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BASES OF THE PERTURBED SYSTEM OF EXPONENTS IN
WEIGHTED LEBESGUE SPACE WITH A GENERAL WEIGHT

SABINA R. SADIGOVA!2 AND AYSEL E. GULIYEVA?

ABSTRACT. The weighted Lebesgue and Hardy spaces with a general weight are
considered. Basicity of a part of exponential system is proved in Hardy classes, where
the weight satisfies the Muckenhoupt condition. Using these results the basicity of
the perturbed system of exponents in the weighted Lebesgue space is studied. Some
special cases are considered.

1. INTRODUCTION

When solving many problems for equations of mixed type by Fourier method (see
e.g., [11-13,18]), there appear perturbed systems of sines and cosines of the following
form

(1.1) {sin(nt + a () },en,  {cos(nt +a(t))},en

where « : [0, 7] — R is some real function. Verification of the Fourier method requires
to study basis properties (completeness, minimality, basicity and etc.) of system (1.1)
in the appropriate spaces of functions (usually in Lebesgue or Sobolev spaces). In
Lebesgue space L, = L, (0,7), 1 < p < +00, these problems have been well studied
for a wide class of functions « (-) in [1-6, 14, 15,21, 22]. Basis properties of system
(1.1) are closely related to the analogous properties of the system of exponents of the
form

(1.2) {ei(nt+ﬁ(t) sgnn)}

nez’
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where (3 : [—7m, 7] — R is some function. These problems with respect to the systems
(1.1), (1.2) in weighted Lebesgue spaces with a power weight have been studied in
[9,16,17,20].

In this work, the basicity of system (1.2) is studied in weighted Lebesgue space
L,, = L,,(—m,m), with a general weight v (-). For the basicity of this system in
L, the sufficient conditions on the function /5 (-) and weight v (-) are obtained. For
this, firstly, the weighted Hardy classes H;%dp are defined, the basicity of a part of
exponential system is studied in these classes, and these results are applied to the
basicity of the system (1.2) in L, ,.

2. NECESSARY FACTS

Let C be the complex plane and w = {z € C : |z| < 1} be the unit circle on C. The
expression f ~ ¢, in M, means that the following inequality is true

f(x)
g (z)
Let us consider the basicity of the following parts of exponential system

(2.1) {ei"t}nez+ :
(2.2) {e—i”t}@m :

in weighted spaces H;f d4p and ,, H . respectively. These facts are needed in the study
of basicity of the perturbed system of exponents with a phase in weighted Lebesgue
spaces L, q,. It should be noted that for the basicity of the exponential system
{e}, ez in Ly 4, it is necessary that the weight function p (-) be absolutely continuous
on [—m,7|. Indeed, in the case of basicity the following conditions (biorthogonality

condition)

exists 0 >0: < <51 forall z € M.

/ e™dp =0, foralln>1,

should be fulfilled. And these conditions imply that (see, e.g., I. I. Privalov [19] or L.
I. Danilyuk [7]) p(-) is absolutely continuous on [—m, 7], and let

v(t)y=p'(t), te(-m,m).

Therefore, in the sequel, we will consider the weighted Lebesgue space L,, =
L,, (—m, ), with a norm

I, = (/ FOF v (D) dt)”, for all f € L,,.
Based on this norm, weighted Hardy classes H;f L
H;uE {f eH: f* GLP;V}7
are defined, endowed with the norm

1F e, = [|£]

Y
p,v
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where f* = f/s, is a restriction of the function f on Ow.

Similarly we define the weighted Hardy class ,, 1, of functions which are analytic

outside the unit circle w. Let ,,H; be a usual Hardy class of functions that are
analytic outside the unit circle w and have a pole of order k& < m at infinity. Assume

mHy, ={f €m Hy : f~ €Ly}
The norm is defined by the expression

T

where f~ = f/a, is the restriction of function f €, H,, on dw.

3. BASICITY OF SYSTEM OF EXPONENTS IN L, ,

Consider the weighted space L, ,, 1 < p < 400, where v (-) is some weight. Assume
that v () satisfies Muckenhoupt condition (see, e.g., [8])
-1

1 1 BT -
(3.1) s <‘[|/Iy(t) dt) (m/l|u(t)| 7 dt) < +o0.

Since v € Ly, it is clear that {e""'} _, C L,,. Consider the functionals {1, }

1 |
O (f) = — / F() e ™dt, foralln € Z.

2m J—

ne’

We have

32 0.0 = | [ 10t et e < L ([t wa) i,

where ¢ is the conjugate of a number p, 119 + % = 1. From the condition (3.1) it directly
follows

‘—7‘(’

/7r Ve () dt < +o0.

Then from the inequality (3.2) we obtain that the functionals ¥J,, are continuous in
Ly,,, for all n € Z, and moreover 9, (eikt) = 0, for all n,k € Z. As a result the

system {e"} _, is minimal in L,,. Consider the partial sums

S 9, (F) ™, f € Ly

n=—m

We have

Sn(f)=5- [ @) Dule—t)dt, meN,

where D,, (-) denotes the Dirichlet kernel

Dm(t):w, m e N.

in b
251112
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As it known (see, e.g., Dj. Garnett [8]) if v € A,, then the Hilbert transformation is
bounded in L, ,. Hence, it directly follows that

[Sm (I, <M fl,,, forallmeN,

holds, where M > 0 is an absolute constant. As a result, it follows from the basis
criterion that the system {e™} _, forms a basis for L,,. It is easy to see that for
p = 2 it forms a Riesz basis in Ly, if and only if v ~ 1.

Statement 1. Let v € A,. Then the system of exponents {e™}
p = 2 it forms a Riesz basis if and only if v ~ 1) in L,, .

ez forms a basis (for

In the case p = 2 this fact has been previously established by K. S. Lizorkin, P. I.
Ghazarian [10].
Take an arbitrary f € Hf, andlet v € A,. As f € H 1, it is clear that

/Tr fr (e”) emdt =0, forallneN,

holds. Then by Statement 1 the function f* has the following representation in L,

f+ (eit> _ i fneint’
n=0

where .
fn */ fr (eit) e”™dt, forallneZ,.

:27T -

Consider the functionals {H,'}, ., .

HI(f) 1/7T fr (eit) e Mdt, ne€7Z,.

:271' -

Following (3.2), we have

‘Hﬁ(fﬂ<<1</iy5(ﬂdt>;

1 Q q %
o= Ptdt>
<5 f\nu 2W</ﬂv (t) 11z,

for all f € H', . This implies the inclusion {H,}
evident that

*
+ .
nez, C (Hp,y) and moreover it is

HF (zk) = Opg, foralln,kezZ,,

i.e., the system {2"}, , is minimal in H,. It is absolutely clear that the expansion

F2) =3 fut
n=0

is true in H,. As a result, we obtain the basicity of the system {z"},_, in H},.
Restrictions of class H, (.H,,) to the unit circle dw will be denoted by Ly,

(mLy,). It is easy to see that the system {e™},_, forms a basis on1“ Ly,

Similarly, we prove the basicity of the system {27"} . ({e7™},,,) in nH,,

(mL,,). Thus, the following theorem holds true.
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Theorem 3.1. Letv € A,, 1 <p < +oo. Then
i) the system {2"},. .5 ({€™},cz,) forms a basis for H/, (for Ly},);
ii) the system {z="}, o~ ({e7™}, <. ) forms a basis for H  (m Lp L)
For p =2 these bases are Riesz bases if and only if v ~ 1 on [—7r 7.

4. BASES FROM THE PERTURBED SYSTEM OF EXPONENTS IN L, ,

Consider the following system of exponents

(41) {6i(nt—;0(t)sgnn)} 7
nez

where 0 (-) is a piecewise Holder function on [—m, 7] Let {sg}] : =7 < s1 < -++ <
s, < 7 be the points of discontinuity of the function 6 (-) and

hk:9(5k+0)—6(8k—0), kzl,r,

be the corresponding jumps of 0 () at these points. Assume hg = 0(—7) — 6(7). By
w (+) denote the following weight function

Consider the following non-homogeneous Riemann problem in classes H, x 1 H,,
(4.2) e~ 1200 pt (e“) — 200 - (eit) =f(t), te(—mm),

where f € L, is an arbitrary function. Suppose that the following conditions hold
hu
2m
Then the problem (4.2) has a unique solution of the form

(4.3) wtre A, <1, k=0,r.

where Z (-) is the canonical solution of the corresponding homogeneous problem
e 200 7+ (e”) — 2?7~ (6”) =0, te(-mm),

which is defined by the following expressions

Z(2) = { ()7 2| <1,

H2), [l >1,

T it
X (2) _exp{z o (t e +Zdt}.

—Tr
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Applying Sokhotski-Plemelj formulas to (4.4) we get
. 1 7t (eit> - f (8) ds
+ AN N ' _ "
Fo(e) =30 0= "5 [ G e = (ST 0,

oy L Z7(e") Z=(e") = _f(s) ds
P = e O o Lz T

e Z= (") ™ f(s) ds o
BRI AL = /_WZ+(eiS) 1 et T (577) @),

Let us assume that v € A,. Then, by Theorem 3.1, the system {emt}n€Z+ e} en)
forms a basis for L}, (for 1L, ,). As

1Z (0)]* < +00, |Z(00)[* < +00,
it is clear that the inclusions

Ft <€it) c Lt

p7V’

F- (e“) c L

p7V’

hold. By {H,; },.cy C <_1L;V)* ({Hy ez, C (L;V)* ) denote the system biorthogo-
nal to {e="™}, .y ({€™},,c2, ). We expand the functions F* (e**) with respect to these
bases

(4.5) F* (") =3 Hf (STf) ™,

Substituting these expansions into (4.2) we obtain that the function f(-) can be
expanded in series by the system (4.1) in L, . Let us show that such a decomposition
is unique. Take the function f () = e~20M ¢t in (4.2), where k € Z, is some number.
The following functions

Fr(z)= 25 F(2)=0,
are also the solutions of this problem. Comparing this solution with (4.5), from the
uniqueness of the solution of the problem (4.2) we obtain

(4.6) st (ei(’“%f’@)ﬂ b, forall mk € 7.,
(4.7) H {S‘ (ei(kt_ée(t))ﬂ =0, forallneN,keZ,.

From similar considerations it follows

(4.8) HI|S* (e_i(kt_ée(mﬂ =0, forallmneZ, keN,

n

H- [s— <ei(’“%9<t>)>} —6,5,  forall n,k € N,
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Operators ST boundedly act in L, ,. Indeed, it suffices to prove that the integral
operator

f(s) ds
e Z+(e) 1 — eitt=)

(Sf)(t) = Z* (")

is bounded in L, ,. The condition f € L,, implies the inclusion g = fu% € L, We
have

vl [T s ds
(Sf) () =2 (e )/_Tr 7 ((i.s() le) (s) T eit=s)

_1 L) L 4 S ds
(4.9) = ()27 (") e (1) /_w 7+ (js() 1)/117 (s) L—el="
27 (<")

So, wPv € A, it follows from (4.9) that
1 1
|syvr| < Migll, = M | fvr

It is easy to see that

~w(s), se€[-mm7].

=Ml
ie.,
1S Fllp. < ML,

where M > 0 is a constant independent of f. This means that the operator S is
acting boundedly in L, .

Thus, we have proved that {H* o S*} C (L,,)". Then (4.6), (4.8) imply the
minimality of the system (4.1) in L, . The following theorem is true.

Theorem 4.1. Let the following inequalities be satisfied

(4.10) {V;w’pu} CA, h,<2m, k=0,r,
where the weight function w (-) is defined by the expression
. I
wt)=1]] Sint_sk %, So =,
k=0
hi, k = 1,7 are jumps of the function 0 () at points —m < $1 < -+ < 8, < T,

ho = 0(—m) — 0(x). Then the system of exponents (4.1) forms a basis for L,,,
1 < p < +oo. Forp =2 it forms a Riesz basis for Ly, if and only if v ~ 1 on [—m,7].

Let us consider some special cases of this theorem. Let the weight function v (-)
have the form

(4.11) v(t) = ﬁ |t — tk]™

where {t;}" C (=, m) are distinct points. Suppose that the condition

(4.12) {se}i {0}y =10
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holds. In this case, the product w™Pr has the representation

r

cuwwwwzjﬁn—mwll

k=0

PX

. t—sp
sin

It is easy to see that w™Pv € A, is true if and only if the following inequalities are
satisfied (see, e.g., J. Garnett [20])

h
—1<—H<p—1, kE=0,r,
2m

—l<ap<p—1, k=1m.
Thus, the following corollary is true.

Corollary 4.1. Let the condition (4.12) hold and the inequalities

1 h 1
—k<—, k=0,r,
q 2w p

—l<apr<p-—1, k=1m,

be fulfilled. Then the system of exponents (4.1) forms a basis in L, ,, 1 < p < +00.

p?l/7

Consider the particular case for the functions 6 (-) and v (+)
0(t)=at+ Bsgnt, te[-mn|, v(t)=][t".
The function 6 (-) has a unique point of discontinuity s; = 0. We have
hy =6 (4+0)—0(—0) =25, hy=0(—m)—60(r) =—2ar —20.

As a result w (+) is of the form

_an+pB B
t—w’ ™ ot
Sin —

2

™

w (t) = [sin

=D a0 e o
Consequently,
WP v () ~ [HF = |0 (et
Applying Theorem 4.1, we obtain the following.

Corollary 4.2. Let the inequality
PP 1 p

1
—-1l<y<p—-1, —-1l<y—"—"7<p—-1 —<a+—-—<-,
T p ™ q
be fulfilled. Then the system of exponents

{ i[(n+asgnn)t+Lsgntsgnn] }
e )
nez

forms a basis for Ly, 1 <p < +o0.



BASES OF THE PERTURBED SYSTEM OF EXPONENTS 485

Acknowledgements. The authors would like to express their deepest gratitude to
Professor B. T. Bilalov for his encouragement and valuable guidance throughout this
research. The authors thank the reviewer for his/her careful reading of the manuscript
and constructive remarks. This research was supported by the joint program of ANAS
and TUBITAK: “Frame properties of the system of eigenfunctions of a second order
discontinuous differential operator” (19.02.2020).

REFERENCES

[1] B. T. Bilalov, On uniform convergence of series with regard to some system of sines, Differ-
entsial'nye Uravneniya 24(1) (1988), 175-177.

[2] B. T. Bilalov, Basicity of some systems of functions, Differentsial’nye Uravneniya 25 (1989),
163-164.

[3] B. T. Bilalov, Basicity of some systems of exponents, cosines and sines, Differentsial’nye Urav-
neniya 26(1) (1990), 10-16.

[4] B. T. Bilalov, On basicity of systems of exponents, cosines and sines in L,, Dokl. Math. 365(1)
(1999), 7-8.

[5] B. T. Bilalov, On basicity of some systems of exponents, cosines and sines in L,, Dokl. Math.
379(2) (2001), 7-9.

[6] B. T. Bilalov, The basis properties of some systems of exponential functions, cosines, and sines,
Sibirskii Matematicheskii Zhurnal 45(2) (2004), 264-273.

[7] L. I. Danilyuk, Non-Regular Boundary Value Problems in the Plane, Nauka, Moscow, 1975.

[8] G. J. Garnett, Bounded Analytic Functions, Mir, Moscow, 1984.

[9] Z. A. Kasumov and A. Basicity, The basis property of a system of exponents in weighted Lebesgue
space, Estestv. i Tekhnicheskiye Nauki, Moscow 6(50) (2010), 35-41.

[10] K. S. Kazaryan and P. I. Lizorkin, Multipliers, bases and unconditional bases in the weighted
spaces B and SB, Proc. Steklov Inst. Math. 187 (1989), 111-130.

[11] E. I Moiseev, Some boundary value problems for mized-type equations, Differ. Equ. 28(1) (1992),
105-115.

[12] E. I. Moiseev, Solution of the Frankl problem in a special domain, Differentsial’nye Uravneniya
28(4) (1992), 721-723.

[13] E. I. Moiseev, On existence and uniqueness of solution a classical problem, Dokl. Math. 336(4)
(1994), 448-450.

[14] E. I. Moiseev, On basicity of systems of sines and cosines, DAN SSSR 275(4) (1984), 794-798.

[15] E. I. Moiseev, On basicity of a system of sines, Differentsial’'nye Uravneniya 23(1) (1987),
177-179.

[16] E. I. Moiseev, On basicity of systems of cosines and sines in weight space, Differentsial’nye
Uravneniya 34(1) (1998), 40-44.

[17] E. I. Moiseev, The basicity in the weight space of a system of eigen functions of a differential
operator, Differentsial’'nye Uravneniya 35(2) (1999), 200-205.

[18] S. M. Ponomarev, On an eigenvalue problem, DAN SSSR 249(5) (1979), 1068-1070.

[19] L. L. Privalov, Boundary Properties of Analytic Functions. M-L, Gostekhizdat, 1950.

[20] S. S. Pukhov and A. M. Sedletskii, Bases of exponents, sines and cosines in weight spaces on
finite interval, Dokl. Math. 425(4) (2009), 452—-455.

[21] S. R. Sadigova, The general solution of the homogeneous Riemann problem in the weighted
Smirnov classes, Proceedings of the Institute of Mathematics and Mechanics 40(2) (2014), 115-
124.



486 S. R. SADIGOVA AND A. E. GULIYEVA

[22] A. M. Sedletskii, Biorthogonal expansions of functions in series of exponents on intervals of the
real axis, Uspekhi Matematicheskikh Nauk 37(5) (1982), 51-95.

HNSTITUTE OF MATHEMATICS AND MECHANICS OF NAS OF AZERBAIJAN
BAKU, AZERBAIJAN
Email address: s_sadigova@mail.ru

2KHAZAR UNIVERSITY,
41 MEHSETI STREET, BAKU, AZERBAIJAN

3GANJA STATE UNIVERSITY
GANJA, AZERBAIJAN
Email address: department2011@mail.ru



	1. Introduction
	2. Necessary Facts
	3. Basicity of System of Exponents in Lp, 
	4. Bases from the Perturbed System of Exponents in Lp, 
	Acknowledgements.

	References

