
Kragujevac Journal of Mathematics
Volume 45(5) (2021), Pages 739–749.

CONVERGENCE ESTIMATES FOR GUPTA-SRIVASTAVA
OPERATORS

DANYAL SOYBAŞ1 AND NEHA MALIK2

Dedicated to Prof. Vijay Gupta

Abstract. The Grüss-Voronovskaya-type approximation results for the modified
Gupta-Srivastava operators are considered. Moreover, the magnitude of differences
of two linear positive operators defined on an unbounded interval has been estimated.
Quantitative type results are established as we initially obtain the moments of
generalized discrete operators and then estimate the difference of these operators
with the Gupta-Srivastava operators.

1. Introduction

For f ∈ C[0,∞), n ∈ N, c ∈ N ∪ {0} ∪ {−1} and l an integer, the generalized form
of the discrete operators are given by (cf. [5, 15]):

Mn,l,c(f, x) =
∞∑
k=0

pn+lc,k(x, c)f
(
k

n

)
,(1.1)

where pn+lc,k(x, c) = (n
c

+l)
k

k! · (cx)k

(1+cx)
n
c +l+k , the rising factorial given by

(γ)k = γ(γ + 1)(γ + 2) · · · (γ + k − 1), (γ)0 = 1.

These operators (1.1) reproduce only the constant function unlike other exponential
functions. In case l = 0, we immediately get Szász-Mirakyan operators for l = 0,
c = 0; classical Baskakov operators for l = 0, c = 1, and Bernstein polynomials for
l = 0, c = −1. In these special cases, these operators reproduce linear function too.
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A family of linear positive operators for locally integrable functions was defined in
the year 2003 [18]. Durrmeyer variants of many hybrid operators have been extensively
studied in literature since then (cf. [6, 9, 14,17]). Varied approximation properties of
these operators have been studied and investigated (cf. [1,2,4,8,12,13,16,19,20], etc.).
For c, an integer and x ∈ [0,∞), V. Gupta and H. M. Srivastava [10] introduced a
modification of these family of operators as:

Rn,l,c(f, x) =[n+ (l + 1)c]
∞∑
k=1

pn+lc,k(x, c)
∞∫

0

pn+(l+2)c,k−1(t, c)f(t)dt

+ pn+lc,0(x, c)f(0),(1.2)
where pn+lc,k(x, c) is as defined previously above. For c = 0, we get the Phillips oper-
ators preserving linear functions and for c = 1, we immediately obtain the Baskakov-
Durrmeyer type operators. For l = 0, the operators (1.2) reduce to the operators
defined in [8, Example 2]. Very recently, Gupta [7] established a general estimate for
the difference of linear positive operators as follows.
Theorem A.([7]). Let f (s) ∈ CB[0,∞), s ∈ {0, 1, 2} (the class of bounded continuous
functions defined on the interval [0,∞)) and x ∈ [0,∞), then for n ∈ N, we have

|(Gn − Vn)(f, x)| ≤ ‖f ′′‖α(x) + ω(f ′′, δ1)(1 + α(x)) + 2ω(f, δ2(x)),

where ‖ · ‖ = sup
x∈[0,∞)

|f(x)| <∞, α(x) = 1
2
∑∞
k=0 pn,k(x, c)(µ

Gn,k

2 + µ
Hn,k

2 ) and

δ2
1 = 1

2

∞∑
k=0

pn,k(x, c)(µ
Gn,k

4 + µ
Hn,k

4 ), δ2
2 =

∞∑
k=0

pn,k(x, c)(bGn,k − bHn,k)2.

We consider a family of functions Gn,k : D → R, (k being a non-negative integer),
which are positive linear functionals defined on a subspace D of C[0,∞), which
contains polynomials upto degree 6 and C2[0,∞), such that, Gn,k(e0) = 1, bGn,k :=
Gn,k(e1), µGn,k

r := Gn,k(e1 − bGn,ke0)r, r ∈ N. Also, let Hn,k be a similar family of
functions.

We extend the studies of [7] as we study a quantitative Voronovskaya type theorem
in terms of weighted modulus of continuity and estimate the difference of the two
operators having the same basis function, viz. the generalized Baskakov operators
and the genuine Gupta-Srivastava operators.

2. Moments

In this section, we give the moments of generalized operators (1.1) with the help of
a recurrence formula.

Lemma 2.1. For m ∈ N, the operators (1.1) satisfy the following recurrence relation:

Mn,l,c(em+1, x) = x(1 + cx)
n

M ′
n,l,c(em, x) +

(
1 + lc

n

)
xMn,l,c(em, x),
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where em(y) = ym.

Proof. On taking the derivative of the operators Mn,l,c, we get

M ′
n,l,c(f, x) =

∞∑
k=0

p′n+lc,k(x, c)f
(
k

n

)m
,

which implies that

x(1 + cx)M ′
n,l,c(f, x) =

∞∑
k=0

x(1 + cx)p′n+lc,k(x, c)f
(
k

n

)m
.

Now, using the identity x(1 + cx)p′n+lc,k(x, c) = [k − (n+ lc)x]pn+lc,k(x, c), we obtain

x(1 + cx)M ′
n,l,c(f, x) =

∞∑
k=0

[k − (n+ lc)x]pn+lc,k(x, c)f
(
k

n

)m

=n
∞∑
k=0

pn+lc,k(x, c)
(
k

n

)m+1

− (n+ lc)xpn+lc,k(x, c)
(
k

n

)m
=nMn,l,c(em+1, x)− (n− lc)xMn,l,c(em, x),

which derives the recurrence relation. �

Remark 2.1. Using Lemma 2.1, first few moments of the operators (1.1) are given by
Mn,l,c(e0, x) =1,

Mn,l,c(e1, x) =x
(

1 + lc

n

)
,

Mn,l,c(e2, x) =x2
(

1 + c2l

n2 + c2l2

n2 + c

n
+ 2cl

n

)
+ x

(
cl

n2 + 1
n

)
,

Mn,l,c(e3, x) =x3
(

1 + 2c3l

n3 + 3c3l2

n3 + c3l3

n3 + 2c2

n2 + 6c2l

n2 + 3c2l2

n2 + 3c
n

+ 3cl
n

)

+ x2
(

3c2l

n3 + 3c2l2

n3 + 3c
n2 + 6cl

n2 + 3
n

)
+ x

(
cl

n3 + 1
n2

)
,

Mn,l,c(e4, x) =x4
(

1 + 6c4l

n4 + 11c4l2

n4 + 6c4l3

n4 + c4l4

n4 + 6c3

n3 + 22c3l

n3 + 18c3l2

n3 + 4c3l3

n3

+ 11c2

n2 + 18c2l

n2 + 6c2l2

n2 + 6c
n

+ 4cl
n

)

+ x3
(

12c3l

n4 + 18c3l2

n4 + 6c3l3

n4 + 12c2

n3 + 36c2l

n3 + 18c2l2

n3 + 18c
n2 + 18cl

n2

+ 6
n

)
+ x2

(
7c2l

n4 + 7c2l2

n4 + 7c
n3 + 14cl

n3 + 7
n2

)
+ x

(
cl

n4 + 1
n3

)
,

Mn,l,c(e5, x) =x5
(

1 + 24c5l

n5 + 50c5l2

n5 + 35c5l3

n5 + 10c5l4

n5 + c5l5

n5 + 24c4

n4 + 100c4l

n4
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+ 105c4l2

n4 + 40c4l3

n4 + 5c4l4

n4 + 50c3

n3 + 105c3l

n3 + 60c3l2

n3 + 10c3l3

n3

+ 35c2

n2 + 40c2l

n2 + 10c2l2

n2 + 10c
n

+ 5cl
n

)

+ x4
(

60c4l

n5 + 110c4l2

n5 + 60c4l3

n5 + 10c4l4

n5 + 60c3

n4 + 220c3l

n4 + 180c3l2

n4

+ 40c3l3

n4 + 110c2

n3 + 180c2l

n3 + 60c2l2

n3 + 60c
n2 + 40cl

n2 + 10
n

)

+ x3
(

50c3l

n5 + 75c3l2

n5 + 25c3l3

n5 + 50c2

n4 + 150c2l

n4 + 75c2l2

n4 + 75c
n3

+ 75cl
n3 + 25

n2

)

+ x2
(

15c2l

n5 + 15c2l2

n5 + 15c
n4 + 30cl

n4 + 15
n3

)
+ x

(
cl

n5 + 1
n4

)
,

Mn,l,c(e6, x) =x6
(

1 + 120c6l

n6 + 274c6l2

n6 + 225c6l3

n6 + 85c6l4

n6 + 15c6l5

n6 + c6l6

n6 + 120c5

n5

+ 548c5l

n5 + 675c5l2

n5 + 340c5l3

n5 + 75c5l4

n5 + 6c5l5

n5 + 274c4

n4 + 675c4l

n4

+ 510c4l2

n4 + 150c4l3

n4 + 15c4l4

n4 + 225c3

n3 + 340c3l

n3 + 150c3l2

n3 + 20c3l3

n3

+ 85c2

n2 + 75c2l

n2 + 15c2l2

n2 + 15c
n

+ 6cl
n

)

+ x5
(

360c5l

n6 + 750c5l2

n6 + 525c5l3

n6 + 150c5l4

n6 + 15c5l5

n6 + 360c4

n5

+ 1500c4l

n5 + 1575c4l2

n5 + 600c4l3

n5 + 75c4l4

n5 + 750c3

n4 + 1575c3l

n4

+ 900c3l2

n4 + 150c3l3

n4 + 525c2

n3 + 600c2l

n3 + 150c2l2

n3 + 150c
n2 + 75cl

n2

+ 15
n

)
+ x4

(
390c4l

n6 + 715c4l2

n6 + 390c4l3

n6 + 65c4l4

n6 + 390c3

n5 + 1430c3l

n5

+ 1170c3l2

n5 + 260c3l3

n5 + 715c2

n4 + 1170c2l

n4 + 390c2l2

n4 + 390c
n3 + 260cl

n3

+ 65
n2

)
+ x3

(
180c3l

n6 + 270c3l2

n6 + 90c3l3

n6 + 180c2

n5 + 540c2l

n5 + 270c2l2

n5

+ 270c
n4 + 270cl

n4 + 90
n3

)
+ x2

(
31c2l

n6 + 31c2l2

n6 + 31c
n5 + 62cl

n5 + 31
n4

)
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+ x

(
cl

n6 + 1
n5

)
.

Remark 2.2. Denote µl,cn,m(x) := Rn,l,c((t− x)m, x). Then, using [10, (6)], the central
moments are given by µl,cn,0(x) = 1, µl,cn,1(x) = 0, and µl,cn,2(x) = 2x(1+cx)

n+(m−1)c · Higher central
moments can be obtained easily.

3. Grüss-Voronovskaya-Type Approximation Results

The Voronovskaya theorem in quantitative form for a class of sequences of linear
positive operators is one of the most significant pointwise results. We obtain these by
making using of Taylor series expansion. Let us see at some notations.

Let C[0,∞) be the set of all continuous functions f defined on [0,∞) and
B2[0,∞) := {f : |f(x)| ≤ Mf(1 + x2) with Mf > 0}. Also, let C2[0,∞) denote
the subspace of all continuous functions in B2[0,∞). Further C∗2 [0,∞) denotes the
closed subspace of C2[0,∞) for which lim

x→∞
|f(x)|(1 + x2)−1 < C for some constant C

and ‖ · ‖2 = supx∈[0,∞) |f(x)|(1 +x2)−1. In [11], Ispir considered for each f ∈ C2[0,∞),
the following weighted modulus of continuity:

Ω(f, δ) = sup
x>0,|h|<δ

|f(x+ h)− f(x)|
(1 + x2)(1 + h2) ·

The quantitative Voronovskaya-type theorem in weighted spaces is as follows.

Theorem 3.1. If f ∈ C[0,∞) and f ′′ ∈ C∗2 [0,∞), then, for x ∈ [0,∞), we have
∣∣∣∣∣Rn,l,c(f, x)− f(x)− x(1 + cx)

[n+ (m− 1)c]f
′′(x)

∣∣∣∣∣ ≤16(1 + x2)Ω

f ′′,
µl,cn,6(x)
µl,cn,2(x)

1/4


× µl,cn,2(x).

Proof. Using the Taylor series expansion of f, we can write

f(t) = f(x) + (t− x)f ′(x) + (t− x)2f
′′(x)
2! +H(t, x),

where H(t, x) = (t−x)2

2! (f ′′(ξ)− f ′′(x)), ξ is a number lying between t and x.
Applying the operators Rn,l,c to the above expansion, we have

Rn,l,c(f, x)− f(x)− f ′(x)µl,cn,1(x) + f ′′(x)
2! µl,cn,2(x) = Rn,l,c(H(t, x), x).

Using Remark 2.2, we obtain∣∣∣∣∣Rn,l,c(f, x)− f(x) + f ′′(x)
2! µl,cn,2(x)

∣∣∣∣∣ ≤ Rn,l,c(|H(t, x)|, x).(3.1)
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Now, using the property of weighted modulus of continuity given in [11], it follows
that ∣∣∣∣∣f ′′(ξ)− f ′′(x)

2!

∣∣∣∣∣ ≤1
2Ω(f ′′, |ξ − x|)(1 + (ξ − x)2)(1 + x2)

≤1
2Ω(f ′′, |t− x|)(1 + (t− x)2)(1 + x2)

≤
(

1 + |t− x|
δ

)
(1 + δ2)Ω(f ′′, δ)(1 + (t− x)2)(1 + x2).

Moreover,∣∣∣∣∣f ′′(ξ)− f ′′(x)
2!

∣∣∣∣∣ ≤


2(1 + δ2)(1 + x2)Ω(f ′′, δ), |t− x| < δ,

2(1 + δ2)(1 + x2)(t− x)4

δ4 Ω(f ′′, δ), |t− x| > δ.

For 0 < δ < 1, we get∣∣∣∣∣f ′′(ξ)− f ′′(x)
2!

∣∣∣∣∣ ≤ 8(1 + x2)
(

1 + (t− x)4

δ4

)
Ω(f ′′, δ).

So, we have

|H(t, x)| ≤ 8(1 + x2)
(

(t− x)2 + (t− x)6

δ4

)
Ω(f ′′, δ).

Thus, (3.1) implies ∣∣∣∣∣Rn,l,c(f, x)− f(x) + f ′′(x)
2!

(
2x(1 + cx)
n+ (m− 1)c

) ∣∣∣∣∣
≤8(1 + x2)

(
µl,cn,2(x) + 1

δ4µ
l,c
n,6(x)

)
Ω(f ′′, δ)

≤8(1 + x2)µl,cn,2(x)
1 + 1

δ4
µl,cn,6(x)
µl,cn,2(x)

Ω(f ′′, δ).

Choosing δ =
µl,cn,6(x)
µl,cn,2(x)

1/4

, we get the conclusion. �

Following is the Grüss-Voronovskaya-type result.

Theorem 3.2. If f, g ∈ C[0,∞) and f ′′, g′′ ∈ C∗2 [0,∞), such that, fg ∈ C[0,∞) and
(fg)′′ ∈ C∗2 [0,∞). Then for x ∈ [0,∞), we have

n

∣∣∣∣∣Rn,l,c(fg, x)−Rn,l,c(f, x)Rn,l,c(g, x)− µl,cn,2(x)f ′(x)g′(x)
∣∣∣∣∣

≤16(1 + x2)nµl,cn,2(x)

Ω

(fg)′′,
µl,cn,6(x)
µl,cn,2(x)

1/4




CONVERGENCE ESTIMATES FOR GUPTA-SRIVASTAVA OPERATORS 745

+ ‖f‖2(1 + x2)Ω

g′′,
µl,cn,6(x)
µl,cn,2(x)

1/4


+‖g‖2(1 + x2)Ω

f ′′,
µl,cn,6(x)
µl,cn,2(x)

1/4

+ nSn(f)Sn(g),

where Sn(f) = ‖f ′′‖2
(1 + x2)

2

(
2µl,cn,2(x) + 2x

1 + x2µ
l,c
n,3(x) + 1

1 + x2µ
l,c
n,4(x)

)
.

Proof. Applying Taylor expansion of f, using the fact that Rn,l,c(ei, x) = ei, ei(y) = yi

for i = 0, 1, and (fg)′′ (x) = f ′′(x)g(x) + 2f ′(x)g′(x) + g′′(x)f(x), we have

Rn,l,c(fg, x)−Rn,l,c(f, x)Rn,l,c(g, x)−Rn,l,c((t− x)2, x)f ′(x)g′(x)

=
[
Rn,l,c(fg, x)− f(x)g(x)− (fg)′′ (x)

2! Rn,l,c((t− x)2, x)
]

− f(x)
[
Rn,l,c(g, x)− g(x)− g′′(x)

2! Rn,l,c((t− x)2, x)
]

− g(x)
[
Rn,l,c(f, x)− f(x)− f ′′(x)

2! Rn,l,c((t− x)2, x)
]

+ (g(x)Rn,l,c(g, x)) · (Rn,l,c(f, x)− f(x))
:=S1 + S2 + S3 + S4.

Next, ∣∣∣∣∣Rn,l,c(fg, x)−Rn,l,c(f, x)Rn,l,c(g, x)−Rn,l,c((t− x)2, x)f ′(x)g′(x)
∣∣∣∣∣

≤|S1|+ |S2|+ |S3|+ |S4|.

By Theorem 3.1, we have the following estimates

|S1| ≤16(1 + x2)Ω

(fg)′′,
µl,cn,6(x)
µl,cn,2(x)

1/4
µl,cn,2(x),

|S2| ≤|f(x)|16(1 + x2)Ω

g′′,
µl,cn,6(x)
µl,cn,2(x)

1/4
µl,cn,2(x),

|S3| ≤|g(x)|16(1 + x2)Ω

f ′′,
µl,cn,6(x)
µl,cn,2(x)

1/4
µl,cn,2(x).

Now, as f ′′ ∈ C∗2 [0,∞),

Rn,l,c(f, x)− f(x) = f ′(x)µl,cn,1(x) + 1
2Rn,l,c

(
f ′′(ξ)(t− x)2, x

)
.



746 D. SOYBAŞ AND N. MALIK

So,

|Rn,l,c(f, x)− f(x)| ≤1
2Rn,l,c

(
|f ′′(ξ)|(t− x)2, x

)
≤‖f ′′‖2

1
2Rn,l,c

(
(1 + ξ2)(t− x)2, x

)
,

where ξ is a number between t and x. There are two possible cases now.
If t < ξ < x, then 1 + ξ2 ≤ 1 + x2. So, we get

|Rn,l,c(f, x)− f(x)| ≤ ‖f ′′‖2
(1 + x2)

2 µl,cn,2(x).

If x < ξ < t, then 1 + ξ2 ≤ 1 + t2. So, we get

|Rn,l,c(f, x)− f(x)| ≤‖f ′′‖2
1
2Rn,l,c

(
(1 + t2)(t− x)2, x

)
=‖f ′′‖2

1
2
(
(1 + x2)µl,cn,2(x) + 2xµl,cn,3(x) + µl,cn,4(x)

)
.

Combining these two cases, we obtain

|Rn,l,c(f, x)− f(x)| ≤‖f ′′‖2
(1 + x2)

2

(
2µl,cn,2(x) + 2x

1 + x2µ
l,c
n,3(x) + 1

1 + x2µ
l,c
n,4(x)

)
:=Sn(f).

Similarly, we can obtain |Rn,l,c(g, x) − g(x)| ≤ Sn(g) and hence, we get the desired
result. �

4. Difference of Operators

We compute the magnitude of difference of the two operators having the same basis
function, viz. the generalized Baskakov operators and the genuine Gupta-Srivastava
operators in this section. Varied researchers have studied in this direction (cf. [3, 7]
and references therin).

Consider
Mn,l,c(f, x) =

∞∑
k=0

pn+lc,k(x, c)Gn,k(f)

and
Rn,l,c(f, x) =

∞∑
k=0

pn+lc,k(x, c)Hn,k(f),

where Gn,k(f) = f
(
k
n

)
and Hn,k(f) = [n + (l + 1)c]

∞∫
0
pn+(l+2)c,k−1(t, c)f(t)dt,

1 ≤ k <∞, H0(f) = f(0).

Remark 4.1. By simple computation, we have bGn,k := Gn,k(e1) = k
n
and

µ
Gn,k

2 := Gn,k(e1 − bGn,ke0)2 = 0 and µ
Gn,k

4 := Gn,k(e1 − bGn,ke0)4 = 0.
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Now,

Hn,k(er) =[n+ (l + 1)c]
∞∫

0

pn+(l+2)c,k−1(t, c)trdt

=[n+ (l + 1)c]
(
n
c

+ l + k

k − 1

) ∞∫
0

(ct)k−1

(1 + ct)n
c

+l+k+1 t
rdt

=[n+ (l + 1)c]
cr

(
n
c

+ l + k

k − 1

) ∞∫
0

(ct)k+r−1

(1 + ct)n
c

+l+k+1dt

=[n+ (l + 1)c]
cr+1

(
n
c

+ l + k

k − 1

)
B

(
k + r,

n

c
+ l − r + 1

)

=[n+ (l + 1)c]
cr+1

(
n
c

+ l + k

k − 1

)Γ(k + r)Γ
(
n
c

+ l − r + 1
)

Γ
(
n
c

+ l + k + 1
)

=[n+ (l + 1)c]
cr+1

(k + r − 1)!
(k − 1)!

Γ
(
n
c

+ l − r + 1
)

Γ
(
n
c

+ l + 2
) .

Remark 4.2. bHn,k := Hn,k(e1) = k
n+lc and we have

µ
Hn,k

2 := Hn,k(e1 − bHn,ke0)2 = Hn,k(e2) +
(

k

n+ lc

)2

− 2Hn,k(e1)
(

k

n+ lc

)

= k[n+ c(l + k)]
(n+ lc)2[n+ (l − 1)c]

and
µ
Hn,k

4 :=Hn,k(e1 − bHn,ke0)4

=Hn,k(e4)− 4
(

k

n+ lc

)
Hn,k(e3) + 6

(
k

n+ lc

)2

Hn,k(e2)

− 4
(

k

n+ lc

)3

Hn,k(e1) +
(

k

n+ lc

)4

=

k



−3c3k3(l − 1)(l − 2)(l − 3) + (k + 1)(k + 2)(k + 3)lc3−
(k + 1)(k + 2)(k − 9)lc2n+ (18 + 17k + k3) lcn2 + 3(2 + k)n3

+3c2k2 (2(k + 1)(l − 2)(l − 3)lc+ (12 + k + 2(k − 5)l − (k − 2)l2)n)

+ck
(
− 4(k + 1)(k + 2)(l − 3)lc2 + 2(k + 1)(24− 3k − 8l + 2kl)lcn

+ (6(k + 4)− (k2 + 8) l)n2
)


(n+ lc)4[n+ (l − 1)c][n+ (l − 2)c][n+ (l − 3)c] ·
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As an application of Theorem A, we have the following quantitative estimate for
the difference between the operators Mn,l,c and Rn,l,c.

Theorem 4.1. Let f (s) ∈ CB[0,∞), s ∈ {0, 1, 2} and x ∈ [0,∞), then for n, c ∈ N,
we have
|(Mn,l,c −Rn,l,c)(f, x)| ≤ ‖f ′′‖α(x) + ω(f ′′, δ1(x))(1 + α(x)) + 2ω(f, δ2(x)),

where

α(x) :=1
2

∞∑
k=0

pn+lc,k(x, c)
(
µ
Gn,k

2 + µ
Hn,k

2

)
= x(1 + cx)[n+ (l + 1)c]

2(n+ lc)[n+ (l − 1)c] ,

δ2
1(x) :=1

2

∞∑
k=0

pn+lc,k(x, c)
(
µ
Gn,k

4 + µ
Hn,k

4

)
=1

2(n+ lc)x

×



6(n+ lc)3 − (8c(l − 3)− 11lc− 3n)(n+ lc)2(1 + (n+ (l + 1)c)x)
+6(n+ lc) (c2(l − 2)(l − 3) + lc2 + c(−2(l − 3)lc+ n))

(1 + (n+ (l + 1)c)x(3 + c(l + 2)x+ nx))

−
(

3c3(l − 1)(l − 2)(l − 3) + c(2lc− n)(2(l − 3)lc− ln)

−lc (lc2 − lcn+ n2)− 3c2(n+ (l − 2)(2(l − 3)lc− ln))
)

(1 + (n+ (l + 1)c)x(7 + (c(l + 2) + n)x(6 + c(l + 3)x+ nx)))


and

δ2
2(x) :=

∞∑
k=0

pn+lc,k(x, c)
(
bGn,k − bHn,k

)2
= lcx

(n+ lc)

(
1 + lc

n

)
·

Proof. The proof immediately follows using Remark 2.1, 4.1 and 4.2. We omit the
details. �

Acknowledgements. The authors are thankful to the reviewers for valuable sugges-
tions.
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