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(m,n)-HYPERFILTERS IN ORDERED SEMIHYPERGROUPS
AHSAN MAHBOOB! AND NOOR MOHAMMAD KHAN?

ABSTRACT. First, we generalize concepts of left hyperfilters, right hyperfilters
and hyperfilters of an ordered semihypergroup by introducing concepts of left-m-
hyperfilters, right-n-hyperfilters and (m,n)-hyperfilters of an ordered semihyper-
group. Then, some properties of these generalized hyperfilters have been stud-
ied. Finally, left-m-hyperfilters (resp. right-n-hyperfilters, (m,n)-hyperfilters) of
(m,0)-regular (resp. (0,n)-regular, (m,n)-regular) ordered semihypergroups char-
acterize in terms of their completely prime generalized (m,0)-hyperideals (resp.
(0, n)-hyperideals, (m, n)-hyperideals).

1. INTRODUCTION AND PRELIMINARIES

In 1934, Marty [12] introduced the concept of hyperstructure and defined the notion
of hypergroup. The beauty of hyperstructure is that in hyperstructures multiplication
of two elements is a set while in classical algebraic structures, the multiplication of
two elements is an element which is the main reason for the researcher to attract
towards such type of algebraic structures. Thus, the notion of algebraic hyperstruc-
tures is a generalization of classical notion of algebraic structures. The concept of
ordered semihypergroup is a generalization of the concept of ordered semigroup and
was introduced by Heidari and Davvaz in [6]. Thereafter it was studied by several au-
thors. Davvaz et al. [1,2,6,13] studied some properties of hyperideals, bi-hyperideals
and quasi-hyperideals in ordered semihypergroups. The notion of (m,n)-ideals of
semigroups was introduced by Lajos [10] as a generalization of the notion of bi-ideals
in semigroups. In [9], authors introduced the notion of an (m,n)-quasi-hyperideal
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and proved different characterizations of (m, n)-quasi-hyperideals and minimal (m, n)-
quasi-hyperideals in semihypergroups.

In 1987, Kehayopulu [7] introduced the concept of filter on poe-semigroups. Later
on in 1990, Kehayopulu [8] defined the relation N on po-semigroup. The study of
left (right)-filter on po-semigroup initiated by S. K. Lee and S. S. Lee [11], and gave
some characterizations of the left(right)-filter of po-semigroup in term of the right(left)
prime ideals. In 2015, the notion of left hyperfilters, right hyperfilters and hyperfilters
of ordered semihypergroups introduced by Tang et al. [14] and also investigated
their related properties and characterized hyperfilters in terms of completely prime
hyperideals in ordered semihypergroups. In 2016, Omidi and Davvaz [13] defined
an equivalence relation N as follows. Let H be an ordered semihypergroup. Then,
N = {(a,b) € Hx H | N(a) = N(b)}, where N(a) denote the hyperfiter of H
generated by an element a of H, and also shown that N is the intersection of the
semilattice equivalence relation op = {(a,b) € H x H | a,b € P or a,b ¢ P}, where
P is completely prime hyperideal of H. Recently, Gu and Tang [4] constructed a
strongly ordered regular equivalence relation on an ordered semihypergroup by using
the concept of hyperfilter and shown that the corresponding quotient structure is a
semilattice.

A hyperoperation on a non-empty set H is a map o : H x H — P*(H), where
P*(H) = P(H) \ {0} (the set of all non-empty subsets of H). In such case, the H
is called a hypergroupoid. Let H be a hypergroupoid, A and B be any non-empty
subsets of H. Then

AoB= U aob.

acA,beB
We shall write, in whatever follows, A o z instead of A o {z} and z o A instead
of {z} o A for any x € H. Also, for simplicity, throughout the paper, we denote
aoao---oa (m-copies of a) with a™ for all « € H and m € Z. Moreover, the
hypergroupoid H is called a semihypergroup if, for all z,y, z € H,

(roy)oz==xo0(yoz),

ie.,

U uoz= U zow.
ucxroy veEYyoz

A non-empty subset T' of semihypergroup H is called a subsemihypergroup of H if
ToTCT.

Definition 1.1 ([14]). Let H be a non-empty set. The triplet (H,o, <) is called
an ordered semihypergroup if (H,o) is a semihypergroup and (H, <) is a partially
ordered set such that

r<y=xoz<yozx and zox < zoy,

for all z,y,z € H. Here, if A and B are non-empty subsets of H, then we say that
A < B if for every a € A there exists b € B such that a < b.
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Let H be an ordered semihypergroup. For a non-empty subset T of H, we denote
(T] ={x € H |z <a for some a € T}.

Definition 1.2. Let H be an ordered semihypergroup and A be a non-empty subset
of H. Then, A is called a left (resp. right) hyperideal [2] of H if

(1) Ho AC A (resp. Ao H C A);
(2) (A] € A.
A is called hyperideal of H if A is both left hyperideal and right hyperideal of H.

A subsemihypergroup F' of ordered semihypergroup H is called left hyperflter (resp.
right hyperfilter) [14] if for any a,b € H, aobN F # () implies a € F (resp. b € F)
and for any a € F,b € H such that a < b implies b € F. If F is both left-hyperfiter
and right-hyperfiter of H, then F' is said to be hyperfilter of H.

An ordered semihypergroup H is called regular (left regular, right regular) [2] if for
ecachre Hyxe(xoHox] (re€(Hoxox],z € (zoxoH).

Lemma 1.1 ([2]). Let H be an ordered semihypergroup and A, B be any non-empty
subsets of H. Then the following hold:

(1) Ac(A];

(2) AC B (A] € (B];
(3) (Alo(B] < (Ao BJ;
(4) ((AJo (B]] = (Ao BJ;
(5) (AJU(B] = (AU B].

Throughout this paper, H always denotes an ordered semihypergroup and m,n
denote positive integers, unless otherwise specified.

2. MAIN RESuULTS

Definition 2.1. A subsemihypergroup F' of ordered semihypergroup H is called
left-m-hyperfilter (resp. right-n-hyperfilter) if

(1) for any a,b € S, aobN F # () implies a™ C F (resp. b" C F);
(2) a€e F,a<be Simpliesb € F.

If F'is both left-m-hyperfilter and right-n-hyperfilter of H, then F' is called (m,n)-
hyperfilter.

Remark 2.1. In particular for m = 1 (resp. n = 1), F' is a left hyperfilter (resp.
right hyperfilter). Clearly, each left hyperfilter (resp. right hyperfilter, hyperfilter) of
an ordered semihypergroup H is left-m-hyperfilter (resp. right-n-hyperfilter, (m,n)-
hyperfilter) for each positive integers m and n. Indeed let F' be any hyperfilter of H
and a,b € H such that aobN F # (). As F is left hyperfilter, a € F. Since F is
left hyperfilter, F' is subsemihypergroup, and thus a™ C F. Therefore, the concept of
a left-m-hyperfilter (resp. right-n-hyperfilter, (m, n)-hyperfilter) is the generalization
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of a left hyperfilter (resp. right hyperfilter, hyperfilter). Conversely, each left-m-
hyperfilter (resp. right-n-hyperfilter, (m, n)-hyperfilter) need not be a left hyperfilter
(resp. right hyperfilter, hyperfilter).

Ezample 2.1. Let H = {a,b,c,d}. Define hyperoperation o and order < on H as
follows:
a b c d

{a,0} {a,b} {a,b} {a b}
{a,0} {a,b} {a,b} {a, b},
{a,0} {a,b} {a,b} {b}
{a,0} {a,0} {0}  {c}
<:={(a,a), (b,b),(c,c), (d,d),(a,b)}.
Then H is an ordered semihypergroup. Let F' = {a,b}. Since docNF # () but d ¢ F
while d® C F. Therefore, F is a left-3-hyperfilter of H but not a left hyperfilter of H.

QL O Q|0

Lemma 2.1. Let H be an ordered semihypergroup and T be a subsemihypergroup
of H. Then, for every left-m-hyperfilter (resp. right-n-hyperfilter) F of H, either
FNOT =0 or FNOT is a left-m-hyperfilter (resp. right-n-hyperfilter) of T

Proof. Let FNT # () and z,y € FNT. Then, z,y € F,T. As F and T are left-m-
hyperfilter and subsemihypergroup of H, respectively. So zoy C Fand xoy C T.
Thus, x oy C FNT. Next, we assume that for any x,y € T, zoyN(FNT) # (.
Therefore, x oy N F # (). Since z,y € H and F is left-m-hyperfilter of H, 2™ C F.
Also 2™ C T. Thus, 2™ C (F'NT). Finally, take an element 2 € TNF and y € T such
that © < y. As F is left-m-hyperfilter of H and F 5 x <y € H, y € F. Therefore,
y € TNF. Hence, FFNT is a left-m-hyperfilter of T'. U

Corollary 2.1. Let H be an ordered semihypergroup and T be a subsemihypergroup
of H. Then for every (m,n)-hyperfilter F of H, either FNT =0 or FNT is an
(m, n)-hyperfilter of T.

Lemma 2.2. Let H be an ordered semihypergroup and {F; | i € I} be a family of
left-m-hyperfilters (resp. right-n-hyperfilters) of H. If Mic; Fi # 0, then MNic; F; is a
left-m-hyperfilter (resp. right-n-hyperfilter) of H.

Proof. Assume that N;c; F; # 0 and x,y € Nie; F;. Then x,y € F; for each i € I. As
for each i € I, F; is left-m-hyperfilter, x o y C F;. Therefore, z oy C ;c; F;. Thus,
Nicr Fi is a subsemihypergroup of H. Now, let x,y € H and xoy C ;¢ F;. Therefore,
xoy C F; for each i € I. As F}’s are left-m-hyperfilters, ™ C F; for each ¢ € I. So,
2™ C Ner Fi. Now take an element a € N;,c; F; and b € H such that a < b. Then
a € F; for each ¢ € I. Since F;’s are left-m-hyperfilters, b € N;c; F;. Hence, N;er F; is
a left-m-hyperfilter. O

Corollary 2.2. Let H be an ordered semihypergroup and {F; | i € I} be a family of
(m,n)-hyperfilters of H. If Nier Fi # 0, then Nicr F; is an (m,n)-hyperfilter of H.
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Remark 2.2. Union of any family of left-m-hyperfilters (resp. right-n-hyperfilters,
(m, n)-hyperfilters) of ordered semihypergroup H is not a left-m-hyperfilter (resp.
right-n-hyperfilter, (m, n)-hyperfilter) in general.

Following example shows that in general union of any family of left-m-hyperfilters
(resp. right-n-hyperfilters, (m,n)-hyperfilters) of ordered semihypergroup H is not a
left-m-hyperfilter (resp. right-n-hyperfilter, (m, n)-hyperfilter).

Ezample 2.2. Let H = {a,b,c,d,e}. Define hyperoperation o and an order < on H
as follows:

a b c d e

{oy {0} {d} {d} {d

{oy {b} {d} A{d} {d}

{d} {d}y {c,e} {d} {ce}”’

{d} {d} {d} A{d} {d}

{d} {d} {c,e} {d} {c.e}

O QU O Q|0

<= {(a,a), (b,b), (¢, ), (d, d), (a,b), (¢, e)}.

Then H is an ordered semihypergroup. Here F} = {b} is left-2-hyperfilter because
FioF, C Fy and aoan F, # () implies a®> C F,. Thus F is left-2-hyperfilter but not
a hyperfilter. Similarly, F;, = {c, e} is left-2-hyperfilter. Now F} U Fy = {b, ¢, e}, since
boc={d} € F; U F,, therefore F} U F is not a subsemihypergroup of H, and hence
F1 UF5 is not a left-2-hyperfilter.

Let (H,o,<p) and (7,0, <7) be two ordered semihypergroups. Under the coordi-
natewise multiplication

(hi,t1) © (ho,t2) = hy ® hy X t1 0 1o,

where (s1,t1), (s2,t2) € H x T the cartesian product H x T of H and T forms a
semihypergroup. Define a partial order < on H x T by (hq,t1) < (hg,ts) if and only
if hi <g he and t; <7 to, where (h17t1>, (hg,tg) € HxT. Then, (H X T, <, S) is an
ordered semihypergroup [4].

Lemma 2.3. Let (H,o,<p) and (T,o,<r) be two ordered semihypergroups, F; and
Fy be two left-m-hyperfilter (resp. right-n-hyperfilter) of H and T, respectively. Then
Fy x Fy is a left-m-hyperfilter (resp. right-n-hyperfilter) of H x T.

Proof. Let (a,b), (c,d) € F1x Fy. Now (a,b)o(c,d) = aecxbod. Asa,c € Fy,b,d € F,
and F, F, are left-m-hyperfilters of H and T respectively, a e ¢ C Fy,bod C F5.
Therefore, aecxbod C I x Fy, it follows that Fi x F5 is a subsemihypergroup of Hy x H,.
Next, we assume that (a,b), (¢,d) € H; x Hy such that (a,b) o (¢,d) N Fy x Fy # ().
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Now, we have
(a,b) o (c,d) N Fy X Fy # )
=aecxbodNF, x F, #10
=aecNF, #0and bodNF, # ()
=a™ C F} and b™ C Fy
=(a™, ™) C F| x Fy
=(a,b)™ C F} X F.

Finally, we consider an element (a,b) € F; x Fy and (¢,d) € H x T such that
(a,b) < (c,d). Therefore, a <y c and b <r d. Since F; and F, are left-m-hyperfilters
of H and T, ¢ € Fy and d € F,. Thus, (¢,d) € F; X F,. Hence, F; X F, is a
left-m-hyperfilter of H x T O

Corollary 2.3. Let (H,o,<p) and (T,o,<t) be two ordered semihypergroups, Fy
and Fy be two (m,n)-hyperfilters of H and T, respectively. Then Fy X Fy is an
(m,n)-hyperfilter of H x T.

Definition 2.2 ([9]). Let H be an ordered semihypergroup, m and n be the positive
integers. Then, a subsemihypergroup A of H is called an (m,n)-hyperideal of H if
(1) Ao Ho A™ C A and
@) (] C A

Dually, we may define (m, 0)-hyperideal and (0, n)-hyperideal of H.

If we drop the subsemihypergroup condition from the above definition, then A is
called a generalized (m,n)-hyperideal of H. Similarly, a generalized (m, 0)-hyperideal
and a generalized (0, n)-hyperideal are defined.

Remark 2.3. Tt is easy to check that each (m,n)-hyperideal (resp. (m,0)-hyperideal,
(0,n)-hyperideal) of any ordered semihypergroup is always a generalized (m,n)-
hyperideal (resp. (m,0)-hyerideal, (0,n)-hyperideal), but the converse is not true
in general. This has been shown by the following example.

Ezample 2.3. Let H = {a,b,c,d}. Define hyperoperation o and order < on H as

follows:
o ‘ a b c d

alf{a} {a} {a}  {a}
b {a} {a} {a}  {a} .
c|{a}t {a} {a} {a,b}
d|{a} {a} {a,b} {a,b,c}

<:={(a,a), (b,b), (¢, ), (d,d), (a,b)}.
Then H is an ordered semihypergroup. The subset {a,d} of H is a generalized

(m,n)-hyperideal of H, for all integers m,n > 2, which is not an (m,n)-hyperideal
of H.
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A generalized (m,0)-hyperideal (resp. generalized (0,n)-hyperideal, generalized
(m, n)-hyperideal) A of an ordered semihypergroup H is called completely prime if
for any two elements a,b € H such that aobN A # (), then a € A or b € A.

Let H be an ordered semihypergroup and m,n positive integers. Then H is called
an (m,n)-regular (resp. (m,0)-regular, (0,n)-regular) if for any a € H there exists
x € H such that a < a™owxoa™ (resp. a < a™ox,a < zoa")ie., ifa € (a™o Hoa"]
(resp. a € (a™ o H],a € (H o a"]) equivalently for each non-empty subset A of H,
AC (A" oHo A" (resp. AC (A" o H|, AC (H o A"]).

Lemma 2.4. Let H be an (m,0)-regular (resp. (0,n)-regular) ordered semihypergroup
and F be a non-empty subset of H. Then the following statements are equivalent:
(1) F is left-m-hyperfilter (resp. right-n-hyperfilter) of H;
(2) H\ F =0 or H\ F is completely prime generalized (m,0)-hyperideal ((0,n)
-hyperideal) of H, where H \ F' is the complement of F' in H.

Proof. (1) = (2). Assume that H\ F # 0. If (H\ F)"o H C F, then H\ F C
(H\ F)™o H C F, which is a contradiction. Therefore, (H \ F)" o H C H \ F. Let
H>a<be H\F. If a € F, then, as F is a left-m-hyperfilter, we have b € F|
which is a contradiction. Thus, a € H \ F. To show that H \ F' is completely prime
(m,0)-hyperideal of H, let a,b € H,aobNH\F #(. lfa€ Fandbe F,aobC F.
Thus, eithera € H\ Forbe H\ F.

(2) = (1). Let H \ F' is completely prime generalized (m,0)-hyperideal of H. Let
a,be F. Ifaob C H\ F, by hypothesis a € H\ F or b € H\ F, a contradiction.
Thus a o b C F it follows that F' is subsemihypergroup. Now consider for any
a,b € HaobNF # (. If @™ C H \ F, then since H is (m,0)-regular there exist
1,89 € H such that aob < a™os;0b< (a™)"o0sy080bC (H\F)"oH C H\F.
So, aob C H \ F, a contradiction. Therefore, a™ C F. Now take any element a € F'
and b € H such that a < b. If b € H\ F, then a € H \ F which is a contradiction.
Thus, b € F. Hence, F is a left-m-filter of H. O

Corollary 2.4. Let H be an (m,n)-regular ordered semihypergroup and F be a non-
empty subset of H. Then the following statements are equivalent:
(1) F is (m,n)-hyperfilter of H;
(2) H\ F =0 or H\ F is completely prime generalized (m,n)-hyperideal of H,
where H \ F is the complement of F in H.

Lemma 2.5. An (m,0)-reqular ((0,n)-reqular) ordered semihypergroup H does not
contain proper left-m-hyperfilters (right-n-hyperfilters) if and only if H does not con-
tain proper completely prime generalized (m,0)-hyperideals ((0,n)-hyperideals).

Proof. Assume that H does not contain a proper left-m-hyperfilter. Let A be any
proper completely prime generalized (m, 0)-hyperideal of H. Then, by Lemma 2.4,
H \ A is proper left-m-hyperfilter of H which is a contradiction. Therefore, H does
not contain any left-m-hyperfilter.
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Conversely, assume that H does not contain proper completely prime (m, 0)-hyper-
ideals. Let F' be any proper left-m-hyperfilter of H. Then by Lemma 2.4, H \ F'is a
proper completely prime generalized (m,0)-hyperideal of H which is a contradiction.
Hence, H does not contain proper left-m-hyperfilters. O

Corollary 2.5. An (m,n)-reqular ordered semihypergroup H does not contain proper
(m, n)-hyperfilters if and only if H does not contain proper completely prime general-
ized (m, n)-hyperideals.

Let (H,o,<p) and (T,%,<r) be two ordered semihypergroups. A mapping ¢ :
H — T is called a normal homomorphism if for each a,b € H, ¢(x oy) = ¢p(x) x ¢(y)
and ¢ is isotone, i.e., for each x,y € H, x <y y implies ¢(x) <7 ¢(y). Further, ¢ is
called reverse isotone if for all x,y € H, ¢(z) <r ¢(y) implies z <pg y.

Lemma 2.6. Let (H,*,<p) and (T,o,<r) be two ordered semihypergroups and ¢ :
H — T normal homomorphism. If F' a left-m-hyperfilter (right-n-hyperfilter) of T,
then ¢~Y(F) is a left-m-hyperfilter (right-n-hyperfilter) of H.

Proof. First, we show that ¢~ '(F) is a subsemihypergroup of H. Let a,b € ¢! (F),
then ¢(a), d(b) € F. As ¢ is normal homomorphism and F is left-m-hyperfilter of T
dlaxb) =¢(a)od(b) CF. SoaxbC ¢ '(F). Next, take any a,b € H such that

(axb)N¢  (F)# 0= plaxb)NEF # ()
S (6(a) 0 G(B) N F £ 0
= ($la)" C F
= 6(a) o B(a) o0 (a) C F
= dlaxax---*a) CF
= a" C ¢ (F).

If a € ¢~ '(F),b € H such that a <y b, then ¢(a) € F and ¢(a) <7 ¢(b). Therefore,
¢(b) € F implies b € ¢~ (F). Hence, ¢~'(F) is an left-m-hyperfilter of H. O

Corollary 2.6. Let (H,*,<p) and (T,o,<r) be two ordered semihypergroups and
¢ : H — T normal homomorphism. If F an (m,n)-hyperfilter of T, then ¢~1(F) is
an (m,n)-hyperfilter of H.

3. CONCLUSION

When we take m = 1 = n, in all results of this paper, then we obtain all results
for left hyperfilters, right hyprerfilters and hyperfilters in an ordered semihypergroup
and some characterizations of regular ordered semihypergroups which is the main
application of results presented in this paper. Also we can extend all the results of
this paper in the setting of ordered I'-semihypergroup.
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4. PROBLEMS

(1) Under what condition a left-m-hyperfilter (right-n-hyperfilter, (m, n)-hyperfilter)
of an ordered semihypergroup coincides with a left hyperfilter (right hyperfilter, hy-
perfilter)?

(2) Under what conditions arbitrary union of left-m-hyperfilters (right-n-hyperfilters,
(m, n)-hyperfilters) of an ordered semihypergroup is a left-m-hyperfilter (right-n-
hyperfilter, (m, n)-hyperfilter)?
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