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ON SOME STATISTICAL APPROXIMATION PROPERTIES OF
GENERALIZED LUPAS-STANCU OPERATORS

MOHD QASIM', M. MURSALEEN?34* ASIF KHAN2, AND ZAHEER ABBAS'

ABSTRACT. The purpose of this paper is to introduce Stancu variant of generalized
Lupas operators whose construction depends on a continuously differentiable, in-
creasing and unbounded function p. Depending on the selection of v and §, these
operators are more flexible than the generalized Lupasg operators while retaining
their approximation properties. For these operators we give weighted approxima-
tion, Voronovskaya type theorem, quantitative estimates for the local approximation.
Finally, we investigate the statistical approximation property of the new operators
with the aid of a Korovkin type statistical approximation theorem.

1. INTRODUCTION

Approximation theory rudimentary deals with approximation of functions by simpler
functions or more facilely calculated functions. Broadly it is divided into theoretical
and constructive approximation. Inspired by the binomial probability distribution, in
1912 S. N. Bernstein [3] was the first to construct sequence of positive linear operators
to provide a constructive proof of prominent Weierstrass approximation theorem [33]
using probabilistic approach. One can find a detailed monograph about the Bernstein
polynomials in [19,21].

In order to obtain more flexibility, Stancu [32] applied another technique for choosing
nodes. He observed that the distance between two successive nodes and between 0
and first node and similarly between last and 1 goes to zero when m — oo. After
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these observation Stancu introduced the following positive linear operators

(1.1) (PO ) (u) = )3 (?) (1 - )" (W)

P m-+0

converge to continuous function f(u) uniformly in [0, 1] for each real v,d such that
0 <~ < 4. For more recent literatures on Stancu type operators on can see [1,4,7,15—
17,23-31].

In another development in approximation theory Cardenas et al. [5], in 2011 defined
the Bernstein type operators by B,,(f o 77!) o7 and showed that its Korovkin set is
{eo, 7,7} instead of {eg,e1,e2}. Recently, Aral et al. [18] in 2014 defined a similar
modification of Szasz-Mirakyan type operators obtaining approximation properties of
these operators on the interval [0, 00).

Very recently motivated by the above work Ilarslan et al. [14] introduced a new mod-
ification of Lupag operators [22] using a suitable function p, which satisfies following
properties:

(p1) p be a continuously differentiable function on [0, 00);
(PQ) p<0) =0 and inqu[O,oo) P (u) > 1.

The generalized Lupasg operators are defined as

(1.2) L0(fru) =27 g:o W (For™) (;) ’

for m > 1, u > 0, and suitable functions f defined on [0, 00). If p(u) = u, then (1.2)
reduces to the Lupasg operators defined in [22].

The purpose of this paper is to define the Stancu type variant of operators (1.2)
which depend on p. The present work is organized as follows. In the Section 2, we give
the definition of a new family of the generalized Lupag-Stancu operators and calculate
its moments and central moments. In the Section 3, we study convergence properties
of new constructed operators in the light of weighted space. In Section 4, we obtain
the order of approximation of generalized Lupas-Stancu operators associated with the
weighted modulus of continuity. In Section 5, a Voronovskaya type result is obtained.
In Section 6, we obtain some local approximation results related to K-functional also
we define a Lipschitz-type functions, as well as related results. Finally, in last section,
we investigate the statistical approximation property of the new operators with the
aid of a Korovkin type statistical approximation theorem

2. CONSTRUCTION OF THE GENERALIZED LUPAS-STANCU OPERATORS

Persuaded by the above mentioned work, we introduce Stancu variant of operators
(1.2), which depend on a suitable function p as follows.
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Definition 2.1. Let 0 <~y < §and m € N. For f : [0,00) — R, we define generalized
Lupag-Stancu operators as

Cmp() o= (1)) [ l+y
(2.1 Ty (i) =232 R (0 p70) (S22,

where (mp(u)), is the rising factorial defined as:
(mp(u))o =1,
(mp(u))e =(mp(u))(mp(u) + 1) (mp(u) +2) - (mp(u) +1=1), 1>0.

The operators (2.1) are linear and positive. For v = 6 = 0, the operators (2.1) turn
out to be generalized Lupag operators defined in (1.2). Next, we prove some auxiliary
results for (2.1).

Lemma 2.1. Let T),°) be given by (2.1). Then for each u >0 and m € N we have

(i) Too(Lu) = 1;

m2 mA-2m 2
(Z”) Tgifsp(p2§ u) = m19)2 p2(u) + 2(vm_::§2 P(U) + (rr;/T)?’
- mS m2 m2 m m 2m 3
(EU§ T (0% ) = e () + SR 2 () 4 SRR () o s
v
4 12m3 + 4ym? 36m? + 6ym>m? + 24ym?
Fr6 (A ) = 4 3 2
mp(p"5 1) 1 0" (u) + CETINA (u) (m 1oy p(u)
1292m + 24ym + 26m o
)+ —
(m +9) (m +9)

Corollary 2.1. For n = 1,2, 3,4 the n'* order central moments of ‘J’;V,fp defined as
0 n.
‘J"’ryn,p((p(w) - p(U)) ,U), we have

(i) Tp5 (p(w) — plu)iu) = (725 — 1) plu) + 7255
(i)
T, ((p(w) = p(w)%; w)

:< m? 2m +1) (1) + (27m+2m 2y >p<u)+(72)2:0m(u);

(m+6)?2 m+o (m+6?2 m+4 m+ 4
Tooo((p(w) = p(u))*su)
B m3 _ 3m? 3m B 30y 6m? + 3ym? _ 6ym + 6m
_<(m+5)3 (m—|—5)2+m+5 1>p() ( (m+9)3 (m+9)2
3y ) 6m + 6ym + 3y*m v
+(m+5)>p W”( (m +0)? ) W+ oy
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(iv)
Too((p(w) = p(u))*;u)
m* 4m? 6m? 4m 4
:<(m+5)4 T mtop Fmror (mto) “)p ()
12m3 +4m3y  12m%y +24m?  12my + 12m 4~ 3
o M e ~wmes)
<36m2 +6m*y® +24m*y  24mym + 24m + 12my° N 62 ) )
(m +0)* (m+0)° (m +0)?
<26m + 12my? + 24m’y> (u) + o B 43
(m+4)* (m+8)* (m+0)3

Remark 2.1. Tt is observed from Lemma 2.1 and Corollary 2.1 that for v = = 0, we
get the moments and central moments of generalized Lupag operators [14].

3. WEIGHTED APPROXIMATION

We start by noting that p not only defines a Korovkin-type set {1, p, p?} but also
characterizes growth of the functions which are approximated.

Let ¢(u) = 1+ p*(u) be a weight function satisfying the conditions (p;) and (ps)
given above let B4[0,00) be the weighted space defined by

By[0,00) = {f : [0,00) = R [|f(u)| < XKs¢(u),u = 0},

where K is a constant which depends only on f. B,[0, 00) is a normed linear space
equipped with the norm

_ |f(u)]
1 flls = ues[ggo) o)

Also, we define the following subspaces of B,[0, 00) as
Cy[0,00) ={f € By[0,00) : f is continuous on [0, c0)},

C3[0,00) = {f € C4[0,00) : q}grgoégg = in} :
where Xy is a constant depending on f and
f(u)
¢(u)

Uy[0,00) = {f € Cy[0,00) : is uniformly continuous on [0, oo)} :

Obviously,
C3[0,00) C Uyl0,00) C €4[0,00) C By[0, 00).

For the weighted uniform approximation by linear positive operators acting from
Cs[0,00) to B0, 00), we state the following results due to Gadjiev in [12] and [9].
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Lemma 3.1 ([12]). Let (A,,)m>1 be a sequence of positive linear operators which acts
from C4[0,00) to By[0,00) if and only if the inequality

Am(¢;u)| < Knd(u), u =0,
holds, where X,, > 0 is a constant depending on m.

Theorem 3.1 ([9]). Let (An)m>1 be a sequence of positive linear operators, acting
from €40, 00) to By[0,00) and satisfying

dim [|Anp" = pfly =0, i=0,1,2.

Then we have

lim [|A,(f) = flle =0, forany f € C}[0, 00).

m—r00

Remark 3.1. Tt is clear from Lemma 2.1 and Lemma 3.1 that the operators ‘J';fp act
from €40, 00) to By0, c0).

Theorem 3.2. Let 0 < <0 and for each function f € C3[0,00) we have
Tim [72(/) — flly = 0.
Proof. By Lemma 2.1 (i) and (7i), it is clear that
1750,(13 1) — 1|5 =0,

m p(u) ~y =0
T:0 Tu) — = ( — 1) su + < .
1755 w) = plls m+ 0 ue[o};) 14+p2(u) m+0 " m+4o

Again by Lemma 2.1 (iii), we have

2 2
2ym + 2m p(u) o

su +
(m+0)% uclooe) 1+ p(u) ~ (m + 0)?
<72 — 6% —2md + 2my + 2m
- (m + §)?
Then from Lemma 2.1 and (3.1) we get lim [ T% (p") — p'lls =0, i = 0,1, 2. Hence,

the proof is completed. 0

4. RATE OF CONVERGENCE

In this section, we determine the rate of convergence for ‘J'pr by weighted modulus
of continuity w,(f; ) which was recently considered by Holhog [13] as follows:

(4.1) w,(f;0) = sup M, g >0,

ugel0,00) |p(0)—p(wl<o H(C) + P(u)
where f € Cy[0,00), with the following properties:
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(i) wy(f;0) = 0;
(ii) wy(f;0) >0, 0 >0 for f € Cyl0,00);
(ii) limy_ow,(f;0) = 0 for each f € U0, 00).

Theorem 4.1 ([13]). Let A,, : C4[0,00) — B4[0,00) be a sequence of positive linear
operators with

(4.2) [ Am(0°) = 2%l g0 =am,
(4.3 [4:0(0) ~ pll 3 =b.
(4.4) [ A (p%) = p°|l6 =Cum,
(4.5) 1Am(p?) = 0l ;3 =,

where the sequences (a,), (bm), (¢m) and (dy,) converge to zero as m — oco. Then
(4.6) M () = Fll 3 < (T4 dam + 20 )00, (f5 0m) + [ fllom,
for all f € Cy[0,00), where

O = 2\/(am + 2by, + ) (1 + @) + g + b, + 3¢ + di-
Theorem 4.2. Let for each f € Cy[0,00), with 0 <~ <. Then we have

2v2 — 20% — 4md + dmy + 4m

where w, is the weighted modulus of continuity defined in (4.1) and

$2’y—25 v2 — 0% — 2md + 2my + 2m
Om =2 +

m+ 0 (m +6)?
+3fy—3(5 372 — 36% — 6md + 6my + 6m
m+ 6 (m+0)?
N 6m? + 3ym? + 6m + 6ym + 3v*m + 3 — 6% — 3m25 — 3mé?
(m+6)3 '

Proof. 1f we calculate the sequences (a,,), (by), (¢n) and (d,,,), then by using Lemma
2.1, clearly we have

1T5:5,(0°) = P°llgo =0 = @,

0 77O _
e
and ) o
— 0% —2md + 2my + 2m

T (2) — 2|, < gl —c..

|| m,p(p ) p ||¢ = (m+5)2 C
Finally,
(4.7) 175:2,(0%) = P11 5

2
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<6m2 + 3ym? + 6m + 6ym + 3y*m + 7* — §° — 3m?é — 3mdé* q
- (m +6)3 o

Thus the conditions (4.1)—(4.2) are satisfied. Now, by Theorem 4.1, we obtain the
desired result. O

Remark 4.1. For %ir% wy(f;0) = 0 in Theorem 4.2, we get
%

lim_[[T30,(£) ~ fllg =0, for f € U,[0,00).

m—o0

5. VORONOVSKAYA TYPE THEOREM

In this section, by using a technique which is developed in [5] by Cardenas-
Morales, Garrancho and Raga, we prove pointwise convergence of T,pr by obtaining
Voronovskaya-type theorems.

Theorem 5.1. Let f € Cy[0,00), u € [0,00), with 0 < v < § and suppose that
(fop™ and (fop™)" exist at p(u). If (fop=Y)" is bounded on [0,00), then we
have

tim m [T35,(F:w) = F@)] = plu) (Fop™) 5+ plu) (For") plu).

m—0o0
Proof. By using Taylor expansion of fop~t at p(u) € [0,00), we have
(5.1)

Fw)=(fop™)(p(w) =(fop™)(pw)+ (for™) (p(w) (p(w) — p(u))

where

—1\" . 1\
(5.2) M(w) = L2P) () : (f o ™) (p(w))
Therefore, by (5.2) together with the assumption on f ensures that

Au(w)| <K, forall w e [0,00),

and is convergent to zero as w — w. Now, applying the operators (2.1) to the equality
(5.1), we obtain

(T8 (fru) = Fw)] = (£ o) (p() T, (plw) — plu)); w)

(5.3) Y0 (p(U))TZ;f;) ((p(w) = p(y))% u)

+ T3, (A () ((plw) = p(u))* 1)
By Lemma 2.1 and Corollary 2.1, we get

(5.4) Jim mT0 ((p(w) = p(u);u) =
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and
(5.5) Tim mT2 ((p(w) — p(u)* ) = 2p(u).

By estimating the last term on the right hand side of equality (5.3), we will get the
proof.

Since from (5.2) for every € > 0, lim,,—, Ay (w) = 0. Let 0 > 0 such that |\, (w)| < €
for every w > 0. By Cauchy-Schwartz inequality, we get

Jim m 2 (0 ) (o) = p(u))? ) <e lim mT35 ((pla) — pluw)*s )

+ 25 dim T8 ((olw) - plu))'su)

g4 M—0o0
Since
(5:6) Jim w75, (o) — pla)) ') =0,
we obtain
(5.7) Tim mT%0 (|Au(w)] (p(w) = p()?5y) = 0.
Thus, by taking into account the equations (5.4), (5.5) and (5.7) to (5.3) the proof is
completed. O

6. LOCAL APPROXIMATION

In this section, we present local approximation theorems for the operators ‘J'pr.
By €p[0, c0), we denote the space of real-valued continuous and bounded functions f
defined on the interval [0, 00). The norm || - || on the space Cg[0, c0) is given by

Il = sup [f(z)].
0<u<oo
Further let us consider the following K-functional:

Kaf,0) = inf {11 = sl +ollg" I}

where o > 0 and W? = {s € €p[0,00) : 5,5 € Cp[0,00)}. By Devore and Lorentz
[6, Theorem 2.4, p. 177], there exists an absolute constant € > 0 such that

(6.1) K(f,0) < Cws(f,V0).

Second order modulus of smoothness is as follows

wo(f, Vo) = sup  sup [f(u+2h) = 2f(u+h)+ f(u)],

0<h<+/o u€[0,00)

where f € Cg[0,00). The usual modulus of continuity of f € Cg[0,c0) is defined by
w(f,o) = sup sup [f(u+h)— f(u)l.

0<h<o uel0,00)
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Theorem 6.1. Let f € Cp[0,00), with 0 <y < 4. Let p be a function satisfying the
conditions (p1), (p2) and ||p"|| is finite. Then, there exists an absolute constant C > 0
such that

T8 (frw) = fw)|< CX (f,om(w),
where

out)={ (G5 s 1) o (s ) o o

Proof. Let s € W? and u,w € [0,00). By using Taylor’s formula we have

(6:2) s(w) = s(w)+(s0p™") () (p(w) = p(u)) + [ “(p(w)=v) (s0p7)" (v)dv.

Now, put v = p(y) in the last term of (6.2) and by using the equality

p(w)

p(u)

(6.3 (s0071) (pw) = wg)) - <§<S;>>
we get
plw) 1y _ [ s"(W)P'(y) = 5'(y)p"(v)
L, ew)=v) (o) @v=| <p<w>—p<y>>[ TIOE ]dy
o = [ o) = o) S
PN (i ) A C) P
() p(w) ) (7 (p~(v))? dv.

equality (6.2), we deduce

; s ST
s =)+ T35 ([ ot) = o) S )
N O L PR Ve ) L VR ) U_u>
2 [ ot =0y R B )

As we know p is strictly increasing on [0, 00) and with condition (py), we get
772 (50) = s(u)| < MG o) ([Is"]] + 11511671

where

M, o(w) = T30, ((p(t) — p(u))sw).
For f € €p[0,00), we have

65 [Ths|<if o gtz 3 Py g ) = ).
=0

Hence, we have

T3, (F3 ) = )< T3 (F = s00) [+ T3 (s50) = s(w)] s () = f(w)
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m? 2m
< — _ 2
<2|f g\|+{<(m+5)2 7n+5+1>pw)
29ym + 2m 27y 772 . .
+ ( (m 1 o m+5) p(u) + gz ( ("1 + ')
If we choose € = max{2, ||p"||}, then

s = sef<e (27—l + { (g — s +1) 0

29m + 2m 2y 72 p
(T = LB o+ e e

Taking infimum over all s € W? we obtain
T8 (F5u) = F()| < CX(f, om(u)) O

Now, we recall local approximation in terms of a order Lipschitz-type maximal
function given in [10]. Let p be a function satisfying the conditions (p1), (p2), 0 <
a <1, and Lipy(p(u); ), M > 0, is the set of functions f satisfying the inequality

£ (w) = f(u)| < Mp(w) - p(u)|”

Moreover, for a bounded subset & C [0,00), we say that the function f € Cp[0, c0)
belongs to Lipy(p(u);a), 0 < aw < 1, on € if

, u,w > 0.

[F(w) = ()| < Ma s |p(w) = p(w)|”

where M, ¢ is a constant depending on « and f.

, u€&andw >0,

Theorem 6.2. Let p be a function satisfying the conditions (p1), (p2). Then for any
f € Lipy(p(u);a), 0 < a < 1, with 0 <~y < 6 and for every u € (0,00), m € N, we
have

(6.6) T (i) = ()] < M (0 (u)?
where

_ m? 2m . 2ym + 2m 2y 72
om(u) = {((m+5)2 o 1) P (u)+< (m+6)?2 m+5> p(u)+(m+5)2}'

Proof. Assume that a = 1. Then, for f € Lipy(a; 1) and u € (0,00), we have

[Towoo (i) = f(@)] <T3(1f (w) = f(u)];u)
<MT(p(w) = f ()5 u).
By applying Cauchy-Schwartz inequality, we get

T 0) = S IO — p)s)] < 20w

[N]1)
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Let us assume that « € (0,1). Then, for f € Lipy(c; 1) and u € (0, 00), we have
[T () = Flw)] <T0 (| f(w) = flu)];u) < MT0(Ip(w) = fu)|*5u).
From Holder’s inequality with p = é and ¢ = ﬁ, for f € Lipy(p(u); ), we have

(T35 (f50) = F)] < MTH(1(p() = plu)];w)]
Finally by Cauchy-Schwartz inequality, we get
T2 () = f )| < M (0 (u)) 2 . O

A relationship between local smoothness of functions and the local approximation
was given by Agratini in [2]. Here we will prove the similar result for operators ‘Tﬂrfp,
m € N, for functions from Lipy(p(u)) on a bounded subset.

Theorem 6.3. Let € be a bounded subset of [0,00) and p be a function satisfying the
conditions (p1), (p2). Then for any f € Lipy(p(u);), 0 < a <1 on & a € (0,1], we
have

T (F5u) = F()]|< Ma g {(om(u)? + 200 (w)]*d*(u,€)}, u € [0,00),meN,
where d(u, ) = inf{|lu —y|| : y € €} and M, 5 is a constant depending on o and f,

am(u):{<( m? 2m +1> pg(u)+<2’ym+2m 2y )p(u)+(722}

m+6)2 m+o (m+0)2 m+é m+0)

Proof. Let € be the closure of € in [0,00). Then there exists a point ug € € such that
d(u, &) = |u — ug|.
Using the monotonicity of ‘J’Z{fp and the hypothesis of f, we obtain
[ Towop (f3u) = f(@)] ST20 (1 (w) = fluo)l;w) + T30, (1 (w) — fluo)l:w)
<Ma s { T35, (Ip(w) = p(uo)|*su) + [p(u) — pluo)|* }
<M {70, (Ip(w) = p(u)|; ) + 2|p(u) — p(uo)|},
2

by choosing p = 2 and ¢ = 3=, as well as the fact |p(u) — p(uo)| = p'(uw)|p(u) — p(uo)]

2—a’
in the last inequality. Then by using Hoélder’s inequality we easily conclude

(T8 (f3u) = f(u)| < Moy {[‘mfp«mw) = p(u))%u)]* + 2 (w)|p(u) - p(uwu“} :
Hence, by Corollary 2.1 we get the proof. O

Now, for f € Cg[0, 00), we recall local approximation in terms of v order generalized
Lipschitz-type maximal function given by Lenze [20] as

67) @(fiu)= sup LW S0

——, u€[0,00)and a € (0,1].
w#u,we(0,00) ’w - u|

Then we get the following result.
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Theorem 6.4. Let f € Cp[0,00) and a € (0,1], with 0 < v < 0. Then for all
u € [0,00) we have

N]1)

(T8 () = f(w)|< B(F5 ) (om(w))?

where

Um(u):{< m 2m +1>p2(u)+<27m+2m 27 >p(u)+(722}.

(m+0)2 m+0 (m+0)2 m+6 m + 9)

Proof. We know that

[ Toisp(Fi0) = f)| < TR0, (1 (1) = f(w)ls).
From (6.7), we have

[ Toaop (fru) = f(u)| < QE(F;w)Th0,(|o(w) = p(u)|*; ).

)

From Holder’s inequality with p = % and ¢ = 2% we have

o’

(1)

(T8 () — F(u)] <@E(F3u) [ T2, ((p() — p(u))?; w)]
<@8(f5u) (om(u))?

which proves the desired result O

7. STATISTICAL APPROXIMATION

In this section we obtain the Korovkin type weighted statistical approximation by
the operators defined in (2.1). Let us recall the concept of statistical convergence
which was given by Fast [8] and further studied by many authors.

Let X € N and X,,, = {i < m : ¢ € K}. Then the natural density or we can say
asymptotic density of X is defined by o(X) = lim,, --|X,,| whenever the limit exists,
where |X,,| denotes the cardinality of the set IC,,.

A sequence u = (u;) of real numbers is said to be statistically convergent to £ if
for every € > 0 the set {i € N : |u; — £| > €} has natural density zero; that is, for
each € > 0,

1
im —[{i < mjui — L] 2 e}

In this case, we write st — lim,, u,, = £. Note that convergent sequences are statis-
tically convergent since all finite subset of of natural no have density zero. However,
its converse is not true. This is demonstrated by the following example.

Ezxample 7.1. Let us consider the sequences,

— + 1, otherwise,
u = (Up) =< 2m
0, m = 42 for some i,
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and
1, m =142 for some i,
v=(vm) =140, m=1i>+1 for some i,
2, otherwise.

Then it is easy to see that the sequence u and v are not convergent in the ordinary
sense, but st — lim,, u,, = 1 and st — lim,, v,, = 2. All properties of convergent
sequences are not true for statistical convergence. For instance, it is known that a
subsequence of a convergent sequence is convergent. However, for statistical conver-
gence this is not true. Indeed, the sequence [ = {i : i =1,2,3,...} is a subsequence
of the statistically convergent sequence u from Example 7.1. At the same time, [ is
statistically divergent.

Gadjiev and Orhan [11] introduced the concept of statistical convergence in approxi-
mation theory and prove the following Bohman-Korovkintype approximation theorem
for statistical convergence.

Theorem 7.1 ([11]). If the sequence of positive linear operators A, : Cy[a, b] — Cla, b]
satisfies the conditions st — lim, o |[An(€y;-) — €llefap = 0, with e,(t) = t¥ for
v =0,1,2, then for any function f € Cyla,b], we have

st — lim ||Au(f;") = fllefas) = 0

where Cytla, b] denotes the space of all functions f which are continuous in [a,b] and
bounded on the all positive axis.

Now our first result is as follows.

Theorem 7.2. Let ‘J'V’ (f;u) be the sequence of operators (2.1), then for any function
f € Cg0,00) we have

(7.1) st —lim |70, (f;u) = flls = 0.
Proof. Clearly for v =0 ,‘J’Z{fp( f;u) =1, which implies
st —lim |7 (1;u) —1 [}y =0,

Forv=1
1720 (i) = plls < | ———p(u) + —— — p(u)
P A - m+5 m+6
Y

f— 1 -
|(m+5 )pw ny
<
_m—|—5 ‘m+5

For a given € > 0, let us define the following sets:

W ={m « |75, (pu) = pllo > €},
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W’:{m:l— m }
_l’_

W :{m:

> <.
m+46
It is obvious that W C W’ U W'. Then it can be written as:
oli <m | T )~ pls > e} <o fi<min- >

+U{i§m:|| Ze}.
m+0
Then we have
st —lim |70, (f;u) — flls = 0.

Lastly for v = 2, we have
2 2ym + 2m 72
(W) + 5 — P (u)

T (2 ) — 2. < m 2 i AL N
|| m,p(p ,U) p ||¢ — (m+5)2p (U)‘l‘ <m+5)2 pLu (m_|_5)2

m2 B 2, 29ym + 2m " v
(( E 1>f’<>+<m+5>2ﬂ<>+<m+5>2

IN

m—+0
. m? B 2ym + 2m 2
~ [(m+9)? (m+9)2 (m+9)?
If we choose
m? 2ym + 2m 72
amzi_L 5m:77 Tm = 7 o>
(m+9)2 (m+6)? (m+6)?
then
(7.2) st—liglnozm:st—lir%nﬁmzst—linl[bnvmzo.

Now given € > 0, we define the following four sets:
W ={m: |T,(0% u) = plls > e},
le{m:amze},
3
€
WQZ{m:6m2}7
3
€
Wgz{m:fyng}.
It is obvious that W C Wy U W, U W5. Thus, we obtain
5 < m 1T (%) = pPlle = b <o {i < mian > £}

+5{i§m:ﬁng}+5{i§m:7m23
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Using (7.2), we get

st —1im [| T30, (0% ) — p?[ls = 0

and thus the proof is completed.
Since

105 (fF50) = fllo ST (0% 0) = P llo + 17025, (03 w) = pllo + 1S90 (L) = 1,

m,dm

we get
st —lim || T30 (f;u) = flls
<st—lim | T2, (p% ) — Pl + st—lim [T, (pru) — pllg + st — lim T2, (1:00) — 1]l

which implies that

st —Tim || T30 (f;u) = fllo = 0.

This completes the proof. 0]
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