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ON DISTANCE SIGNLESS LAPLACIAN ESTRADA INDEX AND
ENERGY OF GRAPHS

ABDOLLAH ALHEVAZ!, MARYAM BAGHIPUR!, AND SHARIEFUDDIN PIRZADA?

ABSTRACT. For a connected graph G, the distance signless Laplacian matrix is de-
fined as D?(G) = Tr(G) + D(G), where D(G) is the distance matrix of G and Tr(G)
is the diagonal matrix of vertex transmissions of G. The eigenvalues p1, p2,..., pn
of D9(G) are the distance signless Laplacian eigenvalues of the graph G. In this
paper, we define the distance signless Laplacian Estrada index of the graph G as

. 20(G) . L.
DYEWG) = 37, e(p’ " ), where o(G) is the transmission of a graph G. We
obtain upper and lower bounds for DgE (G) and the distance signless Laplacian en-
ergy in terms of other graph invariants. Moreover, we derive some relations between

DgE(G) and the distance signless Laplacian energy of G.

1. INTRODUCTION AND PRELIMINARIES

All graphs throughout this paper are finite, undirected, simple and connected. Let
G be such a graph with vertex set V(G) = {v1,vq,...,v,} and edge set E(G). The
order of G is the number n = |V(G)| and its size is the number m = |E(G)|. The set
of vertices adjacent to v € V(G), denoted by N(v), refers to the neighborhood of v.
The degree of vertex v, denoted by dg(v) (we simply write d, if it is clear from the
context) means the cardinality of N(v). A graph is called reqular if each of its vertex
has the same degree. We write G = H, where the graphs G and H are isomorphic.
The distance between two vertices u,v € V(G), denoted by d,,, is defined as the
length of a shortest path between v and v in GG. The diameter of G is the maximum
distance between any two vertices of G. The distance matriz of G is denoted by
D(G) and is defined as D(G) = (du)uvev(a). The transmission Trg(v) of a vertex

Key words and phrases. Distance signless Laplacian matrix, distance signless Laplacian Estrada
index, distance Estrada index, transmission regular graph, distance signless Laplacian energy.
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838 A. ALHEVAZ, M. BAGHIPUR, AND S. PIRZADA

v is defined to be the sum of the distances from v to all other vertices in G, that is,

Trg(v) = Z( )dm,. A graph G is said to be k-transmission regular if Trg(v) = k,
ueV(G

for each v € V(G). The transmission of a graph G, denoted by ¢(G), is the sum of

distances between all unordered pairs of vertices in G. For other undefined notations

and terminology, the readers are referred to [33].

For a graph G with V(G) = {v1,vs,...,v,}, Tre(v;) has been referred to as the
transmission degree Tr; [26] and hence the transmission degree sequence is given by
{Try, Try, ..., Tr,}. Let Tr(G) = diag(Try, Tra, ..., Tr,) be the diagonal matrix of
vertex transmissions of G. Aouchiche and Hansen [2, 3] introduced the Laplacian
and the signless Laplacian for the distance matrix of a connected graph. The matrix
DY (G) = Tr(G) — D(G) is called the distance Laplacian matriz of G, while the matrix
D?(G) = Tr(G) + D(G) is called the distance signless Laplacian matriz of G. If G
is connected, then D?(G) is symmetric, nonnegative and irreducible. Hence, all the
eigenvalues of D?(G) can be arranged as p; > ps > --+ > p,, where p; is called the
distance signless Laplacian spectral radius of G. (From now onwards, we will denote
p1(G) by p(G)).

Based on investigations on geometric properties of biomolecules, Ernesto Estrada
[13,14] considered an expression of the form

where Aq, Ag, ..., A\, are the eigenvalues of the adjacency matrix of a molecular graph
G. The mathematical significance of this quantity was recognized short time later [22]
and soon it became known under the name “Estrada index” [10]. The mathematical
properties of the Estrada index have been intensively studied, see for example, [5,10,23].
There exists a vast literature related to Estrada index and its bounds and we refer
the reader to the nice surveys [11,21].

This graph-spectrum-based invariant has also an important role in chemistry,
physics, and complex networks. For example, it has been used to measure the degree
of folding of long chain polymeric molecules, including proteins [12,13,16]. It has
found a number of applications in complex networks and characterizes the centrality
[14], also serves as an insightful measure for investigating robustness of complex net-
works [39], for which EE has an acute discrimination on connectivity and changes
monotonically with respect to the removal or addition of edges. For the application
of the Estrada index in network theory see the book [15] and the papers [38,39].

The pioneering papers [13,14] further proposes the study of graphs with an analogue
of the Estrada index defined with respect to other (than adjacency) matrices. Because
of the evident success of the graph Estrada index, this proposal has been put into effect
and Estrada index based of the eigenvalues of other graph matrices have, one-by-one,
been introduced: Estrada index based invariant with respect to distance matrix, as
well as Estrada index based invariant with respect to Laplacian matrix, have been
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introduced and studied, see for example [6,7,24,25,27,35-37,40,41]. Recently, in full
analogy with the Estrada index, the signless Laplacian Estrada index of a connected
graph G has been introduced and studied [4]. Further, in full analogy with the Estrada
index, the distance Estrada index of a connected graph G has been introduced in [19]

DEE(G) =) e",
i=1
where (1, pto, ..., 1, are the eigenvalues of the distance matrix of a graph GG. Now,

we define the distance signless Laplacian Estrada index DgE (G), based on distance
signless Laplacian matrix of the graph G as

(1.1) DYE(G) =3 elr=57),
i=1
where p1, po, ..., p, are the distance signlees Laplacian eigenvalues of a graph G. Let
k
" 2
i=1 n
Then
My = n,
Ml = 07
" 40%(G
(1.2) My=2 > (dy)*+> Tr; — Al ).
1<i<j<n i=1 n

Recalling the power series expansion of e”, we can write the distance signless Laplacian
Estrada index as

My

(1.3) DYE(G) = o

k>0

The rest of the paper is organized as follows. In Section 2, we obtain some upper
and lower bounds for the distance signless Laplacian Estrada index DgE (G) involving
different graph invariants, and also characterize the extremal graphs. In Section 3,
we compute the distance signless Laplacian Estrada index of some classes of graphs,
as well as giving some relations with the earlier distance Estrada index. Finally, in
Section 4, we derive some relations between the distance signless Laplacian Estrada
index and the distance signless Laplacian energy of G.

2. BOUNDS FOR THE DISTANCE SIGNLESS LAPLACIAN ESTRADA INDEX

We start by giving some previously known results that will be needed in the proofs
of our results in the sequel.
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Lemma 2.1. ([1, Theorem 2.2]). If the transmission degree sequence of G is

{Try, Tro, ..., Tr,}, then
noy2
p(G) > 2y ==L
n

with equality if and only if G is transmission reqular.

Lemma 2.2. ([42, Lemma 2.2]). If G is a connected graph of order n, then

o(G) > 40(G),

n
with equality if and only if G' is transmission regular.

The following lemma will be helpful in the sequel. Its proof is similar to [28,
Lemma 2|, and hence is excluded.

Lemma 2.3. A connected graph G has two distinct distance signless Laplacian eigen-
values if and only if G is a complete graph.

For non-increasing real sequences () = (z1, 2, ...,2,) and (y) = (y1,Y2,-- -, Yn)
of length n, we say that (x) is majorized by (y) or (y) majorizes (z), denoted by

(z) = (y) if

n n k k
in:Zyi and ingzw, forall k=1,2,...,n—1.
i—1 i=1 i=1 i=1

The following observation can be found in [32].

Lemma 2.4 ([32]). Let (z) = (x1,22,...,2,) and (y) = (y1,Y2,--.,Yn) be nonin-
creasing sequences of real numbers of length n. If () < (y), then for any convex
function ¢, we have Y7 w(x;) < Y0 WU(y;). Furthermore, if (z) < (y) and ¢ is
strictly convez, then Y1, (x;) < S, ().

Lemma 2.5 ([34]). Let G be a connected graph of order n having distance signless
Laplacian eigenvalues py, pa, . . ., pn and transmission degrees Try, Try, ..., Tr,. Then

(Try, Tro, ..., Try) = (p1, 02, Pn)-

Now, we present some upper bounds for the distance signless Laplacian Estrada
index involving different graph invariants.

Theorem 2.1. Let G be a connected graph of order n. Then, for any integer ko > 2,

D%E(G) <n-—1-— $2 Z (dij)? + zn:Tr? _402(G)

1<i<j<n i=1

n

5 k
ko My(G) — <\/2 Yicicjen(dig)? + X0 Tr} _40750))

_l’_
> i
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(2.1) + e\/221§i<j§n(dij)2+2?:1 Tr _@
with equality if and only if G = K.
Proof. We have

o Ry

Y

k=0 k>ko+1 i=1

ko M 1 G)
k
= k(l Z k' Z Pi —
k=0 k>ko+1 7 im1
k
ko Mk 1 n 20_<G) 2\ 2
< ) 4 Y Z(‘ )
i koo R n
k
ko Mk (\/ Zl<z<]<n z]) +Z Tr?_‘wi(G)>
k=0 k' k>k0+1 k!
ko Mk(G) + 6\/2 Zl§i<j§n(dij)2+zzl:1 “?7@
=

k
kZO (\/2 Zl<z<g<n( 1]) + Z TI‘ZQ _4‘7n(G))
B k! ’

and (2.1) follows. From the derivation of (2.1), it is evident that equality will be
attained in (2.1) if and only if G has no non-zero eigenvalues, i.e., G = Kj. 0

Remark 2.1. Since

o (Z (pz- - QUfLG))Q)g ~ (M(G))

20(G)

MES

SZ Pi —
i=1

In the second inequality above, we use the following inequality: For nonnegative
ai,as,...,a, and integer k > 2

(2.2) znjaf < (zn: a?)g.

i=1

k
ko My(G) — <\/2 Yicicien(di)? + Xy Tr _4an(G)>
Z <0.

k=2
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Therefore, we have the following observation from Theorem 2.1,

DYE(G) <n —1- Jz Y (dyp+ > T2 2G)

1<i<j<n n

B n 2 402(6')
+ 6\/221§i<j§n(d”)2+2i:1 Ty ———— .

Theorem 2.2. Let G be a connected graph of order n. Then for any integer ko > 2

DE(G) <n -2 g+ 2D e

2 k
(2.3) + f: Mi(G) — (pl B 7(1G)) B (\/E) n epl_%f) n e\/g’

2
where & = 23 <icjen(dif)? + 30, Tr} —@ - (p1 — @) , with equality if and
only if G = Kj.

Proof. We have

20(G)

DEE(G) —em~"n
k
ko Mk(G) i (pl _ 20(G)

=2 o =) + > ,;Z:@—QU(G))IC

k=0 k>ko+1 MV i= n
k
ko Mi(G) — (p1 — 229 1 2(G) |*
<2 (k' ) * k! 2 |pi— n
k=0 : k>ko41 "7 i=2

= k!

<kZOMk(G)_(p1_%T(lG))k+ : (z": (Pi_QJfLG)f)Q

ko M (G) — (Pl — M)k

= k!
2\
2
(\/2 Zl§i<j§n<dij)2 + i Tr? _MT(G) - (p1 - 207(10)) >

+ > k!

k>ko+1 :

k
B io: M(G) — (Pl - L,(f))

= k!

-2 > 2
1V ey, T A, 2100)
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k
2
ko (\/2 Zl<z<j<n( zy) + 2 40211((;) - (P1 - 207(1(;)) )
- Z k! )

where the first inequality follows from inequality:

E": <pi - 20(G)>k - zn: ,

i=2 n

Also, in the second inequality, we use the inequality (2.2). Further, bearing in mind
the power-series expansion of e = 37, %’:, we have

ag g 2
\/ Dicicien (i) D0 _4 <c> (Pl—gﬁc))

k
o2 o 2
ko (\/2 Zl<7,<_]<n( 2]) + Z 4T(G) — (pl — %) >
- Z k!

k
2
<\/2 Di<ici<n(dij)? + 20, Tr} _4J2n(G) - (pl - 207(LG)) )
k! '

+ >

k>ko+1
Hence, the last equality holds. Then the result follows. 0

Theorem 2.3. Let G be a connected graph of order n and diameter d. Then

1 \/n(n— )(dz4 2 D _pt1
(2.4) 5\/271(712 +4n—3) < DYE(G)<n—1+e ( * )
FEquality holds on both sides of (2.4) if and only if G = K;.

Proof. Lower bound. From (1.1), we get

(2.5) DYEA(G) =3 27 423 ele

=1 1<J

2a(c) ) 2J(G))

By the arithmetic-geometric mean inequality, we get

2
n(n—1)
(26) 22 . 20‘(6‘) ( pi— 20‘(6‘)) >n n _ 1 (H e . 20'7(lG) ( pi— 20'7(LG)>)

1<j 1<)

QJ(G n_lﬁ
=n(n —1) (He' n )

=n(n — 1)(6M1)5
(2.7) =n(n —1).
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By means of a power-series expansion and My = n, M; = 0 and

40%(Q)

)
n

i=1

1<i<j<n

We use a multiplier r € [0,4] to arrive at

n 20 " ? Y L
ZeQ(p"_$> >n 4+ 4 Z (dij)Q‘FQZTI‘?—SU (G)_Frzz(pk'”

i=1 1<i<j<n i=1 i=1 k>3

EEED SRCHEE) b\ G

1<i<j<n i=1 1<i<j<n

n 2 2
iy m? N Coun rDYE(G)
25 n

602%(Q)

n

=(1—7r)n— +@d=r) > (dy)’+2- ;)iTrf

1<i<j<n

+rDYE(G),

where from (1.3), we get

=1 k>0 1<i<j<n
k
202(0) | o (=
— " +r Z Z ( I ) ’

and hence the last but one equality follows.

Since 31 <iejen(dij)? > = and Y7 Tr? > n(n — 1)2, also by Cauchy-Schwartz
inequality we have (20(G))? = (X%, Tr;)? < n X%, Tr?, and then, for » < 1, we
obtain

(2.8)

i A5 > (1 -+ (4 - r)”<”2— 1,1 ; r

i=1

(n(n — 1)2) +rDYE(G).
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By substituting (2.7) and (2.8) in (2.5), and solving for DYE(G), we get

DYE(G) > ; (7‘ +/r2 = 2n(2r + 3) + 2n2(r +4) + 2n3(1 — ’I“)) :

It is easy to see that for n > 2 the function
1

f(z) = 5 (x - \/x2 —2n(2x + 3) + 2n%(z +4) + 2n3(1 — x))

monotonically decreases in the interval [0,1]. As a result, the best bound for DYE(G)
is attained for r = 0. This gives us the first part of the proof.
Upper bound. We have

. (pi B QJ(G))k
DEE(G) =n+ Y 3~
i=1k>1 k!
" pi— 20(0)"C
<n+ Z > —
i=1k>1
-k
1 & 2U(G)>2 ’
=n + ' Pi —
Sas|(- )
1 [& 20(G)\ ] :
k>1 " =1 |
_ k
1 n A2 :
E>1 k! | 1<i<j<n i=1 n

k
(\/2 Yicicien(di)? + i, Tr _40271(0))
=n—1+3 k!

k>0

\2 n 2 _402(G)
= — 14+ 6\/221§i<j§n(d27) +Zi:1 Tr; n

Since d;; < d for i # j and there are @ pairs of vertices in GG, we have

2 Zl§¢<j§n(dij)2 + Zzlzl TIZ2 —402n(G) S 2n(n271)d2 + n3(n4—1)2 — n(n — 1)2, so that

n(n—1) d2+M—n+l
D%E(G)gn—we\/ G )

Hence, we get the right-hand side of the (2.4).

Now, suppose that the equality in (2.4) holds, then all the inequalities in the above
argument must hold as equalities. In particular, from (2.6), we get py = pg = -+ =
Pn = @ (see [17]). Since, by Lemma 2.2, p; > @, a contradiction. Thus, the
left- hand side equality in (2.4) holds if and only if G is an empty graph. Since G is a
connected graph, this only happens in the case of G = K7, then the graph G has all
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zero D@-eigenvalues. Again, let the right-hand side equality in (2.4) holds, then from
(2.9), we get p1 = po = -+ = p, = @ Similarly, we get G = K; and the proof is
complete. 0

Now, we turn our attention to giving some lower bounds for the distance signless
Laplacian Estrada index in terms of other graph invariants.

Theorem 2.4. Let G be a connected graph of order n. Then

20(Q) —20(G)

(2.10) DYE(G) > e n 4 (n—1)ent-n,
with equality if and only if G = K,,.

Proof. Starting with (1.1) and using the arithmetic-geometric mean inequality, we get

_20(G) 20(G) 20(G)

D%E(G) =ePlT T e T e

1

- n i\ T
211) o o ([l )
1=2
1
(2.12) =5 L (n— 1) (&“’P—m) o

Consider the following function
(2.13) flz) =e*+ (n—1)ewr,
for x > 0. We have
fl(a) = e —em1 20,
for x > 0. It is easy to see that f(x) is an increasing function for x > 0. From (2.12)

and Lemma 2.2, we obtain
4 —20(G)

(2.14) D2E(G) > 5 + (n — 1)entn |
This completes the first part of the proof. Now, we suppose that the equality holds in
(2.10). Then all inequalities in the above argument must be equalities. From (2.14),
we have p; = %G), which implies that G is a transmission regular graph. From (2.11)
and the arithmetic-geometric mean inequality, we get po = p3 = - -+ = p,. Therefore,
G has exactly two distinct distance signless Laplacian eigenvalues, and then by Lemma
2.3, G is the complete graph K,.

Conversely, one can easily see that the equality holds in (2.10) for the complete

graph K,,. This completes the proof. 0
Remark 2.2. For a graph G of order n > 2 and size m, it was shown in [43] that
(2.15) EE(G) > e + (n—1)e mnD

with equality if and only if G is the empty graph or the complete graph. Since

o(G) > (g) > m and the function f(x) defined in (2.13) is increasing function, hence
our given lower bound for distance signless Laplacian Estrada index in (2.10) is larger
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than the above lower bound in (2.15) for usual Estrada index. If G is the complete

graph K, then 0(G) = (g) = m and therefore the bounds coincide.

Let M(G) = (TT~, Tri)% be the geometric mean of the transmission degrees se-
quence. Then %nG) > M (G) holds, and equality is attained if and only if Tr; = .-+ =

Tr,, (i.e., the graph G is transmission regular).

n

Lemma 2.6 ([44]). Let ay,as,...,a, be non-negative numbers. Then
1 n n n n 2
n Zai—<Hai> SnZai—<Za»> .
N i=1 i=1 i—1

Theorem 2.5. Let G be a connected graph of order n > 2. Then

S o=

1

g 9 /40‘2(G)—it112(G)n_20'(G) @(2,/‘%%) !
(2.16) DEE(G) >e nn=1) "+ (n—1)]e

with equality if and only if G = K,,.

Y

Proof. Using the arithmetic-geometric mean inequality, we obtain
20(G) 20(G) 20(G)

DE(G) =e” =% + e n 4 fefrw

1
o n o n—1
(2.17) >en =5 4 (n - 1) (1‘[ eri—? ff”)
i=2
_1
—er ) (%)
n I‘2
By Lemma 2.1, p; > 24/ Z:Tﬁ Setting /a; = Tr; in Lemma 2.6, we get
1
o | iy T} 20(G) ’ 2 ez )"
n — > ZTrZ- -n HTrZ- .
n n i=1 i=1

Combining this with Lemma 2.1, yields

218 . QJ 40*(G) — M*(G)n

n(n —1)

402(G)—M?2(G)n > 40(G)

It is easy to see that 2 =) > ==,

> 0.
n(n —1) n — n

ZJ 10°(G) = M*(G)n _ 20(G) _ 20(G)

Similarly to Theorem 3.4, we get the result. When G = K,,, we have p; = 2n—2,ps =
o= pp=n—2,0(G) = " and M(G) = n—1. Hence, DLE(G) = " '+(n—1)e"
and the equality holds.
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Conversely, suppose that the equality holds. Then from (2.17), we have py = -+ =
pn- Clearly 402(G) = M?(G)n if and only if n = 1. From (2.18), it follows that p; > 0
for n > 2. Thus G has exactly two distinct distance signless Laplacian eigenvalues,
and so Lemma 2.3 implies that G is the complete graph K. [l

Let G be a k-transmission regular graph. Then o(G) = 2 and M(G) = k and
hence we get the following observation.

Corollary 2.1. Let G be a k-transmission reqular graph. Then
DYE(G) > ¢k + (n— 1)enT,
with equality if and only if G = K,,.

We recall Holder inequality. Let aq,...,a,, by, ..., b, be non-negative real numbers,
p,q > 1and%+%:1. Then

> aib < (Z af) ' (Z b?)
i=1 i=1 i=1

Here, we give the lower bound for DEE(G) in terms of n and o(G).

1
q

Theorem 2.6. Let G be a connected graph of order n. Then

DYE(G) >n+2 (“(G)y

n

Proof. By Holder inequality for p = ¢ = 2, we have

20(G) = ;n;Tri <vn (i; Tr§>é :

Hence,
(2.19) S T >
i=1

Now, by Cauchy-Schwartz inequality, we have

402(@G)

n .

Hence,
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Thus, we have

20%(G)

n

1 n
DEE(G) >n+ Y (dy)*+ 3 > Tri —
=1

1<i<j<n
20%(G) N 20°(G)  20*(G)
n?2 n n

:n+2<U(G)>2. O

n

>n +

Corollary 2.2. Let G be a connected graph of order n. Then

2
1
DeEG) > " 2+ .

Proof. Since d;; > 1 for i # j and there are @ pairs of vertices in GG, from the
lower bound of Theorem 2.6, we get

2 n(n—1) 2 2
el 1
DgE(G)>n+2<U<G)> Zn+2(2) :”; : O
n n

Hence, the result.

3. DISTANCE SIGNLESS LAPLACIAN ESTRADA INDEX OF SOME CLASSES OF
GRAPHS

In this section we obtain the distance signless Laplacian Estrada index of some
classes of graphs.

Lemma 3.1. Let G be a k-transmission reqular graph of order n. Then
DYE(G) = DEE(Q).

Proof. Note that the distance signless Laplacian spectrum of the graph G consists of
k+p >k+ps >--- > k+ pp, where g > --- > p, is the distance spectrum of G.
Also it is easy to see that o(G) = . Then DYE(G) =" eMtmik = DEE(G). O

The Cartesian product of two graphs G and H, denoted by G x H, is the graph
with vertex set V(G) x V(H) and two vertices (u1,us) and (v, v2) are adjacent if and
only if u; = vy and ugvy € E(H) or us = vy and ujv; € E(G).

Corollary 3.1. Let G be an r-regular graph of diameter at most 2 with an adja-
cency matriz A and Spec(G) = {r, Xa, ..., \n}. Then, the distance signless Laplacian
FEstrada index of H = G X Ky is

DgE(H) =T L e — 1+ Z em i1,
i=2
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Proof. Let V(G) = {v1,vq,...,v,}, V(K2) = {wy,ws}. From the fact
dH(<Ui7 wj)a (Us; wt)) = dG(”ia”s) + dKz(wja wt) = dG(Uiva> + 17

we see that all vertices of H have the same transmission and Trpy (v;, w;) = 5n —2r —4.
So Tr(H) = (5n — 2r — 4)I. Then o(H) = "(5"%2“4). Note that H = G x K3 has
distance spectrum (see [30])

Sn—2(r+2) —2N+2) —n 0
Spec(H) = ( )

1 1 1 n-—1
for i =2,...,n. Then

DEE(H) = pepn—1+Y e O
i=2
Given a graph G, the graph GV is obtained by joining every vertex of G to every
vertex of another copy of G.

Corollary 3.2. Let G be an r—reqular graph with an adjacency matriz A and
Spec(G) = {r,Ag, ..., \n}. Then, the distance signless Laplacian Estrada index of
GVG is

DgE(GVG) _ e3n7r72 + 67177"72 + 22672/\1'74.
i=2
Proof. For v € GVG, it is easy to see that Tr(v) = d(v) +2(n —d(v) — 1) +n =
3n—d(v)—2 = 3n—r—2. Then GVG is a transmission regular graph and Tr(GVG) =
(3n —r — 2)1. Note that the GVG has distance spectrum (see [30])

3In—r—2 n—r—2 —2(\+2)
Spec(GVG) = :
1 1 2

fori=2,...,n. Then

DRE(GVG) =72 4 em "2 23 et O
i=2
Next, we obtain the distance signless Laplacian Estrada index of the lexicographic

product G[H| of two graphs G and H. The following definition of the lexicographic
product of G and H is from [9].

Definition 3.1. Let G and H be two graphs on vertex sets V(G) = {uy, ug, ..., up,}
and V(H) = {vy,vq,...,0,}, respectively. Then their lexicographic product G[H] is
a graph defined by V(G[H]) = V(G) x V(H), the Cartesian product of V(G) and
V(H) in which u = (uq,v1) is adjacent to v = (ug,v9) if and only if either

(a) uy is adjacent to vy in G, or

(b) uy = vy and uy is adjacent to vy in G.
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Corollary 3.3. Let G be a k-transmission regular graph of order p. Let H be an
r-reqular graph of order n with adjacency eigenvalues {r, Ao, ..., An}. Let {p1, ..., up}
be the eigenvalues of the distance matriz D(G) of G. Then

p n
D%E(G[H]) = 22 Z e 4 ned Z e~ 2N,
i=1 j=2

Proof. For v € G[H], it is easy to see that Tr(v) = r4+2(n—r—1)+kn = kn+2n—r—2.
Then G[H] is a transmission regular graph and Tr(G[H]) = (kn + 2n —r — 2)I. Note
that G[H| has distance spectrum (see [29])

npi+2n—r—2 —2(\+2)

Spec(G[H]) = :
1 n
fori=1,...,pand 7 =2,...,n. Then
P n
DEE(GH]) = 2 e fne Y e, O
i=1 j=2

Theorem 3.1. Let G be an r-regular graph of order n, size m and diameter at most
2. If {2r,qo, ..., qn} are the eigenvalues of the signless Laplacian matriz Q(G) of G,
then

DgE(G) _ 62(n2—n—m) + Z e?m—2n—nqi‘
1=2

Proof. We know that the transmission of each vertex v € V(G) is Tr(v) = d(v) +
2(n —d(v) — 1) = 2n — d(v) — 1 and so transmission o(G) of G is 0(G) = n* —n —m.
Also

D?(G) = Tr(G) + D(G)

(2n — 2)I — 1T +2J — 2I — A(G)
(2n — DI +2J — Q(G),

where J is the all ones matrix. Then

Q n P'*2U(G) (4n72r74) 2(n —n—m) n 2n 4 q 2(71,2777,7777.)
DEE(G)=> el "n =e Z i "
) n
:eQ(n —n—m) + Z €2m72n7nqi' 0
=2

As an immediate consequence of the above theorem, we get the following.

Corollary 3.4. Let G be an r-reqular graph of order n, size m and diameter at most
2. If {r, Ao, ..., \u} are the eigenvalues of the adjacency matriz A(G) of G, then

DgE(G) _ e?(nz—n—m) + Ze—n()\i—lﬂ).
1=2
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4. RELATIONS BETWEEN DISTANCE SIGNLESS LAPLACIAN ESTRADA INDEX AND
DISTANCE SIGNLESS LAPLACIAN ENERGY

The energy E(G) of a graph G is equal to the sum of the absolute values of the
eigenvalues of the adjacency matrix of G. This quantity, introduced first time in [20]
and having a clear connection to chemical problems, has now attracted much attention
of mathematicians and mathematical chemists. We observe that several interesting
results have been obtained for the energy of different graph structures. The pioneering
paper [20] further proposes the study of energy in graphs with an analogue of the
energy defined with respect to other (than adjacency) matrices assigned to the graphs.
This proposal has been put into effect and extended: the energy of a graph with
respect to Laplacian matrix as well as the energy of a graph with respect to distance
matrix, have been studied (see [25,30] for more details in this subject). Recently,
Alhevaz et al. [1] have considered a new kind of energy with respect to the distance

signless Laplacian matrix, the concept of distance signless Laplacian energy, denoted
by Epe(G), and defined as

n

Epe(G) = Z p

=1

o za(G)"

n

In this section, we obtain some relations between Epe(G) and DZE(G) for a simple
connected graph G.

Theorem 4.1. Let G be a connected graph of order n with diameter d. Then

DYE(G) — Fpe(G) <n —1 — Jn(n— 1) <d2+n2(n—1) —n—l—l)

4
n(n—1) 24200
(4.1) + e\/ (% )

or

(4.2) DYE(G) <n—1+ ePfpe@,
FEquality holds in (4.1) or (4.2) if and only if G = K.
Proof. From the proof of Theorem 2.3, we have
0 - (Pz‘ - QUfLG))k " pi — @‘k
DEE(G) :n+ZZT §n+;;T.

i=1k>1

Taking into account the definition of the distance signless Laplacian energy, we get

" C 20(@) |F
DE2E(G) <n+ Epe(G)+ 3.3 M,

|
i=1 k>2 k!
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which, as in Theorem 2.3, leads to

QU(G)
DYE(G) — Epe(G) <n + Z Z ‘
i=1k>2 k!
" 40%(G
Sn—l— 2 Z (dij)Q—FZTl"?—U( )
1<i<j<n i=1 n
+ e\/221§i<j§n(dij)2+2?:1 T} 7%.
One can easily see that the function f(x) = e — x monotonically increases for
x > 0. Therefore, the best upper bound for DYE(G) — Epe(G) is obtained for
2 Y cicjen(dig)? + 20, Tr} 402”((;) < 271(712_1)612 + ”3(n4_1)2 —n(n —1)%, and we get

DYE(G) — Epe(G) Sn—l—Jn(n—l) <d2+nQ(n_1)—n+1>

4
N 6\/n(nl) (d%»@*?ﬁ&) ‘

Another way to obtain the relation between DEE(G) and Epe (@) is as follows:
G)’
DYE(G) <n + Z Z
=1 k>1
" 20(G)|\"
<n+y - <Z pi — >
=1 n
E k
—n + Z DQ )
k>1
(Epe( )’“
=n—1+ Z D
k>0 k!
implying
DYE(G) < n—1+efre(Q).
Also, equality holds in (4.1) or (4.2) if and only G = Kj. O
Lemma 4.1 ([31]). Let xy,...,x, be positive numbers. Then
n
ﬁ S \/T1X2 ... Ty.
Lemma 4.2 ([8]). Let ay,...,a, and by, ..., b, be real numbers. Then

(g:l az‘) : (g bi) < ngaibi.
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FEquality occurs if and only if ay = -+ =a, orby =--- =b,.

Theorem 4.2. Let G be a connected graph of order n. Then

9 2 2
—4/2 o d: 2+ TL T2_4U (G) \/2 o dis 2+ 7.L T2—4U (G)
e \/ Zl§z<]§n( ZJ) Ez:l r; n S EDQ (G) S e Zl§z<3§n( 1.7) Zz:l i n .

Proof. First we prove the given lower bound. By definition of the energy and by the

arithmetic-geometric mean inequality, we have

20(6)| _ (12 . 20(G)|>

n "= n

n

Epe(G) = Z P

=1

(2

%

20(G 20(G 20(G
ZTL(d p1— ( )’ p2 — ( )’ n — 72 )
By Lemma 4.1, we have
20(G) | | 20(G) | 20(G) | n
nlaJlpp———=lp2——=|...|pn — >n -
J ! n 2 n n i=1 ‘p,_zlcr(cn

S n

n
- n n o(G

i:l‘pi_%zizl Pi — 27(1 )‘
n
>n - n 220 (by Lemma 4.2)
ny i ’pi_Qa(G)| Pi— —, ‘
> n > t
Zn n o
- 200Gk T 1 n 20(G) [\ *
ks w 2 ok>0 7 ( i=1 (Pi T D
1
> 1 (by (22)
o 2
Zkzoﬁ ( i=1 (Pz’_ : éG)D )
1
(by (1.2)).

Sz (V2 Srzicsznl(dy)? + 50, T 20

_ Yo NP 2 402(G)
Therefore, we have Fpe(G) > e \/2219<75"(d”) T TS
Now, we prove the given upper bound. We have,

20(@) <Y
n i=1

n

Epe (G) = Z P

i=1

_ 20(G) |

Pi

7
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:Z": (pi_n’)kzzli<pi_20((;)>k
i=1 k>0 k! k>0 ki n
k
n 2\ %
< E > ( i — 20(G) ) ( by inequality (2.2))
k>0 kU= n

kol

+Zn:Tr?—402n<G)) (by Eq. (1.2))

I
[ =
)
—
S
<
N~—
[\

k>0 1<i<j<n i=1
k
1 2y 40%(G)
=27 \IQ > (dy)?+ 3 Trf——
k>0 1<i<j<n i=1
:@\/2 El§i<j§n(dij)2+zzl:1 T} _%,
and the proof is complete. O

Theorem 4.3. Let G be a connected graph of order n. Then

1
(4.3) Epo(G) > -
’ 2 cicien(di)? + 30, Tr2 22 G)

n

Proof. By definition of the energy and by the arithmetic-geometric mean inequality,

we have
o QU(G)i . (:LE": ) 2a£G)D

=1

n

EDQ(G) = Z

=1

[

20(G 20(G 20(G
ZTL(dpl—( >‘02—( >‘ n_i( )D
n n n
By Lemma 4.1 and Lemma 4.2, we have
20(G) 20(G) 20(QG) n
n| - — .. |Pn — >n
$ P1 0 Hﬂz n p n z o |p'_@|
> n > n
n n n 20(G =N n 20(G
o e S = 555 ) 7 D e - 5
S n ) S 1
_n n g G - k
n2 Y |pi — Ln)‘ 1 ( Pi — LT(LG) D
1 1
> =

)

(S (o= 9)) T rsiepenld)? S T )

Hence, for k = 2, we arrive at (4.3). O
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5. CONCLUSIONS

In this paper, we have defined the distance signless Laplacian Estrada index, where
we have given some upper and lower bounds for DE(G) in terms of other graph
invariants. Also, we have obtained the distance signless Laplacian Estrada index
for some classes of graphs. Moreover, we derive some relations between DgE(G)
and the distance signless Laplacian energy of GG. It would be interesting to give an
expression for DYFE(QG) in terms of the ordinary Estrada index in certain classes of
graphs. Alternatively, one could possibly consider the range of values for DgE (G)
over some family of graphs of fixed order, for example, trees on n vertices.
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CERTAIN PROPERTIES OF APOSTOL-TYPE
HERMITE-BASED-FROBENIUS-GENOCCHI POLYNOMIALS

WASEEM A. KHAN! AND DIVESH SRIVASTAVA'!

ABSTRACT. This paper is well designed to set-up some new identities related to
generalized Apostol-type Hermite-based-Frobenius-Genocchi polynomials and by
applying the generating functions, we derive some implicit summation formulae
and symmetric identities. Further a relationship between Array-type polynomi-
als, Apostol-type Bernoulli polynomials and generalized Apostol-type Frobenius-
Genocchi polynomials is also established.

1. INTRODUCTION

Let a,b,c € R, a # b and z € R. The generalized Apostol-Bernoulli, Euler
and Genocchi polynomials with the parameters are given by means of the following
generating function as follows (see [1-17]):

(1.1) ()\btt_at)a = ;Bff‘)(a:; Ara,b, C)ZL!,

where || = 1, tln%’ < 2m,

(1.2) (2>a = i E(z: \;a,b, c)ﬁ,
Abt + at o n!

where [A| =1, tln%’ <, and

(1.3) ()\thj—at)a = T;)Gq(f“)(x; A;a, b, c):;,

Key words and phrases. Hermite polynomials, Frobenius-Genocchi polynomials, Apostol-type
Hermite-based Genocchi polynomials.
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860 W. A. KHAN AND D. SRIVASTAVA

where || = 1, g’ <.

It is clear from (1.1), (1.2) and (1.3) that B (x;\1,e,e) = B,(x;)),
E(z; )\ 1,e,e) = E,(z;A) and G (x5 )1, e,€) = G (x5 \).

Recently, Kurt et al. [3] and Simsek (see [13,14]) introduced the Apostol type
Frobenius-Euler polynomials defined as follows.

Let a,b,c € R, a # b, x € R. The generalized Apostol type Frobenius-Euler
polynomials are defined by means of the following generating function:

a' —u : xt - a "
(1.4) <)\bt — u) "t = Z:: H'(z;u,a,b,c, /\)5

For x =0 and o =1 in (1.4), we get

al —u
=Y H,l b; A
N —u nzo (u-a, )
where H,(u,a,b; \) denotes the generalized Apostol type Frobenius-Euler numbers
(see [14,16,17]).
On setting a =1, b =e, A =1 in (1.4), the result reduces to

T—u\® 4 &, T
( )et—ZOHfl)(x;u)n!, a € Z,

el —u

where H(®(z;u) is called classical Frobenius-Euler polynomial of order a.

Observe that H(Y(z,u) = H,(x,u) which denotes the Frobenius-Euler polynomials
and H{®(0;u) = H(®(u), which denotes the Frobenius-Euler numbers of order a.
H,(z;—1) = E, (), which denotes the Euler polynomials, (see [7,11,15]).

Very recently, Yagsar and Ozarslan [17] introduced Frobenius-Genocchi polynomials
defined by means of the following generating relation:

(- Nt

1.5 —— Gl (x; A
(15 e S AL
Taking A = —1 in (1.5), we get Genocchi polynomials
2t
et T 1 Z G 7', |t| < Tr.

Pathan and Khan [10] introduced the generalized Hermite-based Bernoulli polyno-
mials ;B (x,y) of two variables defined by

l “ xt+yt?
(et—l) " ZHB

which is essentially a generalization of Bernoulh numbers, Bernoulli polynomials,
Hermite polynomials and Hermite-Bernoulli polynomials B, (z,y) introduced by
Dattoli et al. [2, page 386, (1.6)] in the form

EN prre
() e = R ubten

’fL
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Definition 1.1. Let ¢ > 0. The generalized 2-variable 1-parameter Hermite Kamp’'e
de Feriet polynomials H,(z,y; ¢) polynomials for nonnegative integer n are defined by

- ¢
(1.6) Y =N H,(x, y;0)

This is an extended 2-variable Hermite Kampé de Fériet polynomials H,(x,y) defined
by (see [5-7,10])

ey tn
€ U = ZHn(wﬁy)m

Note that H,(x,y;e) = H,(x,y). In order to collect the powers of ¢t we expand the
left hand side of (1.6) to the representation

(5]
(1.7) H,(z,y;c —n'z

th)n 2]1,71 2jy]

Jl(n —2j)!

Simsek [13] constructed the )\-Stlrhng type number of second kind S(n,v;a,b; \)
by mean of the following generating function:

(1.8) ZSnuab)\)n A =)

!
n—0 V.

)

and the generalized array type polynomials is defined by Simsek (see [13, page 6,
(3.1)])
" (/\bt —at)”

vl

S8 (s 0, b )\) b,
n=0
Kurt and Simsek [3] introduced the polynomial Y, (z; \; a), which is given by the

following generating function:

t
Aat — 1

o tn
(1.9) = 7;)Yn(x; A a)m, a>1.
We also note that for x = 0, above equation gives a relation as Y,,(0; A\;a) = Y, (\;a)
(see [13,14]). Again if we set z =0 and @ = 1 in (1.9), we get

The paper is organized as follows. In Section 2, we introduce generalized Apostol-
type Hermite-based Frobenius-Genocchi polynomials ;G (x, y;u, a,b, c; \) and their
properties. In Section 3, we derive some implicit summation formulae for general-
ized Apostol-type Hermite-based Frobenius-Genocchi polynomials. In Section 4, we
give general symmetry identities by using different analytical means and applying
generating functions and last Section 5, we find relation between A-type Stirling poly-
nomials, Apostol-Bernoulli polynomials and generalized Apostol-type Hermite-based
Frobenius-Genocchi polynomials.
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2. GENERALIZED APOSTOL-TYPE HERMITE-BASED-FROBENIUS-GENOCCHI
POLYNOMIALS G (xz, y;u;a,b,c; )

The intent of this section is to define the generalized Apostol-type Hermite-based-
Frobenius-Genocchi polynomials ;G (x,y; u; a, b, c; \) with suitable properties.

Definition 2.1. For a,b,c € R, a # b, z,y € R, the generalized Apostol-type
Hermite-based Frobenius-Genocchi polynomials H9§3>(z, y; u;a.b.c; ) of order v are
defined by means of the following generating function:

¢ o )
(2.1) <(au)t> =3 S (2, g us a, b, ¢ )

A — —

Remark 2.1. For y = 0 (2.1) reduces to

tn
a.

<(i;t__uit> ) = ;;O S\ (z;u; a, b, ¢ )\)f:!,
where G\ (z;u;a, b, c; \) is known as Apostol-type Frobenius Genocchi polynomials
of order « (see [8]).
Remark 2.2. On setting x =y =0 and a = 1 in (2.1), we have
t e e} n
where G%(u;a.b.c; \) denotes the generalized Apostol-type Frobenius-Genocchi num-
bers.

Remark 2.3. If we set a =1,b=c=e, u= —1, then (2.1) immediately reduces to
Hermite-based Genocchi polynomials (see [6,7])

( 2t )ae“ _ S aGO @,y ), ] <
et + 1 — "

Now we give some properties of the generalized Apostol-type Hermite-based- Frobe-
nius Genocchi polynomials ;G (z,y;u; a, b, c; \), which are stated in terms of theo-
rems as follows.

Theorem 2.1. Fora,b,cc R, a#b, 2,y € R, A€ C, k € N, a € Z, the following

result holds true

(2.2) (2u—1)> (Z)HST(I’ y;u;a,b,c;N) Gp(2;1 —usa, b, e N)

r=0
:’I'L(U - ]-)Hgn—l(x + 2, Y usa, ba & )\) + nqun—l(x + Y, 1- u,a,b, & )‘)

+> <n> (Ina)" ™" yG,(z + z,y;u;a,b, ¢, \)

r=0 r

- <n> (Ina)" "G (x4 2,4;1 —u,a,b,¢; ).

r=0 r
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Proof. In order to prove (2.2), for a« = 1, we get

(2.3) (20— 1) (M) ctyt? <(§;t_—(11__u£t> ot

[ 1 1
—2(qt — b (1 — (z+z)t+yt o )
(@ —u){@ = (1 —u))e Nt —u A — (1)

Employing the result of (2.1), (2.3) reduces as

) 'r tn

(2.4) (2u—1)> uS(, y,uabc)\)r ZSn(z; uabc/\)n'
r=0 : :

t
=(a" — (1 —u)t) ZHS a:‘—i—zy,uabc)\) — (' —u)t
r=0
xi Go(z+ 2 '1—U'ab6')\)ﬁ
HIr ' Y5 y Uy Uy &y rl

r=0

Using [15, page 100, (1)] (2.4) reduces to

(2.5)
(o ¢] n tn
(2u — 1) ZZ( )HS (z,y;u;a,b,¢; ) gGn— r(zy,l—u;a,b,c;/\)ﬁ

n=0r=0

oo t,r,
=(a' = (L =w)t) Y 5Sr( + 2,y;u,a,b,¢; )\)—' — (a" —u)t
r=0 r
o t,r.

XZHS (x4 z,y;1 — uabc;/\)H

oo tT+1 0 tT‘+1
=(u—1) ZHer—l-Zy,uabc/\) —i—quS $+Zy,1—u,a,b,c;/\)—‘
r=0 r=0 r

—l—ZZ(Z) (Ina)" "y x+zy7uabc)\)

n=0r=0

n

—ZZ()lna"’“ a:—l—zy,l—u;a,b,c;/\):!.

n=0r=0

On comparing the coefficient of t" from the above equation, we arrive at our desired
result. 0J

Theorem 2.2. Fora,b,c e R", a#b, z,y e R, A€ C, k € N, a € Z, the following
relationship holds true

n

2.6 HS(_O‘) —x,—y;u;a,b,c; A\ HS(Q: ) x,y;u;a.b.c; N) = S (4 a, by ).
k=0
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Proof. In order to prove (2.6), replacing = with —z, y with —y and « with —a in
(2.1), we get get

- tn AR .
(2.7) ZH9$; (—x,—y;u;a,b, ¢ )\)n! <(au)> o (@t+yt?)

= Y

Making use of the above equation in the left-hand side of (2.6), we can write

> th> tn (at —u)t\ ™
kZ:%H%( Z/,U@bC)\)k,ZHS (fovuabC)\)n! (Abt—u> :

We can write the above equation as

00 koo tn
> Gy~ y7uabc/\t29(am(asy,uabc)\)
k=0
—29( m)uab)\)

n=0

Using [15, page 100, (1)] in the above equation and then comparing the coefficients
of t", we immediately come to our desired result (2.6). O

Theorem 2.3. Forn > 0, p,q € R, the following formula for generalized Apostol
type Frobenius-Genocchi-Hermite polynomz'als holds true

ffgg?k<$7y;uaaabac;A)

I?ggw(px7qy;u7aabvc;A 2: 01 k

% —1zIne) % ((¢g—1)yln c)
N .

Proof. Rewrite the generating function (2.1), we have

(o.) t’n
> 195 (P, gy, a,b,¢0) —
n=0
_ (a" —u)t : mtyt? (o= Dat (q—1)yt>
At —u

B (Z #9 (@ g0 brc A)i!> (Z((p ~ Dzl CV;;) X (Z((q — Dyln c)jtj!)

n=0 k=0 §=0

. k+27
= (ZHS; (x,y;u,a,b,c;\) ) (ZZ —Dzlne)*((¢—1)ylnc) tk;;! ) :

n=0 k=0 75=0

Replacing k by k — 27 in above equation, we have

i " 00 n
> w9 (0, ayiusa, b6 M) = <Z 19 (2, 5w, a, b, ¢ \)— >

n=0 n=0
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k
oo 3] , , tk
_ k—2j _ J
X g; DzInc)™*((¢g —1)ylnc) 2
(5]
oo 00 5 ) ) tn-‘,—k’
:7;) g ; 9(a l' , Y, u, a, b C; )\)(( — 1>CE In C)kiQJ((q — 1)y1n0)]m
Again replacing n by n — k in above equation, we have
oo t’n
> uSY (p, gy u, a,b,60) —
n=0 n
o n [3] ' .
=33 Y uG @y ua b g N((p — D) (g — ylney
n=0 k=0 j=0
X rr
(k —25)l5l(n — k)I
Finally, equating the coefficients of t” on both sides, we acquire the result. 0

Remark 2.4. By taking ¢ = e in Theorem 2.3, we get the following corollary.
Corollary 2.1. Forp,q e R, z,y € C and n > 0, we have

29 (p, qu; u, a, b; \)
[

[NIES

n

|
k=0

L((p — 1)) ((q — 1))
: (k — 25)!5! )

Theorem 2.4. Forn >0, p,q € R and x,y € C, we have
(2.8) 7S (pz, qy; u,a,b,¢; \)

_Z ( ) o k (x,y;u,a,b,c; \)Hi.((p — D)z, (¢ — 1)y; ¢).

J

Proof. In order to proof above result, we set x as pr and y as qy in (2.1),

00 m _ ¢ @
nZ::OHS; (pz, qy;u,a,b,c; )\) i (M) Ayt (o=t (g— 1)yt

oo X tk
=Y uS @,y ua,b,60) = >0 Hi((p = D, (¢ = Dy o) 5
= n! = k!

By assistance of [15] and then on comparing the coefficients of ¢, we have arrive at
our result. 0

Theorem 2.5. Forn >0, p,q € R and x,y € C, we have

n

H9(a+6)(x+z y+z;u,a,b,c0) = Z (Z)Hggca)(x,z;u; a,b,c;\)
k=0
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X 1S (2, y:u;0,b, ¢ 0),

n Sl (2w, 2y; 0?0 AN = 3 (Z) uS (@, ysusa,b,0 )
k=0
X g H % (2, y; —u; a,b, ¢ \).
Proof. Proof of these identities can be solved by making use of (2.1) and (1.5) with
some required calculations. 0

3. SUMMATION FORMULAE FOR GENERALIZED APOSTOL-TYPE
HERMITE-BASED-FROBENIUS-GENOCCHI POLYNOMIALS

Here in this section, we provide the implicit formulae for generalized Apostol-type
Hermite-based-Frobinis-Genocchi polynomials.

Theorem 3.1. For a,b,cc RT,a#b, z,y € R, A€ C, k€N, a € Z, the following
relation holds true

k|l
31 S (eyiuabe ) = 2:(Z>Cj@—wrﬁwm@m%

n,m=0 m n

X Hgl(cci)n—l-l—m(xv Yy, u;a, b7 G )\)

Proof. Replacing t by ¢t + w in (2.1) and then using ([15], page 52, (2)), in the above
equation, we get

(t+w) _ t+ @ 00 N
(3.2) <(a Abﬁwu)( w)> H(t+w)? =S 81 (@ ysusa b, N)
—u k,i=0

th w!
kL

Replacing = by 2z and then equating the obtained equation from the above equation
(3.2), we get

tF !
E

. w i a tk wl s @
) N w G a b X)) g = X nSi(e yrusab e A)

Al
k,1=0 kb k,1=0

Expanding the exponent part of left-hand side, the above equation converts as

< (lnc)[(z —x)(t+w)]V & o tF w!
sy WHEZDEEOT S 60 ey b e )
N=0 : k,1=0 Dbl

[e'e) N tk wl

= H91(c+)l(zay;u;a,b7 & A))HW'

k,1=0
On comparing the coefficients of equal powers of ¢t and w after taking the reference
of [15, page 52, (2) and page 100, (1)] to the above equation, we attain our required
result. U

Corollary 3.1. For |l =0, the above result reduces to
k

k
1S\ (2 yiwia b N) = ( )(2 — 2)"(ne)" 4G\ (z,y;u;a,b,c; N).
n

n=0
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Theorem 3.2. Fora,b,cc Rt a#b, 2,y e R, A€ C, ke N, aecZ, n>0, the
following relation holds true

1S (2, ysusa,b,60) = Y <n>97(1a)m(u§aa b; A) Hn (2, y; ¢)-
m

m=0
Proof. From equation (2.1) and (1.7), we have
= a tr (a' —u)t\" wt+yt?
nz:OHS()(xy,uabc)\) i ()\bt—u> "ty
tm

:ZS% uab ZH xT,1;cC
n=0 !

On using [15, page 100, (1)], and then comparing the coefﬁment of equal powers, we
have the required result. 0

Theorem 3.3. For a,b,c € R*, a#b, z,y € R, \€ C, k € N, a € Z, the relation
holds true

n

nS\ (@ + L ysuia b, 0) = Y (:) (Ine)" " u G (@, yswsa, by s ).

m=0

Proof. Replacing z by x + 1, (2.1) reduces to

s tn t o t 6% )
ZHgv(@ (x 4+ 1,y;u;a,b,c; \)— <(au)> catDi+yt

o n! bt —
(a' —u)t\" (zt+yt?) t
:<)\bt—u e
tm . (Inc)™tm
= @ Do) — Y
Using [15, page 100, (1)] and on comparing coefficient of ", we have the required
result. 0

Theorem 3.4. For a,b,ce R, a#b,z,y e R, A\ € C, k € N, a € Z, the relation
holds true

H9%&+1) (I, yi s a, b, ¢ )\) _ Z <n>9n_m(u7 a, b, )‘)Hggs)(% ysusa, b7 )\>
m=0 m

Proof. Replacing o by ae+ 1 in (2.1), we have

(a' —u)t " Gt _ (" —wt) ((a' = wt)" s
At — Abt —u Abt —u

o0 tm
—Z Gn(u; a, b; )\) Z HS;?)(:E,y;u;a, b,c; \)—
n=0 ! m=0 m!

Making use of [15, page 100, (1)] and then on comparing coefficient of t", we lead to
our required result. O
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Theorem 3.5. Fora,b,c e Rt, a#0b, x,yec R, A€ C, k€N, a €Z, the relation
holds true

[

NIE

]
TL' (o)

Hggza) <y7 Tu;a, b7 G )‘) = mgna—ﬂc(y7 u; a, b7 & )‘) (J: In C>k'

k=0

Proof. Interchanging x and y in (2.1), we have

(a,t _ u)t a yt*mtz o ' n
(Abt—u Z 9 y,x,u, a,b,c; )\)g
e t2k
— Z 97(104)(% u;a,b,c; )\)7‘ Z(I In C)k—.
n=0 n: =0 k!

Making use of [15, page 100, (3))] and then on comparing coefficient of ¢, we lead to
our required result. 0

4. SYMMETRIC IDENTITIES

In this section, we establish symmetric identities for generalized Apostol type
Hermite-based Frobenius-Genocchi polynomials by applying the generating function
(2.1). Such type of identities have been introduced by many authors namely Khan
6], Khan et al. [5,7] and Pathan and Khan [10-12].

Theorem 4.1. Let a,b,c >0, a# b, x,y € R and n > 0, the following relation holds
true

(4.1) ( )bk nok 9 (b:z:, by u; A, B, c; )\)HQ;O‘)(ax,aQy;u;A,B,c; A)

>
5

( ) kbn_kggla_)k(ax,fy;u;A, B, c; /\)H9§€a)(bx,b2y;u; A, B, c; \).

Proof. In order to proof (4.1), we suppose a function H(t) as

[ (A —w)at\ (AP =)D\ s a2izge)
H(t)_[< ABat — )\Bbt_u ¢ ’

The above expression is symmetric in @ and b hence we can write above equation into
two ways as follows:

(4.2)
H(t) = i S\ (bx, b?y; u; A, B, ¢;

Sy

n=0 k=0

(bt)*
Kl

(az,a’y;u; A, B, ¢; \)

’I’L

( )bk " ng L(bx, b*y;u; A, B, ¢; )\)H9k (az,a’y;u; A, B, c; )\)
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Again we can write

(4.3)
H(t) 27;]1{951“)(@90,&2%%14,3,0'/\ ( i Z S (ba, bPy; u; A, B, ¢; )\)(k')

n

t
_ZZ< ) A0 F S (ax, a?y;u; A, B, e; \rSyY (ba, by; u; A, B, c; Mo

n=0 k=0
Comparing (4.2) and (4.3), we arrive at our desired result. O

(
Corollary 4.1. For a =1 in Theorem 4.1, we have the following symmetric identity:

1
( )bk R Gk (bx, Py us A, B, e; N g Sk(ax, a*y;u; A, B, c; M)

Z
Z ) a" b 4Gk (ax, a®y;u; A, B, ey N g S (ba, by; u; A, B, c; ).

Theorem 4.2. Let a,b,c >0, a # b, z,y € R and n > 0, the following relation holds
true:

=0 5=0

n a—1b—1
] a b .
Z ( ) Z Z (Z+])bka”_kH9$L_)k (Zm + Zi+ by u; A, B, ¢ A)
k=0 a
X Séa)(az,o;u;A, B,c; \)

n b—la—1
=> 3> (- )(+9) (k) akb”_nggfl_)k (ax + %i + 4, a%y;u; A, B, ¢ )\)

k=01i=0 5=0
X Slga)(bz,O;u; A, B, c; \).
Proof. In order to prove above result, we suppose (t) is

1) = (A% —w)at [ (AY —u)bt\]" (1+ A(—l)a+lcabt)2Cab(ﬁz)tﬂgbgytz
ABat — ABY — (Ac®t 4+ 1)(Ac? + 1)

Aat B u)at abxrt+a « [ (Abt B U)bt ¢ abz = i Ja
:< BT —u ) R MC&( A=y ) A
i= j=

Using [15, page 100, (1)] we have

a—1b—-1 ) b
Z Z < ) ST (=N G, (b 4 =i+ by us A, B e )
0 k=0 i=0 j=0 a

x G (az;u; A, B, c; A)*,
n

On the other hand, we have

o n b—1la—1
=S5 (1) S S g (i A B )

n=0 k=0 =0 j=0
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a "
X 91& ) (bz;u; A, B, c; \) -
n
On comparing both the results, we have the required relation. 0

5. RELATION BETWEEN A\-TYPE STRILING NUMBERS OF SECOND KIND,
APOSTOL-BERNOULLI POLYNOMIAL AND GENERALIZED APOSTOL-TYPE
HERMITE-BASED-FROBENIUS-GENOCCHI POLYNOMIAL

This section deals with some relationships in between Array-type polynomials,
Apostol-Bernoulli polynomial and generalized Apostol-type Hermite-based Frobenius-
Genocchi polynomial.

Theorem 5.1. For a,b,c e R*, a#b, 2,y e R, \€ C, ke N, a € Z and v be an

integer, then we have
n l
>y (T )( ) (k:,v,l,b;A)
2Vk: 0 m=0 u
v) (

1
X YTELfk a; a) Hlfm<x>y)'

Proof. In order to proof above result, we replace of ¢ with b and a with —v in equation
(2.1), we get

(5.1) 29 (2, y;usa, b, by N)

00 n t__ (=v) )
S 1S (g, by b A = (W> it

= n! — \ A —u

On arranging the above equation, we arrive at

> tn (30 = 1) bt g
(—v) - N — () A\ v
nzz:OHgn (‘rayauﬂa’baba A)n' (V) (1/') (%t_l)ytlf ty-

By assistance of (1.8) and (1.9), above equation reduces to

0o tn+2u A tk
(5.2) ZHS;_”)(m,y;u;a,b,b; A) o =(v!) ZS(n v, 1,0b; )

|
n=0 : k=0 k!

2l/.’f'nOO

XZYn(ly)(v ; ) ZHIZ‘?J,
m=0

Using Lemma [15, page 100, (1)] we get

00 ) tn+2u co m l m l A
S wGC (2, ws a, b, by ) |ZZZ< ) S (k01,02
n=0 ! =0 hmom=o \ K m u

l

1 t
y® (1 )H zyb
XYk u’ ;@ I— (SL’ Y; )l'

Using [15, page 23, (22) and (23)] and replacing | by n, and then by comparing the
coefficients of " we arrive at our required result. O
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Theorem 5.2. For a,b,c € R*, a #b,x e R, \€ C, k€N, a € Z and v be an
integer, we have

—v I & 1
H951—2)V(‘r7y;u;a>bab;>\) = (V) Z <Z>S< ) XH‘Bn k $ y77 1,CL,Z)) .

(_n>2v k=0

Proof. Making replacement of ¢ with b and a with —v in (2.1), we get

- n | (—v)
Z 9( v (fE Y, u;a, b b )\)t <<a_u)t> b:ct—&—yt?.

= At —u

On arranging the above equation, we arrive at

0o m (Abt o 1)V bzt+yt2 n
(—v) - N T A v
7;)Hgn (x7y7u7a7b7b7 A)n' (V) (V‘) (%_ )th’ ty.

Using (1.8) and (1.1), the above equation converts into

S G(v) 2 A\
> uSs (@ g usa,b,b; ) —— =() ZS kv 1,6
n

n=0 : =0 k‘

tn

© 1
X B ( — 1 b) —.
nz:%H n x7y7u7 y by nl

Using [15, page 100, (1)] right-hand side, it converts as follows

fe’e) n+2v
ZHS(”(xy,uabb)\t —u'ZZ() <k,1/,1,b,)\>

n=0 n=0 k=0
y 1 tm
X HBn—k (x,y, ,1,a b>

Using [15, page 23, (22) and (23)] and replacing [ with n, then by comparing the
coefficients of t", we arrive at our required result. 0
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CONSTRUCTION OF L-BORDERENERGETIC GRAPHS
SAMIR K. VAIDYA! AND KALPESH M. POPAT?

ABSTRACT. If a graph G of order n has the Laplacian energy same as that of
complete graph K, then G is said to be L-borderenergeic graph. It is interesting
and challenging as well to identify the graphs which are L-borderenergetic as only few
graphs are known to be L-borderenergetic. In the present work we have investigated
a sequence of L-borderenergetic graphs and also devise a procedure to find sequence
of L-borderenergetic graphs from the known L-borderenergetic graph.

1. INTRODUCTION

Throughout this paper, we begin with finite, undirected and simple graph G. For
a standard terminology and notations in graph theory we follow Balakrishnan and
Ranganathan [1], while the terms related to algebra are used in the sense of Lang [8].
Throughout this paper G, K, and K, respectively, denote complement of G, complete
graph on p vertices and null graph with p vertices. The average vertex degree of G is
denoted by d and defined as d = %, where d; is degree of vertex v;.

Let G be an undirected simple graph with vertices vy, vs,...,v,. The adjacency
matriz denoted by A(G) of G is defined to be A(G) = [a;;], such that, a;; = 1 if v; is
adjacent, with v; and 0 otherwise. The eigenvalues A1, Ag, ..., A, of A(G) are known
as eigenvalues of graph G. The energy F(G) of graph G is defined by

E(G) = Z; il

The concept of graph energy was introduced by Gutman [6] in 1978. Tt is well
known that the energy of complete graph is 2(n — 1). In 1978 Gutman [6] conjectured
that among all the graph with n vertices, the complete graph K, has the maximum

Key words and phrases. Borderenergetic, L-borderenergetic, energy.
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DOIT 10.46793/KgJMat2106.873V
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energy. This conjecture was disproved by Walikar et al. [12] by showing existence
of graphs whose energy is greater than that of complete graphs. The graphs whose
energy is 2(n — 1) are termed as Borderenergetic according to Gong et al. [5].

Let D(G) be the diagonal matrix of whose (4,7)"™" entry is the degree of a vertex v;.
The matrix L(G) = D(G) — A(G) is called the Laplacian matrix of G. The eigenvalues
of L(G) are denoted by g1, pia, . . ., fin_1, ftn- It is well known that L(G) is a positive
semi definite and singular matrix. So, fori=1,2,...,n—1, u; > 0 and u, = 0. The
collection of all Laplacian eigenvalues together with their multiplicities is known as
Laplacian spectra (L-spectra). Hence,

H1 K2 T Hn—1 pn =0
0lG) = (10 by ) o))

The concept of Laplacian energy of G was introduced by Gutman and Zhou [7], is
defined by LE(G) = ’ i — d|, where p; are the Laplacian eigenvalues of G and d is
the average vertex degree of G.

Recently, a concept analogous to borderenergetic graphs in the context of Laplacian
energy has been introduced by Tura [10] which is teremed as L-borderenergetic graphs.
According to him, a graph G of order n is said to be L-borderenergetic if LE(G) =
LE(K,) = 2(n —1). Let S} be the graph obtained from an n-order star S, by
adding an edge between any two pendant vertices. Obviously, S} is an unicyclic and
threshold graph. Deng et al. [3] have shown that S! is L-borderenergetic graph. Same
authors [3] have established several characterizations on L-borderenergetic graphs
with maximum degree at most 4.

Obviously there does not exist L-borderenergetic graph on two vertices. Hou and
Tao [9] have proved that a L-borderenergetic graph on n vertices has at least n edges.
As the only graph with three vertices are the paths P; or K3, there does not exist a
borderenergetic graphs on three vertices. By applying computer search, Hou and Tou
[9] have obtained total 185 non isomorphic, non complete L-borderenergetic graphs of
order upto 10. Elumalai and Rostami [4] corrected this number to 307 (see Table 1).

TABLE 1.

order |45 6 |78 11910
number |2 11153323232

It is very interesting to investigate a graph or graph families which are L-border-
energetic because very few graphs are known to be L-borderenergetic. Here we have
devised a procedure to construct a sequence of L borderenergetic graphs. We begin
the next section with a definition and some existing results for the advancement of
the discussion.
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2. MAIN RESULT

Definition 2.1. The join of G; and G, is a graph G = G; V G5 with vertex set
V(G1) UV (G2) and an edge set consisting of all the edges of Gy and G5 together with
the edges joining each vertex of G with every vertex of Gb.

Proposition 2.1 ([2]). Let Gi and Gy be graphs of ny and ny vertices, respectively.
If a1, 0, ... o1, 00y = 0 and By, Pa, ..., Bny—1, Bn, = 0 be L-spectra of Gy and Go,
respectively. Then the L-spectra of G1 V Gy are

Mo + a1, Ny + Qg, ..., N + Q1,1 + 1,11 + Boy .o 0+ Brg—1, M+ g, 0.

Theorem 2.1. Let G' be a L-borderenergetic graph of order n with average vertex
degree d € Z. Then for p #0, GV K, is L-borderenergetic if p =n — d.

Proof. Let py, pto, ..., tin_1, tn = 0 be L-spectra of G. As G is L-borderenergetic of
order n, LE(G) = 2n — 2, which implies that

n

>

=1

i — ci‘ =2n — 2.
Hence,
n—1
(2.1) >
i=1

By Proposition 2.1, L-spectra of G V K, is

ui—az‘:2n—2—cz.

_(mtp pptp o ppatp  n n+p 0
SpecL(G)_( 1 1 . 1 p—1 1 1)‘
If &’ is average vertex degree of newly constructed graph G V K,, then
Ci/:anLan‘
n+p
Note that foreach 1 <¢<n -1
- nd + 2n
pitp—d=pit+p-
p+n
- — nd+2n
=m—d+<p+d—p>
p+n
A |
g Mr=p=d)
p+n
Now,
L n—1 B B B B
LE(GVE,) =Y |u+p—d|+(p-1)|n—d|+n+p—d|+|d

i=1
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! . —p—d d+2
:zjm_d_mnp)wwp_wn_n‘+”p
i=1 ptn n—+p
nd + 2np nd + 2np
+ n —
n+p n+p
n—1 7 7
- pln—p—d nn—p—d
=1 p+n n—+p
Cp—d —p—d
+p+n<np>’+’n_n<npf
n+p n—+p
If p=n —d, then
n—1
E(GVE,) pi—d| + |pl + |n] .

=1
Therefore, by (2.1), LE(GVK,)=2n—2—d+p+n=2n+2p—2=2(n+p—1).
Hence, G V K, is L-borderenergetic. O

3. SEQUENCE OF L-BORDERENERGETIC (GRAPHS

In this section we construct an infinite sequence of L-borderenergetic graphs. We
term the graph under consideration as underlying graph. To construct the sequence
we take any L-borderenergetic graphs of order n with average vertex degree d € Z as
underlying graph and then the sequence is obtained by joining n — d vertices at each
iteration. -

Let G is any L-borderenergetic graph of order n with average vertex degree d € Z.
Consider an infinite sequence of graphs H = {G©®, GM, ... ,G® .. .} such that

GV=cOVvEK ;G?=c0VVEK, ;....GHM=cFVVEK
Note that each G*) is of order n+4k(n—d) with average vertex degree d, = d+k(n—d).

Lemma 3.1. Let GO be a graph of order n with average vertex degree d € Z with
Laplacian eigenvalues fi1, jia, - . ., fin-1, ftn = 0. Then for any G® € H, k > 1, the
Laplacian spectrum of G%®) s

spec; (G*)
B p+k(n—d) - pp1t+kn—d n+(k—-1)(n—-d n+kn—d 0
_< 1 . 1 k(n—d—1) k 1)'

Proof. We prove this result by taking induction on k. From Theorem 2.1, it is clear
that result is true for £k = 1. Assume that the result is true for kK = s — 1. Then by
induction hypothesis

specL(G(Sfl))
(ul—l—(s—l)(n—d) o e+ (s=D(n—d) n+(s—2)(n—d) n+(s—1)(n—d) 0)
1 1 (s=1)(n—-d-1) (s—1) 1)
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For k = s, G® = GG~V v K, 7, from Proposition 2.1,

spec, (GY)
pi+sn—d) - ppq+stn—d) n+(s—1)(n—d n+sn—d 0
:( 1 1 s(n—d—1) s 1)‘
Thus, the result is true for all s € N. Hence, by induction the result follows. O

Theorem 3.1. For eachr > 1, G®) € H is L-borderenergetic with K. ntk(n—d) Jor each
kE>1.

Proof. We have already shown that the order and average vertex degree of G™) are
n+ k(n —d) and d, = d + k(n — d), respectively, for each k > 1.

-5
+h(n—d—1)|n+ (k= 1)(n—d)—d—kn-d)
—|—k‘n—|—k(n—J)—J—k(n—ci)‘—i—‘ci—i—k(n—ci)‘

pi+ k(n = d) — d = k(n — d)

ui—d‘+k(n—ci)+ci+k(n—ci)
=2n—2—d+2k(n—d)+d
90+ k(n— d) — 1) = LE(K, 10 a)

Hence, G®) is L-borderenergetic with K, +k(n—d for each k > 1. U

4. SOME MORE SEQUENCES FROM KNOWN L-BORDERENERGETIC (GRAPHS

In this section we construct two infinite sequences of L-borderenergetic graphs
g = {GZ(O), Gz(l), ey ng), ...} € H for i = 1,2, by taking some known
L-borderenergetic graphs as underlying graph.

4.1. The sequence of S!. Let Gﬁ‘” = S! be the graph obtained form n-order star
S, by adding a single edge. Note that S! is a graph of order n with average degree 2,

0 1 3 n
spec; (S}) = <1 n_3 1 1) LE(G@)z?(n—l),

and thus it is L-borderenergetic with K. Consider an infinite sequence or borderen-
ergetic graphs G, = {G§°>, Ggl), Gf), . ng), ... } such that

G =GV, G =G VR, 6 =GP VR,
The parameters n, d, LE of the sequence of S} are depicted in following Table 2
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FIGURE 1. The graph S}

TABLE 2.
G n d L-spectra LE(G) | L-Borderenergetic With
GO n 2 01, 1n=3) 31 pt 2(n —1) K,
Gl = G(()) VE, 5| 2n—2 n 01, n™=3) (n — )™ (n + 1)}, (2n — 2)? 2(2n — 3) Ko,
Gﬁz) GOVE, 5| 3n—4 |2n—2] 0\, (2n—2)®9 (2n —3)3) (2n — 1)!,(3n — 4)° | 2(3n — b) Kan_s
G = G”’ VE, 3| 4n—6 |3n—4 01 ,(3n — 4)E=9 (3p — 5)"=3) (3n — 3), (4n — 6)* | 2(4n —T) Kins
G<“> GW VK, 5| bn—8 |4n—6 |0, (4n — 6)" 12 (4n — )3 (4 —5)1, (5n— 8)° | 2(5n — 9) K s
G(”) G(4) VK, 5| 6n—10|5n—8| 0", (4n —6)0""19 (4n — 7)) (4n — 5), (5n — 8)% | 2(6n — 11) Ken-6

4.2. The sequence of K, | ® K,,. For each integer n > 3, the graph K, | ® K,, is
defined by
G - (Kn—l U Kn_Q) V KQ.

FiGURE 2. The graph K5 ® K

Tura [11] has proved that the K, 1 ® K,, is a graph with avrgare vertex degree n — 1
and it is borderenergetic with K5, o,

01 n—1 o — 2
specy (Kn-1© Ky) = (1 1 Z—?) neg 1 ) LE(K,—1 © Ky) =2(2n = 3).

Consider an infinite sequence or borderenergetic graphs

{0V, ¢V, GP,... a1,
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such that

G =6VVEK,;, GP=G6PVEK,; V=P VK, ...

The parameters n, d, LE of the sequence of borderenergetic graphs are depicted in
following Table 3.

TABLE 3.
G n d L-spectra LE(G) | L-Borderenergetic With
Gy -2 n—1 0,11, (n — 9, n(=2, (20 — 2)! 2(2n —3) Kans
GV =GV VE, [3n-3]2n—-2] 0,0, 20—2)® 2n-1)") B3n -3 [2(3n—4) Koy
GP =G VE, 1 [4n—4[3n-3] 0% (2n — )L, (3n — 3)"7, (3n — 2)""2), (4n — 4)° | 2(4n — 5) Kin-s
Gy =GV K,y [5n—5 | 4n—4] 0'.(30—2)" (4n — )", (40— 3)"), (50— 5)" | 2(5n ~6) Ksns
G =GP VK, 1| 6n—6|5n—5]0% (4n —3)L, (5n — 5)"1D (5n — 4) n=2) (6n — 6) | 2(6n — 7) Ken—s
GY =G VE, 1| Tn—=7]6n—"6]0% (50— 4)L, (6n— 6)"13) (6n — 5)"=D (7Tn—T7)° | 2(7n — 8) Koz

5. CONCLUDING REMARKS

Here we have explored the concept of L-borderenergetic graphs which is analogous
to the concept of borderenergetic graphs. We have investigated a sequence of L-
borderenergetic graphs in the scenario when only handful graphs are known to be
L-borderenergetic. The derived result is used for the construction of two sequences
of L-borderenergetic graphs from the known L-borderenergetic graphs.

[1]
2]
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ON THE APPLICATIONS OF
BOCHNER-KODAIRA-MORREY-KOHN IDENTITY

SAYED SABER!?

ABSTRACT. This paper is devoted to studying some applications of the Bochner-
Kodaira-Morrey-Kohn identity. For this study, we define a condition which is called
(Hy) condition which is related to the Levi form on the complex manifold. Under
the (H,) condition and combining with the basic Bochner-Kodaira-Morrey-Kohn
identity, we study the L? 0 Cauchy problems on domains in C", Kéhler manifold
and in projective space. Also, we study this problem on a piecewise smooth strongly
pseudoconvex domain in a complex manifold. Furthermore, the weighted L? 0
Cauchy problem is studied under the same condition in a K&hler manifold with
semi-positive holomorphic bisectional curvature. On the other hand, we study
the global regularity and the L? theory for the d-operator with mixed boundary
conditions on an annulus domain in a Stein manifold between an inner domain which
satisfy (H,—_q—1) and an outer domain which satisfy (Hy).

1. INTRODUCTION

O-equation has been a powerful method in complex geometry and complex algebraic
geometry. The pioneer works of d-equation are due to Kohn and Hérmander on the
existence and boundary regularity of d-equation on pseudoconvex domain. The L2
estimate is a powerful method when solving d-equation. In order to establish the
L? estimate for 0 operator, a crucial step is to obtain a basic identity which is due
to Bochner, Kodaira, Morrey, Kohn and Hérmander. Then after imposing some
conditions such as the curvature of the complex vector bundle and the Levi form of
the complex manifold, one can get a priori estimate which we call L? estimate for the
0 operator.

Key words and phrases. 0, O-Neumann operator, weakly g-convex domains.
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In 1940, Bochner introduced his technique for getting topological information from
the behavior of harmonic forms. In the late of 1950 and early of 1960, the approaches of
Bochner-Kodaira and Oka is very deep approach based in partial differential equations.
In 1966, Spencer defined the &-Neumann problem and Kohn who finally formulated
and solved the d-Neumann problem on strictly pseudoconvex domains. Shortly after
Kohn’s work, Hérmander and Andreotti-Vesentini, independently and almost simul-
taneously, obtained weighted L? estimates for the inhomogeneous Cauchy-Riemann
equations.

The paper consists of two parts. In the first part, we study the Cauchy-Riemann
equations with compact support (L? Cauchy problem) on a domain in C" which
satisfy property (H,). Moreover, we extend this result to the same domain in Kéahler
manifold for vector-valued forms of type (r, q), ¢ = 1. Also, we study this problem on a
piecewise smooth strongly pseudoconvex domain in a complex manifold. Furthermore,
the weighted L? @ Cauchy problem is studied on the same domains in an n-dimensional
Kéahler manifold with semi-positive holomorphic bisectional curvature. In the papers
of Kohn-Rossi [13], Cao-Shaw-Wang [2], Abdelkader-Saber [1] and Saber [18]-[21] such
equations are studying for various domains.

In the second part of this paper, we study the 9 equation on domains with mixed
boundary conditions which was studied by Li and Shaw [16]. We generalize Li-Shaw’s
result to annulus in Stein manifolds under the conditions (H,) defined here. Namely,
we study the global boundary regularity and the L? theory for 9,,;,-operator on
an annulus domain in a Stein manifold between an internal domain which satisfies
condition (H,_,—1) and an external domain which satisfies condition (H,). Making
use of the method developed by Catlin, we study the L?-estimate for the ,,;,-equation
with mixed boundary conditions. This equation with various boundary conditions are
the basic tools to work on analytic problems in several complex variables and complex
geometry or many geometric. In the papers of Catlin [3], Cho [6] and Catlin-Cho
[4], such equations played a crucial role for studying various extension problems for
CR structures. In a paper of Catlin [3], Catlin proved that there is no cohomology
obstruction for solving the 0,,;,-equations. Other related studies for the 0-Dirichlet
problem can be found in the work of Li-Shaw [16] and Huang-Li [11].

2. L? 9 CAucHY PROBLEM IN C"
Let 0 < r,q < n, we can write an arbitrary (r,q)-form f as f = Y/ fr;dz" A dz7,
7

where [ = (i1,...,i,) and J = (jy,...,J,) are multiindices and dz! = dz;; A--- Adz;,,
dz! =dzj, N---Ndz; ,- The notation ' means the summation over strictly increasing
multiindices. Let © be a relatively compact domain in C" and let C;(C") be the
complex vector space of complex-valued differential (r, ¢)-forms of class C* on C".
Let C2(Q) = {f la: f € C’,E’f;((C")} be the subspace of ;% (€2) whose elements can be

extended smoothly up to the boundary b€). Let ¢ : C* — R* be a plurisubharmonic
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C?-weight function and define the space

L*(Q, ¢) = {f :Q—C: /Q\f\%—%v < oo},
where dV denotes the Lebesgue measure. Denote the inner product and the norm in
L*(Q, ¢) by

(f.90= [ fge?av and |[fls = [ 7% ¢av.

Recall that L7 (€, ¢) the space of (r,q)-forms with coefficients in L*(, ¢). If f, g €
L2 ,(Q,¢), the L*-inner product and norms are defined by

(f.gbe = [ FAxge™® and I} = (f. o

where « is the Hodge star operator (for detailed discussions of the Hodge star operator
in the L%-space see [5]).
Let 0 : L2, (,¢) = L2, (Q,¢) be the closed operator which is the maximal

r,q—1 — _ —
extension of the differential operator and 9 be its L?-adjoint. Here the 0 and 9 -
operators are defined as

af = Zzaf” dz® A d2' A dz

I,J B=1

Tf=(=1)y1y Zaf“‘Kd A dz"

1,K a=1

If w e dom 0 and v € domd", then
(Ow, u)y = (Ow, e~ "u) = (w,d (e %u)) = (w,e?d (e~ %u)) .

Thus, 52 = ¢%d (e7?). The complex Laplacian on (r, q)-forms is defined as [, =
00 + 00, for ¢ > 1 and the 9-Neumann operator N, rq is - if it exists-the bounded
inverse of [, 4. Following ([12, I, page 127]), we set B, ,(€2) = C22(2) N dom 0", Let

B,.4(U) denote the subset of B,.,(Q) consisting of those forms whose support lies in
U N Q. We define the following norms on B,.,(U ):

(2.1 -y [ |2

1,J k=1
D(u) = [|9ul]* + [|07ul|* + [|ul|*.

8u1J

dV + |Jul?,

Definition 2.1. A bounded domain € with C?-smooth boundary is said to be satisfy
condition (H,) if there exists a deﬁning function 0 for (2 such that the sum s, of any

q eigenvalues of the matrix ( ) of the Levi form 9d3(z) is semi-positive on €.

6‘185

Proposition 2.1 (Bochner-Hoérmander-Kohn-Morrey formula). Let 2 be a bounded
domain in C™ with defining function & and let 1, ¢ be two real functions that are twice
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continuously differentiable on Q, with 1 > 0. Then, foru € B, ,(Q) with1 < ¢ < n—1,
we have

(2.2) o 5u||;+||f ézunz

—Z Z ’LL]aKngKe (de
azaﬁﬁ

TK o f=1
/w'a |

¢ %) -
+Z Z / ( 320‘8?’ B 8zaazﬂ> s ok Trpr € dV.

IK a,B=1

Remark 2.1. When ¢ = 1 and ¢ = 0, one obtains the classical Kohn-Morrey formula
([12] and [9]).

IJkl

e~?dV + 2Re ZZ diyula;(dz A dzR, Oju
I,K a= 1a ®

Proposition 2.2. Let 2 @ C" be a bounded domain with C?-smooth boundary satis-
fying condition (H,). Then, for u € B, ,(€2), one obtains

(2.3) E(u) < CD(u).

Moreover, there exists a uniquely determined bounded linear operator N,q : L7 (€2) —
L2 ,(Q), such that O,4 0 Nyqu = u for any u € L7 ().

Proof. Let i, < Mz < -+ < p, denote the eigenvalues of the matrix ( ajfa‘;ﬁ) and

suppose that ( ) is diagonalized. Then, in a suitable basis,

oz aa s
n—1 2

00
Z Z 92007 BUIaKUI,BK—Z ZMa’UIaK’
IK of=1 LK o=l

/ 2
= > (At pet e+ pg)lung? = sqlul’
[ I|=r
J=(41,425-13q)
The second equality follows as. For J = (j1, a2, . . ., j,) fixed, us s|* occurs precisely ¢

times in the second sum, once as |uy j, x|?, once as |us j,x|?, etc. At each occurrence,
it is multiplied by pj; . By fixing (j1, jo, - - ., jq) and set u = dz;, A--- AdZ;,, we obtain

Dl gl >0
A3 ULaKUI 8K 2
IK af= , 0z 02007

Thus, the boundary integral in (2.2) is semi-positive. Also, by taking ¢ = 0 and
replace 1 by 1 — e, where ) is an arbitrary twice continuously differentiable non-
positive function, and after applying the Cauchy-Schwarz inequality to the term in
(2.2) involving first derivatives of v, we find

V1 — e*dul|?+[[\/1 — e u? > Z Z / 8,2“8 o Wak UK AV —||eM?* 0 ).

IK a,f=1
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Since ¢ 4+ e = 1 and ¢ < 1, it follows that

[0
[DulP + 9" ul* > Y Z e A s T AV

ILK o

for every twice continuously dlfferentlable non-positive function A. Let zy be a point

of 2, and set A\(z) = —1 + |z — 29|?/d?, where d = sup |z — 2’| is the diameter of the
z,2'€ Q)
bounded domain 2. The preceding inequality then implies the fundamental estimate

(2.3) which implies the following estimate
o dPe im0
ull® < = (Iull* + [[2"u]?)

Then, a bounded linear operator N, : L7 () — L? (Q) exists, such that O, o
N, qu = u, for any u € L2 (). O
Theorem 2.1. Let Q € C" be a bounded domain with C?-smooth boundary satisfying
condition (Hg). For f € L2, JCM), 1< g<n—1,suppf C Q, satisfying Of = 0 in
the distribution sense in C", there exists u € qu L(C™), suppu C Q such that Ou = f
in the distribution sense in C".

Proof. Let f € L2, (C"), supp f C Q, then f € L2 (Q). From Proposition 1.2,
N,y n—q exists for n — ¢ > 1. Since
(2.4) u=—%ONy_ypq*[.

Thus, suppu C € and v vanishes on b). Now, we extend u to C" by defining u = 0
in C"\ . As in Saber [18], the extended form u satisfies the equation du = f in the
distribution sense in C". O

3. THE L? 0 CAUCHY PROBLEM FOR VECTOR-VALUED FORMS

Let X be an n-dimensional complex manifold with a Hermitian metric g. We
assume that there is a smooth, real-valued function ¢ defined on a neighborhood U of
b2 in X. Assume that F is a holomorphic vector bundle, of rank p, over X and E* its
dual. An E-valued differential (r, ¢)-form v on X is given locally by a column vector
by = (u',u?, ..., uP), where u®; 1 < a < p, are C-valued differential forms of type
(r,q) on X. For an orthonormal basis e, ez, ..., e, on the fiber E, = 771(z2), over z,
a Hermitian metric h along the fibers of E is expressed as h = (h;); bz = h(eq, €p)-
Let 6 be the connection of the Hermitian metric A (6 is given locally by the (1, 0)-form
h='0h). The space ijq(ﬂ, E) of square integrable differential forms of type (r,¢) on
Q) is a Hilbert space under the scalar product

(u,v) = /Qt((h)u)/\*@: i/ﬂ((h)u)“/\*(v)a.

Let ker(0

, {u € dom(9,E) : du = 0} and Range(d, F) = {gu D u €
dom (0, E)

E) =
} be the kernel and the range of d, respectively. Let #p : Cro(X, E) —
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Coo.(X, E¥) be the operator defined by #pu = hu, which commutes with the Hodge
star operator. The corresponding operator #p- : C2%(X, B*) — C%.(X, E) is de-
fined by #p-u = htu = #5'u. Let I, : L2 (2, E) — ker(0,,, E) be the
orthogonal projection from the space L? (€2, E) onto the space ker(O,q, E). Let
Cx (L E) = {cp g ue (X, E)} be the subspace of C¢(€2, E) whose elements
can be extended smoothly up to bQ2. As in [12, I, page 127], that even for vector
bundles, we set B, ,(Q, E) = C(Q, E) N dom (9", E). Let B,,(U, E) denote the
subset of B, ,(Q, E) consisting of those forms whose support lies in U N Q. For each
7 > 0, we define the following norms on B, ,(U, E):

(3'1) ||u||72— = <u>67—|6‘u>’
D (u) = [|0ull? + (|07ull2 + [|ullZ,

By(u) = imum

where F. is defined by (2.1) for complex-valued forms.

Theorem 3.1. Let X be an n-dimensional compler manifold and let Q € X be a
bounded domain with C?-smooth boundary satisfying condition (H,). Let E — X be
a holomorphic vector bundle over X. Then, for all 7 > 0, and u = (u',u?,... uP) €

B, ,(U, E), we obtain

P
~ —~ /
EZ(u) + rllullz < C | Dr(u) + 723 > lufll7
a=1|I|=r
neJ
Proof. First, observe that for elements v = (u',u?, ... ,u?) € B, (E) which have
support in U, the norms |lu||? and 3°_, ||u®||? are equivalent (independently of 7). If
the metric h is represented by the matrix (hgy,), then

||u|]2:/gt((h)u)/\*ﬂ: bil/ghabua/\*(u)b,

where the hy, can be assumed to be C* on U. Now, for u € B, (U, E), u =
(ut,u?, ... uP) € B(U, E) with u* € B, ,(U), a=1,2,...,p. From (2.3), one obtains

~ P p !

(3.2) EXu) =) B (u") <COY [ Di(u) +7° ) [lugyll;
a=1 a=1 [I|=r
neJ

Now, since 0 is a C* form on U and ¥,u = Yu — %0 A u, one obtains

p
C Y N9u(12 < ([9ull; < [10-ull7 + 110 A xullz < [97ull7 + Cflulf3-
a=1
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Thus,
(1+C)DF(u) 2 [10ul? + [9-ull? + C'llull2 + [[ull?
> O (10 + 9w+ ).
Thus, :
(3.3) (1+C")D(u CZD2
The inequalities (3.2) and (3.3) give the desired result. O

Theorem 3.2. Let X be an n-dimensional compler manifold and let Q € X be a
bounded domain with C?-smooth boundary satisfying condition (H,). Let E — X be a
holomorphic vector bundle over X. For g > 1, there exists a bounded linear operator
Nyg: L2 (L E) — L2 (Q,E) such that

( ) Range (N4, E) C dom(0D, 4, E), N, ,0,,=1—1I., on dom(0,,, E);

(11) foru e L2 (Q, E), we have u = 09 Nygu ® 0 ON,qu & T, 4u;

(i13) Ny q commutes with @ and 9" , I, Ny g = N, 1L, = 0;

(iv) N, (COO(Q E) C CﬁZ(Q E) and Hrq(C"o(Q E)) C Cﬁfl(ﬁ, E).
Proof. Following Theorem 2.1, for 7 = 0 and v € dom([J, 4, E) of degree ¢ > 1, we have
|u]|? < C||O, 4ul|*. Since O, , is one to one on dom(0J, E) from [9, (1.5.3)], then there
exists a unique bounded inverse operator N, , : Range(Od, ,, ) — dom (0,4, E) N

(ker(OJ, E))* such that N, 0, ,u = v on dom([,,, E). Thus, one can establish the

r,q>
existence theorem of the inverse of [J,, the so called -Neumann operator N, ,. [

Theorem 3.3. Let X be an n-dimensional compler manifold and let Q € X be a
bounded domain with C?-smooth boundary satisfying condition (H,). Let E — X be
a holomorphic vector bundle over X. Then, for f € L? X, E), supp f C Q,1<qg<
n — 1, satisfying Of = 0 in the distribution sense in X there exists u € L2, (X, E),

suppu C Q such that Ou = f in the distribution sense in X.

r,g—1

Proof. Let f € L2 (X,E), supp f C Q, then f € L2 (2, E). From Theorem 2.2,
Ny—n—q exists for n — g > 1. Since Np_pnq = (0n—pn—g) *on Range(d,—y g, E*)
and Range(N,,_, ,—q, £*) C dom(0,,_, g, £¥), then

Nn—r,n—q#E * f € dom (Dn—r,n—qa E*) C L2 (Qa E*)>

n—r,n—q

for ¢ <n —1. Thus, we can define u € L2, (9, E) by

(3.4) U= —% #p: 0 Np_rnotte * [.

Now, we extend u to X by defining u =0 in X \ Q. As in [1], the extended form u
satisfies the equation du = f in the distribution sense in X. O
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4. THE L? O CAUCHY PROBLEM ON PIECEWISE SMOOTH STRONGLY
PSEUDOCONVEX DOMAINS

A relatively compact open subset €2 of X has piecewise strongly pseudoconvex
boundary b€, if b2 is covered by finitely many open subsets {U,}, 1 < j < k, of X
and there are C? strictly plurisubharmonic functions d; on {U;}, 1 < j < k, such that
Qn (Uf:1 U,) is the set of all z € U;“:l U; which, for every 1 < j < k, satisty z ¢ U;
or §;(z) < 0.

The boundary b§2 need not be piecewise smooth, so we do not require any further
conditions on the d;, 1 < j < k. Following P. W. Darko [7], one have the following
result.

Theorem 4.1. Let X be an n-dimensional complex manifold with a C*> Hermitian
metric. Let Q) €@ X be a strongly pseudoconver domain with piecewise smooth boundary.
For f € Lf’q(X), 1 < ¢ < n—1, satisfying Of = 0 in the distribution sense in X, there
exists u € L2, (X), such that du = f in the of distributions and |Jul* < C||f]?,
where C' depends on ) and r,q but not on f.

Proposition 4.1. Let X and ) be the same as in Theorem 3.1. Then, there exists a
uniquely bounded linear operator N, 4 : L? () — L7 (Q), such that 0,40 Ny gu = u
for any u € L7 (Q).

Proof. Following Theorem 3.1 as in [5, Section 4.4], we have 3(, ,(Q2) = {0} for ¢ > 0
and for every f € Lqu(Q), 1 < ¢ <n-—1, there exists © € domdnN domd with
9w e domd and du € dom 9, such that

90 u+00u= f and ||lul* < C||f|,
where C' depends on €2 and r, ¢ but not on f. Theorem 3.1 implies the fundamental
estimate
lull> < C (|10u]]* + [10"u]?) -
Then there exists a uniquely determined bounded linear operator N, : L%Q(Q) —
L2 ,(Q), such that O, ; o N, qu = u for any u € L7 (€2). O

Theorem 4.2. Let X and Q be the same as in Theorem 3.1. For f € L7 (X),
1<qg<n—1,suppf CQ, satisfying Of = 0 in the distribution sense in X, there

exists u € Lqu_l(X), suppu C Q such that du = f in the distribution sense in X .

Proof. Let f € L2 (X), supp f C Q, then f € L? (). Since Ny_,,_, exists for
n —q > 1. By defining u as in (2.4), then suppu C Q and u vanishes on b§2. As in

Saber [20], one can prove that the extended form u satisfies the equation du = f in
the distribution sense in X. O

5. THE WEIGHTED L2 0 CAUCHY PROBLEM

Let (xg,x1,...,7,) be a (fixed) homogeneous coordinates of P" and let w be
the Fubini-Study metric of the complex projective space of P" determined by
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(xo,Z1,...,x,). If, for example, Uy is the open set in P" defined by zg # 0 and

if (21,29,...,2,), where z; = x;/x¢ is the homogeneous coordinates of Uy, then the
metric w is written in the form
n 2 n = |2
i | dzil | Yiq zi dzi|

RS S P

This is well-known standard Kéhler metric of P". Let V be the Levi-Civita connec-
tion of P with the standard Fubini-Study metric w. The Levi-Civita connection,
sometimes also known as the Riemannian connection or covariant derivative. Let
{e;} be an orthonormal basis of vector fields. For any two vector fields u,v, the
curvature operator of the connection V is given by R(u,v) = V,V, = V,Vy, — Vi
with R = g(R(e;, e5)ex, e;). We also define the Ricci tensor R;; = - € Rikr; which
turns out to be self-adjoint with respect to w and the scalar curvature © as the trace
of the Ricci tensor

(51) O = ZR“ = Ze’fie’fijﬂi]’.
i 1,j

Let dist(z,bQ2) be the Fubini distance from z € € to the boundary b2 and let
§ : P" — R be a C? defining function for © normalized by |dd] = 1 on b§2 such
that
5= 6(z) = ll‘— dist(z, b$2), %f z €,
dist(z, b2), if z € P"\Q,

where ¢ is computed with respect to the Kéhler metric w on P".

Proposition 5.1 (Bochner-Hérmander-Kohn-Morrey formula). Let §2 be a bounded
domain with C*-smooth boundary bQ and C?-defining function §(z). Then, for any
u e ()N dom 5;, with 1 < qg<n—1and ¢ € C*(Q), we have

J

(5.2) | 8u||¢ + || 8¢UH¢ =( e~ ?dV + ((i00¢)u, ),

1,J k=1

+Z Z /Q 6zaﬁ5 [OCKU]”BKG_(#C[S.

1K a, =1

Proof. This formula is known (cf. [9]) for some special cases. For the case ¢ = 0, the
stated formula was proved in Siu [22]. O

Proposition 5.2. ([17, Corollary 6.5]). Let Q @ P™ be a bounded domain with C?-
smooth boundary satisfying condition (H,). Then, the Levi form of the function § has
at least n — q + 1 positive eigenvalues at each point of Q.
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Proposition 5.3. Suppose that © is the curvature term defined in (5.1) with respect
to the Fubini-Study metric w. Then, for any (r,q)-form u of Q € P™ with q > 1,

(Ou, @) = q(2n + 1)|u?, whenuis a(0,q)-form,
(Ou,w) =0, for any(n,q)-formu,
(Ou,w) >0, whenr > 1anduis a(r,q)-form.

In fact, the assertion for (0,q)-forms and (n,q)-forms was computed in [23]. Also,
following Lemma 3.3 of Henkin-Iordan [8] and its proof showed that the curvature
operator © acting on LZVQ(Q) 1S a semi-positive operator.

Theorem 5.1. Let Q @ P" be a bounded domain with C?-smooth boundary satisfying
condition (H,). For any 1 < q¢<n andt > 0, there exists a bounded linear operator
N;q L2 () —>t L2,(9) satz’fﬁes thte fotllowz'ng properties;:

(¢) Range (N ,) C dom([J], ), N”v‘LDI;ﬂ =1 on gggl(DT,q),'
(#1) for f € L? (), we have uw =00, N} ,f ® 0,0N],f,
(

iii) ONt, = N! 10, 1< ¢<n—1 and 9, N, = N}

=*
r,q—1 at7 2 < q < n,

i) Nt ON! and O, N'  are bounded operators with respect to the L2-norms.
7,q T,q t-'rq

Proof. By choosing ¢, = —tlog|d|, t > 0 in Proposition 4.1, and using Proposition
4.2 and Proposition 4.3, the identity (5.2) implies the weighted L*-existence for the 0.
Also, for u € dom([J;, ) of degree ¢ > 1, we have for ¢ > 0, |ul[, < ||C¢ ull;. Then, as
in Theorem 2.2 there exists a unique bounded inverse operator N;q : Range(Dfayq) —
dom (O} ) N (ker(C3. )+, such that Nt OO f = f on dom (CJ. ). Therefore, one can
establish the existence theorem of the inverse of [}, , the so called weighted O-Neumann
operator N . O

Theorem 5.2. Let Q @ P" be a bounded domain with C*-smooth boundary satisfying
condition (Hy). Then, for f € L2 (67"), 1 < q¢ < n— 1, satisfying df = 0 in the
distribution sense in P and f is supported in S0, there exists u € Lf’q_l((g_t) such that
Ou = f in the distribution sense in P™ with u is supported in ) and

/ 20tV < c/ 267 taV,
Q Q
for some C' > 0.

Proof. Following Theorem 4.1, N}, exists for forms in L7, (P",6"). Let + denote

the weighted Hodge-star operator with respect to the weighted norm of L2 (P",d").

Then *; = d*x = 6!, where * is the Hodge star operator with the unweighted L? norm.
Thus, we can define u € L2 _(P",67") by

r,q—1
U= —*¢ ganr,nfq *_t ?
Thus suppu C Q and u vanishes on bQ2. Now, we extend u to P" by defining v = 0

in P"\ Q. As in Saber [20], the extended form u satisfies the equation Ou = f in the
distribution sense in P". O
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The above result can be extended easily to the following result.

Theorem 5.3. Let X be an n-dimensional Kdhler manifold with semi-positive holo-
morphic bisectional curvature and let Q @ X be a bounded domain with C*-smooth
boundary satisfying condition (H,). Then, for f € Lf,q(é_t), 1 <qg<n—1, satis-
fying Of = 0 in the distribution sense in X and f is supported in Q, there exists
u e Lf,q_l(é_t) such that Ou = f in the distribution sense in X with u is supported
in £ and

/ 20tV < 0/ 267 taV,
Q Q
for some C' > 0.

6. GLOBAL BOUNDARY REGULARITY FOR Oyx

In this section, we study the global regularity for the d,,;,-equation with mixed
boundary conditions. Throughout this section, {2 will denote the annulus in a Stein
manifold X between Q; and Qy with C® boundary. Let § € C3(€);) be the defining
function of . We impose the J-Dirichlet boundary condition on ©; and the O-
Neumann boundary condition on Q,. We say that U satisfies the d-Dirichlet condition
along €y if Uj|q, = 0 whenever J = (ji,...,J,) with j, # n. We say U satisfies the
O-Neumann condition along Q; if Us|g, = 0 when j, = n.

Definition 6.1. For 0 <r <n,0<¢<nandu € L%’q(Q), u € dom Oy if and only
if there exists f € L7 ,,,(Q) and a sequence {u,} € L7 () which vanish near b,
such that u, — u in L7 (Q) and du, — win L? (), then we say u € dom Omix
and Opicu = f.

Let gj,mix be the Hilbert-space adjoint of Omix. Let BZ () denote the space of
(r,q)-forms which are C2-smooth in a neighborhood of © and satisfies d-Dirichlet
condition on b2 and d-Neumann condition on bQ2;. Denote by W7.(Q), m € R, the
Hilbert spaces of (r, q)-forms with W™ (€Q)-coefficients and their norms are denoted
by [Jul[wm.

As in Lemma 6.4 of [3] and Lemma 4.3.2 in [5], the Hormander-Friderichs smooth
lemma also holds in this setting: Let v € dom Omy N dom J, . N L2 (9, ¢), there
exists {u, } € L2, (Q, ¢) such that

(6.1) [y, — ul| + [|Omix 1w — O w] + Hg;xuy - g;kmxu’l — 0.

From now on we fix ¢;(z) = t|z|> near bQ; and ¢;(z) = (|z|> — 70) near bQy,
where ¢ and 7 are positive constants which will be determined later. Let (', =
Omix @mx +aﬁ7mixamix be the complex Laplacian operator and take f € dom(CJE . ) of
degree ¢ > 1, then we have for every t > 0.

The proof of the following proposition follows by using a partition of unity.

Proposition 6.1. Let Q = O\Qy be an annulus domain in a Stein manifold X
between an internal domain Qy satisfies condition (H,_,—1) and an external domain
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Qy satisfies condition (H,). There exist a positive constant t, such that for any t > t.,
the harmonic space H" (E) has finite dimension and there exists a positive constant
Cy depending on t such that

(6.2) lull, < Ct(||3mzZU||¢t + 110 mgll?)

for u € dom (i) N dom (3, with q >

t mlz)

Proof. Assume first u is supported in a small neighborhood U of p € b). Since u
satisfies 0-Dirichlet condition on b€y, then *u satisfies O-Neumann condition on b<2,.
Now 1 <n—qg<n-—2 since 2 <qg<n-—1. Thus, forue Bfﬁq(Q), by a similar
argument of Proposition 3.1 in Saber [19], we have

e ull2y <N ull?y + 110 5 2,

when ¢ is sufficiently large. Since the Hodge star operator * is an isometry operator
in L?-space, we have

(6.3) tlxe wl?y <[l %o O ul| 4 [ % 07 e 7
Substituting the identity Omix = *;0 *; and gzmix = %;0x; to (6.3). Tt follows that

tllull} < 1107 vl + [[Frmie wll?,
for all u € Biq(Q). Then (6.1) shows that (6.2) holds for all u € dom Oy N
dom at mix 72“,q(Q7 ¢t) : O

Theorem 6.1. Let X and €2 be the same as in Proposition 5.1. There exists a positive
integer t* such that, fort > t*, r > 0, ¢ > 1, there exists a bounded linear operator

Niw: L7, (Q) — L7 () such that

(i) Range(N! )Cdom([lt ), Nt.Ob . =1T—H,, on dom(CI,);

m'LfE mlﬂ'} mlﬂ'} mll’ m7/$
Nt uw@d o,

(i1) for u € L? (Q), we have u = Oy 8t miadVi 8mwam
(ii1) Nt . Omiz = OmizNL,, on dom(Opiz);

miz _m mix
=0

(iv) Nt 0, Nt on dom@;mix);
(U) mm amzszm and 8

miz~ t,mix t,miz mzx
norms.

u P Hmim uy

t,miz

tmizlVimiz 7€ bounded operators with respect to the L

Proof. Following Proposition 5.1, one obtain that

(6:4) ANl < 15 -
Since (I . is a linear closed densely defined operator, then, from [9, Theorem 1.1.1],
Range([0, ;) is closed. Thus, from (1.1.1) in [9] and the fact that [J, , is self adjoint,

we have the Hodge decomposition

L? (Q) = Ornix0; iy dom Ofy, @ ;i Orixe dom O

mix*

Since OO, is one to one on dom ! ;. from (1.5.3) in [9], then there exists a unique

mix mix

bounded inverse operator Nt. : Range(!. — dom(%, N (ker!. )+ such that
NiixOhsf = f on dom 0, . Thus, we can establish the existence theorem of the
inverse of (I! . the so called weighted 9-Neumann operator Nt . . O
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*

Corollary 6.1. (i) If f € ker Oy, then O

equation Oty = f of minimal u; € Liq_l
(i1) If f € ker 0, .., then DN,

[ of minimal u, € Lf,qﬂ(ﬂ)—norm.

N .. gives the solution u; to the
(Q)-norm.

t,miz

f gives the solution u; to the equation gj,mizut =

Using the elliptic regularization method which was used in [14], one can pass from
the a priori estimates (6.4) to actual estimates and we can prove the following theorem.

Theorem 6.2. For every integer T > 0 and real t > T > 0, NL ..
W (82) into itself.

is bounded from

By Theorem 5.1 (v), Theorem 5.2 and the density of C2%(Q2) in W.(€2), the following
is immediate.

Corollary 6.2. If f € W (Q), m = 0,1,2,3,... satisfies Omief = 0, where ¢ > 1,
then there exits u € WT_(Q) so that Omuu = [ on Q with estimate ||ullym <
Conllf Iy

Theorem 6.3. For f € C3%(Q), with Opuf = 0, ¢ = 1, there exists u € C5_1()
such that Opizu = f.

Proof. From Corollary 5.1, there is u;, € Wfq_l(Q) satisfying Omixur = f for each
positive integer k. We shall modify u; to generate a new sequence that converges

to a smooth solution. Since uy — ugiy is in WE,_(Q) N ker(Omix), there exists a

U1 € WEH(Q) Nker(Opix) such that

||uk—uk+1 _Uk—i-l”Wk S 2_k7 k= 1)2737"‘
Setting Ugy1 = Ugs1 + Vpy1, then ., € Wf;}l(Q) and Opixtiz = f. Inductively, we
can choose a new sequence iy, € W¥ (Q) such that Omixtly = f and

r,q—1

|tpsr — nllwe <27, k=1,2,3,...

Set Uos = Ty + 132, (Uk+1 — Ug), t € N. Then uy, is well defined and is in W} _,(Q)
for every k. Thus, by the Sobolev embedding theorem, u,, € C;ff;(ﬁ) and Opixlles = f-
Thus the proof follows. U

Corollary 6.3. We assume that 0 < r < n, 2 < ¢ < n and the boundary of
Q is smooth. Let N! . be the weighted O -Neumann operator. For every k >
0, there exists Sy, such that when t > Sy we have that Nt Omi Nty Op miaNbis:

9, Nt 9. are exactly reqular on Wfq(Q).

t,miz" ' miz

Proof. When f € Cﬁf’](ﬁ) N dom Oyix and supp f € U N Q, where U is a special
boundary chart, then from (6.4), we have that

(6.5) tLAIE < 2D F1I7-

mix
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When f € C2(§2) with supp f a compact subset in €2, we have the following Garding’s
inequality

(6.6) 11 < Buise U7+ 107 i FIF + Cell FIIE.
Combining (6.5) and (6.6) and with a similar argument as in Kohn [14], the result
follows. O

Corollary 6.4. Suppose that f € Lf’q(Q) Nker Oz, where 2 < g < n—1. Then for
each k > 0, there exists f, € W,]qu(Q) with f, satisfying 0-Dirichlet condition on bS;
such that f, — f in L2 (Q) and Opm fn = 0.

Corollary 6.5. Suppose that [ € C’f,’j](ﬁ) Nker Oy, where 0 <p<n, 2<g<n—1.
Then, there exists u € C° (ﬁ) N dom O, satisfying 0-Dirichlet condition on b§)s

r,q—1

such that f,, — f in L2 () and Opmiu = f.

7. L? THEORY FOR Oy

We consider an operator O, which satisfies Ehat 0, C Omix C 0, where 0 is the
maximal realization of the differential operator 0. As Theorem 2.2 in Li-Shaw [16],
we prove the following theorem.

Theorem 7.1. Let X and Q) be the same as in Proposition 5.1. Then, for 0 < r < n,
2 < q < n, the Dolbeault cohomology H;4 () with L*(Q)-coefficients vanishes, i.e.,

{f€L2,(Q) ¢ f=0miu, u€ L}, ()} ‘
Proof. Let f € szq(Q) with gmiif = (. Extending f to be zero in Q,, denoted by f°,
we have that f € L7 (Q) and df° = 0 in Q,. This follows from the assumption that

Q, has C? boundary and the strong 0, and weak 0. are equal. Here we only need
the boundary €25 to be Lipschitz. For a proof of such weak equal strong results, see
e.g. Lemma 2.4 in Laurent-Thiébaut-Shaw [15]. Thus we have from the L? theory

for bounded domains satisfies condition (H,), there exists a solution v € L2 (1)

Hg? ()

such that Ov = f° in ;. From the elliptic regularity in the interior for 9, we can
assume that the form v is in W' _;(€). The form v satisfies dv = 0 on . Since
g > 1 and the boundary of Qy is C%-smooth, there exists a solution w € er’q_l(Qg)
such that Ow = v in Q. This follows from a result of Ho [10] for sufficiently smooth
boundary when the boundary is only C2. Let @ be a W extension of w to Q;. We
set u = v — 0w in Q. Then uis in L2, () with du = f in Q1. But u = 0 on Q.

This implies that © € dom Opix and Omixu = f. O

Theorem 7.2. Let Q) = Ql\QQ between two bounded strictly pseudoconver domains
Q1 and Qs in an n-dimensional Stein manifold X such that Qo € 1. Then

r,1
HgmmLQ(Q) £ 0.
Proof. The proof follows as in Lemma 2.3 in Li and Shaw [16]. O
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POSITIVE SOLUTIONS FOR FIRST-ORDER NONLINEAR
CAPUTO-HADAMARD FRACTIONAL RELAXATION
DIFFERENTIAL EQUATIONS

ABDELOUAHEB ARDJOUNI! AND AHCENE DJOUDI?

ABSTRACT. This article concerns the existence and uniqueness of positive solu-
tions of the first-order nonlinear Caputo-Hadamard fractional relaxation differential

equation
{ D (2 () — g (L (1) +wa () = f (Lo (1), 1<t<e,
z (1) =z0 > g(1,20) >0,

where 0 < a < 1. In the process we convert the given fractional differential equation
into an equivalent integral equation. Then we construct appropriate mappings and
employ the Krasnoselskii fixed point theorem and the method of upper and lower
solutions to show the existence of a positive solution of this equation. We also use
the Banach fixed point theorem to show the existence of a unique positive solution.
Finally, an example is given to illustrate our results.

1. INTRODUCTION

Fractional differential equations with and without delay arise from a variety of appli-
cations including in various fields of science and engineering such as applied sciences,
practical problems concerning mechanics, the engineering technique fields, economy,
control systems, physics, chemistry, biology, medicine, atomic energy, information
theory, harmonic oscillator, nonlinear oscillations, conservative systems, stability and
instability of geodesic on Riemannian manifolds, dynamics in Hamiltonian systems,
etc. In particular, problems concerning qualitative analysis of linear and nonlinear
fractional differential equations with and without delay have received the attention
of many authors, see [1]-[13], [16] and the references therein.

Key words and phrases. Fixed points, fractional differential equations, positive solutions, existence,
uniqueness, relaxation phenomenon.
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898 A. ARDJOUNI AND A. DJOUDI

Zhang in [16] investigated the existence and uniqueness of positive solutions for the
nonlinear fractional differential equation

{ Dex (t) = f(t,x(t), 0<t<1,
x(0) =0,

where D is the standard Riemann Liouville fractional derivative of order 0 < a < 1
and f:[0,1] x [0,00) — [0, 00) is a given continuous function. By using the method
of the upper and lower solution and cone fixed-point theorem, the author obtained
the existence and uniqueness of a positive solution.
The nonlinear fractional differential equation
“Dex(t) = f(t,z(t)) +¢ D g (t,x (t)), 0<t<T,
.1’(0):91>0, I/(O):92>0,
has been investigated in [4], where ©D? is the standard Caputo’s fractional derivative
oforder 1 <a <2, ¢,f:[0,7] x[0,00) — [0,00) are given continuous functions, ¢ is
non-decreasing on z and 6, > ¢ (0,60;). By employing the method of the upper and
lower solutions and Schauder and Banach fixed point theorems, the authors obtained
positivity results.
In [6], Chidouh, Guezane-Lakoud and Bebbouchi discussed the existence and unique-

ness of the positive solution of the following nonlinear fractional relaxation differential
equation

{ CDox (t) +wx (t) = f(t,x (1), 0<t<1,
ZE(O):ZEO>0,

where 0 < o < 1, w > 0and f : [0,1] x [0,00) — [0, 00) is a given continuous function.
By using the method of the upper and lower solutions and Schauder and Banach fixed
point theorems, the existence and uniqueness of solutions has been established.

Ahmad and Ntouyas in [3] studied the existence and uniqueness of solutions to the
following boundary value problem

0% (Du(t) — g (t,w)) = F(t.u), e [L1]
u(t) = 6(t), tell-r1]
Diu(l) =n €R,

where ©¢ and @’f are the Caputo-Hadamard fractional derivatives, 0 < a;, 3 < 1. By
employing the fixed point theorems, the authors obtained existence and uniqueness
results.

In this paper, we are interested in the analysis of qualitative theory of the problems
of the positive solutions to fractional differential equations. Inspired and motivated
by the works mentioned above and the papers [1]-[13], [16] and the references therein,
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we concentrate on the positivity of solutions for the first-order nonlinear Caputo-
Hadamard fractional relaxation differential equation

(1.1) D1 (@ (t) =gtz @) +wx(t)=f(tx@), 1<t<e,
' z(l) =29 > g(1,z9) >0,

where 0 < a < 1, w >0, g, f : [1,e] x [0,00) — [0,00) are continuous. To show
the existence and uniqueness of the positive solution, we transform (1.1) into an
integral equation and then by the method of upper and lower solutions and use the
Krasnoselskii and Banach fixed point theorems.

This paper is organized as follows. In Section 2, we introduce some notations and
lemmas, and state some preliminaries results needed in later sections. Also, we present
the inversion of (1.1) and the Banach and Krasnoselskii fixed point theorems. For
details on the Banach and Krasnoselskii theorems we refer the reader to [15]. In
Sections 3 and 4, we give and prove our main results on positivity and we provide an
example to illustrate our results.

2. PRELIMINARIES

Let X = C([1,€]) be the Banach space of all real-valued continuous functions
defined on the compact interval [1, e], endowed with the maximum norm. Define the
cone

E={rxe X :z(t)>0forallte[lel}.

We introduce some necessary definitions, lemmas and theorems which will be used

in this paper. For more details, see [9,13].

Definition 2.1 ([9]). The Hadamard fractional integral of order o > 0 for a continuous
function z : [1, +00) — R is defined as

Jtz(t) = F(l@) /1t (log t>a_1 x(s)ﬁ, a>0.

S S

Definition 2.2 ([9]). The Caputo-Hadamard fractional derivative of order o > 0 for
a continuous function x : [1,+00) — R is defined as

X 1t el ds
Dx(t) = F(n—a)/1 <log 5) ) (:E)(s)?, n—1<a<n,

where 6" = (ti>n, n € N.

dt
Lemma 2.1 ([9]). Letn—1<a<n,neNandxz e C"([1,T]). Then

n=1 (k)
(07 (0 = ()= X i

(logt)*.

Lemma 2.2 ([9]). Forallp >0 and v > —1

I AGEE yds  T(v+1) v
F(,u)/1 <log 3> (log s) S mﬂogt} v,
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Definition 2.3 ([14]). The two-parameter function of the Mittag-Leffler type is
defined by the series expansion

o n

z

Eap(2) = =,

8(2) nz::or(om+ﬁ)

For g = 1, we obtain the Mittag-Lefller function in one parameter

o Z?’L

Ea(2)22m7 O{>0,ZE(C

n=0

a>0,5eC, zcC.

Lemma 2.3 ([14]). The generalized Mittag-Leffler function E, g (—x) with x > 0 is
completely monotonic if and only if 0 < o < 1 and f > «. In other words, it yields

dn
(—1)" d—Ea,g (—x) >0, foralln e N.
xn

Obviously, 0 < E, 5 (—z) < ﬁ, where x > 0,0 < a <1 and > a.
The following lemma is fundamental to our results.

Lemma 2.4. Let x € C([1,¢]), 2’ and % exist, then  is a solution of (1.1) if and
only if

7 (t) = (w0 — g (1,20)) Eo (—w (logt)") + g (¢, x (1))

t A AN ds
(2.1) + [ (log ) Fou (—w <1og ) )F(s,x(s)), 1<t<e
1 s s s
where F (t,z) = f (t,z) —wg (t,x).
Proof. 1t is easy to prove by the Laplace transform. 0]

Lastly in this section, we state the fixed point theorems which enable us to prove
the existence and uniqueness of a positive solution of (1.1).

Definition 2.4. Let (X, ||-||) be a Banach space and 3 : X — X. The operator H is
a contraction operator if there is an A € (0,1) such that x,y € X imply

[FHx = Hyl| < Az =yl

Theorem 2.1 (Banach [15]). Let X be a nonempty closed convex subset of a Banach
space X and H : X — K be a contraction operator. Then there is a unique x € K
with Hx = x.

Theorem 2.2 (Krasnoselskii fixed point theorem [15]). If K is a nonempty bounded,
closed and convex subset of a Banach space X, A and B two operators defined on K
with values in X such that
i) Ar + By € K for all z,y € K;
ii) A is continuous and compact;
iii) B is a contraction.

Then there exists z € K such that z = Az + Bz.
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3. EXISTENCE OF POSITIVE SOLUTIONS

In this section, we consider the results of existence problem for many cases of (1.1).
Moreover, we introduce the following conditions.

(H1) g, F : [1,e] x [0,00) — [0,00) are continuous functions and ¢ is nondecreasing
on x.

(H2) There exists L, € (0,1) such that

l9(t,7) = g(t,y)| < Ly [l — ]|
(H3) There exists Ly > 0 such that

We note that to apply Theorem 2.2 we need to construct two mappings, one is
contraction and the other is completely continuous. Therefore, we express (2.1) as

(3.1) (t) = (Az) (t) + (Bx) (t) = (Hx) (1),
where the operators A, B : € — X are defined by
() (1) = [ t (log t)a_l o (—w (log t)a) Fs,n(s) &
1 s s s
and
(Bz) (t) = (z0 — g (1, 20)) Eo (—w (logt)") + g (¢, 2 (£)) -
We need the following lemmas to establish our results.

Lemma 3.1. Assume that (H1) holds. Then, the operator A : € — &€ is completely
continUoOUS.

Proof. By Lemma 2.3 and taking into account that F' is continuous nonnegative
function, we get that A : € — € is continuous. The function F': [1,¢e| x B, — [0, 00)
is bounded, then there exists p > 0 such that 0 < F (t,z(t)) < p, where B, =
{r €&, |lz|]| <n}. We obtain

|(Az) ()] = ‘/j <10g t>a1 Eq o <—w (log i>a> F (s,7(s)) ds

s s
1 gt t\o ! ds
<— [ (gl) |F @
<ty (o)) PG
p /t( t)o‘_lds
<P [liogl) &
“T(a) & s
o plogt)”
“I'(a+1)
Thus,
[V [ —_—
“I'(a+1)

Hence, A(B,) is uniformly bounded.
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Now, we will prove that A(B,) is equicontinuous. Let z € B,, then for any
t1,t0 € [1,6], ty > t1, we have

|(Az) (t1) — (Az) (t2)
/1t1 <10g 21)(1_1 Eua (—w (log 2;1>a> F(s,7(5)) 029

_ /1t2 (1og 2;2)&_1 B (—w (log tj>a> F(s,x(s)) Cij
()= o) s

1 (2 to a—1 ds
tar (s 2) PG )

ot (1 (o) =) 5 G4
<ot (b -t 22 )

2,0 tg)a
<——(log—=
_F(()[+1> (Ogtl ’

which is independent of = and tends to zero as to — t;. Thus, A(B,) is equicontinuous.
So, the compactness of A follows by Ascoli Arzela’s theorem. O

Lemma 3.2. Assume that (H1) and (H2) hold. Then the operator B : € — € is a
contraction.

Proof. By Lemma 2.3 and taking into account that g is continuous nonnegative
function and xy > ¢ (1, z¢), we get that B : € — €. For x,y € € we have

|(Bx) () — (By) ()] =g (t,2 (1)) — g (t,y ()] < Ly lz -yl
Thus, ||Bz — By|| < L, ||z — y||. Hence, B is a contraction. O

Now, for any z € [a,b] C RT, we define respectively the upper and lower control
functions as follows

H(t,xz)= sup F(t,y), h(t,x)= inbe (t,y).

a<y<z EASTAS

It is clear that these functions are nondecreasing on [a, b].
Definition 3.1. Let 7,z € €, a < xz < T < b, satisfying
T (t) = (x0 — g (1,20)) Ea (—w (logt)®) + ¢ (¢, 7 (1))

o) B (o ) Yo,

IN
IN
o
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and

2 (t) <(v0 — g (1,0)) Eo (—w (logt)™) + g (t,z

t t a—1
+/ (log > Ey o (—w (log ) ) —, 1 <t<e
1 s

Then the functions T and x are called a pair of upper and lower solutions for the
equation (1.1).

Theorem 3.1. Assume that (H1) and (H2) hold and T and x are respectively upper
and lower solutions of (1.1), then (1.1) has at least one positive solution.
Proof. Let

K={ze:z(t)<z(t)<zT(t), te[lel}.
As X C E and X is a nonempty bounded, closed and convex subset. By Lemma
3.1, A : KX — €& is completely continuous. Also, from Lemma 3.2, B : K — € is a

contraction. Next, we show that if z,y € K, we have Ax + By € K. For any x,y € K,
we have x < z,y < T, then

(Az) (1) + (By) (1)
= (z0 — g (1, 20)) Eo (—w (logt)*) + g (t, y (t))

(3.2) <7 (t)

and
(Az) () + (By) (t)
= (20 — 9 (1,20)) Ea (—w (logt)*) + g (,y (¢))
ACHRCACTTRIIC
> (z0 — g (1,20)) Ea (—w (logt)®) + g (t,z ))
o o85)" (o (0 ) Yt
(3.3) >z (t).

Thus, from (3.2) and (3.3), we obtain that Az + By € K. We now see that all the
conditions of the Krasnoselskii’s fixed point theorem are satisfied. Thus there exists
a fixed point x in K. Therefore, (1.1) has at least one positive solution z in K. [
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Corollary 3.1. Assume that (H1) and (H2) hold and there exist A1, Aa, A3, Ay > 0
such that

(3.4) M <gl(t,r) <X, (t,z)€[l,e] x][0,+00),
and
(3.5) A < F(t,x) <Ay, (t,z) €l e] x][0,+00).

Then (1.1) has at least one positive solution x € €, moreover

(3.6) 2 (t) = (0 — g (1, 20)) Ea (—w (log?)®) + A1 + A3 (log )" Eg a1 (—w (logt)®)
and

(3.7) x(t) < (xo— g (1,20)) Eo (—w (logt)*) + Aa + Ay (logt)” Ey a41 (—w (logt)®).

Proof. From (3.5) and the definition of control functions, we have

(3.8) A3 < h(t,x) < H(t,z) < A\
Now, let
T (t) =(z0 — 9 (1,20)) Ea (—w (logt)") + A2 + A4 (log 1) Eg a1 (—w (logt)”)
= (20 — 9(1,20)) Ea (—w (log 1)") + A

t AN d
+ /\4/ (log ) Eoy o ( (log ) ) i
1 S S

Taking into account (3.4) and (3.8), we have
Z(t) =(x0— g (1,20)) Eo (—w (logt)”) + Ao

t a—1
1 S S

> (20 — g (1,20)) Ea (— (logt) ) +

ACH G CH)

It is clear that T is the upper solution of (1.1).
Now, let

z(t) =(xo— g (1,20)) Eo (—w (logt)®) + A1 + A3 (logt)® Ey a1 (—w (logt)®)
= (20 = 9(1,20)) Ea (—w (log 1)) + A

Loy d
[ (i) P (o (063) ) 5
1 S S

By (3.4), (3.8) and the same way that we used to search the upper solution, we
conclude also that z is the lower solution of (1.1). Therefore, from Theorem 3.1,
we conclude that (1.1) has at least one positive solution x € &€ which verifies the
inequalities (3.6) and (3.7). O

>
S
xr

(1))

2
It
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Corollary 3.2. Assume that (H1) and (H2) hold and there exists ay,as > 0 such

that

(3.9) ap < g(t,x), aa < F(t,z), (t,z)€ [l,¢e] x[0,+00),
and

(3.10) lim g (t,x) < 400, lim F(t,z) < +oo,

Tr—+00 T—r—+00

then (1.1) has at least one positive solution.

Proof. By (3.10), there exist positive constants Ny, Ny, Ry and Ry such that

(3.11) g(t,x) < Ny, foranyz> Ry, te[l ¢,
and
(3.12) F(t,z) < Ny, forany xz > Ry, t € [l,¢].

Let ) = g(t,x) and Cy =

(3.12), we have

F(t,z). Then, by (3.11) and

algg(tax>§Nl+Cl7 foranyx207t€[176]7
and
as < F (t,z) < No+Cy, forany x >0,t€[l,e].

Thus, from Corollary 3.1, (1.1) has at least one positive solution z in & which satisfies
the following inequalities

z(t) > (o — g (1,20)) Eo (—w (log?)?) + a1 + as (log )" Eq a1 (—w (logt)?)
and

x(t) <(xo—g(1,20)) Eq (—w (logt)*) + Ny + Cy
+ (Ny+ C3) (logt)® Eq a1 (—w (logt)®) . O

4. UNIQUENESS OF POSITIVE SOLUTION

In this section, we shall prove the uniqueness of the positive solution using the
contraction mapping principle.

Theorem 4.1. Assume that (H1)-(H3) hold and

Lp

<1,

then (1.1) has a unique positive solution z € XK.
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Proof. From Theorem 3.1, it follows that (1.1) has at least one positive solution in X.
Hence, we need only to prove that the operator H defined in (3.1) is a contraction on
X. In fact, since for any x1,x9 € K, (H2) and (H3) are verified, then we have

|(Hay) (1) — (Ha) (1)]
<lg(t, 21 () — g (t, 22 (1))|

+ /lt <10g i)a_l E, (—w <log z>a> |F (s,21(s)) — F (s,22(s))] ds

s
(log t)”

<L — _
— QH‘Tl x2||+1—‘((1/+1)

L ||z1 — 2|

Lp
< | L _— — .
_< 9+F(a+1)> |21 — 2|

Thus,
|| H Hao|| < | L, + |lx1 — 22|
= = 7 T(a+1) ! 20

Hence, the operator H is a contraction mapping by (4.1). Therefore, by the contraction
mapping principle, we conclude that the problem (1.1) has a unique positive solution
x e XK. O

Finally, we give an example to illustrate our results.

Example 4.1. We consider the following nonlinear Caputo-Hadamard fractional relax-
ation differential equation

01 (210~ T2 ) +o 0
(4.2) _(t+6)x ()+(4t+21) (t) + 5t + 18
S GEn @A a0 Tise
(1) =1,
where
=g w=1l w=1 gla)= g(la)=],
(t+6)2*+ (4t +21)x + 5t + 18 1 t
ftw) = (t+3) (22 + 4z + 3) ’ F(t’x)_3+t<a:+1+3)'

Since ¢ is nondecreasing on x and F' is decreasing on x

2

+e
for (t,z) € [1,e

) ,€] x [0,00). Hence, by Corollary 3.1, (4.2) has a positive solution, which
verifies z () < z (¢

) <Z(t), where
1

T (t) = (B (= (ogt)'”?) + 1+ (log 1) Byjaaps (— (log)"?)



FRACTIONAL RELAXATION DIFFERENTIAL EQUATIONS 907

and

1 2 3
@(t) = ZEI/g (— (log t)1/3) + g + 374_6 (log t)1/3 E1/3’4/3 <_ (log t)1/3) ’

are respectively the upper and lower solutions of (4.2). Also, we have

Lp

— ~0.64 < 1.
I'(a+1)

L, +

Then, by Theorem 4.1, (4.2) has a unique positive solution which is bounded by z
and T.

REFERENCES

[1] S. Abbas, Ezistence of solutions to fractional order ordinary and delay differential equations and
applications, Electron. J. Differential Equations 2011(9) (2011), 1-11.

[2] R. P. Agarwal, Y. Zhou and Y. He, Existence of fractional functional differential equations,
Comput. Math. Appl. 59 (2010), 1095-1100.

[3] B. Ahmad and S. K. Ntouyas, Ezistence and uniqueness of solutions for Caputo-Hadamard sequen-
tial fractional order neutral functional differential equations, Electron. J. Differential Equations
2017(36) (2017), 1-11.

[4] H. Boulares, A. Ardjouni and Y. Laskri, Positive solutions for nonlinear fractional differential
equations, Positivity 21 (2017), 1201-1212.

[5] H. Boulares, A. Ardjouni and Y. Laskri, Stability in delay nonlinear fractional differential equa-
tions, Rend. Circ. Mat. Palermo 65 (2016), 243-253.

[6] A. Chidouh, A. Guezane-Lakoud and R. Bebbouchi, Positive solutions of the fractional relazation
equation using lower and upper solutions, Vietnam J. Math. 44(4) (2016), 739-748.

[7] F. Ge and C. Kou, Stability analysis by Krasnoselskii’s fixed point theorem for nonlinear fractional
differential equations, Appl. Math. Comput. 257 (2015), 308-316.

[8] F. Ge and C. Kou, Asymptotic stability of solutions of nonlinear fractional differential equations
of order 1 < a < 2, Journal of Shanghai Normal University 44(3) (2015), 284-290.

[9] A. A.Kilbas, H. H. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, Elsevier Science, Amsterdam, 2006.

[10] C. Kou, H. Zhou and Y. Yan, Ezistence of solutions of initial value problems for nonlinear
fractional differential equations on the half-azis, Nonlinear Anal. 74 (2011), 5975-5986.

[11] V. Lakshmikantham and A. S. Vatsala, Basic theory of fractional differential equations, Nonlinear
Anal. 69 (2008) 2677-2682.

[12] N. Li and C. Wang, New ezistence results of positive solution for a class of nonlinear fractional
differential equations, Acta Math. Sci. 33 (2013), 847-854.

[13] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[14] W. R. Schneider, Completely monotone generalized Mittag-Leffler functions, Expo. Math. 14
(1996), 3-16.

[15] D.R. Smart, Fized Point Theorems, Cambridge Tracts in Mathematics 66, Cambridge University
Press, London, New York, 1974.

[16] S. Zhang, The existence of a positive solution for a nonlinear fractional differential equation, J.
Math. Anal. Appl. 252 (2000), 804-812.



908 A. ARDJOUNI AND A. DJOUDI

!DEPARTMENT OF MATHEMATICS AND INFORMATICS,
UNIVERSITY OF SOUK AHRAS,

P.O. Box 1553, SOUK AHRAS, ALGERIA

Email address: abd_ardjouni@yahoo.fr

2DEPARTMENT OF MATHEMATICS,

UNIVERSITY OF ANNABA,

P.O. Box 12, ANNABA, ALGERIA

Email address: adjoudi@yahoo.com



KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 45(6) (2021), PAGES 909-923.

EXISTENCE AND UNIQUENESS OF THE MILD SOLUTION OF
AN ABSTRACT SEMILINEAR FRACTIONAL DIFFERENTIAL
EQUATION WITH STATE DEPENDENT NONLOCAL CONDITION

MOHAMED A. E. HERZALLAH! AND ASHRAF H. A. RADWAN?

ABSTRACT. The purpose of this paper is to investigate the existence and unique-
ness of mild solutions to a semilinear Cauchy problem for an abstract fractional
differential equation with state dependent nonlocal condition. Continuous depen-
dence of solutions on initial conditions and local e-approximate mild solution of the
considered problem will be discussed.

1. INTRODUCTION

Many authors are interested in studying different classes of differential equations
by using several forms of accompanying conditions. L. Byszewski [1] inaugurated the
study of Cauchy problems for the abstract evolution differential equation
u'(t) + Au(t) = f(t,u(t)), t € (to,to + a], with the nonlocal condition u(ty) +
g(t1,ta, ... tp,u(-)) = up. K. Deng [2] indicated that the nonlocal condition can be
applied in physics with more precise measurements, accurate results and better effect
than the usual initial condition. Deng used the nonlocal form g(u) = >-%_; cru(ty),
where ¢,k = 1,2,...,p, are given constants. A. El-Sayed et al. [3] discussed the
existence of solutions to the deviated-advanced nonlocal differential inclusion

Z'(t) eF(t,z(t)) ae. t € (0,1),

> ar(¢(m)) =a Y bjx(¥(ny), ar,bj > 0,7, m; € (0,1),
k=1 j=1

Key words and phrases. Caputo derivative, state dependent nonlocal condition, Cy-semigroups,
continuous dependence, e-approximate solution, Krasnoselskii’s fixed point theorem.
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where F' is a set-valued function from [0, 1] xR into P(R™) (the power set of R™), v > 0
is a parameter and ¢, ¥ are, respectively, deviated and advanced given functions. In [3]
some special forms of nonlocal conditions are displayed such as >3, agz(¢(7%)) = 0,
S a(9(m)) = az(@(m), 7on € (0,1), L o(6(s))ds = 0, 3 2((s))ds = 0 and
J3 z(o(s))ds = a [y 2(¢(s))ds. E. Hernandez and D. O’Regan [8] investigated the
existence and uniqueness of mild solutions for the class

u'(t) = Au(t) + F(t,u(y(t)), te€[0,d],
with the state dependent nonlocal condition
u(0) = H(o(u),u) € X,

where A generates an analytic semigroup of linear operators on a Banach space X
and F'(-), v(-), H(-) and o(-) are suitable continuous functions. The state dependent
nonlocal condition generalizes many types of nonlocal conditions. For instance, the
conditions u(0) = ug, u(0) = 3F_; cu(t;), with 0 < ¢; < -+ < t, < a and u(0) = g(u),
where g € C(C(J,X), X) can be considered as state dependent nonlocal conditions.
For more details about the state dependent nonlocal conditions see [7]. For the history,
applications and significant results on fractional derivatives and integrals, we refer the
reader to [10,12,14-16,19].

The aim of our manuscript is to discuss the existence and uniqueness of mild
solutions to the state dependent nonlocal problem

(1.1) ‘D%(t) =Au(t) + F (t,u(t),u(v(t))), te]0,0],
(1.2) u(0) =H (o(u),u) € X.

€D denotes the Caputo fractional derivative of order o € (0,1). The operator A
is the infinitesimal generator of a Cy-semigroup {T'(¢)};>0 of operators on X and
F(-), v(+), H(-) and o(-) are appropriate continuous functions satisfying some hypothe-
ses. We illustrate our results by giving an illustrative example. Further, we discuss
the continuous dependence of solutions on initial conditions and local e-approximate
mild solution of problem (1.1). The results obtained are based upon the method of
semigroups, the contraction mapping principle and the Krasnoselskii’s fixed point
theorem.

The rest of this paper is organized as follows. In Section 2, we display some notations,
main definitions and theorems which are used through out the paper. The main results
will be given in Section 3 where we investigate the existence and uniqueness of mild
solutions to problem (1.1)—(1.2). In Section 4, we discuss the continuous dependence of
solutions on initial conditions and study local e-approximate mild solution of problem

(1.1).
2. PRELIMINARIES

Here, we introduce some notations, main definitions and theorems which are crucial
in what follows.



ABSTRACT SEMILINEAR EQUATION WITH STATE DEPENDENT NONLOCAL CONDITION11

Let J = [0,b], where b > 0, (X, || - ||x) be a Banach space, B(X) be the space of all
bounded linear operators from X into X, C'(J, X) be the set of all continuous functions
u: J — X with the norm ||ul|c= sup{|ju(t)|: v € C(J,X),t € J}, C"(J,X) be the
set of all n-differentiable functions, with u™ € C(J, X), AC(J, X) be the set of all
absolutely continuous functions from J into X.

Let ¢, n > 0, be the function ¢,(t) = t""'/I'(n) for t > 0 and ¢,(t) = 0 for t < 0.
For nn =0, ¢o(t) is the Dirac delta function.

Let A: D(A) C X — X be the infinitesimal generator of a Cy-semigroup {7'(¢) }+>0
of uniformly bounded linear operators on X.

Let p(A) be the resolvent set of A, i.e., the set of all complex numbers A for which
Al — A is invertible. The family {(A\] — A)~'},. o(4) of bounded linear operators is
called the resolvent of A.

A function ~(t) : J — J is said to be a deviated function if y(t) <t for all t € J.
As an example of a deviated function, we have v (t) = 5t, 5 € (0,1).

Farctional integral according to Riemann-Liouville approach and Caputo fractional
derivative are given in what follows [10, 14].

Definition 2.1. The fractional integral of order o > 0 with the lower limit 0 of the
function u : [0,00) — X is defined by

1

Iult) = s / (= ) Nu(s)ds = (6o u)(t), t >0,

provided that the right-hand side is point-wise defined. The symbol * stands for the
convolution operation and I'(+) is the Euler gamma function.

Definition 2.2. The Caputo derivative of order a € (0,1) with the lower limit 0 for
a function v € AC(J, X)) is defined by

“D%(t) = F(la) /Ot(t — 5)* ' Du(s)ds = I'"*Du(t), D= ;Zt

We recall some definitions and properties about Cyp-semigroups [6, 13].

Definition 2.3. A family {T'(¢) : 0 < t < oo} of linear operators from X to X is
called a Cp-semigroup if:

L ||T()] < oo, ie., sup{||T(t)ull : v € X, |Ju|| <1} < oo for each t > 0;

2. T(t+s)u=T(t)T(s)u for all w € X and all t,s > 0;

3. T(0)u =wu forall u € X,

4. t— T(t)u is continuous for ¢ > 0 for each u € X.

Definition 2.4. For the Cy-semigroup {7'(¢)}+>0, the following holds.
1. There exist constants N > 1 and w > 0 such that [|T'(¢)|| < Ne*! for 0 < ¢ < oo.
2. {T(t)}+>0 is called a Cy-contraction semigroup if || 7(¢)|| < 1 for each ¢t > 0.
3. {T'(t)}i>0 is called a uniformly continuous semigroup if ¢ — T'(t) is continuous
in the uniform operator topology.
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4. The linear operator A : D(A) C X — X is called the (infinitesimal) generator
of {T'(t) }+>0 where the domain D(A) of A is the set of all functions u € X for
which the limit tli% (T'(t)u — u)/t exists in X. The previous limit gives Au in
X. The domain D(A) is dense in X and A is closed.

5. {T'(t)}+>0 is a compact semigroup, if and only if {T°(¢) }+>0 is continuous in the
uniform operator topology and (A — A)~! is compact for A € p(A).

If {T(t)}+>0 is compact, then (A\] — A)~! = [° e T (s)ds, Rel > w.

A useful Krasnoselskii’s fixed point theorem [4] and Gronwall’s inequality [18] are
given in what follows.

Theorem 2.1. Let X be a Banach space, Y be a bounded, closed and convex subset of
X and K, Q be operators of Y into X such that Ku+ Qu € Y for every pair u,v € Y.
If Q is a contraction and K is completely continuous, then the equation Ku+ Qu = u
has a solution in Y.

Theorem 2.2. Suppose a > 0, a(t) is a nonnegative function locally integrable on
J, g(t) is a nonnegative, nondecreasing continuous function defined on J, g(t) < ¢
(constant), and u(t) is nonnegative and locally integrable on J with

u(t) <al(t) + g(t) /Ot(t — 5)* u(s)ds,
then

(2.1) ) < alt +/ ds, telJ

i ))n (t — )" a(s)

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

In this part, we investigate the existence and uniqueness of continuous mild solutions
to the nonlocal problem (1.1)—(1.2).
Consider the one-sided stable probability density [11,19]
1 & 1 pe1—an L (1 +amn
31) alh) = = (-1 O

n=1

oy sin(anm), «a€(0,1),6 € (0,00),

whose Laplace transform is given by

(3.2) /0 TN (0)dO = e

and consider the probability density function
1
(3.3) ha(0) = —071 71 a (071%), 0 € (0,00),

which satisfies
I'l+v)

Titan V€0

(34)  hal0) 20, [T ha(6)d8 = 1and |7 0ha(0) =
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We have relied on the following lemma to define a mild solution for problem (1.1)-
(1.2).

Lemma 3.1. The solution of the nonlocal problem (1.1)—~(1.2) can be expressed by the
integral equation

u(t) = /Ooh (O)T(t°0) H (0/(u), w) d6
(3.5) +a / / ) ha ()T ((t — 8)°0)F (s, u(s), u(~(s)))dods.

Proof. Let u(t) be a solution of problem (1.1). Operating I* on both sides of (1.1),
we obtain

(3.6) u(t) = u(0) + ¢a(t) * Au(t) + da(t) * F(1, u(t), u(y(1)))-
Let U(\) = [3° e u(s)ds and P(\) = [;° e F(s,u(s),u(y(s)))ds, A > 0. Taking

Laplace transform for ( 6), we get

U\ = (0)+ Lavoy+ L)

pXe
= Aa 1(Aa[ — A)7Mu(0) + (AT — AT P(N)
(3.7) =\t /00o e T (s)u(0)ds + (/OOO e_)‘aST(s)ds> P()),

where [ is the identity operator defined on X. Using (3.2), direct calculation gives
that

po-! /0 T NS T (s)u(0)ds = / ” ()\t)a L= 0" (1) (0) dt

/ A dt e~ 0" T(t)u(0)dt
_ / / Oa (0)e T (1) u(0)dfdt

(3.8) - / ¢ [ /0 (O)T <2a)u(0)de} dt

e’\asT(s)ds> PO\
atalew)“fr(ta)dt) POV
= ([ [T ava@eT (1)1 1d0dt>P
:</0°°6—M (a/o(”%(e) a ta 1d0 dt)
/Oooe K / Dol a ta lcw) (t)))} dt
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= /OOO e M [a /Ot /OOO Vo ()T <(t ;a8>a> (t _Qi)a F(s,u(s), u(y(s)))d@ds} dt.
Substituting (1.2), (3.8) and (3.9) into (3.7), we get

U

_/ —MU V(0 (a> ((u),u)d&]dt
b [T [a /0 I zpa(e)T(t;as)a) <t_;a>a1F(5,u(s),u(7(s)))d9ds] dt.

Inverting the Laplace transform, we obtain

at) = [~ wa)1 (22)1¥<a@o,u>d9

va [ [T ( a))“}?_F@mwwwmmwa
Using (3.3), we get (3.5). This completes the proof. O

Define the operators {S,(t)}i>0 and {R,(t)}i>o for any u € X, by
(3.10)  Sa(t)u = / T ha(O)T(t*0)udd and Ro(t)u = a /  Oha ()T (10)udd.
0 0

Now, the mild solution of the nonlocal problem (1.1)—(1.2) can be defined by
following.

Definition 3.1. A function u( ) € C(J,X) is called a mild solution of the nonlocal
problem (1.1)—(1.2) if u(0) = H (o(u),u) and

(3.11)  u(t) = Su()H +/ VIR (t — 8)F(s,u(s), u(y(s)))ds.

The following lemma gives some basic properties of S, and R, which are useful in
the sequel [9,17].

Lemma 3.2. The operators S,(t), t > 0, and R.(t), t > 0, have the following
properties.

1. For any fized t > 0, the operators S,(t) and R.(t) are linear and bounded
operators, which means that for any u € X

alM

(3.12) [|Sa(t)ull < Mlju|| and ||Ra(t)ul| < T +a)

lu|l, forallte J,

where M = sup,c(g o) [|T(t)]| (x) < 00.

2. For everyu € X, t — S, ( Ju and t — R, (t)u are continuous functions from
[0,00) into X.

3. The operators S,(t), t >0, and R,(t), t > 0, are strongly continuous in [0, 00),
which means that for allu € X and 0 <t; <ty < b, we have

IS0 (ta)u — So(th)ul] = 0 and ||Ra(ta)u — Ro(t)u|| — 0 as ty — ty.
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4. If T(t) is a compact operator for every t > 0, then the operators S,(t) and R, (t)
are also compact for every t > 0.

In order to discuss the existence and uniqueness of mild solutions to the nonlocal
problem (1.1)—(1.2), consider the following assumptions:

(Hy) T(t) is a compact operator for each t > 0;

(Hy) v :J — J is a deviated continuous function, i.e., y(t) < t, t € J;

(H3) 0 : C(J,X) — J is a Lipschitz function with Lipschitz constant L,;

(Hy) F:Jx X? — X is continuous and there exist constants p, ¢ > 0 such that

£t 01) = F(t uz, 02) || < pllun = ual| + gllor —wsl, - with f = max||[F(z,0,0)];

(Hs) H:JxC(J,X)— X is continuous and there exists A > 0 such that
[ H (ur, u2) — H(vy, v2)|| < [Jur = o] + Alfuz — v
and H(-) is bounded, with h = sup,cc (s x) [[H (o (u), u)||-

Noting that for all u,v € C(J, X):
(a) from (Hj3) and (Hs),

(3.13) [1H (o (u),u) = H(o(v),0)]| < (A+ Lo)[lu = vl;
(b) from (Hy),
1E @, o) < [ F(E u,0) = F(,0,0) | + [|F(2,0,0)
(3.14) < pllull +qllvll + /-

For the existence of mild solutions to problem (1.1)—(1.2), we give the following
theorem.

Theorem 3.1. Let the assumptions (Hy)—(Hs) be satisfied. Then, the nonlocal problem
(1.1)~(1.2) has at least one mild solution u € C(J, X) if

M (67
(p+gb*| |
I'l+a)
Proof. Let N(r) be the nonempty, closed and convex subset of C'(J; X') such that
M f + hI'(1+ )]
F'l+a)— M(p+q)b™
Let W : C(J,X) — C(J, X) be the operator given by Wu(t) = Ku(t) + Qu(t), where

max {()\ + L,)M,

N(r)= {u e C(L,X): ul| <r, r=

(3.15) Ku(t) = /Ot(t — 8)* R (t — 8)F(s,u(s),u(y(s)))ds
and
(3.16) Qu(t) = Sa(t)H (o(u),u) .

The proof will be given in four steps.
Step 1. Ku+ Qv € N(r) whenever u,v € N(r).
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Using (3.15) and (3.16) with applying (3.12), we have
[ K u(t) + Qu(t)]|

= /Ot(t — 5)* M| Ra(t — 5) F (s, u(s), u(y(s)))llds + [|Sa() H (o(v), v) |

SI‘(Zd\fl) /Ot(t — S)a—1||F(s, u(s), u(y(s)))||lds + M||H (a(v),v) ||

Using (3.14) and (Hs), we obtain

(0 + Qu < s =9 bllu(s)] + alluy () + f1ds + b

For u € N(r), we get

['a+1)

Thus, Ku + Qv € N(r) whenever u,v € N(r).

Step 2. K is continuous.

Let {u,}22, be a sequence in C(J, X) such that u,, tends to u € C(J, X) as n tends
to oo for all t € J.

Using (3.15) and (3.12) we have

[ K un(t) — Ku(t)]]
S/O (t = 5)" I Ra(t — 5) [F (s, un(s), un(v(s))) — F(s,u(s), u((5)))] | ds

Spéﬂf” /Ot(t — 8)* T IF (s, un(s), un(v(5))) = F(s, u(s), u(v(s))) [l ds.

Applying (H,), we obtain
[ Kun(t) — Ku(t)]]

Sréﬂfn [ =5 Blunts) = u)l + allenr(s)) = ulr(s) ) ds.

(3.17) 1Ku+ Qull < M (ba[fﬂp*q)?”] +h> —r.

Then

Mb*(p+q)
[(a+1)

which tends to zero as n tends to co. Thus, K is a continuous operator.

Step 3. K is compact.
From (3.12), (3.14) and (3.15), we have

()l < [ (=)™ Ralt = 5)F (s, u(s), ulr(5) I ds

< Famgy €= 9 Pl ula () s

[ K un — Kul| < [tn — ],
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< gy [ = 9 Bl + alluta ()] + N as.

For u,v € N(r), we get
My [f + (p +g)r]
I'(l+«)
So, the class of functions {Ku(t)} is uniformly bounded in N(r).
Let 0 <t; <ty <b. From (3.15), we have

[ Ku(ts) — Ku(ty)]
< H/O ! [(tQ - 8)04*1 _ (tl — S)afl} Ra(tQ — S)F(s,u(s)’ U(’}/(S)))ds

[t = ) Ralts — 9)F (s, u(s), u((s))ds

t1

| Kul| <

+

*—NAH(M'—SY‘1[Ra@2—-8)—-Raﬁl—-SHfﬂs,u@ﬂ,uvﬂsD)ds
Applying (3.12) and (3.14), we obtain
[ Ku(tz) — Ku(ty)]|

SaMngigwﬂ[Ahhb_sw4—4“_3W4hk+ ;@2—@w4@]

[t =) (Ralta = ) = Ralts = ) F(s, u(s), u((5))) s,

Since lim | Ro(ta — s) — Ro(ty — s)|| = 0 uniformly for 0 < s < t; <ty <D, it is easy
2 1

to see that ||Ku(ty) — Ku(ty)|| — 0 as to — ¢1. Thus, {Ku(t)} is equicontinuous. By
Arzela-Ascoli theorem, { Ku(t)} is relatively compact and K is a compact operator.
Step 4. () is a contraction.
Let u,v € N(r). From (3.16), we have

1Qu(t) = Qu(t)|| < [|Sa(t) (H(o(u),u) — H(o(v),v)) |,
then by applying (3.12) and (3.13), we get ||Qu — Qv|| < (A + L,)M|lu — v||. Since
(A L,)M < 1, @Q is a contraction operator [5].
As a consequence of Krasonselskii’s fixed point theorem, the operator W has at

least one fixed point. Therefore, the nonlocal problem (1.1)—(1.2) has at least one
mild solution u € N(r) which completes the proof. O

For the uniqueness of mild solutions to problem (1.1)—(1.2), we give the following
theorem.

Theorem 3.2. Let the assumptions (Hy)-(Hs) be satisfied. Then, the nonlocal problem
(1.1)«(1.2) has a unique mild solution u € C(J, X) if

b*(p + q)
M()\+LJ+M> < 1.
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Proof. Consider the operator W : C(J, X) — C(J, X) such that
(3.18)  Wult) = Su(t)H +/ VLR (t — 8)F (s, u(s), u(~(s)))ds.

The proof will be given in two steps.
Step 1. W maps N(r) into itself. From (3.12) and (3.18), we have

IWu(®)|| < |[Sa(t)H ||+-J/ )" HIRa(t — 5)F (s, u(s), u(y(s)))llds
ey /0 (6= ) (s, u(s),ulr () s,
Let u € N(r), with applying (3.14), we get

WWMSAICﬂf+@+®ﬂ+h>=ﬁ

< M|\ H (o(u),u) || +

I'l+«)

Therefore, WN(r) C N(r) .
Step 2. W is a contraction. Let u,v € N(r). Using (3.12), (3.13) and (3.18), we
obtain

[Wu(t) = Wo()]]

<[15a(t) [H (0(u),u) — H (o(v),v)] |
!/@—S“IW%@—SHF@UQMW@D%—F@w@%MWQDM%

<M||H (o(u),u) = H (a(v),v) |

s [ o O ) ~ Fls, () o))l
<M (A + Lo)lu(t) — o(t)]|+
b s [ 9 pluts) = o)+ alur(s) — o) s
Then

b*(p + q)
— < M L _— —vl.
|IWu—Wol|| < <>\+ o+ M+ a) lu — |

Since M (/\ + L, + r((1p: j)) ) < 1, W is a contraction operator and it has a unique fixed
point u € N(r) which is the unique mild solution of the nonlocal problem (1.1)—(1.2).

Therefore, we get the required. O
We finalize this section by the following example to illustrate our results.

Ezample 3.1. Let X = Lo ([0, 7], R), the space of all functions for which the 2"¢ power
of the absolute value is Lebesgue integrable. Consider a fractional partial differential
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equations of the form

0.4 5 1 =@ [2(0.78) ]
Dl 2) +.D x(t’z)_19+et<1+||x(t)\|+1+||x(0.7t)||>’ te 0.1,

z(0,2) = 0.3z (0(x), 2) € Ly ([0, 7], R), 2z €[0,n],

where ,D%* denotes Caputo fractional partial derivatives with o = 0.4.
Let A be an operator defined by Ax = —z” with the domain

D(A) = {z(-) € Ly ([0, 7],R) : 2 is absolutely continuous, z(0) = z(7w) = 0},

then A generates a Cy-semigroup {7'(t)},-, which is compact [21], that is (H;) holds.
Operator A has the natural eigenvalues m, —m?2, with normalized eigenvectors Tm(t) =
(2/7)%3sin(mt). For each = € Ly ([0,7],R), T(t)v = X5, e ™ (v, 2,,) . In
particular, 7'(-) is a uniformly stable semigroup and ||T'(t)|| 1,0, < €~*. Our problem
can be reformed as the nonlocal problem (1.1)—(1.2).

Let 0 € Cri, (C([0,1], Lo([0, 7], R)), [0,1]), with L, = 0.2. Defining H(-) by
H(t,x) = 0.3z, then |H(t,x) — H(t,y)|| < 0.3||z —y]|. Clearly, A = 0.3. Let

F(t,a(t), y(t) = — (IIm(t)H G] )

19+e \1+[lz@®)] 1+ [ly@)]
then f =0 and
[E(¢, 21(2), y1(8)) — (¢, 22(t), y2(1)) |
<1< e @) Wﬂm!|+HH%®H 210 w
T2 \[[T+ flza (@) T4 (28] L+ @ 1+ [ly2()]]
552;3 (e @ = [l2 @0 + Ny O = lly(2)1])
1

S% (w1 () — z2(t) || + Jy1 () — w2 (D)) -

So, we have p = ¢ = 0.05. Therefore, all conditions of Theorem 3.2 are satisfied and
the considered problem has a unique continuous mild solution.

4. CONTINUOUS DEPENDENCE AND ¢e-APPROXIMATE MILD SOLUTION

In this section, we discuss the continuous dependence of solutions on initial condi-
tions and the local e-approximate mild solution of problem (1.1).

Theorem 4.1. Let the assumptions (Hy), (Hy) and (Hy) be satisfied and uy(t) and
us(t) be the solutions of problem (1.1) corresponding to uy(0) = ul and uy(0) = u),
respectively. Then

M(p+q)" ..
(4.1) HU1 - UQH < MHul u2|| (1 + Z 1 + na) e ) ’

n=1
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Proof. Let uy(t) and us(t) be the solutions of problem (1.1) corresponding to u;(0) =
uY and uz(0) = uY, respectively. Hence,

Dy (t) = Aui(t) + F (t,ur(t),u1 (v(1))), i (0) =i, t € J,

and
cDaUQ(t) = Au2<t) + F (t7 u2(t)7u2 (V(t))) ) u2(0> = U(Q)’ teJd
This implies

wn(t) u1+/ VO Ra(t — ) F(s, w1 (s), ur(7(s)))ds
and
us(t) u2+/ VLR (t — 8)F (s, ua(s), us(7(s)))ds.
So, we have
[Jui(t) — ua(t) ||
<||Sa () (uf — uy) ||
+/ ) HIRa(t = 8)[F (s, u1(s), ur(7(s))) = F(s, ua(s), ua(7(s)))]l|ds.

Using (Hy), (H3) and (3.12), we get

aM(p+q)

T(1+a) /Ut@ —8)* Hua(s) — ua(s)||ds.

[ (8) = ua(t)]| < Mju — s +

Applying Theorem 2.2, we obtain

»+9)]" na—
[ur (t) = ua(t)]] < MJuy — us) +/ Z T(t — )" T M [|u} — uy|ds.

Therefore, it is easy to get the required inequality. 0

One can note the following.

(a) Since

C(an +1) <F(om—i—1)_ 1
llan+a+1) “T(an+2) an+1’

then

, [(an+1)
lim =
n—= ['(an + a + 1)
Therefore, by the ratio test,

Z M(p+q)]" Mp+q)]"

= I'(1+na)

is a convergent series.

(b) Inequality (4.1) shows continuous dependence of solutions of the problem (1.1)

on initial conditions as well as it gives the uniqueness which follows by putting v = u3.
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Definition 4.1. A solution of the integral inequality

‘ u(t) — Sa(t)u(0) — /Ot(t — 8)* 'R, (t — 8)F(s,u(s), u(y(s)))ds|| < e

is called a local e-approximate mild solution of problem (1.1).

Theorem 4.2. Let the assumptions (Hy), (Hy) and (Hy) be satisfied. Suppose that
u1(t) and us(t) are e-approximate mild solutions of problem (1.1) corresponding to
u1(0) = ul and uy(0) = uY, respectively. Then

P+a)]" .
(4.2)  lw = wal| < (€1 + €2+ Mjuf — u])) <1+Z1 1+na>b )

Proof. Let uy(t) and uy(t) be e-approximate mild solutions of problem (1.1) corre-
sponding to u;(0) = u{ and uy(0) = uY, respectively. Hence

\ul(t) — Sa(t)uy — /0 (= )" Ralt = 5)F(s,u(s), m(1())ds | <
and

us(t) — Sa(t)uz — /Ot(t— $)*  Ra(t — 5)F (s, ua(s), uz(7(5)))ds|| < €.
We know that

Izl =yl < llz =yl < llzll + llyll,  for all 2,y € X,
s0 let z = uy(t) — uy(t) and
y =Sa(t)(u} — uy)

+/ )" Ra(t = 5) [F(s,ui(s), ui(v(s))) = F(s,uz(s), uz(7(s)))] ds.
Hence,

lus (t) — uz (1)

— ||Sa(t) (uf — uf)
+/ )" Ra(t = s)[F(s,u1(s), us(v(s))) — F(s,ua(s), u2(7(s)))lds

<| [u1<t> = Sl = [ (0= 5 Ralt = )F(5,11(5), 12 (2(5))) ]
- [uz(t) — S(f)ud — /O t(t—s)a1Ra(t—s)F(s,ug(s),ug(’y(s)))ds}
uy (t) — Sa(t)u? — /Ot(t — s)o‘_lRa(t — s)F(s,ui(s),ui(v(s)))ds

ug(t) — Sa(t)ud — /Ot(t — 8) Ry (t — 8)F (s, u3(s), uz(y(s)))ds
§€1 + €2.

<|

+
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Then
[[ui(t) — ua(2)]]

<er + €+ [[Sa (t) (u] — uj)|

4 [ Rt = F (s, (8), 1 ((3)) — Fls, us(s), uar ()] s
Using (3.12), (H,) and (Ha), we obtain
Jir (t) — ws(0)]
<er et Mol =+ L2 [ 9 (s) ~ el

Applying Theorem 2.2, we have

[l () = ua(t) | <ex+ €2+ MlJuy — us]|
aM(p+q) (a )}"

+/ Z I;Q)(t — s)net <61 + &+ M|[uf — ug||) ds
Therefore, we get the requlred. 0

Remark 4.1. From Definition 4.1, if € = 0, then wu(t) is a solution of the integral
equation

u(t) = 0)+ [ (6= 5" Ralt = $)F(s,uls), ulr(5)))ds,
which is a mild solution of problem (1.1).

Remark 4.2. From (4.2), €; = € = 0 implies u;(t) and uy(t) are the mild solutions of
(1.1) corresponding to the initial conditions u1(0) = u? and uy(0) = u3, respectively.
Further, (4.2) reduced to (4.1), which gives continuous dependence of mild solutions
of (1.1) corresponding to initial conditions.

Remark 4.3. (4.2) proves the uniqueness of mild solutions of (1.1) if ¢, = e = 0 and

0o_ ,0
ul_u2.
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GEOMETRIC INVARIANTS UNDER THE MOBIUS ACTION OF
THE GROUP SL(2;R)

DEBAPRIYA BISWAS! AND SANDIPAN DUTTA'!

ABSTRACT. In this paper we have introduced new invariant geometric objects in
the homogeneous spaces of complex, dual and double numbers for the principal
group SL(2;R), in the Klein’s Erlangen Program. We have considered the action
as the Mobius action and have taken the spaces as the spaces of complex, dual and
double numbers. Some new decompositions of SL(2;R) have been used.

1. INTRODUCTION

In this paper, we have described and extended the geometry of the group SL(2;R)
on the two-dimensional space in the line of the Erlangen program defined by Felix
Klein. The Erlangen program states that, have a geometric space and a transformation
group, a geometry is the study of the invariance of geometric objects under a group
action of that transformation group [11,17]. A geometry is often referred to as a pair
(G, X), where G is the transformation group and X is the geometric space. This pair
is called Klein’s geometry [14]. Vladimir V. Kisil has shown three geometries under
linear fractional transformation of the group SL(2;R) [8,10]. By the geometric spaces
taken, they are classified as elliptic, parabolic and hyperbolic cases [8]. The elliptic
case is isomorphic to the upper half plane of the space of complex numbers. Similarly,
parabolic case and hyperbolic cases are isomorphic to the upper half plane of spaces
of dual and double numbers respectively, [16]. Similar work can be done for lower
half plane also. Kisil in his paper [8] worked on the geometric objects which are lying
strictly in the upper half planes of complex, dual and double numbers. He did not

Key words and phrases. Lie group, SL(2;R) group, Invariants, Mobius transformation, Homoge-
neous spaces, Iwasawa decomposition
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mention about other geometric objects. In this paper, we have taken the geometric
objects of paper [8] which intercept the U-axis at two real points and those which have
U-axis as a tangent and showed that they are also invariants under some restrictions.

The aim of our work is to extend the work of Kisil in the same line to include more
invariant geometric objects in the existing SL(2;R) geometry. The reason behind it is
to fill the gaps in the existing geometries of SL(2;R). Erlangen program of SL(2;R)
applications in mathematics and theoretical physics, e.g optics, classical mechanics
(see Section 5), functional calculus [7] etc.

In this paper, we restrict ourselves to the geometry of the Lie group SL(2; R).
However interested readers may find construction of some other pairs of Klein’s
geometry in [14,15] of the type (G, X), where G is a principal group and X be a
geometric space.

In next section we have discussed some of the terminologies and results of our
predecessors in this subject and in section 3 and 4 we mentioned our results. After
that some applications in physics have been described in Section 5.

2. PRELIMINARIES
In our paper, we shall use the following terminologies.

Definition 2.1 (Transformation group). A transformation group G is a non-void set
of mappings of a set X into itself with the following properties:

(a) the identity map is included in G;

(b) if g € G and g9 € G, then g2 € G,

(c) if g € G, then ¢! exists and belongs to G.

Definition 2.2 (Homogeneous space). A topological space X together with an ab-
stract group (G, %), which acts on X transitively is said to be a homogeneous space
[4].

Definition 2.3 (Isotropy subgroup). For an abstract group G and for a group action
of it on a set X, the set of elements G, = {g € G : g-x = x} forms a subgroup of G
which is called the isotropy (fix) subgroup of G by z.

In his paper [8], Kisil have shown that if H is a one-dimensional subgroup of

SL(2;R), namelyK:{<COSt _Smt>:t€R},N:{<é l{) VE]R} and

sint cost
a0

A= 0

neous space.
Dual numbers and double numbers are defined by O = {u+iv : i* = 0, (u,v) € R?}
and D = {u+ v :* =1, (u,v) € R?}, respectively.
Complex numbers with dual and double numbers are denoted as

R ={a+ib: i* =0 =—1,0,1, (a,b) € R?}.

ta(>0)e R}, then SL(2;R)/H (H = K, N, A) is a homoge-
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The Mobius action is defined as ¢ : SL(2;R) x R7 — R by

az+b
.2:7’
g cz+d

a b

for 2 € R? and g = < e d > € SL(2;R). It is a left action of SL(2;R) on R, i.e.,

91(92 - 2) = (g192) - 2.

To study the action we shall decompose g € SL(2;R) by the Iwasawa decomposition
as g = gagngk, where g, € A, g, € N and gy € K [8,12].

From now on througout this paper we shall denote elliptic case (SL(2;R)/K) which
is isomorphic to the upper half plane of the space of complex numbers [8], parabolic
case (SL(2;R)/N) which is isomorphic to the upper half plane of dual numbers and
hyperbolic case (SL(2;R)/A) which is isomorphic to the upper half plane of double
numbers namely and in short we denote it as EPH-cases.

In this paper we shall refer to cycles [8], as straight lines and one of the following.
Circles in the elliptic case, parabolas (with vertical axis of symmetry) in the parabolic
case and rectangular hyperbolas (with vertical axis of symmetry) in the hyperbolic
case. Also, the word parabola and hyperbola in this paper always assume only one of
the above described types.

The center of a cycle is referred to as :

1. center of a circle in the elliptic case;
2. focus of a parabola in the parabolic case and
3. center of a rectangular hyperbola in the hyperbolic case.

The vertex of a cycle is referred to as:

1. the lowest point of a circle;
2. vertex of a parabola and
3. vertex of a rectangular hyperbola, in each of the three EPH cases.

We can define the radius of a cycle as:

1. radius of a circle in the elliptic case;
2. distance between center and vertex of a parabola in the parabolic case;
3. distance between center and vertex of a hyperbola in the hyperbolic case.

In the next subsections 2.1 and 3.1, we shall discuss some of the results stated by
Kisil [8]. We shall give their proof in details. Earlier most of the works (of subsections
2.1 and 3.1) have been proved using CAS (computer algebra system), by brute-force
calculations [8,10] or, given a short proof.

2.1. Action of the subgroups.

Lemma 2.1. The action of the subgroup N under Mdbius transformation on R? is

Gn - (u,v) = (u+ v, v), where g, = (1) T > and (u,v) € R?, which defines shifts

along the real axis U by v (see [8]).
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Lemma 2.2. The action of the subgroup A under Mébius transformation on R? is
-1
Gn - (u,v) = a %(u, v), where g, = ao 2 ,a>0, and (u,v) € R?, which defines

dilations by the factor a™2, which fizes the origin (0,0) (see [8]).

O 1 U
(A) N-orbit

(B) A-orbit

FIGURE 1. Actions of different subgroups of SL(2;R)

Theorem 2.1. A K-orbit in R? passing through the point (0,t) has the following
equation (see [8])

(2.1) u? —ov? — vt —ot) +1=0.

Proof. If (u,v) be any point on the K —orbit passing through (0,¢) then it can be
determined as follows.

iy — < cosf —sind ) (i) = (it) cosf — sin d
sing  cost (it) sin 6 + cos @
(—sin @ — it cos 0)(cos @ — it sin §)
cos? ) — i2sin? 6 '

There are three cases to follow.

(a) In the elliptic case (i* = —1),
i —sin@cos«9+t2sin9C059+, t
u+iv = i
cos2 0 + t2sin? ¢ cos2 0 + t2sin? @’
then u — (t2—1)sin9C059 and v = t

cos2 0+t2sin2 @ cos2 0+t2sin2 8 °
From the above expressions of u and v, we get u® +v* —v(t™! +1t) = —1.
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(b) In the parabolic case (i* = 0),

. sinfcosf . t
utw=- 020 o0’
then u = —tand and v = tsec?§. Thus, v? — vt~ ! = —1.
(c) In the hyperbolic case (1% = 1),
‘ sinfcosf — t?sinfcosf t
uh=— cos? ) — t2sin’ 0 Yeos? 0 — 2520’
then u — —(t?4+1) sinf cos 0 and v = t

cos2 —t2sin? 0 cos2 6—t2sin% 6"
Thus, u? —v? —v(t™' —t) = —1.
Combining the above three cases, we get the K-orbit as (Figure 2)

w? —ov? —v(t Tt —ot)+1=0, foro=i*=-1,0,1.

U U,

1 1

(A) Elliptic case (B) Parabolic case

U

1

(c) Hyperbolic
case

F1GURE 2. Orbits of the subgroup K in EPH-cases

O

Remark 2.1. The shape of a geometric object in R is solely dependent upon the
action of the subgroup K.

Theorem 2.2. The curvature of the K-orbit (at the vertez) in the elliptic, parabolic
and hyperbolic cases are (see [8])

2t
2.2 = — =-1,0,1.
22) K=o o =10,



930 D. BISWAS AND S. DUTTA

Proof. There are three cases to follow.
(a) We know that the curvature of a circle is inverse of its radius. As our K-orbit
in the elliptic case is a circle with equation

- et (=1’
u v — =
2 2 !

therefore its curvature would be k., = t,lz_ ;= 122.
(b) In the parabolic case, a K-orbit is a parabola with equation
1
2
Ut =—(v—1).
S0 1)

For determining the curvature, let us suppose that its parametric equation is u = %

and v =1+ ?, where r being an arbitrary parameter. The differential coefficients of
u and v with respect to 7 at vertex (i.e when r = 0) are v’ = 7, v/ =0, v’ = 0 and
v’ = % Therefore, the curvature at the vertex is
W — u'
(w2 + 0/2)%

(c) In the hyperbolic case, the K-orbit can be written as

Lt S e AT
v —u” =
2 2 ’

or, (v—"0)? —u? =r? (say). We parametrize u and v as u = rtanf, v = b+ rsecf,
where 6 is the parameter. The differential coefficients of v and v with respect to 6 at
the vertex (i.e., when # = 0) are v’ =, v =0, v” = 0 and v = r. Its curvature at
the vertex is

r=0

Kp

W — u'! 1 2
0—0 (u’2 + U’Q) 2 r 1+1¢
Combining the above three cases, we get the curvature of the K-orbit as
2t
k=——, o=-—101. 0J
1+ ot?

Next theorem has been proved in short earlier in the paper [8] we shall give its
detailed proof.

Theorem 2.3. Mdbius transformation preserves cycles in the upper half plane, [8].

Proof. We know by the Lemmas 2.1 and 2.2 that the subgroups N and A produces
shifts and dilations, respectively. Also, the subgroup K has orbits which are either
circles, parabolas or hyperbolas. We have to prove that Mobius transformations
preserve the cycles in the upper half plane.

Our first observation is that the subgroups A and N obviously preserve all circles,
parabolas, hyperbolas and straight lines in all R?. Thus we use subgroups A and
N to fit a given cycle exactly on a particular orbit of subgroup K shown on Figure
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2 of the corresponding type. Let g = < CCL Z ) € SL(2;R) be an arbitrary Mobius
transformation. We shall show that gC' is of the same type of cycle as C'.

To this end, for an arbitrary cycle C, we can find ¢/, € N which puts the centre of
C' on the V-axis (see Figure 3).

v
\ n
YGa
9 ¢
gC gn
a K —orbit in the elliptic case
U

FI1GURE 3. Pictorial representation of the proof of Theorem 2.3

Then there is a unique g, € A which scales it exactly to an orbit of K. To be
more precise, we calculate the values of the shift factor and scaling factor in order to
determine the factors of ¢/, and g/, for all the three EPH-cases.

Suppose we consider any cycle with centre (f, h) and vertex (u,v) and translate it
to the V-axis by a shift factor f, then the co-ordinates of the center become (0, h) and
—f

0 1

in all three EPH-cases. Next we find the form of g/. Let us consider the cycle with
the given vertex (0,v;) and curvature x; at the point (0,v;). Now in order to fit
this cycle into the orbit whose vertex and curvature are given by (0,v) and &, we
calculate the scaling factor «, as follows. We have v = av; and Kk = & v

) i.e., o = —
and vk = V1K 2u — 2 (cf. Theorem 2.2). Therefore, v; = /52— This

vertex become (0,v). Therefore, the shift factor is f and of the form ¢, is

V1
— Ul 1_;’_0.,0% O'+’U1
shows o = % =
v1

the EPH cases.

Next, we show that this scaling factor « if exists then it is unique. Indeed, suppose
that a and o/ are both scaling factors used to bring the vertex (0, v1) to fit into the
orbit with vertex (0,v). Then we have v = av; and v = a'vy, ie., (« — &' )v; = 0.
Now, we know that v; # 0, therefore, « — o’ = 0, i.e., a = . This shows that the
scaling factor is unique.

v(2—ovk

+ 0
K . . . ! \/&
L which is the scaling factor and g, = ( 0 Ja ) for all
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Let us take
a ua + b
J=glgg) = | V@ w}/fd

o/ NG

As ¢ € SL(2;R) using Iwasawa decomposition we get ¢ = ¢,g,9x, for some g, €
A, g, € N and g, € K. Now,

9C = 9(9.9,)"(929,.C) = (9a9n9x) (969,.C)
= Ga9n(91(4,9.C) = 9ugng.g,C (as K-orbits are K-invariant).

Also, ga, gn, 9., g,, do not change the shape of the cycle therefore gC' is the same type
of cycle as C. O

3. INTRODUCTION OF TwO NEW SUBGROUPS A’ AND N’ OoF SL(2;R)

In the earlier section 2.1 where we have seen the importance of K-subgroups in
SL(2;R) geometry. In this section we introduce two subgroups of matrices A" and N’

defined by

; cosht sinht \ ; 1 0.
A_{<sinht cosht)'tER}’ N_{<1/ 1)' VGR}

in place of the subgroup K to obtain our results. We first describe their orbits.

sinht cosht

t
N' = {(i (1)> I/E]R} are conjugate to A = {(% eot>:tER} and

N = {( (1) T ) UV E R}, respectively.

Proposition 3.1. The subgroups A" = {(COSht sinh.? ) : tGR} and

Proof. This can be seen by the following two equations

—% [ cosht sinht
% ~ \ cosht sinht

()G Ga)=()

Therefore, any matrix of A’ is similar to a matrix of A and any matrix of N’ is similar
to a matrix of N. 0

SIS
Sl
S
N————
VN
o O
D
§|F (@)
N———
VN
S-S

and
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3.1. Orbits of the two new subgroups A" and N'.
Theorem 3.1. The orbits of the subgroup A’ are cycles
u — o+t +ot)lv—1=0, whereo=14>=—1,0,1,

which intercept the U-azis at two real points (1,0) and (—1,0) and have center on the
V -azis in all the three elliptic, parabolic and hyperbolic cases.

Proof. We have the following three cases.
(a) Elliptic case. If (u,v) be an arbitrary point on the A’-orbit which passes
through (0,¢), then

) <cosh9 sinh@) . it cosh 6 4+ sinh 0
U+ = - (it) =

sinhf coshd ~ itsinh 6 + cosh 6
(1 + %) cosh @ sinh 6 y t
i :
cosh? @ + #2sinh* ¢ cosh? § + 2 sinh? ¢
Eliminating 0, we get u® +v* =1+ (t —t ')v.
(b) Parabolic case. Similar to the previous case if (u,v) is an arbitrary point on
the orbit which passes through (0,¢), then
iy cosh@ sinh6 (i itcoshf +sinh®  sinh 6 L t
u+tiv=| _. : = = i ‘
sinh 6 cosh 6 itsinh @ + cosh®  cosh® cosh?6
Therefore, the orbit would be u? = —1 (v —t).

(b) Hyperbolic case Again by taking an arbitrary point (u,v) in the orbit and
assuming that it passes through (0,t), we have

) <cosh9 sinh0> ) 1t cosh 8 + sinh 6
u+ v = - (it)

sinh @ cosh 6 ~ itsinh @ + cosh 6

(1 — t*) cosh 0 sinh 6 g t
i :
cosh? § — t2sinh* 4 cosh? § — t2sinh? 6
Eliminating 6, we get u?> —v*> = 1 — (¢t + t~!)v, which is a hyperbola intercepting the
U-axis at two real points.
Combining the above three cases we get the A’-orbit as

(3.1) w—ovP+(t P +othw—1=0, oc=1i"=-1,0,1

Putting v = 0 we get u? = 1, i.e., u = £1. Thus, they are cycles intercepting the
U-axis at (1,0) and (—1,0) unlike the K-orbit. O

Theorem 3.2. In an A’-orbit

(a) in the elliptic case, the relation between radius ro and center (0,v.) is 72 —v? =
1;

(b) in the parabolic case, the relation between vertex (0,v,) and center (focus)
(0,7,/4) is rpv, = 1 and
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v

e

1
U,
T 1
U

(A) Circles inter- (B) Parabolas in-
cept the U-axis tercepting the

V//
7N\

(¢) Rectangular
hyperbolas inter-
cepting the U-
axis

X

FIGURE 4. The orbits of the subgroup A’ in elliptic, parabolic and
hyperbolic cases

(c) in the hyperbolic case, the relation between center (0,vy,) and r, which is the
distance between the center and vertex is vi —ri = 1.

Proof. There are three cases to follow.

(a) Elliptic case. In this case, the A’-orbit is u?® + (v — v.)? = r2, where r, and v,
Lt t—t=1

are of the form r, = “5— and v, = “=— (for some ¢ € R). Therefore, by a simple

. —1 2 41 2
calculation we can show r2 — vg = (H; ) - (t ; ) = 1.

(b) Parabolic case. In this case, the A’-orbit is u? = r,(v + v,)?, we have center
(0,7,/4) and vertex is (0, v,), then r, and v, are of the form r, = —1 and v, = —t for
some t € R. Therefore, r,v, = 1.

(c) Hyperbolic case. The A’-orbit in this case is (v — vj,)? — u? = r?. We have

) 1
vy, = H— and ry, = =4— for some ¢ € R, then v} — 7 = 1. O
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Remark 3.1. The subgroups A" and N’ come naturally in Mébius action of SL(2;R).
In the next proposition we show that.

Proposition 3.2. The isotropy (fix) subgroups of (0,1) € R under the Mébius action
of SL(2;R) are K, A" and N'.

Proof. Let i®> = —1,0, 1, for the three cases elliptic, parabolic and hyperbolic. Then
if 4tb — 4 then by calculation, we get

ci+d
a b\ [ cost —sint 1t cosht sinht
c d) \ sint cost )2\ 0 1 )\ sinht cosht |’

for the three cases, respectively. 0

Theorem 3.3. The orbits of the subgroup N' are
uw? —ov? —v(t Tt —ot) =0, o=i’=-1,0,1.

They are circles, parabolas and rectangular hyperbolas which are tangent to the U-axis
and have center on the V -axis in the elliptic, parabolic and hyperbolic cases respectively.

Proof. We have the following three cases.
(a) Elliptic case. If (u,v) be an arbitrary point on N’-orbit which passes through
(1,t) (If we take (0,t) point, then it is only (0,0) in the parabolic case), then

i 0 (1 +it) 1+t 1+ v+ uvt? L t

u M = . ) = = 1 .
v 1 v(l+it)+1  (14+v)2+0v22 (14 v)? 4 %2

Eliminating v we get the orbit as

(3.2) w? + v —o(tt +1) =0.

(b) Parabolic case. If the cycle passes through (1,¢), then any arbitrary point
(u,v) on the N’-orbit would be

ny 10 (1+it) 14t 1 ny t
U+ = : it) = = i :
v 1 v+ivt+1 1+v (1+v)?

The orbit would be
(3.3) u? — vt =0.

(c) Hyperbolic case. If (u,v) be any arbitrary point on the orbit and it passes
through (1,¢), then

. 10 .
u—i—zv-(y 1)-(1—1—275)—
Eliminating v we get the orbit as

u? —v? —o(t ! —1t) =0.

1+it 14 v+ vt? L t
— VA .
v+ivt+1  (1+4v)2—v%2 (1+v)?—v22
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v
1
. U -~ U
(a) Circles touch (B) Parabolas
the U-axis touch the U-axis

/U/

1

(¢) Rectangular hy-
perbolas touch the
U-axis

F1GURE 5. Cycles which are tangent to the U-axis

Combining the above three cases we get
(3.4) uw? —ov? —o(t Tt —ot) =0, o=-1,0,1.
As such the orbits of N’ are cycles which are tangent to the U-axis. U

Remark 3.2. The center of a N'-orbit passing through (1,¢) is of the form (O, tfl;"t)
for some t € R and o0 = —1,0, 1, in EPH cases.

Proposition 3.3. Orbits of the isotropy subgroups of K, N" and A" of (0,1) in R in
elliptic, parabolic and hyperbolic cases are

u? —ov? —2lv—0 =0, wherel €R.

4. MAIN RESULT

In this section we develop our work.

4.1. Decomposition of SL(2;R) using the subgroups A" and N’. In this subsec-
tion we define two other decomposition of SL(2;R) in order to include new invariances
of types of cycles for the transformation group SL(2;R).

b
d

uniquely as g = GoGngn, where g, € A, g, € N and g, € N'.

Theorem 4.1. Any matrix g = ( CCL ) € SL(2;R), where d # 0 can be represented
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—1
Proof.Forgz(Z Z),letga:<a0 2)7971:((1) q>andgn/=<1 (1)>

Then g = gagngn, i-e.,

a b\ _(at 0\ (1 v (10)_ (al(l+tr) alv
c d | 0 « 0 1 t 1) at Q '
Therefore, d = a,t = ¢ and v = bd.

The uniqueness can be obtained by using another decomposition with the same
form and showing that the corresponding matrices are equal. 0

Theorem 4.2. Any matriz g = ( CCL Z

sented uniquely as g = gogngar, where g, € A, g, € N and g, € A’.

a-l 0 1 v cosht sinht
Proof. Let g, = < 0 a)’ In = (() 1) and go = <sinht cosht) for

a,t,v € Rand a > 0. Then g = 9,99, i.€.,

a b\ _ (ot 0\ (1 v\ (cosht sinht
c d ) 0 « 0 1 sinht cosht

B < a~(cosht+ vsinht) o !(sinht+ vcosht) >

) € SL(2;R), where |d| > |c| can be repre-

B asinht acosht

Thus, a = Vd? — 2, t = tanh ™" <§) and v = bd — ac.
One can prove the uniqueness of the decomposition by taking another decomposition
with the same form and showing that the corresponding matrices are equal. O

4.2. Invariance of cycles in R?. We now introduce new types of cycles in the
existing SL(2;R) geometries [8,9] which have important applications (see Section 5).

Theorem 4.3. If C' is any arbitrary cycle which have U-axis as a tangent in the
space of R? with center (u,v), then it is invariant under the Mdébius action of g =

a b . . d
<c d) € SL(;R) if u > —<.

1%
gC C

@ l\/g;
VLN NG

FIGURE 6. Pictorial representation of the proof of the Theorem 4.3
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Proof. The Mébius action on the cycle C' by the matrix ¢/, = ( (1) —1u shifts

its center (u,v) to (0,v). Then applying Mdébius action again on g,C by ¢/, =

1
— 0
( \65 Ja ), a > 0, we scale its center to (0,va™1).

As N'-orbit have center of the form t_12_ 2t by Remark 3.3, as such if we want ¢,g/,C

to be a N'-orbit then we must have va~! = =2t 5 = —1.0,1, ¢t € R. Therefore,

2
2ut
1—ot2"

the scaling factor o =
1

0
The uniqueness of g, can be proved by taking another g, = ( \/(‘)37 Jal ) By the

2vt
1—ot2"

same calculations we get o/ =
Now,

Therefore, g/, = g/

r_ ( ’ /)_1_ CL\/& (au+b)va*1
9 = 99adn) = cv/a (cu+d)Va=t
If g(g.g),)~" have a decomposition of the form of Theorem 4.1, then cu +d > 0, i.e.,
u> -4

We can decompose ¢(¢g..g.,)
Now,

) € SL(2;R).

1 = gugngn for some g, € A, g, € N and g, € N'.

-1 7 7

9C = 9(929n) " 9a92C = 9a9ngn (909,C)
= Gugng,9.C  (as g.g.C is a N'—orbit therefore it is N'-invariant).

As ga, 9., gn, g, do not change the shape of C, by Remark 2.1, therefore, gC' would be
the same type of cycle as C' geometrically. O

Theorem 4.4. If C is an arbitrary cycle with center (uy,vy) and radius ry which
intercepts the U-axis at two real points then it is invariant under the Mobius ac-

tion of g = ( Z Z) € SL(2;R) and if it satisfies |cla < |cuy + d|, where a =

\/(vf\ —r})o+rwr(l—|o|), o = —=1,0,1, and X\ = e,p, h in elliptic, parabolic and
hyperbolic cases, respectively.

F1GURE 7. Pictorial representation of the proof of the Theorem 4.4
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Proof. We consider the following three cases.

(a) Elliptic case. Let us take an arbitrary circle (u — u.)? + (v — v2)? = r? with
center (ue,v.) and radius r, which intercepts the U-axis at two real points therefore
7| > |vel.

First we translate the center of C' to V-axis by a shift factor u., then the coordinates
1 —u.

0 1

Next to fit the circle into an A’-orbit, we take Mobius action by the matrix g/, € A
1

0
defined as ¢/, = ( \/6‘7 \/a_e ),

become r.a~! and (0,v.a™!). If ¢/ g, C is an A’-orbit, then using the Theorem 3.2 (of

of the center become (0, v.) and the matrix which shifts is of the form g/, =

a, > 0. The radius and center (see Remark 2.1)

A’-orbit) we get (ra;')? — (vea;')? =1, ie., ap = (/12 — V2.

(b) Parabolic case. In this case we take an arbitrary parabola (with vertical
axis of symmetry) (u — u,)? = r,(v + v,) which intercepts the U-axis at two real
1 —u,
0 1

1

(0,v,), by Lemma 2.1, and applying g, = ( vow 0 ), a, > 0, we get the parabola
0

as u® = ryop, (v + vpapt). If this is an A’-orbit then by the Theorem 3.2 we get
(rpa, ) (vpo,t) = 1, ie., oy = /T

(c) Hyperbolic case. We take an arbitrary hyperbola (with vertical axis of
symmetry) (v —v;)? — (u — up)? = r? with center (up, vs) which intercepts U-axis at
two real points then |vj,| > |ry|. To fit this into a A’-orbit we apply Mébius actions
by two matrices

/ 1 —uy / \/17 0
= = & > 0.

Therefore, the equation transforms to the hyperbola (v — vhah1)2 —u? = (rpa;
To fit this into a A’-orbit using the Theorem 3.2, we get (vya;, ') — (rpa;,')? = 1, i.e.,

points. Applying Mobius action by ¢/, = > , we can shift the center to

1)2.

ap = y/vi —ri.

Combining the above three cases we have o, = \/(v?\ —13)o +ryua(l —|o|) for

=—1,0,1and A = e, p, h.

Let us take a in place of a, oy, and «;, and w in place of u., u, and u;. Uniqueness
of a can be proved by taking another o and doing the same calculations we get
o = \/(vi —13)o +ryua(l —|o|) for 0 = —1,0,1 and A = e, p, h. Therefore, a = o’
and « is unique.

Now,

B

9 = 9(9.9,)

<&\/& au+b
-1 _

c\/a cutd ) < SL(Q,R)

B
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If ¢’ have decomposition of the form of Theorem 4.2, then |c|a < |cu + d|. Thus,
9(9.9.)7 = gagnga for some g, € A, g, € N and g, € A’. Therefore,

-1 7 7

9C = 9(9.9) " 909nC = Gagnga (969,C)
= 9u9n9,9,C (as g,g,,C is a A"-orbit therefore it is A’-invariant).

AS ga, gl gn, g, do not change shape of the cycle therefore gC is the same cycle as
C. O

5. DISCUSSION ON SOME PHYSICAL APPLICATIONS OF THE ACTION OF THE
SUBGROUPS OF THE GROUP SL(2;R)

In optics, paraxial system is largely depend upon parazial groups which are used
to solve paraxial wave equation [1]. In fact, SL(2;R) acts as a ray transfer matrix [3].
In chapter 2 of [3], the authors found the refractive matrix of the form

(o) 1)

That is two paraxial systems are dependent upon the relation ( ‘yf ) =R ( ‘31/1 )
2 1

This is the direct application of action of N’ group.
In classical mechanics Galilean relativity principle [17] states that laws of mechanics
will be invariant under the following linear transformation

(e)-(0 ) ()

where ¢ is time and x is spatial component. The matrix belongs to the group N'.
These two examples show that if these ordered pairs obey the conditions of our
theorems, in the previous section 4 then they are invariant under SL(2;R) action.

6. CONCLUSION AND FUTURE WORK

In the elliptic and parabolic cases the upper half plane is preserved but in the
hyperbolic case it is not true, which has some implications in geometry, physics and
analysis [8].

We have obtained new invariant objects in the three homogeneous spaces. It applies
to all the fields where SL(2;R) is used.

In future we can study the projective space of cycles. A generic cycle can be
g+if c

a —g+if
a(z? —y?) — 29z — 2fy +c = 0. A cycle C is transformed to gCg~! under the Mobius
action of g € SL(2;R) [2]. After extending the cycle group by us in the previous
theorems we can now include more values in (a, g, f,c) € R* and investigate further.

represented as C' = ( ) , where 7 is a hypercomplex unit and C' is
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We can use our theory to find invariant metric [5] such as

, du®— odv?
= 727

ds oc=-—1,0,1.

v
In future, we can enrich Erlangen program of SL(2;R) by including new invariants
in all the three spaces. This theory can be used to make function theories on R?

[6,13]. We can also extend our study of invariants to higher dimensional Lie groups,
e.g., SL(3;R), SL(3;C), etc.
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SOME RESULTS FOR ENDOMORPHISMS IN PRIME RINGS
ABDELKARIM BOUA!

ABSTRACT. In this article, we present some commutativity theorems for a prime
ring R equipped with endomorphisms «, 3, v and J satisfying any one of the following
identities:

(1) [e=), B(y)] +([x,y]) +6(x0y) =0 for all z,y € R;

(2) a(z)oB(y) +7([z,y]) =0 for all z,y € R.

Moreover, we provide examples to show that the assumed restrictions cannot be
relaxed.

1. INTRODUCTION

Let R be a ring with center Z(R). For any z,y € R, [z, y] will denote the commuta-
tor xy — yx while x oy will represent the anti-commutator zy + yx. Recall that a ring
R is said to be prime if aRb = {0} implies that either a = 0 or b = 0. A ring R is said
to be 2-torsion free if 2a = 0 (where a € R) implies a = 0. It is straight forward to see
that a prime ring with characteristic different from two is 2-torsion free. A mapping
f: R — Ris said to be centralizing on R if [f(x),z] € Z(R) holds for all z € R. In
the special case if [f(z),z] = 0 for all x € R, f is said to be commuting on R. An
additive mapping d : R — R is said to be a derivation of R if d(xy) = d(x)y + zd(y)
for all x,y € R. A derivation d is said to be inner if there exists a € R such that
d(z) = ax — za for all € R. Following Bresar [6], an additive mapping F' : R — R
is called a generalized derivation if there exists a derivation d : R — R such that
F(zy) = F(x)y + xd(y) holds for all z,y € R. The concept of generalized derivations
includes both the concept of derivation and the concept of left multiplier (i.e., an
additive mapping F': R — R satisfying F'(zy) = F(x)y for all z,y € R).

Key words and phrases. Prime ring, endomorphisms, commutativity.
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Recently, a considerable number of researchers have investigated the ideals in
prime rings as well as the commutativity of prime rings that consider derivations and
generalized derivations, see for example [1-3] and [4].

Over the last four decade, several authors have proved results on commutativity
of prime rings or semiprime rings that admitting automorphisms, derivations or
generalized derivations which are centralizing or commuting on appropriate subset of
R (see [2-5] etc.).

In this paper, we investigate the commutativity of a prime ring R admitting endo-
morphisms «, 3, 7 and J satisfying any one of the following properties:

(a) [of@), B(y)] +([x,y]) +6(xoy) =0 for all z,y € R;
(b) a(x)o B(y) +v([x,y]) =0 for all z,y € R.

2. SOME PRELIMINARIES

This section, includes some well known basic identities which will be used for
developing the proof of our main results:

(a) [z,y2] = ylz, 2] + [z, y]z for all v, y, 2 € R;

(b) [zy, 2] = x[y, 2] + [z, 2]y for all z,y,z € R;

(¢) wo (yz) = (woy)z — yle, 2] = y(x 0 2) + [z,y]z for all z,y, z € K;

(d) (zy) oz =a(yo2) —[v.2)y = (w0 2)y +aly, 2] for all z,y, 2 € R.
3. SOME RESULTS FOR PRIME RINGS

Theorem 3.1. Let R be a prime ring with char(R) # 2, «, B, v and § endomorphisms
of R such that

[a(x), B(y)] +([z,y]) +d(xoy) =0, forallz,y € R.

If B, v are onto, then § = 0 and R is commutative.

Proof. Suppose that

(3.1) (), B(y)] +v([x,y]) + d(xoy) =0, forallz,yeR.
Replacing y by yz in (3.1), we get
(3.2)

By)le(z), B(x)]+[ex), B(y)]B () + ([, y])y(x) +(zoy)d(z) = 0, forallz,y € R.
For y = z, (3.1) implies that

(3.3) [a(x), B(x)] +20(2*) =0, forallx € R.

Using (3.1) and (3.3), then (3.2) can be rewritten as

(3.4) 28(y)é(=*) = y([z,y])(v(z) — B(x)) + d(z 0 y)(3(2) — B(x)), forallz,y € R.
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For y = x, (3.4) gives
(3.5)  B(z)é(z?) = §(2*)(0(x) — B(x)) = d(2)d(x) — 6(z*)B(x), forallz € R.
Taking zy in place of y in (3.4), it is obvious to see that
(3.6)  28(2)B(y)d(x*) =v(x)v([z. y)(v(x) = B())
+(z)0(xoy)(d(x) — B(x)), forallz,yeR.
Left-multiplying (3.4) by f(x), we have also
(3.7)  28(2)B(y)d(z*) =B(z)y([z, y])(v(z) — B(=))
+ B(x)d(z oy)(0(x) — B(x)), forallz,y e R.
By identifying (3.6) and (3.7), we can easily arrive at
(v(z) = B@)y([z,y])(v(x) = B(x)) + (0(z) — B(x))d(x 0 y)(d(z) — B(x)) = 0.
For x = y, using char(R) # 2, then

(3.8) (8(z) — B(x))6(z*)(8(z) — B(z)) =0, forallz € R.
Using (3.5) and (3.8), we obtain

(3.9) (6(z) — B(x))B(z)6(z*) =0, forallz € R,
and

(6() — B))6(r2)6(x) = (6(x) — A@))6(*)B(x), for all z € R
Right-multiplying (3.4) by (z)d(z?) and using (3.9), we get

(3.10)  28(y)o(«*)B(x)d(2*) = ([z, y)(v(x) — B(x))B(x)d(a?), for allw,y € R.
Replacing y by zy in (3.10), we can easily arrive at

(3.11) () = B[z, 9D (v(2) — B())B(x)d(2*) =0, forall z,y € R.
Using (3.10) and (3.11), we find that

(v(z) — B(x))B(y)d(x*)B(x)d(x*) = 0, forallz,y € R.

Since  is onto, we get

(v(z) — B(x))RS(2?*)B(x)d(2?) = {0}, forallz € R.

By primeness of R, we obtain

(3.12) v(x) = B(z) or §(2?)B(x)d(2*) =0 for all z € R.
Suppose there exists zo € R such that y(zg) = (x¢), then (3.4) becomes
(3.13) 28(y)d(w5) = d(x0 0 y)(3(wo) — B(w0)), forally € R.

In (3.13) we substitute zpy for y and using char(R) # 2, to get

(6(z0) — Blw0))B(y)d(a5) =0, for ally € R.
Since [ is onto, we obtain (§(xg) — 8(z0))R(x3) = {0}. By primeness of R, we
conclude that either 6(zo) = B(xg) or §(z2) = 0.
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If 6(x) = B(z0), according to our assumption after (3.12) it follows from (3.4) that
28(y)d(x3) = 0 for all y € R. Since § is onto and char(R) # 2, we conclude that
§(x3) = 0. In both cases, we have d(z2) = 0 and by (3.12), we get

§(z*)B(x)d(x?*) =0, forallz e R.
Using (3.5), we conclude that
0 = d(2%)B(2)d(x*)d(2?) = 6(2*)(0(2*)d(x) — d(2*)B(x))d(2%),
which leads to 0 = 6(2%)6(2?)d(x)d(2?) = §(z7) = (§(x))7 for all x € R. By a well-
7

know result of Lovitzki [7] a prime rings cannot be nil of bounded index. Then ¢ = 0.
In this case, equation (3.4) becomes

(3.14) Y[z, y])(y(z) — B(x)) =0, forall z,y € R.
Taking ty in place of y in (3.14), and using it again, we obtain

Y[z, yD)v(@)(v(z) — B(z)) =0, forall w,y,t € R.
Since 7 is onto, we get y([z,y])R(y(x) — B(x)) = {0}, for all z,y € R. In view of the

primeness of R, the last equation reduces to
(3.15) Y(z,y]) =0 or ~(z)=p(z), forallz,yeR.

If there exists xg € R such that y([zg,y]) = 0 for all y € R, it is clear that y(zo) € Z(R)
because 7 is onto and so, [a(z), 5(x¢)] = 0 for all z € R.
By hypothesis, we have

[a(x), B(yxo)] + [z, yz0]) =0, forallz,y e R,
which leads to

(3.16) B(y)lalx), B(xo)] + [alx), B(Y)IB(xo) + 7([z,y])v(x0) =0, forallz,y € R.
Since [a(x), B(xg)] = 0 for all z € R, (3.16) becomes

[Oé(ﬂ?), B(y)]6<x0> + 7([‘%7 nyV(SL’O> = 07 for all T,y e R.
Using (3.1), the last equation yields

(3.17) Y[z, y])(v(z0) — B(z0)) =0, for all x,y € R.

Replacing y by yt in (3.17) and using it with the fact that 7 is onto, we conclude
that v([z, y])R(vy(zo) — B(xo)) = {0}, for all z,y € R. Since R is prime, we obtain
v([z,y]) = 0 for all z,y € R or y(zo) = B(xo). Therefore, [z, y] =0 for all x,y € R or
v(zo) = B(xo). In this case, (3.15) forces that R is commutative or v(z) = f(x) for
all x € R.

Now assume that the second case, then (3.1) becomes

(3.18) [a(z), B(y)] + B([z,y]) =0, forallz,y € R.
Taking zy instead of z in (3.18), we obtain

Az, y)(Bly) —aly)) =0, forallz,y e R.
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Putting xr in place of z where r € R, we can easily arrive at

Bz, yDR(B(y) — aly)) = {0}, forallz,y e R.
In light of primeness of R, we arrive at
(3.19) B(lx,y]) =0o0r a(y)=pP(y), forallz,ye R.
If there exists yo € R such that a(yo) = 5(vo), by (3.18) we have
0 =la(yo), B(x)]) + B([yo, x]) = [B(wo), B(x)]) + B([yo, x])
=265([yo, x]), for all x € R.

Since char(R) # 2, we get B([yo,z]) = 0 for all x € R. Then (3.19) becomes
B([x,y]) = 0 for all z,y € R. Since § is onto, then [z,y] = 0 for all z,y € R,
which forces that R is commutative. O

Corollary 3.1. Let R be a prime ring with char(R) # 2 and «, B endomorphisms of
R such that [ is onto, then the following assertions are equivalent:

(a) [a(x), B(y)] + B([z,y]) = 0 for all z,y € R;
(b) R is commutative.

Proof. Just replace v by  and ¢ with the null application in Theorem 3.1. 0

Corollary 3.2. Let R be a prime ring with char(R) # 2 and o an endomorphism of
R, then the following assertions are equivalent:

(a) a(z) +x € Z(R) for allx € R;

(b) R is commutative.
Proof. 1f we put g = idg, we get the required result. [l

Theorem 3.2. Let R be a prime ring with char(R) # 2, « is an automorphism of R
and (3, v epimorphisms of R, then the following assertions are equivalent:

(a) a(z) o By) +7([w,y]) = 0 for all z,y € R;
(b) R is commutative.

Proof. 1t is obvious that (b)=-(a).
(a)=(b) Suppose that

(3.20) a(xz)o B(y) +v([z,y]) =0, forallz,y e R.

Replacing y by yz in (3.20) and using identity (c), we get

(321)  Bylelz), B(x)] = (alz) o B(y))B(z) +v([z,y])y(x), forallz,y € R.
From (3.20) and (3.21) it follows that

(3.22) BW)le(z), f(x)] = y([z, y))(v(x) — B(x)), forallz,y e R.
Putting zy in place of y in (3.22), we find that

(3.23) (y(x) = B(2))y([z,y])(v(z) — B(z)) = 0, forallz,y € R.
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Invoking (3.22), (3.23) yields
(v(z) = B(2))B(y)[a(), B(2)] = 0, for all 2,y € R.

Since [ is onto, we obtain

(v(z) — B(x))R[a(x), B(x)] = {0}, forallz € R.
By primeness of R, we get
(3.24) v(z) = p(x) or [a(x),B(x)] =0, forallzeR.

If there exists xy € R such that [« (z), (xo)] = 0, then (3.22) gives v([zo, y])(v(zo) —

B(xg)) =0 for all y € R. Replacing y by yr, we get v([xo, y])y(r)(y(zo) — B(x0)) =0
for all y,r € R. Since 7 is onto, we obtain vy([zg, y])R(v(zo) — 5(z0)) = {0} for all
y € R. By primeness of R, one can easily verify that v([zo,y]) = 0 for all y € R or

V(o) = B(o).

Suppose the first case and using (3.20), we get a(xg) o S(y) = 0 for all y € R.
Replacing y by yt and using identity (c), we obtain B(y)[a(zo), 8(t)] = 0 for all
y,t € R. Since R is prime and [ is onto, we get a(zg) € Z(R), and therefore, (3.20)
forces that 2a(zo)RB(y) = 0 for all y € R. Using the fact that R is prime and
char(R) # 2, we get a(zy) = 0. Since « is an automorphism of R, we obtain zy = 0.
In this case, (3.24) becomes v(z) = f(x), for all z € R. Replacing y by zy in (3.20)
and using it, we get

a(x) o f(x)B(y) + fz)(—afz) o B(y)) =0, forallz,y € R.
Developing the last expression, we arrive at
la(x), B(z)]B(y) =0, forallz,yeR.

Using the fact that R is prime and [ is onto, we obtain [a(z), f(x)] = 0, for all z,y €
R. For y = z, (3.20) with the last expression give a(z)5(z) = [(z)a ( ) = 0 for all
z e R

Replacing y by yz in (3.20) and using it again, we obtain

(3.25) a(z) o By)B(x) + B([z,y))B(x) =0, forallw,y € R.
Developing (3.25) by using identity (c), we conclude that

(3.26) (@), B()]B(x) + B([z,y])B(x) =0, forallz,y € R.
Putting yt in place of y and using identity (a) with (3.26), we can easily arrive at

(3.27) (la(z), By)] + B(lz, 9])B(t)5(z) = 0, forallz,y,t € R.

Since 3 is onto, equation (3.27) reduces to

([a(z), Bl + B([z, y]))RB(z) = {0}, forallz,y € R.

By primeness of R, we obtain

la(z), B(y)] + B([z,y]) =0 or B(x)=0, forallz,yeR.
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It is clear that both cases give the following equation
(3.28) [a(x), B(y)] + B([z,y]) =0, forall z,y € R.

As (3.28) is the same as (3.18), arguing as in the proof of Theorem 3.1, we conclude
that R is commutative. O

In Examples 3.1, 3.2, we show that the condition “R is prime” is necessary in
Theorems 3.1, 3.2.

FExample 3.1. Let us defined R and «, 8,7 : R — R as follow:

z y 0 z y 0 z y 0
R = 0 00 x,y,2€ %y, al 00 0 |=10 0 0],
0 2 0 0 2 0 0 —2 0
z y 0 T —y O
B=idg, ~v| 0 0 0 |= and 6 = 0.
0 2 O z O

It is clear that R is a ring which is not prime and char(R) # 2. Moreover, « is an
endomorphism of R and 3, v epimorphisms of R such that [a(x), 5(y)] + ’7([ZE, y]) =0
for all x,y € R, but R is noncommutative.

FExample 3.2. Let us defined R and «, 8,7 : R — R as follow:
0
0 r,Y,2 €Ly, «=1idg,
0
z y 0 —x y 0 x 0 z —y 0
0 00 |= 0O 001, ~[O 0Ol=]10 0 0].
0 2 0 0 2z 0 0 0 0 =z O

It is clear that R is a ring which is not prime and char(R) # 2. Moreover, « is an
automorphism of R and 3, v epimorphisms of R such that a(z) o S(y) + v([z,y]) =0
for all x,y € R, but R is noncommutative.

R

I
o O R
n ow

p

N OoOw

The following example proves that the condition “char(R) # 2” in Theorem 3.2 is
not superfluous.

Ezample 3.3. Let us define R = My(Zs) and aw = 3 = v = idy. It is clear that R is a
noncommutative prime ring such that char(R) = 2. Moreover, « is an automorphism
of R and (3, v epimorphisms of R such that

() [a(z), B(y)] + [z, y]) = 0 for all z,y € X;
(b) a(x) o B(y) +v([z,y]) =0 for all x,y € R.

But R is noncommutative.
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A NEW METHOD TO SOLVE DUAL SYSTEMS OF FRACTIONAL
INTEGRO-DIFFERENTIAL EQUATIONS BY LEGENDRE
WAVELETS
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ABSTRACT. The method that will be presented, is numerical solution based on
the Legendre wavelets for solving dual systems of fractional integro-differential
equations (FIDEs). First of all we make the operational matrix of fractional order
integration. The application of this matrix is transforming FIDEs to a system of
algebric equations. By this changing, we are able to solve it by a simple solution. In
this way, the Legendre wavelets and their operator matrix are the most important
keys of our solution. After explaining the method we test on some illustrative
examples which numerical solutions of these examples demonstrate the validity and
applicability of suggested method.

1. INTRODUCTION

Nowadays using fractional calculus has valuable usages in some fields of science
and engineering. The study of dual systems of FIDEs have many applications in
engineering, biomechanice and other scientific divisions. Dual systems of FIDEs also
appear in modeling some of chemical and material engineering processes [8, 13, 15].
In most cases obtaining an analytical solution of FIDEs is impossible or so difficult.
Thus, various procedures for obtaining approximate solutions of this kind of equations
have attracted the attentions of many researchers.

In recent years, several numerical methods have been devoted for solving FIDEs
but they are not properly applied to solve dual systems of FIDEs [1,4,18]. The
greatest information that we can obtain from this case, is studing of papers that have

Key words and phrases. Legendre wavelets, fractional integro-differential equations, algebraic,
dual systems.
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been presented by various methods to arrive to an approximate solution. One of
these methods is wavelet method [20]. Wavelets are generally a family of oscillatory
functions which can be used to obtain approximate solutions of unknown functions
[12]. There are many methods for solving FIDEs, by helping of wavelets; for instance
take a look at [2,9,11,22]. The application of wavelets is significant in many scientific
disciplines, such as time-frequency analysis, signal processing and numerical analysis
3].

This paper is based on Legendre wavelets that are a special type of wavelets
that successfully have passed the exams in system analysis, system identification,
optimal control and numerical solutions of differential and integral equations. Legendre
wavelets are based on Legendre polynomials. From numerical point of view, wavelets
have a closer and more accurate approximation than Legendre polynomials [17]. In
the study of various methods for numerical solution of systems of FIDEs, we find that
the wavelets method has been used less. Therefore, we have chosen the method of
the Legendre wavelets for numerical solution of systems of FIDEs. We now apply the
Legendre wavelets method to solve the following dual system [21]:

{Drf(:v) =i (7, f(x),9(2)) + Jg ua(t, [ (1), g(1))dL,
Drg(x) = vi(x, f(2), 9(x)) + Jg va(t, F(2), g(t))dt,

where z,t € [0,1], r,s € (0,1], and D", D* display the Caputo derivative operator.

2. LEGENDRE WAVELETS AND THEIR FUNCTIONAL PROPERTIES

2.1. Legendre wavelets. Legendre wavelets are defined on [0,1) as [10]:

1 n—1 n+1
G ST o

2
wnm(x) ==
0, otherwise,
wheren =1,2,..., 2 a=2n—1,m=0,1,2,...,M—1, k, M € N, m is the degree
of the Legendre polynomials and L,,(z) are the well-known Legendre polynomials of

order m that are defined on the interval [—1,1] and satisfy the following recursive
formula

Lo(x) =1, Lyi(z)=rx,

2m +1 m
Lm-i—l(x) = ( m+ 1 >me(x) - (W)Lm—l(m)a m = 1727 s

2.2. Function approximation. The Legendre wavelet series representation of the
function f(z) defined over [0,1) is given by

(2.1) f(z) = fj i U () = AT (),

n=1m=0
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where a,,, = (f(x), Ynm(x)) and (-, -) denotes the inner product. If the infinite series
n (2.1) is finited, (2.1) can be written as

2k=1 pr—q

(2.2) F@) = Y > umtum(z) = ATU(2),

n=1 m=0
where A and ¥(x) are 2871 M x 1 matrices given by

T
a10,A11y -« - al(M_l), a20, A21, .« - - ,GQ(M_l), ceoy Qok—10, Aok—171, . . . ,a2k—1(M,1)

V(@) =[ta0(w). Y @), Vrqaro (), (o) Vn (@), ar- 2

A:

T
Vor-10(), Yor—11(2), . .. 7¢2k1(M—1)(55)] .
For simplicity, (2.2) can be rewritten as

o~

f(x) ~ ﬁ:laiwm — AT () = J(2),

where a; = Upm, Y5 = U, ' = 28"TM i = M(n—1)+m+ 1. Obtain the collocation
points as
1—0.5
n/
We define the Legendre wavelets matrix as

o =[9 (55) ¥ (o) v () v (5) )

3. OPERATIONAL MATRIX OF THE INTEGRATION FOR LEGENDRE WAVELETS

. i=1,2,--- 2810

T; =

3.1. Preliminaries and natations. In this section, we first present some definitions
and basic concepts that have the most applications in this paper [19].

Definition 3.1. The Reimann-Liouville fractional integral operator of order v > 0 is
a function defined as

1 e -
e - Lt | @t rwa v >0
f(l’), v =0,

where I'(y) is the gamma function as
[(y) = / e tdt.
0
Definition 3.2. The Caputo fractional derivative of order v > 0 is defined as

1 T
[ (z =) (1), v>0,n—1<7vy<n,
D) = § 4l 1) /

=n
d;[‘n ) ’y )
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where z € [0,00), and n = 1,2,3,. ..

For x > 0 the Caputo derivative and Reimann-Liouville integral operator have the
following relationships

DI f(x) =f(z),
§I0

(3.1) "D f(z Z , n—1<vy<n.

m=0

3.2. Operational matrix of the fractional integration. Here the main goal is to
get the fractional-order Legendre wavelets operational matrix of integration. For this
purpose, we have to define the set of Block puls functions (BPFs) as follows [16]

1 1—1 << 1
x JE—
bz<x> fry ) n/ - n/’
0, otherwise,
where i = 1,2,...,n/, and n’ = 2F"1 /.

The BPFs have two properties which will be used later

0, i # 7,
(N
x E? =17,
/ bi(2)b;(2)dz =
0
0, i

Definition 3.3. Let C = [c1,¢a,...,cp]t and D = [dy, do, . .., dy]T be two matrices
n’ x n', then we define that C ® D = [c1dy, cads, . . ., cpd,y]T.

Lemma 3.1. Suppose that g(x) and h(x) are two functions defined on L?*[0,1] as
we have g(x) = GTB,(z) and h(z) = HY By/(x), where GT = [g1, 99, ..., gw|, HT =
[hi,ha, ..., hy] and Bu(x) = [by, by, ..., by]T, then we have

(3.2) g(x)h(z) =G' By (z)H" By (v) = (G @ HY) B,y (),
(3.3) 9(2)* =(G" By(x))* = (G")* B (x).

Proof. By using the properties of BPFs, the proof is obvious. O

The fractional integration of order + in Reimann-Liouvill concept can be expressed
as [5]

(3.4) I"B,/(z) ~ R"B,(x),
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where R” is the BPFs operational matrix with

1 & & - &w]
01 & - &woo
11 |00 1 - &g

R — — _
n” T'(y+2) 00 0 - &Gual|>
00 0 - 1|

and & = (k+ 1) =2k (k-1 k=1,2,....n/ — 1.
We now derive the Legendre wavelets operational matrix of the fractional integration.
The integration of Legendre wavelets ¥, (z) can be obtained as

(35) I\Ijn/ (.Z') = /x \Ifn/<7'>d7' =~ qn/Xn/\I/n/<l’),
0

where the n/-square matrix ¢,/ is called Legendre wavelets operational matrix and

Q) is called Legendre wavelets fractional integral operational matrix and achived
by

(3.6) I () R Gy V(@)
the Legendre wavelets can be expanded into n’-set BPFs as
(3.7) Wy (1) % Gutset B (),
we get [6] from (3.4), (3.6) and (3.7)
G Wt (2) AT () 2 Tt Bar () = Gutsoe T Bt (2) & s B B (1)
R s B Gt ().

Finally, we conclude from (3.6) ¢,/ & ¢prxn RYV L .

In general, the matrix ¢,/ «,s counted in the below form
L 0 0 --- 0
0O L 0 - 0
¢n’><n’ =100 L - 0 )
00 0 --- L

where L is a M x M matrix given by [7]

() () ()

L= Y (anf) (G (;;,) - <Z —n9.5)

' 1 . 3 . . 71— 0.5
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2Plo(ﬂﬂ) = \/57

w11($)—\/6(4$’—1>, 0<x< %,
VY1a(z) = V10(2422 — 122 + 1),

¢20($) = \/57

o1 () = V6(4x — 1), % <z<l,
Vao () = /10(2422 — 362 + 13).

Here, we present the matrices R, ¢« and ¢” for k = 2, M = 3, n = 1,2,
m = 0,1,2, v = 0.6 and using the collocation points z; = i’ng'f’, i =1,2,...,n,
n' = 2k-1M. Clearly, we have:

[0.23872  0.24622 0.17586 0.14847 0.13201 0.12061]
0 0.23872 0.24622 0.17586 0.14847 0.13201
06 _ 0 0 0.23872 0.24622 0.17586 0.14847
0 0 0 0.23872 0.24622 0.17586|’
0 0 0 0 0.23872 0.24622
0 0 0 0 0 0.23872
[ 1.41421  1.41421 1.41421 0 0 0 |
—1.63299 0 1.63299 0 0 0
| 0.52705 —1.58114 0.52705 0 0 0
Poxo = 0 0 0 1.41421  1.41421 1.41421}°
0 0 0 —1.63299 0 1.63299
0 0 0 0.52705 —1.58114 0.52705
[0.45856  0.18277 —0.02360 0.47845 —0.07337 0.01977 ]
—0.14723 0.15079  0.12261  0.06705 —0.03495 0.01469
06  |—0.05571 —0.09082 0.10681 —0.04913 0.00096  0.00190
= 0 0 0 0.45856  0.18277 —0.02360] -
0 0 0 —0.14723 0.15079  0.12261
0 0 0 —0.05571 —0.09082  0.10681 |

3.3. Error analysis. The following theorem presents the error analysis of the Le-
gendre wavelets approximation function. By increasing values of k and M the error
gets closer to zero. As you will see, solved examples confirm this sentence. So, we
say surely the mentioned method and its approximation function will be successfully

responsive for solving examples of the discussed subject.

Theorem 3.1 ([14]). Suppose f(z) € C2[0,1] and f(x) is the best approzimation of
f(z), then we have for these two functions defined in (2.1) and (2.2):

leglle = llerror(£(e)) = 1) = F)l = 0 (53m7 )

c

:W>O ask—)oo,]\/[—>oo.
: c
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4. NUMERICAL EXAMPLES

In this section, we are going to solve two numerical examples by using the proposed
method in Section 3, Also, we will compare their approximate and exact solution from
graphical and numerical point of view. The numerical results show these performance
of the mentioned method.

Example 4.1 ([21]).

1, 1y
wy | PI@ =3P @ g - s o<,
Dg(x) = g*(a) + f2(x) — [ glt)dt, 0<s<1,

with the initial conditions f(0) = 1 and ¢g(0) = 0. Exact solutions for the above
coupled systems when r = s = 1 are obtained by f(x) = cosz and g(x) = sinz, the
exact solutions of f(z) and g(x) for r,;s € (0,1) are unknown.

Let

D' f(z) = Ay W (),
(4.2) i o
Dég(z) = E, )V, (),
where AL, = [ay,a9,a3,...,a,] and EL, = [e},eq,€3,...,ey]. By using the initial

conditions and (3.1), (3.6), (3.7) and (4.2), we have

fl@) = I"D"f(z) + f(0) = Ay Yo (x) + 1
(4.3) ~ AT S B () + (L, o e
g9(x) = I'Dg(z) + 9(0) & Egp s V() R B @y Gu s B ().
Then, by using (3.2), (3.3), (3.5) and (4.3), we obtain
F2(@) R A sens b s ) B (€) + 245 G s b s B () + [L, 1 L
(@) (B On o) B (),

| 90t~ [ Bl V() & E5 G b Buo(e),
9(@) (&) =BG s Or et Br (2)) (ARG s r e B () + 1)
(E Gyt st P et @ Al w2t st O et ) Brr () + EL et Ot et Bt (),

905 @0t~ [ (BLinbwon © ALgirsur) Bu (t)d
+/ BTG, G By (1)l
(En’qn xn/ ¢n’><n’ & An’qn xn' ¢n’><n’) /0 Bn'<t)dt

n’qn’Xn ¢n Xn/ B
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(45) (En’qn xn' ¢n I'xn! & An’qn xn' ¢n ><n / ¢n xn' ( )dt

+ ( ’qn xn'/ ¢Tb xn/ / an xn/ (t)dt

(E ’qn xn'/ an/ n’ & A ’qn xn'/ Cbn’xn ) n Xn’Qn’Xn ¢TL X”'Bn/( )
+ B bnr s B ().

By replacing (3.7), (4.2)—(4.4) and (4.5) into (4.1), and also according to the
properties of BPFs, we conclude

AZ’QSN’XN’ = _7(14 ’qn’Xn’¢n’Xn’)2 n’qn xn' ¢n xn/
’qn ><n’¢n xn/ ( 'n/qTSL'XTL an 'xn! & An’qn xn' ¢n’><n’
(46) /qn xn' an xn'/ )(bn Xn’qn xn'/ ¢n xn'
E77;l¢n/><n/ = ( /qn xn/ ¢n ><n) ( ’qn xn/ ¢n ><n) +2A ’qn xn/ ¢n/xn/
ETLerL—tfn ¢n’><n’ _l_ [1717 71]1><n’~

(4.6) is now a system of nonlinear algebric equations which is a transformed type
of (4.1). It has 2n/ unknown coefficients, A; and FE;, which we can find them and the
numerical solutions of f(x) and g(x) by solving this system by presented numerical
method.

The approximate solutions obtained by using the proposed method and also absolute
error value for different values k, M, r, s and x in the Tables 1 — 3 have been shown.
From Tables 1-3 and Figures 1-5 we can see that by increasing k£ and M the numerical
solutions converge to the exact solutions, specially when r, s — 1.

TABLE 1. Numerical results of the Example 4.1 for k = 2, M = 6,
=21 =12,i=1,2,3,...,n, and different values r and s.

T, = 1_73‘5 r=0.7,s=07 r=0.8,5s=028 r=09,s=09 |r=1,s=1 Ecact solution
f(=), g(x) f (@), g(x) I (@), g(x) f(x), 9(=) f(=), g(z)

z1 = 0.04167 | 0.98729,0.11185 | 0.99339,0.08097 | 0.99660,0.05817 | 0.99827,0.41546 | 0.99913,0.04166
x2 = 0.12500 | 0.95593,0.24847 | 0.97390,0.19959 | 0.98486,0.15830 | 0.99136,0.12435 | 0.99220,0.12467
x3 = 0.20833 | 0.91290,0.34846 | 0.94327,0.29703 | 0.96398,0.24904 | 0.97758,0.20629 | 0.97838,0.20683
x4 = 0.29167 | 0.86384,0.42851 | 0.90475,0.38190 | 0.93530,0.33342 | 0.95704,0.28680 | 0.95777,0.28755
x5 = 0.37500 | 0.81126,0.49298 | 0.86008,0.45627 | 0.89968,0.41195 | 0.92988,0.36531 | 0.93051,0.36627
ze¢ = 0.45833 | 0.75698,0.54381 | 0.81063,0.52091 | 0.85786,0.48458 | 0.89628,0.44128 | 0.89679,0.44245
x7 = 0.54167 | 0.70249,0.58196 | 0.75760,0.57604 | 0.81054,0.55109 | 0.85648,0.51418 | 0.85685,0.51556
xg = 0.62500 | 0.64909,0.60799 | 0.70209,0.62168 | 0.75844,0.61113 | 0.81076,0.58351 | 0.81096,0.58510
x9 = 0.70833 | 0.59794,0.62222 | 0.64516,0.65768 | 0.70224,0.66435 | 0.75944,0.64878 | 0.75945,0.65057
z10 = 0.79167 | 0.55009,0.62485 | 0.58783,0.68380 | 0.64269,0.71035 | 0.70287,0.70954 | 0.70266,0.71153
11 = 0.87500 | 0.50650,0.61613 | 0.53112,0.69978 | 0.58050,0.74871 | 0.64145,0.76535 | 0.64100,0.76754
12 = 0.95833 | 0.46802,0.59639 | 0.47601,0.70530 | 0.51646,0.77900 | 0.57560,0.81583 | 0.57488,0.81823
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TABLE 2. Numerical results of the Example 4.1 for £k = 6, M = 3,
n =21M =96,i=1,2,3,...,n, and different values r and s

i—0.5

€Tr;, =
k3 n’

r=0.85 s=085
f(z), g(z)

r=20.9 =09
f(=), g(z)

r=0.95 s =095
f(x), g(x)

r=1,s=1

f(@), g(z)

Ecact solution

f(@), g(x)

rg = 0.07813

0.99150,0.12072

0.99393, 0.10459

0.99568, 0.09043

0.99694, 0.07804

0.99695, 0.07805

z16 = 0.16146

0.97100, 0.22197

0.97769, 0.19983

0.98292,0.17943

0.98698,0.16075

0.98699, 0.16076

T24 = 0.24479

0.94160,0.31225

0.95307,0.28786

0.96250, 0.26449

0.97018,0.24234

0.97019, 0.24235

r32 = 0.32813

0.90481, 0.39397

0.22105, 0.36986

0.93492,0.34583

0.94664, 0.32226

0.94665, 0.32227

x40 = 0.41146

0.86177,0.46779

0.88241, 0.44602

0.90064, 0.42322

0.91653, 0.39993

0.91654, 0.39995

x48 = 0.49479

0.81349,0.53383

0.83787,0.51619

0.86010, 0.49628

0.88006, 0.47483

0.88007,0.47485

z56 = 0.57813

0.76090, 0.59198

0.78813,0.58007

0.81378,0.56461

0.83748,0.54643

0.83749, 0.54645

res = 0.66146

0.70490, 0.64202

0.73389,0.63733

0.76217,0.62776

0.78910,0.61424

0.78910,0.61427

x79 = 0.74479

0.64638,0.68365

0.67585,0.68758

0.70579,0.68530

0.73523,0.67779

0.73523,0.67782

zgo = 0.82813

0.58625,0.71652

0.61477,0.73042

0.64520,0.73680

0.67626,0.73663

0.67626,0.73666

xgg = 0.91146

0.52539,0.74023

0.55138,0.76544

0.58097,0.78185

0.61260, 0.79036

0.61259, 0.79040

x96 = 0.99979

0.46474,0.75438

0.48647,0.79219

0.51373,0.82002

0.54469, 0.83861

0.54468, 0.83865

959

TABLE 3. Absolute error relevant to Tables 1 and 2 whenr =s =1

[ s

©

EE

[ &

X1

8.6311e — 04

1.0824e — 04

€8

1.3409e — 05

3.1776e — 06

T2

8.4048¢ — 04

3.2442e — 04

T16

1.2897¢ — 05

6.5587e — 06

Zs3

7.9451e — 04

5.3968e — 04

To4

1.2015e — 05

9.9213e — 06

Xy

7.2457e — 04

7.5337e — 04

X32

1.0753e — 05

1.3255e — 05

Is

6.3022¢ — 04

9.6491e — 04

L 40

9.1071e — 06

1.6552e — 05

Te

5.1122e — 04

1.1739¢e — 03

T48

7.0736e — 06

1.9807e — 05

X7

3.6749¢ — 04

1.3801e — 03

T56

4.6529¢ — 06

2.3020e — 05

xs

1.9913e — 04

1.5838e — 03

Te4

1.8473e — 06

2.6198e — 05

T9

6.3200e — 06

1.7858e — 03

X712

1.3399¢ — 06

2.9357e — 05

Z10

2.1069¢ — 04

1.9875e — 03

Z80

4.9047e — 06

3.2527e — 05

T11

4.5169e — 04

2.1913e — 03

T8y

8.8442¢ — 06

3.5751e — 05

T12

7.1658e — 04

2.4006e — 03

Z96

1.3158e — 05

3.9088e — 05

Ezxample 4.2 ([21]).

D7 f(z) = g(x)f(z) — g(x) +1 = [glg(t) — 2 ()]dt,

(4.7)

1

?

3

2

Dg(z) = 2g(x) f(z) + 1fQ(OC) +2f(x) = Jo'lg(t) + f()]dt,

0<r<,

0<s<1,

with the initial conditions f(0) = 0 and ¢g(0) = 0, exact solutions for the above coupled
systems when r = s = 1 are obtained by f(x) = z and g(x) = 2%. The exact solutions
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F1GURE 1. Numerical solution for different values of r and s when
k=2, M =6and n =12.

0.9 1
—O©— Exact f(x)
—*—s=1
0.8 | —*—s=0.95
—0—s=0.9
—8—5-0.85 0.9
0.7 F 1
0.6 1 0.8
0.5 1
= Xo7
(e)] o—
0.4 1
0.3 1 0.6
0.2 1
0.5
0.1 1
0 0.4
0 0.2 0.4 0.6 0.8 1
X X

F1GURE 2. Numerical solution for different values of r and s when
k=6, M =3 and n' = 96.
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. 1
0.9 —O— Exact f(x)

0.9

0.8
Zor
06

0.5

FIGURE 3. Numerical solution for different values of r and s when
k=3, M =4 andn' = 16.

FIGURE 4. Numerical solution for different values of » and s when
k=3, M =4 and n = 16.
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09 —O— Exact f(x) ‘ ‘ ‘ 1 Potegg,
X sl

0.8|—*—s-098 095
—<0—5=0.96
—8—5=0.94 9 09l

08
Zorst
0.7}
065

0.6

0.55

0.5

FiGURE 5. Numerical solution for different values of r and s when
k=4, M =5 and n' = 40.

of f(z) and g(x) for r,s € (0,1) are unknown. Let

D f(x) ~ AL W, (v
Doy(a) ~ LW (x).
where AL, = [ay, a9, a3, ...,a,] and EL = [e, ea, €3, ..., eu].

By using the initial conditions and (3.2), (3.6), (3.7) and (4.8) we have

(4.9) f(:L’) = ITDrf(x) + f( ) ~ T/QZ xn'an’( ) Al /Gt s (bn’xn’Bn’(x)v
9(x) = I°D*g(x) + g(0) = ELq5r s Vo (2) R B G Ot s Bur ().

So, by using (3.2), (3.3), (3.5) and (4.9), we obtain

g(l’)f(l’) z(E'n,’Q'rz’><n’gbn ><n’B ( ))(An’Qn’Xn’¢n’Xn’Bn’(l’))

(4.10) (E Gyt ey P et ® AJ) Gt Pt st ) Brr (),
(411> f2(l’) (A ’qn ><n/¢n’><n’B ( )) - ( n’qn xn' gbn xn) n/(ZL’),
/x F(t)dt ~ / AL, W (1) dt = qnn/ U, (1) dt
0
(412) NA ’qn Xn’qn Xn’\II( ) A ’q'rlztznn’qﬁn'xnan/( )7

(4.13) / £)dt ~ /E,qmn w(B)dt & EDg5S s B ().
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By replacing (3.7) and (4.8)—(4.13) into (4.7), we obtain

(4.14)

AL ¢ B (1) =

T _
En/¢n’><n’ -

1
g(En’qz/xn’¢n’Xn’ ® Ag/q;'xn'gﬁn’Xn’)Bn’

E ’qn xn/ ¢n’xn’Bn’< )

ET 1+s

n' D/ xcn!

¢n/><n/Bn ( ) + 2AL
1
~(BL s Ot @ AL s G ) B

3 1
+7( ’qn xn' ¢n ><n)
BTG b B () —

[1,1,1,.
1+r

()

71]1><n’Bn’(x>
A/ xn/ ¢n/><n/Bn/<:U)7

()

n’ ( ) + 2A /qn xn/ ¢H'XH'BH'(m)

AL g Bt B ().
According to the properties of BPFs and (4.14) we have

Al bnrsen = ;(E B Pt @ AL Prrent) = By @i e Pt
FL L Ui = Bty b + 2470405 b

B bnrsn = ;(Eg;qz/xn@n’xn’ @ AL Qs Prrsenr) + 1( Tt Orr et )
F2AL G s st — B b scns — AT/qifm O e -

TABLE 4. Numerical results of the Example 4.2 for k = 2, M = 6,
"= 12 and different values r and s.

r=0.7,s=07
f(z), g(z)

r=08,s=0.8
fx), g(x)

r=0.9,s5=09
f(z), g(z)

r=1,s=1
f(=), g(=)

Ecact solution

f(=), g(x)

0.11157,0.02570

0.08101,0.01331

0.05826,0.00681

0.04162,0.00345

0.04167,0.00174

0.24734,0.08992

0.19985, 0.05289

0.15887,0.03048

0.12485,0.01729

0.12500,0.01563

0.34747,0.17865

0.29849,0.11560

0.25105,0.07284

0.20808, 0.04499

0.20833, 0.04340

0.43049, 0.28039

0.38662,0.19511

0.33858,0.13148

0.29130, 0.08656

0.29167,0.0851

0.50203,0.39010

0.46725,0.28816

0.42265, 0.20501

0.37452,0.14198

0.37500, 0.14063

0.56500, 0.50429

0.54192,0.39228

0.50386, 0.29232

0.45773,0.21126

0.45833,0.21007

0.62123,0.62019

0.61160, 0.50541

0.58259, 0.39247

0.54094, 0.29439

0.54167,0.29340

0.67207,0.73553

0.67698,0.62570

0.65908, 0.50455

0.62415,0.39137

0.62500, 0.39063

0.71856, 0.84840

0.73855,0.75142

0.73351,0.62770

0.70736, 0.50221

0.70833,0.50174

0.76163,0.95723

0.79675,0.88091

0.80600, 0.76104

0.79057,0.62689

0.79167,0.62674

0.80212,1.06071

0.85194,1.01260

0.87667,0.90368

0.87377,0.76541

0.87500, 0.76563

2 = i:LO/.B
1 = 0.04167
z2 = 0.12500
z3 = 0.20833
x4 = 0.29167
x5 = 0.37500
ze = 0.45833
x7 = 0.54167
zg = 0.62500
xg = 0.70833
o = 0.79167
z11 = 0.87500
z12 = 0.95833

0.84082,1.15789

0.90445,1.14498

0.94558,1.05471

0.95697,0.91778

0.95833,0.91840
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TABLE 5. Numerical results of the Example 4.2 for £k = 6, M = 3,

n' = 96, for i = 8,16, 24,...,96, and different values r and s.

r=0.85
s=0.85
f(x), g(=)

r=0.90
s =0.90
f(z), g(z)

r=0.95
s=0.95
fz), g(z)

r=1
s=1

f(z), g(x)

Exact solution

f(z), g(x)

xg = 0.07813

0.12072,0.01712

0.10466,0.01221

0.09051, 0.00867

0.07812,0.00613

0.07813,0.00610

z16 = 0.16146

0.22252,0.05872

0.20055, ,0.45011

0.18013,0.03434

0.16146, 0.02609

0.16146,0.02607

z24 = 0.24479

0.31477,0.11879

0.29056, 0.09507

0.26714,0.07568

0.24479,0.05995

0.24479,0.05992

x32 = 0.32813

0.40070,0.19461

0.37657,0.16072

0.35221,0.13191

0.32812,0.10769

0.32813,0.10767

z40 = 0.41146

0.48172,0.28420

0.45943,0.24076

0.43578,0.20252

0.41145,0.16932

0.41146,0.16930

x48 = 0.49479

0.55863, 0.38597

0.53961,0.33418

0.51805,0.28702

0.49478,0.24484

0.49479, 0.24482

z56 = 0.57813

0.63198, 0.49845

0.61741,0.44006

0.59916, 0.38499

0.57811,0.33424

0.57813,0.33423

res = 0.66146

0.70212,0.62030

0.69306,0.55752

0.67920, 0.49602

0.66144,0.43754

0.66146,0.43753

x72 = 0.74479

0.76936,0.75018

0.76670,0.68568

0.78823,0.61968

0.74478,0.55472

0.74479,0.55471

xgo = 0.82813

0.83390, 0.88680

0.83845,0.82367

0.83628,0.75556

0.82811,0.68579

0.82813,0.68579

zgg = 0.91146

0.89595, 1.02884

0.90839, 0.97059

0.91339,0.90321

0.91144,0.83075

0.91146,0.83076

x96 = 0.99479

0.95568,1.17499

0.97659, 1.12551

0.98958, 1.06215

0.99477,0.98960

0.99479, 0.98961

TABLE 6. Absolute error relevant to Tables 4 and 5 when r = s =1

L& < [EE & |

X1

4.9582e — 05

1.7179¢e — 03

xrg

1.4528e — 06

2.6604e — 05

X2

1.5141e — 04

1.6686e — 03

X16

3.0835¢ — 06

2.5657e — 05

xs3

2.5823e — 04

1.5927e — 03

XL24

4.7883e — 06

2.4283e — 05

T4

3.6945e¢ — 04

1.4885¢ — 03

X32

6.5581e — 06

2.2451e — 05

Ts

4.8451e — 04

1.3539¢ — 03

Z40

8.3847e — 06

2.0132e — 05

Ze

6.0291e — 04

1.1872e — 03

T48

1.0261e — 05

1.7294e — 05

X7

7.2421e — 04

9.8598¢e — 04

T56

1.2179¢ — 05

1.3901e — 05

Tg

8.4799%¢ — 04

7.4813e — 04

Te4

1.4134e — 05

9.9173e — 06

T9

9.7387e — 04

4.7122e — 04

X2

1.6120e — 05

2.3045e — 06

Z10

1.1015e — 03

1.5269¢e — 04

Zg0

1.8131e — 05

2.1047e — 08

Z11

1.2305¢ — 03

2.1017e — 04

€8s

2.0162e — 05

5.9769¢ — 06

Z12

1.3606e — 03

6.2023e — 04

T96

2.2208e — 05

1.2736e — 05
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FIGURE 6. Numerical solution for different values of » and s, when
k=2 M =6and n = 12.

FIGURE 7. Numerical solution for different values of » and s when
=6, M =3 and n' = 96.
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FIGURE 8. Numerical solution for different values of r and s when
k=3, M =4 andn' = 16.
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FIGURE 9. Numerical solution for different values of » and s when
k=3, M =4 and n' = 16.
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—Oo—Exactg(x)| ‘ ‘ —Oo— Exact f(x)

0.9

0.8

07t
06
Zost
041
03F
02r

0.1

Ficurge 10. Numerical solution for different values of r and s when
k=4, M =5 and n' = 40.

5. CONCLUSION

The main purpose of the presented article is introducing Legendre wavelets method

for resolving coupled systems of FIDEs. As you saw, the numerical results obtained
here, confirm its high accuracy degree.

The most noticeable profit of the mentioned method is converting complicated

equations to simple ones, like we performed on examples. One of the best benefits
of this procedure is having high exactness that you may have been recognized it
according to the tables and figures.
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THE MINIMUM EDGE COVERING ENERGY OF A GRAPH

SAMIRA SABETI!, AKRAM BANIHASHEMI DEHKORDI!,
AND SAEED MOHAMMADIAN SEMNANT!

ABSTRACT. In this paper, we introduce a new kind of graph energy, the minimum
edge covering energy, Fc, (G). It depends both on the underlying graph G, and on
its particular minimum edge covering C'g. Upper and lower bounds for Ec,(G) are
established. The minimum edge covering energy and some of the coefficients of the
polynomial of well-known families of graphs like Star, Path and Cycle Graphs are
computed.

1. INTRODUCTION

In the study of spectral graph theory, we use the spectra of the certain matrix
associated with the graph, such as the adjacency matrix, the Laplacian matrix, and
other related matrices. Some useful information about the graph can be obtained
from the spectra of these various matrices. Let G be a simple graph and let its vertex
set be V(G) = {v1,v,...,v,}. The adjacency matrix A(G) of the graph G is a
square matrix of order n whose (7, j)-entry is equal to unity if the vertices v; and v,
are adjacent and it is equal to zero otherwise. The eigenvalues \i, Ao, ..., A\, of A(G),
assumed in nonincreasing order, are the eigenvalues of the graph G. The concept of
energy of a graph was introduced by I. Gutman [1] in the year 1978 as the sum of the
absolute values of its eigenvalues:

E(G) =_ Al
i=1
One of the remarkable chemical applications of spectral graph theory is based on the
close correspondence between the graph eigenvalues and the molecular orbital energy

Key words and phrases. Minimum edge covering set, minimum edge covering matrix, graph energy,
minimum edge covering eigenvalues.
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levels of m-electron in conjugated hydrocarbons. An interesting quantity in Huckel
theory is the sum of the energies of all the electrons in a molecule, so-called total
m-electron energy E. For more details on the mathematical aspects of the theory of
graph energy see [2-5]. The basic properties including various upper and lower bounds
for energy of a graph have been established [6,7], and it has found remarkable chemical
applications in the molecular orbital theory of conjugated molecules [8]. Recently
C. Adiga et al. [8] defined the minimum covering energy, Ec(G) of a graph which
depends on its particular minimum cover C. Further, incidence energy, matching
energy, minimum dominating energy, Laplacian minimum dominating energy and
minimum dominating distance energy of a graph G can be found in [9-16]. Motivated
by these papers, we study the minimum edge covering E¢,, of a graph G. We compute
some properties of the characteristic polynomial of a minimum edge covering matrix of
a graph G. Upper and lower bounds for E¢,, (G) are established. It is possible that the
minimum edge covering energy that we are considering in this paper may have some
applications in chemistry as well as in other areas. Let G = (V, E) be a simple finite
graph that is has no loops no multiple and directed edges. Graph G has n vertices, m
edges with vertex set V(G) = {v1,v9,...,v,} and edge set E(G) = {e1,ea,...,em}.

Definition 1.1. A subset C' of V is called a covering set of G if every edge of G is
incident to at least one vertex of C'. Any covering set with minimum cardinality is
called a minimum covering set.

Definition 1.2. A subset of E is called an edge covering set of GG if every vertex of G is
incident to at least one edge of it. Any edge covering set with minimum cardinality is
called a minimum edge covering set. Let C'r be a minimum edge covering set of a graph
G. The minimum edge covering matrix of G is a m x m matrix Ac, (G) = (€i;)mxm.
where

1, if e;, e are adjacent,

e;j =14 1, ifi=jande; € Cpg,
0, otherwise.

The characteristic polynomial of Aq,(G) is denoted by f,,(G,\) = det(A —
Ao, (G)) = coA™ + N1 4+ A2 + -+ + ¢,,. The matrix Ac,(G) is real and
symmetric. Then the eigenvalues of Ac,(G) are real numbers and are labeled in
non-increasing order A\; > Ay > --- > \,,. The minimum edge covering energy of G is

defined as

Ecy(G) = >_|Al.
i=1

2. PROBLEM FORMULATION AND SOME BASIC PROPERTIES OF MINIMUM EDGE
COVERING ENERGY

Following theorem obtains the coefficients of polynomial without applying determi-
nant expansion.
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Theorem 2.1. Let G be a graph with vertex set V', edge set E, and the minimum edge
covering set Cg. Let fr, (G, N) = det( A — A, (Q)) = co A"+ AN 1+ 24+ - tcppy
be the characteristic polynomial of G. Then

(i) co=1;
(ii) c1 = —|Cg|;
1 m
(i) ¢ = (‘CE’) - (Zdegw),
2 253
: CE| 1 & .
(iv) ¢5 = — 3 +|CEgl| 5 > deg(e;) | — > deg(e;) —2(K1 3+ Cs), where Cs is
i=1 ieC
the number of triangles and K 3 is the nurgber of star graphs with four vertices
inG.

Proof. (i) Directly from the definition of f,,(G,\), it follows that ¢y = 1.

(ii) Since the sum of diagonal elements of Ac,(G) is equal to |Cg|, sum of deter-
minants of all 1 x 1 principal submatrices of A, (G) is the trace of Ac,(G) which
evidently equal to |Cg|. Thus, (—1)'¢; = |Cg|.

(iii) (—1)%cy is equal to sum of determinats of all the 2 x 2 principal submatrices
of Ac,(G) , that is

eAA e..
= > |0 U= ) (eues; —eies)
1<i<j<m | 9t 79I 1<i<j<m
C 1
= D eig— ), €= <| 2E|> — 5 2_deg(e).
1<i<j<m 1<i<j<m i=1

€ii €ij Cik
cs=(=1)" Y e e en

I<i<j<ks=m |ep; €k; Ek

= - Z [eii(ejjekk - ekjejk) - eij(ejiekk - ekiejk)
1<i<j<k<m

+ ein(€jierj — erijj)]

= — Z €ii€5jCkk + Z [eiiejk + €;iCik + ekkeij]

1<i<j<k<m 1<i<j<k<m
- Z €ijCjkChi — Z €ikCk;jCji
1<i<j<k<m 1<i<j<k<m
_(|CE| L
=\ 5" |Cr 5 Y deg(es) | — Y deg(es) — 2(kis + Cs).
=1 1€Cp

Thus,

¢ — ('C;E'> +(Csl (;ideg(ei)> ~ 3" deg(er) — 20k + Cb). 0

1€Cp
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Corollary 2.1. Let G be a path P, with n vertices and m edges, then

(l) Co — 1,’
(i) ¢ = — {m;“lw , [z] is the smallest integer number greater than or equals to x;

m+1

(iii) ¢ = G ; W) — (m—1);
(iv) o5 = UTEID + VL;W (m—1)— 3" deg(e,).

i€Cg
Corollary 2.2. Let G be a cycle C,, with n vertices and m edges, then
(1) Cop = ]_,'

Remark 2.1. Let G be a path P, with n vertices and m edges, then

ideg(ei) =2(m—1).

i=1
Theorem 2.2. If A\, \a, ..., Ay, are eigenvalues of Ac,(G),then

Z/\z2 = ’OE| + Zdeg(ei).
=1

i=1
Proof. The sum of squares of the eigenvalues of Ac,, (G) is just the trace of (Ac, (G))?

Therefore,

m m m

i/\? =D > eyei =2 (eg)?+ Y (ew) = |Crl + ideg(ei)' O

i=1 j=1 i<j i=1 i=1
Theorem 2.3 (Parity theorem). Let G be a graph with a minimum edge covering set
Cg. If the minimum edge covering energy Ec,(G) of G is a rational number, then
(2.1) Ec, =|Cg| (mod 2).

Proof. Let A1, Ao, ..., A\, be positive, and the rest of the minimum edge covering
eigenvalues non-positive. Thus,

Eopy(G) =Y INl=i+ X+ + X)) = A+ Aga + -+ A,
i=1
implies Ec,(G) = 2(AM1 + Ao+ -+ + A.) — |Cg|. Since A\j, Ag, ..., A\, are algebraic
integers, so is their sum. Hence, A\; + Ag + -+ - + A\, must be an integer if F¢, (G) is
rational. 0
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3. THE MiNIMUM EDGE COVERING ENERGY OF SOME GRAPHS

Theorem 3.1. The minimum edge covering energy of a star graph Ki,_1 is m for
n > 2. The polynomial of it is \™ — mA™ 1.

Proof. Let K, be a star graph with vertex set V' = {wvg, v1,v9,...,v,-1} and center
Vg, then
111 1
111 1
A, (G) = rir1 .- 1]
111 - 1
that A.,(G) is m x m. Then its characteristic polynomial is
A—-1 -1 .- =1
-1 Xx=1 --- -1
(31) fm(kl,nfb )\) = det . . .
-1 -1 - =1

By computing determinant of upper triangular of matrix (3.1) we will have
fm<k17n,1, )\) = )\m — m)\mfl.
Then

0
Spec(k‘lm_l) = (T m— 1) s
Eo, (G) =Y |\ =m. O
i=1

Theorem 3.2. Let G be a path or a cycle graph with a minimum edge covering set
Cg. Then Ec,(G) ~2m — |Cg| or |Ec,(G) — (2m — |Cg|)| < 1.

Proof. Let Ay, Ag, ..., A\ be positive eigenvalues, and the rest of the minimum edge
covering eigenvalues non-positive. Thus,

m

Ecy(G) =Y [Nl = M+ Ao+ -+ A) = (At + Az -+ + M),
i=1
implies Ec,(G) = 2(A + Ay + -+ + A.) — |Cg|. Since Aj, g, ..., A, are algebraic
integers, so sum (A + A2 + - -+ + A.) =~ m. Hence, E¢,(G) ~ 2m — |Cg|. O

Theorem 3.3 (Upper bound). Let G be a graph with n vertices, m edges, and let Cg
be a minimum edge covering set of G. Then

Fo,(G) < \lm@;deg(ei) + |CE|>.



974 S. SABETI, A. BANIHASHEMI, AND S. MOHAMMADIAN SEMNANI

Proof. Let Ay > Xy > A3+ -+ > Ay, be the eigenvalues of A¢, (G). Bearing in mind the

Cauchy-Schwarz inequality

(£e) =(£4)( )

we put a; = 1 and b; = |\;| and we have

(Ee, (G)f = (lew) < m(iw) e m(ideg@ T 1Cel

i=1 =1 i=1

Theorem 3.4 (Lower bound). Let G be a graph with n vertices and m edges, and let

Cg be a minimum edge covering set of G. If D = |det Ac,(G)| , then

(3.2) Eey ()2 = 3" deg(es) + [Cal + m(m (HA)

=1

with equality if G is a star of order n.

Proof. We have

(e, (O = (iw) - (iw) (iw) S NS SOV

i=1 i=1 i=1 i=1 i#j

Now, by inequality between the arithmetic mean and geometric mean, we have

o S = (T ™

m(m 175] i#j

Thus,

[&MQVZiMf+Mm—DUDMmDWH)
= i

Z )\ ’2 + m( B 1) ( H |)\i‘2(ml)> m(m—1)

i=1

| V

2
m

Z\)\]2+m

deg(e;) + |Cp| +m(m — 1) D

'Fllﬂg m

s
Il
—

Since in the star graphs the multiplicity of A = 0is m—1, so I[II* | \; = det A, (G)

=0,

|Cg| =m and 1", deg(e;) = m(m — 1). Then, by placing the above values in (3.2),

equality cases hold

m? = [Eop(Kin D)2 > m(m — 1) +m +m(m —1) 7 (ﬁA)2 o
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PSEUDO COMMUTATIVE DOUBLE BASIC ALGEBRAS
SHOKOOFEH GHORBANT!

ABSTRACT. In this paper, we study the concept of pseudo commutative double basic
algebras and investigate some related results. We prove that there are relations
among pseudo commutative double basic algebras and other logical algebras such
as pseudo hoops, pseudo BCK-algebras and double MV-algebras. We obtain a close
relation between pseudo commutative double basic algebras and pseudo residuted
[-groupoids. Then we investigate the properties of the boolean center of pseudo
commutative double basic algebras and we use the boolean elements to define and
study algebras on subintervals of pseudo commutative double basic algebras.

1. INTRODUCTION

C. C. Chang introduced the concept of MV-algebra in 1958 [16] to prove the
completeness theorem of infinite valued Lukasiewicz propositional calculus. Basic
algebras were introduced by I. Chajda et al. as a generalization of MV-algebras and
orthomodular lattices, see [8,10] and [11]. They are very useful in non-classical logics
including the logic of quantum mechanics. Every basic algebra is in fact a bounded
lattice with the so-called section antitone involutions.

[. Chajda introduced the concept of double basic algebra in 2009 [12] as a gen-
eralization of basic algebra. Double basic algebras are determined by two binary,
two unary and a nullary operation satisfying similar axioms to those defining basic
algebras. Hence the class of these algebras forms a variety. He proved that there
exists a one-to-one correspondence between the variety of double basic algebras and
the class of lattices with section antitone bijections. Also, he obtained the relation
between double MV-algebras and double basic algebras.

Key words and phrases. Pseudo commutative double basic algebra, double MV-algebra, pseudo
residuted l-groupoid, boolean element.
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The concept of interval algebra was introduced in [9] for MV-algebras. Chajda and
Kuhr extended this concept also for double basic algebras in [12]. In the case of a
double basic algebra, they endowed the subinterval [a, 1] with the structure of double
basic algebra for all elements a in a double basic algebra.

In this paper, we will obtain some properties of (pseudo commutative) double basic
algebras. We find under what conditions pseudo commutative double basic algebras
are double MV-algebras. We will study the relation between pseudo commutative
double basic algebras and pseudo residuated [-gropoids. Finally, we will obtain some
properties of boolean elements of a pseudo commutative double basic algebra and we
will prove that a boolean center is subalgebra of a pseudo commutative double basic
algebra. We will prove that, if a,b are boolean elements of a pseudo commutative
double basic algebra and a < b, then the subintervals of the form [0, a] and [a, b] can
also be endowed with a double basic algebra structure.

2. PRELIMINARIES

In this section, we recall some definitions and theorems which will be needed in
this paper.

Definition 2.1 ([8,10]). A basic algebra is an algebra (A, @, —,0,1) of type (2, 1,0,0)
satisfying the following identities:

(BA1l) 2 ® 0 = x;

(BA2) ——x = x;

(BA3) ~(rz@y) @y =~(-y &) ® ]

(BA4) ~(=(-(z@y)Dy) D2) D (rD2) = 1.

Orthomodular lattices and MV-algebras are examples of basic algebras. It is obvious
that a basic algebra is an MV-algebra if and only if the operation @ is associative
and commutative. It was recently shown that a basic algebra is an MV-algebra if and
only if it is associative (see [15]).

Definition 2.2 ([12]). A double basic algebra is an algebra A = (A, ®,H,”,~,0,1)
of type (2,2,1,1,0,0) satisfying the following identities:

Pz 0=z, B0 =ux;

(P2) (z7)~ =z, (z7) ==;

(P3) (z~@y)" By =y~ ®x) Br= (@ By @y=(y Br)” &

(P4) (zBy)~ oy Bz~ @ (xHz2) =1, ((zrdy) By) @2 Bxdz) =1

The connections between basic and double basic algebras are obvious. Suppose that
(A,®,-,0,1) is a basic algebra. Then (A, ®,®,—,—,0,1) is a double basic algebra.
Conversely, if we are given a double basic algebra in which & coincides with H, then

the negations ~ and ~ coincide too, hence the double basic algebra becomes a basic
algebra (see [13]).

Proposition 2.1 ([13]). Let (A, &,H,”,~,0,1) be a double basic algebra. Then the
reduct (A,8,”,0,1) is a basic algebra if and only if A satisfies the identity xSy = xHBy.
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We call a double basic algebra (A, ®,H,”,~,0, 1) pseudo-commutative if it satisfies
the identity x ® y = yH x for all z,y € A.

Given a double basic algebra (A, ®,H,”,~,0, 1), define a binary relation < on A
by x <y if and only if 2~ @y = 1 if and only if 2~ By = 1. Then (A, <) is a lattice
and the following identities hold:

rVy=(z~"@y) By and zAy=(x"Vy )" =(x~Vy~) .
If a double basic algebra is pseudo-commutative, then the induced lattice is distributive
(see [12]).

Proposition 2.2 ([12,13]). Let (A,&,H,”,~,0,1) be a double basic algebra. Then
the following hold for all x,y,z € A:
(H)o0®x=z, 0Bz =ux;
N leor=1=zdl, 1Bx=1=xH1;
Yy~ @r=1,z  Br=1;
) x <y if and only if y~ <z~ if and only if y~ < x™;
Yx <y impliesr@z<y®zandxBz<yHz;
Jy<z®yandy <z By;
Yifr@dy=zandy <z, thenx = (z~ By)™;
yifetBy=zandy <z~ thenx = (2~ Dy)~;
) (zAny)oy=xdy, (xAy)By=x8y;
) if x=, y are comparable, then x ®y=x@ (yAzx~);
) if ™, y are comparable, then xt By =z B (y A z™);
) (@AY @z=(@@2)A(Yd2), (xAy)Bz=(z8Bz)A(yHz);

(
(
(
(
(
(
(
(
1
1
1
13) 1"=0=1",0"=1=0".

3
4
b}
6
7
8
9
0
1
2
3

Let (L, A,V, (fa)aer,0,1) be a bounded lattice equipped with a set {f,,a € L} of
partial mappings such that every f, is defined just on the section [a, 1] and, moreover

(i) every f, is a bijection of [a, 1] onto [a, 1];

(i) both f, and f;! are antitone, i.e., for z,y € [a,1] with z < y, we have
fa(y) < fa(x) and ' (y) < fi7 ' (2).

It was proved in [12] that to any bounded lattice with section antitone bijections
can be assigned a double basic algebra. Also conversely, every double basic algebra
induces a bounded lattice equipped with antitone bijections in every section.

Definition 2.3 ([12]). A double MV-algebra is an algebra (A, ®,H,” ,~,0,1) of type

(2,2,1,1,0,0) satisfying the following identities for all z,y, z € A:
DHYzd(ydz)=(x@y)@zand 2B (yBz) = («By) B z;

D2) s @y =yHBua;

Jz®0=2xand B0 = z;

)x™~ =x and 2~ = x;

Jx@l=1land xH1=1,;

) (@~ @y)  By=(y @) Be=( BHy) " dy=( Hr) o
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Proposition 2.3 ([12]). Let (A, @,H,”,~,0,1) be a double basic algebra. The follow-
ing conditions are equivalent:

(a) A is a double MV-algebra;

(b) A is pseudo-commutative and associative both in @ and BH;

(c) A satisfies the Exchange identity (x @ (yHBz2) =y B (x ® 2)).

Pseudo hoops were introduced by Bosbach in [2] and [3] under the name of comple-
mentary semigroups. It was proved that a bounded pseudo-hoop is a meet semilattice
ordered residuated, integral and divisible monoid.

Definition 2.4 (]2]). A pseudo-hoop is an algebra (A, ®, —,~=, 1) of type (2,2,2,0)
such that, for all z,y, z € A:
(psHOOP1) 201 =10z = x;
(psHOOP2) x — x =2 ~ x = 1;
(psHOOP3) (z ©y) = z =2 — (y — 2);
(psHOOP4) (x @ y) ~ 2z =y ~ (x ~ 2);
(psHOOPS) (z = y) 0u=(y 2 2)Oy=20 (z~y) =y O (y ~ ).

— —— N

Pseudo-BCK algebras were introduced by G. Georgescu and A. lorgulescu ([19]) as
non-commutative generalizations of BCK-algebras.

Definition 2.5 ([19]). A pseudo-BCK algebra (more precisely, reversed left-pseudo-
BCK algebra) is a structure (A, <, —, ~», 1) where < is a binary relation on A, — and
~» are binary operations on A and 1 is an element of A satisfying, for all z,y, 2z € A,
the axioms:

(psBCK1) z wy<(y = 2) ~ (x = 2), x ~y < (y ~ 2) = (z ~ 2);

(psBCK2) 2 < (z = y) » y, < (2~ y) = y;

(psBCK3) z < ;

(psBCK4) z < 1;

(psBCK5) if < y and y < z, then x = y; (psBCK6) z < y ifand only if z — y =1
if and only if z ~~ y = 1.

3. SOME PROPERTIES OF DOUBLE BASIC ALGEBRAS

In any double basic algebra (A, ®,H,”,~,0, 1), we define four new derived binary
operations as follows:

rQy=("d®y"), z0y= (" By )",
r~y=z"dy, x—y=zx By,
for all x,y € A. It can be easily shown that

)
)
%x@y:(xGy)“,asHHy:(xNDyN);
)
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(Co)zAny=(@dy )Hy=war )r=(@By")Oy=(yH2") O

CT) ((z~~y) =y ~z) = (@=2)=((z =2y w~y) 22)~(r—=2) =1
Proposition 3.1. Let (A, &,H,”,~,0,1) be a double basic algebra. Then for all
x,y,z € A, the following statements hold:

(1) x <y if and only if v — y =1 if and only if x ~ y = 1;

2r—=l=x—z=x~zr=x~1=1;

B)l—oz=1~2=u

Q) y<z—yandy <z-~y;
G)zol=10r=z,201=10z =g

6) zoy<y z0y<y;

(M) ife <y, thenxz@z<y©zandzDz<ylz;

(8) x <y implies that y — z < x — z and y ~ z < T ~ z;

9) e <y—zifand only if y < x ~ z;

(10) ((z~y) wy) ~y=2~y (t2y) =~y 2y=a—y

(11) (zxVy) —mz=(x = 2)A([y—2), (xVy) ~z=(x~2)A(y~ 2).

Proof. The proof of parts (1)-(7) is straightforward by Proposition 2.2 and the defini-
tion of the operators.

(8) Suppose that x < y. Then y~ < z™ by Proposition 2.2 part (4). Applying
Proposition 2.2 part (5), we get y~ @ z < 2~ @ z. By (P2) and (C2), we obtain
Yy~ z < x ~» z. Similarly, we can prove y — 2z <z — 2.

(9) Suppose that z <y — z. Using part (8), we have (y — z) ~» z < x ~ z. By
(C4), we have y <y V z = (y — 2) ~ z. Hence, y < x ~» 2. Similarly, we can show
that y < x ~» z implies z < y — 2.

(10) Using (C4), we have = < (x ~ y) — y and z < (z — y) ~> y. Applying part
(8), we obtain ((z ~y) »y) ~wy<z~yand (r »>y)~y) —-y<zx—>y On
the other hand, by (C4), we have z ~» y < ((z ~~y) 2 y) ~yand z — y < ((v —
Y) ~y) =y

(11) We have that z,y < x V y. By part (8), we get (zVy) - 2z <z — z and
(xVy) = 2z <y — z. Thus (xVy) — z is a lower bound of {z — 2,y — z}. Let u be
an arbitrary lower bound of {r — z,y — z}. Applying part (9), we get z < u ~~ 2
and y < u ~» z. Thus tVy < u ~» z. Using part (9), we have u < (xVy) — z. Hence,
(xVy) = z=(x— 2)A(y — 2). Similarly, (z Vy) ~ 2z = (x ~ 2) A (y ~ 2). O

Proposition 3.2. Let (A, ®,H,”,~,0,1) be a pseudo commutative double basic alge-
bra. Then the following properties hold, for every x,y,z € A:
ezvVy<zdy,zVy<zHBy;

2)ife <y, thenz—oar<z—oy, 2z~ <z~y;

N r—oy=y ~a ,r~y=y" —a";

) zo—y~=y~ax;

5)ife <y, then z0x < zQy, zHzx < zHy;

6) (x =2y Oy =2 Ay, (z~y) Uy~ =2~ Ay~

(
(
(
(
(
(
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(M) (xVvy)Oz=(x02)V(y©2), (tVy)Hz=(@Hz)V(yHz)
) (z—=y)Hr=cAy=(z~y Oz

9) e <y—zifand only if t Dy < z;

10) 2 <y~ zifand only if t Oy < z;

I z—=YAz)=@—=y)A(x—=2),c~ (YANz)=(x~y)A(x~ 2);
12) (yvz)@rx=(ydzr)V(zdz), (yvVz)Br=(yBz)V (zBa);
(13) (zAyY)@z=(02)A(y©2), (zAy)Bz=(xB2)AyEz).

Proof. The proofs of (1)-(4) are easy.

(5) Suppose x < y. By Proposition 2.2 part (4), we have y~ < 2~ and y~ < z7.
Using Proposition 2.2 part (5), we obtain y~ @2~ <z~ &z~ and y~Hz~ <z~ Hz2™.
Since A is pseudo commutative, then 2~ Hy~ < z " Hz™ and 2~ @y~ < 2z~ da™. By
Proposition 2.2 part (4), we have (2~ Bz~ )~ < (2 "By~ )~ and (~@z~)~ < (27dy™) ",
thatisz0arx <z0y, 2z < z0y.

(6) We have (x —» y) @y~ = ((z~ By)~"@y)” = (zVy)~ =x~ Ay~ . Similarly, we
can prove (r — y) Dy~ =2~ Ay~.

(7) It follows from Proposition 2.2 part (12), (P2) and definition ©.

(8) Since A is pseudo commutative and by (C6), we have

(x—=yHer=( By He=@ydrs ) Brx=xAy;
(x~~y)0rx=@"dy)or=(yBz")Ooz=aANy.

(9) Let x <y — z. By Proposition 3.1 part (7), we get xHy < (y — 2)Hy =
y A z < z. Conversely, suppose z [1y < z. Then

r<(xzVy )=y by <zdy =y Hz=y— 2.

(10) The proof is similar to part (9).

(11) Since y Az < y,z, then z — (yAz) <z —wyandz — (yAz) <z — 2
by part (2). Hence, z — (y A 2) is a lower bound of {x — y,z — z}. Let u be an
arbitrary lower bound of {x — y,z — z}. Then u < x — y and u <z — z. By part
(9), we have uDx <y and udx < z. So, uldx <y A z. Again, applying part (9),
we obtain u < x — (y A z). Hence, x — (yAz) = (x — y) A (r — z). Similarly,
T~ (YAz) = (2~ y)A(@~ 2).

(12) Since y,z < yVz, theny®z < (yVz)dzxand zdx < (yV z) dx by
Proposition 2.4 part (5). Hence, (y®x) V (z @ z) < (y V z) @ x. Conversely, let
u:=(y®x)V(z®dx). Then y®x < wand zHx < u. By Proposition 3.1 part (7) and
(C6), we have zAz™ = (2@x)Hx™ < ullz™ and yAz™ = (yda)Hz™ < uldz™. Since A
is a distributive lattice, then (2 Vy) Az~ = (yAz™)V(zAz™) < uldz™. By Proposition
2.2 part (5) and (C5), we get (zVy)Az¥) @z < (uldz™) @z =uVar=u Using
Proposition 2.2 part (12) and part (3), we obtain ((2Vy)®z)A(z~@x) = (2Vy)dz < u.
Hence, (zVy) @z < (ydx)V (2 ®x).

(13) It follows from part (12) and definitions ® and . O

Corollary 3.1. Let (A, ®,H,”,~,0,1) be a pseudo commutative double basic algebra.
Theny®x =xzy for all x,y € A.
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Proof. Since x Dy < x Dy, then x <y — (¢ Hy) by Proposition 3.2 part (9). We
obtain y < z ~» (z D y) by Proposition 3.1 part (9). Using Proposition 3.2 part (10),
we get y ©x < z[Jy. Similarly, we can prove x [y < y©®z. Hence xHy =y©x. O

Proposition 3.3. Let (A, ®,B,”,~,0,1) be a pseudo commutative double basic alge-
bra.

(1) If(x@y)~ z=x~ (y~ z) for any x,y,z € A, then @ is associative.
(2) If(xly) > z=2— (y = 2) for any z,y,z € A, then B is associative.

Proof. (1) We have (2~ @ y™) @2z =(xQy) w~ z=a~ (y ~ 2) =27 & (y~ & 2).
Hence @ is associative. The proof of part (2) is similar. O

Corollary 3.2. Let (A, ®,HB,”,~,0,1) be a pseudo commutative double basic algebra
such that (A, A\, V,®,~,—,1) and (A, A\, V,E, —,~>,1) be pseudo hoops. Then A is
a double MV-algebra.

Proof. Let (A, A\,V,®,~,—,1) and (A, A, V,, —,~>, 1) be pseudo hoops. Then &
and H are associative by Proposition 3.3. Since @ and H are associative and A is a
pseudo commutative, then A is a double MV-algebra. 0

Proposition 3.4. Let (A, ®,8,”,~,0,1) be a pseudo commutative double basic alge-
bra such that satisfies the following identities for all x,y,z € A

r=y<(y—=z2)w(@x—2), z~~y<(y~2)—=(z~2).
Then @ and B are associative.

Proof. Suppose that A satisfiesz -y < (y — 2) ~ (r = z) and z ~> y < (y ~ 2) —
(x ~» 2). Then (A, <, —,~>,1) is a pseudo-BCK algebra. By Proposition 1.2 part (3)
in [17], we have 2 ~» (y — 2) =y = (x ~ 2) and x — (y ~ 2) =y ~ (v — 2).
Thus, 2~ @& (y~ Bz) =y B (2™~ @ z). So A satisfies Exchange identity. Hence, & and
H are associative by Proposition 2.3. O

Corollary 3.3. Let (A, ®,H,”,~,0,1) be a pseudo commutative double basic algebra
such that (A, <,—,~>,1) is a pseudo BCK-algebra. Then A is a double MV-algebra.

Proof. Similarly to the proof of Proposition 3.4, we can prove the associativity of
@ and H. Since A is a pseudo commutative, then A is a double MV-algebra by
Proposition 2.3. O

The relation between (commutative) basic algebras and residuated groupoids have
been studied in [7]. In the following, we will study the relation between pseudo
commutative double basic algebras and pseudo residuated [-groupoids.

Definition 3.1. A pseudo residuated [-groupoid is an algebra (A, A, V, %, —,~>,0,1)
of type (2,2,2,2,2,0,0) such that

(R1) (A, A, V,0,1) is a bounded lattice;

(R2) (A, *,1) is a groupoid with 1, i.e. it satisfies z % 1 = 1 %z = x;
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rxy < zif and only if x <y — z if and only if y < z ~~ 2 for any z,y,z €
R3 < zif and only if z < if and only if y < fi A
(pseudo residuation).

Proposition 3.5. Let (A, A, V, %, —,~>,0,1) be a pseudo residuated l-groupoid. Then
(1) ife <y, thenzxz<yxzand zxx < z*y;
(2) (x> y)xx<zAy, zx(x~y) <zAy;
(3) z <y impliesy > z<z—zandy~ z <z~ 2;
4 1—-z=z1~z=01

Proof. (1) Suppose that x < y. Since y*z < yxzand zxy < zxy, theny < z — y*z
and y <z~ zxy. Thusz <z = yxzand r < z ~ z*xy. Therefore v x z < y* 2
and zxx < 2 xy.

The proofs of (2)-(4) are easy. O

Proposition 3.6. Let (A, ®,8,”,~,0,1) be a pseudo commutative double basic alge-
bra. Then (A, A\,V,,—,~+.0,1) and (A, \,V,®,~,—,0,1) are pseudo residuated
I-groupoids.

Proof. Since A is a pseudo commutative double basic algebra, then (A, A,V,0,1) is a
bounded distributive lattice. By Proposition 3.1 part (5), (A, ®,1) and (4,[], 1) are
groupoids with 1. Applying Proposition 3.2 part (9) and Proposition 3.1 part (9), we
get x [y < zif and only if x <y — z if and only if y < x ~ 2.

Hence, (A, A, V,[, —,~,0,1) is a pseudo residuated l-groupoid.

Again, By Proposition 3.2 part (10) and Proposition 3.1 part (9), we have

rOy<zifand only if x <y~ zif and only if y < x — 2.
Hence, (A, A, V,®,~»,—, 1) is a pseudo residuated l-groupoid. O

For the case of basic algebra, the next theorems are proved in [7]. Here, we formulate
and prove them for the case of pseudo commutative double basic algebras as well.

Lemma 3.1. Let (A, A, V,*,—,~>,0,1) be a pseudo residuated l-groupoid satisfying
the pseudo double negation laws and
(i) x*(y~ = a™)=xAy;
(i) (y~ ~a )*xz=aANy;
then the following hold:
(D rx—oy=y ~z,x~y=y" —a~;
(2) & (y*z) =0 implies (x*xy) *z=0;
B)r—y=(zxy™) ", v~~y=I(y *z)7;
where = =z — 0 and x™~ = x ~ 0.

Proof. (1) By assumption, we have z % (y~ — 2~) =x Ay <yand (y~ ~z )%z =
r Ay <y. Thus, y~ w2~ <z~yand y ~ 2z~ <z —y.

Using the pseudo double negation laws and substituting y~ for x and x~ for y in
Yy~ =~ <z~ y, thisyields e =y <y~ ~> x™.
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In y= ~» 2~ < x — vy, applying the pseudo double negation laws and substituting
y~ for x and x~ for y, this yields z ~» y <y~ — z™~. Hence, xt -y =y~ ~> 2~ and
T~y =y" —=a".

(2) Suppose z* (y*z) =0. Then yxz < x ~» 0=2z~. So,y < z — x™. By part (1)
and pseudo double negation laws, we get y < x ~» 27. Thus, x xy < z — 0. Hence,
(xxy)*2z=0.

(3) Since z * y~ < x*y~, then z <y~ — (z *y~). Applying part (1) and pseudo
double negation laws, we have x < (z *y~)~ ~» y. So, (x xy~)” xx < y. Hence,
(x*xy™)” <z —uy.

On the other hand, using part (1) and then assumption (ii), we obtain

(z = y)xa)xy” = ((y ~a7)xx)xy” = (xAy)xy” <yxy~ =0.
Hence, ((r — y) * x) xy~ = 0. By part (2), we get (x — y) * (z xy~) = 0.

Thus, x — y < (x *xy™~)~. Therefore, z — y = (z * y~)~. Similarly, we can prove
x~~y=(y xx)”. OJ

Theorem 3.1. Let (A, A, V, %, —,~+.0,1) be a pseudo residuated l-groupoid satisfying
the conditions of Lemma 3.1. Then (A, ®,H,” ,~,0,1) is a pseudo commutative double
basic algebra where v~ = x — 0, x~ = x ~ 0, z®y = (y~ *x ")~ and By = (x™*y™~)".

Proof. We will check the axioms (P1)-(P4).
(P1) Wehave t 0= (0" %27 )" =2~ =zand e HO = (2~ % 07)” =2~ =zx.
(P2) It holds by assumption (pseudo double negation laws).
(P3) By Lemma 3.1 part (3), definitions of & and H, pseudo double negation laws
and then assumption (i), we get

(z~oy) By=@y *2)By=(r~y) By=((z~y) *y")"
=™ =~y ) xyT) =@ AYT) =z Vy.

Similarly, we can prove (y~ @ z)" Bx = (z~ BHy)"dy=(y Hz)" Sz =xVy.
(P4) Tt is easy to prove (x Ay~ ) Bz <z H z. Hence,

l=(xzAy )HBz)~ (zHz2)

(y"x (@ =y 7)) Bz)~ (tH2)
(y~* (@™ = y))Hz)~ (zH=2)
(y~* (zBy))Bz)~ (zHB=z)
(zBy)~@y) BHz)~ (xHz)
(zBy)~ @y BH2)~ ¢ (xHz2).

Similarly, we can prove (((z@®y)” By)~®z)  B(x®z) = 1. Hence, (A, ®,H,”,~,0,1)
is a double basic algebra. By Lemma 3.11 part (1) and (3), we have

(
(
(
(
(

r@y=(y *xx )" =a wy=y" —sr=(y x27) =yHuz.
Hence, (A, @®,H,”,~,0,1) is a pseudo commutative. O
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Lemma 3.2. Let (A, A, V, %, —,~>,0,1) be a pseudo residuated l-groupoid satisfying
the following identities:
eVy=(y v )wy=u" —=a2") =y

then the following hold:

(1) e~ =z, 2~ =ua;
2 r—=y=y ~ar,r~~y=y" —17;
(3) z* (y*z) =0 implies (z*xy)*xz =0;
(4 z—=y=(xxy~), x~y=(y *2)7;
B)(z—=y) xx=xAy, z*x(z~y) =cAy.

Proof. (1) We have 1 ~» = = 2= < x — 0 by Proposition 3.5 part (4). Applying
Proposition 3.5 part (3) and assumption, we get (z — 0) ~» 0 < (1 ~ 27) ~» 0 =
V0 =2 Hence, 27~ < x.

On the other hand, (z — 0) * x < 0 by Proposition 3.5 part (2). Hence, z < (z —
0) ~» 0 = z~~. Therefore, z=~ = z. Similarly, we can prove ™~ = z.

(2) Since z <xVy=(y~ ~x")~y,then (y~ ~ 27 )*xx <y. Thus, y= ~ 2~ <
x — y. Also, using the pseudo double negation laws and substituting y™~ for z and
™ fory iny~ ~ 27 <x — y, we obtain x ~ y <y~ — ™.

Similarly, we can show y~ — 2~ < z ~ yand * — y < y~ ~» x~. Hence,
ToY=Yy ~wr,rmy=y —ax .

The proof of part (3) and part (4) is similar to the proof of part (2) and part (3)
in Lemma 3.1, respectively.

(5) Using part (1), part (4) and then assumption, we get

—nr

(x—=y)*xrx=((xr—y)*xa ") " =((r—>y) =2 ) =@ Vy )" =xAvy.

Similarly, we can prove that x * (z ~~ y) = x A y. OJ

Proposition 3.7. Let (A, A\, V,*,—,~>,0,1) be a pseudo residuated l-groupoid. Then
A satisfies the conditions of Lemma 3.2 if and only if it satisfies the conditions of
Lemma 3.1.

Proof. Let (A, A, V,*,—,~>,0,1) be a pseudo residuated [-groupoid satisfying condi-

tions of Lemma 3.1. Using Lemma 3.1 part (1) and part (3), we obtain
eVy=@ Ne )" =y x@—=y) =@y wy=U wa)wy;
eVy=@u Na") =@ =y)xy") =@~y 2y=@Uy —27) =y

Conversely, suppose that A satisfies the conditions of Lemma 3.2. Applying Lemma
3.2 part (2) and then part (5), we obtain

rx(y~ —wa)=zx(x~y)=cAy, (y wa )rxr=@>y)xr=aAy
Also, by part (1) of Lemma 3.2, A satisfies the pseudo double negation laws. O

Corollary 3.4. Let (A, A\, V, %, —,~>,0,1) be a pseudo residuated [-groupoid satisfying
the following identities:
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aVy= (U ~a)w=y=@y" —a7) =y
Then (A, &,H,”,~,0,1) is a pseudo commutative double basic algebra where x= =
r—=0, 27 =x~0,2®0y=(y *xz7 )" andx By = (™ xy~)".

Proof. The proof follows from Proposition 3.7 and Theorem 3.1. U

By Proposition 3.6, if (A, ®,H,”,~,0,1) is a pseudo commutative double basic
algebra, then F((A, ®,H,”,~,0,1)) := (A, A, V,[, —,~,0,1) is a pseudo residuated
l-groupoid where xt y = (z~ By )",z »y= (e By”) ,z~y=(y ).

Moreover, if (A, A, V,*, —,~>,0,1) is a pseudo residuated [-groupoid that satisfies
the conditions of Lemma 3.1 (or Lemma 3.2), then G((A,A,V,*,—,~,0,1)) =
(A, @,HB,7,7,0,1) is a pseudo commutative double basic algebra, where = =z — 0,
2 =r~0,cdy=(y *x2 ) and z By = (2™~ xy~)".

The category whose objects are double basic algebras and whose morphisms are
homomorphisms of double basic algebras is called the category of double basic algebras.
Let A be its subcategory whose object are pseudo commutative double basic algebras.
The category of pseudo residuated I-groupoids can be defined similarly. Let B be its
subcategory whose objects are pseudo residuated l-groupoids satisfying conditions of
Lemma 3.1. It is clear that ' : A — B and G : B — A are functors. In the next
theorem, we study a relation between these functors.

Theorem 3.2. (1) Let (A,@,8,”,~,0,1) be a pseudo commutative double basic
algebra. Then G(F((A,®,8,”,~,0,1))) = (A,®,8,7,~,0,1).

(2) Let (A, N\, V,%,—,~+,0,1) be a pseudo residuated I-groupoid that satisfies the
conditions of Lemma 3.1. Then

F<G((A7 /\7 \/7 *7 _>’ W’ 0’ 1))) = (A7 /\7 \/? >k? _>7 W) 07 1)
(3) The category A and the category B are categorically isomorphic.
Proof. (1) By Proposition 3.6, Proposition 3.2 part (3) and part (8),
F((A7 @7 EH77 7N ) 07 1)) = (A7 /\7 \/7 D? %7 W? 07 1)
is a pseudo residuated [-groupoid satisfying conditions of Lemma 3.1. Hence,
G(F((A,®,8,7,7,0,1))) is a pseudo commutative double basic algebra by Theo-
rem 3.1. Now, suppose that @',8’,” and ~ are the operations derived by [, — and

~~ on the pseudo residuated [-groupoid F((A, ®,H,”,~,0,1)), respectively. We will
prove that @ = @, B =8, ~ == and ~ =~. Let 2,y € A be arbitrary. We have

7 =2 —=0=2"B0=z" and 2™ =z~ 0 =2~ ®0 = 2~. Using Lemma 3.1 part
(3) and part (1), we get

B y=(~0y") =@ " 0y) =zBy,
c®y=@" 0Oy ) =@ Do) =2 wy=y" 2a=(02") =yHaz
=r Dy.
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(2) By Theorem 3.1, G((A,A,V,*,—,~+,0,1)) :== (A,&,H,7,7,0,1) is a pseudo
commutative double basic algebra. Hence, F(G((A, A, V,*,—,~>,0,1))) is a pseudo
residuated [-groupoid satisfying conditions of Lemma 3.1. Let F(G((A, A, V, %, —, ~~
,0,1)) = (A, N,V ="~ 0,1). We have
ry=xly= (" By )" =(@ "*xy ") " =xx*y,
r—=' y=r"By=(rxy~) =z >y,
zy=2"@y=(y xzr) =1~
N y=c+ (" =2 )=xxy” =)=z Ay,
xV'y :(a:_, N y_/)““, = (" ANy )™
(3) The proof follows from (i) and (ii). O

By Proposition 3.6, if (A, ®,H,”,~,0,1) is a pseudo commutative double basic
algebra, then H((A,®,H,”,~,0,1)) := (A, A, V,®,~,—,0,1) is a pseudo residuated
l-groupoid, (that is z © y < z if and only if x < y ~~ z if and only if y < x — =z for
any x,y,z2 € A) where x Oy = (2~ dy~) ,zc~y=2"dy,x > y=ydx . Then
clearly, H : A — B is a functor.

Proposition 3.8. Let (A, A, V,*,~,—,0,1) be a pseudo residuated I-groupoid satis-
fying pseudo double negation laws and

(i) (y~ =) *xx=xAy;

(i) zx(y~ ~ a7 )=xAvy.
Then (A, &,8,”,~,0,1) is a pseudo commutative double basic algebra, where x~ =
r—=0,27=x~0,2®dy= (" xy )  andx By = (y~ *xa™)".

Proof. Similar to Lemma 3.1, we can prove
Dr—oy=y ~z,c~y=y" —z7;
(2) x % (y % z) = 0 implies (x x y) * 2 = 0;
B)rz—=y= (" *xz), z~my=(zxy )

and use them to prove that (A, ®,H,”,~,0,1) is a pseudo commutative double basic

algebra such that = =2 — 0, 2~ =2 ~ 0, 2Py = (¢~ *xy )~ and zHy =

(y~ = x™)". O

Theorem 3.3. (1) Let (A,&,H,”,~,0,1) be a pseudo commutative double basic

algebra. Then G(H((A,®,8,”,~,0,1))) = (A, ®,B,~,~,0,1).

(2) Let (A, N\, V,%,~,—,0,1) be a pseudo residuated I-groupoid that satisfies the
conditions of Proposition 3.14, then

H(G((A7 /\7 \/7 *7 W’ %7 O’ 1))) = (A7 /\7 \/7 *’ W? %7 07 1)'
Proof. (1) By Proposition 3.6, H((A,®,H,”,~,0,1)) := (A, A,V,®,~,—,0,1) is a
pseudo residuated [-groupoid. Using Proposition 3.2 part (3) and part (4), we have

1) > —=2™)or=(x~y) Or=aAy;
i) z0@W —=27) =~y Hr=zAy.
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’

Hence, by Proposition 3.8, G(H((A,®,8,”,~,0,1))) = (A, ¢, H,”~,0,1) is a
pseudo commutative double basic algebra where 2= =2 — 0, 2~ =2~ 0, 2 @' y =
(7 0y )Y and B y = (y~ ©2™)”". We will show that ~ ==, ~ =~ @' =&

and B = M. It is obvious that = =~ and ~ =~. We have

@ y=(@" 0y ) =@ oy ) =roy,

rBy =" 02) =y o) =@ Hy) =z8y.
Hence, G(H((A,®,HB,”,~,0,1))) = (A, ®,H,”,~,0,1).

(2) GU(A, N, V, %, ~>,—,0,1)) := (A, @,H,”,~,0,1) is a pseudo commutative dou-
ble basic algebra like Proposition 3.7. Hence, H(G((A, A, V, *, —,~+,0,1))) is a pseudo
residuated [-groupoid satisfying conditions of Proposition 3.7. Suppose that

H(G((A, A,V %, —,~,0,1))) = (A, N,V #,~") =70, 1).
We have

s y=roy=@"0y") =@ Txy 7)) =xxy,
v y=2"dy=(rxy )T =z~y,
r~'y=r " BHy=(y"*x1)” =1 Y,
s Ny=z+ (" = a")=(y ~a)xx=zAy,
eV y=@@" Ny ) =@ Ay) =z Vy. O
Proposition 3.9. Let (A, &,B,”,~,0,1) be a double MV-algebra. Then
(A, N\, V,©,~,—, 1) and (A, A\, V, I, —,~, 1) are pseudo hoops.
Proof. Let (A, @®,H,”,~,0,1) be a double MV-algebra. Then (A, ®,H,”,~,0,1) is a
pseudo commutative double basic algebra. Hence, (A, A, V,, —,~+,0,1) is a pseudo
residuated [-groupoid by Proposition 3.6. Since H is associative, then [] is associative.
By Proposition 3.2 part (8) ((zBy) = 2)Ha)Hy=(zHy) - 2) B (xHy) <z
and (((zMy) ~ 2)0y) Oz = ((zHy) ~ 2) O (yor) = ((zHy) ~ 2) © (zHy) < 2.
So, (zHy) > 2<z— (y— 2) and (rHy) ~ z <y~ (z ~ 2) by Proposition 3.2
part (9) and part (10). On the other hand

(= y—=2)B00@ly) =(zr—(y—2) ) By < (y — 2) By < z,

(Y~ (z~2)0@Hy) =(((y ~ (x~2) Oy ©z) < (z~2)0r < 2
Hence, (A4, A, V,®,~,—,1) is a pseudo hoop. Similarly, we can prove (x @ y) ~ z =
x~ (y~z)and (rOy) - 2z =y — (r — 2). Hence, (A,A\,V,®,~,—,1) is a
pseudo hoop. O

Corollary 3.5. Let (A, &®,H,”,~,0,1) be a double MV-algebra. Then (A, <,—,~,1)
is a pseudo BCK-algebra.

Proof. We know that every pseudo-hoop is a pseudo-BCK algebra which is a meet
semilattice satisfying the pseudo-divisibility property. Since (A, A,V,®,~,—,1) is a
pseudo hoop by Proposition 3.9, then (A, <, —,~,1) is a pseudo BCK-algebra. [
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4. BOOLEAN CENTER OF PSEUDO COMMUTATIVE DOUBLE BASIC ALGEBRAS

Let (L, A, V,0,1) be a bounded lattice. Recall that (see [1,21]) an element a € L is
said to be complemented if there is an element b € L such that avVb=1and aAb= 0.
If such an element b exists, then it is called a complement of a. Complements are
generally not unique unless the lattice is distributive. Hence in pseudo commutative
double basic algebras the complements are unique.

Proposition 4.1. Let (A, ®,B,”,~,0,1) be a pseudo commutative double basic alge-
bra and a € A an element which has a complement b € A. Then a= = a™~ = b and

b-=b~" =a.

Proof. We have 1 = aVb < aHBHb. Hence, aBHb = 1. Thus, a~ < b. On the
other hand, we have that a™ = 0B a~ = (bAa)Ba~ = (bHa™) A (aBa™) =
(bBa~)A(a~®a) = (bBa~)A1 = (bHa™) by Proposition 2.4 part (12) and part (3).
Since (bV a™) < (bHa™) = a”~, then b < a™. Therefore, ¢~ =band a =a~ =0b".
Similarly, we can prove a~ = b and b~ = a. O

Let (A,®,H,”,~,0,1) be a pseudo commutative double basic algebra. We denote
by B(A) the boolean algebra associated with the bounded distributive lattice L(A) =
(A, A, V,0,1). The set B(A) is called the boolean center of A and elements of B(A)
are called the boolean elements of A.

Proposition 4.2. Let (A, ®,B,”,~,0,1) be a pseudo commutative double basic alge-
bra. Then the following are equivalent:

(1) a € B(A),
(2) ana™ =0,
(3) a®a=a;
(4) aBa=a;
(5) aNa™ =0,
(6) aVa =1,
(7) a®a=a;
(8) ala = a;
(9) ava~ =

Proof. (1)=(2) Since a € B(A), then a has a complement b € A. By Proposition 4.1,
we have b = a~. Hence, a Aa~ = 0.

(2)=-(3) By Proposition 2.2 part (12) and part (3), we obtain a = 0 & a = (a A
a¥)®a=(a®a)A(a”®a)=ada.

(3)=-(4) Since A is pseudo commutative, it is clear.

(4)=-(5) Let a B a = a. By Proposition 2.2 part (3), we have

aNa”=(a"Va)” =((aBa)"®a)” =(a"da)” =1 =0.

(5)=(6) We have 0 = aAa™ = (a~Va~" )~ = (a~Va)~. Hencea™ Va = (aAa™)” =
0- =1
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6)=(7) Using Proposition 3.1 part (5) and Proposition 3.2 part (7), we get a =
a=(@Va )0a=(a®a)V(eda )=(a®a)V0=a®a.
)=(8) It is clear.
)=(9) Suppose a Ja = a. Then a~ Ha~ = a~. Similar to (4)= (5), we can
prove a~ Aa~~ = 0. Hence, a Va~ = 1.

(9)=(1) Since a V a~ =1, then a A a~ = 0. Similar to (2)= (3), we can show that
a® a = a. Thus, a B a = a. Then, similar to (4) = (5), we obtain a Aa™ =0. [

(
16
(7
(8

Proposition 4.3. Let (A, ®,HB,”,~,0,1) be a pseudo commutative double basic alge-

bra and a € B(A). Then the following hold:
(1)a=a—a =a~a =a—a"=a~a" =a
(2) a —wa=a ~a=a"—a=a"~a=a.

~

Proof. (1) We have 1 = aVa = (a~ a ) > a = (a — a )~ a by (C4).
Hence, a ~a~ <a”  anda —a <a . Sincea” <a~>a and a” <a — a~, then

a—a” =a~a =a . ByProposition 3.2 part (4), we havea — a~ =a~a~ =a".
Similarly, we can prove a = a~ =a ~ a~ = a”.
(2) It follows from (1) and Proposition 3.2 part (3). O

Proposition 4.4. Let (A, ®,B,”,~,0,1) be a pseudo commutative double basic alge-
bra, a € B(A) and x,y € A. Then the following hold:

(H)adr=asda=aVer=aBr=xHBa;
(2)a®x—x®a—a/\x—a|zlx—x|3a
(3) aVv(rOy)=(ava)O(aVy), aV(zly) =(aVr)t(aVy);
4) an(zdy)=(anz)B(aNy), aN(zBy)=(aAz)B(aAy).

Proof. (1) Since A is pseudo commutative, we have a V z < a @ z. Using Proposition
3.2 part (13) and (C6), we get (adx)O(aVa)™ = (adz)O®(a™Az™) = ((a®z)©a™)A
(a®z)0z™) = ((a®x)®a~)A(anz™) < (a” Aa) =0. Hence (adz)  B(aVz) =1
implies that a@®x < aVx. Since A is pseudo commutative, then a @z =aVr =z da.
Similarly, we can prove a Vax =aHBHz =z Ha.

(2) It follows from part (1) and the definitions of ® and [.

(3) By Proposition 3.2 part (7), Proposition 4.2 part (7) and Proposition 3.1 part (6),
we have (aVz)©(aVy) = (a®(aVy))V(zG(aVy)) = (a®a)V(aOy)V(zGa)V(z0y) =
aV(zoy).

(4) Using Proposition 2.2 part (12) Proposition 4.2 part (3) and Proposition 2.2
part (6), we obtain

(anz)D(any)=(ad(aNy))V(zd(aAy))
=(a®a)A\N(ady)AN(xDa)A\(zrDy)
=aA(xdy). O

Proposition 4.5. Let (A, ®,8,”,~,0,1) be a pseudo commutative double basic alge-
bra. Then B(A) is a boolean subalgebra of A.
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Proof. Clearly 0,1 € B(A). Let a,b € B(A). By Proposition 4.1, we have a Aa~ =0,
aVa =1, bAb- =0,bVb- =1. We will prove that a~ V b~ is the complement of
a N\ b and
(@Nb)AN(a” Vb )=((aANb)ANa")V((aAb)ANb)=0V0=0,
(anNb)V(a~ Vb )=@V(@ Vb ))ADbV(a~ Vb)) =1A1=1.
Similarly, we can show that a~Vb~ is the complement of a aAb. Hence aAb, aVb € B(A)
and (B(A),A,V) is a distributive lattice. By Proposition 4.4 part (1), we have

a®b=aVbe B(A)and aBb=aVvbe B(A). It is clear that a~,a™~ € B(A). Hence
B(A) is closed under the operations @, B, ~ and ™. O

Corollary 4.1. Let (A,&,8H,”,~,0,1) be a pseudo commutative double basic algebra.
Then (B(A),A,V,” ) is a De Morgan lattice.

Proposition 4.6. Let (A, ®,8,”,~,0,1) be a pseudo commutative double basic alge-
bra and a € B(A). Then ([0, a], ¢, H2,70 ~0 0,a) is a pseudo commutative double
basic algebra, where
0 =" ®a, 20 :=2z~Ha,
r@yy =xdy, cHjy:=zHBuy.
Proof. Let xz,y € [0,a] be arbitrary. Using pseudo commutativity, Proposition 2.2
part (5) and Proposition 4.2 part (3) and part (4), we have 0 <z ®y < ada = q,
0<zHy<aHBHa=a Thusz@®y,zBy € [0,a]. By Proposition 3.1 part (6), we
obtain 270 ;= 2~ ®a < a and ™0 := 2~ [a < a. So, 270,2~0 € [0,a]. We will check
condition (P2) from the definition of a double basic algebra.
Applying Corollary 3.1, Proposition 4.4 part (1), Proposition 3.2 part (7) and
Proposition 4.2, we get
(z70) =(2~ ©a)"Ha=(z& )E]a-a@(a:\/a) (a®z)V(a®a™)
=(aNz)V(aNa™)=xV0=
(2™0)70 =(z~Ha)” ©a=(rB )@a-aD(wVa) (alx)V(aBa™)
=(aNz)V(aNa )=xzV0=u.
It is easy to prove the other identities. 0

Proposition 4.7. Let (A, ®,B,”,~,0,1) be a pseudo commutative double basic alge-
bra with a,b € B(A) and a < b. Then ([a,b], D", EEZ,_Z e ,a,b) is a pseudo commu-
tative double basic algebra, where

g7t =(z" ©b)Ba, 2™ :=(z"Eb)da,
@y =z Ba)"®y)Ab, B y:=((2~®a)” By)Ab.

Proof. It could be easily proven by Proposition 4.6 and Theorem 4 in [12]. O
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