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SOME RESULTS FOR ENDOMORPHISMS IN PRIME RINGS
ABDELKARIM BOUA!

ABSTRACT. In this article, we present some commutativity theorems for a prime
ring R equipped with endomorphisms «, 3, v and J satisfying any one of the following
identities:

(1) [a(2), By)] +(a,y)) + 3(x o) = 0 for all 2,y € R,

(2) a(z)opB(y)+~([z,y]) =0 for all z,y € R.

Moreover, we provide examples to show that the assumed restrictions cannot be
relaxed.

1. INTRODUCTION

Let R be a ring with center Z(R). For any z,y € R, [z, y] will denote the commuta-
tor xy — yx while x oy will represent the anti-commutator zy + yx. Recall that a ring
R is said to be prime if aRb = {0} implies that either a = 0 or b = 0. A ring R is said
to be 2-torsion free if 2a = 0 (where a € R) implies a = 0. It is straight forward to see
that a prime ring with characteristic different from two is 2-torsion free. A mapping
f: R — Ris said to be centralizing on R if [f(x),z] € Z(R) holds for all z € R. In
the special case if [f(z),z] = 0 for all x € R, f is said to be commuting on R. An
additive mapping d : R — R is said to be a derivation of R if d(xy) = d(x)y + zd(y)
for all x,y € R. A derivation d is said to be inner if there exists a € R such that
d(z) = ax — za for all z € R. Following Bresar [6], an additive mapping F': R — R
is called a generalized derivation if there exists a derivation d : R — R such that
F(zy) = F(x)y + xd(y) holds for all z,y € R. The concept of generalized derivations
includes both the concept of derivation and the concept of left multiplier (i.e., an
additive mapping F': R — R satisfying F'(zy) = F(x)y for all z,y € R).

Key words and phrases. Prime ring, endomorphisms, commutativity.

2010 Mathematics Subject Classification. Primary: 16N60, 15A27. Secondary: 16S50.
DOIT 10.46793/KgJMat2106.943B

Received: April 07, 2019.

Accepted: July 08, 2019.

943



944 A. BOUA

Recently, a considerable number of researchers have investigated the ideals in
prime rings as well as the commutativity of prime rings that consider derivations and
generalized derivations, see for example [1-3] and [4].

Over the last four decade, several authors have proved results on commutativity
of prime rings or semiprime rings that admitting automorphisms, derivations or
generalized derivations which are centralizing or commuting on appropriate subset of
R (see [2-5] etc.).

In this paper, we investigate the commutativity of a prime ring R admitting endo-
morphisms «, 3, 7 and d satisfying any one of the following properties:

(a) [of2), B(y)] +([x, y]) +6(xoy) =0 for all z,y € R;
(b) a(x)o B(y) +([x,y]) =0 for all z,y € R.

2. SOME PRELIMINARIES

This section, includes some well known basic identities which will be used for
developing the proof of our main results:

(a) [z,y2] = ylz, 2] + [z, y]z for all v, y, 2 € R;

(b) [xy, 2] = x[y, 2] + [z, 2]y for all z,y,z € R;

(¢) wo (yz) = (woy)z — yle, 2] = y(x 0 2) + [z,y]= for all 2,y, z € R;

(d) (zy) oz =a(yoz) —[v.2)y = (w0 2)y+aly, 2] for all z,y, 2 € R.
3. SOME RESULTS FOR PRIME RINGS

Theorem 3.1. Let R be a prime ring with char(R) # 2, «, B, v and § endomorphisms
of R such that

[a(x), B(y)] +([z,y]) +d(xoy) =0, forallz,y € R.

If B, v are onto, then § = 0 and R is commutative.

Proof. Suppose that

(3.1) (), B(y)] +v([x,y]) + d(xoy) =0, forallz,ye R.
Replacing y by yz in (3.1), we get
(3.2)

B)la(e), Ba)l+[a(x), By)l6 )+ [z, y])v(2) +(zoy)d(z) =0, forallz,y € R.
For y = z, (3.1) implies that

(3.3) [a(x), B(x)] +20(2*) =0, forallx € R,

Using (3.1) and (3.3), then (3.2) can be rewritten as

(3.4) 28(y)é(=?) = y([z,y])(v(z) — B(x)) + d(z 0 y)(3(w) — B(x)), forallz,y € R.
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For y = x, (3.4) gives
(3.5)  B(z)é(z?) = §(2*)(0(x) — B(x)) = d(2*)d(x) — 6(z*)B(x), forallz € R.
Taking zy in place of y in (3.4), it is obvious to see that
(3.6)  28(x)B(y)d(x*) =v(z)y([x,y) (v(x) - B(x))
+(z)0(xoy)(d(x) — B(x)), forallz,yeR.
Left-multiplying (3.4) by f(x), we have also
(3.7)  28(x)B(y)d(z*) =p(x)v ([, y]) (v(2) — B(x))
+ B(z)0(zoy)(0(z) — B(x)), forallz,y e R.
By identifying (3.6) and (3.7), we can easily arrive at
(v(z) = B(@))y([z,y])(v(z) — B(x)) + (0(z) — B(x))d(z o y)(d(x) — B(x)) = 0.
For x = y, using char(R) # 2, then

(3.8) (8(z) — B(x))6(z*)(8(x) — B(z)) =0, forallz € R.
Using (3.5) and (3.8), we obtain

(3.9) (6(z) — B(x))B(x)6(z*) =0, forallz € R,
and

(6(2) — B))6(a2)6(x) = (6(x) — A))6(a*)B(x), for all z € R
Right-multiplying (3.4) by (z)d(z?) and using (3.9), we get

(3.10)  28(y)o(«*)B(x)d(2*) = ([z, y)(v(x) — B(x))B(x)d(a?), for allz,y € R.
Replacing y by zy in (3.10), we can easily arrive at

(3.11) () = B[z, 9D (v(2) — B(2))B(x)d(2*) =0, forall z,y € R.
Using (3.10) and (3.11), we find that

(v(z) — B(x))B(y)d(x*)B(x)d(x?) = 0, forall z,y € R.

Since S is onto, we get

(v(z) — B(x))RS(2?*)B(x)d(2?*) = {0}, forallz € R.

By primeness of R, we obtain

(3.12) y(x) = B(z) or §(2?)B(x)d(2*) =0 for all z € R.
Suppose there exists zo € R such that y(xg) = (x¢), then (3.4) becomes
(3.13) 26(y)d(x5) = d(x0 0 y)(0(wo) — B(wo)), forally € R.

In (3.13) we substitute zpy for y and using char(R) # 2, to get

(6(w0) — B(w0))By)d(x5) =0, forally € R.
Since [ is onto, we obtain (§(xg) — (z0))R(x3) = {0}. By primeness of R, we
conclude that either 6(zo) = B(xg) or d(z2) = 0.
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If 6(x) = B(z0), according to our assumption after (3.12) it follows from (3.4) that
28(y)d(x3) = 0 for all y € R. Since § is onto and char(R) # 2, we conclude that
§(x3) = 0. In both cases, we have d(z2) = 0 and by (3.12), we get

§(z*)B(x)d(x?*) =0, forallz € R.
Using (3.5), we conclude that
0 = 6(2%)B(x)d(x*)d(2*) = 0(2*)(0(2)d(x) — 8(2*)B(x))d (%),
which leads to 0 = 6(2%)6(2?)d(x)d(2?) = §(z7) = (§(x))7 for all x € R. By a well-
7

know result of Lovitzki [7] a prime rings cannot be nil of bounded index. Then ¢ = 0.
In this case, equation (3.4) becomes

(3.14) Y([z,y])(v(z) — B(z)) =0, forall z,y € R.
Taking ty in place of y in (3.14), and using it again, we obtain

Y[z, yD)v(@)(v(z) — B(z)) =0, forall w,y,t € R.
Since 7 is onto, we get y([z,y])R(y(x) — B(x)) = {0}, for all z,y € R. In view of the

primeness of R, the last equation reduces to
(3.15) Y(z,y]) =0 or ~(z)=p(z), forallz,yeR.

If there exists xy € R such that y([zg,y]) = 0 for all y € R, it is clear that v(z() € Z(R)
because 7 is onto and so, [a(z), 5(x¢)] = 0 for all z € R.
By hypothesis, we have

[a(x), B(yao)] +v([z,yzo]) =0, forallz,y e R
which leads to

(3.16) B(y)lalx), B(xo)] + [alx), B(y)]A(xo) + ([, y])(20) = 0, forallz,y € R
Since [a(x), B(xzo)] = 0 for all z € R, (3.16) becomes

[Oé(ﬂ?), B(y)]6<x0> + 7([‘%7 nyV('xO> = 07 for all T,y e R.
Using (3.1), the last equation yields

(3.17) Y[z, y])(v(z0) — B(z0)) =0, for all x,y € R.

Replacing y by yt in (3.17) and using it with the fact that 7 is onto, we conclude
that v([z, y])R(vy(zo) — B(xo)) = {0}, for all z,y € R. Since R is prime, we obtain
v([z,y]) = 0 for all z,y € R or y(zo) = B(xo). Therefore, [z, y] =0 for all ,y € R or
v(zo) = B(xo). In this case, (3.15) forces that R is commutative or v(z) = f(x) for
all x € R.

Now assume that the second case, then (3.1) becomes

(3.18) [a(z), B(y)] + B([z,y]) =0, forallz,y € R.
Taking zy instead of z in (3.18), we obtain

Az, y)(Bly) —aly)) =0, forallz,y e R.
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Putting xr in place of z where r € R, we can easily arrive at

B[z, y)R(B(y) — aly)) = {0}, forallz,yeR.
In light of primeness of R, we arrive at
(3.19) B[z, y]) =0o0r a(y)=pP(y), forallz,ye R.
If there exists yo € R such that a(yo) = 5(vo), by (3.18) we have
0 =la(yo), B(x)]) + B([yo, x]) = [B(wo), B(x)]) + B([yo, x])
=25([yo, x]), for all x € R.

Since char(R) # 2, we get B([yo,z]) = 0 for all z € R. Then (3.19) becomes
B([x,y]) = 0 for all z,y € R. Since § is onto, then [z,y] = 0 for all z,y € R,
which forces that R is commutative. O

Corollary 3.1. Let R be a prime ring with char(R) # 2 and «, B endomorphisms of
R such that [ is onto, then the following assertions are equivalent:

(a) [a(x), B(y)] + B([z,y]) = 0 for all z,y € R;
(b) R is commutative.

Proof. Just replace v by  and 6 with the null application in Theorem 3.1. 0

Corollary 3.2. Let R be a prime ring with char(R) # 2 and o an endomorphism of
R, then the following assertions are equivalent:

(a) a(z) +x € Z(R) for allx € R;

(b) R is commutative.
Proof. 1f we put g = idg, we get the required result. [l

Theorem 3.2. Let R be a prime ring with char(R) # 2, « is an automorphism of R
and (3, v epimorphisms of R, then the following assertions are equivalent:

(a) a(z) o B(y) +([z,y]) =0 for all z,y € R;

(b) R is commutative.

Proof. 1t is obvious that (b)=-(a).
(a)=(b) Suppose that

(3.20) a(xz)o B(y) +v([z,y]) =0, forallz,y e R.

Replacing y by yz in (3.20) and using identity (c), we get

(321)  By)lelz), B(x)] = (alz) o B(y))B(z) +v([z,y])y(x), forallz,y € R.
From (3.20) and (3.21) it follows that

(3.22) BW)la(z), f(x)] = y([z, y))(v(z) — B(x)), forallz,y e R.
Putting zy in place of y in (3.22), we find that

(3.23) (y(x) = B(@))y([z,y])(v(z) — B(z)) =0, forallz,y e R.
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Invoking (3.22), (3.23) yields
(v(z) = B(2))B(y)[a(), B(x)] = 0, for all 2,y € R.

Since [ is onto, we obtain

(v(z) — B(x))R[a(x), B(x)] = {0}, forallz € R
By primeness of R, we get
(3.24) v(z) = p(x) or [a(x),B(x)] =0, forallzeR.

If there exists xy € R such that [« (z), (x¢)] = 0, then (3.22) gives v([zo, y])(v(z0) —

B(xg)) =0 for all y € R. Replacing y by yr, we get v([xo, y])y(r)(y(zo) — B(x0)) =0
for all y,r € R. Since 7 is onto, we obtain v([zg, y])R(v(zo) — S(z0)) = {0} for all
y € R. By primeness of R, one can easily verify that v([zo,y]) = 0 for all y € R or

V(o) = B(o).

Suppose the first case and using (3.20), we get a(xg) o S(y) = 0 for all y € R.
Replacing y by yt and using identity (c), we obtain B(y)[a(zo), 8(t)] = 0 for all
y,t € R. Since R is prime and [ is onto, we get a(zg) € Z(R), and therefore, (3.20)
forces that 2a(zo)RB(y) = 0 for all y € R. Using the fact that R is prime and
char(R) # 2, we get a(zy) = 0. Since « is an automorphism of R, we obtain zy = 0.
In this case, (3.24) becomes v(z) = f(x), for all z € R. Replacing y by zy in (3.20)
and using it, we get

a(x) o f(x)B(y) + f(z)(—afz) o B(y)) =0, forallz,y € R.
Developing the last expression, we arrive at
la(x), B(z)]B(y) =0, forallz,yeR.

Using the fact that R is prime and [ is onto, we obtain [a(z), f(x)] = 0, for all z,y €
R. For y = z, (3.20) with the last expression give a(x)5(z) = [(z)a ( ) = 0 for all
z e R.

Replacing y by yz in (3.20) and using it again, we obtain

(3.25) a(z) o By)B(x) + B([z,y))B(x) =0, forallw,y € R.
Developing (3.25) by using identity (c), we conclude that

(3.26) (@), B()]B(x) + B([z,y])B(x) =0, forallz,y € R.
Putting yt in place of y and using identity (a) with (3.26), we can easily arrive at

(3.27) (la(z), By)] + B(lz, y])B(t)(z) = 0, forallz,y,t € R.

Since 3 is onto, equation (3.27) reduces to

([a(z), Bl + B([z, y]))RB(z) = {0}, forallz,y € R.

By primeness of R, we obtain

la(z), B(y)] + B([z,y]) =0 or B(x)=0, forallzyeR.
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It is clear that both cases give the following equation
(3.28) [a(x), B(y)] + B([x,y]) =0, forall z,y € R.

As (3.28) is the same as (3.18), arguing as in the proof of Theorem 3.1, we conclude
that R is commutative. O

In Examples 3.1, 3.2, we show that the condition “R is prime” is necessary in
Theorems 3.1, 3.2.

FExample 3.1. Let us defined R and «, 8,7 : R — R as follow:

z y 0 z y 0 z y 0
R = 0 00 x,y,2€%y, al 00 0 |=10 0 0],
0 2 0 0 2 0 0 —2 0
z y 0 T —y O
B=idg, ~| 0 0 0 |= and 6 = 0.
0 2 O z O

It is clear that R is a ring which is not prime and char(R) # 2. Moreover, « is an
endomorphism of R and 3, v epimorphisms of R such that [a(x), 5(y)] + ’7([ZE, y]) =0
for all x,y € R, but R is noncommutative.

FExample 3.2. Let us defined R and «, 8,7 : R — R as follow:
0
0 r,Y,2 €Ly, «=r1idg,
0
z y 0 —x y 0 T 0 x —y 0
0 00 |= 0O 001, ~[O 0O]l=]10 0 0].
0 2 0 0 2z 0 0 0 0 =z O

It is clear that R is a ring which is not prime and char(R) # 2. Moreover, « is an
automorphism of R and (3, v epimorphisms of R such that a(z) o S(y) + v([z,y]) =0
for all x,y € R, but R is noncommutative.

R

I
o O K
n ow

p

N oOoOw

The following example proves that the condition “char(R) # 2” in Theorem 3.2 is
not superfluous.

Ezample 3.3. Let us define R = My(Zs) and aw = 3 = v = idy. It is clear that R is a
noncommutative prime ring such that char(R) = 2. Moreover, « is an automorphism
of R and (3, v epimorphisms of R such that

(a) [a(z), B(y)] + [z, y]) = 0 for all z,y € X;
(b) a(x) o B(y) +v([z,y]) =0 for all x,y € R.

But R is noncommutative.
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