding to each member belonging to the 2D (p, ¢)-Appell family, there
exists a new special polynomial belonging to the 2D (p, ¢)-Bessel-Appell family. Thus,
by making suitable choices for the functions A, ,(t) in equations (3.2) and (3.3), the
generating functions and series definitions for the corresponding members belonging
to the 2D (p, q)-Bessel-Appell family can be obtained. The resultant members of
the 2D (p, q)-Bessel-Appell family along with their generating functions and series
definitions are given in Table 3.
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TABLE 3. Certain members belonging to the 2D (p, ¢)-Bessel-Appell polynomials

[S. No. | Apa(t) ] Generating Functions | Series Definition ‘ Polynomials |
L (ﬁp_q(")il) (ﬁpyq(tt)il)ep,q(x(l —V1I=2t))E,,(yt) | ;Brpae(z,y) The 2D (p, q)-Bessel-Bernoulli
=30 0 p B, y)m =30 [’:]p 110(2)3/5,)‘3"#3.;).(1(1) polynomials
1L (np_[j]é'):l) ({z,,,[j](i}il)(3P~Q<”;<1 —VI=2t))E,,(yt) | pEmpa(®,y) The 2D (p, ¢)-Bessel-Euler
= 550 pEmpa(®:Y) s =30 [1], 499 En-spale) | polynomials
1. (ﬁp[_i](”t';’il) (({Jfg’;;’il)(fp,q(:z;(l —V1=2t))E, ;(yt) | pSmpae(®:¥y) The 2D (p, q)-Bessel-Genocchi
=0 pGmpa(T, U)m =0 [T]pqq(;)ysmef,;.p,q(Z) polynomials

4. GRAPHICAL REPRESENTATION

In this section with the help of Matlab, we plot the graphs of (p, ¢)-Bessel-Bernoulli
polynomials ,®B,, ,, ,(z), (p, ¢)-Bessel-Euler polynomials ,€,, ,,(x). To draw the graphs
of these polynomials, we consider the values of the first four (p, ¢)-Bessel polynomials
Pm.pq(T), the expressions of these polynomials are given in Table 4.

TABLE 4. Expressions of the first four p, (7).

E [0[1] 2 | 3 |

pmvP:‘](x) 1|z |a? + [Z]%x z3 + [3}p’q2[2}p’q T2 + [4]Pvt14[3]p,qx

Next, taking p = %, q= i in the determinant definitions (2.21), (2.24) and using
the expressions of the p,,,(z) from Table 4, we get the results mentioned in Table 5
for m=0,1,2,3.

TABLE 5. The first four expressions of ,%,, 1 1(z) and ,&,, 1 1 (2).

| m 0] 1 2 | 3 |
_4 2 _5,._20 3 _ 1612 7493 .. 107

P%m,%,i(@ Ll =3 +2 |27 =50 — 57 | 77 — 537" — 155557 — U3
_1 2_ 5 3 _ 7.2 _ 791, _ 165

Pam,é,iuﬁ) L =5 +x |27 =5 L7~ 1980 7 20067 T 512

Now, with the help of Matlab and using equations (2.20), (2.23) and the expressions
of ;B pqe(x) and ,Em pq(x) from Table 5, we get the graphs at Figure 1 and 2.
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Further, setting m = 3,p =
2Empqg(T,y) given in Table 3 and using the expressions of ,B,, ,4(%), pEmpq(x) from

Table 5, we have

(4.1)
161
_.3_ 101 4
pB31.1(2,y) =2 — ooa” —
(4.2)
7 2

p€s.4.4(@y) =2 — oo

7493
12288

1096"

1 —
iaq -

107

45

165
512

12 48

7
128 64

423

in the series definitions of ,%B,,,.(x,v),
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In view of equations (4.1)—(4.2), we get the surface plots at Figure 3 and 4.
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CONCLUDING REMARKS

5

The Bernoulli, Euler and Genocchi numbers are among the most interesting and

impor-

ics. These numbers are particularly i

1CS

tant number sequences in mathemat
tant in number theory, they have deep connections with calculus of finite differences,

impor

combinatorics and other fields. Here, let us recall (p, ¢)-Bernoulli, (p, ¢)-Euler and

(p, q)-Genocchi numbers.
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We note that (see [6])

Binpg = Bmpg(0), (p,q)-Bernoulli numbers,
Empq = Empq(0), (p,q)-Euler numbers,

Gmpg = Gmpqe(0), (p,q)-Genocchi numbers.
Further, we note that
Pmpaq = Pmpq(0),  (p,q)-Bessel numbers.

In this section, we introduce the numbers related to the polynomial families estab-
lished in Sections 2 and 3.

Taking x = 0 in the generating functions of the ,B,, , (), ,E€mpq(z) and ;G ,4(T)
given by equations (2.18), (2.22) and (2.25), the (p,q)-Bernoulli, (p,¢)-Euler and
(p, ¢)-Genocchi numbers are obtained. These numbers are listed in Table 6.

TABLE 6. Certain members belonging to (p, ¢)-Bessel-Appell numbers

[ S. No. [ Notations [ Generating Functions [ Numbers ]
(o]
L 2Bm.p.q = pBm,p.q(0) m =3 s Bmpg m The (p, q)-Bessel-Bernoulli numbers
m=0
o0
1I. 0€m.p,q = pEm,p,q(0) m = Z o€m,p, at t] The (p, q)-Bessel-Euler numbers
OO
111 09m,p,q = pGm,p,q(0) (ep[le(t;Ij—l) > pGm.p, ‘l[mt]T The (p, q)-Bessel-Genocchi numbers
m=0

Similarly, on taking x = y = 0 in the generating functions of the ,B,,, ,(x,v),
pCmpq(z,y) and ,G,, ,4(x,y) given in Table 3 (I-III), we get the same numbers given
in Table 6 (I-III).

We note that the class of numbers introduced in this section are actually the
(p, ¢)-Bernoulli, (p, ¢)-Euler and (p, ¢)-Genocchi numbers, respectively.

In this article, the (p, ¢)-analogue of Bessel polynomials and its hybrid form are
introduced by means of series expansion and generating function. The determinant
form related to these polynomials are derived, which can be helpful for computation
purposes and can also be used in finding the solutions of general linear interpolation
problems.

Some properties including addition theorem, difference equations and recurrence
relations for the (p, ¢)-Appell family have been analyzed and established in [13] (see
also [11]). This provides motivation to establish (p, ¢)-difference equations and other
properties for (p, g)-Bessel-Appell polynomials and their generalized 2D form in future
investigation.

Acknowledgements. The authors are thankful to the technical editor for his useful
comments and suggestions towards the improvement of this paper.
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TWO-DIMENSIONAL DYNAMICS OF CUBIC MAPS
I. DJELLIT! AND W. SELMANI?

ABSTRACT. We investigate the global properties of two cubic maps on the plane,
we try to explain the basic mechanisms of global bifurcations leading to the creation
of nonconnected basins of attraction. It is shown that in some certain conditions
the global structure of such systems can be simple. The main results here can be
seen as an improvement of the results of stability and bifurcation analysis.

1. INTRODUCTION

Polynomial diffeomorphisms have been widely studied and they are fundamental
to our understanding of dynamical systems. They are of great interest as approxima-
tions of more complicated maps with constant Jacobian, and some of them exhibit
some of the familiar properties of the quadratic Hénon map.The single Hénon map:
(',y) = (y + 2% + a, cx) is the simplest polynomial map, and the simplest nontrivial
diffeomorphism of the plane containing a single quadratic term as nonlinearity. This
map is also known to display chaos for certain parameter values and initial conditions.
Due to its simplicity, it has become a benchmark system and has received considerable
attention because of its genericity, the complexity and richness of its dynamics, fre-
quently used as an example for demonstrating schemes for analyzing and controlling
chaotic behavior.

The set of polynomial maps with polynomial inverse is called the “affine Cremona
group”’, very dynamically interesting maps. The structure of this group is well-known
and understood for two-dimensional case; as remarked in Friedland-Milnor’s classical
work [2], they proved that any map in this group is conjugate to a composite of basic
polynomial maps called generalized Hénon maps: (z’,y') = (y + f(x), cx), maps with
constant and nonzero Jacobian and where f(z) is a polynomial of degree d > 2. It

Key words and phrases. Bifurcation basins, attractors, manifolds, polynomial diffeomorphisms.
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follows that any composition of Hénon maps has an inverse which is a polynomial.
Recently, different types of generalization of the standard Hénon map have been
studied. Dullin and Meiss in [1] considered polynomial cubic maps. In a recent
paper, Sarmah and Paul [7] examined a period doubling route to chaos for a similar
model with constant Jacobian. For more details, see the survey of Sibony [8] and the
references therein [10,11], where more light was shed. Silverman [9] studied arithmetic
properties of quadratic Hénon maps.

Many of complex behaviors that are observed in dynamical systems are intimately
associated with the presence of homoclinic or heteroclinic points of maps [2,3]. The
global bifurcations involving invariant curves have been less investigated, and several
open problems are still present. Homoclinic tangencies between stable and unstable
invariant manifolds of the same saddle point play a very important role. The existence
of transversal homoclinic intersections is considered as the universal criterium of the
complexity for maps. At the same time, the presence of non-transversal homoclinic
orbits (homoclinic tangencies) indicates an extraordinary richness of bifurcations of
such systems and, what is very important, the principal impossibility of providing of
a complete description of bifurcations. Therefore, when studying homoclinic bifur-
cations, the main problems are related to the analysis of their principal bifurcations
and characteristic properties of dynamics as a whole.

This work presents a research in the study of cubic polynomial invertible and
noninvertible maps of the plane carried out some techniques and numerical simulations.
The motivation for studying such maps is, in part, due to the form of these maps
which is a generalized version of Hénon map. This set is of fundamental importance
in dynamical systems and yields a great deal of interesting characteristics. Our main
concerns are the global dynamics characterizing the topological structure of initial
conditions which generate interesting path in cubic maps. In addition to the analytical
considerations, we also display certain numerical results by using computers to perform
rigorous mathematical proofs.

This paper intends to give such a study, particularly to consider two cases of
cubic diffeomorphisms. Therefore, it is structured in the following way. In Section 2,
division of the parameter plane for the two-dimensional maps into domains of regular
and chaotic attractors is studied numerically and analytically. Regularities in the
occurrence of different behaviors and transitions are analyzed. The dynamics involves
various transitions by bifurcations. In Section 3, we introduce the language mentioned
in [5,6], to analyze these maps, and give some useful definitions. Section 4 focuses on
the global dynamics. The impact of invariant manifolds on the structure of basins is
investigated. Section 5 gives some results on basin structures of noninvertible maps and
their bifurcations, and illustrates properties of homoclinic-heteroclinic bifurcations.
We end the paper with a conclusion.
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2. DI1VISION OF PARAMETER PLANE

Consider the one-dimensional endomorphism of the (p 4+ ¢ — 2) model
(2.1) To(z) = azP (1 — )71

Here, the trivial fixed point x = 0 is unstable for 1 < p < 2 and it is stable for p > 2,
both cases for any a > 0 and ¢ > 1. We have a special case for p = 2, where x = 0 is
an unstable fixed point if » > 1 and a stable fixed point if 0 < a < 1, both cases for
any ¢ > 1. Consequently the set defined by S = {(¢,a) € R* : ¢ > 1,a > 0 for p = 2}
is a bifurcation plane that characterizes the stability of the fixed point x = 0 at the
parameter space (p, ¢, a). We consider an imbedding of the model (2.1), which is a one-
dimensional noninvertible map into a two-dimensional diffeomorphism rediscovered
afresh each time and with a variety of results. We study this diffeomorphism in
dependance of at least three parameters and uncover many fascinating dynamical
characteristics, using both analytic perturbation theory and numerical methods.

The planar diffeomorphism associated with Ty is the following:

. I‘, = T0<x> + Y,
(2.2) T) : { Ve

where z,y are real variables, a,p,q and ¢ are real parameters. T} has a constant
Jacobian determinant detJ = —c. We distinguish two types of cubic diffeomorphisms
(p+ q—2 = 3), and each type gives different bifurcation diagrams. We only study
the most interesting and principal peculiarities of the cubic maps (p = 3, ¢ = 2 and
p=2,qg=3).

For ¢ = 0, the planar diffeomorphism (2.2) becomes the one-dimensional endomor-
phism (2.1). The model (2.2) possesses at most three fixed points depending upon the
parameter values. To gain preliminary insight into the properties of the dynamical
system (2.2) we conducted two-dimensional bifurcation analysis, which provides infor-
mation on the dependance of the dynamics on parameters. This analysis is expected
to reveal the type of attractor to which the dynamics will ultimately settle down after
passing an initial transcient phase and within which the trajectory will remain forever.
The parameters (¢, a) are varied simultaneously to track bifurcations.

We indicate different attractors in different colors in the (¢, a)-plane for which the
mappings were expected to have simple dynamics in the case p = 3 and ¢ = 2. The
Figure 1 give the parameter value for which at least one fixed point is attractive
(parameters located in the blue domain will be stabilized at a fixed point). More
generally, the Figure 1(a,b) gives the regions of the (¢, a)-plane for which at least a
cycle of order k exists (k = 1,2,...,14). The black region (k = 15) corresponds to
the existence of bounded iterated sequences. Clearly, these figures exhibit the typical
period doubling route to chaos obtained by increasing a for fixed c¢. We can recognize,
in particular, two typical and well-known structures of the bifurcation diagrams in
two-dimensional parameter plane, the so-called “saddle area” in the case p = 3 and



430 I. DJELLIT AND W. SELMANI

q = 2, and saddle area with “cross-road area” in the case p = 2 and ¢ = 3. The saddle
area is special because associated with a “degenerate” bifurcation curve for ¢ = 1.

(a) Bifurcation structure for p = 2 and  (b) Bifurcation structure for p = 3 and ¢ = 2
q=3

FIGURE 1. two-dimensional bifurcation diagrams with colors obtained
numerically according to the different orders observed in the plane (c, a).

3. DEFINITIONS AND FUNDAMENTAL PROPERTIES

In this section, we give precise notions in report with invertible polynomial maps,
contact and homoclinic bifurcations, and some properties of increasing complexity
that try to highlight the important concepts of nonlinear maps (refer to Mira et al.
in [6]).

The polynomial map T of the plane has the form

(@', ) =T(x,y) = (f(x,y: A), g(x, 5 N),
where f et g are polynomials in x, y and A is a real parameter-vector.The Jacobian
determinant is defined as

det J(f,g) =detT(z,y) = 99 _ a—f@

3.1. General properties. We assume that a closed and invariant set A is called
an attracting set if some neighborhood U of A may exist such that 7(U) C U and
T"(xz,y) — A as n — oo, for all (z,y) € U. An attracting set A may contain one or
several attractors (regular attractors are stable fixed points or cycles) coexisting with
sets of repulsive points. The set D = U,,>T " (U) is called the total basin of A,it is
invariant under backward iteration 7! of T', but not necessarily invariant by 7T

T-YD)=D, T(D)CD.

An attracting set is called of order k if it is made up of k disjoint sets , A = UF_, A;,
where each A; is an attracting set of the map T*.
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When A is an attracting set of order k = 1, then its total basin is given by D = D
if it is connected, by D = U,>¢T"(Dy) if it is nonconnected. When A is an attracting
set of order £ > 1, the immediate basin Dy of A is the open set Dy = U} Dy ;, the
D, ; being open disjoints basins of A;. If A is connected attractor, the immediate basin
Dy of A is defined as the widest connected component of D containing A. When A
is the widest attracting set of a map T, its basin D is the total basin of bounded
iterates. That is, the open set D contains A such that D is the locus of points of the
plane having bounded trajectories.

We assume that the existence of an attracting set A is observed through numerical
methods.

Definition 3.1. Let S be a saddle fixed point of 7', W*(S) and W*(S) denoting its
stable and unstable sets. A point ¢ is called homoclinic to S, if ¢ € W#(S) N W*(5S)
and g # S. ¢ is a transversal homoclinic point, so W#(S) intersects transversely

We(s).

Definition 3.2. One calls homoclinic orbit O,(q) associated with ¢, ¢ belonging to
a U(S) of S, a set constituting of successive iterates of ¢, and its infinite sequence
of preimages obtained by application of the local inverse map T, 'of T in U(S),

i'e'7 Oo(CI) = {ﬂ_n(Q)7q7 Tn(q) tn> O} - { cosq—ny--y49-2,4-1,49,41,42, . . - yqn, . .. }7
where ¢, = T"(q) — S and ¢, =T, "(q) — S.

Definition 3.3. One calls heteroclinic orbit £(g) connecting S to S associated
with ¢, the one given by ¢ together with its finite orbit and its infinite sequence
of preimages obtained by application of the local inverse map 7, 'of T in U(S),

i'e'7 €(q) - {irlin<Q)7q7Tn(Q) n > O} - {-.-;Q—nw.'7Q—27Q—17Q7Q17Q2;--me---}y
where ¢, =T"(q) — S" and q_, =T, "(¢) — S.

3.2. Generalized Hénon map properties. First we recall the dynamics of the
cubic diffeomorphism T}
Ti(z,y) = (To(z) + y, cx).

To(x) is a polynomial of degree-3 then T} is conjugate to Hénon map. We know
some results which enable us to detect, predict, determine cycles and fixed points,
and locate bifurcation curves in parameter plane. Ty(x) can be equal to z(1 — x)? or
to 22(1 — z).

Fixed point (z.,y.) of T7 satisfies y, = cx,, and (1 — ¢)x, = Tp(z4), so that z, is a
root of the polynomial ¢(x.) = (¢ — 1)z« + To(x.), thus all fixed points are located on
the line y — cx = 0 in the plane.

The stability of these fixed points is determined by the Jacobian matrix

L (B 1Y,

which has trace TrJ, = Tj(z,) and determinant det J, = —c. The fixed point is stable
when the eigenvalues of J, are less than 1 in magnitude. This is true only when
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J,. satisfies the three Jury conditions [4]: 1 —TrJ, +det J, >0, 14+ TrJ, + det J, >
0, 1 —detJ, > 0.

It is easy to verify that T} can have bounded orbits only when there are fixed points
of TT".

It is sufficient to consider the case |c| < 1, since the inverse of a generalized Hénon
map with |¢| > 1 is conjugate to a generalized Hénon map with |¢| < 1 under the
reflection r(z,y) = (y,2), and ro Ty "o = (y — To(£), %), Ty (2, y) = (L, 2 — To(YL)).

Remark 3.1. For ¢ = 1, the fixed points of T3 are the roots of Tj. If p = 3 and ¢ = 2,
the determinant is equal to —1 and T{(0) = 0 with two eigenvalues —1,1. There is a
fold-flip bifurcation for O(0,0). For p = 2 and ¢ = 3, T{(1) = T1(1) = 0. These two
cases are two nondegenerate codimension-2 bifurcations.

Theorem 3.1. Suppose T1 has no fixed points, then every orbits is unbounded.

Proof. Suppose that T} has no fixed points, then the fixed point polynomial ¢(z) =
To(x) + cx — x is either positive or negative for all z. In the first case ¢(x) is positive,
consider d(x,y) = z+y, then d(z’,y’) = d(x,y)+q(x) creases monotonically and must
be unbounded. In the other case ¢(z) is negative, d(z’,y’) decreases monotonically
and then either case there are no bounded orbits.

When there are fixed points, we can find a box that contains all these bounded
orbits. U

Theorem 3.2. Fvery bounded orbit of Ty map is contained in the box
{(z,y) : [a] < M, [y| < |e|M},
where M is the largest of the absolute values of the roots of To(x) — (1 + |c|)|z].

Proof. See [1], more generally the polynomial determining M is the same as that for
the fixed points, up to the absolute value signs. 0

Proposition 3.1. Concerning the existence of cycles of order 2, the following holds:
- cycles of order 2 occur for Ty(x,y) = Ty *(x,y);

- they have to satisfy To(x)+y = 2, v—Tj (%) =cx and (1—c)z—T (?L(f))) = 0.

Proof. Cycles of order-2 are given by the equation T?(z,y) = (x,y) = Ty ' o Ti(z,y)
and then it is easy to verify that To(z) +y = ¥, x — To(¥) = cx, which is equivalent

c’

to (1 — ¢)x — Ty(2) = 0. This equation is divisible by ¢(z) because fixed points

1—c
are roots of both equations. Since 7} is cubic then the equation giving 2-cycles is a
polynomial of degree-6, there are at most three 2-cycles. 0

Remark 3.2. By a way analogous to that in the proof of Proposition 3.1, we can
determine without any difficulty the equations of cycles of higher order by using
TM(z,y) = (z,y) = Ty * o T1(z,y) which can be reduced to 77 (x,y) = Ty ' (z, y).

Similarly, 3-cycles are solutions of : T2(z,y) = (To(To(x) +y) + cx, cy + cTy(x)) =
Ty (2, y) = (L, — Ty(¥)). They are determined by the system z1 — c*zg = Ty (zo) —
cTo(z1) and xg — cxy = To(To(x1) + cxp), if we assume that y = cxy.
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4. BASINS AND ATTRACTORS FOR THE CUBIC DIFFEOMORPHISM

Now, we examine the behavior of 77 on basin structure and its bifurcations. These
bifurcations are characterized by the creation of heteroclinic and homoclinic connec-
tions or homoclinic tangles. Especially, we explain basin bifurcations which result
from the contact between basin boundaries delimited by stable manifolds of the 2-cycle
of saddle type and the nontrivial saddle fixed point (possibly a flip saddle).

Figures 2 (a), (b), (c), (d), (e), (f) represent the existing attractors (fixed points
and 2-cycles), invariant manifolds of saddle points and their basins. The evolution of
attractors and their basins is given directly in figures, the parameters p, ¢ have been
chosen constant.

We start a qualitative description of bifurcations that are expected to occur as one
parameter a or c is varied following a bifurcation path such ¢ close of 1.0, we identify
a very fascinating scenario in (a), (b), (¢): two nontrivial fixed points are created by a
saddle-node bifurcation and one of them (5)) undergoes a period-doubling bifurcation
and becomes a flip saddle. A further increase of the parameter a causes a contact
between these two boundaries which marks changes in the basins of attraction from
connected to nonconnected basins.

Here, if we consider T o T, instead of T, points of 2-cycle correspond to fixed
points of T2 and then a flip bifurcation of T} corresponds to a pitchfork bifurcation
of T2, This implies that the same bifurcations are to be expected in the two cases.

The map generates many 2-cycles, we have three 2-cycles of which two are stable.
We can see that the bifurcation which is put in evidence can be classified as a global
bifurcation, only fixed points and 2-cycles exist and communicate through saddles.
This kind of bifurcation involves attracting and repelling invariant curves issuing from
saddles. Also, saddles on the boundary of basins play a major role because if they
become outside the basins, thus transitions from “connected basin <> nonconnected
basin” occur. In particular, we remark that the sequence of bifurcations described
in this work, cause the transition of a pair of 2-cycles from inside to outside a stable
manifold associated with the saddle S5. This invariant curve, involved in this global
structure, exhibits different dynamic behaviors before and after the transition.

We can also see that in (e), (f) the basin associated with the 2 -cycle Py is destroyed
and the trivial fixed point is outside, still exists and is unstable. In Figure 3 (a), (b),
(c), (d), (e) all the fixed points are aligned but the single fixed point that always exists
is stable, the other two fixed points are located on the boundary of the big basin and
on the boundary of trivial fixed point basin. When the saddle point S5 is outside then
the basin becomes nonconnected, each point of 2-cycle has now its own basin. The
stable manifold of the saddle point S; located on the boundary of the trivial fixed
point O(0, 0) performs two loops and delimits after the basin of the unique attractor.



434 I. DJELLIT AND W. SELMANI

(¢)a=1.17,¢=09522, p=2,¢=3 (d)a=5,¢=09522 p=2, ¢g=3

() a=16, ¢c=09, p=2, ¢=3 f)a=21,¢=10,p=2, ¢g=3

F1GURE 2. The three fixed points are unstable. The basin of the 2-
cycle inside the big basin has a contact with the frontier of the big one,
becomes outside and disappears.

5. BIFURCATIONS BASINS FOR THE CUBIC ENDOMORPHISM

Let us consider now the noninvertible map 75, defined by

T, - x’:T0($)+y,
2 Y = cx+dy,

where ¢, d are real parameters.

For d # 0, the system T, becomes again an endomorphism. We foresee that new
phenomena are likely to occur for 7T5. Figure 4 shows that the dynamics, influenced
by the parameter d, revolves around fixed points and cycles of order-2 which exist
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(b) a=1.96, c=09, p=3, ¢=2

(e)a=15,¢=098, p=3, ¢=2

FIGURE 3. The red basin is associated with the trivial fixed point. The
big attraction basin of a 2-cycle breaks after homoclinic-heteroclinic
bifurcations.

respectively in blue and green domains for p = 2 and ¢ = 3. Close enough to ¢ =1
(in this case ¢ = 0.952) only 2-cycles are stable for a = 1, here fixed points exist but
are unstable after a flip bifurcation.

5.1. Study of the phase plane. Our numerical evidence includes the following:
for fixed parameter values, we plot attraction basins of attractors. Two types of
basins are illustrated in this section. We first choose the parameters so that two
attractors coexist. The two attractors do not undergo identical sets of bifurcations in
the parameter plane. While one attractor can experience flip bifurcation, the second
one undergoes fold bifurcation and we do this by having ¢ = 0.952, and negative
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FIGURE 4. Bifurcation diagram in (d, a) parameter plane.

values of d = —0.07 which is instructive, with the occurrence of a change of type of
bifurcations inside the same basin after heteroclinic bifurcations.

For the value a = 1, one has the following situation: two 2-cycles (P}, P?) and
(Py, P#) which interact dynamically with a flip saddle point S; in the phase plane
and their basins are delimited by stable manifolds of the two points of the 2-cycle of
saddle type (C3, C%) and the unstable manifold of the flip saddle point S;.

FIGURE 5. For the case p =2, ¢ = 3.

We decrease d, one has the following situation: the phase portrait of the recurrence 75
at d = —0.1 is presented in Figure 6, the two stable 2-cycles exchange their associated
saddles. It is in accordance with the bifurcation diagram in Figure 1 (a), the presence
of cross-road area allows this change between attractors. For the case p = 3 and
q = 2, we choose ¢ = 0.9, d = —0.32, and a = 1.5, here also we have two 2-cycles
which coexist with two flip saddle points and a regular saddle point located on their
common frontier.
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F1GURE 6. For the case ¢ = 0.952, d = —0.1.

F1GURE 7. For the case p =3, ¢ = 2.

F1GURE 8. For the case d = —0.355, p = 3 and ¢ = 2.

Here a, ¢ are constant but d = —0.355, the two basins are now nonconnected and
bounded, and a Hopf bifurcation takes place for the 2-cycle (P),P?). We have a
structural stable heteroclinic contour around basins.
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6. CONCLUSION

Numerical explorations of cubic maps give interesting results, however, they reveal
many intricate phenomena, that can only be understood by means of further specific
investigation. A particularly rich bifurcation structure is detected near the limit value
¢ = 1. Global bifurcations have important consequences as appearance of saddle
connections and basins bifurcations. Heteroclinic bifurcations of saddle points, taking
place on and inside the basins of attraction, this phenomenon provides a route for the
appearance of nonconnected basins with saddles points located outside.
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APPLICATION OF JACOBI POLYNOMIAL AND
MULTIVARIABLE ALEPH-FUNCTION IN HEAT CONDUCTION
IN NON-HOMOGENEOUS MOVING RECTANGULAR
PARALLELEPIPED

DINESH KUMAR! AND FREDERIC AYANT?23

ABSTRACT. The present paper deals with an application of Jacobi polynomial and
multivariable Aleph-function to solve the differential equation of heat conduction in
non-homogeneous moving rectangular parallelepiped. The temperature distribution
in the parallelepiped, moving in a direction of the length (x-axis) between the limits
x = —1 and x = 1 has been considered. The conductivity and the velocity have been
assumed to be variables. We shall see two particular cases and the cases concerning
Aleph-function of two variables and the I-function of two variables.

1. INTRODUCTION AND PRELIMINARIES

We suppose the parallelepiped has heat conductivity K, density p, diffusivity k
and specific heat . The partial differential equation satisfied by the temperature
v(z,y,z,t) at any time t in a homogeneous parallelepiped bounded by the planes
y=0and y =05, 2=0 and z = ¢, moves with a constant velocity U in the direction
of its length (z-axis) between the limits + = —1 and x = 1, on the lines of Carslaw
and Jaeger [4, page 155, (1)] is

Pv 0 0% v Ov
1.1 — 4+ —+—|-U———=—=0
(1.1) [8x2 + oy? + 8z2] oxr Ot ’
where k£ = p%. If we consider a non-homogeneous parallelepiped of variable conduc-

tivity &’ (1 — 2?) and the velocity ko [(a — B8) + (a + ) ], where k', ko, & and 3 are

Key words and phrases. Jacobi polynomial, heat conduction, Aleph-function of several variables,
aleph-function of two variables, I-function of two variables.
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constants, the partial differential equation (1.1) reduces to

2 2 2
(1.2) dv = ko [(1—902)g;;+((ﬁ—a)—(a+ﬁ+2)x)gﬂ +k [gyg+g;2)] =0,
where ko = 5—;, Re(a) > =1, Re(B) > —1.

As physical example we can consider the temperature distribution of the moving
mercury parallelepiped between the planes t = -1, z =1,y =0and y =b, 2 = 0
and z = ¢ connected by two reservoirs of the mercury at the two ends. The variable
flow in the mercury at the end x = —1 with a certain speed. The initial temperature
distribution in the parallelepiped of mercury can be taken to be f(x,y,z). The
surfaces y = 0 and y = b, z = 0 and z = ¢ of the parallelepiped are supposed to be
insulated. The ends x = —1 and x = 1 of the mercury parallelepiped should also be
insulated as the conductivity vanishes there.

2. SOLUTION OF THE PROBLEM

By assuming the solution of the partial differential equation (1.2) as v (z,y, z,t) =
X ()Y (y) Z (2) T (t), the solution of the partial differential equation (1.2) reduces
to

1dT ko o A2 X dX kd*?Y kd*Z
—— =— (1= — — 2 ——t =—.
T dt X[( o) G T (ot m+6+)$%m] YdpE 72
Now, taking
ko o d?X dX
Dl - (= - Na)—| =— 1
X[( .T)de—i-( a+f—(a+B+2)x) dx] kon(n+a+p+1),
k d?Y 9
vag ~ ™
and %% = —kv?, \, v being constants, n being positive integer, we obtain the
following equations
d*X dX
2 _
(21) (1-=2 )ﬁ—i-(—a—i-ﬁ—(oz+6+2)ac)%+n(n+oz+5+l)X—0,
a’y
2.2 —— 4+ A%y =0,
(22) 0
d*Z 9
and
(2.4) d—T:[—n(njLa—I—ﬁ—l—l)—k()\Q%—UQﬂT
) o :

The (2.1) is the differential equation of Jacobi polynomials and its solution is

X = PP ().
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The solution of (2.2), (2.3) and (2.4) are

Y =A cos \y + B sin Ay,
7 =C cosvz + D sinvz

and
T=FEexp|— (kon(n+a+p8+1)+k(N+0v?))t,

where A, B, C, D, E are constants.
Hence, the general solution of (1.2), the temperature distribution at any point
M (x,y, z) of the parallelepiped at time t is given by

v(z,y,2,t) =exp {— (k;gn (n+a+pB+1)+k ()\2 + U2)) t} PP (1)

(2.5) X [A cos Ay + B sin A\y] [C cosvz + D sinvz],

if no heats flows from the surfaces y =0 and y =b, 2 =0 and z = ¢, g—;) o = 0,
y: =

(%) = 0 for all x and ¢. These demand B =0, D =0, A = mroy = l?, where

m,l=0,1,2,....

Therefore, the solution (2.5) reduces to

v(x,y,z,t) = i Apmi €Xp [— (kon(n+a+ﬁ+1)+k()\2+v2)> t}

n,m,l=0

[
x P9 (1) cos % y cos s
c

Here, Re (a) > —1, Re(8) > —1 and A, are constants. If the initial temperature
distribution in parallelepiped is given by

> l
(2.6) > Ay P19 (2) cos % Y COS .
c

n,m,l=0

Now, multiplying both sides of (2.6) by (1 — z)* (1 + )" P{®#) () cos mE oy cos 2z,
integrating both sides between x = —land z =1, y=0and y=b, z=0and z = ¢,
and applying the result [5, Vol. II. Page 285, (5)]

2 20HAH I (a+n+ DT (B+n+1)

[1(1—x)a(1+x)5 P (@) de = — (@+f+2n+ DT (a+B+n+1)

with Re () > —1, Re () > —1, we obtain

nla+p+2n+1)T(a+B+n+1)
208K M (a+n+ 1) T (B+n+1)
Im

c b rl
X / / / (1—2)*(1+2)" P9 (2) cos%y cos — z f (x,y,2) de dy dz.
0 Jo Jo1 c

Amnl -
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Hence, the temperature distribution in the non-homogeneous moving rectangular
parallelepiped is given by

(2.7)
v(z,y, 2, t)
1 i nl(a+8+2n+ DT (a+p+n+1)
255 The 22 2T (@ +n+ DD (B+n+1)
2 l2 l
X exp [— <kon(n+a+ﬁ+ 1) + kr? <T; + )) t] P () cos%y oS %Tz

c rb 1 [
X / / / (1—2)*(1+2)" P9 (2) cos%y cosng(a: y, z) dv dy dz,
0 Jo J-1
with Re (o) > —1, Re () > —1.

Remark 2.1. Prasad and Maurya [10] have given application of Jacobi polynomial and
multivariable H-function in heat conduction in non-homogeneous moving rectangular
parallelepiped; Simoes et al. [9] have studied Green’s functions for heat conduction
for unbounded and bounded rectangular spaces.

3. MULTIVARIABLE ALEPH-FUNCTION

For an illustration, if we take f (x,y,z) = f1 () fo (v) f3(2), fo(y) = e M, f3(z) =
e % and f; (z) to be the most general special function in the form of multivariable
Aleph-function.

The multivariable Aleph-function is a generalization of the multivariable H-function
defined by Srivastava and Panda [14,15]. The multivariable Aleph-function is defined
by means of the multiple contour integral [3,7]:

N (z1,...,2)
1 e (r)
_ 0,n:mq,n1,...,msp Ny aj; aj [ ’aj 1nl’
piniaTﬁR:pi(l)7qi(1)77'i(1);R<1);~~~§pi('r) 34,(r) ;Ti('r);R(T> ’
2 R

|:7—i (CL]‘Z'; Oéﬁ-?, e a(:))nJrl,pi : |:< ;1)) (7‘51))1#“] Ti(1) ( 2121)772()10 L+l p(l):|

{ ( ]Z’B ) 6(T)>m+17qi] : [(d;l)) s (55-1))1”1} 5 [Ti(l) <d§1()1);5](11()1))m +17q<1)} )
)G, e (i), e
1) 60, ] Jreo (65020, 0]

r

- = e (s, ey 8e) L Ok (sk) 227 dsy - - dsy,
(27w) /Ll /LT kl;[l g
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with w = v —1,
;:1 r (1 — Gy + Z};:l Oz§k)8k)

W (51,00, 8,) = B [ e T (5 — Sy 05 TH, T (1= by + Sy B0
and
mk T d(~k) _ 5(@ ﬂk T (1- (k) (k)

2= [W) H]l(n)@k—i-l r (1 — d\y + 6! Z<k>=5’ ) I i T ( §Z<)k> 7(k<) >3k)} |

j’L

For more details, see Ayant [1]. The condition for absolute convergence of multi-
ple Mellin-Barnes type contour can be obtained by extension of the corresponding
conditions for multivariable H-function given by

1
|arg 2| < §A§k)

where
n
k
AE):Zag‘ — T Z a]z _leﬁﬂ +Z’YJ — Tk Z Z(k)
= j=nt1 Jj=nr+1

- 9(k)
(3.2) + Z j —Twm Yy, 0 Z<k>

j=1 j=mp+1

withk=1,...,r,i=1,...,R, i® =1,... R®,

The complex numbers z; are not zero. Throughout this document, we assume the
existence and absolute convergence conditions of the multivariable Aleph-function.
For convenience, we shall use the following notations in this paper.

vV =My, N5 - o5 My Ny

Cp). . .
W =p,), g0, T; RY; .. i, G, T3 R,

a={(apa 0 b dm(aall o) Y (@), )
{ () } (@), { (i), o }
B ={nibyi: 0. B mra ) {(d§1);5§1))1m}’{ﬁ<l> (dﬁ?w;5§§<)1>)m1+1,qi(1)}3
d60) ) {Tm (dg_;fgr);5;;3T))mﬁl7qm }

(1 — x)mll (1+ x)mll, A

Let

fl (I) = Ng;flq},/n,RW : :
pr(1—2)" (14+2)" | B
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Substituting for fi(x), f2(y) and f3(z) in equation (2.7), which is justifiable under the
given conditions, we evaluate the y and z-integrals, first and the write the multivariable
Aleph-function into the Mellin-Barnes contour integral with the help of (3.1), apply

the result [5, Vol. 11, page 284, (3)],

33) [ 11 (1—2) (14 2) PO (2)dz

2D (1 + 1) T (04 1)
B L(l+o0+2)

X sby(—n,a+p+n+ 1+ La+1,l+0+2;1),

with Re (o) > —1, Re () > —1, and finally interpret the resulting I'-functions with
the definition of multivariable Aleph-function. The temperature distribution in a
non-homogeneous moving rectangular parallelepiped is then

t
vl(w,y, 2t = be2oth-1 n,m%vzo (12 +m27r2/b2) 0% + 1272 /c?)
nla+p+2n+1)I'(a+B+n+N+1)I'(—n+ N)

NT(a+N+DI'(a+n+1)T(B+n+1)T(—n)

X exp [—{kon(n+a+ﬁ+1)+lm2 (7;2+l2>}t]

p12m’1 +mY

pbe~ W (o 1) & (1 )
(
)

Im
(,8) mm 0,n+2:V
x PP (x) cos , Yeos—z L

py2metme
(—a—N:mj,...,m) (=B :m],....m!) A

(3.4) :
(—ra—B—=—N—-1:mf+mf,....m. +m)), B

Provide that Re (a) > —1, Re () > —1, m}, m! >0 fori=1,...,r, and
[ (dl)
Re(a+1) —i—Zm min Re LZ) >0,

1<j<m; 5(
J

S8

O
J
Re (8 +1) +Zm 1glglane (5@> >0,
L\% /]

|arg pi| < %AE’“) 7, where A is defined by (3.2).

Remark 3.1. For detail and applications of Aleph-function, the reader can refer recent
work [2,8,16].
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4. PARTICULAR CASES

(a) When the rectangular parallelepiped moves with uniform velocity, the partial
differential equation (1.2) reduces to the unsteady case of the partial differential equa-
tion (1) of Carslaw and Jaeger [4] with no radiation but with variable conductibility.
We have a + 8 = 0 and

ov o 0% v v v\

and the temperature distribution in the parallelepiped between r = —1 and =z =
1,y=0and y =0, 2 =0 and z = ¢ is given by

v(x,y,2,t)
 2udeWHOT (o 41) $ (1= (=)™ (1= (=)
B be =0 (17 +m2m2 [0%) (62 + P72/ c?)

y nl 2n+1)I'(n+N+1)I'(—n+ N)
NIT'(a+N+1)T'(a+n+ )T (B+n+1)(—n)

2 g2
X exp l— </€o n(n+ 1)+ kr? (m + l)) t] PP (x) cos % Yy cos ZIZ
c

b2 c?

P2t | (—a— N :ml,...,m.), (=B :ml,...,m'), A

O,n+2:V . .
X Npi+27qi+1,Ti;RZW . : 9

P2t (=N —=1:mi+ml,...om.+ml), B

under the same condition that (3.4) with o + 5 = 0.
(b) When the parallelepiped is stationary between z = —1 and = = 1, we have
a = =0 and the partial differential equation (1.2) reduces to

?;:k()((l—ﬁ)%—%%) +k<g;}+gi§> — 0,
and the temperature distribution in the parallelepiped between x = —1 and x =
l,y=0and y =5, z =0 and z = c is given by
v(x,y,z,t)
| Quder (s o (1= (ma- (=)
be L N=0 (u? + m27w2/b?) (62 + 1272/ c?)

n! 2n+1)T(n+ N+1)I'(—n+ N) o (m? 2
NIV 4D Tt )P (—n) O [_ (“”(”“”’” (b”c?))t]

l
X P,(x) cos —HZT Y COS —Wz
c
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pi2mt | (=N tmh o ml), (0:m2, o m!) A

T
0,n+42:V . .
x sz+2 ¢+1,7; RW . . ?

p, 2ty (=N —=1:mi+mf,....m.+m!), B
where P,(z) is a Legendre’s polynomial, under the same condition that (3.4) with
a=p=0.
5. ALEPH-FUNCTION OF TWO VARIABLES

If » = 2, the multivariable Aleph-function reduces to Aleph-function of two variables
defined by Sharma [13](see also, [6]) and the general solution is

v(z,y,2,t)
I 1) ™ (1))
— beoa+B—1 o (12 +m2 2/02) (62 1 1272/ 2)

nl(a+B+2n+1)I'(a+pF+n+N+1)I'(—n+N)
NII'(a+N+1D)T'(a+n+ )T (B+n+1)(—n)

2 12
X exp [— (kon(n+a+ﬁ+1)+k7r2 (TZQ +l )) 1P,§a’ﬂ)(x) cos%y cosl;rz

pr2matmy (—a—=N:mj,mb), (=f:m{,m)), A
NO n+2:V

PH—Q qZ“l‘l Tis R:W )
! " . / " / "
po2matmey | (—a— [ — N —1:m)+m],my+m}), B

under the same condition that (3.4) with r = 2.

6. I-FUNCTION OF TwWO VARIABLES

If r =2 and 7;, 7+, 7 — 1 the multivariable Aleph-function reduces to I-function
of two variables defined by Sharma and Mishra [12] (see also, [11]) and the general
solution is

v(z,y,z,t)

e a1 ") (1= (=))

B be2e+8-1 o (e —I—m27r2/62) (02 4 1272 /c?)
nl(a+B+2n+1)I'(a+pf+n+N+1)I'(—n+N)
NIT'(a+N+1D)T'(a+n+ )T (B+n+1)'(—n)

2 l2 l
X exp [— (kon(n+a+5+1)+k:7r2 (TZZ + >>t] PP () cos%y cosgz
pr2mitm (—a—N: ml,mz) (=B :m{,my), A

p,+2 ql—f—l RW . . )

p2metmz | (—a—f—N—1: m’1 +mf,my+m}), B
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under the same condition that (3.4) with r = 2 and 7, 7o, 7v — 1.

7. CONCLUDING REMARKS

Specializing the parameters of the multivariable Aleph-function, we can obtain a
large number of results involving various special functions of one and several variables
useful in Mathematics analysis, Applied Mathematics, Physics and Mechanics. The
result derived in this paper is of general character and may prove to be useful in
several interesting situations appearing in the literature of sciences.
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OPTIMIZATIONS ON STATISTICAL HYPERSURFACES WITH
CASORATI CURVATURES

ALIYA NAAZ SIDDIQUI* AND MOHAMMAD HASAN SHAHID!

ABSTRACT. In the present paper, we study Casorati curvatures for statistical hy-
persurfaces. We show that the normalized scalar curvature for any real hypersurface
(i.e., statistical hypersurface) of a holomorphic statistical manifold of constant holo-
morphic sectional curvature k is bounded above by the generalized normalized
d—Casorati curvatures and also consider the equality case of the inequality. Some
immediate applications are discussed.

1. INTRODUCTION

In 1985, a notion of statistical manifold has been studied by Amari [1]. The abstract
generalizations of statistical models are considered as the statistical manifolds. The
geometry of statistical manifolds lies at a junction of several branches of geometry (in-
formation geometry, affine differential geometry and Hessian geometry). A statistical
structure can be considered as a generalization of a Riemannian structure (a pair of
a Riemannian metric and its Levi-Civita connection). It includes the notion of dual
connection, also called conjugate connection. The theory of statistical manifold and
its statistical submanifold plays a role of central importance in many research fields
of differential geometry.

Recently, H. Furuhata investigated the existence of complex structures on statistical
manifolds and introduced the concept of holomorphic statistical manifold, as the
statistical counterpart of the notion of complex manifold (see [11,12]). Similarly, by
putting a natural affine connection to a Sasakian manifold and a Kenmotsu manifold,
Furuhata defined a Sasakian statistical manifold [13] and a Kenmotsu statistical

Key words and phrases. §—Casorati curvatures, holomorphic statistical manifold, statistical hy-
persurfaces, normalized scalar curvature, dual connections.
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manifold [14]. The theory of statistical manifolds and their statistical submanifolds
is a very recent geometry. Therefore, it attracts the geometers and several interesting
results have been obtained by many of them (for example [3-5,21,22,26, 28]).

The Casorati curvature has been defined by F. Casorati [6] as the normalized square
of the length of the second fundamental form of a submanifold of a Riemannian man-
ifold. This notion extends the concept of the principal direction of a hypersurface of
a Riemannian manifold. This curvature, which is of interest in computer vision, was
preferred by Casorati over the traditional curvatures because it seems to correspond
better with the common intuition of curvature. Several geometers have found geomet-
rical interpretation and significance of the (extrinsic) Casorati curvatures. Therefore,
it follows that it is of great interest to establish a family of optimal Casorati inequali-
ties for different submanifolds with any codimension of different ambient space forms
(for example [9,10,15,16,18,19,24,25,27])

In this paper, we obtain a family of optimal inequalities which relate the normalized
scalar curvature with the Casorati curvature for statistical hypersurfaces of holomor-
phic statistical manifolds of constant holomorphic sectional curvature. Equality cases
are also verified. Such inequalities were recently obtained for a statistical submanifold,
which is obviously a particular class of statistical hypersurfaces. See, for instance
[2,8,17,20]. We mention that the ambient spaces in the above mentioned articles
are different as compared to the ambient space (that is, a holomorphic statistical
manifold of constant holomorphic sectional curvature) in our work, namely a quater-
nion Kahler-like statistical space form, a Kenmotsu statistical manifold, a statistical
manifold, and a Sasakian statistical manifold, respectively.

2. STATISTICAL MANIFOLD AND ITS SUBMANIFOLDS

This section is fully devoted to a brief review of several fundamental formulae and
some definitions which are required later.

Definition 2.1 ([12]). Let V be an affine connection of Riemannian manifold (M, g)
with Riemannian metric g on M.

(a) The affine connection V' of M defined by
2g(X,Y) = 9(V2, Y) + g(X, V2Y),

for any X,Y,2 € I'(TM) is known as the dual connection of V with respect
to g.

(b) The triplet (M, V,g) is known as a statistical manifold if the torsion tensor
field of V vanishes and Vg € F(Tﬂ(o’g)) is symmetric.

Remark 2.1. If (M, V,7) is a statistical manifold, so is (M, V", g). The dual connec-
tions V and V" of M satisfy (see [12]) (V')* = V and V" =V + V", where V' s
Levi-Civita connection for M of g.
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Ezample 2.1. Let (M, g) be a family of exponential distributions of mean 0
M= {p(u,®) | p(u,®) = e u e [0,00),P € (0,00)},

a Riemannian metric is given by g := ®~2(d®)?, and an a—connection (o € R) on M
is defined by 5 5
1
Vg =~ 5
Then, (M, V", 3) is a 1-dimensional statistical manifold.
We remark that one can also construct examples for higher dimension by defining
Fisher information metric and a—connection on a family of statistical distribution

(for example [12]).

Definition 2.2 ([12]). Let (ﬁ, v, g) be a statistical manifold and M be a submanifold
of M. Then (M,V, g) is also a statistical manifold with the induced statistical
structure (V, g) on M from (V,g) and we call (M, V, g) as a statistical submanifold
in (ﬂ, v, g).

Definition 2.3 . Let ( 3) be a Kaehler manifold and V be an affine
connection on J\/[. Then (7 ) is said to be a holomorphic statistical manifold
if

(a) (ﬂ, v, g) is a statistical manifold, and
(b) a 2—form @ on M, given by w(X,Y) = g(X,JY) for any X,Y € I'(TM), is
V —parallel, that is, Vww = 0.
For a holomorphic statistical manifold (ﬁ, g, 3), we have the following relation (see
[12]) Vx(3Y) = zﬁ;}y for any X,Y € I'(TM).

Lemma 2.1 ([11]). Let (M,g,d) be a Kaehler manifold and a connection V is defined
as V := V9 + K, where K is a (1,2)—tensor field satisfying the following conditions:

(2.1) K(X,Y) =K (Y,X),
g(K(X,Y),2) =g(4, K(X, Z)),

and K(X,3Y) + JK(X,Y) = 0 for any X,Y,2Z € T(TM). Then, (M,V,q,d) is a
holomorphic statistical manifold.

By following [26] and Lemma 2.1, we have the following examples.

Ezample 2.2 ([26]). Let (g,d) be a Kaehler structure on M. We take a vector field
U € T(TM) and set a tensor field K, € F(Tﬁ(m)) as follows:

K1(X,Y) =[g(aU, %)g(3U, Y) — (U, X)g(U, ¥)|U
+ [9(3U, X)g(U. Y) + 9(U, X)g(3U, )| 3V,
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for any X,Y € T'(TM). Then, by simple computation, we see that K, satisfies three
conditions of Lemma 2.1, and hence a holomorphic statistical manifold
(M,V := V9 + K,,7,d) is obtained.

Ezample 2.3 ([26]). For a Kaehler manifold (M, g, J), we take a vector field U € T'(TM)
and set K5 as follows:

K, (X, Y) =[g(U,3%)g(U,39) - 9(U, X)g(U, Y)

— g(U,30)g(U,Y) — g(U, 0)g(U, 39)|U
+ [g(U. X)g(U. Y) — g(U,3%)3(U, 3Y)
- 9(U,a%)g(U. Y) — 9(U, X)g(U, 3Y)|aU.
for any X,Y € T'(TM). Then K, €

r
2.1 as in Example 2.2, and hence (M
statistical manifold.

(TM ) satisfies three conditions of Lemma
,V V9 + K5,7,J) becomes a holomorphic

Ezample 2.4 ([26]). Let us consider a Kaehler manifold
(M= {(u',u*) € R? |u' > 0},7,3),
where a Riemanian metric g and the standard complex structure J on M are defined

by g = u'{(du')* + (du®)*} and J0; = 95, §J0> = —0y, where 9; = 2 for i = 1,2.
Now, for any x € R, we define a (1, 2)-tensor field K3 on R? as follows:

Z kL0 @ du' @ du

i,5,0=1
where —ki, = k%, = k2, = ki, = k and k?, = ki, = ki, = k2, = 0. Then K3 satisfies
all three conditions of Lemma 2.1, and hence we get a holomorphic statistical manifold
(M,V := V9 + K3,7,J), where an affine connection V on M is given by

73181 :<;(U1>_1 — I*i) 81,
Vi VA Lo
Valag :V5281 = §(U ) + Kk | Oa,

= 1
V3282 = — <2(U1)1 — :‘i) 81.

Now, we pay attention to the concept of statistical hypersurface. Let (M, g) be
a statistical hypersurface of a holomorphic statistical manifold (M,q,J). By the
Kaehler structure J, one can transfer any tangent vector field X on M in M as follows:
JX = PX + u(X)N, where PX = tan(gX) and N is a unit normal vector field on M
in M.
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Then, it naturally satisfies the following relations (see [12]):

P2 = —X + u(X)¢,
u(§) =1,
PE=0.
The fundamental equations in the geometry of Riemannian submanifolds are the
Gauss and Weingarten formulae and the equations of Gauss, Codazzi and Ricci (see

[29]). In the statistical setting, Gauss and Weingarten formulae are, respectively,
defined by [12]

VY = Vil + (YN, Vil = VY + (X Y)N,

VaN = —A(X) + v(X)N, ViN = —A*(X) + v (XN,
for any X,Y € I'(TM) and N € I(T+M), where V and V'~ (resp. V and V*) are the
dual connections on M (resp. on M). Define v and v* by v(X) = g(DxN,N) and
v*(X) = g(DiN,N), respectively. The symmetric and bilinear imbedding curvature
tensors of M in M for V and V' are denoted by ¢ and ¢*, respectively. The relation
between ¢ (resp., ¢*) and A (resp. A*) is defined by [12]

{ 9(s(X, 9),N) = g(A"X, Y),
9(<*(X,¥), N) = g(AX, Y),
for any X,Y € I'(TM) and N € T'(T+M).

Definition 2.4 ([5]). Let (M,V,g) be a submanifold with any codimension of a
statistical manifold (M, V,g). Then M is said to be

(a) totally geodesic with respect to V if ¢ = 0;
(a)* totally geodesic with respect to V' if ¢* = 0;
(b) tangentially totally umbilical with respect to V if ¢(X,Y) = g(X, Y)H for any
X,Y € T(TM), (here H is the mean curvature vector of M in M for V);
(b)* tangentially totally umbilical with respect to V' if ¢*(X,Y) = g(X, Y)H* for
any X,Y € I'(TM), (here H* is the mean curvature vector of M in M for V');
(c) normally totally umbilical with respect to V if AxX = g(H,N)X for any
X € I'(TM) and N € I'(T+M);
(¢)* normally totally umbilical with respect to V' if ALX = g(3*,N)X for any
X € I(TM) and N € I'(T+M).

The curvature tensors with respect to V and V' are denoted by R and R, respec-
tively. Also, R and R* are the curvature tensors with respect to V and V*, respectively.
Then the curvature tensor fields of M and M are respectively defined as (see [12])
§=LR+R") and § = L(R+ R¥).

The sectional curvature K on M of M is given by (see [21,22])

1
KXAY) = g(8(X,¥)d,X) = S (g(R(X, )Y, X) + g(R*(X, 9)d, X)),
for any orthonormal vectors X,Y € T, M, p € M.
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Definition 2.5 ([12]). A holomorphic statistical manifold (M, V,g,d) is said to be
of constant holomorphic curvature k € R if the following curvature equation holds

8(x.Y)2 =Z{g(y, Z)X — (X, 2)Y + (39, 2)3X — §(3X, 2)3Y + 2g(X, 3Y)32},

for any X,Y,2 € T'(TM). It is denoted by M(k).

The corresponding Gauss equation is given by (see [12])

(2.2) g{g(y, 2)X — g(X, 2)Y + g(PY, 2)PX — g(PX, 2)PY + 2g(X, PY)PZ

=28(X,Y)Z
—28(20,Y)2 — g(A"Y, Z)AX + g(A"X, Z)AY — g(AY, Z)A"X + g(AX, Z)A"Y,
for any X,Y,2 € I'(TM).

3. CASORATI CURVATURES FOR STATISTICAL HYPERSURFACES

In this section, we study Casorati curvatures for a statistical hypersurface M of a
holomorphic statistical manifold M.

We put dim(M) = m = 2n — 1 and dim(M) = 2n. Now, we consider a local
orthonormal tangent frame {&1,...,&,,} of TM™ and a local orthonormal normal

frame {&} of T+M™ in M. The scalar curvature o(p) of M, p € M, is given by
alp)= > 9(8(&:¢&5)E; &)
1<i<j<m
1 *
| T ameeee)r X a@eneeeo)
1<i<j<m 1<i<j<m
and the normalized scalar curvature o of M is defined as
_ 20(p)
m(m—1)

The mean curvature vectors H and H* of M in M are given by

1 & 1 m
H=— Zg(giv 81)’ (resp. H = E Zg*(gi, 81)> .
=1

1=1

Conveniently, let us put

Gij = 9(s(€:,€5),€),  (resp. < = (<" (€1, €;),€))

fori,j=1,...,m.
Then, the squared norm of mean curvature vectors of M is defined as

12\ 1% 0\
H:HH2=< <) rosp. H?C*\F:( g;;) |
m 2 2



OPTIMIZATIONS ON STATISTICAL HYPERSURFACES WITH CASORATI CURVATURES.. .455

The squared norm of second fundamental forms ¢ and ¢* are denoted by € and €*,
respectively, called the Casorati curvatures of M in M. Therefore, we have

1 1
€ ==l <resp. C* = ||g*||2> 7
m m
where
m 9 m )
Is]1? = Z (%j) , (resp, Is*I|? = Z (gz*) )
5=1 ij=1

If we consider a r-dimensional subspace W of T, r > 2, and an orthonormal basis
{&1,...,&.} of W. Then the scalar curvature of the r-plane section W is defined as

O'(W) = Z 8(8i78j,8j,8i)

1<i<j<r
1
= { > OR(ELELELE)+ D IR*(&,Ej,Ej,Ei)},

21<igi<r 1<i<j<r

and the Casorati curvatures of the subspace W are the following:
1 < 2 . 1 & /a2
(W) = - Z (%‘j) ) resp. C*(W) = - Z (9;]') :
i,j=1 i,j=1

The normalized Casorati curvatures de(m — 1) and d¢(m — 1) are defined as

(a)

1 1
[de(m — 1)], 256’@ + <m2—|—> inf{C(W) | W : a hyperplane of T, M}
m

m—+1

1
(resp. [0a(m — 1)], :582 + <2m> inf{C*(W) | W : a hyperplane of TPM});

(b)

~ 2m —1
[de(m — 1)], =2C, — ( ﬂ;m ) sup{C(W) | W : a hyperplane of 7,,M}

2m — 1

(resp. [05(m — 1)), =2C;, — ( > sup{C*(W) | W : a hyperplane of TpM}).

Further, we define the generalized normalized Casorati curvatures de(s;m — 1) and
de(s;m — 1) as follows

(a) for 0 < s <m?—m
[de(s;m — 1)], =sC, 4+ ((s) inf{C(W) | W : a hyperplane of T,M}
(resp. [de(s;m —1)], =sC + ((s) inf{C"(W) | W : a hyperplane of T,,M});
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(b) for s > m? —m
[de(s;m — 1)], =sC, + ((s) sup{C(W) | W : a hyperplane of T,,M}
(resp. [de(s;m — 1)], =sCf + ((s) sup{C*"(W) | W : a hyperplane of T,M}),
where ((s) = 2 (m — 1)(m + s)(m?* —m —s), s #m(m — 1).

sm
Throughout this paper, we work with the above mentioned notations only.

4. BOUNDS OF NORMALIZED SCALAR CURVATURE

The most fascinating problem in the theory of Riemannian submanifolds is to
find simple relationships between various invariants (intrinsic and extrinsic) of the
submanifolds and Riemannian manifolds. Initially, B.-Y. Chen [7] obtained sharp
optimal inequalities involving the intrinsic d-curvatures of Chen and the extrinsic
squared mean curvature of submanifolds in a real space form. On the other hand, the
study of 0—Casorati [9] curvatures proposed new solutions to the above problem. In
this section, we prove such inequalities for a statistical hypersurface (M™, V| g) of a

holomorphic statistical manifold (W“,V J,d) with constant holomorphic sectional
curvature k, Mzn(k‘)

Theorem 4.1. Let M™ (m = 2n—1) be a statistical hypersurface of a 2n-dimesnional

holomorphic statistical manifold with constant holomorphic sectional curvature k,
~2n

M (k). Then
k(m + 3) m 1
4.1 > H||[|H| = ———— |
an oz M e - — ]
Proof. Let an orthonormal frame of M be {&1,...,&,,} and a unit normal vector to
M be {€}. From equation (2.2), we get
k(m+3)(m —1) . U .
20 = 1 ‘1'7712“%””9'f |- Z SijSiz
m ij=1

Applying Cauchy-Buniakowski-Schwarz, we have
k(m +3)(m —1)
dm

From last inequality, we can easily obtain (4.1). This is the required inequality. [

20 > +m? [ FF = s lls™

Theorem 4.1 shows that the normalized scalar curvature is bounded below. Now,
we switch to our next theorem, which shows that the normalized scalar curvature is
bounded above in terms of Casorati curvature. The result is as follows.

Theorem 4.2. Let M™ (m = 2n—1) be a statistical hypersurface of a 2n— dimensional

holomorphic statistical manifold with constant holomorphic sectional curvature k,
2N

M (k). Then
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(a) the generalized normalized Casorati curvatures de(s;m — 1) and 65(s;m — 1)
satisfy

200(s;m — 1
(42) 0 é 5@(5,771 )
m(m — 1)
for any s € R with 0 < s < m(m — 1), where 2€° = € + C* and 203(s;m — 1) =
de(s;m —1) +65(s;m —1);
(b) the generalized normalized Casorati curvatures de(s;m — 1) and §5(s;m — 1)
satisfy

k(m + 3) e0 2m | ono m .

(4.3) o<

200(s;m — 1 kE(m+3 e° 2m m .
o Wy |HED) G B el (0,90,

m(m — 1) 4m m—1 m-—1

for any s € R, with s > m(m — 1), where 2€° = € + C* and 260(s;m — 1) =
de(s;m — 1)+ 55(s;m —1).

Proof. Let an orthonormal frame of M be {&1,...,&,,} and a unit normal vector to
M be {€}. From equation (2.2), we get
20(p) =" | (m — 1 3)| + 2m2ze)2 = ™ (o) + oc )2
o(p) =7 |(m = 1)(m +3) | + 2m7 || TN — == [[FJ + |3

—2m €0+%(6’+8*).

Let us take a quadratic polynomial K in the components of the second fundamental
form

K =5C° + ((5)COUW) — 20(p) + Z [(m —(m+ 3)]
(4.4) - ”;2<||:H||2+ ||ﬂ{*||2> +5(e+e).

Without loss of generality, we assume that W is spanned by &4, ...,&,, and together
with (4.4), we find that

m m—1 m 2
% m—+ s Z(§?j>2+ g(j)l 'Zﬂ(gioj)z_ (Zlgzoz>

m 52 m
or
m—1
2(m + s
=5 oty + 2 )
=1 m
S
(45) s [Qq SO Y () <<2m>2],
1<ij<m—1 1<iZj<m m
where

q= (mnjsﬂtnf(f)l).
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From (4.5), we observe that the solutions of the following system of linear homogenous
equations:

0K -
e = 2a(s) — 2% =0,
8% 2s .
o0 Eggnm -2 g =0,
(4.6) ax )
%%%C’ = 4Q§zj =0,
0 = 4(m7:s)§?m =0,

are the critical points

0 0 0 0
(4.7) ¢ = (glb S125 - - - 7gmm)

of X, where i,j =1,...,m—1,i# j.

Hence, every solution ¢% has g% = 0 for ¢ # j and the determinant which corresponds
to the first two equations of the above system is zero. Furthermore, the Hessian matrix
Hess, of K is given by

I O O
(4.8) Hess, = O 1T O |,
O O III

where O are the null matrices and the matrices I, I] and I11 are, respectively, given
below:

1—¢ 1 ... 1 1
1 1-—g¢ 11
1 1 1—¢q
1 1 1 ==
1 0 0 0
o1 ... 00
0 0 1 0
0 0 01
1 0 0 0
1 0 0
111:4(m+s) f '
" 00 ... 10
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Therefore, the eigenvalues of Hessian matrix Hess, are given below:

2s S
M11=07M22:2<+C()>’ p33 =" = fmm = 24,
m m—1
4
pi; =44, Mim:M, forall i,j =1,2,...,m—1, i # j.
m

Thus, we know that X is parabolic and reaches a minimum X(¢%) for each solution
% of the system (4.6). From the equations (4.5) and (4.6), we arrive at K (¢%) = 0.
Hence X > 0, and this further gives following inequality:

k(m — 1)(m + 3)

20(p) <s€ + ((5)C°(W) + 4

m2 2 * |2 m *
—2<wm+wﬂu>+2@+e)
Hence, we find that

s C(s) k(m + 3)

< Y COW) + ——
Q_m(m—l) +m(m—1) W)+ 4dm
2m on2 m . 1 .
IO a9 + g (e + €),

for every tangent hyperplane W of M. If we take the infimum over all tangent
hyperplanes W, our assertion (4.2) follows.

In the same manner, we can establish an inequality (4.3) in the second part of the
theorem. 0J

Remark 4.1. The proof of Theorem 4.2 is mainly based on a classical optimization
procedure by showing that a quadratic polynomial in the components of the second
fundamental form ¢° with respect to Levi-Civita connection is parabolic (see [15,16,
18,24, 27]). Since, we have proved that the Hessian matrix (4.8) is positive semi-
definite for all points and admits precisely one eigenvalue equal to zero. Therefore,
it is easy to say that X is parabolic and reaches a minimum X (s%) for each solution
% of the system (4.6). In fact, because of the convexity, the critical point is a global
minimum. We note that an alternative proof of Theorem 4.2 can be done by making
use of T. Oprea’s optimization technique [23], namely analyzing a suitable constrained
extremum problem (see also [8,19,25]).

The characterisation of equality cases in Theorem 4.2.
Theorem 4.3. Let M™ (m = 2n—1) be a statistical hypersurface of a 2n— dimensional
holomorphic statistical manifold with constant holomorphic sectional curvature k,

r2n

M (k). Equalities hold in the relations (4.2) and (4.3) if and only if

§ij:_§;;‘a Jor alli7j:1a"'>m’i7éj7
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and

m(m — 1) m(m — 1)
Sm = fﬁl == fgr?@fl m—1-

5. SOME GEOMETRIC APPLICATIONS

In this section, we discuss some immediate applications of the results proved in the
previous section. Some immediate consequences of Theorem 4.2 are the following.

Corollary 5.1. Let M™ (m = 2n—1) be a statistical hypersurface of a 2n— dimensional

holomorphic statistical manifold with constant holomorphic sectional curvature k,
~2n

M (k). Then
(a) the normalized Casorati curvatures oe(m — 1) and §5(m — 1) satisfies
k(m + 3) e° 2m m
<265(m — 1 — HOW? + ———g(IH, 3
patin - 1)+ LDy B ey a5

where 2€° = € + €* and 263(m — 1) = de(m — 1) + §5(m — 1);
(b) the normalized Casorati curvatures de(m — 1) and 65(m — 1) satisfies
k(m + 3) N e 2m
4m m—1 m-—1

gsﬁ%n—n+[ W@W+mflm%&m]

where 2C° = € + C* and 260(m — 1) = de(m — 1) + 85(m — 1).

m(m—1)
2

Remark 5.1. We remark that one can prove Corollary 5.1 by considering s =
in de(s;m — 1) (resp. 0g(s;m — 1)) and we have the following relation (see [16])

[%CM%_UmwﬂﬂpﬂMm—wan—mp

@W.@<M@f%m—QL=Mm—D%WfDQ)

at any point o € M.

Corollary 5.2. Let M™ (m = 2n—1) be a statistical hypersurface of a 2n— dimensional
holomorphic statistical manifold with constant holomorphic sectional curvature k,
ﬂ%(lﬂ) If M is minimal, i.e., H° = 0, then

(a) the generalized normalized Casorati curvatures de(s;m — 1) and §5(s;m — 1)
satisfy
62(s;m—1)  k(m+3) e° m

) j_c f]_(:*

m(m — 1) 4m +m—1+m—1g( ),
for any s € R, with 0 < s < m(m — 1), where 2C° = C + C* and 203(s;m — 1) =
de(s;m — 1)+ 05(s;m —1);

0 < 2
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(b) the generalized normalized Casorati curvatures d¢(s;m — 1) and 05(s;m — 1)
satisfy

S0 ey 0
6@(8,771 1) k(m+3) + ¢ + m g(g{’g{*)’

<
¢ = m(m — 1) 4m m—1 m-—1

for any s € R, with s > m(m — 1), where 2€° = € + C* and 260(s;m — 1) =
de(s;m — 1)+ 55(s;m —1).

The following result follows directly from Corollary 5.1.

Corollary 5.3. Let M™ (m = 2n—1) be a statistical hypersurface of a 2n— dimensional

holomorphic statistical manifold with constant holomorphic sectional curvature k,
~2n

M7(k). If M is minimal, i.e., H° = 0, then
(a) the normalized Casorati curvature de(m — 1) and 65(m — 1) satisfy
k(m + 3) e° m
+

T, H*
4m m—1+m—1g( H),

where 2€° = €+ €* and 263(m — 1) = de(m — 1) + §5(m — 1);

~

(b) the normalized Casorati curvature de(m — 1) and 85(m — 1) satisfy

~ k(m + 3) e0 m
< 200(m —1 X, H*
o < 2Bm—1)+ ST o T g(H,5),

where 2€° = € + C* and 260(m — 1) = de(m — 1) + 85(m — 1).

o < 260(m—1)+

Now, we have the following statistical significance of Theorem 4.1.

Corollary 5.4. Let M™ (m = 2n—1) be a statistical hypersurface of a 2n— dimensional
holomorphic statistical manifold with constant holomorphic sectional curvature k,
ﬁ%(k:) If M is totally umbilical and totally geodesic with respect to NV and V.
Then

k(m + 3)

5.1 > MM o)
(5.1) 0z — -

Remark 5.2. In the above Corollary 5.4, we have M is totally umbilical and totally
geodesic with respect to V and V', that is, for any X,Y € LM, 0 = ¢(X,Y) =
g(X, Y)H, which gives H = 0. Similarly, 0 = ¢*(X,Y) = ¢g(X, Y)FH* implies H* = 0.
Hence, an inequality (4.1) reduces to (5.1).

Further, we observe the following.

Corollary 5.5. Let M™ (m = 2n—1) be a statistical hypersurface of a 2n— dimensional
holomorphic statistical manifold with constant holomorphic sectional curvature k,

ﬂ%(k‘) Suppose that o = k(miwtg) Then M is not totally geodesic with respect

1
toV and V.
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QUANTITATIVE UNCERTAINTY PRINCIPLE FOR
STURM-LIOUVILLE TRANSFORM
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ABSTRACT. In this paper we consider the Sturm-Liouville transform F(f) on Ry.
We analyze the concentration of this transform on sets of finite measure. In partic-
ular, Donoho-Stark and Benedicks-type uncertainty principles are given.

1. INTRODUCTION

The uncertainty principle says that a function and its transform cannot concentrate
both on small sets. Depending on the precise way to measure “concentration” and
“smallness” this principle can assume different forms. This paper focuses on studying
different uncertainty principles for the Sturm-Liouville transform, by following the
procedures for similar transforms, such as the Fourier transform (the classical setting)
we refer to the book [10] and the surveys [4,7] for further references. The concept of
concentration has taken different interpretations in different contexts. For example:
Benedicks [2], Slepian and Pollak [18], Landau and Pollak [13], and Donoho and Stark
6] paid attention to the supports of functions and gave quantitative uncertainty princi-
ples for the Fourier transforms. Qualitative uncertainty principles are not inequalities,
but are theorems that tell us how a function (and its Fourier transform) behave under
certain circumstances. For example: Hardy [11], Cowling and Price [5], Beurling [3],
Miyachi [15] theorems enter within the framework of the quantitative uncertainty
principles. The quantitative and qualitative uncertainty principles have been studied
by many authors for various Fourier transforms, for examples (cf. [1,11,14,16]).

Key words and phrases. Sturm-Liouville transform, Benedicks theorem, Donoho-Stark’s uncer-
tainty principle.
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Our aim here is to consider uncertainty principles in which concentration is measured
in sense of smallness of the support and when the transform under consideration is
the Sturm-Liouville transform.

The first principle that is studied is a Donoho-Stark-type inequality. One can write
the classical uncertainty principle in the following way: If a function f() is essentially
zero outside an interval of length At and its Fourier transform f(w) is essentially zero
outside an interval of length Aw, then AtAw > 1. In [6], Donoho and Stark show
that it is not necessary to assume that the support and the spectrum are concentrated
on intervals and one can replace intervals by measurable sets, and then the length of
the interval is naturally replaced by the measure of the set. In Section 2, a version of
this inequality for the Sturm-Liouville transform is given, and, as it appears in [6] it
is explained how to reconstruct a signal f from a noisy measurement, knowing that
the signal is supported on a set S.

The second principle, studied in Section 3, is a Benedicks-type result which shows
that two measurable sets (.5, %) with finite measure form a strong annihilating pair.
This means that a function supported in S cannot have an spectrum in ¥ giving a
quantitative information of the mass of a function whose spectrum is contained in .
The approach is based on the corresponding version of this type of principle for the
integral operators transform, studied in [8]. A version of Benedicks type-inequality for
integral operators transform with bounded and homogeneous kernel has been proved
in [8]. In this paper, we consider a transform of a different nature where in particular
the kernel is not homogeneous.

We recall that, Soltani in [19] study what is the relation between the measure
and the spectrum of a function f that is e-concentrated in measurable sets giving.
Concentration in support means that the part of the function that is not supported
on a set is at least an ¢ part of the total mass. The analogous version for spectrum
states that the part of the spectrum not supported on a set is an € part of the total
spectrum. It is shown that if a function is e-concentrated in space and frequency,
then the product of the measures of the support and spectrum is lower bounded by a
number close to one.

In order to describe our results, we first need to introduce some facts about harmonic
analysis related to Sturm-Liouville transform. We cite here, as briefly as possible,
some properties. For more details we refer to [19].

The Sturm-Liouville operator A defined on R, by

0 Al(x) 0

_ o 9 9
_0x2+A(3:) 0;1:+p’

where p is a nonnegative real number and A(z) = 2**™ B(z), a > —3, where B is a
positive, even, infinitely differentiable function on R such that B(0) = 1. Moreover,
we assume that A and B satisfy the following conditions:

e A s increasing and lim Az) = oo
Tr—00
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/

° i is decreasing and xh_)rgo A = 2p;

e there exists a constant d > 0 such that

A() 2p 4+ D(x) exp(—dz), if p >0,

iy )2 1
A(z) @t + D(z) exp(—dx), if p=0,
x

where D is an infinitely differentiable function on |0, co[, bounded and with bounded
derivatives on all intervals [z, oo[ for 2o > 0. For all A € C the equation

Au = —\?u,
u(0) =1, /(0)=0,
admits a unique solution denoted ¢, with the following properties:

e for z > 0 the function A — @, (z) is analytic on C;
e for A\ € C the function A — ¢, () is even and infinitely differentiable on R;
o |py(x)] < 1forall \,z eR.

For nonzero A € C the equation Au = —)\?u has a solution ®, satisfying

1
(I))\ xr) =
() )

with lim V' (z, ) = 1. Consequently, there exists a function A — ¢(\), such that

T—00

exp(idz)V (z, \),

or = c(A)Py + c(—=A\)P_,, for nonzero A € C.
Moreover, there exist positive constants kq, ko and k such that
kAP < e(V)[72 < kel AP,

for all A such that ImA < 0 and |A| > k.
Let us introduce the dilation operator D,, p > 0, defined by

Dof(e) = S (p) .

We denote by LP(R,, i), 1 < p < oo, the space of measurable functions f on R,
such that

e = ([ 1P ) < o0 11 p < 4oc
+
[ flloo =esssup,er, |f(z)] < +oo, if p= oo,
where du(z) = A(x)dz.
The Sturm-Liouville transform JF is defined on L'(R, 1) by
FHO) = [ f@ea@)du(a), for all A € R.
+

Let v the measure defined on [0, 00| by dv(\) = m and by LP(v), 1 < p < oo,

the space of measurable functions f on [0, co[, such that || f||rrr, ) < 0.
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For all f € L'(Ry, i), the function F(f) is continuous on R and we have
(1.1) 1T e @y < W Fller ey -

Theorem 1.1 (Plancherel theorem). The Sturm-Liouville transform F extends
uniquely to an isometric isomorphism of L*(R,, ) onto L*(R,,v)

(12) [ 17@)Pdu() = [ 1))

Theorem 1.2 (Inversion theorem). Let f € L'(Ry, u) such that F(f) € L'(Ry,v).
Then

fla) = /IR+ F(H(Nor(2)dv(N) ae. & € R*,

Theorem 1.3 (Riesz’s interpolation theorem). Let f € LP(Ry > pu). Then we get
the Hausdorff-Young inequality (see [20]) [|F(f)|lrom ) < | fllzr@y -

Definition 1.1. Let S, ¥ be two measurable subsets of RZ. Then (5,Y) is called a
weak annihilating pair for the Sturm-Liouville transform if suppf C S and
suppFr.o(f) C X, implies that f = 0, where suppf = {x: f(z) # 0}.

Definition 1.2. Let S, ¥ be two measurable subsets of R, . Then (5,3) is called a
strong annihilating pair for the Sturm-Liouville transform if there exists a constant
C(S, ) such that for all function f € L*(R,, u), with suppF(f) C X,

(1.3) 1l 2@y < COS BNl z2se )
where S¢ =R, \S and suppf = {z : f(z) # 0}.

2. THE DONOHO-STRAK’S UNCERTAINTY PRINCIPLE

The classical uncertainty principle says that if a function f(¢) is essentially zero
outside an interval of light At and its Fourier transform f(w) is essentially zero
outside an interval of length Aw, then AtAw > 1. In this section we will prove a
quantitative uncertainty inequality about the essential supports of a nonzero function
f € L3R, n) and its Sturm-Liouville transform.

The first such inequality for the usual Fourier transform was obtained by Donoho-
Stark [6].

We consider a pair of orthogonal projections on L*(R, 1) defined by Psf = xsf,
Qsf =F 1 [xsF(f)], where S and X are measurable subsets of R, , and yg denote
the characteristic function of S.

Let 0 < €g,6x < 1 and let f € L?*(R,,u) be a nonzero function. We say that
[ is eg-time-limited on S if || Pse f| 2, u) < €5l fllz2@®, - Similarly, we say that
f is eg-band-limited on ¥ for the Sturm-Liouville transform if ||@Qxef
exllf 1l e o

We denote by Ps N Qyx for the orthogonal projection onto the intersection of the
ranges of Pg and Q)x, we will write ImT for the range of a linear operator T. We

|L2(R+7M) S
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denote by ||T'||gs the Hilbert-Schmidt norm of the linear operator T'. The definition
of this norm [21, page 262] implies that for any pair of projections E, F' one has

(2.1) dim(ImPs N ImQx) = || Ps N Qxllis < 1PsQs s

Theorem 2.1. Let >, S C Ry be a pair of measurable subsets and let €g,cx > 0 such
that €% + e% < 1. Let f € L*(Ry, u) be a non function. If f is eg-time-limited on S
and ex-band-limited on X for the Sturm-Liouville transform, then

W(S(E) > <1 _ /e gg)z .

We will need the following well-known lemma.

Lemma 2.1. Let (S,X) be two measurable subsets of Ry.. Then the following asser-
tions are equivalent.

i) [[PsQs| = [[PsQs| ey < 1.
ii) (S, %) is strongly annihilating pair for the Sturm-Liouville transform. Moreover,

we have || {22z, . < (1= [Ps@sl) 2 (1PseS 32z, oy + Qs 2z, ) -

Proof. Firstly we show the following implication i)=-ii). The identity operator [
satisfies I = Pg + Psc = PsQs + PsQxc + Psec, we have from the orthogonality of Pg
and Pge

If — PsQsfl22w, ) =I1PsQsef + Pse fllZ2m, 1)
= PsQse fll72m, 1y + I|Pse f

|2
L2 (R+n“‘) ’

It follows, by || Ps|| = 1, that

[N

(22)  |If = PsQsflle@emw < (1Qs 32, oy + 1 Pse fll}em, )

On the other hand, we have

If = PsQsfllze,w 2N fllez@w — 1PsQsfllz2@, 0
>z — 1PsQs| L Il 22y -

It follows, from inequality (2.2),

[ 1

(23) (1= 1PsQs) I fll2@em < (I Psef

|%2(]R+,;L) + || @se f I%Q(R+,p)>

As ||PsQsx|| < 1, then we obtain the desired result.
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Let us now show the second implication ii)=-i). Recall that

QEPSf 2 7
[PsQs|l = [[@=Ps|| =  sup | |22 )
fEL?(Ry ) ||f||L2(R+,M)
sup Qs fllz2@. )

pr=pst 2y
I1Ps fllz2 @

= sup
rr=ast fllze@y
<1.
We suppose that ||Ps@s| = 1. Then we can find a bandlimited sequence f, €

L*(R,,p) on ¥ of norm 1 (in particular f, = Qxf,) such that

| Ps fall 2w, ) — 1 as n — oo.

By the orthogonality of .S, we have

1Pse fall 2y = IfullZz, ) — I1Psfalloqe, ) — 0 as n — oo,
which contradicts (1.3). O

Lemma 2.2. If 0 < u(S)v(X) < 1, then for all function f € L*(Ry, u) such that
suppF(f) C X we have

-1
Il < (2= VHEWE)) 1 fllzasean

Proof. A straightforward computation shows that Ps@Qy is an integral operator with
kernel N (t,z) = xs(t)F ' (xspa(t))(z). Indeed, we have

PsQuf (1) =xs(t) [, x=(©TU)Ee(t)d(e)

o /R O ([ o)) e
= / N(t, z)dp(z),

where
N(ta) = xs(0) [, xo(©ealthpr(z)av)

Since, ¥(X) < oo and ¢y is bounded, then for all ¢t € Ry, xspr(t) € L*(Ry,v).
Then PsQy is an integral operator with kernel N (¢, z) = ys(t)F ' (xsea(t))(z). As
|PsQs|lzs = | N |2, x® . uop it follows from Plancherel’s theorem 1.2 that

I1PsQslizs = [, hes(F ( L r?*(xm(w)(m)\?du(s)) du(t)
= [ xs(0) [ xs@lexOPdv(©)duts).
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We can deduce from |¢,(t)| < 1 that
(2.4) [1PsQs|| < [Ps@sllas < /u(S)v(E).
Since pu(S)v(X) < 1, then we have from inequality (2.4) and Lemma 2.1
2 - 2 2
£ < (1= VS ) (1PseF ey + 1@ Boga, )
Since suppF(f) C X, it follows from Plancherel’s theorem 1.2 that
HQECf ’%2(R+,u) = /EC ‘?(5)‘2dy(£) = H?(f>‘|%2(2]c,u) = 07

which shows the desired result. O

Proof of Theorem 2.1. The result follows from inequalities (2.3) and (2.4). Indeed, f
is eg-time-limited on S, then || Pse f||r2r2,.) < €5l fllL2m2,)- [ is ex-band-limited on
¥ for the Sturm-Liouville transform, then ||@Qse f|z2®2,.) < €s/f|lr2@2 ). It follows
that

(2.5) HPSCfH%Q(RQ,u) + HQECfH%P(R?,,u) <(ex+ 5%)”fHQL?(R2,u)7
from (2.3) we deduce that (1 — ||[PsQx]|)? < €% + 4. It follows, from (2.4), that

1— /e + e < ||PsQs]|| < /|S]|2|, which proves the desired result. O

Remark 2.1. From inequalities (2.1) and (2.4) it follows that
(2.6) dim(ImPs N ImQs) < || PsQs]|35 < 0o.

The following example is prototypical. A signal f is transmitted to a receiver who
know that f is bandlimited on S for the Sturm-Liouville transform, meaning that f
is synthesized using only frequency on S; equivalently f = Qs f. Suppose that the
observation of f is corrupted by a noise n € L?(R, ) (which is nonetheless assumed
to be small) and an unregistered values on S. Thus, the observable function r satisfies

r(a:):{ flz)+n(x), xes°
0, reSs.

Here, we have assumed without loss of generality that n = 0 on S. Equivalently,
r = (I — Ps)f +n. We say that f can be stably reconstructed from r, if there exists
a linear operator K and a constant C' such that

(2.7) If = K7ll2@, ) < Clinllee, -
The estimate (2.7) shows that the noise n is at most amplified by a factor C.

Corollary 2.1. If S and ¥ are arbitrary measurable sets of Ry with 0 < u(S)v(2) <
1, then f can be stably reconstructed from r. The constant C' in equation (2.7) is not

larger than (1 - u(S)u(Z))_l
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Proof. If n(S)v(X) < 1, using (2.4), ||Ps@x|| < 1. Hence, I — PsQy is invertible. Let
K = (I — PsQyx)™!. Since f is bandlimited on 3, then (I — Ps)f = (I — PsQx)f.
Therefore,

f=Kr=f—-K(I-Ps)f +n)
=f—K( - PsQs)f — Kn
=f— (I = PsQx)(I — PsQs)"'f — Kn
=0— Kn.

So, that

I = Krllzae g =IEnll 2z
<N = PsQx) " Inll 2oy

<D I1PsQslllInll 2y
k=0

<Z )2 [l e
-1
:(1— u<5>u<z>) [
-1
The constant C' in equation (2.7) is therefore not larger than (1 — /(S )y(2)> O

The identity K = (I — PsQx)™ ! = 332,(PsQx)* suggests an algorithm for com-
puting Kr. Put f = 3 (PsQs)*r, then

fO=p  fO) = 4 PQsf™ and f™ — Krasn — oc.
As f is bandlimited on > we deduce that

(2.8) FUY — f = PsQx(f™ - f).

Algorithms of this type have applied to a host of problems in signal recovery (see for
examples [12,17]).

3. UNCERTAINTY PRINCIPLES

In this section we will give some remarks about annihilating sets.
Proposition 3.1. Let f € L*(R, ) has non empty support, then

v(suppF)u(suppf) > 1.

In particular, if pu(suppf)v(suppF) < 1, then f = 0.
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Proof. If the function f € L?(R, u) has non empty support, by the Cauchy-Schwartz
inequality and (1.1), we have

<v(supp F(NIFIZ
<v(supp FINIFI 7w
<v(supp F(f))u(supp HIIfII 72, -

Using Plancherel’s theorem 1.2 we have the following quantitative uncertainty inequal-
ity connecting the support of f and the support of its Sturm-Liouville transform &F

(3.1) v(suppd)p(suppf) > 1.
It follows that if u(suppf)v(suppF) < 1, then f = 0. O

Proposition 3.2. Let f € LY (R, u) N LP(Ry, p1), 1 < p <2, then
1F | zozy.0) < w(suppF (£)) " a(supp ) fll oy

1F11Z2 2, )

where ¢ = z%'

Proof. Let f € LY(Ry,pu) N LP(R, 1), 1 < p < 2, then by Hélder’s inequality and
(1.1), we get

1F () zas ) <v(suppF () F(f)]loo
<v(suppF ()| Fll 1 (ko
v(suppd (f)) Y u(supp )/ fll o s - O
Proposition 3.3. Let f € L> (R, u) N LP(Ry, 1), 1 < p < 2, then

IA

q—2

1 < v(suppF(f)) 2 pu(suppf)

2—p
2p

where ¢ = p%l.

Proof. Let f € L*(Ry,u) N LP(Ry, 1), 1 < p <2, then by (1.1), Hélder’s inequality
and Riez’s interpolation, we get
1T 22y SuPDT() T T 080
<v(suppF(f) T | ll1r e
<v(suppF(f)) T pu(supp ) 7 | Fll12(x, 0,

by Plancherel’s formula we get the desired result. 0
Lemma 3.1. Any nonzero function in CO(Ri) has linearly independent dilates.

Proof. In the case d = 1 this Lemma was proved in [8]. The case d > 1 we reduce to the
case d = 1. Let f € Co(R%) such that f # 0, if x = (21,...,24-1,0) = 7(2/,0) € RE,
Sl = 1, 7 € Ry, we get g(r) = f(r(s,0))

If 1y > 0, v = r(f2',1), where X! [2/|> = 1, and r, § € R*, we get g(r)
f(r(02',1)). In both cases g(r) € Co(Ry).

oo
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Lemma 3.2. Let Sy and X be a pair of measurable subsets of Ry with 0 < u(Sp), v(Xo)
< 00, then exist an infinite sequence of distinct numbers (p;)32, C (0,00) such that

1
1(U5ZopjSo) < 2u(So) and v <U§‘;0p20> < 2u(%).
J

Proof. Let S; be a measurable subset of R, of finite Lebesgue measure such that
So C Si. Define h : Ry — Ry by h(p) = u(S1 U pSp). Since x,s, and xg, are in
L*(Ry, u), we may express h in terms of scalar product in L?(R., i)

h(,O) = ||XPSO — XS ||%2(R+,u) + <Xp507 X51>L2(R+,,u)-

The function p — h(p) is a continuous function on (0,00). We deduce that there
exist an infinite sequence of distinct numbers (p)52, C (0, 00), with py = 1 such that
(U20550) < 2u(So). We can follow the same techniques to prove that

v (Ej 120) < 21/(20) [l

j=0 Pj
We are now in position to prove Benedicks-type theorem for the Sturm-Liouville
transform.

Theorem 3.1. Let S and ¥ be a pair of measurable subsets of R, with 0 < u(S),
v(X) < 0o, then the pair (S,%) is weakly annihilating pair.

Proof. Suppose that there exist fy # 0 such that Sy = suppfo and Xy = suppF(fy)
have both finite measure 0 < p(suppfy), v(suppF(fo)) < co. From Lemma 3.2 we can
find an infinite sequence of distinct numbers ()22, C (0,00), with py = 1, such that,
if we denote by S = U32p;suppfo and X = U;’Ozopijsuppﬁt(fo) we have u(S) < 2u(Sp),
v(¥) < 2v(X).

Put f; = D, fo, so that supp fi = pisuppfo. As F(f;) = D%ff(fo) we have
suppF(f;) = isupp?(fg). Since suppJF(fp) has finite measure, f(: € Co(Ry). It
follows from Lemma 3.1 that (f;)32, are linearly independent vectors belonging to
ImPg N Im@Qy, which contradicts (2.6). Then, (S, ) is weakly annihilating. O

Theorem 3.2 (Benedicks-type theorem). Let S and ¥ be a pair of measurable subsets
of Ry with 0 < pu(S), v(X) < oo, then the pair (S,X) is strong annihilating pair.

Proof. Assume there is no such constant C'(S,%). We can find a sequence f, €
L*(R, 1) of norm 1 weakly convergent in L*(R, ) with some limit f such that

suppf, C S and || xseF(fo)llz2r, 1) — 0 as n — oo.

Since F(f,,) is the scalar product of f,, and yspa(-), it follows that F(f,,) converge to
F(f). Since |F(f.)| as bounded by /u(S), it follows from Lebesgue’s theorem that

F(f,)x= converges to F(f) in L*(Ry,v) and the limit f has norm 1. But the function
f has support in S and spectrum in ¥, since (S,X) is a weak annihilating pair, it
follows that f = 0, which gives a contradiction. O
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A STUDY OF CONFORMALLY FLAT QUASI-EINSTEIN
SPACETIMES WITH APPLICATIONS IN GENERAL RELATIVITY

VENKATESHA! AND ARUNA KUMARA H!

ABSTRACT. In this paper we consider conformally flat (QF), spacetime and ob-
tained several important results. We study application of conformally flat (QFE)4
spacetime in general relativity and Ricci soliton structure in a conformally flat
(QE), perfect fluid spacetime.

1. INTRODUCTION

An Einstein manifold is a Riemannian or pseudo-Riemannian manifold whose Ricci
tensor S of type (0,2) is non-zero and propotional to the metric tensor. Einstein man-
ifolds form a natural subclass of various classes of Riemannian or pseudo-Riemannian
manifolds by a curvature condition imposed on their Ricci tensor [4]. Also in Rie-
mannian geometry as well as in general relativity theory, the Einstein manifold play
an very important role.

The quasi-Einstein manifolds are generalization of Einstein manifolds. The notion
of quasi-Einstein manifolds was introduced by Chaki and Maity [6] in 2000. According
to them, a Riemannian manifold or pseudo-Riemannian manifold is said to be a quasi-
Einstein manifold if its Ricci tensor S of type (0,2) is non-zero and satisfies the
condition

(1.1) S(X,Y) = ag(X,Y) + BAX)A(Y),

where o and [ are real valued non-zero scalar functions and A is a non-zero 1-
form equivalent to the vector field w, i.e., g(X,w) = A(X), g(w,w) = 1. Here
A is called an associated 1-form and w is called a generator. If g = 0, then the

Key words and phrases. Quasi-Einstein spacetime, perfect fluid spacetime, Einstein field equation,
energy momentum tensor, Ricci solitons, conformal curvature tensor.
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478 VENKATESHA AND ARUNA KUMARA H

manifold reduces to an Einstein manifold. This kind of n-dimensional manifold
is denoted by (QFE),. Quasi-Einstein manifolds arose during the study of exact
solutions of the Einstein field equations as well as during the considerations of quasi-
umbilical hypersurfaces of semi-Euclidean spaces. For instance, the Robertson-Walker
spacetimes and conformally flat almost pseudo-Ricci symmetric spacetimes are quasi-
Einstein manifolds. Also, quasi-Einstein manifolds can be taken as a model of perfect
fluid spacetime in general relativity. The importance of quasi-Einstein spacetimes
lies in the fact that 4-dimensional pseudo-Riemannian manifolds are related to study
of general relativistic fluid spacetime, where the generator vector field w is taken as
timelike velocity vector field, that is, g(w,w) = —1.

In the paper [5], Chaki and Ray studied spacetimes with covariant constant energy
momentum tensor. In recent paper [11,17], they studied the quasi-Einstein spacetime
and generalized quasi-Einstein spacetime in general relativity. Additionally, there are
many works related with spacetime in general relativity [1,13,14,16,19].

The authors De, Ozgiir and De showed that conformally flat almost pseudo-Ricci
symmetric spacetime can be considered as a model of the perfect fluid spacetime in
general relativity and also obeying Einstein equation without cosmological constant
and having the vector as velocity vector is infinitesimally spatially isotropic relative
to the unit timelike vector field [8]. In [9], they proved that conformally flat perfect
fluid spacetime with semisymmetric energy momentum tensor is a spacetime of quasi
constant curvature and such spacetime determines an equation of state in quintessence
era, where the universe is in an accelerating phase. Therefore it is meaningful to study
a conformally flat (QFE), spacetime in general relativity.

The present paper organized as follows. After preliminaries, in Section 3, we
study conformally flat (QF), spacetime. In Section 4, we prove that conformally flat
Ricci pseudosymmetric (QF), spacetime is an N (%) quasi-Einstien spacetime,
provided g(Y, Z)A(X) # g(X, Z)A(Y). In Section 5, we study conformally flat (QE)4
perfect fluid spacetime and obtained some interesting results on conformally flat (QE)4
spacetime in general reltivity. Finally, we study Ricci soliton structure of conformally
flat (QFE), sapcetime in general relativity.

2. PRELIMINARIES

Consider (QF), spacetime with associated scalars «, 8 and associated 1-form A.
Then by (1.1), we have

(2.1) r=4a — 3,

where r is a scalar curvature of the spacetime. If w is orthogonal unit vector field,
then g(w,w) = —1. Again from (1.1), we have

S(X,w) =(a — BA(X),
(2.2) S(w,w) =0 — a.
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Let @@ be the symmetric endomorphism of the tangent space at each point of the
manifold corresponding to the Ricci tensor S. Then g(QX,Y) = S(X,Y) for all
X, Y.

3. CONFORMALLY FLAT (QFE)4 SPACETIME

A quasi-Einstein spacetime is said to be conformally flat, if the Weyl conformal
curvature tensor C' vanishes and is defined by [8,22]

C(X,Y)Z =R(X,Y)Z — ; {S(Y,2)X — S(X,2)Y + g(Y, Z)QX — g(X, Z)QY'}
(3.1 + {9V, 2)X — (X, 2)Y},

where @) is the Ricci operator defined by ¢g(QX,Y) = S(X,Y) and r is the scalar
curvature.

Now, suppose that (QFE), spacetime is conformally flat. Then by (3.1), we get
1
R(X,Y)Z =5 {S(Y, 2)X = S(X, 2)Y + g(Y, 2)QX ~ g(X, 2)QV}
r
(3.2) s WY, 2)X —g(X,Z2)Y}.
From (1.1), we have
(3.3) QX = aX + fA(X)w.
Substituting (1.1) and (3.3) in (3.2), we obtain

20+

R(X,Y.Z,W) = ( ) {9V, 2)g(X. W) — g(X, Z)g(Y, W)}

* g {g(X, W)A(Y)A(Z) — g(Y,W)A(X)A(Z)

(3.4) + 9(Y, 2)A(X)A(W) — g(X, 2)A(Y)A(W)},
which leads to

(3.5) R(X,Y,Z,W)=DB(Y,Z)B(X,W) - B(X,Z)B(Y,W),
where

(3.6) B(X,Y) = 20‘;59()(, Y) + \/%A(X)A(Y).

It is known that an n-dimensional Riemannian or pseudo-Riemannian manifold whose
curvature tensor R of type (0,4) satisfies the condition (3.5), where B is a symmetric
tensor field of type (0,2), is called a special manifold with the associated symmetric
tensor B and is denoted by the symbol ¢(B),. Recently, these type of manifolds are
studied in [15,18].

By virtue of (3.5) and (3.6), we have the following theorem.
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Theorem 3.1. A conformally flat (QE), spacetime is (B)4 with associated symmet-
ric tensor B given by (3.6).

Chen and Yano [7] introduced the concept of manifold of a quasi-constant curvature.

A spacetime is said to be of quasi-constant curvature if the curvature tensor R of type
(0,4) satisfies

R<X> Y, Z, W) :a{g(Y> Z)Q(X’ W) - g(X7 Z)Q(Ya W)}
+o{g(X, W)m(Y)=(Z) — g(Y, W)= (X)=(Z)
(3.7) +9Y, Z)w(X)w(W) — g(X, Z)w(Y)=w(W)},

where a and b are scalars and there exists a unit vector field v such that g(X,v) =
w(X). If b = 0, then the spacetime is of constant curvature a. Comparing the
equation (3.4) and (3.7), we have the following.

Theorem 3.2. A conformally flat (QF), spacetime is a spacetime of quasi-constant
curvature.

Let (M*, g) be a conformally flat (QFE), spacetime. As C' = 0, we have divC' = 0,
where div denotes the divergence. Hence, from (3.2) we have

(VxS)(Y,2) ~ (V3S)(X, 2) = {o(Y, Z)dr(X) — g(X, Z2)dr(¥)}.
In view of (1.1), above relation takes the form
10(X)g(Y, Z) — da(Y)g(X, Z) + dB(X)A(Y)A(Z) — dB(Y) A(X) A(Z)

+Bl(VxA)(Y)A(Z) + AY)(VxA)(Z2) = (VY A)(X)A(Z)
— AX)(VyA)(Z)]

(3.8) :é (Y, 2)dr(X) — g(X, Z)dr(Y)].

Suppose the scalar curvature r is constant, then from (2.1) we have

(3.9) 4de(X) = dB(X).
Using above equation in (3.8), we get
(3.10)

da(X)[g(Y,Z) + 4AY)A(Z)] — da(Y)[9(X, Z) + 4A(X)A(Z)]
+BI(VxA)Y)AZ) + AY)(VxA)(2) = (Vy A)(X)A(Z) — A(X)(Vy A)(2)] = 0.
Taking a frame field after contraction over Y and Z, we obtain from (3.10) that

(3.11) da(X) + 4da(w)A(X) + B[(VLA)(X) + A(X) 24: €(Ve, A)(e;)] = 0,

i=1
where €; = g(e;, e;) = £1. Plugging w in place of Y and Z in (3.10), we get
(3.12) 3[da(X) + da(w)A(X)] + B(V,A)(X) = 0.
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In view of (3.12) and (3.11), we obtain
4

(3.13) —2da(X) + doa(w)A(X) + BA(X) D (Ve A)(e;) = 0.
i=1
Now, putting X = w in the above equation, we get
4
(3.14) B> (Ve A)e;) = —3da(w).
i=1
From (3.13) and (3.14), it follows that
(3.15) da(X) = —da(w)A(X).
Setting Z = w in (3.10) and then using (3.13) and 5 # 0, we get
(3.16) (VxA)(Y) = (VyA)(X).

Above equation shows that 1-form A is of Codazzi type, this means that generator w
is irrotational. By virtue of (3.15), (3.12) and § # 0, it follows that

(3.17) (Vo A)(X) =0,

for all X, which implies that V,w = 0 and hence intergral curves of w are geodesic.
Again, setting Y = w in (3.10) and then using (3.15) and (3.17), we get

da(w
(3.18) (VxA)(2) = - ) 42) + 9(x. 2]
Now, we consider non-vanishing scalar function f = —d‘z—(ot"). Then, we have
_ da(w) d*a(w, X)
(3.19) Vxf= 1o? do(X) — —

By virtue of (3.15), we get d*a(X,Y) = —d*a(w,Y)A(X) — da(w)(VyA)(X). In a
Lorentzian manifold, the scalar function 7 satisfies the relation d*n(X,Y) = d*n(Y, X),
for all X,Y. In view of (3.16), the above relation becomes

d*aw, X)AY) = d*a(w, Y)A(X).
Taking Y = w in the above equation, we get
(3.20) da(w, X) = —d*a(w,w)A(X) = - A(X),

where ¢ = d*a(w,w) is a scalar function. Now in the consequence of (3.20) and (3.15),
equation (3.19) takes the form

1
(3.21) Vif = 5 H{da(@)} - av]A(X).
Now consider a 1-form A given by

do(w)

(3.22) h(X) = == S AX)

JA(X).
From (3.16), (3.21) and (3.22) we have dh(X,Y) = 0, i.e., the 1-form h is closed.
Therefore (3.18) can be written as (VxA)(Z) = h(X)A(Z) + fg(X, Z). This means
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that the generator w corresponding to the 1-form A is a unit proper concircular vector
field [20]. This leads to the following theorem.

Theorem 3.3. In a conformally flat (QFE), spacetime with constant scalar curvature,
the following properties hold:

i. the generator vector field w is irrotational;

ii. the integral curves of w are geodesic;

iii. the vector field w corresponding to the 1-form A is a unit proper concircular
vector field.

Lemma 3.1. In a conformally flat (QFE), spacetime, the curvature tensor R of type
(1,3) satisfies the following properties:

(i) R(X,Y)Z = (22) {g(Y, 2)X — g(X, Z)Y'};

6
(i) R(X, @)Y = (5%) g(X,Y)w;
(i) R(X,w)w = (%5%) X,
for all X,Y,Z € w*, the 3-dimensional distribution orthogonal to the generator w.

Proof. In a conformally flat (QE), spacetime, we have the relation (3.4). Since w? is

a 3-dimensional distribution orthogonal to the generator w, we have g(X,w) = 0 if
and only if X € w*. Hence (3.4) yields the relation (i)-(iii) for all X,Y,Z € w*. This
proves the lemma. O

Let X,Y,Z € wt. Let K; be the sectional curvature of the plane determined by X
and Y and K5 be the sectional curvature of the plane determined by X and w. Then
Ko 9RXYY.X) o sRXwwX)

9(X, X)g(YY) = g(X,Y)* 9(X; X)g(w,w) — g(X,w)?
By virtue of (i) and (iii) in Lemma 3.1 , we have K; = 2“;5 and Ky = % Hence,
we state the following.

Lemma 3.2. In a conformally flat (QF)s spacetime, the sectional curvature of all
planes determined by X,Y € w’ is % and the sectional curvature of all planes
determined by X and w, where X € wt is ‘“3;’3

We note that K7 and K, are constants if and only if a and S are constant. So the
following corollary arises.

Corollary 3.1. In a conformally flat (QE)4 spacetime, the sectional curvature K of
all planes determined by X and Y as well as the sectional curvature Ko of all planes
determined by X and w are constants if and only if o and 5 are constant.

Remark 3.1. We know that, a pseudo-Riemannian manifold of constant sectional
curvature is locally symmetric. Suppose « and (8 are constant, then from Corollary

3.1, we say that conformally flat (QFE), spacetime is locally symmetric if and only if

% is constant, provided that the vectors are orthogonal to the generator w.
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By virtue of (3.4), we obtain

a-p
3
a—f
3

R(X,Y)w = {A(Y)X — A(X)Y},

(3.23) R(X,w)Y = {AY)X — g(X,Y)w}.
From the Theorem 3.2, we know that conformally flat (QFE)4 spacetime is of quasi-
constant curvature and is said to be regular if @ — 5 # 0.

Bejan and Crasmareanu [3] proved that a parallel second order symmetric covariant
tensor in a regular manifold of quasi-constant curvature is a constant multiple of the
metric tensor. Hence we have the following.

Theorem 3.4. A parallel and symmetric second order covariant tensor field in a
conformally flat (QFE), spacetime with o # 3, is a constant multiple of the metric
tensor, that is h(X,Y) = h(w,w)g(X,Y), where h is a symmetric tensor field of type
(0,2).

Let us consider a second order symmetric tensor h = L,g + 25, where L, is the
Lie derivative with respect to w. Then

(3.24) h(w,w) = (Lug)(w,w) + 25 (w, w).
Since g(w,w) = —1, it follows that
(VxA)(w) = g(Vxw,w) = 0.

Therefore, (L,g)(w,w) = 2¢(V,w,w) = 0 (because V w L w). In view of (2.2) and
(3.24), we obtain

(3.25) h(w,w) =2(F — a).
By virtue of Theorem 3.4 and (3.25), we have
(3.26) B(X,Y) = 2(8 — a)g(X, V).

Thus, we have (L,g)(X,Y)+2S(X,Y)+2(a—)g(X,Y) = 0. This expression defines
Ricci soliton on confomally flat (QF), spacetime if (o« — () is constant. Hence, we
conclude the following.

Theorem 3.5. In a conformally flat (QE)4 spacetime, the symmetric tensor field
h = Ly,g+ 2S of type (0,2) is parallel with respect to Levi-Civita connection V of g,
then the relation (3.26) defines a Ricci soliton, provided that o — [3 is constant. In
this case, Ricci soliton is called expanding or steady or shrinking according as o — 3
is positive or zero or negative, respectively.
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4. CONFORMALLY FLAT RICCI PSEUDOSYMMETRIC (QFE)s; SPACETIME

An n-dimensional pseudo-Riemannian manifold is said to be Ricci pseudosymmetric
if the tensor R - S and Tachibana tensor Q(g, S) are lineraly dependent, i.e.,

(4.1) (R(X,Y)-5(Z,W)) = LsQ(g,5)(Z,W; X,Y)

holds on Ug, where Ug = {x eEM:S#rgat x}, Lg is a certain function on Ug and
(4.2) (R(X,Y)-S(Z,W))=-S(R(X,Y)Z,W)—-S(Z R(X,Y)W),

(43)  LsQ(g, S)(ZW; X, V) = —S((XAY)Z, W) — S(Z, (XA, )W),

(4.4) (XAY)Z = g(Y, 2)X — g(X, Z)Y.

Suppose a conformally flat (QE), spacetime is Ricci pseudosymmetric. Then making
use of (4.2)—(4.4) in (4.1), we obtain

S(R(X,Y)Z, W) + S(Z, R(X,Y)W) =Ls|g(Y, Z)S(X, W) — g(X, Z)S(Y, W)
(4.5) +g(Y,W)S(Z,X) — g(X,W)S(Y, Z)].
Substituting (1.1) in (4.5), we have

ARX,Y)Z2)AW) + A(Z)A(R(X,Y)W)
=Ls[g(Y, Z)AX)AW) — g(X, 2)AY)AW) + g(Y, W) A(Z) A(X)
— g(X, W)A(Y)A(Z)].

Plugging W by w in previous equation and making use of the property g(R(X,Y )w,w)
= g(R(w,w)X,Y) =0, we get

(4.6) A(R(X,Y)Z) = Lslg(Y, 2)A(X) — g(X, Z)A(Y)].
In view of (2.1) and (3.4), (4.6) yields

[Ls - (2‘“ — 58 )] (oY, 2)A(X) — g(X, Z)A(Y)} =0,

6
which yields either g(Y, Z)A(X) = g(X, Z)A(Y) or [LS — (%)} =0.
Suppose g(Y, Z)A(X) # g(X, Z)A(Y), then we have
20 — 56

(4.7) Ls="F

In view of (4.6) and (4.7), we have
20 — 53

which means that the generator vector field w belongs to %—
This leads to the following.

nullity distrbution.

Theorem 4.1. Every conformally flat Ricci pseudosymmetric (QE)4 spacetime with

gV, Z2)A(X) # g(X, 2)A(Y) is an N (%)—quasi—Einstem spacetime.
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5. CONFORMALLY FLAT (QF), SPACETIMES WITH APPLICATIONS IN GENERAL
RELATIVITY

Ricci tensor is a part of curvature of spacetime that determines the degree to which
matter will tend to converge or diverge in time. It is related to the matter content of
universe by means of the Einstein field equation

(5.1) S(X,Y) + <A - ;) 9(X,Y) = kT(X,Y), forall X,

where S is the Ricci tensor, r is the scalar curvature, A is the cosmological constant
and k is the gravitational constant. Einstein’s field equation shows that the energy
momentum tensor is symmetric of type (0,2) with divergence zero.

For the perfect fluid matter distribution, the energy momentum tensor is given by

(5.2) T(X,Y) = pg(X.Y) + (o + p) A(X)A(Y),

where o is energy density and p is the isotropic pressure of the fluid.

Here we consider a conformally flat (QF), spacetime obeying Einstein’s field equa-
tion with cosmological constant whose matter content is perfect fluid. Then, in view
of (5.1) and (5.2), Ricci tensor takes the form

(5.3) S(X,Y) = (m AT ;) 9(X,Y) + k(o + p)AX)A(Y).
Compare (5.3) with (1.1), we have

a=rp— A+l B=k(o+p)

2
Contracting (5.3) and taking into account that g(w,w) = —1, we have
(5.4) r=4AN+ k(o — 3p).

By virtue of (5.4) and (5.3), it follows that
(5.5) S(X,Y) = <A + W) 9(X,Y) + k(o + p)A(X)A(Y).
Now differentiating (5.5) covariantly, we get
(VxS)(Y, 2) =5 X(0 = p)g(Y. Z) + KX (0 + p) A(Y)A(2)
(5.6) + 10 + ) [(Vx A (Y)A(Z) + AY)(VxA)(Z)].

Let us suppose that conformally flat (QE)4 perfect fluid spacetime is Ricci symmetric,
i.e., VS =0, then in view of (3.18) and (5.6), it follows that

0 :gX(a — )9V, Z) + kX (0 + p)A(Y)A(Z)
(5.7) + fr(o + p)2AX)AY)A(Z) + g(X,Y)A(Z) + g(X, Z)A(Y)].
Taking contraction on (5.7) over Y and Z, we get

(5.8) X(o—3p)=0.
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This shows that o — 3p is constant. Hence, we state the following.

Theorem 5.1. If a conformally flat (QFE), perfect fluid spacetime obeying Einstein
field equation with cosmological constant is Ricci symmetric, then o — 3p is constant.

Remark 5.1. Let us take constant as zero in the equation (5.8). Then the isotropic
pressure p is 0/3 which means that it characterizes radiation era. Therefore radiation
has the equation of state v = 1/3 and it predicts that the resulting universe is isotropic
and homogenous [10].

Let us consider the energy momentum tensor which is -recurrent, i.e., (VxT)(Y, Z)
=n(X)T (Y, Z), where n is a nonzero 1-form. By Einstein field equation, this condition
becomes

(VxS)(Y, z) — T

2

Recall that the scalar curvature r is constant. Replacing r from (5.4), S from (5.5)
and VS from (5.6), we get

mpn(X)g(Y, Z) =5 X (0 = p)g(Y. Z) + kX (0 + p)A(Y)A(Z)

T (0 + ) (VX A)(YV)AZ) + A (VX A)(Z) = n(X)AY)A(Z).
Plugging Y = Z = w in the above equation, we have
(5.9) X(o+3p) =2n(X)(20 + p).

Hence, we conclude the following.

oY, 2) =n(X)S(Y.2) +0(X) (A= 5 ) 9(¥. 2).

Theorem 5.2. If the energy momentum tensor T of conformally flat (QFE), perfect
fluid spacetime is n-recurrent, then energy density and isotropic pressure satisfies the
relation (5.9).

Remark 5.2. For an n-recurrent energy-momentum tensor, if energy density and
isotropic pressure are constants, then o = —1/2p. For a perfect fluid, 7" is given in

(5.2) which takes the form T(X,Y) = p [g(X, V) + 2A(X)A(Y)].

In this case we observe that the equation of state v is -2 which is less than -1,
showimg that the existence of phantom energy. We know that phantom energy is a
hypothetical form of dark energy with v < —1 [2]. The existence of phantom energy
could cause the expansion of the universe to accelerate so quickly that a scenario
known as the Big Rip, a possible end to the universe occurs and violates weak energy
condition.

6. RIcCI SOLITON STRUCTURE IN A CONFORMALLY FLAT (QF)s; PERFECT
FLUID SPACETIME

The present authors recently studied the Ricci soliton structure in perfect fluid
spacetime with torse-forming vector field in [19]. In this section, we consder a Ricci
soliton structure in a conformally flat (QFE), perfect fluid spacetime.
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The idea of Ricci solitons was introduced by Hamilton[12]. Ricci solitons also
correspond to selfsimilar solutions of Hamilton’s Ricci flow. They are natural general-
izations of Einstein metrics and is defined by

(6.1) (Lyg)(X,Y)+25(X,Y)+2A9(X,Y) =0,

for some constant A and a vector field V. The Ricci soliton is said to be shrinking,
steady, and expanding according as A is negative, zero, and positive respectively.
In view of (5.5), Ricci soliton equation (6.1) takes the form

62)  (Lyg)(Y,Z) = —2 (A A+ *””("2_p>> 9(Y, Z) = 2k(0 + p)A(Y)A(Z).

In this case we assume that the energy density o and isotropic pressure p are constants.
Now differentiating (6.2) covariantly along an arbitrary vector field X provides

(6.3) (VxLvg)(Y,Z) = =26(0 + p) [(Vx A)(Y)A(Z) + A(Y)(Vx A)(Z)].

Suppose the vector field w is concurrent, i.e., Vxw = £X, where ¢ is a nonzero
constant, then (VxA)(Y) = £g(X,Y). Therefore, (6.3) becomes

(6.4) (VxLvg)(Y, Z) = =28k(0 + p) [9(X, Y)A(Z) + g(X, Z)A(Y)].
The identity
(65) (VXLV.9>(Y7 Z) - g((LVv)(Xv Y)v Z) + g((LVv)<X7 Z)? Y),

can be found from the commutation formula [21]

(LVVXg —VxLyg — V[V,X]g) Y, Z)=—g((LyV)(X,Y),Z) —g((LyV)(X, 2),Y).

Using (6.4) in (6.5) and a straightforward combinatorial computation shows that

(6.6) (LyV)(Y,Z) = =2¢k(0 + p)A(Z)Y.

Now, substituting Y = Z = w in the well known formula [21], we have
(LyV)(X,Y) =VxVyV = Vy, vV + RV, X)Y,

and then making use of (6.6) we obtain V,V,V + R(V,w)w = 2{k(0 + p)w.
If o +p=0, then V,V,V + R(V,w)w =0, i.e., V is Jacobi along w.
Next, differentiating the (6.6) along an arbitrary vector field X we have

(6.7) (VxLyV)(Y, Z) = =26%k(0 + p)g(X, Z)Y.

According to Yano [21], we have the following commutation formula:
(LvR)(X,Y)Z = (VxLyV)(Y,Z) = (Vy Ly V)(X, Z).

In view of (6.7), we obtain

(6.8) (LvR)(X,Y)Z = 26K(0 + p)[g(Y, 2)X — g(X, Z)Y].

Substituting Y = Z = w in (6.8), we obtain

(6.9) (LyR)(X,w)w = 26%k(0 + p)[- X — A(X)w].
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Taking Y = w in (3.23), then Lie differentiate along V' and making use of (6.2) and
(6.9), we find that

26%k(0 + p)[—X — A(X)w] + R(X, Lyw)w + R(X,w)Lyw

(6.10) =2 g b l—A(X)LVw +2 (A +A— W) AX)w — g(X, Lyw)w]| .
Plugging Y = Z = w in (6.2), we get
(6.11) 9(Lyw,w) = ["W _A— )\] .
Contracting (6.10) over X, then making use of (5.5) and (6.11) gives
(6.12) [A— "("‘;3”)] . [“(“;“3/)) _A—A] = 36%(0 4 p).
If 0+ p =0, then (6.12) gives a relation
A=rp—A.

This shows that Ricci soliton is expanding if kp > A, steady if kp = A and shrinking
if kp < A. Hence, we can state the following theorem.

Theorem 6.1. Let M* be a conformally flat (QE)y perfect fluid spacetime whose
energy density and isotropic pressure are constants. If M* admits a non-trivial (non-
Finstein) Ricci soliton with velocity vector of the fluid is concurrent and o + p = 0,
i.e., the spacetime represents inflation, then

(i) V is Jacobi along the geodesic determined by w;
(ii) the Ricci soliton is expanding, steady and shrinking according as kp > A,
kp =N\ and kp < A, respectively.
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