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ON BERNSTEIN-TYPE INEQUALITIES FOR RATIONAL
FUNCTIONS WITH PRESCRIBED POLES

ABDULLAH MIR!

ABSTRACT. In this paper, we shall use a parameter 8 and obtain some Bernstein-
type inequalities for rational functions with prescribed poles which generalize
the results of Qasim and Liman and Li, Mohapatra and Rodriguez and others.

1. INTRODUCTION

Let P, denote the class of all complex polynomials of degree at most n. If
P € P,, then concerning the estimate of |P'(z)| on |z| = 1, we have

(1.1) |P'(2)] < nsup|P(z)]

|z]=1
Inequality (1.1) is a famous result due to Bernstein [2], who proved it in 1912.
Later, in 1969 (see [10]), Malik improved the above inequality (1.1) and established
that if P € P, then for |z| = 1, we have

(1.2) [P'(2)] +1Q'(2)] < nsup [P(z)],

|z|=1
where Q(z) = 2"P(2).
It is worth mentioning that equality holds in (1.1) if and only if P(z) has all
its zeros at the origin, so it is natural to seek improvements under appropriate
assumption on the zeros of P(z). If we restrict ourselves to the class of polynomials
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P(z) having no zeros in |z| < 1, then (1.1) can be replaced by

(1.3) sup |P/(2)] < = sup |P(2)],
l2|=1 2 21=1

whereas if P(z) has no zeros in |z| > 1, then

(1.4) sup |P'(2)| > gsup 1P(2)].
|z|=1 |z|=1

Inequality (1.3) was conjectured by Erdés and later verified by Lax [9], whereas
inequality (1.4) is due to Turan [12]. Li, Mohapatra and Rodriguez [14] gave a
new perspective to the above inequalities and extended them to rational functions
with prescribed poles. Essentially, in the inequalities referred to, they replaced the
polynomial P(z) by a rational function r(z) with prescribed poles ay,as, ..., a,
and 2" by a Blaschke product B(z). Before proceeding towards their results, let
us introduce the set of rational functions involved.

For a; € C with j =1,2,...,n, let

W(z) = [1(z - a)

j=1
and let
(1l —a;z P(z)
B(z) := ( J ), R, ::fRn(al,ag,...,an):{ : PG]P’n}.
jl;ll Z—aj W(z)
Then R, is the set of rational functions with poles aq,as,...,a, at most and

with finite limit at co. Note that B(z) € R,, and |B(z)| = 1 for |2|] = 1. For
I

r(z) = VI‘D,((ZZ)) € R,, the conjugate transpose 7* of r is defined by r*(z) = B(2)r(3).
The rational function r € R, is called self-inversive if r*(z) = Ar(z) for some A
with [A| = 1.

As an extension of (1.2) to rational functions, Li, Mohapatra and Rodriguez [14,
Theorem 2] showed that if r € R, then
(1.5) 7(2)] +1(r"(2))'] < |B'(2)| sup r(z)], for [z] = 1.
Equality holds in (1.5) for r(z) = aB(z) with |a| = 1.

For r € R,, to be self-inversive, Li, Mohapatra and Rodriguez [14, Corollary 4]
proved that

|B'(2) sup |r(z)].

(1.6 ) < 27 s

In the same paper, Li, Mohapatra and Rodriguez [14] showed that inequality (1.6)
also holds for rational functions r € R,, having no zeros in |z| < 1 with prescribed
poles. The latest development of further results along this line can be found in the
monographs and papers [3-5,7,8,11].
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More recently, Qasim and Liman [6] proved several results by considering a
specialized class of rational functions r(¢(z)), defined by

P(t(z))

(ro () =r(tz) = e

where ¢(z) is a polynomial of degree m and r € R,,, so that r(t(z)) € R, and

mn

Assume that the mn poles of r(t(z)) are denoted by a;, 7 = 1,2,...,mn, and
laj| > 1. They proved the following Bernstein-type inequality for rational functions
r(t(z)) € Ry with restricted zeros.

Theorem 1.1. Ifr(t(2)) € Rpnn and all the mn zeros of r(t(z)) lie in |z| > 1, then
for|z| =1

(1.7) 7' (t(2))] <

where t(z) has all its zeros in |z| <1 and p = inf, =y [t(2)].

2. LEMMAS

For the proofs of our theorems we need the following lemmas.

Lemma 2.1. Ifr € R, has n zeros all lie in |z| < 1, then
1
) = SIBGIr(2)], - for |2] = 1.

The above lemma is due to Li, Mohapatra and Rodriguez [14].

Lemma 2.2. Let A and B be any two complex numbers, then
(1) if |A| > |B| and B # 0, then A # 6B for all complex numbers 0 satisfying
< 1;
(17) conversely, if A # 6B for all complex numbers 0 satisfying |d| < 1, then
|Al > [B.

The above lemma is due to Li [13].
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Lemma 2.3. If r(t(z)), s(t(z)) € Rpn and all the mn zeros of s(t(z)) lie in
|z| <1 and |r(t(z))] < [s(t(z))] for |z| = 1. Then for every B € C, with || < 1
and |z| =1, we have

B

(2.1) | B(2)r'(t(2))t'(2) + 5B (2)r(t(2))

N |

B(2)s'(t(2)'(2) + 5 B'(2)s(t(2))|.

The result is sharp and equality holds in (2.1) for r(¢(z)) = as(t(z)), with
la| = 1.

Proof. The proof of this lemma is identical to the proof of Theorem 3.2 of Li
[13], but for the sake of completeness we give the brief outlines of its proof. First
assume that no zero of s(t(z)) are on the unit circle |z| = 1 and therefore, all the
mn zeros of s(t(z)) are in |z| < 1. By Rouche’s theorem, the rational function
Ar(t(z)) + s(t(z)) has all its zeros in |z| < 1 for |A| < 1 and has no poles in |z| < 1.
On applying Lemma 2.1 to Ar(t(z)) + s(t(z)), we get on |z]| =1

(22)  2BR)AFEHR)) + (s(t=)| = |B(2)|Ar(t(2) + s(t(2))].

Now, note that B'(z) # 0 (e.g. see formula (14) in [14]). So, the right hand side
of (2.2) is non zero. Thus, by using (i) of Lemma 2.2, we have for all 8 € C, with

8 < 1.
2B(2) (Ar%t(z))t’(z) ; s'<t<z>>t’<z>) £ _BB(2) (w(z)) s s<t<z>>),

for |z| = 1. Equivalently, for |z| =1,

A (2B<z>r’<t<z>>t'<z> ; BB’(Z)T(t(Z))> 4o (2B<z>s’<t<z>>t'<z> ; 5B’<z>s<t<z>>),
for |[A\| < 1 and |5| < 1. Using (i7) of Lemma 2.2, we have
(2.3) [2B(=)(H)E () + BB ()r(H(=)] < 12B()s (M) (=) + BB/(2)s(t(=))]

for |z] = 1 and || < 1. Now, using the continuity in zeros and (3, we can obtain
the (2.3), when some zeros of s(t(z)) lie on the unit circle |z| =1 and |5| < 1. O

Applying Lemma 2.3 to the rational function r(¢(2)) and B(z)supy,—; [7(t(2))],
we get the following.

Lemma 2.4. If r(t(z)) € Ry, then for all € C, with |B| <1 and |z| = 1, we
have

B (H(:)H(=) + LB (2)r(t(2))

2 sup [ (t(2))|.

|z[=1

< \B(z)\‘l—i—g

Lemma 2.5. If P(z) is a polynomial of degree n having all zeros in |z| < 1, then
(2.4) inf |P'(2)| > n\i?—fl |P(2)].

|2|=1
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The result is best possible and equality in (2.4) holds for polynomials, having
all zeros at the origin.
The above lemma is due to Aziz and Dawood [1].

3. MAIN RESULTS

In this note, we shall use a parameter  and obtain generalizations of (1.5), (1.6)
and (1.7). We shall always assume that all the poles of r(¢(2)) € Ry, lie in |2| > 1.

Theorem 3.1. If r(t(z)) € Ryun and |z| = 1, then for every B, with || < 1,

B G) + 5 B r(i()] + \B<z> (1)) + B )

(3.1)
<IB() {| +0]+ 5| s e,

||
Proof. Let M := sup,_; [r(t(2))[. Therefore, for every A € C, with [A| > 1,
7(t(2))| < |AMB(z)| for |z| = 1.

By Rouche’s theorem, all the mn zeros of G(z) = r(t(z)) + AM B(z) lie in |z| < 1.
If H(z) = B(2)G(2), then |H(2)| = |G(z)| for |z| = 1 and hence, for any v, with
7] < 1, the rational function vH (z)+G(z) has all mn zeros in |z| < 1. By applying
Lemma 2.1 to vH(z) + G(z), we have

(32)  2B()(vH'(2) + G'(2))| = [B'(2)||yH (=) + G(2)

Since B'(z) # 0 therefore, the right hand side of (3.2) is non zero. Thus, by using
(1) of Lemma 2.2, we have for all § € C, with |5] < 1,

2B(2)(VH'(2) + G'(2)) # —BB'(2) (YH(2) + G(2)), for || = 1.
Equivalently, for |z| =1,

, for |z| =1.

(33)  —A(2BEHG) + BB HE) £ - (2BEIE(E) + SR (2)0()),
for |y| < 1, |5 < 1. Using (i) of Lemma 2.2 in (3.3), we have
(3.4) 2B(2)G'(2) + BB'(2)G(2)| < |2B(2)H'(2) + BB'(2)H(2)|,
for |z| =1, |B| < 1. Now, using G(z) = r(t(z)) + AM B(z) and since
H(z) = B(:)G (i) — B(2) <7“ (1 (i)) L AMB C)) — (r(H(2)))" + AM,

for |z| =1 in (3.4), we get, for |3] < 1 and |z| =1,

2B()[(r(t(2)))"] + BB (2)(r(t(2)))* + M B'(2)
(35)  <P2B(2)r(H(2)t (2) + BB (2)r(t(2)) + AB(2)B'(2)(2 + ) M.
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By choosing a suitable argument of A\ and applying Lemma 2.4 on the right hand
side of (3.5), we get, for 2| =1 and |5] < 1,

2B()[(r(t(2)))"] + BB (2)(r(t(2)))’| - IN|BB'()| M

(36)  <ABEB(2)(2+6)|M — [2B()r' (1(2))t'(2) + BB (2)r(1())|

Note that |B(z)| =1 for |z| = 1. Making |A\| — 1 and using continuity for || =1
in (3.6), we get (3.1) and this proves the desired result. O

For t(z) = z, Theorem 3.1 reduces to the following result.

Corollary 3.1. If r € R, and |z| = 1, then for every 3, with |f| <1,

B + B ERG) + BEE N+ 5B
(3.7) <|B'(2) {| 5’ |5’}sup Ir(2)].

2
Remark 3.1. For 8 =0, (3.7) reduces to (1.5).

Theorem 3.2. Ifr(t(2)) € Ry is self-inversive and |z| = 1, then for every  with
s

18] < 1, we have
@9) B e + 5B )| < EE L Dl s )

Proof. Since r(t(z)) is self-inversive, therefore, we have (r(¢(2)))* = A\r(t(2)) with
|A| = 1. Hence, for all 5 € C,
(3.9)

B + 5B )| = B0t + §REete)|

Combining Theorem 3.1 and (3.9), we have for every /3, with |5 < 1 and |z| = 1,

2B ) + 5B BN + 5B )
+ BT + SEO )
<145 + 5]} s
which proves Theorem 3.2 completely. 0

Remark 3.2. If we take § = 0 in inequality (3.8) and make use of the Lemma 2.5,
after supposing that #(z) has all its zeros in |z| < 1, we get the following result.
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Corollary 3.2. If r(t(z)) € Ry is self-inversive, where t(z) has all its zeros in
|z| <1, then for|z| =1,

Be)
gy 2 7)),

(3.10) 7' (t(2))] <
where pi = inf|. | [t(2)].
Remark 3.3. For t(z) = z, (3.10) reduces to (1.6).

We end this section by proving the following interesting generalization of (1.7).

Theorem 3.3. Suppose r(t(z)) € Ry and all the mn zeros of r(t(z)) lie in |z| > 1.
Then for every B, with |3] <1 and |z| = 1, we have

(3.11)
p

‘B(z)r’(t(Z))t/(Z) + 5B ()r(t(z)| <

SN s

Proof. Since r(t(z)) € Ry, has all its mn zeros in |z| > 1 and (r(t(2)))" =
B(2)r(t(2)), therefore, all the zeros of (r(t(2)))* lie in |z] < 1. Also, |r(t(2))
|

% |

|:
<1

|(r(t(2)))*| for |z| = 1. Hence, by Lemma 2.3, it follows for every (3, with |
and |z| =1,
(3.12)

BN + B )| < [Boeee)] + §REete)|

Combining Theorem 3.1 and (3.12), we have for every /3, with |5] <1 and |z| =1,

2\B<z>r'<t<z>>t'<z> + DB ()| < B ) () + §B'<z>r<t<z>>\
g

B )] + S EO )y
1B {‘ /3‘ |/3\}sup|r HE)l,

which is equivalent to (3.11) and this completes the proof of Theorem 3.3. 0

<

Remark 3.4. If we take § = 0 in (3.11) and assume that ¢(z) has all its zeros in
|z| <1, we get (1.7) by virtue of Lemma 2.5.
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