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EXISTENCE AND STABILITY RESULTS OF A NONLINEAR
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATION WITH
INTEGRAL BOUNDARY CONDITIONS

NAIMI ABDELLOUAHAB!, BRAHIM TELLAB!, AND KHALED ZENNIR?

ABSTRACT. This paper deals with the stability results for solution of a fractional
integro-differential problem with integral conditions. Using the Krasnoselskii’s,
Banach fixed point theorems, we proof the existence and uniqueness results. Based
on the results obtained, conditions are provided that ensure the generalized Ulam
stability of the original system. The results are illustrated by an example.

1. INTRODUCTION AND FORMULATION OF THE PROBLEM

So far, similar to the simplest case-solution of a system of linear ordinary differential
equations, the fractional derivative is not explicitly presented, and therefore it makes
sense to consider for ¢ € [0,1], 0 < a, 8 < 1, the problem for the system

CDEFu(t) = bt ult)) + I8 £t u(t) + K (1,5, u(s))ds,
(1.1) u(0) = quu(s)ds, 0<n<l,

where b is a real constant, 0 < a+ 3 < 1, CDS“;r 7 is the Caputo fractional derivative of
order o + 3, I denotes the left sided Riemann-Liouville fractional integral of order

a and f, h, K defined as
f:10
(1.2) h: [0,
K|
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are an appropriate functions satisfying some conditions which will be stated later. X
here is a Banach space. It is also interesting to study solution to fractional integro-
differential problem with integral conditions, which will allow a generalized stability.
The fractional differential equation

(1.3) Dix(t) = f(t,z(t)), aeR 0<a<l,

was considered in [4,5, 8] and results related to the existence and uniqueness for
solution, with some analytical properties and useful inequalities, were obtained. Next,
it is shown in [9] that, in a real n-dimensional Euclidean space, the local and global
solutions exist for the following Cauchy problem

(1.4) { 2(%@2,2 Fltult)) + JL K (t,s,u(s))ds,

where 0 < a <1, f € C([0,1] x R, R"), K € C([0,1] x [0,1] x R",R") and € Dg, is
the Caputo fractional operator.

A class of abstract delayed fractional neutral integro-differential equations was
introduced in [11]
(1.5) { DN () = AN () + Je B(t — s)N(z)ds + f(t, Tpiie));

ro=¢, 2'(0)=0, «ac(l,?2),

Using the Leray-Schauder alternative fixed point theorem, the existence results were
obtained (for more details, please see [10]). Recently, much attention has been paid
to the study of differential equations with fractional derivatives [2,3], mainly to the
questions of the existence and stability for a fractional order differential equation with
non-conjugate Riemann-Stieltjes Integro-multipoint boundary conditions.

Note that in [3], the authors introduced and studied a related problem. Precisely
the authors studied the existence for the following problem

DA D a(t) + f(t,2(1)} = g(t (1), t€[0,1],
(1.6) z(0) = X521 Bjx(0y), ' |
bae(1) = a fy x(s)dH(s) + Si=7 oy Je' w(s)ds,

where

O0<o; <& <mi<l, 0<pg<l, PBjoeR, i=12...nj5j=12...,m.

CDg+ is the Caputo fractional derivative of order p, f, g, are given continuous functions.
By using a classical tools of fixed point theory, the existence and uniqueness results
were obtained. On an arbitrary domain, in [2], the authors study the existence
and stability results for a fractional order differential equation with non-conjugate
Riemann-Stieltjes integro-multipoint boundary conditions by using a new tools on
function analysis.

Here we focused our study on the question of existence and uniqueness in section
3. Section 4 is devoted to show a generalized stability. Note that this representation
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also allows us to generalize the results obtained recently in the literature. The paper
is ended by an example illustrating our results.

2. NOTATIONS AND NOTIONS PRELIMINARIES

In the present section, we present some notations, definitions and auxiliary lemmas
concerning fractional calculus and fixed point theorems. Let J = [0, 1], X is Banach
space equipped with the norm | - || and C(J, X), C™(J, X) denotes respectively the
Banach spaces of all continuous bounded functions and n times continuously differen-
tiable functions on J. In addition, we define the norm ||g|| = max{|g(t)| : t € J} for
any continuous function g : J — X.

Definition 2.1 ([1,6]). Let « > 0 and g : J — X. The left sided Riemann-Liouville
fractional integral of order « of a function ¢ is defined by

1

1500 = o / ‘(t— 5 lg(s)ds, te

Definition 2.2 ([1,7]). Let n —1 < a <n,n € N*, and g € C"(J, X). The left sided
Caputo fractional derivative of order a of a function g is given by
1 t dr
- t — n—a—1 _(n) ds = I"7— (¢t t J
R o)y (0 o)) = I Gnglt), v e,

where n = [a] + 1 and [« denotes the integer part of the real number a.

“Dg.g(t) =

Lemma 2.1 ([1,7]). For real numbers o, 5 > 0 and appropriate function g, we have
forallt e J:

1) Ig I g(t) = 15, I g(t) = 5P g(t);

2) I “Dg.g(t) = g(t) — g(0), 0 <a < 1;

3) CD8+I(?+9(t) = g(t).

Lemma 2.2 (Banach fixed point theorem, [12]). Let U be a non-empty complete
metric space and T : U — U 1is contraction mapping. Then, there exists a unique
point w € U such that T'(u) = u.

Lemma 2.3 (Krasnoselskii fixed point theorem, [12]). Let E be bounded, closed and
convex subset in a Banach space X. If T1, Ty : E — E are two applications satisfying
the following conditions:

1) Thx +Toy € E for every x,y € E;

2) Ty is a contraction;

3) Ty is compact and continuous.
Then there exists z € E such that Tz + Thz = z.

Before presenting our main results, we need the following auxiliary lemma.

Lemma 2.4. Let 0 < a+ 5 < 1 and b # % Assume that h, f and K are three
continuous functions. If u € C(J,X), then u is solution of (1.1) if and only if u
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satisfies the integral equation

t (t — g)atb-1
u(t) :/o (tl“(a)—i—;)[ +/ (s, 7,u(r))dr
- /S (s ;))a_lf(T, u(T))dT] ds
_ T a+ﬁ
1—b77 Fa—i—ﬁ—l— [ —i—/ (1,0,u(0))do
(2.1) +/0 T_F(Ua);lf(a,u(a))dal dr.

Proof. Let u € C(J, X) be a solution of (1.1). Firstly, we show that w is solution of
integral equation (2.1). By Lemma 2.1, we obtain

(2:2) 15O D3 u(t) = ult) — u(0).

In addition, from equation in (1.1) and Definition 2.1, and use the assumption 1) of
Lemma 2.1 we have

Igjﬂcpgjﬂu(t) :[g‘jﬁ (h(t, u(t)) + /Ot K(t,s,u(s))ds + I f(t, u(t))> ds

— Oé+5 1
= / a+ 5 [ ) + / (s,7,u(r))dr
(2.3) + / (Gl u(T))dT]ds.
o Do) ’
By substituting (2.3) in (2.2) with nonlocal condition in problem (2.1), we get the
following integral equation:

t (t — g)ati-1
u(t) :/0 (tl“(a)—i—ﬁ)[ +/ (s, 7,u(r))dr
(2.4) + (S;(Z; f(T,u(T))dT] ds + u(0).

From integral boundary condition of our problem with using Fubini’s thorem and
after some computations, we get:

:b/nusds
_b/[/ 8—(;:*;)1( u(r)) + [ K(r.o,u(e)do

i /T L)alf(g, u(o’))d()‘) dr] ds + bnu(0)

O./

_b// — 7)™ 1h(7’,u(7))d70l3

a—l—ﬁ
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_ a+ﬁ 1
—I—b/ / CY+B ; K(T,U,u(a))dades

+ b/ / _a :;ﬂ : ; g ;((;);_lf(a, u(o))dodrds + bnu(0)
=[] (s _Ojf; dsh(r u())dr
+b/ / — ) 1ds/0T K(t,0,u(0))dodr

a—1

+b/ / _a :;ﬁ 1ds/0T<T;(Z))f(a,u(a))dadr—l—bnu(O),

that is
( a—l—ﬁ
1—bn/ F(a+5+1l +/ (7,0, u(0))do
(2.5) +/0 Mf(a,u(a))dol dr.

Finally, by substituting (2.5) in (2.4) we find (2.1).
Conversely, from Lemma 2.1 and by applying the operator CDS‘:_r # on both sides of
(2.1), we find

t
DS Pu(t) =C Dot IS [h(t,u(t))+ /0 K (t,s,u(s))ds + I f(t, u(t)) |+ D5 u(0).

(26)  =h(tu() + e fu0) + [ Kt s, uls))ds,

this means that u satisfies the equation in problem (1.1). Furthermore, by substituting
t by 0 in integral equation (2.1), we have clearly that the integral boundary condition
in (1.1) holds. Therefore, u is solution of problem (1.1), which completes the proof. [

3. EXISTENCE RESULTS

In order to prove the existence and uniqueness of solution for the problem (1.1) in
C(]0,1], X), we use two fixed point theorem.

Firstly, we transform the system (1.1) into fixed point problem as v = T'u, where
T:C(J,X)— C(J,X) is an operator defined by following

t (t — g)ath-1
Tu(t) :/0 (tF(a)—i—ﬁ) [ +/ (s, 7,u(T))dr

+ /s (S_T);lf(T, u(7’))d7’] ds

a—l—ﬁ
l—bn Fa+ﬁ+1[ +/ (7,0, u(0))do
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(3.1) + /0 %f(a,u(a))da dr.

In order to simplify the computations, we offer the following notations
_mllpee + sl | llpallrefla+ 1, o+ B)
[a+3+1) Do+ 1D (a+B)
e P s 1 22 P

i 11 —bn|l'(a+ 5+ 2)
5.2 plllazll P>+ B+ Lo+ B+ 1)
1 —bn|l'(a+DH(a+5+1)
and
(3'3) A - |b| 2na+5+1 772‘”5“5(& +1,a+ B+ 1)

_|_
|1 —bn| | T(a+F+2) MNa+ )N (a+4+1)
3.1. Existence result by Krasnoselskii’s fixed point.

Theorem 3.1. Let h,f : [0,1] x X — X and K : [0,1] x [0,1] x X — X be
continuous functions satisfying the following.
(H1) The inequalities

[2(t, u(t)) — h(t, o)) || <Lillu) —v@)l, ¢e€[0,1], u,v € X,
(8 u(t)) = ft o) <Lofu(t) —v@®I,  t€[0,1], u,v € X,
Kt 5, u(s)) — K(t,s,0(s)) | <Lsllu(s) —v(s)ll, (t,s) € G, u,v € X,

hold, where Ly, Ly, Ly > 0, with L = max{Ly, Ly, L3} and G = {(t,s) : 0 < s <t <
1}.

(H2) There exist three functions i, o, ps € L*([0, 1], RT) such that
1A, w@)] <pa Ofu@®l, ¢ €[0,1], u e X,

1 (& u() <pa()[u(®)], ¢ €10,1], ue X,
1K, s, u(s))| <ps(B)l[uls)]l,  (£,5) € G, ue X.

If A <1 and LA, <1, then the problem (1.1) has at least one solution on [0, 1].
Proof. For any function u € C(J, X) we define the norm
lully = max{e™|lu()]| : t € [0, 1]},
and consider the closed ball
B, ={ueC(J,X): ||u| <r}.

Next, let us define the operators 17,75 on B, as follows

Tlu(t):/otW[ +/ (s, T,u(T))dr
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(3.4)
+/OS (s ;(;))a f(T,u(T))dT] ds
and
-7 a+ﬂ
Tu(t) l—bn/ F((oz—l—ﬁ—i— [ +/ (7,0, u(e
(3.5) —i—/o r ;53; 1f(a,u(o))ala] dr.

For u,v € B,, t € [0,1] and by the assumption (H2), we find

iriate) + T < [ U5 bl + [t
b sl a
|1_bm/ A el + [ 1K ot
[T 1||f (0,0 ))Hda]df
< /J%[ﬂms)nu M+ [ i@l
+ [ o] as
|1_bn|/ iwm O+ [ o) do
+/ S @)l )Hda]dT
<[ %[nmnmnunles sl (e~ 1)
+ el ol / S edras

. oy
|1—b77| I‘oz+5+1)

P

[HMHLwlllee + sl vl (e” = 1)

a 1

”da] dr.
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Therefore,

t— g)athl [ s (ef—1)

( B
| Tvu + Tovly S/O ||M1HL°°HU||1E + [l sl oo flul2 =i

I(a+ B)

s(s—T1)oter
o ——————dr|d
Hlhllilhely [ s

bl (p—7)t?
+H—WM£FW+B+D

T(r—o0)* el
o0 ———~——do|dr.
+lhalliliolh [y e |dr

oo o0 o0 1
[HMHL + llpalle 12l / (1= s)o+FH g0 s
0

e’ (eT —1)
o=l + Bl ol

Ia+B+1) [(a+ D(a+B)
bl pall o 4 + (bl s om0
1 —-nl(a+pB+1)

0]l 2| 2 /" 8
_ A\« o
T tnf{a+ Uiat g+ D) b 17T

_ [Hulllm Hlluslliee | llpolliefla+ 1,0+ 5)

+

Fla+p+1) C(a+ )(a+B8)
0] (gl Leen® P + [ g Lot
|1 — bn D+ 4 +2)

+ g2l Loen®* P Bl + 1,00+ B + Uﬂ

a4+ 1)I(a+p+1)
(3.6) =rA <r.

This implies that (Tyu + Tyv) € B,.. Here we used the computations

1
/ (1—5)*"Ps%ds =B(a+ 1,0+ f),
0
[ =7 Preds =Pt B 4 1k B4 1),
0

and the estimations: 27 <1, Z—: <1, ee—: < 1. Now, we establish that T, is a contraction

mapping. For u,v € X and ¢t € [0, 1], we have

Bl (= 7)t?
| Tou(t) — Tov(t)| < 11— b /0 a4+ 6+1)

+ /OT |K(1,0,u(0)) — K(7,0,v(0))||do

Munuv»—hvwvnu

[ o) ~ Fov(o)da] dr
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a—i—B

1—b17| Fa+5+1

lL1||u — |1 + /0 Ls||u — v’ do

_ a—1
+/ T")LGu—uulevda]w
I'(a)

—7'
]1—bn| Fa+ﬁ+1

a—i—ﬁ

[LHu —|l1e" + L||ju — v|j1(e" — 1)

+/ L||u—v|\1e d0"|d7'
Thus,
— 7)oth e’ (eT —1)
Tou —T: —vlly— + Lllu —
T = T < M| " = ol 2= o

)al

T—O’ e?
+/0 F(O{)LHU_UHIthU]dT

BIL [_ 29" P Slatlat f41) e — o]
u—vl|y.

“1—by||T(a+ B +2) o+ D) (a+ 5 +1) !

Then since LA; < 1, T5 is a contraction mapping. The continuity of the functions

h, f and K implies that the operator T} is continuous. Also, T1 B, C B,, for each
u € B,,, i.e., T is uniformly bounded on B, as

t _5045—1 s
Iz < [ 2 o + [ I G s

+ [ S s

which implies that

t (t o 8)04-1—5—1 es (es - 1)
[Thull, < 0 T(a+5) [ 21| oo ]2 t+||ﬂ3||L [Eaf =
oc 1 e’
il O G
pallpoe + llpsllzee | llpall=Bla+ 1,0+ B)
a4+ p+1) INa+ 1) (a+B)
<rA.
(3.7) <r.

Finally, we will show that (7} B,) is equi-continuous. For this end, we define

>

= sup [[h(s,u)],
(s,u)€[0,1]x By

f=sup f(s,u)l,

(s,u)€[0,1]x By
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K= sup / | K (t,s,u)|dr.
0

(8,7, u)EGX By
Let for any u € B, and for each t1,t; € [0, 1] with t; < t5, we have:

[(Tru)(t2) = (Tru)(t)]

1 2 a+p-1 s
Sp@ﬁwﬁﬂ;@r—ﬁ ’ Mh@mwnn+ﬂ;wa&nugnwf

i 6= el o

b [ [0 =97 = = ) [asuton)
[ )l + s [ T>a-1|rf<7,u<r>>ndT] ds

1 to atf1|T o 7 S o1
SF(Q—}—ﬁ)/tl (tz—S) B [h+K+w/()(S—T) dT‘|d8

o et [
SF(041+5) /: (tz — )" lh +K + F(a]:rl)] ds

! w /0“ [<t1 R I CED i lh + K + F(Oﬁl)] ds
:Waﬁ5+nh+K+p@iD}Mm—mﬁw+ﬁw_£my

The RHS of the last inequality is independent of u and tends to zero when |to—t;| — 0,
this means that |Tyu(t2) — Thu(t;)| — 0, which implies that (7} B,) is equi-continuous,
then T is relatively compact on B,. Hence by Arzela-Ascoli theorem, T is compact
on B,. Now, all hypothesis of Theorem 3.2 hold, therefore the operator 17 + 75 has a
fixed point on B,. So the problem (1.1) has at least one solution on [0, 1]. This proves
the theorem. U

3.2. Existence and uniqueness result.

Theorem 3.2. Assume that (H1) holds. If LA < 1, then the BVP (1.1) has a unique
solution on [0, 1].

Proof. Define M = max{Mj, My, M3}, where My, My, M3 are positive numbers such
that:

M, = sup ||h(t70)“7 My = sup ||f(t70)||7 M; = sup ||K(t7870)”‘
te[0,1] te[0,1] (t,5)e@
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We fix r > fYLAA and we consider
D, ={z e C([0,1], X) : ||u]| < r}.
Then, in view of the assumption (H1), we have
[A(t, w()I] =[[A(t, u(t)) — h(t,0) + h(t,0)|| < [[A(t,u(t)) — h(t,0)]| + [|n(t, 0)]]
<Ly||ul| + M,
1t w() || <Lolull + Mo,
and
K (t, s, u(s))|| < Lallul + Ms.
First step. We show that T'D,. C D,.. For each t € [0, 1] and for any u € D,

t (t — g)ot+6-1 s
|KTuxwufs[;<t(a{;;>bwwsnws»n+;ﬁ (s, 7 (7)) lar

A IR

H—hM/)&a+ﬁ+1lM( O+ [ 1K (7,0 0(0))ldo

v [ T el dr

()
<(Lr+ M)A
<r.

Hence, T D, C D,.

Second step. We shall show that 7" : D, — D, is a contraction. From the
assumption (H1) we have for any u,v € D, and for each t € [0, 1]

[(Tu)(t) = (Tv)®)]

_ g)ecthl
39 < [ o) - atsoton)

+/0 | K (s, 7,u(T)) — K(s,7,v(7))|dr

b R o) ~ 1] a

bl (n—1)*t?

3.9
(3:9) +|1—b7]| o I

[mvmv»—Mawﬂm
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<LAlu —v]|.
Since LA < 1, it follows that T is a contraction. All assumptions of Lemma 2.2 are
satisfied, then there exists u € C(J, X) such that Tuw = u, which is the unique solution
of the problem (1.1) in C'(J, X). O
4. GENERALIZED ULAM STABILITIES

The aim is to discus the Ulam stability for (1.1), by using the integration

t (t — g)atB-1
v(t) :/0 <tF(a)—|—ﬁ) [ +/ (s, 7,v(T))dr
+ /S Mf(T,U(T))dT] ds
a+ﬂ
1—b77 Fa+5+1[ +/ (7,0, v(0))do
(4.1) +/0 T;(Z);lf(a,v(a))da] dr.

Here v € C([0, 1], X) possess a fractional derivative of order a+ 3, where 0 < a+/ < 1
and

fih:[0,1] x X — X,
and
K :[0,1] x[0,1] x X — X
are continuous functions. Then we define the nonlinear continuous operator
P:C([0,1], X) — C([0,1], X),

as follows
t
P’U(t) - CDOH_BU(t) - I(?+f(t7 U(t)) - h(tu U(t)) - / K(tu S, U(S))dS.
0
Definition 4.1. For each € > 0 and for each solution v of (1.1), such that

(4.2) [Po] <,

the problem (1.1), is said to be Ulam-Hyers stable if we can find a positive real number
v and a solution u € C([0, 1], X) of (1.1), satisfying the inequality

(4.3) |lu — o] < ve,
where €* is a positive real number depending on e.

Definition 4.2. Let m € C(R",R™) such that for each solution v of (1.1), we can
find a solution u € C([0, 1], X) of (1.1) such that

(4.4) llu(t) —v(t)]| < m(e), te]0,1].
Then the problem (1.1), is said to be generalized Ulam-Hyers stable.
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Definition 4.3. For each ¢ > 0 and for each solution v of (1.1), the problem (1.1) is
called Ulam-Hyers-Rassias stable with respect to 6§ € C([0, 1], R™) if

(4.5) |Pu(t)|| < €b(t), te]0,1],
and there exist a real number v > 0 and a solution v € C([0, 1], X) of (1.1) such that
(4.6) |lu(t) —v(t|| < ved(t), te]0,1],

where €, is a positive real number depending on e.

Theorem 4.1. Under assumption (H1) in Theorem 3.1, with LA < 1. The problem
(1.1) is both Ulam-Hyers and generalized Ulam-Hyers stable.

Proof. Let uw € C(]0,1],X) be a solution of (1.1), satisfying (2.1) in the sense of
Theorem 3.2. Let v be any solution satisfying (4.2). Lemma 2.4 implies the equivalence
between the operators P and T — Id (where Id is the identity operator) for every
solution v € C([0,1], X) of (1.1) satisfying LA < 1. Therefore, we deduce by the
fixed-point property of the operator T' that:
[o(t) = u(t]] = [Jo(t) = Tv(t) + To(t) — u®)[| = v(t) = To(t) + Tv(t) — Tu(t)]
<||Tw(t) — Tu(®)]| + [Tv(t) —v(t)| < LAJu —v|| + ¢,
because LA < 1 and € > 0, we find
€

[ — vl <

1— LA
Fixing €, = —%x and v = 1, we obtain the Ulam-Hyers stability condition. In
addition, the generalized Ulam-Hyers stability follows by taking m(e) = —7x. U

Theorem 4.2. Assume that (H1) holds with L < A™', and there exists a function
0 € C([0,1],R™) satisfying the condition (4.5). Then the problem (1.1) is Ulam-Hyers-
Rassias stable with respect to 6.

Proof. We have from the proof of Theorem 4.1,
[u(t) —v(t]] < e.0(t), tel0,1],

where €, = —Fx. This completes the proof. O

FExample 4.1. Consider the following fractional integro-differential problem

2
@ { CDgut) = h(t,ut)) + I8 f(t,u(®) + f3 K(t, s, u(s))ds, te€[0,1],
) 1
uw(0) =3 [ u(s)ds, 0<n<l,
where o = 3 = %, b=3,n= % By the above, we find that A = 0.4602, A; = 4.3755.

To illustrate our results in Theorem 3.1 and Theorem 4.1, we take for u,v € X = R*
and t € [0, 1] the following continuous functions:

(2 — t)u(t) 3 —t? e~ (s

hitu(t) = =25 f(t ) = T, Kt s uls) =

|

£
—~

»
~—
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Note that we can find

1 1 1
L = — L = — L: [ —
1 207 2 187 3 64’
Moreover,
2—t 3—t2 et
t) = —— t) = —— t) = —.
Ml() 60 M2() 79 Ms( ) 64
Obviously,
Morlie = = Moallon = o lisllre = =
M1 Loo—30, 2 Loo—24> M3 Loo—64,
and )
L= maX{Ll, LQ, Lg} = Tg
Then, we get

LA; =0.2431 <1, A=0.3229 < 1.

All assumptions of Theorem 3.1 are satisfied. Hence, there exists at least one solution
for the problem (4.7) on [0, 1].
By take the same functions, we result the assumption

LA =0.0179 < 1,

then there exists a unique solution of (4.7) on [0, 1].
In order to illustrate our stability result, we consider the same above example:

1
L=1g LA=02431

This implies that the system (4.7) is Ulam-Hyers stable, then it is generalized Ulam-
Hyers stable. It is Ulam-Hyers-Rassias stable if there exists a continuous and positive
function.
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