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STABILITY OF CAUCHY-JENSEN TYPE FUNCTIONAL
EQUATION IN (2,a)-BANACH SPACES

KHALED YAHYA NAIF SAYARY2? AND AMAL BERGAM!

ABSTRACT. In this paper, we investigate some stability and hyperstability results
for the following Cauchy-Jensen functional equation

() s (55 =@

in (2, a)-Banach spaces using Brzdek and Cieplinski’s fixed point approach.

1. INTRODUCTION

Throughout this paper, we will denote the set of natural numbers by N, Ny :=
N U {0} and the set of real numbers by R. By N,,, m € N, we will denote the set of
all natural numbers greater than or equal to m.

Let R, = [0,00) be the set of nonnegative real numbers. We write B4 to mean the
family of all functions mapping from a nonempty set A into a nonempty set B and
we use the notation Ej for the set £\ {0}.

The method of the proof of the main result corresponds to some observations
in [12] and the main tool in it is a fixed point. The problem of the stability of
functional equations was first raised by Ulam [30]. This included the following question
concerning the stability of group homomorphisms.

Let (G1,*;) be a group and let (Gg,*2) be a metric group with a metric d(-,-).
Given € > 0, does there exist a > 0 such that if a mapping h : G; — G, satisfies
the inequality

d(h(z *1y), h(x) *2 h(y)) <9,
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for all x,y € Gy, then there exists a homomorphism H : G; — G,, with
d(h(z),H(x)) < ¢ for all z € G,7
If the answer is affirmative, we say that the equation of homomorphism
h(z *1y) = h(z) *2 H(y)
is stable.

Hyers [19] provided the first partial answer to Ulam’s question and obtained the
result of stability where G; and GG are Banach spaces.

Aoki [5], Bourgin [7] considered the problem of stability with unbounded Cauchy
differences. Later, Rassias [25,26] used a direct method to prove a generalization of
Hyers result (cf. Theorem 1.1).

The following theorem is the most classical result concerning the Hyers-Ulam sta-
bility of the Cauchy equation

T(x+y)=T(z)+T(y).

Theorem 1.1. Let E; be a normed space, Fy be a Banach space and f : Ey — FEy be
a function. If f satisfies the inequality

(1.1) If (@ +y) = f@@) = F@)l < o(l=]” + lyl?),

for some 0 > 0, for some p € R, with p # 1, and for all x,y € Ey — {0g, }, then there
exists a unique additive function T : E1 — E5 such that

(1.2) (@) - T(@)]| < =2

2 — 27|
for each v € E; — {0p, }.

It is due to Aoki [5] (for 0 < p < 1, see also [24]), Gajda [17] (for p > 1) and
Rassias [26] (for p < 0, see also [27, page 326] and [7]). Also, Brzdek [8] showed
that estimation (1.2) is optimal for p > 0 in the general case. Recently, Brzdek [10]
showed that Theorem 1.1 can be significantly improved. Namely, in the case p < 0,
each f: E; — Fj satisfying (1.1) must actually be additive, and the assumption of
completeness of Fs is not necessary.

Regrettably, if we restrict the domain of f, this result will not remain valid (see
the further detail in [14]). Nowadays, a lot of papers concerning the stability and the
hyperstability of the functional equation in various spaces have been appeared (see
in [1,2,4,9,11,22,28,29] and references therein).

Let us recall first (see, for instance, [16]) some definitions.

We need to recall some basic facts concerning 2-normed spaces and some preliminary
results.

[l

Definition 1.1. By a linear 2-normed space, we mean a pair (X, |-, ||) such that X
is at least a two-dimensional real linear space and

||7H :XXX%R—F

is a function satisfying the following conditions:
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(a) ||z, y|| = 0 if and only if x and y are linearly dependent;
(b) [z, yll = lly, | for z,y € X;

(©) Nz y + 2| <[l y| + [l 2| for .y, z € X;

(d) [|Az,y|l = M|z, yll, » € R, and z,y € X.

A generalized version of a linear 2-normed spaces is the (2, «)-normed space defined
in the following manner.

Definition 1.2. Let a be a fixed real number with 0 < o < 1, and let X be a linear
space over K with dim X > 1. A function

I lla: X - X =R
is called a (2, @)-norm on X if and only if it satisfies the following conditions:

(a) ||z, y|lo = 0 if and only if  and y are linearly dependent;
(b) [z, ylla = lly, zlla for z,y € X;
(©) 2,y + 2lla < [z, ylla + [z, 2[la for z,y, 2 € X;

(d) [[8z, ylla = [B]*ll7, ylla for 5 € R and 2,y € X,
The pair (X, ||+, +||«) is called a (2, a)-normed space.
Example 1.1. For x = (x1,23), y = (y1,42) € E = R? the Euclidean (2, a)-norm
|z, y||o is defined by
12, Ylla = 2192 — 2231 |,

where « is a fixed real number with 0 < o < 1.

Definition 1.3. A sequence {z;} in a (2, a)-normed space X is called a convergent
sequence if there is an x € X such that

kh—{go ||Z‘k - xvyHOt = 07

for all y € X. If {x}} converges to z, write xx — x, with k — oo and call x the limit
of {zx}. In this case, we also write limy_,, xx = .

Definition 1.4. A sequence {x;} in a (2, a)-normed space X is said to be a Cauchy
sequence with respect to the (2, «)-norm if

lim ||l’k - xl,yHa = 07
l—00

)

for all y € X. If every Cauchy sequence in X converges to some x € X, then X is said
to be complete with respect to the (2, a)-norm. Any complete (2, a)-normed space is
said to be a (2, «)-Banach space.

Next, it is easily seen that we have the following property.

Lemma 1.1. If X is a linear (2, «)-normed space, x,y1,y2 € X, 1,y are linearly
independent, and ||z, y1]lo = ||, y2|la = 0, then x = 0.

Let us yet recall a lemma from [23].
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Lemma 1.2. If X is a linear (2, &)-normed space and {x,, },en is a convergent sequence
of elements of X, then

nhﬁnolo ||xn7y||a = || nhﬂnolo xnayHa =0, y e X.

Let E,Y be normed spaces. A function f : EF — Y is Cauchy-Jensen provided it
satisfies the functional equation

(13) P55+ () = r),

and we can say that f : E — Y is Cauchy-Jensen on Ej if it satisfies (1.3) for all
z,y € Ey such that =¥ £ 0 and %% # 0. Recently, interesting results concerning the
Cauchy-Jensen functional equation (1.3) have been obtained in [3,6,18,20,21].

In 2018, Brzdek and Cieplinski [12] proved a new fixed point theorem in 2-Banach
spaces and showed its applications to the Ulam stability of some single-variable
equations and the most important functional equation in several variables. And they
extended the fixed point result to the n-normed spaces in [13].

The main purpose of this paper is to establish the stability result concerning the
functional equation (1.3) in (2, a)-Banach spaces using fixed point theorem which was
prove by Brzdek and Cieplinski [12]. Before approaching our main results, we present
the fixed point theorem concerning (2, a)-Banach spaces which is given in [15]. To
present it, we use the following three hypotheses.

(H1) E is a nonempty set, (Y, Il ||a> is a (2, a)-Banach space, Y} is a subset of Y
containing two linearly independent vectors, j € N, f; : E — E, g; : Yoy — Y, and
Li: ExYy— R, fori=1,... 5.

(H2) T:YE — Y is an operator satisfying the inequality

9

|T&(x) = Tu(w),y|| . < iw,y)ilf(m)) —pu(fi(@)), 0:9)|,

forall &, u e Y? x € E, ycY,.
(H3) A : REY0 5 REPXY i5 an operator defined by

J
AS(x,y) == D Lilw,y)d(fi(x), 9i(y)), SR we B yeY,.
=1

Theorem 1.2 ([15]). Let hypotheses (H1)-(H3) hold and functions e : E X Yy — Ry
and ¢ : E —'Y fulfill the following two conditions:

|Te(@) = o).y <e@y), zeByeYs,

e (z,y) =) (A”s)(x,y) <oo, T€E€E yeY,.
n=0

Then there exists a unique fixed point v of T for which
|o(x) = ¥(2),y| <e'(x,y), z€ByeYs
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Moreover,

Y(z) = lim (T"p)(z), =€ E.

n—00

2. MAIN RESULTS

In this section, we prove some stability results for the Cauchy-Jensen equation (1.3)
in (2, )-Banach spaces by using Theorem 1.2. In what follows (Y, |-, ]|a) is a real
(2, a)-Banach space.

Theorem 2.1. Let E be a normed space, (Y, ||-,||«) be a real (2, «)-Banach space, «
be a fixed real number, with 0 < a < 1, Yy be a subset of Y containing two linearly
independent vectors and hy, he 1 Fg X Yy — R be two functions such that

U:={neN:b, = M2+n)X2+n)+M(1+n)X(l+n) <1} #0,

where
Ai(n) :=inf {t € Ry : hiy(nz,2) <t hi(x,z2), x € Ey,z € Yo},
for alln € N, where i = 1,2. Assume that f : E — Y satisfies the inequality

T+y r—Y
2. l7(552) + (552 - #@).2
2 2
for all z,y € Ey, z € Yy such that %ﬂ # 0 and 5% # 0, then there exists a unique
Cauchy-Jensen function F': E —'Y such that
(2.2) [ @) = F2),2] < dom(e, 2)ha(z, 2),
for all x € Ey, z € Yy, where

A = inf {)\1(2 +n)Are(n) } '

nel 1— bn

S hl (I7 Z)hQ(y7 2)7

Proof. Replacing x by (2+m)x and y by ma, where x € Ey and m € N, in inequality
(2.1), we get

(23)  |F(@+m)z) = (1 +m)z) = f(2),2] < (24 m)z, 2)hao(ma, 2),

for all x € Ey, z € Y. For each m € N, we define the operator T,, : Y0 — Yo by
Tné(@) = E((2+m)z) — (1 +m)z), Y™ xe R,

Further put

(2.4) em(z, 2) := h1((2+m)x, 2)he(mz, z), x € Ey, z € Yy,

and observe that

(2.5) em(z,2) = hi((2+m)x, 2)ha(mz, 2) < A\ (2 +m)Aa(m)hi(x, 2)ha(x, 2),

for all z € Ey, z € Yy, m € N. Then the inequality (2.3) takes the form

[Tt (@) = f(x), 2

‘Oc S €m(l‘,Z), YIS E07 KAS YO
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Furthermore, for every x € Ey, 2 € Y0, £ € Y0 we obtain

§(2+m)z) —€((1+ma)

|T0t(@) = (), 2

[0}

— u((? + m)x) + u((1+m)x), 2

[0}

< €= m(@+me).z| + |- m+ma).:

*|

(67

This brings us to define the operator A,, : RE0*Y0 — RE>Y0 g
Amd(,2) = 6((2 4+ m)z, 2) + 6((1 + m)z,2), 6 € RY 2 € Ey, 2 € Yy,

For each m € N the above operator has the form described in (H2) with fi(z) =
(2+m)z, folz) = (1 4+ m)x, g1(2) = ga(2) = z and Ly(z) = Lo(z) = 1 for all x € E,.
By mathematical induction on n € Ny, we prove that
(2.6) (Al em)(z,2) < A (24 m)Aa(m)b) hy(z, z)ha(z, 2),
for all z € Ey and z € Yj, where

by = M (2 +m)Aa(2 +m) + A (1 4+ m)Aa(1 4+ m).

From (2.4) and (2.5), we obtain that the inequality (2.6) holds for n = 0. Next, we
will assume that (2.6) holds for n = k, where £ € N. Then we have

(AfFem) (2, 2) = A (ASem) (2, 2))
= (Ahem) (24 m)z, 2) + (Ake) (1 + m)z, 2)
< A (24 m) Ao (m)bE Ry (2 + m)w, 2)he((2 + M)z, 2)
+ A2+ m)Aa(m)by (1 +m)a, 2)ha((1 +m)z, 2)
= (2 +m) Ao (m)by ha(x, 2)ha(z, 2)
for all x € Ey, z € Yy, m € U. This shows that (2.6) holds for n = k+ 1. Now we can
conclude that the inequality (2.6) holds for all n € Ny. Hence, we obtain

o0

6:1(‘%, Z) = Z(Arnlmgm)('rv Z)

n=0

< i A1(2 +m)Aa(m)by ha(z, 2)ho (2, 2)

n=0
B 1— by,
for all x € Fy, z € Yy, m € U. Therefore, according to Theorem 1.2 with o = f, we
get that the limit

h1($7 Z)hg(l‘, Z) < o0,

F(x) := lim (‘J’Zlf) (x)

n—oo
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exists for each x € Ey and m € U, and

(2.7)
|70 Bt o], < 2EH el ule )

To prove that [}, satisfies the functional equation (1.3), just prove the following
inequality

23 @n(52) + @mn(tFY) - e

for every x,y € Ey, z € Y, %ﬁ # 0 and %5¥ # 0, n € Ny, and m € U. Since the case
n =0 is just (2.1), take £ € N and assume that (2.8) holds for n = k. Then, for each
x,y € Fy, z € Yy and m € U, we have

’ (‘J-k—i-lf)(x + Z/) + (‘I,];—Hf) (%) . (g}l;-&-lf)(x), 5

:’ ThF(2+ m)(;y)) — T (14 m) (= ; ")

Fah (@ m) (TS Y)) ~Thr (e m)(TY)

r € Ey, z€ Yy, me U

| <
(a3

S b?nhl(x, Z)hQ(ya Z)J

(67

— T f(2+m)z) + ThF((1+m)z), 2 )
Thr(@+m)(S0) + (2 +m)(PY))
)

+ Th (1 m) (7 )) T (1 +m)w), 2|

<b¥ hy ((2 +m)z, z) h2<(2 +m)y, Z) + bF hy ((1 +m)zx, z) ho ((1 +m)y, z)
:bf;flhl(x, 2)ha(y, 2).

<

QC

—T,’f%f((2+m)a:),z

#[ons

‘J'k 1+m(

Thus, by using the mathematical induction on n € Ny, we have shown that (2.8)
holds for all x,y € Ey, z € Yy, n € Ny, and m € U. Letting n — oo in (2.8), we
obtain the equality

Fm(x;y) + Fun S YY) = Fu(o),

for all z,y € Ejy, such that %er # 0 and 5% # 0, m € U. This implies that
F,,: E — Y, defined in this way, is a solution of the equation

(2.9) F(z) = F((Q + m)x) —F((14+m)z), z€kE)mell.

Next, we will prove that each Cauchy-Jensen function F' : £ — Y satisfying the
inequality

(2.10) |f@) = F(2),2| < Lin(e,2)ha(w,2), «€Ey,zeYy
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with some L > 0, is equal to F,, for each m € U. To this end, we fix my € U and
F: E — Y satisfying (2.10). From (2.7), for each z € E, we get

|F@) = Fug(@), 2| <|[F(2) = f(), 2|+ | F(2) = Fny(2), 2
<L hi(z, 2)ho(w, 2) + &), (2, 2)

(211) SLQ hl(ZL',Z)hQ(l’,Z) ibn

mo?

n=0
where Lo := (1 — by, ) L+ A1 (mg)A2(mg) > 0 and we exclude the case that hy(x, z) =0
or hy(z,z) = 0, which is trivial. Observe that I’ and F,,, are solutions to equation
(2.9) for all m € U. Next, we show that, for each j € Ny, we have

‘ < Lo hi(z, 2)ho(z, 2) Y bl x € Ey, 2z €Y.

mo’

(2.12) |F(2) = Finy(2), 2

n=j

The case j = 0 is exactly (2.11). We fix k € N and assume that (2.12) holds for j = k.
Then, in view of (2.11), for each z € Ey, z € Yy, we get

|F(@) = Fug(), 2

(a =|F((2+mo)z) = F((1+mo)z)
= Fug (2 + mo)z) + Fug (1 -+ mo)a), 2

<[P (@t mo)e) = Fua (24 mo)e). 2]
‘a

+ [+ mo)a) = Fug(1+ mo)e), =
<Lgy hy ((2 + my)z, Z) ho ((2 + mo)x, z) i b%o

’ «

+ Ly h1<(1 +mg)z, Z)hg((l + my)z, Z) i Dime
=Ly <h1 ((2 + mo)zx, z) h2<(2 +mg)z, z)
- hl((l + my)z, z) hQ((l + my)z, z)) ib%

<Lo boha (z, 2)ha(2,2) > bl

n=~k

=Lo hi(x, 2)ho(z,2) D by

n=k+1

This shows that (2.12) holds for j = k+ 1. Now we can conclude that the inequality
(2.12) holds for all j € Ny. Now, letting j — oo in (2.12), we get

(2.13) F = F,,.



CAUCHY-JENSEN FUNCTIONAL EQUATION IN (2, «)-BANACH SPACES 913

Thus, we have also proved that F,, = F),, for each m € U, which (in view of (2.7))
yields
AM(2+m)Ao(m)hy(x, 2)hs(x, 2
“f(ZL‘)—Fm()(I'),Z l( ) 25_)171( ) 2( )7
for all z € Ey, z € Yy, m € U. This implies (2.2) with F = F,,,, and (2.13) confirms
the uniqueness of F'. [l

| <
[0

Theorem 2.2. Let E be a normed space, (Y, |-, -|la) be a real (2, a)-Banach space, o
be a fixed real number with 0 < a < 1, Yy be a subset of Y containing two linearly
independent vectors and h : Fy x Yy — R, be a functions such that

U:={neN:[,:=X2+n)+X1+n) <1} #0,
where
A(n) :=inf {t € Ry: h(nz,2) <t h(z,z), z € Ey, z € Yo},
for alln € N. Assume that f : E — Y satisfies the inequality

b ) ()

for all x,y € Ey, z € Yy such that xQﬁ # 0 and 5% # 0. Then there exists a unique
Cauchy-Jensen function F : E —'Y such that

|f(@) = F(2),2]| < Aoz, 2),

< h(z,2) + h(y, 2),

for all x € Ey, z € Yy, where

. A2+ n)+ A(n)
Ao '_%25{1—A(2+n)—A(1+n)}'

Proof. Replacing = with (2 + m)x and y with mz, where x € Ey and m € N, in
inequality (2.14), we get

(2.15) Hf((2 +m)r) = f((L+m)e) - f(), 2
for all x € Ey, z € Y. For each m € N, we define the operator T,, : Y0 — YEo by
Tné(@) = &((2+m)a) — (1 +m)z), €Y ze k.

< h((2+m)x, z) + h(mz, z),

Further put
(2.16) Em(z,2) == h((24+m)z, 2) + h(mz,2), =z € Ey, z €Yy,
and observe that
(2.17) ep(x,2) = (h((2+m)x,z)+h(mx,z)) < (AM24+m)+A(m))h(x,z), meN.
Then the inequality (2.15) takes the form

[T f(2) = f(2), 2

‘Oc S 5777,(377'2)7 YIS E07 KAS YO
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Furthermore, for every x € Ey, z € Yy, &, u € Y0, we obtain
|Tte) = Tusta) 2|, =@+ m)z) - €((1+ mye)
= u(@+m)z) + u((1+m)x), 2 )
<[ €= m(@+ma).z| +]E-m(a+me).:
This brings us to define the operator A,, : R¥*Y0 — RE0XY0 1y

Ayd(z,2) = (5((2 + m)x,z) + (5((1 +m)z, z), d € Rf‘)XYO, x € FEy, z €Y.

For each m € N the above operator has the form described in (H2) with fi(z) =
2+ m)x, fo(r) = (1 +m)z, g1(2) = ga(2) = z and Ly(z) = Lo(z) = 1 for all z € X.
By mathematical induction on n € Ny, we prove that

(2.18) (Al en)(z,2) < (AM2+m)+ A(m))sn h(zx, 2),
for all z € Ey and z € Yj, where
Bm = A2+ m) + A1 +m).

From (2.16) and (2.17), we obtain that the inequality (2.18) holds for n = 0. Next,
we will assume that (2.18) holds for n = k, where k € N. Then we have

(Ahem) (2, 2) =Am ((Ahem) (@, 2))
=(A"en) ((2 +m)z, z) + (AF ) ((1 +m)z, z)

<((A@+m) + Am)BLA((2 + m), 2)

+

[0}

[0}

(A2 +m) + Am)BER((L + m)z, z)>
=(A2+m) + X(m)) B h(z, 2),

for all x € Ey, z € Yy, m € U. This shows that (2.18) holds for n = k + 1. Now we
can conclude that the inequality (2.18) holds for all n € Ny. Hence, we obtain

o0

(@, 2) = 3 (AL em) (@, 2)

n=0
oo

< Z:O(A@ +m) + A(m)) By, h(z, 2)

(M2 +m) + A(m))h(z, 2)
B (1 - Bm)
for all x € Ey, z € Yy, m € U. Therefore, according to Theorem 1.2 with p = f, we
get that the limit

< 00,

F(x) := lim (‘J’Zlf) (x)

n—oo
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exists for each x € Ey and m € U, and

A2 +m) + A(m))h(z, 2
|10 = e, o], < CEEIEAmDM2)

By a similar method in the proof of Theorem 2.1, we show that
(Tn ) (z+y) + (Tnf)(z—y) = (Tnf)(), 2| < Bulh(z,2)+ by, 2)),

for every z,y € Ey,z € Yo,n € Ny and m € U. Also, the remaining reasonings are
analogous as in the proof of that theorem. 0

x € Fy, ze Yy, mel.

3. APPLICATIONS

According to above theorems, we can obtain the following corollaries for the hyper-
stability results of the Cauchy-Jensen equation (1.3) in (2, a)-Banach spaces.

Corollary 3.1. Let E be a normed space, (Y, ||-,||a) be a real (2, )-Banach space,
a be a fized real number with 0 < o < 1, Yy be a subset of Y containing two linearly
independent vectors and hy, he, and W be as in Theorem 2.1. Assume that

Then every function f : E —'Y satisfying (2.1) is a solution of (1.3) on Ey.

Proof. Suppose that f : E — Y satisfies (2.1). Then, by Theorem 2.1, there exists a
function F': E — Y satisfying (1.3) and

1f(z) = F(2), zlla < Aoha(z, 2)ha(z, 2),
for all x € Ey, z € Yy, where

Ao = inf {/\1(2 +n)Ae(n) } .

nell 1—0,

By (3.1), Ap = 0. This means that f(x) = F(z) for all z € E,, whence
x p—

(52 (552) -0,

for all x,y € Ey such that ’““Tﬂ/ # 0 and 5% # 0, which implies that f satisfies the
functional equation (1.3) on Ej. O

Corollary 3.2. Let E be a normed space, (Y, ||, ||a) be a real (2, )-Banach space,
a be a fized real number with 0 < o <1, Yy be a subset of Y containing two linearly
independent vectors and h, and U be as in Theorem 2.2. Assume that

lim,, 0o (A1 (2 + 1) + A2(n)) =0,
(3.2) { limy e (A (2 + 1) + Ao(1 + 1)) = 0.

Then every function f: E — Y satisfying (2.14) is a solution of (1.3) on Ey.



916 K. Y. N. SAYAR AND A. BERGAM

Proof. Suppose that f: E — Y satisfies (2.14). Then, by Theorem 2.2, there exists a
function F': E — Y satisfying (1.3) and

[ f(z) = F(2), 2]la < Aoh(z,2)
for all z € Ey, z € Yy, where

Ao = }25{)\1(2 ‘ET;LM(”) } .

By (3.2), A\g = 0. This means that f(x) = F(x) for all z € E,, whence
J:—l—y) (x—y) .
1(552) + 1(55Y) = @,

for all z,y € Ey such that wTﬂ’ # 0 and 5% # 0, which implies that f satisfies the

functional equation (1.3) on Ej. O
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