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HARDY-TYPE INEQUALITIES FOR AN EXTENSION OF THE
RIEMANN-LIOUVILLE FRACTIONAL DERIVATIVE OPERATORS

SAJID IQBAL1, GHULAM FARID2, JOSIP PEČARIĆ3, AND ARTION KASHURI4

Abstract. In this paper we present variety of Hardy-type inequalities and their
refinements for an extension of Riemann-Liouville fractional derivative operators.
Moreover, we use an extension of extended Riemann-Liouville fractional derivative
and modified extension of Riemann-Liouville fractional derivative using convex and
monotone convex functions. Furthermore, mean value theorems and n-exponential
convexity of the related functionals is discussed.

1. Introduction

The Hardy integral inequality is one of the most significant inequality in analysis
with respect to its applications. In the recent years many researchers discover the
new generalizations and refinements by involving fractional calculus operators (see
[1, 4, 16]). Recently Iqbal et al. [8, 9] study applications of Hardy-type and refined
Hardy-type inequalities involving different kinds of fractional integral operators. Here
we give such type of inequalities for more general forms of Riemann-Liouville fractional
integral operators using convex and monotone convex functions.

Let (Σ1,Ω1, µ1) and (Σ2,Ω2, µ2) be measure spaces with positive σ-finite measures.
Let U(f, k) denote the class of functions g : Ω1 → R with the representation

g(x) =
∫

Ω2

k(x, t)f(t)dµ2(t),

and Ak be an integral operator defined by

Key words and phrases. Inequalities, convex functions, Riemann-Liouville fractional derivative.
2010 Mathematics Subject Classification. Primary: 26D15. Secondary: 26D10, 26A33.
DOI 10.46793/KgJMat2105.797I
Received: August 17, 2018.
Accepted: May 21, 2019.

797



798 S. IQBAL, G. FARID, J. PEČARIĆ, AND A. KASHURI

(1.1) Akf(x) := g(x)
K(x) = 1

K(x)

∫
Ω2

k(x, t)f(t)dµ2(t),

where k : Ω1 × Ω2 → R is measurable and non-negative kernel, f : Ω2 → R is
measurable function and

(1.2) 0 < K(x) :=
∫

Ω2

k(x, t)dµ2(t), x ∈ Ω1.

The following definition is presented in [13].

Definition 1.1. Let I be an interval in R. A function Φ : I → R is called convex if

(1.3) Φ(λx+ (1− λ)y) ≤ λΦ(x) + (1− λ)Φ(y),

for all points x, y ∈ I and all λ ∈ [0, 1]. The function Φ is strictly convex if inequality
(1.3) holds strictly for all distinct points in I and λ ∈ (0, 1).

The upcoming theorem is given in [11].

Theorem 1.1. Let (Ω1,Σ1, µ1) and (Ω2,Σ2, µ2) be measure spaces with positive σ-
finite measures, u be a weight function on Ω1, k be a non-negative measurable function
on Ω1 × Ω2 and K be defined on Ω1 by (1.2). Suppose K(x) > 0 for all x ∈ Ω1, that
the function x 7→ u(x)k(x,t)

K(x) is integrable on Ω1 for each fixed t ∈ Ω2 and that v is
defined on Ω2 by

(1.4) v(t) :=
∫

Ω1

u(x)k(x, t)
K(x) dµ1(x) <∞.

If Φ is a convex function on the interval I ⊆ R, then the inequality

(1.5)
∫

Ω1

u(x)Φ(Akf(x)) dµ1(x) ≤
∫

Ω2

v(t)Φ(f(t)) dµ2(t)

holds for all measurable functions f : Ω2 → R such that Im f ⊆ I, where Ak is defined
by (1.1).

Substitute k(x, t) by k(x, t)f2(t) and f by f1
f2
, where fi : Ω2 → R, i = 1, 2, are

measurable functions in Theorem 1.1, we obtain [6, Theorem 2.1].

Definition 1.2. Let Φ : I → R be a convex function, then the sub-differential of Φ
in x is denoted by ∂Φ(x) and is defined as

∂Φ(x) = {y ∈ R : y is the slope of a support line at x}.

Next result is given in [4].
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Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied. Moreover, if Φ is
a convex function on an interval I ⊆ R and ϕ : I → R is any function, such that
ϕ(x) ∈ ∂Φ(x) for all x ∈ Int I, then the inequality∫

Ω2

v(t)Φ(f(t)) dµ2(t)−
∫

Ω1

u(x)Φ(Akf(x)) dµ1(x)

≥
∫

Ω1

u(x)
K(x)

∫
Ω2

k(x, t) | |Φ(f(t))− Φ(Akf(x))|

− |ϕ(Akf(x))| · |f(t)− Akf(x)| | dµ2(t) dµ1(x)
holds for all measurable functions f : Ω2 → R such that f(t) ∈ I for all t ∈ Ω2.

If Φ is a monotone convex function on an interval I ⊆ R, then the inequality∫
Ω2

v(t)Φ (f(t)) dµ2(t)−
∫

Ω1

u(x)Φ (Akf(x)) dµ1(x)

≥

∣∣∣∣∣∣∣
∫

Ω1

u(x)
K(x)

∫
Ω2

sgn(f(t)− Akf(x))k(x, t) [Φ(f(t))− Φ(Akf(x))

− |ϕ(Akf(x))| · (f(t)− Akf(x))] dµ2(t) dµ1(x)| ,
holds for all measurable functions f : Ω2 → R such that f(t) ∈ I for all fixed t ∈ Ω2,
where Akf is defined by (1.1).

Next mean value theorem is given in [5].

Theorem 1.3. Let (Ω1,Σ1, µ1), (Ω2,Σ2, µ2) be measure spaces with σ-finite measures
and u : Ω1 → R be a weight function. Let I be a compact interval of R, h̃ ∈ C2(I)
and f : Ω2 → R a measurable function such that Im f ⊆ I. Then there exists η ∈ I
such that ∫

Ω2

v(t)h̃(f(t)) dµ2(t)−
∫

Ω1

u(x)h̃(Akf(x)) dµ1(x)

= h̃
′′(η)
2

∫
Ω2

v(t)f 2(t) dµ2(t)−
∫

Ω1

u(x)(Akf(x))2 dµ1(x)

 ,
where Akf and v are defined by (1.1) and (1.4), respectively.

The definition of exponentially convex function is given in [3] by Bernstein.

Definition 1.3. A function Φ: (a, b)→ R is exponentially convex if it is continuous
and

n∑
i,j=1

titjΦ(xi + xj) ≥ 0,

for all n ∈ N and all sequences (tn)n∈N and (xn)n∈N of real numbers, such that
xi + xj ∈ (a, b), 1 ≤ i, j ≤ n.
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Lemma 1.1. Let s ∈ R and let the function ϕs : (0,∞)→ R be defined by

(1.6) ϕs(x) =


xs

s(s− 1) , s 6= 0, 1,

− log x, s = 0,

x log x, s = 1.
Then ϕ′′s(x) = xs−2, that is, ϕs is a convex function.

The upcoming theorem is presented in [5].
Theorem 1.4. Let the conditions of Theorem 1.1 be satisfied and ϕs be defined by
(1.6). Let f be a positive function. Then the function ξ : R→ [0,∞) defined by

ξ(s) =
∫

Ω2

v(t)ϕs(f(t)) dµ2(t)−
∫

Ω1

u(x)ϕs(Akf(x)) dµ1(x)

is exponentially convex.
Theorem 1.5. Let the conditions of Theorem 1.3 be satisfied. Moreover, k, h̃ ∈ C2(I)
such that h̃′′(x) 6= 0 for every x ∈ I and∫

Ω2

v(t) h̃(f(t)) dµ2(t)−
∫

Ω1

u(x) h̃(Akf(x)) dµ1(x) 6= 0.

Then there exists η ∈ I such that it holds

k′′(η)
h̃′′(η)

=

∫
Ω2

v(t) k(f(t)) dµ2(t)−
∫

Ω1

u(x) k(Akf(x)) dµ1(x)∫
Ω2

v(t) h̃(f(t)) dµ2(t)−
∫

Ω1

u(x) h̃(Akf(x)) dµ1(x)
.

By Theorem 1.1, and bearing in mind (1.5), we define the following positive linear
functional:
(1.7) ∆(Φ) =

∫
Ω2

v(t)Φ (f(t)) dµ2(t)−
∫

Ω1

u(x)Φ (Akf(x)) dµ1(x).

Let I ⊆ R be an interval and f : I → R be a function. Then for distinct points
zi ∈ I, i = 0, 1, 2, the divided differences of first and second order are defined by

[zi, zi+1; f ] =f(zi+1)− f(zi)
zi+1 − zi

, i = 0, 1,

[z0, z1, z2; f ] =[z1, z2; f ]− [z0, z1; f ]
z2 − z0

.(1.8)

The values of the divided differences are independent of the order of points z0, z1,
z2 and may be extended to include the cases when some or all points are equal, that
is [z0, z0; f ] = limz1→z0 [z0, z1; f ] = f ′(z0), provided that f ′ exists.

Now, passing through the limit z1 → z0 and replacing z2 by z in (1.8), we have

[z0, z0, z; f ] = lim
z1→z0

[z0, z1, z; f ] = f(z)− f(z0)− (z − z0)f ′(z0)
(z − z0)2 , z 6= z0,
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provided that f ′ exists. Also, passing to the limit zi → z, i = 0, 1, 2, in (1.8), we have

[z, z, z; f ] = lim
zi→z

[z0, z1, z2; f ] = f ′′(z)
2 ,

provided that f ′′ exists.
One can observe that if for all z0, z1 ∈ I, [z0, z1, f ] ≥ 0, then f is increasing on I

and if for all z0, z1, z2 ∈ I, [z0, z1, z2; f ] ≥ 0, then f is convex on I.
Next, we recall the notion of n-exponential convexity given in [15].

Definition 1.4. For any open interval I of R, the function Φ : I → R is n-
exponentially convex in the Jensen sense on I if

n∑
i,j=1

titjΦ
(
ζi + ζj

2

)
≥ 0

holds for all choices of ti ∈ R, ζi ∈ I, i = 1, . . . , n.
A function Φ : I → R is n-exponentially convex on I if it is n-exponentially convex

in the Jensen sense and continuous on I.

The following theorem is given in [7].

Theorem 1.6. Let Γ = {Φp : p ∈ J} be a family of functions defined on I, such that
the function p 7→ [z0, z1, z2; Φp] is n-exponentially convex in the Jensen sense on J for
every three distinct points z0, z1, z2 ∈ I. Let ∆ be linear functionals defined by (1.7).
Then the function p 7→ ∆(Φp) is n-exponentially convex in the Jensen sense on J, if
it is continuous on J.

2. Hardy-Type Inequalities for Fractional Derivative

We begin with the well known definition of Riemann-Liouville fractional derivative
od order µ is defined ([10,19]) by

(2.1) Dµ
x{f(x)} = 1

Γ(−µ)

x∫
0

f(t)(x− t)−µ−1dt, Re(µ) > 0.

For the case m− 1 < Re(µ) < m, Re(µ) > 0, where m = 1, 2, . . . , it follows

(2.2) Dµ
x{f(x)} = dm

dxm
Dµ−m
x {f(x)} = dm

dxm

 1
Γ(−µ+m)

x∫
0

f(t)(x− t)−µ+m−1dt


and

Dµ
x{xσ} = Γ(σ + 1)

Γ(σ − µ+ 1)x
σ−µ, Re(σ) > −1.

The extended Riemann-Liouville fractional derivative of order µ is defined in [14]
by

(2.3) Dµ
x{f(x); p} = 1

Γ(−µ)

x∫
0

f(t)(x− t)−µ−1 exp
(
− px2

t(x− t)

)
dt, Re(µ) > 0.
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For the case m− 1 < Re(µ) < m, where m = 1, 2, . . . , it follows

Dµ
x{f(x); p} = dm

dxm
Dµ−m
x {f(x); p}(2.4)

= dm

dxm

 1
Γ(−µ+m)

x∫
0

f(t)(x− t)−µ+m−1 exp
(
− px2

t(x− t)

)
dt

 , Re(µ) > 0.

An extension of fractional derivative operator established in [2] is given by
(2.5)

Dµ
x{f(x); p, q} = 1

Γ(−µ)

x∫
0

f(t)(x− t)−µ−1 exp
(
−px
t
− qx

(x− t)

)
dt, Re(µ) > 0.

For example

Dµ
x{f(x); p, q}x=1 = Bp,q(ν + 1, µ)

Γ(−µ) ,

where Bp,q(ν + 1, µ) is the extended beta functions (see [12]) defined by

Bp,q(x, y) =
1∫

0

tx−1(1− t)y−1e−
p
t
− q

1−tdt, x, y, p, q ∈ C,Re(p) > 0,Re(q) > 0.

For p = q we denote Bp,q by Bp and for p = q = 0 we get the classical beta function
defined by

B(x, y) =
1∫

0

tx−1(1− t)y−1dt, Re(x) > 0,Re(y) > 0.

Theorem 2.1. Let Re(p) > 0, Re(q) > 0 and Re(µ) > 0. Let Dµ
x{f(x); p, q} denotes

the extension of Riemann-Liouville fractional derivative of order µ and let u be a
weight function defined on (0, b). For each fixed t ∈ (0, b), define a function ṽ by

(2.6) ṽ(t) =
b∫
t

u(x)
(x− t)−µ−1 exp

(
−px

t
− qx

(x−t)

)
x−µBp,q(1,−µ) dx <∞.

If Φ is a convex function on the interval I ∈ R, then the inequality

(2.7)
b∫

0

u(x)Φ
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)
dx ≤

b∫
0

ṽ(t)Φ(f(t))dt

holds true for all measurable functions f ∈ L(a, b).

Proof. Applying Theorem 1.1 with Ω1 = Ω2 = (0, b), dµ1(x) = dx, dµ2(t) = dt,

k̃(x, t) =


1

Γ(−µ)(x− t)−µ−1 exp
(
−px

t
− qx

(x−t)

)
, 0 ≤ t ≤ x,

0, x < t ≤ b,
(2.8)
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K̃(x) = 1
Γ(−µ)

x∫
0

(x− t)−µ−1 exp
(
−px
t
− qx

(x− t)

)
dt = x−µBp,q(1,−µ)

Γ(−µ)

and

Akf(x) = Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ) ,

we get inequality (2.7). �

Substitute k̃(x, t) by k̃(x, t)f2(t) and f by f1
f2
, where fi : Ω2 → R, i = 1, 2, are

measurable functions in Theorem 2.1 we obtain the following result.

Theorem 2.2. Let Re(p) > 0, Re(q) > 0 and Re(µ) > 0. Let Dµ
x{f(x); p, q} denotes

the extension of Riemann-Liouville fractional derivative of order µ and let u be a
weight function defined on (0, b). For each fixed t ∈ (0, b), define a function

p̃(t) := f2(t)
Γ(−µ)

b∫
t

u(x)
(x− t)−µ−1 exp

(
−px

t
− qx

(x−t)

)
Dµ
x{f2(x); p, q} dx <∞.

If Φ : I → R is a convex function and Dµx{f1(x);p,q}
Dµx{f2(x);p,q} ,

f1(t)
f2(t) ∈ I, then the inequality

(2.9)
b∫

0

u(x)Φ
(
Dµ
x{f1(x); p, q}

Dµ
x{f2(x); p, q}

)
dx ≤

b∫
0

p̃(t)Φ
(
f1(t)
f2(t)

)
dt

holds true.

New refined weighted Hardy-type inequality for extension of Riemann-Liouville
fractional derivative (2.5) is given in the next theorem.

Theorem 2.3. Let the assumptions of Theorem 2.1 be satisfied. Moreover, if Φ is
a convex function on an interval I ⊆ R and ϕ : I → R is any function, such that
ϕ(x) ∈ ∂Φ(x) for all x ∈ Int I, then the inequality

b∫
0

ṽ(t)Φ(f(t))dt−
b∫

0

u(x)Φ
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)
dx

≥
b∫

0

u(x)
x−µBp,q(1,−µ)

x∫
0

(x− t)−µ−1 exp
(
−px
t
− qx

(x− t)

)

×
∣∣∣∣∣
∣∣∣∣∣Φ(f(t))− Φ

(
Γ(−µ)xµDµ

x{f(x); p, q}
Bp,q(1,−µ)

)∣∣∣∣∣
−
∣∣∣∣∣ϕ
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)∣∣∣∣∣
∣∣∣∣∣f(t)− Γ(−µ)xµDµ

x{f(x); p, q}
Bp,q(1,−µ)

∣∣∣∣∣
∣∣∣∣∣ dtdx
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holds for all measurable functions f : Ω2 → R. If Φ is a monotone convex function on
an interval I ⊆ R, then the inequality

b∫
0

ṽ(t)Φ (f(t)) dt−
b∫

0

u(x)Φ
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)
dx

≥

∣∣∣∣∣∣
b∫

0

u(x)
x−µBp,q(1,−µ)

x∫
0

sgn
(
f(t)− Γ(−µ)xµDµ

x{f(x); p, q}
Bp,q(1,−µ)

)

× (x− t)−µ−1 exp
(
−px
t
− qx

(x− t)

)Φ(f(t))− Φ
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)

−
∣∣∣∣∣ϕ
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)∣∣∣∣∣
(
f(t)− Γ(−µ)xµDµ

x{f(x); p, q}
Bp,q(1,−µ)

) dt dx
∣∣∣∣∣∣

holds for all measurable functions f : (0, b)→ R.

Proof. Similar to Theorem 2.1 by applying Theorem 1.2. �

Next we give the mean value theorems for extension of Riemann-Liouville fractional
derivative of order µ.
Theorem 2.4. Let the assumptions of Theorem 2.1 be satisfied. Let I be a compact
interval of R, h̃ ∈ C2(I) and f : (0, b)→ R a measurable function such that Im f ⊆ I.
Then there exists η ∈ I such that

b∫
0

ṽ(t)h̃(f(t)) dt−
b∫

0

u(x)h̃
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)
dx

= h̃
′′(η)
2

 b∫
0

ṽ(t)f 2(t) dt−
b∫

0

u(x)
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)2

dx

 ,
where ṽ is defined by (2.6).
Proof. Similar to proof of Theorem 2.1, by applying Theorem 1.3. �

Theorem 2.5. Let the assumptions of Theorem 2.4 be satisfied. Moreover, k, h̃ ∈
C2(I) such that h̃′′(x) 6= 0 for every x ∈ I and

b∫
0

ṽ(t) h̃(f(t)) dt−
b∫

0

u(x) h̃
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)
dx 6= 0.

Then there exists η ∈ I such that it holds

k′′(η)
h̃′′(η)

=

b∫
0
ṽ(t) k(f(t)) dt−

b∫
0
u(x) k

(
Γ(−µ)xµDµx{f(x);p,q}

Bp,q(1,−µ)

)
dx

b∫
0
ṽ(t) h̃ (f(t)) dt−

b∫
0
u(x) h̃

(
Γ(−µ)xµDµx{f(x);p,q}

Bp,q(1,−µ)

)
dx

.
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Proof. Similar to proof of Theorem 2.1, by applying Theorem 1.5. �

Theorem 2.6. Let the conditions of Theorem 2.1 be satisfied and ϕs be defined by
(1.6). Let f be a positive function. Then the function ξ : R→ [0,∞) defined by

(2.10) ξ(s) =
b∫

0

ṽ(t)ϕs(f(t)) dt−
b∫

0

u(x)ϕs
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)
dx

is exponentially convex.

Proof. Applying Theorem 1.4, with Ω1 = Ω2 = (a, b), dµ1(x) = dx, dµ2(t) = dt and
k̃(x, t) given in (2.8), we get the exponential convexity of linear functional (2.10). �

3. Hardy-Type Inequalities for Extension of Extended
Riemman-Liouvill Fractional Derivative

Recently Rehaman et al. [17] define an extension of extended Riemman-Liouvill
fractional derivative of order µ as

Dµ
x{f(x); p, q;λ; ρ} = 1

Γ(−µ)

x∫
0

f(t)(x− t)−µ−1
1F1

[
λ; ρ;−px

t

]
(3.1)

× 1F1

[
λ; ρ;− qx

(x− t)

]
dt, Re(µ) > 0.

For the case m− 1 < Re(µ) < m, where m = 1, 2, . . . , it follows

Dµ
x{f(x); p;λ; ρ} = dm

dxm
Dµ−m
x {f(x); p; q;λ; ρ}

= dm

dxm

 1
Γ(−µ+m)

x∫
0

f(t)(x− t)−µ+m−1

× 1F1

[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

(x− t)

]
dt

}
,

where Re(µ) > 0, Re(p) > 0, Re(q) > 0. It is clear that λ = ρ, then (3.1) reduces
to (2.5).

Theorem 3.1. Let Re(p) > 0, Re(q) > 0, Reµ) > 0, Re(λ) > 0 and Re(ρ) > 0. Let
Dµ
x{f(x); p, q, λ, ρ} be the extension of extended Riemman-Liouvill fractional derivative

of order µ. Let u be a weight function defined on (0, b), then v̄ is defined by

(3.2) v̄(t) =
b∫
t

u(x)
(x− t)−µ−1

1F1
[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

(x−t)

]
x∫
0
(x− t)−µ−1 1F1

[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

(x−t)

]dx <∞.
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If Φ is a convex function on the interval I, then the inequality

(3.3)
b∫

0

u (x) Φ
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)
dx ≤

b∫
0

v̄ (t) Φ (f(t)) dt

holds true.

Proof. Applying Theorem 1.1, with Ω1 = Ω2 = (0, b), dµ1(x) = dx, dµ2(t) = dt,

k̄(x, t) =


1

Γ(−µ)(x− t)
−µ−1

1F1

[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

(x− t)

]
, 0 ≤ t ≤ x,

0, x < t ≤ b,

K̄ (x) = 1
Γ(−µ)

x∫
0

(x− t)−µ−1
1F1

[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

(x− t)

]
,

and v̄ as in (3.2), we get inequality (3.3). �
Substitute k(x, t) by k̄(x, t)f2(t) and f by f1

f2
where fi : Ω2 → R, i = 1, 2, are

measurable functions in Theorem 3.1 we obtain the following result.

Theorem 3.2. Let Dµ
x{f(x); p, q, λ, ρ} be the fractional derivative operator of order

µ. Let u be a weight function defined on (0, b) and for each fixed t ∈ (0, b) define p̄ on
(0, b) as

p̄(t) := f2(t)
Γ(−µ)

b∫
t

u(x)
(x− t)−µ−1

1F1
[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

(x−t)

]
Dµ
x{f2(x); p, q;λ; ρ}(x) dx <∞.

If Φ : I → R is a convex function, then the inequality

(3.4)
b∫

0

u(x)Φ
(
Dµ
x{f1(x); p, q;λ; ρ}

Dµ
x{f2(x); p, q;λ; ρ}

)
dx ≤

b∫
0

p̄(t)Φ
(
f1(t)
f2(t)

)
dt

holds true for all fi ∈ L1[a, b].

Theorem 3.3. Let Re(p) > 0, Re(q) > 0, Re(µ) > 0, Re(λ) > 0 and Re(ρ) >
0. Let Dµ

x{f(x); p, q, λ, ρ} be the extension of extended Riemman-Liouvill fractional
derivative of order µ. Let u be a weight function defined on (0, b). Moreover, if Φ is
a convex function on an interval I ⊆ R and ϕ : I → R is any function, such that
ϕ(x) ∈ ∂Φ(x) for all x ∈ IntI and v̄ as in (3.2), then the inequality

b∫
0

v̄(t)Φ (f(t)) dt−
b∫

0

u(x)Φ
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)
dx

≥ 1
Γ(−µ)

b∫
0

u(x)
K̄(x)

x∫
a

(x− t)−µ−1
1F1

[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

(x− t)

]
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×
∣∣∣∣∣
∣∣∣∣∣Φ (f(t))− Φ

(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)∣∣∣∣∣
−
∣∣∣∣∣ϕ
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)∣∣∣∣∣ ·
∣∣∣∣∣f(t)−

(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

) ∣∣∣∣∣
∣∣∣∣∣ dtdx

holds for all measurable functions f : (0, b)→ R, such that f(t) ∈ I for all t ∈ (a, b).
If Φ is a monotone convex function on an interval I ⊆ R, then the inequality

b∫
0

v̄(t)Φ (f(t)) dt−
b∫

0

u(x)Φ
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)
dx

≥

∣∣∣∣∣∣ 1
Γ(−µ)

b∫
0

u(x)
K̄(x)

x∫
a

sgn
(
f(t)− Dµ

x{f(x); p, q;λ; ρ}
K̄(x)

)

× (x− t)−µ−1
1F1

[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

(x− t)

]

×

Φ (f(t))− Φ
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)

−
∣∣∣∣∣ϕ
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)∣∣∣∣∣ ·
(
f(t)− Dµ

x{f(x); p, q;λ; ρ}
K̄(x)

) dt dx
∣∣∣∣∣∣

holds for all measurable functions f : (0, b)→ R.

Proof. Similar to proof of Theorem 3.1, by applying Theorem 1.2. �

Theorem 3.4. Let Re(p) > 0, Re(q) > 0, Re(µ) > 0, Re(λ) > 0 and Re(ρ) >
0. Let Dµ

x{f(x); p, q, λ, ρ} be the extension of extended Riemman-Liouvill fractional
derivative of order µ, and I a compact interval of R, h̃ ∈ C2(I) and let f : (0, b)→ R
be a measurable function such that Im f ⊆ I. Then for the weight function u defined
on (0, b) there exists η ∈ I such that

b∫
0

v̄(t)h̃ (f(t)) dt−
b∫

0

u(x)h̃
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)
dx

= h̃
′′(η)
2

 b∫
0

v̄(t)f 2(t) dt−
b∫

0

u(x)
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)2

dx

 ,
where v̄ is defined by (3.2).

Proof. Similar to proof of Theorem 3.1, by applying Theorem 1.3. �

Theorem 3.5. Let Re(p) > 0, Re(q) > 0, Re(µ) > 0, Re(λ) > 0 and Re(ρ) > 0. Let
the extension of extended Riemman-Liouvill fractional derivative Dµ

x{f(x); p, q, λ, ρ}
of order µ and I a compact interval of R, k, h̃ ∈ C2(I) such that h̃′′(x) 6= 0 for every
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x ∈ I. Moreover, f : (0, b) → R a measurable function with Imf ⊆ I, u a weight
function, v̄ as in (3.2) and

b∫
0

v̄(t) h̃ (f(t)) dt−
b∫

0

u(x) h̃
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)
dx 6= 0.

Then there exists η ∈ I such that the following equality holds true

k′′(η)
h̃′′(η)

=

b∫
0
v̄(t)k (f(t)) dt−

b∫
0
u(x) k

(
Dµx{f(x);p,q;λ;ρ}

K̄(x)

)
dx

b∫
0
v̄(t) h̃ (f(t)) dt−

b∫
0
u(x) h̃

(
Dµx{f(x);p,q;λ;ρ}

K̄(x)

)
dx

.

Proof. Similar to proof of Theorem 3.1. �

Theorem 3.6. Let Re(p) > 0, Re(q) > 0, Re(µ) > 0, Re(λ) > 0 and Re(ρ) > 0.
Let the fractional derivative operator Dµ

x{f(x); p, q, λ, ρ} of order µ and f a positive
function and let u be a weight function defined on (a, b), v̄ be as in (4.4). Then the
function ξ : R→ [0,∞) defined by

ξ(s) =
b∫

0

v̄(t)ϕs (f(t)) dt−
b∫

0

u(x)ϕs
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)
dx

is exponentially convex.

Proof. Similar to proof of Theorem 3.1, by applying Theorem 1.4. �

4. Inequalities for Modified Extension of Riemman-Liouvill
Fractional Derivative

The following definition is given in [18].

Definition 4.1.

(4.1) Dµ,α
z,p {f(z)} = 1

Γ(−µ)

z∫
0

f(t)(z − t)−µ−1Eα

(
− pz2

t(z − t)

)
dt, Re(µ) > 0,

where

(4.2) Eα(z) =
∞∑
n=0

zn

Γ(αn+ 1) .

For the case m− 1 < Re(µ) < m, where m = 1, 2, . . . , it follows

Dµ,α
z,p {f(z)} = dm

dxm
Dµ−m,α
z,p {f(z)}(4.3)

= dm

dxm

 1
Γ(−µ+m)

z∫
0

f(t)(z − t)−µ+m−1Eα

(
− pz2

t(z − t)

)
dt

 ,
where Re(µ) > 0, Re(p) > 0, Re(q) > 0.
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Remark 4.1. Obviously if α = 1, then (4.1) and (4.3) reduces to the extended fractional
derivative (2.3) and (2.4), respectively. Similarly, if we set α = 1 and p = 0, we get
(2.1) and (2.2), respectively.

Very recently Shadab et al. [20] introduce new and modified extension of beta
function as:

Bα
p (σ1, σ2) =

1∫
0

tσ1−1(1− t)σ2−1Eα

(
− p

t(1− t)

)
,

where Re(σ1) > 0, Re(σ2) > 0 and Eα(·) is defined by (4.2).
Theorem 4.1. Let Dµ,α

x,p {f(z)} denotes the new and modified extension of Riemann-
Liouville fractional derivative of order µ and let u be a weight function defined on
(0, b), then v̂ is defined by

(4.4) v̂(t) =
b∫
t

u(x)
(x− t)−µ−1Eα

(
− pz2

t(z−t)

)
x−µBα

p (1,−µ) dx <∞.

If Φ is a convex function on the interval I, then the inequality

(4.5)
b∫

0

u (x) Φ
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)
dx ≤

b∫
0

v̂ (t) Φ (f(t)) dt

holds true.
Proof. Applying Theorem 1.1, with Ω1 = Ω2 = (0, b), dµ1(x) = dx, dµ2(t) = dt,

k̂(x, t) =


1

Γ(−µ)(x− t)−µ−1Eα

(
− pz2

t(z − t)

)
, 0 ≤ t ≤ x,

0, x < t ≤ b,

K̂ (x) = 1
Γ(−µ)

x∫
0

(x− t)−µ−1Eα

(
− pz2

t(z − t)

)
dt = 1

Γ(−µ)x
−µBα

p (1,−µ)

and v̂ as in (4.4), we get inequality (4.5). �
Substitute k̂(x, t) by k̂(x, t)f2(t) and f by f1

f2
, where fi : Ω2 → R, i = 1, 2, are

measurable functions in Theorem 4.1 we obtain the following result.
Theorem 4.2. Let Dµ,α

x,p {f(z)} denotes the new and modified extension of Riemann-
Liouville fractional derivative of order µ and let u be a weight function defined on
(0, b) and for each fixed t ∈ (0, b) define p̂ on (0, b) as

p̂(t) := f2(t)
Γ(−µ)

b∫
t

u(x)
(x− t)−µ−1Eα

(
− pz2

t(z−t)

)
Dµ,α
x,p {f2(x)} dx <∞.

If Φ : I → R is a convex function then the inequality

(4.6)
b∫

0

u(x)Φ
(
Dµ,α
x,p {f1(x)}

Dµ,α
x,p {f2(x)}

)
dx ≤

b∫
a

p̂(t)Φ
(
f1(t)
f2(t)

)
dt
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holds true for all fi ∈ L1[a, b].

Refinement of Theorem 4.1 is given in the upcoming theorem.

Theorem 4.3. Let Dµ,α
x,p {f(z)} denotes the new and modified extension of Riemann-

Liouville fractional derivative of order µ and let u be a weight function defined on
(a, b). Moreover, if Φ is a convex function on an interval I ⊆ R and ϕ : I → R is
any function, such that ϕ(x) ∈ ∂Φ(x) for all x ∈ IntI and v̂ as in (4.4), then the
inequality

b∫
0

v̂(t)Φ (f(t)) dt−
b∫

0

u(x)Φ
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)
dx

≥
b∫

0

u(x)
x−µBα

p (1,−µ)

x∫
a

(x− t)−µ−1Eα

(
− pz2

t(z − t)

)

×
∣∣∣∣∣
∣∣∣∣∣Φ (f(t))− Φ

(
Γ(−µ)Dµ,α

x,p {f(x)}
x−µBα

p (1,−µ)

)∣∣∣∣∣
−
∣∣∣∣∣ϕ
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)∣∣∣∣∣ ·
∣∣∣∣∣f(t)−

(
Γ(−µ)Dµ,α

x,p {f(x)}
x−µBα

p (1,−µ)

) ∣∣∣∣∣
∣∣∣∣∣ dtdx

holds for all measurable functions f : (0, b)→ R. If Φ is a monotone convex function
on an interval I ⊆ R, then the inequality

b∫
0

v̂(t)Φ (f(t)) dt−
b∫

0

u(x)Φ
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)
dx

≥

∣∣∣∣∣∣
b∫

0

u(x)
x−µBα

p (1,−µ)

x∫
0

sgn

(
f(t)−

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)

× (x− t)−µ−1Eα

(
− pz2

t(z − t)

)Φ (f(t))− Φ
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)

−
∣∣∣∣∣ϕ
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)∣∣∣∣∣ ·
(
f(t)−

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

) dtdx
∣∣∣∣∣∣

holds for all measurable functions f : (0, b)→ R.

Proof. Same as proof of Theorem 4.1, by applying Theorem 1.2. �
Next we give the mean value theorems.

Theorem 4.4. Let Dµ,α
x,p {f(z)} denotes the new and modified extension of Riemann-

Liouville fractional derivative of order µ, I be a compact interval of R, h̃ ∈ C2(I) and
let f : (0, b) → R be a measurable function such that Im f ⊆ I. Then for the weight
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function u defined on (0, b) there exists η ∈ I such that
b∫

0

v̂(t)h̃ (f(t)) dt−
b∫

0

u(x)h̃
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)
dx

= h̃
′′(η)
2

 b∫
0

v̂(t)f 2(t) dt−
b∫

0

u(x)
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)2

dx

 ,
where v̂ is defined by (4.4).

Proof. Similar to proof of Theorem 4.1, by applying Theorem 1.3. �

Theorem 4.5. Let Dµ,α
x,p {f(z)} denotes the new and modified extension of Riemann-

Liouville fractional derivative of order µ, I be a compact interval of R, k, h̃ ∈ C2(I)
such that h̃′′(x) 6= 0 for every x ∈ I. Moreover f : (a, b)→ R a measurable function
with Im f ⊆ I, u be a weight function, v̂ as in (4.4) and

b∫
0

v̂(t) h̃ (f(t)) dt−
b∫

0

u(x) h̃
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)
dx 6= 0.

Then there exists η ∈ I such that the following equality holds true

k′′(η)
h̃′′(η)

=

b∫
0
v̂(t)k (f(t)) dt−

b∫
0
u(x) k

(
Γ(−µ)Dµ,αx,p {f(x)}
x−µBαp (1,−µ)

)
dx

b∫
0
v̂(t) h̃ (f(t)) dt−

b∫
0
u(x) h̃

(
Γ(−µ)Dµ,αx,p {f(x)}
x−µBαp (1,−µ)

)
dx

.

Theorem 4.6. Let Dµ,α
x,p {f(z)} denotes the new and modified extension of Riemann-

Liouville fractional derivative of order µ and let u be a weight function defined on
(a, b), v̂ be as in (4.4). Then the function ξ : R→ [0,∞) defined by

ξ(s) =
b∫

0

v̂(t)ϕs (f(t)) dt−
b∫

0

u(x)ϕs
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)
dx

is exponentially convex.

Proof. Similar to proof of Theorem 4.1, by applying Theorem 1.4. �
Now we shall discuss the exponentially convexity of the liner functional. Under the

assumptions of the Theorem 2.1, Theorem 3.1 and Theorem 4.1 we define a linear
functionals by taking the positive difference of the inequalities stated in (2.7), (3.3)
and (4.5), respectively as:

ξ1(Φ) =
b∫

0

ṽ(t)Φ(f(t))dt−
b∫

0

Φ
(

Γ(−µ)xµDµ
x{f(x); p, q}

Bp,q(1,−µ)

)
u(x) dx,(4.7)

ξ2(Φ) =
b∫

0

v̄(t)Φ (f(t)) dt−
b∫

0

Φ
(
Dµ
x{f(x); p, q;λ; ρ}

K̄(x)

)
u(x) dx(4.8)
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and

(4.9) ξ3(Φ) =
b∫

0

v̂(t)Φ (f(t)) dt−
b∫

0

Φ
(

Γ(−µ)Dµ,α
x,p {f(x)}

x−µBα
p (1,−µ)

)
u(x) dx.

We also define a linear functionals by taking the positive difference of the left-hand
side and right-hand side of the inequalities (2.9), (3.4) and (4.6), respectively as:

ξ4(Φ) =
b∫

0

p̃(t)Φ
(
f1(t)
f2(t)

)
dt−

b∫
0

u(x)Φ
(
Dµ
x{f1(x); p, q}

Dµ
x{f2(x); p, q}

)
dx,

ξ5(Φ) =
b∫

0

p̄(t)Φ
(
f1(x)
f2(x)

)
dt−

b∫
0

u(x)Φ
(
Dµ
x{f1(x); p, q, λ, ρ}

Dµ
x{f2(x); p, q, λ, ρ}

)
dx

and

(4.10) ξ6(Φ) =
b∫

0

p̂(t)Φ
(
f1(x)
f2(x)

)
dt−

b∫
0

u(x)Φ
(
Dµ
x{f1(x); p, q}

Dµ
x{f2(x); p, q}

)
dx.

Theorem 4.7. Let Γ = {Φp : p ∈ J} be a family of functions defined on I, such that
the function p 7→ [z0, z1, z2; Φp] is n-exponentially convex in the Jensen sense on J for
every three distinct points z0, z1, z2 ∈ I. Let ξi, i = 1, 2, . . . , 6, be linear functionals
defined by (4.7)–(4.10), respectively. Then the function p 7→ ξi(Φp), i = 1, 2, . . . , 6,
is n-exponentially convex in the Jensen sense on J. If the function p 7→ ξi(Φp) is
continuous on J , then it is n-exponentially convex on J .
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