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FIXED POINT THEOREMS VIA WF -CONTRACTIONS

R. GUBRAN1, W. M. ALFAQIH2,3, AND M. IMDAD3

Abstract. In this paper, we introduce a new class of contractions which remains
a mixed type of weak and F -contractions but not any of them.

1. Introduction and Preliminaries

Investigating fixed point of a mapping continues to be an active topic of research in
nonlinear analysis wherein Banach contraction principle remains the main tool as it
offers an efficient and plain technique to compute such points. This vital principle has
undergone considerable extensions and generalizations in various ways concerning two
or three terms in the contraction inequality. One of the noteworthy generalization of
this principle involving three terms was due to Alber and Guerre-Delabriere [1] which
was refined later by Rhoades [17] and then generalized by Dutta and Choudhury [7].

Let Ψ be the set of all continuous and monotonically nondecreasing functions
ψ : [0,∞)→ [0,∞) such that ψ(t) = 0 if and only if t = 0.

Theorem 1.1 ([7]). Let (X, d) be a complete metric space and f : X → X a weak
contractive mapping, i.e.,

ψ(d(fx, fy)) ≤ ψ(d(x, y))− ϕ(d(x, y)),
for all x, y ∈ X, where ψ, ϕ ∈ Ψ. Then f has a unique fixed point.

Nowadays, there is a tradition of proving unified fixed point results employing
an auxiliary function general enough yielding several contractions and henceforth
several fixed point results in one go. In 1997, Popa [15] introduced the idea of implicit
function which was well followed by [2,3,9,10,16]. Khojasteh et al. [12] introduced the
idea of simulation function which is also designed to unify several contractions. For
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further work on simulation functions, one can consult [4,6,8,11,13,18] and some other
ones. One of the recent widely discussed generalizations of Banach principle (utilizing
auxiliary function) is due to Wardowski [19] wherein the author generalized Banach
contraction principle by introducing a new type of contractions called F -contraction
and proved that every such contraction defined on a complete metric space possesses
a unique fixed point.

Definition 1.1 ([19]). A self-mapping f on a metric space (X, d) is said to be an
F -contraction if there exists τ > 0 such that
(1.1) d(fx, fy) > 0⇒ τ + F (d(fx, fy)) ≤ F (d(x, y)), for all x, y ∈ X,
where F : R+ → R is a mapping satisfying the following conditions:

F1: F is strictly increasing;
F2: for every sequence {sn} of positive real numbers,

lim
n→∞

sn = 0⇔ lim
n→∞

F (sn) = −∞;

F3: there exists k ∈ (0, 1) such that lim
s→0+

skF (s) = 0.

We denote by F the family of all functions F satisfying conditions (F1)-(F3). Some
natural and known members of F are F (s) = ln s, F (s) = s+ ln s and F (s) = −1√

s
.

2. WF -Contractions

Definition 2.1. A self-mapping f on a metric space (X, d) is said to be WF -
contraction if there exist two functions G, δ : [0,∞) → [0,∞) such that, for all
x, y ∈ X with d(fx, fy) > 0, we have
(2.1) δ(d(x, y)) +G(d(fx, fy)) ≤ G(d(x, y)),
where G and δ satisfy the following conditions:

G1: G is strictly increasing;
G2: δ(t) > 0 for all t > 0 and for every strictly decreasing sequence {sn} of

positive real numbers,
lim
n→∞

δ(sn) = 0⇒ lim
n→∞

sn = 0;

G3: there exists k ∈ (0, 1) such that lim
s→0+

skG(s) = 0.
In the sequel, G denotes the family of all functions G meeting the requirements

of Definition 2.1 while ∆ stands for the set of all functions δ enjoying (G2). Some
members of G are G(s) = ln(s+ 1), G(s) = s, G(s) = (s+ 1) + 1

(s+1) and G(s) = n
√
s,

n ∈ N.

Example 2.1. Let X = [0,∞) and f a self-mapping on X given by

f(x) =


x+ 2

2 , for x ≤ 2,
2, for x ≥ 2.
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Then f satisfies (2.1) for G(s) = s+ 1
2(s+1) and δ(t) = t

8 . Indeed, the following three
cases arise.
Case 1. If 2 ≤ x ≤ y, then d(fx, fy) = 0. However, inequality (2.1) becomes:

y − x
8 + 1

2 ≤ (y − x) + 1
2(y − x+ 1) ,

which can be written as
1
2 ≤

7
8z + 1

2(z + 1) ,(2.2)

where z = y − x ≥ 0. Observe that, the R.H.S of (2.2) is increasing mapping in z for
z ≥ 0 having the value 1

2 at z = 0.
Case 2. If 2 ≥ y ≥ x, then (2.1) becomes:

y − x
8 + y − x

2 + 1
(y − x) + 2 ≤ (y − x) + 1

2(y − x) + 2 ,

which can be written as

0 ≤ 3
8z + 1

2z + 2 −
1

z + 2 ,(2.3)

where z = y − x ≥ 0. Here, also, the R.H.S of (2.3) is increasing mapping in z for
z ≥ 0 with the value 0 at z = 0.
Case 3. If x ≤ 2 ≤ y, then (2.1) becomes:

y − x
8 +

(
1− x

2

)
+ 1

2
(
(1− x

2 ) + 1
) ≤ (y − x) + 1

2((y − x) + 1)
or (

1− x

2

)
+ 1

4− x ≤
7
8(y − x) + 1

2(y − x) + 2
Let 2− x = a and y − 2 = b. Then,

a

2 + 1
2 + a

≤ 7
8(a+ b) + 1

2(a+ b) + 2 ,

which is equivalent to
2b+ a

(2 + a)(1 + a+ b) ≤
3a+ 7b

4 ,

which is true if we expand it and remember that a, b ≥ 0.

The following two remarks highlight the relation between WF -contractions and the
weak and F -contractions.

Remark 2.1. Observe that ψ in Theorem 1.1 may not belong to G as it is not required
to be strictly increasing. On the other hand, f in Example 2.1 is a WF -contraction
for G(s) = s+ 1

2(s+1) but not weak contraction as G(0) 6= 0. Consequently, the class
of WF -contractions and the class of weak contractions are independent.
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Remark 2.2. Notice that, G(s) = s, s ∈ [0,∞), is a member of G which is not in F.
On the other hand, F ∈ F given by F (s) = ln s is not in G (for δ ≡ τ).

Remark 2.3. Every WF -contraction mapping is a contractive mapping and hence
continuous. This fact follows from (G1) and (2.1), i.e.,

d(fx, fy) < d(x, y), for all x, y ∈ X, x 6= y.

Lemma 2.1. Every WF -contraction mapping has at most one fixed point.

Proof. If x, y ∈ X are two distinct fixed points of f , then (2.1) gives rise δ(d(x, y)) ≤ 0,
which is a contradiction as δ(t) > 0 for all t > 0. �

Lemma 2.2. Let (X, d) be a metric space space and {tn} a sequences of positive real
numbers such that
(2.4) δ(tn) +G(tn+1) ≤ G(tn),
for all n, where G ∈ G and δ ∈ ∆. Then the sequence {tn} is decreasing and∑∞
i=0 δ(ti) <∞.

Proof. As δ(t) > 0 for all t > 0, we have G(tn+1) < G(tn) for all n ∈ N. Since G is
strictly increasing, we get tn+1 < tn, for all n ∈ N. Suppose that lim

n→∞
tn = r for some

r ≥ 0. Then G(r) ≤ G(tn+1) for all n ≥ 0. In view of (2.4), we have
G(tn+1) ≤G(tn)− δ(tn)

≤G(tn−1)− [δ(tn) + δ(tn−1)]
...

≤G(t0)−
n∑
i=0

δ(ti).(2.5)

Therefore, ∑n
i=0 δ(ti) ≤ G(t0) for all n ≥ 0. �

Now, we are equipped to state and prove our main result.

Theorem 2.1. Let (X, d) be a complete metric space and f : X → X a WF -
contraction for some G ∈ G and δ ∈ ∆. Then f has a unique fixed point.

Proof. Let x0 ∈ X be arbitrary and define a sequence {xn} in X by xn+1 := fxn for
all n ∈ N0 := N ∪ {0}. Notice that, if xn = xn+1 for some n ∈ N0, then xn is the
required fixed point and we are done. Henceforth, we assume that such equality does
not occur for all n ∈ N0. Denote tn = d(xn, xn+1). On setting x = xn and y = xn+1
in (2.1), we have
(2.6) δ(tn) +G(tn+1) ≤ G(tn).
In view of Lemma 2.2, ∑∞i=0 δ(ti) < ∞ so that lim

n→∞
δ(tn) = 0 and hence, in view

of (G2),
(2.7) lim

n→∞
tn = 0.
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We assert that {xn} is a Cauchy sequence. From (G3), there is k ∈ (0, 1) such that
(2.8) lim

n→∞
tknG(tn) = 0.

Let M = min δ(ti), 0 ≤ i ≤ n. In view of (2.5), we have

tkn+1

(
G(tn+1)−G(t0)

)
≤ tkn+1

([
G(t0)−

n∑
i=0

δ(ti)
]
−G(t0)

)

= −tkn+1

n∑
i=0

δ(ti)

≤ −ntkn+1M

≤ 0.
Letting n→∞ (in view of (2.7) and (2.8)) gives rise

lim
n→∞

ntkn = 0.
Therefore, there exists n ∈ N such that ntkn ≤ 1 for all n ≥ N so that

(2.9) tn ≤
1
n1/k , for all n ≥ N.

Hence, for m,n ∈ N with m > n ≥ N , we have

d(xm, xn) ≤
m∑
i=n

ti <
∞∑
i=n

ti ≤
∞∑
i=n

1
i1/k

<∞.

Therefore, {xn} is a Cauchy sequence. In view of Remark 2.3 and the completeness
of X, we have

x = lim
n→∞

xn+1 = f( lim
n→∞

xn) = fx.

Now, Lemma 2.1 concludes the proof. �

Remark 2.4. f in Example 2.1 is aWF -contraction. As X is complete, f has a unique
fixed point (namely x = 2).

3. Consequences

Corollary 3.1 (Banach Contraction Principle). Every self-mapping f on a complete
metric space (X, d) has a unique fixed point if it satisfies the following:
(3.1) d(fx, fy) ≤ βd(x, y), for all x, y ∈ X, where β ∈ (0, 1).

Proof. The result is a direct consequence of Theorem 2.1 by taking G(s) = s and
δ(s) = λs where λ = 1− β. �

Corollary 3.2. Every self-mapping f on a complete metric space (X, d) has a unique
fixed point if it satisfies the following: for all x, y ∈ X with d(fx, fy) > 0, we have
(3.2) d(fx, fy) ≤ e−τ [d(x, y) + 1]− 1, where τ > 0.

Proof. Follows from Theorem 2.1 by taking G(s) = ln(s+ 1) and δ(s) ≡ τ . �
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One can list further consequences by varying the functions G and δ suitably such
as in above two corollaries.

4. Application

Finally, we discuss the application of fixed point methods to the following two-point
boundary value problem of second order differential equation:

(4.1)

x′′(t) = u(t, x(t)), t ∈ J = [0, 1],
x(0) = x(1) = 0,

where u : J×R→ R is a continuous function and the Green function G(t, s) associated
to (4.1) is given by

G(t, s) =

t(1− s), 0 ≤ t < s ≤ 1,
s(1− t), 0 ≤ s < t ≤ 1.

Let C(J) denotes the space of all continuous functions defined on J . We know that
(C(J), d) is a complete metric space (see [5, 14]) where

(4.2) d(x, y) = ‖u− v‖∞= max
t∈J

{
|x(t)− y(t)|e−τt

}
, τ > 0.

Now, we prove the following result on the existence and uniqueness solution of the
problem described by (4.1).

Theorem 4.1. Problem (4.1) has at least one solution x∗ ∈ C2 provided the following
condition hold:∣∣∣G(t, s)u(s, x(s))−G(t, s)u(s, y(s))

∣∣∣ ≤ τe−2τ |x(s)− y(s)| − 1,

for all t, s ∈ J and x, y ∈ C(J) where τ is a given positive number.

Proof. Observe that x ∈ C2 is a solution of the problem described by (4.1) if and only
if x ∈ C is a solution of the integral equation

(4.3) x(t) =
∫ 1

0
G(t, s)u(s, x(s))ds, for all t ∈ J.

Define a function f : C(J)→ C(J) by

(4.4) fx(t) =
∫ 1

0
G(t, s)u(s, x(s))ds, for all t ∈ J.
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Clearly, if x ∈ C(J) is a fixed point of f , then x ∈ C(J) is a solution of (4.3) and
hence of (4.1). Let x, y ∈ C(J) then, by the hypothesis, we have

|fx(t)− fy(t)| =
∣∣∣∣ ∫ 1

0
G(t, s)u(s, x(s))ds−

∫ 1

0
G(t, s)u(s, y(s))ds

∣∣∣∣
≤
∫ 1

0

∣∣∣G(t, s)u(s, x(s))−G(t, s)u(s, y(s))
∣∣∣ds

≤
∫ 1

0

[
τe−2τ |y(s)− x(s)|e−τseτs − 1

]
ds

=
∫ 1

0
τe−2τeτs|y(s)− x(s)|e−τsds− 1

≤τe−2τd(x, y)
∫ 1

0
eτsds− 1

≤e−τd(x, y)− 1
≤e−τd(x, y) + e−τ − 1,

so that

|fx(t)− fy(t)|e−τt ≤ e−τd(x, y) + e−τ − 1.

Thus, d(fx, fy) ≤ e−τd(x, y) + e−τ − 1 so that condition (3.2) is satisfied. Now,
Corollary 3.2 ensures the existence of a unique solution of 4.1. �
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