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THE MAXIMUM NORM ANALYSIS OF SCHWARZ METHOD FOR
ELLIPTIC QUASI-VARIATIONAL INEQUALITIES

MOHAMMED BEGGAS! AND MOHAMMED HAIOUR?

ABSTRACT. In this paper, we present a maximum norm analysis of an overlapping
Schwartz method on non matching grids for a quasi-variational inequality, where
the obstacle and the second member depend on the solution. Our result improves
and generalizes some previous results.

1. INTRODUCTION

Historically, Schwarz method has been introduced by Herman Amondus Schawarz,
in order to resolve a purely theoretical matters. The Schawarz alternating method
has been used to solve the stationary or evolutionary boundary valued problems, on
domain which consists of two or more overlapping sub-domains, see for example [6, 7].
The solution is approximated by an infinite sequence of function, the result which is
the resolution of a sequence of stationary or evolutionary boundary valued problems,
in each of sub-domain.

In this work, we are interested in the analysis of error estimates in uniform norm for
the quasi-variational inequality. Our goal is to generalize and improve some previous
results given in [2—4,10, 11] which concerning analysis of error estimates in uniform
norm for the elliptic quasi-variational inequality. As in [2] they got the following
approximation:

|u; — ult|o < CR*|loghl?, i=1,2
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for the problem

a(u,v —u) > (f,v—u)in Q, forallve K,
u<y, vy,

where K is a convex, closed and not empty set. In [4], they have obtained the same
approximation for the following problem:

a(u,v —u) > (f(u),v —u)in Q, for all v € K(u),
usy, v,

also, for the non-coercive variational inequality, it has been reached in [11], the same
approximation mentioned above. In [10], the authors studied a quasi-variational
inequality related to control ergodic problem

(U, Vv —us) > (f +TUq, v —uy), «a€(0,1),
g < Mug, v < Mu,,

and they got the following result:
[tta, — uph oo < Ca?h?|logh|!, i=1,2.
Finally in [3], the authors studied the following problem:

a(u,v —u) > (f,v—u), forallvekK,
u< Mu, Mu>Q0,
Mu=k+ inf u(z+e),
e>0,24+c€52
ou

a777:gpinI‘oamduinmF/FO,

and they obtained the following result:
lu; — ujy oo < CR*|log A, i =1,2.

For our work, we claim about the general problem where the second member and
the obstacle are related to the solution

a(u,v —u) > (f(u),v —w)in Q, for all v € K (u),
u < Mu, v< Mu,
u = g on 0.

The outline of the paper, is as follows: in the second section, we will mention the
same notations and assumptions, in the third section we will give our continuous
problem, analogously in section four, we will define the discrete problem. Section five,
is devoted to the L*-error analysis of the method.
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2. NOTATION AND ASSUMPTIONS

Let Q be an open in R, with sufficiently smooth boundary Q. For u,v € H'(Q),
consider the bilinear form as follows:

(2.1) a(u,v):/Q( Z aij(:c)g;g;j—l—

1<i,j<n

> ai(q:)gs

1<i<n i

v+ ao(:c)u.v) dzx,

where a;;(z), a;(x), ao(x),r € Q, 1 < 1,5 < n, are sufficiently smooth coefficients and
satisfying the following conditions:

Z aijgigj 2V|€|27 5 € Rna v > 07

1<i,j<n
CLO(‘Z‘) ZB > 07

where 3 is a constant. The operator M is given by Mu =k +inf_o, ., g u(z +¢),
where k > 0 and M satisfies

(2.2) Mu € W**(Q), Mu>00ondQ:0<g< Mu,

where ¢ is a regular function defined on 0€2. Let f be a Lipschitzian non decreasing

nonlinear function with rate a satisfying § < 1 and f € L>(Q), and Ky(u) is an
implicit convex and non empty set which defined as follows:

K,(u)={ve H (), v=ygon dQ, v < Muin Q}.

3. THE CONTINUOUS PROBLEM

We consider the following problem: Find u € k,(u) the solution of

a(u,v —u) > (f(u),v—u) in Q, for all v e K, (u),
(3.1) u< Mu, v<Mu,
u = g on 0f2.

We will present some results for our problem as the existence, uniqueness and other
optimal properties which given in previous papers where we need them in the sequel.

Theorem 3.1 ([5]). Under the previous conditions the problem (3.1) has an unique
solution v € Ky(u). Moreover, we have

u € W*(Q), 2<p<oo.

Lemma 3.1 ([6]). For all u and @ € K (u), we have

(a) if u <, then Mu < Mu and M(u+ \) = M(u) + X for all A € R;
(b) |IMU— MﬂHLoo(Q) S ||u—’l~L||Loo(Q).
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3.1. The continuous Schwarz sequences. We decompose 2 in two sub-domains
Q1, Qs such that 2 = Q; Uy and u satisfies the local regularity condition:

ulg, € WHP(Q;), i=1,2, and 2 < p < oo,

denote by 8QZ the boundary of Qz and Fl = 891 N QQ, FQ = 892 N Qh Fl N FQ = @
We define the following process. Choose uyg = k to be given, and define the
alternating Schwarz sequences (u}") on €; such that u}*t* € K(u}) is solution of the

following problem:

ar(ui™ v —wi™h) > (fulu), v —ui T,

(3.2) uptt < Muf,
uf ™ =ul on Ty, wv=u} onTy,

and (uyth) on Qy such that u4™ € K (u}) solution of the following problem:
CLQ(U;L—H,’U - US—H) > (fQ(ug)7U - U§+1),

(3.3) uytt < Mug,
uy™ =u? on Ty, ©v=u} on Ty,

where f; = f/q,, i = 1,2, and (a;(u,v) the form bilinear which defined in (2).

3.2. Geometrical convergence.

Theorem 3.2 ([3]). The sequences (ui™), (us™), n >0, produced by the Schawarz
alternating method converge geometrically to the solution u of the problem (3.1), more
precisely, there exist two constants K1, Ky € (0,1) such that for all n > 0, we have

Jur — ui | ooy SKPEY||u® — ullzoory),
Jug — u || Lo () SKTH KD [0 — | poo(ry).-

We will show an important proposition, which give the continuous dependence to
the second member, the data g and the obstacle. We note that u = o(f(u), Mu, g),
u=o(f(a), Ma,gq), where u,u € K,(u).

Proposition 3.1. Under the previous hypotheses and notations, we have
[ = al| ) < (1 f(w) = F(@)l|oe@) + |Mu = M| o0 + g = Gl oo,
where I'; = 0, N, 4,7 = 1,2, and @ # j.
Proof. Setting
® = || f(u) = f(@)ll=@y + [Mu = Ma @) + g = gllzeery),
we have
flu) <f(a) + flu) = f(a) < f(a) + | f(w) = f(@)] < fa) + .
Similarly, we have g < g+ ® and Mu < Mu + ¢.
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Now, making use of Lemma 3.2, we obtain

<o(f(a)+®,Ma+ ®,5+ P)
<(f(a),Mu,g)+ ?,

< ®. Since (f(u), Mu,g) and (f(a), Ma,g) are
—o(f(u), Mu,g) < ®, and then

Ju =@l < 1f(w) = f(@)l|e @) + |Mu = M=) + lg = gllewy. O
Remark 3.1. If Mu = Mu, we have

|u — @l Lo (o) < N1 (w) = f(@)][ o) + |9 — GllLoemy)-

4. THE DISCRETE PROBLEM

We denote by V), the standard piecewise linear finite element space, we consider
the discrete quasi-variational inequality. Find wj, € Ky, (uy,) such that:

a(up, v —up) > (f(up),v—uyp), forall up,v e Kg(up),
(41) Up S rhMuh,
up, = mTrg on OS2,

where f € L>(Q); Muy, = k +1inf_5 .\ .cqun(r + €) and
Kgp(up) ={v € Vj:v=mug on 0Q,v < r,Muy, in Q}.

We denote 7, the interpolation operator on 9€) and 7, is the usual finite element

restriction operator in €.

4.1. The discrete maximum principle. We assume that the respective matrices

resulting from the discretization of problems (3.2), (3.1) are M-matrice [9].

Theorem 4.1 ([1]). Let u and uy, be the solutions of problem (3.1) and (4.1) respec-
tively, there exists a constant Cy independent of h such that

||u — UhHLoo(Q) S Clh2 log ’h’Q
Similarly, for the continuous case we will establish the discrete version of the lemma.

Lemma 4.1. For all up, and iy, € Kg(up) we have

(a) if up, <y, then Muy < My, and M (up + X) = M(up) + X for all A € R;
(b) | Mup, — Maip|| o () < |lun — sl Lo )
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4.2. The discrete Schwarz sequences. For i = 1,2, let V;,, = V},(£2;) be the space
of continuous picewise linear function on 73,,, which vanish on 02N052;. For w € C(I';),
we define

Vhiw) ={veV,,v=0o0n 00 NN, v=m,(w) on Iy},

where 73, be a standard regular finite element triangulation in §2;, h; being the mesh
size. We suppose that the two triangulation are mutually independent on €, )y, a
triangle belonging to one triangulation does not necessarily belong to the other.

We now define the discrete countreparts of the continuous Schwarz sequences defined

in (3.2) and (3.1) respectively, by (u/5) € Vh(lugh), where (u;1) is the solution of

n+1 n+1 n+1 (u;h)
al(ﬁlh v —ufy ) > (filuly), v —ufy ), forallveVy ",
n n n
(4.2) u”il < rpMufy,, v < rpmaugy,
n
uyy = uy, onI'y, v =uy only,

n+1)

and (ujt) € Vh(; "7 such that (ujy') is the solution of

az (i v —ut) > (fa(uly), v — ug), for all v € V™)

n+1
(4.3) Usp < rpMug,, v < rpMuy,
n+l _ ,n _n
uy, = uf, onI's, v =uy, on .

We will finish this section by the discrete version of Proposition 3.1, this version
plays an important role in the sequel.

Proposition 4.1. Using the notations

up =0 (f(un), Mup, mh9),
ap, =on(f (i, My, 719),
where uy,, iy, € Ky(up), we have
[un = tin]| ooy < (1S (un) = f(n) || L 0 + [Mun — My || L () + 709 — gl ey,
I =00,NnQ,,4,7=1,2, and ¢ # j.
Proof. Similar for the continuous case. 0J

Remark 4.1. If Mu,;, = My, we obtain

lun = il ey < Wf(un) = Fan)ll o=@ + (1709 = ThgllLos ey

5. L°-ERROR ESTIMATE

We will use the algorithmic approach, which was used in [2,4], but our problem
is more complicated because the second member and the obstacle are related to the
solution.
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5.1. Auxiliary sequences. We introduce two discrete auxiliary sequences. Starting

from w, = uY), = r,Mul) = k, i = 1,2, define the sequences (w},™") such that
+1 Uy
wy, €V}
1 1 (uz)
(5.1) ar(wih v —with) > (fi(uly), v —wih), forallv eV, ™,
witt < rpMuty,, v < rpMuby,
and (wi ™) such that wi € V4™ is a solution of
2 2h ho
1 1 1 (up™™)
(5.2) GQ(MSL}T U — wg}-li- ) > (fQ(gh)’ U= wg}-li- )v for all v € Vh2 Y
whitt < rpMul, v < rMu,.

Note that w}:™ is the finite element approximation of u}"! which defined in (3.2) and
(3.1). The following lemma will play a crucial role in proving the main result of this
paper. The demonstration of the lemma is an adaptation of the one in [2], given for
the problem of variational inequality.

Lemma 5.1. We have the following inequalities:

ntl ot <n+1 b n+1 b
| uy uli e <D0 (lud — why [l + D [Jub — why[|s,
p=1 p=0
n+1 n+1
Jus™ —uf o <7 [luh — whylle + D [Jul — why v
p=0 p=1

Proof. In order to simplify the notation, we will adopt the following notations:

=l ey, o2 =11 e,
[l =l ey 1l =11 e @),
Thy =Thy = Th, hlzhgzh.

Started for n = 0, using the Remark 4.1, we get

lur = wipll <[lua = wipll + [lwy, — s
<llug = wiplh + [ fi(w)) = fi(ulp)lh + [mn Mug — 7 Mug, |y
<lut — wiplh + [ Mug — Mugy|y,

lur = upplly <[luy — wipll + [[Muy — Mu,l2,
and, from Lemma 4.1, we obtain

(5.3) lug = wrplls < fluy — wiplh + [luy — gyl
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Similarly, we obtain
luy — ugpllz <[y — waplz + [lwsy, — ugyl2
<lluy = waplla + || falusy) = falugy)ll2 + [mn Muy — 7 Mug, |2
<llug — wapll2 + [Muy — Muyy|,
<llug — wapllz + | Muy — Muy,|lx
and
luy = ugpll2 < [luy = wayll2 + [Jug = ugyllr.
From (5.3), we get
(5.4) lug — ugnllz < llug — wipll + [luz — ugplla + llug — wy 2,
SO

1 0
lug = waplls <3 [l — wiplls + > luh — udylo,
p=1 p=0

1 1
Jug = ugplla <D flub — whylla + D fluf — wiy s
p=0 p=1

For n =1, we have
lui = uinllh <lluf = wiylh + [[wh, — wiylh
<Jlui —wiplly + 1 (urp) = flugp)lh + o Muy — m,Mugy|s,
<luf — wiylh + [ Muy — Muy,|;
<luf = wiylh + [luy = o
From (5.4), we get
(5:5)  fluf = uiplh < flug — wiylh + llug = wapll2 + [lug — wiplls + lul — udylo.
Similarly, we obtain
lu3 = upllz <[lus — wipllo + (w3, — w32
<|luz — wiyll2 + | f(udy) — f(udy) o + |[mnMut — mn M, |2
<luj — wiplla + [[uf — udy -
From (5.5), we get
lu3 — udplle < flug — willz + llug — wiylls + lug — wapll2 + lug — wiy 1+ lul — gy 2,
where
2 1
luf = uiplls < 3 Mt = wipllh + > ub — why]l2
p=1 p=0
and

2 2
[uz — ubplla < D l[uf = whylla + D fluf —wfy s
p=0 p=1
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We go to the second step. Suppose that
n n
(5.6) luz — ugplle < D lluh — whylla + > lluf — w1
p=0 p=1

We claim the first inequality, for i = 1,

i =l <l = wi o lwp ™ =i

<[lut ™ — iyl + L ady) = fiudy)lh + oMy — m,Mus, L
<[l = wii A+ [ Mug — Mugy|l2

<Jui™t = i+ ug — .

From (5.6), we get
n n
1 1 1 1
lud™ =gyl < i ™ = w4 Dl — wiyll+ Dl — wiyh
p=0 p=1

Consequently,

n+1 n
(5.7) [ ™ =gt < 30 (g = whyll D (lub — why o
p=1 p=0

For the second inequality, + = 2, we have

s ™ — g e <[lus™ —wg o + [lwgy™ — ugy [l

<lluz™ = wai 2 + | falugy) — faluzy)llo + lmaMui™ — m Mufy
<llus™ — w2 + [|Mu ™ = Mug™ s

<[lus™ — w2 + [l — gy

From (5.7), we get

n+1 n
lug™ =g lla < Jlus®™ —wy e + 3 [luf = whylle + 3 [luh — whyl2.
p=1 p=0
Consequently,
n+1 n+1
lus ™ = uz e < D flud — whllz + D Ml — wiylh. [
p=0 p=1

5.2. L error estimate. The main result is given as follows.

Theorem 5.1. Setting h = max{hy, ha}, so there exists a constant C' independent of
h and n such that

lu; — wfp™ || e, < CR*[loghl?, i=1,2.
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Proof. Indeed, let K = max{ky, ko}, for i = 1 we have

Jur = i o) <llun — wi ™ | Loy + ([l ™ =l ey
n+1 n+1
< — wi | o) + O Nl — why |l + 0 [Jub — why [l
p=1 p=0

<K*|u® = ul| oo (ry) + 2(n + 1)C1A%| log h|?,

where we used Lemma 4.1 and Theorem 3.1, respectively. Now, setting K?" < h?

we

get |luy — uf |0 < Ch?|logh|3. Similarly, we obtain the same result for

1= 2. U

Remark 5.1. Confirmation for what we mentioned previously that this result is a
generalization to the previous works, we note that:

[1]

(a) if the second member and the obstacle are not related to the solution, we
get [2];

(b) if only the obstacle is related to the solution, we get [3];

(c) if only the second member is related to the solution, we get [4,10,11].
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