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RESULTS ON (ENGEL, SOLVABLE, NILPOTENT) FUZZY
SUBPOLYGROUPS

ELAHE MOHAMMADZADEH! AND RAJAB ALI BORZOOET?

ABSTRACT. In this paper, first we define the notion of an Engel polygroup, to
get further properties on Engel fuzzy subpolygroups. Moreover, we prove that
every normal fuzzy subpolygroup of an Engel polygroup is Engel. Furthermore,
we introduce the notions of solvable and nilpotent fuzzy subpolygroups and we get
some of their properties. Finally we investigate the relations among solvable and
nilpotent fuzzy subpolygroups with Engel fuzzy subpolygroups.

1. INTRODUCTION

Researches on Engel groups have centered mainly on the question, whether n-Engel
groups are nilpotents. Clearly every 1-Engel group is Abelian. Levi [14] proved that
2-Engel groups are nilpotent of class at most 3. Heineken in [12] showed that every
3-Engel group G is nilpotent of class at most 4 if G has no element of order 2 or
5. L. Kappe and W. Kappe [13] gave a characterization of 3-Engel groups which is
analogous to Levi’'s theorem on 2-Engel groups. Moreover, the study of fuzzy Engel
groups was investigated in [2,16,17].

On the other hand, hyperstructure theory was first initiated by Marty [15] in 1934
when he defined hypergroups and started to analyze their properties. Since there are
extensive applications in many branches of mathematics and applied sciences, the
theory of algebraic hyperstructures has nowadays become a well-established branch
in algebraic theory. Fuzzy subsets have been introduced in (1965) by L. A. Zadeh
[22] as an extension of the classical notion of set. With appropriate definitions in the
fuzzy setting most of the elementary results of group theory have been superseded

Key words and phrases. Engel group, Engel polygroup, (Engel, solvable, nilpotent) fuzzy subpoly-
group.
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668 E. MOHAMMADZADEH AND R. A. BORZOOEI

with a starling generalized effect. Specially, the study of fuzzy hyperstructures is an
interesting research topic of fuzzy sets. There is a considerable amount of work on
the connections between fuzzy sets and hyperstructures. Fuzzy hyperstructures is a
direct extension of the concept of fuzzy algebras. This approach can be extended to
fuzzy hypergroups. In [23], the concept of a fuzzy subpolygroup is introduced. In [7],
Borzooei and et. al introduced the notion of Engel (nilpotent) fuzzy subpolygroups
and various properties of Engel fuzzy subpolygroups were proved.

Now, in this paper, first we introduce and study Engel polygroups and solvable
fuzzy subpolygroups. Then, we investigate the important properties of such fuzzy
hyperstructure. Moreover, we obtain a necessary and sufficient condition between
solvable fuzzy subpolygroups and the solvable group P/ ~, the group of equivalence
classes derived from a fuzzy subpolygroup of P. Finally, by the relation between these
notions we get some interesting results on Engel fuzzy subpolygroups.

2. PRELIMINARY

Let X, X5,..., X, be non-empty subsets of group G. Define the commutator
subgroup of X; and Xy by

(X1, Xo] = ([r1, 72 | 1 € X7, 72 € Xy).
More generally, define
[Xla s 7XTL] = HX17 s 7Xn—1]7 Xn]7

where n > 2 and [X;] = (X;). Also, recall that X;*> = (272 | 21 € X1, 25 € X5) [19].
Let G be any group and z,y € G. Define the n-commutator [z,, y|, for any n € N and
z,y € G, by [v0y] =z, [v1y] = ayz~ 'y~ and [2,, y] = [[2,n19], y]. Now, a group
G is called an Engel group if for each z,y € G, there is a positive integer n = n(z,y),
such that [z,, y] = e, where e is the identity of the group G. Suppose n = n(z,y) can
be chosen independently of any z,y € G, then we say that G is an n-Engel group.
We recall the notion of a nilpotent group. Let G be a group. Lower central series of
G is defined by G = [1(G) > l3(G) > - - -, where [;(G) = G and for each integer n > 1,
I(G) = [l,—1(G),G]. Then G is called nilpotent if there exists a non-negative integer
m, such that [,,(G) = {e}. The smallest such integer is called the class of G. Also,
derived series of G is defined by --- C G" C --- C G° = G; where for each integer
n>1, G" = [G"!,G"!. Now, G is called solvable if there exists a non-negative
integer m, such that G™ = {e}. The smallest such integer is called the class of G (see

[19]).
Definition 2.1 ([9]). A polygroup is an algebraic structure (P,-,~! e), where ” -7 is
a hyperoperation on P, "~!” is an unitary operation on P and e € P, such that the
following axioms hold:
() (@-y)-z=z-(y-2);
(i) ecx=x-e=u;
(iii)rey-2=>ycx-zt=zey ! 1
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for any x,y,z € P.

A non-empty subset K of a polygroup P is called a subpolygroup of P, if a,b € K
implies a - b € K and a € K implies a=! € K. A subpolygroup N of a polygroup
P is called normal, if a='Na C N, for any a € P (see [9]). The commutator of two
elements in a polygroup (P, -, e,”!), is defined by [z,y| ={t |t €z -y -z~ -y 1} If
AC P, then [Ajy|={t|te€e A-y- A1 -y '} Therefore,

[[x,y],y] = {t ’ te [‘Tay] Y- [xay]_l ’ y_l}
and, inductively, we define
@0y = (@1 gyl = {t [t € [T y] ¥ [wnayl™ -y}
Also, A*={t|tex-A -z} (see [3]).

Definition 2.2 ([1,3]). Let P be a polygroup. For any s € P and k > 0, we define:

(i) Los(P) = P;

((11) Lkz_lsj( J={he€ePlx-sNh-s-x#¢,x € Lps(P)};

iii P,

(EV Livi(P)={h|x-yNh-y-x+# ¢,x € Ly(P) and y € P};

) L
)
v) los(P) = P;
(Vi) ls1s(P) = ({h € P h € [2,5], 2 € Lis(P)});
(vii) lo(P) = P;

iii) lea (P )_<{h€P|h€[l‘y]$€lk(P)7?J€P}>%

(ix) io(P) = P, ixr1(P) = ({h € P | h € [z,y], 2,y € in(P)}).

Theorem 2.1 ([3]). Let P be a polygroup. Then for any s € P and k >0
Lii1s(P)={heP|helzs|,v e Lgs(P)}.

Let P be a polygroup and p C P x P be an equivalence relation on P. For non-
empty subsets A and B of P, we define ApB < (for all @ € A and for all b € B we
get apb). Then the relation p is called a strongly regular on the left (on the right) if
xpy = a-zpa-y(z-apy-a) for any x,y,a € P. Moreover, p is called strongly regular
if it is strongly regular on the right and on the left.

Theorem 2.2 ([8]). If P is a polyrgroup and p is a strongly regular relation on P,
then (P/p,®) is a group, where p(x) ® p(y) = p(z) for any z € x - y.

For any n > 1, we define the relation 3, on a polygroup P, as follows:

afnb < (3x1,...,2,) € P") {a,b} C H T
i=1
and we let 8 = U,>1/5,. Suppose that §* is the transitive closure of 5. Then * is a
strongly regular relation on P [8].
Let (H,:) and (H',*) be two polygroups. A function f : H — H' is called a
homomorphism if f(a-b) C f(a)* f(b) for any a,b € H. We say that f is a good
homomorphism if f(a-b) = f(a) f(b) for any a,b € H.
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Definition 2.3 (]9]). A polygroup P is said to be nilpotent if there exists n € N such
that 1,(P) C w or equivalently [,,(P).w = w, where w is the kernel of f : P — ﬂ%.
The smallest integer n such that [,(P).w = w is called the nilpotency class or for
simplicity the class of P. Also, a polygroup P is said to be solvable if there exists

n € N such that i, (P) C w. The smallest such integer is called the class of P.

A fuzzy subset p of X is a function p: X — [0, 1]. Let f be a function from X into
Y, and pu, v be two fuzzy subsets of X, Y, respectively. Defined the fuzzy subset f(u)
of Y, by

Vo), ) # ¢,
(f(u)(y) = { aer @
0, otherwise,

for any y € Y, and fuzzy subset f~'(v) of X by (f~'(v))(z) = v(f(x)) for any
x € X. The intersection py N pe of fuzzy subsets p; and py of X, is defined by
(1 N p2)(x) = min{p(x), po(x)} for any x € X. (Note that py N pe, is the largest
fuzzy subset of X contained in the both of y; and ps). Also g X s is a fuzzy subset of
X x X, which is defined by (g1 X pio) (21, x2) = min{py (z1), po(z2)} for any x1, 2 € X
(see [20,22]).

Definition 2.4 ([20]). Let u be a fuzzy subset of a group G. Then p is called a fuzzy
subgroup of G, if u(zy) > p(x) A p(y) and p(x=t) > u(x) for any z,y € G. A fuzzy
subgroup p of G is called normal if p(zxy) = p(yx) for any z,y € G.

Definition 2.5 ([23]). Let (P,-) be a polygroup and p be a fuzzy subset of P. Then
wis called a fuzzy subpolygroup of P, when z € x -y implies p(z) > min{pu(z), u(y)}
and p(x~1) > u(z) for any x,y € P. Moreover, a fuzzy subpolygroup u of P is called
normal if z € x -y and ' € y -z, then p(z) = (') for any z,y € P.

Theorem 2.3 ([23]). Let p be a fuzzy subpolygroup of polygroup P. Then u(e) > u(x)
and p(z=) = p(x), for any x € P. Moreover, p is a normal fuzzy subpolygroup of P
if and only if py = {x | p(x) >t} is a normal subpolygroup of P for any t € [0, u(e)].

Theorem 2.4 ([10]). Let u be a fuzzy subpolygroup of a polygroup P. Then the
following conditions are equivalent, for any x,y € P:

(i) p is a normal fuzzy subpolygroup of P;

(i) for any z €y -2 -y, u(z) = p(z);

(i) for any 2 € y- -y, u(z) > pla);

(iv) for any z €y~ -z -y 7, p(z) > pu(a).
Theorem 2.5 ([10]). Let P and P be two polygroups, ju be a fuzzy subpolygroup of
P, X be a fuzzy subpolygroup of P and f : P — P’ be a function. If f is a good
homomorphism, then f~Y(N)(f(n)) is a fuzzy subpolygroup of P(P').
Theorem 2.6 ([10]). Let P, and P, be two polygroups and p and v be two fuzzy

subpolygroups of Py and Py, respectively. If u(e;) = v(es) = 1 and p X v is a fuzzy
subpolygroup of Py X Py, then p and v are fuzzy subpolygroups of Py and P», respectively.
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Notation. From now on, in this paper we let (P,-,~! ¢) be a polygroup and n € N.
For simplicity of notations, sometimes we may write xy instead of z.y.

3. ENGEL POLYGROUPS

In this section, we introduce the notion of Engel polygroup and we obtain some
results on Engel polygroups that are used in the other sections.

Definition 3.1. A polygroup P is said to be n-Engel(ln € N) if [, (P) C w or
equivalently [, s(P).w = w for any s € P, where w is the heart of P and
lo.s(P) =P,
lit1s(P) =({h € P|h e [z,s],z € l;s(P)}).

FExample 3.1. Let P be a polygroup by the following table:

‘ e a b
ele a b
ala e b
blb b {ea,b}

Then [e,a] = e, [a,a] = e, [b,a] = P and so, l;,(P) = {h € P | h € [x,a],z €
P}) = P. Similarly, we see that [, ,(P) = P = [; .(P). Therefore, for any s € P,
l1s(P) = P =w. Consequently, P is an 1-Engel polygroup.

Theorem 3.1. Every polygroup of order less than 7 is 1-Engel.

Proof. Suppose that P is a proper polygroup of order less than 7. Then % is an
Abelian group of order less than 6. Now, let h € [} ((P) where s € P. Then there
exists x € P such that h € [z, s]. Thus,

g (h) = B*(lz, s]) = [8"(2), 87(s)] = " (e),
which implies that h € w. Therefore, P is 1-Engel. OJ

Theorem 3.2 ([9]). Let (G,-) be a group and Ps = G U {a}, where a ¢ G. Then

(Pg, o) is a polygroup, where operation ” o ” is defined as follows
(1) aca=c¢;

(2) eox =x0e=ux for every x € Pg;

(3

(4

rox ' ={e a}, for every x € Pg \ {e,a};
(5) xoy=x-y, for every (z,y) € G* such that y # x71.

— — —

aoxr=xoa=uz, foreveryx € Pg\{e, a};

Theorem 3.3. Let G be an 1-Engel group. Then (Pg,o0,e,—1) is an 1-Engel poly-
group.

Proof. Let G be an 1-Engel group. By (1), [a,a] = {t |t Eacaoatoa™! = e}.
Then e € [a,a]. Using (3) and (4), we have e € [a,y] in which a # y € Ps\{e,a}.
Hence, e € [a,y] for any y € GU {a}.

(I) Also, by hypotheses, for any z,y € G in which y # z~1

, we have e = [z,y].
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(IT) So, by (I) and (II), e € [z,y] for any z,y € GU {a}.

(III) Now, let h € Iy s(P) where s € Pg. Then h € [z, s for some © € Ps and so by
(III), g*(h) = [B*(x), B*(s)] = [*(e), which implies that h € w. Therefore, Py is an
1-Engel polygroup. 0

Now, in the following theorem we give a method to construct a 1-Engel polygroup
of order n € N.

Theorem 3.4. For every n € N, there is a nontrivial 1-Engel polygroup of order
n—+ 1.

Proof. For n € N, consider the Abelian group Z,. Clearly, Z, is 1-Engel. Then by
Theorem 3.3, (Py,,0) is an 1-Engel polygroup of order n + 1. O

Theorem 3.5. Let P, and Py be two polygroups. Then for any k > 0
Zk(Pl X PQ) = Zk(Pl) X 'lk(Pz)

Proof. We prove our claim by induction on k. For k£ = 0, the proof is obvious. Now
suppose that (a,b) € ixr1(P; X Py). Then there exist (u,v), (s,t) € ix(P; X Py) such

that

(a,b) € [(u,v), (s,t)] = [u,s] x [v,].
By using the hypotheses of induction, we conclude that (u,v), (s,t) € ix(Py) X ix(P).
Thus for any u, s € i, (P1), we get a € [u, s] and for any v, t € ix(P,), we get b € [v,t].
Hence (a,b) € igy1(P1) X ige1(FP2). Similarly, we obtain the converse. Therefore,

Zk(Pl XPQ):ik(Pl) XZk(Pz) ]
Theorem 3.6. Let P be a polygroup, s € P and N be a normal subpolygroup of P.
Then
l <P) lns(P)N (P) _in(P)N
n,sN N N ) in N N .

E) g ln,S(P)N P) 2 ln,sg\f)N‘

5 v and I, (5
For n = 0, the inclusions are obvious. Now, suppose that yN € [, SN( ). Hence,
there exists aN € I, v(%) such that yN € [aN sN]. By hypotheses of induction,
we have aN € %. Hence, there exists a € I, ,(P) such that aN = a'N. Thus,
yN € [ 'N,sN] = [d',s]N. So, there exist a € I,,(P) and y € [a’,s] such that
yN =14 N . Hence, yN € "“j\fp Conversely, if yN € M then there exists
Y € lhy1.s(P) such that yN =y N. Therefore, y € [a, 5], for some a € I,, ,(P). Thus,

by hypotheses of induction, aN € w =1, SN( ) and yN =y ‘N € [aN, sN|

Proof. By induction on n we show that [, sn (

implies that yN € [, 41 sn (%) Therefore, 1, sn (%) = w. Similarly, we can
prove that i,(%) = i”(%. O

Corollary 3.1. (i) If P is an n-Engel polygroup and N is a normal subpolygroup of
P, then % is n-Engel.
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.. . . P -
l(zz%) 7 P is a solvable polygroup and N is a normal subpolygroup of P, then % is
solvabel.

Theorem 3.7. Let P, and Py be two polygroups and ¢ : P, — P, be a good homo-
morphism. If ¢ is one to one and K is an n- Engel subpolygroup of Py, then ¢(K) is
an n-Engel subpolygroup of Ps.

Proof. By induction on n, we show that {,, ,(¢(K)) = ¢(1,4(K)), where ¢(b) = y and
b,y are fix elements of K and ¢(K), respectively. For n = 0, the proof is obvious.
Now, let z € l,,41,(¢(K)). Then there exists z € l,,,(¢(K)) such that z € [z,y]. By
hypotheses of induction, = € ¢(I,,5(K)). Also there exist ¢,a € K such that z = ¢(c)
and z = ¢(a). Hence,

¢(c) = z € [#(a), p(b)] = ¢la,b], x = ¢(a) € G(lnp(K)).

Thus for a € 1,,,(K), we get ¢ € [a,b] that implies that ¢ € [,,41,(K). Conversely,
let z € ¢(lhr14(K)). Then for some ¢ € l,414(K), 2 = ¢(c). Using hypotheses
of induction, z = ¢(c) € ¢la,b] = [p(a),P(b)], where a € 1,,,(K), y = ¢(b) and
d(a) € lyy(¢(K)). Therefore, z € 1, 11,(p(K)). O

4. RESULTS ON ENGEL Fuzzy SUBPOLYGROUPS

In this section, by considering the notion of Engel fuzzy subpolygroup, which is
defined in [7], we state and prove some new related results.

Definition 4.1 ([7]). Let u be a fuzzy subpolygroup of P and n € N. If for any
x,y € P and z € [x,,y], we have u(z) = u(e), then u is called an n-Engel fuzzy
subpolygroup of P.

Theorem 4.1 ([7]). Let P and P’ be two polygroups with the identity elements e, and
es, respectively, p and X be two n-Engel fuzzy subpolygroup of P and P', respectively,
and f : P — P’ be a function.

(i) If f is a good homomorphism, then f~1()\) is an n-Engel fuzzy subpolygroup
of P.

(i7) If f is an onto good homomorphism, then f(u) is an n-Engel fuzzy subpolygroup
of P'.

Proposition 4.1 ([7]). Let p be a normal fuzzy subpolygroup of P and relation ~ on
P is defined as follows:

v~ye (Facayt) st opla) = ple).
Then ~ is a strongly reqular relation on P.

Suppose that for any = € P, u[z] is the equivalence class containing = with respect
to strongly regular relation ~ on P and £ denoted the set of all equivalence classes

ulal, e, £ = {ule] |« € P).
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Theorem 4.2 ([7]). (g, ©, ,,u[e]) is a group, where

ple] ™ = pla™), pla] © ply) = {ulz] | 2 € 2y},
for any x,y € P.

Theorem 4.3 ([7]). Let p be a normal fuzzy subpolygroup of a polygroup P. Then p
is a n-Engel fuzzy subpolygroup of P if and only if £ is a n-Engel group.

Let p be a normal fuzzy subpolygroup of P. Then {u(z) | x € P} is called the
order of .

Theorem 4.4. Any normal fuzzy subpolygroup of order less than 6, is an 1-Engel
fuzzy subpolygroup of P.

Proof. Let u be a normal fuzzy subpolygroup of order less than 6. Then £ is a group
of order less than 6. Hence it is Abelian, which implies that % is an 1-Engel group.
Now, by Theorem 4.3, u is a 1-Engel fuzzy subpolygroup of P. 0

Let p, = {z | u(x) = pu(e)}. Clearly, u, is a normal subpolygroup of P.

Theorem 4.5. If P is an n-Engel polygroup, then any normal fuzzy subpolygroups of
P is n-Engel.

Proof. Let P be n-Engel and p be a normal fuzzy subpolygroup of P. First we show
that £ ~ ;TIZ' Define

Fi Do by fule]) = s,z P

If plz] = wply] for z,y € P, then x ~ y and so there exists r € xy~! such that
wu(r) = u(e), where e is the identity element of P. Now, we show that for any z,y € P,
if z ~ vy, then u(r) = u(e) for any r € xy~!. If z ~ y, then by the definition of
~, there exists a € zy~! such that u(a) = p(e). Now, let r € zy~! be an arbitrary
element of P. Since p is normal, we have p(e) = p(a) = u(r) which implies that for
any r € xy~ 1, u(e) = u(r). Hence, xy~ C p,. Thus, p.z = i.y.

Conversely, if g,z = p.y, then 2y~ C p, and so for any r € xy~t, u(e) = p(r),
which implies that = ~ y. Consequently, f is an isomorphism by the fact that

per © oy = {pz | 2 € zyt,  pla] © ply] = {ulz] | 2 € zy}.

Hence, £ ~ f. Since P is n-Engel, by Corollary 3.1, —* is n-Engel and so £ is
n-Engel. Therefore, by Theorem 4.3, i is n-Engel. 0

Ezample 4.1. Let P = {e,a,b,c,d, f,g}. Then P with the following hyperoperation
is a polygroup
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e a b c d f g
ele a b c d f g
ala e b c d f g
b|b b {ea} g f d c
cle ¢ f AHeal g b d
did d g f A{ea}l ¢ b
f1f f c d b g {e,a}
glg g d b c Afeat f

Now, we define the fuzzy set p on P, by
0.75, x €{e,a,f, g},
() = { { fr9}

0, otherwise.

Clearly, P is not an n-Engel polygroup. But, we show that p is a normal n-Engel
fuzzy subpolygroup of P. Since, for any t € [0, 1], ur = {x | u(x) > t} is equal to
{e,a, f, g} or P, hence, by Theorem 2.3, i is a normal fuzzy subpolygroup of P. Now,
for any z € [z,, s| where z,s € P we get z € [,,(P) = {e,qa, f,g} and so u(z) = u(e),
which implies that p is a normal n-Engel fuzzy subpolygroup of P.

Theorem 4.6. Let p be a normal fuzzy subpolygroup of (P,-,"%,e;). Then

(;TP*’ T 62) is an n-Engel polygroup if and only if p is an n-Engel fuzzy subpolygroup

of P.

Proof. Let ;TP* be an n-Engel polygroup and 7 : P — /TP* be the natural epimorphism.
Since z € 7} (w(x)), we get w(2) = m(x) and so w(e;) € m(27'-2) = w(271-x) . Thus,
there exists r € 27! - z such that e; = 7(e;) = m(r), which implies that r € ker 7 = p,.
Therefore, pu(r) = p(e;) and so z ~ x. Hence, for any x € P

i (m(p) (@) =a(w) (@) =\ u) =V uz) = u@),

zen—(n(z)) z~T

and so 7! (m(n)) 2 p. Now, since uﬁ is an n-Engel polygroup and m(u) is a fuzzy

subpolygroup of TP*’ by Theorem 4.5, 7(u) is n-Engel and by Theorem 4.1, 7~ (7(u))
is an n-Engel. Now, we show that p is n-Engel. For this, let © € [t,, s], where
teP,s€Pand f: £ — #—P* be as in the proof of Theorem 4.5. Since 7 !(7 (1))
is an n-Engel fuzzy subpolygroup of P, so 7~ (w(u))(x) = 7 ' (w(u))(e1). Hence,
Vi 4(2) = p(er). Then o ~ ey and so pl[z] = pler]. Hence by f(ulz]) = p.x we
have p,x = p.e;. Thus, x € p,, which implies that pu(z) = p(er). Therefore, p is an
n-Engel fuzzy subpolygroup of P.

Conversely, let 1 be a normal n-Engel fuzzy subpolygroup of P. By Theorem 4.3,

is an n-Engel group also, £ = u% and so /TP* is an n-Engel group. U

P
Exzample 4.2. Let D3 = (a,b;a® = b*> = e,ba = a®b) be the dihedral group with six
elements and tg,t; € [0, 1] such that ¢, > t;. Define a fuzzy subgroup u of Dj as
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follows:
(z) = to, ifxe<a>,
MET=N 4 it g<a>.
Then p(e) = to and so pu, = {x | p(x) = p(e)} = (a). Thus, u, is a normal subgroup
of D3. Also, % ~ 7. Since Zs is Abelian, hence it is 1-Engel and so by Theorem

4.6, p is an 1-Engel fuzzy subpolygroup of Dj.

Theorem 4.7. Let p and v be two fuzzy subpolygroups of P such that p C v and
wu(e) =wv(e). If p is an n-Engel fuzzy subpolygroup of P, then v is an n-Engel fuzzy
subpolygroup of P, too.

Proof. Let p and v be two fuzzy subgroups of P, where u C v and p(e) = v(e). Now
let 1 be an n-Engel and x € [h,, s], where h € P and s € P. Then, p(x) = u(e) = v(e)
and so by hypotheses v(e) = pu(z) < v(z). Thus, v(x) = v(e), which implies that v is
an n-Engel fuzzy subpolygroup of P. O

Definition 4.2 ([6]). Let u be a fuzzy set on P. Then the lower level subset of y is
defined by,
i, ={x € P;u(x) <t}, wherete]l0,1].
Now the fuzzy set Ay, is defined by
A-

e

_ ) ulx), ifzenm,
() = { 0, otherwise.

Clearly, Az, C p.

Corollary 4.1. Let Ay, be an n-Engel fuzzy subpolygroup of P. Then p is an n-Engel
fuzzy subpolygroup of P, too.

Proof. Let pu be an Engel fuzzy subpolygroup of P. Clearly, Ay, is a fuzzy supolygroup
of P. Since Az, C p, by Theorem 4.7, Ay, is Engel fuzzy subpolygroup of P. U

Suppose that p is a fuzzy subset of P. Support of p is defined by supp(u) =
{z € P | pu(z) > 0}.

Definition 4.3 ([4]). Let p and v be fuzzy subpolygroups of P and H, respectively.
Then a good isomorphism f : supp(u) — supp(v) is called a fuzzy good isomorphism
from p to v, if there exists a positive real number k such that p(z) = kv(f(x)) for
any x € supp(u) \ {e}. In this case we write u ~ v.

Theorem 4.8. Let j and v be two fuzzy subpolygroups of (P,-,"1 jey) and (H,-, 7', es),
respectively, and p ~ v. If u is n-Engel, then v is an Engel fuzzy subpolygroup of
supp(v).

Proof. Let z € [x,,y], where z,y € supp(v). Since p ~ v, then there exists a
positive real number k such that p(z) = kv(f(x)) for any = € supp(u) \ {e1} and

x = f(a), y = f(b) for some a,b € supp(u). So, z € [x,ny] = [f(a)m f(b)] = flanb].
Therefore, z = f(c), for some ¢ € [a,, b] and so, by hypotheses p(c) = p(e;). Thus,
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kv(z) = kv(f(c)) = p(c) = uler) = kv(f(e1)) = kv(ez) and so, v(z) = v(eq), which
implies that v is n-Engel. 0

5. NILPOTENT Fuzzy SUBPOLYGROUPS

In this section, by considering the notion of nilpotent fuzzy subpolygroup, we state
and prove some results on this structure.

Definition 5.1 ([7]). Let p be a fuzzy subpolygroup of P. Then p is called a nilpotent
fuzzy subpolygroup of class n (n € N), if z € [,,(P) implies that p(z) = u(e).

Theorem 5.1. Any nilpotent fuzzy subpolygroup of class n = 1 is a normal fuzzy
subpolygroup.

Proof. Let p be a nilpotent fuzzy subpolygroup of class n = 1. Then for any z € [;(P),
w(e) = u(z). Now, the proof follows by Theorem 2.4. d

By the following example we see that the converse of Theorem 5.1, is not true in
general.

Ezample 5.1. Let P = {e,a,b,c,d, f,g}. Then P with the following hyperoperation
is a polygroup

b c d f g

b c d f g

b c d f g
{e.al g f d c
g b d

c b

Q v QA O T -

e a
e a
a e
b b
c ¢
d d
I f
g9 g
t 1o

[ Aea}
g o Aea}
c d b g {ea}
d b c H{ea} f
We define the fuzzy set p on P, by
0.75, x € {e,a},
p(r) =4 05, xe€{f, g},
0, otherwise.

We show that, p is a normal fuzzy subpolygroup of P which is not nilpotent of
class n = 1. First for any t € [0, 1], iy = {z | u(x) >t} is equal to {e, a, f, g}, {e,a}
or P and since for any x € P, x7'{e,a}x C {e,a}, by Theorem 2.3, ;1 is a normal

fuzzy subpolygroup of P. But for g = [¢, f] € l1(P) = {e,a, f,g} we get u(g) # p(e)
which implies that p is not nilpotent of class n = 1.

Theorem 5.2. Let P, and Py be two polygroups with the identity elements e; and e,
respectively. Suppose that p and A be two nilpotent fuzzy subpolygroups of Py and Py,
respectively, and ¢ : Pi — Py be a function.
(i) If ¢ is a good homomorphism, then ¢—1(\) is a nilpotent fuzzy subpolygroup
Of Pl.
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(ii) If ¢ is an isohomomorphism, then ¢(u) is a nilpotent fuzzy subpolygroup of Ps.

Proof. (i) The proof is clear. (ii) First note that {,,(¢(Py)) = ¢(l.(P1)) (see [9]). Now,
let 11 be a nilpotent fuzzy subpolygroup of P, and y € [,, (P). Then,

and so there exists z € [,,(P;) such that y = ¢(z). By hypotheses, p(z) = u(ey). Thus,

o()(y) =\ wlx) = p(z) = pler) = ¢(p)(e2).

z€P(y)
Hence, ¢(11)(y) = ¢(p)(e2), which implies that ¢(u) is nilpotent. O

Theorem 5.3 ([7]). Let u be a fuzzy subpolygroup of P. Then u is a nilpotent fuzzy
subpolygroup of P if and only if £ is a nilpotent group.

Note that if P is a nilpotent polygroup and N is a normal subpolygroup of P, then

% is nilpotent (see [9]).

Theorem 5.4. If P is a nilpotent polygroup, then any normal fuzzy subpolygroup of
P is nilpotent.

Proof. Let P be a nilpotent of class n and p be a fuzzy subpolygroup of P. Since
P~ P and P is nilpotent, uﬂ* is nilpotent and so £ is nilpotent. Therefore, by

Theorem 5.3, p is nilpotent. 0

Example 5.2. Let u be as Example 4.1. We show that, P is not nilpotent and p is a
nilpotent normal fuzzy subpolygroup of P. First note that [,,(P) = {e,a, f, g} (see
[9]) and so P is not nilpotent. Also, for any ¢ € [0,1], iy = {x | u(x) >t} is equal to
{e,a, f,g} or P. Therefore, by Theorem 2.3, p is a normal fuzzy subpolygroup of P.
But for any z € [,(P), u(z) = u(e), which implies that y is nilpotent.

Theorem 5.5. Let p be a normal fuzzy subpolygroup of (P,-,"%,e;). Then
(;TP*’ ',_1,62) is a nilpotent polygroup if and only if u is a nilpotent fuzzy subpoly-
group of P.

Proof. Let Mﬂ* be a nilpoten polygroup and 7 : P — Mﬂ* be the natural epimomorphism.
Since z € (7 (x)), we have 7(z) = 7(z) and so (e1) € w(27'-2) = (271 ). Then,
there exists 7 € 27! -z such that ey = m(e;) = 7(r), which implies that r € ker m = p,.
Thus, u(r) = p(er) and so z ~ z. Hence, for any = € P

i (m() (@) =m()(r(@) =\ )=\ ulz) = p),
zen—1(w(z)) T

;TP* is a nilpotent polygroup and m(u) is a fuzzy

and so (7w (u)) D p. Now since
subpolygroup of ;TF:’ then by Theorem 5.4, 7(u) is nilpotent and by Theorem 5.2,

7 (7(p)) is nilpotent. Now, we show that g is nilpotent. For this, let x € [,(p)
and f: £ — u% be as in the proof of Theorem 4.5. Since 7 (7 (p)) is nilpotent,

so 7 Hmw(p))(z) = 7 H(w(n))(er). Hence, V,., u(z) = u(e;) and so & ~ e;. Then
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wlx] = pler] and by f(p[z]) = paz, we have p.x = p.eq. Thus, x € u,, which implies
that p(x) = u(ey). Therefore, p is a nilpotent fuzzy subpolygroup of P.
Conversely, let 1 be a normal nilpotent fuzzy subpolygroup of P. By Theorem 5.3,

P~ P and so ;TP* is nilpotent. [l

L is nilpotent. Also, £

~ T e
Ezxample 5.3. In Example 4.2, p(e) = to and so p. = {z | p(z) = p(e)} = (a). Thus u,
is a normal subgroup of Dj. Also % ~ Zs. Since Zs is Abelian, hence it is nilpotent

and so by Theorem 5.5, u is a nilpo*tent fuzzy subpolygroup.

Theorem 5.6. Let p and v be two fuzzy subpolygroups of P such that u C v and
wu(e) = v(e). If p is a nilpotent fuzzy subpolygroup of class n, then v is a nilpotent
fuzzy subpolygroup of class n.

Proof. Let p and v be two fuzzy subgroups of P such that p C v and p(e) = v(e).
Now let p be nilpotent of class n and z € [,,(P). Therefore, u(x) = p(e) = v(e) and
so by hypotheses v(e) = u(x) < v(z). Thus, v(z) = v(e), which implies that v is
nilpotent of class at most n. U

Corollary 5.1. Let Az, be a nilpotent fuzzy subpolygroup of P. Then p is nilpotent,
too.

Proof. Let Ay, be a nilpotent fuzzy subpolygroup of P. Since Az C p, by Theorem
5.6, p is nilpotent. U

6. SOLVABLE FuZzzYy SUBPOLYGROUPS

In this section, we introduce the notion of solvable fuzzy subpolygroup on a poly-
group and we state and prove some new results on it. Specially, we get the relation
between solvable fuzzy subpolygroups and Engel fuzzy subpolygroups (nilpotent fuzzy
subpolygroups).

Definition 6.1. Let p be a fuzzy subpolygroup of P. Then pu is called a solvable
fuzzy subpolygroup of P if there exists n € N such that for any z € i,(P), u(z) = u(e).

In the following example we have a solvable fuzzy subpolygroup.

Ezample 6.1. Let P = {e,a,b,c,d}. Then P with the following hyperoperation is a
polygroup

e a b ¢ d
ele a b ¢ d
ala e b ¢ d
b|b b {ea} d c
cle ¢ d {ea} b
djd d c b {ea}

We define the fuzzy subset p on P, by
0.75, = €{e,a},

wx) =14 0.5, x=0,
0, otherwise.
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Then we show that, p is a solvable fuzzy subpolygroup. First for any ¢ € [0, 1],
e = {z | p(z) >t} is equal to {e, a,b}, {e,a} or P. Hence, by Theorem 2.3, u is a
normal fuzzy subpolygroup of P. Since for any x,y € P, [x,y] = e or {e,a} then for
any z € i1(P), u(z) = u(e) and so, p is solvable.

In the following, we are ready to obtain a necessary and sufficient condition between
solvable fuzzy subpolygroups and the solvable group P/ ~, the group of equivalence
classes derived from the fuzzy subpolygroup of P. Now, we use notation i, (H) instead
of derived series G*, where k € N and H is a group. Also, for simplity we write

plz]ply] instead of plz] © plyl.
Lemma 6.1. For any 0 < k

i (2) = uid | € iu(P))

Proof. We do the proof by induction on k. For k£ = 0, we have
(P P .
io (Z) == = (uld | € io(P) = PY).

Now, let it is true for k. We claim that

et (2) 2 (0l | € inn(P))

For this, suppose that pla] € ({pft] | t € ik+1(P)}). Then a € i;1(P) and so there
exist z,s € ix(P) such that a € [z,s]. By hypotheses of induction we conclude
that plz], puls] € ix(£). Thus, pla] = [u[z], u[s]] in which u[z], p[s] € ix(£). Hence,

pla) € ik (%) Also,

i (2) € uld] | £ € ina(P)D)

Since for pla] € £ € i 1(L£), we have pla] = [u[z], u[s]] in which p[x], u[s] € i (g)
Using hypotheses of induction z, s € ix(P) (1). Thus ula] = p[z|u[s](ux]) = (u]s]) 7!,
which implies that plz|p[s] = pla]u[s]p[z]. Thus, there exist ¢ € xs and d € asx
such that plc] = p[d]. Since P is a polygroup, then there exists u € P such that
c € xsNusz (2). Then

plalplslplz] = pld] = ple] = plzlpls] = ple] = plulplsulz].

Hence, pla] = plu] (3). By (2) and (1), we have u € ix1(P). Now, using (3) and
previous relation we have

pla] = plu] € {plt] |1 € ik (P)}). 0

Theorem 6.1. Let p be a normal fuzzy subpolygroup of a polygroup P. Then p is a
solvable fuzzy subpolygroup if and only if £ is a solvable group.
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Proof. (=) Suppose that p is a solvable fuzzy subpolygroup of P and k& € N. Then by
Lemmas 6.1, it is enough to show that ({u[t] | t € ix(P)}) = {ule]}. If t € ix(P), then
by hypotheses y(t) = uu(e) and so t ~ e, which implies that p[t] = ule]. Therefore, £
is a solvable group.

(«=) Let £ is solvable. We show that if z € ix(P), then u(z) = u(e). If z € ir(P),
then z € [z, s] where x, s € ix_1(P). Hence, p[z] = [u[x], u[s]], which by hypotheses
implies that u[z] = ple] and so z ~ e. Then there exists r € ze~! such that u(r) = u(e)
and so p(z) = p(r) = p(e). Therefore, u is an a solvable fuzzy subpolygroup. O

Theorem 6.2. Let P be a solvable polygroup. Then any normal fuzzy subpolygroup
of P is solvable.

P

Proof. Let P be solvable polygroup and p be a fuzzy subpolygroup of P. Since £ ~

*

and P is solvable, by Corollary 3.1, ﬁ is solvable and so % is solvable, too. Therefore,
by Theorem 6.1, p is solvable. 0

Ezample 6.2. Let As be the alternating group of degree 5 and P = A5 U {a} be a
polygroup as Theorem 3.2. We define the fuzzy subset u on P, by p(z) = 1, for
any x € P. It is clear that P is not solvable (see [9]). But, for any ¢ € [0,1],
pur = {x | p(x) > t} is equal to P. Hence, by Theorem 2.3, u is a normal fuzzy
subpolygroup of P. Now, since for any z € P, u(z) = p(e), we get that u is solvable.

By the same manipulation of Theorem 5.2, we have the following theorem.

Theorem 6.3. Let P, and P, be two polygroups with the identity elements e; and es,
respectively. Suppose that p and X\ be two solvable fuzzy subpolygroup of Py and P,
respectively, and ¢ : P, — Py be a function.
(i) If ¢ is a good homomorphism, then ¢~ (X\) is a solvable fuzzy subpolygroup of
P.
(il) If ¢ is an isohomomorphism, then ¢(p) is a solvable fuzzy subpolygroup of Ps.

Theorem 6.4. Let i be a normal fuzzy subpolygroup of (P,-,~',e1). Then (#—P*, S es)
s a solvable polygroup if and only if i is a solvable fuzzy subpolygroup.

Proof. Let #ﬂ* be a solvable polygroup and 7 : P — #—P* be the natural epimorphism.
Since z € 7 !(7(x)), we have (z) = 7(z) and so 7(e;) € 7(z7'-2) = w(2~'-z). Thus,
there exists r € 271 - z such that e; = 7(e;) = m(r) which implies that r € ker m = p,.
Hence, p(r) = p(ey) and so z ~ x. Then, for any = € P,
(@) (@) =a(w)(r@) =\ w) =V u) = @),
zeér—1(n(z)) zZ~w

and so 7 (w(u)) 2 u. Now, since #ﬁ

- is a solvable polygroup and m(u) is a fuzzy
subpolygroup of 5, by Theorem 6.2, 7(p) is solvable and by Theorem 6.3, 7 (7 (1))
is solvable. Now, we show that y is solvable. For this let z € i,,(p) and f: £ —

P
s
be as in the proof of Theorem 4.5. Since 7~ !(7w(u)) is solvable, so 71 (7(u))(x) =
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7 (m(u))(er). Then V,_, u(z) = p(ey) and so x ~ e;. Hence, u[x] = ple;]. Now, by
f(pnlz]) = pex we have p.x = pwey. Thus x € p, which implies that p(z) = u(ey).
Therefore, y is a solvable fuzzy subpolygroup.

Conversely, let p be a normal solvable fuzzy subpolygroup of P. By Theorem 6.1,

P~P and so #ﬂ is solvable. O
*

P is solvable also, £ = ™
~ *

Ezample 6.3. In Example 4.2, u(e) =ty and so p. = {x | u(x) = p(e)} = (a). Thus
14+ is a normal subgroup of Dj. Also, % ~ Zo. Since Zg is Abelian, it is solvable and
so by Theorem 6.4, u is a solvable fuzzy subgroup.

Theorem 6.5. Let p and v be two fuzzy subpolygroups of P such that p C v and
wu(e) =wv(e). If u is a solvable fuzzy subpolygroup, then v is a solvable fuzzy subpoly-

group.

Proof. Let p and v be two fuzzy subgroups of P such that y C v and pu(e) = v(e).
Now let u be solvable and z € 4, (P). Hence, pu(z) = u(e) = v(e) and so by hypotheses
v(e) = p(x) < v(x). Therefore, v(x) = v(e), which implies that v is solvable. O

Corollary 6.1. If A, is a solvable fuzzy subpolygroup of P, then u is solvable, too.

Proof. Let Ay, be a solvable fuzzy subpolygroup of P. Since Az, C p, by Theorem
6.5, u is solvable. O

Theorem 6.6. Let i be a nilpotent fuzzy subpolygroup of P. Then u is a solvable
fuzzy subpolygroup.

Proof. First we prove that i;(P) C [;(P), for any non negative integer j. We do the
proof by induction on j. The proof is clear for j = 0. Now let i;(P) C [,;(P), for
any j <nand z € i,(P). Then x € [a, b], for some a,b € i,,_;(P). By hypotheses of
induction, a € l,_;(P) and b € P. Thus, z € [,,(P). Hence i;(P) C [;(P), for any
non negative integer j. Now, let x € i,(P) and p be a nilpotnt fuzzy subpolygroup
of class n € N. Since = € i,(P) C [,,(P) so by hypotheses p(z) = pu(e). Therefore, p
is solvable. O

We recall that if G is a group and a € G, then the order of a is the least positive
integer n such that a” = e. Also, a group G is of exponent n ( n € N), if the order of
any r € G is n.

Definition 6.2. If y is a fuzzy subpolygroup of P and a € P, then the order of a
with respect to p is the least positive integer n such that for any r € a”, u(r) = u(e).
We denote the order of a with respect to p by o(u(a)). Also, p is of exponent n, if
the order of any a € P is n.

Theorem 6.7. Let i be a fuzzy polygroup of P and x € P. If for any r € ™ we
have p(r) = u(e) for some integer m, then o(u(a)) | m.

Proof. Let o(u(a)) = n. By the Euclidean algorithm, there exist integers s and ¢
such that m = ns +t, where 0 < ¢t < n. Then for r € z' = 2™ - (2")~%, there exist
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h € 2™ and g € (2™)~*® such that r € hg and so pu(r) > u(h) A pu(g) > ple) A u(g) =
w(g). Since g € (z")% = (z")~' - ()7t (a™)7!) we get g € p1.p2. .. ps, in which
P, P2, - -5 Ds € (2™)71 and so by hypotheses u(g) > p(e). Consequently, u(r) = u(e).
Hence, t = 0, by the minimality of n. O

Theorem 6.8 ([11,14]). (i) Every 3-Engel group of exponent 4, is solvable.
(ii) Each group of exponent 3 is 2-Engel.

Theorem 6.9. (i) Let pu be a 3-Engel normal fuzzy subpolygroup of exponent 4. Then
1 1s solvable.
(ii) Each normal fuzzy subpolygroup of exponent 3 is 2-Engel.

Proof. (i) Let p be a 3-Engel normal fuzzy subpolygroup on P such that for any z € x?,
u(z) = p(e). Then, by Theorem 4.3, £ is a 3-Engel group and pule] = p[z] = (u[z])*.
Therefore, by Theorem 6.8 (i), £ is solvable and so, by Theorem 6.1, p is solvable.
(ii) By Theorem 4.2, ule] = plz] = (u[z])®. Thus, £ is of exponent 3 and so by
Theorem 6.8(ii), £ is 2-Engel. Therefore, by Theorem 4.3, 11 is 2-Engel. O

Theorem 6.10 ([18]). Every 3-Engel solvable group with no element of order 2, is
nilpotent.

Theorem 6.11. Let p be a 3-Engel solvabel normal fuzzy subpolygroup on P such
that for any z € z%, u(z) # u(e). Then u is nilpotent.

Proof. Let u be a 3-Engel solvable normal fuzzy subpolygroup of P such that for any
z € 2%, u(z) # p(e). Then, by Theorems 4.3 and 6.1 £ is a 3-Engel solvabel group
and yu(e) # u(z) = (u(z))? Therefore, by Theorem 6.10, £ is nilpotent and so, by
Theorem 5.3, pu is nilpotent. 0J

7. CONCLUSIONS

In this paper, we defined the notion of Engel polygroups. This help us to get usefull
results on Engel fuzzy subpolygroups. On the other hand, we prove that every normal
fuzzy subpolygroup of an Engel polygroup is Engel. Also, some connections between
Engel (nilpotent, solvable) fuzzy subpolygroups and Engel (nilpotent, solvable) groups
are stablished and studied. Finally, we prove some results on 3-Engel fuzzy subpoly-
groups. Specially, we prove that every 3-Engel normal fuzzy subpolygroup of exponent
4, is solvable.
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VERTEX-EDGE ROMAN DOMINATION
H. NARESH KUMAR! AND Y. B. VENKATAKRISHNAN!*

ABSTRACT. A vertex-edge Roman dominating function (or just ve-RDF) of a graph
G = (V,E) is a function f : V(G) — {0,1,2} such that for each edge e = uv
either max{f(u), f(v)} # 0 or there exists a vertex w such that either wu € F
or wv € E and f(w) = 2. The weight of a ve-RDF is the sum of its function
values over all vertices. The vertex-edge Roman domination number of a graph
G, denoted by vyer(G), is the minimum weight of a ve-RDF G. In this paper, we
initiate a study of vertex-edge Roman dominaton. We first show that determining
the number 7,z (G) is NP-complete even for bipartite graphs. Then we show that
if T is a tree different from a star with order n, [ leaves and s support vertices,
then vyer(T) > (n — 1 — s+ 3)/2, and we characterize the trees attaining this lower
bound. Finally, we provide a characterization of all trees with v,.r(T) = 2v/'(T),
where 4/(T') is the edge domination number of T.

1. INTRODUCTION

Let G = (V, E) be a simple graph with order n = |V/|. For every vertex v € V,
the open neighborhood N (v) is the set {u € V' | uwv € E} and the closed neighborhood
of v is the set N[v] = N(v) U{v}. The degree of a vertex v is the cardinality of its
open neighborhood, denoted dg(v) = |N(v)|. By 0(G) = 6 we denote the minimum
degree of a graph G. A vertex of degree one is called a leaf and its neighbor is called
a support vertez. A support vertex is strong (weak, respectively) if it is adjacent to
at least two leaves (exactly one leaf, respectively). An edge incident with a leaf is
called a pendant edge. A star of order n > 2, denoted by Kj,_1, is a tree with at
least n — 1 leaves. A double star is a tree that contains exactly two vertices that are
not leaves. A double star with respectively r and s leaves attached to each support
vertex is denoted by D, ;.

Key words and phrases. Vertex-edge roman dominating set, edge dominating set, trees.
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Let D be a nonempty subset of E. The subgraph of G whose vertex set is the set of
ends of edges in D and whose edge set is D is called the subgraph of G induced by D
and is denoted by (D). The subgraph (D) is called edge induced subgraph of G. The
distance between two vertices u and v in a connected graph G is the number of edges
in a shortest between u and v. The diameter, diam(G), of a graph G is the greatest
distance between any pair of vertices.

A set S of vertices is a dominating set of G if every vertex not in S is adjacent to
some vertex in S. A subset X of E is an edge dominating set (or just EDS) of G if
every edge not in X is adjacent to some edge in X. The edge domination number v'(G)
of GG is the minimum cardinality of an edge dominating set. An edge dominating set
of G of minimum cardinality is called a 7/(G)-set. Edge domination was introduced
by Mitchell and Hedetniemi [7].

A vertex v ve-dominates every edge incident to v, as well as, every edge adjacent to
these incident edges, that is, a vertex v ve-dominates every edge incident to a vertex
in N[v]. A set S CV isa vertez-edge dominating set (or simply, a ve-dominating set)
if for every edge e € E, there exists a vertex v € S such that v ve-dominates e. The
minimum cardinality of a ve-dominating set of G is called the ve-domination number
Yve(G). The concept of vertex-edge domination was introduced by Peters [8] in 1986
and studied further in [1,5,6].

A function f: V(G) — {0,1,2} is a Roman dominating function (or just RDF) if
every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2.
The weight of an RDF fis f(V(G)) = Cuev(e) f(u). The Roman domination number
vr(G) is the minimum weight of an RDF on G. For more information on Roman
domination, see [3,4].

A variation of Roman dominating function, say, vertex-edge Roman dominating
function was defined in [9]. A vertex-edge Roman dominating function (ve-RDF) is
a function f : V(G) — {0,1,2} such that each edge e = vu is either incident with a
vertex having function value at least one or uv is ve-dominated by some vertex w with
f(w) = 2. The vertez-edge Roman domination number v,.r(G) equals the minimum
weight of all ve-RDF on G.

2. COMPLEXITY

We show that the Vertex-edge Roman domination problem (VERD-Dom) is NP-
complete for bipartite graphs by proposing a polynomial reduction from the well-known
NP-complete problem, Exact cover by 3-sets (X3C).

Vertex-Edge Roman Domination (VERD)

INSTANCE. Graph G = (V, E), positive integer k& < |V].

QUESTION. Does G have an vertex-edge Roman dominating function of weight at
most k7
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Exact cover by 3-sets(X3C)

INSTANCE. A finite set X with |X| = 3¢ and a collection C' of 3-element subsets
of X.

QUESTION. Does C' contain an exact cover for X, that is, a sub collection ¢’ C C
such that for every element in X belongs to exactly one member of C'?

Theorem 2.1. VERD problem in NP-complete for bipartite graphs.

Proof. VERD problem is a member of NP, since we can check in polynomial time
that a function f : V — {0,1,2} has a weight at most k& and that is a vertex-edge
Roman dominating function. Now let us show how to transform any instance of X3C
into an instance G of VERD, so that one of them has a solution if and only if the
other one has a solution. Let X = {z,29,...,23,} and C = {C},Cy,...,C;} be an
arbitrary instance of X3C.

For each z; € X, we create a path B} = x;y;z;a;b;p; and for each C; we create a
single vertex c;. To obtain the graph G, we add edges c;z; if x; € C;. Clearly, G is
bipartite graph. Let Y = {c1,¢o,...,¢:} and W = {21, 29,...,23,}. Let H be the
subgraph of G induced by all paths Pi’s. Set k = 8g. Observe that for any vertex-edge
Roman dominating function f on G, f(V(PY)) > 2.

Suppose that the instance X,C of X3C has a solution C’. We construct a
vertex-edge Roman dominating function of G with weight k as follows. For each
i €{1,2,...,3q}, we assign a 0 to every vertex of {z;,v;, z;,b;, p;} and we assign a
2 to every a;. For every j € {1,2,...,t}, we assign a 2 to ¢; if C; € C" and a 0 if
C; ¢ C'. Note that since C” exists, its cardinality is precisely ¢ and so the number
of ¢;’s with weight 2 is ¢, having disjoint neighborhoods in W. Since C" is a solution
for X3C, the edges incident with W are ve-Roman dominated by the ¢;’s. Hence it
is straightforward to see that f is a vertex-edge Roman dominating set of G with
cardinality 8¢ = k.

Conversely, suppose that G has a vertex-edge Roman dominating function f =
(Vo, Vi, Vo) with weight at most k. As seen above we may assume, without loss of

3q
generality, that a; € V5 and every vertex of {p;, b;, z;, y;} is in Vj. Since Y- f(a;) = 6q,
i=1

we deduce that f(W UY) < 2¢. If some z; belongs to V5, then we can substitue it
by a vertex of N(x;) NY. Hence W NV, = (). Now if there are two vertices z; and
x, assigned a 1 and have a common neighbor, say c;, then we can reassign a 0 to
each of z; and z, and a 2 to ¢;. So all vertices of V; N W have no common neighbors.
Suppose z; and x; are assigned a 1. The vertices adjacent to (N(z;) NY) \ {x;}
are assigned 0. To dominates the edges incident with these vertices, the vertex in
N(z;)NY are assigned weight 2. Since |W| = 3¢, we must have W NV, = (), implying
that C N Vy # (. Let y = |C N V;y|. Clearly y < 2¢ and using the fact that every
¢; has exactly three neighbors in W, we deduce that f(C) > 2¢. Now, combining
all these facts with f(V(G)) < k = 8¢, we obtain y > ¢ and hence y = ¢. Hence,
C"={C; | f(cj) =2} is an exact cover for C. O
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3. BOouNDs

We present in this section some sharp bounds on the vertex-edge Roman domination
number. We begin with the following observation.

Observation 3.1. Let f = (Vp, V1, V2) be an minimum vertex-edge Roman dominat-
ing function of a graph G. Then
(a) Vol = L;
(b) no edge of G joins V] and Vs;
(c) V1 U V4 is a vertex edge dominating set of G.
In the following, we give a lower bound on the vertex-edge Roman domination for
every graph in terms of the order and maximum degree.

Proposition 3.1. If G is a connected graph of order n > 2, then v,er(G) > [(A+1)2W ,
and the bound is sharp.

Proof. Let f = (Vy, V4, Va) be an 7,.r(G)-function. From the Observation 3.1, we
have |Vy| > 1. The edge of G are ve-dominated by the vertices in V; U V5. Therefore
Vol < A2|V2| + A|V4|. From n = [Vl + |Vi| + [Va] < A2|Vy| + AIVA| + |VA| + Vsl , we

(A+1 < 2|Va| + Z'Kll‘ < 2\Va| + V1| = Yer(G). Since v,er(G) is an integer, we

get Yoer(G) > [(AH)J‘ The bound is sharp as it is attained for stars K7 ,,. O

obtain

Every Roman dominating function is a vertex-edge roman dominating function, we
have the following.

Proposition 3.2. If G is connected graph of order n > 2 with maximum degree A,
then vper(G) < n— A+ 1 and the bound is sharp.

We now present an upper bound of vertex-edge Roman domination in terms of edge
domination number.

Proposition 3.3. For any graph G, v,.r(G) < 2v/(G).

Proof. Let D be a +/(G)-set. Define a function f on V(G) by assigning a 1 to the
vertices incident with the edges in D and a 0 to the remaining vertices. It is easy to
see that f is a veR-dominating function of G, and thus, v,.r(G) < 27/'(G). O

3.1. Trees. In this section we provide a lower bound of the vertex-edge Roman
domination number for trees with diameter at least three in terms of order n, number
of leaves [ and support vertices s. We shall show that vertex-edge Roman domination
number of a tree with diameter at least three of order n with [ leaves and s support
vertices bounded below by (n —1 — s+ 3)/2. Let T* be the tree obtained from K 3
by subdividing two edges and « be the leaf which is incident to the edge which is
not subdivided. Moreover, for the purpose of characterizing the trees attaining this
bound, we introduce a family T of trees T' = T}, that can be obtained as follows. Let
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Ty, = P5 or P;. If k is a positive integer, then T, can be obtained recursively from
T; by one of the following operations.

e Operation O;: Attach a vertex by joining it to any support vertex of T;.

e Operation Oy: Attach a path P, by joining one of its vertices to a vertex of T;
adjacent to mP, where m > 2.

e Operation O3: Attach a tree T™* by joining the vertex « to a leaf of T;.

e Operation O4: Attach a path P, by joining one of its leaves to a vertex of T;
is a leaf or adjacent to P, or Py

Lemma 3.1. If T € T, then vyer(T) = (n —( — s+ 3)/2.

Proof. We use induction on the number k of operations performed to construct the
tree T. If T is Ps, then obviously v,.r(T) =2 = (n— ¢ —s+3)/2. Let k be a positive
integer. Assume the result is true for 77 = T} of the family T constructed by k — 1
operations. Let T'= T}y be a tree constructed by k operations.

First assume that T is obtained from 7" by operation O;. Let v be a support
vertex and x be a leaf adjacent to v in T”. Let the tree T is obtained from T by
attaching a vertex y to v. We have n =n'+ 1,1l =0'+ 1 and s’ = s. Let f; be
a Yyer(T")-dominating function of 77. If fi(x) = 1 then f;(v) = 0. Replacing the
weight of x and v, we get f; is a veR-dominating function of tree T. If fi(z) = 2
or 0 then the vertex which dominates the edge vx dominates vy. The function f;
is a veR-dominating function of T. Thus, Y,er(T) < Yoer(T’). Let f be a vyer-
dominating function of tree T'. If f(y) = 0 then f|y(7) is a ve R-dominating function
of T". Let f(y) =1 then f(x) = 1. The function f|y v is a veR-dominating function
of T". Assume f(y) = 2 then f(x) = 0. Replacing the weight of = and y, we
get flv(r) is a veR-dominating function of 77. Thus, Vuer(T") < Ywer(T). We get
Yoer(T) = Yper(T") = (0 =1 = ' +3)/2=(n—1— s+ 3)/2.

Now assume that 7" is obtained from 7" by operation O,. Let u be the vertex in 7"
which is adjacent to many P,. Let the tree T is obtained from 7" by attaching the
path P, = xy by joining x to u. We have n’ =n —2,I"=1—1and s =s— 1. Let
f1 be a Y,er(T")-dominating function of tree 7. To dominate the edges incident to
vertices in V/(T,,), the vertex u is assigned weight two. The function

| fila), ifaeV(T),
fla) = { 0, otherwise,

is a veR-dominating function of 7. Thus, Vuer(T) < Yoer(1"). Let f be a Yyer(T)-
dominating function of 7. To dominate the edges incident to vertices in V(T),),
to the vertex u is assigned the weight two. It is obvious that f|y () is a veR-
dominating function of 7. Thus, Vyer(T") < Voer(T). We get Yuer(T) = Yoer(T") =
n=0U'-s+3)2=n—-2—-1+1—-s+1+4+3)/2=n—-1—5s5+3)/2.

Now assume that 7T is obtained from 7" by operation O3. Let d be the leaf in T".
Let the tree T' is obtained from 7" by attaching a tree T by the vertex o. We have
n=n"+6,l=0+1and s =5+ 1. Let fi a Yper(T")-dominating function of tree T".
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The function

fi(a), ifa e V(T),

fla) =14 2, if Child of «,

0, otherwise ,
is a ve R-dominating function of T'. Thus, v,er(T) < Voer(T") +2. Let f be a v,er(T)-
dominating function of 7. To dominate the edges incident to the vertices in V' (7,,), to
the child of « is assigned the weight two. It is obvious that f|y (1 is a ve R-dominating
function of T". Thus, Vuer(T") < Yoer(T) — 2. We have Yyer(T) = Yper(T") + 2 =
(n=l'—-+3))24+2=n—-6—-14+1-s+1+3)/2+2=(n—-1—s+3)/2.

Now, assume that T is obtained from 7" by operation Q4. Let d be the leaf in T".
Let the tree T is obtained from 7" by attaching a path Py = wuwvt by joining w to d.
We have n = n' +4,I'’ =1 and ' = s. Let f; be a v,.gr(T")-dominating function of
tree T". The function

fi(a), ifaeV(T),

fla)=14 2, if a = u,

0, otherwise,
is a veR-dominating function of T. Thus, Ver(T) < Yer(T') + 2. Let f be a
Yoer(T)-dominating function of T'. To dominate the edges tv, vu, uw and wd, to the
vertex u is assigned the weight two. It is obvious that f|y (/) is a veR-dominating
function of T". Thus, Yuer(T") < Yoer(T) — 2. We have Yyer(T) = Yper(T') + 2 =
(n=l'—s+3)242=n—-4—-1—-5+3)/24+2=(n—1—s+3)/2.

Now, d is adjacent to a path P or P;. Let the tree T is obtained from T" by
attaching a path P, = wuwvt by joining w to d. We have n =n' +4, 1 =1'+ 1 and
s =5 + 1. Let fi be a vyer(T’)-dominating function of tree 7’. Thus, the weight of d
is two in 7”. Then the

fi(a), ifa e V(T),
fla)=14 1, if a = u,

0, otherwise,

is a veR-dominating function of T. Thus, vyer(T) < Yer(T’) + 1. Let f be a
Yoer(T)-dominating function of 7. To dominate the edges tv,vu,uw and wd, the
vertex d is assigned the weight two and v is assigned the weight one. It is obvious that
flvr is a veR-dominating function of 7". Thus, vyer(T") < Yer(T) — 1. We have
YoerR(T) = Yper(T")+2=n"—-U'—+3)/24+1=(n—-4—-1+1-s+1+3)/24+1=
(n—1—s+3)/2. O

We now ready to establish the lower bound.

Theorem 3.1. If T is a tree with diam(T") > 3 of order n with | leaves and s support
vertices, then Vper(T) > (n — 1 — s+ 3)/2 with equality if and only if T € T.

Proof. It T' € T, then by Lemma 3.1, 7,.r(T) = (n—1—s+3)/2. If diam(T") = 3, then
T is a double star. We have | =n — 2 and s = 2. Consequently, (n — [ — s+ 3)/2 =
(n—n+2-2+43)/4=3/2 <2 =",r(T). Now, assume that diam(7") > 4. Thus, the



VERTEX-EDGE ROMAN DOMINATION 691

order n of the tree is at least five. We obtain the result by induction on the number
n. Assume that the theorem is true for every tree 1" of order n’ < n with [’ leaves
and s’ support vertices.

Assume any support vertex of T, say y, is strong. Let z and t be the leaves
adjacent to y. Let 7" = T —x. We have '’ = n—1and ' =1 — 1. Let f
be a Yyer(T)-dominating function of a tree T If f(x) = 0 then f|y () is a veR-
dominating function of T". If f(t) = 1 then f(xz) = 1. The function f|y () is
a veR-dominating function of 7. Assume f(z) = 2 then f(t) = 0. Replacing
the weight of x and ¢, we get f|y(r) is a veR-dominating function of 7’. Thus,
YoerR(T) = Yoer(T') > (' =1'—5'4+3) /2 = (n—1—543) /2. If ver(T) = (n—1—5+3)/2,
we have 7,.r(T") = (n' — ' — s’ 4+ 3) /2. By the inductive hypothesis 7" € T. The tree
T is obtained from 7" by operation O;. Therefore, T' € T. Henceforth, we can assume
that every support vertex of T is weak.

Let xgzi2s... 24 124 be the longest path in tree T. We now root the tree at a
vertex x4. Clearly dr(x¢) = dr(x4) = 1. From the previous paragraph, we can assume
dT(l’l) = dT(JZd,l) = 2.

Now, assume that x, is adjacent to a leaf y;. Let T =T —y;. We have n’ =n —1,
I'=10—1and s’ =s— 1. Let f be a y,.r(T)-dominating function. To dominate the
edge xoz1 and z129, to the vertex x, is assigned the weight two. Clearly f|v (1 is a
veR-dominating function of T”. Thus, Yuer(T) > Yper(T") = (0 =1 — s +3)/2 =
m—1—-I14+1—-s+1+3)/2>(n—-1—-s+3)/2.

Now, assume that xs is adjacent to paths P; = y1,ys, where i = 1,2,...,m (m > 2)
other than x xg. Let 7" = T—T,,. Wehaven’ =n—2,' =[—1and s’ = s—1. Let f be
a Yyer(T')-dominating function. To dominate the edges xox1, 120, Toy1, and yy,ys,, to
the vertex x, is assigned the weight two. It is obvious that f|y(7v) is a ve R-dominating
function of T". Thus, Vyer(T) > Yoer(T") = (0 =1 —s'+3)/2=(n—1—s+3)/2. If
Yoer(T) = (n — 1 — s+ 3)/2, we have v,.r(T") = (' —I' — s’ 4+ 3)/2. By the inductive
hypothesis 7" € T. The tree T is obtained from 7" by operation Q. Therefore, T € T.

Assume that x5 is adjacent to a path Py, = y1ys other than xyxo. If dp(x2) = 2,
then T = Ps, we have v,er(P5) =2 = (n —1 — s+ 3)/2. Thus, T € 7. Assume
deg(xs) = 3. Let us consider some child of z3 say t is not a leaf. It suffices to consider
x3 is adjacent to isomorphic copy of T,,. Let 7" =T —T,,. We have n’ = n — 5,
I' =1—-2and ¢ = s —2. To dominate the edges incident to vertices in V(T3),
to the vertex ¢ is assigned the weight two. It is easy to see that f|y () is a veR-
dominating function of T". Thus, Vyer(T) > Yoer(T') +2> (' =1 — s +3)/2+ 2 >
(n—=5—-14+2—-5+2+3)/24+2>(n—-1—-s5+3)/2.

Assume z3 is adjacent to path Ps : tuv. Let 7" =T — T;. We have n’ = n — 3,
I'=1—1and s = s—1. To dominate the edge xox1, x122, to the vertex x, is assigned
the weight two. It is easy to see that the vertex xy dominates the edge x3t. To
dominate the edge tu and uwv, to the vertex wu is assigned the weight one. It is easy to
see that f|y (1 is a veR-dominating function of T". Thus, Vyer(T) > Voer(T") +1 >
(n=l'—-s+3)2+1>n—-3—-14+1-s+1+3)/2+1>(n—-1—-s+3)/2.
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Assume x3 is adjacent to path P, : tu. Let T" = T —T;. We have n’ = n — 2,
I'=1—1and s = s —1. To dominate the edge xori,x122, to the vertex x, is
assigned the weight two. It is clear that the vertex zo dominates the edge zst. To
dominate the edge tu, to the vertex w is assigned the weight one. It is easy to see
that fly(r) is a veR-dominating function of T". Thus, Yer(T) > Yoer(T") +1 >
(n=l'—-s+3)2+1>n—-2—-14+1-s+1+3)/2+1>(n—-1—-s5+3)/2.

Assume x5 is a support vertex. Let t be a child of x3 other than z5. From operation
0y, it suffices to consider dr(x3) = 3. Let 7" = T — T;. We have n’ = n — 1,
I'=1—1and s =s—1. To dominate the edge x3t, to the vertex z, is assigned the
weight two. It is easy to see that f|y () is a veR-dominating function of 7". Thus,
Yoer(T) > Yoer(T") > (W' =I'—5'+3)/2 > (n—1—1+1—54+1+3)/2 > (n—1—5+3)/2.

Suppose deg(x3) = 2. Now assume that dr(z4) > 3. Let 7" =T — T,,. We have
n=n—-61=1-2and s = s—2. To dominate the edges incident to V(7T,),
to the vertex x, is assigned the weight two. It is easy to see that f|y () is a veR-
dominating function of T". Thus, Vyer(T) > Voer(T') +2> (0 =1 — s +3)/2+ 2 >
n—6—104+2—-5+2+3)/24+2>(n—-1—-s+3)/2.

Now deg(zy) =2. Let 7" =T —T,,. Wehaven'=n—6,'=1—1and s =s— 1.
To dominate the edges incident to the vertices in V(7,,), to the vertex x5 is assigned
the weight two. It is easy to see that f|y (1) is a veR-dominating function of 7". Thus,
Yoer(T) = Yoer(T') +2> (0 =U'— ' +3)/2+2>(n—6—1+1—s+1+3)/24+2=
(n—101—s5+3)/2. lif vper(T) = (n—1—5+3)/2, we have vyer(T") = (' —=I' — s’ +3)/2.
By the inductive hypothesis 77 € T. The tree T is obtained from 7" by operation Os.
Therefore, T' € 7.

Now, assume dp(z2) = 2. Suppose that z3 is adjacent to a path P; = ysy19¢ other
than xgxizy. Let x3 be adjacent to ys. Let dr(x3) = 2. We have T' = P;. It is easy to
see that Vyer(Pr) = (n —1—s+3)/2. Thus, T € T. Now assume that dr(zs) > 3. Let
T"=T-T,,. Wehaven'=n—3,I'=1—1and s = s — 1. To dominate the edges
YolY1, Y1Y2, Y23 and x3xs, to the vertex g, is assigned the weight two. To dominate
the edges zoxy and 12, to the vertex x; is assigned weight one. It is easy to see
that fly () is a veR-dominating function of T". Thus, Yuer(T) > Yer(T") +1 =
(n=l'-s+3)2+1=n—-3—-14+1-s+1+3)/2+1>(n—-1—-s+3)/2.

Assume that z3 is adjacent to a path P, = wysy; with z3 adjacent to y,. Let
T"=T-T,,. Wehaven'=n—3,I'=1—1and s = s — 1. To dominate the edges
Y1Y2, Y23, Tox1 and x3Ts, to the vertex x3 is assigned the weight two. To dominate
the edge 110, either z1 or zy is assigned weight one. It is easy to see that f|y(7v) is a
ve R-dominating function of 77. Thus, v,er(T') > Yoer(T')+1 = (0 =1'—5'+3)/2+1 =
m—3—-I1l4+1-s+1+3)/24+1>(n—-1—-s+3)/2.

Now, assume that 3 is a support vertex. Let x be the leaf adjacent to x3. Let
T"'=T-T, Wehaven'=n—1,I"=1—1and s = s — 1. To dominate the edges
Tox1, ToT1, Xoxsz and x3x, to the vertex s is assigned the weight two. It is clear that
the function f|y (7 is a veR-dominating function of T". Thus, Yuer(T) > Yoer(1") =
W =1U—-s+3)2=n—-1—-1+1-5+1+3)/2>(n—1—s5+3)/2.
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Assume that some child of x4, say y; other than z3 such that distance of d to
the most distance vertex of T}, is 2 or 4. It suffices to consider the case when T, is
Py = y1y9 or Py = y1yoysys. Let T/ =T —T,,. Wehaven' =n—4,0' =1—1 and
s’ =s—1. Let f be a y,.r(T)-dominating function. To dominate the edges z423, x5z,
ToX1, T1Xg, T4y1 and y1ys, to the vertices x4 and z; are assigned the weights 2 and 1
respectively. It is easy to see that f|y (1) is a veR-dominating function of 7”. Thus,
Yoer(T) = Yoer(T') +1=(n'=1'—s'+3)/2+1=(n—4—-1+1—-s+1+3)/24+1=
(n—=101—s5+3)/2. lif vper(T) = (n—1—s+3)/2, we have vyer(T") = (' —=I' — s’ +3)/2.
By the inductive hypothesis 77 € T. The tree T is obtained from 7" by operation Q.
Therefore, T' € 7.

Assume that some child of x4, say x other than z3 such that distance of d to the
most distance vertex of T, is one or three. It suffices to consider the case when T,
is Pp =y or Py =vyyoys . Let 7" =T —T,,. Wehaven’ =n—4,1'"=1—1 and
s = s—1. Let f be a v,.r(T)-dominating function. To dominate the edges z4x3
,T3To, Tox; and xy1xg, to the vertex zo is assigned the weight two. Thus, f|V(T’) is a
veR-dominating function of 7". Thus, V,er(T") > Yoer(1")+2 = (0’ —I'—5'+3)/2+2 =
mn—4—-I1l4+1-s+1+3)/24+2>(n—-1—-s+3)/2.

Now, dp(xy) = 2. Let " =T —T,,. We have n’ =n—4, ' =1l and s = s. To
dominate the edges z423 ,23%2, Tox1 and z1xg, to the vertex x, is assigned the weight
two. Thus, f|y () is a veR-dominating function of 7". It is easy to see that f|y () is a
veR-dominating function of 7". Thus, V,er(T") > Yoer(1")+2 = (0’ —I'—5'+3)/2+1 =
m—4—1—-s4+3)/2+1=n—-1—s+3)/2. If ver(T) = (n—1—s+3)/2, we have
Yoer(T") = (' — I — ' + 3)/2. By the inductive hypothesis 7" € T. The tree T is
obtained from 7" by operation Q4. Therefore, T' € 7. O

4. TREES T WITH 7,.r(T) = 29/(T)

In this section we provide a constructive characterization of trees with equal vertex-
edge Roman domination number and twice edge domination number. For the purpose
of characterizing the trees with equal vertex-edge Roman domination number and
twice edge domination number, we introduce a family F of trees T' = T}, that can be
obtained as follows. Let T} = P,. If £ > 2, then T;,; can be obtained recursively
from T; by one of the following operations.

e Operation O5: Attach a vertex by joining it to any support vertex of T;.

e Operation Og: Attach a path P, = pgrs by joining the vertex g of a vertex w
of T; adjacent to path P, = zuvt with w adjacent to u.

e Operation O7: Attach a double star D, ¢(r, s > 2) by joining one of its leaf to
a vertex of T; adjacent to a path P, or P or P, or P; or double star.

Lemma 4.1. If T € F, then v,.r(T) = 27'(T).

Proof. We use induction on the number k of operations performed to construct the
tree T. If T' is Ps, then obviously v,.r(T) = 2 = 27/(T'). Let k be a positive integer.
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Assume the result is true for 7" = T}, of the family F constructed by k& — 1 operations.
Let T'= Ty, 1 be a tree constructed by k operations.

First assume that 7" is obtained from 7" by operation Os. Let u be a support vertex
and x be a leaf adjacent to u in the graph T”. The graph T is obtained from 7" by
adding a vertex y to u. Let D be a 7/(T)-set. To dominate the edges ux and uy, an
edge incident with u other than ux and uy is in D. It is obvious that D is an EDS
of T". Thus, v(T") < ~/(T). Let D’ be a v/(T")-set. The edge which dominates uz
dominates the edge uy in graph T'. Thus, 7/(T') < +/(T"). We have v'(T') = +/(T"). Let
f1 be a veR(T")-dominating function of 7". If the vertex x has weight one, then the
vertex u has weight zero. Replace the weight of these two vertices. The function f; is a
ve R-dominating function of 7. Thus, Yyer(T) < Yoer(T”). Let f be a v,ep-dominating
function of T'. To dominate the edges ux and yu, the vertex u is assigned with weight
one or a vertex in N(u) is assigned with weight two. If the leaf y is assigned weight
two, then the vertex = has weight zero. Replace the weight of x from zero to two.
The function f is a ve R-dominating function of 7”. If the vertex wu is assigned with
weight one then f is a ve R-dominating function of T". Thus, Yyer(T") < Voer(T). We
get Yoer(T) = Yoer(T") = 29/(T") = 2¢/(T).

Now, assume that 7T is obtained from 7" by operation Og. Let the vertex w € T”
be adjacent to path Py = zuvt with u adjacent to w. The graph T is obtained from
T’ by adding another path P, = pgrs with ¢ adjacent to w. Let D be a ~/(T”)-set of
T'. 1t is clear that D U {¢r} is an EDS of T'. Thus, v(T) < +(T)) + 1. Let D’ be
a v/ (T)-set. To dominate the edges rs and vt, the edges gqr,uv € D’. It is easy to
verify that D"\ {gr} is an EDS of the graph 7". Thus, 7/(7") < +/(T') — 1. We have
Y (T)=+'(T") + 1. Let f be a y,eg-function of T7’. To dominate the edges vt, uv and
ux, the vertex u is assigned with weight two. Define a function f; on V(T') as

fla), ifacV(T)
fila) =4 2, ifa=r,
0, if a=p,q,s.

Clearly, f; is a veR-dominating function of 7. Thus, Yyer(T) < Yper(T') + 2. Let
f1 be a vyer(T)-dominating function. As in the previous case, the vertex r and
u are assigned a weight two. The function f|y (/) is a veR-dominating function
of T". Thus, Vuer(T") < Yoer(T) — 2. We have Yer(T") = Yoer(T) — 2. We get
Yoer(T) = Yuer(T") +2 = 2/ (T') + 2 = 2(+/(T) — 1) + 2 = 2/(T).

Now, assume that 7" is obtained from 7" by operation Q7. Let d be a vertex of T”
with dr/(d) > 3. Let d be adjacent to Py or P5 or P or P, or D, 4, r,s > 2. The graph
T is obtained from 7" by joining a leaf of D, 4, 7,5 > 2, to d. Let the support vertices
of D, s be v and v. Let the leaves of u be w and w; and the leaves of v be t and ¢;. Let
w be adjacent to d. Let D be a 7/(T")-set. The vertex d is adjacent to Py or P or Py
or Py or D, 4(r,s > 2), an edge incident with d is in D. It is easy to see that DU {uv}
is an EDS of the graph 7. Thus, v(T') < +/(7") + 1. Let D’ be a ~/'(T)-set. To
dominate the edges vt, uw and uwy, the edge wv is in D’. It is obvious that D"\ {uv}
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is an EDS of graph T”. Thus, v'(T") < +/(T) — 1. We have v/(T") =+/(T) — 1. Let fi
be a v,.g-dominating function of 7. To dominate the edges vt and uwv, the vertex u
is assigned with weight two. It is obvious that fi|y (1 is a ve R-dominating function
of T". Thus, Yper(T") < Yuer(T) — 2. Let f be a y,.r(G)-dominating function of 7.
Define f; on V(T') as
fla), ifaeV (T,
fila) =4 2, if a = u,

0, otherwise.
Clearly, f is a veR-dominating function of 7. Thus, Y,er(T) < Voer(T') +2. We
have Yer(T) = Yoer(T") + 2. We get Yper(T) = Yper(T') +2 = 29/(T") + 2 =

2Y(T) — 1) +2=29/(T). O
The following theorem gives a characterization of trees for which ~v,.z(T") = 29/(T).

Theorem 4.1. Let T be a nontrivial tree. Then v,.r(T) = 27 (T) with equality if
and only if T € F.

Proof. If T € F, then by Lemma 4.1, vyer(T) = 2+/(T). If diam(7) = 1 or 2, then
T is Py or star. We have v,.r(T) =1 < 2 = 29/(T). Assume diam(7) = 3. If T is
Py. We have v,.g(T) = 29/(T). If T is a double star other than P,, then 7" can be
obtained from P, by applying operation O;. The result is proved by induction on
order n. Assume that the result is true for all tree T” of order n’ < n.

Let u be a strong support vertex. Let u be adjacent to two leaves x and y. Let
T" =T —x. Let D be a any +/(1")-set. To dominate the edges ux and wuy, an
edge incident with u other than ux and wy is in D. It is easy to see that D is
an EDS of 7". Thus, 7 (7") < 4/(T). Let f; be a veR(T")-dominating function
of GG. If the vertex x has weight one, then the vertex u has weight zero. Replace
the weight of these two vertices. The function f; is a veR-dominating function of
T. ThUS, ’YveR(T) S ’YveR(T/)- ThUS, ’YUeR(T) S ’VveR(T/) S 27/(T/) S QVI(T) It
Yoer(T) = 27/ (T'), then v,.r(T") = 2+/(T"). By the inductive hypothesis 77 € F. The
tree T is obtained from 7" by operation O5. Thus, T' € F. Henceforth, we can assume
that every support vertex of T" is weak.

Let ujusus ... u, be the longest path in the tree T. Then k£ > 4 and dr(uq)
dr(ug) = 1. The vertices us and wuy_; are support vertices, we can assume dp(ug) =
dT(Uk—l) = 2.

Assume that ug is adjacent to a path P, = pq other than usu;. Let D be a +/(T')-set.
To dominate the edges ujus and pq, the edges usus, pus is in D. Define a function
f on V(T) by assigning weight one to the vertices in V ((D)) \ {u2, us, p}, assigning
weight two to ug and zero to all other vertices. It is clear that f is a veR-dominating
function of T'. Thus, Yuer(T) < 2(7/(T) — 2) + 2 < 2+/(T'). Hence, the vertex ug is a
support vertex. By operation Oj, it suffices to consider dr(uz) = 3. Let = be a leaf
adjacent to ug.

Assume that uy is adjacent to a path Py = pgr. Let D be a 7/(T')-set. To dominate
the edges usuy and rq, the edges usug, pq is in D. Define a function f on V(G) by
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assigning weight one to the vertices in V' ((D)) \ {us, u2, p}, assigning weight two to
u and zero to all other vertices. It is easy to observe that f is a veR-dominating
function of G. Thus, v,.r(T) < 2(v'(T) —2) + 3 < 27/(T).

Assume that wuy is adjacent to a path P, = pg. Let D be a +/'(T')-set. To dominate
the edges ujug and pq, the edges ugug, puy is in D. Define a function f on V(G) by
assigning weight one to the vertices in V' ((D)) \ {u4, us, p}, assigning weight two to
uy and zero to all other vertices. It is easy to observe that f is a veR-dominating
function of T'. Thus, v,er(T) < 2(7/(T) — 2) + 3 < 27/(T).

Assume that uy is a support vertex. Let y be the leaf adjacent to uy. Let dp(uy) = 2.
We have T is GG1, where (G is obtained from P5 by attaching a leaf adjacent to vertex
of Ps with minimum eccentricity. We have v,.r(G1) = 2 < 4 = 27/(G1). Assume
dr(us) > 3. Let d be a vertex adjacent to uy other than ug and y. Let D be a
7' (T)-set. To dominate the edges usu; and uyy, the edges usus, duy is in D. Define
a function f on V(G) by assigning weight one to the vertices in V' ((D)) \ {us, ua, d},
assigning weight two to uy and zero to all other vertices. It is easy to observe that f
is a veR-dominating function of G. Thus, v,.r(T) < 2(v'(T) —2) + 3 < 27/(T).

Assume that uy is adjacent to Py = pqrs with ¢ adjacent to uy. Let 7" =T — T,,.
Let D be a v/(T)-set. To dominate the edges usu; and rs, the edges usus,qr € D'. It
is easy to verify that D \ {gr} is an EDS of the graph 7”. Thus, ~'(T") <~'(T') — 1.
Let f be a v,.g-function of T. To dominate the edges ujus, usus and uszx, the vertex
u is assigned with weight two. Define a function f; on V(7T) as

fla), ifaeV (T,
fila) =4 2, if a = q,
0, if a=p,rs.
Clearly, f; is a veR-dominating function of H. Thus, Y,er(T) < Yper(T") +2. We get
P)/veR(T) < f)/veR(T/) +2 < 27,<T,) +2 < 2(7,<T) - 1) +2= 27/(T) If 7veR<T) = 27,(T)7
then v,.r(T") = 29/(T"). By inductive hypothesis 7" € F. The tree T is obtained
from 7" by operation Og. Thus, T € &.

Assume dp(ug) = 2. Let dr(us) > 3. Let 7" =T —T,,. Let D be a «/(T)-set.
To dominate the edges ujus, usr and usuy, the edge usus is in D. It is obvious that
D\ {usve} is an EDS of graph G. Thus, 7/(T") < ~'(T') — 1. Let f be a vyer(T")-
dominating function. Define f; on V(T') as

fa), ifaeV(T),
fila) =14 2, if a = us,
0, otherwise.
Clearly, f; is a veR-dominating function of H. Thus, v,er(T) < Yper(T") + 2. We get
’}/fueR(T) < W/veR(T/) +2 < 2’7/(T/) +2< 2(7/(T) - 1) +2= 27/(T) If VUeR(T) = 2,7/(T)7
then v,.r(T") = 27/(1"). By inductive hypothesis 77 € F. The tree T is obtained
from T" by operation Q7. Thus, T € F.

Assume dr(us) = 2. Let D be a 4/(T)-set. To dominate the edges usu; and

usuy, the edges usug, usug is in D. Define a function f on V(G) by assigning weight
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one to the vertices in V((D)) \ {ug,us,us}, assigning weight two to uz and zero
to all other vertices. It is clear that f is a veR-dominating function of 7. Thus,
Yoer(G) < 2(4(T') — 2) + 3 < 29/(T).

Now, assume dp(u3) = 2. Assume the vertex uy is adjacent to path P3 = pgr. Let D
be a v/(T)-set. To dominate the edges usu; and rq, the edges usus, pqg is in D. Define
a function f on V(G) by assigning weight one to the vertices in V((D)) \ {us, u2, p},
assigning weight two to usg and zero to all other vertices. It is easy to observe that f
is a veR-dominating function of T'. Thus, v,er(T) < 2(7(T) — 2) + 3 < 27/(T).

Assume the vertex wuy is adjacent to path P, = pq. Let D be a ~/(T)-set. To
dominate the edges usu; and pq, the edges usus, puy is in D. Define a function f on
V(@) by assigning weight one to the vertices in V ((D)) \ {us, us4, p}, assigning weight
two to uy and zero to all other vertices. It is clear that f is a ve R-dominating function
of G. Thus, v,er(T) < 2(v(T) —2) + 3 < 27/(T).

Assume the vertex uy is a support vertex. Let x be the leaf adjacent to uy. Assume
that dp(us) = 2. We have T' = P5 and v,.r(T) = 2 < 4 = 29/(T). Now assume
dr(uy) > 3. Let D be a +/(T')-set. To dominate the edges ujuy and zuy, the edges
usus and an edge incident with wuy, say usd, other than usus and uyx is in D. Define
a function f on V(G) by assigning weight one to the vertices in V' ((D)) \ {us, ua, d},
assigning weight two to u4 and zero to all other vertices. It is easy to see that f is a
ve R-dominating function of T'. Thus, v,er(T) < 2(7/(T) — 2) + 3 < 29/(T).

Now, dp(uy) = 2. Let dg(us) = 1. Then T is Ps. We have v,.r(T) =2 < 4 = 2+/(T).
Assume dr(us) > 2. Let D be a /(T)-set. To dominate the edges ujus and uqus,
the edges ugug, ugug is in D. Define a function f on V(T') by assigning weight one to
the vertices in V' ((D)) \ {us, us, ug}, assigning weight two to the vertex us and zero
to all other vertices. It is obvious that f is a veR-dominating function of 7. Thus,
Yoer(T) < 2(7/(T) = 2) +3 < 29/(T). O
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DIFFERENTIAL SUBORDINATION AND SUPERORDINATION
FOR A NEW DIFFERENTIAL OPERATOR CONTAINING
MITTAG-LEFFLER FUNCTION

SUHILA ELHADDAD! AND MASLINA DARUS!*

ABSTRACT. Owning to the importance and great interest of linear operators, a gen-
eralisation of linear derivative operator Hj" (a, B8, a1,b1)f(2) is newly introduced in
this study. The main objective of this paper is to investigate various subordination
and superordination related to the aforementioned generalised linear derivative op-
erator. Additionally, the resultant sandwich-type of this operator is also considered.

1. DEFINITION AND PRELIMINARIES

Let A ={z € C: |z| < 1} be the open unit disk and H = H(A) indicate the family
of analytic functions within A. For a € C and n € N, let H|[a,n] be the subclass of
H containing the functions of the form

Ha,n) = {f € H(A) : f(2) = a+an2" + aparz" ™ 4o}, 2€A.

Furthermore, let A(p) indicate the subclass of H containing the functions having the
following form

(1.1) f(z) =2F + f: a;z', p €N,

i=p+1

which are analytic and p-valent in A. For clarity, we write A(1) = A.

Key words and phrases. Analytic functions, starlike functions, linear operator, superordination,
subordination, Mittag-Leffler function.
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700 S. ELHADDAD AND M. DARUS

The convolution (or Hadamard product) f * g for two analytic functions f defined
by (1.1) and

g(z) =22+ Z b2
i=p+1
is given by
f(z)xg(z) =2+ Z a;b; 2"
i=p+1

For the two analytic functions f and g in H(A), we are saying that f(z) is subor-
dinate to g(z) usually denoted by f(z) < g(2) in case if there is a Schwarz function w
with w(z) =0, |w(2)| < 1, z € A, such that f(z) = g(w(z)) for all z € A.

Especially, if g(z) is univalent in A, then f < ¢ if and only if f(0) = ¢(0) and
f(A) C g(A).

Let 8 (p) and K,(p) denote the familiar subclasses of the class A(p) consisting
of the functions which are p-valently starlike and p-valently convex of order « in A,
respectively,

8(p) :{feﬂ(p):Re{zJ{;S)} > a, zeA},

Kalp) = {f € Ap) : Re{l + ZJ{((ZZ))} >,z € A}.

The method of differential subordinations ,which is additionally called the admissible
functions method, was maybe the first one presented by Miller and Mocanu in 1978
[13]. From that point onward and roughly in 1981 [14] the theory started to proliferate
and progressively develop. Relevant details are epitomized in a book written by Miller
and Mocanu [15].

Definition 1.1 (see [15]). Let ¢ : C* x A — C and h(z) be univalent in A. If {(2)
is analytic function in A and also satisfies the second-order differential subordination
(1.2) p(C(2),2C (), 2°C(2);2 € A) < h(2), z €A,

then ((z) is defined as a solution of the differential subordination (1.2). A univalent
function ¢(z) is called a dominant if ((z) < ¢(z) for all ((z) satisfying (1.2). A
dominant q is called the best dominant when § < ¢ for all dominants ¢ of (1.2).

Definition 1.2 (see [16]). Let ¢ : C* x A — U let h(z) be analytic function in
A. If ¢(2) and ¢(((2),2¢ (2), 2%C"(2); 2) are univalent in A and ((z) satisfies the

(second-order) differential subordination

(13) h(z) < 6(C(2), 2 (2),2°C(2), 2 €A,
then ((z) is defined as a solution of the differential subordination (1.3). An analytic
function ¢(z) is called a a subordinates, if ¢(z) < ((z) for all {(z) satisfying (1.3). A

univalent subordinate q is called the best subordinate when ¢ < ¢ for all subordinates
q of (1.3).
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Definition 1.3 (see [16]). Let G denote the set of functions f which are analytic and
injective on A\B(f), where

B = {€ €08 tim 1(2) = oo

and f(€) 0, € € DA\B(f).

In 1999, Dziok and Srivastava [6] introduced the function g,(ay,. .., a., by, ..., bs; 2),
which defined by generalized hypergeometric function as following

)

N (ar)ipo(ar)ip 2
(1.4)  gplay,...,amby,... bs;2) =2" + , ,
e 1 izp—:i—l (b1)ip - (bs)ip (i — p)!

where ay € C, b, € C\{0,—1,...},; k=1,...,r,n=1,...,sand r < 1+s,r s €Ny
and (v); is the Pochhammer symbol defined by

(v +1) vio+1)---(v+i—1), i=1,2,...,
(v)i = T(v) :{1,( )l ) i = 0.

peN,

For convenience, we write g,(as, ..., a,,b1,...,bs;2z) = G,(a1,by; 2).

The well known Mittag-Leffler function F,(z) which is introduced by Mittag- Leffler
[17] and [18] is defined hereunder. Similarly, the first two parametric generalization
E. 5(z) of the same function by Wiman [27] is defined as well

}
Bale) = 2 v
and '
o0 ZZ
Eap(2) = ;) T(ai + )

where «, 5 € C, Re(a) > 0 and Re(5) > 0.

The above mentioned resulted in plenty of valuable work has been made by numerous
authors in an endeavor to clarify Mittag-Leffler function and its first two parametric
generalization, see for instance [4,8-10,20,23,25] and [26].

Now, we define the function F, g(z) by

- L'(8) »
Fap(z) =2I'(B)Eap(z) = 2 + - 2°.
() =B Eusle) = 24 D e
Having use of the function F, 3(z), Elhaddad et al. [7] defined the differential
operator DY (o, B)f : A — A as illustrated below:

(1.5) D (e, B)f(2) = 2 + f;[l MR vy ey

where m € Ny = NU{0}, § > 0.
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Now, we define the operator Dy (v, 5) f(z) in (1.5) of a function f € A(p) given by
(1.1) as below:

(1L6) DI (0 f)f(z) =2+ 3

i=p+1

a;z', pEN,

[p + (i — p)ﬂ "
p I(a(i—p)+p)
where m € Ny, 6 > 0.
Corresponding to G,(ay, bi; 2) which defined in (1.4), D (a, B) f(2) defined in (1.6)

and utilizing Hadamard product, we define a new generalized derivative operator
HF (v, B, a1,b1) f(2) as follows.

Definition 1.4. Let f € A(p), then the generalized derivative operator
Hy, (o, B,a1,01) f(2) : A(p) — A(p) is given by
(17) Ngtlp<a7ﬁua’labl>f(z)

:Sp(ala bla Z) * Dg’?p(a7 /B)f(z)

P > [p+(—p3d|"” I'(B) (a1)ip--(ar)ip a2’
> l p ] L(a(i—p)+B) (b)ip- - (bs)ip (i —p)!

We can easily verify from (1.7) that

i=p+1

(18) pﬁg?p+1(a7ﬁaala b1>f<2> :(p _pé)wglp(a767alabl)f(z)
+52( :;t;((]!,ﬁ,(ll,bl)f(z))/-
Remark 1.1. efors=0,r=1 a, =1, a=0, § =1and p =1, we get

Al-Oboudi operator [1].

efors=0,r=1,a0=1 =1, a=0,0=1and p =1, we get Salagean
operator [22].

efors=0,r=1 a =1 m=0andp=1, we get E, 5(2) [25].

e For m =0, a = 0 and § = 1, we get the operator studied by Dziok and
Srivastava [6].

eform=0 a=0,p=1,r=1, s=0, ag = A+ 1and § =1, we get the
operator examined byby Ruscheweyh [21].

e Form=0, a=0, p=1, r=2, s=1and =1, we get the operator which
was introduced by Hohlov [11].

efForm=0 a=0,p=1r=2, s=1, ap =1and g =1, we get the operator
investigated by Carlson and Shaffer [5].

So as to demonstrate and approve above results, following primer results are re-
quired.

Lemma 1.1 (see [24]). Let g(z) be convex function within the open unit disk A and
let v and pv be complex numbers, v € C and p € C/{0}, with

Re {zg”(z) + 1} > max {—Re <V> ,O} :
9'(2) m
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If h(2) is analytic within A and
(1.9) vh(z) + pzh'(z) < vg(z) + pzd'(2).
Thus, h(z) < g(z), z € A, and g(z) is the best dominant of (1.9).

Lemma 1.2 (see [16]). Let pu be a complex number with Re(u) > 0 and g be a convex
function within A. If h(z) € H[g(0),1]NG and h(z) + uzh'(z) is univalent in A, thus

(1.10) 9(2) + pzg'(2) < h(z) + peh'(2),
consequently, g(z) < h(z) and g(z) is the best subordinant of (1.10).
2. MAIN RESULTS

Theorem 2.1. Let m € Ny = NU{0}, 6 > 0, 0 € C/{0} and ﬁg?p(a,ﬁ,al,bl)f(z)
defined by (1.7). Let g(2) be univalent in A, with g(0) =1, and assume that

el {5re (7)o}
1 1 —= — .
(2.1) Re{g’(z) + }>max 5Re - ,0
If f in the class A(p) satisfies the subordination condition
(2.2)
?Cg?p—i_l(a?ﬁ?alabl)f(z) Ng?p(avﬁaah(h)f(’z) o0 /
o ( o +(1-o0) o < g(z) + - (2),
then .
Hipla, B, a1, b
é,p(a /8221 1)f(Z) =< g(Z)
and g(z) is the best dominant of (2.2).
Proof. Define the function ((z) by
Hy b
Differentiating (2.3) logarithmically with respect to z, we have
(2.4) 2('(2) _ Z(ﬁgp(aaﬁaalabl)f(z))/ B
C(Z> g?p<a767alabl)f(z)

Using (1.8) in the resulting equation (2.4), we get
0 _ () {z@”},ﬁ(a,ﬂ,al,bl>f<z>>’ ) 1}
0 HP (a, B,a1,01) f(2)
=0 (ﬁg?;—l(a’ B, a1, bl)f(Z)> +(1—-o0) (ﬁg}p(()z’B’ ar, bl)f(z))

zP 2P

od
=((2) + PR (2),
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then the differential subordination from hypothesis (2.2) is equivalent to

90 ¢ @z’z
C(Z)JF;ZC (2) < g(2) + p g'(2).

To prove our result, we need to use Lemma 1.1. For that purpose, let v =1, u = %f.
We get
:{lp(% 57 ap, bl)f(z>
por < 9(2),
which is the required result. 0]

Setting g(z) = }igz in Theorem 2.1, where —1 < D < C' < 1. Then, the condition
(2.1) turn into

1—Dz P 1
(2.5) Re{1 +Dz} > max {O’_(SRG (J)}, z € A.

The function

l—n
U(y)=—, < |D|,
=17 5 Iyl < |D]
is convex in A and since ¥(7) = U(y) for all |y| < |D|, then the image W(A) is a
convex domain symmetric with respect to the real axis. Thus,

) 1—-Dz 1—|D|
f T Ab = .
in {Re(1+Dz>,Z€ } 1+|D|>O

Then, the relation (2.5) is identical to

p 1 |D| —1
PRe(2) > ,
5 \o) = D +1

as a result, we get the following corollary.

Corollary 2.1. Let m € Ny =NU{0}, 6 >0, -1 < D < C <1 ando € C/{0} with

max {0, —gRe (1>} L= |D|
) o

1+|D|
If f in the class A(p) and

IN

26 o (%s'fﬁa,ﬁ,al,bnf(z)) Chw (:}czfp<a,ﬁ,a1,bl>f<z>)
2P P
4O o (C D)
1+Dz p (1+D)?2"7
then -
ng(a,ﬁ,al,bl)‘f(Z) 1+CZ
<
zP 1+ Dz
1
and + 2 is the best dominant of (2.6).

1+ Dz



DIFFERENTIAL SUBORDINATION AND SUPERORDINATION FOR A NEW 705

Theorem 2.2. Let m € Ny = NU{0}, § > 0, o € C/{0} and H (a, B,a1,b1) f(2)
defined by (1.7). Let h(z) be a convex function in A, with h(0) = 1. Let f in the class
A(p) and

ﬁgfp<aa 6a ag, bl)f(Z) c

zP

. (%%,ﬁ, al,bnf(z)) o) (”%(a,ﬁ,al,boﬂz))

H[1,1]NG.
If

2P 2P

in univalent in A, and

(2.7 o)+ ) <o (WJ 1(0‘75;pa1>51)f(2))
L 1—0) (”foﬁa(av 5,0 bl)f(Z))

then .
g{g}p(aa B? ai, bl)f(z)

P

h(z) <
and h(z) is the best subordinant of (2.7).
Proof. Define the function y(z) by

ﬁ(T;,%;D(OQB:alabl)f(Z) o
zp o X(Z)

From the presumption of Theorem 2.2, we note that the function y is analytic in the
open unit disk A. Differentiating (2.8) logarithmically with respect to z, we get

29) () _ 200,800/

x(2) H (o, B, ar, by) £(2)

Using (1.8) in (2.9) and after some calculations, we get

od (2) =0 (9{2?%1(04,5, a1,b1)f(z)) (1= o) ( g’:‘p(a,ﬁ,al,bl)f(z))

2) + —zx
x(z) + —72x por g

(2.8)

and presently, by utilizing Lemma 1.2, we have the specified result. O

Setting h(z) = %igi in Theorem 2.2, where —1 < D < C < 1, we get the following
result.

Corollary 2.2. Let m € Ng = NU{0}, 0 >0, 0 € C/{0}, -1 <D <C <1 and
i, B,a1,b1)f(2) defined by (1.7). Let f in the class A(p) and

N(Tp(Cyu 57 ay, bl)f(Z) c

zp

H[1,1]NG.
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If

zP P

. (ﬁzfp%,/a, al,bnf(z)) -0 (ﬁg'?pm,ﬁ,al,bnf(z))

is univalent in A, and

1+Cz 06 (C—D)z (ﬁ$p+1(a,ﬁ, ar, bl)f(z>)
<o

(2.10) +—

1+Dz  p (14 Dz)? 2P
o) (%gfpm,ﬁ,al,bl)f(z)) |
2P

then .

1 +CZ j-cg?p(CK?Baabbl)f(Z)

<

1+ Dz 2P

and %frgz is the best subordinant of (2.10).

Combining Theorem 2.1 and Theorem 2.2, we get the following sandwich result.

Theorem 2.3. Let m € Ny = NU{0}, § > 0, o € C/{0} and H (a, B,a1,b1) f(2)
defined by (1.7). Let h(z) and g(z) be a convex function in A, with h(0) = g(z) = 1.
Let f in the class A(p) and

ﬁg,Lp(aa 67 ap, bl)f(z) e

zP

H[1,1]NG.
If

. (ﬁ?f;%a,@, al,bof(z)) o) (ﬁzfp(a,ﬁ,al,bl)f(z))

zP 2P
s univalent in A\ and

ofd) (ggp+l(aaﬁaa1,bl)f(z)>

(2.11)  h(z)+ ?zh’(z) <0 por

o) (%(a’ﬁ a1, 01) f(2)

zP

) <9(x) +24/(2),

then

H™ (a, B, a1, b
6,p(a 5;1 1)f(z)_<g(z)7

and h(z) and g(z) is the best subordinant and the best dominant respectively of (2.11).

h(z) <

We skip the proofing because it is the same as in the proof of the last theorem.

Remark 2.1. Other work associated with the derivative and integral operator for
different issues can be determined in [2,3,12] and [19].
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SIMPSON’S TYPE INEQUALITIES VIA THE KATUGAMPOLA
FRACTIONAL INTEGRALS FOR s-CONVEX FUNCTIONS

SETH KERMAUSUOR!

ABSTRACT. In this paper, we introduce some Simpson’s type integral inequalities
via the Katugampola fractional integrals for functions whose first derivatives at
certain powers are s-convex (in the second sense). The Katugampola fractional
integrals are generalizations of the Riemann—Liouville and Hadamard fractional
integrals. Hence, our results generalize some results in the literature related to the
Riemann-Liouville fractional integrals. Results related to the Hadamard fractional
integrals could also be derived from our results.

1. INTRODUCTION

The inequality below is known in the literature as the Simpson’s inequality:

/abf(t)dt_ b—a [f(a) +4f(a-2|'b> +f(b)] < %Hfu)

where f : [a,b] — R is a four times continuously differentiable function on (a,b) and
7@ = su |90
) te(a,b)

This inequality has been studied and generalized by many authors over the years.
For more information on recent results about the Simpson’s inequality, we refer the
interested reader to the papers [1,2,6-8,11,14,15].

Y
[e.9]

< oQ.

Definition 1.1 ([3]). A function f : [0, 00) — R is said to be s-convex (in the second
sense), for s € (0, 1], if

fltz+ (1 —t)y) <t°f(z) + (1 —1)°f(y),

Key words and phrases. Simpson’s type inequalities, Holder’s inequality, s-convexity, Katugampola
fractional integrals, Riemann—Liouville fractional integrals, Hadamard fractional integrals.
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for all 2,y € [0,00) and ¢ € [0, 1].
Remark 1.1. If s = 1 in Definition 1.1, then we have the definition of convex functions.

Recently, Cheng and Huang [5] obtained the following Simpson’s type inequalities
for s-convex functions via the Riemann-Liouville fractional integrals.

Theorem 1.1 ([5]). Let f: I C [0,00) — R be a diferentiable mapping on I° such
that f' € Ly([a,b]), where a,b € I° with a < b. If |f'| is s-convex on [a,b] for some
fized s € (0,1], then the following inequality holds:

oo (437) 0] - e () s (47

<ot (@l + 170 e, 9),
A e

where
1
I(a, :/ L
(@5)= ) 1373

Ji- f(z) and JS f(x) denotes the right- and left-sided Riemann—Liouville fractional
integrals of f at x respectively (see Definition 1.2).

Theorem 1.2 ([5]). Let f: I C [0,00) — R be a diferentiable mapping on I° such
that f' € Ly([a,b]), where a,b € I° with a < b. If |f'|? is s-convex on [a,b], for some
fizred s € (0,1] and q > 1, then the following inequality holds:

i (13 o] IR (13 e (37)]

<5 (L 3Tﬁ>i[<@ﬁ*—1»fwﬂ«+u«@w>i

25(s+1)
+<@H*—numww+uwww>17

25(s+ 1)
where % + % = 1.
Theorem 1.3 ([5]). Let f : 1 C [0,00) = R be a differentiable mapping on I1° such
that f' € Li([a,b]), where a,b € I° with a < b. If |f'|? is s-convez on |a,b], for some
fized s € (0,1] and q > 1, then the following inequality holds:

1 a+b 27 M(a+1) [, . (a+Db o o[a+d
s (157) e R s (57 s ()
Sb ; af5(04, s) {16(0475)% + I7(a, 5)%} ,

where
1
Is(a, s) = </
0

t* 1

QI

1 1-3
—— Z|dt
2 3‘) ’
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wews) = [ |5 =3l [(57) 1o+ (F37) rar] d

i) = [ |5 =35/ [(50) @i+ (F50) 1o a

The goal in this paper is to provide some Simpson’s type inequalities for s-convex
functions in the second sense via the Katugampola fractional integrals. Our results
generalizes Theorems 1.1, 1.2, 1.3 and also some results in [11]. We complete this
section with the definitions of the Riemann—Liouville, Hadamard and Katugampola
fractional integrals.

and

Definition 1.2 ([12]). The left- and right-sided Riemann—Liouville fractional integrals
of order aw > 0 of f are defined by

tﬁJ@ﬁ:IéwLQx—ﬂaﬁﬁwt

and

B @) = s [ =2 oy

with a < z < b and ['(+) is the gamma function given by
['(x) ::/ t*te~tdt, Re(z) >0,
0
with the property that I'(z + 1) = 2I'(z) .

Definition 1.3 ([13]). The left- and right-sided Hadamard fractional integrals of
order o > 0 of f are defined by

H, f(z) = r(la) / (ln f)a_l fit)dt

HE f(x) = r(la) /: (ln ;)Q_l fit)dt

In what follows, X?(a,b), c € R, 1 < p < oo, denotes the set of all complex-valued
Lebesgue measurable functions f for which || f||x» < oo, where the norm is defined by

b dt\ "
= ([1erert) L rspe,

and, for p = oo, || f||xe = esssup,,<; [t°f(t)|.
In 2011, Katugampola [9] introduced a new fractional integral operator which
generalizes the Riemann-Liouville and Hadamard fractional integrals as follows.

and
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Definition 1.4. Let [a,b] C R be a finite interval. Then, the left- and right-sided
Katugampola fractional integrals of order a > 0 of f € X?(a,b) are defined by

b1 - plfa T tpfl
]a+f<x> T F(Oé) /a ([Ep . tp)l_af(t)dt

and
11—«

b7 p b tp—1
B = f | e/ O

with a < x < band p > 0, if the integrals exist.

Remark 1.2. 1t is shown in [9] that the Katugampola fractional integral operators are
well-defined on X?(a,b).

Theorem 1.4 ([9]). Let o > 0 and p > 0. Then, for x > a,
(a) fl)l_rflpj +f( T) = J‘ﬂ_f(;p);
(b) pli)m+ P15 f(x) = Hy f(x).

Similar results also hold for right-sided operators.

For more information about the Katumgapola fractional integrals and related results,
we refer the interested reader to the papers [4,9,10].

2. MAIN RESULTS

To obtain our main results, we need the following lemma which is a generalization
of [5, Lemma 2.1] and [11, Lemma 5.

Lemma 2.1. Let a,p > 0 and let [ : [a”,b’] — R be a differentiable function on
(a?,b"), with 0 < a < b such that f" € Li([a”,b"]). Then the following identity holds:

| (U5 + a0

2o LooT (o + 1) af + b° af + b°
a1 () s (5

0 _ ap 1/1 ap 1 4¢P 1 —¢P
AL () (e 5
0

_/ <_tap)tp—1fr<1—2tp n 1+tpbp>dt].

Proof. We start by considering the following computations which follows from change
of variables and using the definiton of the Katugampola fractional integrals.

1 1+t 1—tr
/t“ﬂlf(; a’ + 5 bp)dt

14t 1—tr
_/talptp 1f( LV 5 bp)dt
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D=

Qa (M> p bP a—1
’ o —uf w1t f (u) du

T (b — ar)* Ja 2

2°p* 1T () af + b°
2.1 =P
(2.1) (b — ar)> at 2
and, by similar argument as above, we have

—t° 1 + tP 290217 () a’ + b°

ap—1 a” p — pra

(2.2) / t ( + 0 ) i =" (5 )

Now, by using integration by parts and (2.1), we obtain

11 tor 1+t° 1—tr
I:/ (—)tﬂ‘“( P b")dt
L= \37 2 Pl +—

2 Lo\ Lt 1=t
- (Z__ %
p(ap—bp)<3 2)f< y Ty )

1

0

* p(a?’a—pb/’) /01 taglf (1 —;tpap * E ) at
3= ) e ( : bp)

“piw (e )
5o ( )

(2.3)

200 (o + 1) a —|— b*
- (bp _ ap)oHrl f ’

Similarly, by using integration by parts and (2.2), we obtain

Ll ger L=t 141
=[Gt )
*“h\37 2 Plrg ot —t)d

-1 2 a’ + b°
T ) —
3p(bp—ap)f( ) 3p(bp—ap)f< 2 )
aa—1 P 0
2% F(a—i_l)p]gif a’ + b .
(bP — ar)att 2
Using (2.3) and (2.4), we obtain

1 p a? + b? o
]1—]2=W[f(a)+4f< 5 >+f(b )]

2.5) 27 T (e 4 1) l Y (a” +bﬂ> Y (a” +bﬂ)].

(b2 — ar)oiT 2

(2.4)
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The desired identity is obtained by multiplying both sides of (2.5) by M. This
completes the proof. O

Theorem 2.1. Let a,p > 0 and let f : [a”?,b°] — R be a differentiable function on
(a?,bP), with 0 < a < b such that f" € Li([a”,b"]). If |f'| is s-convez for s € (0,1],
then the following inequalities hold:

fersa (25 -2t

() s (3

b? — af

< Cla) (I @)+ 17'w)))

2.6 S (@117
where
aaﬁy:Ali—g101+mf+a—ufDdu
Proof. Using Lemma 2.1 and the s-convexity of |f'|, we obtain
@ () 4w

20150 (q + 1) AN af + b
e e () e (5

P qPf) rl 4
Sp(bQ(z)/ 1t < (1+ta'°+1 tb)‘
0

3 92 2 2

(55 ) o

L - D (S e+ S5 e
+ e+ S

:“2‘> [ =S+ =) (1) + 170 )

SO [ = 0+ (0= ) du @)+ @)
¥ — )

=gerr Gl ) (IF (@) + 11 ("))
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where

1 u®

573 (14+u)*+ (1 —u)®) du.

Cla, s) = /01

This proves the first inequality in (2.6). To obtain the second inequality in (2.6), we
< ¢ for all u € [0,1]. Thus,

observe that ‘ é

Clay, s) < ;/01 ((1 +u)’ 4+ (1— u)s>>du = B(ij—ll)'

This completes the proof. O

Remark 2.1. If p = 1, then the first inequality in Theorem 2.1 coincides with the
inequality in Theorem 1.1 and the second inequality coincides with the inequality in
Corollary 8 in [11].

Corollary 2.1. Let a,p > 0 and let f : [a”,0’] — R be a differentiable function on
(a?,b°), with 0 < a < b such that f" € Li([a?,b"]). If | f’| is convex, then the following
inequalities hold:

‘épmw+4f(”§”>+fw@]

B 2a—lp@F(Oé—:1) [ o (ap+b ) Y <a9+bp> H

(bP — ar) 2
<"l 1) (@) + 1)
@)+ 1)

Proof. The result follows directly if we take s = 1 in Theorem 2.1. 0

Theorem 2.2. Let a,p > 0 and let f : [a”,b°] — R be a differentiable function on
(a?,b), with 0 < a < b such that f' € Ly([a”,0?]). If |f'|? is s-convez for s € (0,1]
and g > 1, then the following inequalities hold:

‘ép<> M(“+b>+ﬂwﬂ

2071 poT (v + 1) a’ +0"\ | e [V
e [ () s ()

et 7>W(§:+ﬂ|< w+9%;Pwamﬂé

1 T NT S+11/pq%
tpag@r sy lrer)’]

1 u®

32
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Q=

M—MK?“—l

q 1 TN
L @ sl

1 (P4 28+1_1/pq%
e) 4 (gargle@rt pasiren)]

where %Jr%: 1.

Proof. Using Lemma 2.1, the Holder’s inequality and the s-convexity of |f’|?, we
obtain

sl (50w
_zalpar(owrl)[ +f<a +b>+pl’{f—f<ap;bp>H

(bP — ar)>
D _ P 1 ap P _ P
S,o(b a) / l_ttp_lf,(1+tap+1 tb”)‘dt
2 013 2 2 2
11 g 1—t° 1+¢°
———— ’( P bp) ‘dt
+/0 37 2 Pl +

b —af| |1 u® 1+u 1—u
et - P P

2 [/0 3 2 < > T b)‘d“

+/ ( P+1+ub’3)’d]
b’ — af 11w\ 14+u —u Y
< 1w d
_2</03 2></of(2 2>‘“)

1w

+</01 f’<1;uap 1—}2—ubp) r@)é]
Lo (LY O (e 5 )

([ (e S i) )3

_bf’—ap /11 w N\ T
2 0

1 25+1_1'pq 1 /pq%
i-5) Kgﬁﬁiﬂfm>|+?ﬁﬁﬂﬂfwﬂ)

+ <1|f/(ap)|q + 28+1_1|f/(bp)|q> q] '

25(s+1) 25(s+1)
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. The second inequality follows from the first

This proves the first inequality of (2.7)
vl < 4 forallu e [0,1]. O

inequality by using the fact that ‘% —

Remark 2.2. If p = 1, then the first inequality in Theorem 2.2 coincides with the
inequality in Theorem 1.2 and the second inequality concides with the inequality in
Corollary 12 in [11].

Corollary 2.2. Let a,p > 0 and let f : [a”,0’] — R be a differentiable function on
(a?,b), with 0 < a < b such that f' € Li([a”,b"]). If |f'|7 is convex and q > 1, then
the following inequalities hold:

1 af + b° o

Mf() 4f< . ) f<b>]

20‘1°‘Fa—|—1 AN
o 75%) (3%

Sbﬁ;cf(/ol e ) [(3!f’( )i + ) >q+<3|f’<bp>rq+rf'<ap>|q>q]

4 4
o [<3If’(ap)|q + rf'af)rq)i . <3lf’(b")|" + |f’<aﬂ>rq>i] |

1

3 2

-6 4 4
where % + % =1.
Proof. The result follows directly if we take s = 1 in Theorem 2.2. 0J

Theorem 2.3. Let a,p > 0 and let f : [a”,b°] — R be a differentiable function on
(a?,b), with 0 < a < b such that f" € Ly([a?,0?]). If |f'|? is s-convex for s € (0,1]
and q > 1, then the following inequalities hold:

sl (C) )

2071 poT (v + 1) a + b° P
e S R ]|

b — af

S (Mo(a)yK;S(Ml(aas)\f’(apﬂq+Mz(a,s)!f’(bp)|">>

(2 (et irar s sire) )]

1

bp_apG) KS<23+1 )|f( @)1 + 3(811 |f’(b”)!q)>q

s+1
(2.8) <21(3 F(a”)|” + 2 : 1f/(bp)‘q )

Q=
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where % + % =1, with

L1 u”
MQ(O{) :/U g — ? du,
1 e s
and
L1
Mg(a,s):/o 5—7(1—u)5du

Proof. Using Lemma 2.1, the Holder’s inequality and the s-convexity of |f’|7, we

‘é[f( )+ 4f ( - bp) ¥ f(b%]

g (1) s ()]

obtain

(b — ar)e
p(bP — af) /1 S ,(1+tp 1—t° >‘
<= —— —|tF p o
=T A Rl A VA e A LU
L1 ger 1—t9  1+1tF
- _ p—1| g/ p P
5T f( 2 7 b>M4

:bP;aP[/OI; u2f(]_—|2—uap+]_—u )‘du
+/ ( o + 1+“M)P4
prgap</ol 3| )K/ 5 7|

T
(2.9) +( ) ) )
+ /0 - | (5 @ S o) é]

2
7 a0 : (5 (@l sl o)

1

3

u®
2

+ <21S (Mz(a, 8)|f(a”)]7 + M (a, 3)|f’(bﬂ)’q)> ;] |



SIMPSON’S TYPE INEQUALITIES 719

where
1 u®
Mo) = [ |5 = 5 d
o(@) 0o 137 2|™
LN T
M :/ - wed
1(a, s) 1373 (14 u)’du
and
11 a
Mg(a,s):/o g—%(l—u)sdu
This proves the first inequality of (2.8). For the second inequality, since ‘% — % < %
for all u € [0, 1], it follows that
1 u® 1
o = [ L s ]
ol@) =), 137 3| =3
111 u® 1 1 2s+1_1
M, (a, :/7—71 Sd<—/1 S, —
ass) = 13— 5| widus 3 (L +u)fdu = 3oy
and
L1 u” 1/t 1
M,:/f——l— Sd<7/1— Sdu — .
28] = J g~ 5 |- widus 5 (L —w)du = 5oy
This completes the proof of the theorem. O

Remark 2.3. If p = 1, then the first inequality in Theorem 2.3 coincides with the
inequality in Theorem 1.3.

Corollary 2.3. Let a,p > 0 and let f : [a”,0’] — R be a differentiable function on
(a?,b), with 0 < a < b such that f' € Li([a”,b"]). If |f'|7 is convex and q > 1, then
the following inequality holds:

af + b°

élf(a”)%f( : >+f<b”>]

2 0 2 0
i (5) +os (U5 |

|
<" (fMo(a))i K; (Mt D@+ 260 Il )

22T (a+1)
o —w)e

where %—l—%: 1.

Proof. The result follows directly if we take s = 1 in Theorem 2.3. 0J
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3. CONCLUSION

We have introduced some new integral inequalities of Simpson’s type for s-convex
functions using the Katugampola fractional integrals. Our results generalize some
results in the literature related to the Riemann—Liouville fractional integrals as pointed
out in the paper. We have new results for the case p # 1. In particular, if we take
the limit as p — 07, then our results could be stated using the Hadamard fractional
integrals. The details are left for the interested reader.
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ABSTRACT. Recently, B.-Y. Chen and O. J. Garay studi

their warped products in Sasakian manifolds. We
submanifolds and obtain several fundamental re

In [7], B.-Y. Chen introduced slant submanifolds of almost Hermitian
manifolds as a natural general orphic (invariant) and totally real (anti-
invariant) submanifolds. the geometry of slant submanifolds became an
active topic of researc i ecometry. Later, A. Lotta [20] has extended
this study for almos etric' manifolds. J. L. Cabrerizo et al. investigated
slant submanifold N. Papaghiuc introduced in [22] a
class of subma serni-slant submanifolds of almost Hermitian manifolds,
which are thgagene of slant and CR-submanifolds. Later on, Cabrerizo et
al. [5] or semi-slant submanifolds of contact metric manifolds and

Etayo [16] intrO@#iced the notion of pointwise slant submanifolds of almost Hermitian
manifolds. B.-Y. Chen and O. J. Garay [14] studied pointwise slant submanifolds
of almost Hermitian manifolds. They have obtained several fundamental results, in
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722 1. MIHAI, S. UDDIN, AND A. MIHAI

particular, a characterization of these submanifolds. K. S. Park [23] has extended
this study. B. Sahin studied pointwise semi-slant submanifolds and warped product
pointwise semi-slant submanifolds by using the notion of pointwise slant submanifolds
[26]. In [31], the authors considered pointwise slant submanifolds of an almost contact
metric manifold such that the structure vector field ¢ is tangent to the submanifold.
They have obtained a simple characterization for such submanifolds and studied
warped product pointwise pseudo-slant submanifolds of Sasakian manifolds.

In 1969, R. L. Bishop and B. O’Neill [3] introduced and studied warped product
manifolds. 30 years later, around the beginning of this century, B.-Y. Chen initiated

product pointwise semi-slant submanifolds and
warped product pointwise semi-slant submanifo My xy My in a Kaehler
manifold M , where M7 and My are invariant an intwise slant submanifolds
of M, respectively [26]. For almost contal i olds, we have seen in [19] and
[1] that there are no proper warped prod #nt submanifolds in cosymplectic
and Sasakian manifolds. Then, idered warped product pseudo-slant
submanifolds (warped producg ant sPPmanifolds [25], in the same sense of
: 28] and Sasakian manifolds [29].

K. S. Park [23] pduct pointwise semi-slant submanifolds. He
proved that there do warpe#! product pointwise semi-slant submanifolds of

@ ¥ this idea in [31] to warped product pointwise pseudo-slant

submanifol® J9kian manifolds.

In this papSge study warped product pointwise semi-slant submanifolds of the
form My x My®f Sasakian manifolds.

The present paper is organized as follows: in Section 2, we give basic definitions and
formulas needed for this paper. Section 3 is devoted to the study of pointwise semi-
slant submanifolds of Sasakian manifolds; we define pointwise semi-slant submanifolds
and in the definition of pointwise semi-slant submanifolds we assume that the structure
vector field ¢ is always tangent to the submanifold. We give two non-trivial examples
of such submanifolds for the justification of our definition and a result which is useful
to the next section. In Section 4, we study warped product pointwise semi-slant
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submanifolds of Sasakian manifolds. In [1], we have seen that there are no warped
product semi-slant submanifolds of the form My x ¢ M in a Sasakian manifold other
than contact CR-warped products, but if we assume that My is a proper pointwise
slant submanifold then there exists a non-trivial class of such warped products. In
this section, we obtain several new results which are generalizations of warped product
semi-slant submanifolds and contact CR-warped product submanifolds. In Section 5,
we provide nontrivial examples of Riemannian product and warped product pointwise
semi-slant submanifolds in Euclidean spaces.

2. PRELIMINARIES

An almost contact structure (¢, &,n) on a (2n+1)-dimensional ma

and a 1-form 7 satisfying the following conditions

(2.1) p=-I+n®& nE)=1 no&=y

where I : TM — TM is the identity map [4]. Th a Riemannian
metric ¢ on an almost contact manifold M satisfR wing compatibility
condition

(2.2) 9(pX, V) = g(X,Y)

for any X,Y € I'(TM), the Lie algebra o on M. This metric g is called a
compatible metric and the manifold M tog! W’ the structure (p, &, 7, g) is called
an almost contact metric manifg nmediate consequence of (2.2), one has
n(X) =g(X,¢) and g(pX,Y) ¢ is a Killing vector field with respect

r @called a K-contact structure. A normal
contact metric manifold J@ai 5 basakian manifold. In terms of the covariant

derivative of ¢, the Sad@ki iti®h can be expressed by
for all X,Y e I'( whe® V is the Levi-Civita connection of g. From the formula
(2.3), it fo

for any X € .
Let M be a Riemannian manifold isometrically immersed in M and denote by the

same symbol g the Riemannian metric induced on M. Let T'(T'M) be the Lie algebra

of vector fields in M and T'(T+M) the set of all vector fields normal to M. The Gauss

and Weingarten formulas are respectively given by

(2.5) VxY =VxY +h(X,Y)

and

(2.6) VxN = —AxX + VN,
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for any X,Y € I'(TM) and N € ['(T+M), where V is the Levi-Civita connection on
M, V+ is the normal connection in the normal bundle 7+ M and Ay is the shape
operator of M with respect to the normal vector N. Moreover, h : TM XTM — T+M
is the second fundamental form of M in M. Furthermore, Ay and h are related by
32]
(2.7) g(h(X,Y),N) = g(AnX,Y),
for any X,Y € I'(T'M) and N € T'(T+M).

For any X tangent to M, we write

(2.8) X = PX + FX,

where PX and FX are the tangential and normal components
Then P is an endomorphism of the tangent bundle TM and
valued 1-form on T'M. Similarly, for any vector field N nor

(2.9) @N =tN + fN,

where tN and fN are the tangential and normal ts of @ N, respectively.

Moreover, from (2.2) and (2.8), we have
(2.10) 9(PX,Y) = —g(

for any X, Y € I'(T'M).

Throughout this paper, we assume the ¢ is tangent to M; otherwise
M is a C-totally real submanifold [20]. lemannian manifold isometrically
immersed in an almost contact 1d (M, o, &,n, g). A submanifold M of
an almost contact metric manj id #8 be slant [6], if for each non-zero vector
X tangent to M at p € not proportional to §,, the angle 6(X)
between X and T,M j it does not depend on the choice of p € M
and X € T,M — (&)

PY),

that on a slant if 0= 0, then it is an invariant submanifold and if 6 = 7,
then it is an apti-in manifold. A slant submanifold is said to be proper slant
if it is nei i anti-invariant.

As a On of slant submanifolds, F. Etayo [16] introduced pointwise
slant subm an almost Hermitian manifold under the name of quasi-slant
submanifolds. er on, B.-Y. Chen and O. J. Garay studied pointwise slant sub-
manifolds of almost Hermitian manifolds and obtained many interesting results [14].
In [31], the authors studied pointwise slant submanifolds of almost contact metric
manifolds tangent to the structure vector field &.

A submanifold M of an almost contact metric manifold M is said to be pointwise
slant if for any nonzero vector X tangent to M at p € M, such that X is not
propotional to &, the angle 0(X) between pX and Ty M = T,M — {0} is independent
of the choice of nonzero vector X € Ty M. In this case, # can be regarded as a function
on M, which is called the slant function of the pointwise slant submanifold.
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We note that every slant submanifold is a pointwise slant submanifold, but the
converse is not true. We also note that a pointwise slant submanifold is invariant
(respectively, anti-invariant) if for each point p € M, the slant function § = 0
(respectively, @ = 7). A pointwise slant submanifold is slant if and only if the slant
function @ is constant on M. Moreover, a pointwise slant submanifold is proper if
neither 6 = 0, § nor ¢ is constant.

In [31], we have obtained the following characterization theorem.

Theorem 2.1 ([31]). Let M be a submanifold of an almost contact metric manifold
M such that £ € T'(TM). Then, M is pointwise slant if and only if

(2.11) P?=cos’ (-1 +n®¢),

for some real valued function 6 defined on the tangent bundle

The following relations are immediate consequences of .
Let M be a pointwise slant submanifold of an almos igfmanifold M.
Then, we have

(2.12) g(PX,PY) =cos’0[g(X,Y
(2.13) g(FX,FY) =sin?0 [g(X,

for any X, Y € I'(T'M).

The next useful relations for a point anifold of an almost contact
metric manifold was obtained in [31]
(2.14) tFX =sin® 0 fFX = -FPX,

for any X € I'(T'M).

d pointwise semi-slant submanifolds of Kaehler
fine and study pointwise semi-slant submanifolds of

(i) the tangent bundle TM admits the orthogonal direct decomposition T'M =
DD P (E);

(ii) the distribution ® is invariant under ¢, i.e., ¢ (D) = D;

(iii) the distribution DY is pointwise slant with slant function 6.

Note that the normal bundle T+ M of a pointwise semi-slant submanifold M is
decomposed as

T M =F9°®v, FO° Ly,
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where v is an invariant normal subbundle of T*M under ¢.
If we denote the dimensions of ® and ®Y by m; and ms, respectively, then we have
the following.

(i) If my; = 0, then M is a pointwise slant submanifold.

(ii) If my = 0, then M is an invariant submanifold.
(iii) If m; = 0 and @ = 7, then M is an anti-invariant submanifold.
(iv) If m; # 0 and 6 = 7, then M is a contact CR-submanifold.

(v) If 6 is constant on M, then M is a semi-slant submanifold with slant angle 6.
We also note that a pointwise semi-slant submanifold is proper if neit 0=20
nor § = 0, 7 and 6 should not be a constant.

Now, we provide the following non-trivial examples of pointwi
ifolds of an almost contact metric manifold.

Ezample 3.1. Let (R, ¢,£,7m,g) be an almost contact m. h cartesian
coordinates (z1, Y1, T2, Yo, T3, Y3, 2) and the almost

0 0 0 0

ric on R7. Then (¢, &, 7, 9)
nsider a submanifold M of R7

where £ = %, 17 = dz and g is the stand
is an almost contact metric structure
defined by ¥(u,v,w,t,z) = (
that w, ¢ (w # t) are non-zero r . en the tangent space T'M is spanned
by the following vector fields

0
SW— + cost—— +sint—

Y2 Oz dys’
sinwi —wsinlti —i—wcosti X5 = 2
0o Oxs Oys’ ° T oz
Thus, we t ® = Span{X;, X5} is an invariant distribution and DY =

pointwise slant distribution with pointwise slant function 6 =

R’ such that ¢ = % is tangent to M.

Ezample 3.2. Consider a submanifold of R” with almost contact structure ¢ given in
Example 3.1. If the immersion ¢ : R®> — R is given by

u3 + u? ui —uj .
5 , COS Uy, —Ug, ——— sinuy, t |, ug #0,

¢(U1>U2,U3,U4>t) = (ub 9
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then the tangent space T'M is spanned by X, X5, X3, X4 and X5, where

0 0 ] 0
0 2 . %) ) )
X4:U487x2 —U467y2 —SIHU467:E3—|—COSU467y3, X5 = %

Therefore, M is a pointwise semi-slant submanifold such that ® = Span{X;, X} is
an invariant distribution and % = Span{X3, X,} is a pointwise slant distribution

with pointwise slant function § = cos™! <\/§ ug/\/1+ 2ui>.

Now, we obtain the following useful results for semi-slant submanifgl
manifold.

Lemma 3.1. Let M be a pointwise semi-slant submanifold,
M. Then, we have

(i) sin*0 g(VxY, Z) = g(h(X,¢Y), FZ) — g(h(X, PZ),
(i) sin0 g(V,W, X) = g(h(X, Z), FPW) — g(h &, E),
for any XY € T(D @ (£)) and Z,W € T'(DY).
Proof. The first and second parts of the lemmd#@an be @ved in a similar way. For
any X,Y € T(D @ (¢)) and Z € T(D?), we have
9(VxY,Z) = g(Vx V
From the covariant derivative forgama of ¢

$(OV Y, 07).

9(VxY,2) = g(VxP?Z,Y) + g(VxFPZ,Y) + g(h(X,pY), FZ).
Then, from (2.11) and (2.6), we have
g(VxY,Z) = —cos’0g(VxZ,Y) +sin20 X(0) g(Y, Z) — g(h(X,Y), FPZ)
+g(h(X,Y), FZ).
From the orthogonality of the two distributions the above equation takes the form

9(VxY,Z) = cos’ 0 g(VxY, Z) — g(h(X,Y), FPZ) + g(h(X, ¢Y), F Z).
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Hence, (i) follows from the above relation. In a similar way we can prove (ii). O

4. WARPED PRODUCT POINTWISE SEMI-SLANT SUBMANIFOLDS

In this section, we study warped product submanifolds of Sasakian manifolds, by
considering that one factor is a pointwise slant submanifold. In the following, first we
give a brief introduction on warped product manifolds.

In [3], R. L. Bishop and B. O’Neill introduced the notion of warped product man-
ifolds as follows: Let M; and M, be two Riemannian manifolds with Riemannian
metrics g; and gs, respectively, and a positive differentiable function
sider the product manifold M; x Ms with its projections m : M,
my : My X My — M. Then their warped product manifold M

Let X be a vector field tangent to M; and Z
from Lemma 7.3 of [3], we have

(4.1) VyZ =Yy

where V is the Levi-Civita conne = M, x; M, is a warped product

manifold then the base mani i geodesic in M and the fiber M; is
totally umbilical in M [3,9

By analogy to CR-war ich are introduced by B.-Y. Chen in [9], one
defines the warped pr emi-slant submanifolds as follows.
Definition 4.1. of an invariant and a pointwise slant submanifolds,
say My and M, manifold M is called a warped product pointwise semi-
slant subm

A w ointwise semi-slant submanifold is called proper it My is a
proper poin t submanifold and M7 is an invariant submanifold of M.

The non-ex1S§@fce of warped product pointwise semi-slant submanifolds of the form
My x s My in Kaehler manifolds is proved in [26]. A similar result holds in Sasakian
manifolds. On the other hand, there exist non-trivial warped product pointwise semi-
slant submanifolds of the form My x M, of Kaehler manifolds [26] and contact metric
manifolds.

Note that a warped product pointwise semi-slant submanifold M = Mz x5 My is a
warped product contact CR-submanifold if the slant function ¢ = 7. Similarly, the
warped product pointwise semi-slant submanifold M = My x ; Mj is a warped product
semi-slant submanifold if 8 is constant on M, i.e., My is a proper slant submanifold.
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In this section, we study the warped product pointwise semi-slant submanifold of
the form M = My xy My of a Sasakian manifold M. To fill the gap in the earlier
study, we obtain some results as a generalization.

On a warped product pointwise semi-slant submanifold M = My x; My, if we
consider the structure vector field ¢ tangent to M, then either ¢ € T'(TMy) or
¢ € I'(T'My). When ¢ is tangent to My, then it is easy to check that warped product
is trivial (see [27]); therefore we always consider & € I'(T'Mr).

First, we prove the following useful results.

Lemma 4.1. Let M = My xy My be a warped product pointwise semi-slgnt subman-
ifold of a Sasakian manifold M such that £ € T'(T'Mr), where Mr
submanifold and My is a proper pointwise slant submanifold of M :

(4.2) g(h(X, W), FPZ) — g(h(X, PZ), FW) = sin 20 X @7,
for any X € T'(TMy) and Z,W € I'(T' My).

Proof. For any X € I'(TMy) and Z,W € I'(T' My), w

(4.3) 9(VxZ W)= X(In f)

On the other hand, we can obtain g(VxZ, W)
derivative formula of ¢, we get

9(VxZ,W) =g(Vxe
The second term in the right hand g

X)) Z, oW).

ation is identically zero by using

9(VxZ 05’0 X (In f) g(Z, W) + g(h(X,PZ), FW) +sin’0 g(Vx Z, W)
(4.4) +5in20 X(0) g(Z,W) + g(V2FPX,Y).
Hence, the result follows from (4.3) and (4.4) by using (2.6)—(2.7) and (4.1). O
Lemma 4.2. Let M = My x5 My be a warped product pointwise semi-slant sub-

manifold of a Sasakian manifold M such that § € D(TMr), where My and My are
invariant and pointwise slant submanifolds of M, respectively. Then

(i) 9<PZ’ W) = —f(lnf) g(Z’ W):
(ii) g(M(X,Y),FZ) =0;
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(iii) g(h(X, Z), FW) = X(In f) g(PZ,W) — pX(In f) g(Z, W) — n(X) g(Z, W),
for any X,Y € I'(T'Mr) and Z,W € I'(T' My).

Proof. From (2.4), (2.5) and (2.8), we have Vz¢{ = —PZ, for any Z € I'(T'My). Using
(4.1) and taking the inner product with W € I'(T'My), we get (i). For the other parts
of the lemma, considering any X,Y € I'(T'My) and Z € I'(T'My), we have

g(WX,Y), FZ)=g(VxY,FZ)=g(VxY,0Z) — g(VxY,PZ).
From (2.2) and (4.1), we get
g(W(X,Y),FZ) = —g(¢VxY,Z)+ X(In f) g(Y, PZ).

By covariant derivative formula of ¢ and the orthogonality of vect® b find
g(h(X.Y), FZ) = g(Vx¢)Y. Z) = g(Vxy

Using (2.3) and the fact that £ € T'(T'Mr), the first ter and side of

vector fields, we find (ii). Now, for any X € T'(T' My
9(h(X,Z), FW) = g(Vz X, FW) = (¥

Again, using the covariant derivative formula of iengannain connection and (4.1),
we get

g(h(X, Z)’ FW) = g((@Z(p>X7 W)
Then from (2.3), (2.5) and (4.1), i
g(h(X, Z)7FW) ="

—~

which is the third part o Hence, the proof is complete. 0J
Lemma 4.3. Let M, a warped product pointwise semi-slant subman-
ifold of a Sasaki ) uch that § € I'(T'Mr), where Mr is an invariant

In f)g(Z,W) —n(X) g(Z, PW) — oX(In f) g(Z, PW),
nd Z,W € T(T Mp).

g X by X, for any X € I'(T'Mr) in Lemma 4.2 (iii) and using
emma 4.2, we get the required result. [l

Proof. Interch
the first part o

Lemma 4.4. Let M = My Xy Mg be a warped product pointwise semi-slant sub-
manifold of a Sasakian manifold M such that § € D(TMr), where My and My are
invariant and pointwise slant submanifolds of M, respectively. Then, we have

(4.6)

9(MX, PZ),FW) = pX(In f) g(Z, PW) — 1(X) g(PZ, W) — cos* 0 X (In f) g(Z, W),

for any X € T(T'Mry) and Z,W € I'(T'My).
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Proof. Interchange Z by PZ, for any Z € I'(T'My) in Lemma 4.2 (iii) and after using
(2.12), we get (4.6). O

Similarly, if we interchange W by PW, for any W € I'(T'My) in Lemma 4.2 (iii),
then we can obtain the following result.

Lemma 4.5. Let M = My Xy My be a warped product pointwise semi-slant sub-
manifold of a Sasakian manifold M such that § € L(TMry), where My and My are
invariant and pointwise slant submanifolds of M, respectively. Then

(4.7)

g(h(X, Z), FPW) = cos 0 X(In f) g(Z, W) — ¢ X (In f) g(Z, PW) —

for any X € T'(TMr) and Z,W € I'(T' My).

Lemma 4.6. Let M = My x; My be a warped product ) lant sub-

(4.8) 9(Arwe X, Z) — g(Arpw X, Z) = i
for any X € T(T'Mr) and Z,W € T'(T'My).
Proof. Subtracting (4.7) from (4.5), we g

Proof. Fro ixed totally geodesic condition, we have
sin? 0 X (In f) g(Z,W) = 0.

Since g is a annian metric, then either sin?f = 0 or X(In f) = 0. Therefore,
either M is waPed product of invariant submanifolds or f is constant on M, thus,
the proof is complete. O

Lemma 4.7. Let M = My Xy Mg be a warped product pointwise semi-slant sub-
manifold of a Sasakian manifold M such that § € (T Mr), where My and My are
invariant and pointwise slant submanifolds of M, respectively. Then, we have

(4.9) 9(App W, X) — g(ApwPZ,X) = 2cos? 0 X(In f) g(Z, W),
for any X € T(T'Mr) and Z,W € I'(T'My).
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Proof. Interchanging Z and W in (4.7) and using (2.10), we get

(4.10)

g(WMX,W),FPZ) = cos*0 X (In f) g(Z, W) + ¢ X (In f) g(Z, PW) +0(X) g(Z, PW),

for any X € I'(T'Mr) and Z,W € I'(T'My). Subtracting (4.6) from (4.10), we

find (4.9). O
Also, with the help of Lemma 4.7, we find the following result.

Theorem 4.2. Let M = My Xy My be a warped product pointwise semi-slant sub-
manifold of a Sasakian manifold M. If M is mized totally geodesic, ither M
is a contact CR-warped product of the form My Xy M, or the war; n fis
constant on M.

Proof. From (4.9) and the mixed totally geodesic condition héye
cos?0 X (In f) g(Z,W) =0,

X(In = 0. Therefore,
on M, which ends the

Since g is a Riemannian metric, then either cos?6

proof. O
From Theorem 4.1 and Theorem 4.2,
Corollary 4.1. There does not exist any tally geodesic proper warped product

pointwise semi-slant submanifold of a Sasakian manifold.

Since ¢ is a flannian metric, therefore, we conclude that either cos?6 = 0 or
X(In f) — tan "X (0) = 0. Consequently, either § = 7 or X(In f) = tan 6 X (¢), which
proves the theorem completely. ([l

As an application of Theorem 4.3, we have the following consequence.

Remark 4.1. 1f we consider that the slant function 6 is constant, i.e., My is a proper
slant submanifold in Theorem 4.3, then Z(In f) = 0, i.e., there are no warped product
semi-slant submanifolds of the form My X § My in Sasakian manifolds. Hence, Theorem
3.3 of [1] is a special case of Theorem 4.3.
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In order to give a characterization result for pointwise semi-slant submanifolds of a
Sasakian manifold, we need the following well-known result of Hiepko [18].

Theorem 4.4 (Hiepko’s Theorem). Let ©1 and ®y be two orthogonal distribution on
a Riemannian manifold M. Suppose that both ©1 and D5 are involutive such that
D, is a totally geodesic foliation and Dy is a spherical foliation. Then M is locally
isometric to a non-trivial warped product My x ¢ My, where My and My are integral
manifolds of ©1 and ©4, respectively.

Theorem 4.5. Let M be a pointwise semi-slant submanifold of a Sasakiag manifold
M. Then M is locally a non-trivial warped product submanifold of the [P
where My is an invariant submanifold and My is a proper pointwise

of M if and only if
(4.11) ApwopX — Appw X = sin® 0 X ()W, for all X € T,

ant submanifold

of a Sasakian manifold M. Then for any X € € I'(T'My), from

Lemma 4.2 (ii) we have
(4.12)

Interchanging X by ¢X in (4.12), we 2

ApwpX has no component in T Ade. if we interchange W by PW in

@ X also has no component in T'Mr.

find (4.11).
Conversely, if M is adf yise sen®8lant submanifold such that (4.11) holds, then
from Lemma 3.1 (i)

g(vXY7 W) = Y(M)Q(X’ W) =0,

the leaves of the distribution © @ (£) are totally geodesic in M.
a 3.1 (ii), we have

which mean
Also, from Le

(4.13) g(VW, X) = csc? 0 g(Appw X — ApwpX, Z),
for any Z,W € T'(D?) and X € T'(D @ (£)). By polarization, we derive
(4.14) 9(VwZ,X) = csc?0 g(Appz X — ApzoX, W).

Substracting (4.14) from (4.13), we get
Sil’l2 0g([Z, W], X) = g(Apz(pX - AszX, W) — g(pr(pX - AprX, Z)
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Using (4.11), we get
Sin299([Z’ W], X) = X(u) g(Z,W) = X(n) g(W,Z) = 0.

Since M is proper pointwise semi-slant, then sin?@ # 0, thus we conclude that the
pointwise slant distribution ©? is integrable. Let us consider My to be a leaf of ©°
and hY is the second fundamental form of My in M. Then from (4.14), we have

g(h*(Z, W), X) = g(V, W, X) = —csc® 0 g(Apwo X — Appw X, Z).
Using (4.11), we find that
Then from the definition of the gradient of a function, we arrive at

he(Zv W) = _(6/40 g<Z’ W)

Hence, My is a totally umbilical submanifold of M with ure vector
HY = —6,u, where ﬁ,u is the gradient of the functio = 0, for any
Z € T(DY), then we can show that H? = —ﬁu is p resp€ct to the normal
connection, say D™ of My in M (see [25,26], [2 @ a totally umbilical

ere Mt and My are integral
manifolds of ® @ (¢) and D7, respectivel proof is complete. O

As an application of Theore
interchanging X by ¢X in (4

7 in Theorem 4.5, then by
condition (74) of Theorem 3.2 in [21];
arped product submanifolds of the form

My xy M, . Hence, The ) is a special case of Theorem 4.5 as follows.
Corollary 4.2 (T f [21]). A strictly proper CR-submanifold M of a
Sasakian manifo he structure vector field & is locally a contact CR-

warped product
(415) (W) 7, X eT®a ()2 er®),
for som' M satisfying W = 0, for all W € T(D1).

5. EXAMPLES

In this section, we provide the following non-trivial examples of Riemannian prod-
ucts and warped product pointwise semi-slant submanifolds in Euclidean spaces.

Example 5.1. Let M be a submanifold of Euclidean 7-space R” with its cartesian
coordinates (z1,...,%3,Y1,--.,ys, t) and the almost contact structure

oy_ 0 9\ _ 9 9 —0 1<ii<3
Now ) ™ "oy oy ) " ox, o) ==
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If M is given by the equations

2
u
3 .
T, =Uq, To = U3 COS Uy, T3 — 72 s Y1 = U, Yo = U3 SN Uy,

Y3 =Uy, t= t)

for any non-zero function ug on M, then tangent space T'M of M is spanned by
le XQ, X3, X4 and X5, where

0 0 0
Xi=—, Xo=—, X3= — L Sinus—
1 oz, 2 ayr’ 3 COSU4ax2 +u38m3 +Slnu4a
X——usinu——l—usinu——i——a X——a
4= —us Dy 3 YDy o 57 5

Then, M is a pointwise semi-slant submanifold with invagj

Span{Xy, Xy} and the pointwise slant distribution ®? = S early, the
slant function is 6 = cos™(2u3/4/1 + u3). Moreover, D rable. If My

and M, are integral manifolds of ® and DY, respec
Riemannian product of My and M in R?.

9

witl@its Cartesian coordinates

tur

Example 5.2. Consider the Fuclidean 9-spac
(T1,...,%4,Y1,-..,Ys,t) and the almost contact

AV

Let M be a submanifold of R mmersion ¢ as follows:

1
Y(u,v,w,s,t) = (u + ssinw, —u + v, 532, —wsin s, w cos s,t) ,

for any non-zero re d s. The tangent space of M is spanned by the

following vectors

0 0 0
e REET
X3 wi—l—scoswi—sinsi—l—cosvi
Oxs Oy Oy Oys’
X4 = cos ——l—smw——i—si—wcoss——wsms— 5:9.
Oxs Ory Oy Oy oy’ ot

Then, M is a pointwise semi-slant submanifold such that the structure vector field
¢ = 2 is tangent to M and © = Span{X;, Xo} is an invariant distribution and D% =
Span{ X3, X4} is a pointwise slant distribution with slant function

0 = cos™! <(1_w51) jj}‘g‘j;;)‘ws). It is easy to observe that both the distributions are inte-

grable. If we denote the integral manifolds of ® and ©? by M7 and My, respectively,
then M is a Riemannian product of invariant and pointwise slant submanifolds in R?.
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Example 5.3. Let M be a submanifold of R'® given by the immersion ¢ : R — R!3
as follows:

U(ur, vr, uz,v2,t) =(ur — v1, ug cos(uz + va), wg sin(uz + v2), v2, ug cos(uz — vs),
uq sin(ug — v2), ug + vy, vy cos(ug + va), vy sin(ug + va), ug,
vy cos(ug — v2), vy sin(uy — va), t),

for non-zero functions u; and v;. We use the almost contact structure from Example
5.2. Then, we have

0 0 0
X7 =— + cos(ug + ve) =— + sin(ug + v9) =— + cos(ug — vs)

61’1 61‘2 8$3
. 0 0
+ sin(ug — 1)2)8766 + R
Xy =— 8(3:1 + 883/1 + cos(ug + /UQ)aayz + sin(ug + v
+ sin(ug — v )i
2 — Uy s
X3 = — uy sin(ug + v9) =— + uq cos(ug + vg) — ugfin(ug — vg)i
81'2 8x5
0 ) 0
+ uq cos(ug — vy) pr vy sin . 1 cos(ug + vg) a—yg
. 0
+a—y4—vlsm(u2— g—vg)a—yﬁ,
X4 = — uy sin( 9+ Ug) 92 + ) + uy sin(ug — 1}2)883:5
. 0
— Uy CO 1 8in(ug + vg) 8TJ2’ +uvy cos(ug + vg) 87343

0
— vy cos(ug — vg) @,
6

By easy and d#fect computations we find that ® = Span{Xj, X3} is an invariant

distribution and ®? = Span{X3, X,} is a pointwise slant distribution with slant

1
1+2uf+207

R!3. It is easy to observe that both the distributions are integrable. If we denote the
integral manifolds of ® and ©? by My and My, respectively, then the product metric
structure of M is given by

function 6 = cos™! ( ) Hence, M is a pointwise semi-slant submanifold of

g = 4(du? + dv?) + (1 4 2u] + 20%)(du3 + dv3) = gry + f2gM9.
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Hence, M = Mz X ; My is a warped product submanifold in R'® with warping function

f=/1+2u? + 202,
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CONVERGENCE ESTIMATES FOR GUPTA-SRIVASTAVA
OPERATORS

DANYAL SOYBAS! AND NEHA MALIK?

Dedicated to Prof. Vijay Gupta

ABSTRACT. The Griiss-Voronovskaya-type approximation results for the modified
Gupta-Srivastava operators are considered. Moreover, the magnitude of differences
of two linear positive operators defined on an unbounded interval has been estimated.
Quantitative type results are established as we initially obtain the moments of
generalized discrete operators and then estimate the difference of these operators
with the Gupta-Srivastava operators.

1. INTRODUCTION

For f € C[0,00),n € N, c € NU{0} U{—1} and [ an integer, the generalized form
of the discrete operators are given by (cf. [5,15]):

(11) Mo o) = 3 prsies(,)f (’“) |

k=0 n

(2+1) (ca)t
o & cx)
where Pr+lck (ZE, C) - Ck! . (1+cx)%+l+k’

e =7v+D(r+2)---(v+k—=1), (Vo=1.

These operators (1.1) reproduce only the constant function unlike other exponential
functions. In case [ = 0, we immediately get Szasz-Mirakyan operators for [ = 0,
¢ = 0; classical Baskakov operators for [ = 0, ¢ = 1, and Bernstein polynomials for
Il =0, c = —1. In these special cases, these operators reproduce linear function too.

the rising factorial given by
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2010 Mathematics Subject Classification. Primary: 41A36. Secondary: 41A30.

DOIT 10.46793/KgJMat2105.739S

Received: February 12, 2019.

Accepted: May 12, 2019.

739



740 D. SOYBAS AND N. MALIK

A family of linear positive operators for locally integrable functions was defined in
the year 2003 [18]. Durrmeyer variants of many hybrid operators have been extensively
studied in literature since then (cf. [6,9,14,17]). Varied approximation properties of
these operators have been studied and investigated (cf. [1,2,4,8,12,13,16,19,20], etc.).
For ¢, an integer and x € [0,00), V. Gupta and H. M. Srivastava [10] introduced a
modification of these family of operators as:

k=1

Rn,l,c(fa l’) :[n + (l + 1)0] Z anrlc,k(:U? C) /pn+(l+2)c,kfl<t7 C)f(t)dt
0

(12) + anc,o(ﬂ?, C)f(o),

where pp1icx(, ¢) is as defined previously above. For ¢ = 0, we get the Phillips oper-
ators preserving linear functions and for ¢ = 1, we immediately obtain the Baskakov-
Durrmeyer type operators. For [ = 0, the operators (1.2) reduce to the operators
defined in [8, Example 2]. Very recently, Gupta [7] established a general estimate for
the difference of linear positive operators as follows.

Theorem A.([7]). Let ) € Cg[0,00),s € {0,1,2} (the class of bounded continuous
functions defined on the interval [0,00)) and x € [0, 00), then for n € N, we have

(G = Vo))l < ([ le(e) +w(f", 00) (1 + alx)) + 2w(f, 62(2)),

oo Gn, Hn,
where || - || = sup |f(2)| < 00, a(z) = § 70 pus(w, ) (™" + pp ™) and
xe|0,00
52_100 Gnk Hy 52_00 bGnk_ank2
L= 5 2 Pup(@ ) (g™ ™), 05 =) pa(e, ) (B )%
k=0 k=0

We consider a family of functions G, : D — R, (k being a non-negative integer),
which are positive linear functionals defined on a subspace D of C[0,00), which
contains polynomials upto degree 6 and C[0,00), such that, G, x(eq) = 1, b9+ =
Gnr(er), ,LLan'k = Gpiler — b%reg)", 7 € N. Also, let H,; be a similar family of
functions.

We extend the studies of [7] as we study a quantitative Voronovskaya type theorem
in terms of weighted modulus of continuity and estimate the difference of the two
operators having the same basis function, viz. the generalized Baskakov operators
and the genuine Gupta-Srivastava operators.

2. MOMENTS

In this section, we give the moments of generalized operators (1.1) with the help of
a recurrence formula.

Lemma 2.1. Form € N, the operators (1.1) satisfy the following recurrence relation:

_z(l+ecx),

le
Mn,l76(6m+17 JZ) - n n,l,c(ema l‘) + (1 + n)*rMn,l,c(em) ZE),
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where e (y) = y™.
Proof. On taking the derivative of the operators M,,; ., we get

k m
M?Q,lc( an—l—lck T C)f <n> )

k=0
which implies that

o1+ My (1) = 3o+ el )] (1)

k=0
Now, using the identity x(1 + cz)p;, .. (2, ¢) = [k — (n + lc)@]ppyicr (7, ¢), we obtain

1 )My 0) =30k (0 el (£
kizo 1\ B\
St ()0 0t ()
=nM, 1 c(emi1,2) — (n —le)x My (em, x),
which derives the recurrence relation. ([l

Remark 2.1. Using Lemma 2.1, first few moments of the operators (1.1) are given by
Mn,l,c(€07 l‘) :17

M, c(e1,2) =2 <1 + >,

Al A2 ¢ 2 el 1
Miyc(e2, 7) =2 <1+2+2+ +>+x< 2+>,
n n non n2  n

M 3 203l 3C3l2 03l3 262 602l 3C2l2
nieles, @) =271+ n3 + n3 + ns3 +ﬁ+ n2 - n2

3 3cl
ot n>
+x2<302l+3c212+30+6d+3> ( )
n3 n3 n? n?> n n3
4 6ctl 11?6t Mt 6B 2203l 18312 4c33
My c(eq,x) = <1+ e e s Mol s S 5t

112 1821  6c%12  6¢  4cl
TR R I

n? n? n? n

3 1231 18312 62312 12¢2 36¢21  18c¢%12  18¢  18cl
+ - + + e+ - +

nt nt nt n3 n3 n3 n? n?
n 6>+ 9 702l+7c2l2+7c+140l+ 7 n cl N 1
n n n4 n3 n3 n2 nt n3)’

5 24c°l  50c°12  35°12 10681 AP 246 100t
Myoles,a) =2 14+ ==+ + + e

nd nd nd nd nt nt
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105¢42  40¢*3 5t 5063 105631 60¢%12 104303
+ + + + +

nt nt nt n3 n3 n3 n3
35¢2 40’1 10¢*12 10c¢ 5el

ottt — + —
n n n n n

L[ 60ch T 110c? 60ct® 10cMt 60c® 220¢%l 180312
t 5 LY R Hev i M
n n n n n n n

403013 1102 180¢*1  60c?1?  60c 40¢l 10
+ + + + b —

nt n3 ns ns n? n? n

4 (50c3 75312 25¢%3 50c? 150c*l THAE? The
+a + + +—+ + +—

nd n’ nd n4 n4 n4 n3
75cl 25
T T w
o (15c¢*l  15c%1%2  15¢  30cl 15 cd 1
Tl Tt T ) T s )

6 12050 274512 2256803 85c81F 15481 SI6 0 120°
Mn,l7c(667x) =T 1+ TLG + TLG + TL6 + n6 + n6 + n6 + n5

548¢°1  675cP12  340c°13  ThePIt 6P 274¢t 675
+ + + o +

nd nd nd nd nd nt nt
510412 15043 154 225¢2 340¢31 150312 206313
+ ya i T Tt 5 T R —
n n n n n n n
85¢2  Thc?l  15c%12  15c  6cl
+—+ + + =+ —
n? n? n? n n

5(360c°l  750¢°1* 525¢°13 150c°1* 1515 360c*
T 6 T 5 Tt 5 T 5 T 6 T 5
n n n n n n

1500¢  1575¢4%  600c*® 75t 750¢°  1575¢
+ + + + +

nd nd nd nd nt nt
900312 150312 525¢2  600c2l  150¢*12  150c  75cl
T T ya e 3+ 3 T T3
n n n n n n n
15 4 390 715c¢4 2 39044 65¢tt 39043 1430¢31
o+t et et e ——
n n n n n n
1170312 260313 715c2 117021 390212 390c  260cl
5 T 5 T T TR i e M
n n n n n n n
65 3 180¢31 270312 904313 180c2  540c¢2l 270212
S|+t et et e
n n n n n n n

nb nb nd nd nt

270c  270cl 90) 2(3102l 31212 3le 62 31)
+ += | +z - + =+

nt nt n3
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cl 1

Remark 2.2. Denote i, () := Rpyc((t — )™, x). Then, using [10, (6)], the central
2z(14cx)
n+(m—1)c

moments are given by /LZTZ?O(I) =1, ,uffl (x) =0, and /LlnCQ(ac) = - Higher central

moments can be obtained easily.

3. GRUSS-VORONOVSKAYA-TYPE APPROXIMATION RESULTS

The Voronovskaya theorem in quantitative form for a class of sequences of linear
positive operators is one of the most significant pointwise results. We obtain these by
making using of Taylor series expansion. Let us see at some notations.

Let C[0,00) be the set of all continuous functions f defined on [0,00) and
Bs[0,00) == {f : |f(x)] < My(1+ z*) with M; > 0}. Also, let C5[0,00) denote
the subspace of all continuous functions in Bs[0, 00). Further C5[0, c0) denotes the
closed subspace of 3]0, 00) for which lim |f(x)](1+2%)~! < C for some constant C'
and || - ||l2 = sup,c .00y [f(#)[(14-22) " In [11], Ispir considered for each f € C5[0, 00),
the following weighted modulus of continuity:

_ |fl@+h)— f(=)]
Q(f,0) _x;)hl}z)\d 1+ 22)(1 + h2)

The quantitative Voronovskaya-type theorem in weighted spaces is as follows.

Theorem 3.1. If f € C[0,00) and f" € C3[0,00), then, for x € [0,00), we have

Le . 1/4
Ruio(f, o) — f(z) — " i(tn:ixl))d ()| <16(1 4+ 2*)Q| 17, (ZZCEESCD

l,c
X :U’n,Q(x)'
Proof. Using the Taylor series expansion of f, we can write
/()
2!

where H(t,z) = %(f”(g) — f"(x)), £ is a number lying between ¢ and x.

Applying the operators R,, ;. to the above expansion, we have

Rugel ) = 1) = Faputs o) + 20 ke

Using Remark 2.2, we obtain

)= fl@) + (t —x)f(x) + (t —x)? + H(t,z),

() = Rpic(H(t,x),x).

P8 ity )| < RusellH t.2)] )

(31) Rn,l,c(fﬁ {L‘) - f(l‘) +



744 D. SOYBAS AND N. MALIK

Now, using the property of weighted modulus of continuity given in [11], it follows
that

1

PO TN Lo je - a1+ (€~ 2)) (1 +2)

2!
<G Tt = a1+ (= 0))(1+2%)
< (1 + ¢ _5 x') (14 )Qf",8) (14 (t — 2)*)(1 + 22).
Moreover,
716 = (@) {2<1+62><1 x2)f(2t(f” )> t—a| <,
2! 2(1+ 02)(1+ 2%)—=Qf",0), |t—a| >0

For 0 <4 < 1, we get

f"(&) = f"(x)
2!

< 8(1+4?) (1 ; “‘6@4) A" 5).

So, we have

) <80+ 0 (- 02+ S o),

Thus, (3.1) implies

Rn,l7c(f7 $> - f(ZL') +

f”(x)( 2z(1 + cx) >|

2 \n+(m—1)c
<801+ 2%) (o) + 53utie(@)) Q7. 6)

<8(1+ x2),uf;2( ) (1 + ;Z;Lcﬁgx;) Qf",9).
er{cﬁ( )

C

Mn2( )

Following is the Griiss-Voronovskaya-type result.

Theorem 3.2. If f,g € C[0,00) and f",g" € C5[0,00), such that, fg € C[0,00) and
(f9)" € C5]0,00). Then for x € [0,00), we have

1/4
Choosing 6 = ( ) , we get the conclusion. 0J

Rn,l,c(fgu J]) - Rn,l,c(f7 x)Rn,Lc(g) [E) - MifQ(x)f,(x)gl(x)

lc " 1/4
<I6(1+ 2*)npiy(a) 2| (f9)', (“ il ))
lj’n,Q(‘T)
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o))
+ 17 a(1 4 2%)0 g( 5 )
2 ()

e (. 1/4
gl (1 +x2>9(f", (“Zf( )) )} 1S (F)Sn(g),

Hep 2 (z)

(L+2%) (o 1. 20 g, 1 .
where S, (f) = [[f"[l2 5 (2,“;,2(%) + mﬂfm(@ + MMM@)) :

Proof. Applying Taylor expansion of f, using the fact that R, ;.(e;, z) = ¢;, e;(y) =
for i = 0,1, and (fg)" (x) = f"(2)g(z) + 2 (2)(z) + g (x) (x), we have

Rn,l,c(fga .T) - Rn,l,c(fa 'I.)Rn,l,c(gv $) - Rn,l,c((t - x)Qa x)f’(x)g'(x)

= Rl - fodate) = 2 R0 0,0

gl/(x)
2!

~4(0) [Rugelor) = 10) = LD R = 27,0

+ (g(x)Rn,l,c(g7x)) : (Rn,l,c(fv [L‘) - f(l’))
2251 + SQ + 53 + 54.

@) [Rn,lvxg, o) —g@) - LD p (-2, x)]

Next,

Rn,l,c(fg7 :E) - Rn,l,c(fa $)Rn,l,c<ga l’) - Rn,l,c«t - 33)27 x)f’(x)g'(x)

§|S1| + |Sg| + |Sg| + |S4|.

By Theorem 3.1, we have the following estimates

lLe . 1/4
1] <16(1 + 2)Q ((fg)”, (Z Z’fEx;) ) pinSy(),

(s L
S, <f<:c)16(1+x2)9<g’, (Zl,f( ) 15 (),

Lo 1/4
/ n,6\L c
[S5] <lg(x)[16(1 +2%)Q2 (f@ (Zz,f( )> )/fﬁ,z(ﬂ?)'
Now, as f” € C5]0, 00),

Rusel ) = F(x) = F @) + 5 Ruse (/€00 — 2, )
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So,
Rusel ) = F()] <5 Ruse (Ot — )%, )

<"l g (1€ = 202, ),

where ¢ is a number between ¢ and z. There are two possible cases now.
If t <& <, then 1+&2 <1+ 2% So, we get

2
Buselfoz) — F@)] < 171t o),

If v < &<t then 1+&2<1+t% So, we get

Rge,2) = @) <l R (1 )t~ 2)?,2)

1 & c &
=15l (14 2o (@) + 2wpia () + s ()

Combining these two cases, we obtain

(1 + l‘Z) c QZB (& 1 (&
Ruaelf.2) = F@) 1771257 (20500 + @) + ()

:=S,(f).

Similarly, we can obtain |R,,;.(g,z) — g(z)] < S,.(g) and hence, we get the desired
result. O

4. DIFFERENCE OF OPERATORS

We compute the magnitude of difference of the two operators having the same basis
function, viz. the generalized Baskakov operators and the genuine Gupta-Srivastava
operators in this section. Varied researchers have studied in this direction (cf. [3,7]
and references therin).

Consider

Mn,l,c(fa x) = i anC,k(x’ C>Gn,k(f)

k=0
and

Rn,l,c(f7 ZL’) - ipn—&-lc,k(x; C)Hn,k(f)a

k=0

where G, ,(f) = f(%) and H,,(f) = [n+ (I + 1) Zfoanr(Hg)Qk1(t,c)f(t)dt,
1 <k <oo, Hy(f) = f(0).

Remark 4.1. By simple computation, we have 0%+ := G,, 1.(e) = % and

MS""“ = Gupler — b9Feg)> =0 and Mf”’k = G i(er — breg)t = 0.
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Now,
H, i(e,) =[n+ (14 1) /pn+(l+2)c,k—1(t,0)trdt
0
DI+ T ()bt \
:[n—i—(l—{—l)c]( E—1 )0/(1—1—015 %+l+k+1tdt
D (Ml k 7 ()t
_407« k—1 ) (1+Ct)%+l+k+1
m+({+1)c (2+1+k n
= c —_ — ]_
= E 1 B k:+7“,c+l r+
I'k rfz+17- 1
_[n+(l+1)c]<’g+l+k> (k+7) <C+ T )
- r+1 E—1
¢ r<g+z+k+1>
A (40 (k-1 (B I—r 1)
et (k=D r(2+1+2)
Remark 4.2. bnk .= H, ;(e;) = ﬁ and we have

ko k
py = Hyp(er — bmreg)? = Hyplen) + ( > — 2Hux(e1) ( >

n+lc n+lc
B kln + c(l + k)]
 (n+le)2n+ (I - 1)
and
H”vk P an 4
oy .—Hmk(el — b 60)
ot —d(—F Ve +6 () Houten
—1Iin - n,k\€ n
k€4 n+lc kA3 n—+lc 2

o\ Eo\!
-4 (n—l—lc) Hri(er) + <n+lc>

33— 1)(1 = 2)(1 — 3) + (k + 1)k +2)(k + 3)Ic*—
(k+ 1) (k+2)(k—9)lc*n + (18 + 17k + k3) len? + 3(2 + k)n?
+3k* (2(k+ 1)1 —2)(I = 3)lc+ (12 + k + 2(k — 5) — (k — 2)I*)n)

+ck< —4(k+ 1) (k+2)(1 — 3)Ic* + 2(k + 1)(24 — 3k — 81 + 2kl)lcn

F(6(k+4) — (k2 +8)1) n2>

(n+le)*n+ (I —1)c][n+ (I —2)]n+ (I —3)
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As an application of Theorem A, we have the following quantitative estimate for
the difference between the operators M, ;. and R, ..

Theorem 4.1. Let ) € C[0,00), s € {0,1,2} and x € [0,00), then for n,c € N,
we have

(M pe = Bo) (f,2)] < [/ la(z) +w(f”, 61(2)) (1 + a(z)) + 2w(f, 02(x)),

where

1 & G .\ r(14cx)[n+ (I +1)c]
g gy Prtekl:) (™ 4 12") = S i+ =1

1 G, H.
5%(1') ::E E :pn-i—lc,k(l',c) (M4 4 Ly k)
k=0

a(z) =

1
:§(n +lc)x

[6(n +1c)® — (8c(l — 3) — 11lc — 3n)(n + 1c)*(1 + (n+ (I + 1)c)x)]
+6(n + ) (21 —2)(1 = 3) + Ic* + ¢(=2(l — 3)lc +n))
I+ (n+(+1)c)z(3+c(l+2)x+nz))

X — (303(l — 1) =2)(I —3) +c(2lc —n)(2(l — 3)lc —In)

—le(lc* —len +n?) — 3¢ (n+ (1 —2)(2(1 — 3)lc — ln)))
I+ (n+(+De)x(T+ (c(l+2) +n)x(6+ c(l + 3)x +nx))) |

and
o0

2 lex le
5§(x) = an+lc,k($, c) (bG"’k — bH"”C) = <1 + )

= (n+lc) n

Proof. The proof immediately follows using Remark 2.1, 4.1 and 4.2. We omit the
details. U

Acknowledgements. The authors are thankful to the reviewers for valuable sugges-
tions.
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EIGENVALUES OF CIRCULANT MATRICES AND A
CONJECTURE OF RYSER

REINHARDT EULER!, LUIS H. GALLARDO?, AND OLIVIER RAHAVANDRAINY?

ABSTRACT. We prove that there is no circulant Hadamard matrix H with first
row [h1,...,hy] of order n > 4, under some linear conditions on the h;’s. All
these conditions hold in the known case n = 4, so that our results can be thought
as characterizations of properties that only hold when n = 4. Our first conditions
imply that some eigenvalue A of H is a sum of y/n terms hjoﬂ, where w is a primitive
n-th root of 1. The same conclusion holds also if some complex arithmetic means
associated to A are algebraic integers (second conditions). Moreover, our third
conditions, related to the recent notion of robust Hadamard matrices, implies also
the nonexistence of these circulant Hadamard matrices. If some of the conditions
fail, it appears (to us) very difficult to be able to prove the result.

1. INTRODUCTION

A matrix of order n is a square matrix with n rows. A circulant matrix A :=
circ(ay, ..., a,) of order n is a matrix of order n of first row [ai,...,a,| in which
each row after the first is obtained by a cyclic shift of its predecessor by one position.
For example, the second row of A is [a,,a1,...,a,-1]. A Hadamard matrix H of
order n is a matrix of order n with entries in {—1,1} such that K := % is an
orthogonal matrix. A circulant Hadamard matrix of order n is a circulant matrix that
is Hadamard. The 10 known circulant Hadamard matrices are H; := circ(1), Hy :=
—H,, H3 :=circ(1,-1,—-1,-1), Hy:= —Hj3, Hj:= circ(—1,1,—1,—1), Hg := —Hj,
H; :=cire(—1,-1,1,—1), Hy := —Hy7, Hg:= circ(—1,—1,—1,1), Hyo:= —Hy.

If H = circ(hy,...,hy,) is a circulant Hadamard matrix of order n then its repre-
senter polynomial is the polynomial R(z) := hy + hox + -+ - + hyz" L.

Key words and phrases. Circulant matrices, Hadamard matrices, eigenvalues, unit circle, cyclo-
tomic fields.
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No one has been able, despite several deep computations (see [1,14]), to discover
any other circulant Hadamard matrix. Ryser proposed in 1963 (see [16], [3, p. 97])
the conjecture of the non-existence of these matrices when n > 4. Preceding work
on the conjecture includes [4,5,8-11,13,15,18]. Ryser’s conjecture above has been
studied with several different methods. The first special case done by Brualdi [2] in
1965, assumed that all eigenvalues of H := circ(hq,...,h,), a circulant Hadamard
matrix of order n > 4, were real, i.e., that H is symmetric, or equivalently that

(1.1) [ pp—} forkzl,...,g—z

Besides Brualdi’s result, all other known results are only partial results for particular
n’s , generally obtained by deep methods: see Turyn’s work [18] and e.g., [15]. For
example, the known case where n has two prime factors, i.e., n = 4p*™ for some
odd prime number p, is a consequence of some results of Turyn. These results
permitted some computer calculations (e.g., in citations above) that proved the result
for increasing numerical values of n. However, these methods seem to be unable to
produce general proofs (say a proof of the conjecture for an infinity of n’s with more
than two prime factors).

The object of the present paper is to prove the conjecture in some new special cases
related to some properties of eigenvalues of a possible new circulant Hadamard matrix,
generalizing some properties of the 8 circulant Hadamard matrices of order 4. Indeed,
we prove that these properties hold only for n = 4 assuming that they hold for n > 4.
Essentially we prove that circulant Hadamard matrices of order n > 4 cannot “inherit”
some “linear” and “count” properties of the known circulant Hadamard matrices of
order 4. To prove the full conjecture is equivalent to find a procedure that do not
depends on conditions. Thus, we (and many other people in this area) are far from
attaining this goal.

In practice, and more precisely, first, we prove (in Theorem 1.1 below) the result by
replacing the equalities (1.1) on the h;’s by an upper bound on the number of similar
equalities.

Theorem 1.1. Let H = circ(hy,...,h,) be a circulant Hadamard matriz of order
n > 4. Then n = 4 provided the number r of i’s between 1 and n/2 such that
hi + hyjovi = 0 does not exceed /n/2.

Remark 1.1. When n = 4 the condition of Theorem 1.1 holds, with » = 1, for all 8
circulant Hadamard matrices Hs, ..., Hyp.

In our second result we replace the condition of Theorem 1.1 by a property of some
appropriate (complex) arithmetic mean related to the eigenvalues of H.

Theorem 1.2. Let H = circ(hy,...,h,) be a circulant Hadamard matriz of order
n > 4. Let w := exp(2mi/n). Then n = 4 provided both statements (a) and (b) below
hold.
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(a) There exists k € {1,...,n} such that k ¢ {n,n/2}, and for v := Wk there exists
an n-tuple S := (€1, ..., €,), depending on k, where €; € {—1,1}, such that
a = M € Z[w].
n
(b) The set T :={1 < j<n:e = —1} satisfies r := card(T) < /n/2.

Remark 1.2. When n = 4 and H = circ(hy, ho, h3, hy), the conditions on Theorem 1.2
hold with:

w:=1i, sothatw?®=—1, k=1, S=(hy,ho, hs, hy),
so that » = 1 for all 8 circulant Hadamard matrices of order 4, namely for Hs, ..., Hyg.

Finally, in our third main result, we consider properties of the circulant Hadamard
matrices (namely: (—1) robust, say type 1 Hadamard matrices) related to the recent
notion [6] of robust Hadamard matrices More precisely, 4 of the 8 known circulant
Hadamard matrices of order 4 are indeed (—1) robust Hadamard matrices while the
other 4 (call them weak Hadamard, say type 2 Hadamard matrices) have a strong
opposite property on their principal minors, (see definitions of robust Hadamard
matrices and of both types of Hadamard matrices in section 2) and see more details
in Remark 1.3 below. We show then in the following theorem that, under some mild
conditions, these properties hold for n = 4 and not for n > 4. Observe also (see again
Theorem 1.3) that there is no circulant Hadamard matrices that are robust. This
is the reason why we defined the related notions discussed above. Given any n X n
matrix M = (M, ), with n > 2, we denote, in all the paper, by m(1, k) the principal
2 x 2 minor of M, i.e., the determinant of the 2 x 2 submatrix S of M such that
Si1 =M1, Seq = My, Si2= My, and Sy9 = My ;. Moreover, in all the paper H*
means the (complex) conjugate transpose of the matrix H, so that H* coincides with
the transpose H7 when H has real coefficients.

Theorem 1.3. Let H = circ(hy,...,h,) be a circulant Hadamard matriz of order
n > 4. Then statement (a) holds, and one has n = 4 provided any of statements (b)
or (c) below hold. We can assume without loss of generality that hy = 1.

(a) The matrix H cannot be robust.
(b) The matriz H is (—1) robust.
c) The matriz H is weak, hy 4 hyjo41 = 0, the number ny of 1’s in the entries

hi,..., hynso of H, equals nEVIE2 i d the number n_y of —1’s inside the same

1
. —/n—2
entries equals %.

Remark 1.3. When n = 4 the four (—1) robust Hadamard circulants are Hy, Hg, Hy
and Hg. Thus the 4 weak circulant Hadamard are Hs, Hy, H; and Hsg.

Remark 1.4. For a general regular Hadamard matrix H = circ(hy, ..., hy,), say with
hy = 1, it is known (see Lemma 2.1) that the number of 1’s in any row equals
ry = "Z—ﬁ Since we consider type 2 matrices in part (c) of our last theorem it is
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natural to think, (but it is not proved, and might be difficult to prove), and has been
nevertheless used as an hypothesis, that we should have about r;/2 entries equal to
1 in the first § entries of the first row of H. The condition on Theorem 1.3, part (c)
comes from this consideration, since it matches exactly the case of the 4 circulant
matrix Hg := circ(1,1,—1,1) where we have two 1’s and so zero —1 in the first two
entries of the first row. The other 3 circulant Hadamard matrices of order 4 and type
2, are obtained by shifts of length 2 of the first row of Hg, (see details, as before, in
Remark 1.3).

The necessary tools for the proof of all three theorems are given in Section 2. The
proof of Theorem 1.1 is presented in Section 3, the proof of Theorem 1.2 is presented
in Section 4, and the proof of Theorem 1.3 is presented in Section 5.

2. TooLs

The following is well known. See, e.g., [7, p. 1193], [12, p. 234], [18, p. 329-330].

Lemma 2.1. Let H be a regular Hadamard matriz of order n > 4, i.e., a Hadamard
matriz whose row and column sums are all equal. Then n = 4h? for some positive
integer h. Moreover, the row and column sums are all equal to =2h and each row has
2h? £ h positive entries and 2h* F h negative entries. Finally, if H is circulant then
h is odd.

Lemma 2.2. Let H be a circulant Hadamard matriz of order n, let w = exp(2mi/n)
and let R(x) be its representer polynomial. Then all the eigenvalues R(v) of H, where
v e {1Lw,w?, ..., w1}, satisfy |R(v)| = /n.

We recall here the definition of robust Hadamard matrices from [6] and define the
notions of (—1) robust and of weak Hadamard matrix.

Definition 2.1. Let H be an Hadamard matrix of order n.

(a) We say that H is robust if all 2 x 2 principal minors of H are in {—2,2}.

(b) We say that H is (—1) robust if all 2 x 2 principal minors, but the minor
m(1,n — 1) of H, that equals 0, are in {—2,2}.

(c) We say that H is weak if all 2 x 2 principal minors of H equal 0.

Remark 2.1. An Hadamard matrix H is robust if and only if every principal 2 x 2
submatrix of H is also an Hadamard matrix. An Hadamard matrix H is weak if and
only if every principal 2 x 2 submatrix of H is singular. In order that a circulant
Hadamard H := circ(hy,. .., h,) matrix be robust (resp. weak) it is necessary and
sufficient that the principal 2 x 2 submatrices with first column [hy, hy]? (where the
T means “transpose”) be Hadamard (resp. be singular).

The next lemma (see [17, Lemma 8.6]) is frequently used in the theory of group
representations. Here, it is useful for the proof of Lemma 2.4.
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Lemma 2.3. Let c¢i,...,c; be { compler numbers of absolute value 1.  If
ey + -+ | =4, thency = -+ = ¢y

The next lemma is about some complex arithmetic means.

Lemma 2.4. Let w := exp(2mi/n). Let ¢1,...,¢, be n elements of Z|w] of absolute
value 1. If
Atk g
n
then eithercy =---=¢, orcy+--+-+¢, = 0.

Proof. Put a := W The hypothesis implies that |a| < 1. If at least two of the
¢;’s are distinct, then by Lemma 2.3 (with ¢ = n) we get |a| < 1 so that |o(a)| < 1
for any o € G, where G := Gal(Q(w)/Q) is the Galois group of the cyclotomic field
Q(w) over Q. Thus P :=[],cq o(a) € Z satisfies 0 < |P| < 1. It follows that P = 0,
so that a = 0. U

3. PROOF OF THEOREM 1.1

Put w := exp(27i/n). Observe that H is regular in terms of Lemma 2.1 since H
is circulant. In particular, Lemma 2.1 implies that n = 4h? for some positive integer
h. Write H = circ(hy, ..., h,) and let R(z) be the representer polynomial of H. By
Lemma 2.2 one has R(w) = 2ha where a is a complex number in the unit circle. Let

W .= {] = 1, .. % : hj = _hn/2+j} and let
(3.1) ti=> hjw

JEW
Then one has
(3.2) 2ha — 2t = 2 + - -+ + 2y,
where
(3.3) zj=hjw' ™t forallj=1,..., g such that j ¢ W,
and
(3.4) zj = —hjw' ™', forallj=1,..., g such that j € W,
and
(3.5) Znrtj = hnja W™ forallj=1,..., n

5
Since w™? = —1, we see that (3.3), (3.4) and (3.5) guarantee that
(3.6) e = —z, forallj=1,.. . g

More precisely, if j ¢ W then z; = hjw’~!, while 2,/01; = hyjopjw™?*H71 =
hjw"/Q(,uj*1 = —hjwj*1 = =% Ifj € W then z; = —hjwjfl, while 2,04, =
A jag ™27 = —hjwn/2wi=1 = it = —2,.
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Since w ¢ R and w has multiplicative order equal to n it follows from (3.6) that we
have z; # z; for all i # j, 1 <1i,7 < n.
It then follows from (3.6) that

(3.7) 21+20+ - +2,=0.
But by (3.2), we see that (3.7) implies

(3.8) Vna = 2t.

But |a| = 1, and by hypothesis card(W) < 4/n/2, thus it follows from (3.8) and
from the definition of ¢ in (3.1) that
VI < card(w) < Y
2 2
so that

(3.9) v

:t:
=

> hw'™

JEW

= card(W).

Put for every j € W, d; := h;jw’~!. Since |d;| = 1 for all these j’s, it follows from
(3.9) and from Lemma 2.3 (with ¢ = y/n/2) that

(3.10) d;=d;, foralli,jeW.

Assume now that n > 4. Then (3.10) is impossible since w' ™! # + w/~! when i # j
for any 7,5 € {1, 2. .., g} Therefore, n = 4. This finishes the proof of Theorem 1.1.

4. PROOF OF THEOREM 1.2

We refer to notations in Theorem 1.2. From Lemma 2.2, A defined by

(4.1) Ai=hy+hav+ -+ ho"

where v = w¥, is an eigenvalue of H. By the same Lemma 2.2, \ satisfies |A\| = /7.

Observe that T is not empty, since T = & implies a = A\/n so that |a| = 1/y/n
since by Lemma 2.2 |A\| = /n. But hypothesis (a) implies that the complex conjugate
@ € Z[w] so that 1/n = |a|* = a@ € Z[w]. Therefore, we get the contradiction that
n = 1. One has by hypothesis (a) and by (4.1)

(4.2) A—na=2) hyvt L.
ieT
Putting ¢; = e;h;07 ! for all j = 1...n, it is clear that na = ¢; +- - -+ ¢,, ¢; € Z]w],
and that |c;| =1 for all these j’s. Moreover, k ¢ {n,n/2} implies that v ¢ R so that
C1 7£ Co.
It follows then from Lemma 2.4 that a = 0. Thus, from (4.2) we get

(4.3) A=2s, wheres=>Y huv' "

€T



RYSER’S CONJECTURE HOLDS IN SPECIAL CASES 757

Now, Lemma 2.2 and (4.3) imply that

(14) s = L0

2
But from the definition of s in (4.3) and the triangular inequality one has
(4.5) s| <> |h ™ =1 = card(T).
i€T i€T

From (4.5), (4.4) and hypothesis (b) we obtain

(4.6) |s| = card(T) =

<[5

Putting d; := h;v’~! for all j € T, it is clear that |d;| = 1 for all these @ values of
j. Thus from (4.6) and from Lemma 2.3 (with ¢ = \/n/2) we obtain that

(47) dz = dj, for aHj eT.

Remember that, by Lemma 2.1, n = 4h? with odd h. By (4.6), h = card(T). Thus,
if card(T) > 1 then h = card(T) > 3 so that (4.7) cannot hold since w™/? = —1
implies that for 7,7 € T', with ¢ < j
n
5

In other words, (4.8) says that there cannot exist three elements i, j, k € T that are
2 by 2 distinct and for which d; = d; = dj. Thus, card(T) = 1, that is, from (4.6), we
have n = 4. This proves the theorem.

(4.8) di=dj < i=jorj=i+

5. PROOF OF THEOREM 1.3

Part (a). Assume, to the contrary, that H is robust. It follows from the following
equality (see [6, Formula (3.5) in proof of Lemma 3.6, Subsection 3.3]) that:

(5.1) HD*+ DH* =21,

where D is the diagonal matrix containing the diagonal elements of H, i.e., in our
case D = I so that (5.1) becomes

(5.2) H+ H* =2I.

But, multiplying both sides of (5.2) by the eigenvector v := R(1) = [1,1,...,1]* of
H, (see Lemma 2.2) we get 24/n v = 20, i.e., we get the contradiction n = 1.

The following observation is useful for the proof of parts (b) and (c): H := (h;;) =
circ(hy, ..., hy) if and only if the following condition on the indices (mod n) holds

(5.3) hij = Nhj—it1 (mod n)-

Part (b). Assume to the contrary, that n > 4. Observe that by Lemma 2.1 we can
assume that

(5.4) n > 36.
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Since H is (—1) robust one has m(1,j) =2forall j=2,....,.n—2, m(l,n—1) =0
and m(1,n) = 2. In other words, (and by using (5.3)) we have hjh,_jo = —1
forall j = 2,...,n—2, hsh,_1 = 1 and hyh, = —1. This can also be written as:
hp_jyo = —hj forall j =2,...,n—2, hy_y = hg and h,, = —hy. Thus we can write
the relation \/n = R(1) as follows

n/2+1 n/2

J=2,j#3 t=2,1#3

Writing (5.5) in the following form

n/2 n/2
Vii=hi4hyp+ Y hi— ( > ht) + h3 + hs,

7=2,7#3 t=2,1#3
it is clear that we get
V= hy + hyjoi1 + 2hs,
so that
(5.6) Vi = [l + hyyagn +2hs] < 4.
But, (5.6) contradicts (5.4), thereby finishing the proof of part (b).

Part (c). Assume, to the contrary, that n > 4. Let s := z}j@ hi. Proceeding as
before we get now

(57) \/_ = R(l) = hl + hn/2+1 + 25,
since now we have h,,_;_o = h; for all j = 2,...,n. Let us compute now s by using
our hypothesis on the number of 1’s and —1’s in the h;’s, with j =1,... 7,
2

4
thus (5.7) becomes
(5.8) Vo =hy+ hyjai +v/n+ 2.
We have then from (5.8)
(59) hl = hn/2+1 = —1.

But, (5.9) contradicts our hypothesis hy 4 hy 241 = 0, thereby proving part (c). This
proves the theorem.
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SOLVABILITY FOR MULTI-POINT BVP OF NONLINEAR
FRACTIONAL DIFFERENTIAL EQUATIONS AT RESONANCE
WITH THREE DIMENSIONAL KERNELS

ZIDANE BAITICHE!, MAAMAR BENBACHIR?, AND KADDOUR GUERBATT!

ABSTRACT. This work deals with the BVP multi-point existence of solutions of a
nonlinear fractional differential equations at resonance, where the kernel’s dimension
of the fractional differential operator is equal to three. Our results are based on
Mawhin’s theory of coincidence. As application, we give an example to illustrate
our results.

1. INTRODUCTION

The present work concerns a kind of fractional differential equation which can be
written as Lx = Nz, where L is a linear Fredholm operator of index zero, and N is a
nonlinear operator. It is well known that if the kernel of the linear part contains only
zero, the corresponding boundary value problem is called non-resonant. In this case,
L is invertible, the equation can be reduced to a fixed point problem for the L=*N
operator. Otherwise, if L is a non-invertible, i.e., dimker L. > 1, then the problem is
said to be at resonance, and then the problem can be solved by using the coincidence
degree theory. The higher value of dim kerL is the more difficult. Recently, many
authors investigated the existence of solutions for fractional differential equations at
resonance. For instance, see [3-6,9-11,15,16,18,19,32] and the references therein.

The case of dimker L = 1 has been discussed by many authors [3,4,6,9-11,16, 18,
19,32]. In [6], Z. Bai and Y. Zhang investigated the boundary value problem for a

Key words and phrases. Fractional differential equations, fractional Caputo derivative, multi-point
boundary value problem, resonance, three dimensional kernels, coincidence degree theory.

2010 Mathematics Subject Classification. Primary: 34A08; Secondary: 34B15, 34B25.

DOIT 10.46793/KgJMat2105.761B

Received: November 17, 2018.

Accepted: May 20, 2019.

761



762 Z. BAITICHE, M. BENBACHIR, AND K. GUERBATI

fractional differential equation with nonlinear growth with dimker L = 1

{Dm ) = f(tu(t), Dy tu(t)), te[0,1],
(0) =0, u(1) = ou(n),

where D, is the standard Riemann-Liouville derivative, 1 < o <2, f: [0,1]xR* — R
is continuous and o € (0, o), € (0, 1) are given constants such that on®~! = 1.

Z. Hu et al. in [10] prove the existence of solutions of two-point boundary value
problem for a fractional differential equation at resonance with dimker L = 1

{Dmu( )= £ (tu(). w(®). tefo.1)
(0) =0, u(1)=wu(D),

where Dg. is the Caputo fractional derivative, 1 < a <2, f:[0,1] x R? — R satisfies
the Caratheodory conditions.

L. Hu et al. studied in [11] a two-point boundary value problem for fractional
differential equation at resonance with dimker L = 1:

Dg.u(t) = f(tult), D§Ttu(t), D3T2u(t), ..., Dy= N u(r)),
u(0) = DE2u(0) = - - = DIT N Vu(0) = 0, D& tu(0) = DS tu(1),
where 0 <t <1, N -1 < a <N, D, is Riemann-Liouville fractional derivative, and
f:[0,1] x R* = R is a continuous function.
For the case dimker L = 2, Bai and Zhang established in [5] the existence of at

least one solution for the m-point boundary value problem for fractional differential
equation at resonance with dimker L = 2

Dgiu(t) = f(t,u(t), Dy ?ult), Dy tult)), t € (0,1),

Ig7'u(0) = 0, Dgi'u(0) = Dgi(n), (1) = % aqu(ns),
where 2 < a <3, 0<n<1,0<m <m<- - <Nu<1l,m>2 3" ani ' =
> amf‘_z = 1. D§; and I§, are the standard Riemann-Liouville fractional derivative

and fractional integral respectively and f : [0,1] x R?® — R satisfies the Caratheodory
conditions. The results are obtained under the assumption that:

1 T(a)'(a—1) m 20—2 [ 4 N()) 20—1
R=2n m—nll_;amz ]_a—ln (20 l ZO‘Z" ]

W. Jiang showed in [15] an existence result for the boundary value problem of
fractional differential equation at resonance with dimker L = 2:

{Dmu() f(tu(t), Dgtut)). teJ =[0,1],
(0) =0, Dgitu(0) =" a;Dgr (&), Dy 2u(0) = 55—, b Dg* (my),

where 2 < a < 3, D, is Riemann-Liouville fractional derivative, 0 < § < & <
< <L O0O<m<mp<-o < <1, 30 a=1, 30 b = 1,30 bin; =1,
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f:[0,1] x R? — R satisfies the Caratheodory conditions. The results are obtained
under the assumption that

?1)(1—%1@77;’?)2% ;1 Z%)ZZS%O

Motivated by the results cited above, we investigate the solvability of multi-point
boundary value problem of nonlinear fractional differential equation at resonance with
dimker L = 3

/
(6)°Dgeu(t)) = # (u®). (0w (0).w"(8), “Dgult)), ¢ 1,
LD qu0) =0, Dgu(0) =0, w(0) =T, a (&),
u"(0) = Xhoy b (ny),  w/(1) = iy et (1),

where “Dg, is the Caputo fractional derivative, 3 < a <4, 0 < & < -+ < &, <
LOo<m<--<y<L 0<p <~ <py, <1, a;,bj,c, eR, i=1,...,m,j =
L...,Lk=1,...,n,I=][0,1], ¢(t) € C*[0,1]), p = minge; ¢(t) > 0 and f : [0,1] x
R> — R is a Caratheodory function, that is,

(i) for each x € R, the function x — f(t, ) is Lebesgue measurable;
(ii) for almost every ¢ € [0, 1], the function ¢t — f(¢, ) is continuous on R?;
(iii) for each r > 0, there exists ¢, (t) € L1<[0, 1], R) such that, for a.e. t € [0,1] and
every |z| < r, we have |f(t,x)| < p.(1).

In this work, we will always suppose that the following conditions hold.

(Hy) X, a; = 22-21 bj = >k ok =1, 22:1 bin; =0, Yh_y Crpr = St Crpi = L.
(H2)

dll d12 d13
A=|dyn dy dy|#0,
d31 d32 d33

where for v = 1,2, 3, we define

a—4 l

7m Eis’/(fi_s) n; gv 77_5
dl/l —iZaZ/ Tds, ij/ T(S)dé’,

0

(- s 5)2
dl,g—/o vo(s) ds—ch/ —S)ds.

The rest of this work is organized as follows. In Section 2, we introduce some
notations, definitions and lemmas which will be used later. In Section 3, we present
and prove our main results by applying the coincidence degree continuation theorem.
Finally, in Section 4 we provide an example.
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2. PRELIMINARIES

In this section, we present the necessary definitions and lemmas from fractional
calculus theory. These definitions and properties can be found in recent literature,
see for example [17,26-28, 30].

Definition 2.1. Let o > 0, and u a function u : (0,00) — R. The Riemann-Liouville
fractional integral of order « of u is defined by

Igu(t) = g (0= 9 u(s)ds.

provided that the right-hand side is pointwise defined on (0, c0).

Remark 2.1. The notation [§u(t) ;=0 means that the limit is taken at almost all
points of the right-sided neighborhood (0,¢), € > 0, of 0 as follows:

I5vu(t) |i=o= tl—%}r g u(?).

Generally [I§,u(t) |=o] is not necessarily zero. For instance, let o € (0,1), u(t) = ¢t=*.
Then

0 4o = lim —— [ (t—s)*'s~*ds = lim I(1 =T(1

o+ |t:0—t41>%}|*r(06)/0( —s)"s §=am (1-a)=T(1-a)
Definition 2.2. Let a > 0. The Caputo fractional derivative of order a of a function
u: (0,00) = R is given by

where n = [o] + 1, [a] denotes the integer part of real number «, provided that the
right-hand side is pointwise defined on (0, o).

“Dfu(t) = Iy u™(t) =

Lemma 2.1. Let a,n > 0, n = [a] + 1, then the following relations hold

Cna
Dot = —1—
T Tip—a+1)

n>n-—1,

and
°Deth =0, k=0,...,n—1.

Lemma 2.2. Let a, > 0 and u € Ll([O,l]). Then I 15 u(t) = IS u(t) and
“Dg, I¢ u(t) = u(t) for all t € [0,1]

Lemma 2.3. Let « > 0, n = [a] + 1. Then
n—1
I8 (“Dgiu(t)) = u(t) + 3 kt", G €R.
k=0

Lemma 2.4. Let « > 0 and n = [a] + 1. If “Dgiu(t) € C[0,1], then u(t) €
([0, 1]).
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Proof. Let h(t) € C[0,1], such that D, u(t) = h(t), then, from Lemma 2.2, we have

n—1
u(t) = g+h(i) + Z 5ktk, o € R.
k=0

It is easy to check that u(t) € C"~1([0,1]). O
Lemma 2.5. Let o >0, u € Ll([(), 1],R). Then, for all t € [0,1], we have

1 u(t) < 1l
Proof. Let u € Ll([O, 1],R>, from Lemma 2.2, we have

t 1
[ u(t) = I, I8 u(t) = /0 ISu(s)ds < /0 1% u(s)|ds = | I8l 1. O
Lemma 2.6 ([30]). The fractional integral I$,, o > 0, is bounded in L'(]0, 1], R) with
[l 1
I < —.
|| 0+U||L1 = F(Oé+ 1)

Now, let us recall some notations about the coincidence degree continuation theorem.
For more details see [25].

Definition 2.3. Let X and Y be real Banach spaces. A linear operator L : dom L C
X — Y is said to be a Fredholm operator of index zero if

(1) Im L is a closed subset of Y;
(2) dimker L = codimIm L < co.

It follows from Definition 2.3 that there exist continuous projectors P : X — X
and ) : Y — Y such that

kerL=ImP, ImL=ker@, X=kerLdkerP, Y =ImL&ImQ.

It follows that
L, =L |aom Lrker p: dom L Nker P — Im L

is invertible. We denote the inverse of this map by K.

Definition 2.4. Let L be a Fredholm operator of index zero. If {2 is an open bounded
subset of X and dom LN # 0 . The map N : Q — X will be called L-compact on
Qif

(1) QN(Q) is bounded;

(2) Kpg N = K,(I — Q)N : Q — X is compact.

Theorem 2.1. Let L : dom L C X — Y be a Fredholm operator of index zero and

N : X =Y L-compact on §). Assume that the following conditions are satisfied:

(1) Lx # ANz for every (z, A\) € [(dom L\ ker L) N 92 x (0,1);

(2) Nz ¢ Im L for every x € ker L N 0SY;

(3) deg (QN |xerr, 2 Nker L,0) # 0, where @ : Y — Y is a projection such that
Im L = ker Q.
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Then, the abstract equation Lx = Nx has at least one solution in dom L N €.
For our purpose and according to Lemma 2.4, the adequate functional space is:
X = {u . “Dg,u € C([0,1],R), u satisfies boundary value conditions of (1.1)}

endowed with the norm:

3
ullx =3 1u?o + |Dfstillo,  Where [|ulo = max |u(t)].
i=0 €[0,1]

By means of the functional analysis theory, we can prove that (X, |.||x) is a Banach
space.

Let Y = L0, 1] be the Lebesgue space of real measurable functions ¢ — y(t) defined
on [0,1] and such that ¢ — |y(t)| is Lebesgue integrable. Y is a Banach space with
the norm ||y||z1 = fy |y(t)|dt. Define L to be the linear operator from dom LN X toY

Lu = <¢CD8+U),, u € dom L,
where
dom L = {u € X : “Dg u(t)is absolutely continuous on [0, 1]}

and define the operator N : X — Y as:

Nu(t) = f(t,u(t),u/(t),u"(t),u" (1), “Dgiu(t)), t€[0,1].
Then the boundary value problem (1.1) can be written in abstract form as:

Lu= Nu, wu¢&dom L.

To study the compactness of operator N, we need the following lemma.

Lemma 2.7. U C X is a relatively compact set in X if and only if U is uniformly
bounded and equicontinuous. Here uniformly bounded means there exists M > 0 such
that for every u € U

3
lullx = 37 4o + [°Disulloe < M,
=0
and equicontinuous means that for all € > 0, exists 6 > 0, such that
WD () —uD(ty)| <&, forallueU, t,ty €1, |t; —ts| <8, i€{0,1,2,3},

and

|CD8+U(t1) — CD8+U(t2)| <e, forallueU, ty,ty€l, |t1 — t2| < 0.
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3. MAIN RESULTS

In this section we shall present and prove our main result.

Lemma 3.1. Let y € Y, ¢ € C[0,1], minse; ¢(t) > pu > 0, and suppose that (H;)
holds. Then u € X is the solution of the following fractional differential equation:

(6()°Dgu(t)) =), ter1=p.1)
(3.1) uw(0) =0, Dg.u(0) =0, u"(0) = £, an (&),
u"(0) = ey byu (), w'(1) = Siy e (o),
where u is given by
(3.2) u(t) = i&ti + L /t (t—s)* /s y(r)drds, 01,92,03 € R
i=1 I(a)Jo  o(s) 0 ’ T ’

and

(3.3) Ti(y) = Ta(y) = Tz(y) = 0,

where Ty, Ty, Ty : Y — Y are three linear operators defined as follow:

52‘ i— S) S
T\ (y) :;ai/o g(;ﬁ(s)/o y(r)drds,

y) = i b; /nj (n; — )" qz(ga_g /08 y(r)drds,
T3(y) :/0 (1;(2);2/ r)drds — Z Ck /pk pk s /OS y(r)drds.

Proof. Let u be a solution of problem (3.1). Then we have

(1) D ult —5—1—/ ds, & e€R.

The hypothesis “Dg,u(0) = 0 and min,e; ¢(t) > 0, allow us to write

1t
<Z>(t)/0 y(s)ds.

CD0+U( )=

By Lemma 2.3, we get that
t (t _ 8)0471

5.1 s
= ;)5215 + F(Oé) /0 ¢(8) /0 ?J(T)drdsa 50751752,(53 € R.

u(0) = 0, implies that

& ) 1 t(t— - s
=20t drds, 61,0505 € R.
; Z +F<04)/0 P(s) /0 y(r)drds, 01,02,05 €
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By uW(O) — Zznil aiu///(&) and ZZ 10 = 1 we obtain

zl: /61 6;(3&4/0 y(r)drds =0,

1=1
From the conditions «”(0) = >"_, bju"(n,) and Z;Zl ;i =1, Zézl bn; =0, we get

El: / (n; ;(3“3 /0 " y(r)drds = 0.

Combining /(1) = Zk:l ! (pr), Si_jer=1and X7 cxpe = 1, Sp_, cups = 1, we
find )
1—s)° - s
/0 M/ r)drds — ch /pk pk s) /0 y(r)drds = 0.

Ti(y) = Ta(y) = Tz(y) = 0.

Thus,

On the other hand, we let

_ 3 ; 1 t (t o S)O‘_l s
a ;@t + [(a) /0 o(s) /0 y(r)drds,

where 1, do, d3 are arbitrary constants. It is clear that «(0) = 0, in view of Lemmas
2.1 and 2.2, we obtain

D ult) = qﬁgt) /Oty(s)ds.

!/

Thus, D2 u(0) = 0 and (qb(t)CDg+u(t)) — y(t) for all £ € [0, 1].

If (3.3) holds, we can calculate the following equations

Ty (y)
/// a;u ///51_ () :O, bun _ 2 :07
-3 Fa-3) S = Yy
%()
=0
Z Cku ,Ok P(Oé _ 1) )
so, u is the solution of the problem (3.1), this completes the proof. O

Lemma 3.2. Assume that (Hy) and (Hs) hold. Let ¢ € C*([0,1]), minyeo 1 ¢(t) >
>0, then L:dom L C X — Y is a Fredholm operator of index zero, and the inverse
linear operator K, = Lljl :ImL — dom L Nker P is defined by

(3.4) (K)(t) = F(la) / ‘e ;(58);_1 / " y(r)drds.

It satisfies

44 T(a—2)

3.5 K.
(3.5) I1Kpyllx < T —2) Y[l
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Proof. 1t is clear that ker L = {u cu(t) = S0 0tk 01,00,05 € R}. Furthermore,
Lemma 3.1 implies

(3.6) L ={yeY : Ti(y) = Ta(y) = Ts(y) = 0}.
Consider continuous linear mapping ) : Y — Y defined by

(3.7) Qy = Q1(y) + Q2(y)t + Qs(y)¢*,

where (01, Q2, Q3 : Y — Y are three linear operators defined as follows

Q1(y) = i(enﬂ (y) + e1Ta(y) + 613T3(y))7

Q:2(y) = i(elel (y) + exaTh(y) + 623T3(y)>,

Qs(y) = i(e?dTl (y) + es2To(y) + 633T3(y))7

eij, 1,J = 1,2, 3, are the algebraic complements of d;;.
We will prove that ker @ = Im L. Obviously, Im L C ker Q). As well, if y € ker @,
then
enTi(y) + enTo(y) + e3Ts(y) =
(3-8) enT1(y) + exnTs(y) + exsTs(y)
ea1T1(y) + esTo(y) + essT3(y)
The determinant of coefficients for (3.8) is A% # 0. We find T3 (y) = Ta(y) = T3(y) = 0
and that implies y € Im L. So, ker @ C Im L. Now, we prove Q%y = Qy, y € Y. For
y € Y, we have

Qily) = L [611T1 (Ql(y)) + e1275 (Ql(y)) + e1375 (Ql(?ﬂ)]

0,
0,
0.

= >

= — (611d11 + e1adar + 613d31)Q1?/

= Ql%

1 (QQ(y)t> = L [611T1 (Q2(y)t) + e1915 <Q2(y)t) + 1375 (Qg(y)tﬂ

>

e

= — (611d12 + e1adas + 613d32> Q2y

Ql(QB(y>t2> = [611T1 (Q3(y)t2) + e121h (Qs(y)tQ) + 1373 (Qz(y)tQ)]

»—|>‘»—“O|>

= Z (611d13 + 612d23 + 613d33)Q3y
=0.

Similarly, we obtain

Q2(@1(y) =0, Qa(Qu(v)t) = Quy, Qa(Qs(w)*) =0,
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Qs(@1(y) =0, Qs(@x()t) =0, Qs(Qs(v)*) = Qsy.
Therefore, we get
Q*g =1 (Ql( )) + Ql(QQ( )t> + 1 (Qs( )t ) + QZ(Ql(y)>t + Q2(Q2(y)t)t
+ Q2 (Q3 )t + Qs (Ql )752 + Qs (Qz(y)t>t2 + Qs <Q3(y)t2)t2
=Q1(y) + Q2(y)t + Qs(y)t”
=Qg.
This implies that the operator () is a projector.
Take y € Y in the form y = (y — Qy) + Qy. Then (y — Qy) € ker Q@ = Im L and
Qy € Im@. Thus, Y =Im@Q +ImL. And for any y € Im@Q NIm L from y € Im Q),

there exist constants d;,d,,d3 € R such that y(t) = Yi_, 6t*, from y € Im L, we
obtain

dy101 + di202 + dy303 = 0,
(3.9) d2101 + d2202 + da303 = 0,

The determinant of coefficients for (3.9) is A # 0. Therefore, (3.9) has an unique
solution d; = 95 = 03 = 0, which implies Im ) N Im L = 0. Then, we have

(3.10) Y=ImQ®kerQ =ImQ & Im L.

Thus, dimker L = 3 = dim Im ) = codim ker ) = codimIm L, this means that L is a
Fredholm operator of index zero.
Let P: X — X be a mapping defined by
’ u(k)(O)tk
k! ‘

(3.11) Pu(t) =

k=1
We note that P is a linear continuous projector and Im P = ker L. It follows from
u = (u — Pu) + Pu that X = ker P + ker L. By simple calculation, we obtain that
ker L Nker P = {0}. Hence,

(3.12) X =ker L & ker P.
Define K, : Im L — dom L N ker P as follows:

L1 et g
(Kpy)(t) = F(a)/o 205) /Oy(r)drds.

Now, we will prove that K, is the inverse of L |gom Loker p- In fact, for u € dom LNker P,
we have

IL (¢ D u , 3 (k)
0< °> (1) = 12.D2 u(t) — u(t) + 3" 0.
p 2

(KpL)u(t) = Ig+
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In view of u € dom L Nker P, u(0) = 0 and Pu = 0. Thus,
(3.13) (K, Lyu(t) = u(t),

and for y € Im L, we find
o015 (15 () )] =vt0

-1
Thus, K, = (L |dom LA ker P ) . Again for each y € Im L, and from Lemmas 2.2, 2.5
and 2.6, we have

(LE)y(t) = L(Kpy)(t) =

I, mx—zmw (Kp) @ (8)] + max |“Dg. (K,y) (t)]

¢ t€(0,1] te[0,1]
3 [ly Ily
Iaz 0+> CD (0+ )t

= S 5 )0+ gy 020 (57) 0
<3|yl 127 o)+ 1l 1)
3, oo g 67 500+ s s
<3|yl 12520 + 1wl 1 L)
3, oo g 157 0| + ol g 1
i Il ol
— ul'(a+1—1) i
44+ TN
——L—JmmL 0

[a—2)

Lemma 3.3. Suppose that € is an open bounded subset of X such that dom LN # ().
Then, N is L-compact on Q.

Proof. 1t is clear that QN (Q) and K,(I — Q)N(Q) are bounded, due to the fact that
f realize the caratheodory conditions.

Using the Lebesgue dominated convergence theorem, we can easily find that QN
and Kpg N = K,(I — Q)N : Q — X are continuous. By the hypothesis (ii7) on the
function f, there exists a constant A > 0, such that |(/—Q)N(u(t))| < A, forallu € Q,
t€[0,1]. Fori=0,1,2,3,0<t; <ty <1,and u € Q, we put M(t) = (I — Q)Nu(t).
One has

) t2 )
{/ (ty — 8)* 1 — (t; — 5)* " ds —I—/ (to — s)o‘_’_lds}
CY — Z 0 1
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Furthermore, we have

“Dy Kpg Nu(ty) — “D§ Kpg Nu(ty)

1 to 1 t1
:¢@>0M@“_MMA‘M@“

1 1 t 1 t2
:KW@_¢mQA‘M@“+Mmﬁ;M@“
A A
< alt) — o]+ (1 - n).

Since t*~* and ¢(¢) are uniformly continuous on [0, 1], we get that K,(I—-Q)N : Q — X
is compact. The lemma is proved. 0

Theorem 3.1. Let f be a Caratheodory function, ¢ € C*[0,1], minep 1y ¢(t) > p > 0.
(Hy) and (Hz) hold. In addition, assume that the following conditions hold.

(Hs) There exist non-negative functions 0;(t) € Y, i =0,...,5, such that

'f(ta Lo, L1, T2, T3, ZL’4>

1
<D 0i(t) || + 65(t),
i=0

where
22+«
AN=—0wn——— 0; 1.
ul(a ;} 103] 1 <
(Hy) There exists a constant M > 0 such that for u € dom L\ ker L, if [u'(t)| > M or
' ()| > M or |u" (t)| > M for all t € [0,1], then Ty(Nu) # 0 or To(Nu) # 0
or T3(Nu) # 0.

(Hs) There exists a constant M* > 0 such that for any 01,04,05 € R, if |61 > M*,
|02 > M*, 63| > M*, then either

3 3
S TN (Z 5@’“) <0
1=1 k=1
or

Then (1.1) has at least one solution.

Proof. Consider the set
Q; ={uedomL\ker L : Lu =ANu, A € [0,1]}.

Then for v € Qi, Lu = ANu, thus A\ # 0, Nu € ImL = kerQQ C Y. Hence,
Q(Nu) =0 that is, T3 (Nu) = To(Nu) = T3(Nu) = 0. We get from (H,) the existence
of t1,ta,t3 € [0, 1], such that |u/(t;)| < M, |[u"(t2)] < M, |u"(t5)] < M.
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If t, =ty = t3 = 0, we have that |«/(0)| < M, [u"(0)] < M, |v""(0)| < M. Otherwise,
if max{t,ts,t3} # 0, by Lu = ANu, we obtain

3 uh(0) E(f— gya-1 s
u(t):kz::l /{;!(O)t +F()\oz)/o ( <Z5(S)) /ONu(r)drds.

Then

" (t) = u"(0) + F(of\— 3 /Ot (t ;5(2);_ /OS Nu(r)drds.

If t3 # 0, we get

u(t3) = u"'(0) + F(a)\— 3) /Ot3 (ts ; ) / Nu(r)drds,

together with |u"(t3)| < M, we have

L e—s)t e [Vl
") < u (¢ / /N drds < M + et
|U ()|_|U (3)|+F(Oé—3) 0 ¢<3) 0 | U(T)|T’S_ +M1—\(a_2)
Therefore,
NUHLl
3.14 ") < M Hi
(3.14) )] < M+ e

If ty # 0, then

" o " A t2 (t2 - 5
u’(t2) = u"(0) + u (0)t2+f‘(a—2)/o / Nu(r)drds,

from (3.14) and |u"(t2)| < M, we find
to (tg - S)a—S

¢(s)

[u"(0)] < |u"(t2)] + |u"(0)] + F(al— 2) /0 /OS |Nu(r)|drds

<oy 2Nl
ul(a — 2)

Consequently,

2| Nu|| g
3.15 "0)] <2M + ———.
(315) (o)) <200 + AL

If t; # 0, then

W (tr) = ' (0) + u"(0)ty + — Q(O)t%lj(of_ 1)/ (tl;s / Nu(r)drds,

according to (3.14), (3.15) and |u/(t1)| < M, we get
/ / " m 1 (tl _ S
< Nu(
O] < )]+ O]+ 100+ oy [ O T [ vutlaras

4| Nu| 1
pl(a—2)

<AM +
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So,
4||Nu|| L

3.16 "0) <4AM + ———.
(3.16) )] < 4M + g
Again for u € €y, we get

— @ (¢

|Pullx = z  mae |(P0) ()] + masx [ D5 (Pu)(t)

< 2|U( )|+ 3[u”(0)] + 4" (0)].
From (3.14), (3.15) and (3.16), we obtain
18| Nul| 1
pl(a —2)°

Again for all u € €y, we have (I — P)u € dom L Nker P. Thus, by (3.13) and (3.5),
we find

(3.17) | Pullx < 18M +

318) = Pulls = 1K1 - Phully < SRS L - Pl
< S Ll
< e vl

From (3.17) and (3.18), we obtain

319) ol < IPulls + 10 = Pl < 180 + Z 2P0 v,

On the other hand, from (Hy), we have
1 1 C
nNump::/ KNUKQ%B::A £ (), (8), " (8), ™ (1), “Dgu(h))

| O]as + [ )] Dgu(s)ds + [ foo(s)|as

ds

(3.20) < HuHxZ 16:ll 2 + 1165 ] 1

=0
Therefore, (3.19) and (3.20), yields

18l (o = 2)M + (22 + T(a — 2))|[65]| 2
u(l—A)F(a—Q) '

lullx <

So, €2 is bounded.
Let

={ueckerL : NueImL}.
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For u € €y, then u € ker L = {u Cu(t) = Y0 0tk 61,02,03 € R} and Q(Nu) =0,

that is, Ty N (X5, 0t") = ToN (S0, 0xt*) = TsN (332, kt*) = 0. From condition

(Hj), we get |01] < M*, |62 < M*, |63] < M*. Hence, €25 is bounded. Let
Qs={uckerL : =AJu+ (1 =NQNu=0, A €[0,1]},

if the first part of (H5) holds.
Or we'll set

Qs={uckerL : =AJu+ (1 =XN)QNu=0, X\ €[0,1]}

if the second part of (Hj) holds.
Here J : ker L — Im @) is the linear isomorphism given by

3
(321) J (Z (5ktk> = wy + wat + W3t27 517 52, (53 S R,
where
wy = l<€11’(51| + e12]d2| + 613’53|)
A Y
1
Wy = K<621’51’ + eg2]d2| + 623’53|),
W3 = K<631’51’ + 632’52| + 633’550

Without loss of generality, we assume that the first part of (Hs) holds. In fact u € Qg,
means that u = Y3 _; 6,tF and —A\Ju + (1 — A\)QNu = 0. Then we obtain

(3.22) —\J (i 5ktk> +(1=XQN (i 5k,t"”> = 0.

k=1
If A= 0, then |51‘ S ]\4*7 ‘52| S M*7 ’(53| S M* It A= 17 then
e11]d1| + e12|da| + e3]ds| =0,
(323) 621|(51| -+ 622‘(52| -+ 623‘53| = 0,
631‘51| -+ 632‘52| + 633‘53| =0.
The determinant of coefficients for (3.23) is A? # 0. Thus, (3.23) only have zero

solutions, that is 6; = dy = d3 = 0.
Otherwise, if A # 0 and A # 1, again from (3.21), (3.22) becomes

A (wl -+ WQt + Cc.)3t <Q1N <Z3: (Sktk) + QQN <23: (Sktk> t
k=1 k=1
+Q3N (i (5ktk> t2>

k=1
Hence,

3
)\wi = (1 — )\)Qz (Z (5ktk> y for i = ]_, 2, 3.
k=1
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Thus,
3
M| = (1= NN (Z 5ktk> , fori=1,2,3.

k=1
Then, we get

3 3 3
AN 16 = (1 =N TN (Z 5kt’“> <0.
=1 =1 k=1

By the first part of (Hs), we have |0;] < M*, |05] < M*, |05] < M*. Here, Q3 is
bounded.

Now, we shall prove that all the conditions of Theorem 2.1 are satisfied. Let €2 be
a bounded open set of X containing J?_, ;. By Lemma 3.3, N is L-compact on £,
because 2; and €2, are bounded sets, then

(1) Lu # ANu for each (u, A) € [(dom L\ ker L) N 9] x (0, 1);

(2) Nu ¢ ImL for each u € ker L N 09.

At least we will prove that the hypothesis (3) of Theorem 2.1 is satisfied. Let
H(u,\) = £XJu+ (1 — \)QNu.

The set €3 is bounded, then H(u,A) # 0, for all u € ker L N 0N). Appealing to the
homotopy property of the degree, we obtain

deg (QN |xerr, 2 Nker L,0) =deg (H(.,0),Q2Nker L, 0)
=deg (H(.,1),2Nker L,0)
=deg (+J,QNker L,0) # 0.
Then by Theorem 2.1, Lu = Nu has at least one solution in dom L N Q, we conclude

that the boundary value problem (1.1) has at least one solution in X. The proof is
finished. O

Remark 3.1. It is very important to note that the condition A # 0 is not necessary
since L still Fredholm even if this condition is dropped. Indeed the role of @ in
Mawhin’s theory is purely auxiliary and conditions like that usually arise from the
authors of hundreds of paper choosing Im @) just simply being ker L. Avoiding such an
assumption is just a matter of choosing @ differently, for more details see [14, 20, 21].

4. EXAMPLE
To illustrate our main results, we will present an example.
FExample 4.1. Let us consider the following fractional boundary value problem
/
(6)°D5u(t)) = £ (tu(®), (0, w(6),w” (). Du(t)), ¢ € [0,1),

(4.1) u(()) =0, CD8{+U(0) =0, UH/(O) _ ///( ) + 24 ///( )
u"(0) = 4u"(3) = 3u"(3), /(1) =u'(3) —3u'(3) + 3¢ (3),
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where ¢(t) = e~ 2! and
100&2f<u140,uxo,u"@),'"()Cz%+u()>

_ @) - o
_m + cos CD0+u( )(1 —sinu (t)) (1 —sinu (t))

+ iarctan ( (t )CDO+u( ))

Corresponding to the problem (1.1), we have that a = %, =2, m=2,n=3,a =
—lay=2&=¢ &=t bi=4, bb==3, m=1, m=35,a=1 c6=-3, ¢=
3, p1 = i, po = %, pP3 = %, p=-e"12 Then we get a; +as = by +by = ¢ + ¢y +c3 =
1, biny + bamo = 0, c1p1 + Copa + C3ps = c1p? + cop3 + c;;p% = 1. Thus, the condition
(H;) holds.

Also, we find

Ti(y) = — /6 6123( — 8) 2/ y(r)drds + 2/5 el?s ( - s) i / y(r)drds,
6 0 Y 0
i 12s 3 126 (1 3o
4/ ( —s / y(r)drds —3/ ( - s) / y(r)drds,
0 0
1 7 s
(r)drds —/ ' <4 — s) / y(r)drds
0
3
2

y
0
+3/2 128( 3> /Osy deS—3/ 128<—s>3/05y(7‘)d7“d3.

By calculations, we get

188l _ 207 143
14200 T T 16697 BT 9103
920 484 277
ot = — 2 oy = — o o = — oL
2 1803 %2 6725~ 20262
15770 6489 5427
d31 =51 d3y = 0 d33 = TR

Then, A = =% £ 0. Therefore, the condition (Hs) holds.
On the other hand, we have
F(tult)a (0), " (8), " (£).€ Dgou(t))
We can get that the condition (Hj3) holds, where
0o(t) = 01(t) = O2(t) = 04(t) =0, B5(t) = 0.01e 2, O5(t) = 0.05¢ 2

838
and A = o5 < L.

Let M = 1 and assume that |u" ()| > 1 holds for all ¢ € [0, 1], we obtain

< 0.01e 2|u”(t)] + 0.05¢ 2

1 , 1 1 3
T5(y) >O.016’12/ e (1 - 8)%Sd5 —0.06e "2 /4 el <4 - s) sds
0

0
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12 2 126 (1 2 12 1 125 (3 2
+ 0.03e / e 3~ s)] sds—0.18¢e / e 1 s | sds.
0 0

43818,
“S900¢ %

so condition (Hy) is satisfied.
Let M* =1 and ¢y, d2, 3 € R be such that |§;| > 1, |d2] > 1, |d3] > 1, we have

2 3\ P (] —12 __.CPs 2 3
N(élt + 0ot + 4t ) —0.06e T3 360 +0.01e™ 2 cos D2, (5175 1 5ot + S5t )
x (1 —sin (51 + 285t + 353t2)) x (1 — sin (252 + 653t))
0.02¢e~12 7
= arctan ( (81t + 8ot + 65¢%) DG, (1t + 6287 + 55t°) )
T
J3]
=0.06 1z (0]
‘1t 3662
Hence,
T1N<§3:5kt’f) — 0.06e2—1%_g
Pt 1+ 3602
T2N<Z 5ktk) = 0.06e™"? 9] dy2,
~ 1+ 3602
T3N<§3:5ktk) _ 0.06e~121%! 13
2 1+ 3667
Thus,
iT-N( i 5ktk> =0 OGe—Hﬁ(du +dip + diz) > 0
T\ &~ ' 1+ 3602 o

So, (Hs) hold. Then, all the assumptions of Theorem 3.1 hold. Thus, the problem
(4.1) has at least one solution.
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APPLICATION OF THE HOPF MAXIMUM PRINCIPLE TO THE
THEORY OF GEODESIC MAPPINGS

SERGEY STEPANOV'? AND JOSEF MIKES?

ABSTRACT. In the present paper we consider some applications the Hopf maximum
principle and its generalization to the classical theory of geodesic mappings. As a
result, a series of classical theorems on geodesic mappings become consequences of
our statements which we shall prove in the present paper.

1. INTRODUCTION

The Hopf maximum principle is a maximum principle in the theory of second order
elliptic differential equations and has been described as the “classic and bedrock
result” of that theory. E. Hopf proved in 1927 that if a function satisfies a second
order partial differential inequality of a certain kind in a connected domain of R™ and
attains a maximum in the domain then the function is constant. The simple idea
behind Hopt’s proof, the comparison technique he introduced for this purpose, has led
to an enormous range of important applications and generalizations (see [2,3,14]). In
the present paper we consider some applications the Hopf maximum principle and its
generalization to the classical theory of geodesic mappings or in other words projective
mappings (see, for example, [5, p. 131-142], [9-11]). As a result, a series of classical
theorems on geodesic mappings become consequences of our statements which we
shall prove in the present paper.

Key words and phrases. Riemannian manifold, Einstein manifold, geodesic mapping, second order
elliptic differential operator on symmetric tensors, Hopf maximum principle, vanishing theorems.
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2. GEODESICALLY EQUIVALENT RIEMANNIAN METRICS ON COMPLETE AND
COMPACT RIEMANNIAN MANIFOLDS

Two Riemannian metrics ¢ and g on a connected domain U C M of a same smooth
manifold M are said to be pointwise projectively equivalent or in other words pointwise
geodesically equivalent, if every geodesic of g in U is a reparametrized geodesic of g.
In addition, we say that g and g are pointwise affine equivalent in a connected domain
U C M, if their Levi-Civita connections V and V of ¢ and g respectively, coincide.

The volume element of ¢ is the volume form Vol(g), which is defined whether or
not M is oriented. In local coordinates, Vol(g) = y/detg |dz|. In turn, for g we
have Vol(g) = v/det g |dz|. As well known (see [5, p. 133]), two metrics g and g are
geodesically equivalent in a connected domain U C M if and only if for the function

1 (Ve
(2.1) LA log (Vol(g)) ’

we have
(2.2) (Vz9) (X.Y) =29(X,Y) dp(Z2) + g(X, Z) dp(Y) + g(Y, Z) dp(X)

at every point x of U C M and for any vectors X,Y,Z € T, M. As a consequence of
these equations, we obtain the following equalities (see [5, p. 135])

(2.3) Ric = Ric+(n — 1) (Vdp — dp @ dyp),

where Ric and Ric are the Ricci tensors of g and g, respectively. Now, if we set
Ay = trace,V dp, then from (2.3) have

1
(2.4) Ap=_—— (57— )+ g(dp,do),

for ||¢]|? = g(dep, dp), the scalar curvature s = trace, Ric of g and s* = trace,Ric.
Now, we prove the following theorem.

Theorem 2.1. Let g and g be two pointwise geodesically equivalent Riemannian
metrics on a connected domain U C M of an n-dimensional (n > 2) smooth manifold
M such that s* > s at every point of U, where s is the scalar curvature of g and
s* = tracey,Ric for the Ricci tensor Ric of g. The assumption that the function
o = (n+1)"tlog(Vol(g)/Vol(g)) attains a local maximum value at some point x € U
implies that g and g are geodesically equivalent on U if and only if they are pointwise
affinely equivalent metrics. Furthermore, if there is at least one point of U at which

s* > s, then g = g.

Proof. We suppose now that g and g be two geodesically equivalent Riemannian
metrics on a connected domain U C M of an n-dimensional smooth manifold M such
that s* > s where s is the scalar curvature of g and s* = trace,Ric for the Ricci
tensor Ric of g. As a result, the function ¢ = (n + 1)"!log(Vol(g)/Vol(g)) satisfies
the inequality Ay > 0 at each point of U, by (2.4). Therefore, ¢ is a subharmonic
function (see [3,14]). In this case, assumption that the function ¢ attains a local
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maximum value at some point then implies ¢ is a constant C' in U, by the Hopf’s
mazimum principle (see [3, Theorem 1]). Then from (2.2) we obtain that Vg = 0
on U and hence g and g are affine equivalent on U. If C' > 0, then grady is nowhere
zero. Now, at a point where s* > s, the left side of (2.4) is zero while the right side is
positive. This contradiction shows that C' = 0 and hence g = g. Thus we have proved
our Theorem 2.1. 0

In particular, if Ric > 0 and s < 0 at an arbitrary point of U then s* > s. In this
case, Ay > 0 at each point of U, by (2.4). Therefore, the following corollary is true.

Corollary 2.1. Let g and g be two Riemannian metrics on a connected domain
U C M of an n-dimensional (n > 2) compact smooth manifold M such that s < 0
for the scalar curvature s of g and Ric > 0 for the Ricci tensor Ric of g. Then
the assumption that the function ¢ = (n + 1)~ log(Vol(g)/Vol(g)) attains a local
maximum value at some point x € U implies that g and g are pointwise geodesically
equivalent if and only if they are pointwise affinely equivalent metrics. Furthermore,
if there is at least one point v € U at which the Ricci tensor Ric is positive in all
directions or the scalar curvature s is negative, then g = g.

Let U = M and M be a compact manifold. Then there exists a point x € M at
which the function ¢ = (n + 1)"!log(Vol(g)/Vol(g)) attains the maximum. As a
result we can formulate the following statements that are corollaries of our Theorem
2.1 (see also Theorem 3 and Corollary 4 from [7] and with Theorem 1.3 from [4]).

Corollary 2.2. Let g and g be two Riemannian metrics on an n-dimensional (n > 2)
compact smooth manifold M such that s* > s where s is the scalar curvature of g and
s* = trace,Ric for the Ricci tensor Ric of g. Then g and g are pointwise geodesically
equivalent if and only if they are pointwise affinely equivalent metrics. Furthermore,
if there is at last point of M at which s* > s, then g = g.

Corollary 2.3. Let g and g be two geodesically equivalent Riemannian metrics on an
n-dimensional compact smooth manifold M such that s < 0 and Ric > 0 where s is
the scalar curvature of g and Ric is the Ricci tensor of g. Then g and g are pointwise
geodesically equivalent if and only if they are pointwise affinely equivalent metrics.
Furthermore, if there is at least one point of M at which the Ricci curvature Ric is
positive or the scalar curvature s is negative, then g = g.

Let g and g be two geodesically equivalent Riemannian metrics on a connected
domain U C M of an n-dimensional (n > 2) smooth manifold M. We suppose that
gradp = (p;) and g~! = (g/%) with respect to a local coordinate system z!,..., "
on U and denote by ¢ the vector field with the local components & = ¢,g/* for
1,7,k =1,...,n. If the metric ¢ is an Einstein metric then by direct calculations we
obtain the formula (see also [12])

2(n+3)

(2.5) szm s ¥ +2g(VE, VE),
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for ¢ = e*g(¢,€). This formula is an analogue of our formula (2.4). Therefore, we
can prove an analogue of our Theorem 2.1.

Theorem 2.2. Let g be an Finstein metric with the nonnegative scalar curvature s
on a connected domain U C M of an n-dimensional (n > 3) smooth manifold M. If
there exists another Riemannian metric g on U that pointwise geodesically equivalent
to g and the function ¢ = e*g(&,&) for the vector field & corresponding to grade
under the duality defined by the metric g attains a local maximum value at some point
x € U, then the scalar curvature s is necessarily equal to zero and g is pointwise affine
equivalent to g or g = g for the case s > 0.

Let U = M and M be a compact smooth manifold. Then there exists a point
x € M at which the function v attains the maximum. As a result we can formulate
the following theorem that is a corollary of our Theorem 2.2 (see also [12]).

Corollary 2.4. Let M be an n-dimensional (n > 3) compact smooth manifold M
and g be an Einstein metric with nonnegative scalar curvature s on M. If there exists
another Riemannian metric g on M that pointwise geodesically equivalent to g, then
the scalar curvature s is necessarily equal to zero and g is pointwise affine equivalent
to g or g = g for the case s > 0.

3. GEODESICALLY EQUIVALENT RIEMANNIAN METRICS ON COMPLETE
NONCOMPACT RIEMANNIAN MANIFOLDS

Li and Schoen have proved in [8] that there is no a non-constant, non-negative
LP-integrable (0 < p < oo) subharmonic function ¢ on any complete Riemannian
manifold (M, g) with non-negative Ricci tensor. In other word, if we suppose that
Ric > 0 and [}, [|[¥[[?dVol, < oo for a complete Riemannian manifold (M, g), then
1 = C for some constant C. In this case, we have C? [,;dVol, < oco. If C' > 0,
¥ is nowhere zero and the volume of (M, g) is finite. Side by side, we know from
[14] that every complete non-compact Riemannian manifold (M, g) with non-negative
Ricci tensor has infinite volume. This contradiction shows C' = 0 and hence 1 = 0.
Therefore, we can formulate the following lemma.

Lemma 3.1. Let (M, g) be a complete non-compact Riemannian manifold with non-
negative Ricci tensor, then there is no nonzero non-negative LP(M, g)-integrable (0 <
p < 00) subharmonic function.

On the other hand, if the scalar curvature s of an Einstein metric g is nonnegative
then Ric = 2¢g > 0 and from (2.5) we obtain Ay > 0 and hence ¢ is a non-negative
subharmonic function.

Using the Lemma we can formulate the following statement.

Corollary 3.1. Let (M, g) be a complete non-compact Einstein manifold with non-
negative scalar curvature, and g be another Riemannian metric on M that pointwise
geodesically equivalent to g. If the function ¢ = e*g(£,€) for the vector field &
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corresponding to gradp under the duality defined by the metric g is LP(M, g)-integrable
(0 < p < ) function then the scalar curvature s is necessarily equal to zero and g is
pointwise affine equivalent to g.

Remark 3.1. Other results on pointwise geodesically equivalent Riemannian metrics
on compact and non-compact Riemannian manifolds can be found among others in
papers from the following list [1,6,9,12,13].
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BOUNDEDNESS OF CERTAIN SYSTEM OF SECOND ORDER
DIFFERENTIAL EQUATIONS

M. O. OMEIKE!, A. A. ADEYANJU!, D. O. ADAMS!, AND A. L. OLUTIMO?

ABSTRACT. This work is concerned with the ultimate boundedness of solutions of
the system of vector differential equations

X=H(Y), Y=-FX, Y)Y -GX)+P(tX,Y),
where t € RT, X = X(#), Y =Y (t) e R*, F: R* x R* — R"*" G, H : R" —
R™ and P : RT x R® x R® — R". By using a Lyapunov function as a basic technique,

we prove that the solutions of the system of equations are ultimately bounded. In
addition, result obtained includes and improves some related results in literature.

1. INTRODUCTION

For over five decades, many authors have dealt considerably with qualitative prop-
erties of solutions (namely, stability, boundedness, convergence, existence of periodic
solutions) of first order and higher order ordinary differential equations using the
direct method of Lyapunov (also known as the second method of Lyapunov) [1-16].
This method enables us to determine the qualitative properties of solutions of a differ-
ential equation without actually finding its analytic solution. The method entails the
construction of a positive definite function, whose derivative with respect to ¢ along
the solution path is negative semi-definite. However, the construction of this function
remains a general problem [10].

Using the Lyapunov’s direct method, many authors have obtained boundedness
results of solutions of scalar differential equations [1,4,9-11, 14, 16], and some others
have extended these results to vector differential equations [2,3,5,7,8, 12,13, 15].
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Recently, Omeike et al. [8] considered the system of equations
(1.1) X=Y, Y=-FX,)Y)Y-GX)+PtX,)Y),

where X, Y : Rt - R", G:R*" - R", P: Rt xR"xR" - R", Fisann xn
continuous symmetric positive definite matrix function for the arguments displayed
explicitly, R denotes the real line, —oo < t < oo, R™ denotes the real n-dimensional
Euclidean space equipped with the usual norm || -||, and the dots (which appear in the
(1.1)) as usual indicate differentiation with respect to t. (1.1) is a system derivable
from the second order equation

X+ F(X, X)X +G(X) = P(t, X, X),
by setting X =Y. (1.1) is an n-dimensional analogue of a system of equation
T =y,
(1.2) §=—f(x,y9)y —g(x) +p(t,z,y),
studied by Tejumola [11], an equation of motion in Mathematical Physics. Omeike et
al. [8] extended the results obtained in Tejumola [11] to (1.1) and obtained conditions

which guarantee boundedness of solutions. Tejumola [12] further studied (1.2) in the
form

@ = h(y),
(1.3) y=—f(x,y)y —g(x) + p(t,z,y),

for boundedness of solutions. By constructing an incomplete Lyapunov function (see
E. N. Chukwu [4]) and augmenting with a signum function a boundedness result was
proved. In this present work, we extend the result obtained by Tejumola [12] to the
n-dimensional analogue of (1.3), given by

X =H(Y),
(1.4) Y = -F(X,Y)Y - G(X) + P(t, X,Y),

where H : R" — R" and X, Y, F, G and P are as described above. It is also assumed
that F, G, H and P are continuous for the argument displayed explicitly. In addition,
the existence and uniqueness of the solutions of (1.4) with any prescribed initial
conditions will be assumed (see Picard-Lindelof theorem in [9]).

The motivation for the present work is derived from the works of Tejumola [11,12]
and Omeike et al. [8]. We prove that solutions of (1.4) are bounded. To the best
of our knowledge, no author in the literature has extended the boundedness result
obtained by Tejumola [12] to (1.4).

2. NOTATIONS

We shall use the notation as given in [2]. Throughout this paper ¢’s, A’s and D’s
with or without suffixes will denote positive constants whose magnitudes depend on
an n X n matrix function F'(X,Y’) and vector functions H(Y'), P(t,X,Y). The §’s,
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A’s and D’s with numerical or alphabetical suffixes shall retain fixed magnitudes,
while those without suffixes are not necessarily the same at each occurrence.

Also, we shall denote the scalar product (X,Y’) of any vectors X,Y in R™, with
respective components (1, xa, ..., Z,) and (Y1, Y2, .. .,Yn) by S x;y;. In particular,
(X, X) = || X||%. Finally, by sgn X, we mean (sgnx,sgnxs,...,sgnz,), z; # 0, and
Isgn X|| = v/n > 0.

3. MAIN RESULTS
The following algebraic results will be required in the proofs of our main results.

Lemma 3.1. Let A be a real symmetric positive definite n x n matriz. Then for
X € R", §,||X)* < (AX, X) < A || X]|?, where 6, and A, are, respectively, the least
and greatest eigenvalues of the matriz A.

Proof. See [6,13]. O

Lemma 3.2. Let G(0) = 0 = H(0) and assume that the matrices A, J,(X) and Jy(Y")
are symmetric, positive definite and commute pairwise for all X, Y € R"™. Then

(G(X), AX) = /0 ' XTAJ (0 X)X do,
(H(Y), AY) = /0 YT AJu (0 )Y do,

where Jo(X) and J,(Y) are respectively the Jacobian matrices % and g—’;? of G(X)
and H(Y).

Proof. See [5,13]. O

Lemma 3.3. Let G(0) = 0 and assume that J,(X) is symmetric for all arbitrary

X € R". Then

25/01<G(gX),X)d0: (G(X), X),

for all X = X(t) € R™.
Proof. See [5]. O
Our main theorems are the following.

Theorem 3.1. Let a, L, B, Ay, Ay, Ap, 05, 04, 05 be positive constants and let all
the basic assumptions imposed on F, G, H and P hold, and that G(0) = H(0) =0
hold. Suppose further that for any arbitrary X, Y € R”

(i) Jy(X), Jn(Y) are symmetric and positive definite;
(ii) the eigenvalues N\;(F(X,Y)), XNi(Jy(X)), N(Jn(Y)) of F(X,Y),J,(X) and
Jn(Y') respectively satisfy
0 <5g < )‘i(‘]g(X)) < Agv
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(3.3) 0 <bp < N(Jn(Y)) < Ap;
(iii)
(3.4) |1P(t, X, V)| < a,

where a is a positive constant.
Suppose further that
(iv)

(3.5) a(G(X),sgn X) - 00 as || X] — oo,
where o = sgn(G(X),sgn X).
Then there exists a finite constant K whose magnitude depends only on the constants

a,L, B, Ay, Ny, Ap, 67, 64, Op, as well as the function G(X) such that every solution
(X(t),Y(t)) of (1.4) ultimately satisfies

(3.6) X0l < K, YOI < K.

Theorem 3.2. In addition to the conditions (i) and (ii) of Theorem 3.1, suppose
(i) forallt, X andY

(3.7) 1P X Y) < pllYY,  p>0,
and
(i)
(3.8) ”)}ﬁm a(G(X),sgn X) — oo.

Then there exists a finite positive constant K whose magnitude depends only on the
constants a, L, B, 1, Ag, Ny, Ay, 0f, 0g, 6 as well as the function G(X), H(Y) such
that every solution (X (t),Y (t)) of (1.4) ultimately satisfies (3.6).

4. PROOF OF MAIN RESULTS AND EXAMPLE

Proof of Theorem 3.1. Our method of proof, which makes use of the adaptation of
the well-known Yoshizawa [16] technique, is the same as in [§].
Let the continuous function U = U(X,Y) be defined by

(4.1) U=U +U,+1,

where
1 1

(4.2) U, = / (H(oY),Y)do + [ (G(0X), X)do
0 0

L
%aﬂﬁsgn){), ||Y|| < La

(sgn X, sgnY), [V =L,

(4.3) v, it [|X] > 1.

SN
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or
LYX)Y), VI <L
= 1 i
We shall show that U(X,Y) satisfies
(4.5) UX,Y) = +oo as [|X|]P+|[V]* = +oo.

From the definition of Us, we can show that |Us| < 1 as follows.
If | X]| > 1, we obtain

L—l
“—alYsgnX)|, Y| < L.
U] =4 1Y if X > 1,

s Xosgn )|, VI 2 L
n
-1
7’<Y,San>’, HYH < L7

<{ Vo if 1] > 1,
~|{sgn X,sgnY)l, V] = L,
-1
“Ylllsen X[, Y] <L,

S if X > 1,
lisgn X llsgo Yl V] = L
L Lxyi=1, V<L
L S vl <L

<{ Vo if X > 1.
Sxyix =1, |Y|>L
n

Similarly, if || X|| < 1, we obtain

1L~ Y| <L,
|Us| = |ngﬁw,HYHZL, if || X <1,
n
1K il IVII<L ]
< i <1
) —=|(X.senv)l, V] > L =
\/_
1WXMWM, Y| <L, ]
< i <1
=1 —=IXMsgn Yl Y] =L, =
NG
L 'x1xL=1, |Y|<L,
< if | X < 1.

1
ﬁX1X\/ﬁ:1, Y[l > L,

Thus, we have |Us| < 1.
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Now, since |Uy| < 1, (4.1) yields U > Uy, and by Lemma 3.2, followed by Lemma 3.1
and inequalities (3.2) and (3.3), we have

Ur = Do X[1* + Y1),
where Dy = min{dy, é,}. Thus,
(4.6) UX,Y) = oo as [ X|*+|Y]? — oo

We are now left to show that U exists and that there are finite constants D+, Dy such
that

(4.7) U<-Di, i |X|?+[Y]* > Da.

From this and (4.5) it will then follow, just as in [8], that there is a constant D > 0
such that every solution (X (t),Y (t)) of (1.4) ultimately satisfies
IX11* + Y]* < D,

and this verifies (3.6).
To verify (4.7), observe from (4.1) to (4.4) and (1.4) that by applying Lemma 3.3
to Uy, we obtain

(4.8) U="U, +U,,
where
and
(4.10)
L—l
0, 1Yl > L,
or
(4.11)
, L™HH(Y),Y)+ L H-F(X,Y)Y - G(X) + P(t,X,Y),X), Y[ <L,
"\ sy Iv) >z
if || X| < 1. Thus, if ||Y| < L, U, satisfies
(4.12)
. o o «
=——(F(X, V)Y X)— ——(G(X X))+ ——(P(t,X,Y X
U2 L\/ﬁ< ( Y ) 7Sgn > L\/ﬁ<G( )7Sgn >+L\/ﬁ< (t7 Y )7Sgn >7
if [ X]| > 1, or

(4.13) Uy = i(H(Y),Y)—(X, F(X,Y)Y)—(X,G(X))+(P(t, X,Y), X) if | X < 1.
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But if ||Y|| > L, then

0, X1 =1,

I, = 1

4149 BT sy, x| <1

In obtaining estimates for U we shall consider points outside of the closed bounded

set defined by || X|| < 1 and ||Y|| < L. It will be convenient to consider the following

three regions in turn: (I) [|X|| > 1 and ||Y|| < L, (II) || X|| < 1 and ||Y|| > L, and

(III) || X|| > 1 and ||Y|| > L. For the case (I), we have from (4.8), (4.9) and (4.12)
that

U=—(HY),F(X,Y)Y) + (H(Y),P(t, X,Y)) (F(X,Y)Y,sgn X)

.
Ly/n

(G(X),sgn X) + (P(t, X,Y),sgn X),

a a
Ly Ly/n
so that by (3.1)-(3.4), and setting 8 = \/n,
. 1
since ||Y]| < L. Thus, in view of (3.5), there exists a finite constant D3(> 1), suffi-
ciently large, such that

(4.15) U< —1 provided || X| > Ds.
As for the case (II): || X || <1 and |Y|| > L, we have from (4.8), (4.9) and (4.14) that

(a(G(X),5gn X) — BaA,L?) + Ay,

U=—(HY),F(X,Y)Y)+ (H(Y),P(t,X,Y)) + \/15<H(Y), sgnY),

so that by (3.1), (3.3) and (3.4)
U <= @0 Y1l = (a+1)An) Y],
A7 (a+1)? 4 8,0,
(Sh(SfAh(CL + 1)

Case (III). || X|| > 1 and ||Y|| > L follow from case (II) since Uy = 0 if | X|| > 1 and
|Y|| > L. The two results (4.15) and (4.16) together imply that

U< —1 provided |[X|?+ ||Y]?*> D2+ D2
This verifies (3.6) and Theorem 3.1 now follows. U

(4.16) U<-—1, if||y|> max{ ,L} = Dy.

Proof of Theorem 3.2. The procedure here is the same as that used for Theorem 3.1
but only that P(t, X,Y’) # 0 as in the proof of Theorem 3.1. The proof of Theorem
3.2 is immediate as soon as we show (4.6) and (4.7). The verification of (4.6) given
in §4 carries over with obvious modifications.

To verify (4.7), our starting point will be the estimates (4.8)—(4.14), which are still
valid in this case. Thus, in obtaining estimates for U we shall consider points outside
of the closed bounded set defined by || X|| < 1 and ||Y|| < L. It will be convenient to



794 M. O. OMEIKE, A. A. ADEYANJU, D. O. ADAMS, AND A. L. OLUTIMO

consider the following three regions in turn: (I) [|X|| > 1 and [|[Y| < L, (II) || X <1
and [|Y]| > L, and (III) || X|| > 1 and ||Y|| > L. For the case (I), we have from (4.8),
(4.9) and (4.12) that

U=—(H(Y),F(X,Y)Y)+ (HY),Pt,X,Y)) — (F(X,Y)Y,sgn X)

.
Ly/n

(G(X),sgn X) (P(t,X,Y),sgn X),

o Lo
Ly/n Ly/n
so that by (3.1)—(3.3) and (3.7), and setting § = \/n

. 1

Us-13 {a(G(X),sen X) — BuL(1 + Ay L)} + Ay,

since [|[Y[| < L. Thus, in view of (3.8), there exists a finite constant Ds(> 1), suffi-
ciently large, such that U < —1 provided ||X|| > D;. As for the case (II): || X <1

and [|Y]| > L, we have from (4.8), (4.9) and (4.14) that

U=—(HY),F(X,Y)Y)+ (H(Y),P(t,X,Y)) + \}#H(Y), sgnY'),
so that by (3.1), (3.3) and (3.7)
U < — ((6n65 — pAR) Y| = Ap) |V,
AR + (0ndy — pAy)
Ap(0n6y — pAp)

U§—11f||Y||2maX{ ,L}:DG,

where 6,07 — pAy, > 0.
Case (III). || X]|| > 1 and ||Y|| > L, we have from (4.8), (4.9) and (4.14) that
U=—(H(Y),F(X,Y)Y)+ (H(Y),P(t,X,Y)),
so that by (3.1), (3.3) and (3.7) we obtain
U < —1if |Y]| > max{(6,6; — pA)"2, L}.
This verifies (3.6) and Theorem 3.2 now follows. O

Next, we present an illustrative example to demonstrate the applicability of the
results proved in this section.

Ezxample 4.1. As a special case of (1.4), let us have for n = 2 that

2+ 1 1 2r1 +sinx
F(X.Y) = eyl G(X) = LT
( ’ ) ( 1 2+7x%+;§+1 )’ ( ) 29 +sinzy /)’
-1 L +sint
H(Y) = ( h izan_lyl ) and P(t,X,Y)= ( i )
Y2 an - Ys exp "

Clearly, we have A\ (F(X,Y)) = 4 — /5 + x%ﬂlﬁ“ + x%+;g+1 and \(F(X,Y)) =
445+ e+ Thus, 4 — V5 < M(F(X,Y)), M(F(X,Y)) <645,
withdf:4—\/§andAf:6+\/5
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It can easily be seen that

[ 2+cosxy 0
Jg(X)_< 0 2—|—cosx2>’

A (Jy) =24 cosxy, Aa(Jy) = 2+ cos o, with §, =1 and A, = 3,

1+ 0
Jh(Y) — ( 01+y1 1 n 1 ) ,

1+y2

M(Jp) =14+ ﬁ, Ao(Jp) =14 ﬁ, with §, = 1 and Aj, = 2, and lastly, it is obvious

that vector P(t, X,Y") above satisfies
1P(t, X, Y)|| < V5.

It will be seen from the Figure 1 obtained by Maple 16, that the simulated solutions
of the differential equation constructed are bounded. This further justifies our given

AN

0.5 1

0.4

0.3 {\ l\
xla xzaylayz 1 V \/
0.2 1

0.1 1

Rl | |

-0.1

-0.2 - ‘ : ‘ :
0 10 20 30 40 50

xz(t) »1(7)

¥, (1)

xq (1)

FIGURE 1. Solution paths of the given example.
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HARDY-TYPE INEQUALITIES FOR AN EXTENSION OF THE
RIEMANN-LIOUVILLE FRACTIONAL DERIVATIVE OPERATORS

SAJID IQBAL', GHULAM FARID?, JOSIP PECARIC?, AND ARTION KASHURI*

ABSTRACT. In this paper we present variety of Hardy-type inequalities and their
refinements for an extension of Riemann-Liouville fractional derivative operators.
Moreover, we use an extension of extended Riemann-Liouville fractional derivative
and modified extension of Riemann-Liouville fractional derivative using convex and
monotone convex functions. Furthermore, mean value theorems and n-exponential
convexity of the related functionals is discussed.

1. INTRODUCTION

The Hardy integral inequality is one of the most significant inequality in analysis
with respect to its applications. In the recent years many researchers discover the
new generalizations and refinements by involving fractional calculus operators (see
[1,4,16]). Recently Igbal et al. [8,9] study applications of Hardy-type and refined
Hardy-type inequalities involving different kinds of fractional integral operators. Here
we give such type of inequalities for more general forms of Riemann-Liouville fractional
integral operators using convex and monotone convex functions.

Let (X1, 1, 1) and (3, 9, p2) be measure spaces with positive o-finite measures.
Let U(f, k) denote the class of functions g : € — R with the representation

9(@) = [ k(w0 (Odus(t),
Qo
and A, be an integral operator defined by
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(1) Af(w) = B0 = s [ ka0 Ol
Q

where k£ : €2 x Q3 — R is measurable and non-negative kernel, f : €y — R is
measurable function and

2

(1.2) 0< K(z) = /k:(x,t)d,ug(t), v €.

Qo
The following definition is presented in [13].
Definition 1.1. Let I be an interval in R. A function ® : I — R is called convex if
(1.3) DAz + (1 = N)y) < A®(z) + (1 - \)®(y),

for all points x,y € I and all A € [0, 1]. The function ® is strictly convex if inequality
(1.3) holds strictly for all distinct points in I and A € (0,1).

The upcoming theorem is given in [11].

Theorem 1.1. Let (21, %, 1) and (Qa, 39, 2) be measure spaces with positive o-
finite measures, u be a weight function on €y, k be a non-negative measurable function
on 0y X Qy and K be defined on Qy by (1.2). Suppose K(x) > 0 for all x € Qy, that
the function x +— u(:v)i?(c;)) is integrable on €2y for each fired t € Q9 and that v is
defined on Qg by

(1.4) u(t) = / u(x)"}(;i;)) dpn (z) < 0o,

Q1

If ® is a convex function on the interval I C R, then the inequality
(15) [ ul@)(Af @) dpa(w) < [ o(OD(F(1)) dpa()
Ql QZ

holds for all measurable functions f : Qy — R such that Im f C I, where Ay, is defined
by (1.1).

Substitute k(z,t) by k(x,t)f2(t) and f by %, where f; : Qy — R, ¢ = 1,2, are

measurable functions in Theorem 1.1, we obtain [6, Theorem 2.1].

Definition 1.2. Let ® : I — R be a convex function, then the sub-differential of ®
in z is denoted by 0®(x) and is defined as

0®(x) = {y € R : y is the slope of a support line at z}.

Next result is given in [4].
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Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied. Moreover, if ® is
a convex function on an interval I C R and ¢ : I — R is any function, such that
o(x) € 00(x) for all x € Int I, then the inequality

/ VO (1) dpa(t) — [ ul@)®(Aef () dpr ()

1971

_/K /k (1) — B(A ()]

- |90(Akf( D) = Arf (@) | dpa(t) dpn ()

holds for all measurable functions f : Qs — R such that f(t) € I for allt € Q5.
If ® is a monotone convex function on an interval I C R, then the inequality

/ V(O (1) dria(t) = [ u(@)® (Acf (@) dyn ()

971

L K(z /39” F(t) = Apf(2))k(z,t) [(f(t) — ©(Axf(2))

- Iw(Akf( DI (F(E) = Arf(@))] dpa(t) dpa ()]
holds for all measurable functions f : Qo — R such that f(t) € I for all fized t € Qy,
where Ay f is defined by (1.1).

Next mean value theorem is given in [5].

Theorem 1.3. Let (1,31, 1), (Q2, X9, o) be measure spaces with o-finite measures
and u : Q1 — R be a weight function. Let I be a compact interval of R, h € C?(I)
and [ : Qs — R a measurable function such that Im f C I. Then there exists n € 1
such that

[ o@h(r0) dpat) = [ w(@)h( A (@) dyus(2)

QQ Q1

:h"én) / v(t) f2(t) dpa(t) — / u(z) (A f(2))? dpa (z) |

QQ Ql
where A f and v are defined by (1.1) and (1.4), respectively.

The definition of exponentially convex function is given in [3] by Bernstein.

Definition 1.3. A function ®: (a,b) — R is ezponentially convez if it is continuous
and .

ij=1
for all n € N and all sequences (t,)nen and (x,)nen of real numbers, such that
ri+x; € (a,b), 1 <ij<n.
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Lemma 1.1. Let s € R and let the function ¢s: (0,00) — R be defined by

s

s #0,
s(s—1)

(1.6) ps(x) =1 — log x, s =0,
xlog x, s=1.

Then @ (x) = 2572, that is, s is a conver function.
The upcoming theorem is presented in [5].

Theorem 1.4. Let the conditions of Theorem 1.1 be satisfied and ¢, be defined by
(1.6). Let f be a positive function. Then the function £ : R — [0,00) defined by

&) = [ o (F@) dalt) = [ ul@)on(Anf (@) dyun(a)

is exponentially convew.

Theorem 1.5. Let the conditions of Theorem 1.3 be satisfied. Moreover, k, h e C(I)
such that h'(x) # 0 for every x € I and

[oOR(@) dualt) ~ [ ul@) h(ALS (@) dyus(2) £ 0.
Qo Q1
Then there exists n € I such that it holds

k() Qf2 v(t) k(f (1)) dpa(t) —Qf1 u(@) k(A f () dpn ()
h'(n) J v(t) h(f(t)) dpa(t) - Ju@) h(Arf(2)) dp (z)

By Theorem 1.1, and bearing in mind (1.5), we define the following positive linear
functional:

(1.7 A@) = [ v (F(0) dpa(t) — [ u(@)® (A4S (@) dyur(),
QQ Q1
Let I C R be an interval and f : I — R be a function. Then for distinct points
zi€l,i1=0,1,2, the divided differences of first and second order are defined by
[2i, zig1; f] :f(ZiH) — f(ZZ), 1=0,1,
Ri+l — %
21, 20 f] — [20, 213 f]

Z9 — 20

(1.8) [20, 21, 225 f] =

The values of the divided differences are independent of the order of points zg, 21,
2o and may be extended to include the cases when some or all points are equal, that
is (20, 20; f] = lim,, ., [20, 215 f] = f'(20), provided that f’ exists.

Now, passing through the limit z; — zo and replacing z; by z in (1.8), we have

f(z) = f(20) = (2 — 20) f'(20) 24 2%,

(z — zo)2 7

[Z07 205 25 f] = Z}LH;O[Zm CARR f] =
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provided that f exists. Also, passing to the limit z; — 2, ¢ =0, 1,2, in (1.8), we have

B f”(Z)
=5

(2,2, 2; f] = Zliiglz[zo,zl,zz;f]

provided that f” exists.

One can observe that if for all 2y, z; € I, [z0, 21, f] > 0, then f is increasing on [
and if for all zg, 21, 20 € I, |20, 21, 29; f] > 0, then f is convex on I.

Next, we recall the notion of n-exponential convexity given in [15].

Definition 1.4. For any open interval I of R, the function ® : I — R is n-
exponentially convex in the Jensen sense on [ if

Z tit;® <M> >0
— 2
Z7J

holds for all choices of t; e R, (; €I, i=1,...,n.

A function @ : I — R is n-exponentially convex on [ if it is n-exponentially convex
in the Jensen sense and continuous on I.

The following theorem is given in [7].

Theorem 1.6. Let I' ={®, : p € J} be a family of functions defined on I, such that
the function p — |z, 21, 22; @, is n-exponentially convex in the Jensen sense on J for
every three distinct points zo, 21,29 € I. Let A be linear functionals defined by (1.7).
Then the function p — A(®,) is n-exponentially convez in the Jensen sense on J, if
it is continuous on J.

2. HARDY-TYPE INEQUALITIES FOR FRACTIONAL DERIVATIVE

We begin with the well known definition of Riemann-Liouville fractional derivative
od order p is defined ([10,19]) by

1
I(—p)
For the case m — 1 < Re(u) < m, Re(u) > 0, where m = 1,2, ..., it follows

(2.2) Di{f(=)} = ;Zn@g‘—m{f(x)} _ di"; {F(—u1+ - /f(t)(x_t)_wm_ldt}

(2.1) D f(x)} = [ 1)@=, Re(u) > 0.

and I N
o+
{2} = ————
The extended Riemann-Liouville fractional derivative of order p is defined in [14]
by

77 *, Re(o) > —1.

2

1 / OICER RS (—t<p"“"

[(—p)

(23)  DE{f(x);p) = >dt, Re(i) > 0.

x —t)
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For the case m — 1 < Re(u) < m, where m = 1,2, ..., it follows

m

(24) DL ()i} = o D f(a)i)

dm —p+m—1 pr
- {F(—/L+m) O/f(t)(x — )7 exp <_t(x — t)) dt} . Re(u) > 0.

An extension of fractional derivative operator established in [2] is given by

(2.5)
0{f(@);p,qt = F(iﬂ)/f(t)(ac —t) " Texp (—px - ) dt, Re(u) > 0.

t  (x—1t)

For example

Bpg(v+1, 1)

Du{f(2);p, ¢}am1 = p’qr(_u) ,

where B, ,(v + 1, 1) is the extended beta functions (see [12]) defined by

By4(z,y) /tm L le=t-12 tdt x,y,p,q € C,Re(p) > 0,Re(q) > 0.

For p = q we denote B, , by B, and for p = ¢ = 0 we get the classical beta function
defined by

(x,y) /tx '(1—t)¥tdt, Re(z) > 0,Re(y) > 0.

Theorem 2.1. Let Re(p) > 0, Re(q) > 0 and Re(p) > 0. Let D4{ f(z);p,q} denotes
the extension of Riemann-Liouville fractional derivative of order p and let u be a
weight function defined on (0,b). For each fized t € (0,b), define a function v by

b px x
x—t lexp (—B% — 22
(2.6) 3(t) = /u(x)< " il t))d.r < o0,
) T By (1, _N)
If ® is a convex function on the interval I € R, then the inequality
b b
T(— )t DH .
(2.7) /u(w)@( (=)Dt (2)ip, ‘-’}> dr < /@(t)@(f(t))dt
0 BP,Q(L _:u) 0

holds true for all measurable functions f € L(a,b).

Proof. Applying Theorem 1.1 with Q; = Qy = (0,0), dui(x) = dz, dus(t) = dt,

1 1 px qz
(2.8) /;‘(JZ,t) = { F(—,u) (x — t)_“_ exp (—7 — (z—t)) , 0<t<ux,
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K(z) = ! /(il? —t) " exp (_px _ ) dt = =~ Bpq(1, —p)
x

D(=p) t (z—1) [(=p)
and
Aufte) = SRR,
we get inequality (2.7). " O

Substitute k(z,t) by k(z,t)f2(t) and f by %, where f; : Oy — R, i = 1,2, are
measurable functions in Theorem 2.1 we obtain the following result.

Theorem 2.2. Let Re(p) > 0, Re(q) > 0 and Re(p) > 0. Let D4{f(x);p,q} denotes
the extension of Riemann-Liouville fractional derivative of order p and let u be a
weight function defined on (0,b). For each fixed t € (0,b), define a function

qr

fz /b (v = )" Texp (=5 — )
t

u(z dr < 00.

Dz{ fo(r);p, q}

p(t) ==

If ®: I — R is a convex function and g“g;( ;gg% ggg € I, then the inequality

o e (G )or< fron ()

holds true.

New refined weighted Hardy-type inequality for extension of Riemann-Liouville
fractional derivative (2.5) is given in the next theorem.

Theorem 2.3. Let the assumptions of Theorem 2.1 be satisfied. Moreover, if ® is
a convex function on an interval I C R and ¢ : I — R is any function, such that
p(x) € 00(x) for all x € Int I, then the inequality

ul ( Pzt DL f(z )p,q}>d$

\@
Gz

b
0/ BP:Q(L _ILL)
b T
/ o J e (B )
x_ [ —
0 pq 0 t (:r—t)

X

B(f (1)) - @(W M);H@(i{i( )) p,q}>|
_|@<( ) D4 f ( ;ij})“f —p) " Dh{ f(x) p,q}Hdtd

By (1, —p) By (1, —p)
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holds for all measurable functions f : Qs — R. If ® is a monotone convex function on
an interval I C R, then the inequality

[uwo (fw)de - / () D (”—M);“@z{f(x);p,q}) .

0 pa(l, — 1)
[ ul) L(-p)a*Di{f («);p.q}
- O/x_“Bnq(lv —H) O/SQ;H (f(t) - By q(1, —p) )
e px q U(—p)2"DE{ f(z); p. g}
(a0 (5 - 25 ) Je o (FETREU R
P(=p)a*DE{f(x); p, 4} P(=p)a"DE{f(x); p, 4}

- ‘4’0 ( Bpg(1, —p) )‘ <f<t) - Bpg(1, —p1) ) ] e
holds for all measurable functions f : (0,0) — R.
Proof. Similar to Theorem 2.1 by applying Theorem 1.2. 0

Next we give the mean value theorems for extension of Riemann-Liouville fractional
derivative of order pu.

Theorem 2.4. Let the assumptions of Theorem 2.1 be satisfied. Let I be a compact
interval of R, h € C*(I) and f : (0,b) — R a measurable function such that Im f C I.
Then there exists n € I such that

/b@(t)h(f(t))dt—/bu(x)h (F(_“);:if’{f%);p’ Q}> dx

0

() [ /"w) 0 di - /bum (F(—u)w“i)é‘{f(x);p,q}>2 dm] |

2 By q(1,—p)
where ¥ is defined by (2.6).
Proof. Similar to proof of Theorem 2.1, by applying Theorem 1.3. U
Theorem 2.5. Let the assumptions of Theorem 2.4 be satisfied. Moreover, k,h e
C*(I) such that h'(z) # 0 for every x € I and

/bﬁ(t) RF(8)) di — /bu(x) 3 (F(‘“)g:i?{f%);p’%> dz £ 0.

0 0
Then there exists n € I such that it holds

() k(f(t))dt — fbu(x) k (F(—N)ﬂ?“%{f(x);p,q}> dr

Bp,q(1,—p)

K'(n) _
W' (n)

b
!
[ o) R (F(1)) di — [u(z) b (F8e2bU@pal) g,
0 0

Bp,q(1,—p)
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Proof. Similar to proof of Theorem 2.1, by applying Theorem 1.5. U
Theorem 2.6. Let the conditions of Theorem 2.1 be satisfied and p, be defined by
(1.6). Let f be a positive function. Then the function £ : R — [0, 00) defined by

b

(2.10) f(s):/f;(t)%(f(t))dt_/u(x)% (P(—u)é:ié;:{if));p,q}> i

is exponentially convex.

Proof. Applying Theorem 1.4, with Q; = Qy = (a,b), dui(v) = dx, dus(t) = dt and
k(x,t) given in (2.8), we get the exponential convexity of linear functional (2.10). O

3. HARDY-TYPE INEQUALITIES FOR EXTENSION OF EXTENDED
RIEMMAN-LIOUVILL FRACTIONAL DERIVATIVE

Recently Rehaman et al. [17] define an extension of extended Riemman-Liouvill
fractional derivative of order u as

BY DS e} =g [ FOE =0 ]

x
x 1 l)\;p; _(xq— t)] dt, Re(u)>0.

For the case m — 1 < Re(u) < m, where m = 1,2, ..., it follows
.
Op{f(@)ipy A p} = 207" {f (@) i@ As p}

dm 1 7 et
-— {F(—/Hm) O/f(t)(x—t) :

T x
X 1Fy [)\;ﬁ _pt} 1F1 l/\;ﬂ; _(:):q—t)] dt} )

where Re(u) > 0, Re(p) > 0, Re(q) > 0. It is clear that A = p, then (3.1) reduces
to (2.5).

Theorem 3.1. Let Re(p) > 0, Re(q) > 0, Reu) > 0, Re(\) > 0 and Re(p) > 0. Let
D f(2);p,q, A, p} be the extension of extended Riemman-Liouvill fractional derivative
of order p. Let u be a weight function defined on (0,b), then v is defined by

(3.2) dr < oco.

o0 = [y ST oL g
t

e b

t
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If ® is a convex function on the interval I, then the inequality

b

(3.3) [ut)e (95“(2}%‘” A;p}> dr < /bv (1) D (1)) dt

holds true.
Proof. Applying Theorem 1.1, with 2y = Qs = (0,b), duy(x) = dz, dus(t) = dt,

. O RN N
k(z,t)={ TG (x =)k [A,p, ; ] 1Fy [,\,p, =ik 0<t<u,
0, r<t<b

(x —t) “11F1[>\07 p] 1A s — 4 )
(. —1)

and v as in (3.2), we get inequality (3.3). O
Substitute k(x,t) by k(x,t)f2(t) and f by fl where f; : Q3 = R, i = 1,2, are
measurable functions in Theorem 3.1 we obtam “the following result.

0

Theorem 3.2. Let D{f(x);p,q, A, p} be the fractional derivative operator of order
w. Let u be a weight function defined on (0,b) and for each fized t € (0,b) define p on
(0,0) as

b T
/u (x—t)» 1 F P\ p;— 7} 1B {NP%‘@qt}d < o
/ Di{ f2(2); p, ¢; \; p}H ()
If ® : I — R is a convex function, then the inequality
b b
Dh{fi(x)ip g A;p}) _ (fl(t)>
3.4 u(z)d | — dr < t)P dt
(3.4) 0/ (@) <@g{f2($);p, ¢ X\ p} - 0/p( ) fa(t)

holds true for all f; € L'[a,b].

Theorem 3.3. Let Re(p) > 0, Re(q) > 0, Re(u) > 0, Re(A) > 0 and Re(p) >
0. Let DE{f(x);p,q, A, p} be the extension of extended Riemman-Liouvill fractional
derivative of order u. Let u be a weight function defined on (0,b). Moreover, if ® is
a convex function on an interval I C R and ¢ : I — R is any function, such that
o(x) € 0P(x) for all x € Intl and v as in (3.2), then the inequality

[ () dr - /bu(@ (@u{f( }i(};,)q,)\ p}>

Zr(iu)o/ %)) / (@ =0k X = EE] A [“;quft)]

a
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B (/1)) — (95{f(fv);p,q; A;M)’

X

_ ‘s@ (5)‘“{]‘([3(239;;17A p}[S(x)f(t) (D“{f(fg(z;)q,k p}> H dtda

holds for all measurable functions f : (0,0) — R, such that f(t) € I for allt € (a,b).
If ® is a monotone convex function on an interval I C R, then the inequality

o (%U(I_z(p,)q,k P}>

| O/bu(x) /Sgn <f(t) @“{f([;é,)q,k p}>

X T
x(z—t) "R [A;p;—pt] 1y lk;p; -~ ]

(x—1)
(9”{10(}% A‘p}>

. (@“{f DG A /ﬁ)‘ < @“{f(;(iv)q’A p}>] dt dx

holds for all measurable functions f: (0,b) — R.
Proof. Similar to proof of Theorem 3.1, by applying Theorem 1.2. 0

Theorem 3.4. Let Re(p) > 0, Re(q) > 0, Re(u) > 0, Re(A) > 0 and Re(p) >
0. Let DE{f(x);p,q, \, p} be the extension of extended Riemman-Liouvill fractional
derivative of order pu, and I a compact interval of R, h € C?>(I) and let f : (0,b) — R
be a measurable function such that Im f C I. Then for the weight function u defined
on (0,b) there exists n € I such that

Joma s ()
_ W

[/ OO [t )(9““(%3%“}) dx],

where v is defined by (3.2).

Proof. Similar to proof of Theorem 3.1, by applying Theorem 1.3. U

Theorem 3.5. Let Re(p) > 0, Re(q) > 0, Re(u) > 0, Re(\) > 0 and Re(p) > 0. Let
the extension of ertended Riemman-Liouvill fractional derivative DI{ f(z);p,q, A, p}
of order u and I a compact interval of R, k,h € C*(I) such that h"(x) # 0 for every
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x € I. Moreover, f : (0,b) = R a measurable function with Imf C I, u a weight
function, v as in (3.2) and
b b

[ h () di~ [ute) (QN{H;(Z’)Q’A p}) dz # 0.

Then there exists n € I such that the following equality holds true

py L TORUO) = [ula) b (g gy
h'(n)

o(t) b (f(t)) dt — fbu(x)ﬁ(w) .
0

K(z)

O%@ o

Proof. Similar to proof of Theorem 3.1. O

Theorem 3.6. Let Re(p) > 0, Re(q) > 0, Re(u) > 0, Re(A\) > 0 and Re(p) > 0.
Let the fractional derivative operator DH{ f(x);p,q, \, p} of order p and f a positive
function and let u be a weight function defined on (a,b), v be as in (4.4). Then the
function & : R — [0,00) defined by
b b
£(6) = [ o000, (1) at — [t (
0

0

DS ()P, ¢ A; p}>
K (x)

is exponentially convew.

Proof. Similar to proof of Theorem 3.1, by applying Theorem 1.4. 0J

4. INEQUALITIES FOR MODIFIED EXTENSION OF RIEMMAN-LIOUVILL
FRACTIONAL DERIVATIVE

The following definition is given in [18].
Definition 4.1.

(4.1)  DLHf(2)} =

2

)z — 1) 1E, (- bz ) dt, Re(u) >0,

t(z—t)
where
[o¢] Zn
4.2 E,(z)= -
(42) (2) nz;; ['(an+1)
For the case m — 1 < Re(u) < m, where m = 1,2, ..., it follows

m

(43) DL} = D))

e e (o))

where Re(p) > 0, Re(p) > 0, Re(q) > 0.
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Remark 4.1. Obviously if o = 1, then (4.1) and (4.3) reduces to the extended fractional
derivative (2.3) and (2.4), respectively. Similarly, if we set « = 1 and p = 0, we get
(2.1) and (2.2), respectively.

Very recently Shadab et al. [20] introduce new and modified extension of beta

function as:
p
7 tol 1 o 0'2 1E ’
p (01,92) / ( t(1—t)>

where Re(oq) > 0, Re(o2) > 0 and E,(-) is defined by (4.2).

Theorem 4.1. Let D2o{f(2)} denotes the new and modified extension of Riemann-
Liouville fractional derivative of order p and let u be a weight function defined on
(0,b), then v is defined by

b (x —1t) r=1p 2>
(4.4) /u ; uBa(1(_ )( >d < 0.

If ® is a convex function on the interval I, then the inequality
b

(4.5) Ju@e (F(x_#);l(l - )d </ “

0

holds true.
Proof. Applying Theorem 1.1, with 2y = Qs = (0,b), du;(x) = dz, dus(t) = dt,

(w—t)”lEa<— p’ ) 0<t<u,

X 1
k(z,t) { I(—p)
0,
1

K@) =gy [ =07 e (i) = o

and 0 as in (4.4), we get inequality (4.5). O
Substitute k(z,t) by k(x,t)f2(t) and f by %, where f; : Q — R, i = 1,2, are

measurable functions in Theorem 4.1 we obtain the following result.

Theorem 4.2. Let D0{f(z)} denotes the new and modified extension of Riemann-

Liouville fractional derivative of order p and let u be a weight function defined on

(0,0) and for each fixed t € (0,b) define p on (0,b) as

R) [ (@ =) E (— )
t | " oA

If & : I — R is a convex function then the inequality
b

(46) O/u(x)q) (%) dr < a/bﬁ(t)cb (ﬁg) dt

dr < o0.

) =
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holds true for all f; € L'[a,b].
Refinement of Theorem 4.1 is given in the upcoming theorem.

Theorem 4.3. Let DEo{f(2)} denotes the new and modified extension of Riemann-
Liouville fractional derivative of order u and let u be a weight function defined on
(a,b). Moreover, if ® is a convexr function on an interval I C R and ¢ : I — R is
any function, such that o(x) € 0®(x) for all x € Intl and 0 as in (4.4), then the
inequality

@(t)@(f(t))dt—/u(m)tb( (x “);:{i())}> dz
>

u(z) i —u—1
—y Byl —p) [0 E( )

@ (f(1) - @E i )

(S - ()

/
J

X

holds for all measurable functions f : (0,b) — R. If ® is a monotone convex function
on an interval I C R, then the inequality

/b@(tmf(t))dt—/bu<x>q>< (x #gg’{i;}) dz

0

u(z [ (—p)D5{f(2)}
/B(u)—m/g o)

(f(t) - <I>< (x uﬁ?f,{ffi))})

- o (% >B®(1{i - (0 - ?u{i )>}>] .

holds for all measurable functions f: (0,b) — R.

Proof. Same as proof of Theorem 4.1, by applying Theorem 1.2. 0
Next we give the mean value theorems.

Theorem 4.4. Let Do{f(2)} denotes the new and modified extension of Riemann-

Liouwille fractional derivative of order u, I be a compact interval of R, he C?(I) and
let f:(0,b) — R be a measurable function such that Im f C I. Then for the weight
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function u defined on (0,b) there exists n € I such that

/b@(t)ﬁ(f(t)) dt—/bu(x)h (”;iﬁ%fgg”) dz

0 0

_m) [ [swrwa- fue (Fopy ““’)})2 dx] ,

2 0 0 $_“Bg(17 _N’)
where O is defined by (4.4).

Proof. Similar to proof of Theorem 4.1, by applying Theorem 1.3. U

Theorem 4.5. Let DEo{f(2)} denotes the new and modified extension of Riemann-
Liouville fractional derivative of order u, I be a compact interval of R, k, he C3(I)
such that h"(x) # 0 for every x € I. Moreover [ : (a,b) — R a measurable function

with Im f C I, u be a weight function, ¥ as in (4.4) and
b ) e
Jowhrw)a- [ u(m)h( (zf:ga?i{i‘g)}

0 0
Then there exists n € I such that the following equality holds true

b b —m)2p {f(=
iy §PORU0) = ute) k (TLEREISL) o
W' (n)

)d:):%().

0
[ o) b (F() dt — [u(x)h (F(—u)@{f()}) i
0 0

137”35‘(17—#)

Theorem 4.6. Let ©,0{f(z)} denotes the new and modified extension of Riemann-
Liouville fractional derivative of order p and let uw be a weight function defined on

(a,b), 0 be as in (4.4). Then the function  : R — [0, 00) defined by

b b o i
o1 o o (SIZD)

0 0
is exponentially convex.

Proof. Similar to proof of Theorem 4.1, by applying Theorem 1.4. OJ

Now we shall discuss the exponentially convexity of the liner functional. Under the
assumptions of the Theorem 2.1, Theorem 3.1 and Theorem 4.1 we define a linear
functionals by taking the positive difference of the inequalities stated in (2.7), (3.3)
and (4.5), respectively as:

U(—p)x"D8{f();p, ¢}
prq(L _M)

48 &) = [se(o)a- [o(ZLEELERL) ) g,

an G - [ el - / 2 ( )u<x> dr,
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and

b e

(4.9) &(®) = / B(t)® (F()) dt — /b o (”‘“mgb{f (@}) u() de.

0 x_MBg(lu _:U’)

We also define a linear functionals by taking the positive difference of the left-hand
side and right-hand side of the inequalities (2.9), (3.4) and (4.6), respectively as:

(@) = O/bm)@ (ﬁ(t)) " ju(m (@5{f1<x>;p, q}> o

fa(t) D{ fo(); p, q}

o= s () - e (G ) »

and

(4.10) £6(®) = O/bp(t)op (;;Eg) dt — O/bu(x)q) <§Z¥;Eg£ Z{) d.

Theorem 4.7. Let I' ={®, : p € J} be a family of functions defined on I, such that
the function p — |z, 21, 22; @, is n-exponentially convex in the Jensen sense on J for
every three distinct points zg, z1, 290 € I. Let &, i =1,2,...,6, be linear functionals
defined by (4.7)-(4.10), respectively. Then the function p — &(®,), i = 1,2,...,6,
is m-exponentially convex in the Jensen sense on J. If the function p — &(®,) is
continuous on J, then it is n-exponentially convex on J.
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ON ¢-SEMISYMMETRIC LP-KENMOTSU MANIFOLDS WITH A
QSNM-CONNECTION ADMITTING RICCI SOLITONS

RAJENDRA PRASAD!, ABDUL HASEEB?, AND UMESH KUMAR GAUTAM!

ABSTRACT. In the present work, we characterize Lorentzian para-Kenmotsu (briefly,
LP-Kenmotsu) manifolds with a quarter-symmetric non-metric connection (briefly,
QSNM-connection) v satisfying certain $-semisymmetric conditions admitting Ricci
solitions. At the end of the paper, a 3-dimensional example of LP-Kenmotsu
manifolds with a connection V is given to verify some results of the present paper.

1. Introduction

In a (2n + 1)-dimensional connected and C'*°-smooth semi-Riemannian manifold
(M, §), the Levi-Civita connection V, the Riemannian-Christoffel curvature tensor R,
the projective curvature tensor 15, the concircular curvature tensor ‘7, the conformal
curvature tensor C' and the D-conformal curvature tensor B are defined by [5, 6]

R(E, )W =V VW = ViV W =V oW,
(1.2)
(B, )W =R(B, YW — o _[5(F,W)E — $(B, 1)),
(1.3)
V(B YW =R(B, F)W — ———[§(F, W) E — §(B, W) F),

Key words and phrases. LP-Kenmotsu manifold, QSNM-connection, (;B—semisymmetric manifolds,
Ricci solitons.
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E,F)W =R(E, F)W + 2 D) [S(E,W)F — S(F,W)E + §(E,W)QF
— §(F,W)QE — S(E,W)ii(F)é + S(F, W)i(E)¢ = i(E)i(W)QF
+0(F)(W)QE] — m[ﬁ(ﬂ W)E — g(F,W)E] + 1)

X [J(E, W)iI(F)E = g(F, W)i(E)E +if( E)ij(W)E — ii(F)ij(W)E],
respectively, where 7 is the scalar curvature, S and Q are the Ricci tensor and the

Ricci operator, respectively such that S (E, F )= f](QE F ) and k = ;ﬁ’{

The connection V which is linear and defined on (M, g) is said to be a quarter-

symmetric [11] if its torsion tensor T°

(1.6) T(E.F) =VpF = ViE~ [E F) = §(F)oE — i(E)oF

where ¢ is a (1, 1)-tensor field and 7 is a 1-form. If moreover, V satisfies the condition
(17) (VEd)(E, W) = =i(F)§(OE,W) = n(W)j(F, 6E),

where E, F,W € x(M) and x(M) is the set of all differentiable vector fields on M,
then connection V is called a QSNM-connection. The authors in [2,3,7,12] have
studied QSNM-connection in various manifolds. .

In an L P-Kenmotsu manifold, a relation between the connections V and V is given
by
(1.8) ViF =V EF+i(F)oE.

On a Riemannian manifold (M, §), a Ricci soliton (g, U, 5\) is a generalization of an
Einstein metric such that (see [9,10]) £y§ + 25 + 2Aj = 0, where S, £ and  are
the Ricci tensor, the Lie derivative operator along the vector field U on M and a real
constant, respectively. A Ricci soliton is said to be shrinking, steady or expanding
according as A < 0, A =0 or A > 0, respectively.

The present work is arranged in the following manner. After Introduction, a
brief introducton of L P-Kenmotsu manifolds is given in Section 2. In Section 3, we
find the relation between the curvature tensors of an LP-Kenmotsu manifold with
the connections V and V. In Section 4, we study LP-Kenmotsu manifolds with a
connection V admlttmg Ricci solitons. gb pIOJectlvely semisymmetric, (b concircularly

semisymmetric, qb conformally semisymmetric and qb—D conformally semisymmetric
LP-Kenmotsu manifolds with a connection V admitting Ricci solitons have been
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studied in Section 5. At the end of the paper, a 3-dimensional example of LP-
Kenmotsu manifolds with a connection V is given to verify some results of the present

paper.
2. PRELIMINARIES

A (2n + 1)-dimensionsional differentiable manifold M with structure (¢, €, 7, §) is
said to be a Lorentzian almost paracontact metric manifold, if it admits gg: a tensor
field of type (1,1), & a contravariant vector field, 77: a 1-form and ¢§: a Lorentzian
metric satisfying [8]

(2.1) i) =1,

(2.2) P*E =E +i(E)E,

(2.3) ¢ =0, (YY) =0,
§(OE, 6F) =4(E, F) + i(E)ij(F),

(24) 9(E, &) =i(E),

(2.5) b(F,E) =(E,F) = §(E, oF),

for any E,Zf’ on M.
For &: a killing vector field, the (para) contact structure is said to be a K-(para)
contact. In this case, we have

(2.6) Vit = ¢E.

A Lorentzian almost paracontact manifold M is called an L P-Sasakian manifold if
(VEd)F = §(E, F)¢ +3i(F)E + 20(E)ij(F)E,

for any E,F on M.

Now, we define a new manifold called a Lorentzian para-Kenmostu (briefly, LP-
Kenmotsu) manifold:

Definition 2.1. A Lorentzian almost paracontact manifold is called Lorentzian para-
Kenmostu (briefy, LP-Kenmostu) manifold if [1]

(2.7) (Vo) = —g(0F, F)s = i(F)oE,
for any E,F on M.
In the Lorentzian para-Kenmostu manifold, we have
V& =—¢°F,
(Vi) F == §(0E, oF).
Moreover, on an LP-Kenmotsu, the following relations hold [1]:

J(R(E, )W, &) =0(R(E,F)W) = §(E, W)i(E) — §(E, W)ij(F),
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for any E,F,W on M.

Definition 2.2. An LP-Kenmotsu manifold is called an 7-Einstein manifold if its

Ricci tensor satisfies [4] S(E, F) = a1§(E, F) + agij(E)ij(F), where a; and ay are
smooth functions on M.

3. CURVATURE TENSOR OF LP-KENMOTSU MANIFOLDS WITH A CONNECTION V

The curvature tensor R of an L P-Kenmotsu manifold with a connection V is defined
by
(3.1) R(E,F)WZVEVFW—VFVEW—V[E’F]W.
From (1.8), (2.1), (2.4), (2.6), (2.7) and (3.1), we obtain
where R(E, F)W is given by (1.1). Contracting E in (3.2), we get
(33) S(F, W) = S(F,W) + §(F, W) — (6F, W).
From (3.3), it follows that

OF = OF + 0F - oF,

Contracting again £ and W in (3.3), we obtain
(3.4) P =74 201,

where @ is the Ricci operator, S is the Ricci tensor and 7 is the scalar curvature with
respect to V.

Lemma 3.1. In a (2n + 1)-dimensional LP-Kenmotsu manifold with a connection
V, we have

(3.5) R

3.6 S(E,&) =@n+P)i(E),  8(£,¢)=—-(2n+),
3.7 Vil =—E—)(E) - ¢F,
3.8) Q¢ =(2n+¢)¢,
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for any E.F on M.

4. RICCI SOLITON ON LP-KENMOTSU MANIFOLDS WITH A CONNECTION V

Suppose that an L P-Kenmotsu manifold with a connection V admits a Ricci soliton
(g,€,A). Then in view of (1.9), we have

(4.1) (Led) (2, W) + 28(F, W) + 2X9(F, W) = 0.
By using (3.7) and (1.6), we find

(4.2) (Eeg)(F. W) = —203(F, W) + #(F)if(¥).
Combining (4.1) and (4.2), we obtain

(4.3) S(F,W) = (1= Ng(E, W) + a(E)ij(W).
Taking W = ¢ in (4.3) and then using (2.1), ( .3), we get

(4.4) S(F,€) = =Ni(F).

Thus from (3.6) and (4.4), it follows that

(4.5) A=—(2n+1).

Hence, (4.3) together with (4.5) leads to the following theorem.

Theorem 4.1. If an LP-Kenmotsu manifold M with a connection V admits a Ricci
soliton (§,&, N), then M is an n-FEinstein manifold and its Ricci solition will be ex-
panding, shrinking or steady according to v < —2n, ¥ > —2n or ) = —2n.

Now, assumig that (g, U, 5\) is a Ricci soliton on an L P-Kenmotsu manifold with

a connection V such that U is pointwise collinear with &, i.e., U = B, where 3 is a
function. Then (1.9) holds and we have

BG(V 56 ) + (EBYI(F) + BI(E,V ) + (FBY(E) + 25(E, F) + 203(E, F) = 0,
which in view of (3.7) and (1.6) becomes
(4.6) —26[G(E, F)+if(E)i(F)]+(ES)i(F)+(FB)i(E)+25(E, F)+20j(E, F') = 0.
Replacing F by £ in (4.6) and using (2.1), (2.4) and (3.6), we find

(4.7) — (EB) +[(£8) +2(2n + ¥) + 2\]H(E) =
which by taking F = ¢ and using (2.1) yields

(4.8) (€B)+ (2n+ ) + A =0.
Combining the equations (4.7) and (4.8), we find

(4.9) df = [(2n + ) + AJn.

Now, applying d on (4.9), we get

v

(4.10) (2n+ )+ Nij=0 = X=—2n+1), dij#£0.
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Thus, from (4.9) and (4.10), we obtain d = 0, i.e., (3 is a constant. Therefore, (4.6)
reduces to

(4.11) S(EB,F) = (8= Ng(E, F) + Bi(E)i(F).
Hence, (4.10) together with (4.11) leads the following theorem.

Theorem 4.2. [f an LP-Kenmotsu manifold M with a connection V admits a Ricci
soliton (g, U, 5\) such that U is pointwise collinear with &, then U is a constant multiple
of € and M is an n-FEinstein manifold and its Ricci solition will be expanding, shrinking
or steady according to 15 < —2n, 1Z > —2n or 12 = —2n.

5. RICCI SOLITON ON ¢-SEMISYMMETRIC LP-KENMOTSU MANIFOLDS WITH A
CONNECTION V

Definition 5.1. An LP-Kenmotsu manifold with a connection V is called gg—proje—
ctively semisymmetric if (see [13]) P(E, F)-¢ =0 for all £, F on M.

~ Analogous to the equation (1.2), the projective curvature tensor with a connection
V is given by

~ v vv ~ v vy 1 ~ v v v A v v~
(5.1) P(E,F)W:R(E,F)W—Q—[S(F,W)E—S(E,W)F].
n
Suppose that a (2n + 1)-dimensional LP-Kenmotsu manifold with a connection V is
¢-projectively semisymmetric, therefore

(5.2) (P(E,F)- )W = P(E,F)¢W — ¢P(E, F)W =0,
for all E, F,W on M. From (5.1), we find
(5.3) P(E,F)¢W =R(E,F)¢W — ;ﬂm#, GWE — S(E, W) EF),
(5.4) GP(E, YW =9R(E, F)W — ;{L[é(ﬁ, W)OE — S(E, W)oL).
By combining (5.2), (5.3) and (5.4), we have
(65 RUEF)IW — SR(E, P — _[S(F,6W)E — 8(B, 5
b o [8(PW)6E — S(E,W)3F) = 0.

Taking ' = ¢ in (5.5) and using (2.3), (3.5) and (3.6), we find

BB + o S(E G — (S — i+ P g — o

Taking inner product of the above equation with ¢ and making use of (2.1) and (2.3)
yields S(E,oW) = 2ng(E, W), which by setting W = ¢W and using (2.2) gives

(5.6) S(E,W) = 2ng(E, W) — i(E)i(W).
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Now, taking W = ¢ in (5.6), we find

(5.7) S(E,€) = 2n+ )if(E).
Thus, from (4.4) and (5.7), we obtain
(5.8) A=—(2n+).

Hence, (5.6) together with (5.8) leads to the following theorem.

Theorem 5.1. If a (2n+1)-dimensional L P-Kenmotsu manifold M with a connection
v admitting Ricci soliton is (;5 -projectively semisymmetric, then M is an n— Finstein

mamfold and its Ricci solition will be expanding, shrinking or steady according to
w< —2n, w> —2n orw——2n

Definition 5.2. An LP-Kenmotsu manifold with a connection V is called gzvb—conci—
rcularly semisymmetric if V/(E, F') - ¢ =0 for all E, F on M.

Analogous to the equation (1.3), the concircular curvature tensor with a connection
V is given by

~

r v v v

(5.9) V(E,FYW = R(E, )W — m[g(p, W)E — g(E, W)F].

Suppose that a (2n + 1)-dimensional LP-Kenmotsu manifold with a connection v
is ¢-concircularly semisymmetric, therefore

(5.10) (V(E,F)-$)W = V(E,F)oW — §V(E, F)IV =0,
for all B, I, W on M. From (5.9), it follows that

(5.11)  V(E,F)¢W =R(E,F)¢W —

2n(2n + 1)
(5:12) V(B PW =6R(E, F)W = oo s 3(F, W)OE = §(E, W)oF
Combining (5.10), (5.11) and (5.12), we have
? < (T TN\ AL < T TI\AT]
+ m[g(ﬂ W)oE — §(E,W)oF] =0,

which, by taking I = ¢ and using (2.3), (2.4) and (3.5), takes the form

e e L P

Taking inner product of (5.13) with £ and making use of (2.1) and (2.3), we get
F=2n(2n+1), G(E,¢W)+#0.

This leads to the following theorem.

(5.13) - 1] HW)E + ij(W)d*E = 0.
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Theorem 5.2. If a (2n + 1)-dimensional LP-Kenmotsu manifold with a connection
V is ¢-concirculary semisymmetric, then the scalar curvature is constant.

Definition 5.3. An LP-Kenmotsu Vmavnifold with a connection V is called
¢-conformally semisymmetric if C(E, F')-¢ =0 for all £, F on M.

Analogous to the equation (1.4), the conformal curvature tensor with a connection
V is given by

(5.14)

Suppose that a (2n + 1)-dimensional LP-Kenmotsu manifold with a connection V is
¢-conformally semisymmetric, therefore

v~ v

(5.15) (C(E,F)- o)W = C(E, F)oW — C(E, F)W =0,
for all E, F',W on M. From (5.14), it follows that

(5.16) C(E,FYW =R(E, F)¢W — ———
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which by replacing £ = ¢ and making use of (2.3), (2.4), (3.5), (3.6) and (3.8) takes
the form

~

2n—i—1ﬁ r

A P on(2n—1)

(G(E, JW)E +i(W)PE) + ———S(E

1 vy Yo vo ¥
——(W)PQE — n(W)¢*E = 0.
T ano 1)77( JOQE — 1(W)o
Now, taking inner product of (5.18) with ¢ and making use of (2.1) and (2.3), we
obtain

/\

(5.19) S(B, W) = [(Qn — 1)+ — (20 w)} (B, $W).
By replacing W by ¢W in (5.19) and then using (2.2), (2.4), (3.6), we get
(5.20) S(BW) = |(@n—1)+ o — 20+ J})} G(E, W)
+ [0 —1)+ o — 200+ 8) | §(EIT),
Taking W = ¢ in (5.20), we find
(5.21) S(E,€) = 2n+ )i(E).
Thus, from (4.4) and (5.21), we obtain
(5.22) A= —(2n+1).

Hence, (5.20) together with (5.22) leads to the following theorem.

Theorem 5.3. If a (2n+1)-dimensional LP-Kenmotsu manifold M with a connection
v admitting Ricci soliton is gzﬁ conformally semisymmetric, then M is an n— Einstein

mamfold and its Ricci solition will be expanding, shrinking or steady according to
1/1< —2n, w> —2n orw——Zn

Definition 5.4. An LP-Kenmotsu manifold with a connection V is called QVS—D—
conformally semisymmetric if B(E, F') - ¢ =0 for all E, F on M.

Analogous to the equation (1.5), the D—conformal curvature tensor with a connec-
tion V is given by

~ v v v A v v 1 A v v v A v v~
(5.23) B(E,F)W =R(E, )W + ——[S(E,W)F — §(F",W)E
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T44n
(2n—1)"

Suppose that a (2n + 1)-dimensional LP-Kenmotsu manifold with a connection V
is ¢-D-conformally semisymmetric, therefore

where k =

v v v v v

(5.24) (B(E,F)- )W = B(E, FY¢W — ¢B(E, F)W =0,

for all E, F',W on M. From (5.23), it follows that

(5.25)

B, F)OW =R(E FIOW + 5o (BB, W) F = S(F.6W)E + 5(E. 1) QF
= §(F,0W)QE — S(E, W)i(F)¢ + S(F, oW )i(E)¢]
= = 1) BB O = G(E.GW)E] + 5 [a( B, G0 )i F)e

a(F, Wi E)e],
(5.26)

SB(E FYW =OR(E.F)W + 5o S(B.W)GF — S(F.W)iE
+9(E,W)6QF — §(F,W)QE — i(E)i(W)oQF
+AEVIGQE] = 5 5 0B WIS — 3(F. )6

VIV
2o (B (W)oF — i(F)n(W)oL]
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By taking F' = ¢ in (5.27) and then using (2.1), (2.3), (3.5), (3.6) and (3.8) takes the
form

— 2% Loy v v a v vy v vo
o R g, )€ + OVIGE + L SOB e~ 0T

b iT)QE =0

Inner product of (5.28) with £ and making use of (2.1) and (2.3) gives

(5.28)

Z+2—E J(E, dW).

Now, we replace W by ¢W in (5.29) and using (2.2), (2.4) and (3.6), we get

(5.29) S(E,¢W) =

(5.30) S(E, W) = é’ +2— k| g(B,W) - ‘5 + k420 — 2| §(E)j(W).
Taking W = ¢ in (5.30), we find

(5.31) S(E,6) = (2n+ D)i(E).

Thus, from (4.4) and (5.31), we obtain

(5.32) A=—(2n+1v).

Hence, (5.30) together with (5.32) leads to the following theorem.

Theorem 5.4. If a (2n + 1)-dimensional LP-Kenmotsu manifold M with a con-
nection V admitting Ricci soliton is QE—D-conformally semisymmetric, then M is an
n— Finstein manifold and its Ricci solition will be expanding, shrinking or steady
according to zL < —2n, 15 > —2n or 1Z = —2n.

Example 5.1. Let on a 3-dimensional manifold M = {(wy,wq,w3) € R*> : w > 0},
where (11, 9, W3) are the standard coordinates of R3, the linearly independent vector
fields that at each point of M are given by

) v = v v = v T
0w 09 O
Suppose the Lorentzian metric ¢ is defined by

g, vh) =g v?) =1, g’ v?) = -1, §( ?) = g(v*,v%) = g(v',v?) = 0.

Suppose the 1-form 7 is defined by ME) = §g(E,v*) = §(E, € ) for all £ on M, and
the (1, 1)-tensor field ¢ is defined by
ot = v, dP= vt gt =0.
Then, using the linearity of ¢ and gg, we have
() = =1, ¢°E=E+i(E), §(F,0F) = g(E, F) +i(E)i(F),

S
I
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for all E , F on M. Thus, (qzvﬁ, &,1,g) defines a Lorentzian almost paracontact metric
structure on M. Also, we have

(5.33) v, =0, [v',0°]=—0', [? %] =0t

From the Koszul’s formula for ¢, we calculate

(5.34) Vvl = =03 Vv’ =0, Vao®=—vl, Vo' =0,
Vev? =—03, Ve =—v} Vol =0, Veo?=0, Vpeo®=0

Also, one can easily verify that
Vil =—E—i(E)¢ and (V0)F = —§(¢E, F)¢ —i(F)SE.
Therefore, M is an LP-Kenmotsu manifold. From (1.1), (5.33) and (5.34), we obtain
(5.35) R, vt = =% R0l =0, R, 0*)w! = —?,
R, v*)w? =0t R, 0*)W? =0, R 0% )0w?=—0%
R, 0w =0, R, 0% = —v, R 0% = =0,

v

from which it is clear that R(E’, F’)W = g(ﬁ, W)E — g(E, VV)F Hence, (M, ¢,&,1,9)
is an L P-Kenmotsu manifold of unit constant curvature. By virtue of (1.8) and (5.35),
we obtain

o~

Vvlvl = — U?’, szvl = O, Vvsvl = O, Vv1v2 = 0,
< .2 A AN A
Vpv® =0, V,v°=0, V,ev’=0, Vgsv’=0.

sz U2 = —?}3,

From (3.2) and (5.35), we can easily obtain
(5.36) R, v*)w! =0, R, v* ! = —v®, R@? v*)! =0,
R, v*)? =0, R, v*)W? =0, R*v*)?=—1?
R, v} =0, R, v*)v® =0, R v*)® =0.
From (5.35) and (5.36), we calculate the Ricci tensors as follows:
S vty =S =2, SO 0%) = -2,
and - ~ ~
Sho')y =S v} =1, S@*v*) =0.
Therefore, we find # = 6 and 7 = 2, where 1) = —2. Hence, (3.4) is satisfied. From
(2.5), (1.6) and (1.7), we find

d(vh vh) =b(v?,0?) = -1, d(*, %) =0,

, T(vl,v?’) =t T(vz,v?’) =2,
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respectively. Thus, the connection V defined on M is a QSNM. Now, by putting
F =W =" in (4.3) and summing up, we find 2 = 3(1 — \) — 1 implies A\ = 0.
Thus, a Ricci soliton on an L P-Kenmotsu manifold with a connection V is steady for
Y= —2n=-2.
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