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CHAOS AND SHADOWING IN GENERAL SYSTEMS
M. FATEHI NIA! AND A. ZAMANI BAHABADI?

ABSTRACT. In this paper we describe some basic notions of topological dynamical
systems for maps of type f : X x X — X named general systems. This is proved
that every uniformly expansive general system has the shadowing property and every
uniformly contractive general system has the (asymptotic) average shadowing and
shadowing properties. In the rest, Devaney chaos for general systems is considered.
Also, we show that topological transitivity and density of periodic points of a general
systems imply topological ergodicity. We also obtain some results on the topological
mixing and sensitivity for general systems.

1. INTRODUCTION

Shadowing and ergodic properties in discrete dynamical systems have received
increasing attention in recent years [4-7]. Many authors investigated the relation
between shadowing properties and other ergodic properties such as mixing and tran-
sitivity [10,12,14]. In [2] Blank introduced the notion of average-shadowing property
and Gu [9] followed the same scheme to introduce the notion of the asymptotic av-
erage shadowing property. In [14] Sakai considered various shadowing properties for
positively expansive maps on compact metric spaces and prove that for a positively
expansive map; Lipschitz shadowing property, the s-limit shadowing property and
the strong shadowing property are all equivalent to the shadowing property. He also
prove that average shadowing property and topological transitivity are equivalent for
every positively expansive map on a compact metric space. Theorem B in [3] shows
that the two-sided limit shadowing property implies topological mixing. In [5,6] the
author introduce uniformly contractive (expansive) iterated function systems (IFS)
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and prove that every uniformly expansive IFS has shadowing property and every uni-
formly contractive IFS has shadowing and (asymptotic) average shadowing properties.
R. Gu [9,11] prove that every onto continuous map on a compact metric space with
(asymptotic) average shadowing property is chain transitive. Also, in [5,6] the author
prove similar results for iterated function systems.

The relationship between chaos and shadowing is an interesting topic for many
researchers in the recent years. There are different definitions of chaos. One of the
popular definition is Devaney chaos. Indeed a map f is chaotic in the case of Devaney
if the periodic points of f is dense, f is topologically transitive and is sensitive. This
is well known that the density of periodic points and topological transitivity imply
sensitivity. Sanz-Serna [15] devised a method to simulate chaos by use of shadowing
lemma. In [1], the authors introduced the notion of P-chaos by changing the condition
of transitivity in the definition of Devaney chaos to the shadowing property, and they
proved that every P-chaotic systems on a connected space is Devaney chaotic with
positive topological entropy.

In this paper we consider a generalization for discrete dynamical systems which
introduced in [13]. The main idea of this generalization is based on considering maps
f: X x X — X instead of maps f: X — X, as discrete dynamical systems. Firstly,
we define basic notions, such as, orbit, periodic orbit, shadowing and ergodic properties
which we need in the following. Section 3 is devoted to shadowing properties, the
main result of this section is Theorem 3.1 which shows that in generalized dynamics
uniformly expansivity implies shadowing property. Then two examples of general
systems on symbolic space and unit circle are given which have shadowing properties.
In section 4, we study the chaotic properties of a general dynamical system. We show
that similar original maps and non-autonomous discrete systems [16], the density
of periodic points and topological transitivity imply sensitivity in general systems.
Finally, we obtain some notions such as topological ergodicity, topological mixing and
sensitivity for general systems.

2. PRELIMINARIES

Let (X, d) be a complete metric space and f: X x X — X be a continuous map.
For x € X, define the orbit of x as follows: O(z) = {x,}°°,, where 1 = 2y = = and
Tpr1 = f(xp_1,x,) for all n > 1.

We say that x € X is a periodic point of period m if xy;,+; = x; for every k € N
and 0 <4 <n.

The map f is called to be sensitive if there is e > 0 such that for every x € X and
every open subset U of X containing x, there is a point y € U and n € N such that
d(xn, yn) > e.

We say that f is topologically transitive if for every nonempty open sets U, V, if
there is z € U such that for some m € N, z,, € V. We say that f is chaotic in the
sense of Devaney on X if:

1. f is topologically transitive in X;
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2. the set of all periodic point of f is dense in X;
3. f is sensitive.

Definition 2.1. The map f : X x X — X is said to be contractive if there is a
constant 0 < o < 1, called a contractive constant, such that for every disjoint points
(z,y), (z,w) € X x X then d(f(z,y), f(z,w)) < amax{d(z,z),d(y,w)}.

3. SHADOWING AND EXPANDING

For given § > 0, a sequence {z,},>0 in X is said to be a d-pseudo orbit of f :
X x X = X if 21 = 2 and for every n > 1 we have d(x,.1, f(x,_1,2,)) <.

One says that the map f : X x X — X has the shadowing property if for given
€ > 0 there exists § > 0 such that for any d-pseudo orbit {z,},>0 there exists yo € X
such that d(xg,y0) < € and d(zy,, f(Yn—2,Yn—1)) < € for all n > 2. In this case one
says that the orbit {y,},>0 or the point yo, e-shadows the d-pseudo orbit {z;, },>0.

Definition 3.1. The map f: X x X — X is said to be uniformly expansive if there
exists constants 0 < A < 1 such that for x,y € X x X

d(f(x), f(y)) > A (x,y),
where x = (21, 22), ¥ = (y1,%2) and d'((z1, 22), (Y1,y2)) = max{d(z1,y1), d(za, y2)}.

Definition 3.2. A sequence {z;};>0 of points in X is called an asymptotic average

pseudo orbit of f if
' 1 n—1
lim - ; d(f(wi1,2i),vi1) = 0.
A sequence {z;};>0 in X is said to be asymptotically shadowed in average by a point
zin X if

n—1

where {z;};>0 is orbit of the point z.

Definition 3.3. Let f : X x X — X be a continuous map. For § > 0, a sequence
{z;}i>0 of points in X is called a d-average-pseudo-orbit of f if there is a number
N = N(J) such that for all n > N

1 n—1

. Z d(f(zi—1, %), 1) < 6.
iz

We say that f has the average shadowing property if for every € > 0 there is 6 > 0
such that every d-average-pseudo-orbit {x;};>¢ is e-shadowed in average by some point
y € X, that is,

n—1

1
limsup — > d(y;, z;) < e,

n—oo M i—0

where {y; }i>0 is orbit of the point y.
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In the next theorem whose proof is based on [8, Theorem 2.2], we provide some
coefficient conditions for a general system to have the shadowing property.

Theorem 3.1. Let f : X x X — X be an uniformly expansive map and for every
x € X the restricted functions f: {x} x X — X and f: X x {2} — X be surjective,
then f has the shadowing property.

Proof. The main idea of the proof is to find a Cauchy sequence which converges to a
point that e-traced our considered d-pseudo orbit. Assume that for every x € X the
orbit of z, denoted by {z"},>¢, as /0 =z, 2/t = x and /" = f(zF 2P for
all n > 1. For given € > 0 take 6 = (A — 1)e, where 0 < A < 1 is expansivity constant
and let {x,} be a d-pseudo orbit of f. Consider the sequence {z,},>o in X defined
as follows: zyg = xg, 21 = ¥1 = 2o and 23 be a point that zo = f(z1, 22) and for every
n > 2, z, be a point that z,, = zrf’”. Givenn > 1 and 0 < k <n — 1, denote

(3.1) g = 20",
This implies that for any n > 1 and 2 < k < n — 1 we have:
(32) Znk = f(Zg’k_2a Z£7k_1)7 Tp = f(Zn,n—Qa Zn,n—l)'

Claim. The sequence {z,},>0 in X is a Cauchy sequence.
Proof of Claim. Consider the function ¢ : (X x X) x (X x X) — R defined by

A, s =1,
p(s,t) =1 df(s), f(1))
d'(s,t)

where 0 < A < 1 is the expansivity ratio number. This implies that for every

(a,b) # (c,d) € X x X, we have that

df(ab), fled) (f(a,b), f(c.d)
A A

Firstly, fixing n > 1 and m > 1, by using (3.1), (3.2) and above inequalities we obtain:

(3.3) d(a,c) < d(b,d) <

d(zn,laszrm,l) < d(zn,Qa Zn+m,2) << d('xn72n+m,nfl>

A = A2 — — A1
Secondly, by induction on m > 1 we show that the following inequality holds uniformly
with respect to n > 1:

d(Zn, Zn—i—m) S

(3.4) A(Tn, Zpsmmn—1) <90 Z AR,
k=1

Indeed, for m = 1 the inequality (3.4) follows from (3.2) and (3.3):

d(&?n, Zn+17n71) < d(f(xn—lu l‘n)a f()\zn+l,n—2; Zn,n—l)) _ d(f(xn_17>\xn)7 xn—l—l) <

> o
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Assume that (3.4) holds for some m = p > 1 uniformly on n > 1. Taking into account
this assumption, as well as (3.2), (3.3) and (3.4) for m = p + 1:

d(f(xn—la xn)7 f(zn-l—p-i-l,n—% Zn+p,n—1))

d<xn7 Zn—l—p—l—l,n—l) S

A
_ d(f(xn—la xn)a Zn+p+1,n>
A
< d(f(xn—h xn)7 xn—i—l) + d(xn+17 Zn+p+1,n)
- A
1 p
<< (6 +0) A’“)
A k=1
p+1
<85> AT
k=1
Then (3.4) holds for any m > 1 and any n > 1.
So, we have the following relation:
1 & 1 o € )
. dn nm<7(5 )\7R<7'7:7‘7< AT
(3:5) <Z’Z+)—Ank§ S3 A1 a1

Hence, {z,}n>0 in X is a Cauchy sequence.
Now, we continue the proof of the theorem.
Let y denote its limit and consider the sequence {y*"} as orbit of y. From (3.1)

one has for any k£ > 0

] — f7k
Jim 2, =

Letting m — oo in (3.5) implies d(z,,y) < eA™", and consequently
d(z, y"™) < A" (A7) = €.
Therefore, the orbit {y/"},>¢ e-shadows the §-pseudo orbit {, },>o. d

Theorem 3.2. If f : X x X — X is uniformly contracting, then it has shadowing
property.
Proof. Assume that 0 < § < 11is the contracting ratio of f. Given e > 0 take § = (1_270‘)6
and suppose that {z;};>0 is a d-pseudo orbit for f. So, d(f(zi—1,2;),xi+1) < 0 for all
i>1. Put ; = d(f(zi—1, i), x41) for all i > 1. Consider an orbit {y;};>0 such that
d(yo,iCo) < % and Yi+1 = f(yl',l, y1> for all ¢+ > 1.

Now we will show that d(y;, ;) < € for all i > 0. Put M = d(z¢,yo). Obviously,

d(xy,y1) < d(21, f(20,70)) + d(f(20,20), f (Y0, %0)) < Bo + oM.
Similarly,

d(x2,y2) <d(x2, f(20, 1)) + d(f (20, 71), [ (Y0, ¥1))
<pi + ad(z1,y1)
<B1 + a(Bo +aM)
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and
d(z3,y3) <d(x3, f(z1,22)) + d(f(21,22), f(y1,2))
<By + ad(xs,ys)

<Bo + a(By + ad(x1, 1))
<Py + a(By + By + aM))

=f2 4+ afy + o fo + @’ M.
By induction, one can prove that for each i > 2
d(zi,yi) < i +afia+ -+ 0/;160 + o' M.

This implies that any

Ly
1-§

and so, the proof is complete. 0

d(zp,yn) <61+ a+---+a" 1) < M< -+

Y

DN
DN

In [5,6], Fatehi Nia proved that every uniformly contractive IFS has average shad-
owing property and asymptotic average shadowing property. The next theorems show
that similar results are established for general systems.

Theorem 3.3. If f: X x X — X is contracting, then it has the average shadowing
property.
Proof. Assume that § < 1 is the contracting ratio of f. For given € > 0, take

0 = (1_726)6 < § and suppose {z;};> is a d-pseudo orbit for f. So, there exists a

natural number N = N(§) such that £ "0 d(f (i, zi41), Tig2) < 6 for all n > N(9).
Put «; = d(f(zs, Tis1),,xire) for all @ > 0. Consider an orbit {y;};>0 such that
d(xo,10) <6 < 5 and yipo = f(ys, yiy1) for all i > 0.

Now we will show that limsup,,_,., £ Y0 d(y;, z;) < €.

Take M = d(z,yo). Similarly,

d(z2,y2) <d(x2, (0, 21)) + d(f(20, 1), f(Y0,y1))
<ai + Bd(z1, 1)
<ai + B(ag + BM)

and

d(x3,y3) <d(zs, f(2122)) + d(f (21, 22), f(Y1,92))
<oy + Bd(xa, o)
<oy + B(ar + Bd(z1,y1))
<as + B(ar + B(ag + BM))
=ay + By + BPap + B2 M.
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By induction, one can prove that for each i > 2
d(x,y;) < Qi1 + By + -+ 7 ag + M.
This implies that

n—1

> dlyiwi) =MA+ B+ + ") +ao(l+ B+ + 5772
1=0

tar(L+ B+ 4 ")+t

1 n—2
Sil—ﬂ <M—|—§O&i>.

Therefore,

1 n—1 1 1 n—2
limsup — > d(y;, z;) <— <M + limsup — » ai>

n—oo T T, 1-— 6 n—oo Ty

So, the proof is complete.

389

O

Theorem 3.4. If a map f : X x X — X is uniformly contracting, then it has the

asymptotic average shadowing property.

Proof. Assume that 0 < < 1 is the contracting ratio of f and suppose {z;};>0 is
an asymptotic average pseudo orbit for f. So, lim, o = S04 d(f (24, Ti11), Tire) = 0.

n

Put o; = d(f(zi, xis1),,2it2), for all @ > 0. Consider an orbit {y;}i>o such that

Yo € X, y1 = [(¥0,Y0) and yiro = f(¥i, Yiy1), for all i > 0.
Now, we will show that lim,,_,, % St d(ys, @) = 0.
Put M = d(xg,yo). Obviously,

d(2,y2) < d(z2, f(20,20)) + d(f (70, %0), [ (Y0, 1)) < o + BM.
Similarly,
d(z3,ys) <d(zs, f(21,22)) + d(f (21, 22), f (31, 92))
<ay + Bd(zs, y2)
<ay + B(ag + Bd(x1, 1))
<ap + Blan + Blag + M)
=ay + o + 2 + B7M.

By induction, one can prove that for each ¢ > 2

d(zs,y:) < aiq + Bay_g+ -+ 7 ag + M.
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This implies that
n—1

Zd(yiaxi) SM(1+ﬁ+...+5n—1)

=0
+ag(l+ B+ + "7
ton(L4 B4+ 7)o+

1 n—2
Sm <M+ZOéi>.

i=0
Therefore,
n—1 1 n—2
lim — ) d(y;,z;) < 1 —|— (M =0,
ngl{}onz (yi, x;) m ( _5< +§a>>
and so, the proof is complete. O

In the following, we introduce some non trivial examples of general systems on real
line, symbolic space and unit circle, that have shadowing properties.

Fzxample 3.1. Consider the following maps fi, fo : R — R given by
1
filz) =

3% fo(z) = 2.
Take the map f : R x R — R defined by f(z,y) = M So, for every disjoint
points (z,y), (z,w) € R x R then d(f(x,y), f(z,w)) < £ max{d(x,z), d(y,w)}. Then
this general system is contracting and has the Shadowing properties.

Ezample 3.2. Let ¥ denote the set of all infinite sequence = = (xq, z1, z, ... ), where
r, = 0 or 1. The set ¥ becomes a compact metric space if we define the distance
oo |zi—yil

between two points x,y by p(z,y) = 372, “5
Now, consider the map f : ¥ x ¥ — ¥ defined by

fH{zitizo{yitizo) = (o, Yo, ¥1, Y1, - - )
Please note that if the sequences {z;};>0 and {z;};>0 are equal in n initial elements
and {y; };i>0 and {w; }i>¢ are equal in m initial elements, then f({z;}i>0, {¥i}i>0) and
f({zi}iso{wi}iz0) are equal in m + n initial elements. This implies that

p(f({zitizo, {itizo), f({zitizo, {witizo))
1
<§ max {p({Zi }iz0, {zi }iz0), P({¥i }iz0, {witizo)} -
Consequently, the map f : ¥ x> — X is contracting and has the shadowing properties
mentioned above.

Example 3.3. Consider the unit circle S = R/Z. The natural distance on R induces
a distance, d, on S'. Let f: S! x S' — S! be a map defined by f(x,y) = (22 + 3y)
(mod 1). This is clear that this is an uniformly expanding map and for every z,y € S*
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the maps f: {x} x ST — St and f: S x {y} — S! are surjective. Then, Theorem 3.1
implies that the function f : S! x S' — S' as a general system has the shadowing

property.
4. CHAOS

In this section, we consider the notion of Devaney’s chaos for general systems and
prove some results about the relations between this notion and some main properties
in general systems.

Theorem 4.1. Let X be an unbounded metric space with no isolated points. If
f: X x X — X is topologically transitive and the set of all periodic points is dense
in X, then it is sensitive.

Proof. Let x € X be an arbitrary point and U be any neighborhood of x. We will

show that there exist z € U and m > 0 such that d(x,, zp,) > i. Since there are
not isolated points and by density of the periodic points, there exists a periodic point

y € U such that y # z. Put ¢ := max{d(z,z) > 0: z € O(y)}. Let ¢ > . Since X
is unbounded, X \ By.(z) is a nonempty open subset. Topological transitivity of f
implies that there is ¢’ € U and m’ > 0 such that y,,, € X \ Ba.(2).

On the other hand O(y) C B.(z), therefore

1
A Y, Yor) > d(x,yr0) — AT, Yp) > 2¢ —c = ¢ > 3

So, we have either d(z,,,9.,) > L or d(x, Yp) > i.

4
The above result is once ¢ > % Now, suppose that ¢ < % By transitivity,
there exists ¢y € U and m” > 0 such that ¢/, € X \ By(z). Also we have that

Ymr € Be(x) C By (x). Hence,

1 1
A Y, yorn) > d(x, 9y 0) — d(x, ypr) > 1 — 5= 5
Thus, either d(aﬁm//,y;/nu) > % or d($m//,ym//) > %
So, the proof is complete. O

Corollary 4.1. Let X be an unbounded metric space with no isolated points. If
f: X x X — X is topologically transitive and the set of all periodic points is dense
in X, then it is chaotic in the sense of Devaney.

Remark 4.1. If f : X — X (X is a complete metric space) and O(x) = {x,}22,,
where z,41 = f(x,), then we have O(z) C O(z) for every k > 1. In this case f
is topological transitive if and only if it is transitive (f has a dense orbit). But, for
a general system f : X x X — X may the above fact is not true. For example for

re X
O(z) ={z = ro, 11 = f(7,2), 22 = f(x0,71),... },
O(xy) ={z1 = (71)0, (¥1)1 = f(21,21), (21)2 = f((21)0, (L)1), -+ },
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and may f(z1,21) ¢ O(x). In this case the density of an orbit of a point may be does
not show topological transitivity. Indeed if U and V' are two nonempty open subsets of
X, then the density of an orbit of a point z implies there are positive integers n > m
such that z, € U and z, € V. But this does not show the topological transitivity,
because z, may be not in the orbit of z,,.

The above remark motivated us to define “strong dense orbit” of x as follows.

We say that the orbit of x € X is strong dense orbit if the orbit of x is dense and
every element of the orbit of z is also dense in X. We say that the map f: X xX — X
is strong transitive if it has a strong dense orbit.

Theorem 4.2. Let X be a complete metric space. If the map f: X x X — X is
strong transitive, then it is topological transitive. If the map f : X x X — X s
topological transitive, then it is transitive (f has a dense orbit).

Proof. Let the orbit of z be strong dense orbit and U and V' be two nonempty open
subsets of X. Then the density of the orbit of point z implies there is a positive integer
n such that z, € U. The strong density of the orbit z implies the orbit of z, meets V.
This shows that f is topological transitive. Suppose that f is topological transitive and
U, 1 =1,2,..., are a countable basis of X. Put O~ (U;) = {x € X : O(z) N U; # 0}.
Since f is continuous and topological transitive, so O~ (U;) is open and dense in X.
Since X is complete, so NU; # (. The orbit of every x € NU; is dense in X. This
implies f is transitive. U

We say that the map f : X x X — X is topologically ergodic if for every two
nonempty open sets U,V C X there exist an increasing sequence of positive integers
{n}32, and an integer [ > 1 such that for every k > 1, ngy1 — ng <, thereis z € U
such that z,, € V.

Theorem 4.3. Let X be a compact metric space and f: X x X — X be a continuous
map. If f is topologically transitive and the periodic points of f are dense in X, then
f s topologically ergodic.

Proof. Let U and V' be two nonempty open subsets of X. Since f is topologically
transitive, there is x € U and n > 0 such that z,, € V. Consider ¢ > 0 such that
B.(x,) C V. By continuity of f, there exists open neighborhood W of = such that
W, C V is as follows:

W:W07 Wl :f(W07WU)7 W2 = f(W07W1)7"'7Wn = f(anZ:anl)-

We can see that x,, € W,. Since the set of all periodic points is dense in X, there
exists a periodic point ¢ € W with period m. Therefore, ¢, € W, C V. So, for
each £ > 0 we have ¢itm = ¢o € V. Hence, for each £ > 0, g, = ¢ € U and
Qnikm = qn € V. So, f is topologically ergodic. 0

Let f: X x X — X be a continuous map. For x,y € X and € > 0 given, an
e-chain from z o y of length n+ 1 is a sequence {z = x¢, z1, 29, ..., x, = y} for which
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d(xis1, f(zi21,7;)) < e for each 1 < i < n—1. f is said to be topologically chain
transitive if for every z,y € X, there exists an e-chain from x to y for every € > 0.

We say that f is topologically chain mixing if for every ¢ > 0 and z,y € X there is
N € N such that for each n > N, there exists an e-chain from x to y of length n.

Lemma 4.1. If f is topologically chain mixing and has the shadowing property then
f s topologically mixing.

Proof. The proof is clear. 0

Theorem 4.4. Let f : X x X — X be an open continuous map with a fixed point a,
fla,a) = a. If f is topologically transitive, then f is chain mixing.

Proof. Let x,y € X and € > 0 be given. Since f is topologically transitive there exist
2,7 € X and m,m’ € N such that

d(zy = f(z,2), 2) <e
d(zm,a) <e,
<€

m
d(,a)
d(z.,y) <e.
Put N =m+m/+1. So, for each n > N sequence {z = z¢,2,...,2m_1,0,a,...,a,z2
—_————
.y 2h i 1,y} is an e-chain of length n. Hence, f is chain mixing. 0

Theorem 4.5. By assumption of previous theorem, if f has the shadowing property,
then f is topologically mixing.

Proof. By previous theorem and lemma proof is complete. 0

Definition 4.1. We say that f : X x X — X is n-sensitive if there is integer e > 0
such that for every non empty open subset U C X, there exist pairwise disjoint points
r1,...,T, € U and k € N such that

 Jin d((@i)k; (25)k) > e
Theorem 4.6. Let f : X x X — X be a continuous transitive map with n fized points
P1y- -y Pn- If [ has the shadowing property, then [ is n-sensitive.

Proof. Suppose e = %min{d(pi,pj) : i # j} and U be an open subset of X. Let
7o € U and 0 < € < § such that B.(x¢) C U. By assumption of theorem and previous
theorem, f is topologically mixing. So for every 1 < ¢ < n, there exists k; such that
there is d-chain of length [ from zy to p; for every | > k;. Where § > 0 is in the
definition of shadowing property for € > 0.

Hence, for every 1 < i < n there exists z; € U such that d(z;, ) < € and
d((zi)i,pi) < €. Put k = max{k; : 1 < i < n}. Therefore, {21, 29,...,2,} C U and
d((zi)k, pi) < €.
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Hence, we have

1§2§2£§n¢1((zi)k,(2&)k) >

A~ ®

This prove the theorem. 0

[1]
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