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VERTEX-EDGE ROMAN DOMINATION
H. NARESH KUMAR! AND Y. B. VENKATAKRISHNAN!*

ABSTRACT. A vertex-edge Roman dominating function (or just ve-RDF) of a graph
G = (V,E) is a function f : V(G) — {0,1,2} such that for each edge e = uv
either max{f(u), f(v)} # 0 or there exists a vertex w such that either wu € F
or wv € E and f(w) = 2. The weight of a ve-RDF is the sum of its function
values over all vertices. The vertex-edge Roman domination number of a graph
G, denoted by v,er(G), is the minimum weight of a ve-RDF G. In this paper, we
initiate a study of vertex-edge Roman dominaton. We first show that determining
the number 7,z (G) is NP-complete even for bipartite graphs. Then we show that
if T is a tree different from a star with order n, [ leaves and s support vertices,
then vyer(T) > (n — 1 — s+ 3)/2, and we characterize the trees attaining this lower
bound. Finally, we provide a characterization of all trees with v,.r(T) = 2v/'(T),
where 4/(T') is the edge domination number of T.

1. INTRODUCTION

Let G = (V, E) be a simple graph with order n = |V/|. For every vertex v € V,
the open neighborhood N (v) is the set {u € V' | uwv € E} and the closed neighborhood
of v is the set N[v] = N(v) U{v}. The degree of a vertex v is the cardinality of its
open neighborhood, denoted dg(v) = |N(v)|. By 0(G) = 6 we denote the minimum
degree of a graph G. A vertex of degree one is called a leaf and its neighbor is called
a support vertez. A support vertex is strong (weak, respectively) if it is adjacent to
at least two leaves (exactly one leaf, respectively). An edge incident with a leaf is
called a pendant edge. A star of order n > 2, denoted by Kj,_1, is a tree with at
least n — 1 leaves. A double star is a tree that contains exactly two vertices that are
not leaves. A double star with respectively r and s leaves attached to each support
vertex is denoted by D, ;.
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Let D be a nonempty subset of E. The subgraph of G whose vertex set is the set of
ends of edges in D and whose edge set is D is called the subgraph of G induced by D
and is denoted by (D). The subgraph (D) is called edge induced subgraph of G. The
distance between two vertices u and v in a connected graph G is the number of edges
in a shortest between u and v. The diameter, diam(G), of a graph G is the greatest
distance between any pair of vertices.

A set S of vertices is a dominating set of G if every vertex not in S is adjacent to
some vertex in S. A subset X of E is an edge dominating set (or just EDS) of G if
every edge not in X is adjacent to some edge in X. The edge domination number v'(G)
of GG is the minimum cardinality of an edge dominating set. An edge dominating set
of G of minimum cardinality is called a 7/(G)-set. Edge domination was introduced
by Mitchell and Hedetniemi [7].

A vertex v ve-dominates every edge incident to v, as well as, every edge adjacent to
these incident edges, that is, a vertex v ve-dominates every edge incident to a vertex
in N[v]. A set S CV is a vertez-edge dominating set (or simply, a ve-dominating set)
if for every edge e € E, there exists a vertex v € S such that v ve-dominates e. The
minimum cardinality of a ve-dominating set of G is called the ve-domination number
Yve(G). The concept of vertex-edge domination was introduced by Peters [8] in 1986
and studied further in [1,5,6].

A function f: V(G) — {0,1,2} is a Roman dominating function (or just RDF) if
every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2.
The weight of an RDF fis f(V(G)) = Tuev(e) f(u). The Roman domination number
vr(G) is the minimum weight of an RDF on G. For more information on Roman
domination, see [3,4].

A variation of Roman dominating function, say, vertex-edge Roman dominating
function was defined in [9]. A vertex-edge Roman dominating function (ve-RDF) is
a function f : V(G) — {0,1,2} such that each edge e = vu is either incident with a
vertex having function value at least one or uv is ve-dominated by some vertex w with

f(w) = 2. The vertez-edge Roman domination number v,.gr(G) equals the minimum
weight of all ve-RDF on G.

2. COMPLEXITY

We show that the Vertex-edge Roman domination problem (VERD-Dom) is NP-
complete for bipartite graphs by proposing a polynomial reduction from the well-known
NP-complete problem, Exact cover by 3-sets (X3C).

Vertex-Edge Roman Domination (VERD)

INSTANCE. Graph G = (V, E), positive integer k& < |V].

QUESTION. Does G have an vertex-edge Roman dominating function of weight at
most k7
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Exact cover by 3-sets(X3C)

INSTANCE. A finite set X with |X| = 3¢ and a collection C' of 3-element subsets
of X.

QUESTION. Does C' contain an exact cover for X, that is, a sub collection ¢’ C C
such that for every element in X belongs to exactly one member of C'?

Theorem 2.1. VERD problem in NP-complete for bipartite graphs.

Proof. VERD problem is a member of NP, since we can check in polynomial time
that a function f : V — {0,1,2} has a weight at most k& and that is a vertex-edge
Roman dominating function. Now let us show how to transform any instance of X3C
into an instance G of VERD, so that one of them has a solution if and only if the
other one has a solution. Let X = {x,29,...,23,} and C = {C},Cy,...,C;} be an
arbitrary instance of X3C.

For each z; € X, we create a path B} = x;y;z;a;b;p; and for each C; we create a
single vertex c;. To obtain the graph G, we add edges c;z; if #; € C;. Clearly, G is
bipartite graph. Let Y = {c1,¢o,...,¢:} and W = {21, 29,...,23,}. Let H be the
subgraph of G induced by all paths P:’s. Set k = 8g. Observe that for any vertex-edge
Roman dominating function f on G, f(V(PY)) > 2.

Suppose that the instance X,C of X3C has a solution C’. We construct a
vertex-edge Roman dominating function of G with weight k as follows. For each
i €{1,2,...,3q}, we assign a 0 to every vertex of {z;,v;, z;,b;, p;} and we assign a
2 to every a;. For every j € {1,2,...,t}, we assign a 2 to ¢; if C; € C" and a 0 if
C; ¢ C'. Note that since C” exists, its cardinality is precisely ¢ and so the number
of ¢;’s with weight 2 is ¢, having disjoint neighborhoods in W. Since C” is a solution
for X3C, the edges incident with W are ve-Roman dominated by the ¢;’s. Hence it
is straightforward to see that f is a vertex-edge Roman dominating set of G with
cardinality 8¢ = k.

Conversely, suppose that G has a vertex-edge Roman dominating function f =
(Vo, Vi, Vo) with weight at most k. As seen above we may assume, without loss of

3q
generality, that a; € V4, and every vertex of {p;, b;, z;, y;} is in Vj. Since Y- f(a;) = 6q,
i=1

we deduce that f(W UY) < 2¢. If some z; belongs to V5, then we can substitue it
by a vertex of N(x;) NY. Hence W NV, = (). Now if there are two vertices z; and
x, assigned a 1 and have a common neighbor, say c;, then we can reassign a 0 to
each of z; and z, and a 2 to ¢;. So all vertices of V; N W have no common neighbors.
Suppose z; and x; are assigned a 1. The vertices adjacent to (N(z;) NY) \ {x;}
are assigned 0. To dominates the edges incident with these vertices, the vertex in
N(z;)NY are assigned weight 2. Since |W| = 3¢, we must have W NV, = (), implying
that C N Vy # (. Let y = |C N Vy|. Clearly y < 2¢ and using the fact that every
¢; has exactly three neighbors in W, we deduce that f(C) > 2¢. Now, combining
all these facts with f(V(G)) < k = 8¢, we obtain y > ¢ and hence y = ¢. Hence,
C"={C; | f(¢j) =2} is an exact cover for C. O
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3. BouNDs

We present in this section some sharp bounds on the vertex-edge Roman domination
number. We begin with the following observation.

Observation 3.1. Let f = (Vp, Vi, V2) be an minimum vertex-edge Roman dominat-
ing function of a graph G. Then
(a) Vol > 15
(b) no edge of G joins V] and Vs;
(c) V1 U V4 is a vertex edge dominating set of G.
In the following, we give a lower bound on the vertex-edge Roman domination for
every graph in terms of the order and maximum degree.

Proposition 3.1. If G is a connected graph of order n > 2, then v,er(G) > [(A+1)2W ,
and the bound is sharp.

Proof. Let f = (Vy, V4, Va) be an 7,.r(G)-function. From the Observation 3.1, we
have |Vp| > 1. The edge of G are ve-dominated by the vertices in V; U V5. Therefore
Vol < A2|V2| + A|V4|. From n = [Vl + |Vi| + [Va] < A2|Vy| + AIVA| + |Vi| + Vsl , we

(A+1 < 2|Va| + Z'Kll‘ < 2\Va| + V1| = Ywer(G). Since v,er(G) is an integer, we

get Yoer(G) > [(AH)J‘ The bound is sharp as it is attained for stars K7 ,,. O

obtain

Every Roman dominating function is a vertex-edge roman dominating function, we
have the following.

Proposition 3.2. If G is connected graph of order n > 2 with maximum degree A,
then vper(G) < n— A+ 1 and the bound is sharp.

We now present an upper bound of vertex-edge Roman domination in terms of edge
domination number.

Proposition 3.3. For any graph G, v,.r(G) < 2v/(G).

Proof. Let D be a +'(G)-set. Define a function f on V(G) by assigning a 1 to the
vertices incident with the edges in D and a 0 to the remaining vertices. It is easy to
see that f is a veR-dominating function of G, and thus, v,.r(G) < 27/'(G). O

3.1. Trees. In this section we provide a lower bound of the vertex-edge Roman
domination number for trees with diameter at least three in terms of order n, number
of leaves [ and support vertices s. We shall show that vertex-edge Roman domination
number of a tree with diameter at least three of order n with [ leaves and s support
vertices bounded below by (n —1 — s+ 3)/2. Let T* be the tree obtained from K 3
by subdividing two edges and « be the leaf which is incident to the edge which is
not subdivided. Moreover, for the purpose of characterizing the trees attaining this
bound, we introduce a family T of trees T' = T}, that can be obtained as follows. Let
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Ty = P5s or P;. If k is a positive integer, then T, can be obtained recursively from
T; by one of the following operations.

e Operation O;: Attach a vertex by joining it to any support vertex of T;.

e Operation Oy: Attach a path P, by joining one of its vertices to a vertex of T;
adjacent to mP, where m > 2.

e Operation O3: Attach a tree T* by joining the vertex « to a leaf of T;.

e Operation O4: Attach a path P, by joining one of its leaves to a vertex of T;
is a leaf or adjacent to P, or Py

Lemma 3.1. If T € T, then vyer(T) = (n —{ — s+ 3)/2.

Proof. We use induction on the number k of operations performed to construct the
tree T. If T is Ps, then obviously v,.r(T) =2 = (n— ¢ —s+3)/2. Let k be a positive
integer. Assume the result is true for 77 = T} of the family T constructed by k — 1
operations. Let T'= T} be a tree constructed by k operations.

First assume that T is obtained from 7" by operation O;. Let v be a support
vertex and x be a leaf adjacent to v in T”. Let the tree T is obtained from T by
attaching a vertex y to v. We have n =n'+ 1, =0'+ 1 and s = s. Let f; be
a Yyer(T')-dominating function of 7”. If fi(x) = 1 then f;(v) = 0. Replacing the
weight of x and v, we get f; is a veR-dominating function of tree T. If fi(z) = 2
or 0 then the vertex which dominates the edge vx dominates vy. The function f;
is a veR-dominating function of T. Thus, Y,er(T) < Yeer(T"). Let f be a vyer-
dominating function of tree T'. If f(y) = 0 then f|y(7) is a ve R-dominating function
of T". Let f(y) =1 then f(x) = 1. The function f|y v is a veR-dominating function
of T". Assume f(y) = 2 then f(x) = 0. Replacing the weight of = and y, we
get flv(r) is a veR-dominating function of 7". Thus, Vuer(T") < Ywer(T). We get
Yoer(T) = Yper(T") = (0 =1 = ' +3)/2=(n—1— s+ 3)/2.

Now assume that 7" is obtained from 7" by operation O,. Let u be the vertex in 7"
which is adjacent to many P,. Let the tree T" is obtained from 7" by attaching the
path P, = xy by joining x to u. We have n’ =n —2,I"=1—1and s = s — 1. Let
f1 be a Y,er(T")-dominating function of tree T”. To dominate the edges incident to
vertices in V/(T,), the vertex u is assigned weight two. The function

| fila), ifaeV(T),
fla) = { 0, otherwise,

is a veR-dominating function of 7. Thus, Vuer(T) < Yoer(1"). Let f be a Yuer(T)-
dominating function of 7. To dominate the edges incident to vertices in V(T),),
to the vertex u is assigned the weight two. It is obvious that f|y () is a veR-
dominating function of 7. Thus, Vyer(T") < Voer(T). We get Yuer(T) = Yoer(T") =
n=U'-s+3)2=n—-2—-1+1-s+14+3)/2=(n—-1—s5+3)/2.

Now assume that T is obtained from 7" by operation O3. Let d be the leaf in T".
Let the tree T' is obtained from 7" by attaching a tree T by the vertex . We have
n=n"+6,l=0+1and s =5+ 1. Let fi a Yper(T")-dominating function of tree T".
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The function

fi(a), ifa e V(T),

fla) =14 2, if Child of «,

0, otherwise ,
is a ve R-dominating function of T'. Thus, Y,er(T) < Voer(T") +2. Let f be a v,er(T)-
dominating function of 7. To dominate the edges incident to the vertices in V' (7,,), to
the child of « is assigned the weight two. It is obvious that f|y (1 is a ve R-dominating
function of T". Thus, Vper(T") < Yoer(T) — 2. We have Yyer(T) = Yoer(T") + 2 =
(n=l'—-s+3))242=n—-6—-14+1-s+1+3)/2+2=(n—-1—s5+3)/2.

Now, assume that T is obtained from 7" by operation Q4. Let d be the leaf in T".
Let the tree T is obtained from 7" by attaching a path Py = wuwvt by joining w to d.
We have n = n' +4,I'’ =1 and ' = s. Let f; be a v,.g(T")-dominating function of
tree T". The function

fi(a), ifaeV(T),

fla)=14 2, if a = u,

0, otherwise,
is a veR-dominating function of T. Thus, Ver(T) < Yer(T') + 2. Let f be a
Yoer(T)-dominating function of T'. To dominate the edges tv, vu, uw and wd, to the
vertex u is assigned the weight two. It is obvious that f|y (/) is a veR-dominating
function of T". Thus, Yuer(T") < Yoer(T) — 2. We have Yyer(T) = Yoer(T") + 2 =
(n=l'—s+3)242=n—-4—-1—s5+3)/24+2=(n—1—s+3)/2.

Now, d is adjacent to a path P or P;. Let the tree T is obtained from 7" by
attaching a path P, = wuwvt by joining w to d. We have n =n' +4, 1 =1'+ 1 and
s =5 + 1. Let fi be a vyer(T’)-dominating function of tree 7’. Thus, the weight of d
is two in 7”. Then the

fi(a), ifa e V(T),
fla)=14 1, if a = u,

0, otherwise,

is a veR-dominating function of T. Thus, vyer(T) < Yer(T’) + 1. Let f be a
Yoer(T)-dominating function of 7. To dominate the edges tv,vu,uw and wd, the
vertex d is assigned the weight two and v is assigned the weight one. It is obvious that
flvry is a veR-dominating function of 7. Thus, Yyer(T") < Yer(T) — 1. We have
YoerR(T) = Yper(T")+2 =" —-U' = +3)/24+1=n—-4—-1+1—-s+1+3)/2+ 1=
(n—1—s+3)/2. O

We now ready to establish the lower bound.

Theorem 3.1. If T is a tree with diam(T") > 3 of order n with | leaves and s support
vertices, then Vper(T) > (n — 1 — s+ 3)/2 with equality if and only if T € T.

Proof. It T' € T, then by Lemma 3.1, 7,.r(T) = (n—1—s+3)/2. If diam(T") = 3, then
T is a double star. We have [ =n — 2 and s = 2. Consequently, (n —[ — s+ 3)/2 =
(n—n+2-243)/4=3/2 <2 =",r(T). Now, assume that diam(7") > 4. Thus, the
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order n of the tree is at least five. We obtain the result by induction on the number
n. Assume that the theorem is true for every tree 1" of order n' < n with [’ leaves
and s’ support vertices.

Assume any support vertex of T, say y, is strong. Let x and t be the leaves
adjacent to y. Let 7" = T —x. We have '’ = n—1and ' =1 — 1. Let f
be a Yyer(T)-dominating function of a tree T If f(xz) = 0 then f|y () is a veR-
dominating function of 7". If f(t) = 1 then f(z) = 1. The function fly () is
a veR-dominating function of 7. Assume f(x) = 2 then f(t) = 0. Replacing
the weight of x and ¢, we get f|y(r) is a veR-dominating function of 7’. Thus,
YoerR(T) = Yoer(T') > (0 =1'—5'4+3) /2 = (n—1—543) /2. If ver(T) = (n—1—5+3)/2,
we have Y,.r(T") = (n' —I' — ' 4+ 3) /2. By the inductive hypothesis 7" € T. The tree
T is obtained from 7" by operation O;. Therefore, T' € T. Henceforth, we can assume
that every support vertex of T is weak.

Let xgzi2s... 24 124 be the longest path in tree T. We now root the tree at a
vertex x4. Clearly dr(x¢) = dr(x4) = 1. From the previous paragraph, we can assume
dT(l’l) = dT(JZd,l) = 2.

Now, assume that x, is adjacent to a leaf y;. Let T" =T —y;. We have n’ =n —1,
I'=10—1and s’ =s— 1. Let f be a y,.r(T)-dominating function. To dominate the
edge xoz1 and z129, to the vertex x, is assigned the weight two. Clearly f|v (v is a
veR-dominating function of T”. Thus, Yyer(T) > Yper(T") = (0 =1 — ' +3)/2 =
m—1—-I14+1—-s+1+3)/2>(n—-1—-s+3)/2.

Now, assume that x5 is adjacent to paths P; = y1,ys, where i = 1,2,...,m (m > 2)
other than xyxg. Let 7" = T—T,,. Wehaven’ =n—2I' =]—1and s’ = s—1. Let f be
a Yyer(T')-dominating function. To dominate the edges xoxq, 2120, Toy1, and yy,ys,, to
the vertex x, is assigned the weight two. It is obvious that f|y(7v) is a ve R-dominating
function of 7. Thus, Vyer(T) > Yoer(T") = (W' =1 —s'+3)/2=(n—1—s+3)/2. If
Yoer(T) = (n — 1 — s+ 3)/2, we have v,.r(T") = (' —I' — s’ 4+ 3)/2. By the inductive
hypothesis 7" € T. The tree T is obtained from 7" by operation Q5. Therefore, T € T.

Assume that x5 is adjacent to a path Py, = y1ys other than xyx¢. If dp(xe) = 2,
then 7" = Ps, we have v,er(P5) =2 = (n —1 — s+ 3)/2. Thus, T € T. Assume
deg(xs) = 3. Let us consider some child of z3 say t is not a leaf. It suffices to consider
x3 is adjacent to isomorphic copy of T,,. Let 7" =T —T,,. We have n’ = n — 5,
I' =1—-2and ¢ = s —2. To dominate the edges incident to vertices in V(T3),
to the vertex ¢ is assigned the weight two. It is easy to see that f|y () is a veR-
dominating function of T7". Thus, Vyer(T) > Voer(T') +2> (' =1 — s +3)/2+ 2 >
(n—=5—-14+2—-5+2+3)/24+2>(n—-1—-s5+3)/2.

Assume z3 is adjacent to path Ps : tuv. Let 7" =T — T;. We have n’ = n — 3,
I'=1—1and ¢ = s—1. To dominate the edge xox1, x122, to the vertex x, is assigned
the weight two. It is easy to see that the vertex xy dominates the edge x3t. To
dominate the edge tu and uv, to the vertex u is assigned the weight one. It is easy to
see that f|y (1 is a veR-dominating function of 7". Thus, Vyer(T) > Voer(T") +1 >
(n=U'—-s+3)2+41>n—-3—-1+1—-s+1+3)/2+1>(n—-1—s+3)/2
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Assume x3 is adjacent to path P, : tu. Let T" = T — T;. We have n’ = n — 2,
I'=1—1and s = s —1. To dominate the edge xori,x122, to the vertex x, is
assigned the weight two. It is clear that the vertex zs dominates the edge zst. To
dominate the edge tu, to the vertex w is assigned the weight one. It is easy to see
that fly(r) is a veR-dominating function of T". Thus, Yer(T) > Yoer(T") +1 >
(n=U'—-s+3)2+1>n—-2—-14+1-s+1+3)/2+1>(n—1—s+3)/2

Assume x5 is a support vertex. Let t be a child of x3 other than z5. From operation
Oy, it suffices to consider dr(x3) = 3. Let 7" = T — T;. We have n’ = n — 1,
I'=1—1and s =s—1. To dominate the edge x3t, to the vertex z, is assigned the
weight two. It is easy to see that f|y () is a veR-dominating function of 7". Thus,
Yoer(T) > Yoer(T") > (W' =I'—5'+3)/2 > (n—1—1+1—54+1+3)/2 > (n—1—5+3)/2.

Suppose deg(x3) = 2. Now assume that dr(z4) > 3. Let 7" =T — T,,. We have
n=n—-61=1-2and s = s —2. To dominate the edges incident to V(7T,),
to the vertex x, is assigned the weight two. It is easy to see that f|y () is a veR-
dominating function of T". Thus, Vyer(T) > Yoer(T') +2> (0 =1 — s +3)/2+ 2 >
n—6—14+2—-5+2+3)/24+2>(n—-1—-s+3)/2.

Now deg(zy) =2. Let 7" =T —T,,. Wehaven'=n—6,'=1—1and s =s— 1.
To dominate the edges incident to the vertices in V(7,,), to the vertex x5 is assigned
the weight two. It is easy to see that f|y (1) is a veR-dominating function of 7". Thus,
Yoer(T) = Yoer(T') +2> (0 =1'— ' +3)/2+2>(n—6—1+1—s+1+3)/24+2=
(n—101—s54+3)/2. lf vper(T) = (n—1—s+3)/2, we have vyer(T") = (' —=I' — s’ +3)/2.
By the inductive hypothesis 77 € T. The tree T is obtained from 7" by operation Os.
Therefore, T' € 7.

Now, assume dp(z2) = 2. Suppose that z3 is adjacent to a path P3 = ysy19¢ other
than xgxizo. Let x3 be adjacent to ys. Let dr(x3) = 2. We have T' = P;. It is easy to
see that vyer(Pr) = (n —1—s+3)/2. Thus, T € T. Now assume that dr(zs) > 3. Let
T"=T-T,,. Wehaven'=n—3,!'=1—1and s = s — 1. To dominate the edges
YolY1, Y1Y2, Y23 and x3xo, to the vertex g, is assigned the weight two. To dominate
the edges zoxy and z1x(, to the vertex x; is assigned weight one. It is easy to see
that fly () is a veR-dominating function of 7". Thus, Yuer(T) > Yer(T") +1 =
(n=0'-s+3)2+1=n—-3—-14+1-s+1+3)/2+1>(n—-1—-s+3)/2.

Assume that z3 is adjacent to a path P, = sy, with z3 adjacent to y,. Let
T"=T-T,,. Wehaven'=n—3,I'=1—1and s = s — 1. To dominate the edges
Y1Y2, Y23, Tox1 and x3Ts, to the vertex x3 is assigned the weight two. To dominate
the edge 110, either z1 or zy is assigned weight one. It is easy to see that f|y () is a
ve R-dominating function of 7”. Thus, vV,er(T') > Yoer(T')+1 = (0 =1'—5'+3)/2+1 =
m—3—-I1l4+1-s+1+3)/24+1>(n—-1—-s+3)/2

Now, assume that 3 is a support vertex. Let x be the leaf adjacent to x3. Let
T"'=T-T, Wehaven'=n—1,I"=1—1and s = s — 1. To dominate the edges
Tox1, ToT1, Xoxsz and x3x, to the vertex s is assigned the weight two. It is clear that
the function f|y (7 is a veR-dominating function of T7". Thus, Yuer(T) > Yoer(1") =
W =1I—-s+3)2=n—-1—-1+1-5+1+3)/2>(n—1—s5+3)/2.
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Assume that some child of x4, say y; other than z3 such that distance of d to
the most distance vertex of T}, is 2 or 4. It suffices to consider the case when T, is
Py = y1y9 or Py = y1y2ysys. Let T/ =T —T,,. Wehave n’ =n—4,0' =1—1 and
s’ =s—1. Let f be a y,.r(T)-dominating function. To dominate the edges z423, x5z,
ToX1, T1Xg, T4y1 and y1ys, to the vertices x4 and z; are assigned the weights 2 and 1
respectively. It is easy to see that f|y (1) is a veR-dominating function of 7”. Thus,
Yoer(T) = Yoer(T") +1=(n'—=1'—s'+3)/2+1=(n—4—-1+1—-s+1+3)/24+1=
(n—101—s5+3)/2. lf vper(T) = (n—1—s+3)/2, we have ver(T") = (' —=I' — s’ +3)/2.
By the inductive hypothesis 77 € T. The tree T is obtained from 7" by operation Oy.
Therefore, T' € 7.

Assume that some child of x4, say x other than z3 such that distance of d to the
most distance vertex of T, is one or three. It suffices to consider the case when T,
is PP =y or Py =vyyoys . Let 7" =T —T,,. Wehaven’ =n—4,1"=1—1 and
s = s—1. Let f be a v,.r(T)-dominating function. To dominate the edges z4x3
,T3To, Toxy and xyxg, to the vertex zo is assigned the weight two. Thus, f|V(T/) is a
veR-dominating function of 7". Thus, V,er(T") > Yoer(1")+2 = (0 —1'—5'+3)/2+2 =
m—4—-I1l4+1-s+1+3)/24+2>(n—-1—-s+3)/2.

Now, dp(xy) = 2. Let " =T —T,,. We have n’ =n—4,l' =1l and s = s. To
dominate the edges z4x3 ,23%2, Tox1 and z1xg, to the vertex x, is assigned the weight
two. Thus, f|y () is a veR-dominating function of 7". It is easy to see that f|y () is a
veR-dominating function of 7". Thus, V,er(T") > Yoer(1")+2 = (0’ —I'—5'+3)/2+1 =
m—4—1—-s4+3)/2+1=n—-1—s+3)/2. If ver(T) = (n—1— s+ 3)/2, we have
Yoer(T") = (' — I — ' + 3)/2. By the inductive hypothesis 7" € T. The tree T is
obtained from 7" by operation Q4. Therefore, T' € 7. O

4. TREES T WITH 7,.r(T) = 29/(T)

In this section we provide a constructive characterization of trees with equal vertex-
edge Roman domination number and twice edge domination number. For the purpose
of characterizing the trees with equal vertex-edge Roman domination number and
twice edge domination number, we introduce a family F of trees T' = T}, that can be
obtained as follows. Let T} = P,. If £ > 2, then T;,; can be obtained recursively
from T; by one of the following operations.

e Operation O5: Attach a vertex by joining it to any support vertex of T;.

e Operation Og: Attach a path P; = pgrs by joining the vertex g of a vertex w
of T; adjacent to path P, = zuvt with w adjacent to u.

e Operation O7: Attach a double star D, 4(r, s > 2) by joining one of its leaf to
a vertex of T; adjacent to a path P, or P; or P, or P; or double star.

Lemma 4.1. If T € F, then v,.r(T) = 27'(T).

Proof. We use induction on the number k of operations performed to construct the
tree T. If T' is Ps, then obviously v,.r(T) = 2 = 27/(T'). Let k be a positive integer.
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Assume the result is true for 7" = T}, of the family F constructed by k& — 1 operations.
Let T'= Ty, be a tree constructed by k operations.

First assume that 7" is obtained from 7" by operation Os. Let u be a support vertex
and x be a leaf adjacent to u in the graph T”. The graph T is obtained from 7" by
adding a vertex y to u. Let D be a 7/(T)-set. To dominate the edges ux and uy, an
edge incident with u other than ux and uy is in D. It is obvious that D is an EDS
of T". Thus, v(T") < ~/(T). Let D’ be a v/(T")-set. The edge which dominates uz
dominates the edge uy in graph T'. Thus, 7/(T") < +/(T"). We have v'(T') = +/(T"). Let
f1 be a veR(T")-dominating function of 7". If the vertex x has weight one, then the
vertex u has weight zero. Replace the weight of these two vertices. The function f; is a
ve R-dominating function of T'. Thus, Vyer(T) < Yuer(T”). Let f be a v,ep-dominating
function of T'. To dominate the edges ux and yu, the vertex u is assigned with weight
one or a vertex in N(u) is assigned with weight two. If the leaf y is assigned weight
two, then the vertex = has weight zero. Replace the weight of x from zero to two.
The function f is a ve R-dominating function of 7”. If the vertex wu is assigned with
weight one then f is a ve R-dominating function of T". Thus, Yyer(T") < Voer(T). We
get Yoer(T) = Yoer(T") = 29/(T") = 2¢/(T).

Now, assume that 7T is obtained from 7" by operation Og. Let the vertex w € T”
be adjacent to path Py = zuvt with u adjacent to w. The graph T is obtained from
T’ by adding another path P, = pgrs with ¢ adjacent to w. Let D be a ~/(1”)-set of
T'. 1t is clear that D U {¢r} is an EDS of T. Thus, v(T) < +'(T)) + 1. Let D’ be
a 7/ (T)-set. To dominate the edges rs and vt, the edges gqr,uv € D’. It is easy to
verify that D"\ {gr} is an EDS of the graph 7". Thus, 7/(7") < +/(T') — 1. We have
Y (T) =+'(T") + 1. Let f be a y,eg-function of T7”. To dominate the edges vt, uv and
ux, the vertex u is assigned with weight two. Define a function f; on V(T') as

fla), ifaeV(T)
fila) =4 2, ifa=r,
0, if a=p,q,s.

Clearly, f; is a veR-dominating function of 7. Thus, Yyer(T) < Yper(T") + 2. Let
f1 be a vyer(T)-dominating function. As in the previous case, the vertex r and
u are assigned a weight two. The function f|y () is a veR-dominating function
of T". Thus, Yuer(T") < Yoer(T) — 2. We have Yer(T") = Yoer(T) — 2. We get
Yoer(T) = Yuer(T") +2 = 2/ (T') + 2 = 2(+/(T) — 1) + 2 = 2/(T).

Now, assume that 7" is obtained from 7" by operation Q7. Let d be a vertex of T”
with dr(d) > 3. Let d be adjacent to Py or P5 or P or P, or D, 4, r,s > 2. The graph
T is obtained from 7" by joining a leaf of D, 4, , s > 2, to d. Let the support vertices
of D, s be v and v. Let the leaves of u be w and w; and the leaves of v be t and ¢;. Let
w be adjacent to d. Let D be a 7/(T")-set. The vertex d is adjacent to Py or P; or Py
or Py or D, 4(r,s > 2), an edge incident with d is in D. It is easy to see that DU {uv}
is an EDS of the graph 7. Thus, 7 (T)) < +'(T") + 1. Let D" be a +'(T)-set. To
dominate the edges vt, uw and uwwy, the edge wv is in D’. It is obvious that D"\ {uv}
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is an EDS of graph 7. Thus, v'(T") < +/(T) — 1. We have v'(T") =+/(T) — 1. Let fi
be a v,.g-dominating function of 7. To dominate the edges vt and uwv, the vertex u
is assigned with weight two. It is obvious that fi|y (1) is a ve R-dominating function
of T". Thus, Yper(T") < Yuer(T) — 2. Let f be a y,.r(G)-dominating function of 7.
Define f; on V(T') as
fla), ifaeV (T,
fila) =4 2, if a = u,

0, otherwise.
Clearly, f is a veR-dominating function of 7. Thus, Y,er(T) < Yoer(T') +2. We
have Yuer(T) = Yoer(T") + 2. We get Yper(T) = Yoer(T') +2 = 29/(T") + 2 =

2(Y(T) — 1) +2=29/(T). O
The following theorem gives a characterization of trees for which v,.r(T") = 29/(T).

Theorem 4.1. Let T be a nontrivial tree. Then v,r(T) = 27 (T) with equality if
and only if T € F.

Proof. If T € F, then by Lemma 4.1, v,er(T) = 2+/(T). If diam(7) = 1 or 2, then
T is Py or star. We have v,.r(T) =1 < 2 = 29/(T). Assume diam(7) = 3. If T is
Py. We have v,.g(T) = 29/(T). If T is a double star other than P,, then 7" can be
obtained from P, by applying operation O;. The result is proved by induction on
order n. Assume that the result is true for all tree T” of order n’ < n.

Let u be a strong support vertex. Let u be adjacent to two leaves x and y. Let
T" =T —x. Let D be a any +/(1")-set. To dominate the edges ux and wuy, an
edge incident with u other than uwxr and wy is in D. It is easy to see that D is
an EDS of T7". Thus, 7(7") < 4/(T). Let f; be a veR(T")-dominating function
of GG. If the vertex x has weight one, then the vertex u has weight zero. Replace
the weight of these two vertices. The function f; is a veR-dominating function of
T. Thus7 ’YveR(T) S ’YveR(T/)- ThUS, ’YUeR(T) S ’VveR(T/) S 27/(T/) S QVI(T) It
Yoer(T) = 27/(T'), then v,.r(T") = 2+/(T"). By the inductive hypothesis 77 € F. The
tree T is obtained from 7" by operation O5. Thus, T' € F. Henceforth, we can assume
that every support vertex of T' is weak.

Let ujusus ... u, be the longest path in the tree T. Then k£ > 4 and dp(uq)
dr(ug) = 1. The vertices us and wuy_; are support vertices, we can assume dp(ug) =
dT(Uk—l) = 2.

Assume that ug is adjacent to a path P, = pq other than usu;. Let D be a +/(T')-set.
To dominate the edges ujus and pq, the edges usus, pus is in D. Define a function
f on V(T) by assigning weight one to the vertices in V((D)) \ {u2, us, p}, assigning
weight two to ug and zero to all other vertices. It is clear that f is a veR-dominating
function of T'. Thus, Yuer(T) < 2(7/(T) — 2) + 2 < 2+/(T'). Hence, the vertex ug is a
support vertex. By operation Oj, it suffices to consider dr(uz) = 3. Let = be a leaf
adjacent to ug.

Assume that uy is adjacent to a path Py = pgr. Let D be a 7/(T')-set. To dominate
the edges usuy and rq, the edges usug, pq is in D. Define a function f on V(G) by
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assigning weight one to the vertices in V' ((D)) \ {us, us, p}, assigning weight two to
u and zero to all other vertices. It is easy to observe that f is a veR-dominating
function of G. Thus, v,.r(T) < 2(v'(T) —2) + 3 < 27/(T).

Assume that wuy is adjacent to a path P, = pq. Let D be a +/(T')-set. To dominate
the edges ujug and pq, the edges ugug, puy is in D. Define a function f on V(G) by
assigning weight one to the vertices in V' ((D)) \ {uy, us, p}, assigning weight two to
uy and zero to all other vertices. It is easy to observe that f is a veR-dominating
function of T'. Thus, v,er(T) < 2(7/(T) — 2) + 3 < 27/(T).

Assume that uy is a support vertex. Let y be the leaf adjacent to uy. Let dp(uy) = 2.
We have T is G1, where (G is obtained from P5 by attaching a leaf adjacent to vertex
of Ps with minimum eccentricity. We have v,.r(G1) = 2 < 4 = 27/(G1). Assume
dr(uy) > 3. Let d be a vertex adjacent to uy other than ug and y. Let D be a
7' (T)-set. To dominate the edges usu; and uyy, the edges usus, duy is in D. Define
a function f on V(G) by assigning weight one to the vertices in V' ((D)) \ {us, us, d},
assigning weight two to us and zero to all other vertices. It is easy to observe that f
is a veR-dominating function of G. Thus, v,.r(T) < 2(v'(T) — 2) + 3 < 27/(T).

Assume that uy is adjacent to Py = pqrs with ¢ adjacent to uy. Let 7" =T — T,,.
Let D be a v/(T)-set. To dominate the edges usu; and rs, the edges usus,qr € D'. It
is easy to verify that D \ {gr} is an EDS of the graph 7”. Thus, ~'(T") <~'(T) — 1.
Let f be a v,.g-function of T. To dominate the edges ujus, usus and uszx, the vertex
w is assigned with weight two. Define a function f; on V(7T) as

fla), ifaeV(T),
fila) =4 2, if a =g,
0, ifa=p,rs.
Clearly, f; is a veR-dominating function of H. Thus, Y,er(T) < Yper(T") +2. We get
P)/veR(T) < f)/veR(T/) +2 < 27,<T,) +2 < 2(7,<T) - 1) +2= 27/(T) If 7veR<T) = 27,(T)7
then v,.r(T") = 29/(T"). By inductive hypothesis 7" € F. The tree T is obtained
from 7" by operation Og. Thus, T € &.

Assume dp(ug) = 2. Let dr(us) > 3. Let T" =T —T,,. Let D be a «/(T)-set.
To dominate the edges ujus, usr and usuy, the edge usus is in D. It is obvious that
D\ {ugve} is an EDS of graph G. Thus, v/(T") < +'(T') — 1. Let f be a vuer(1")-
dominating function. Define f; on V(T') as

fla), ifaeV(T),
fila) =% 2, if a = us,
0, otherwise.
Clearly, f; is a veR-dominating function of H. Thus, v,er(T) < Yper(T") + 2. We get
’}/fueR(T) < W/veR(T/) +2 < 2’7/(T/) +2< 2(7/(T) - 1)+2 = 27/(T) If VUeR(T) = 2,7/(T)7
then v,.r(T") = 27/(1"). By inductive hypothesis 77 € F. The tree T is obtained
from T” by operation Q7. Thus, T € F.
Assume dr(us) = 2. Let D be a /(T)-set. To dominate the edges usu; and
usuy, the edges usug, usug is in D. Define a function f on V(G) by assigning weight
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one to the vertices in V((D)) \ {ug,us,us}, assigning weight two to ug and zero
to all other vertices. It is clear that f is a veR-dominating function of 7. Thus,
Yoer(G) < 2(4(T') — 2) + 3 < 29/(T).

Now, assume dp(u3) = 2. Assume the vertex uy is adjacent to path P3 = pgr. Let D
be a v/(T)-set. To dominate the edges usu; and rq, the edges usus, pq is in D. Define
a function f on V(G) by assigning weight one to the vertices in V/((D)) \ {us, u2, p},
assigning weight two to us and zero to all other vertices. It is easy to observe that f
is a veR-dominating function of T'. Thus, v,er(T) < 2(7(T) — 2) + 3 < 27/(T).

Assume the vertex wuy is adjacent to path P, = pq. Let D be a ~/(T)-set. To
dominate the edges usu; and pq, the edges usus, puy is in D. Define a function f on
V(@) by assigning weight one to the vertices in V ((D)) \ {us, u4, p}, assigning weight
two to uy and zero to all other vertices. It is clear that f is a ve R-dominating function
of G. Thus, v,er(T) < 2(v(T) —2) + 3 < 27/(T).

Assume the vertex uy is a support vertex. Let x be the leaf adjacent to uy. Assume
that dp(us) = 2. We have T' = Ps and v,.r(T) = 2 < 4 = 29/(T). Now assume
dr(uy) > 3. Let D be a +/(T')-set. To dominate the edges ujuy and zuy, the edges
usus and an edge incident with wuy, say usd, other than usus and uyx is in D. Define
a function f on V(G) by assigning weight one to the vertices in V' ((D)) \ {us, u4, d},
assigning weight two to u4 and zero to all other vertices. It is easy to see that f is a
veR-dominating function of T'. Thus, v,er(T) < 2(7/(T) — 2) + 3 < 29/(T).

Now, dp(uy) = 2. Let dg(us) = 1. Then T is Ps. We have v,.r(T) =2 < 4 = 2+/(T).
Assume dr(us) > 2. Let D be a /(T)-set. To dominate the edges ujus and uqus,
the edges ugug, ugug is in D. Define a function f on V(T') by assigning weight one to
the vertices in V' ((D)) \ {us, us, ug}, assigning weight two to the vertex us and zero
to all other vertices. It is obvious that f is a veR-dominating function of 7. Thus,
Yoer(T) < 2(7/(T) = 2) +3 < 29/(T). O
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