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A SUBCLASS OF NOOR-TYPE HARMONIC p-VALENT
FUNCTIONS BASED ON HYPERGEOMETRIC FUNCTIONS

HIBA F. AL-JANABY! AND F. GHANIM?

ABSTRACT. In this paper, we introduce a new generalized Noor-type operator of
harmonic p-valent functions associated with the Fox-Wright generalized hypergeo-
metric functions (FWGH-functions). Furthermore, we consider a new subclass of
complex-valued harmonic multivalent functions based on this new operator. Several
geometric properties for this subclass are also discussed.

1. INTRODUCTION

Harmonic function has fruitful applications not only in applied mathematics, but
also in physics, engineering. It appears in differential equations, such as harmonic
differential equations, wave equations, and heat equations. In geometric function
theory (GFT), the famed authors Clunie and Sheil-Small [11] launched the study of
harmonic univalent functions in 1984. In their investigates, they provided a class
83¢ of harmonic functions ¢ = ¢ + 1) that are univalent, sense-preserving which is
|¢'(2)] > |¢'(2)| in the unit disk D = {# € C : |2] < 1}, and normalized by the
conditions ¢(0) = ¢'(0) — 1 = 0, where the regular(analytic) part ¢ and the co-regular
part ¢ are defined as follows:

o(2) =z + Z 2™ (2) = Z V2", | < L
k=2 k=1

In addition, they studied its geometric properties, which involves coefficient bounds,
growth and distortion formulas. Note that, class 84 reduces to the class 8 of regular
univalent functions if the co-regular part 1 is zero.

Key words and phrases. Harmonic multivalent function, convolution product, Noor integral oper-
ator, Fox-Wright generalized hypergeometric function.
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500 H. F. AL-JANABY AND F. GHANIM

In 2001, Ahuja and Jahangiri [2] defined a more general class Sy, of harmonic
p—valent (multivalent) functions, ¢ = ¢ + ¢ that are sense-preserving in D, and ¢
and v are of the formula

(1.1) o(z) = 2P + Z 2™ (2 ZV,{ . vl <1l,peN={1,2,... }.
k=p+1

Note that, class 85, reduces to the class M, of normalized regular p—valent functions

if the co-regular part 1 is zero. Consequently, the function ¢ € M, are expressed as:

(1.2 o) =4 Y

k=p+1
Denoted by N8,y the subclass of 84, consisting of functions ¢ = ¢ + 1) such that
the regular functions ¢ and v are of the form

o0 o0

(1.3) @(z) =22 — > |palz™ 0(2) = =D |wel2®, || <lpeN={1,2,...}.
rk=p+1 K=p

Convolution (Hadamard) product is a mathematical operation on two regular functions

1 and @y to yield a third regular function 3. It is used to define various subclasses

and linear operators in GFT. This concept owes its origin to Hadamard in 1899 [22].

In the harmonic functions case, Clunie and Sheil-Small [11] studied and defined the

following convolution product: for any two functions ¢, € 8[}( of the form

0i(2) = ¢u(2) + U (2) —Z+Zumz +vaz

where v = 1,2, |11 < 1, |v12] < 1, their convolution is denoted by 7 * 2 and defined
as

oo "o
(1% p2)(2) = 2+ Z M1 fre2 27+ Z Vi1 Vi2 27

k=2 k=1
More generally, the convolution of two functions ¢, € 85(,) is given by (see, [29]):

(1.4) (p1 % pa)(2) = 2P + Z e 2 27 4 Z Vi1 Vk,2 27,
r=p+1 K=p
where
gpl(z):(lﬁl( )—i-"% _Zp+ Z /vLHzZ +ZV/€ZZ 221727’VP,1|<17|VP,2’<1'
_p—‘,-l

Operators Theory has a significant role in the study GFT. Actually, operators are
utilized in defining new subclasses. The technique of convolution has a remarkable
part in the evolution of this area. Numerous differential and integral operators (linear
operators) can be established in terms of the convolution. In 1915, Alexander [4]
introduced the first integral operator on class A that includes normalized regular
functions. Later, several well-known integral operators are investigated by complex
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analysts, such as Libera [26], Bernardi [9], Miller, Mocanu and Reade [27,28], Pascu
and Pescar [34], Ong et al. [33], Frasin [20], Frasin and Breaz [21], El-Ashwah, Aouf
and El-Deeb [16], Deniz [13], Rahrovi [35], Al-Janaby and Ghanim [5], Al-Janaby,
Ghanim, Darus [6], Al-Janaby [7] and others. The following are some important linear
operators related to results in this study.

In 1975, Ruscheweyh [37] introduced the differential operator D7¢(z) so-called the
Ruscheweyh differential operator as follows: for p € A, 7> —1 and D7 : A — A is
given by

(15) Do) = g () = 2+ S

where (a), = F(I?(Z)“ ) denotes the Pochhammer symbol. Note that D%(z) = ¢(z) and

Dlp(z) = 2¢'(2).

Analogous manner to the Ruscheweyh operator, in 1999, the author Noor [31]
presented an integral operator I.¢(z), namely Noor Integral of 7—th order, as follows:
for a function p € A and 7 € Ny, the Noor integral operator I.(z) is given by
I, :A— A,

(16) L) = () 4 2) = || #o0) =2+ 3 o

such that ¢ (z) * oV (2) = - Note that Inp(z) = 2¢/(2), Lip(z) = ¢(2). This
version of integral operator is a considerable gadget in imposing several subclasses of
regular functions.

On the other hand, special functions have been applied in GFT. In 1984, de Branges
[12] employed hypergeometric function in proving the prominent problem called Bieber-
bach’s conjecture. Since then, the study of hypergeometric function and its general-
izations have attracted the attention of many function theorists. The important role
played by special functions is defining new operators. The generalized hypergeometric
function known as Fox-Wright generalized hypergeometric function (FWGH-function)

is defined as: (see for example [19,40] and [41])
nWsl(p1, Ci)1m; (01, Di)rss 2] = nWs[(p1, €1) -+ (o, €); (01, D1) - -+ (05, Dy ); 2]

_ i U(p1 + kCOL(p2 + £Co) - - - T'(p, + kC;) 2"
=0 F(O’l + I{Dl)r(gg -+ K,Dg) tee F(O‘g -+ K,Dg) K!
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n 0
where €, > 0, 7 = 1,2,...,n, B, >0,y =1,2,...,0, 1+ > C — > D, >0,
7=1 =1
p,+kC #0,-1,...,9=12,...,7,6=0,1,...,0,+KrD, #0,-1,...,7=1,2,...,
n J
0,k =0,1,... and z € C. The condition 1 + Y €, — > D, > 0 is essential so that
=1 =1
the series in (1.7) is absolutely convergent for all z € C, and is an entire function of
z (for details, see [25]). Special case of FWGH-function defined in (1.7), given as: if
C,=17=1.2,....n,D,=1,7=1,2,...,6,n< 0+ 1 and

5 -1
(1.9 Ez(_fwm)(nruw) ,

then
= nWsl(py, 1)1; (04, D153 2] = nFsl(p1, -..pn; 01, -..05; 2],

where nFs[(p1,...,pp;01,...,05;2] is a generalized hypergeometric function, [14].
Other special cases of FWGH-function were presented in [25].

In the well-known theory of regular univalent functions, there are numerous inves-
tigates on hypergeometric functions associated with classes of regular functions. In
2004, Ahuja and Silverman [1] discovered the corresponding connections between hy-
pergeometric functions and harmonic univalent functions. Recently, the connections
between WGHF and harmonic univalent functions were discussed by some authors,
such that Murugusundaramoorthy and Raina [30], Sharma [39], Raina and Sharma
[36], Ahuja and Sharma [3] and Hussain et al.[23]. In addition, several operators have
been extended to harmonic functions by authors. For instance, Chandrashekar et al.
[10], El-Ashwah, and Aouf [17] Yagar and Yal¢in [42], Seoudy [38], Al-Janaby [8] and
others. Some previous studies that involving hypergeometric and FWGH functions
are presented in this paper.

In 2004, Dziok and Raina [15] considered the linear operator W (p,, C,)1.; (o;, D,)1,6]
by means of FWGH-function on A as:

W(p;: €)1 (05, Dy)isle(z) = 2+ Z E O p 27,

k=2
where

L(pi + (k= D@L (pa + (k — 1)€y) - T(p, + (x — 1)€,)
T(oy + (k — 1)D)T(0s + (k — 1)Dg) -+ D(og + (5 — 1)Ds) (s — 1)1’

and Z is defined in (1.8). Following that, in 2016, Hussain, Rasheed and Darus [23]
introduced a new subclass of harmonic functions by using the extension of the above
linear operator to harmonic functions. Also, they investigated various properties
such as coefficient bounds, extreme points, and inclusion results and closed under an
integral operator for this subclass.

Ve =
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In 2006, the author Noor [32] again imposed the integral operator I.((,&;) by
employing the Gauss hypergeometric function as follows:

)t (T4 1),
(L9)  L(¢EMe() = [F(C & G2l T xp(z) = 2+ Z (T Deor )
)“ 1(5)&—1
where
- ~ Dos
2T, &7 )] * 25, 67 2)] T = (1—Z)T+1 = +;2 T:— i !

In 2008, Ibrahim and Darus [24] studied the following generalized integral operator
I [(0,,D))165 (py €)1,y associated with FWGH-function on A, where
5
0 1:11 I'(o,+ (k= 1)D))
(110) IT[(Ujv D])l,ﬁ; (pjv e])l,n]gp(z) =z+ Z jin (7_ + 1)&—1 i 2"
rw=2 Hl L'(p, + (k= 1)€))
j:

and
I'(01) ---I'(0s)

L(py)---T(py)

Posterior, in 2016, the authors El-Ashwah and Hassan [18] established the linear
operator O,[(p;, €,)1,7; (,, D,)1¢] on the class M, of regular p—valent functions in D
as:

=1.

Okl(py: €13 (05, D)1 slp(2) = 2" + Z E Dy pr 2",

rk=p+1

where

[(p1 + (k —p)C)I(p2 + (k —p)C2) - - T'(py + (k — p)Cy)
I'(o1 4+ (k = p)D1)l (02 + (k= p)D2) - - - I'(0s + (k — p)Ds)(

and = is defined in (1.8).

In this study, we continue our investigates in the theory of operators. Here we’ll
introduce a new generalized Noor-type operator of harmonic p—valent functions asso-
ciated with FWGH-functions. We then define a new subclass and discuss several of
its properties.

—p)l’

2. IMPOSED OPERATOR J!¢[0,; p,] ¢(2)

This section proposes a new generalized Noor-type operator 32:2[03; p, ¢(z) for
harmonic p-valent functions based on FWGH-function in (1.7).
By giving an extension of the FWGH-function in (1.7)

nMa[(Py e])l,nS (037 DJ)MS Z] = QZP??W(S[(PJ, 63)1,77; (037 D])1,5; Z]
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w QT+ E-pe) .

(2.1) =y Y ——
1 e, + (= py) )
il

Y

where
(2 o= (11re) (11re)

We define a new generalization of the extended FWGH-function in (2.1) in terms of
{—th convolution product as:

77M§[(1017 63)1,775 (‘737 DJ)M; 2]
= 77M5[(PJ> ej)lnﬁ (U], Dj)l,é? 2% x 773\/[5[(pj, e])lﬂﬁ (U]’ 93)1,5? ]

/—times

N Q 11 T(p, + (5 — p)€))
(23) =2+ Y | 2"
r=p+1 J];[l I'(o,+ (k —p)D,)(k — p)!

l

-1
Then we introduce a new function (an;[(pj, C))1m; (05, D))1s: z]) as:

-1

<77M§[(pya €)1 (05, Dy)s; ZD
5 4
00 [1 (o) + (k= p)D,)(k — p)!
(2'4) =P 4 Z J=1 . (T +p)f~”v:p P
K=p+1 Q 11 T'(p, + (k — p)€,) (& —p)!

such that for 7 > —p

-1
(MV5[(pys €)1 (0, D)1si 2]) # (MM, €)1 (07 D)1 53 2])

o0

_L_Zmzn

_<1 - Z)T+p B K=p (KZ _p)'

Next, we consider the following linear operator: g[(o,, D,)1.6: (95, €)1 : M = M,
where

810, D,)13 (02 €)1ale(2) = (V9 €)1 (0, Dy)usi 2]) % 0(2)
5 l
o | LT+ x=p)D)E-p!|
(2.5) =24+ ) = 7 ( +_p),{7p [ 2"
| QT+ (k-pe) | )
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For brevity,
(2.6) Zj?[%; p]] p(z) = 3£[(Uya ®J)L6§ (pj7 ej)l,nkO(Z)‘

Remark 2.1. For suitably chosen parameters p, £, 0, m, C1, Co, Dy, p1, p2 and oy, the
generalized Noor-type operator g7, 2o, )] (2.6) reduces to some of the above linear
operators. Thus, we obtain the following special cases.
eforp=1,(=1,0=1,n=2,6=C=D;=1,and py =ps =07 =1 1in
(2.6), we gain the Ruscheweyh differential operator given by (1.5).
eforp=1,/=1,0=1,1=2,6,=C=Dy=1, py=p=1+7and oy =1,
the operator (2.6) provides the Noor integral operator in (1.6).
e Bytakingp=1,/=1,0=1,n1=2,C=C =D, =1, p1 = py =& and
o1 = in (2.6), gives us an integral operator defined by (1.9).
elfp=1,¢=1and Q =1, we yield the linear operator given by (1.10).

The generalized Noor-type operator 32:2[(7]; p,l ¢(2) (2.6) when extended to har-
monic p—valent function ¢ = ¢ + 1) is defined by

(2.7) Dolosp)e(z) =3[0y p) d(2) + 30010y py) ¥ (2),
where

5 ?

I[1 (o, + (k= p)D,)(k — p)!

32 2[0% p]] - Zp + Z = n <T ki p)lﬁ'p 20 ZH
S| QT+ -pe) | o)
1=1
and
5 V4

. e O UL A

Ve 2.
S Qe+ -pe) | )

7,0
31; Z[O-Jv pﬂ

3. GEOMETRIC RESULTS

This section introduces a certain subclass of harmonic p—valent functions which
includes the generalized Noor-type operator HZ:?[U]; p,] ¢(z) extended to harmonic func-
tions. This subclass is denoted by H’ (v, [0); p)]). Further, coefficient bounds, growth
formula, extreme points, convolution, convex combinations and class-preserving in-
tegral operator are also investigated for harmonic functions satisfying the subclass

J'C;B;(O‘a [UJQPJ])'

Definition 3.1. A function ¢ € 8y is said to be in subclass H.(a, [0,; p,]) if it
satisfies the following inequality:

grilosple(z)  [anilosie) e(2)]
+ «
2P pzpfl

(3.1) Re{ (1 —a)

>

9

B
p
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where HZ:g[aj;pj] ©(z) is defined by (2.7), 0 < a <land 0 < < p.
Also, let Nﬂff(a, [0,: p,]) = Hi (e, o5 5]) N NS3¢

A sufficient coefficient condition for function belonging to the class H2 (e, [0,; p,])
is now derived.

Theorem 3.1. Let ¢ = ¢+ 1) given by (1.1). Then p € Hi(w, [0, p,)) if

(3.2)
5 ¢
- [10(0,+ (s =)Dk —p)! |
> k—pa+pl | ( f@ﬁpmA
QTG+ (k-pe) | 7P
5 ¢
00 [1 (o, + (k—p)D,)(rk — p)! -
+ 3w patr) |2 T4 Dp <o,
Q [T, +(—pey) | 7PN

where 0 < a<1,0< 8 <p.

Proof. Using the fact that Re(A) > 0 if and only if |14+ A| > |1 — )|, it suffices to show
that

(3.3) lp—B+p0(z)| = |p+ B8 —pb(z)],
where

0 z e 0, 0, (2 ,
be) = (1 - ) Bl ) [sp,f[pzpmlw I3

Substituting for ¢ and v in 6, we gain

(3.4)
lp— B+ pd(2)]
5 ¢
- (100, + (oD =),
22— =Y [(k—platp |=— e )“7” |27
k=p+1 Q 1:11 L'(p,+ (k—p)C)) (5 —p)!
5 ¢
- f1 7o, + (o= 91D s =0
- Z [(k —p)a + p] = 7 ( +_p),$'p |Vl 2]7P
"= Q El L(p,+ (k—p)C)) (k= p)!

and



A SUBCLASS OF NOOR-TYPE HARMONIC p-VALENT FUNCTIONS BASED ON... 507

(3.5)

lp+ 8 — po(z)|
/
11 T(o, + (5 — p)D,)(k — p)!

<G+ 3 le-patal |y D e
r=ptl Q I;Ilr(p] + (k= p)C)) (k= p)}
0 L
- [IT(0,+ (k=)D = p)!|
+3 (k= pa+p |[T— ( +_p)“;p I, ||2]7 7.
= Q [T, +(k-pe) | 7P

These inequalities (3.4) and (3.5) in conjunction with (3.2) yields

Ip— B+ pd(2)]
>[p+ 8 — po(z)]
4
. [0, + (=)D =] (L,
>2((p—F)— > l(k—pla+tp] |—F |
S QI (o, +(—p),) | 5P
s l
. {1 Do, + (s~ D)0~ )|
~Y s —pa+p |— ( +_p)*’jp ve|| > 0.
= @ 11 T(p, + (x ~ p)E) (= p)!

The harmonic function

(3.6)

o 0 ]ﬁlr(ijr (k= p)C)) (k — p)!
SO(Z) = n%l lé[ F(UJ + (H — p)'D])(H — p)! <T +p)ﬁ—p [("i - p)Oz +p] "

00 QI T'(py + (5 = p)€)) E (k — p)!
+y = it 77"
K=p lél p(g]_,_ (:‘i—p)D])(li—p)! (T‘f’P)n—p [(k —p)a + p]

where 3227 [ + 2222, [Y<] = p — 3 shows that the coefficient bound given by (3.2)
is sharp.
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The functions of the from (3.6) are in subclass H2 (¢, 1, §) because in view of (3.2),
we acquire

5 ¢
oo [1 (o, + (k= p)D,))(k — p)!
S [k—pa+s |E— D), |
O T, +(-pe) | -
=1
5 J ¢
0o [1 (o, + (k= p)D,)(k — p)!
+ 3 (k- pats] |[E— RS IS
Q[T+ (k-pe) | P
=
S Z |xn|+2|yn| :p_ﬁ'
K=p+1 KR=p
This completes the proof. 0

Now, we yield the necessary and sufficient condition for the function ¢ = ¢ + ¢
given by (1.3) to be in Nﬂ-(g(a, 0,5 05])-

Theorem 3.2. Let ¢ = ¢ + 1 be given by (1.3). Then ¢ € Nﬂ-(g(a, 0,5 p,]) if and
only if the condition (3.2) is as follows:

s ¢
o0 [T T(oy + (v =p)Dy)(k =)
> k—pa+p |T—7 ( +_p)”7’ ||
r=p+1 @) 1;[11“(/)] + (k — p)ej) (5 —p)!
5 ¢
o0 [T T(o, + (v =p)Dy)(x —p)|
+ 3 [k —pa+p] [ ( +_p)“jp vl <p— 5,
i 2 1;[1 L(p,+ (k= p)C)) (k= p)!

where 0 < a<1,0< 8 <p.

Proof. In view of Theorem 3.1 and ¢ € Nﬂ-fg(a, [0,;0,) € HE(ev, [0; py]), we only

need to prove the “only if” part of this theorem. Assume that ¢ € Nﬂ{fg(a, (7,5 0,])s
then by virtue of (3.1), we get

(3.7)
V4
. [ 1o, + (= p)D) =] (L,
Re{(p—B)— 3 [(k—pla+p] |=—F —
=Pl QI;IIF(PJ"‘(’{G_Z))GJ) (k=)

P ]
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[ ¢
& 1 T(0, + (s —p)Dy) (e —p)|
X2 — 3 (k= platp] | T Dhry feor
w=p Q T1T(p, + (5~ p)C)) (v —p)!

>0.

This inequality (3.7) must hold for all values of z in . Upon choosing the values of
z on the positive real axis, where 0 < |z| =r < 1, (3.7) reduces to

s ¢
. fl (0, + (5 — p)D,)(x — p)
p-8)— Y [(s—pa+p |=—j7 s p)*fp || 77
i Q1T+ (-pey) | )
=1
5 ] ¢
s [1 (o, + (k — p)D,) (r — p)!
= +D)w— _
~ S [k —p)a+p | (T(K_p>),p|1/kv|rp k>0
nep Q 31;11 L(p, + (k —p)€)) pr
Letting » — —1 through real values, it follows that
(3.8)
p ¢
50 [1 I(o; + (k= p)D,) (ks — p)!
= +D)k—
(p—B)— > [(k—pa+p |=—F u _p) el
pil Q TID(p, + (5 — p)C)) (k—p)!
=1
5 j ¢
s [1 (o) + (k= p)D,)(x — p)!
= + )
~ Sl —pa+yp |F—j (T( _p)),p|uﬁ|zo.
r=p Q r[lr(;)]Jr (k—p)€) R=pr
=
Thus, (3.8) yields (3.2). This completes the proof. O

The following theorem considers the growth bounds for the function ¢ that belongs
to Nj{;f(@» [UJS/)J])-

Theorem 3.3. Let ¢ € Nﬂ-(g(a, lo,:p)]) and r = |z| < 1. Then

n l
PRI b -4

o e ey | r i+
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and
n l
0 1:[ F(pﬂ + GJ) 1— .
()] 2 (1 ) 7 — | L
1;[1 I'(o,+ D)) b P

Proof. Let ¢ € N.‘J-Cf (o, [0,5p,]). By taking the modulus value of ¢ and using Theo-
rem 3.2, we have

P <+ D™+ S (el + ) 77

k=p+1

<A r? P Y (el + [val)
r=p+1

n l

yo+l Q I;IIF(PJ—FGJ)

J

<1+ [wp)) P + [+ p](T+ph ]é[ [(o, +D,)

1=1
s ¢
0 H1F(0J+®J)
x| Y le+pl(T+ph | ([u] + [v])
k=p+1 Q ]];[ I'(p, +C,
¢
yptl Q ]le(pﬂ +€) i
<(L+ [p)) r? + - ( [(k = p)a+ p
’ [a +p)(7 + )1 J]i[lf‘(oj o) |\
s ¢
[1 (o, + (k—p)D,)(rk — p)
% g=1 ; J (T—Fp)nTp <‘ /{""’VHD
QT+ k-pe) | 2
=
. ¢
Q I'(p,+C
SR DL B I L .
< p ﬁF(Jj—l-@]) [+ pl(T + ph
1=1
Also,
e >0+ 1)) 1P = D0 (sl + ) 7"
Kk=p+1

e}

(14wl " = 30 (sl + [wsl) 77

rk=p+1
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U
rp+l Q 31:[1 I'(p, +C)) 00
>(1+[p|)r? i > la+pl(r+ph
[ +pl(7+ph T Do, +D,) |\
5 ¢
{1 T(0, +D)
X | (| + )
Q H1 I'(p, + €,
=
¢
yptl Q Jljl F(P] + GJ) oo
>(1+ [1p]) r? - > lk—pla+p)
[ +p(7+ph T Do, +D,) |\t
5 ¢
[ TG0, + (=)D =] (L,
‘| P (] + )
@ 1L T(p, + (5 = p)€)) '
=
" ¢
Q I D(p,+C
R R N
>(14 |v|)r 5 P
I[1I'(o,+ D)) at (4 ph
1=1
This completes the proof of Theorem 3.3. 0J

The next theorem determines the extreme points of convex hulls of Nf)-(f) (e, [o):p,])
denoted by coNfHS(a, (7,5 0,])-

Theorem 3.4. A function ¢ € @N}Cg(a, l0,:p,]) if and only if

o) = 3 (Xehul2) + Yign(2)),

K=p

h’P(’Z) :Zpa

(o) o | TS D8

{1 Do, + (5~ p)D)(s — pt | (7P H R E D)y

Y

k=p+1Lp+2,...,
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Ui

o fire+e-ne) |,
| L

J=1

K —p)a+pl(T+D)p

gn(z) =P _

Y

)

H1F<UJ + (k=p)D,)(k —
]:
:p7p+17“'7

> (Xe+Y,) =1, X, >0and Y, >0.

K=p

Proof. For a function ¢ of the form (3.9), we acquire

o

0(2) =3 (Xuhi(2) + Yigu(2))

K=p

:Xp hp + Z thn<z) + Z Yngn(z)

K=p+1 K=p

=X, 2"+ > X2

Kk=p+1

. ¢
Q11 T(p, + (k= p)C)) (k—p) (p— B)
ol [

K —p)a+pl(T+p)ayp

J=1

-y

r=p+1

X, 2"

jﬁl (o, + (k= p)D,)(k —

I R

K=p

ﬁrmy< — p)D,) (ki —

=8 .
(S "

:i (X.+Y) 2P

QT+ —-pe) |
p)!

B i @ 1 T(py + (= p)C) -Do-8) .,
S| [ Tlo, + (= D) pt | (7P RITEhe

B i Q jl;[lr(/)j + (k5 — p)ej) (k=) (p— B) -
T L0, + 5 —pD) (s —p | (7P PATH ey
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o0

S

K=p+1

(k—p)(p—B)
K —p)a+pl(T+D)p

5 X, 2"

11 (0, + (5= p)D )~ p

2 11 T(oy + (5~ 1)) 5 — )l (p— B)

lé[ F(UJ + (K _p)DJ>(/€ p)!] [(k —p)a+pl(7 +p)f’rp

o 110+ -ne) |
W

Y, zZ".

Therefore, in view of Theorem 3.2, we gain

11 T(o, + (5 — p)D,) (s — p)!

J=1

Q 11 Tp, + (5~ p)C)

oo

S [(k—p)a+p)

k=p+1

(T+P)ep
(k —p)!

(k=p)(p—B)
K —p)a+pl(T +p)ayp

6 )(K
[1 (o, + (k—p)D))(k —p

J=1

0 1T+ -ne) |
W

11 T(o, + (5 — p)D,) (s — p)!

J=1

Q]§F@f+w—pmﬂ

o0

+ > [(k —p)a+7]

k=p

(T +P)ep
(kK —p)!

(k=p)(p—B)
K —p)a+pl(T +p)ayp

K

{1 Do, + (5 — p)D,)(k — p

J=1

0 1T+ -ne) |
W

o0

<p-5) <z<xﬁ+n>—xp) —p-A-X)<p— b

K=p

Therefore, ¢ € @Nﬂfﬁ(a, (0,5 05])-
Conversely, suppose that ¢ € @Nﬂ-ﬁﬁ (a, [0 p5]). Set

11700, + (= p)D))(x p)!] -

Kol ety o)

Q jli F(p] + (5 — p)ej)

k=p+1,p+2, ...,
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and
{1 Do, + (5 — p)D,)(x — p)! ¢
Y, =[(k — p)a+p] | =

(T +P)sp ],
Qjﬁlr(pﬁ(ﬁ_p)e]) (k=)' (0= B)

k=p,p+1,p+2 ...
On the basis of Theorem 3.2, we note that 0 < X, < 1,k =p+ 1,p+2,... and
0<Y. <L k=pp+Lp+2. ... Let X, =1-— Kp+1X+Z;’°,Yandnote
that by Theorem 3.2, X, > 0. Consequently, ©(2) = o, (Xehe(2) + Yega(2)) is
obtained as required. O

Using convolution principle, we show the subclass Nf}fg(a, [0, p,]) is closed under
convolution.

Theorem 3.5. For0 < A< g <p,lety € Nﬂ-fg(oz, [0,:p]) and F € Nﬂ{;‘(a, (0,5 0,])-

Then p x F € Nf}ff,(oz, [0 ;) C NFH (e, [0; p,]).

Proof Utilizing definition of convolution, let the harmonic function p(z) = 27 —
it [ 2 = 2000 (Ve |27 and F(z) = 2P = 3202 ) |Agl2® = 3202 [ Be[Z". Then, the

convolution of ¢ and J is

(90*? Z |MHA |Z —Z|V,§B |Z
rk=p+1

For F € Nﬂ{;}(a, [0,:p]), by Theorem 3.2, we conclude that |A,| < 1 and |B,| < 1.
Now for the convolution ¢ * F, we gain

5 l
i [(k — p)a + p| ]I;[1F(03+(m—p)®])(ﬁ—p)! (T—i_p)n—p 4,
K=p+1 (p—o) Q f[ll“(p]—i—(ﬁ—p)ej) (k=p)! "
5 y4
+Z a+p] jgll“(aﬁr(ff—p)D)(ff—p)! (T+p),€p| 1B,
¢ @ ﬁ1r<py+(”v—]9)€y) (k= p)! "
5 4
i [(k — p)a + p| ]1;[1F<OJ+(/€_p)DJ)(K_p)! (T—'—p),‘{/—p o
" eptl (p—B) 0 IZIIF(PJ"‘("@—P)GJ) (K —p)!
5 Y4
p)a Ulr(aj + (k= p)D,)(k — p)! -
+Z +p] | = (T+D)n —p Iv,| <

= B e I+ (-pey) | )
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since 0 < A< <pand g€ Nﬂ-fg(oz, [0, p,]). Therefore, p x F € Nf}(g(a, lo,:p,]) C
Nf]'fg‘(oz, (053 p,))- O

In this theorem, we show that Nﬂg (e, [04; p,]) is closed under convex combination
of its members. Let the functions ¢, be defined, for v+ =1,2,..., by

(3.10) 0, (2) = 2P + Z | (i 2" — Z M
r=p+1 KR=p

Theorem 3.6. Let the functions ¢, given by (3.10) be in Nf]{g(oz, [0,:p,]) for every
1=1,2,... Then, the function 6 defined by

(3.11) 0(z) =) cuwl(z), 0<c <1,
1=1

is also in the subclass Nﬂff(a, [0, p5]), where 3270, ¢, = 1.
Proof. According to the definition of 0, we can write

@) =+ 3 (Sl )= 5 (e )2

rk=p+1 \1=1 K=p \1=1

Then, by Theorem 3.2, we have

s ¢
§ ln—pasy) (LT ORI iy, (Sl
w1 =0) 0 ﬁlr(ijr(H_p)@J) (k=p)! \&Z "

5 ¢
o K — k—p)!
5 h—pa+p |LT O E=pD)E=pt <ic|y |>
= =0 0 ﬁlr(p]_|_(,{_p)e]) (k=—p! \S """
5 | £
:icz i [(k — p)a + p| jl;llr(aj—i‘(/ﬁ—p)@])(/ﬁ—p)- (T + D)y s
=1 k=p+1 (p_ﬁ) 0 lill F(p]+(/€—p)€]) (/{—p)! )
5 ¢
o K — Kk —p)!
+§O: (5 = pa+p] | T+ (5 =p)Dy)(s = p) (T
S =D e+ k-pey | PP

oo
SZCZ =1.
1=1
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Hence, the proof is completed. O

Finally, we discuss a closure property of subclass Nﬂf?(a, (0,5 p,]) under the gener-
alized Bernardi-Libera-Livingston integral operator  which is given as (see [9]):

F(z) = (A;p) /0 TP o()dt, A > —p.

Theorem 3.7. Let ¢ € Nﬂ{g(a, l0,:p,]). Then F € Nﬂg(a, [0, p,])-
Proof. Let

Z || 2" —sz

K=p+1

From the representation of JF, it follows that

A+p (7 —
3z =2 [ 1{¢>(z)—|—¢(z)}dt
)HrP{/ A1 (tp Z |H/H|t:‘i) / -1 <Z|Vﬁ|t“>dt}
Kk=p+1 K=p
Z Az — ZB z"
k=p+1
where
A+p [ A+p
A, = <A+ )|,u,£] and B, = (A—l—/{) |V .
Therefore, since ¢ € Nf]{p(a, 7,5 0515
s ¢
o [T, + (k—p)D,)(k —p)!
> [(k—pa+pl | = AR S </\+p> ||
k=p+1 Q ]ﬂ[lr(p]-i-(li—p)e]) (=p)! AdR
=
5 ¢

{1 T, + (= p)D,) (5~ p)!

—l—z K—p)a+p|

Qﬁlf‘(pﬂr(ff—p)(i’j) (k=p)! \A+r
é ¢
o0 [1 T(o,+ (k —p)D,)(k — p)! 7'
< Y lk=pa+p]|=—F (TP,

e Q1T+ w-pe) | )
=1
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s ¢
s [1T(0;+ (k = p)D,)(r — p)!
-1 T+ DP)k—
E3 (e pa ] |y CiDer iy <p-s.
= Q 11 T(p,+ (5 = p)€)) br
j:
By considering Theorem 3.2, we yield F(z) € Nﬂfg(a, 7,5 0,])- d

4. CONCLUSION

In this paper, we have introduced a new generalized Noor-type integral operator

Z:g[a]; p,] on the class of harmonic p—valent functions Correlating with FWGH-

functions in the unit disc . A certain subclass including this new operator is studied.
In addition, some outcomes are obtained by involving coefficient condition and by
showing this significance condition for negative coefficient, growth bounds, extreme
points, convolution property, convex linear combination and a class-preserving integral
operator.
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PERFECT NILPOTENT GRAPHS
M. J. NIKMEHR! AND A. AZADI!

ABSTRACT. Let R be a commutative ring with identity. The nilpotent graph of R,
denoted by I'y(R), is a graph with vertex set Zx(R)*, and two vertices x and y
are adjacent if and only if xy is nilpotent, where Zn(R) = { € R | zy is nilpotent,
for some y € R*}. A perfect graph is a graph in which the chromatic number of
every induced subgraph equals the size of the largest clique of that subgraph. In this
paper, we characterize all rings whose T'; (R) is perfect. In addition, it is shown that
for a ring R, if R is Artinian, then w(I'y(R)) = x(T'n(R)) = INil(R)*| + |Max(R)|.

1. INTRODUCTION

The theory of graphs associated with rings was started by Beck [4] in 1981 and has
grown a lot since then. Anderson and Livingston [2] modified Beck’s definition and
introduced the notion of zero-divisor graph. Surely, this is the most important graph
associated with a ring and not only zero-divisor graphs but also various generalizations
of it have attracted many researchers, see for instance [9,11] and [10]. The zero-divisor
graph of a ring R, denoted by I'(R), is a graph with the vertex set Z(R)* and two
distinct vertices x and y are joined by an edge if and only if zy = 0, where Z(R)
is set of zero-divisors of R. In [6], Chen defined a kind of graph structure of rings.
He let all the elements of ring R be the vertices of the graph and two vertices x
and y are adjacent if and only if xy is nilpotent. However, in 2010, Li and Li [10]
modified and studied the nilpotent graph T'y(R) of R is a graph with vertex set
Zn(R)*, and two vertices x and y are adjacent if and only if xy is nilpotent, where
Zn(R) = {z € R | xy is nilpotent, for some y € R*}. Note that the usual zero-divisor
graph I'(R) is a subgraph of the graph I'y(R). B. Smith determine all values of n
for which zero-divisor graph of Z, is perfect [13]. Also, Patil et al. [12] characterize
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various algebraic and order structures whose zero-divisor graphs are perfect graph.
Therefore, this paper is devoted to study the perfect of a super graph of zero-divisor
graphs. First let us recall some necessary notation and terminology from ring theory
and graph theory.

Throughout this paper, all rings are assumed to be commutative with identity. We
denote by Z(R), U(R), Max(R) and Nil(R), the set of all zero-divisors, the set of
all unit elements of R, the set of all maximal ideals of R and the set of all nilpotent
elements of R, respectively. For a subset A of a ring R, we let A* = A\ {0}. The
ring R is said to be reduced if it has no non-zero nilpotent element. Some more
definitions about commutative rings can be find in [3,5,15].

We use the standard terminology of graphs following [7,14]. Let G = (V, E) be a
graph, where V' = V(G) is the set of vertices and F = E(G) is the set of edges. By
G, we mean the complement graph of G. We write u — v, to denote an edge with
ends u,v. A graph H = (Vj, Ey) is called a subgraph of G if Vj C V and Ey C E.
Moreover, H is called an induced subgraph by Vy, denoted by G[Vy], if Vy C V and
Ey = {u,v € Elu,v € Vp}. Also G is called a null graph if it has no edge. A complete
graph of n vertices is denoted by K,. An n-partite graph is one whose vertex set can
be partitioned into n subsets, so that no edge has both ends in any one subset. A
complete n-partite graph is one in which each vertex is jointed to every vertex that is
not in the same subset. A clique of G is a maximal complete subgraph of G and the
number of vertices in the largest clique of G, denoted by w(G), is called the clique
number of G. For a graph G, let x(G) denote the chromatic number of G, i.e., the
minimal number of colors which can be assigned to the vertices of G in such a way
that every two adjacent vertices have different colors. Note that for every graph G,
w(G) < x(G). A graph G is said to be weakly perfect if w(G) = x(G). A perfect graph
G is a graph in which the chromatic number of every induced subgraph equals the
size of the largest clique of that subgraph.

Using the Strong Perfect Graph Theorem, in Section 2 we completely determine
all Artinian rings for which the nilpotent graph of R is perfect, leading to our main
theorem. In Section 3 for an Artinian ring R, it is shown that the graph I'y(R) is
weakly perfect. Moreover, the exact value of the x(I'v(R)) is given.

2. ON PERFECT GRAPH

We start with some properties of the nilpotent elements of a ring. The following
remark is useful in our proofs.

Remark 2.1. ([10, Remark 2, 3]). Let R be a non-reduced ring. Then the following
statements hold.

(1) For every x € Nil(R)*, x is adjacent to all non-zero elements of R and so
(2) T'y(R)[Nil(R)*] is a (induced) complete subgraph of I'y(R).

To prove our main results we need the following celebrate theorem.
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Theorem 2.1 (The Strong Perfect Graph Theorem [7]). A graph G is perfect if and
only if neither G nor G contains an induced odd cycle of length at least 5.

The following result, which is proved in [1, Corollary 2.2], will be helpful in our
main results and used frequently in the sequel.

Corollary 2.1. Let G be a graph and {Vy,Va} be a partition of V(G). If G[V;] is a
complete graph, for every 1 <i < 2, then G is a perfect graph.

The following lemmas have a key role in this paper.

Lemma 2.1. Let n be a positive integer and R = R; X Ry X --- X R,,, where R; is a
ring, for every 1 <i <n. IfT'y(R) contains no induced odd cycle of length at least 5,
then n < 4.

Proof. Suppose that n > 5. Then we can easily get
(1,0,0,1,0,0,...,0)—(0,1,0,0,1,0,...,0) — (1,0,1,0,0,0,...,0)
-(0,0,0,1,1,0,...,0) - (0,1,1,0,0,0,...,0) — (1,0,0,1,0,0,...,0)

is a cycle of length 5. Thus, Theorem 2.1 lead to a contradiction. So, n < 4. U

Before proving first main result of this paper, we bring the following remark, which
shows that Artinian rings share the following nice property.

Remark 2.2. Let R = Ry X -+- X Ry, a = (x1,%9,...,2,) and b = (Y1,Y2, -+, Yn),
where n is a positive integer, every R; is an Artinian local ring and x;,vy; € R; for
every 1 <4 <n. Then

(1) a is adjacent to b in I'y(R) if and only if z;y; € Nil(R;) for all 1 <i < mn;

(2) ais not adjacent to b in I'y(R) if and only if z;y; € U(R;) for some 1 < j <m;
(3) a is adjacent to b in I'y(R) if and only if x;3; € U(R;) for some 1 < i < n;

(4) a is not adjacent to b in I'y(R) if and only if z;y; € Nil(R;) for all 1 < j < n.

By using a similar way as used in the proof of [1, Lemma 2.3], one can prove the
following result.

Lemma 2.2. Let Si, Sy, S3, Sy be rings such that S7 = Ry, So = Ry X Ry, S3 =
Ri X Rox Rz and Sy = Ry X Ry X R3 X Ry, where R; is a ring for every 1 <1i < 4. Then,
if Un(Sy4) is a perfect graph, then I'n(Ss), I'n(S2) and I'n(S1) are perfect graphs.

We are now in a position to state our first main result in this section.

Theorem 2.2. Let R be a non-reduced Artinian ring. Then I'n(R) is a perfect graph
if and only if [Max(R)| < 4.

Proof. For one direction assume that [Max(R)| < 4. This together with 3, Theorem
8.7] implies that there exists a positive integer n such that R = Ry x --- x R,,, where
R; is an Artinian local ring, for every 1 < ¢ < n and n < 4. By Theorem 2.1, it is
enough to show that I'y(R) and I'y(R) contains no induced odd cycle of length at
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least 5. By Lemma 2.2, we need to prove the case n = 4. Solet R = Ry X Ry X R3 X Ry,
where R; is an Artinian local ring. We have the following two claims.

Claim 1. I'y(R) contains no induced odd cycle of length at least 5. Note that
if R is an Artinian non-reduced ring, then Zy(R) = R = U(R) U Z(R), where
U(R) = U(Ry) x --- x U(Ry4). We consider the following partition for non-zero
zero-divisors of R:

A = {{(z1, 29,13, 74) | 7; € Nil(R;) for all i}\{(0,0,0,0)}},
B = {(z1, %, 3, 24) | for some i, z; & Nil(R;)}.

Thus ANB =2, ANU(R) =2,BNU(R) = & and V(I'y(R)) = AUBUU(R).

Also we consider the following partition for B:

By ={(z,y,z,w) € B|x € U(R)},

By ={(z,y,2z,w) € B|x € Nil(Ry) and y € U(Ry)},

Bs ={(z,y,2,w) € B|x € Nil(R,), y € Nil(R,) and z € U(R3)},

By ={(z,y,2z,w) € B|x € Nil(Ry), y € Nil(Ry), z € Nil(R3) and w € U(Ry)}.

It is easy to see that B = U} B; and B; N B; = @ for every i # j. The elements of
V(I'n(R)) have form a; = (x;, y;, z;, w;), where z; € Ry, y; € R, 2; € Ry and w; € Ry
for each 7 € N. Now, assume to the contrary that a; —as — - - - —a,, — ay is an induced
odd cycle of length at least 5 in I'y(R). We have the following cases.

Case 1. {ay,...,a,} NU(R) = &. Assume to the contrary and with no loss of
generality that a1 = (x1,y1,21,w1) € U(R). Then ay and a, must be in Nil(R)*.
Therefore, a,, is adjacent to as, which is a contradiction.

Case 2. {ay,...,a,} N A = &. Let a; € {ay,...,a,} N A, for some 1 < i < n.
Then by Remark 2.1, a; is adjacent to all other vertices, a contradiction. Thus,
{al,...,an}ﬂA:@.

Case 3. {ay,...,a,} N By = &. To show this, for a contradiction assume that
a; = (z1,y1, 21, w1) € By. Since ay and a,, are adjacent to a; and

ay € Nll(Rl) X NII(RQ) X Nll(Rg) X U(R4),

we see that the fourth components of a; and a, must be in Nil(Ry). Now since
x3%1,y1ys and 2123 are nilpotent elements and ag is not adjacent to aq, by Part (2) of
Remark 2.2, we conclude that the fourth component of a3 must be in U(Ry). This
together with the fact that a4 is adjacent to az imply that the fourth component of
a4 is nilpotent element and so aga; € Nil(R). Therefore, a4 is adjacent to a;, which
is a contradiction. So the assertion is proved.

Case 4. {aj,...,a,} N By = @. Assume to the contrary and with no loss of
generality, a; = (z1,y1, 21, w1) € By. It is easy to see that for every 1 <i < 4, there
is no edge between any two vertices of B;. This together with the above cases imply
that a,, and ay are in By U Bs. We distinguish the following three subcases.
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Subcase 4.1. {a,, a2} C B;. In this case, we have
{an,aQ} C Nll(Rl) X Nll(R2> X U(Rg) X Ry.

Then the third components of a; and az must be in Nil(R3). Also, since a, is not

adjacent to ag, by Part (2) of Remark 2.2, the fourth components of a,, and a3 must
be in U(Ry). This yields

a; €U(Ry) X Ry x Nil(R3) x Ry,
az €ER; x Ry x Nil(R3) x U(Ry),
ay €Nil(R;) x Nil(Rz) x U(R3) x U(Ry).
Then the fourth components of a; and as must be in Nil(R,). Hence, we find that
a; €U(R;) X Ry x Nil(R3) x Nil(Ry),
as ENil(Ry) x Nil(Ry) x U(R3) x Nil(Ry).

Now, since ay is not adjacent to a4, the third components of a4 must be in U(R3).
This implies that a4 is not adjacent to a, and so n > 7. It is easy to see that the
third component of a; must be in Nil(R3) and so asas € Nil(R). This implies that
as — as, a contradiction. So, in this case the assertion is proved.

Subcase 4.2. {a,, a2} C By. By a similar way as used in Subcase (4.1), we get a
contradiction.

Subcase 4.3. a, € By and ay € Bs. By a similar way as used in Subcase (4.1), we
get a contradiction. Thus {ay,...,a,} N B = @.

By the above cases, {ai,...,a,} € By U Bj, but this is contradicts the fact
I'n(R)[B2 U Bs] is a bipartite graph, and thus, I'y(R) contains no induced odd cycle
of length at least 5.

In Claim 2, U(R), A, B and B; are sets that mentioned in Claim 1.

Claim 2. I'y(R) contains no induced odd cycle of length at least 5. We show
that I'y(R) contains no induced odd cycle at least 5. Assume to the contrary that

ay—az — - —0ap — a1

is an induced odd cycle of length at least 5 in I'y(R). It is clear that I'y(R)[A] is a
null graph and so {ay,...,a,} N A= @. Also, we show that

{ai,...,a,} NU(R) = .

Assume to the contrary and with no loss of generality that a; € U(R). Obviously,
ay is just adjacent to all of vertices of Zy(R) \ Nil(R). This together with the fact
that {ai,...,a,} C Zy(R) \ Nil(R) imply that a; is adjacent to all other vertices, a
contradiction. Thus {as,...,a,} NU(R) = &. We claim that

{ai,...;a,} N By = 2.

Indeed, if not, there would exist an a; € Bs. Without loss of generality, we may assume
that a; = (1,41, 21, w1) € By. Then ay € Nil(R;) x Nil(Rs) x Nil(R3) x U(Ry). This
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together with Part (3) of Remark 2.2 implies that the forth components of ay and a,
must be in U(R,) and so we have

a, € Ry X Ry x Ry x U(Ry),

ag € Ry X Ry X R3 X U(R4)

It is easy to see that ay is adjacent to a,, a contradiction, and so,
{a1,...,an}ﬂB4 = .

Finally to complete the proof, we prove that {ai,...,a,} N By = @. To get a
contradiction, let a; = (x1,y1, 21, w;) € Bs. Then

a) € Nll(Rl) X Nll(Rg) X U(Rg) X Ry.

Since a; — a,, a; — as and as is not adjacent to a,, we consider the following two
cases.

Case 1.

ay ENII(Rl) X NII(RQ) X U(Rg) X U(R4),
as €R1 X R2 X U(Rg) X NII(R4),
a, ER; X Ry x Nil(R3) x U(Ry).

Since ag is not adjacent to ap, the third and the fourth components a3 must be
nilpotent. On the other hand, a3 is adjacent to ay. This implies that z3z, € U(R;)
or oy3 € U(Ry).

First suppose that z3zs € U(R;). Now, we know that

as EU(R1> X RQ X Nll(Rg) X Nll(R4),
as EU(Rl) X Ry X U(Rg) X NII(R4)
This together with that az is adjacent to a4 implies that z3z4 € U(Ry) or y3ys € U(Ry).
If x3z4 € U(R;), then we have xoxy € U(R;). Therefore, a4 is adjacent to ag, which
is a contradiction. Thus, we conclude that ys3ys € U(Ry). This yields
as GU(Rl) X U(Rg) X NII(R3) X Nll(R4),
Qy ENII(Rl) X U(Rz) X Rs X Ry.

Since a4 is not adjacent to a;, we have
ay € Nll(Rl) X U(Rg) X Nll(Rg) X NII(R4)

Thus a4 is not adjacent to a, and so n > 7. On the other hand, since as — as,
the second components of as; must be unit and so as is adjacent to ao, which is a
contradiction.

So, suppose that ysys € U(Rs). Similarly, we get a contradiction. Thus in this case
the assertion is proved.
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Case 2.
ai GNll(Rl) X Nll(Rg) X U(R3) X U(R4),
a9 GRl X RQ X Nll(Rg) X U(R4),
a, €ER; X Ry x U(R3) x Nil(Ry).
By similar argument that of Case 1, we get a contradiction.

This means that {aj,...,a,} C By U By. Clearly, I'n(R)[Bi], In(R)[Bs] are
complete, and thus by Corollary 2.1, I'y(R)[B1UBs] is a perfect graph, a contradiction.
Hence I'y(R) contain no induced odd cycle of length at least 5. Therefore, by Claim
1, Claim 2 and Theorem 2.1, I'y(R) is a perfect graph.

For the other direction, since R = Ry X - -- X R,,, where R; is an Artinian local ring,
for every 1 < i < n, then by Theorem 2.1 and Lemma 2.1, n < 4, as desired. [l

3. THE NILPOTENT GRAPH OF AN ARTINIAN RING IS WEAKLY PERFECT

The main goal of this section is to study the coloring of the nilpotent graphs of
Artinian rings. For an Artinian ring R, it is shown that the graph I'y(R) is weakly
perfect. Moreover, the exact value of the x(I'y(R)) is given.

Theorem 3.1. Let R be an Artinian ring. Then
w(ln(R)) = x(Un(R)) = INil(R)*[ + [Max(R)|.
Proof. First let R be an Artinian local ring. One may easily check that V(I'y(R)) =
Nil(R) UU(R) and so {Nil(R),U(R)} is a partition of V(I'y(R)). By Remark 2.1, we
have I'y(R)[Nil(R)*] is a complete subgraph of I'y(R) and every vertex z € Nil(R)* is
adjacent to all other vertices. This together with this fact that there is no adjacency
between two vertices of U(R) imply that I'y(R) = I'nv(R)[Nil(R)*] V I'y(R)[U(R)]
and so
w(ln(R)) =x(Tn(R)) = w(Un(R)Nil(R)]) + w(Un(R)[U(R)]) = [Nil(R)*| + 1.

Now, let R be an Artinian non-local ring. By [3, Theorem 8.7], one can deduce that
there exists a positive integer n such that R = R; X - -+ X R,,, where R; is an Artinian
local ring, for every 1 < ¢ < n. We put:

A={{(z1,...,2,) | x; € NIl(R;) forall 1 <i <n}\{(0,0,0,0)}},

B ={(x1,...,x,) | for some i, z; & Nil(R;)},

U(R) ={(x1,...,2,) | z; € UR;) for all 1 <i < n}.
One may easily check that V(I'y(R)) = AUBUU(R), ANB =2, ANU(R) =

@, BNU(R) = @ and so {A, B,U(R)} is a partition of V(I'y(R)). It is clear that

I'n(R)[U(R)] = Kjur) and there is no adjacency between two vertices of B and U(R).
To complete the proof, we prove that

In(R)[AU B] =I'n(R)[A] v In(R)[B],
In(R)AUU(R)] =I'n(R)[A] V I'n(R)[U(R)],
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where I'y(R)[A] is a complete subgraph of I'y(R) and I'y(R)[B] is an n-partite
subgraph of I'y(R), which is not an (n — 1)-partite subgraph of I'y(R). To see this,
by Part (1) of Remark 2.1, we have I'y(R)[A] is a complete subgraph of I'y(R) and
every vertex x € A is adjacent to all other vertices.

Now, for every 1 <i <mn,let B; = {(x1,...,2,) € B | z; € U(R;) and z; € Nil(R;)
for every 1 < j < i}. It is easy to see that for every 1 < i < n, there is no
adjacency between two vertices of B;. This together with this fact that the set
{(1,0,0,...,0),(0,1,0,...,0),...,(0,0,0,...,1)} is a clique of I'y(R)[B] imply that
I'y(R)[B] is an n-partite subgraph of I'y(R), which is not an (n — 1)-partite subgraph
of I'y(R). Therefore,

I'nv(R)[AU B] =I'n(R)[A] V I'v(R)[B],
Iy(R)[AUU(R)] =I'n(R)[A] VN (R)[U(R)]

and so
w(I'n(R)) = x(I'n(R)) = w(Tn(R)[A]) + w(T'n(R)[B]) = [Nil(R)*| + [Max(R)]
and the proof is complete. 0]

We close this paper with the following result.

Theorem 3.2. Let R be a non-reduced ring. Then the following statements are
equivalent:

(1) w(U'n(R)) = 2;

(2) X(Tw(R)) = 2; o

(3) either 'n(R) = K2 or I'y(R) = K V K.

Proof. (3) = (1),(2) are clear. (2) = (3) is obtained by similar argument to that
proof of (1) = (3). (1) = (3) is only thing to prove.

(1) = (3). Suppose that w(I'y(R)) = 2. First we show that |[Nil(R)*| = 1. To see
this, consider A = {a,b, c} where a,b € Nil(R)* and ¢ € U(R). Then the subgraph
induced by A is isomorphic to K3, a contradiction. Thus, |Nil(R)*| = 1.

Now, we have two following cases.

Case 1. Z(R) = Nil(R). Since |Z(R)*| =1 < oo, R is an Artinian (indeed R is
finite). By [3, Theorem 8.7] there exists a positive integer n such that R = Ry x---X R,
where each R;, 1 < i < n, is an Artinian local ring. If n > 2, then Z(R)* > 2, a
contradiction. So we may assume that R is an Artinian local ring. This, together [8,
Example 1.5], implies that R = Z, or f;—[fi and so 'y (R) = K ».

Case 2. Z(R) # Nil(R). Since w(I'y(R)) = 2 and by Remark 2.1, every x €
Nil(R)*, z is adjacent to all non-zero elements of R, we have only to show that
|Z(R)| = co. To get a contradiction, let |Z(R)| < co. Then by [3, Theorem 8.7], we
may write R = Ry X --- X R,, where R; is an Artinian local ring, for every 1 <7 < n.
Since Z(R) # Nil(R), we have n > 2. Also, since R is non-reduced, without loss
of generality, we can suppose that a € Nil(R;)*. Consider ¢ = {z,y, 2}, where
x = (a,0,...,0),y = (1,0,...,0),z = (0,1,0,...,0). Then the subgraph induced
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by ¢ in I'y(R) is isomorphic to K3, a contradiction. Thus, |Z(R)| = oo and so
I'n(R) = K, V K., and the proof is complete. O
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OSCILLATION CRITERIA FOR SECOND ORDER IMPULSIVE
DELAY DYNAMIC EQUATIONS ON TIME SCALE

GOKULA NANDA CHHATRIA!

ABSTRACT. In this work, we study the oscillation of a kind of second order impulsive
delay dynamic equations on time scale by using impulsive inequality and Riccati
transformation technique. Some examples are given to illustrate our main results.

1. INTRODUCTION

Consider a class of second order impulsive nonlinear dynamic equations of the form:

[r(@®) (2 (#)]> + qt)z(o(t) —6) =0, t€Jp:=[0,00)NT, t#7, t>tg,
(B) y2(r7) = My(x(m2),  22(1f) = Ni(a®(m)), R eEN,
o(td) =mo, 22t) =25, to— 9 <t <ty

under the following hypotheses.

(A1) v > 1 is the quotient of odd positive integers, T is an unbouned above time
scale with 0 € T and 7, € T satisfying the properties 0 <tp < < < --- <
Thy 1Myy00 T = 00,

() = hli%l+ (re +h), 22(r) = hli>r(1)1+ (13, + h),

which represent the right limit of x(¢) at t = 75 in the sense of time scale. If
7}, is right scattered, then x(7) = x(7,), 22 (7") = 22 (7). Similarly, we can
define z(7;,), z2(73,).

(Ay) 6 Ry, o(t) =0 €T, r(t) >0, q(t) € Cra(T, [to, o0)1).
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(As) Mg, Ny : R — R are continuous functions, My (0) = 0 = N, (0) and there exist
numbers ay, aj, by, by such that aj < Milw) < ag, by < N’“T(“) < bg, u # 0,

k € N. h

In this work, our objective is to extend the work of [15] to the second order impulsive
delay dynamic equations (E). About the time scale concept and fundamentals of time
scale calculus we refer the monographs [6] and [7].

Oscillation theory of impulsive differential /difference equation has brought the
attention of many researchers, as it provides a more adequate mathematical model
for numerous process and phenomena studied in physics, biology, engineering and to
mention a few. In the literature, most of the results obtained for difference equations
is the continuous analogues of differential equations and vice versa. Hence it was an
immediate question to find a way for which one can unify the qualitative properties of
both equations. In 1988 Stefen Hilger introduced the concept of time scales calculus,
which unify the continuous and discrete calculus in his Ph.D. thesis [12]. The study of
impulsive dynamic equations on time scales has been initiated by Benchora et al. [4].

In [15], Huang has considered the second order impulsive dynamic equation of the
form

[rO A2 + f(ty7 (1) =0, teTp:=[0,00)NT, t £, t>to,
n) =gkW(m), ¥ (n)) = h(y®(m)), keN,

and improved the results of [13] and [14].

To the best of the author’s knowledge, there is no such results for the impulsive delay
dynamic equations on time scales. Hence, in this work an attempt is made to study
the impulsive dynamic equations (E) and from which we can find the corresponding
results for impulsive differential /difference equation. In this direction, we refer the
reader to some works ([2], [13]-[19]) and the references cited there in.

AC'={z : Jr — R is i-times A-differentiable, whose ith delta derivative A" s
absolutely continuous}, PC' = {z : Jt — R is rd-continuous at the points 74, k € N for
which z(7;,), z(7;"), 2 (1) and z2(7;") exist, with z(7, )=x (1), 22 (75, )=2"(73) }.

Definition 1.1. A solution of z(¢) of (£) is said to be regular if it is defined on some
half line [7,, 00)r C [to,00)r and sup{|z(t)| : t > t,} > 0. A regular solution x(t) of
(E) is said to be eventually positive (eventually negative), if there exists t; > 0 such
that z(t) > 0 (z(¢) < 0) for t > ¢t;.

Definition 1.2. A function z(t) € PCNAC?*(Jr \ {1, 72, ... },R) is called a solution
of (F) if:
(I) it satisfies (E) a.e. on Jr \ {7}, k € N;
(I) for t = 7, k € N, (t) satisfies (E);
(I11) for any t € [to — d,to), 2(t) = &(t), z(t) = zo, 22 (t]) = 5.
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Definition 1.3. A nontrivial solution z(¢) of (E) is said to be nonoscillatory, if there
exists a point o > 0 such that x(¢) has a constant sign for ¢ > ¢y. Otherwise, the
solution x(t) is said to be oscillatory.

For completeness in the paper, we give the time scale concept and some fundamen-
tals of time scale calculus in Section 4.

2. BAasic LEMMAS

We need the time scale version of the following well known results for our use in
the sequel.
Lemma 2.1 ([1]). Lety, f € Crq and p € R. Then y>(t) < p(t)y(t) + f(t), implies
that for allt € T

o(0) < ylto)eyltita) + [ eplta(s) F(5)0s.

Lemma 2.2 ([15]). Assume that

(i) me PCNAC*(Jr \ {m.},R);
(17) for k € N and t > ty, we have

m?(t) < p(t)m(t) +v(t), teIJr=1[0,00)NT,¢t#m,
m(r) < dpym(my) + ey

Then the following inequality holds

m(t) <m(ty) [[ dkep(to,t)+/t: IT deey(t.o(s))v(s)As

to<T<t s<TE<t

+ 2 < 11 djep@ﬁk))%i = to.
to<Tr<t Tk<T]'<t
Lemma 2.3. Suppose that (A1)-(A4s), ax, b > 0, k € N hold. Furthermore, assume
that there exists T > to such that x(t) > 0 fort > T and
(A4) fTOO #(S) HT<Tk<S % As = oo.
Then x2(17) > 0 and 22(t) > 0 for t € (T, Trya)r and 7, > T.

Proof. Let x(t) be an eventually positive solution of (E) for ¢t > t,. Without loss of
generality we assume that x(t) > 0 and z(t — ) > 0 for t > ¢t; > to+6. From (F), we
get [r(t)(x2(t))]? = —q(t) f(x(t — §)) < 0. Therefore, r(¢)(x>(t))? is monotonically
decreasing on [ty, 00)T,ty > t; + 0. Assume that 7, > t5 for k£ € N. Consider the
interval (74, ee1]r, & € N. We assert that 2®(7;,) > 0. If not, there exists T; >ty
such that z2(7;) < 0 and hence #2(7;") = Ni(22 (7)) < bja® () < 0. Let 22(7}") =
—a, a > 0. Now for t € (15, 7;11]r, we have r(7j:1)(z2(1551))” < r(7) (@2 (7))7,

that is, ) 1 ’
A (7 r(7;) ;IA + :_fOZ(T(Tj))”
< () w00 = ba(2) <o
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If ¢ S (Tj+1, Tj+2]'[[‘, then

22 (Tj42) < <T<Tj+1)> ! 22 (1) = (rmﬂ)) ’ Nj(z2(7541))

7(Tjt2) (Tjt2)

1
r(T; g
Sb;ﬂ ( ( ]H)) xA(TjH);

(Tj42)

that is,

2=

xA<Tj+2) S —b;b;-JrlOé <W> < 0.

(Tjs2)

Hence, by the method of induction

2=

A * 7% * * T(T')
T (i) < —bI03 by - bl (r(Tjin)>

_ ( T(TJ) ) ( b;ﬁ) a <0,
7(Tj4n) i=1
fort € (TjJrn,l, TjJrn]']l'-

Now, we consider the following impulsive dynamic inequalities

() L FOEONI° <0 i>mt A k=41 +2,.
! o2 () < biat(m), k=j+1,j+2,...

Let m(t) = r(t)(z*(¢))", then (E;) becomes

ma(t) <0, t>7t+mk=j+1,7+2,...,
m(r") < () m(m), k=j+17+2,...,
and, by Lemma 2.2, it follows that

m(t) <m(r") [ (01),

T <Tp <t
that is,
)\ )\
r(T; v r(7. Y
(2.1) 2 (t) < ( ] > 2 (1) by = —oz( J ) by
o) o0 e Gy) L
For k=j+1,j+2,..., we also have z(7;") < axz(73). By (2.1) and since x(7;") <

agr (1), k =7+ 1,7+ 2,..., it follows from Lemma 2.2 that

o(t) <x(r) ]I ak_/f I a [Oé<7’(fj>>i 0 o

T <1<t T s<Tp<t T@) T;<TE<S
S

tf1 0\ b
- %k pg
A (r< >> N

As

2=

< II a [x(Tf) —a (r(7))

T <Tp <t
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— —oo0 as t — oo.

Due to (Ay4), a contradiction to the fact that z(¢) > 0 eventually. Hence, our as-
sertation holds, that is, 22(7,) > 0 for 7, > T and hence x2(t) > z®(r). Since
[r(t)(2(t))"]* < 0 for any t € (7, Te1a]r, 7 > T, then

22 () > (T(:Efgl))%ﬁ(%) >0, t€ (T Tl

Therefore, 22(7;7) > 0 and z2(t) > 0 for t € (7, Tesi)|1, t > to, and the lemma is
proved. 0

Remark 2.1. If x(t) is an eventually negative solution of (EF). Then, using (A;)-(As),
it is easy to prove that z2(7;7) < 0 and 22(t) <0, for t € (7, Tes1]r and 7, > T > to.

3. SUFFICIENT CONDITIONS FOR OSCILLATION

Theorem 3.1. Let all conditions of Lemma 2.3 hold. Furthermore, assume that

(A5) ft?)o Hto<’rk<s éq(S)AS =0
Then every solution of (E) oscillates.
Proof. Suppose on the contrary that z(¢) is a nonoscillatory solution of (E). Without
loss of generality, assume that z(t) > 0, z(o(t) — ) > 0 for ¢ > ¢;. Hence, by Lemma

2.3, there exists t, > t; such that 2®(t) > 0 for t € (74, Trpa]r, k¥ € N and 75, > to.
Indeed, 22 (t — 6) > 0 for t > t3 >ty + . Let

r(t)(@2 (1)
(3.1) w(t) = H(t=0)
Then w(r;) > 0 and w(t) > 0 for 7, > t3. From (3.1), for t # 75, we have
WA () = [r(@)(@2 ()22 (t = 0) — r(o(®))(@2(0 (1)) 22 (t — 9)
(t = 0)x(o(t) — 0)
[r@®) @2 ®))1%  r(e() (@ (o)t - 9)

S COED) 2t — 0)a(o(t) — )
< —q(t),
that is,
(3.2) wi(t) < —q(t), t# 7
We note that
w(rt) = r(n) @2 (7)) _ b () (22 (7)) — Blw(n).

o(rf —6) x(1 — )
Now, we have the following impulsive dynamics inequalities
wi(t) < —qt), t#m
w(r) <bjw(n), keN,
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and, by Lemma 2.2, it follows that

t) <w(ts) [ b — / As

ta<ti<t t3 s<7'k<t

§H57[t3 /

t3<t<t i3 t3<TE<s

mq 5)As

— —o0 as t — oo.

Due to (As), a contradiction to the fact that w(t) > 0 for t € (7%, 7k41]T, £ € N. This
completes the proof of the theorem. O

Theorem 3.2. Let all conditions of Lemma 2.3 hold. Furthermore, assume that
Te+1 — Tk = 0 and

(A6) Jio Tig<r,es iq(S)As = 00,

where
b?a ifk =1,
= b
=1 g ifk=2,3,...,

* )

Qg1
hold. Then every solution of (E) oscillates.

Proof. Proceed as in the proof Theorem 3.1 to obtain that z2(t) > 0 and z(7;") > 0
for t € (74, ki1, b € N, t > ty. Indeed, 22(t —6) > 0 for t > t3 > to + 6. Deﬁne
w(t) as in (3.1), we get (3.2) holds for 7, > t3 and t # 7. Now, if £ = 1 we have

w(rty TR Brn) (@A)

z(r —0) z(m —9)
If = 2,3, ... then

o EDEAE)) )@ @) ) @ ()
O =T T8 S i, —8) S awe(ne —0)

bur (i) (a2 (1))
= i ya(m - 0)

= dlw(ﬁ).

Consider the following impulsive dynamic inequality

wi(t) < —q(t), t# Tt >t
w(ﬂj) Sdkw(Tk), k € N.

Therefore, by Lemma 2.2, we get
) <w(ts) ] du —/ I dra(w)Au
t3<T <t 3 u<Tp <t

Then proceeding as in the proof of Theorem 3.1 and using (Ag), we get a contradiction
to the fact that w(t) > 0 for t € (7%, Tk4+1]T, & € N. This completes the proof of the
theorem. ]
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Corollary 3.1. Let all conditions of Lemma 2.3 hold. Assume that there exists a
positive integer ko such that aj > 1, by <1 for k > ko. Furthermore, assume that

(Ar) J2 a(s)As = o0

holds, then every solution of (E) oscillates.

Proof. Without loss of generality, we assume that ky = 1. Since b, < 1, then > 1.

Therefore,
—q(s)As > /
/to to<Tp<s bﬂy
Letting t — oo and in view of Theorem 3.1, We get every solution of (E) is oscillatory.
This completes the proof. O

Corollary 3.2. Let all conditions of Lemma 2.3 hold. Assume that there exists a
positive integer ko and a positive constant o such that aj, > 1 and i > (T’;—:l) for
k > ko. Furthermore, assume that

(As) [ s%q(3)As = oo
holds, then every solution of (E) oscillates.

Proof. Without loss of generality, we assume that kg = 1. Now

/t 1

n Tit1
bvq s)As =2 ]I bj’/ q(s)As
0 to<TL <5 Ti

=1 t0<Tk<Ti+1 k

Ti+1
Z 7,+1 /
7-1 i= 1

Ti+1
A

1 Tn+1
= — s%q(s)As.
,7_104 1 ( )
Letting t — oo and in view of Theorem 3.1, we get every solution of (F) is oscillatory.
This completes the proof. 0]

Corollary 3.3. Let all conditions of Lemma 2.3 hold. Assume that there exists a
positive integer ko and a positive constant o such that aj > 1 and é > (T’;—:l) for
k > ko. If (Ag) hold, then every solution of (E) oscillates.

Proof. The proof of the corollary can be be follows from Corollary 3.2 and Theorem 3.2.
Hence, details are omitted. [l

Next, we present some new oscillation criteria for (E), by using an integral averaging
condition of Kamenev type.

Theorem 3.3. Let all the conditions of Lemma 2.3 and by, > 1 hold. Furthermore,
assume that
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(Ag) limsupy_,. o= Ju 7 (t — 5)™q(s)As = o0,

0
then every solution of (E) oscillates.

Proof. Proceeding as in the proof of Theorem 3.1, we get
w?(t) < —q(t), fort# 1.

Multiplying (¢ — s)™ to both side of the preceding inequality and integrating from 7y
to Ti+1, we get

[ et sds < [ - st s

k Tk

Indeed,
/ kH(t — 8)"w™(s)As
Tk
—(t = sy u(s) = [ = ™A w(s)As
Tkt m—1 k m m +
= [ = s () As 4 (0 = ) () = (¢ 7)),
Tk
because ((t — s)™)2 = —m(t — s)™ L. As a result,
/TkH(t — 8)™w?(5)As > —(t — 7)™ w(T)).
Tk
Therefore,
/Tk+1(t —35)"q(s)As < — Tk+1(t — 5)™w™(s)As
Tk Tk
< (t = 7)"w(7y)
S bk(t - Tk)mw(Tk),
that is,
1 Tk+1 t—T1\"
—/ t—s)"q(s)As < by ( > w(Ty),
tm ) t
and hence,
1 T)
lim sup —/ kH( —5)Mq(s)As < o0,
k—ro0 Tk
a contradiction to (Ag). This completes the proof of the theorem. O

4. APPENDIX: TIME SCALE PRELIMINARIES

We will briefly recall some basic definitions and facts from the time scale calculus
that we will use in the sequel. For more details see [2,3,19]. On any time scale T, we
define the forward and backward jump operators by

o(t)=inf{se€T:s>t}, p(t)=sup{seT:Vs<t},
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where inf¢ = supT, sup¢ = inf T, and ¢ denotes the empty set. A nonmaximal
element t € T is called right-dense if o(¢) = t and right-scattered if o(t) > t. A
nonminimal element ¢t € T is said to be left-dense if p(t) = ¢ and left-scattered if
p(t) > t. The graininess p of the time scale T is defined by u(t) = o(t) — t.

A mapping f : T — X is said to be differentiable at t € T, if there exists f2(t) € X
such that for any € > 0, there exists a neighborhood U of ¢ satisfying

L/ (@(®) = f()] = fA@®)[o(t) = s]| < e|o(t) — s,
for all s € U. We say that f is delta differentiable (or in short: differentiable) on T
provided f2(t) exists for all ¢ € T.

A function f : T — R is called rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at left-dense points in T. The set of
rd-continuous functions f : T — R will be denoted by C,4(T,R).

The derivative and forward jump operator ¢ are related by the formula

Fla(t)) = f(t) + u(t) 2 ().
Let f be a differentiable function on [a,b]r. Then f is increasing, decreasing, non-
decreasing and nonincreasing on [a, b]y if f& > t, f& < t, f&4 >t f2 <t for all
t € [a,b)T, respectively. We will make use of the following product fg and quotient g
rules for the derivative of two differentiable functions f and g

(f9)® =f2g+ f79° = fg° + [2¢°,
(f)A e

g 99°
where f7 = foo, gg” # 0. The integration by parts formula reads

[ 12000 = s0alt - [ g0t

Chain Rule. Assume g : T — R is A— differentiable on T and f : R — R is
continuously differentiable. Then fog : T — R is A— differentiable and satisfies

(Fog)> @) = { [ F(a0) + hult)g (0} )

Regressive. A function p : T — R is said to be regressive if for all t € T, 14u(t)p(t) #
0.

The set of all function p : T — R, which are regressive and rd-continuous will be
denoted by R. We define the set R of all positively regressive elements of R by

T={peR:1+pu(t)p(t) >0 forallteT}

Exponential Function. If p € R, then general exponential function e, on T is
defined as

afts) =e [ Ml) log(1 -+ p(2)p()A2),
with p(z) # 0 and s,t € T.
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5. EXAMPLES

FExample 5.1. Consider the impulsive dynamic equation

1 1 1
PR+ —a(t— ) =0, t>_,t#T,
5.1) t 2 2
( k+1
() = z x(), a2(rH) =2%(m), keEN,

where y =1, 7(t) = 1,0 =3, q(t) =1 >0, a} = a) = 5, b = by = 1, 7, = 3k,

Tkt1 — Tk = 3 > 2, k € N. Then, from (Ay)

[e%S) b*
/T H Qg As

T<7,<s

LI

_/ 2<lr_[<s AS+/T1 2<1r_[<s 7AS+ ™ 2< 7, <s mAS+
:;><2 11)) 3+i><3+;><3+~-

STETE I SR

/ 11 ——As—/ ~As — 00.

7< TE<S

Therefore, all conditions of Theorem 3.1 are satisfied and hence (5.1) has an oscillatory

solution.

FExample 5.2. Consider the impulsive dynamic equation

1
T2 (L) + t—gx(t —1)=0, t>1,t#mn,
k-1
(5.2) w(rf) = ——a(n), keNk>k,
1
2B (1) = EwA(Tk)’ ke N, k> ko,
wherey =1,0=1,r(t) =1, q(t) = 5 >0, af = ap = 51, b = b, = ¢
Tyl — T =3 > 1, k €N, k> kg = 1. Clearly, from (A4) we have

00 bk
/]1 H ;k As

T<tp<s



IMPULSIVE DYNAMIC EQUATION 541

i

1<7'k<5
T4 1

_/ 11 —As—k/ 11 —As+ [ —As+-

1< <s S 1<y <s S 1<y <sk_1
—(m ) h X () b X s () +

T2 9 T3 — T2 9 3 Ty — T3

1 1 1 1
=24+ - x4+ - x-xB+-x-x-x2

+2 +2 3 2 3 4 +

1 1 1 1
>4+ =4+ =-4+-4+---=1 - = o0.
2l+g+gt +§Z 00

Let a« = 1. Then

Also, from (Ag) we have

/100 s%q(s)As = /100 33813As = /100 As =00

All conditions of Corollary 3.2 are satisfied for (5.2) and hence, (5.2) has an oscillatory
solution.
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EXISTENCE OF SOLUTIONS FOR A CLASS OF CAPUTO
FRACTIONAL ¢-DIFFERENCE INCLUSION ON
MULTIFUNCTIONS BY COMPUTATIONAL RESULTS
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ABSTRACT. In this paper, we study a class of fractional g-differential inclusion of
order 0 < ¢ < 1 under L'-Caratheodory with convex-compact valued properties on
multifunctions. By the use of existence of fixed point for closed valued contractive
multifunction on a complete metric space which has been proved by Covitz and
Nadler, we provide the existence of solutions for the inclusion problem via some
conditions. Also, we give a couple of examples to elaborate our results and to present
the obtained results by some numerical computations.

1. INTRODUCTION

Fractional calculus is an important branch in mathematical analysis. However,
after Leibniz and Newton invented differential calculus, it has numerous applications
in different sciences such as mechanics, electricity, biology, control theory, signal and
image processing (for example, see [4,6,40]). In recent years the fractional differential
equations and the fractional differential inclusions were developed intensively (for
more information, see [8,10,19,22,38]). Also, it has been appeared many work on
fractional differential inclusions [11,14-16,23, 25,27, 28]

In 1910, the subject of g-difference equations introduce by Jackson [33]. Later,
at the beginning of the last century, studies on ¢-difference equation, appeared in
so many works especially in Carmichael [26], Mason [39], Adams [3], Trjitzinsky
[45]. It has been proven that these cases of equations have numerous applications in

Key words and phrases. Existence of solution, fractional g-difference inclusion, integral boundary
value problem.
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diverse domains and thus have evolved into multidisciplinary subjects (for example,
see [1,2,7,18,30,32,47] and references therein).

In this paper, motivated by [9,44] and among these achievements, we wish to discuss
the existence of solutions for a problem of fractional g-derivative inclusions via the
integral boundary value conditions given by

“Dex(t) € F (t,x(t), 2'(t), “Dix(t))
(1.1) z(0) + 2'(0) + <DP?x(0) = [ (s) ds,
2(1) +2/(1) +°DPz(1) = [ a(s) ds,

for real number ¢ in [0,1], where F' maps [0,1] x R? into 2% is a compact valued
multifunction, “Dg is the fractional Caputo type g-derivative operator of order o €
(1,2] with ¢ belongs to (0,1), and

Ly(2=B) v —v*n—n> +v° +4n— 2w — 2) + 2(1 — ) # 0,

for n,v, B € (0,1), such that o — 8 > 1.
In 2012, Ahmad, Ntouyas and Purnaras investigated the g-difference equation:

{ (CDE“?J) (z) = f(z,y(z)),
a1y(0) — B1Dgy(0) = myler), aoy(l) + B2Dgy(1) = yy(ea),

where 0 <z < 1,1 <a <2and a4, 5;,7%,¢€ € R for all i (see [17]). In 2013, Zhao,
Chen and Zhang reviewed the nonlinear fractional ¢-difference equation:

{ (Dgy)(x) = flz,y(x)),
y(0) =0, y(1)=pullyle),

where 0 <z <1, 1 <a<2,0<p<2and p >0 [46]. In 2015, Etemad, Ettefagh,
and Rezapour investigated the ¢-differential equation:

{ <CD3y) () = f(z,y(x), Dyy(x)),
My(0) 4+ 1 Dgy(0) = exlPy(x1),  Aay(1) + p2Dgy(1) = exlly(x2),

where 0 <z < 1,1 <a <2 ¢ge (0,1), € (0,2], 21,29 € (0,1), with 27 < 29,
i, li, €, € R for i = 1,2, and real value map f from [0,1] x R? is continuous [13].
Also, in the same year, Agarwal, Baleanu, Hedayati, and Rezapour founded results
for the inclusion Caputo fractional differential:

{ “Def(t) € T (1, J(1),°DP (1),
FO) =0, F()+ F(1) = J§ f(s)ds.

suchthat 0 <e< 1,1 <a <2 0< <1, witha— > 1, and multifunction T
define on [0, 1] x R? has a compact valued in 2% [9]. Also, they investigate the existence
of solutions for the Caputo fractional differential inclusion *D®z(t) € F(t,z(t)) such
that 2(0) = a [y x(s)ds and z(1) = b [ x(s)ds, where 0 < v, < 1,1 < a < 2 and
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a,b € R [9]. In 2016, Abdeljawad, Alzabut, and Baleanu stated and proved a new
discrete g-fractional version of Gronwall inequality:

{ Cof(t) =T (¢, f(1)),
fla) =7,

such that a € (0,1], a € T, = {¢" | n € Z}, t belongs to T, = [0,00), = {q "a |
i=0,1,2,...}, ,C% means the Caputo fractional difference of order «, and T'(t, )
fulfills a Lipschitz condition for all ¢ and x [2]. Later, in 2017, Zhou, Alzabut, and
Yang provide existence criteria for the solutions of p-Laplacian fractional Langevin
differential equations with ansi-periodic boundary conditions:

{D@@[(Dgﬁ Na(t)] = f(t,z(t), D x(t)),
z(0) = —z(1), D§x(0) =—-Dg x(1),

and

{ (Do $pl(Dg + N (t)] = g(t, (t), (D (1)),
z(0) = —z(1), (D§z(0) = D0+x(1)
forall 0 <t <1, where 0 < a, 8 < 1, A is more than or equal to zero, 1 < a+ 3 < 2,
q € (0,1) and ¢,(s) = |s[P~?s, with p € (1,2] [47]. In this manuscript, by using idea of
the works, we study the existence of solutions for the fractional g-derivative inclusions
via the integral and g-derivative boundary value conditions.

2. PRELIMINARIES

Here, we recall some discovered facts on fractional g-calculus and their derivatives
and integral. For more details on this, we refer the reader to the references [20, 34].
Let ¢ € (0,1), a € R, and a # 0 be a real number. Define [a], = 1_qa (see 133]). The

g-analogue of the power function (a — b)", with n € Ny, is (a — b)) "o(a — bg*)
and (a — b)Y =1, where @ and b in R and Ny := {0} UN (see [43]). Also, for « € R
and a # 0, we have

. > a—bgk
(a— b - H La— a— bgotk
If b = 0, then it is clear that a!® = a* (Algorithm 1). The g-Gamma function is
given by I'y(z) = %, where belongs to R\{0,—1,—2,...} (see [33]). Note
that, I'y(z + 1) = [z],[';(z). A simplified analysis can be performed to estimate the

value of ¢-Gamma function, I';(z), for input values ¢ and x by counting the number
of sentences n in summation. To this aim, we consider a pseudo-code description of
the method for calculated ¢-Gamma function of order n which show in Algorithm 2.
For function f, the g-derivative is defined by (D, f)(x) = % and (D, f)(0) =
lim,,o(D,f)(x) (see [3]). Also, the higher order g-derivative of a function f is defined
by (D7 f)(x) = Dy(Dy~' f)(x) for all n > 1, where (D) f)(z) = f(z) (see [3]). The
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g-integral of a function f define on [0, b] by

L8 = [ F(6)dys = 21~ ) S (o),

k=0
for z € [0,b], provided that the sum converges absolutly [3]. If a € [0, b], then

[ Fdy = L7 0) = 1,5(@) = (1= ) 3 [0 0) — af (0],

whenever the series exists. The operator I} is given by IJ f(x) = f(x) and I} f(z) =
I,(I77 1 f)(x) for all n > 1 (see [3]). It has been proved that (Dgl,f)(x) = f(z) and
(I,D,f)(x) = f(z) — f(0) whenever f is continuous at = 0 (see [3]). The fractional
Riemann-Liouville type g-integral of the function f on [0, 1] is given by

I5(0) = gy [ @ = a9 F (6,

whenever o > 0 and I{ f(x) = f(x) whenever v = 0, where 2 < 1 is a real number
[13]. Also, the fractional Caputo type g-derivative of the function f is given by

(°Dg f) (@) = (LD ) ()
= Fq(ml]_&) /Ox(l" — gs){llm7Y (Déa]f) (s)dys,

for x € [0,1] and o > 0 (see [13]). It has been proved that (Igl;f) () = (Ig*ﬁf) (),
and (Dg‘]qo‘f) (x) = f(x), where a, 5 > 0 (see [29]). By using Algorithm 2, we can
calculate (I f)(x) which is shown in Algorithm 3.

It is well recognized that the Pompeiu-Hausdorff metric Hy; maps 2% x 2% into R=Y
on metric space (X, d) is defined by

Hy(A, B) = max {sup d(a, B),sup d(A, b)} ,
acA beB

where d(A,b) = inf,cad(a,b) (also, see [12,31]). Denote the set of bounded and
closed subsets of X, the set of closed subsets of X and the set of compact and convex
subsets of X by CB(X), C(X) and P.,.,(X), respectively. Thus, (CB(X), Hs) and
(C(X), Hy) are a metric space and a generalized metric space, respectively (for more
details, see [35]). An element x belongs to X is called an fixed point of multifunction
T maps X into 2% whenever x in T(z) (for more information, see [31]). If v € (0,1)
exists somehow that Hy(N(x), N(y)) is less than or equal to vd(x,y) for all x and y
in X, then a multifunction 7" maps X to C(X) is called a contraction.

In 1970, Covitz and Nadler prove that there is a fixed point for each closed valued
contractive multifunction on a complete metric space has a fixed point [27]. Let
J =[0,1]. A multifunction G : J — Py4(R) is said to be measurable whenever the
function ¢t — d(y,G(t)) is measurable for all y belongs to R [28]. We say that F
maps J x R? into 2% is a Caratheodory multifunction whenever t — F(t,x,y, 2) is
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measurable for all z,y, and z in R and (x,y, z) — F(t,x,y, z) is upper semi-continuous
for all t belongs to J [21,28,35]. Also, a Caratheodory multifunction F' defines on
J x R? to 2% is called L!-Caratheodory whenever for each p more than zero, there
exists ¢, € L'(J,RT) such that

IF(zy,2)[l = sup  [o] < ¢,(t),
vEF (t,2,y,2)
for all |zl, |y|, |z] < p and for t € J (for more details, see [21,28]). Denote by AC|0, 1]
the space of all the absolutely continuous functions defined on J. By using main idea
of [15,16,41], we define the set of selections of F' by

Spa = {v € AC(J,R) |v(t) € F (t,2(t),° Djx(t), 2’ (1)) for allt € J },

for all x belongs to C'(J,R). Let E be a nonempty closed subset of a Banach space X
and G maps E into 2% a multifunction with nonempty closed values. We say that the
multifunction G is lower semi-continuous whenever the set {y € E | G(y) N B # 0}
is open for all open set B C X [31]. Furthermore, It has been proved that each
completely continuous multifunction is lower semi-continuous [31]. Let AC?[0,1] =
{we C'0,1] | w' € L[0,1]}. The following lemmas will be used in the sequel.

Lemma 2.1 ([37]). For Banach space X, consider multifunction F' maps J x X into
Pepeo(X) and function © maps L'(J, X) into C(J, X) such that are L*-Caratheodory
and linear continuous, respectively. The operator

{ ©0Sp : C(J,X) = P e (C(J x X)),
(©0SF) (x) = O (Sp.),

is a closed graph operator in C(J,X) x C(J, X).

Lemma 2.2 ([31]). Suppose that C' a closed convex subset of Banach space E, U C C'
is an open such that 0 € U. Also, let F : U — P, (C) is a upper semi-continuous
compact map, where P, .,(C) denotes the family of nonempty, compact convex subsets
of C. Then either F has a fived point in U or there exist u € OU and X € (0,1) such
that v € A\F(u).

3. MAIN RESULTS

Now, we would be ready to give theorems for the solution of the g-derivative
inclusion problem (1.1). Define x,(t) = I7v(t) — co, — c10t, where

Cry = 1_1;)// s — qm) @ Vo(m)d,mds
(vrq(a))t /01“ ¢s) Vv (s)dys

- (;YFZ(;); /0 /OS<S — qm)*Vo(m)d,mds
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B (1 - ?7)t /01(1 B qs)(a_ﬁ_l)U(S)qu

qgla =)
_ m /01(1 — 45 Du(s)d,s
and
Cow = 1_n / / @Dy(m)d,mds

+( mzﬁ_l I8 / Dum)dymds
e ‘2;72((2)‘ UL gs) e Dus)dys
T
# B [ g Dl
# Co I g 2uls)ds

Clearly, z, € AC?0,1] is well-define and /, Dz, and [ z,(s) ds exist whenever v
belongs to AC|[0, 1] (for more details, see [36]).

Lemma 3.1. Let v belongs to AC[0,1], ¢,8,n and v in (0,1), 1 < o < 2, with
a—p>1, and

(3.1) L,2=B)n°v —v*n—n*+v° +4n—2v —2) +2(1 —n) # 0.

Then, w,(t) is the unique solution for the problem °Dgx(t) = v(t) with the integral
boundary value conditions
n
2(0) + 2/(0) + *DP(0) = / 2(s)ds,
(3.2) 0,
(1) + 2/(1) + <DPx(1) :/ (s)ds.
0

Proof. 1t is observed that the general solution of the equation v(t) = “Dgx(t) is

1
z(t) = I?U(t) —ap—al = Fq(oz)/o (t — qs)(a b v(s)dys — ag — aqt,
where ag and a; are arbitrary constants and ¢ in J (see [42]). Thus,
tl_ﬁal
DBx(t) = I°Po(t) = —————
O )

_ bt e ey
“Taop b e s 5 e
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and

d'(t) = I3~ o(t) —ay = Fq(al—l) /Ot(t — q5)* Du(s)dys — a;.

Hence, by using an easy calculation, we get 2(0) 4+ “D2xz(0) 4 2/(0) = —ap — a; and
1

x(1) + CDgx(l) +2'(1) = /01(1 — q5) @ Vy(s)d,s

Ly @)

<
(g [ ama ua,s)

« (Fq(al—l) | a —qs)(a2)v(s)dqs>

_M_le_ao‘

[q(2—-5)
By using the boundary conditions (3.2), we obtain

7’ 1 e a—1
ag(n —1) — ay (2 - 1) = T () /0 /0 (s — gm) @ Vo(m)d,mds

and
ao(v —1) + ax (”22 _o- %) __ F,ja) /01(1 ) o(s)dys
a0 s
Fq(al_ 3 /01(1 _ g5)@Dp(s)d, s
S = am)e o) mas
Thus,
L s
L2 _2;7;1((2)_ b /01(1 —¢5) " Vu(s)dys
L2 —2 ;712“1((24)_ n) /0” /OS(S — gm) @ Vy(m)d,mds
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4 (QQ;FZ?L(T])” /0 (1 - g5)©@Dv(s)dys
and
T (ir_q(?)t /On /08(5 — qm)*~Yo(m)d,mds
ey b s
- (;E(B)t | [ s = am)eum)dmas
- 7&; 71);) /01(1 — 5) 7 Vu(s)dys
- WIEq(;n—)tl) /01<1 05)* o (s)dys
where
e eoff )
Hence

Fg(c)
iy a)(ll —7) On/o (5 — gm)\*Do(m)dymds
+ U 2_7?;(];)_ : /077 /08(3 gm) *~Vo(m)dgmds
+ 0 2_712“1((7;)_ : /01(1 —¢5)* Vo(s)dys
4 2_712):1((1&)_ : /0 /05(3 — qm) @™ Vv(m)dgmds
R [0 it
(n* =2)(n—1)

29T (e — 1)

(L—=wv)t [m s
V>/ s—qma1 dmds
Ly(a) Jo Jo

(1_77)t ! a-1
+ AT (0) /0 (1—qs)( )v(s)dqs
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77—1 //s—qmo‘l v(m)d,mds

i
(1—mn)t

1
’yF(a—l)/o (1 —gqs) @ Du(s)d,s = I3(t) — cop — c1ot.
q

Conversely, it is clear that
T (t) = I;‘_lv(t) + Ci,
() = (I~ o(t)) = “D2w (1),
for almost all ¢ € J. Because, 2 — « belongs to (0, 1], we get
cDgyxv( ) _ ]2 a //( ) _ 12 a (RD2 a ( )) :U(t).
Similar to last part, we obtain

1
z,(0) + 2, (0) + ch:pv(O) = —Cop — C1p = / x(s)ds
0

and
C 1 [e3%
%m+%m+pﬁmyﬁwl/u—@<%@ms
+ ( 1 —gs)l@ ’B_l)v(s)dqs>
Fq
( -1 1 — qs)(a2)v(s)dqs>
Ty(2)ar / v
-2 v — Cov — d

q(2 3 Cro — Co ; x(s)ds

This finishes the proof. [l

A solution of the inclusion problem (1.1) is an element x € AC?([0,1],R) such that
it satisfies the integral boundary conditions and there exists a function v € Sg, such
that z(t) = I7v(t) — con — ¢t for all £ € J. Suppose that

(3.4) X = {a: |z, 2',“Dx € C(J,R)for all 8 € (0, 1)} :
endowed with the norm

(3.5) |l ]| = sup [ (t)] + sup |2"(£)] + sup
teJ teJ teJ

“Dija(t)| .

Then, (X, ||.||) is a Banach space [24].

For investigation of the inclusion problem (1.1), we provide two different methods.
In the first method which is used in Theorem 3.1, we showed a compact map F' is
upper semi-continuous and so by using fixed point theorem in Lemma 2.2, and in the
second method which is presented in Theorem 3.2, by using fixed point theorem of
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Covitz and Nadler, and consider three conditions, respectively, we found a solution
for the inclusion problem (1.1).

Theorem 3.1. Let F : J x R® — P, (R) is a L*-Caratheodory multifunction
and there exist a bounded continuous increasing self map 1 define on [0,00) and a
continuous function p maps J into (0,00) such that

|F (t.2(t),2/(t),°Dix(t)) || = sup {|v] | v € F (t,2(t),2'(t),“Dfj(t)) }
< p()¢(lll),
forallt € J and x € X. Then the inclusion problem (1.1) has at least one solution.
Proof. First, define the operator N : X — 2% by
N(x) = {h € X | exists v € S, : h(t) = [Jv(t) — co, — cut, t € T}

In the following, prove that the operator N has a fixed point.

Step I. We show that N maps bounded sets of X into bounded sets. Let r > 0
and B, = {z € X | ||z|| < r}. Suppose that x € B, and h € N(z). We can choose
v € Sp, such that h(t) = I§v(t) — cop — c1ot for almost all ¢ € J. Thus,

MO <5 /0 (t = 5) lu(s)ld,s

_ al
+F @ =7 // (s — qm) @ V]v(m)|d,mds

q

o[ ;?f&; 2 [0 e
(R [ o= am)e ot dmas
| T o ot
[ [ a9 (s e

N fr:é)f /”/s<8_qm a=D|y(m)|d,mds
S [ e s

N (:F:(L))t // (s — qm) @ D|v(m)|d,mds
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1-— _g—
] [ e
(1
n)t
| o= a2l
q

<Al @/)(lell)

CDﬂh ‘_ 041— 3 /Ot(t—qs)(a_ﬂ_l)|v(s)|dqs
— v 1-8 n s
- VF(EOZ)Fq)(tQ—ﬂ) /0 /O(s—qm)(a’l)\v(mﬂdqmds

(1—n)t'” " s (s
@ =g b 0 el

—1)h
+ (n—1) // (s — qm) @ V|v(m)|d,mds

(o )F (2—-5)
1-8

+7F t ‘/ o(s)|dys
(1—?7)t1 B

_|_

(o — 1)y (2 - B) /0 (1- qs) |U( s)|dgs

<A [[pllo ¢ (ll1])

and

e e g AT DR O

S 1 L e
ra| e s

* (ynrq_(;; /0 /08(8 — qm)®Vu(m)|dymds
T m /01(1 — )@ PV u(s)|d,s
+ yr(ql(;i)n /[)1(1—q8)(a_2)|v(s)|dqs

<As [[pllee ¥ (D)
for all t € J, where ||p|loc = sup,c; p(?)],

[t U (n* =2)(v = D™
A= T,(a+1) + T,(a+2)(1—n) ‘ 29T, (v + 2)

(3.6)
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(n”=2)(n—1) ‘(n2 —2)(1 —n)rot!

29T (e +1) 29T (e + 2)
(n*—=2)(n—1) ‘(1 — v)pt!
2'qu(Oz) 'YFQ(O‘ + 2)

(n — Dot (1-n)
’qu(Oz + 2) ”Yrq(a - B+ 1)

l 1 N (1 —v)y*t!
Fq(a - B+ 1) 'VFq(O‘ + 2)Fq(2 - 5)
‘ (1-n) ‘ (n — vt

‘ (7" =2)(n—1) ’
29T (o — B +1)
| (1-n) |
y(a+1)

|

| (1-n)
q(a)

g

T+ D02 = 3)| AT, + 2T, 2 -
(I—mn) (I—mn)
JT,(2— 5)

(o =B+ 1)y (2 - B) " "qu(a

|

(1-mn) ‘Jr‘(n—l)va“
Wy (a+1) vy (a+2)

|

[ aY /
DJh(t)] + max [ (1)

and

(3.8) A, 1 | (1 —v)pett

Ty(0) | Ty(a+2)
1—n) (1—-mn)
qua—ﬁ+1)‘+‘ )

+

Hence,

|h]| = max |h(t)| + max
ted ted

is less than equal to (Ay + Ax + As) [[pll . ¥ (|z]])-
Step II. We demonstrate that N maps bounded sets into equicontinuous subsets
of X. Let x € B, and tq,ty € J, with t; < to. After that, for all h € N(x), we have

1

h(ts) = h(t)] = | [ (02 = 43)"Du(s)dys

Ty(a) Jo
- qua) /otl (tr — g5)'* Vo(s)dys
(1 —v)ts / / @Dy (m)dymds

1_Vt1/ / s — qm)*Yu(m)d,mds
+ m/o (1= gs5)“ Vo(s)dys

(1—n)ty ! a-1
(S [ 0w o)
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( _”2// (s — gm)©@Du(m )dqmds>

_1t1// (al)( )dqmds
(1 —n)ts ! a—B-1
"= 5) /0 (1= s P05}
L C /)L W RN ) SR
(1 —n)ts ! a—2
+ ’qu(a—l)/o (1 —gqs) @ Dy(s)d,s
(1—nt ! a—2
_qu(oz—l)/o (1—gs)* 2 v(s)dys
< Il (ol || 4 (L= 200
‘(1 —n)(t2 —t1) i(n — Dot — 1)
Wela+1) Wqla+2)
(L= —t)|  |A=n)(t2—t) ]
'Yrq(a —B+1) 'qu(a) ’
W(t2) = ()] < Il (lef) i) ana
yo=B _ 4B
D) = D) < ol (el | [T
. (7 =17") (1= vt
Yl (a+2)T(2 = B)
BT -aT) -] (e -8 (- hee

Yl g(a+2)T(2 = B)
(7 -07")(1-n)

Yy(a+1)0(2 = B)
(7 =n")(1-n)

} |

_l_
gla =B+ 1)I(2 — 5) YL (@)T4(2 = B)
Hence,
Aim |h(t2) = h(t1)] = Jim |1 (t2) — h'(t1)] = Jim Dl h(ty) — Cth(tl)\ =0,

and so by using the Arzela-Ascoli theorem, N is completely continuous.

Step III. Now, we show that N has a closed graph. Let z, — xo, h, € N(z,)
for all n and h, — ho. We prove that hg € N(zg). For each n, choose v,, € Sp,,
such that h,(t) = IJ'v,(t) — oy, — C14,t for all t € J. Consider the continuous linear
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operator

{9 LY(J,R) = X,
0(v)(t) = I3v(t) — cov — crot

It can be seen, by Lemma 2.1, 6oSF is a closed graph operator. Since x,, — xg and
hn € 0(SEa,) for all n, there exists vy € Sk, such that ho(t) = ITvo(t) — cop — Cropt-
Thus, N has a closed graph.

Step IV. In this level, we show that N(z) is convex for all z € X. Let hy, hy € N(x)
and 0 < w < 1. Choose vy, vy € Sp, such that h(t) = I8v;(t) — con, — C1o,t, for almost
all t € J and i = 1,2. Then,

[why +(1 — w)hs) (t)

29T, (o — )
. %2;;5@1)” /:u om0+ - el
(1 - Z))t /O“ /0 D [wwy (m) + (1 — w)va(m)] dymds
N ( (Z))t /01(1 ¢5) @D [wor(s) + (1 — w)va(s)] dys
N (7 A (;))t / /0 (s — qm)©@ D [woi (m) + (1 — w)vs(m)] dymds
N m [ 1= 09D fwwn(5) 4 (1 = w)en(s)] dys
N m /01(1 — 45) @ [wor(s) + (1 — w)va(s)] dys,

for t € J. Since F' has convex values, Sg, is convex and so wh; + (1 — w)hy belongs
to N(z). If there exists A € (0,1) such that x € AN(z), then there exists v € Sp,
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such that x(t) = Ifv(t) — co, — c1ot, for all ¢ € J. Choose L > 0 such that
L

(A1 + Az + Ag)|[pllscto(ll2]])

for all x € X. Thus, ||z|| < L. Now, put U = {z € X | ||z|| < L + 1}. Note

that, there are no x € OU and 0 < A < 1 such that z € AN(z) and the operator

N : U — P.,.(U) is upper semi-continuous, because it is completely continuous.

Therefore, by using Lemma 2.2, N has a fixed point in U which is a solution of the
inclusion problem (1.1). This completes the proof. O

> 1,

Here, by changing values of multifunction in the assumption Theorem 3.1, we
provide another result about the existence of solutions for the problem (1.1).

Theorem 3.2. Let m € C(J,RT) be such that ||m|loc(A1 4+ As+ A3z) < 1 and consider
an integrable bounded multifunction F : J x R* — P.,,(R) such that the map t —
F(t,z,y,z) is measurable and

(3.9) Ha(F(t, w1, 22,23), F(t,y1,92,y3)) < m(t) (|z1 — pa] + [v2 — yol + |23 — y3]) ,
fort € J and x1,x9,x3,Y1,Y2,y3 € R. Then the problem (1.1) has a solution.
Proof. Note that, the multivalued map ¢ — F (t,x(t),x’(t),CDfx(t)), for x € X, is
measurable and closed valued. Hence, it has a measurable selection and so the set
Sr.. is nonempty. Now, consider the operator N : X — 2% defined by

N(x) = {h € X | exists v € Sp, @ h(t) = IJv(t) — cop — ch,t} ,

for all t € J.

Step I. We show that N(x) is a closed subset of X for all z € X. Let z € X and
{tn}n>1 be a sequence in N(z) with u, — u. For each n, choose v,, € Sg, such that
U (t) = I8vn(t) — cov, — C1o,t for t € J. From being compacted values F, {v,, },>1 has
a subsequence which converges to some v € L'(J,R). Again the subsequence denote
by {vn}n>1. 1t is easy to check that v € Sp, and u,(t) — u(t) = IFv(t) — co, — c1ot for
all t € J. This implies that v € N(z). Thus, the multifunction N has closed values.

Step II. In this level, we show that N is a contractive multifunction with constant
l:=|m|leo(A1 + A2+ A3) < 1. Let 2,y € X and hy € N(y). Choose v; € Sg, such
that hy(t) = I®v1(t) — cop, — C1v,t for almost all ¢ € J. Put

Ay = F (t,2(t),2/(t),°Da(1)) ,
Ay = F (ty(1). 4/ (1), Dy (1))
By assumption, if
Hy(Ay, Ay) <m(t) (lo(t) — y(0)] + 2/(t) — v/ (5)] +
for all ¢t € J, then there exists w € F (t, x(t), ' (t), CDgx(t)) such that

(310)  [or(t) — w| < m(t) (Ja(t) — y(O)] + |2/ (£) — ¥/ ()] +

“Dla(t) ~Dy(1)]).

“Dix(t) - Diy(t)|)
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for almost all ¢ € J. For the multifunction U : J — 2%, define U(t) by the set of all
w € R where satisfies in (3.10) for ¢ € J. It is easy to check that the multifunction

U() ar3 (" ZL’(), lj(')? CDgx()) )
is measurable. Therefore, we can choose v, € Sp, such that
[1(£) = va(8)] < mlt) (Jo(t) — y(O)] + |2/ (t) — ¥/ (8)] + |“Di(t) — “Dly(t)|)

for almost all £ € J. Now, define hy € N(x) by ho(t) = I7v(t) — cou, — Cro,t. Hence,
we get

a(t) = ha(t)] < =7 /0 (0= 09) Y fur(s) — v2(9)] dys

T,
+an - // (s — gm) D |y (m) — vo(m)| dymds
[ESEE L oo
+| o [ ) ) = (s s
D] [ g ) s

S [ s = am) e o) = o) s

N SF;(Z); /01(1 — g8) @D Juy () — va(s)| dys

(B [ = am) ) ontm) — vt s

- | ‘/ @D [uy(s) = va(5)] dys

N m 01(1—qs)<a—2> o (s) — va(s)| dys

< Al[mlfoollz =y,

Fh(8) = 00 < gy (8= a5 o) = )] dys



EXISTENCE OF SOLUTIONS FOR A CLASS OF CAPUTO FRACTIONAL ¢-DIFFERENCE 559

S L s = am) e o) = vt s
(1—?7) 1 -
+ m (1 —q.s)( )|1;1(S) — va(s)| dys
_ 1 ot
* ’yF ( )lvl(m)—vz(mﬂdqmds
+ M / (1-— qs)(a*ﬁfl) v1(5) — va(s)| dys
(e = B) | Jo q
(L—mn) |/t s
+ m 0 (1 - QS) ’Ul(s) — v2(5)| dqs
< Aslmlollz — yll
and
“Dhi(t) — “DPha(t)|
11(1(061_ . /Ot(t — q5) PV i (5) — va(s)] dys
(1—V)t1_’3 n s ol
AT (@), 2~ ) [ s = am) @) s (m) = va(m)] dymds
(1 —n)t'? Lo . R
! g (a)Ty(2 - B) /<1 g5) 7V Jur(s) — va(s)] d,
(77—1)251—5 (a 1) vy — vy(m mdas
- AL ()Ty(2 — ) // [v1(m) — va(m)| dymd
(1- tl 8 o
" Yyl —5) |/ )P Juy () — va(s)| dys
— 1 ﬁ
e 17;); S| [ 0= a9 2 000 - e
<Ao|[mlllz = yl-
So,

Ry —

hall < (A1 + Az + Ag) [[ml] oo

=yl =z =yl

This implies that the multifunction /N is a contraction with closed values. Thus by
using the result of Covitz and Nadler, N has a fixed point which is a solution for the
inclusion problem (1.1).

O

Here, we provide two examples for the results.

Ezample 3.1. Put ¢ = 5, « = 2, 8= 3,1 = 3, v

g-derivative inclusion

(3.11) ‘D

(LN

o(t) € F (t,x(t),x/(t), ‘D

consider the fractional

W=

()

).

Wl o=
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with the boundary value conditions

2(0) + 2/(0) + <D
(3.12)

z(1)+2'(1)+ <D

WIENI= W=

and consider the multifunction F : J x R?® — 2% defined by

e—sin T t—|—]_
F (t,x1,19,73) = |cosSt + ————— +sinxy, 4 +1* +
1 _I_ecos 1 2+6|13|

Note that, ||F(t, 21,22, 23)| = sup{ly| | v € F(t,x1,22,23)} < 6. If p(t) = 1 and
¥ (t) = 6, then one can check that the assumptions of Theorem 3.1 hold and so the
inclusion problem (3.11) has at least one solution.

Next example illustrates last result.

Ezxample 3.2. Put q = %, % and %, a= %, b= %, n= %, v = %, consider the inclusion
problem

z 1
(3.13) °Dig(t) € F (t x(t),xf(t),cmx(t)) ,

2 2

with the boundary value conditions

2(0) + 2'(0) + <D
(3.14)

N[—=wl—=  N|= ol

(1) + 2/(1) + D

and consider the multifunction F' : J x R?® — 2F defined by

t sin? (t+ 1)|zo| | 3|
12(4+32) " 1002+ |z]) * 100(1 + |z3])

F(t, 1,9, 23) = [0,

It is easy to understand that

t t+1 1
H,(F(t F(t < i i
d( ( ,33'1,1’2,1’3), ( 7y17y27y3)) = (12(4+3t2) + 100 100) Z ‘33' y

for all t € J =[0,1] and x1, xa, 3, Y1, Y2, y3 € R. Thus, if

t t+1 1

™ = s T 0 T 100

for all t € J, then

Hy (F (t, 21,29, 23), F (t,y1,92,93)) Zm Yil

On the other side, we have three cases for g¢:
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1
q:=3:
L = ||[m|lso(A1 + Az + Az) < 0.0508(3.0182 + 2.0213 + 2.1289) ~ 0.3643 < 1,
q = %:
L = ||m|lso(A1 + Ag + A3) < 0.0508(2.6576 + 1.8297 + 1.9831) ~ 0.3289 < 1,
2
q:=3:

L = ||m|lso(A1 + Ay + Ag) < 0.0508(2.3812 4 1.6771 + 1.1.8681) ~ 0.3012 < 1.

These values calculate by Algorithm 4, 5 and 6 which present in Table 5, 6 and 7.
Consequently, the assumptions of Theorem 3.2 hold and then the inclusion problem
(3.13) have at least one solution.

4. COMPUTATIONAL RESULTS

A simplified analysis can be performed to estimate the value of ¢-Gamma function,
I',(z), for input values ¢ and x by counting the number of sentences n in summation.
To this aim, we consider a pseudo-code description of the method for calulated g¢-
Gamma functiuon of order n in Algorithm 2.

Algorithm 1 The proposed method for calculated (a — b))

Input: a, b, a, n, q
1: s+ 1
2: if n = 0 then
3 p+1
else
for k=0ton dko
5 5k e
end for
paxs
end if
Output: (a — b)@

Algorithm 2 The proposed method for calculated I',(z)

Input: n, ¢ € (0,1), x € R\{0,—-1,2,---}
1 p+1
2: for k =0 ton do
3 pep(l— ¢ - gt
4: end for
5: Tyg(x) < p/(1—q)*
Output: I')(x)




562 M. E. SAMEI, GH. KHALILZADEH RANJBAR, AND V. HEDAYATI

Algorithm 3 The proposed method for calculated (I f)(z)

Tnput: g € (0,1), a, n, f(z), 2
1: s+ 0
: for i =0 ton do
pf « (1 — g+t
s s+pf*qg* flxxqg)
end for
9 R
Output: (I7f)(x)

B ANl

Table 1 shows that when ¢ is constant, the g-Gamma function is an increasing
function. Also, for smaller values of x, an approximate result is obtained with less
values of n. It has been shown by underlined rows. Table 2 shows that the ¢-Gamma
function for values ¢ near to one is obtained with more values of n in comparison with
other columns. They have been underlined in line 8 of the first column, line 17 of the
second column and line 29 of third column of Table 2. Also, Table 3 is the same as
Table 2, but = values increase in 3. Similarly, the g-Gamma function for values ¢ near
to one is obtained with more values of n in comparison with other columns.

Now, we investigate the computational complexity of Example 3.2 of Algorithm 4,
5 and 6. First, Table 4 shows the values of v for ¢ € (0, 1), an approximate result
is obtained with less than four decimal places indicated by underline. Furthermore,
Tables 5, 6, 7 show valued calculations of A;, Ay and Az for g =1, ¢ = % and ¢ = %,

3
respectively.

Algorithm 4 The proposed method for calculated A,

Input: n, ¢ € (0,1), a,n, v
1: for k=0ton do
22 (W =DP/2=1) 4+ (n—1)(1n?/2 =2 =Ty(2)/(T4(2) - B))

30 Ay < 1 Ty(a+1)+ 0/ (Ty(a+2)(1—n))

4 Ay — (1 =2) (v = D) /(29T (a + 2))|

51 Ay [((1* = 2)(n—1))/(2Tg(a + 1))

6: Ay, (7> = 2)(1 = > /(29T (a + 2))|

7 Ay~ (P =2)(n—1)) /(2 Tg(a = B+ 1))

8 Ay [((1* = 2)(n— 1))/ Tg(a)] + (1 = v)n*T1) /(7T (a + 2))]|
9: Ay, I(l —n)/(YLq(a+ 1) +]((n — 1)r*™) /(7T (a + 2))|

10: Ay < [(T=n)/(/Ty(a =B+ 1)+ (1 =n) /(7T ()]
1 A=Ay, + A, A+ AL AL+ A+ AL+ A
12: end for

Output: A
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Algorithm 5 The proposed method for calculated Ay

Input: n, ¢ € (0,1), a,n, v
1: for k=0 ton do

2y (= D2 = 1)+ (= D(2/2 = 2= T,(2)/(T,(2) — )
3. Ay, 1/Ty(a—B+1)

b A (0= )T+ D2 - 9)

5 Mg, |(1—n)/(1T,(a + DT,(2 - B))]

6 Ao, |(n— L)/ (0T, (a + 20T, (2 - B)|

7 Ay, ¢ |(L—0)/(Ty(a =+ DI,(2 — B))

S gy |(1 =)/ (T4 (@)T,(2 - B)|

9: A2 == AQl + A22 + AQS + A24 + A25 + A26

10: end for

Output: A,

Algorithm 6 The proposed method for calculated Aj

Input: n, ¢ € (0,1), a,n,v
1: for k=0 ton do

2:

3
4:
5:
6
7
8

Ve (=12 -1+ (n—1)n*/2—=2-T,(2)/(T4(2) - B))
As, < 1/Tg(a) + (1 = v)n**h) /(4T (a + 2))]

Az,  [(1=n)/(7T4(a+ 1))

Agy < |((n = Dot /(9T (e +2))]|

Ag,  [(1=n)/("Tgla =B+ 1)+ [(1 —n)/(7T4())|

As = As, + As, + Ag, + A,

. end for

Output: Aj

All routines are written in “Matalab” software with the “Digits” 16 (Digits envi-

ronment variable controls the number of digits in Matlab) and run on a PC with 2.90
GHz of Core 2 CPU and 4 GB of RAM.

TABLE 1. Some numerical results for calculation of I'y(z), with ¢ = % that

is constant, x = 4.5,8.4,12.7 and n = 1,2, ..., 15, of Algorithm 2.

r=4.5 r = 8.4 r=12.7 n x=4.5 T =84 xr=12.7

2.472950 11.909360 68.080769 9 2.340263 11.257158 64.351366
2.383247 11.468397 65.559266 10 2.340250 11.257095 64.351003
2.354446 11.326853 64.749894 11 2.340245 11.257074 64.350881
2.344963 11.280255 64.483434 12 2.340244 11.257066 64.350841
2.341815 11.264786 64.394980 13 2.340243 11.257064 64.350828
2.340767 11.259636 64.365536 14 2.340243 11.257063 64.350823
2.340418 11.257921 64.355725 15 2.340243 11.257063 64.350822
2.340301 11.257349 64.352456

0~ O U W RS
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TABLE 2. Some numerical results for calculation of I'y(x), with ¢ = %, %, %,
r=5andn=1,2,...,35, of Algorithm 2.

n  q=% q=3 ¢q=3% n  q=3 q=3 q=3
1 3.016535 6.201859 18.937427 18 2.853224 4.921884 8.476643
9 2.906140 5.548726 14.154784 19 2.853224 4.921879 8.474597
3 2.870699 5.222330 11.819974 20 2.853224 4.921877 8.473234
4 2.859031 5.069033 10.537540 21 2.853224 4.921876 8.472325
5 2.855157 4.994707 9.782069 22 2.853224 4.921876 8.471719
6 2.853868 4.958107 9.317265 23 2.853224 4.921875 8.471315
7 2.853438 4.939945 9.023265 24 2.853224 4.921875 8.471046
8 2.853205 4.930899 8.833940 25 2.853224 4.921875 8.470866
9 2.853247 4.926384 8.710584 26 2.853224 4.921875 8.470747
10 2.853232 4.924129 8.620588 27 2.853224 4.921875 8.470667
11 2.853226 4.923002 8.576133 28 2.853224 4.921875 8.470614
12 2.853224 4.922438  8.540736 29 2.853224 4.921875 8.470578
13 2.853224 4.922157 8.517243 30 2.853224 4.921875 8.470555
14 2.853224 4.922016 8.501627 31 2.853224 4.921875 8.470539
15 2.853224 4.921945 8.491237 32 2.853224 4.921875 8.470529
16 2.853224 4.921910 8.484320 33 2.853224 4.921875 8.470522

—
BN |

2.853224 4.921893  8.479713 34 2.853224 4.921875 8.470517
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TABLE 3. Some numerical results for calculation of I'y(z), with z = 8.4,

q= %, %,% and n=1,2,...,40, of Algorithm 2.
n q=1z q=3 =% n q=3 q=73 q=3
1 11.909360 63.618604 664.767669 21 11.257063 49.065390 260.033372
2 11.468397 55.707508 474.800503 22 11.257063 49.065384 260.011354
3 11.326853 52.245122 384.795341 23 11.257063 49.065381 259.996678
4 11.280255 50.621828 336.326796 24 11.257063 49.065380 259.986893
5 11.264786 49.835472 308.146441 25 11.257063 49.065379 259.980371
6 11.259636 49.448420 290.958806 26 11.257063 49.065379 259.976023
7 11.257921 49.256401 280.150029 27 11.257063 49.065379 259.973124
8 11.257349 49.160766 273.216364 28 11.257063 49.065378 259.971192
9 11.257158 49.113041 268.710272 29 11.257063 49.065378 259.969903
10 11.257095 49.089202 265.756606 30 11.257063 49.065378 259.969044
11 11.257074 49.077288 263.809514 31 11.257063 49.065378 259.968472
12 11.257066 49.071333 262.521127 32 11.257063 49.065378 259.968090
13 11.257064 49.068355 261.666471 33 11.257063 49.065378 259.967836
14 11.257063 49.066867 261.098587 34 11.257063 49.065378 259.967666
15 11.257063 49.066123 260.720833 35 11.257063 49.065378 259.967553
16 11.257063 49.065751 260.469369 36 11.257063 49.065378 259.967478
17 11.257063 49.065564 260.301890 37 11.257063 49.065378 259.967427
18 11.257063 49.065471 260.190310 38 11.257063 49.065378 259.967394
19 11.257063 49.065425 260.115957 39 11.257063 49.065378 259.967371
20 11.257063 49.065402 260.066402 40 11.257063 49.065378 259.967357
TABLE 4. Some numerical results for calculation of ~, with ¢ = %, %, % and
n=12,...,20, of Example 3.2.
n gq=: q=% q=3 n gq=: q=% q=3
1 2257197 2.226716 2.174059 11 2.270833 2.270788 2.268911
2 2.266232 2.248106 2.203418 12 2.270833 2.270810 2.269551
3 2.269293 2.259295 2.224501 13 2.270833 2.270822 2.269978
4 2.270319 2.265019 2.239296 14 2.270833 2.270828 2.270263
5 2.270662 2.267915 2.249509 15 2.270833 2.270830 2.270453
6 2.270776 2.269371 2.256481 16 2.270833 2.270832 2.270580
7 2.270814 2.270102 2.261204 17 2.270833 2.270833 2.270664
8 2.270827 2.270467 2.264386 18 2.270833 2.270833 2.270721
9 2.270831 2.270650 2.266523 19 2.270833 2.270833 2.270758
10 2.270833 2.270742 2.267954 20 2.270833 2.270833 2.270783
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TABLE 5. Some numerical results for calculattion of A1, As, A3, with ¢ = %
and n=1,2,...,20, of Example 3.2.

Ay As A3 S A
2.793328 1.846027 1.990304 6.629659
2.942153 1.961611 2.082118 6.985882
2.992794 2.001290 2.113262 7.107345
3.009790 2.014645 2.123703 7.148138
3.015468 2.019112 2.127190 7.161770
3.017362 2.020602 2.128353 7.166318
3.017993 2.021099 2.128741 7.167834
3.018204 2.021265 2.128870 7.168339
3.018274 2.021320 2.128913 7.168508
10 3.018298 2.021339 2.128928 7.168564
11 3.018305 2.021345 2.128933 7.168583
12 3.018308 2.021347 2.128934 7.168589

© 00O U WS

TABLE 6. Some numerical results for calculation of Ay, Ag, A3, with ¢ = %
and n=1,2,...,20, of Example 3.2.

A As As A
1.980443 1.311532 1.552811 4.844787
2.303542 1.554800 1.759966 5.618308
2.476635 1.688162 1.869507 6.034304
2.566137 1.757911 1.925802 6.249851
2.611636 1.793570 1.954335 6.359541
2.634573 1.811598 1.968699 6.414870
2.646088 1.820662 1.975905 6.442655
2.651858 1.825206 1.979514 6.456578
2.654746 1.827482 1.981320 6.463547
10 2.656191 1.828620 1.982223 6.467034
11 2.656913 1.829190 1.982675 6.468778
12 2.657274 1.829474 1.982901 6.469650
13 2.657455 1.829617 1.983014 6.470086
14 2.657545 1.829688 1.983070 6.470304
15 2.657591 1.829724 1.983098 6.470413
16 2.657613 1.829741 1.983113 6.470467
17 2.657624 1.829750 1.983120 6.470494
18 2.657630 1.829755 1.983123 6.470508
19 2.657633 1.829757 1.983125 6.470515
20 2.657634 1.829758 1.983126 6.470518

© 00O U WS
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TABLE 7. Some numerical results for calculation of A, Ag, Ag, with ¢ = 2

3
and n=1,2,...,30, of Example 3.2.

Ay As A3 S A
1.051016 0.687483 0.979592 2.718091
1.419580 0.948096 1.237258 3.604934
1.705375 1.157875 1.429740 4.292990
1.914775 1.315447 1.567753 4.797976
2.063077 1.428895 1.664216 5.156188
2.165905 1.508420 1.730549 5.404873
2.236244 1.563214 1.775683 5.575140
2.283940 1.600547 1.806181 5.690669
2.316097 1.625798 1.826697 5.768592
10 2.337695 1.642794 1.840456 5.820945
11 2.352165 1.654198 1.849665 5.856027
12 2.361843 1.661832 1.855820 5.879496
13 2.368310 1.666936 1.859931 5.895177
14 2.372627 1.670345 1.862675 5.905648
15 2.375508 1.672621 1.864506 5.912635
16 2.377430 1.674139 1.865727 5.917296
17 2.378712 1.675152 1.866541 5.920405
18 2.379567 1.675827 1.867084 5.922478
19 2.380137 1.676277 1.867446 5.923861
20 2.380517 1.676578 1.867688 5.924783
21 2.380770 1.676778 1.867849 5.925397
22 2.380939 1.676911 1.867956 5.925807
23 2.381052 1.677000 1.868028 5.926080
24 2.381127 1.677060 1.868075 5.926262
25 2.381177 1.677099 1.868107 5.926384
26 2.381211 1.677126 1.868128 5.926464
27 2.381233 1.677143 1.868142 5.926518
28 2.381248 1.677155 1.868152 5.926554
29 2.381258 1.677163 1.868158 5.926578
30 2.381264 1.677168 1.868162 5.926594
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FRACTIONAL ORDER OPERATIONAL MATRIX METHOD FOR
SOLVING TWO-DIMENSIONAL NONLINEAR FRACTIONAL
VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS

AMIRAHMAD KHAJEHNASIRI', M. AFSHAR KERMANI!, AND REZZA EZZATI**

ABSTRACT. This article presents a numerical method for solving nonlinear two-
dimensional fractional Volterra integral equation. We derive the Hat basis func-
tions operational matrix of the fractional order integration and use it to solve the
two-dimensional fractional Volterra integro-differential equations. The method is
described and illustrated with numerical examples. Also, we give the error analysis.

1. INTRODUCTION

Fractional differential and integral equations involving the Caputo fractional opera-
tor or the Riemann-Liouville fractional operator has been paid more and more atten-
tion. There are several numerical methods for solving fractional integro-differential
equations. Such as Haar wavelet method [24], CAS wavelets [25], Bernstein polyno-
mials [1], collocation method [23], fractional differential transform method [3], Block
pulse operational matrix [20,28].

Integro-differential equation of fractional order has been proved to be valuable tools
to model the dynamics of many processes in various fields of science and engineering
through strongly anomalous media. Indeed, we can find numerous applications in
electro-chemistry, viscoelasticity, signal processing, economies, electromagnetic, etc.
9,10, 18,22].

Hat functions (HFs) are a powerful mathematical tool for solving various kinds
of equations. The solution of stochastic Ito-Volterra integral equations based on
stochastic operational matrix [11], E. Babolian et al. have applied this method for

Key words and phrases. Hat basis functions, operational matrix, error analysis, block pulse
function, two-dimensional fractional integral equation.
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solving systems of nonlinear integral equations [5], M. H. Heydari et al. have applied
Hat functions for solving nonlinear stochastic Ito integral equations [11,13]. F. Mirzaee
and E. Hadadiyan have used two-dimensional Hat functions for solving space-time
integral equations [17]. M. P. Tripathi et al. have applied HFs for solving fractional
differential equations [27].

The operational matrix of integration has been determined for several types of
orthogonal polynomials, such as Legendre polynomials [21], Laguerre series [12], and
Block-pulse functions [4, 7], Triangular functions [15]. The operational matrix of
fractional derivatives has been determined for some types of orthogonal polynomials,
such as Legendre polynomials [26], Chebyshev polynomials [6], Triangular functions
8,14].

In this paper, two dimensional Hat functions (2DHFs) will be used to solve the
following nonlinear two-dimensional fractional integral equation

Du(z,y) = f(z,y)+ r(a)lwa)/oy /Ox(y— 92w — )BDG(x, y, 5.1, uls, 1)) dsdt,
(1.1)

with the initial conditions
i

0
(1.2) %U(O,y):@-, i=0,1,....,p—Lp—1<a<p p€eN,

where (o, 8) € (0,00)x(0,00), u € L(Q), Q := [0, a] x [0, b], are known functions, (1.1)
is the Caputo fractional differentiation operator and the unknown function u(x,y)
to be determined. In this work, we consider that, the nonlinear function has the
following form G(z,vy, s, t,u) = k(z,vy, s,t, )[u(s, )], where p is positive integer. In
this paper, we introduce a new operational method to solve nonlinear two dimensional
fractional Volterra integro-differential equations. The method is based on reducing
the equation to the system of algebraic equation by expanding the solution as Hat
functions.

2. RIEMANN-LIOUVILLE AND CAPUTO FRACTIONAL DERIVATIVES

There are various types of definition for the fractional derivative. The most
commonly used definitions are Riemann-Liouville and Caputo formulas. Riemann-
Liouville fractional integration of order « is defined as

1 T
2.1 I :7/ 0L ()dt, o> 0,2 > 0.
2.) 8@ = prgy [ =07 @ 0> 0.0
The following equations define Riemann-Liouville and Caputo fractional derivatives
of order a, respectively,
(0% dm m—o
(22) D5, () = I f(2),

D2, f(x) =Im® [dmf(x)] ,

dz™
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where m — 1 < o < m and n € N. From (2.1) and (2.2), we have
1 ar =
2 / R OL

I'(m—a«
Lemma 2.1. Ifn—1<a <n,n €N, then D31%u(x,t) = u(z,t), and

= 9Fu(0F, t) ok
1D t) = t) — —_— 0.
xll(:lj‘, ) u(:c, ) kz:;) Ok ol x >
Definition 2.1 ([2]). Let (o, ) € (0,00) x (0,00), 0 = (0,0), Q := [0,a] x [0,0],
and u € L'(Q2). The left-sided mixed Riemann-Liouille integral of order («, 3) of w is
defined by

D3 f(x) =

(") (. y) / / (@~ (g — )B Vs, t)dsdt.
In particular

L (I u) (x, y) = ulz, y);

2. (I;""u)(z,y) = fy S uls,tydids, (e,y) €9, 0 = (1,);

3. (15" u)(x,0) = (1,"7)(0,y) = 0, € [0,a], y € [0,];

015 A w _’ F(lJr)\) I(l+w) AW :
4 [ - F(1+>\+a)>>ir(1+w+6) * +lB7 (x; ) S Q; )\;w € (_1,00)

3. REVIEW OF HAT FUNCTIONS AND THEIR PROPERTIES

A set of HFs is usually defined on [0, 1] as:

h—t

_— <t<h
Po(t) = g Vst

0, otherwise,

(-1

t(zh)h7 (1 —1)h <t <ih,
¢i(t) (erl?L’ ih<t<(i+1hi=12...,n—1,

0, otherwise,

t—(1—nh)

——= T —-h<t<T
¢n<t) — { h Y — < 9

0, otherwise,

where h = % and n is an arbitrary positive integer. Indeed, the unit interval [0,1] is
divided into n equidistant subintervals. According to the definition of HFs, we have

(3.1) ¢i(jh) = dij,

where 0 denotes the Kronecker delta function. By generalizing the definition of one-
dimensional HFs, 2DHFs can be defined as follows

(3.2) D, i(z,y) = ®i(x)Pi(x), ¢,7=0,1,....,n
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By substituting (3.1) and (3.2), we have ®; ;(kh,lh) = §;0;,. Now, for the 2DHFs,

we have

(3.3) bij(x,y)ki(x,y) =0, |i—j|>2o0r|j—1>2

and
Z Z ¢i,j(xa y) =L
i=0 j=0

An arbitrary function U(z,y) can be expanded in vector form as:

(3.4) U(z,y) ~ U ®(x,y) = " (z,y)U,

where U = [ug, ug, . . . aun]Ta

(I)(.Z', y) = [QSO,O(:U? y)7 cee ¢0,m(x7 y)? ¢170(.CE, y)7 ey ¢170(Qf, y)]T

and w; ; = u(th, jh), 1,5 = 0,1,...,n. The positive integer powers of u(x,y) may be
approximated by HFs as [u(x, )] ~ CL-®(z,y). Now, let k(x,v, s, t) be an arbitrary
function of two variables defined on L?([0,1] x [0,1]). It can be expanded by HFs
as: k(z,y,s,t) ~ T (z,y) K®(s,t), where ®(z,y) and ®(s,t) are 2DHFs vectors of
dimention (n+1)?, and K is 2DHFs coefficients matrix of dimention (n;+1)%x (n+1)?
with entries a;;,¢ =0,1,...,ny, 7=0,1,...,n9, as a;; = k(ih, jh). In this paper, for
convenience, we put n; = ny = n. Moreover, from (3.3) follows:

®(z,y) 0" (z,y)

do(x)  do(x)gr ()
do(x)pr(x)  Pi(x)  Pu(w)ga(x)

o5(x)  polx)pi(x)
do(r)pr(x)  @f(x)  i(x)ga(n)

Pn—1(2)Pn () ¢y ()

and

1 1
P = / / O(z,y)®" (z,y)dedy = T1 @ Ty,
0 0
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where P is the following (n 4 1) X (n + 1) matrix

2 1
1 4 1

>

By considering (3.1), and expanding entries of ®(x,y)®”(x,y) by 2DHFs, we have
O(x,y)0T (z,y) ~ diag(P(x,y)). Now, suppose that A is a vector (n + 1)2. We obtain

(3.5) O(z,y) 0T (2, y)A ~ /~\<I>(x, Y),

where A = diag(A) is an (n + 1)? x (n + 1)%-diagonal matrix. Furthermore, if A is an
(n+1)? x (n + 1)%-matrix, we have

(3.6) " (2, y)Ad(z, y) ~ & (x,y) A,

where A is an (n + 1)?-vector with elements equal to diagonal entries of matrix A.
Now, we have

/Oy /()xé(s,t)dydt . /Oy /qu)(s) % ®(t)dsdt — (/qu)(s)ds) ® (/j@(t)dt)

~ (T1®(2)) ® (T2®(y)) = (T1 @ To)@(z,y) = RP(z,y),

where P; is the following (n 4 1) X (n + 1) matrix

0111 - 1
0122 .. 2
p=lloo1 2. 2
2.:.:.:
0000 - 1

3.1. Operational matrix of the fractional order integration (OMFI). Our
goal is to get, to derive the Hat OMFI. For this purpose, Block pulse fractional matrix
for the one-dimensional case is presented as follows:

1 t
T — / _ a—1 — F©
(I*f)(t) @) b (t = 7)*b(r)dr = Fb(1),
where o € R is the order of the integration and I'(«) is the Gamma function. Also,
we define an m-set of Block Pulse Functions (BPFs) as

i (t+1)
1, —<z<
0, otherwise,

Y
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where ¢ = 0,1,2,...,m — 1. The function b;(x) is disjoint and orthogonal, that is

o ={ 120

where F'* is the m x m fractional operational matrix of integration of order « for the
BPFs (see [16]) where

(I*Bin)(x) =F By (),

L & & & -0 &na

0 1 51 52 gm—l

o 1 1 0 0 1 51 gm—3

_maF(a+2) I ’
00 ... 0 1 &

00 0 ... 0 1

and &, = (k + 1) — 2k 4 (k — 1)>TL. Our aim is to derive the Hat OMFI. For
this purpose, we used the Riemann-Liouville fractional order integration, as following:

(I%u)(z,y) = P(Oé)lr(ﬁ) /Oy /Om(y —8)* o — )P u(s, t)dsdt
1

el wu(z,y),

r()r(s)”
where o, 5 € R are the order of the integration, I'(«) and T'(f) are the Gamma
functions and y*~! * u(z,y), 2°7! * u(z,y) denote the convolution products of y*~!,
P71 and u(x,y). Now if u(x,y) is expanded in HFs, as shown in (3.4), the Riemann-

Liouville fractional integration becomes

(I%u)(x,y) = F(Oé)lr(ﬁ)yalxﬁl s u(z,y) ~ CTF(oz)lF(B)yalxﬁl * O(z,y).

Thus, if ¥y ! % u(z,y) and 27~ * u(x,y) can be integrated, then by expanding the
Hat functions, the Riemann-Liouville fractional order integration solve the HFs. Also,
we define an m-set of BPF as

bo(og) = | L (= Db <@ <y and (i = Dhy <y < izha,
ir,i2\ T, Y) = 0, otherwise,

where 1 = 0,1,2,...,m — 1. The function b; ;(¢) is disjoint and orthogonal, that is

biyir (@, y), i1 =71 and iy = ja,
b’il,iz (:C7 y)bjlsz (','C? y) = { 01 2( ) OltheI‘Vt'lSG i :

The HFs can be expanded in to m-set of BPs functions as

where B, (z) = (bo(z),b1(x), ..., bi(z),... by 1(z))T (see [24,25]) and ¥ is an M'N x
M N product operational matrix. Next, we derive the Hat OMFI. We have the two
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dimensional BPFS operational matrix of fractional integration as:
/ / )2 — )P U (s, t)dsdt = F*PU(z,y),

where
1 1

memB I(a +2)T(6 + 2)

FoB —

1 &G & & o Sm I'm m n3 o Nma

01 & & oo Sua O 1 m m ... Tma

0 0 1 61 oo é-m_g 0 0 1 m -+ MNm-3
X, . ) . X . . . )

0O 0 ... 0 1 & 0O 0 ... O 1 M

o o0 o0 ... 0 1 O 0 0 ... 0 1

& = (k+1)2T — 2k 4 (B — 1)2* and n = (k + 1)PF — 2K°FL 4 (kK — 1)P+L.
Fractional integration of the BPFs is given as the following

(3.8) (I’ B,)(z,y) ~ F*’B,,(x,y).
Now, we derive the HFs operational matrix of the fractional order integration. Let
(3.9) (I°7®) (2, y) = Prlm®(z,y),

where matrix P2, is called the Hat functions OMFI. Using (3.7) and (3.8), we have
(3.10)
(]a,ﬂq))(x’ y) ~ (]aﬂqjmxmBm)(xa Y) = Vs (17 Bm) (2, y) ~ \IijmFaﬂBm(x»y)-
By (3.9) and (3.10) we get
Ppln®(@,t) = U PP By (2, y) = U FP @y U L -

Then, the Hat functions OMFI P%? s given by
(3.11) Pl =W, FOPO

mxXm mxm:*

4. APPLYING THE METHOD

In this section, 2DHFs fractional operational matrix are applied to solving (1.1).
Now, let

(4.1) D%u(z,y) ~ CT®(x,y).
By using (4.1) and (3.9) and Lemma 2.1, we have
(0t ) 2

T pa

So, by replacing the supplementary initial Condltlons (1.2), in the above summation
in the above equations and approximating it by Hat functions, we have

u(z,y) = (CT Py + G ) (),
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where C), is a column m-vector. Define e = [eg, e1,. .., ep_1] = (CTPS, . + CI), so,

u(z,y) = ed(x,y). We could easily check out the correctness of the expression with in-

duction [u(z,y)]? = [ed, ef,... e}, _1]P(x,y) = €Pxm, Where &, = [ef, ef, ... el _4].
The function u(z,y), k(x,y, s, t) and f(x,y) can be approximated by
u(z,y) =UT®(z,y) = U (z,y),
F(z,y) =F"®(x,y) = FO' (z,y),
[u(z,y)P =07 (z,4)C,,
(4.2) k(z,y,s,t) =07 (z,y) - K - ®(s,1).

Now, with substituting (4.2) in (1.1), we have
1 T
Diu(z,y) = (T3 /Oy/o (y— )@ =) VG (w,y, 5, uls, t)dsdt + f(x,y).

Using (3.5), (3.6), (3.9), and (3.11), we have

CoT (x,y)
:Noz)lf(ﬁ) L' [ =9 = 0 Dk, s 0luls, O dsdt + FOT(z, )
i L 8 = 00T D5, 00 (5, ) Codst + O,

_&T ~ 1 Y o[* . Na—l(..  (B-1) T
=0 (w9 KOy /O /0 (y — )2 Yo — )FD(s, t)dsdt + FOT ()
— T
07 (2, ) KCy Pl () = (KepPid ) @loy) + PO ()

—

= (KEpP,f;’fm> 0T (2,y) + FOT (z,y).
Set -
B = (KepPiln)

S0,

CoT (x,y) = BO' (z,y) + FOT (2,y),
hence, we have
(4.3) C=DB+F,
which is a system of algebraic equations. By solving this system, we can obtain the
approximate solution of (1.1) according to (4.3).

5. CONVERGENCE AND ERROR ANALYSIS

In this section, we obtain an error bound for the approximate solution, then from
which we conclude convergence of the method. We define the error function as

en(x,y) = U,([L‘,y) - a($7y)7
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where u(z,y) and 4(x,y) denote the exact and approximate solutions, respectively.

Theorem 5.1. Suppose u(x,y) € I and e,(z,y) = u(x,y) — u,(z,y), (z,y) € I =
0,7) x[0,T), where u,(x,y) = Yi_gu(ih, jh)¢; j(x,y) is the generalized hat function
expansion of u(x,y). Then, we have

T2
(5.1) len(z, 9l < gzl (@ )1l
and so the convergence is of order two, that is ||e,(z,y)|| = O (n%) .
Proof. See [17]. O

Theorem 5.2. Suppose u(x,y) as an exact solution of fractional integral (1.1) and
(x,y) show the approximate  solution by  Hat  functions. If
[(x—s)* Yy —t)’k(x,y,s,t)| < N, u(z,y) and k(x,y, s,t) are continuous functions
and also, G(u) = (u(x,t))? satisfies Lipschitz condition |G(u) — G(4)| < Llu — 4,
then .
Ju—il = s fue,y)— i) =0 (-5)

0<z,y<1 n?
Proof. We have

1 y [z ot » )
- F(a)F(ﬁ)/o /o (y =)o = )" k2, y, 5, 8)(u(s, t) — als, t))dtds

1 Y a—1 -1 .
SF(a)F(B)/o /0 (= 5)*y — ) k(x, y, s, ) (u(s, t) — (s, t))|dsdt
1 y [z ot B )
SW/O /0 I(y — 8)* Nz — ) k(z,y,s,1)||(u(s, t) — (s, t))|dsdt
N

SW/O /0 (uls, t) — (s, £))|dsdt.

From (5.1), we conclude that
NLT®zy _  NLT?
PT(@)T(F) = 2071 ()T (B)

[u(w, y) —alz,y)| < 3

This completes the proof. 0
Theorem 5.3. The solving systems of partial 2DFVIE by using 2D-HF's converge if
0<f<1, whereQZ%.

Proof. 1f we assume G(u) = D%u(z,y), we have ||G(u) — G(un)|loo < || — Um]|oo-
From Theorem 5.2, we have
NLT?

(5.2) 1G(u) = G(um)|lee < Wllu—umllw
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Inequality (5.2) implies that if 0 < # < 1, then we have lim,, o [|G(u) = G(tm)||co = 0
and lim,, oo ||t — U || = 0. O

6. NUMERICAL EXAMPLES

To illustrate the effectiveness of the proposed method in the present paper, some
test examples are carried out in this section.

Ezample 6.1. Consider the fractional partial volterra integro-differential equation [19]

y [z 6.4 5
DY :// thu(s, t)dsdt = ————ya®/* — —ady?

where the exact solution is known and it is given by u(x,y) = 2%y, for z,y € [0,1] and
with supplementary condition u(0,y) = 0. Numerical results are presented in Table 1.

TABLE 1. The absolute errors for Example 1.

m=n==4 m=n==4 m=n=>5 m=n=>5

(z,v) usprws [19] U2DHFs Usprws [19] U2DHFs

(0.0,0.7) 0.1404 x 102 0.1404 x 102 0.3508 x 1073 0.2327 x 1073
(0.1,0.3) 0.1636 x 1073 0.2584 x 102 0.1342 x 1073 0.4158 x 1073
(0.3,0.8) 0.1456 x 102 0.3651 x 1073 0.8962 x 1073 0.1001 x 104
(0.4,0.2) 0.1087 x 1073 0.6521 x 1073 0.2700 x 1074 0.5057 x 1074
(0.6,0.6) 0.3248 x 1073 0.1421 x 1073 0.6759 x 1073 0.5884 x 1074
(0.7,0.5) 0.8878 x 1073 0.6250 x 1073 0.5285 x 1074 0.1019 x 104
(0.8,0.4)  0.7061 x 1073 0.7247 x 10~*  0.4090 x 10~*  0.1018 x 10~
(0.9,0.9) 0.5898 x 103 0.1997 x 1073 0.1974 x 1073 0.4108 x 1074

FExample 6.2. Consider the linear two-dimensional fractional integro-differential equa-
tion [19]

y e 1 1
D% u(z,y) = / / (z%y + s)u(s, t)dsdt = 4y, / T TR Ve
0o Jo T 2 3

where the exact solution is known and given by u(z,y) = 2zy, for z,y € [0,1] and
with supplementary condition u(0,y) = 0. Numerical results are presented in the
Table 2.

FExample 6.3. Consider the linear two-dimensional fractional integro-differential equa-
tion [19]

D%5u(z,y) = /Oy /Oz(x cos(s) + yt)u(s,t)dsdt = f(z,y),
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TABLE 2. The absolute errors for Example 2.
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m=n=4 m=n=4 m=mn=>5 m=mn=>5
(z,y) usprws [19] U2DHFs uzprws [19] U2DHFs
(0.1,0.8) 0.1173 x 1073 0.1853 x 1073 0.1250 x 1073 0.4141 x 1073
(0.2,0.6) 0.1805 x 1073 0.9461 x 1073 0.2751 x 1074 0.4258 x 1073
(0.3,0.8)  0.9276 x 107*  0.9276 x 10~*  0.1189 x 10~*  0.1104 x 10~*
(0.4,0.6)  0.2710 x 107*  0.3621 x 10~*  0.1395 x 107>  0.1245 x 107
(0.5,0.5)  0.7309 x 107°  0.1001 x 10~*  0.4065 x 107>  0.7412 x 1075
(0.6,0.5)  0.3884 x 107*  0.3621 x 107*  0.1174 x 107*  0.3241 x 1075
(0.7,0.3)  0.3548 x 107*  0.5200 x 1073 0.9798 x 107°  0.4142 x 10~*
(0.8,0.4)  0.9069 x 107*  0.3247 x 10~*  0.2406 x 10~*  0.3258 x 10~*
(0.9,0.9)  0.6179 x 107*  0.1657 x 1073 0.1607 x 1073 0.4741 x 10~*

where
94
flz,y) :M 4+ cos(x) — 2? sin(z) — x cos(y) + x cos(z) cos(y)

0.5

1

1
+ 2% sin(x) cos(y) — 53:23/ sin(y) + §x2y2 cos(y),

where the exact solution is known and given by wu(z,y) = zsin(y), for z,y € [0,1]
and with supplementary condition «(0,y) = 0. Numerical results are presented in the

Table 3.
TABLE 3. The absolute errors for Example 3.
m=n=3 m=n=23 m=n=4 m=n=4

(%y) U2DLW s [19] U2DHFs U2DLW s [19] U2DHFs

(0.1,0.1)  0.1599 x 1073 0.2514 x 1072 0.5398 x 10~*  0.9841 x 1073
(0.2,0.2)  0.2155 x 107®  0.6251 x 1073 0.5185 x 107*  0.4625 x 104
(0.3,0.3)  0.1566 x 1072 0.5210 x 1073 0.6503 x 10~*  0.1984 x 104
(0.4,0.4)  0.2122 x 107 0.9654 x 1072 0.7688 x 107*  0.1962 x 1074
(0.5,0.5)  0.2477 x 10™%  0.2014 x 107*  0.8809 x 10™*  0.7620 x 1074
(0.6,0.6)  0.2971 x 10=%  0.6521 x 107*  0.9899 x 10™*  0.3021 x 1074
(0.7,0.7)  0.3662 x 10 0.6214 x 1073 0.1226 x 1073 0.4142 x 1074
(0.8,0.8)  0.4738 x 1073 0.2147 x 107®  0.1599 x 103 0.3108 x 1074
(0.9,0.9)  0.6344 x 1073 0.9651 x 1072 0.2246 x 1073 0.4748 x 1073

Example 6.4. Consider the two-dimensional fractional Volterra integral equation [1]

u(mvy) -

where

1

s [ [ = 9)E e = 0} + s)e tuls, Ddsdt = [(a,p),

L(3)I(3)

[, y) =

x2eY

10247 y3 (62 + 13y2)

20270257 ’
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where the exact solution is known and it is given by u(z,
equation, we implement the HFs method for o = £ and 3 =

A. KHAJEHNASIRI, M. AFSHAR KERMANI, AND R. EZZATI

presented in Table 4 and Figure 1.

)

x2eY.

TABLE 4. The absolute errors for Example 4.

m=n=2 m=n=2 m=n=4 m=n=4
r=y  Upprom |1] U2DHFs usppprom (1] U2DHFs
0.0 2.090 x 10714 2.125 x 10714 4.086 x 1071 5.237 x 10~°
0.1 2.532 x 1074 2.635 x 1074 4.181 x 1074 4.258 x 107°
0.2 6.967 x 107 5.689 x 1074 4471 x 1074 4.125 x 1074
0.3 2.602 x 1074 3.070 x 1074 4.970 x 1074 4.157 x 1074
0.4 3.346 x 1074 4.325 x 1074 5.656 x 1074 4.984 x 1074
0.5 2.778 x 1074 3.215 x 1073 6.474 x 1074 6.259 x 1074
0.6 1.701 x 1073 2587 x 1073 7.316 x 107*  7.147 x 1074
0.7 2.090 x 1073 2.090 x 1073 7.817 x 1074 7.548 x 1074
0.8 3.542 x 1073 3.985 x 1073 6.788 x 1074 7.214 x 1074
0.9 1.137 x 1073 2.087 x 1073 1.004 x 1074 2.587 x 1074

F1GURE 1. Exact and approximation solutions of Example 4.

Ezample 6.5. Consider the two-dimensional nonlinear fractional Volterra equation [20]

u(z,y) —

% g / / —s) % x—t)%\/?[u(s,t)]stdt = f(z,y),

To solve this
. Numerical results are
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where
—1 3 7 xr
o) =i (g +5)

The exact solution is known and it is given by u(z,y) = ¥ ?éxy. This example has been

solved, for a = % and g = g Numerical results for this a solution are presented in
Table 5 and Figure 2.

TABLE 5. The numerical results for Example 5.

Exact solution m = 32 m =32
xr = usppprs [20] U2DHFs
0.0 0 0.009386 0.002541
0.1 0.05773 0.042121 0.042541
0.2 0.11547 0.124282 0.138744
0.3 0.17323 0.156905 0.144871
0.4 0.23094 0.239179 0.235487
0.5 0.28867 0.274574 0.275487
0.6 0.34641 0.354075 0.344872
0.7 0.40414 0.389848 0.404151
0.8 0.46188 0.468971 0.469874
0.9 0.50702 0.507021 0.507210

FicUre 2. Comparison the exact solution and the presented method
for Example 5.
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7. CONCLUSION

In this paper, a Hat operational matrix of fractional order integration is obtained and
it is used to solve the two-dimensional nonlinear fractional Volterra integro-differential
equations. By properties of 2DHFs and using of operational matrices the possibility of
reducing these equations to a system of algebraic equations are provided. Moreover, a
general procedure of forming this matrix Pﬁlfm is summarized. For more investigation,
some examples are presented. As the numerical results showed, the proposed method
is an accurate and effective method for solving a fractional two-dimensional integral
equation.

REFERENCES

[1] M. Asgari and R. Ezzati, Using operational matriz of two-dimensional Bernstein polynomials
for solving two-dimensional integral equations of fractional order, Appl. Math. Comput. 307
(2017), 290-298.

[2] S. Abbasa and M. Benchohra, Fractional order integral equations of two independent variables,
Appl. Math. Comput. 227 (2014), 755-761.

[3] A. Arikoglu and I. Ozkol, Solution of fractional integro-differential equations by using fractional
differential transform method, Chaos Solitons Fractals 40 (2009), 521-529.

[4] N. Aghazadeh and A. A. Khajehnasiri, Solving nonlinear two-dimensional Volterra integro-
differential equations by block-pulse functions, Mathematical Sciences 7 (2013), 1-6.

[5] E. Babolian and M. Mordad, A numerical method for solving systems of linear and nonlinear
integral equations of the second kind by hat basis functions, Comput. Math. Appl. 62 (2011),
187-198.

[6] E. H. Doha, A. H. Bhrawy and S. S. Ezz-Eldien, A Chebyshev spectral method based on opera-
tional matriz for initial and boundary value problems of fractional order, Comput. Math. Appl.
62 (2011), 2364—2373.

[7] A. Ebadian and A. A. Khajehnasiri, Block-pulse functions and their applications to solving
systems of higher-order nonlinear Volterra integro-differential equations, Electron. J. Differ. Equ.
54 (2014), 1-9.

[8] A.Ebadian, H. Rahmani Fazli and A. A. Khajehnasiri, Solution of nonlinear fractional diffusion-
wave equation by traingular functions, SeMA Journal 72 (2015), 37-46.

[9] L. Gaul, P. Klein and S. Kempfle, Damping description involving fractional operators, Mechanical
Systems and Signal Processing 5 (1991), 81-88.

[10] W. G. Glockle and T. F. Nonnenmacher, A fractional calculus approach of self-similar protein
dynamics, Biophysical Journal 68 (1995), 46-53.

[11] M. H. Heydari, M. R. Hooshmandasl, F. M. Maalek Ghaini and C. Cattani, A computational
method for solving stochastic Ito-Volterra integral equations based on stochastic operational
matriz for generalized hat basis functions, J. Comput. Phys. 270 (2014), 402-415.

[12] C.Hwang and Y. P. Shih, Parameter identification via Laguerre polynomials, Internat. J. Systems
Sci. 13 (1982), 209-217.

[13] M. H. Heydari, M. R. Hooshmandasl, F. M. Maalek Ghaini and C. Cattani, An efficient
computational method for solving nonlinear stochastic Ito integral equations: application for
stochastic problems in physics, J. Comput. Phys. 283 (2015), 148-168.

[14] D. Jabari Sabeg, R. Ezzati and K. Maleknejad, A new operational matriz for solving two-
dimensional nonlinear integral equations of fractional order, Cogent Math. Stat. 4 (2017), 1-11.



[15]

[16]
[17]
[18]
[19]

[20]

[25]

[26]

[27]

28]

FRACTIONAL ORDER OPERATIONAL MATRIX METHOD FOR... 585

A. A. Khajehnasiri, Numerical Solution of Nonlinear 2D Volterra-Fredholm Integro-Differential
Equations by Two-Dimensional Triangular Function, 2 Int. J. Appl. Comput. Math. (2016),
575-591.

A. Kilicman and Z. A. Al Zhour, Kronecker operational matrices for fractional calculus and
some applications, Commun. Appl. Math. Comput. 187 (2007), 250-265.

F. Mirzaee and E. Hadadiyan, Application of two-dimensional hat functions for solving space-
time integral equations, J. Appl. Math. Comput. 4 (2015), 1-34.

S. Momani, and M. A. Noor, Numerical methods for fourth-order fractional integro-differential
equations, Appl. Math. Comput. 182 (2006), 754-760.

M. Mojahedfar, A. Tari Marzabad, Solving two-dimensional fractional integro-differential equa-
tions by legendre wavelets, Bull. Iranian Math. Soc. 43 (2017), 2419-2435.

S. Najafalizadeh and R. Ezzati, Numerical methods for solving two-dimensional nonlinear integral
equations of fractional order by using two-dimensional block pulse operational matriz, Appl. Math.
Comput. 280 (2016), 46-56.

P. N. Paraskevopoulos. Legendre series approach to identification and analysis of linear systems,
IEEE Trans. Automat. Control 30 (1985), 585-589.

H. Rahmani Fazli, F. Hassani, A. Ebadian and A. A. Khajehnasiri, National economies in
state-space of fractional-order financial system, Afr. Mat. 10 (2015), 1-12.

E. A. Rawashdeh, Numerical solution of fractional integro-differential equations by collocation
method, Appl. Math. Comput. 176 (2006), 1-6.

H. Saeedi, N. Mollahasani, M. M. Moghadam and G. N. Chuev, An operational haar wavelet
method for solving fractional Volterra integral equations, Int. J. Appl. Math. Comput. Sci. 21
(2011), 535-547.

M. Saeedi and M. M. Moghadam, Numerical solution of nonlinear Volterra integro-differential
equations of arbitrary order by CAS Wavelets, Commun. Nonlinear Sci. Numer. Simul. 16 (2011),
1216-1226.

A. Saadatmandi and M. Dehghan, A new operational matriz for solving fractional-order differ-
ential equations, Comput. Math. Appl. 59 (2010), 1326-1336.

M. P. Tripathi, V. K. Baranwal, R. K. Pandey and O. P. Singh, A new numerical algorithm to
solve fractional differential equations based on operational matriz of generalized hat functions,
Commun. Nonlinear Sci. Numer. Simul. 18 (2013), 1327-1340.

M. Yi, J. Huang and J. Wei, Block pulse operational matrixz method for solving fractional partial
differential equation, Appl. Math. Comput. 221 (2013), 121-131.

!DEPARTMENT OF MATHEMATICS, NORTH TEHRAN BRANCH,
IsLamic AZAD UNIVERSITY, TEHRAN, IRAN

Email address: a.khajehnasiri@gmail.com

Email address: m—afshar@iau-tnb.ac.ir

2DEPARTMENT OF MATHEMATICS,
KARrAJ BRANCH, IsLAMIC AzAD UNIVERSITY, KARAJ, IRAN
Email address: ezati@kiau.ac.ir

*CORRESPONDING AUTHOR






KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 45(4) (2021), PAGES 587-596.

EXISTENCE OF POSITIVE SOLUTIONS FOR A CLASS OF
KIRRCHOFF ELLIPTIC SYSTEMS WITH RIGHT HAND SIDE
DEFINED AS A MULTIPLICATION OF TWO SEPARATE
FUNCTIONS

YOUCEF BOUIZEM!, SALAH BOULAARAS?3, AND BACHIR DJEBBAR!

ABSTRACT. The paper deals with the study of existence of weak positive solutions
for a new class of Kirrchoff elliptic systems in bounded domains with multiple
parameters, where the right hand side defined as a multiplication of two separate
functions.

1. INTRODUCTION

In this paper, we consider the following system of differential equations

A (/ |Vu|2d:)3) Au=Ma(z) f () h(u) in 9,
9]

1.1
(1) ~B (/ |Vv|2da:) Av =X (x) g (u) 7 (v) in Q,

u=v=0on 09,

where Q C RY, N > 3, is a bounded smooth domain with C? boundary 0%, and
A, B : Rt — R* are continuous functions, «, 5 € C (ﬁ) , A1 and Ay are nonnegative
parameters.

Since the first equation in (1.1) contains an integral over (2, it is no longer a
pointwise identity, therefore, it is often called nonlocal problem. This problem models
several physical and biological systems, where u describes a process which depends

Key words and phrases. Kirrchoff elliptic systems, existence, positive solutions, sub-supersolution,
multiple parameters
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on the average of itself, such as the population density, see [9]. Moreover, problem
(1.1) is related to the stationary version of the Kirchhoff equation

82'& PO
(-2) Yo ( 2L/‘ ) oaz ="

presented by Kirchhoff in 1883 (see [10]). This equation is an extension of the classical
d’Alembert’s wave equation by considering the effect of the changes in the length of
the string during the vibrations. The parameters in (1.2) have the following meanings:
L is the length of the string, h is the area of the cross-section, E is the Young modulus
of the material, p is the mass density, and Fy is the initial tension.

In recent years, problems involving Kirchhoff type operators have been studied in
many papers, we refer to ([3-5,7,9,11]), in which the authors have used different
methods to get the existence of solutions for Kirchhoff type equations. Our paper
is motivated by the recent results in ([1,2]). In the paper [2], Azzouz and Bensedik
studied the existence of a positive weak solution for the nonlocal problem of the form

-M /|Vu|2 dr | Au = |[ulP?u+ Af (z) in Q,
(1.3) )
u =0 on 0,

where € is a bounded smooth domain in RY, N > 3 and p > 1, with a sign-changing
function f.

Using the sub-supersolution method combining a comparison principle introduced
in [1], the authors established the existence of a positive solution for (1.3), where
the parameter A > 0 is small enough. In the present paper, we consider system
(1.1) in the case when the nonlinearities are “sublinear” at infinity, see the condition
(H 3). Under suitable conditions on f, g, h and 7, we shall show that system (1.1)
has a positive solution for A > A* large enough. To our best knowledge, this is a
new research topic for nonlocal problems, see [8]. In current paper, motivated by
previous works in ([2], [6]) and by using sub-super solutions method, we study of
existence of weak positive solutions for a new class of Kirrchoff elliptic systems in
bounded domains with multiple parameters, where the right hand side defined as a
multiplication of two separate functions. Our results extend and improve our recent
results in [3] and [11].

2. EXISTENCE RESULT

Lemma 2.1 ([2]). Assume that M : RT — R" is a continuous and nonincreasing
function satisfying lim;_,o+ M (t) = mg, where my is a positive constant. Suppose
further that function H (t) := tM (t*) is increasing on R.
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Assume that u,v are two non-negative functions such that

—-M (/\VUF dac) Au>—M (/ Vol dx) Av in €,
0 Q

u=wv=0 on 09,

then u > v a.e. in Q.

Lemma 2.2 ([1]). If M verifies the conditions of Lemma 2.1, then for each f € L? (Q)
there exists a unique solution u € H} (Q) to the M-linear problem

-M (/ Vul? dx) Au = f(x) in Q,
o)
u =0 in 0NQ.

Lemma 2.3 ([6]). Let w solve Aw = g in Q. If g € C (), then w € CH*(Q) for
any a € (0,1), so particularly w is continuous in €.

In this section, we shall state and prove the main result of this paper. Let us assume
the following assumptions.

(H1) Assume that A, B: Rt — R* satisfy the same conditions as M in Lemma 1,
and there exists a;,b; > 0,7 = 1,2, such that

ar <A(t)<ay, b <B(t)<by, forallteR".
(H2) a,ﬁEC’(ﬁ) and
a(z)>ay>0, [(x)>pF >0,

for all x € €.
(H3) f, g, h, and 7 are C' on (0, +00), and increasing functions such that

lim f(t)=+o0, lim ¢g(t)=+oo, lim h(t)=4oc0c= lim 7(t) = +o0.

t—+o00 t——+o00 t——+o00 t——+o00

(H4) Exists v > 0 such that
L) f (kg (@)7)

t—+o00 t

=0, forall k>0,

and R
lim T

t—+oo tr—1

We present below an example where hypotheses (H3) and (H4) hold
T(t)=In(t), h(t)=Vt [f@)=h(), gt)=t ~r=2

Theorem 2.1. Assume that the conditions (H1)-(H4) hold. Then for A\iag and A2
large the problem (1.1) has a large positive weak solution.

=0, forall k>0.

We give the following two definitions before we give our main result.
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Definition 2.1. Let (u,v) € (HJ (Q) x HJ (Q)), (u,v) is said to be a weak solution
of (1.1) if it satisfies

A (/ |Vu|2dx) /VUV(bdx :)\1/04 () f(v)h(u)pdz in Q,

B (/ |Vv|2d:v) /VUV@Dd:B :)\2/5 () g (u) T (v)y do in Q,
Q

for all (¢,4) € (Hy () x Hy ().

Definition 2.2. A pair of nonnegative functions (u,v), (¥,v) in (Hj () x H} ()
are called a weak subsolution and supersolution of (1.1) if they satisfy (u,v), (u,v) =

(0,0) on 02

(/Wuy?daz) /wwdx g)\l/a(x)f(y)h(g) éda in Q,

Q

B( Vo) dx) /vuwdx <>\2/6 (w) 7 (v) ¥de in Q
and

A( |Vu| dx) /Vqubdx >>\19/ o (z) f (7) h (@) ¢dz in Q,

B (/]V'U\ dx) /vuwdx >)\2/6 7 () dda in Q,
for all (¢,1) € ) x H} ().

Proof of Theorem 1. Let o be the first eigenvalue of —A with Dirichlet boundary
conditions and ¢; the correspondlng positive eigenfunction, with ||¢;|| = 1. Let mg, 0 >
0 be such that |V |* — 0¢? > mg on Qs = {z € Q: d(z,00) < 6}.

For each Aoy and A3y large, let us define

A A
o= (5ot i e ()

where ap,b; are given by the condition (H1). We shall verify that (u,v) is a weak
subsolution of problem (1.1), for A\jap and A\yf3y large enough. Indeed, let ¢ € H} (Q)
with ¢ > 0 in Q2. By (H1)-(H3), a simple calculation shows that

A(7 Vqu:v) / Vu.Védz A(ﬂ vu%zx) A1 / 6\ V1.V
J J ap J
5 s Qs

[
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:)\61:014 (W/ |Vu)? dx)
X {/V¢1V(¢1-¢) dx/V¢12¢dx}
Qs Qs

J;‘fOA Q/ |w2da:) | (06t = 1Ver]") o

Qs

On Qs we have |V, | — 0¢? > my, then 0¢? — |V, |* < 0. So,

A (ﬁ/ Vu2dx) / VuVedz < 0,
7(5

Qs

by (H3) for A\jag and A5 large enough we get f (v) h(uw) > 0. And then

(2.1) A (7/|Vu2dx) /wwd:c < Al/a(:c)f(y)h(g) .
76 ﬁ(5 55
Next, on 2\Qs we have ¢; > r for some r > 0, and therefore, by the conditions

(H1)-(H3) and the definition of u and v, it follows that

(22) A / o (z) f (v) h (u) pdz > 212092 / ddz
O\, M am

A1y

>0 4 /]Vg|2dx /agbdx

ai ) -
\ 5 O\Qs

Ao
210

Loal [ vuPdr| [ (06f - VoiP) oda
bl ol

A (W/ VUQdI) /V@V(bdx,

\Qs Q\Q;
for A\jap > 0 large enough.
Relations (2.1) and (2.2) imply that

(2.3) A ( / |Vu|2d:v> / VuVede < \ / a(z) f (0) h(w) ddz in Q,

o)
for Ajag > 0 large enough and any ¢ € H} (), with ¢ > 0 in Q.
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Similarly,

(2.4) B (/IW\QdSC) /Vvadx < )\2/5(1:)9(@)7(@) Ydr in Q,

Q

for Aoy > 0 large enough and any ¢ € Hj (), with ¢ > 0 in Q. From (2.3) and
(2.4), (u,v) is a subsolution of problem (1.1). Moreover, we have u > 0 and v > 0 in
Q, u — +oo and v = 400 as A\jag — +00 and A3y — 4o00.

Next, we shall construct a weak supersolution of problem (1.1). Let e be the solution
of the following problem

(2.5)

—Ae=11in Q,
e =0 on 0.

Let \
w=ce o= (2 e e

where v is given by (Hy) and C' > 0 is a large positive real number to be chosen later.
We shall verify that (@,) is a supersolution of problem (1.1). Let ¢ € Hj (Q) with
¢ >0 in Q. Then we obtain from (2.5) and the condition (H1) that

2 _ _ 2 .
A (Q/|Vu| d$) Q/Vu.qudx A (Q/|Vu| dx) CQ/VG Vodx
_ 2
—A (Q/|Vu| dx) C’Q/qbda:

>a,C / odz.
Q
By (H4), we can choose C large enough so that

Ao
0 2 Mlallf (2220 fel Lo ©lelor ) 1€ el

Therefore,

(2.6) A ( / ]Vu|2dx) / Vi Vede

>M el f A2||&HeHoo[g(CHeHm)P h(Cllelly) | ¢dx
by

Q

20 [l f (P2 el b (€ el ) € el ) e
Q

>\ [ @) f (@)h (@) 6 dr.

Q
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Also,

(2.7) B(/W%ﬁm)/VﬂwmzAﬂmu/w«WﬂmW¢m.

Q

Again by (H4) for C' large enough we have

28 el 2ol (e g e e, r).

From (2.7) and (2.8), we have

(2.9) (/|W| d:c) /VvV1/1dx > AQ/@ 7 (%) wdz.

From (2.6) and (2.9) we have(w, ) is a weak supersolution of problem (1.1), with
u <7and v <7 for C' large.
In order to obtain a weak solution of problem (1.1) we define the sequence

{mmm»cE:@ﬁmwdﬁm»mwwnxcm»

as follows: (ug,v9) := (u,7) € E and (uy,v,) is the unique solution of the system

A (/ V| dx) At = M () f (0n1) b (tn_1) in Q,
Q)

(2.10) ( )
_B /|wn| dz | Avy = Mo (2) g (tn_1) 7 (0n_1) in Q,
Sn =0 on 0f).

Problem (2.10) is ( , B)-linear in the sense that, if (u,_1,v,-1) € E is a given, the
right hand sides of (2.10) is independent of u,, v,

Set A(t) = tA(t?), B(t ) tB(t%). Then, since A(R) = R, B(R) =R, f (vy),
h(uo), g (up) and 7 (vg) € C () C L*(Q) (in ), we deduce from Lemma 2.2 that
system (2.10), with n = 1 has a unique solution (u1,v;) € (H} () x H} (Q)). And
by observing that

—NAuy = Al af (vo) h(ug) € C(Q),
Al [ |Vu ]2daz)
&
—A’Ul = 2

) Bg (U()) T (UO) eC (Q) )

B (/ Vo |? da
)

u; = v = 0 on 9.
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We deduce from Lemma 2.3 that (uy,v;) € C(2) x C' (). Consequently (u1,v;) € E.
By the same way we construct the following elements (u,,v,) € E of our sequence.
From (2.10) and the fact that (ug,vy) is a weak supersolution of (1.1), we have

—A (/ |Vu0|2dm) Aug > Ma (z) f(v) h(ug) = —A (/ |Vu1|2dx> Auy,

-B (/ |Vo|? dm) Dvg > Xof () g (uo) 7 (v9) = —B (/ |V dm) JAYU

and by Lemma 1, ug > u; and vy > vq. Also, since ug > u, v9 > v and the monotonicity
of f, h, g, and 7 one has

—A (/ |Vu1|2dx) Ay = a () f(vo) b (ug)
>Ma () f(0)h(w) > —A (/ |Vu\2da:) Au,
0
—B (/ Vo, [* dx) Avy =X () g (ug) 7 (Vo)

>\ () g (u) 7 (v) > —B (/ |Vv|2dw) Av,
Q

from which, according to Lemma 1, uy > u, v; > v, for us, vy we write

A (/ |Vu1|2dx) Ay =M () f (vo) b (uo)
Q
>\ (z) f () h(u) = —A (/ |Vu2|2dx) Aus,
-B (/ |V dx) Avy =X (x) g (ug) T (vo)
Q

>N (2) g (w) T (v1) = —B (/ \Vv2|2d:c) Avs,

and then u; > ug, v1 > vy. Similarly, us > u and vy > v because

A (/ |Vu2|2dx> Aus =\a (@) f (1) h ()

= o (@) £ (0) h (w) = —A ( / |Vu|2dx) Bu
Q
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~B (/|V02\2dx> Avy =X (x) g (wr) 7 (v1)
Q

>Xof(x)g(uw)T(v) > —B (/ |VU|2d:v) Av.

Repeating this argument we get a bounded monotone sequence {(u,,v,)} C E
satisfying

Using the continuity of the functions f, h, g, and 7 and the definition of the sequences
{un},{v,}, there exist constants C; > 0,7 =1,...,4, independent of n such that

(2.11) |f (n-)| < Cr, R (un—r)| < Co, o g (un-1)] < Cs
and
IT (Up—1)| < Cy, for all n.

From (2.11), multiplying the first equation of (2.10) by u,, integrating, using the
Holder inequality and Sobolev embedding we can show that

a1/|Vun]2 dr <A (/|Vun]2dx) /|Vun]2 dx
Q 0 QO

=\ /a(x) f (Vn—1) h(up_1) upde
Q

el [ 1F @)l ()] ] d
Q

<CiG ol M [ Jualdo
)
<Cs [[unll g (g -
Then
(2.12) ||“n||H3(Q) < (Cj, forall n,

where C5 > 0 is a constant independent of n. Similarly, there exists Cs > 0 independent
of n such that

(2.13) ||Un||Hé(Q) < (4, forall n.

From (2.12) and (2.13), we infer that {(u,,v,)} has a subsequence which weakly
converges in H} (€2, R?) to a limit (u,v) with the properties u > u > 0 and v > v > 0.
Being monotone and also using a standard regularity argument, {(u,,v,)} converges
itself to (u,v). Now, letting n — +o0 in (2.10), we deduce that (u,v) is a positive
weak solution of system (1.1). The proof of theorem is now completed. O
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ON n-ABSORBING IDEALS IN A LATTICE
ALI AKBAR ESTAJI! AND TOKTAM HAGHDADI?

ABSTRACT. Let L be a lattice, and let n be a positive integer. In this article, we
introduce n-absorbing ideals in L. We give some properties of such ideals. We
show that every m-absorbing ideal I of L has at most n minimal prime ideals. Also,
we give some properties of 2-absorbing and weakly 2-absorbing ideals in L. In
particular we show that in every non-zero distributive lattice L, 2-absorbing and
weakly 2-absorbing ideals are equivalent.

1. INTRODUCTION

The concept of a 2-absorbing ideal in a commutative ring with identity, which is a
generalization of prime ideals, was defined in [2] by Badawi. Anderson and Badawi
[1] generalized the concept of a 2-absorbing ideal to an n-absorbing ideal. According
to their definition, a proper ideal I of commutative ring R is called an n-absorbing
ideal whenever ajas---a,y; € I, then there are n of the a;’s whose product is in
I for every ay,...,a,41 € R. Badawi and Darani [3] studied weakly 2-absorbing
ideals which are generalizations of weakly prime ideals. The concepts of 2-absorbing,
weakly 2-absorbing, 2-absorbing primary and weakly 2-absorbing primary elements in
multiplicative lattices are studied in [10] and [5] as generalizations of prime and weakly
prime elements. The concepts of p-prime, p-primary ideals are recently introduced
in [4,7], and generalizations of these are studied in [12]. Celikel et al. in [6] extended
the concepts of 2-absorbing elements to p-2-absorbing elements and investigated some
characterizations in some special lattices. In [16], Wasadikar and Gaikwad introduced
2-absorbing and weakly 2-absorbing ideals in lattices and studied their properties.

This article is organized as follows. In Section 2, we review some basic notions
and properties from lattice theory. In Section 3, we study some basic properties of

Key words and phrases. Lattice, minimal ideal, 2-absorbing ideal, n-absorbing ideal.
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2-absorbing and weakly 2-absorbing ideal in a lattice. For example in Proposition 3.4,
we show that 2-absorbing and weakly 2-absorbing ideals are equivalent in a distributive
lattice. Also, we show that in a distributive lattice, an ideal I is a 2-absorbing ideal
if and only if I; A I; C I for some ideals Iy, 5, I3 of I where I; NIy AI3 C I. In
Section 4, we introduce the concept of an n-absorbing ideal in a lattice and give some
basic properties of these ideals. For example, we show that an n-absorbing ideal is
m~absorbing for every m > n. In a major result of this section (Proposition 4.5) we
show that a n-absorbing ideal has at most n minimal prime ideals.

2. PRELIMINARIES

In this section, we recall some concepts from lattice theory, see [8]. A partially
ordered set (L;<) is a lattice if sup{a,b} and inf{a,b} exist for all a,b € L. A
nonempty subset I of a lattice L is called an ideal if it is a sublattice of L and = € [
and a € L imply that x Aa € I. An ideal I of L is proper if I # L. A proper ideal
I of L is prime if a A b € I implies that a € [ or b € I, and it is weakly prime if
0 # a A b € I implies that either a € [ or b € I. A prime ideal P of L is said to be a
minimal prime ideal if there is no prime ideal which is properly contained in P. Also,
a prime ideal P of L is said to be a minimal prime ideal belonging to an ideal I, if
I C P and there are no prime ideals strictly contained in P that contain /. If an
ideal I of a lattice L is contained in a prime ideal P of a lattice L, then P contains a
minimal prime ideal belonginig to I. Note that a minimal prime ideal belonging to
the zero ideal of L is a minimal prime ideal of L. The set of minimal prime ideals
belonging to the ideal I of L denoted by Min(7). Let I be an ideal of a distributive
lattice L with 0, and let P be a prime ideal such that P O I. The prime ideal P is a
element of Min(7) if and only if for each = € P there is a y ¢ P such that xt Ay € I.
All these results can be found in [15].

For basic facts concerning the fractions of a lattice we refer to [9]. Let L be a
non-empty distributive lattice with 0, and let S be a non-empty subset of L which is
a complete sublattice. Define a binary relation ~g on L x S by

(a,b) ~5 (¢,d) < (Ft € S)(and) Nt = (bAc)Nt.

The relation ~g on L x S is an equivalence relation. The set of all equivalence classes
of ~g is denoted by L/ ~g. In other words, L/ ~s= {[(a,b)]~s : @ € L,b € S}. Let
m = Nyes @, then (a,m) ~g (b,m) & (a,m) ~gmy (by,m) and L/ ~g= L/ ~py
From now on, L/ ~g will be denoted by S™'L and it is called the fractions of L
with respect to S. Any element [(a,b)]., € S™'L is shown by ¢. We can consider
every S as a singleton {m}, where m = A, cgx. Therefore, from now on we assume S
to be the singleton {m}. So, we can write £ for . For & and % € S~'L, we have
o =22 if and only if a; Am = as Am. (S7'L, <) is a partially ordered set, where <

is defined as follows:
< SaAm<bAm.

a b
m - m
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FIGURE 1.

The well-defined binary operations V, A : S7'L x S7'L — S~!L are given by

a a a1 N\ a
a6 _ (@1 Aay)

m m m

and
a,, Gz _ (a1 V ag)

m m m
3. 2-ABSORBING IDEALS

In this section, we give some properties of 2-absorbing and weakly 2-absorbing ideals.
We recall that from [16], a proper ideal I of lattice L is said to be a 2-absorbing ideal
if for any a1, as,a3 € L, a1 A as A as € I implies a; A a; € I for some i, j € {1,2,3}
and weakly 2-absorbing ideal if for any ay,as,a3 € L, 0 # ay A as A az € I implies
a; AN aj € I for some 7,5 € {1,2,3}. Let I be a weakly 2-absorbing ideal of a lattice L
and aq, as, a3 € L. We say that (a1, as, a3) is a triple-zero of I if a; A as A az = 0 and
for every i,7 € {1,2,3}, a; Na; & 1.

Ezample 3.1. Let L = {0,a,b,¢,d, e, f,1} be a lattice, whose Hasse diagram is given
in the Figure 1.
Consider the ideal I =] a. It is clear that [ is a 2-absorbing ideal of L, but I is not

a prime ideal of L.

Definition 3.1. Let I be an ideal of a lattice L. The radical of I, denoted by Rad I,
is the intersection all prime ideals P which contain I. If the set of prime ideals
containing I is empty, then Rad [ is defined to be L.

Proposition 3.1. Every ideal I of a distributive lattice with 0 is the intersection of
all prime ideals containing it, i.e., Rad I = 1.

Proof. See Page 64, Corollary 18 of [8]. OJ

Proposition 3.2. Let I be a 2-absorbing ideal of distributive lattice L. Then there
are at most 2 prime ideals of L minimal over I.
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Proof. Suppose that Min(I) has at least there elements. Let Pj, P, be two distinct
prime ideals of L that are minimal over I. Hence, there is a 1 € P, \ P; and a
xe € Py \ Pp. First we show that z3 A zo € I. By Lemma 3.1 of [11], there is
¢ € L\ Pyand ¢y € L\ P; such that z1 Acg € [ and 29N\ ¢y € 1. Then x1 Acg Ay € 1
and xo Ay Axy € I, which implies that (¢; Vcg) Axy Azy € I. Since [ is a 2-absorbing
ideal of L, we conclude that (¢; Vea) Axqy € T or (¢p Veg) ANxg € T or xp Ay € 1. 1f
(1 Veg) ANy € I, since I C Py and P, is a prime ideal, we have x1 € Py or ¢; Vg € Py,
which is a contradiction. Therefore, (¢1 V ¢3) A xq & I. Similarity, (¢1 V ea) Axg & 1
and so, x1 A xy € I.

Now, suppose that there is a P3 € Min([) such that Pj is neither P; nor P,. Then
we can chose y; € P\ (PR,UP;), yo € P\ (PLUP3), and y3 € P3 \ (PL U P,). By the
previous argument y; Ay € I. Since [ C PN P, N P; and y; Ay, € I, we conclude
that either y; € P5 or yo € Ps, which is a contradiction. Hence, Min(/) contains at
most two elements. ]

Corollary 3.1. Let I be a 2-absorbing ideal of a distributive lattice L. If I is not a
prime ideal of L, then | Min(I)| = 2.

Proof. Let | Min(I)| # 2. Then by Proposition 3.2, | Min(I)| = 1. Let P be a minimal
prime ideal of L such that I C P. Therefore by Proposition 3.1, P = Rad [l = [ and
so I is a prime ideal which is a contradiction. Thus | Min(7)| = 2. O

Proposition 3.3. Suppose that I is a proper ideal of a distributive lattice L. Then
the following statements are equivalent:
(1) I is a 2-absorbing ideal of L;
(2) If L NIy N3 C I for some ideals Iy, I, I3 of L, then I; N I; C I for some
i,j€{1,2,3}.

Proof. (1) = (2). If I is a prime ideal, it is clear. Now, let I be not a prime ideal,
by Corollary 3.1, we conclude that Min(I) = {P;, P,}. Then by Proposition 3.1,
I = PPNP,. Now, let I1 A I, A I3 C I for some ideals I;, Iy, I3 of L. Then,
L NIy N I3 C P for i = 1,2 and so, there exists 1 <14y,72 < 3 such that I;, € P, and
I;, C P,. Therefore, [, NI, CP NP =1.

(2) = (1). It is obvious. O

Proposition 3.4. For every proper ideal I # {0} in distributive lattice L, the follow-
ing statements are equivalent:

(1) I is a 2-absorbing ideal;

(2) I is a weakly 2-absorbing ideal.

Proof. (1) = (2). It is evident.

(2) = (1). Let I be a weakly 2-absorbing ideal of L that is not a 2-absorbing ideal.
Then there exist aj,a, a3 € L such that a; Aas Aag € I and a; A a; ¢ I for all
i #7€{1,2,3}. Consider 0 # a € I. Since 0 # (a1 Va) A (a2 V a) A (a3 Va) € I, we
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conclude that there exist ¢, j € {1, 2,3} such that (¢; Va)A(a;Va) € I. Soa;Na; € 1,
for some 4, j € {1,2,3}, which is a contradiction. O

For an ideal I of a lattice L and a,b € L, we define a A\bOAT ={aANbANi:ie I}

Proposition 3.5. Let I be a weakly 2-absorbing ideal of distributive lattice L, and let
(a1, a9,a3) be a triple-zero of I for some ay,as,a3 € L. Then the following statements

hold:
(1)(11/\CL2/\]:CL2/\CL3/\I:CL1/\CL3/\]:{O},'
(2)(11/\[:a2/\12a3/\]:{0}.

Proof. (1) See Theorem 3.1 of [16].
(2) Suppose that a; A a # 0 for some a € I. Then, by (1), we have

a; A (aa Va) A (as VvV a) =a; A ((ag Aas) V a))
=(a1 Nag N az) V(a1 A a)

=0V (a1 Aa)

=a1 N a

#0.
Then, by Proposition 3.4, we have a; Aas € I or ay Aag € I or ag A az € I, which is
a contradiction. Thus a; A I = {0}. Similarly, as A I = a3 A I = {0}. O

4. n-ABSORBING IDEALS

In this section, we introduce the concept of an n-absorbing ideal in a lattice and
give some basic properties of them.

Definition 4.1. Let n be a positive integer. A proper ideal I of a lattice L is an
n-absorbing ideal of L whenever a; A as A--- A a,yq1 € I, then there are n of the a;’s
whose meet is in [ for every ay,as,...,a,41 € L.

It is easy to see that if I is an n-absorbing ideal of L, then [ is an m-absorbing
ideal of L for all m > n. Also, a proper ideal I of L is n-absorbing if and only if
whenever a1 Aas A---Na,, € I for ay,...,a, € I with m > n then there are n of a;’s
whose meet is in I.

Proposition 4.1. If I; is an nj-absorbing ideal of L for each 1 < j < m, then N2 I;
is an n-absorbing ideal, where n = 37" n;.

Proof. Let I, ..., 1, be proper ideals of L such that I; is an n;-absorbing and k >
ny+ -+ n,,. Suppose that /\f:1 x; € ﬂTzl I;. Since for all j, I; is nj-absorbing ideal,
a meet of n; of these & elements belongs to I;. Let the collection of those elements
be denoted A; and A =L, A;. Thus A has at most ny + - -- + n,, elements. Now
since I; is an ideal, the meet of all element of A must be in I; for every 1 < j < m.
So ﬂ;-"zl I; contains a meet of at most n; + - - - + n,, elements. Thus, the intersections
of the I;’s is an (ny + - - - 4+ n,,)-absorbing ideal. O
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Proposition 4.2. If {I)}xea is a non-empty chain of n-absorbing ideals of L, then
Mxea Ix s an n-absorbing ideal.

Proof. Let ay,...,a,+1 € L such that /\;1 1 a; € Jand J = Nyep In. Let a; = Ajz; a5
and a; ¢ J for all 1 <7 < n. Then for each 1 < ¢ < n, there exists an n-absorbing
ideal I, such that a; ¢ I,. We may assume that I,, C --- C I, . Consider p € A. If
I, C I, C---Cl,,, then a; € I, for each 1 <7 <n. Now since ANitta; € J and I,
is an n—absorbing ideal of L, we have a,11 € I,. If there exists 1 < j < n such that
IyC---Cl,_,CI,CI\,C---C1,, then a; € I, for each 1 <4 < n. Now since
A= la; € I, and I, is an n-absorbing ideal of L, we conclude that d,; € I, and
SO Gn41 € 1, for every u € A. Therefore, a,1; € J. O

Proposition 4.3. If I is an ideal of distributive lattice L such that L\ I is closed
under meet of n + 1 elements, then I is an n-absorbing ideal.

Proof. Let aq,...,a,+1 € L such that /\n+11 a; € I and a; = \j4; aj for each 1 <4 <
n + 1. Assume that a; ¢ I for each 1 < i <mn+ 1. Since L\ I is closed under the
meet of n + 1 elements, we have A1 ! a; = A @ € L\ I which is a contradiction.

Which implies that I is an n-absorbing ideal. U

Let S be a non-empty subset of a lattice L. We say that S is a multiplicatively
closed subset of L if z Ay € S for all z and y of S.

Proposition 4.4. If S is a multiplicatively closed subset of L which does not meet
the ideal I, then I is contained in an ideal M which is mazximal with respect to the
property of not meeting S and M is an n-absorbing ideal.

Proof. Let & = {J | Jis an ideal of L which does not meet S and I C J}. Since
I € F, F # (). Hence, by Zorn’s Lemma, (F,C) has a maximal element say M. We
show that M is an n-absorbing ideal. Let aq,...,a,41 € L and for every 1 < i <n+1,
a; = Njgia; € M. Then (MV | a;) NS # 0. Let x; € (MV | a;) NS for each
1 <i¢<n+1. Since S is a multlphcatlvely Closed subset of L, A" 2; € S and
AL e e UM (MY | @), IE A a; € M, then NV oy € MNS Wthh is not true as
M € F. Therefore, A" a; ¢ M and so M is an n-absorbing ideal. O

Proposition 4.5. Let I be an n-absorbing ideal of L. Then there are at most n prime
ideals of L minimal over I.

Proof. We may assume that n > 2, since an 1-absorbing ideal is a prime ideal. Suppose

that Py, P, ..., P,, P, are distinct prime ideals of L minimal over I. Thus for each
1 < i < n, there is an element z; of P; \ Ui<k<nt+1 Pr. For each 1 < i < n, there
ki

is an element ¢; € L\ P; such that x; A ¢; € I and hence 1 A -+ Az, Ae; € .
Therefore, 9 Aza A+ Axy A1 VeaVe--Ve,) €I Since z; € P, \U1<k<n+1 P, and

ki
xiNe; € I C PINPyN---NP, for each 1 < i < n, we conclude that ¢; € (Mi<k<n Pr)\ P
ki
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for each 1 <i <mn, and thus ¢; Ve V--- Ve, € P, for each 1 <17 < n. Hence,

(aVeaVe--Ve,)N N\ & P,
1<k<n
ki

and so, (c; VoV -+ V) A Ni<k<n o & I for each 1 < ¢ < n. Since [ is an n-
ki
absorbing ideal of L, we conclude that x4 A--- Az, € [ C P,y1. Then z; € P, for

some 1 < i < n, which is a contradiction. Hence there are at most n prime ideals of
L minimal over I. O

Let L be a distributive lattice and S := {m} C L. We recall from [9] that if I is
an ideal of L, then S~'I is an ideal of S~'L. Moreover, every ideal of S~!'L can be
represented as S~'I, where [ is an ideal of L.

Proposition 4.6. Let I be an ideal of distributive lattice L and S :={m} C L. Then
I is an n-absorbing ideal of L if and only if S™'I is an n-absorbing ideal of S~ L.
Proof. Let %, ... =L ¢ S7'[ such that A% % € S7'I. Then % € S7'I and
SO /\?:Jrl1 a; € I. Since [ is a 2-absorbing ideal, we conclude that there exists an element
iin {1,2,...,n + 1} such that a; € I, which implies that % = % € S7I, where
a; = \j.; a;. Hence S~ is an 2-absorbing ideal of S™'L.

n+1 a;

Conversely, let ay,...,a,11 € L such that A™ ' a; € I. Then, A} G — AV c

S—tI. Since S~!I is an n-absorbing ideal of S~!'L, we infer that /\’:Tla € S7'I, and
so A\iLya; € 1. O

Let I be an n-absorbing ideal of a lattice L. Then I is a m-absorbing ideal for
all integers m > n. Now, we put wy(L) = 0 and if [ is an n-absorbing ideal for
some n € N, then we define wy(I) = min{n € N | [ is an n-absorbing ideal of L},
otherwise, set wr, (/) = co. Thus for any ideal I of L, we have w(l) € NU{0, oo} with
w(l) = 11if and only if I is a prime ideal of L, and w(/) = 0 if and only if I = L.
Proposition 4.7. Let f : L — M be a homomorphism of lattices. Then the following
statements hold.

(1) If f : L — M s an epimorphism, and J is an n-absorbing ideal of M, then
f7Y(J) is an n-absorbing ideal of L. Moreover, wr(f~1(J)) < war(J).
(2) If f is an isomorphism, and I is an n-absorbing ideal of L, then f(I) is an
n-absorbing ideal of M.
Proof. (1). Let z1, %9, ..., 2,1 € L such that oy A+ Az, € f7H(J), then

@) A AN f(ang) = fler A Aanga) €.

Then there is a meet of n of the f(z;)’s that is in J, which implies that there is a
meet of n of the z;’s that is in f~1(J). Then f~!(J) is an n-absorbing ideal of L.
(2). It is straightforward. O
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Proposition 4.8. Let Iy be an m-absorbing ideal of a distributive bounded lattice Ly,
and let Iy be an n-absorbing ideal of a distributive bounded lattice Lo. Then Iy X Iy
is an (m + n)-absorbing ideal of the lattice Ly X Lo. Moreover wy, xr,(I1 X Iy) =
Wwr, (Il) + Wio (Ig)

Proof. Let L = Ly x Ly. First we show that [; x I is an (m + n)-absorbing ideal.
Let AP (25, :) € I x Iy for some (z1,%1), - -+ (Tnimst, Ynyms1) € L1 X Ip. Since
A 2 € I and ATy, € I, we conclude that there exist

{i1, o yim b, {01, -y dn ©H{L,...yn+m + 1},
such that A}, z;, € I and A}, y;, € Io, which implies that

(xiu 1) ARERNA (xima 1) A (17yj1) ARERNA (17yjn> = </\ Ly, s /\ yjz) € Il X [2'
k=1 =1

Now, we show that wy(l; X o) = wr,([1) +1, ({2). Let wr, (1) = m < oo and
wr,(ls) = n < oo. Then, there are z1,...,2,, € Ly and yi,...,y, € Ly such that
satisfies the following statements:

e N Nxp, €lyand yy A+ Ay, € Io;

o for every X C {xy,...,2n}, NX & I1;

o forevery Y C {y1,...,un}, AY & L.
Thus,

(L DA A (@, DA (Ly)) A AL yn) = (@0 A AT s A+ AY)
is an element of I; x I, and also for proper subset .S of

{0, 1), (@, 1), (L), (Lyn) 3,

NS & I x Iy, which implies that wy(I; X Iy) > m+n =wr,([1) +wr,(l2).

Consider N = m + n + 1 and suppose that (z1,41),..., (zn,yn) € L such that
(x1,y )N N(zn,yn) € [1 X I. Then zy A---Axy € I; and y; A--- Ayn € Io, which
implies that there are {i1,...,im}, {j1,---,Jn} € {1,..., N} such that x;, A---Az;, €
I and yj;, A -~ ANy, € I Let K = {ir,....0n}U{j1,...,Jn}, then |[K| < m+n
and Aper (k,yk) € It X I, where z, = 1 for every k & {iy,...,i,} and yp = 1 for
every k € {j1,...,jnt. Hence, wr(ly x Is) < m+n = wr,([1) +wr,(I3). Therefore,
wL(Il X [2) = le(Il) +L2 ([2) ]

Corollary 4.1. Let I}, be an ideal of a lattice Ly for each integer 1 < k <n, and let
L= L1 X X Ln Then wL(Il X+ X Ln) = le(Il) —+ .- +wL"(1n).

Proof. By induction on n and Proposition 4.8, it is clear. 0
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ON CO-FILTERS IN SEMIGROUPS WITH APARTNESS
DANIEL A. ROMANO!

ABSTRACT. The logical environment of this research is the Intuitionistic Logic and
principled-philosophical orientation of the Bishop’s Constructive Mathematics. In
this paper, basing our consideration on the sets with the apartness relation, we
analyze the lattices of all co-filters of an ordered semigroup under a co-quasiorder as
a continuation of our article [19]. We prove a number of results related to co-filters
in a semigroup with apartness and the lattice of all co-filters of such semigroups.

1. INTRODUCTION

The setting of this research is Bishop’s constructive mathematics [2-5,11,20], math-
ematics developed on the Intuitionistic logic [20]. In our text [19] we talked about
co-ideals and co-filters in sets with apartness ordered under a co-quasiorder relation
(co-order relation). In this text, the word will be about the co-filters of the semigroups
with apartness ordered under a co-quasiorder relation (co-order relation).

We refer the reader to look at our previously published texts [6,7,12,16, 18] for
more details on semigroups with apartness. In these articles, the concept of co-order
relations and the concept of co-quasiorder relations in such semigroups have been
introduced and analyzed. Additionally, these relations are left and right cancellative
with respect to apartness.

In this text, we are interested in the left and right classes of co-quasiorder (co-order)
relation generated by a subset of a semigroup with apartness ordered under the co-
quasiorder (co-order) relation. Concepts of co-quasiorder and co-order on sets with
apartness are investigated by this author in many of his articles. (See for example
[14-18]).

Key words and phrases. Bishop’s constructive mathematics, semigroup with apartness, co-order
and co-quasiorder relations, co-filters.
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Let (S,=,+#) be a set with apartness. Any strongly extensional total function
w:Sx8>3 (z,y)—~ayesS

is an internal binary operation in S. If we are speaking in the language of classical
algebra, it can be said that the function w is left and right cancellative with respect
to apartness relation

(Vz,y,z € S)((xz #£yz V zax # zy) = = #y).

System S = ((5,=,#),w) is called a grupoid with apartness. Additionally, if the
operation w is associative, then the system S is a semigrop with apartness. A relation

£ in S is a co-quasiorder relation (co-order relation) in S if it is consistent £ C #,
co-transitive £ C £ * £ (and # C £ U £71) and if the following holds:

(Va,y,z € S)((zz Lyz V za £ zy) = x L y).

In this text we will accept the following assumption

(1.1) (Vz,y € S)(=(z £ zy) A ~(y £ 2y))

The usual term used to indicate this kind of relations is that the relation ’ % "is a
negatively defined ordered relation [10].

2. CO-FILTERS OF SEMIGROUPS WITH APARTNESS

Juhasz and Vernitski [10] expressed a statement: “There was no systematic study
of filters in semigroups” By reviewing the available literature on the internet, we
found a very small number of texts in which the filters were researched in ordered
semigroups: for example [1,9,10]. In older semigroup theory literature, filters (also
known as faces and under several other names) were introduced as subsemigroups
whose complement is an ideal. Some results concerning such filters were obtained in
the 1960s and 1970s, see, for instance, [1,8]. Our intention is to introduce and analyze
the concept of co-filters in semigroup with apartness ordered under a co-quasiorder
(co-order). The concept of co-filters as a substructure in such semigroups is a dual of
the concept of filters in the classical theory of ordered semigroups.

We will start this section with the following statement.

Proposition 2.1. Let £ be a co-quasiorder on a semigroup S. Then the left class
L(a) and the right class R(b) are strongly extensional subsets of S such that a > L(a)
and b > R(b) for any a,b € S. Moreover, the following implications hold:
(0) classes L(a) and R(b) are co-subsemigroups of semigroup S;

(yeLla) N\zeS=uze€La) Vady;

2)yeRb) Nz eS=ze€R(0b) Vyska;

3)atb= Lla)UR(D)=S5;
(4)

4)a#b=be L(a) Vac R(D) if £ is an co-order relation.
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Proof. For illustration we will show how some of these claims are proven. Other
assertions are proved by analogy.

Let z € S and y € L(a). Then, by co-transitivity of &, we have a £ = or £ y. So,
z € L(a) or, by consistency of &, x # y. Thus, L(a) is a strongly extensional subset
of S and a > L(a) holds.

(0) The subset L(a) is a co-subsemigroup of semigroup S. Indeed, suppose x,y €
L(a). Then from a £ zy follows a £ = or £ xy. Thus z € L(a) by hypothesis (1.1).
Also, from a £ zy we have a £ y or y £ xy. Thus y € L(a) by hypothesis (1.1) too.

(1) Fromy € L(a) Az € S, ie., froma €y Az €S wehavea £ 2V x £ y. Then
z€L(a)VaLy.

In a similar manner we can prove that R(b) is a strongly extensional subsemigroup
of S with b > R(b) and that the implication y € R(b) Nz € S=ax€ R(b) Vytux
holds. U

The concept of co-filters in an ordered semigroup S is introduced by the following
definition.

Definition 2.1. For subset GG of S we say that it is a co-filter in S if

Ve,ye S)(zye G = (€ G V yeq))
and
(Ve,ye S) (yeGAzeS = (re€GVaLy)).

According to the first property, the co-filter is a co-subsemigroup in a semigroup
S. From another property, immediately follows that a co-filter in semigroup S is
a strongly extensional subset in S. So, the subset L(a) is a principal co-filter of S
generated by the element a. In addition, the sets () and S are trivial co-filters of S.

Remark 2.1. Since % is a negatively defined co-quasiorder in S, for any co-filter G
in S we have zy € G = (x € G A y € G). Indeed. Let for elements x and y holds
ry € G Thusazy € G = (e GVatay) anday € G = (ye GV y £ xy).
According the hypothesis (1.1), we finally have x € G and y € G.

In the following statement we show that a strongly complement of a co-filter is a
filter.

Theorem 2.1. If G is a co-filter of ordered semigroup S, then G* is a filter in ordered
semigroup S under quasi-order £

Proof. Let x € G* and y € G* and let u be an arbitrary element in G. By strongly
extensionality of G follows u # xy or zy € G. Since the second option leads to
contradiction, we conclude xy # u € G. So, the subset G* is a subsemigroup in S.
Let G be a co-filter of S. Then £” is a quasi-order on semigroup S. Suppose that
r € G¥ and © €7 y. Let u be an arbitrary element of G. Thus, from the implication
weG@=xeGV ax<ufollows x £ u because z 1> G. Further on, by co-transitivity
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of £, we have z £ y V y &£ u. Hence, we conclude y # u € G because x £ y. Finally,
y € G”. So, the subset G* is a filter in S. O

Theorem 2.2. Let f : (S, %s) = (T, £r) be a reverse isotone homomorphism between
two ordered semigroups with apartness under co-quasiordereds. If G is a co-filter in

T, then the set f~1(G) ={a € S: f(a) € G} is a co-filter in S.

Proof. Let z,y € S be arbitrary elements such that zy € f~*(G). Then f(zy) € G
and f(z)f(y) € G. Thus f(z) € G or f(y) € G. Therefore, z € f(G) ory € f~1(G)
and the subset f~!(G) is a cosubsemigroup of semigroup S.

Let y € f71(G) and = € S be arbitrary elements. Thus, f(y) € G and f(x) € T
Hence f(z) € G or f(z) &1 f(y). Therefore, we have x € f~'(G) or  £g y because
f is a reverse isotone homomorphism.

Finally, the subset f~!(G) is a co-filter in S. O

In following text, we represent some properties of the union of co-filters. In the
following theorem, we prove that the union of any family of co-filters is a co-filter
again.

Theorem 2.3. If {G,};c; be a family of co-filters in S, then U;c; G; is a co-filter
too.

Proof. If xy € Uje; G, then there exists an index j € J such that xy € G;. Thus
r € Gjory € Gy So, x € Uje; Gy or y € Ujey Gj. Therefore, U;e; G is a co-
subsemigroup in S. Let y € Uje; G and x € S. Thus, there exists an index j € J
such that y € G;. Hence, by definition of co-filter, we have z € G; or z £ y. Finally,
we conclude z € Uje; G or & & y. Therefore, the union U;c; G; is a co-filter in S
too. U

Corollary 2.1. Let S is an ordered semigroup with apartness under co-quasiorder
&. Then the family ®g of all co-filters in S forms a join semi-lattice. The greatest
element in this semi-lattice is S.

Let T be a subset of a semigroup S. Then, by previous theorem, T% = (J,op L(t) is
a co-filter in S.

Definition 2.2. For a subset T' of a semigroup S the co-filter T'® is called ordered
co-filter generated by subset T

Particularly, for each element a € S the set {a}® is the principal ordered co-filter
generated by element a and, in addition, {a} = L(a) holds.

Theorem 2.4. If {G,}jes be a family of ordered co-filters in semigroup S, then
Ujes Gj is an ordered co-filter too.

Proof. Let {G,}jes be a family of ordered co-filters in semigroup S. Then for any
J € J there exists a subset T} of S such that G; = TjR. Since (Ujes T5)% = Ujey TjR
holds, it is directly verified that U;c; G is an ordered co-filter in S generated by
subset Uje ;s Tj. U
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Corollary 2.2. The family Og of all ordered co-filters form join semi-lattice.

In what follows we will represent our findings concerning the intersection of co-filters
in semigroup with apartness.

Theorem 2.5. If G; and Gy are co-filters in a semigroup S, then the intersection
G1 N Gy is also co-filter in S.

Proof. Let x and y be arbitrary element of S such that xy € G; N Gy. It means
xy € Gy and xy € Go. Thusz € Gy AN y € Gy and x € Gy A y € Gy by Remark 2.1.
So, we have x € G; NGy A y € G; N Gy. Therefore, the intersection G; N Gy is a
co-subsemigroup in S.

From y € GiNGy and z € S, ie, fromy € Gy Ay € Gy A x € S follows
r € Gy \/x;(yandeGg \/x;{y. Thus, r € G1 NGy \/:E;(y.

So, the intersection GG N G is a co-filter in S. O

Corollary 2.3. The family &g of all co-filters in S forms a lattice. The smallest and
the greatest elements in this lattice are the empty set O and S.

Remark 2.2. Let us note that if G; and G5 be two order co-filters, than the intersection
(GG1 N Gy is not an ordered co-filter in general case. For example, the intersection of
two ordered co-filters G; = A® and G5 = B¥ is an ordered co-filter if the following
holds

(Va € A)(Vbe B)(3c € ANB)(c L™ a A ¢ L™ b).

Indeed, for arbitrary elements y € A% N B and = € S there exist elements a € A
and b € B such that y £ a and y £ b. There exists an element ¢ € AN B such that
¢ €% a and ¢ £ b by hypothesis. Thus, we have y £ ¢. Further, from this follows
y % x or z £ c and finally we have y £ z or z € (AN B)~.

The previous analysis is the motivation for the introduction of the following defini-
tion.

Definition 2.3. An ordered semigroup S is called directed if the following holds
(Va,be S)(Fce S)(c L™ a A c L™ b).

Corollary 2.4. The family Og of all ordered co-filters in directed semigroup S forms
lattice.

Proof. Let a and b be arbitrary elements of semigroup S. Then there exists an element
¢ € S such that ¢ £~ a and ¢ £~ b. Thus, L(¢) C L(a) N L(b). Indeed. Suppose
cs. ThusegaVagsande g bV bgs Thena £ sand b s. Therefore,
L(c) € L(a) N L(b). O

Corollary 2.5. The family of all principal co-filters in directed band S forms lattice.
Fvery finitely generated ordered co-filter is a principal co-filter.
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Proof. In a directed semigroup S for any elements a and b there exists an element
¢ € S such that L(c) € L(a) N L(b), by previous corollary.

Since © &£ ' is a negatively defined relation in semigroup S with apartness, we
have L(a) U L(b) C L(ab) for any elements a,b € S. Let s be element in S such
that ab £ s. Thus,ab%as\/as;éss\/ssyésandb;(s\/a;(s\/ssﬁs.
Therefore, b £ s V a & s because s = ss. Finally, we have L(ab) C L(a) U L(b) and
L(ab) = L(a) U L(b). O

As it has already been said, for each element a € S the set {a}r = L(a) is
the principal co-filter generated by a. If T is a finite set then, by Theorem 2.5,
Tr = Naea L(a) is a co-filter in S also. This is the motive to introduce the following
concept.

Definition 2.4. Let T C S be a finite subset of semigroup with apartness. Subsets
of the form Tp = {2z € S: (Vt € T)(t £ 2)} = Nuea L(a) are a normal co-filter in S.

Remark 2.3. Let G be a normal co-filter of semigroup S ordered under co-quasiorder
&. Then there exists a finitely subset T of S such that G = Tx. If z is an arbitrary
element of G, we have (V¢ € T)(z £ t) and z > T because £ is a consistent relation.
So, we have (Vz € G)(2 > T).

Theorem 2.6. If {G;}c; is a finitely family of normal co-filters in semigroup S,
then N;es G is a normal co-filter too.

Proof. Let {G,};es be a finitely family of normal co-filters in semigroup S. Then for
each j € J there exists a subset T} of S such that G; = (T})g. Since N;c;(T))r =
(Ujes Rj)r holds, we conclude that the intersection ;c; G5 is a normal co-filter of
S. O

Corollary 2.6. The family Ng of all normal co-filters forms meet semi-lattice.

Final observation. As one of the answers to the question: “Why should the
content of this text be mathematically acceptable?” we can offer the next reflection.
Why is a text that contains thoughts about some algebraic concepts acceptable by
the mathematical community? According to the usual standards, the text is mathe-
matically acceptable because the author(s) expound and prove in an acceptable way
some new logical possibility of the mentioned algebraic objects. To the first question
raised above, we need to offer a completely identical answer according to the usual
standards, by our opinion.

Why should this be interesting for a significant number of mathematicians? This is
another question that naturally appears. Well, it does not need to be. The questions
and answers to the observation and expression of logical possibilities in the constructive
algebra are interesting only to interested logicians and mathematicians.

Many aspects of constructive mathematics are not just logical hygiene: avoid
indirect proofs in favor of explicit constructions, detect and eliminate needless uses
of the axiom of choice and so on. Of course, constructivism goes deeper than that.
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By accepting the non-existence of the TND principle, it is possible to have the multi-
layered properties of algebraic objects and processes with them. In this article, this
two-stratification is shown on the example of filters and co-filters in semi-groups with
apartness.
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ON BERNSTEIN-TYPE INEQUALITIES FOR RATIONAL
FUNCTIONS WITH PRESCRIBED POLES

ABDULLAH MIR!

ABSTRACT. In this paper, we shall use a parameter 8 and obtain some Bernstein-
type inequalities for rational functions with prescribed poles which generalize
the results of Qasim and Liman and Li, Mohapatra and Rodriguez and others.

1. INTRODUCTION

Let P, denote the class of all complex polynomials of degree at most n. If
P € P, then concerning the estimate of |P'(z)| on |z| = 1, we have

(1.1) |P'(2)] < nsup|P(z)]

|z]=1
Inequality (1.1) is a famous result due to Bernstein [2], who proved it in 1912.
Later, in 1969 (see [10]), Malik improved the above inequality (1.1) and established
that if P € P, then for |z| = 1, we have

(1.2) [P'(2)] +1Q'(2)] < nsup [P(2)],

|2[=1
where Q(z) = 2"P(2).
It is worth mentioning that equality holds in (1.1) if and only if P(z) has all
its zeros at the origin, so it is natural to seek improvements under appropriate
assumption on the zeros of P(z). If we restrict ourselves to the class of polynomials

Key words and phrases. Rational function, polynomial, poles, zeros.
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P(z) having no zeros in |z| < 1, then (1.1) can be replaced by

(1.3) sup |P/(2)] < = sup |P(2)],
l2|=1 2 21=1

whereas if P(z) has no zeros in |z| > 1, then

(1.4) sup |P'(2)| > gsup 1P(2)].
|z|=1 |z|=1

Inequality (1.3) was conjectured by Erdés and later verified by Lax [9], whereas
inequality (1.4) is due to Turan [12]. Li, Mohapatra and Rodriguez [14] gave a
new perspective to the above inequalities and extended them to rational functions
with prescribed poles. Essentially, in the inequalities referred to, they replaced the
polynomial P(z) by a rational function r(z) with prescribed poles ay,as, ..., a,
and 2" by a Blaschke product B(z). Before proceeding towards their results, let
us introduce the set of rational functions involved.

For a; € C with j =1,2,...,n, let

W(z) = [ — ay)

j=1
and let
“(l—a;z P(z)
B(z) = ( J ), R, ::fRn(al,ag,...,an):{ : PE]P’n}.
jl;ll Z— aj W(z)
Then R, is the set of rational functions with poles ai,as,...,a, at most and

with finite limit at co. Note that B(z) € R,, and |B(z)| = 1 for |z|] = 1. For
I

r(z) = VI‘D,((ZZ)) € R,, the conjugate transpose 7* of r is defined by r*(z) = B(2)r(3).
The rational function r € R, is called self-inversive if r*(z) = Ar(z) for some A
with || = 1.

As an extension of (1.2) to rational functions, Li, Mohapatra and Rodriguez [14,
Theorem 2] showed that if r € R, then
(1.5) r(2)] +1(r"(2))'] < |B'(2)| sup r(z)], for [z] = 1.
Equality holds in (1.5) for r(z) = aB(z) with |a| = 1.

For r € R,, to be self-inversive, Li, Mohapatra and Rodriguez [14, Corollary 4]
proved that

|B'(2) sup |r(z)].

(1.6 ) < 27 s

In the same paper, Li, Mohapatra and Rodriguez [14] showed that inequality (1.6)
also holds for rational functions r € R,, having no zeros in |z| < 1 with prescribed
poles. The latest development of further results along this line can be found in the
monographs and papers [3-5,7,8,11].
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More recently, Qasim and Liman [6] proved several results by considering a
specialized class of rational functions r(¢(z)), defined by

P(t(z))

(ro () =r(tz) = e

where ¢(z) is a polynomial of degree m and r € R,,, so that r(t(z)) € R, and

mn

Assume that the mn poles of r(#(z)) are denoted by a;, 7 = 1,2,...,mn, and
laj| > 1. They proved the following Bernstein-type inequality for rational functions
r(t(z)) € Ry with restricted zeros.

Theorem 1.1. Ifr(t(2)) € Rpmn and all the mn zeros of r(t(z)) lie in |z| > 1, then
for|z| =1

(1.7) 7' (t(2))] <

where t(z) has all its zeros in |z| <1 and p = inf, =y [t(2)].

2. LEMMAS

For the proofs of our theorems we need the following lemmas.

Lemma 2.1. Ifr € R, has n zeros all lie in |z| < 1, then
1
) = SIB G (2)], - for |2] = 1.

The above lemma is due to Li, Mohapatra and Rodriguez [14].

Lemma 2.2. Let A and B be any two complex numbers, then
(1) if |A| > |B| and B # 0, then A # 6B for all complex numbers 0 satisfying
< 1;
(13) conversely, if A # 6B for all complex numbers 0 satisfying |d| < 1, then
|Al > [B.

The above lemma is due to Li [13].
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Lemma 2.3. If r(t(z)), s(t(z)) € Rpn and all the mn zeros of s(t(z)) lie in
|z| <1 and |r(t(z))] < |s(t(z))] for |z| = 1. Then for every B € C, with || < 1
and |z| =1, we have

B

(2.1) | B(2)r'(t(2))t'(2) + 5B (2)r(t(2))

N |

B(2)s'(t(2)'(2) + 5 B'(2)s(t(2))|.

The result is sharp and equality holds in (2.1) for r(¢(z)) = as(t(z)), with
la| = 1.

Proof. The proof of this lemma is identical to the proof of Theorem 3.2 of Li
[13], but for the sake of completeness we give the brief outlines of its proof. First
assume that no zero of s(t(z)) are on the unit circle |z| = 1 and therefore, all the
mn zeros of s(t(z)) are in |z| < 1. By Rouche’s theorem, the rational function
Ar(t(z)) + s(t(z)) has all its zeros in |z| < 1 for |A| < 1 and has no poles in |z| < 1.
On applying Lemma 2.1 to Ar(t(z)) + s(t(z)), we get on |z| =1

(22)  2BR)AFEHR)) + (s(t=)| = [B()|Ar(t(2) + s(t(2))].

Now, note that B'(z) # 0 (e.g. see formula (14) in [14]). So, the right hand side
of (2.2) is non zero. Thus, by using (i) of Lemma 2.2, we have for all § € C, with

8] < 1.
2B(2) (Ar%t(z))t’(z) ; s'<t<z>>t’<z>) £ _BB(2) (w(z)) " s<t<z>>),

for |z| = 1. Equivalently, for |z| =1,

A (2B<z>r’<t<z>>t'<z> ; 5B'<z>r<t<z>>) 4 (2B<z>s’<t<z>>t'<z> ; 5B’(2)8(t<2))>,
for |[A\| < 1 and |5| < 1. Using (i7) of Lemma 2.2, we have
(2.3) [2B()(H)E () + BB ()r(H(=)] < 12B()s (M) (=) + BB/(2)s(t(=))]

for |z] = 1 and || < 1. Now, using the continuity in zeros and 3, we can obtain
the (2.3), when some zeros of s(t(z)) lie on the unit circle |z| =1 and |5| < 1. O

Applying Lemma 2.3 to the rational function r(¢(2)) and B(z)supy,—; [7(t(2))],
we get the following.

Lemma 2.4. If r(t(z)) € Ry, then for all € C, with |B| <1 and |z| = 1, we
have

B (1)) + SB(r(t(2))

& sup [ (t(2))|.

|z[=1

< \B(z)\‘l—i—g

Lemma 2.5. If P(z) is a polynomial of degree n having all zeros in |z| < 1, then
(2.4) inf |P'(2)| > n\i?—fl |P(2)].

|2|=1



ON BERNSTEIN-TYPE INEQUALITIES FOR RATIONAL FUNCTIONS 619

The result is best possible and equality in (2.4) holds for polynomials, having
all zeros at the origin.
The above lemma is due to Aziz and Dawood [1].

3. MAIN RESULTS

In this note, we shall use a parameter  and obtain generalizations of (1.5), (1.6)
and (1.7). We shall always assume that all the poles of r(¢(2)) € Ry, lie in |2| > 1.

Theorem 3.1. If r(t(z)) € Ryun and |z| = 1, then for every 3, with || < 1,

B () + 5 Bri()] + \B<z> (1)) + S B E))

(3.1)
<IB(:) {| +0]+ 5| s e,

||
Proof. Let M := sup,_; [r(t(2))[. Therefore, for every A € C, with [A| > 1,
7(t(2))| < |AMB(z)| for |z| = 1.

By Rouche’s theorem, all the mn zeros of G(z) = r(t(z)) + AM B(z) lie in |z| < 1.
If H(z) = B(2)G(2), then |H(2)| = |G(z)| for |z| = 1 and hence, for any v, with
7] < 1, the rational function vH (z)+G(z) has all mn zeros in |z| < 1. By applying
Lemma 2.1 to vH(z) + G(z), we have

(32)  2B()(vH'(2) + G'(2))| = [B'(2)||yH (=) + G(2)

Since B'(z) # 0 therefore, the right hand side of (3.2) is non zero. Thus, by using
(1) of Lemma 2.2, we have for all § € C, with |5] < 1,

2B(2)(VH'(2) + G'(2)) # —BB'(2) (vH(2) + G(2)), for || = 1.
Equivalently, for |z| =1,

, for |z| =1.

(33)  —A(2BEHG) + BB (HE) £ - 2BEIE(E) + SR (2)GE)),
for |y] < 1, |5 < 1. Using (iz) of Lemma 2.2 in (3.3), we have
(3.4) 2B(2)G'(2) + BB'(2)G(2)| < |2B(2)H'(2) + BB'(2)H(2)|,
for |z| =1, |B| < 1. Now, using G(z) = r(t(z)) + AM B(z) and since
H(z) = B(:)G (i) — B(2) <7“ (1 (i)) L AMB C)) — (r(H(2)))" + M,

for |z| =1 in (3.4), we get, for |3] < 1 and |z| =1,

2B()[(r(t(2)))"] + BB (2)(r(t(2)))* + M B'(2)
(35)  <P2B(2)r(H(2)t (2) + BB (2)r(t(2)) + AB(2)B'(2)(2 + ) M.
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By choosing a suitable argument of A\ and applying Lemma 2.4 on the right hand
side of (3.5), we get, for 2| =1 and |5] < 1,

2B()[(r(t(2)))"] + BB (2)(r(t(2)))’| - IN|8B'()| M

(36)  <A[BE)B(2)(2+5)|M — [2B(2)r' (1(2))¢'(2) + BB (2)r(1())|

Note that |B(z)| =1 for |z| = 1. Making |A\| — 1 and using continuity for || =1
in (3.6), we get (3.1) and this proves the desired result. O

For t(z) = z, Theorem 3.1 reduces to the following result.

Corollary 3.1. If r € R, and |z| = 1, then for every [3, with |B] < 1,

B + BRG] + BEE N+ 5B )
(3.7) <|B'(2) {| 5’ |5’}sup Ir(2)].

2
Remark 3.1. For g =0, (3.7) reduces to (1.5).

Theorem 3.2. Ifr(t(2)) € Ry is self-inversive and |z| = 1, then for every [ with
s

18] < 1, we have
@9) B + 5 E )| < EE L Dl s )

Proof. Since r(t(z)) is self-inversive, therefore, we have (r(¢(2)))* = A\r(t(2)) with
|A| = 1. Hence, for all 5 € C,
(3.9)

B + 5B )| = Bt + §REete)|

Combining Theorem 3.1 and (3.9), we have for every /3, with |5 <1 and |z| = 1,

2B ) + 5B BN + B )
+ B[] + SEO )Y
<1+ 5] + 3]} s
which proves Theorem 3.2 completely. 0

Remark 3.2. If we take 8 = 0 in inequality (3.8) and make use of the Lemma 2.5,
after supposing that ¢(z) has all its zeros in |z| < 1, we get the following result.
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Corollary 3.2. If r(t(z)) € Ry is self-inversive, where t(z) has all its zeros in
|z| <1, then for|z| =1,

Be)
Sy 12 7)),

(3.10) [ (t(2))] <
where pi = inf|. | [t(2)].
Remark 3.3. For t(z) = z, (3.10) reduces to (1.6).

We end this section by proving the following interesting generalization of (1.7).

Theorem 3.3. Suppose r(t(z)) € Ry and all the mn zeros of r(t(z)) lie in |z| > 1.
Then for every B, with |3] <1 and |z| = 1, we have

(3.11)
p

‘B(z)r’(t(Z))t/(Z) + 5B ()r(t(z)| <

SN Pt

Proof. Since r(t(z)) € Ry, has all its mn zeros in |z| > 1 and (r(t(2)))" =
B(2)r(t(2)), therefore, all the zeros of (r(t(2)))* lie in |z] < 1. Also, |r(t(2))
|

% |

|:
<1

|(r(t(2)))*| for |z| = 1. Hence, by Lemma 2.3, it follows for every (3, with |
and |z| =1,
(3.12)

BN + B )| < |[Boleee)] + §REete)|

Combining Theorem 3.1 and (3.12), we have for every /3, with |5] <1 and |z| =1,

2\B<z>r'<t<z>>t'<z> + OB ()] < B ) () + §B'<z>r<t<z>>\
g

B + S EO )y
1B {‘ /3‘ |/3\}sup|r el

which is equivalent to (3.11) and this completes the proof of Theorem 3.3. 0

<

Remark 3.4. If we take § = 0 in (3.11) and assume that ¢(z) has all its zeros in
|z| <1, we get (1.7) by virtue of Lemma 2.5.
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EXISTENCE OF POSITIVE SOLUTIONS FOR A PERTUBED
FOURTH-ORDER EQUATION

MOHAMMAD REZA HEIDARI TAVANI! AND ABDOLLAH NAZARI?

ABSTRACT. In this paper, a special type of fourth-order differential equations with
a perturbed nonlinear term and some boundary conditions is considered which is
very important in mechanical engineering. Therefore, the existence of a non-trivial
solution for such equations is very important. Our goal is to ensure at least three
weak solutions for a class of perturbed fourth-order problems by applying certain
conditions to the functions that are available in the differential equation (problem
(1.1)). Our approach is based on variational methods and critical point theory.
In fact, using a fundamental theorem that is attributed to Bonanno, we get some
important results. Finally, for some results, an example is presented.

1. INTRODUCTION

In the present paper, the following fourth-order problem

ul™(z) = M (z,u(x)) + h(u(z)), @€ [0,1],
(1.1) u(0) =4/ (0) =0,

u'(1) =0, w"(1) = pg(u(1)),
is studied, where A and p are positive parameters, f : [0,1] x R — R is non-negative
L'-Carathéodory function, i : R — R is a non-negative Lipschitz continuous function
with the Lipschitz constant 0 < L < 1, i.e.,

|h(t1) — h(t2)| < Lty — taf,

for every t1,to € R, and h(0) = 0 and g : R — R is a non-positive continuous function.
It is clear that for function h we have h(t) < L|t| for each t € R.

Key words and phrases. Fourth-order equation, weak solution, critical point theory, variational
methods.
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The problem (1.1) is related to the deflections of elastic beams based on nonlinear
elastic. In relation with the problem (1.1), there is an interesting physical description.

An elastic beam of length d = 1, which is clamped at its left side x = 0, and
resting on a kind of elastic bearing at its right side x = 1 which is given by ug .
Along its length, a load \f + h, is added to cause deformations. If u = u(z) denotes
the configuration of the deformed beam, then since u”’(1) represents the shear force
at © = 1, the condition «” (1) = pg(u(1)) means that the vertical force is equal to
wg(u(1)), which denotes a relation, possibly nonlinear, between the vertical force and
the displacement u(1).

Different models and their applications for problems such as (1.1) can be derived
from [9]. Studying fourth-order differential equations are very important in engineering
sciences. Therefore, several results are known concerning the existence of multiple
solutions for fourth-order boundary value problems. For example, in [7] the author
obtained the existence of at least two positive solutions for the problem

ui®)(2) = f(o,u(z)), «e€0,1],
(1.2) u(0) = '(0) = 0,
u’(1) =0, u"(1) = g(u(1)),

based on variational methods and maximum principle.

Moreover, in [8] authors considered iterative solutions for problem (1.2) with nonlin-
ear boundary conditions. In particular, by using a variational methods the existence
of non-zero solutions for problem (1.1) in the case of h(t) = 0 has been established
in [2]. In [6], using a critical points theorem obtained in [3], multiplicity results for
the problem (1.1) were discussed. Also based on variational methods, existence and
multiplicity results for this kind of problems were considered in [4,5].

In the present paper, using a three critical points theorem obtained in [1] we will
establish the existence of at least three weak solutions for the problem (1.1).

2. PRELIMINARIES

Our main tool is a three critical points theorem that we recall here in a appropriate
form. This theorem has been established in [1]. In this theorem a suitable sign
hypothesis is assumed.

Theorem 2.1. ([1, Corollary 3.1]). Let X be a reflexive real Banach space, ® : X —
R be a convez, coercive and continuously Gateauzx differentiable functional whose
derivative admils a continuous inverse on X*, ¥ : X — R be a continuously Gateaux
differentiable functional whose derivative is compact, such that infx ® = ®(0) =
v(0) =0.

Assume that there are two positive constants r1,rs and w € X, with 2r; < ®(w) <
%, such that

SUPyed—1(]—oc0,r1]) \Ij(u) 2 \P(w)

. Z 3w
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SUPyeqp-1(]—oorap) V(8) 1 U (w)

(b2)

) 3d(w)’
(bs) for each
3P(w) . { 1 L2 }>
ANEN,,, = (, min , 2
2 \Ij(w> Supue‘b*l(]—ooﬂ“l[) \Ij(u) Supu@D*l(}—oo,TQ[) ‘Ij<u>

and for every uy,uy € X, which are local minimum for the functional ® — AW
and such that W(uy) > 0 and ¥ (uz) > 0, one has

inf W(su; + (1 — s)ug) > 0.
s€[0,1]

Then, for each A € A, ,, the functional ® — AV has at least three distinct critical
points which lie in ®1(] — oo, 73[).
Now we give some preliminary definitions and basic concepts. Denote
X = {u € H?0,1] | u(0) = /(0) = 0, u(1) > 0},

where H?[0,1] is the Sobolev space of all functions u : [0,1] — R such that u and
its distributional derivative u’ are absolutely continuous and «” belongs to L?[0,1].
Obviously, X is a Hilbert space with the usual norm

1/2

e = ([ Q" @F + /@) + futa) Py )

which is equivalent to the norm

full = ([ W @ypar)

The embedding X < C*[0, 1] is compact and also

(2.1) [uller o,y = max{|ulloo, lu']loe} < Ilull,

for each u € X (see [10]). We assume that the Lipschitz constant L of the function h
satisfies L < 1.

Definition 2.1. We mean by a (weak) solution of the problem (1.1), any function
u € X such that

(2.2)
/0 u(z)v" (z)dx — )\/0 flz,u(x))v(z)de + pg(u(l))v(l) — /0 h(u(x))v(x)dz =0,
holds for every v € X.

Here, we note that if f is continuous function, then every weak solution u of the
problem (1.1) is a classical solution (see [10, Lemma 2.1]).

Proposition 2.1. If ug #Z 0 is a weak solution for problem (1.1), then wugy is non-
negative.
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Proof. Let A= {x € [0,1] | uo(z) < 0}. Since ug is a weak solution for problem (1.1),
then from (2.2) we have

[ @ @de =X [ )o@+ pg(u(D)o(1)

AUAe
[ ha()eta)dr =0,
for every v € X. Choosing v(z) = uy = max{—ug(x),0}. Since ug is a weak solution
for problem (1. 1) then ug(1) > 0 and hence v(1) = 0. So, one has

—/ v"( da:+)\/f:1:u0 x))ug(x dx+/ (uop(x))uo(z)dx =0,
that is
—/ V' (x)dx = —/\/ [z, ugp(x))ug(x )dx—/ h(ug(z))ug(z)dz > 0,
A
which means that —|[v||*> > 0 and one has, v = 0. Hence, —uy < 0, that is, ug > 0
and the proof is complete. O
Put
t
F(z,t) :/ Fla,&)de, for all (z,1) € [0,1] x R,
0
t
G(t) = / g(e)de, forallt € R,
0
G, —=min G(t) = inf G(t), forall n >0,
0 =Ly O = G0, foralln
and

H(t) = /0 "h(e)de, forall t € R.

We state the following proposition which will be used in the next sections.

Proposition 2.2. ([6, Proposition 2.2]) Let T : X — X* be the operator defined by
1 1
T(u)(v) :/ u"(m)v”(m)dm—/ h(u(z))v(x)dz,
0 0
for each u,v € X. Then T admits a continuous inverse on X*.

Now, we introduce the functional I, : X — R associated with (1.1), I\(u) :=
®(u) — AU(u) for all u € X, where

=5 [ WP~ [ H(u()dr

W) = [ F(ou(@)de - £G()
for each v € X. It is well known that ¥ is a continuously Gateaux differentiable
functional whose differential at the point u € X is

V(w)(w) = [ fu@)eds o))

and
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and furthermore, ¥’ : X — X* is a compact operator (see [10, page 1602]). Moreover,
® is continuously Gateaux differentiable functional whose differential at the point
ue X is

()(w) = | W () da — | U h(u(z))o(@)dz,

for every v € X. Also according to Proposition 2.2, functional ® whose derivative
admits a continuous inverse on X and moreover ® is coercive and convex.

Definition 2.2. Let ® and ¥ be defined as above. Put I, = & — AU, A > 0. We say
that u € X is a critical point of Iy when I}(u) = O(x+y, that is, I}(u)(v) = 0 for all
veX.

Remark 2.1. We note that, the weak solutions of the problem (1.1) are exactly the
critical points of the functional 1.

3. MAIN RESULTS

To get our result, fix three positive constants 67, 6 and 0 such that

12(1 + L)(2)37462 0, 05
( 1+ JG)° < (1= L)min - ! , T 2
/ F(z,0)dx / sup F(z,t)dx 2 | sup F(x,t)dx
i 0 |t[<6y 0 |t]<6>
and take
6(1+ L)(2)%r*6? 1— L)§,* 1 — L)6,?
Neao [B0EDGPER L a-net | a-np
/ F(z,0)dx 2/ sup F(z,t)de 4 | sup F(z,t)dx
i 0 Jil<6r 0 |t|<6
and set 7, 4 given by
(3.1)
1 1
2\ [ sup F(x,t)dx — (1 —L)6;°> 4X\ | sup F(z,t)dr — (1 — L)y
= min 0 1< 0 |t[<62
el 2Gy, ’ 4Gy, ’

where Gy, and Gy, are assumed to be negative. It is easy to show that 1, , > 0. Our
main result is the following theorem.

Theorem 3.1. Suppose that there exist three positive constants 01, 0y and &, with

%\/%91 <0< g 38;3 0o, such that

(Ay) 1279(1 + L)(§)352/1 sup F(z, t)dz < (1 — L)ef/: F(z, 8)d:

0 |t/<6, 1

(Ay) 2474(1 + L)(§)352/1 sup F(z, t)dz < (1— L)022/31 F(z, 8)dx.

0 [t|<6;
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Then, for every A € A and for each non-positive continuous function g : R — R there
exists x4 > 0 given by (3.1) such that, for every p €]0,my 4, the problem (1.1) admits
at least three weak solutions u; for i = 1,2,3, in X such that 0 < u;(x) < Oy for all
x€|0,1],i=1,2,3.

Proof. Our aim is to apply Theorem 2.1, to problem (1.1). For this purpose, fix A € A
and p €]0, 75 4. Let &, ¥ : X — R be defined by

O(u) = ;/01 lu" (z)Pdx — /O1 H(u(x))dx
and
U(w) :/0 F(z, u(z))de — %G(u(l)),

for every u € X. As seen before, the functionals ® and W satisfy the regularity
assumptions requested in Theorem 2.1. Put

1—-L 1—-L
(3.2) 1 ::( 5 )Qf, To ::< 5 )03
and
31
0 if x € |0, =
| 4 h 383
(3.3) w(x) = 5cos2< gx), ifx€_8,4[,
5
) if - 11.
, IIrec i

We see that w € X and
2 3
2 4¢2
= &0 <) .
||wl| T 3

Now, according to (2.1), for every u € X

(1-1) (1+1L)
Sl < D) < Sl
holds and in particular
2\3 2\3
(3.4) A(1 — L)rts? <3> < ®(w) < A(1 + L)r*s <3> |

Now, using 43?\/%91 <6< g 381392 and (3.4) we have 2r; < ®(w) < 2. Since,

%HUHQ < ®(u) for each u € X and for i = 1,2, we see that
O (] — oo, 7)) ={u € X | ®(u) <r;}

1—-L
Q{UEX\( 5 )||u||2§7“1}

C{u € X | |u(z)| <6, for cach z € [0, 1]}




EXISTENCE OF POSITIVE SOLUTIONS... 629

and it follows that
1
SupuE‘P_l(]—oo,Tl[) @(U) _Supue¢7l(}_ooarl[) </0 F( ( ))dl‘ - 7G( ( )))

T B (1;L) 6?

! Iz
/ sup F(z,t)dr — =Gy,
0 A

[t]<61
- (1-L) p2
2 91

(3.5)

On the other hand, since w(x) € [0, d] for each x € [0, 1], we have

W(w) = [ Fle,w)dr - 56w 2 [ F o) - Low)

lw

Hence, we have

U(w) _ J3 F(z,8)dr — §G(3)
> 4

d(w) = A1+ L)w*0%(3)?

Now, since 1 < )4 and A € A one has

(3.6)

1 Iu 1
/ sup F(z,t)dr — =Gy, / F(x,8)dx
0 [t|<6, A <1 _ 3
1-Dg,? TA T 6(1+ L)mis2(2)3
1
, / F(x,8)da — XG(é)
(3.7) <ZIa

T3 41+ L)me(3)?
So, from (3.5), (3.6) and (3.7), one has

Supueq)*l(]—oo,n[) \Ij(u> < 2\11(11})
1 3 P(w)

and hence, (by) of Theorem 2.1 is established. As in the above process, we will have

1
sup F(z,t)dx — I;G%) . /3 F(z,6)dx

1

()
2 SupuECD*l(]foo,rg[)qj(u) < ( 0 |t[<62 L s
ra = (-I1p,? X T 6(1+ L)me2(2)

2/ (x,0)dx — —G(é) 20 (uw)

3.8 < Z
(38) 4(1 + L)7r4(52( B T 3d(w)’
that is,
Supueq)*l(]—oo,rz[) \I/(u) < qu('lU)
9 3 d(w)

and hence, (by) of Theorem 2.1 is established.
Finally, we will prove that ® — AW satisfies the assumption (b3) of Theorem 2.1.
Let u; and us be two local minima for ® — AW. Then u; and us are critical points
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for ® — AU, and so, they are weak solutions for the problem (1.1). According to
Proposition 2.1 one has u;(z) > 0 and us(z) > 0 for every x € [0, 1]. Hence, it follows
that

inf W(su; + (1 — s)ug) > 0.
s€[0,1]

From Theorem 2.1, for every

NeAC A, = |22 n ra/2
- 20 (w sup U(u)’ sup U(u) (|’
u€P~1(]—o0,r1[) ueP~1(]—o0,rz|)

the functional ® — AW has at least three distinct critical points u;, in X such that
0 < wui(x) < By, for all x € [0,1], i = 1,2, 3, which are the weak solutions of (1.1). O

Remark 3.1. If in Theorem 3.1 we assume f(x,0) # 0, then problem (1.1) has at least
three distinct non-trivial and non-negative weak solutions.

Now, we present a variant of Theorem 3.1, which will be achieved by reversing the
role of A\ and pu.

Theorem 3.2. Suppose that there exist three positive constants 01, 6y and &, with
%\/%91 << si 31-1) 6’2, such that

2\/ 2(1+L)
(B1) G(6)(1 — L)8,* < 12 Gy, (1 4 L)*6*(
(Bs) G(6)(1 — L)6y* < 24 Gy, (1 + L)n*6
Then, for each

2
2

25,

A =
e —GO) TG, —aG,,

6(1 + L)m'62(2)3 - { (1—L)6:2 (1 L)ef}

and for each mon-negative L'-Carathéodory function f : [0,1] x R — R there exists
05y >0, where

(1 —L)0:% 421 Gy, (1 — L)0* + 4u Gy,

1 ’ 1 )
2/ sup F(z,t)de 4 | sup F(x,t)dx

0

[t]<61 0 |t[<6o

7'\ = Min

such that, for all A €]0,7', ,[, (1.1) admits at least three weak solutions in X.

Proof. Fix yi € A and X €]0,77', ,[ . Let ¥ : X — R be defined by

\i/(u) = 2/01 F(z,u(z))dx — G(u(l)),
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for each u € X. We observe that ®(u) — A\¥(u) = ®(u) — p¥(u) for every u € X.
Choose 71, o and w as given in (3.2) and (3.3). Now, we have

1
- A/ sup F(x,t)dx — Gy
Supueéfl(]—oo,m[) \Ij(u) . #Jo [t]<61 ( ) '

1o o0
" (1;L)912 “p 6(1+ L)7r452(§)
A
<2u/i (2, 0)dx — G(6) i
=3 41+ D (ZP T 30(w)’
that is,
Wien oy P0) _ 2(w)
T 3 W)
and
1
. 2()‘/ supF:c,tdx—G)
2 supueé,l(}_wmﬂ)‘l}(u) _ H Jo [t| <62 ( ) 02 _ l _ —G((S)
> 0526,° T 6+ Dme ()
1
— [ F(z,6)de — G(6
2y OO 5w
=3 4(1+ L)m*o2(2)3 = 30(w)’
that is,
SUPycd—1(—oo0,rs) W (u) < E\TJ(w)
T2 3 Q)(w)
Therefore, since for each
LeNC §C{>(w)7 in n , 72/2 ] 7
2 (w) sup - W(w) sup W(u)
ued=1(]=00,r1 ) u€d=!(J-oom2)

the assumptions of Theorem 2.1 are fulfilled, so the desired result is achieved from
Theorem 2.1. ([l

Now we will give a special case of Theorem 3.1 that the function f depends only
on t.

Corollary 3.1. Let f: R — R be a non-negative continuous function such that

lim@:()

t—0t+ ¢t

100 625(1— L) [
st < g5y |, fe

and
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300 3(1-L)
2(1+L) "

]24(1+—L)w (2)> 2500(1— L)
o F©)dg 7 3% F©)de

and for every non-positive function g : R — R there exists 0} , > 0 such that, for each
w € 10,03 [, the problem

{um()kﬂw)) h(u(z)), =< [0,1],

Also, suppose that, 1 < Then, for every

u(0) =4 (0) =0
u'(1) =0, u"(1)=pg(u(l)),
admits at least three classical solutions.

Proof. Our aim is to employ Theorem 3.1 by choosing 3 = 100 and 6 = 1. Hence, we

have
a1+Lx)3%2_2q1+LM%@3

T T
[ oy Jo F(€)de
1
and
(1— L)6,* 4_2%%1—L)
T = 00
4 | sup F(x,t)dz F()de
0 [t|<6:
Also, according to the condition 1 < 300 ;8;3, we have
3 |3(1—-1L)
) 0.
<82\ 201+ 1)
Moreover, since lim;_,q+ M = 0, one has
t
JRGLS
lim ®%——— = 0.
t—0+ 2

Then, there exists a positive constant 6; < %\/g such that

[Mree
7

S B0+ L)@

[ s

and

62 5000
01 P > 100 P :
| r@de [ ped

Finally, a simple computation shows that all the circumstances of the Theorem 3.1
hold and so the desired result is achieved. 0J
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Remark 3.2. If we consider

1842, ift <1,
f(t) ;=< —18000¢ + 18018, if 1 <t < 1.001,
0, if + > 1.001,

and h(t) = 1|t| for all ¢ € R, then we can consider L = 1. In this case, a simple
calculation reveals that, all the conditions of Corollary 3.1 are established.

Acknowledgements. The authors express their gratitude to the referees who re-
viewed this paper.
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THE MAXIMUM NORM ANALYSIS OF SCHWARZ METHOD FOR
ELLIPTIC QUASI-VARIATIONAL INEQUALITIES

MOHAMMED BEGGAS! AND MOHAMMED HAIOUR?

ABSTRACT. In this paper, we present a maximum norm analysis of an overlapping
Schwartz method on non matching grids for a quasi-variational inequality, where
the obstacle and the second member depend on the solution. Our result improves
and generalizes some previous results.

1. INTRODUCTION

Historically, Schwarz method has been introduced by Herman Amondus Schawarz,
in order to resolve a purely theoretical matters. The Schawarz alternating method
has been used to solve the stationary or evolutionary boundary valued problems, on
domain which consists of two or more overlapping sub-domains, see for example [6, 7].
The solution is approximated by an infinite sequence of function, the result which is
the resolution of a sequence of stationary or evolutionary boundary valued problems,
in each of sub-domain.

In this work, we are interested in the analysis of error estimates in uniform norm for
the quasi-variational inequality. Our goal is to generalize and improve some previous
results given in [2—4,10, 11] which concerning analysis of error estimates in uniform
norm for the elliptic quasi-variational inequality. As in [2] they got the following
approximation:

|u; — ulpt o < CR*|logh|?, i=1,2

Y
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continuous, L°°-error estimates.
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for the problem

a(u,v —u) > (f,v—u)in Q, forallve K,
u<y, vy,

where K is a convex, closed and not empty set. In [4], they have obtained the same
approximation for the following problem:

a(u,v —u) > (f(u),v —u)in Q, for all v € K(u),
usy, v,

also, for the non-coercive variational inequality, it has been reached in [11], the same
approximation mentioned above. In [10], the authors studied a quasi-variational
inequality related to control ergodic problem

(U, vV —Us) = (f +TUq, v —uy), «a€(0,1),
Ug < Mug, v < Mu,,

and they got the following result:
[tta, — uph oo < Ca?h?|logh|!, i=1,2.
Finally in [3], the authors studied the following problem:

a(u,v —u) > (f,v—u), forallvekK,
u< Mu, Mu>Q0,
Mu=k+ inf u(z+e),
e>0,24c€52
ou

a777:gpinI‘oamduinmF/FO,

and they obtained the following result:
lu; — ujy oo < CR*|log A, i =1,2.

For our work, we claim about the general problem where the second member and
the obstacle are related to the solution

a(u,v —w) > (f(u),v —w)in Q, for all v e K,(u),
u < Mu, v<Mu,
u = g on 0.

The outline of the paper, is as follows: in the second section, we will mention the
same notations and assumptions, in the third section we will give our continuous
problem, analogously in section four, we will define the discrete problem. Section five,
is devoted to the L*-error analysis of the method.
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2. NOTATION AND ASSUMPTIONS

Let Q be an open in R, with sufficiently smooth boundary Q. For u,v € H'(Q),
consider the bilinear form as follows:

(2.1) a(u,v):/Q( Z aij(:(:)g;g;j—l—

1<i,j<n

> ai(q:)gs

1<i<n i

v+ ao(:c)u.v) dz,

where a;;(z), a;(x),ao(x),r € Q, 1 < 1,5 < n, are sufficiently smooth coefficients and
satisfying the following conditions:

Z aijgigj 2V|€|27 5 S Rna v > 07

1<i,j<n
CLO(‘Z‘) ZB > 07

where 3 is a constant. The operator M is given by Mu =k +inf_o, ., q u(z +¢),
where k > 0 and M satisfies

(2.2) Mu € W**(Q), Mu>00ondQ:0<g< Mu,

where ¢ is a regular function defined on 0€2. Let f be a Lipschitzian non decreasing

nonlinear function with rate a satisfying § < 1 and f € L>(Q), and Ky(u) is an
implicit convex and non empty set which defined as follows:

K,(u)={ve H(Q), v=gon dQ, v < Muin Q}.

3. THE CONTINUOUS PROBLEM

We consider the following problem: Find u € k,(u) the solution of

a(u,v —u) > (f(u),v—u) in Q, for all v € K, (u),
(3.1) u< Mu, v<Mu,
u = g on 0f2.

We will present some results for our problem as the existence, uniqueness and other
optimal properties which given in previous papers where we need them in the sequel.

Theorem 3.1 ([5]). Under the previous conditions the problem (3.1) has an unique
solution v € Ky(u). Moreover, we have

u € W*(Q), 2<p<oo.

Lemma 3.1 ([6]). For all u and @ € K (u), we have

(a) if u <1, then Mu < Mu and M(u+ \) = M(u) + X for all A € R;
(b) ||Mu— MﬂHLoo(Q) S ||u—’l~L||Loo(Q).
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3.1. The continuous Schwarz sequences. We decompose 2 in two sub-domains
Q1, Qs such that 2 = Q; Uy and u satisfies the local regularity condition:

ulg, € W*P(Q;), i=1,2, and 2 < p < oo,

denote by 8QZ the boundary of Qz and Fl = 891 N QQ, FQ = 892 N Qh Fl N FQ = @
We define the following process. Choose uyg = k to be given, and define the
alternating Schwarz sequences (u}") on € such that u}** € K(u?}) is solution of the

following problem:

ar(ui™ v —ui ™) > (fulu), v —ui ™,

(3.2) uptt < Mup,
uf ™ =ulon Ty, wv=u}onTy,

and (uyth) on Qy such that u4™ € K (u}) solution of the following problem:
CLQ(U;L—H,’U - US—H) > (fQ(ug)7U - U§+1),

(3.3) uytt < Mug,
uy™ =u? on Ty, ©v=u} on Ty,

where f; = f/q,, i = 1,2, and (a;(u,v) the form bilinear which defined in (2).

3.2. Geometrical convergence.

Theorem 3.2 ([3]). The sequences (ui™), (us™), n >0, produced by the Schawarz
alternating method converge geometrically to the solution u of the problem (3.1), more
precisely, there exist two constants K1, Ky € (0,1) such that for all n > 0, we have

Jur — uf | poo ) SKPEY||u® — ul|zoo(ry),
Jug — u || Lo () SKTHED [0 — | oo (ry).-

We will show an important proposition, which give the continuous dependence to
the second member, the data g and the obstacle. We note that u = o(f(u), Mu, g),
u=o(f(a), Ma,g), where u,u € K,(u).

Proposition 3.1. Under the previous hypotheses and notations, we have
[ = al| Ly < [1f(w) = F(@) ]| + |Mu = M| o) + |9 = Gl oo
where I'; = 0, N, 4,5 = 1,2, and @ # j.
Proof. Setting
® = || f(u) = f(@)ll=@y + 1Mu = Ma| @) + g = gllzeery),
we have
flu) <f(a) + flu) = f(a) < fa) + | f(w) = f(@)] < f(a)+ .
Similarly, we have g < g+ ® and Mu < Mu + ¢.
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Now, making use of Lemma 3.2, we obtain

<o(f(a)+®,Ma+ ®,5+ P)
<(f(a),Mu,g)+ ®,

< ®. Since (f(u), Mu,g) and (f(a), Ma,g) are
—o(f(u), Mu,g) < ®, and then

Ju =@l < 1f(w) = f(@)l|e @) + |Mu = M=) + lg = gllewy. O

Remark 3.1. If Mu = Mu, we have

|u — @l Lo (o) < N1 (w) = f(@)][ 2o + |9 — Gl @y

4. THE DISCRETE PROBLEM

We denote by V), the standard piecewise linear finite element space, we consider
the discrete quasi-variational inequality. Find wj, € Kyp,(uyp,) such that:

a(up, v —up) > (f(up),v—uyp), forall up,v e Kgp(up),
(41) Up S rhMuh,
up, = g on OS2,

where f € L*(Q); Muy =k +inf_5;, . gun(z +¢) and

K

gh(up) ={v €V} v =mug on 0Q,v < r,Muy, in Q}.

We denote 7, the interpolation operator on 9€) and 7, is the usual finite element
restriction operator in €.
4.1. The discrete maximum principle. We assume that the respective matrices

resulting from the discretization of problems (3.2), (3.1) are M-matrice [9].

Theorem 4.1 ([1]). Let u and uy be the solutions of problem (3.1) and (4.1) respec-
tively, there exists a constant Cy independent of h such that

||u — UhHLoo(Q) S Clh2 log ’h’Q
Similarly, for the continuous case we will establish the discrete version of the lemma.

Lemma 4.1. For all up, and iy, € K,(up) we have

(a) if up, <y, then Muy < My, and M (up + X) = M(up) + X for all A € R;
(b) | Mup, — Maip|| o () < |lun — sl Lo )
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4.2. The discrete Schwarz sequences. For i = 1,2, let V;,, = V},(£2;) be the space
of continuous picewise linear function on 73,,, which vanish on 902N052;. For w € C(I';),
we define

Vhiw) ={veV,,v=0o0n 02 NN, v=m,(w) on Iy},

where 73, be a standard regular finite element triangulation in §2;, h; being the mesh
size. We suppose that the two triangulation are mutually independent on €, €y, a
triangle belonging to one triangulation does not necessarily belong to the other.

We now define the discrete countreparts of the continuous Schwarz sequences defined

in (3.2) and (3.1) respectively, by (u/5) € Vh(lugh), where (u;1) is the solution of

n+1 n+1 n+1 (u;h)
al(ﬁlh o —ufy ) > (filuly), v —ufy ), forallveVy >,
n n n
(4.2) u”il < rpMufy, v < rpmaugy,
n
uyy = uy, on Iy, v =uy only,

n+1)

and (uj) € Vh(; "7 such that (uj;') is the solution of

az(ut v —u) > (fa(uly), v — ug), for all v € V™)

n+1
(4.3) Usp < rpMug,, v < rpMuy,
n+l _ ,n _n
uy, - =uf, onI's, v =uy, on .

We will finish this section by the discrete version of Proposition 3.1, this version
plays an important role in the sequel.

Proposition 4.1. Using the notations

up =0 (f(un), Mup, m19),
ap, =op(f (i, My, 719),
where uy,, iy, € Ky(up), we have
[un = tin]| ooy < (1S (un) = f(n) || L 0 + [Mun — My || L (9, + 709 — gl ey,
I =00,NnQ,,4,7=1,2, and ¢ # j.
Proof. Similar for the continuous case. 0J

Remark 4.1. If Mu,;, = My, we obtain

lun = il o0y < W (un) = Fan)lloe(@i) + (1709 = TagllLos ey

5. L°-ERROR ESTIMATE

We will use the algorithmic approach, which was used in [2,4], but our problem
is more complicated because the second member and the obstacle are related to the
solution.
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5.1. Auxiliary sequences. We introduce two discrete auxiliary sequences. Starting

from wl, = uY), = r,Mul) = k, i = 1,2, define the sequences (w},™') such that
+1 Uy
wy, €V}
1 1 (uz)
(5.1) ar(wih ™ v —wih) > (filuly), v —wih), forallv eV, ™,
witt <y Muty,, v < Muby,
and (wi ™) such that wi™ € V4™ is a solution of
2h 2h ho
1 1 1 (up™™)
(5.2) GQ(MSL}T U — wg}-li- ) > (fQ(gh)’ U= wg}-li- )v for all v € Vh2 Y
whitt < rpMul, v < rMub,.

Note that w:™ is the finite element approximation of u}"! which defined in (3.2) and
(3.1). The following lemma will play a crucial role in proving the main result of this
paper. The demonstration of the lemma is an adaptation of the one in [2], given for
the problem of variational inequality.

Lemma 5.1. We have the following inequalities:

ntl ot <n+1 b n+1 b
[y ui e <30 Ml = whyll 4+ D lub — why |lo,
p=1 p=0
n+1 n+1
Jus™ —ug e <3 Jlub — whylla + D [Jud — wh -
p=0 p=1

Proof. In order to simplify the notation, we will adopt the following notations:

=l ey, o2 =11 e,
[l =l ey, -l =11 e @),
Thy =Thy = Th, hlzhgzh.

Started for n = 0, using the Remark 4.1, we get

Juy — ugplli <[Juy — wiplls + lwip — ugslh
<ug — wipll + 1)) = fi(u)]l + |7 Mu§ — m, Mud, |y
<luy — wip |l + [ Mud — Mud, |,

lur — upplle <[luy — wipll + [[Muy — Mu,|l2,
and, from Lemma 4.1, we obtain

(5.3) lut = wipll < fluy = wipll + [l — gy -
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Similarly, we obtain
luy — ugpllz <[y — waplz + [lwsy, — ugyl2
<llug = woplla + || fa(usy) = falugy)ll2 + [mnMuy — 7 Mug, |2
<llug — wapll2 + [Muy — Muyy|,
<llug — wapllz + | Muy — Muy,|lx
and
luy = ugpll2 < [luy = wayll2 + [Jug = ugyllr.
From (5.3), we get
(5.4) luy — ugpllz < llug — wipll + [lug — ugpllz + llug — wy 2,

SO

1 0
Juy — uplli < Z |uf —wiy|[x + Z [[ug — uyl2,
p=1 p=0

1 1
lug = ugplla <D flub — whylla + D Jluf — wiy s
p=0 p=1

For n = 1, we have
lui = uinllh <lluf = wiplh + [[wh, — wiylh
<t = wiyll+ 1 f (ury) = Flugy) o+ |7 Mug — 73 Mg, |,
<[luf — wiylh + [ Muy — Muy,|;
<[luf = wipll + lluz — g2
From (5.4), we get
(5.5)  fluf = uiplh < flug — wiylh + [luy = wapll2 + [luy — wipll + lul — udylo.
Similarly, we obtain
lu3 = upllz <[lus — wipllo + (w3, — w32
<|luz — wiyll2 + | £ (udy) = f(uzy) o + |[mnMut — mn My |2
<luz — wiplla + lluf — udy |-
From (5.5), we get
lu3 = udplle < flug — willz + llug — wiyll + g — wapll2 + lug — wiy 1 + lul — gy 2,
where
2 1
luf = uiplls < 3 Mt = wipll + > ub — why]l2
p=1 p=0
and

2 2
luz — ubplla < D l[uf = whylla + D fluf —wfy s
p=0 p=1
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We go to the second step. Suppose that
n n
(5.6) luz — ugplle < D lluh — whylla + > lluf — w1
p=0 p=1

We claim the first inequality, for ¢ = 1,

™ =l <l =i lwp™ =i

<[t ™ = wiy e+ ) = fiudy)lh + fm My — m,Mug, L
<[l ™ = wii A+ [ Mug — Mugy|l2

<Jui™t = i+ ug — .

From (5.6), we get
n n
1 1 1 1
lud™ = gyl < Jld ™ = w4 Dl — wiyll+ Dl — wiyh
p=0 p=1

Consequently,

n+1 n
(5.7) ™ =gyt < 30 (g = whyll 4+ D (lub — why -
p=1 p=0

For the second inequality, + = 2, we have

s ™ — g e <[lus™ —wg o + [lwgy™ — ugy [l

<lluz™ —wai 2 + | falugy) — faluzy)ll2 + lmaMui™ — m Mufy
<llus™ — w2 + [|Mu ™ = Mug™ s

<Jlus™ = wiy o + [l — gy

From (5.7), we get

n+1 n
lus™ =g llo < Jlus™ —wy 2 + 3 [l —whylle + 3 [luh — whyl2.
p=1 p=0
Consequently,
n+1 n+1
lus ™ = ug 2 < D flud — whllz + D lluf — wiylh. [
p=0 p=1

5.2. L* error estimate. The main result is given as follows.

Theorem 5.1. Setting h = max{hy, ha}, so there exists a constant C' independent of
h and n such that

lu; — wfp™ || e, < Ch*[loghl®, i=1,2.
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Proof. Indeed, let K = max{ky, ko}, for i = 1 we have

Jur = i o) <llun — wi ™ | pooany + [[uf™ =l Loy
n+1 n+1
ur = wi | ooy + D Nl — why [l + D [Jub — why [l
p=1 p=0

<K*|u® = ul| oo (ry) + 2(n + 1)C1A%| log h|?,

where we used Lemma 4.1 and Theorem 3.1, respectively. Now, setting K?" < h?

we

get |luy — u (0, < Ch?|logh|?. Similarly, we obtain the same result for

1= 2. U

Remark 5.1. Confirmation for what we mentioned previously that this result is a
generalization to the previous works, we note that:

[1]

(a) if the second member and the obstacle are not related to the solution, we
get [2];

(b) if only the obstacle is related to the solution, we get [3];

(c) if only the second member is related to the solution, we get [4,10,11].
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SOME NEW INEQUALITIES ON GENERALIZATION OF
HERMITE-HADAMARD AND BULLEN TYPE INEQUALITIES,
APPLICATIONS TO TRAPEZOIDAL AND MIDPOINT FORMULA

IMDAT ISCAN!, TEKIN TOPLU?, AND FATIH YETGIN3

ABSTRACT. In this paper, we give a new general identity for differentiable functions.
A consequence of the identity is that we obtain some new general inequalities con-
taining all of the Hermite-Hadamard and Bullen type for functions whose derivatives
in absolute value at certain power are convex. Some applications to special means
of real numbers are also given. Finally, some error estimates for the trapezoidal and
midpoint formula are addressed.

1. INTRODUCTION

Let f: I CR — R be a convex mapping defined on the interval I of real numbers
and a,b € I with a < b. The following double inequality:

(11) f(“+b>< L[ payae < L HIO)

2 “b—a 2

is known in the literature as the Hadamard inequality for convex mapping. Inequality
(1.1) holds in the reversed direction if f is concave. More information on these
inequalities can be found in several papers and monographs (see [2,3]).

Definition 1.1. A function f:/ C R = (—o00, +00) — R is said to be convex if

fOz+ (1= Ny) < Af(z) + (1= N f(y)
holds for all z,y € I and A € [0, 1].

Key words and phrases. Convex functions, Hermite-Hadamard type inequality, Bullen type in-
equality, general integral ineqaulities, trapezoidal and Midpoint formula.
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Theorem 1.1. Suppose that f : [a,b] — R is a convez function on |a,b]. Then we
have the inequalities:

)2 )

Sbia/abf(x)dx
(1.2) S;[f<a;rb>+f(a)—2#f(b)>] Sf(a);‘f(b).

The third inequality in (1.2) is known in the literature as Bullen’s inequality.

Lemma 1.1 ([1]). Let f:1° C R — R be a differentiable function on I°, where
a,b € I°, with a < b. If f' € L[a,b], then
1

(1.3) f(“);f(b) - bia/f(x)da:: b_a/(l—2t)f’(ta+(1—t)b)dt.

2

In [1] Dragomir and Agarwal established inequalities for differentiable convex func-
tions which are related to Hadamard’s inequlity as follows.

Theorem 1.2. ([1, Theorem 2.2]). Let f: I° C R — R be a differentiable mapping
on I1°, a,b € I°, with a < b. If |f'| is convex on [a,b], then the following inequality
holds

b
fla)+f(b) 1 /

5 b—a f(z)dz
Theorem 1.3. ([1, Theorem 2.3]). Let f: I° CR — R be a differentiable mapping
on I°, a,b € I°, with a < b and let p > 1. If the new mapping |f/|p/p*1 s convexr on
la, b], then the following inequality holds
(1.5)
flo)+f() 1 if@ﬂx< b—a mewml+uwmwpww”w
2 b—ay 2(p+ 1) 2

In [5], the above inequalities were generalized.

Theorem 1.4. ([5, Theorem 1 and 2]). Let f : I C R — R be a differentiable function
on I°, a,b € I, witha <band q> 1. If |f'|? is convex on [a,b], then the following
inequalities hold

b
o S0 1 o,

a-+b 1 ’
‘f(Q )—b_a!f@Mx

(1.4)

<bzalf (Cgl +1 O

(1.6)

<

b;a(ﬁ%MQQUWMji

and

<b—a<ﬁ%M%waw>?
- 4 2
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In [4], the above inequalities were further generalized.

Theorem 1.5. ([4, Theorem 2.3 and 2.4]). Let f: I° C R — R be a differentiable

function on I°, a,b € I°, with a < b and p > 1. If |f’|P%1 is convex on [a,b], then the
following inequalities hold

Iy a+b b—a/ 4 \7»
‘b_aa/f(x)dx_f< 2 >‘§ 16 <p+1>
X {{|f’(a)|1ﬂ/p1 _._3|fl(b)‘l)/p*1} (p—1)/p

+ [3|f’(a)|P/p—1 + ’f/(b)|p/p_1}(p—1)/p}

La/f@m—f(a;b)\éb;“(pH) (1 @] + 17 ®).

Lemma 1.2 ([7]). Let f : I C R — R be a differentiable function on I°, where
a,b e I, with a <b. If f' € L[a,b], then

;[f(a)—gf(b) +f<a+b>]

17) = 4“Z<—t)[ <ta+(1—t) ;b>+f’(ta;b+(1—t)b>1dt.

Corollary 1.1. ([7, Corollary 3.4]). Let f: I C R — R be a differentiable function
on I°, where a,b € I, with a < b, and f" € Lja, b]. If |f'] is convex on [a,b], then

(1.8) ‘;[WJ#(@M)]

and

1_6 (1 () + 11 ().

Corollary 1.2. ([6, Corollary 3.3]). Let f: I C R — R be a differentiable function
on I°, a,b € I, witha <b and " € Lla,b]. If | f'|? is convex on [a,b] for ¢ > 1, then

[ 5] 5t o

(19) Sb 1_6a (112> E {(9 |f'(a)" +3 ’f,(b)|q)% + (3 I (a)|*+9 ’f’(b)|q);] '

2. MAIN RESULTS

In order to establish our main results, we first establish the following lemma.
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Lemma 2.1. Let f:1° C R — R be a differentiable function on I°, where a,b € I°,
with a < b. If f" € L]a,b], then the following equality holds

L.(f,a,b) = i l<7”t—i)M7>+f<(n—i—1)a+(z‘+1)b>]
e o
—jEébQ;f /11—275 (_Zn)a“b

(2.1) -tz 2_1) (Z+1)b)dt].

Proof. If we take n € N arbitrarily, then for i € {1,2,...,n — 1} by integration by
parts, we have

L= [ -2ns < )a+’b+(1_t)(n—i—1)§+(i+1)b>dt
= _b(l—zt)f<HW?Hl_t)(n—i—l)zﬂiﬂ)b)
( Jex 2 (1_t)(n_i_1>§+<i+1)b>dt,

0

By making use of the substitutions = tw + (1 — ¢) (et at rb

n

L= n [f<(n—i71a+ib> +f<(n—i—1)a+(i—|—1)b>1

a—>b n

(n—i—1)a+(i+1)b

[ f(z)dx.

(n—i)a+ib
n

Multiplying the both sides by I;’T‘;, we have

b—a, 1 lf<(n—z'2ba+ib>+f<(n—i—1)a+(i+1)b>]

2n2 ' 2n n
(n—i—1)a+(i+1)b

~ 3 i - / f(z)dz.

(n—1i)a+ib

n
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Finally, we have

n-1 b2_2aIi Inf; [f <(n—z)a+zb> Ly ((n—i— Da+ (i + 1)b>1

n

(n—i—1)a+(i+1)b

1 n—1 n
- x)dzx
b-ais (n=datib 1
:nizln[f(W)+f((n_i_1)z+(i+1)b>1
i=0
;¢
—b_a/f(a:)d:c. 0

Remark 2.1. If we choose n=1 in Lemma 2.1, then (2.1) reduces to (1.3).
Remark 2.2. If we choose n=2 in Lemma 2.1, then (2.1) reduces to (1.7).

Theorem 2.1. Let f: I CR — R be a differentiable function on I°, where a,b € I°,
with a < b. If|f'|? is convex on [a, b] for some fized ¢ > 1, then the following inequality
is satisfied

22 e < S s (P o F

1=0

Proof. From Lemma 2.1 and by using the well known Power-mean inequality, we have

[ n(f, a,0)]

1 1-1
a (/|1—2t|dt>
0

n—lb_
g; 52
( )a—l—zb

“{f

By using the convexity of | f’

[1,(f, a,b)]
/|1—2t|<

gfjond |

F ((n—i—l)a+(i+l)b>

n

+(1-1)

¢\
dt)

(n—z’—l)a—l—(i—l—l)b)

n

|7, we have

(( )a+zb>

1

"

+(1-1).
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_a</1|1_2t|dt) (/|1—2t|t <( )a+zb>
+/1|1—2t|(1—t) /((n—i—l)a+(i+1)b> th)é

n
"lh—aq -4 (|7 (@ zmwﬂ_+f(@jjﬁﬂ¢mﬂqé
- i 2’ <2) ( 4 )

P ((n—?ba—f—ib)

’ q

dt

n—1 b—a q %
- Z 2(9)2+3
Finally, by using the convexity of | f’

ran =S (P2 e+ (22 i) ] 0

iz n2(2)*"a n

{%f<M—i—Da+@+Dg

n

, we have

Remark 2.3. If we choose n =1 in Theorem 2.1, then (2.2) reduces to (1.6).
Remark 2.4. If we choose n = 1 and ¢ = 1 in Theorem 2.1, then (2.2) reduces to (1.4).
Remark 2.5. If we choose n = 2 in Theorem 2.1, then (2.2) reduces to (1.9).
Remark 2.6. If we choose n = 2 and ¢ = 1 in Theorem 2.1, then (2.2) reduces to (1.8).

Corollary 2.1. If we choose n = 3 in Theorem 2.1, then we obtain

s 7@+ s var (250 o (4] - bf@g/f(x)dx
b—a

=51
6+

(517 @I+ 17O+ GBIF@I+31GF) + (17 @+ 5170

Theorem 2.2. Let f: I C R — R be a differentiable function on I°, where a,b € I°,
with a < b. If|f'|? is convex on [a, b] for some fized ¢ > 1, then the following inequality
is satisfied

(2.3) 1

o= () [ e (2]

1,1 _
wherea—i-zg—l.

Proof. From Lemma 2.1 and by using the Holder inequality, we have
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n—1 b—a 1 %
L (fab) <Y = /|1—2t|pdt
i—0 <M

(/ (e g e e )

n
0

3]

q
dt

By using the convexity of |f'|9, we have

|1 (f a, )]
§§b2;2a_(/1|1—2t\pdt)

y (j(t f’<(n_2a+ib>q+(1—t) f,((n—i—l)s—i-(i—i—l)b) q)dt);]
:212?;?22 (pily

n

) <f, ((n—iT)la—i—ib)

q> H ]
By using the convexity of |f’|?, we have

= U\ [(2n—2i—1\, , . (241 :
nrenl =X 2t () (P @ (2 o] o

Remark 2.7. If we choose n =1 in Theorem 2.2, then (2.3) reduces to (1.5).

"+ f,<(n—i—1)a+(i—|—1)b>

Corollary 2.2. If we choose n = 2 in Theorem 2.2, then we have

510 (23]

—Z;; <1> ; {(?ﬂf’(a)\" PO+ (1F (a)|” + 3£/ (B)]9)

p+1

Q=

Corollary 2.3. If we choose n = 3 in Theorem 2.2, then we have

J.

g 0 02 (0 war ()| -2 s

sbfal( 1 ) [(5|f’<a>|u!f’(b)l")é+(3|f’<a>|q+3!f’<b>lq)é

D=
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1

+ (1 @[ +5[£®)")

3. APPLICATIONS TO SPECIAL MEANS

We consider some special means, for which will get new inequalities. Let a,b € R.

b
(i) The arithmetic mean: A = A(a,b) := i ,a,b>0.
(ii) The harmonic mean:
2
H = H(a,b) = Lb, a,b> 0.
a+b
(iii) The logarithmic mean:
a, if a=0»,
L= La,b) = _ b> 0.
(a,b) bia’ if a #b, a
Inb—1Ina
(iv) The p-logarithmic mean
a, if a = b,
L, = Ly(a,b) = Bl _ gptl 1 ' p € R\{-1,0},a,b > 0.
— , ifa#b,
P+ 1)(b—a)

Proposition 3.1. Leta,b e R, 0 <a<bandt €N, t> 2. Then, for all ¢ > 1, the
following inequality holds

"2:1 1A<< —i)a+ib>t7 ((n—i_ Da + (i + 1>b>t> — Li(a, b)‘

z(]n n

- b—@ 2n=20= 1) (v, (2041, 0n]"
Y (=S RN

=0 M

Proof. The proof is immediate from (2.2) in Theorem 2.1, with f(x) = 2!, x € [a, ],
teN, t>2. 0

Remark 3.1. (a) If we choose n = 1, in the Proposition 3.1, we have [5, Proposition 1]
for positive real numbers.

(b) If we choose n = 1 and ¢ = 1, in the Proposition 3.1, we have [1, Proposition 3.1]
for positive real numbers.

Proposition 3.2. Leta,be R, 0<a<bandt € N, t> 2. Then, for all ¢ > 1, the
following inequality holds

nzl 1A<<—z’)a+z’b)t’ ((n—z’— Da+ (i + 1>b>t> —Li(a,b)‘

i=0
1 . . 1
[((Zn —2i — 1>>a(t_1)q N (22 + 1>b(t_1)q1 "
n n

i
w@
o ||
i
T@
VN
]
+ |~
—_
~
=
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Proof. The proof is immediate from (2.3) in Theorem 2.2, with f(z) = z*, x € [a, 1],
teN, t>2. 0

Remark 3.2. If we choose n = 1, in the Proposition 3.2, we have [1, Proposition 3.2]
for positive real numbers.

Proposition 3.3. Suppose a,b € R, 0 < a < b. Then, for all ¢ > 1, the following
inequality holds

nleH (( —z'zaﬂ'b)’((n—i—1>a+<"+1>b>>—L—1<a,b>|

i— n

-1 . . L
< b—2a l<(2n—21—1)>a_2q+<zz+1>b_2q] '
i= 0712 +7 n n

Proof. The proof is immediate from (2.2) in Theorem 2.1, with f(z) = 1,z € [a,0]. O

Remark 3.3. (a) If we choose n = 1, in the Proposition 3.3, we have [5, Proposition 2]
for positive real numbers.

(b) If we choose n = 1 and ¢ = 1, in the Proposition 3.3, we have [1, Proposition 3.3]
for positive real numbers.

Proposition 3.4. Let a,b € R, 0 < a < b. Then, for all ¢ > 1, the following
inequality holds

L[l Y (oD ) )

zOn n

R () (), )

Proof. The proof is immediate from (2.3) in Theorem 2.2, with f(z) = 1,z € [a,0]. O

B =

Remark 3.4. If we choose n = 1, in the Proposition 3.4, we have [1, Proposition 3.4]
for positive real numbers.

4. APPLICATIONS TO TRAPEZOIDED AND MIDPOINT FORMULAS

Throughout this section, let f : [a,b] — R be integrable and let I; : a = zy < 1 <
- < 2y = b be a partition of [a,b] and [, = xx11 — xx, K =0,1,...,t — 1. Tseng et
al. described the following notations in [8]:
- the trapezoidal formula

(g 19 = § £+ S

k=0

lk;
- the midpoint formula

M(f, 1) = Sf("””’“*j’““)zk;

k=0
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- the approximation error of [” f(z)dx by T(f, I)

b
B(f.1) = [ fla)de = T(f, 1);
- the approximation error of [” f(z)dz by M(f, I,)

F(f1) = [ fa)de = M7 1)

In [5] Pearce and Pecaric established the following proposition which is approximation
errors for the trapezoidal and midpoint formulas.

Proposition 4.1. Under the conditions of Theorem 1.4, we have the following in-
equalities

4.1) |B(f,1)] < 1% (Vf' 2i)|*+ | f (@) | )qlié max{|f'(a)|, | /(b Zlk

2 4
and
\F(f, I,)| < 1 - <|f/(95k)|q +2|f/(xk+1)|q>ql,% < max{|f’(4)| .| f/(D) ilz

We have the following proposition which reduce (4.1) in Propositions 4.1 asn=1
on [a,b].

Proposition 4.2. Under the conditions of Theorem 2.1, we have the following in-
equalities

finzl;n [Jc((n—i)xzﬂx,gH) +f<(n—i—1)xk+(i+1)a:k+1>1 (trer — 1)

k=0 i=0 n
| s < I ol [ [ R e e
(4.2)

< max{| (@), |10 |}Zxk+1—xk

Proof. Apply Theorem 2.1 on [z, xxi1], k=0,1,...,t — 1, we get
nol g D+ — i — D)y + (i +1
3 - [f ((n )Tk z:ckH) n <(n i— D+ (4 >$k+1>] (0ss — )
= 2n n n
(Dk+1 ES
(l‘k+1 — l‘k)2 2n — 2 2141 a
— | fla)da| < FHTE Z e [T [ s [P T
T =

Taking into account that |f’|? is convex, we deduce, by the triangle inequality, that

K%;>|f<xk>| <2i2:1>|f'<xkﬂ>|q < max{|f'(a)]", £/ (5)|"}
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Finally, summing over & from 0 to ¢ — 1, we have (4.2). O

Remark 4.1. If we choose n =1 on [a, b], then the (4.2) reduce to (4.1).

Corollary 4.1. If we choose n = 2 in Proposition 4.2, we get

[E(f, 1) + F(f, 1I)]

t—1

(I’““_I’“)zlg ()| 1 "(Tgs1 % ! (x| 3 /xqu}]]
<y (F17 @I+ 7 17 @l + (17 @0l + 5 1 @)l

8

< gmaxct (@) 17O} X — 1)
k=0

[1]
2]

3]
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