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(w,c)~ALMOST PERIODIC DISTRIBUTIONS

MOHAMMED TAHA KHALLADI', MARKO KOSTIC?, ABDELKADER RAHMANTI3,
AND DANIEL VELINOV*

ABSTRACT. The aim of this work is the introduction of (w, ¢)-almost periodicity
(resp. asymptotic (w,c)-almost periodicity) in distributions spaces. The charac-
terizations and main properties of these distributions are given. We also study
the existence of distributional (w, c)-almost periodic solutions of linear differential
systems.

1. INTRODUCTION

The theory of almost periodicity was introduced by H. Bohr around 1925 and
generalized by many other authors, see [3,5].

The (w, ¢)-almost periodicity of continuous functions and their Stepanov generaliza-
tions is introduced and studied recently by M. T. Khalladi, M. Kosti¢, A. Rahmani
and D. Velinov.

Almost periodic distributions extending the classical Bohr and Stepanoff almost
periodic functions are due to L. Schwartz, see [9]. Asymptotic almost periodicity of
Schwartz distributions was introduced by I. Cioransescu [4].

This work is aimed to introduce and investigate (w,c)-almost periodicity (resp.
asymptotic (w, ¢)-almost periodicity) in the setting of Schwartz-Sobolev distributions.

The paper is organized as follows. In the second section, we recall the concept of
(w, ¢)-almost periodicity which is a generalization of the classical notion of almost
periodicity and give some of their fundamental properties. Next, we introduce the

Key words and phrases. (w, ¢)-Almost periodic functions, almost periodic Schwartz distributions,
(w, ¢)-almost periodic distributions, asymptotically (w, ¢)-almost periodic distributions, linear differ-
ential systems.

2010 Mathematics Subject Classification. Primary: 46F05, 46E30, 28A20. Secondary: 34C25,
42A75.

DOIT 10.46793/KgJMat2301.007K

Received: May 18, 2020.

Accepted: June 10, 2020.



8 M. T. KHALLADI, M. KOSTIC, A. RAHMANI, AND D. VELINOV

space L, . of (w, c)-Lebesgue functions with exponent p, and then, in a similar way to
L. Schwartz’s work [9], we define the functional space Dy» of all infinitely differen-
tiable functions belonging to the space LE . as well as each of their derivatives. Some
properties of these spaces of (w, ¢)-functions are given. At the end of this section, we
introduce the space of (w, ¢)-smooth almost periodic functions and analyze their basic
properties. The third section is devoted to the study of (w, ¢)-almost periodic distri-
butions (resp. asymptotically (w, ¢)-almost periodic distributions) by first defining the
space D’ng _as topological dual of Dpg , ]% + é = 1. In particular, we study the space
B, of (w, ¢)-bounded distributions. This space provides a general framework for our
investigation of generalized (w, c)-almost periodicity. We also give some characteri-
zations of (w, ¢)-almost periodic distributions and their main properties. Finally, we
apply our abstract theoretical results in the study of the existence of distributional
(w, ¢)-almost periodic solutions of linear differential systems. Throughout the paper,
we consider functions and distributions defined on the whole space of real numbers R.

2. SMOOTH (w, ¢)-ALMOST PERIODIC FUNCTIONS

In this section, we introduce the space of smooth (w, ¢)-almost periodic functions
and investigate some of their basic properties. Denote by AP the well-known space
of Bohr almost periodic functions on R. We recall the definition and some properties
of the space AP, . of (w,c)- almost periodic functions.

In the sequel we will use the following notations:

(2.1) Yuel() = c’%go (1), peCor L1 <p< 400, and Ty, = c’%T, TeD,
where the equality is taken in the usual (resp. Lebesgue, distributional) sense.
Definition 2.1. Let ¢ € C\{0} and w > 0. A complex-valued function f defined and

continuous on R is called (w, ¢)-almost periodic if and only if f,. € AP. Denote by
AP, . the set of all such functions.

When ¢ =1 and w > 0 arbitrary, AP, . = AP, the space of Bohr almost periodic
functions.

The space AP, . is a vector space together with the usual operations of addition
and pointwise multiplication with scalars.

Some properties of (w, ¢)-almost periodic functions are summarized in the following
proposition.

Proposition 2.1. (i) The space AP, . endowed with the (w,c)-norm
1/ llc = sup |fuwe (@)
teR

is a Banach space. B
(ZZ> ]ff € APw,a then f() = f<_> € APw,l/c-
(i73) If w > 0,c € C\ {0} such that |c| =1 and if f € AP,,. such that 1161]11; |f (x)] >0,

then 1/f € APy 1/c.
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(i) If f € APy, and g, € L', then fx g € AP,,..

To construct the (w,c)-smooth almost periodic functions, we need to introduce
some new functional spaces. Let p € [1,4+00] and f a complex valued measurable
function on R.

We say that f is a (w, ¢)-Lebesgue function with exponent p, if

RS

(/|fwyc(t)|pdt) < oo, forl<p< +oo,
R

and
sup | fu.e (t)| < 0o, for p = +o0.
teR

We denote by LE . the set of (w, c)-Lebesgue functions with exponent p, i.e.,
Ly, .= {f : R — C measurable, f,.€ L"}.
When ¢ =1, L  := LP is the classical Lebesgue space over R.

Proposition 2.2. The space L?, . endowed with the (w,c)-norm

w,c

HfHLp = wa,CHLpa fOT' 1 S p < +007

and
||f||L'?uoc = ||f||w7c7 forp = +OO7

is a Banach space.

Proposition 2.3. D is dense in LP, ., 1 < p < .

w,c?

Proof. Since D is dense in the space C. of continuous functions with compact support
it suffices to show that C. is dense in L, . for 1 < p < occ.

Let S be the set of all simple measurable functions s, with complex values, defined
on R and such that

mes {t : s(t) # 0} < 0.

First, it is clear that S is dense in Lf . for 1 < p < oo. Indeed, as cws € LP,
then S C L%, .. Suppose f € LE _ is positive and define the sequence (s,), such that
0<s <8 <---<f, andforeacht € R, s,(t) — f(t) when n — +oo. Then
(f = Sn)upe = ¢ w (f —s,) € LP, hence s, € S. Furthermore, since

e (f=s)| < £,
Lebesgue’s dominated convergence theorem shows that
[ =sadue] == (r=sn)]  —o.

when n — +o00. Hence, [|f — sul[;» — 0 when n — +oc0. On the other hand, by
Lusin’s theorem, for s € S and € > 0, there exists g € C. such that g () = s(t),
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except on a set of measure less than ¢ and |g| < ||s||, and since s takes only a finite

number of values, there exists a constant C' > 0 which depends on ¢ and w such that
1

_t P\ 1
[t =9 = ( [l g = s dt) <2Ce7 ||s|,
R
The density of S in L% . completes the proof. U

We define
Dy, = {peC®:py.€ D, jEZ,}.
When ¢ = 1, we get Dyp = Dyp. Moreover, it is easy to show that the space
Dpp , 1 < p < o0, endowed with the topology defined by the following countable
fami’ly of norms

Plepue = 2 [(Cue . keZy,
i<k
is a Fréchet subspace of C*°.

Proposition 2.4. Let 1 <p <oco. If p,¢p € Dpp , then pp € Dyp .

Proof. Let p, v € DLQ Then @oy € Dir and Yoy € Dip, j € Z4. So, gOQwC cLP
and ¢2w . € LP. By Lelbmz s rule, we obtain

G e NG )L i
(22) (<901/})w,c) = (C e 2w 1/}) = (()02w,cw2w,c)0) = Z(])@g&c éw c) € L*.
i=1
This shows that(v),, . € Dr». Hence, pyp € Dpp . O

The following result shows that the family of norms ]-\k’pmc is submultiplicative.

Proposition 2.5. Let 1 <p < oo. If p,7) € Dyp ., then for all k € Z, there exists
Cy > 0 such that ’
o

Proof. Let p,¢ € Dyp . By Proposition 2.2-Proposition 2.4, we have

k,p;w,c S Ck |90’k,p;2w,c ’ ‘w’k,p;?w,c :

gc (o))" . —% 2;( ) P20.0)” (Waue) V™) )
<zz() or00)? ()

o T2 () I

j<ki=1

3 (() e

i<ki=1

e’

j<ki=1

[z k

So, there exists C}, = <Z i (’)) > (0 such that

\DiW,C < Ok |90|k,p;2w,c ’ |¢’k,p;2w,a : O
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For 1 < p < oo, we have D C Dy» C Dy . Moreover, we have the following
result.

Proposition 2.6. For 1 < p < oo, the space D is dense in Dpp .

Proof. 1t follows from the fact that Dye ~C LF . and the density of D in LY ., se
Proposition 2.3. D

The space D is not dense in Dy , we then define D Lge.as the subspace of all
functions in Dye  which vanish at mﬁmty with all their derivatives. This space is the

closure of the space Dy in D. It is clear that D Le, 1s a closed subspace of Dy
hence it is a Fréchet space. Moreover, it is easy to check the following properties on
the structure of Dy» .

Proposition 2.7. For1 < p < oo, we have Dyp ®L&°c — Dpeo , with continuous
embedding.

Recall also the following space of smooth almost periodic functions introduced by
L. Schwartz

Bap = {cp €D : 09 € AP, j e Z+}.
We have the following properties of B,,,.
Proposition 2.8. (i) B,, = AP N Dpe.

(i1) Bap is a closed differential subalgebra of D .
(¢ii) If f € L' and ¢ € By, then f* @ € By,

Proof. See [9]. O
Now, we can introduce the space of smooth (w, ¢)-almost periodic functions.

Definition 2.2. The space of smooth (w, ¢)-almost periodic functions on R, is defined
by
Bar,. = {(p € @Lgic D Qwe € Bap, T E Z+}.

We endow Bap, , with the topology induced by Dre . Some properties of Bap,
are given in the following.
Proposition 2.9. (i) Bup,. = AP, N Dree, -

(ii) Bap,.. s a closed subspace of Dre., -

(111) If f € Ly, and ¢ € Bap, ., then ¢ (fue * Pue) € Bap,..-
Proof. (i) Obvious.

(i7) It follows from (¢) and the completeness of (AP, ||-|..)-
(zi2) If f € L}U’C and ¢ € Bap, ., then f,. € L' and ¢, € B,,. From Proposition

2.8, we have f, . * @y € Bgp, hence " (ci (fw.e* gpwﬂc)> € By, which shows that
t
Cw (fw,c * pr,c) € ‘BAPw,C- U
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Corollary 2.1. If f € Dy and cw (fuwe * Pue) € APy, 0 €D, then f € Bap,,.

Remark 2.1. 1t is clear that Byp, , C AP, . N €, whereas the converse inclusion is
not true. Indeed, the function

ft) = 2_t\/2 + cost + cos /2t

is an element of AP, . N €, with ¢ =2 and w = 1. However,
—sint — v/2sin V2t
frt)=2" ( sint — v2sin v2 —1n2\/2—|—cost+cos \/it)
2\/2 + cost + cos /2t
is not bounded, because %Iellg (2 + cost + cos \/§t) = 0 and therefore
—sint — v/2sin /2t ¢ A
2\/2 + cost + cos /2t

P

Y

hence f & Bap, ..

3. (w,c)-ALMOST PERIODIC DISTRIBUTIONS

This section deals with the concept of (w,c)-almost periodicity in the setting of
Sobolev-Schwartz distributions. For this we need to introduce the so-called space of
L%, ~distributions, 1 < p < co. We first recall the space of LP-distributions, 1 < p <
oo, which has been introduced for the first time by L. Schwartz in [9]. L. Schwartz
has introduced the space D/, as topological dual of Dya, % + % = 1. These spaces is
related to Sobolev spaces. For more details, see [1] and [9].

Definition 3.1. Let 1 < p < oo, the space D, is the topological dual of D4, where
% + % = 1. An element of D is called a bounded distribution.

Theorem 3.1. Let T € D'. Then the following statements are equivalent.
(i) T € Dp.
(i1) Txp e LP, p€D.

ko
(1i1) There exist k € Z, and (fj)ogjgk CLP:T= ]gof](]).

Proof. See [1] or [9]. O

Thanks to the density of the space D in Dy» , 1 < p < o0, (resp. @L%), we have
that the space Dy» (resp. D Lee,) is a normal space of distributions, i.e., the elements
of topological dual of Dy» (resp. D re.) can be identified with continuous linear
forms on D.

Definition 3.2. For 1 < p < 0o, we denote by D’wa the topological dual of Dyg ,

1, 1 _
Whereg—l—a—l.
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The following spaces of L%, -distributions are needed to define and study the (w, c)-
almost periodicity of distributions.

!

Definition 3.3. (i) The topological dual of D 1., denoted by B, ., is called the space

of (w, ¢)-bounded distributions.

w,c)?

(77) The topological dual of D L., denoted by DIL}U _, is called the space of (w, ¢)-
integrable distributions. 7

By applying Theorem 3.1, we can easily show the following characterizations of
L%, -distributions.

Theorem 3.2. Let T' € D'. Then the following statements are equivalent.
(1)) T € Dip .
(it) ¢ (T % 9) € LE,., 9 € D,

(1ii) There exist k € Zy and (fj)ocjep € Lho = T = cw

((fw’c)j)ogjgk - (C_ifj)ogjgk'

Remark 3.1. As a consequence of Theorem 3.2, we have that T € D’LZ ) if and only if
Twe € Dlp.

; G)
(fwe);”, where
i=0

Returning to the notation (2.1), we recall that a distribution 7" € D’ is zero on an
open subset V' of R if

(T,p) =0, peD(V),
and that two distributions 7',S € D’ coincide on V if T'— S =0on V.
Lemma 3.1. Let f € C® and T € D'. If fT = 0, then T = 0 on the set G =
{reR: f(z)#0}.

Proof. Let ¢ € D with supp ¢ C G. Then we have

o= {n5) {5}

because ? € D and by hypothesis fT = 0. O

Proposition 3.1. Let T € D'. Then T € D/LZ,C’ 1 < p < oo, if and only if there
exists S € D7,, 1 <p < oo, such that T = cwS in D

Proof. (=) If T € D7, , then we have (see Remark 3.1) T, = cwl eD,,. So,
there exists S € D', such that cwT —S =0in Dy, e, ¢ (T — ciS> =0 in
D' ». By applying Lemma 3.1, it follows that 7' = cwS in D'

(«<=) Suppose that T' € D’ and there exists S € D’,, 1 < p < oo, such that
T=cwSinD, then ¢ vl =8 ¢eD,, hence T €D, . O

p
Lw,c
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Recall that the space B;p of almost periodic distributions which was introduced
and studied by L. Schwartz is based on the topological definition of Bochner’s almost
periodic functions. Let h € R and T" € D’, the translated of T' by h, denoted by 7,7,
is defined as:

<ThT7 Q0> = <T7 T—h<)0> , €D,
where 7_pp (x) = @ (x + h).

The following result gives the basic characterizations of Schwartz almost periodic

distributions.

Theorem 3.3. For any bounded distribution T € D, the following statements are
equivalent.

(i) The set {m,T : h € R} is relatively compact in D'y .

(it) Txp e AP, p € D.

koo
(1i1) There exist k € Z, and (fj)ogjgk CAP:T = Jgof](]).

Proof. See [9]. O
The following proposition summarizes the main properties of B;p.

Proposition 3.2. (i) If T € B, then TV € B, | j € Z,.
(ii) Bap X By, C B,
(#i) By, * D C Bl

Proof. See [9]. O
Now we will introduce the following concept.

Definition 3.4. A distribution T € B, is said to be (w, c)-almost periodic if and

only if T,,. € B, i.e., the set {7, T, : h € R} is relatively compact in D . The set

of (w, ¢)-almost periodic distributions is denoted by B'yp, .

Example 3.1. (i) The associated distribution of a (w, ¢)-almost periodic function (resp.
Stepanov (p,w, ¢)-almost periodic function) is a (w, ¢)-almost periodic distribution,
ie.,

APy — Blyp,  (vesp. SPAP, . — Blp, ).

(44) When ¢ = 1 it follows that B'yp = fB;p.

Characterizations of (w, ¢)-almost periodic distributions are given in the following
theorem.

Theorem 3.4. Let T € B;M. Then the following statements are equivalent.
(i) T € Blyp, .-
(ii) cu (Tye % p) € APye, p € D.

(120) There exist k € Zy and (f)oc;cp, C© APue + T = i

((fwvc)j)ogjgk - (Ciifj)ogjgk :

- )
(fwe);” s where
J=0
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Proof. Since for every T' € B)p, , we have T, € B;p. Hence, the result follows
immediately from Theorem 3.3. U

The main propreties of B’, P, are given in the following proposition.

Proposition 3.3. (i) If T € Byp, , then cw (Tw,c)(j) € Bup,.» J €Ly
(it) If o € Bap,. and T € B;lpw’c, then ¢, 1" € ‘B;lpw’c.
(¢1) If T € Blyp,, and S € D’L}M, then ¢ (Tye % Spe) € Blup,..-

Proof. (i) Obvious.
(#) If o € Bap,,and T € BYp, , then g, . € Byyand T, . € By, From Proposition

3.2(i1), we get @y Tw.e € By, and therefore " w (ci (apw,CTw,C)) c B

aps Which gives
cw (Pw,cTwe) € Blyp, .- Hence o, T € Blap,.

(1ii) Let T € Bp,. and S € QILL,C' Then T, . € By, and Sy, € D7:. According
to Proposition 3.2 (ii7), we have Ty, . * Sy € B, and " w (cﬁ (T e * Sw,c)) € B,

Hence, cio (T % Sue) € Blp, .- O
The following result shows that Bap, , is dense in Blyp,

Proposition 3.4. Let T € B;M. Then T € Byp  if and only if there exists
(¢n)nez, C Bap,,. such that nl—igloo(’p” =T in B,,.

Proof. 1t T'€ BYp, , then T,, . € B, and from the density of B, in Bj, there exists
(Yn)nez, C Bap such that
lim v, = T, in D’Lw‘

n—-+4o0o

This is equivalent to

cw lim Y, = lim (Cilﬁn) = C%TWC =T in B;U’C.

n—+400 n—-4o00

. 1
Hence, there exists (@n)nem = (wan)neZ+ C Bap,, such that

lim ¢, =T in B;UC. 0J
n—+oo ?

Now we will introduce the concept of asymptotic (w, ¢)-almost periodicity of dis-
tributions. M. Fréchet introduced the space AAP (R, ) of classical asymptotically
almost periodic functions in [6] and proved the main properties of these functions. The
space AAP,, . (R.) of asymptotically (w, ¢)-almost periodic functions were introduced
recently by M. T. Khalladi, M. Kosti¢, A. Rahmani and D. Velinov. Asymptotically
almost periodic Schwartz distributions have been introduced and studied by I. Cio-
ranescu in [4]. We recall the definition and some properties of asymptotically almost
periodic Schwartz distributions.
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Definition 3.5. A distribution 7" € D’ . is called vanishing at infinity if
lim (7_,7,0) =0 inC, peD.

h—+o00

Denote by By, the space of bounded distributions vanishing at infinity.

Definition 3.6. A distribution 7' € D’ .. is called asymptotically almost periodic
if there exist R € B, and S € Bj, such that T = R+ S on R,. The space of
asymptotically almost periodic Schwartz distributions is denoted by B/ (R.).

aap

Proposition 3.5. If T € B, (R), then the decomposition T = R+ S on Ry is
unique in D .

Proof. See [4]. O

Set D, :={p € D:suppy C R, }. Then we have the following characterization of
space B! (R, ).

aap

Theorem 3.5. Let T' € D', .. Then the following assertions are equivalent.
(i) T € B, (Ry).

aap
(i) T o € AAP (Ry), ¢ € D, where ¢ (z) = ¢ (=) .
(111) There exist k € Zy and (f;)o<;<, C AAP(Ry) : T = Zf](j) on R,.
<j< =3

Proof. See [4]. O

Asymptotic (w, ¢)-almost periodicity of distributions is introduced in the following.

Definition 3.7. Let ¢ € C, |¢[ > 1 and w > 0. Then a distribution 7" € B, , is said
asymptotically (w, c)-almost periodic if and only if T,, . € B, (R;). The space of
asymptotically (w, c)-almost periodic distributions is denoted by B ,p (Ry).

Remark 3.2. (i) When ¢ = 1 it follows that B'y4p, = (Ry) := B, (R4).

(#7) The associated distribution of an asymptotically (w, ¢)-almost periodic function
(resp. asymptotically Stepanov (p,w, c)-almost periodic function) is asymptotically
(w, ¢)-almost periodic distribution.

Now let us define the space (BQM) o of (w, ¢)-bounded distributions vanishing at

infinity as follows.

Definition 3.8. Let c € C, |c| > 1 and w > 0. A distribution 7' € B;, _ is said to be
(w, ¢)-bounded distribution vanishing at infinity if and only if T}, . € By,

We have the following result.

Theorem 3.6. Let c € C, |c[ > 1, w >0 and T € B, .. Then T € By p,  (Ry) if

and only if there exist R € Byp ~and S € (Bﬁﬂ’c)0+ such that

(3.1) T'=R+S onR;.
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Proof. (=) Let T € By,p, . (Ry). Then T, . € B, (R;) and by Definition 3.6,

aap

there exist P € B, and Q € By, such that T;, . = P+ Q on R,. On the other hand,
we have

Tye=c T =P+Q={(csT,9) = (P.o) +(Q,¢), @€D
= (T,7) = <Cipﬂ/)> + <C%Q,¢>, P = c‘iap eD.

Thus, there exist R = ¢ P € BlYp,,. and S = cu @ € (2821}7(:)()+ such that T'= R+ S
on R,.
(=) If there exist R € B, and S € (Bfw’c)m such that T'= R+ .S on R, , then

cwT =cwR+c %S on Ry, ie., Tye = Rye+ Swe on Ry, where R, . € ng and
Sw.e € By, Hence, Ty, . € By, (Ry), which shows that T € By 4p,  (Ry). O

aap

Proposition 3.6. The decomposition (3.1) is unique in B, .

Proof. Suppose that T' € By 4p, (R4 ) is such that T'= R+ S on Ry, where R €
B’ and S € (B’ ) . Then the result follows from the proof of the implication
Puy,c w,e ) o4

(<=) of Theorem 3.6 and the uniqueness of the decomposition of asymptotically
almost periodic distributions. U

Some characterizations of asymptotically (w, ¢)-almost periodic distributions are
given in the following result.

Theorem 3.7. Let c € C, |¢| > 1, w >0 and T € B, .. The following assertions are
equivalent.
(t) T € Blyap,,. Ry).
(1) cw <Tw7C * <)Y0> € AAP, . (R,), ¢ € D, where ¢ (z) = ¢ (—z).
k

t
Cw

J

(111) There exist k € Zy and (f;)o<;<f, C AAPy(Ry): T

where ((fw,c)j>0§j§k = (Ci%fj)ogjgk'

Proof. 1t is clear that if T € Bly4p, . (Ry), then T, € By, (Ry). Thus, by applying

aap

Theorem 3.5 we obtain the result. [l

(fw,c)Ej) on R—i—;

0

4. LINEAR DIFFERENTIAL EQUATIONS IN B'yp

In this section we will study the existence of distributional (w), ¢)-almost periodic
solutions of the following system of linear ordinary differential equations

(4.1) T = AT + S,
where A = (aij)lgi,jglw

(Si)1<ick € (D) is a vector distribution and 7' = (T3)1<i<, 1s the unknown vector
distribution.

k € N, is a given square matrix of complex numbers, S =
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First, consider the system (4.1) with S € (AP)" and let us recall the following
result.

Theorem 4.1. If the matriz A has no eigenvalues with real part zero, then for any
S € (AP)" | there exists a unique solution T € (AP)* of the system (4.1).

Proof. See [5]. O
Let Ij be the unit matrix of order k. The following result gives the (w, ¢)-almost
periodicity of the solution (if it exists) of the system (4.1).
k
Theorem 4.2. Let S € (B’pr) . If the matriz A — lc’%lk has no eigenvalues with

! k . .
real part zero, then the system (4.1) admits a unique solution T € (@L%oc) which is
an (w, ¢)-almost periodic vector distribution.

Proof. Let ¢ € D. We have

log ¢

(4.2) T K = (c’iT*go)/—i- cwT % .

w
N
On the other hand, if T" € ((DLE?C) satisfies system (4.1), then
vl xp=Ac wT xp+c S x* .

So from (4.2), we have

t l t t
(C’ET * <p)/ = (A — ogclk> cvTxp+c vsSx*xp,

w
ie.,
|
(43) (Tw,c * gp)/ = (A - Ogcjk) (Tw,c * 30) + Sw,c *Q,
w

where

Tyexyp= <(Tw’c)i * S0) 1<i<k - ((C_ETi) * Sp)gigk
and

Swe*p = ((Sw,c)i * @)1§i§k - ((C_iSZ) * SO)lgigk '

Then the system (4.3) is equivalent in (€®)* to the following system of differential
equations

P' = BP + Q,
with B= A — lo%lk, P=T,.xp€ (Goo)k and Q = Sy, xp € (AP)k. According to
Theorem 4.1, it follows that there exists a unique bounded solution P which is almost
periodic. Therefore, (Ty,.), x p € AP, 1 < i <k, ¢ € D, hence cw ((Tw,c)i * gp) €
AP,., 1 < i <k, ¢ € D. Thus, according to Theorem 3.4, we get (T}),,c, €

(Blap,.)" 0
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b-GENERALIZED SKEW DERIVATIONS ON MULTILINEAR
POLYNOMIALS

BALCHAND PRAJAPATT!

ABSTRACT. Let R be a prime ring of characteristic different from 2 with the center
Z(R) and F, G be b-generalized skew derivations on R. Let U be Utumi quotient
ring of R with the extended centroid C' and f(z1, ..., z,) be a multilinear polynomial
over C' which is not central valued on R. Suppose that P ¢ Z(R) such that

[P [F(f(r)), f)] = [G(f(r)), f(r)].
for all r = (ry,...,7m,) € R™, then one of the following holds:
(1) there exist A, € C such that F(z) = Az, G(z) = pz for all z € R;
(2) there exist a,b € U, A, u € C such that F(z) = az+ x+za, G(x) = bx+uz+xb
for all z € R and f(x1,...,2,)? is central valued on R.

1. INTRODUCTION

Throughout the article R always denotes an associative ring with the center Z(R), U
denotes the Utumi quotient ring of ring R. The definition and axiomatic formulation
of Utumi quotient ring U can be found in [5] and [10]. We notice that U is a prime
ring with unity and Z(U) = C is called the extended centroid of ring R. The extended
centroid C' is a field. For z,y € R, the commutator of z and y is xy — yr and it is
denoted by [z,y]. Sometimes commutator of  and y is called Lie product of  and
y. Let S C R, a function f on R is called centralizing (or commuting) function on
S if [f(s),s] € Z(R) (or [f(s),s] =0) for all s € S. In this direction, Divinsky [17]
studied the commuting automorphism on rings. More precisely, it is proved that a
simple artinian ring is commutative if it has a commuting automorphism different
from the identity mapping. Mayne [9] generalized this result and proved that if R is

Key words and phrases. b-Generalized skew derivations, multilinear polynomials, prime rings, the
extended centroid, Utumi quotient ring.
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a prime ring with a nontrivial centralizing automorphism then R is a commutative
integral domain. Further, Posner [8] studied the centralizing derivations on prime
rings. More precisely, he proved that there does not exist any non zero centralizing
derivation on non commutative prime ring. This was the starting point for the research
by several authors. By derivation, we mean an additive mapping d on R such that
d(zy) = d(z)y + zd(y) for all x,y € R. Let a € R, define a mapping f on R such that
f(z) = [a,z] for all € R. Here, we notice that f is a derivation on R. This kind of
derivation is called an inner derivation induced by an element a. Derivation is called
outer if it not an inner.

Bresar [13] extended the Posner’s [8] result by taking two derivations and proved
that if d and 0 are two derivations of R with atleast one derivation is non zero, such
that d(z)xr — xd(z) € Z(R) for all x € R, then R is commutative. Notable work has
been done by several mathematicians to generalize these results on some appropriate
subsets of prime ring R. Natural question will arise that what will happen if we replace
x with multilinear polynomial in Posner’s theorem [8] as well as Bresar’s theorem [13]
and in this direction many results have been done. One of these results in this direction
is given by De Filippis and Wei [27] for skew derivation on multilinear polynomial.
Note that an additive mapping d on R is said to be skew derivation associated with
an automorphism « if d(zy) = d(z)y + a(z)d(y) for all z,y € R. It is natural to ask
that what will happen if derivation replaced by generalized derivation. The notion
of generalized derivation introduced by Bresar in [12] which is a generalization of
derivation. An additive mapping F' is said to be a generalized derivation if there
exists a derivation d on R such that F(zy) = F(z)y + zd(y) for all z,y € R. Note
that if R is a prime or a semiprime ring then the derivation d is uniquely determined
by F' and d is called the associated derivation of F.

Argag and De Filippis [16] have given the partial generalization of Posner’s theorem
[8]. More precisely, they describe the structure of additive mapping satisfying the
identity F'(f(r))f(r) — f(r)G(f(r)) = 0 for all » € R™, where f is a multilinear
polynomial and F', G are two generalized derivations on prime ring R. In 2018,
Tiwari [19] studied the commuting generalized derivations on prime ring, which is
generalization of the work of Argag and De Filippis [16]. The generalization of Posner’s
theorem for generalized derivation on multilinear polynomial in [26] (where further
generalization can be found in [1,2,20,21]) is given below.

Let K be a commutative ring with unity, R be a prime algebra over K and let
f(z1,...,x,) be a multilinear polynomial over K, not central valued on R. Suppose
that d is a non zero derivation and F' is a non zero generalized derivation of R such
that d([F'(f(r)), f(r)]) = 0 for all » = (ry,...,r,) € R™, then one of the following
holds:

(1) there exist a € U, A € C such that F(x) = ax + Az + za for all x € R and
f(xy,...,2,)? is central valued on R;
(2) there exists A € C such that F(z) = Az for all z € R.
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2. b-GENERALIZED SKEW DERIVATION

Generalizations of derivations and generalized derivations are b-generalized deriva-
tions and b-generalized skew derivations. The definition of b-generalized derivation is
given below which is from [14]. Let R be a prime ring and U be its Utumi ring of
quotient. Let b € U.

Definition 2.1. An additive mapping F' : R — U is called b-generalized derivation
of Rif F(zy) = F(z)y + bxd(y) for all x,y € R, where d : R — U is an additive map.

In [14] Kosan and Lee proved that if R is a prime ring and b # 0 then the associated
map d must be a derivation of R. Here, we see that a 1l-generalized derivation
is a generalized derivation. For some a,b,c € U, define a map F' : R — U as
F(z) = az + bxc for all z € R. This is a b-generalized derivation which is called
b-generalized inner derivation.

Let a be an automorphism on R. This « is said to be an inner automorphism of
R if there exists an invertible element p € U such that a(z) = pzp~! for all z € R
otherwise it is called outer automorphism. An additive mapping F on R is called
generalized skew derivation associated with an automorphism « if there exists a skew
derivation d on R such that F(zy) = F(z)y + a(z)d(y) for all z,y € R. Note that a
skew derivation on R associated with an automorphism « is an additive mapping such
that d(zy) = d(z)y + a(x)d(y) for all z,y € R. A skew derivation associated with
the identity automorphism is a derivation and generalized skew derivation associated
with identity automorphism is a generalized derivation.

Let o be an inner automorphism on R, that is, a(z) = pxp~! for some p € U and
for all x € R. Now by definition of generalized skew derivation associated with this «,
we have F(zy) = F(x)y + prp~'d(y) for all z,y € R. If d is a skew inner derivation
associated with same «, then we know that d(z) = ax — a(x)a = ax — prp la.
Thus we have F(zy) = F(z)y + prp '(ay — pyp'a), which implies that F(xy) =
F(z)y + prp~tay — prp~tpyp~ta = F(x)y + px{p tay — yp~'a}. This gives that
F(zy) = F(x)y + prd(y), where d(y) = [p~'a,y] for all y € R, is an inner derivation
induced by p~!a. This implies that it is a p-generalized derivation on R. Thus, if
« is an inner automorphism on R, then every generalized skew derivation on R is a
b-generalized derivation.

The following definition given by De Filippis and Wei [28] is a generalization of
above.

Definition 2.2. Let R be an associative ring, b € U, d : R — R a linear mapping and
« be an automorphism of R. A linear mapping F': R — R is said to be b-generalized
skew derivation of R associated with an automorphism « if F'(zy) = F(x)y+ba(z)d(y)
for all x,y € R.

As par the above definition b-generalized skew derivations cover the concepts of
derivations, generalized derivations, skew derivations, generalized skew derivations
and b-generalized derivations. In the same article it is proved that if b # 0 and R
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is a prime ring then the associated additive mapping d becomes a skew derivation
associated with the same automorphism «. Further, it is proved that F can be
extended to U and it assumes the form F(x) = ax + bd(x), where a € U.

Recently, Liu [6] generalized the result of Posner [8] by taking b-generalized deriva-
tion with Engel conditions on prime ring R.

More recently, Sharma et al. [18] studied an identity related to generalized deriva-
tions on prime ring with multilinear polynomial over C'. More precisely, they proved
the following.

Suppose that R is a prime ring of characteristic different from 2 with Utumi quotient
ring U and f(x1,...,2,) is a non central multilinear polynomial over C. Let F' and
G be two generalized derivations of R and d a non zero derivation of R such that

d([F(f(’rh o ,Tn))7f(7‘1, ce- ,Tn)]) = [G(f(rh s 7rn))af(rlv R ,’I"n)],

for all r1,...,r, € R, then one of the following holds:

(a) there exist A\, u € C such that F(x) = Az, G(x) = px for all z € R;
(b) there exist a,b € U and A\, € C such that F(z) = ax + Az + za, G(x) =
bxr + px + xb for all x € R and f(xy,...,x,)?* is central valued on R.

Motivated by above result we prove our main theorem. In this case we take d to be
an inner derivation and F', G are b-generalized skew derivations. More precisely, the
statement of our main theorem is the following.

Theorem 2.1 (Main Theorem). Let R be a prime ring of characteristic different
from 2 with the center Z(R) and F', G be b-generalized skew derivations on R. Let
U be Utumi quotient ring of R with the extended centroid C and f(xi,...,x,) be
a multilinear polynomial over C' which is not central valued on R. Suppose that

P ¢ Z(R) such that

(PAF(fr o)) Fn o)l = (G, ) Frs ),
for allr = (ry,...,r,) € R", then one of the following holds:

(1) there exist A, u € C' such that F(x) = Az, G(x) = px for all x € R;
(2) there exista,b € U, \, u € C such that F(x) = ar+ x+xa, G(x) = br+pux+xb
for allz € R and f(x1,...,1,)* is central valued on R.

The following corollaries are immediate consequence of our main result.

Corollary 2.1. Let R be a prime ring of characteristic different from 2 with the
center Z(R) and G be a b-generalized skew derivation on R. Let U be Utumi quotient
ring of R with the extended centroid C and f(z1,...,x,) be a multilinear polynomial
over C' which is not central valued on R. If

[G(f(r1y..yrn)), f(re,...yr)] =0,
for allr = (ry,...,m,) € R", then one of the following holds:
(1) there exists X € C such that G(x) = Ax for all x € R;
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(2) there exist a € U, A € C such that G(x) = ax + A\x + za for all x € R and
f(zy,...,2,)% is central valued on R.

Corollary 2.2. Let R be a prime ring of characteristic different from 2 with the
center Z(R) and F be a b-generalized skew derivations on R. Let U be Utumi quotient
ring of R with the extended centroid C and f(z1,...,x,) be a multilinear polynomial
over C'" which is not central valued on R. If

[F(f(r1,...,m0)), f(r1,...,m)] € Z(R),
for allr = (ry,...,r,) € R", then one of the following holds:

(1) there exists A € C' such that F(x) = A\x for all x € R;
(2) there exist a € U, X € C such that F(x) = ax + \x + xa for all x € R and
f(zy,...,2,)% is central valued on R.

If we take F' = d, a skew derivation, then we get the following.

Corollary 2.3. Let R be a prime ring of characteristic different from 2 and d be a
skew derivation on R such that [d(x),z] € Z(R) for all x € R, then either d =0 or
R is a commutative ring.

Let o be any automorphism, then o — 1 is a skew derivation. From above corollary
we get [(a—1)(z), z] € Z(R) which implies either R is commutative or « is an identity
automorphism. Therefore we state the result of Mayne [9].

Corollary 2.4. Let R be a prime ring of characteristic different from 2 and « be an
automorphism on R such that [a(z),z] € Z(R) for all x € R, then either o is an
tdentity automorphism or R is a commutative ring.

3. PRELIMINARIES AND NOTATIONS

Let f(z1,...,7,) be a multilinear polynomial over C'. Then f(xy,...,x,) has the
following form:

f(xh v 7xn) - Z Vola(1)To(2) - - - Lo(n)s
O'ESn

where 7, € C and S,, be the symmetric group of n symbols.
If d is a skew derivation associated with an automorphism « then

d(’yoxg(l)xg(g) .. xg(n)) =d<’yg>xg(1)x0(2) .. Jfa(n)
n—1
+a(Y0) D a(To)To@) - - To())A(Ta(141))To(+2) - - To(m)
7=0

and therefore

d(f(xy,. . 20) =f (1, ..., 2,)

(3.1) + Z Oé(’}/g) Oz(fL‘U(l)[EU(g) .. .[L'U(j))d(xg(j+1)>xg(j+2) - Ta(n),
oESH 7=0
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where f4(x1,...,x,) is a multilinear polynomial originated from f(x1,...,z,) after
replacing each coefficients v, with d(v,). Similarly, we use f*(x1,...,z,) to denote a
multilinear polynomial originated from f(z1,...,x,) after replacing each coefficients
Yo with a(v,). Let SD denotes the set of all skew derivations and SD;, denotes the
set of all skew inner derivations of R.

Further, we will frequently use some important theory of generalized polynomial
identities and differential identities. We recall some of the remarks.

Remark 3.1. If I is a two-sided ideal of R then R, I and U satisfy the same differential
identities [23].

Remark 3.2. 1f I is a two-sided ideal of R then R, I and U satisfy the same generalized
polynomial identities with coefficients in U [5].

Remark 3.3. Let R be a prime ring and o € Aut(R) be an outer automorphism of
R. If ®(z;,a(x;)) is a generalized polynomial identity for R, then R also satisfies
the non trivial generalized polynomial identity ®(z;,y;), where x; and y; are distinct
indeterminates [29].

Remark 3.4. If f(z;,d(z;), a(x;)) is a generalized polynomial identity for a prime ring
R, d is an outer skew derivation and « is an outer automorphism of R then R also
satisfies the generalized polynomial identity f(x;,v;,z;), where z;,y;, z; are distinct
indeterminates ([4, Theorem 1], also see [29]).

Remark 3.5. If d is a non zero skew derivation of R, then the associated automorphism
« is unique [11].

Remark 3.6. From [4] we can state the following result. Let R be a prime ring, d a
non zero skew derivation on R and I a non zero ideal of R. If I satisfies the skew
differential polynomial identity

f(ry, ... rp,d(r), ..., d(ry)) =0,

for any ry,...,r, € I then either

(i) I satisfies the generalized polynomial identity f(ry,..., 7, 21,...,2,) =0 or
(ii) d is skew U-inner.

Remark 3.7. Let R be a prime ring. Suppose 3>i"; a;zb;+ 37 ¢;xq; = 0 for all z € R,

where a;,0;,¢5,¢; € U, 1 <i<nand1<j<m. Ifay,...,a, are C-independent,
then each b; is C-dependent on ¢y, ..., ¢,. Similarly, if b, ...,b, are C-independent,
then each a; is C-dependent on ¢y, ..., ¢y, (see [24, Lemma 1]).

4. ' AND G BE b-GENERALIZED SKEW INNER DERIVATIONS

In this section, we study the situation when F' and G are b-generalized skew inner
derivations of R. Let F(x) = ax + ba(z)u and G(z) = cz + ba(x)v for all x € R and
for some a,b,c,u,v € U. Then we prove the following proposition.
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Proposition 4.1. Let R be a prime ring of characteristic different from 2, U be Utumi
ring of quotient of R with the extended centroid C. Suppose F and G are b-generalized
skew derivations defined as F(z) = ax + bprp~'u and G(z) = cx + bpxp~tv for all
x € R and for some a,b,c,u,v,p € U with invertible p. Let f(x1,...,x,) be a non
central multilinear polynomial over C. If P € R be non central such that

[P (f(r)), F()]] = [G(f(r)), £(r)],
for allr = (ry,...,r,) € R", then one of the following conditions holds:

(1) there exist A\, p € C' such that F(x) = Az, G(x) = px for all x € R;
(2) there exista,b € U, \, u € C such that F(z) = ax+ A r+za, G(r) = br+puxr+xb
for allz € R and f(x1,...,1,)% is central valued on R.

For proof of this proposition, we need the following.

Lemma 4.1. (|26, Lemma 1]). Let C' be an infinite field and m > 2. If Ay, ..., Ay are
non scalar matrices in M,,(C) then there exists some invertible matriz P € M,,(C)
such that each matric PA{P~', ..., PA,P~ has all non zero entries.

Proposition 4.2. Let R = My(C), k > 2, be the ring of all k x k matrices over the
infinite field C' with characteristic different from 2. Let a,a’,b',c,d,P,q,¢,q¢" € R
such that a’x* + Vxq'x — Prax — Prqrq — ax?P — qvq'a P + xax P + xqxcd — quq"x —
xex — xqrq” = 0 for all x € f(R), where f(R) denotes the set of all evaluations of
the polynomial f(x1,...,x,) in R, then either q or ¢ or P is central.

Proof. By our assumption

df(r)2+0f(r)d f(r) — Pf(r)af(r) — Pf(r)qf(r)qd —af(r)*P —qf(r)q f(r)P
A1) +F(r)af ()P + f(r)af (r)e —af(r)q"f(r) = f(r)ef(r) = f(r)af(r)qd" =0,

for all r = (r1,...,r,), where r1,...,7r, € R. We shall prove this result by contradic-
tion. Suppose that ¢ ¢ C, ¢ ¢ C and P ¢ C. Then by Lemma 4.1 there exists a
C-automorphism ¢ of M,,(C) such that ¢(q), #(¢') and ¢(P) have all non zero entries.
Cleatly 6(q), 6(¢'), 9(P), dla), 6(a), 6), Blc), 6(c) and B(g") must satisfy the
condition (4.1).

Let e;; be the matrix whose (i,j)-entry is 1 and rest entries are zero. Since
f(z1,...,x,) is not central, by [23] (see also [25]), there exist si,...,s, € M,,(C)
and 0 # v € C such that f(s1,...,s,) = ve;;, with ¢ # j. Moreover, since the
set {f(ri,...,m) @ ri,...,rn € Mpy,(C)} is invariant under the action of all C-
automorphisms of M,,(C), then for any i # j there exist rq,...,r, € M, (C) such
that f(ry,...,7,) = e;;. Since ¢ is an automorphism, without loss of generality we
write (4.1) after replacing f(r1,...,7,) = e€;;

! 2 / / / 2 /
ae;; +beijqei; — Pejae; — Pejjqeiiq — aei; P — qeyq e P

/ " "
+e,~jaeijP + 6ijqez~jc — qeijq Gi]’ — eijceij — eijqeijq =0.
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It implies that
b'eijq'eij — Peijaej — Peijqeijq’ — qeijq'ei P
(4.2) +eijaeii P+ ejqeiic — qeijq’e; — eijeei; — eijqeiiq” = 0.
Left and right multiplying by e;; in (4.2), we obtain
—eijPeijqeijq ei; — eijqeijq e Peij = 0.
From this we have 2(P);i(q);i(¢') iei;; = 0 or get (P);i(q);i(q')jieij = 0, since char(R) #
2. It gives that either (P);; = 0 or (¢);; = 0 or (¢);; = 0, a contradiction, since P,

g and ¢’ have all non zero entries. Thus, we conclude that either ¢ or ¢’ or P is
central. 0

Proposition 4.3. Let R = M,,(C), m > 2, be the ring of all matrices over the
field C" with characteristic different from 2 and f(z1,...,x,) a non central multilinear
polynomial over C. Let a,a’,V,c,c,P,q,q¢,q" € R such that a'z? + Vxq'v — Prax —
Pzqrq — az*P — qrq' P+ vax P + zqxd — quvg’v — xex — xqrq” = 0 for all x € f(R),
where f(R) denotes the set of all evaluations of the polynomial f(xq,...,x,) in R,
then either q or ¢ or P is central.

Proof. The conclusions follow from Proposition 4.2 in the case of infinite field C'. Now
we assume that C' is a finite field. Suppose that K is an infinite extension of the field
C. Let R= M,,(K) =~ R®¢ K. Notice that the multilinear polynomial f(zy,...,x,)
is central valued on R if and only if it is central valued on R. Suppose that the
generalized polynomial Q(ry,...,r,) such that

Q(ri,....rn) =d f(re,...,rn)2 + 0 f(re,...,r)d f(re,...,7m0)
—Pf(ry,....mp)af(ry,....rm) — Pf(re, . oom)qf(re, oo om)d
—af(ry,...,ma)*P —qf(re,...,m)qd f(ry,...,m)P
+ flre,.orn)af(ry, oo )P+ f(re, o ) f (e, o)
—qf(re, . r)d" f(re, .o orn) — flre, oo r)ef(ry, .o )

(4.3) — flry, .. yr)af(r, . ) g”

is a generalized polynomial identity for R. It is a multihomogeneous of multide-
gree (2,...,2) in the indeterminates ry,...,r,. Hence the complete linearization of
Q(rq,...,ry) is a multilinear generalized polynomial ©(ry, ..., 7., 1,...,x,) in 2n in-
determinates, moreover O(ry, ..., 7, 71, ..., 7)) = 2"Q(r1,...,1,). It is clear that the
multilinear polynomial ©(rq,...,7,, x1,...,x,) is a generalized polynomial identity

for both R and R. By assumption char(R) # 2 we obtain Q(ry,...,r,) = 0 for all
r1,...,7n € R and then conclusion follows from Proposition 4.3. O

Lemma 4.2. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ring U and the extended centroid C' and f(x1, ..., x,) a multilinear polynomial
over C, which is not central valued on R. Let a,a’,V,c,d,P,q,q,q¢" € R such that
a'v?+b¥xq¢rv—Prar—Prqrq —ax?P—qxqx P+xax P+xqud —qug"v—xcx—xqrq” =0
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for all x € f(R), where f(R) denotes the set of all evaluations of the polynomial
f(z1,...,2,) in R, then either q or ¢ or P is central.

Proof. We shall prove this by contradiction. Suppose that none of ¢, ¢ and P is in
C'. By hypothesis, we have

h(zy,. .., 2n) =d' f(z1, ..., 2,)2 +0 f(zr,...,20)d f(z1,...,20)
— Pf(xy,...,xn)af(xy, ..., xn) — Pf(xy, ..., x0)qf (21, ..., 20)q
—af(zy,...,2)*P —qf(x1,...,2,)q f(z1,...,2,)P
+ fz, .. xn)af(xy, .. x0) P+ f(xy, .. xn)qf (2, .. 20
—qf(xe, . )" fxe, o xn) — foe, . xp)ef(xy, ... xy)
(4.4) — flxy, .. @) f (2, . x0)q,

for all x1,...,x, € R. Since R and U satisfy same generalized polynomial identity
(GPI) (see [5]), U satisfies h(xy,...,x,) = Op. Suppose that h(zy,...,x,) is a trivial
GPI for U. Let T = U x¢ C{z1,...,x,}, the free product of U and C{zy,...,z,},
the free C-algebra in non commuting indeterminates x1,...,z,. Then h(zy,...,x,)
is zero element in T' = U x¢c C{x1,...,x,}. Since neither ¢ nor ¢’ nor P is central,
hence the term

—Pf(xy,...,xn)qf (1, ..., 20)d —qf (x1,...,20)¢ f(21,...,2,) P

appears nontrivially in h(z,...,x,). Thus, U satisfies

—Pf(xy,...;x0)qf(x1, ..., 20)qd —aqf (x1,. .., x0)d f(x1,. .., 2,) P = Op.

Since P ¢ C, hence it implies that Pf(z1,...,2,)qf(x1,...,2,)¢ = 0. This gives a
contradiction, i.e., we have either P € C or ¢ € C or q € C.

Next, suppose that h(x1,...,x,) is a non trivial GPI for U. In case C' is infinite, we
have h(xy,...,2,) =0 for all xy,...,2, € U ®c C, where C is the algebraic closure
of C. Since both U and U ®¢ C are prime and centrally closed [22, Theorem 2.5 and
Theorem 3.5], we may replace R by U or U ®¢ C according to C' finite or infinite.
Then R is centrally closed over C' and h(xy,...,x,) = 0 for all z1,...,z, € R. By
Martindale’s theorem [30], R is then a primitive ring with non zero socle soc(R) and
with C as its associated division ring. Then, by Jacobson’s theorem [15, page 75|, R
is isomorphic to a dense ring of linear transformations of a vector space V over C.

Assume first that V is finite dimensional over C', that is, dimc V' = m. By density
of R, we have R = M,,(C). Since f(ry,...,r,) is not central valued on R, R must be
non commutative and so m > 2. In this case, by Proposition 4.3, we get that either
PeCorq eCorqeC,a contradiction.

Next we suppose that V is infinite dimensional over C'. By Martindale’s the-
orem [30, Theorem 3], for any e¢* = e € soc(R) we have eRe = M,(C) with
t = dimg Ve. Since we have assumed that neither P nor ¢ nor ¢ is in the cen-
ter. Then there exist hi, hg, hy € soc(R) such that [P, hy] # 0, [¢g,hs] # 0 and

/
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[¢', hs] # 0. By Litofl’s Theorem [7], there exists an idempotent e € soc(R) such that
Phy, hi P, qhs, haq, ¢ hs, hsq', hy, ho, hy € eRe. Since R satisfies generalized identity

e{a'f(exle, expe)t + b f(exe, ... exne)d fexre,. .. exne)

— Pf(exye, ... expe)af(exye, ... expe) — Pf(exye, ... exne)qf(exse, ... exne)d
—af(exre, ..., exne)*P —qf(exie, ... exne)d fexre, ..., exne)P

+ f(exe, ... expe)af(exe, ... ex,e)P + f(exye, ... exye)qf(exse, ..., exne)d
—qf(exye, ... exne)d" f(exye, ... exne) — flexie, ... expe)cf(exie,. .. exye)

— flexye, ... expe)qf(exye, . .. ,e:z:ne)q”}e,

the subring eRe satisfies

{ea’ef(xl, o) rebef(xy,. . xn)edef(x, ..., 1)
—ePef(z1,...,xp)eaef(x1,...,x,) —ePef(x1,...,xn)eqef(xy,. .., x,)ed e
—eaef(xy,...,1,)°ePe —eqef(xy,...,1,)ed ef(x1,. .., z,)ePe
+ f(x1,...,zn)eaef(xq, ..., x,)ePe+ f(xy, ..., x,)eqef(xq, ..., x,)ece
—eqef(xy,...,xn)eqd ef (x1, ..., 20) — f(xy, ..., xp)ecef (1, ..., x,)
— f(x1, ..., xn)eqef(xy, . .. ,zn)eq"e}.

Then by the above finite dimensional case, either ePe or ege or eq’e is central element

of eRe. Thus either Phy = (ePe)h; = hyePe = hy P or qghy = (eqe)hy = ha(eqe) = hag
or ¢'hg = (eq'e)hs = hs(eq'e) = hzq’, a contradiction. |

Lemma 4.3. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ring U and the extended centroid C, f(x1,...,x,) a multilinear polynomial
over C which is not central valued on R. Let F and G are mappings defined as
F(x) = ax+bzru, G(x) = cx+bxv for some a,b,c,u,v € R. Let P € R be non central
such that [P, [F(a:),:c]] = [G(z),z] for all x € f(R), where f(R) denotes the set of
all evaluations of the polynomial f(z1,...,x,) in R, then either b is central or u is
central.

Proof. By applying similar argument as we have used in Lemma 4.2, we get our desired
result. U

Remark 4.1. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ring U and the extended centroid C, f(x1,...,x,) a multilinear polynomial
over C' which is not central valued on R. Let P,p,q € R and P non central be such
that [P, [p, m]} = [q,x] for all z € f(R), where f(R) denotes the set of all evaluations

of the polynomial f(x1,...,z,) in R, then p and g are central.

Proof. Similar as proof of Lemma 4.2. O
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Remark 4.2. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ring U and the extended centroid C, f(z1,...,x,) a multilinear polynomial
over C' which is not central valued on R. Let a € R be such that af(ry,...,m,) € C
for all rq,...,r, € R, where f(R) denotes the set of all evaluations of the polynomial
f(z1,...,2,) in R, then a = 0.

Proof. By applying similar argument as we have used in Lemma 4.2 we get a € C. If
a # 0 then from af(xy,...,2z,) € C, we get f(xy,...,x,) € C for all xy,...,z, € R,
a contradiction. Therefore, we must have a = 0. O

Now we are in position to prove Proposition 4.1.

Proof of Proposition 4.1. From Lemma 4.2, we get either P € C or bp € C or p~lu €
C'. Since P ¢ C, we shall study following cases.

Case-I. If bp € C then F(z) = ax + zbu and G(z) = cx + xbv are generalized inner
derivations. By [18, Lemma 3.6] we get our conclusions.

Case-II. If p~'u € C then F(x) = (a+bu)r = v'z, G(x) = cx+bprp~tv = cx+qzq”,
where v/ = a+bu,q = bp,¢" = p~'v . Then from [P, [F(z), x]} = [G(x), x], R satisfies
the generalized polynomial identity 6(zy,...,z,) which can be written as

O(x1,...,2,) =Pu' f(x1,...,2,)* — Pf(xy, ..., 200 f(z1,...,2,)
— ' f(zy,. .. 2)* P+ f(zy, .. x)u f(21, ..., 20) P
—cf(xy, ..., 1) —qf (21, ..., 20) " f(21, ..., 20)
(4.5) + flxr, . xn)ef(xn, o m) + f(xn, - wn)af (@, 20) G

If O(xy,...,x,) is a trivial generalized polynomial identity for R then each of the
following is a trivial generalized polynomial identity for R:

o PUf(x1,...,x0)% = Pf(xy,...,¢)u f(xy,...,2,) — U f(z1,...,2,)°P
+ fxy, ... e )W f2y, ..., 2,) P
o —cf(wy,...,2,)°+ fz1,...,z0)cf(xy, ... 20);
o —qf(xy,...;x)d" f(xr,...;z0) + f(x1, .. xn)qf (2, .. 20)q".
Therefore, we must have v/ € C, ¢ € C and ¢q,¢" € C. In this case we get our
conclusion.

If O(xy,...,x,) is a non trivial generalized polynomial identity for R then by Matin-
dale’s theorem [30] U is a primitive ring having non zero socle with the field C' as its
associated division ring. By [15, page 35| U is isomorphic to a dense subring of the
ring of linear transformations of a vector space V over C, containing non zero linear
transformations of finite rank. Assume first that dimc V' = k > 2 is a finite positive
integer, then U = M(C') and the conclusion follows from Proposition 4.3.

Now suppose that dime V' = oo. Then the set f(U) = {f(r1,...,rn) :r; € U} is
dense on U, see [31, Lemma 2|. By the fact that 0(z,...,x,) = 0 is a generalized
polynomial identity for U, therefore U satisfies the generalized polynomial identity

(4.6) Pu'a? — Pru'x — uW'2®P + zu'xP = ca® + quq’x — xex — xqrq”.
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In (4.6) replace z by x + 1 we get
(4.7) Pu'z — Pxu' —u'zP + x2u'P — cx — q¢"x + xc + 2qq" = 0,
for all z € U. Replace x by xy in the expression (4.7) we get
(4.8) Pu'vy — Pryu' — v'zyP + xyu' P — cxy — q¢" vy + xyc + zyqq” = 0,
for all z,y € U. Now multiply from right side by y in expression (4.7) we get
(4.9)  Pu'zy — Pxu'y — 'z Py + xu' Py — cxy — q¢"xy + xcy + xqq"y = 0.
Comparing (4.8) and (4.9) we get
(4.10) Pxlu',y] + u'z[P,y] + z[—u'P — ¢ — q¢",y] = 0,
for all z,y € U. By Remark 3.7 either v’ € C' or there exist A\, y1, depending on y
such that [P, y] = A\[u/,y] and [—u'P — ¢ — qq",y] = p, [/, y]. If v’ € C then by [3,
Main theorem| we get our conclusions. If «' ¢ C then there is some yy € U such that
(v, yo] # 0. Therefore, we have [P, yo] = Ay, [/, yo] and [—u'P—c—qq", yo] = 1y [1', o).
Substituting these values in (4.10) we get

Px[u/, Yol + U/I/\yo [U/, Yo + L Hyo [u/v Yol = (P + u,)‘yo + :uyo)x[u/v Yo] =0,

by primeness of U we get P +u'Ay, + jty, = 0. We note that A\, # 0 otherwise P € C,
a contradiction. Substituting the value of P in (4.10) we get
2\ otz y] + 2[—Au? — ¢ —qq”,y] = 0.

Again by Remark 3.7 there exists 1, depending on y such that [—\,,u? —c—qq",y] =
ny[w',y]. Since v’ ¢ C' there is some yy such that [/, yp] # 0. For fixed 75,, we have
[= Aot = ¢ = qq", yo) = ny [’ 9] Thus, we get (2A,,u’ + my )z [u, yp] = 0 for all
z € U. The primeness of U gives 2\,,u’ + 1, = 0. Since charR # 2 and \,, # 0 we
get u' € C, a contradiction. O

Proposition 4.4. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ring U and the extended centroid C, f(xy,...,x,) a multilinear polynomial
over C' which is not central valued on R. Suppose that F' and G are b-generalized skew
derivations associated with an outer automorphism « defined as F(x) = ax + ba(x)u,
G(z) = cx + ba(z)v for all x € f(R) and for some a,b,c,u,v € R. Let P € R be
non central element of R such that {P, [F(f(r)), f(r)]] = [G(f(r)), f(r)] forall f(r) €
f(R), where f(R) denotes the set of all evaluations of the polynomial f(xy,..., z,) in
R, then one of the following holds:

(1) there exist A, u € C' such that F(x) = Az, G(x) = px for all x € R;

(2) there exista,b € U, \, u € C such that F(x) = ax+ x+xa, G(x) = br+pux+xb

for allz € R and f(xy,...,1,)% is central valued on R.

Proof. From the given hypothesis we get

[P, laf(xy,...,2n) +ba(f(xy, ..., 20)u, f(x,... ,xn)]}
=lef(xy, ..., xn) +ba(f(z1, ... z0))v, f(x1, ..., 2,)],
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for all z1,...,2, € R. Since R and U satisfy the same polynomial identity we get

[P laf(wr, . an) +balf @z, (o, )]
=lcf(xy, ... x,) +ba(f(z1,...,z0))0, f(T1,. .., T0)],
for all zq,...,2, € U. By Remark 3.3 above expression becomes
[Plaf(@e o) + bWy, o, )]
=lcf(z1,. . xn) F0 %Y1,y yn)v, f(T1, . 2],

for all x1,...,2,,y1,-..,Yyn € U. In particular, U satisfies the blended component
[P, laf(xy, ..., 20), f(z1,... ,xn)]] =lef(zr, .. xn), f(or, .., 2,)]
Now result follows from Proposition 4.1 by taking F'(z) = az and G(z) = cz. O

5. PROOF OF THE MAIN THEOREM

We can write F(x) = ax + bd(z), G(z) = cx + bd(x) for all x € R and for some
a,b,c € U, where d,0 are skew derivations on R. If d and § both are skew inner
derivations on R then by Proposition 4.1 and Proposition 4.4, we get our conclusions.
If b = 0 then also we get our conclusions from Proposition 4.1. So assume b # 0. Now
we assume that both are not skew inner derivations. We shall study the following
cases.

Case-I. Let d be skew inner and § be outer. In this case we write F'(x) = az+ba(x)u
and G(z) = cx + bd(z). From given hypothesis we get

P laf(@r, o an) +ba(f (2, wa))u, f, )]
(5.1) =lcf(xy, ..., xn) +00(f(x1,. .. xn)), (1, ..., 20)].
Substituting the value of 6(f(z1,...,x,)) from (3.1) in equation (5.1), we get

{P, laf(xy,...,2n) +ba(f(x1, ..., 20))u, f(z1,... ,xn)]}

:{Cf(l'l, PN ,l’n) + bfé(l‘h s 7:["71)
n—1

(52) +b Z a(’}/g) Z O((.Qia(l) .. .xa(j))é(xg(j+1))ma(j+2) o To(n), f(a:l, ... ,xn) .

0cESH 7=0

Since 0 is outer, by using Remark 3.6 in above expression, we get

[P, laf(xy,...,xn) +ba(f(xy, ..., z0)u, f(x,... ,xn)ﬂ

cf(zr, . x) + 0 (21, 2

n—1
(5.3) +0 Y alve) D a(To) - To()) Yo (1) Ta(i12) - - - To(nys £ (21, - >$n)] :
7=0

gESn
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In particular U satisfies the blended component

(5.4) by « Z o To()) Yo (41 Ta(j42) - - - Ta(n), f(T1, -+ Tn) |

gESy

Suppose « is an inner automorphlsm. In (5.4) replace y,1) = Z,1) and Yo = 0 for
all i > 1, we get
[bf(xl, ey ), [z, . ,xn)} = 0.
Conclusions follow from the inner case.
Suppose « is an outer automorphism, then for y,m) = a(To@m)), a(Tsa)) = to for
all i and y,(;) = 0 for @ < n in (5.4) we get

b (tr, o tn), f(21, .y 2)] =0,

for all ¢1,...,t,,21,...,2, € U. By Remark 4.1 we get bf*(t1,...,t,) € C for all
t1,...,t, € U and by Remark 4.2 we get b = 0, a contradiction.

Case-II. Now we assume that d is an outer derivation and ¢ is a skew inner
derivation then we write F'(z) = ax + bd(z) and G(z) = cz + ba(x)v. Then our
hypothesis becomes

[P laf(@r, . xn) + bd(f (21, 20)), a1, 2)]]
(5.5) =lcf(z1,... xn) +ba(f(z1,...,x0))v, f(21,...,2,)]

We substitute the value of d(f(z1,...,z,)) from (3.1) in above equation, we get that
U satisfies

P, {af(:cl,...,acn) +bf N2y, ..., )

DI Z + Zo(3))A(Zo(j11)) To(j12) - - Loy, (21, xn)}]

o€Sn
=lcf(xq,... ,xn) + boz(f(xl, ces ), f(Tr, )]

Since d is outer derivation, by using Remark 3.6 in above expression, we get

P, {af(q:l,...,xn) +bf 2y, ..., )

|
—

+ b Z Ig(l) ces Jfg(j))yg(j+1)xg(j+2) oo xa(n)7 f(fEl, c. ,Inﬂ]

€Sy j 0
=lcf(z1,. .. xn) +ba(f(z1, ..., x0)0, f(T1,.. . 2],

where d(z;) = y;. In particular, U satisfies the blended component

b a Z ATo(1) - - To())Yo(j+1) Ta(j+2) - - - Ta(n), f(T1, . .. ,Zﬁ'n)”

O'GSn :

(5.6)
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Suppose « is an inner automorphism. Replace y,1) = 7o) and y,u) = 0 for all
i > 11in (5.6) we get [P, [bf(xl,...,xn),f(xl,...,xn)]} =0 for all zy,...,2, € U.
Conclusions follow from inner case.

Now suppose « is an outer automorphism, then for ¥,y = a(zom)), A(To@)) = ton)
for all i+ and y,;) = 0 for i < n in (5.6) we get

[P Ibfo (1, ta), f (21, 2a)]] = 0,

for all ¢1,...,t,,21,...,2, € U. From Remark 4.1 we get bf*(t,...,t,) € C for all
ty,...,t, € U and by Remark 4.2 we get b = 0, a contradiction.

Case-III. Now we suppose that none of d and § are skew inner derivations. In this
case we write F'(z) = ax + bd(x), G(x) = cx + bd(x), where d and 0 both are outer
derivations. Now we have the following two subcases.

d AND 0 BE C-LINEARLY INDEPENDENT MODULO SD;,
In this case from our hypothesis, U satisfies
P laf(@r, . an) + bd(f (21, 20)), Fa, - 2)]|
(57) :[C$+b5(f(l’1,...7{En)),f(l’1,...7{l}n)].

We substitute the value of d(f(xy,...,x,)) and §(f(x1,...,x,)) from (3.1) and use
Remark 3.6 to (5.7) then U satisfies

P, {af(a:l,...,xn) —i—bfd(arl,...,a:n)

I
—

+b Z xg(l) .. .xg(j))yg(j+1)xg(j+2) o To(n), f(.%'l, . 7%1)}]
€S j 0

= Cf(l.la-"axn)+bf5(x17-"7xn)

|
_

+b Z xa(l) .. .xg(j))zg(j+1)xa(j+2) o To(n), f(xl, ... ,xn)] ,
€Sy j 0

where y,(j41) = d(To(j+1)) and Ze(j41) = 6(To(j+1)). In particular, U satisfies the
blended component

n—1

(5.8) [b Z a(7s) Z UTo(1) - - To(j)) Zo(j+1) To(j42) - - Ta(n)s J (T1,- - - 7%)] :
ogeSy 7=0

Suppose « is an inner automorphism. Replace z,(1) = ,(1) and z,; = 0 for all ¢ > 1

in expression (5.8) we get [bf(z1,...,2,), f(21,...,2,)] = 0 for all zy,...,z, € U.

Conclusions follow from inner case.
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Now suppose a is an outer automorphism. Then for 2,1) = 2,(1) and 2,(;) = 0 for
i >11in (5.8) we get

(5.9) Bt ), f(n, )] = 0,

for all ¢1,...,t,,21,...,2, € U. By Remark 4.1 we get bf*(ty,...,t,) € C for all
ty,...,t, € U. By Remark 4.2 we get b = 0, a contradiction.

d AND 0 BE C-LINEARLY DEPENDENT MODULO SD;,

Since d and § be C-linearly dependent modulo SD;,, there are some A\, u € C, ¢ € U
such that Ad(z) 4+ ud(z) = ¢z — a(x)q for all x € R.

If A\ =0 and g # 0 then §(z) = gz — a(x)q, where ¢ = p~'q' is a skew inner
derivation, a contradiction.

If A\ # 0 and p = 0 then d(z) = gr — a(z)q, where ¢ = A\7!¢ is a skew inner
derivation, a contradiction.

Suppose X # 0 and u # 0 and we write d(x) = 86(x)+qr—a(x)q, where 8 = —\"'y,
g = A"'¢’. Now from our hypothesis we have

[P, l[af(xy,...,x,) +000(f(x1, ..., 2)) +bgf(x1,. .., 2,) — ba(f(z1,...,2,))q,
Flan, )| = lef (@, wn) +00(f (e, wn), f@, o w)].

Substituting the value of §(f(xy,...,2,)) from (3.1) in above expression we get

P, laf(zy,...,2n) +bBf° (21, ..., x)

n—1
+ b5 Z a(Vy) Z A(To1) - - - Ta()) Zo(j41)To(j+2) - - - Tom) + 0qf (21, ..., Ty)
=0

oESy

(5.10)  —ba(f(z1,...,2n))q, fx1,... ,xn)”

cf(xy,...,x) +bf5(:1:1,...,xn)

O'ESn

n—1
+b Z a(v,) Z A(To(1) - - - To()) Zo(j41)Co(j+2) - - - Ta@m), f(T1, .. ,xn)] ,
=0

where 2,(j41) = 0(Zs(j4+1)). In particular, U satisfies the blended component

n—1
P, [bﬁ Z Oé(’)Q,) Z Oé(l’g(l) .. .Ig(j))zg(j+1)xg(j+2) .. .xg(n), f(xl, ce ,l’n)}]
j=0

O’GSn

n—1

(5.11) =1b Z a(’)/g) Z a(xa(l) .. .xg(j))zg(j+1)x0(j+2) .. .Jig(n), f(:(]l, .. ,xn)] .

| 0ESK 7=0
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Suppose « is an inner automorphism. Replacing z,(1) = (1) and 2,4y = 0 for ¢ > 1
in (5.11) we get

(P [bBF (1, wn), f(1, - wa)]| = bf (1, @), f(n, )],

for all z1,...,x, € U. Conclusions follow from inner case.
Suppose « is an outer automorphism. Replace z,(m) = a(Zom)), (Tn)) = o for
all i and z,(;) = 0 for i < n in (5.11) we get

(P68t ta), fan, s wn)l] = (- ), @3],

for all ¢1,...,t,,x1,...,2, € U. By Remark 4.1 we get b3f*(t1,...,t,) € C and
bf*(ty,...,t,) € C for all ty,...,t, € U. In both cases bf*(t,...,t,) € C for all
t1,...,ty, since 0 # § € C. By Remark 4.2 we get b = 0, a contradiction.

Similarly, if we consider §(z) = fd(x) + qr — a(x)q for all z € R then we get a
contradiction.
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(FUZZY) FILTERS OF SHEFFER STROKE BL-ALGEBRAS
TAHSIN ONER!, TUGCE KATICAN!, AND ARSHAM BORUMAND SAEID?

ABSTRACT. In this study, some (fuzzy) filters of a Sheffer stroke BL-algebra and
its properties are presented. To show a relationship between a filter and a fuzzy
filter of Sheffer stroke BL-algebra, we prove that f is a fuzzy (ultra) filter of C' if
and only if f, is either empty or a (ultra) filter of C' for each p € [0, 1], and it is
satisfied for p = f(1) and for the characteristic function of a nonempty subset of a
Sheffer stroke BL-algebra.

1. INTRODUCTION

The idea of fuzzy set theory as well as fuzzy logic was propounded by Lotfi Zadeh
([20, 21]). The interest in foundations of fuzzy logic has been rapidly proceeding
recently and many new algebras playing the role of the structures of truth values have
been introduced.

The most important task of artificial intelligence is to make computers which
simulate human behaviors. The classical logic deals with certain information while
nonclassical logic such as many valued logics and fuzzy logic engages in uncertainty,
or fuzziness and randomness. Since fuzziness and randomness are closely related to
human’s intelligence and behaviors, the fuzzy theory using in many various areas from
science to technology plays an important role in improving artificial intelligence.

Filters have fundamental importance in algebra and play significant role in studying
fuzzy logics. From logical point of view, they correspond to sets of provable formulas.
Besides, they have a variety of some applications in logic and topology. Different
approaches of fuzzy filters have been investigated by many authors ([6,9,10,18]).

Petr Hajek introduced the axiom system of basic logic (BL) for fuzzy propositional
logic and defined the class of BL-algebras [5]. He presented filters and prime filters
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on this algebraic structure and gave the completeness proof of basic logic by using
these prime filters [5]. Since the filters and fuzzy filters have an important place in the
logical algebra theory, Boolean, positive implicative, maximal, prime, proper filters
and implicative deductive systems on BL-algebras are researched ([6,8]). In recent
times, Liu and Li studied on fuzzy filters on a BL-algebra (]9, 10]), and Saeid et al.
analyzed some kinds of filters, open problems on fuzzy filters and double complemeted
elements of BL-algebras ([1-3]). Also, Xueling et al. generalized fuzzy filters of BL-
algebras [18] and Zhan et al. examined on their some types [17]. Moreover, Yin and
Zhan researched new types of fuzzy filters in these algebras [19]. Indeed, Haveshki
and Eslami investigated n-fold filters of BL-algebras [7] and Motamed et al. studied
on n-fold obstinate filters [12] and radicals of filters in BL-algebras [13]. Besides, H.
M. Sheffer introduced Sheffer operation [16], and then McCune et al. showed that
every Boolean function or axiom may be restated by this operation [11]. Since the
Sheffer operation is a commutative, it satisfies that many algebraic structures have
more useful axiom system. Recently, Sheffer stroke Hilbert algebras and filters a
strong Sheffer stroke non-associative MV-algebras are studied (for details [14] and
[15], respectively).

We first give basic definitions and notions related to a Sheffer stroke BL-algebra, and
present new properties. Then some kind of (fuzzy) filters are defined and exemplified.
Besides, we prove that f is a fuzzy (ultra) filter of a Sheffer stroke BL-algebra if and
only if f, = {c1 € C :p < f(c1)} # 0 is its (ultra) filter for any p € (0, 1], and it is
satisfied for p = f(1) and for the characteristic function yp of P in which P is the
nonempty subset of a Sheffer stroke BL-algebra.

2. PRELIMINARIES

In this section, we give fundamental definitions and notions about Sheffer stroke
BL-algebras, BL-algebras, filters and fuzzy filters of BL-algebras.

Definition 2.1 ([4]). Let € = (C,|) be a groupoid. The operation | is said to be a
Sheffer stroke if it satisfies the following conditions:

(S1) c1]ca = ea|eq;

(52) (crler)|(erlez) = e

(53) cil((eales)[(czles)) = ((erlea)[(enlea))es;

(54) (er]((erle)l(eale2)))|(eal((erler)[(ezle2))) = cr

Definition 2.2. A Sheffer stroke BL-algebra is an algebra (C,V,A,|,0,1) of type
(2,2,2,0,0) satisfying the following conditions:

(sBL—1) (C,V,A,0,1) is a bounded lattice;

(sBL —2) (C,]) is a groupoid with the Sheffer stroke;

(sBL =3) c1 A ey = (er] (el (cz2le2)))l (el (eal(eale2)));

(sBL —4) (a1|(e2]c2)) V (e2|(cr]er)) = 1,
for all ¢1, ¢ € C.

1 = 0|0 is the greatest element and 0 = 1|1 is the least element of C.
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Ezample 2.1. Consider a structure (C,V, A, |,0,1) with the following Hasse diagram
(see Figure 1), where C' = {0,u, v, 1}.

FIGURE 1.

The binary operations |, V and A on C' have Cayley tables as follow in Table 1, 2
and 3.

TABLE 1. The table of a Sheffer stroke |

110 u v 1
01 1 1 1
ull v 1 v
vl 1 v u
1/1 v u O

TABLE 2. The table of Vv

\/‘Ouvl
00 v v 1
ulu u 1 1
viv 1 v 1
111 1 11

TABLE 3. The table of A

/\\Ouv 1
00 0 0 O
u|0 u 0 u
v|0 0 v v
110 v v 1

Then this structure is a Sheffer stroke BL-algebra.
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FIGURE 2.

Ezample 2.2. Consider a structure (C,V, A, |,0,1) with the following Hasse diagram
(see Figure 2), where C' = {0,a,b,¢,d, e, f,1}.

The binary operations |, V and A on C' have Cayley tables as follow in Table 4, 5
and 6. Then this structure is a Sheffer stroke BL-algebra.

TABLE 4. The table of a Sheffer stroke |

el e e e el =)
[ T T J = NS
A D RO PO~
QAU D AUD
—Q 0 QD

— 0 QU0 N O—
e e N e i N el IS
QL — Q=0
STESUES O - e Ky

TABLE 5. The table of Vv

S 0 QO Q2 OO
— =0 Q0 QAU QR
= = QS O o
=SS O = O S0 o0
o= QL QR
= 0O RO =0 00
e N e N N e
e e e

RS 0 Q0 o9 oK

Proposition 2.1. In any Sheffer stroke BL-algebra C, the following features hold,
for all ¢y, cq,c3 € C:
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TABLE 6. The table of A

ANlODO a b c de f 1
0j/0 OO OO0OOTUO0UDO0
al0 a 0 0 a a 0 a
b0 O b O b O b b
c|l0 0 0 c¢c 0 ¢c ¢ c
d|0 a b 0da b d
el0 a 0 c a e ¢ e
f10 0 b ¢ b ¢ f f
110 a b ¢ d e f 1

(1) er|((eal(esles))l(cal(esles))) = cal((erl(esles))[(erl(esles)));

(2) al(ele) =1

(3) 1(erler) = e

(4) ar|(1]1) = 1;

(5) (aDl(all) = e

(6) (c1|e2)|(e1|e2) < ez e 1 < eol(esles);

(7) c1 < ¢ if and only if c1|(ea|co) = 1;

(8)0 <02|(01|cl)

(9) a1 < (alez)le

(10) (a) (erl(erf(ealex)))l(erl(erl(ezles))) < ey

(0) (ail(erl(ealea)))[(erl(erl(eale2))) < ca;
(11) if ¢y < co, then

(
(#) (ciles)|(erles) < (cales)|(eales);
(iii) cal(csles) < cal(es|cs);
ci(ealea) < (esf(erler))l((esl(calea))l(esl(c2le2)));
ci(ealea) < (caf(esles))((eal(esles))l(erl(esles)));
((e1 Vea)les)[((e1 V ea)les) = ((01|C3f (ciles)) V ((cales)|(cales));
(1

)
)
i) csl(cifer) < esf(calca);
)
)

(12)
(13)
(14) |

(15) c1V ea = ((c1](ealea))|(ealea)) A ((e2l(ci]er))|(erler))-

Proof. (1) It follows from (S1) and (S3).

(2
We have 1|(c1|c1) = (e1|(e1|er))|(er]er) = ¢ from (2), (S1) and (52).

It follows from (S1), (S2) and (3) that
(@[Dl(e]1) = Al(ale)(ele)I(cled](alen)) = (ale)l(ala) = e

)
(3)
(4) It is obtained from (3), (S1) and (S2) that ¢;|(1]1) = (1](c1|er))[(1]1) = 1.
(5)

43

We get ¢1|(c1|e1) = (e1|(ei|er)) V (er|(er|er)) = 1 from (sBL —1) and (sBL —4).

(6) (=) Let (c1]c2)|(c1]e2) < es. Then it follows from (sBL — 1), (sBL — 3), (S1)

and (S3) that
(cilea)|(ci]e2) = ((erlea)|(erlea)) A es

= (((erle)[(erle))[(((er]e2)|(er]ea))|(esles)))
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|(((exle)|(eale2)) | ((erle2)[(er]c2))]
= (ea|((c1[(cr[((c2l(es|cs))|(eal(esles))
|(cxl(ex|((e2|(esles))|(e2] (esles))))))
(caf((e1|(er]((e2l(esles))[(e2l (esles))
[(ca](ea]((eal(esles))[(c2|(cses))))))

for all ¢y, o, c3 € C. Thus, we have

c1 A (ea|(esles)) =(e|(en|((e2](csles))
[(c1](er]((eal(esles)
=(c1](((er]e2)|(er]e2)
|(er|(((erle2)|(erlen
= (e (((e2f ((ex](en] ((
)

(csles)))
)
)

)
) (*1),

|(c2[(es]es))))
)(c2l(esles)))))  (sBL —=3)
)|(esles)))
Dl(esles))) — (S3)
ca|(esles))|(e2|(esles)))))
|(c2[(esle3)))))))
e
|

|01 Co 03|C3

(1]
|((er
af(al

(

(
(c1l(cr
(csles))
(

(

¢ (csles))
c ((cal(esles))|(cal (cales)))))
(esles))l(eal (esles))))))))
|((Ceal ((exl(exl((cal (sles))
Dl(el(e
((c2|(cs

|

1] (e ((

2 (1] ((e2l(c
((e2

)|(c
3)))l (1
(

cal(esle

1] ((e2|(esles))[(e2l (esles)))))))
|c3)
(¢
|c

(cal(e

|

|

|

|

|

| ) (c2l(es]es)))))
(crl(ea]((eal(esles))I(eal(esles))))))))I(esles))) (1)
=(cr|(((eal(er|((ea|(es|es))|(e2l (es]es))))
| 3
|
|
|
=(
|

|
|
|
)
cal((c1| (e
I

c1|(er] ((eal(es|es)) | (ol

) csles)))))
cr|(((eaf(er|((eal(esles)
)

)

|(c2|(esles
csles))))))
(c2|(es|es))[(c2l(es]es)))))  ((S1) and (S3))
I

|
ci|(er]((eal(esles))|(czl
o
cr|((er]((eal(esles))[(e2l(esles)))) (e ((e2l(es|es))
| 3
1]

o~ o~ o~ —~
~—_ TN — T

(col

(cal(esles))))l(ea] ((cal(esles))|(eal (esles)))))))

)I(ezl(eslea)) DI ((eal((e2l(esles))
|(cal(es|es))))))

ca|(esles))|(c2l(esles)))))))  ((S1) and (S3))

|(cx| (el ((e2l(csles

|(c2l(ezles))))I (el

=(cr|D[(cr|) (2
=cy 5),

ie., c; < cal(esles) from (sBL —1).
(<) Let ¢1 < ¢2(esleg). Then we obtain from (sBL — 1) and (sBL — 3) that

(
)
|
)

(
) 2
( )
)

c1 = c1 A (o] (esles))

= (crl(eal((eal (esles))|(eal(eslea))DI (erl(er|((eal(eslea))(eal(esles))))  (xa),
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for all ¢y, o, c3 € C. Thus, it follows

((erlea)[(erle2)) A ez =(((er]e2)|(er]ea))[(((er]ea)|(erlez)) | (esles)))
[(((c1]ea)[(ealea))|(((erlea)[(crle))|(esles)))  (sBL —3)
=(co|((er(er|((e2|(csles))[(cal(es]es))))
[(c1](er] ((eal(esles))|(c2l(csles)))))
|(ca|((er|(ea| ((ca|(csles)) (el (csles
[(erl(ea|((eal(esles))[(cal(csles))))
=(cilez)|(erlen ((*2) and (S1)
i.e., (c1]ce)|(c1]ce) < Cs from (sBL — 1).

(7) Let ¢; < ¢y. Then we obtain from (5) and (S1) that ¢; = (1]c1)|(1]e1) < co.
So, it follows from (6) that 1 < ¢|(c2|c2). Since it is known ¢;](ca|c2) < 1 for all
c1,09 € A, we have cq|(ea|er) = 1.

Conversely, let ¢q|(ca]ca) = 1. Because it is known ¢; < 1 for all ¢y € C, we
get ¢; < 1 = ¢1](ca|ce) by the hypothesis. Thus, it follows from (6) and (S2) that
c1 = (e1ler)|(erler) < e

(8) Since it is known that ¢; < 1 for all ¢; € C, we have

<l < Cll(cl‘cl) (2)
< (ale)l(ale) <a ((6) and (S1))
= C S C2|(01|C1) (6)

(9) For all ¢1,¢0 € C, it follows from (6), (S2) and (S1), respectively, that
(c1lea)[(erlea) < (erlea)[(crlea) & e < (ci]ez)len.
(10)
(a) Because ¢; < ¢ for all ¢; € C, we get from (52), (S1) and (6), respectively,
that

a < e a < (al(ele))l(cala) < (al(al(ele)))l(cl(el(ele))) < a.

(b) Since ¢1|(c2|c2) < er](ca|e2) for all ¢y, ¢y € C, it is obtained from (6) and (S1)
that

—~

)

(
|
)
)
)
) ((S1) and (S3))

)
)
)
)

s N
~_ —

ci|(ealea) < erf(ealez) & (arl(er|(eale2)))l(er|(erl(eale2))) < ca.
(11) Let ¢; < co.

(1) We have (cs|(cs|(c1ler)))|(es|(es](cr]er))) < e < ¢g from 10 (b) and the hypoth-
esis. So, we get from (S1) and (6) that cs|(c1|c1) < es](ca|e2).
(17) We know ¢; < ¢o < (c2|c3)|es by (9) and the hypothesis. Therefore, it follows
from (S1), (S2) and (6) that (c1]cs)|(c1|es) < (eales)|(cales).
(7i1) It is obtained from (i7) and (10) (b) that

c1|((eal(esles))|(cal(esles))) < eal((eal(esles))|(cal(csles))) < cs.
Then we get from (S1) and (6) that co|(csles) < er|(esles)-
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(12) Because we know (03|(03|(01|cl)))|(03](c3|(cl|cl))) < ¢y from (10) (b), we have
from (11) (i) that eif(cale2) < ((esl(esl(ciler)))|(esl(es|(cilen))))I(yly). Then it is
obtained from (S1) and (S3) that ¢;|(calca) < (e3|(e1|er))|((es](calc2))|(es](c2]ea))).

(13) Since it is known (c¢q|(c1](e2|e2)))|(er](c1](ez|e2))) < eg from (10) (b), it is ob-
tained from (11); (¢) that c;|(cs|cs) < ((c1](er|(e2|c2)))|(erl(er|(e2lc2))))|(csles). Then
we get c2|(csc3) < (cif(cale2))|((enl(esles))l(erl(es]cs))) from (S1) and (S3). Thus, it
follows from (6) and (S1) that ¢;|(calca) < (e2|(es|es))|((er](esles))|(erl(es|es))).

(14) Because ¢y, ca < ¢V ¢q, we obtain from (11) (i) that (c1|es)|(ci|es), (cales)| (el
c3) < ((e1 Ve2)|es)|((e1 V e2)|es). Then it follows

((erles)|(eales)) V ((eafes)|(cales)) < ((er Voea)les)|((er V ea)|es).

Since (c1]cs)|(ciles), (czles)|(ezles) < ((erles)|(erles)) V ((e2]es)|(czles)), we have from
(6) that

ci,ca < csf((((erles)|(erles)) V ((eales)|(eales)))[(((eiles)|(erles)) V ((eales)|(ezles))))-
Then
c1 Ve < esl((((erfes)|(erles)) V ((eales)|(eales)))[(((eiles)|(erles)) V ((eales)|(czales)))).
(

So, it follows from (6) that ((e1Ver)|es)|((erVea)les) < ((er]es)|(erles))V((ezles)|(ca]es))-
(15) We have ¢1,c0 < (e1(ea]ea))|(ca]e2) and ¢, ¢ < (ea](cr]er))|(e1|er). Then
c1, ¢z < ((e1(e2]e2))[(cale2)) A ((e2|(cafer))l(erler)), and so

) A
a1 Ve < ((arf(ealea))|(ealea)) A ((c2l(erler))l(erler))-

Also, we obtain

((e1](cale2))(e2le2)) A ((e2l(erler))l(ealer))
=((((er](c2le2))[(c2le2)) A ((e2l(er]er))l(er]er)))
[((exl(e2le2)) V (eal (ex]en))))I((((ex](e2le2)) (2] c2))

A ((ezl(eren))|(erlen)))((erl(eale2)) V (e2l(erfer))))  ((5) and (sBL — 4))
((exl(eale2))[(((ex|(ealea))l(e2le2)) A ((e2l(erler))
(cifen)))[((er](eale2))[(((er](e2le2))l[(c2lea)) A ((e2l(erler))](ei]er)))))
(c1l(ez]e2))|(eale)) A ((e2l(erler))l(exlen)))) (2l (exler))
(c2le2)) A ((e2|(er]er))(er]er)))))  ((S1) and (14))
(c1l(ez]e2))[(c2lc2))) | ((ex|(e2le2))

)(e2le2)))) v ((e2l(erfer))[((ezl(erler))[ (erler)))]

| (

|
=( (
|(c (
[ (((e2](exlen))I((
[(((e1](c2le2))
<(((e1l(czle2))|
|((c1](cz|e2)
(( )

)

(

1€ 1|
((c2 (
((c I
(

1
|

col(erlen))|((eal(erlen))l|(erler))))  ((S1) and (11) (i)
=((c1](eale2)) A e2) V ((eal(cr]er)) Aer)  (sBL —3)
=co Ve (8)
=c1 V Cs. O
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Lemma 2.1. Let C be a Sheffer stroke BL-algebra. Then (ci|(ca|ea))|(e2ler) =
(cal(c1]er))|(erler) for all ¢y, 0 € C.

Proof. Let C be a Sheffer stroke BL-algebra. Then it is obtained from Proposition
2.1 (13), (S1) and (S2) that

(c1](eale2))[(cale2) < (eal(erlen))(((erl(ealez))|(erlen))((enl(eale2))l (erlen)))
= (el (crlen))|(er]en),
and similarly, (ea|(c1]e1))|(c1]er) < (e1](e2|e2))|(e2|ea). Therefore, (c1|(c2|e2))|(e2]cs)

(cal(c1]er))|(erler) for all ¢, ¢ € C. O

Corollary 2.1. Let C be a Sheffer stroke BL-algebra. Then c1Vca = (¢1|(ca|c2))|(c2|c2)
for all ¢1,¢co € C.

Lemma 2.2. Let C be a Sheffer stroke BL-algebra. Then ((c1|(c2|e2))|(c2]c2))|(calca) =
c1|(eales) for all ¢, € C.

Proof. Let C' be a Sheffer stroke BL-algebra. Then it is known from Proposition 2.1
(9) that c1|(e2|ea) < ((er](cale2))|(e2le2))|(ealce). Also, it follows from Proposition 2.1
(12) and (1)-(3), respectively, that

((crl(eale2))l(ealea))(ealca) <(er](((ex](cale2))(cale2))((erl(cale2))
|(c2le2))))I((erl(eale2))l (el (cale2)))
=((c1l(eale2))[((er] (ealea))[(er|(cale2))))
|((eal(ezlea))[(er|(cale2))
=(c1l(e2]e2))-

Thus, ((c1](calc2))|(c2|e2))|(e2]ca) = c1](ca|c2) for all ¢1, ¢ € C. O
Lemma 2.3. Let C be a Sheffer stroke BL-algebra. Then c1|((c2|(esles))|(cal(csles))) =
(c1l(cale2))[((erl(esles)) (el (esles))) for all ey, ea,¢5 € C.

Proof. Let C' be a Sheffer stroke BL-algebra. Since ¢y < ¢1](ca|c2) from Proposition
2.1 (8), it is obtained from Proposition 2.1 (11) (i) and (1), respectively, that

(er](calea))|((erl(esles))[(erl(esles))) <ol ((erl(esles))l (el (esles)))
=c1|((c2l (esles))[(eal (esles))).
Besides, it follows from Proposition 2.1 (1), (12), (S3) and (S2), respectively, that
c1l((e2l(esles))l(e2l(esles))) =cal|((en|(esles))|(enl(esles)))
<(crl(calea))l((er]((erl(esles))[ (el (esles))))
[(er]((eal(esles))[(eal(esles)))))
=(cal(eale2))I((((erlen)l(ealen)I(
|(((erlen)(exlen))[(esles)))
=(c1l(eale2))[((erl(esles))|(erl(esles))).

|
)

csles))
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Therefore, ¢;[((c2|(cs|cs))l(cal(esles))) = (erl(calea))[((erl(esles))|(eal(es|es)))- D

3. VARIOUS FILTERS OF SHEFFER STROKE BL-ALGEBRAS

In this section, we give some types of filters on a Sheffer stroke BL-algebra. Unless
orherwise specified, C represents a Sheffer stroke BL-algebra.

Definition 3.1. A filter of C' is a nonempty subset P C (' satisfying
(SF — 1) if ¢1,¢ € P, then (¢1|ca)|(c1]c2) € P;
(SF—Q) ifCl € P and C1 SCQ, then Co € P.

Ezample 3.1. For the Sheffer stroke BL-algebra in Example 2.2, C, {1}, {a,d,e, 1}
and {c, e, f, 1} are filters of C'.

Proposition 3.1. Let P be a nonempty subset of C. Then P is a filter of C' if and
only if the following hold:

(SF—3)1€P;

(SF —4) ¢; € P and c1|(ca|ca) € P imply co € P.

Lemma 3.1. Let P be a filter of C. Then c3|(((ca|(c1]c1))|(erler))|((c2](c1]er))|(er]er)))
€ P and c3 € P imply (c1|(ca|c2))|(c2|ca) € P for any ¢1,c9,c3 € C.

Proof. Let P be a filter of C. Since c3|(((c1](c2|e2))|(calc2))|((c1](e2]e2))|(cale2))) =
cs|(((exl(er]e)|(erler))|((eal(er]er))|(eiler))) € P, from Lemma 2.1 and ¢3 € P, it
follows from (SF — 4) that (c1|(ca|c2))|(calc2) € P. O

Lemma 3.2. Let P be a filter of C. Then

p'(a) cs|((cal(erler))|(c2l(ciler))) € P and ez € P imply ((c1|(c2le2))|(c2lc2))|(ci]er) €
;(b) c1|((c2|(esles))|(c2|(esles))) € P and ci](c2|co) € P imply c1|(cs|es) € P;
(c) e (((e2l(esles))[(cale2))|((e2l(esles))[(calc2))) € P and ¢1 € P imply c; € P,

for any ¢y, ca,c3 € C.

Proof. Let P be a filter of C.
(a) Because c3|((c2|(c1|e1))|(e2|(ci]er))) € P and ¢35 € P, we get from Lemma 2.1,
Lemma 2.2 and (SF — 4) that

((e1l(eale2))[(cale))|(erler) = ((eal(erler))l(erler))|(erler) = eal(erler) € P

(b) Since (c1](c2le2))|((erl(esles))l(erl(esles))) = al((eal(esles))(cal(esles))) € P
from Lemma 2.3 and ¢;|(c2|c2) € P, it follows from (SF — 4) that ¢|(cs|c3) € P.
(¢) Because

c|(((eal(esles))l(cale))[((c2l(csles))|(calea)))
=c1|(((c2]e2)|(e2|(es]c3)))[((c2le2) | (c2l (es]es))))

:Cl|(CQ|CQ) S P,
from (S1)-(S2) and ¢; € P, we have from (SF — 4) that ¢y € P. O
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Lemma 3.3. Let P be a filter of C. Then ¢V (c|c) € P for any c € C.
Proof. Let P be a filter of C', and ¢ be any element of C'. Since
cV (ce) = (cl((clo)l(cle)l((clo)l(cle))  (Corollary 2.1)
= (cl(cle))  (51)-(52)
=1 (Proposition 2.1 (2))
and 1 € P, it is obtained ¢ V (c|c) € P. O

Definition 3.2. Let P be a filter of C. Then P is called an ultra filter of C' if it
satisfies c € P or c|c € P for all c € C.

Example 3.2. Consider the Sheffer stroke Bl-algebra in Example 2.2. Then the filter
{a,d,e, 1} of C is ultra while the filter {1} of C' is not an ultra filter of C.

Lemma 3.4. A filter P of C is an ultra filter of C if and only if c; ¢ P and co ¢ P
imply c1|(calee) € P for all ¢1,¢9 € C.

Proof. (=) Let P be an ultra filter of C'. Assume that ¢; ¢ P and ¢y ¢ P. Because P
is an ultra filter of C, ¢1|c; € P and c|ca € P. Then ¢1]c; < (e2|ca)|((e1]er)|(ciler)) =
c1|(c2|e2) from Proposition 2.1 (8) and (S1)-(S2). So, ¢1|(e2|ea) € P.

(<) Let ¢1 ¢ P and ¢y ¢ P. Then ¢|(ca|c2) € P for ¢1,co € C. Suppose that
clc ¢ P and ¢ ¢ P for any ¢ € C. Then (c|c)|(c|c) = ¢ € P by the hypothesis and
(52), which is a contradiction. Hence, c|c € P and ¢ € P for any ¢ € C, i.e., P is an
ultra filter of C. U

Lemma 3.5. A filter P of C is an ultra filter of C if and only if c1 V co € P implies
c1 € PorcyeP forallc,co € C.

Proof. (=) Let P be an ultra filter of C' and ¢; V ¢o € P. Suppose that ¢; ¢ P or
co ¢ P. Then we have ¢;|(c2|cy) € P from Lemma 3.4. Since (¢1|(c2|e2))|(e2|e2) € P,
from Corollary 2.1 and ¢1|(c2|c2) € P, we get ¢ € P which is a contrradiction. Thus,
cp € Porc € P.

(<) Let ¢; and ¢y be any elements in C' such that ¢; V ¢o € P implies ¢; € P or
¢y € P. Because ¢V (c|c) € P for all ¢ € C from Lemma 3.3, it follows ¢ € P or
cle € P, i.e., P is an ultra filter of C. O

4. SOME Fuzzy FILTERS OF SHEFFER STROKE BL-ALGEBRAS

In this section, we introduce some fuzzy filters in Sheffer stroke BL-algebras. Unless
orherwise specified, C represents a Sheffer stroke BL-algebra.

Definition 4.1. A fuzzy filter of C' is a fuzzy subset f of C such that for all ¢;,co € C
(1) f(er) < f(1);
(2) f(er) A flerl(ezle)) < flea).
Ezample 4.1. Consider the Sheffer stroke BL-algebra C' in Example 2.1. Let f(0) =
f(u) = f(v) =0,5and f(1) = 1. Then f is a fuzzy filter of C.
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Proposition 4.1. Let f be a fuzzy subset of C. f is a fuzzy filter of C' if and only if
for all ¢y, cq,c5 € C c1|((e2|(esles))|(cal(cs|e3))) = 1 implies f(c1) A f(e2) < f(es).

Proof. (=) Let f be a fuzzy filter of C' and ¢;|((c2|(es|es))|(e2|(es|es))) = 1. Since
fler) = fler) A f(1) (Definition 4.1 (1))

= f(c1) A f(er|((e2l(esles))[(cal(esles))))
< f(cal(es|es)) (Definition 4.1 (2)),

it follows from Definition 4.1 (2) that
fler) A flea) < fleal(esles)) A fle2) = flea) A fleal(esles)) < f(es).

(<) Let c1]((e2|(esles))|(e2|(esles))) = 1 imply f(er) A f(ea) < f(e3). By substituting
[c2 := ¢1] and [e3 := 1], it is obtained from Proposition 2.1 (4) that ¢1|((eq|(1]1))](c1] (1]
1))) = 1 implies f(c1) = f(c1) A f(er) < f(1). Besides, substituting [ca := ¢1|(c2|c2)]

and [c3 := ¢], simultaneously, it is concluded from (S1), (S3) and Proposition
2.1 (2) that ¢1](((c1](c2]|e2))|(ea]ea))|((c1](e2|e2))|(cale2))) = 1, which implies f(c1) A
f(c1](calca)) < f(c2). Thus, f is a fuzzy filter of C. O

Corollary 4.1. Let f be a fuzzy subset of C'. f is a fuzzy filter of C if and only if
for all ¢y, co,c5 € C (c1]|ea)|(er]ca) < cg implies f(e1) A f(e2) < f(es).

Proposition 4.2. Let f be a fuzzy subset of C. f is a fuzzy filter of C if and only if
(1) f is order-preserving;
(2) fler) A fle2) < f((calea)[(ealea)) for any ci,c0 € C.
Proof. (=) Let f be a fuzzy filter of C.
(1) Assume that ¢; < ¢g, i.e., ¢1|(c2|c2) = 1 from Proposition 2.1 (7). Then
flc1) = fler) A f(1) (Definition 4.1 (1))
= f(e1) A flel(ezle2))
< fleo) (Definition 4.1 (2)).
(2) Since

arf ((eal(((erlea)l(er|ea))[((erlea) | (erle2)))) (el (((erle2) (erle2)) [((erlez) [ (er]e2)))))
=c1|((e2|(er]e2))[(e2| (cr]e2))) (52)

=((cr]ea)[(er]e2))l(exle2) (53)
=1, ((S1) and Proposition 2.1 (2))

it follows from Proposition 4.1 that f(c1) A f(ca) < f((e1]e2)|(c1]e2)).

(<) Let f be a fuzzy subset of C satisfying (1) and (2) for all ¢;,¢o,c5 € C. By (1)
and the fact that ¢; <1 for all ¢; € C, f(cq) < f(1). It is known from Proposition
2.1 (9) that ¢ < (e1f(eale2))[(c2]e2), and so (cif(ci](c2fc2)))[(c1](cr](cale2))) < e by
Proposition 2.1 (6). Then it is obtained from (1) — (2) that f(c1) A f(c1|(e2]ea)) <
f((er](er](eale)))|(er|(er](e2le2)))) < f(e2). Therefore, f is a fuzzy filter of C. O



(FUZZY) FILTERS OF SHEFFER STROKE BL-ALGEBRAS 51

Corollary 4.2. Let f be an order-preserving fuzzy subset of C'. f is a fuzzy filter of
C if and only if f((c1|e2)|(ci|e2)) = fer) A flea) for any c1,co € C.

Proof. (=) Let f be a fuzzy filter of C. By Proposition 4.2 (2), it is sufficient to
show that f((c1|ca)|(e1|e2)) < f(er) A f(cg) for any ¢p,co € C. Since ¢; < 1 for all
c1 € C, it follows from (S1), Proposition 2.1 (2) and (6) that (c1]ce)|(c1]|c2) < ¢, ¢
for all ¢1,co € C. Because f is order-preserving, f((ci|ca)|(ci]ca)) < f(e1), f(ca), so

f(ale2)l(ele2)) < fle) A flea).
(<) Tt is clear by Proposition 4.2. O

Corollary 4.3. Let f be a fuzzy filter of C. Then f(c1 A o) = f(c1) A f(eo) for any
C1,Co € C.

Proof. Let f be a fuzzy filter of C'. Since ¢; A cs < ¢1, ¢4 Ay < ¢ and f is an
order-preserving, it is obtained f(c; A ¢2) < f(e1) and f(e1 A ca) < f(cg). Then
fle1 A ea) < fer) A f(e2). Because we know ¢o < ¢q](ca|ca) from Proposition 2.1 (8),
it follows from Proposition 2.1 (11) (¢i), (S1), and (sBL — 3) that (c1]c2)|(c1|ca) <
(c1](c1](e2le2))(er](er](e2|e2))) = e A ca. Thus, f(e1) A f(e2) < f(er A ¢eg) from
Corollary 4.1. ]

Theorem 4.1. Let f be a fuzzy filter of C.
(a) If f(a|(e2lea)) = f(1), then f(c1) < flca).
(b) f(es|(((cal(crler))|(erfen))[((cal(erlen))(erler)))) A f(es) < f((eal(ealez))l(calea)).
(¢) fles|((eal(erlen))[(eal(erlen)))) A f(es) < f(((exl(calez))l(eale2))[(er]er)).
(d) fleal((eal(esles))l(cal(esles)))) A flerl(ealea)) < Fleal(esles)),
for any cq,co,c3 € C.
Proof. (a) Since

fer)

fle) A (1) (Definition 4.1)

f(er) A flerl(eale2))
f((eil(erl(ealea)))(erl(enl(ezle2))))  (Corollary 4.2)
f(

f(

c1 N\ ca) (sBL — 3)
c1) N f(ea), (Corollary 4.3),

we get f(c1) < f(ea).
(b) It is proved from Definition 4.1 (2) and Lemma 2.1.
(c) We have from Definition 4.1 (2), Lemma 2.2 and Lemma 2.1 that

f(es|((cal(erfen))[(eal(caler)))) A fles) < f(02|(01|01))
f(((ea|(erlen))[(erler))[(erler))
F(((er](e2le2))[(eale2))[(er]er)).

(d) It is proved from Lemma 2.3 and Definition 4.1 (2). O



52 T. ONER, T. KATICAN, AND A. BORUMAND SAEID

Definition 4.2. A fuzzy subset f of C' is called a fuzzy ultra filter of C'if it is a fuzzy
filter of C' that satisfies the following conditions f(c;) = f(1) or f(ci|e1) = f(1), for
all Cc1 € C.

FEzxample 4.2. Consider the Sheffer stroke BL-algebra C' in Example 2.2. Let the fuzzy
filter f of C be defined by f(a) = f(d) = f(e) = f(1) = 1 and f(b) = f(c) = f(f)
f(0) = 0. Since f(a) = f(d) = f(e) = f(1) = Land 1 = f(a) = f(d) = f(e) = f(1)
F(f1f) = flcle) = f(b]b) = £(0]0), f is a fuzzy ultra filter of C.

Theorem 4.2. A fuzzy subset f of C is a fuzzy ultra filter of C if and only if
fler) # f(1) and f(c2) # f(1) imply f(ci](calca)) = f(1) and f(eol(cr]er)) = (1) for

all c1,c0 € C.

Proof. Let f(c1) # f(1) and f(Cz) 7# (1) imply f(er|(calez)) = f(1) and f(ca|(cr|er))
= f(1). Supoose that f(c;) # f(1) and f(1]1) # f(1) for any ¢; € C. Then
we have from Proposition 2.1 (4)-(5) and (S1)-(S2) that f(ci|ler) = f(a]l) =
Flal(()[(A]1))) = f(1) and f(1) = f((ci]e)[(1[1)) = F((L[D[(er]er)) = f(1). Sim-
ilarly, f(c1) = f(1) whenever f(ci|c1) # f(1) and f(1]|1) # f(1). Thus, f is a fuzzy
ultra filter of C.

Conversely, let f be a fuzzy ultra filter of C'. Assume that ¢; and ¢y are any elements

in € such that f(c1) # f(1) and f(c2) # f(1). So. flesles) = F(1) and fleales) = f(1).

Because

(cifen)[((er](e2le2))[(erl(eale2))) = (eale2)|((er|(er]er))[(erl(erler))) = 1,
from (S1), (S3), Proposition 2.1 (2) and (4), it is obtained
f)=fA) A f(1)

= flale) A f((erlen)| (el (ezfe2))|(er](c2]e2))))

< fle1|(eale)) (Definition 4.1 (2)),
which gives f(ci](calea)) = £(1). Similarly, f(cl(ealer)) = £(1). =
Theorem 4.3. A fuzzy subset f of C is a fuzzy ultra filter of C if and only if
fler V) < fler) V fe) for all ¢q,cq € C.

Proof. Let f be a fuzzy ultra filter of C. When f(c1) = f(1) or f(c2) = f(1), the
proof is completed from Definition 4.1 (1). So, let f(c1) # f(1) or f(c2) # f(1). Then
flei|(e2lea)) = f(1) and f(ea|(cr]er)) = f(1) by Theorem 4.2. Since
flerVed) = f)A flerVea) (Definition 4.1 (1))
= flal(eale2)) A f((erl(ezlez))(calez))  (Corollary 2.1)
< f(ca) (Definition 4.1 (2))

&h\_//-\

and

fle1Ve) = fleaVer)
=f()A fleaV ) (Definition 4.1 (1))
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= fleal(ciler)) A f((eal(ciler))(erler)) (Corollary 2.1)
< f(e1) (Definition 4.1 (2)),
flar V) < fler), flea) and so, f(c1 V ca) < fler) V flea).

Conversely, let ¢; and ¢o be any elements in C' such that f(c; V co) < f(c1) V f(e2).
Then

f(1) = f(c|(c|e)) (Proposition 2.1 (2))
= f({d((cl)l(clecle)(ele)))  (52)
= f(cV (clc)) (Corollary 2.1)
< fle) v f(clo),
ie., f(c)V f(cle) = f(1). Thus, f(c) = f(1) or f(c|c) = f(1), which implies that f is
a fuzzy ultra filter of C. U

Proposition 4.3. [ is a fuzzy filter of C if and only if f, ={c1 € C:p < f(c1)} # 0
is a filter of C' for any p € (0,1].

Proof. (=) Let f be a fuzzy filter of C.

« Since f, # 0, there exists some ¢ € C' such that p < f(c). Then we obtain from
Definition 4.1 (1) that p < f(c) < f(1), i.e., 1 € f,.

o Let c1, c1(calee) € fp,ie., p < f(c1), f(c1](e2|e2)). Tt is concluded from Definition
4.1 (2) that p < f(e1) A f(er|(e2le2)) < f(ea), that is, c2 € f,. Therefore, f, is a filter
of C.

(<) Let f, # 0 is a filter of C.

o Let ¢ € C such that f(c) > f(1). If p = w, then f(1) < p < f(¢). So,
1 ¢ f, which contradicts with (SF — 3). Hence, f(c) < f(1).

e Suppose that ¢, ¢y € C such that f(c2) < f(c1) A flar|(cale2)). If f(c1) = 7,
f(c2) =6 and f(ci|(ca|ea)) = A, then # < min(y, A). Consider Ay = (6 + min(vy, \)).
Then § < A\ <vand 0 <A < A. For p= X\ € (0,1], ¢; € f, and ¢;1|(ca|ca) € f, but
c2 ¢ f, which contradicts with (SE —4). Thus, f(c1) A f(c1](czlca)) < flea). O

Theorem 4.4. Let f be a fuzzy filter of C. Then f is a fuzzy ultra filter of C' if and
only if f, is either empty or an ultra filter of C' for each p € [0, 1].

Proof. Assume that f is a fuzzy ultra filter of C, and f, # 0. Let ¢; V3 € f,, i.e.,
p < f(c1 V). Then p < f(eq1 V) < fer) V f(ez) from Theorem 4.3. So, p < f(¢q)
or p < f(eg), ie., c1 € fy or ¢y € f,. Hence, f, is an ultra filter of C.

Conversely, suppose that f, is an ultra filter of C. Let p = f(c1 V ), 1. e,
c1 Ve € fp. Then ¢; € f, or ¢ € f, from Lemma 3.5. Thus, f(c; Vo) =p < f(e1)
or f(e1 V) < flea), and so, f(c1 Ve2) < f(er) V f(ez). Therefore, f is a fuzzy ultra
filter of C. 0

Corollary 4.4. Let f be a fuzzy filter of C. Then f is a fuzzy ultra filter of C if and
only if fray is an ultra filter of C.
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Corollary 4.5. Let P be a nonempty subset of C'. Then P is an ultra filter of C' if
and only if xp is a fuzzy ultra filter of C' in which xp is the characterictic function
of P.

5. CONCLUSION

In the present work, we have studied on (fuzzy) filters of Sheffer stroke BL-algebras,
and the relationships between them. After giving basic definitions and notions about
Sheffer stroke BL-algebra, we introduce some types of (fuzzy) filters of a Sheffer stroke
BL-algebra, and present their some properties. Then we show that f is a fuzzy filter
of a Sheffer stroke BL-algebra if and only if f, is empty or is its filter for any p € (0, 1],
and it holds in the case of (fuzzy) ultra filter. Indeed, it is concluded that above
property holds for p = f(1) and for the characteristic function of a nonempty subset
of a Sheffer stroke BL-algebra. In a similar way, it can be examined relationships
between them by defining some kinds of (fuzzy) ideals of Sheffer stroke BL-algebras.
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In recent years, incomplete gamma functions have been used in many problems in
applied mathematics, statistics, engineering and many other fields including physics
and biology. Most generally, special functions became powerful tools to treat all these
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pergeometric functions, by using the extended Bessel function due to Boudjelkha [4].
Some recurrence relations, transformation formulas, Mellin transform and integral
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(e, ) :/ t*le7'dt, Re(a) >0,
0
(o, z) :/ t*te~tdt,

1
Bla,y) = / #1(1— ) 'dt, Re(z) > 0, Re(y) > 0.
0
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Using an exponential regulazing term, Chaudhry et al. [9] extended the incomplete
gamma function as follows

(1.4) Y(a,x;p) = / et d, Re(p) > 0; p =0, Re(a) > 0,
0

(1.5) Do, z;p) = / e lemtE L.
They proved the following recurrence formula
Y(a, z;p) + Ta, 7;p) = 2p"*Ka(2y/p),  Re(p) > 0,

where K,(z) is the Macdonald function, known also as modified Bessel function of
the third kind, defined for any Re(z) > 0 by

2) [
Ko(z) = % / o le Tt A gy
0

A first extension of Euler’s beta function is given by Chaudhry et al. [8] as follows
(1.6)

1 —-P
B(z,y,p) = / tx_l(l — t)y_leﬂl*t) dt, Re(p) >0; p=0, Re(z) >0, Re(y) > 0.
0

These extensions are useful and provide new connections with error and Whittaker
functions. For p = 0, (1.4), (1.5) and (1.6) will be reduced to known incomplete
gamma and beta functions (1.1), (1.2) and (1.3), respectively. Instead of using the
exponential function, Chaudhry and Zubair [11] proposed a generalized extension of
(1.4), (1.5) in the following form

2p (Y s p
(1.7) Yulo, z5p) = \/?/0 O E (o (;) dt,

[2p [ s _ p
(1.8) Iy, 2;p) = ?/x 1 z2e tK/H% <¥) dt,

where Re(z) > 0, Re(p) > 0, —00 < a < 0.

Nowadays, many authors are developing new extensions of Euler’s gamma, beta
and hypergeometric functions based on the paper of Chaudhry and Zubair [11] by
considering an exponential kernel and some modified special functions (see for more
details [13,14,20,22,23,25-27]). Very recently, Agarwal et al. [1] developed an extension
of the Euler’s beta function as follows

(1.9) Bz, y; p;m \/7/ (1)K, (tm(l—t) )dt,

where z,y € C, m > 0 and Re(p
In the present paper, we 1ntr0duce a new generalized incomplete gamma and Euler’s
beta functions by substituting in (1.7), (1.8) and (1.9) the Macdonald function K,/(z)
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by it’s extended one developed by Boudjelkha [4], namely

e—qt—22/4t
! dt

(2/2) /°O o
1.1 R o
( O) K(’Z? Oé, q? )\) 0 t 1 )\e_t Y

2
where |arg 2| < 7/2,0<g¢<land -1 <A <1.
Clearly, when A = 0 and ¢ = 1, Rg(z,,q, ) is reduced to K,(z). Moreover,
Boudjelkha proved that the Ry (z, —a, g, \) function can be expanded in terms of
K,(z) as follows

N NENESD) 5
Ri(z,—a,q, \) = ANt———————= Re(z")>0,0<¢q<1, -1<)A<1,
K( q ) ; (q+n)a/2 ( ) q
and showed that the behavior of the function Rk (z, —a, g, \) for small values of z is
described by the asymptotic formulas:
12D (1271 250, —-1<A<1, Re(a)<0
Ri(z,—a,q,\) ~ 3(?/(22)_0( ) ’ - Relo) <0
§W(I)<A,Oé,q>, z — 0, —1 < A < 1, Re(a) > 1,
where ®(\, o, q) stands for the Lerch function. As for the asymptotic behavior of this
function, when z — o0, it is given by

T e AV 7 o<
Ry (z,—a,q,\) ~ g-m, asz—)oo,\argz]<z,—1_)\_1.

In particular, when ¢ = 1, we have

Ri(z,—a, 1, \) ~ ,/;—ZG’Z, as z — 00, |arg z| < %,

which is the same asymptotic formula as that of K.

Further, by using the generalized extended beta function we get other extensions
of Gauss hypergeometric, confluent hypergeometric, Appell and Lauricella hypergeo-
metric functions and we investigate some of their properties.

Recently, fractional derivative operators become significant research topics due to
their wide applications in various areas including mathematical, physical, life sciences
and engineering problems. To cite only a few of this operator’s applications, we refer
to [5-7,16,29] and the references therein. The use of fractional derivative operators
in obtaining generating relations for some special functions can be found in [22,28].
There are two important fractional derivatives operators: Riemann-Liouville and
Caputo operators. Undoubtedly, the difference between them is very important for
applications to differential equations because of required initial conditions which are
of different types (see e.g [19] and [31]). It is worth being pointed out that nowadays
a great attention is devoted to develop extensions of fractional differential operators,
readers may refer to [1-3,5-7,17,18,21-23,30]. Making use of the Rx function and
inspired by the work of Agarwal et al. [1], we introduce new generalized incomplete
Riemann-Liouville fractional derivative operators, and we obtain some generating
relations involving generalized extended Gauss hypergeometric function.
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The paper is organized as follows. In Section 2, we introduce the generalized
extended incomplete Gamma and Euler’s beta functions, some of their properties
are investigated. Section 3 is devoted to introduce extended hypergeometric and
confulent hypergeometric functions by the extended Euler’s beta function given in
Section 2, their related properties are established. The extended Appell and Lauricella
hypergeometric functions are given in Section 4. In Section 5, we give another result
which consits to introduce the generalized extended Riemann Liouville fractional
derivative operator and establish most important properties such Mellin transform
among others. Finally, in the last section, we obtain linear and bilinear generating
relations for the generalized extended hypergeometric functions.

2. THE GENERALIZED EXTENDED INCOMPLETE GAMMA AND EULER’S BETA
FUNCTIONS

In this section, we define new extended incomplete Gamma and Euler’s beta func-
tions based on the extension of Bessel function (1.10) and we give some properties.

2.1. The generalized extended incomplete Gamma function.

Definition 2.1. The generalized extended incomplete gamma functions are given by

2 v 1

(2.1) Yulo, m3¢3 A5 p) =4/ —p/ t""2e ' Ry (B, —1t= 5,4, /\> dt,
T Jo t 2
20 [ 3 P 1

(2.2) (o, x;q; i p) = — t“72¢ 'Ry ;,—M—E,q,)\ dt,

where Re(z) >0,0<¢ <1, —1 <X <1 and Re(p) > 0.

Remark 2.1. When A = 0 and ¢ = 1, (2.1) and (2.2) are respectively reduced to
the extended incomplete gamma functions (1.7) and (1.8) defined by Chaudhry and
Zubair [10,11].

Proposition 2.1 (Decomposition theorem).

C(a+p) /p\—* 1 p?
Pulea;; Ap) + yule 5.5 A p) Riadl 5) D) atu1 atn (A,u+§,q,—

with Re(p) > 0, —oo < a < oo and

00 ts—le—qt

(I)ln,bz()‘asu%f) = A WOFZ ;_% dt
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00 ts—le—(q—l)t -
(2~3) :/0 ﬁon ;—% dt,

s € C, Re(§) >0 and by, by € C\ Zj .
Proof. We have
(a, z5¢; A p) + Yulo, 25: A5 p)

/2
p/ t* 3¢ 'Ry (— — - ,q,/\) dt

2
1 P\ H o > 1€ qT?MpT
_ L ottt / S L
NZ3 (2) /0 ¢ 0 T e
- 00 _p—3% —qr e 2
(2.4) =) [ ([ e ) i
T 0 —Ae T 0
Using the integral [24, page 31, (6)], we obtain
(2.5)
e} 2 -
/ ot e teT 1T dt =I'(a+ p) o F3 ; —%
0 1 — atp 1 atp T
2 72 2
a oty -
n F(=34) (P ° r P
2 ar) 07 F T i6r
1 atut?
27 2
at+p+1 —
CDEEE) (Y o
2 4t e 3 atprs 07
207 2
Finally, substituting (2.5) in (2.4) and by using the notation (2.3) we get the desired

result. O
Proposition 2.2 (Recurrence relation).

Lula+ 125405 p) =(a+ )T, 2543 A p) + pla(a — 1,256, A p)

/2 1
+ _pxoz xRK <_ —H =54, A) )
T 2

where Re(p) > 0, —o0 < a < o0.

Proof. We have

1 2
d 1 d [ ()" e e T
—R —Z g )]l == 2t—/ I P |
dt K( HT ) at |- 2 f, T 1 oae
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g p 1 p p 1
2.6 - R (Zo—p— a2+ 2R (B =+ 2,00 ).
( ) t K(t7 M 27Q7 +t2 K ta :u+27q7
Differentiating to2e 'Ry (%, — L — %, q, )\) with respect to ¢ and by using (2.6), we

get

d |, -1 4 P 1
(2.7) %{t e RK(t’ ] 2,q,)\)}

1 5 1
(28)  =(a+p)t iRy (? = e, A) TPt ik (129’ THt 50 A)

_1 D 1
— o2 R (L= — 2 g0 ).
2e K(ta % 27Q7 )

Multiplying both sides of (2.7) by 4/ % and integrating from = to oo and using
(2.2), we find

/2 1 1
0— _pma_ae_xRK <£7 - —35,9, A)
s T 2

=(a+ @), z5q; M p) + pLuci(a — 1z, M p) — Tl + 1, 2345 As p),
which can be also written as

Pula+ 1,20, 0p) =(a+ w) (e, z;¢; A p) + plyq (o — 1,253 A; p)

/2 ! 1
+ —pxo"ie’IRK (B, —i— =,q, A) ) O
s T 2

Proposition 2.3. The following formula holds

2u+1
Lpci(a, 210 p) = Tpga(a, 231, A p) + a (a4 1,2;1; A p)
0
:)\aruﬂ(@,%;l;)\;p)?

where Re(p) > 0, —0o < a < 0.

Proof. By using (2.2), for ¢ = 1 and the following relation [4, (22)], we get

2 0
Ri(z,—a+1,1,\)—Rg(z, —a—1,1, A)+—QRK(2, —a,1,\) = AﬁRK(Z, —a—1,1, ).
z
O
Proposition 2.4 (Laplace transform). Let

1, 7>0,
H(T):{o <0

be the Heaviside unit step function and £ be the Laplace transform operator. Then

1
(29) £ {ta_gRK (% —H= 5 )\) H(t — x); s} =4 /;ps_afu(a, ST; q; A; Sp),
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(2.10)

1 /
£ {taSRK (Zt_) —H = 5@&) H(t —x)H(t); S} ) 27T s~ (e, 525,43 A sp),
D

where x > 0, Re(p) > 0, —00 < a < 0.

Proof. We have
1
L {ta_gRK (%7 - = 57 q, )\> H(t - .Z’), S}

o 1
:/ to‘_%RK <2—9,—,u— —.q, /\) e STH(t — x)dt
; / 2

Substituting t = T, dt = dsT

oo s P 1 u
t“ 2R (=, —p— =,q, A dt
/x K <t7 % 27CI7 > €
o 1
=53 /sx Ta_%e_TRK (%, —H= 5 )\) dt =, /;ps_aF“(oz, ST q; \; Sp).

The proof of (2.10) is omitted since it is quite similar as that of (2.9).

U
Proposition 2.5 (Parametric differentiation).

1
o (Cula,z;q; A5 p)) = 5 (1T (e, 25, 0 p) + pL i (oo — 1,545 A p)]

Proof.
o 1 2p [ 3 _ P 1
: — (T i A D)) =—1) — ¢ ' TR G d
(2.11) ap(#(a,:r,q, D)) 2p”7r ’ 2e RK(t, H 27%)
p a-32 *ta p 1
<p " i g —,q, N\ |dt
o : e ap<RK TR 50 >)
We have

1 +L(p/at) ot (o e
g Ry B,—u——’q’)\ :_'u 2(p/ ) / TN*ELdT
dp t 2 0

1 P 1
2.12 ——-R -, — —.q, A
( ) t K(t7 M+27Qa )7

Finally, by substituting (2.12) into (2.11) we get the desired result.



64 H. ABBAS, A. AZZOUZ, M. B. ZAHAF, AND M. BELMEKKI

2.2. The generalized extended beta function.

Definition 2.2. The generalized extended beta function is given by
(2.13)

[2p ' . s _3 p 1
B Sq A D; =4/ — t*72(1 —-t)V 2R —  —u— —,q, A | dt
u(x>y7Q7 Ny m) T /0 2( ) 2hg (tm(l — t)mv % 27(], ) )

where 2,y € C,0< ¢ <1, -1 <A <1, m>0and Re(p) > 0.

Remark 2.2. Taking A = 0 and ¢ = 1, (2.13) is reduced to the extended Euler’s beta
function (1.9) defined by Agarwal et al. [1].

Proposition 2.6 (Functional relations). 1. The following formula holds
(214)  Bulz,y;qg; hipsm) = Bu(z + 1,y ¢ Aspym) + Bu(@,y + Lig; A pym).
2. Let n € N. Then the following summation formula holds

(2.15) Bu(z,y;q; Aspym) = ZBM(QT +ky+n—FkigApm).
k=0

Proof. 1. The right-hand side of (2.14) yields to

2p _1 _3 _3 y—1 P 1
e t"” (1 — )73 4173 (1 — ¢ }R =g\ dt
/ 2+ ( ) 2 K(tm(l_t)mu M 27Q7 ) y

which, after simplification, implies

2p S _3 P 1
JE ey P ZgN) at
ﬂ_/o 2( ) QRK <tm(1_t)mv % 27Q7 > ;

which is equal to the left-hand side of (2.14).
2. The case n = 0 of (2.15) holds easily. The case n = 1 of (2.15) is just (2.14).
For the other cases we can easily proceed by induction on n. 0

Proposition 2.7. The following formula holds

(2.16) Bu(z,1—yiq; Apym) = Z <y)nBﬂ(x +n,1;q¢; \;p;m).

n!
n=0

Proof. We have
(2.17)

3 p 1
W2 L=y Aipym) = — / t £)7V"3 Ry (tm(l_t) —p 2,q,A) dt

By substituting the formula

[e.9] n

-~ t
(1=07=Y Wy H<LyeC,

n=0
in the right-hand of (2.17) and after interchanging the order of integral and summation,
we get (2.16). O
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Proposition 2.8. The following formula holds

Bu(z,y;¢; Aspym) = Y Bu(w+n,y + 1,4 A p;m).

n=0

Proof. By substituting again the formula
(= == <1,
n=0

in the right-hand of (2.13) and similarly as in the proof of Proposition 2.7 we get the
desired result. O

Lemma 2.1. Let M be the Mellin transform operator. Then

M{Ric(z,—a,q, ),z — s} = 2T (j“) r (;O‘) @ (A, S;O‘,q) ,

where 0 < ¢ <1, or =1 < XA < 1, Re(s) > |Re(a)| or A =1, Re(s) > max{Re(«),2 —
Re(a)} and @ (X, 2£2,q) stands for the Lerch function (see [12,15]).

2
Proof.

M{Rk(z,—a,q,\),z — s} = / 2R (2, —a, q,\)dz
0

. /oo . /oo . e—qt—z2/4td p
=29 25T 17 ———dt | d=
0 0 1— et
(e.) —qt (o]
— 2a1/ tafl e! (/ Zsalez2/4tdz> dt
0 1—=Xe7t \ J,
— 00 —qt
—op (220 / T p e —
2 0 1— et
o (ST p (RN g (2222 ) O
2 2 2

Proposition 2.9 (Mellin transform). The following expression holds true
1

Ss—

Blotmst 2ty rmss 2
x ms I ms —_—
NG 2 Y 2

- 1 1
WD (S () g (), 5L )
2 2 2

where 1,y €C,m>0and 0<g<1orl <A<,
1 1 1 1
Re() Re(y)},

2 U om m 2 2m m

M{B,(z,y; ¢; \;p;m),p — s} =

Re(s) > max {Re(u), —1 — Re(u)

or A =1,
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Proof.
M{B,(z,y; q; \;p;m),p — s}

=/ p° ' Bz, y; ¢; N p;m)dp

3 p 1
2 1—t —pu—=,q,A|dt|d
/ \/ ( )V"2 Ry <tm(1—t)m’ [t 2,61,) )p
3 1 1
75 (1 — )y s R (—2 -2 g \)dp) dt
S [t ([ (gt o) o)
o 1
\/7/ tw+m(s+ 7%1 t)erm s+ th/ us+§flRK (u,—u—§,q,)\> du
0
1 1 1 1
:\/73 x—l—ms—l—m—,y—irms—i—— / W R (u, —p— =, q,\ ) du.
T 2 2 0 2

Finally, by using Lemma 2.1 we get the desired result. 0

3. EXTENDED GAUSS HYPERGEOMETRIC AND CONFLUENT HYPERGEOMETRIC
FuUNCTIONS

We use the generalized extended beta function (2.13) to extend hypergeometric and
confluent hypergeometric functions, respectively, as follows.

Definition 3.1. The extended Gauss hypergeometric function F,(a, b; c; z; ¢; A; p; m)
and the confluent hypergeometric function ®,,(b; c; 2; ¢; A; p; m) are respectively defined
by

vy Ny Bulb e —bigs Aipym) 2"
(31) F,u(a7ba Ca Z7Q7 )‘ap7 m) - ;%(a)n B(b,c _ b) . H,

|z| <1, Re(c) > Re(b) >0,0< ¢ <1, —1<A<1, m>0, Re(p) >0,

N Bu(b+n,c—byg; Aip;m) 2
n=0 ’ ’

z € C, Re(c) > Re(b) >0, -1 <A <1, m>0, Re(p) > 0.

Remark 3.1. Taking A = 0 and g = 1, (3.1) reduces to the extended Gauss hypergeo-
metric function defined by Agarwal et al. [1, Definition 2.8].

Proposition 3.1 (Integral representation). 1. The following integral representation
for the extended Gauss hypergeometric function F,(a,b;c; z;q; X\; p;m) is valid

2p 1 ! b3 _p_3 -
2 F, b;c; z; q; \; p; =\ —= 21 —t) " 2(1 —2t)”
62 Rlebanaxpm =2z [ ita—nia e

P 1
Rk | —————,—pu— =, g, \ | dt
X K(tm(l_t)ma % 27Q7 ) )
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where arg(l — z) < 7, Re(c) > Re(b) >0,0<¢<1, -1 <A <1, m>0, Re(p) > 0.
2. The following integral representation for the extended confluent hypergeometric
function ®,,(b; c; z; ¢; \; p;m) is valid

2p 1 ! b—3 —b—3 2zt
3.3 O,(b;c;z5q; 5psm) =\ ——57—— [ 1—-1)° N
( ) /L( ?Cﬂz7Q7 7p7m) WB(b,C—b)/OV 2( ) 26

P 1
Ry| ———,—p——,q, \ | dt
X K(tm(l_t)m7 1% 27Q7 ) ;

where Re(c) > Re(b) >0,0<¢<1, -1 <A<1, m>0, Re(p) > 0.
Proof. 1. By using (2.13) and the generalized binomial expansion

(1—z2t)= Z(a)n%, 2t < 1,

n=0

we get the required result.
2. Similarly as in the proof of 1. U

Proposition 3.2 (Differentiation formula). (a) Forn € N

d" n b n
(3.4) @{FM(G, b;c;zq; \ipym)} = (a?@() Fu(a+n,b+n;c+n;z;q; \;p;m),

where |z] < 1, Re(c) > Re(b) >0,0<¢<1, -1 <A<1,m>0, Re(p) >0.
(b) Forn e N

d (0)n
dz”{ H( G 254, ’p,TTL)} (C)n

where z € C, Re(c) > Re(b) >0,0<¢<1, -1 <A<1,m>0, Re(p) >0.

Q,(b+ n;c+n; z;q; A pym),

Proof. (a) For n = 1, we have

B,(b+n,c—b;g; \ip;m) 2"

Bl o bt 2o a: \: — .
dZ{ M(av ;G 254, 7p7m)} ;(Q)TL B(b,C—b) (n_ ]_)l
X B,(b+n+1,c—0byg; \;p;m) 2"
3.5 — N 12 Y Y ) Y Y .
(3.5) ;(“) + B(b,c—b) !

Using identities B(b,c — b) = gB(b +1,¢c—b) and (a),+1 = ala + 1), in (3.5), we
get

d ab & B,(b+n+1,c—0byqg X \;p;m) 2"
F bie:z:a: M v :_§ 1), s ) A - —
dZ{ H(a7 16254, up7m>} c (a+ ) B(b+1,C—b> n!

n=0

b
=2 Fla+1,0+1¢+1;2;¢; \; p;m),
C
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and hence
d b
(3.6) E{FM(C%Z); c;ziqg \ipym)} = %Fu(a + 1,0+ 1L+ 12,4, A p;m).
Then, by using (3.6) repeatedly, we get (3.4).
The proof of part (b) is similar as that of part (a). O

Proposition 3.3 (Transformation formulas).
1. For arg(l — z) < m we have

Fu(a,bic;z;q; \sp;m) = (1 —2)"F, (cuc —b; ¢ Ll;q; s p; m) :
Z —

where Re(c) > Re(b) >0,0<¢<1, -1 <A <1, m>0, Re(p) >0.
2. 9,(b;c;2¢; \spym) = €, (c—b; ¢; —z;¢; \;p;m), where z € C, Re(c) > Re(b) >
0,0<q¢g<1, -1<A<1,m>0, Re(p) >0.

Proof. Replacing t by 1 —t in the integral representations (3.2) and (3.3). O

4. EXTENDED APPELL AND LAURICELLA HYPERGEOMETRIC FUNCTIONS

Definition 4.1. Extended Appell hypergeometric functions F, ,,, F5,, and the Lauri-
cella hypergeometric function F 137, .. are, respectively, defined by

(4.1)
. B.(a+n+k,d—a;qgX\;p;m) a" y*
r :E: p ’ AP T Y
1711(&7 b7 G d, x,Y;4q; )‘7p7 m) - kzo(b)n(c)k B(a, d — a) n' k' ’

where |z] <1, |y| <1, Re(d) > Re(a) >0,0< ¢ <1, -1 <A<1,m>0,Re(p) >0,

T e N S Bu(b+n,d—b;g; A\;p;m)
(42) FQ,,u(a’a b7 G, d7 €;T,Y;4q; )‘ap7 m) :nzk::()(a)n-i—k B(b, d_ b)

B(c,e — ¢) n! k!
where |z| + |y| < 1, Re(d) > Re(b) > 0, Re(e) > Re(c) >0,0< ¢ <1, -1 <\ <1,
m > 0, Re(p) > 0,

o Buletke—cghpm) 2" o

(4.3) F} o (a,by e dsesa,y, 2543 X p;m)

> Byla+n+k+re—a;q pm) z" y* 2
— b n d , K ) ) 4y 7\ My . . . 7
n;::O( Jn(C)i(d) B(a,e —a) n! k! o7l

where || < 1, |y| <1, |2] <1, Re(e) > Re(a) >0,0<¢<1, -1 <A<1 m>0,
Re(p) > 0.

Remark 4.1. Taking A =0 and ¢ = 1, (4.1), (4.2) and (4.3) are reduced to extended
Appell hypergeometric functions F} ,,, F5 , and the Lauricella hypergeometric function
F} ,, defined by Agarwal et al. [1, Definitions 2.9, 2.10, 2.11].
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Proposition 4.1 (Integral representation). The following integral representations for
the extended Appell hypergeometric functions Iy ,, I, and the Lauricella hypergeo-
metric function FE’)# are, respectively, valid

Fi(a,b,¢;d;x,y;q; A pym)

2p 1 ! _3 d—a—23 —b _
= _— ta 2 1—t a 2 1_ t 1_ t ¢
V2 | i x -

<o (e 304
Py (a,b, ¢ ds 2, y;q; A5 pym)

_2p 1

_? b d—b)B(c e—c)

1 P 1
Y N P ) did
XRK <tm(1_t>mv 14 27Q7 >RK (wm(l_w>m7 M 27Q7 ) w,

Fp (a,b,c,dse; 2.y, 25 q; A p;m)

A I T R Y (R LR
~V 7 B(a,e —a) J, v Y ©

P 1
Ryk| ———,—pu——,q,\ | dt.
X K(tm(l—tyn’ % 27Qa )

Proof. The proofs are very similar to those of Theorems 2.13, 2.15 and 2.16 in [1]. O

5. THE GENERALIZED EXTENDED RIEMANN-LIOUVILLE FRACTIONAL
DERIVATIVE OPERATOR

The classical Riemann-Liouville fractional derivative operator is defined by
1 z
5.1 Do f(z) := —/ z— )07 f(t)dt
(1) )=t | )

where Re(d) < 0. It coincides with the fractional integral of order —J. In the case
n—1<Re(d) <n,neN, we write

DY f(z) = %D‘S "f(z) = dd; {F(nl— ) /Oz(z —t)”_‘s_lf(t)dt}.

Definition 5.1. The generalized extended Riemann-Liouville fractional derivative is
defined as follows

(5.2)

2p pz2m 1
D(Supq)\m / —6-1 _— = — — A dt
f(z V f(t) Rk g P ,
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where Re(d) < 0, Re(p) > 0, Re(m) >0, Re(u) >0and 0 < ¢ <1, -1 <A <1
For n —1 < Re(d) < n, n € N, we have

d" /2
DIEPENT L (1) = - an RPN f () = - n{ NCE p/ 10

2m
pz 1
— —l— =, g, \ | dt ;.
XRK (tm(z_t)m7 H 27Q7 > }

Remark 5.1. 1. Taking A = 0 and ¢ = 1, the generalized extended Riemann-Liouville
fractional derivative operator (5.2) is reduced to the extended Riemann-Liouville
fractional derivative operator given by Agarwal et al. [1]

DL I:) \/%/ 0O (g )

where Re(d) < 0, Re(p ) > 0 Re(m) > 0, Re(u) >

2.fA=0,g=1,m=0, u = 0 and p — 0, then the generalized extended Riemann-
Liouville fractional derivative operator (5.2) reduces to the classical Riemann-Liouville
fractional derivative operator (5.1).

In order to calculate generalized extended fractional derivatives for some functions,
we give two results concerning the generalized extended Riemann-Liouville fractional
derivative operator of some elementary functions which will be useful in the sequel.

Lemma 5.1. Let Re(d) < 0. Then we have
p-d 3 1
D&u;p;q;/\;m Bl — < B S S+ Zpa A _
z {Z } F(_(S) 1% B—i_ 27 +27p7q7 7m

Proof. Using Definition 5.1 and a local setting ¢t = zu, we obtain

s 1 2p [ e pz2m 1
D(Sul‘vp,%)‘vm ﬂ :— _/ — t g ltﬁR - - - )\ dt
z {Z } — (Z ) K tm(z — t)m’ 1% 9’ q,
ﬁ 5
== «/217/ ) (5= B+ -3

1
XRy| ————,—pu—=,q,\ | d
K(um<1_u)ma 1% 27Q7 ) u
2P9 3 1
=——B — =0+ =;p;q; \;m). O

F(—(S) M(B+ 2a +2ap7Q7 am)

More generally, we give the generalized extended Riemann-Liouville fractional de-
rivative of an analytic function f(z) at the origin.

Lemma 5.2. Let Re(§) < 0. If a function f( ) is analytic at the origin, then

DJ,upq)\m{f ZanD6,upq)\m{zn}
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Proof. Since f is analytic at the origin, its Maclaurin expansion is given by f(z) =
Yoo ganz™ (for |z| < p with p € RY is the convergence radius). By substituting entire
power series in Definition 5.1, we obtain

it = [2 [

XRK (w, — ,q, )Zant dt.

By virtue of the uniform continuity on the convergence disk, we can do integration
term by term in the equation above. Thus

DT () =f}{ W2 [

R S — A tdt
) K(mz—t) e 2’q’> }

— Z ay, DO HaNm Ly
n=0
U
Corollary 5.1.
- 3 1 3
DompgAm e _ L —ay < BlZ —s+2)\F S 542 2 a \:
z {( Z) } 1’1(_5) (27 +2) M<a’2’ + 7Z)q7 7p’m) Y
where Re(a) > 0 and Re(d) < 0.
Proof. Using binomial theorem for (1 — z)~® and Lemma 5.1, we obtain:
DIEANT(1 — 2" = Dl {Zownm} =D D)
270 & 3 1 z"
= nB SO0+ Sip G Am | —
(=) n_o(o‘) g (n+ g 0T gid m) nl
Hence, the result. 0]

Combining previous lemmas, we obtain the generalized extended derivative of the
product of analytic function with a power function.

Theorem 5.1. Let Re(d) < 0. Suppose that a function f(z) is analytic at the origin
with its Maclaurin expansion given by f(z) = >~ a,2", |z| < p, for some p € RT.
Then we have

[o¢]
Dg,u;p;q;k;m{zﬁfl f(2)} = Z anDju;p;q;)\;m{zﬁJrnfl}

n=0
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P01 2 1 5 1
= B =, =0+ =D @5 A "
B a M(B+n+2 +2pq m)z

n=0

A subsequent result can be given as follows.

Theorem 5.2. For Re(d) > Re(f) > —3, we have
Dﬂ—&u;p;q;/\;m{zﬁ—l(l _ 2)—(1}

201 1 1 1
6+5,5—B+§ F, Oz,5+§;5+1;2;q;>\;p;m ,

S
I'(6—p)
where |z| <1, a € C.
Proof. The result is easily established by taking f(z) = (1 — 2)7°, so we have
S\ B o S e P
DESHPONT{PT (1 — z)7} = DI {zﬁ 12@@}
k=0

(@) Dﬁ—é,u;p;q;k;m{zﬂ+k—1}

WE

kI F
k=0
N i () Bu(B+k+5,6 = B+ 5ima; \im) sy
— ' — .
— k! ' —p)
By the expression (3.1), we get
Dﬁf&u;p;q;/\;m{zﬁfl(l _ Z)*a} — 2 BB+ 1 §— B+ 1
z (0 - p) 2’ 2
1
xFﬂ(a,ﬁ+§;5+1;z;q;)\;p;m). O

Theorem 5.3. For Re(§) > Re(f) > —1, Re(a) > 0, Re(y) > 0, |az| < 1 and
|bz| < 1. Then, the following generating relation holds true

fo&u;p;q;/\;m{zﬁfl(l _ az)fo‘(l _ bz)”’}

201 1 1 1
6+§,5—6+§ Fi, 6+§,a,’y;5+1;az,62;q;>\;p;m :

=——B
I'(6—p)
Proof. By applying the binomial Theorem to (1 — az)™® and (1 — bz)~7 and making
use of Lemmas 5.1 and 5.2, we obtain
D?—&u;p;q;)\;m{zﬁ—l(l _ az)_a(l _ bz)_v}

S e e (az)*  (bz)"
ot {553 i G O
k=0 r=0
= B—=8,u;p;q;Am 1 B+k+r—1 at b

= 3 (@)u(a), D swmanm goskery €0

k,r=0
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> B k 5.0 =B+ 50@ X bo(b2)"
1 3 o PR P i ) et ()
k,r=0 ’ ’

By using (4.1), we can get
DZB—&M;p;q;)\;m{Zﬁ—l(l —az)"*(1 —bz)77}
51
S
I'(6—5)
Theorem 5.4. For Re(0) > Re(8) > —%, Re(a) > 0, Re(v) > 0, Re(7) > 0, |az| < 1,
|bz| <1 and |cz| < 1, we have
DEZOPaAM LB q2) 7 (1 —b2) (1 —c2) 77}

ot 1 1 1
<5+§,5—5+§> Fp, (6+5,04,%7;(”1;az,b2;q;>\;p;m> :

1 1 1
(5+§,5—6+§) Fi, (B+5,04,7;5+1;a2,bzsq;>\;p;m)- O

“T6_p)"

Proof. The proof is similar to that of Theorem 5.3, it is sufficient to use the binomial
Theorem for (1—az)~%, (1—02)77, (1 —cz)~7, then applying Lemmas 5.1 and 5.2. [

Theorem 5.5. For Re(d) > Re(8) > —%7 Re(a) > 0, Re(7) > Re(v) > 0,
and |z| + |z| < 1, we have
Dzﬁ—&u;p;q;/\;m {25—1(1 - z)_aFM (a, YT 1&; q; A; p; m) }
—z
01 F(Qé—ﬂ) 22 By, oz,’y,6+5,7’;5—#1;%2;%/\;29?7" .
Proof. By the binomial formula and according to Definition 3.1, we expand 2°~!(1 —

2) " Fu(o, ;75 17555 ¢; A p;m) to get

D~ bwpiam {25_1(1 —2)"F, <Oé7 ViTi T G AP m> }

2 <1

1—-=2
— DB=omipig:him 23—1(1 _ z)—a i (a)n ] Bu(’y +n, T — Y ¢\ p; m) T n
’ n=0 TL' B(’va_’Y) 11—z
= Z(Oé) Bu(ry +n, T — 74\ p; m) Dﬁ*é,u;p;q;/\;m{zﬂfl(l . Z)iain LL’_”
n=0 ! B(fy: T — 7) o Tl'

In order to exhibit F} ,, we apply Theorem 5.2 for DS=o#mpadmf,8-1(1 — z)=a=n} and
substitute the extended hypergeometric function F), by its series representation, we
obtain

DTt {Zﬁ_l(l —2) F, (a, VT = SN m) }
0—1 0

_Z 1 1 Bu(y+n,7 —v;q; A\;p;m)
‘na—m3<5+?5_5+5)2%“%M Bl )
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BuB+k+3i0-B+%gNpm) anst
BA+10-8+1) izl

1 1 1
<5+§75_5+§>F2,u (ow,BJr5,7;5+1;w,2;q;>\;p;m>-

5—1
—_* B
I —p)
This completes the proof. O

Proposition 5.1 (Mellin transform). The following expression holds true

e 1 1 1
M{DS#Paxm By s g} =210 — B B4+m(s+=)+1,-6+m|s+=
VLS 2 2

— 1 1
« T S— U T S+ pu+ o )\’s+u+ q),
2 2 2

for Re(p) > 0, m > 0 and Re(s) > max {Re(u), o Re(f) Re(d) _ %}

Proof. We can prove this result by applying Mellin transform and using Lemma 5.1.

. 1 3 1
M{DIPaXmE p — s} = 3 / P78, (6 + 50 P m) dp
0

I'(—
LI Sl 3 1
= — B — =0+ =p;q; A dp.
F(—é)/o p N(5+2, t3inG ,m) p
As the last integral is the Mellin transform of B, (5 + %, -0+ %;p; q; \;m), the result
immediately follows via Proposition 2.9. U

Proposition 5.2. The following expression holds true

M{Dg,u,p;q;k;m(l _ z)fﬁ,p N 5}

s 1 1 1 S— U s+pu+1
__0s—1 1 - _ _
=2"""z —ﬁB(m<s+2)+1, 5+m(s+2>)F( 5 )F( 5 )

1 1
x @ (A,M,q) B (5,m(s+—) +1;—5—|—m(2$—|—1)+1;z),

2 2

where Re(p) > 0, Re(d) < 0, m > 0, |z| < 1, Re(s) > max {Re(u), —1 +
and o Fy is the well-known Gauss hypergeometric function.

}

N[ —=

1 4
m’m

Proof. The result can be proved using the Binomial theorem for (1 — z)~ and the
Mellin transform of the general term. Indeed,

M{DIHPEAT{(1 — 2)"},p — s}

_ 0, Py s \sme S Z_n
f o (S, S oo}

n=0

— (@)
— Z nl”m{Dg,u;p;q;A;mzn’p — s}
n=0 ’
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= (a)n s—1_n—§ 1 1 1
:Z . 257z ﬁB n+m S+§ +1,—0+m 5—1—5
< T —H I stp+l ) A,M,q .

2 2 2
1 — 1 1
_gs1,-6 L p S— U T S+ pu+ o )\’s+u+ g
T 2 2 2

xi(g”B <n+m<s+%) +1,—(5+m<8+%>>z"

n=0
1 1 1 — 1
:23_12_573 (m <s+§> +1,—5+m<s+§>)F(S Zﬂ)F(S+g+ )
™
1 1
x@(A,%,q)2F1<ﬁ,m<s+§)+1;—5+m(23+1)+1;z). O

6. GENERATING FUNCTION INVOLVING THE EXTENDED GENERALIZED (GAUSS
HYPERGEOMETRIC FUNCTION

In this section, we establish some generating functions for the generalized Gauss
hypergeometric functions.

Theorem 6.1. Let Re(8) > 0 and Re(y) > Re(a) > —5. Then we have

1
5

— (B)n 1 . n
(6.1) ; S\ B at gt Lngpim )t

_ 1 z
= (1-1)""F, (B,a+§;7+1;1—_t;q;p;>\;m),

where |z| < min{1, |1 —¢|}.

Proof. By considering the following elementary identity

(1-2)° (1— 1iz>ﬁ:(1_t)_ﬂ (1— 1:)5

and expanding its left-hand side to give

(6.2) (1—2«)6%% <1fz)n: (1— )7 (1_ 1:)_6, for [t] < |1 — 2.

n=0

Multiplying both sides of (6.2) by 2! and applying the extended Riemann-Liouville
fractional derivative operator DY~ Vi#4PiAm e find

DO VGPAm { (B)nt" zo‘*l(l — Z)'Bn}

n!
n=0
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-B
— DA TVsGpAm {(1 _ t)—ﬂza—l (1 _ : < t) } )

Uniform convergence of the involved series allows us to permute the summation and
fractional derivative operator to get

Z <i)‘”Da—v;u;q;p;k;m{za—l(l — ) By
n=0 )

—B pya—;;q;p;Am a—1 < 7
=(1 = ) D et (1 - .

The result easily follows using Theorem 5.2. 0J

Theorem 6.2. Let Re(f3) > 0, Re(r) > 0 and Re(y) > Re(a) > —1. Then we have

2

2

n=0

1 —zt
=(1-1)7"F, <a+ T Lz Zt;q;p;k;m) :
where |z| < 1, |t| < |1 — 2| and |z||t| < |1 —t].

Proof. By considering the following identity

(1= )P = (1) (1 T )ﬁ,

11t

and expanding its left-hand side as power series, we get

i (B)”(l — )" =(1—t)7" (1 B >_5, for |t| < |1 — z|.

n! 1—1t

n=0

Multiplying both sides by 27 }(1 — 2)~" and applying the definition of the extended
Riemann-Liouville fractional derivative operator DY 7#:4P:xm on hoth sides, we find

D?*’YW;Q;p;)\;m {Z (ﬁ%nza%l o 2)77-(1 . Z)ntn}
n:
n=0

_ -8
:D?fv;u;q;p;k;m {(1 _ t)fﬁzafl(l _ Z)fT (1 _ : Ztt) } _

Interchanging the order of the summation and fractional derivative under the given
conditions, we obtain

Z (i){l Daf'y;,u;q;p;)\;m{zafl(l . Z>7T+n}tn
n=0 ’
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-8
=(1— t)—ﬁDa—v;u;q;p;/\;m {zo‘_l(l — )T (1 = z t) } .

Finally, the desired result follows by Theorems 5.2 and 5.3. U
Theorem 6.3. Let Re(€) > Re(v) > —3, Re(y) > Re(a) > —3 and Re(j3) > 0. Then

we have

= (B)n 1 1
> (6) £y (6+n,a+—;’y+1;z;q;>\;p;m) £y (—n,v+—;£+1;usq;>\;p;m) ¢
n! 2 2

n=0

_ 1 1 —ut
=(1—-t)"F, (B,a+§,v+2,7+1 §+ 1 — - l_t,q;A;p;m>,

where

H < 1.

Proof. By replacing t by (1 — )t in (6.1) and multiplying both sides of the resulting
identity by u~!, we get

(6.3) > (n)!”

1 z
-1 1 t1PF . 1: cg: Ao D
[ ( U)] H 5,0( 277 71 (1 u)t7q7 qu )

where Re(8) > 0 and Re(y) > Re(a) > —3.

Next, applying the fractional derivative DV=$#@XPm to hoth sides of (6.3) and
changing the order of the summation and the fractional derivative under conditions
2| <1, |3 2] < 1, yields

1
=7+ 1L z0 0 m) w1 — u)"t"

F, (ﬁ+n,a+2

o (B)n 1 .
> (i); E, (ﬁ a5y + L g A m) DUy (1 — )" p"

n=0
1 Z
:D’U—E,u;q;kap;m v=lrp (1 = t—BF . 1: ca: \:
{U [ ( u)] M B7a+2”y+ 71_(1_u)t’Q) 7p’m )

The last identity can be written as follows:

oo . 1
Zw). E, <5+n,a+§;7+1;2;q;>\;p;m> DVTGHEART LU (] — )" "
n.

n=0

-B
=(1— t)—BDv—ﬁ,mq;/\;p;m {uv—l [1 _ _Ut}

1-1¢

1 L
E | B+na+ v+ L ——qg\pm | .
2 1—1t

Thus, by using Theorems 5.2 and 5.5 in the resulting identity, we obtain the desired
result. O
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7. CONCLUDING REMARKS

In this paper, by using an extension of macdonald given by Boudjekha function
we developed a generalized extension of some special functions namely: incomplete
gamma, beta, hypergeomtric and confluent functions and we obtained a new extended
Riemann-Liouville fractional derivative operator. We conclude first, for A = 0 and ¢ =
1, that extended incomplete gamma functions are respectively reduced to incomplete
gamma functions (see [9]) and all the results established here will coincide with those
obtained in [1]. Finally, if we letting A =m = =0, ¢ = 1 and p — 0 then all the
results established in this paper will reduce to the results associated with classical
Riemann-Liouville fractional derivative operator (see [16]).

We intend to investigate aslo some other extensions based on Lerch and Hurwitz
functions and Pochhammer Symbol, recently initiated in [25,27].

Acknowledgements. The authors are very grateful to the anonymous referees for
their valuable comments and suggestions which helped to improve this work.
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NECESSARY AND SUFFICIENT CONDITIONS FOR
OSCILLATIONS TO A SECOND-ORDER NEUTRAL
DIFFERENTIAL EQUATIONS WITH IMPULSES

ARUN KUMAR TRIPATHY! AND SHYAM SUNDAR SANTRA?*

ABSTRACT. In this work, we obtain necessary and sufficient conditions for oscillation
of solutions of second-order neutral impulsive differential system

!/
(O 0)) + St e (o) =0, > to,t £ A
A(rOw) (' ())7) + Sty hi(A)z® (@) =0, k=1,2,3,...,
where z(t) = x(t) + p(t)z(7(t)). Under the assumption [;* (r(n))_l/vdn = 00, we
consider two cases when v > «; and v < «;. Our main tool is Lebesgue’s Dominated

Convergence theorem. Examples are given to illustrate our main results and we
state an open problem.

1. INTRODUCTION

In this article we consider the neutral impulsive differential system

(r(t)(z’(t)y), + 37 qi(t)x%(oy(t) =0, t>tg, t # Mg,

(1.1) .
A(r()\k)(z’()\k)) ) EST B (i) =0, k=1,2.3,...,

where
(1) = (1) + p(a(r(t), Aa(a) = lim a(s) — lim a(s),

the functions p, g;, h;, r, 0;, 7 are continuous that satisfy the conditions stated below
and assume that the sequence {\;} satisfies 0 < Ay < Ag < -+ A < --- as k — o0

Key words and phrases. Oscillation, non-oscillation, neutral, delay, Lebesgue’s dominated conver-
gence theorem, impulses.
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and v and «; are the quotient of two odd positive integers and \;’s are fixed moment
of impulsive effects..

(A1) 0, € C([0,0),R,), 7 € C%([0,00),R,), os(t) < t, T(t) < t, limy_,0 03(t) = 00,
limy o 7(t) = 0.

(A2) r € C*([0,00),Ry), qi, hy € C([0,00),Ry), 0 < r(t), 0 < q(t), 0 < hy(t) for all
t>0andi=1,2,...,m, > ¢(t) is not identically zero in any interval [b, c0).

(A3) [°r17(s)ds = oo and let TI(t) = J3 /7 (n) dn.

(Ad) —1 < —po < p(t) <0 for t > .

(A5) There exists a differentiable function oy () such that 0 < o¢(t) = min{o;(¢) :
t>t*}and o((t) > afort >t*, a>0,i=1,2,...,m.

The main feature of this article is having conditions that are both necessary and
sufficient for the oscillation of all solutions to (1.1). Sufficient conditions for the
oscillation and nonoscillation of all solutions to the first and second order neutral
impulsive differential systems are provided in [12-15,18-22]. The necessary and
sufficient conditions for oscillation of all solutions to the first order neutral impulsive
differential systems are discussed in [20,21]. In this work, our main aim is to present
the necessary and sufficient conditions for oscillation of all solutions of (1.1).

In 2011, Dimitrova and Donev [13-15] have considered the first order impulsive
differential system of the form

(x(t (1)) )/ =0, t#M\, keN,
A(:cw) - p(Ak>x<r<Ak>>) o) 0 ken
and established several sufficient conditions for oscillation of the solutions of (1.2).

In 2014, Tripathy [19] have established sufficient conditions for oscillation of all
solutions of

13) {(x(t) +p)a(t —7)) +q)f (a(t —0)) =0, t#A keEN,
A(ﬂ?@\k) + p(M)z(T( A\ — T))) + q(Ak)f(:v(a()\k - g))) —0, keN.

In 2015, Tripathy and Santra [20] obtained the necessary and sufficient conditions
for oscillatory and asymptotic behavior of solutions of

/
(z(t) +p()x(t = 7)) +aO)f (2(t —0)) = g(t), t# M, kEN,
A(z() +pOw)z (e — 7)) +a() f (20 — 0)) = h(A), kEN.
In 2016, Tripathy, Santra and Pinelas [21] obtained necessary and sufficient condi-

tions of (1.3). In the subsequent year, Tripathy and Santra [22] established sufficient
conditions for oscillation and existence of positive solutions of

{(r(t)(x(t) pt)a(t— 7)) + a(0)f(e(t =) =0, t# M, hEN,
A(rOw) (z() + )z = 7)) ) + (A f (2 —0)) =0, k€N

(1.2)
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In 2018, Santra [18] established sufficient conditions for oscillations of solutions of

{(r@) (#() + PWa(r(0)) ) +a(t)f (#0(1) =0, +# M, kEN,
A(rOw) (z() + pOA)z(r (W) ) + aO) f(2(e(M))) =0, ke N.

By a solution z we mean a function differentiable on [tg, 00) such that z(t) and 2/(¢)
are differentiable for ¢ # t, and z(¢) is left continuous at A and has right limit at A,
and z satisfies (1.1). We restrict our attention to solutions for which sup,~, |z(t)| > 0
for every b > 0. A solution is called oscillatory it has arbitrarily large zeros; otherwise
is non-oscillatory.

To define a particular solution, we need an initial function ¢(¢) which is twice
differentiable for ¢ in the interval

min { inf{7(t) : tg < t}, inf{ou(t) 1t <t,i=1,2,...,m}} <t.

Then a solution is obtained using the method of steps: When replacing z(7(t)) by
o(7(t)), and z(0;(t)) by ¢(o;(t)) in (1.1), we obtain a second-order differential equation.
We solve this equation taking into account discrete equation of (1.1), say on an interval
[to, t1]. Then repeat the process starting at ¢t = t;.

2. NECESSARY AND SUFFICIENT CONDITIONS

Lemma 2.1. Assume that (A1)-(A4) hold fort > ty. If x is an eventually positive
solution of (1.1), then z satisfies any one of the following two cases:

(i) =(t) <0, 2(t) > 0, (r(z')") (1) < 0;
(i) 2(t) > 0, #(t) > 0, (r(z')7) (t) <0,
for all sufficiently large t.

Proof. Let = be an eventually positive solution. Then by (A1) there exists a t* such
that x(t) > 0, z(7(t)) > 0 and z(o;(t)) > 0 for all t > t* and ¢ = 1,2,...,m. From
(1.1) it follows that

(FO(®) ) == S ata(@0) <0, fort £ A,
2.1 m
( o= 0w) ) =3 BT (W) S0, fork=1,2,...

Therefore, r(t ( t))AY is non-increasing for ¢ > t*, including jumps of discontinuity.

Next we show the r(t)( "t )) is positive. By contradiction assume that r(¢ )(z’ (t))v <
0 at a certain time ¢ > t*. Using that }_ ¢; is not identically zero on any interval
[b,00), and by (2.1), there exists to > t* such that

r(t)(2 (1) < r(t2)(2(12))" <0, forall t > .
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Recall that ~ is the quotient of two positive odd integers. Then

r(t2 1/ ,
2'(t) < ( T((tt))) 2'(ty), fort > ts.

Since T(/\k)(z’(/\k))fy < 7“(252)(,2"(752))7 < 0 for all Ay > t5. Integrating from ¢, to ¢, we
have

A0 <2t + Y FOw) + (r(t2) 2 () () - (1))

to <A <00

< 2(ta) + (r(82)) 72 (t) (10(0) — T(t2)) — —o,

as t — oo due to (A3). Now, we consider the following two possibilities.
If x is unbounded, then there exists a sequence {n;} — oo such that x(n;) =

sup{z(n) : n < mi}. By 7(mk) < m, we have z(7(ny)) < z(nx) and hence
2(nk) = @) + p(m) (T (k) 2 (1 + p(ne))2 () = (1 = po))x(nk) = 0,

which contradicts limy_, 2(t) = —oo. Recall that {\;} are the sequence of points for
t > Ag, then by similar argument we can show that z(A;) > 0 to get a contradiction
to limy_,o 2(t) = —o00. Therefore, 7’(15)(2/(25))7 > ( for all ¢ > t*.

If x is bounded, then z is also bounded, which is a contradiction to limy_ . z(t) =
—00.

From r(t) (z’(t))7 > 0 and r(t) > 0, it follows that 2/(t) > 0. Then there is t; > t*
such that z satisfies only one of two cases (i) and (ii). This completes the proof. [

Lemma 2.2. Assume that (A1)-(A4) hold. If x is an eventually positive solution of
(1.1), then any one of following two cases exists:

(1) if z satisfies (i), limy—yoo (t) = 0;

(2) if z satisfies (ii), there exist t1 >ty and § > 0 such that

(22) 0 <2(t) < SLI(t),

@3 (10 - 1) [ [7 S aOr @) e+ X S he o)

k>tl 1

1/

<z(t) < x(t),

for allt > ty.

Proof. Let = be an eventually positive solution. Then by (A1) there exists a t* such
that x(t) > 0, z(7(t)) > 0 and z(o;(t)) > 0 for all t > t* and ¢ = 1,2,...,m. Then
Lemma 2.1 holds and we have following two possible cases.

Case 1. Let z satisfies (i) for all ¢ > ¢;. Note that lim, ., 2(¢) exists and by (A1),
lim sup,_, ., z(t) = limsup,_, ., x(7(t)). Then 0 > z(t) > z(t) — pox(7(t)) implies

0> lim 2(t) > lim |2(t) — pox(7(1))| > (1 = po) lim sup ().
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Since (1 — po) > 0, it follows that limsup,_ . z(t) = 0, hence lim;_,o, z(t) = 0 for
t # \g, k € N. We may note that {x(A\, — 0) }reny and {z(Ag + 0) }ren are sequences
of real numbers and because of continuity of x

kh_)rgo x(A—0)=0= 1}1—>r20 (A +0)
due to liminf, ;o z(t) = 0 = limsup,_, ., x(t). Hence, lim;_,,, () = 0 for all ¢ and A,
ke N.
Case 2. Let z satisfies (ii) for all £ > ¢;. Note that z(t) > z(¢) and z is positive and

gl
increasing so x cannot converge to zero. From r(¢ ( "t ) being non-increasing, there

exists a constant § > 0 and ¢ > ¢; such that (r( )) /Wz’(t) < 0 and hence z(t) < §I1(¢)

for t > t;.
Since 7(t) (z’(t))V is positive and non-increasing, lim; r(t)(z’(t))v exists and is
non-negative. Integrating (1.1) from ¢ to a, we have

r(a)(z/(a)y—r(t /Zqz (n))dn + Z A( )z'()\k))v.

t<Ag<a

Computing the limit as a — oo

(2.4) rt)(2(0)) > /t Zqz Dn+ 33 hi(he)a™ (0. ().

)\k>t7, 1
Then
’ L a 1
20> || [ Zqz Dint 3 3 hAea o)
r(t) L/ t<Ay, i=1 .
Since z(t;) > 0, integrating the above inequality yields
tr 1 [ foon 111/
02 [ [T a@ee@yac+ X S mtwe )| an
t1 7”(77) LJn 1 n<\ i=1 -

Since the integrand is positive, we can increase the lower limit of integration from 7
to t, and then use the definition of I1(¢), to obtain

/v

2(t) > (T(t) — (1)) [/tmiqi(g)x Dac+ S ke (o))

t<Ag =1

which yields (2.3). O

2.1. The Case «o; < . In this subsection, we assume that there exists a constant [,
the quotient of two positive odd integers such that 0 < a; < 51 < 7.

Theorem 2.1. Under assumptions (Al)-(A4), each solution of (1.1) is either oscil-
latory or converge to zero if and only if

(2.5) /Oz:qZ 1% (04(n dn—l—ZZh )% (03 (Ag)) = o0.

k=11i=1
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Proof. We prove the sufficiency by contradiction. Initially, we assume that a solution
x is eventually positive which does not converge to zero. So, Lemma 2.1 holds
and z satisfies any one of two cases (i) and (ii). In Lemma 2.2, Case 1 leads to
lim;_,o () = 0 which is a contradiction.

For Case 2, we can find a t; > 0 such that

z(t) > 2(t) > (I(t) = T(t))w' () > 0, fort >ty

where

= [T O (@) A+ X D (A (i) 2 0.
b= >t i=1
As limy_,o II(t) = oo, there exists ¢, > ¢1, such that II(t) — II(¢;) > $1I(¢) for t > ¢,
and hence

(2.6) () > STI(Ew 7 (8).

N}

Note that w is left continuous at A,

IR

.
Il
—

w'(t) = =2 ai(®)x*(0it), for t # A,

Aw) = — 3 i)z (o:(\)) < 0.

-

.
Il
—

Thus w is non-negative and non-increasing for ¢ > t5. Using (2.2), oy; — 1 < 0 and
(2.6), we have

z®(t) = 27 () 27 (t) = (STI(t)) ™2 (8)

Z(m(t))m_m(wyl 52 DI Out O 0), for t > .

Since w is non-increasing, & > 0, and o;(n) < n, it follows that

5&1 51
25

5&1 51
25

(2.7)  @%(ou(n) = 1 (o3 (m))w™ " (o3()) = 1 (o) w™ 7 (n).

Now, we have
(2.8) (wl—ﬂl/v(t))': (1— %) B¢ ( qu Zt)), for ¢ # Ap.

To estimate the discontinuities of w'~#1/7 we use a Taylor polynomial of order 1 for
the function h(x) = 2'7%/7, with 0 < 8; < v about x = a

pLl=pi/v _ g1=Bi/v < <1 _ 61>a—31/7<b _ a).
y



SECOND-ORDER NEUTRAL DIFFERENTIAL EQUATIONS WITH IMPULSES 87

Then Aw'=%1/7()\;) < (1 — %)wfﬁl/V()\k)Aw(/\k). Integrating (2.8) from ¢, to ¢, we
have

(2.9) _
W) (1= ) - t:w-wn)w'm)dn—hgidw-ﬁl”wmwuw]
() (S ien) o

+ > w () i hz’(/\k)%ai(az'()\k))]

to<Ap<t i=1

2 4=1 ta<Ap<t i=1

1— 5 m
ZM[/t > G (o) dn+ Y thkwnawa@-(xw))],

which contradicts (2.5) as t — oo and completes the proof of sufficiency for eventually
positive solutions.

For an eventually negative solution x, we introduce the variables y = —x so that
we can apply the above process for the solution y.

Next we show the necessity part by a contrapositive argument. Let (2.5) do not
hold. Then it is possible to find ¢; > 0 such that

(210) / Zqz Hal 0'Z )) dC—i‘ Z ihz(/\k)l_[%(O'z(/\k)) S 52_,

A= i=1 '

for all n > t; and 6, € > 0 satisfying the relation

(2.11) (26)'7 = (1 — po)d,

so that 0 < €'/7 < (1 — pg)d/2'/7 < 6. Define the set of continuous functions
M = {z € C([0,00)) : €/7(T1(t) — 1(t1)) < 2(t) < 5(T1(t) — TI(1)), t > 1},

and define an operator ® on M by

0, it 1<t
(D) (t) = —p<t>x<r<t>>+/ﬂt Hn { / Zq@ 7i(¢)) d¢
> ;hiuk)a:w(mw))Hl”dn, ——

We need to show that if x is a fixed point of ®, i.e., dx = x, then z is a solution of

(1.1).
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First we estimate (®z)(t) from below. For z € M, we have 0 < ¢'/7 (H(t) —H(t1)> <
x(t) and by (A2) and (A3) we have

(@) (t) > 0 + : [r(ln)[e L0+ 0]} iy = (11() — T1(t1)).

Now we estimate (®z)(t) from above. For z in M, by definition of the set M we
have % (o;(n)) < (6I1(o;(n)))*. Therefore, by (2.10),

(@a)(0) <md(110) =110 + [ [ e o [7 3 om0y ac

+ 5 AZ> é hi()\k)l'[o‘i(ai()\k))” i

<pod (T1(t) — 11(t1)) + (26)"/7 (T1(t) — T1(t1)) = 6(TL(¢) — TI(t1) ).

Therefore, ® maps M to M.
To find a fixed point for ® in M, let us define a sequence of functions in M by the
recurrence relation

up(t) =0, fort =0,

0, if t <ty,
Ul(t) _<(I)U(]>(t) - {el/v(n(t) _ H(tl)), if ¢ 2 tl,
Unt1(t) =(Puy,)(t), forn>1,t>t.

Note that for each fixed ¢, we have u;(t) > uo(t). Using mathematical induction, we
can show that wu,1(t) > u,(t). Therefore, the sequence {u,} converges pointwise to
a function u. Using the Lebesgue Dominated Convergence Theorem, we can show
that u is a fixed point of ® in M. This shows under assumption (2.10), there a
non-oscillatory solution that does not converge to zero. 0

Corollary 2.1. Under the assumptions of Theorem 2.1, every unbounded solution of
(1.1) is oscillatory if and only if (2.5) holds.

Proof. The proof of the corollary is an immediate consequence of Theorem 2.1. [

2.2. The Case «; > 7. In this subsection, we assume that there exists a constant Js,
the quotient of two positive odd integers such that v < s < a;.

Theorem 2.2. Under assumptions (A1)-(A5) and r(t) is non-decreasing, every solu-
tion of (1.1) is either oscillatory or converges to zero if and only if

(212) [l S aoac ggmw]]w = co.

Proof. We prove the sufficiency by contradiction. Initially, we assume that z is an
eventually positive solution not converging to zero. So, Lemma 2.1 holds and z satisfies
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any one of two cases (i) and (i7). In Lemma 2.2, Case 1 leads to lim; . x(f) = 0,
which is a contradiction.
For Case 2, z(t) > 0 is non-decreasing for ¢t > ¢; and

% (t) > % (t) > Zai*ﬁ2 (t)zﬂz (t) > Zai*/BQ (tl)zﬁz (t)
implies that
(2.13) 2% (o3(t)) > 22772 (1) 272 (04(t)),  for t >ty > t.
Using (2.4), (2.13) and o;(t) > o¢(t), we have
(2.14) 7“% @» >z%ﬁ2m[/'§:% dn+§:§:hAk]52%(»
A >t i=1

for t > t,. Being r(t) (z’(t))AY non-increasing and o(t) < t, we have

r(o0() (+'(00(1))) = r(1) (' (1)) "

Using the last inequality in (2.14) and then dividing by 2%/7(oo(t)) > 0, we get

)‘k>t i=1

H(oo((t) |22 tl o
zﬁ2/7(go(t))>[ [/ Zqz d77+zzh >\k” :

for t > t5. Multiplying the left-hand side by o(,(¢)/a > 1 and integrating from ¢, to ¢,
we find

1 t / t
— W dn Zz(ai—ﬁz)/v(tl) /
aJi 2% (00(n)) t2

o) [/nooi‘”“) “

m 1/~
+ Z th(/\k)]] dn, fort > t,.

<Ay i=1

(2.15)

Since v < s, r(00(n)) < r(n) and

1 A=B2/7( 5 ! 1
a(l — By /7) [ ( 0<n))]nt2 = a(Ba/y —1)

then (2.15) becomes

Nk
to | (1)
which is a contradiction to (2.12). This contradiction implies that the solution = cannot
be eventually positive. The case with an eventually negative solution is proved.

20N (og(t2)),

1/~
/:)Z ©Odc+ 3 S h /\k” dn < oo,

i=1 n<Ag i=1
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To prove the necessity part, we assume that (2.12) does not hold. For given
€= (2/(1 — po))_ai/ﬂ/ > 0, we can find a ¢; > 0 such that

m m 1/
(2.16) L»h%“;;moa+22ww4] dn < e.

Ap>s i=1

Consider

M:{xEC([O,oo)):lgx(t)g fortZtl}.

1 —po
Define the operator

0, if t <ty
1—5<>x (1))
(Ba)(t) = [177[ / qu 0i(C)) d¢

£ S B (o Ak»H” dn, it

)‘k>77 =1

Indeed, ®x = x implies that x is a solution of (1.1).

First we estimate (®z)(¢) from below. Let x € M. Then 1 < z implies that
(Pz)(t) > 1, on [t1,00). Estimating (Px)(t) from above. Let x € M. Then z <
2/(1 — po) and thus

@) 1= plt) =+ | [(177) [/fﬁ‘;%(o(l )

LY S ) ( - )aZ”mdn.

Ap>ni=1

Since o¢(n) < n and r(+) is non-decreasing, we can replace r(n) by r(o¢(n)) and the
above inequality is still valid. By (2.16) and the definition of €, we have
a;/y 2po 2
+(2/(1-p e=1+ +1= :
(2/0 =) T w

2po
dr)(t) <1+
(Ba)(t) <1+ 720

Therefore, ® maps M to M.
To find a fixed point for ® in M, we define a sequence of functions by the recurrence
relation

uo(t) =0, fort =0,
ur(t) =(QPup)(t) =1, fort >ty
Uni1(t) =(Puy,)(t), forn>1,t>t.

Note that for each fixed t, we have ui(t) > ug(t). Using that f is non-decreasing
and mathematical induction, we can prove that w,.1(t) > wu,(t). Therefore, {u,}
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converges pointwise to a function v in M. Then u is a fixed point of ® and a positive
solution to (1.1) that does not converge to zero. O

Corollary 2.2. Under the assumptions of Theorem 2.2, every unbounded solution of
(1.1) is oscillatory if and only if (2.12) hold.

FExample 2.1. Consider the neutral differential equation

(2.17)
(e—t((x(t) — e—tx(r(t)))/)11/3> + (et — 2)8 + (et - 1))5/3 = 0,
(e (a0 =) ) ™) + ot = 20) + ol = 1) = .

Here v =11/3,r(t) = e, =1 <p(t) = —e ' <0,01(t) =t —2,09(t) =t — 1, \y = k
for k € N, II(t) = [3 e!/3ds = 1( /3 _ 1),@1:1/3 and oy = 5/3. For 3, = 7/3,
we have 0 < max{ai,as} < 81 <7, and u® = = y=2 and u**~% = 4 ~2/3 which both
are decreasing functions. To check (2.5) we have

/OZQZ )% (03 (n dn+ZZh )T (03 (M)
k=11=1

> [ zqz L CIONED

> [T e (o) d

° 1 (3 5m2ys )1/3
/0 n+1 <11<e ) dn=oo

since the integral approaches 400 as 7 — +00. So, all the conditions of Theorem 2.1
hold, and therefore, each solution of (2.17) is oscillatory or converges to zero.

FExample 2.2. Consider the neutral differential equation

(2.18)
(((x(t) - e‘fx(f(t)))/)l/g’) Ft((t —2))7P 4 (t+ 1) (x(t — 1)13 =0,
(29 = e ar@)) ) + a2k = 2)7 + 4(af2t — 1) = 0.

Here v =1/3, r(t) =1, 01(t) =t — 2, 0o(t) =t — 1, ay = 7/3 and ay = 11/3. For
By = 5/3, we have min{ay, as} > By > v and u** = = 4?3 and u**~? = u?, which
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both are increasing functions. To check (2.12) we have

/too @ :/nooiqi@) d<+Ak§>jn§:1hi(Ak)Hw dn
> T L S aoa] i
> : :@:[}wa(odc”wdnzfMmgdgrdn:m_

So, all the conditions of of Theorem 2.2 hold. Thus, all solution of (2.18) is oscillatory
or converges to zero.

Remark 2.1. Based on this work and [13-15,18-22] an open problem that arises is to
establish necessary and sufficient conditions for the oscillation of the solutions of the
second-order nonlinear neutral differential equation (1.1) for p > 0 and —oo < p < —1.
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ON CONTACT CR-SUBMANIFOLD OF A KENMOTSU
MANIFOLD WITH KILLING TENSOR FIELD

SAMEER! AND PRADEEP KUMAR PANDEY?

ABSTRACT. The object of this paper is to study the Contact CR-submanifold of a
Kenmotsu manifold with the help of a killing tensor field and deduce some results.

1. INTRODUCTION

K. Kenmotsu [5] introduced the notion of Kenmotsu manifold and later several
authors studied this manifold [2,14,15]. M. Kobayashi and N. Papaghuic [10, 11]
investigated the geometry of semi-invariant submanifolds of a Kenmotsu manifold.
The geometry of Contact CR-submanifolds, invariant and anti-invariant submanifolds
of an almost contact metric structure are studied by A. Bejancu [1].

Gupta et al. [13] studied the intrinsic characterization of a slant submanifold of a
Kenmotsu manifold in case of induced metric and obtained some examples of the slant
submanifold of a Kenmotsu manifold. Avik De [2] studied and obtained few examples
of a 3-dimensional Kenmotsu manifold with parallel Ricci tensor and obtained killing
condition for a vector field in Kenmotsu manifold.

Moreover, the Contact CR-submanifolds of Kenmotsu manifolds are studied by
some other authors [8,9]. The notion of a killing tensor field was introduced by
Professor D. E. Blair [4]. In [12], we have investigated and characterized a slant
submanifold of a Kenmotsu manifold using killing tensor fields. In this paper, we
have studied Contact CR-submanifold of a Kenmotsu manifold using the notion of a
killing tensor field and obtained some results.

Key words and phrases. Contact manifold, CR-submanifold, Kenmotsu manifold, killing tensor
field.
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2. PRELIMINARIES

A (2m + 1)-dimensional manifold M is said to admit an almost contact metric
structure if there exist a (1,1)-tensor field ¢, a vector field &, a 1-form n and a
Riemannian metric g such that

(2.1) =0, QU=-U+nU)E n(€) =1 n(eU)=0,

(2.2) g (U, V) =g (U V) =nU)n(V), gL =n),

where U and V' are vector fields on M [3,7].
Moreover, if

(2:3) (Vup) V= —g(U,pV)E=n(V) U, Vi&=U—n(U)E,

where V be a Levi-Civita connection on M, then the structure (M, p, £, 7, g) is said
to be a Kenmotsu manifold [5].

Suppose M is an isometrically immersed submanifold in M and V, V be the
Riemannian connections on M, M, respectively. Then the Gauss and Weingarten
formulae are given by

(2.4) VoV =VyV +h(U,V)
and
(2.5) VoW = —AwU + VEW,

for any vector fields U,V € I'(TM) and W € T'(T+M), where V! be the normal
connection on T+ M, A and h be the shape operator and second fundamental form of
M in M.

Both h and A are related as

In Kenmotsu manifold, M is isometrically immersed submanifold. For any vector field
U tangent to M, we put

(2.7) oU = pU + fU,

where pU and fU denote the tangent and normal component of U, respectively.
The covariant derivative of p, f are given by

(Vup)V =VupV —pViV,
(Vo )V =V fV — fVuV.
Similarly, for any vector field W normal to M, we have
(2.8) oW = bW + cW,

where bIV and cW are the tangent and normal component of pW.



ON CONTACT CR-SUBMANIFOLD OF A KENMOTSU MANIFOLD 97

The covariant derivative of b, ¢ are given by
(Vub)W =VybW — bVEW,
(Vye)W =ViEeW — cVEW.
Let p be the endomorphism defined by (2.7), then we have
(2.9) g (U, V) +g(UpV)=0.

Definition 2.1 ([9]). Let M be a submanifold of a Kenmotsu manifold M. Then M
is said to be a contact CR-submanifold of M if there exists a differentiable distribution
D:x— D, CT,(M) on M satisfying the following conditions:

(i) TM = D@ D+, £ € D;

(ii) D is invariant with respect to ¢, that is, oD, C T,(M);

(iii) the orthogonal complementary distribution D+ : x — D} C T, (M) satisfies
@D+ C TH(M) for each x € M.

A contact CR-submanifold is said to be proper if neither D, = {0} nor D} = {0}. If
D, = {0}, then M is anti-invariant submanifold and if D+ = {0}, then M becomes
invariant submanifold.

Now, let M is a contact CR-submanifold of a Kenmotsu manifold M. For any
UV e I(TM), by (2.3), (2.7), (2.8) together with the Gauss and Weingarten formulae
9], we have
or

—g (U, oV) =n (V) U = VupV + Vu fV — oV V — ph(U,V).

By comparing the tangent and normal component of the above equation, we have

(2.11) (Vyp)V = ApyU +0h (U, V) + g (pU, V) § —n (V) pU
and
(2.12) (Vuf)V =ch(UV)—h(UpV)—-n(V) fU.

If £ be the structure vector field tangent to submanifold M, then by (2.3) and (2.6),
we have

(213) AwE = h(U.6) =0
for all U € T(TM) and W € T(T+M). Thus, (2.11) reduces to
(2.14) (Vyp)V =g (U, V)€ =n (V) pU,

for any U,V € T'(D). This shows that, the induced structure p is a Kenmotsu
structure on M [9].

Let M is a contact CR-submanifold of a Kenmotsu manifold M, then equation
(2.11) reduces to

(2.15) (Vyp)V =bh (U, V) +g(pU,V)E—n(V)pU,
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for any U,V € I'(D) [8].
If the second fundamental form h is zero, then submanifold M is totally geodesic.
A submanifold M is totally umbilical if

h(U,V)=g¢g(UV)H,

where H is the mean curvature vector. In addition, if H = 0, then the submanifold
M is minimal.
A tensor field ¢ is called killing [4], if it satisfies the following condition

(2.16) (Vo) V + (Vve) U =0,
3. CoNTACT CR-SUBMANIFOLD OF A KENMOTSU MANIFOLD M WITH KILLING

TENSOR FIELD

In this section, we discuss some results on contact CR-submanifold of a Kenmotsu
manifold with killing tensor field.

Theorem 3.1. Let M be a contact CR-submanifold of a Kenmotsu manifold M with
killing tensor field v, then

(3.1) (VypV + Vpl) + (Vo fV + Vv fU) = p(ViV + Vo U) + f(VoV + Vv D).
Proof. From the equation (2.10), we have
(Vup)V = VupV — oV V.
By swapping U and V', above equation becomes
(Wwp) U=VyoU — oVyU.
On clubbing above equations, we get
(Vyg&) V+ (chp) U=VypV — V5V + VyoU — oV U.
Using (2.16), we get
(3.2) 0=VypV —oVyV +VypU — oVyU.
Using (2.7), above equation yields
(VypV +VypU) + (VufV 4+ Vy fU) =p(VyV +VyU) + f(VyV + VyU). O

Theorem 3.2. Suppose M denotes a contact CR-submanifold with killing tensor field
¢ of a Kenmotsu manifold M, then

(3.3) n(V)pU+nU)pV =0
and

(3.4) n(V) fU+n(U) fV =0.
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Proof. From equation (2.3), we have

(vw) V=g(eUV)E—n(V)eU.

By swapping U and V', above equation becomes

(Vvp) U = =g (pU, V)= (U) V.

Clubbing above two equations, we get
(Voo) V+ (Vve) U=—n(V)oU =0 (U) V.
By using (2.16), we get

(3.5) —n(V)eU —n(U) eV =0.
By using (2.7) in above equation, then comparing the tangential and normal compo-
nents, we get the result. 0

Theorem 3.3. Let M be a contact CR-submanifold of a Kenmotsu manifold M with
killing tensor field v, then the induced structure p satisfies

(3.6) (Vop)V + (Vyp)U = 0.
Proof. From (2.14), we have

(Vyp)V = =g (U,pV) & —n (V) pU.
By swapping U and V in above equation, we get

(Vyp)U =g(U,pV)E—nU)pV.
On clubbing above two equations, we have

(Vyp)V + (Vyp)U = = (V) pU —n (U) pV.

By using (3.3) in above equation, we get the result. O

Theorem 3.4. Let M be a contact CR-submanifold of a Kenmotsu manifold M
with killing tensor field p. If second fundamental form h is parallel then contact
CR-submanifold M is a totally geodesic.

Proof. By swapping U and V in (2.15), we have
(3.7) (Vyp)U =bh (U, V) = g (V.pU) & = n(U)pV.
Combining (2.15) and (3.7), we have
(Vyp)V + (Vyp)U =260 (U, V) =0 (V) pU =1 (U) pV.
Now, using (3.3) and (3.6), yields h (U, V) =0 for any U,V € T'(TM). O

Lemma 3.1. Let M be a contact CR-submanifold of a Kenmotsu manifold M with
killing tensor field ¢, then

(3.8) ApU + ApgV + 26 (U, V) = 0,
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Proof. By swapping U and V' in (2.11), we have

(3.9) (Vyp)U = AV 4+ bh (U, V) + g (pV,U) § —n (U) pV.

On clubbing (2.11) and (3.9), we get

(Vyp)V + (Vyp)U =AU+ ApgV +20h (U, V) + g (pU, V) €

+g@EV,U)§=nU)pV —n(V)pU.

By using (2.9), it follows that

(Vup)V + (Vyp)U = ApyU + AV + 200 (U, V) =0 (U) pV —n (V) pU.
Since p satisfies (3.3) and (3.6), we get the desired result. O

Proposition 3.1. Suppose M be a contact CR-submanifold of a Kenmotsu manifold
M with killing tensor field . Then M is anti-invariant submanifold in M if the
endomorphism p is parallel.

Proof. By interchanging U and V in (2.15), we get
(Vvp) U =bh (U, V) +g(pV.U)§ —nU)pV,

for any U,V € I'(D).
Clubbing above equation with (2.15), we get

(Vop)V + (Vvp)U = 2bh (U, V) + g (pU, V) E+ g (V. U) § =0 (V) pU — 1 (U) pV-
By using (2.9) and (3.6), above equation yields
2bh (U,V) —=n (V) pU —n (U) pV = 0.

Setting V' = ¢ and taking into account (2.1) and (2.13), we get pU = 0, which
establishes our assertion. 0

Proposition 3.2. Let M be a contact CR-submanifold of a Kenmotsu manifold M.
Then M s invariant (submanifold) in M if the endomorphism f is parallel.

Proof. By swapping U and V' in (2.12), we get
(3.10) (Vv f)U = ch (U, V) = h(V,pU) =0 (U) fV,

for any U,V € I'(T'M).
Clubbing (2.12) and (3.10), we get

(Vo )V + (Vv [)U =2ch (U, V) = h(U,pV) = h(V,pU) =n (V) fU = (U) fV.
If f is parallel, then above equation becomes
2¢h (U, V) = h(U,pV) = h(V,pU) = (V) fU =0 (U) fV = 0.
Setting V' = ¢ and taking into account (2.1) and (2.13), it follows that fU =0. O
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Lemma 3.2. Let M be a contact CR-submanifold of a Kenmotsu manifold M with
killing tensor field v, then

(3.11) (Vuf)V + (Vv f)U =0
if and only if
(3.12) 2ch (U, V) =h((U,pV)+ h(V,pU).

Proof. Taking into consideration (2.12) and (3.10), we get
(Vo )V + (Vv f)U=2ch(U,V) = h(U,pV)—h(V,pU) —n (V) fU —n(U) fV.
By using (3.4), above equation yields
(Vuf)V + (Vv f)U =2ch (U, V)= h(UpV)—h(V,pU).
Hence, the result. 0

4. EXAMPLES
In this section, we give a few examples of Kenmotsu manifolds with killing ¢.

Example 4.1. Let us consider the three dimensional manifold M = {(z,y,2) € R3, z #
0}, where (z,y,2) are the standard coordinates in R3. Suppose metric g on M is
given by
g=n®n+e*(dr ®dr + dy @ dy).
Now, we choose

e =e e ea=¢€ 8—y, 63—&—5.
The above vector fields are linearly independent at the each point of M such that
g(ei,ej) = 0 for i # j and g(e;,e;) = 1 for ¢ = j, for 1 < i,5 < 3. The 1-form 7 is
given by n(U) = g(U, e3) for chosen U on M. Let ¢ be a tensor field of type (1,1),
defined by ¢(e1) = 0, p(e2) = 0, p(e3) = 0. Now, using the linearity property of ¢
and g, we get

0’U =—-U+nU), nles) =1, gleU,oV)=gUV)—=nU)nV),

for chosen vector fields U and V on M.
A simple computation yields,

Velel = — €3, v61€2 = U, vele3 = €1,
Ve,e1 =0, Ve =—e3, Ve3=es,
Ve3€1 =€, V63€2 = €2, V6363 =0.

By using the above relations, it follows that the manifold satisfies the equation
V€=U —n(U)¢ for £ = e3. Hence, the manifold is a Kenmotsu manifold. From
the above relations, we obtain the following equations
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(Vapler + (Ve pler =0, (Ve pler + (Ve,p)er = 0,
(veﬁp)efi + (vesgp)el =0, (vegcﬂ)el + (velw)€2 =0,

(4.1) (Ve,p)er + (Vep)ea =0, (Ve,p)es + (Vegp)ea =0,
(Vespler + (Veples =0, (Vegp)es + (Veyp)es = 0,
(ve3w>e3 + (ve;g@)e?) =

From the equations (4.1), it follows that ¢ is the killing tensor field. Hence, the
manifold M is a Kenmotsu manifold with the killing tensor field ¢. Moreover, we
have
vm PYer — Sovelel + vﬁ per — @velel - 07

Ve1 wea — 90V6162 + veg(;pel - Spvezel = O)

Ve ez — oVe 3+ Ve,pe1 — oVeer = 0,
V€2g0€1 - QDV€2€1 + V61 pey — Spve1€2 - 07

(4.2) Ve,0es — Ve, + Vey0es — Ve 60 = 0,
Ve, 03 — pVese3+ Ve, pea — oV e0 = 0,
Vesper — Vezer + Ve, pes — Ve, e3 = 0,
Vespes — @Veses + Ve, p0e3 — Ve, e3 = 0,
Vespes — oVeyes + Veypes — oVe,e3 =0,
and
ner)p(er) +nler)pler) =0,  nlea)pler) +nler)ples) =0,
n(es)e(er) +nler)ples) =0, nler)w(ea) +nlez)pler) =0,
(4.3) n(ez)p(ez) +nlea)plez) =0, nles)p(es) +nlea)ples) =0,
ner)p(es) +nles)pler) =0,  nlea)p(es) +nles)p(es) =0,
n(es)ples) +nles)p(es) =

The equations (4.1) and (4.2) satisfy the equation (3.2) and the equations (4.1) and
(4.3) satisfy the equation (3.5).

Analogous to [14], we have the following example of five-dimensional Kenmotsu
manifold with the killing tensor field.

Ezample 4.2. Let us consider the five dimensional manifold M = {(z1, xa, 73, 24, v) €
R® v # 0}, where (z1, 72, 23, T4, v) are the standard coordinates in R®. Suppose metric
g on M is given by

4
g:n®77+62”2dxi®dxi.
i=1
Now, we choose

, 0 _, 0 _, 0 _, 0 0
eg=€¢ "—, e3=¢€ "—, e =€ "—, e5=—=~¢£.

87.2717 8232

e =e
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The above vector fields are linearly independent at the each point of M such that
g(ei,e;) =0 for i # j and g(e;,e;) =1 for i = j, where i,j = 1,2,3,4,5. The 1-form
n is given by n(U) = g(U, e5) for chosen U on M. Let ¢ be a tensor field of type (1, 1),
defined by @(61) = 07 @(62) = 07 @(63) = 07 @(64) = 07 @(65) = 0.

Now, using the linearity property of ¢ and g, we have

e’U=—-U+nU), nles) =1, gleU,eV)=gUV)—nlU)nV),

for chosen vector fields U and V on M.
A simple computation yields

Velel = — €5, Veleg = 0, Veleg = 0, velm = O, Veleg, = €1,
v6261 —07 v@eQ = —¢€s, v@@g - 07 v6264 = O, v6265 = €2,
ve3€1 —0, ve3€2 = 0, V%eg = —€5, Ve3e4 = O, v6365 = €3,
Vee1 =0, Veea=0, Vees=0, V.es=—es5 Vee5=ecy,

Ve5€1 =€y, V6562 = €2, Ve5€3 = €3, Ve564 = €4, V65€5 =0.

By using the above relations, it follows that the manifold satisfies the equation
Vo€ = U —n(U)E for € = es. Moreover, on the similar pattern of Example 4.1,
it follows that ¢ is a killing tensor field. Hence M is a five-dimensional Kenmotsu
manifold with the killing tensor field. Also, analogous to Example 4.1, it can be seen
that the equations (3.2) and (3.5) are satisfied.
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SOME MATHEMATICAL PROPERTIES FOR MARGINAL MODEL
OF POISSON-GAMMA DISTRIBUTION

MAGED G. BIN-SAAD!, JIHAD A. YOUNIS!, AND ANVAR HASANOV?

ABSTRACT. Recently, Casadei [4] provided an explicit formula for statistical mar-
ginal model in terms of Poisson-Gamma mixture. This model involving certain
polynomials which play the key role in reference analysis of the signal and back-
ground model in counting experiments. The principal object of this paper is to
present a natural further step toward the mathematical properties concerning this
polynomials. We first obtain explicit representations for these polynomials in form
of the Laguerre polynomials and the confluent hyper-geometric function and then
based on these representations we derive a number of useful properties including
generating functions, recurrence relations, differential equation, Rodrigues formula,
finite sums and integral transforms.

1. INTRODUCTION

In statistics, marginal models [7] are a technique for obtaining regression estimates
in multilevel modeling, also called hierarchical linear models. People often want
to know the effect of a predictor/explanatory variable X, on a response variable Y.
One way to get an estimate for such effects is through regression analysis. Marginal
model is generally compared to conditional model (random-effects model). Casadei [4],
(see also [5]) investigated the model representing two independent Poisson processes,
labeled as signal and background and both contributing additively to the total number
of counted events, is considered from a Bayesian point of view (see [2] and [3]). This
is a widely used model for the searches of rare or exotic events in presence of a
background source, as for example in the searches performed by high energy physics
experiments. The starting point in [4] is the marginal model p(k|s), specifying the

Key words and phrases. Poisson-Gamma distribution, marginal models, Laguerre polynomials,
hyper-geometric functions.
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probability of counting k£ > 0 events in the hypothesis that the signal yield is s > 0
with the assumed knowledge about the background contribution:

(1.1) p(k|s) = /m Poi(k|s + b)Ga(b|a, 8)db,
0
where Ga(bla, §) is a Gamma density of the form
_ _ Ba a—1_—af
(1.2) p(b) = Ga(bla, 5) = F(a)b e, a>0,p#-1,
and Poi(k|s 4 ) is Poisson probability given by the formula (see [4])
. i k Sk—nbn
(13) POl(k‘S—i‘b) =€ nzom.
Now, in view of (1.2) and (1.3) we find from (1.1) that
k Skfnﬁaefs 00
Els) — / —(14B)bpa+tn—1 g
p(kls) gn!(k’ —n)IT () Jo ¢ ’

which on using the Euler’s integral [6]
/ et 'dt = a "T(v), v >0,
0

yields the marginal model (see [4])

14 pible) = (25) st
where

. B " fa+k—1 ank
(1.5) fn(x,a,ﬁ)—];< k >(n_k)!(1+5)k.
The model Poi(k|s + b) is used to compute the Fisher’s information (see [4, page 5,
(1.4)])

9 ’ o2

(16) I(s)=F (8 1ogp<k|s>) ] " [( @Szlogmms))] ,

and the reference prior [16]

m(s) o [1(s)]'/2.
Starting from equation (1.6) and after certain mathematical computations, Casadei
[4] derived the following expression for the Fisher’s information:

B\ L& s B
(1.7) I(s) = <1+5> e ,;)—fn+1(8;oz,5) 1.

From equation (1.7) one obtains

(18) u<s>|1/2=\( i )WM "

1+ = fari(s; o, B) !
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The function |/(s)|'/? has its single maximum at zero, hence a possible definition of
the reference prior m(s) for the signal is (see [4, page 9, (4.3)])

()"
(1.9) m(s) = NORE

Because m(s) does not explicitly depend on b (see (1.1)), the marginal posterior is
proportional to the product of the reference prior (1.9) and the marginal likelihood
(1.4)

(1.10) pible) o (25) e hutasa (o),

Casadei [4] derived a number of interesting properties for the polynomials f,, (z; a, 5)
which were useful in his investigation and following the prescription by [16], the
reference prior for the signal parameter s is computed from the conditional model (1.1).
Clearly, from (1.6), the polynomials f,(z; «, 8) play the key role in implementing all
results in the work of Casadei [4]. For the evaluation of f,(x; «, ) the author suggested
some methods based on the logarithms, because this avoids rounding problems related
to expressions featuring very big and very small values. Motivated by the important
role of the marginal model p(k|s) in several diverse fields of physics, analysis and
statistical methods and the contributions in [4, 5] toward the the marginal model-
polynomials f,(z; «, ), this work aims at introducing several representations and
properties for the polynomials f,,(z; a, ) in terms of known hyper-geometric functions
and polynomials, for example, confluent hypergeometric function | F; and Laguerre
polynomials, which will be useful for the evaluation of the marginal model p(k|s).

2. EXPLICIT AND INTEGRAL REPRESENTATIONS

a)y  TI'(a+1)
(n) ol (a—n+1)
[(a+n) N
La) (@)n,

where (a), = a(a+1)---(a+n — 1) denotes the Pochhammer symbol, the assertion
(1.5) can be written in the form

Based on the formulas

and

n ( )kxn—k
(2.1) folz; o, B) = ;;)k' T B
By exploiting the result [1]
(—1)kn!

0, k> n,
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and the definition of the hyper-geometric function o Fj (see [1])

2F0[Cl,b; _,.T] = i W

n=0

)

we find from (2.1) that

" —1
fn(x; Oéaﬁ) = ngO —n,o; —; <

z(1+6)|

Now, with help of the representations of the hyper-geometric function oFp (see [12,
page 614])

oFol—n,a;—; 2] = (@) (—2)"1Fi[-n;1 —a —n; —2" 1 = nl2"L " (—271),

we can easily establish the explicit representations

23) ol ) = T il - 0 = mia(1 4 )
or equivalently

N i S Ry
2.4 hasand) = () L6048,
where 1 F} is the confluent hyper-geometric function [6]
(2.5) 1Fila;e; 2] = nz::o ((CZ;Z; ,

and L{® is the associated Laguerre polynomials (see [1] or [13])

" (=D +n+1)2"

L () = kzzo Kl(n—k)C(a+k+1)

Since the polynomials f,(x; «, 3) can be expressed in terms of representation involving
the confluent hypergeometric function ; F; and the Laguerre polynomials L(® the
properties of these function and polynomials assume noticeable importance. Indeed,
each of these properties will naturally lead to various other needed properties for the
polynomials f,(x; «, 3). In this work formula (2.3) will play the key role in obtaining
a number of main results for the polynomials f,(z;«, ). Next, according to the
relation between Laguerre polynomials L(® and Jacobi polynomials P{*#)(z) [1, page
294, (35)]

L = lim PN <1 - 25”)
n Asoo >\

and the assertion (2.4), we can obtain the explicit relation

o) = (i) g (1-2552)
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Further, the Laguerre polynomials have the following asymptotic representation which
describe their behavior for large value of the degree n [8, page 87, (4.22.18)]; see also

9]:
(2.6) L%(z) =~

n

I'a+n+1)
n!

a—+1
5

e?(Nz)= J, <2 (Na:)), n— oo, N =n+

In view of the explicit representation (2.4) it follows from (2.6) that

.ﬂ@w%ﬂ“(ul%ﬂnrq;a%myVNﬂl+mV?Jan(2(Nﬂ1+m0,

n — oo, N = "=2+L From (2.3), we can easily seen that

()

(2-7) fn(0§ 0475) = m
and
23) Fusi (@3, ) = —— s

(n+ 11+ g)m+

Formulas (2.7) and (2.8) are useful in computing the reference prior 7(s) in (1.9). It is
often convenient to identify the various special functions and polynomials with contour
integrals along certain paths in the complex plane. These integrals provide recursion
formulas, asymptotic forms, and analytic continuations of the special functions. Also,
they are sometimes used as definitions of special functions and polynomials . Now,
we consider some integral representations for the polynomials f,(x; «, 3). To obtain
integral representations, we first recall the results (see [1, page 300, (9.13) and (9.17)],
[6, (6.11.1)(3)])

(2.9) ﬂﬂhmmﬂ—rmggiﬂw%f&%“%1—&6“%m
(2.10) 1Fia; ¢; x] :F(a)FF((Z)—a)emx(IQC)/OI o—tyie—1)—a o 1(2y/ ()t
and

where ¢ is a positive integer and the contour 7 starts and ends at the point s =1 on
the s — axis and encircles the origin in a positive sense and that Re(c) > Re(a). Also,
a fourth representation can be obtained from equation (6.11.1) (7) of [6], for Re(c) > 0,
v>1landa#1,2,3,...,c— 1. This is achieved with b=c=n+1,n=0,1,...,in
(6.11.2) (6) of [6], where the integrand is a one-valued function of the parameter s and
the path of integration may be replaced by a contour, for instance a circle |s| = p > 1.
This representation is given by (see [6])

(2.12) Rl ea] = ) j{e( s )“ds.

2mixe—1 s—1/ s¢
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Directly from the results (2.9), (2.10), (2.11) and (2.12) and based on the definition
(2.3), we can establish the following integral representations:

(_1)71 ! T ty—(n -
ol 0,) =gt [ I gy

(=D [a(1 + )75

fn(x; a7ﬂ) = n'(l + 5)711—‘(_71) 0 e_tt%Jf(a+n)(2 (1;(1 + 6)t))dt7
. _ (Oé)nF(IY)F“' + n) x( )s —a ds
fo(z; o, B) ~Smi nl(1+ AT — ) 7§€ I+0)s (s — 1) s
and

(@), I'(1 —a—n) 7{ (1-46) ds
n\T; &, = . e’ s —1)" ,
I f) 2mi nl(1 + g)~cx—an J, ( ) sl
respectively. By using the previous explicit and integral representations the computing
of the conditional model will be more easily. In this regard by virtue of the results

(2.7) and (2.8), in conjunction with (1.7), we find that

213 Km:a+mnm< B>a§:@%®%®n< 1)"_1

Fa+1) \1+5) Znlla+1),(1), \1+8
(1 +B(@) (B \" . N
" Tt Q+ﬂ>3E%*%Z“+LLu+ﬁJ b

where 3F is special case of the generalized hypergeometric series ,F (see [1]). Hence,
from the assertions (2.13) and (2.3), we find the following elegant explicit representa-
tion for the marginal posterior defined by (1.10):

p(kyg;)oc< b >a <a)"€_xn1F1[—n;1—oz—n;x(l—i—ﬂ)]

1+5) nl(1+75)
‘(i)a e~ T y© (n+1)(@)n P [-nsl—a—nz(148)])* ‘1/2
116 n=0 nl(a+n)1(B8+1)"~11 F1[-n—1;—a—n;z(1+0)]

o 172
siersPle 0,20 +1,51/(1+ 8)] - 1)

3. GENERATING FUNCTIONS

A generating function is a way of encoding an infinite sequence of numbers (a,,) by
treating them as the coefficients of a power series. The sum of this infinite series is the
generating function. Generating functions are often expressed in closed form (rather
than as a series), by some expression involving operations defined for formal series.
These expressions in terms of the indeterminate x may involve arithmetic operations,
differentiation with respect to x and composition with (i.e., substitution into) other
generating functions; since these operations are also defined for functions, the result
looks like a function of z. Indeed, the closed form expression can often be interpreted
as a function that can be evaluated at (sufficiently small) concrete values of =, and
which has the formal series as its series expansion. Also, the generating functions offer
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a direct way to investigate the properties of the polynomials they define. Directly
from (2.1) of the prececding section we obtain

o n "= k:tn
fa(@; o, )"
Z 7;) kz—%) k(n ( +B)F
On replacing n by n + k, we obtain
o (@1)" ()t*

o falmon Bt =Y
n=0
Hence the polynomials f,(x; «, 5) have the following generating relation:

xt 3 - . bl . n
(3.1) e (1 — Hﬁ) = %fn(aj,a,ﬁ)t

A set of other generating functions for these polynomials is easily obtained. Let A be
arbitrary and proceed as follows:

;::O(A)nfn(az, a, B)t" = 7;”;] Hn — LT )
oo 00 (a)k()\)n kxntn+k
B 7;);;0 Eln!l(1+ B)*
_ i (@)rNat" (A + Fk)a(at)”
SR+ B &= n! '
We thus arrive at the generating function
3 flaian B = (1= at) ) [0 Xi—i .

The following two formulas are well-known consequences of the derivative operator
D, = 2 and the integral operator D! (see [10]):
A F(A+1) _ AL L(A+1)
DK A A—n D" A An
S v o W e G WA
meNU{0}, e C—{-1,-2,...}. Since
Dlign — nlz"*
v (n— k)’

formula (2.1) yields the operational relation

0o N ) -
6 lmes- AR O 1 (D
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On multiplying both sides of (3.2) by ¢" and taking the sum, we then get the generating
relation

A

oo D —a
(o, It =1 - —= e,
3= ftssa e = (1- 152
On the other hand, since

ﬁl;ma-f—k—l _ ((l/)kl' 7

we get from (2.1) the operational relation

n—a+1 Dx "
lasanp) = T (1 ) e

Now, we can easily derive the following generating relation:

0o n_ l-«a tﬁx;p o
2 @i O =t p[(“mmﬂ -

From (2.1), we can easily derive the m — th partial derivative of f,(z;«, ) with
respect to x as follows:

n—m n—k—m

(33) DPfawiaf) = f@af) = ¥ e
k=0 ""°

(o)

—k—m)!|(1+ B)*

Hence, from assertions (3.1) and (3.3), we get the result

xt t - o = . n—m
(3.4) e <1 — 1+5> = ngofn_m(x, a, B)tm.

Remark 3.1. If in the generating functions (3.1) and (3.4), we let ¢t = 1, we find that

ifn(x;a>ﬁ anmJTOé/B)_e (1;6> )
n=0

which are the properties 1 and 3 of the polynomials in (2.1) derived by Casadei (see
[4, pages 6-T7]).

Remark 3.2. From (3.3), we have

= fo-m(z; 0, B).

7 (<) (—n)m(@)ia

(3.5) fu' (@i, B) = X_: nlk!(1 + B)k
We know that [13]
0, it k>mnorm>n,
(3.6) (=n)k4m = m if 0 <k+m<n.

Hence, equation (3.5), in conjunction with (3.6), gives

0, if m > n,

fn(x;ayﬁ): fy?(x;avﬁ):fn—m(l’;a>ﬁ)a lfOSmSn,

1, if n =m,
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which is the tired property for the polynomials in (2.1) proved by Casadei [4, page
6, (2.7)]. Note that the proofs of the properties 1, 2 and 3 above are very short in
compare with their proofs in [4]. In fact these three properties have their origin in
the properties of Laguerre polynomials and the confluent hyper-geometric series | F}

(see [13, pages 200-213]).
4. RECURRENCE RELATIONS AND DIFFERENTIAL EQUATION
First, in view of definition (2.1), we find that
and

DM (s, B) = funa (230, B).
Secondly, differentiating both the sides of (3.1) with respect to t, we get

xt l - Q xt 3 - . = . n—
xe (1 — 1—1—5) + (H—ﬁ—?ﬁ) e (1 — Hﬁ) —;fn(x,(x,ﬁ) nt" 1,

or

z(1+5) an$a5 —l’ana?Oé,B t"+1+042fnf13a,5)

=(1+p) anxa,ﬁ ) nt" ! anxa,ﬁ)nt”“

or

1+Banxoc6 —fonlxozﬁt”—i-aanxaﬁ

—(14B)S fonr(@ @ B) (0 DI =S fus(zia, B) (n— 1"

n=0 n=0

Equating the coefficients of ¢" from both sides, we find

(4.2) [x(148)+a] fu(z; o, B)—(x—n+1) fr_1(z; 0, B)— (148) (n+1) frus1(x; , ) = 0.

From [13, Section 48, (15), (18) and (20)], usingp=q¢=1, 0y = —n, f1 =1 —a —n,

x +— x(1 + ), we obtain

(4.3) aFil-n;1l—a—nz(1+6)] =—nmFi[-n+11—a—n;z(l+ P)]
+(a+1)if[-n1—a—nz(l+ ),

(4.4)

[2(1+5) —n)1Fi[-n;1 —a—n;z(l 4 5)]

1+ B)(a —
(1—a—mn)

z—mﬂkﬂﬂ—a—nwﬂ+5ﬂ—ﬂ 1%5[ ;2 —a—nz(l+ ),
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(45) A[-nl—a—-nz(l+ )] =Fl-n-11-a—-nz(l+p5)

+ @_z_n)lFl[—nﬂ —a—nz(l+ B

Since (see (2.3))

nl(1+ )"
(@)

equations (4.3), (4.4) and (4.5) may be converted into the mixed recurrence formulas

1A[=n1 —a—na(l 4 )] = fulw; o, B),

fulwianB) = (14 2) fu(wsa+1,8) = 2 fu(wsa,9),
n z(14+ B)(a—1)

fa(z;a, B) :(n—x(l _|_5))fn—1(x;a75) + n—21+8)1—-a _n)fn(x§a —1,8),
folx; o, B) =fosa(x; 0, B) + (l—ax—n)fn(m; a—1,05).

Next, we derive the differential equation of the polynomials f,,(z;a, ). Our starting
point is the recurrence formula (4.2). We have from (4.2)

(4.6)  2(1+B)fulz;a,B) + afu(z;a, B) — 2 fua(z;0, B) + (n = 1) fua (750, B)
— (1 +B)(n+1) faa(z; 0, ) = 0.
Using (4.1), equation (4.6) yields

(@T) 20+ B) s 0, B) + afules 0, 8) = - fulwsan 6) + (0= 1) 2 fuls 0, )
(L4 )+ D50, 5) =0

Next, on differentiating equation (4.7) with respect to x and simplify we obtain the
following second order differential equation for the polynomials f, (z; a, §):
82

(n— x—l)a 5

ful 0,8+ (214 6) @ = 1) 2 Fo(ws, 8) = (14 ) (s B) = 0

5. RODRIGUES-TYPE FORMULA

From (2.4), we have

(5.1) fo(z;0,8) = <1+5>n§:

k=0

(1 —o—n)u[-z(1+B)"*
Eln —k)!(1—a—n),

Since

ﬁn—kx—a _ (1 —a— n)nx(—oc—n—&—k:)
(1 —a—n)

Y
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equation (5.1) can be written in the form

: A T T N G D L C ) AP,
f"(x’a’6>_<1+ﬁ> nl & K — k) Dt

1 \" gotn n -
-(i75) S S () evras oo

Dl HH — (1)1 4 ) (0,

M

Again, since

we may conclude that

(5.2 fn(x;a,6)=<_1>nxa+ 0+ z( )p;kxa][ﬁﬁe“”)ﬂ-

147 n!

Therefore, by Leibnitz theorem, equation (5.2) can be written in the following inter-
esting Rodrigues-type formula:

—1 "2 i) A —a—(14Be
folz;a,8)=——] ——e Dx™ % )
14+ n! “

6. FINITE SUMS AND INTEGRAL TRANSFORMS

Using the result

Yo A k) =303 Aln+k,k),
n=0 k=0 n=0 k=0
we can write
ZZ (14 B) 7 fo(a A, B)E" ZZ E(1+ B)" folw A, B)ET
n=0 s=0 n=0 s=0 t o
= < - Hﬁ) ;)fs(%)\,ﬁ)ts

Now, employing the generating relation (3.1) and comparing the coefficients of ¢" in
the resulting expression, we get the following finite sum:

n

;) HQ +8)" " fs(x; A, B) = falz;a, B).

Similarly, one can derive the following result:

B GR L LR ) (1_yy> _ (fvy<1+6>; o ﬁ> |

s=0 (n - S)'
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Since

T 1+8

xt t - yt l -
—e (1_1+6) ‘ (1_1+ﬂ>

=> foyiv. B) Y falasa, B)trH.
n=0

p=0

00 ‘ —a—ny
S f(r+yia 4, )t = et (1 )
p=0

Now, on letting p — p — n and comparing the coefficients of t?, we get the desired
result

p
Lol +yia+7,8) =" ful@ia, B) frn(y; v, BEP.
n=0

Similarly, from the equation

S n __ ot 13 - t e
S ptmanr - (-] (1-15)

we can show that

= (= V)npfp(; A, B)

folz; 0, B) = :
0B = 2 T L+ By

Next, we turn to some integral transforms for the polynomials f,(z;«, ). In view of

the definition (3.1), we obtain

n k

a1 . _ (a)pz"”
| et alatia B)dt = > o BT AR

Now, on using the formulas (1.5) and (2.2) and the result (a),_x = (DM@ anq

(1—a—n)y’
considering the definition of the Gaussian hyper-geometric function o F; (see [15])

(6.1) oFila,b;c; 2] = i (a)n(b)nz"

= (c)nn!

oo
0

Y

we get the integral transform

F(A+n)

00 1
/ e fulat; o, B)dt = — [ [—n, a;l— A —mn;
0 n!

z(1+4pB)
In view of (2.1), we get

n k

t 1 oeine1 _ . ()™
f = e ) = 3 e

t
% / (t — 2N 1ga—Mnth-lgy
0
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Putting (t — z) = t(1 — p), we get
t
[~ zﬁ-lza-“"—lm/z; o, B)dt
0

kf F oAtk b Akt A1
_Z k' ( +ﬁ) /Op (1—]9) dp.

Now, projection mtegral transform would occur if we use the definition of Beta function

tal bldt
a—l—b /

and considering (2.5) and this asserts

jﬁit-Z)A—lza—k+"—1fg(x/z;a,ﬁ)dt::j;(x/acy-A,ﬁ)

7. CONCLUSIONS

In the previous sections we etablished a number of properties and representations
for the polynomials f,(z;«, 3), which are useful tools for computing the marginal
model p(k|z), the Fisher’s information I(x) and the reference prior m(z). In this
regard, if we make use of the series representation (2.5), the assertion (1.6) gives us

(71) p(km—(lfﬁ) n,(ﬁ)ﬁ)m - a—ma(l+ )

e S (D m( e
n'(1+ﬁ 0‘+"k = k's‘ —a—n)y
On letting s — s — k in (7.1) and using the following relations [13]:
(~1)" (@) (~1)"n!
m-n — 71 N d - = )
(a) A—a—m), 4 =0T

we obtain

i) = eSS M2 O 5 ot (13"

C o1+ B)etn = sl (1—a — n), E(14n—s) 1+
According to the definition of Gaussian hyper-geometric series in (6.1), we get

k) = @ LA 1 ]

k=0

—s,a+n—s;1+n—
nl(1+ B)etr = sl(l—a—n), = T 1+8)
On other hand, by letting k +— k — s in (7.1) and proceeding in the manner described
above, it is not difficult to obtain from the series expansion

k

plkl) = n,(ffg)zk,F kil —a— 14 ).

We conclude this investigation by remarking that the schema suggested in the deriva-
tion of the results in this work can be applied to find other needed properties for the
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polynomials defined in (2.1). Therefore, the properties of the polynomials f,(x; «, 5)
assume noticeable importance.
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[3]
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CHARACTERIZATION OF GRAPHS OF CONNECTED DETOUR
NUMBER 2

GASHAW A. MOHAMMEDSALEH!

ABSTRACT. Let G = (V, E) be a connected graph of order P(G) > 2. The con-
nected detour number of G, denoted cdn(G), is introduced and studied by A. P.
Santhakumaran and S. Athisayanathan [7]. In this paper, we characterize connected
graph G of cdn(G) = 2 and of detour diameter D(G) = 5, 6.

1. INTRODUCTION

Let G = (V, E) be a connected simple graph of p vertices and ¢ edges. We assume
that p > 2 and it is finite. For u,v € V(G), the length of a maximum u — v path is
called detour distance between u and v, and denoted by D(u,v). A u — v path of
length D(u,v) is called u-v detour. For a vertex v € V, the detour eccentricity
ep(v) is defined by:

ep (v) =max {D (u,v) :u eV},
diamp (G) =max{ep (v): ve€ V(G)}.
A vertex w € V(G) is said to lie on a u — v detour @, if w is a vertex of V(Q)
including v and v. A detour set (denoted d.s.) of G is a subset S of V(G) such that

every vertex v of G lies on x — y detour for some x,y € S. The detour number of
G, denoted dn(G), is defined by:

dn (G) = min {|S] : S is a detour set of G}.

A detour basis of G is a detour set of order dn(G). If S is a detour set of G and
the induced subgraph G[S] is connected, then S is called connected detour set

Key words and phrases. Detour distance, detour number, connected detour number.
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(denoted c.d.s.) of G. The connected detour number of G, denoted cdn(G), is
defined as:

cdn (G) = min {|S] : S is a connected detour set of G} .

A connected detour basis of G is a connected detour set of G of order cdn(G). For the
definitions of the concepts not given here, we refer to [1,3-7]. There are many research
on connected detour number and edge detour graphs (see [8-10]). Ahmed and Ali
2], determined detour number for three special classes of graphs GG, namely, unicyclic
graphs, bicyclic graphs, and cog-graphs for C,, K, and K,,,. In [7], the authors
A. P. Santhakumaran and S. Athisayanathan characterized connected graphs G of
cdn (G) = 2 and D (G) <4. In this paper, we characterize graphs G of D (G) = 5 and 6
for which cdn (G) = 2.

2. CHARACTERIZATIONS OF GRAPHS G WITH D(G) =5 AND cdn(G) = 2
We start with the following proposition for graphs G' having cdn(G) = 2.

Proposition 2.1. Let G be a connected graph of order P(G) > 3. If cdn (G) = 2,
then G contains neither end-vertices nor cut-vertices.

Proof. (1) If v is an end-vertex of G and w is the vertex adjacent to v, then v is a
cut-vertex, and G — {u,v} contains at least one vertex, say w. Since u and v are in
every c.d.s. of G; and wv is the only u — v detour, then {u,v} is not a c.d.s. of G
[7]. Thus, cdn(G) > 3, contradicting the hypothesis. Therefore, G does not contain
end-vertices.

(2) Now, assume that G contains a cut-vertex = and {z,y} is a connected detour
basis of G. By the proof of part (1), G contains no end-vertices, so y is not end-vertex.
Let Hy and Hy be components of G — {z}, and let y € V(H;). Since P(G) > 3, then
Hj contains at least one vertex. Clearly, every x — y detour does not contain vertices
from H,, contradicting the definition of d.s. Thus, G does not contain cut-vertices. [

Now we proceed to find graphs G with detour diameter D (G) = 5 for which
cdn (G) = 2.

Theorem 2.1. Let G be a connected graph of P(G) > 6 and with D (G) = 5. Then,
cdn (G) = 2 if and only if G is a cycle graph Cg, with or without any number of
chords, or like the graph G; (i = 1,2) depicted in Figure 1.

Proof. 1t is easy to verify that for Cy and for each G; (i=1,2) D(C,) = D(G;)=>5 and
cdn (Cg) = cdn (G;) = 2, in which a, b is a detour basis of Gj.

To prove the converse, let G be a connected graph of P(G) > 6 and with D (G) = 5,
cdn (G) = 2. Then, by Proposition 2.1, G does not contain end-vertices and cut-
vertices. Since D (G) =5 and G is connected, then the circumference of G (denoted
by cir(G)) is 3 < cir(G) < 6. Therefore, we shall consider four cases for cir(G).
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, w
(a)uw un(b)

n>=0 (a) u ug (b)
G n,m >0
Gy 2

FIGURE 1.

Case (1). Let cir (G) =3 and P = (v, v,...,vg) is a v; — vg detour diameter in G
(see Figure 2).

FIGURE 2. P for cir (G) = 3.

Then v is not adjacent to vy, vs, vg; and vg is not adjacent to v and v3. Moreover, vy
and vg are not adjacent to any vertex other than V' (P). Since degv, =2, (i = 1,...,6),
then v; must be adjacent to vs, and vg must be adjacent to v4. By Proposition 2.1,
G contains no cut-vertices, therefore there is either a vy — v5 path in G, or vy — vy
path and v3 — v5 path. Each of the two possibilities implies the existence of a cycle of
length > 6 in GG, contradicting our assumption. Thus, in this case there is no graph
that fulfills the required conditions.

Case (2). Let cir (G) =4, and P = (vy,vs,...,v) be a vy — vg detour diameter of
G (see Figure 3).

FIGURE 3.

Then v is not adjacent to vs and vg; and vg is not adjacent to ve. Thus, v; is adjacent
to v3 or vg, and vg is adjacent to vy or vy. Therefore, we consider four subcases.
(a) If vivs, vgvy € E (G), then, as explained in case (1), cir(G) > 6, a contradiction.
(b) If vivs,v6v3 € E(G), then either there is in G a vy — vy path or vy — vs path.
Each of the two possibilities produces a graph G having cir(G) > 5; a contradiction.
(c) If vyvy, v6v4 € E(G), then, as in subcase (b), we arrive to a contradiction.
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(d) If vy, v6v3 € E(G), then G contains the 6-cycle (vq, va, vs, g, U5, Vg, v1) and so
cir(G) > 6, a contradiction.

Therefore, in case (2) there is no graph that satisfies the required conditions of the
theorem.

Case (3). Let cir (G) = 5 and P = (vy, v, ...,0g) is a v1 — vg detour diameter, then
vy is not adjacent to vg, and each of vy, vg is not adjacent to any vertex not in V(P).
By Proposition 2.1, degv; > 2 (i = 1,6). Therefore, we have consider the following

nine subcases.
@-

vl Uy U3 Uy Us Y6

FIGURE 4.

(a) If vyvs, v9v6 € E(G), then such graph is like G; with n = 0 and without the
edges ujus, usuy, in Figure 1.

(b) If vivs,v3v6 € E(G), then such graph is like Gy with n = 0 and without the
edges usuy.

(c) If vyvs, v4v6 € E(G), then G contains the 6-cycle (vq, vs, vg, vy, V3, V2, V1), contra-
dicting our assumption.

(d) If vyvg, vov6 € E(G), then G is like Gy with m = n = 0 and without the edge
uiuz and usuy.

(e) If vivg, v3v6 € E(G), then G contains the 6-cycle (vq, v, v3, vg, Vs, Vg, V1), contra-
dicting our assumption.

(f) If viv4,v4v6 € E(G), then by Proposition 2.1, there must be a v3 — vs path
or vo — vy path. If G contains vy — vs path, then G contains a cycle of length
>6, a contradiction. Now, assume that G contains a vy — vs path, of length >
2 then G contains vyvs € E(G), then G is like Gy in Figure 1 with m =n = 0.

(g) If vivs, vevg € E(G), then G contains the 6-cycle (vy, v3, vy, vs, Vg, V2, V1), CON-
tradicting the assumption.

(h) If vyus, v306 € E(G), then as in subcase (f) either G is like Gy with m =n =0,
or cir(G) > 6.

(i) If vjv3, v4v6 € E(G), then by Proposition 2.1, either G contains vy — v5 path, or
vo — v4 path and v3 — vs path, see Figure 5.

FIGURE 5.
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If G contains a ve — v5 path @, then G contains a cycle (vy, vs, v4, vg, U5, Q, V2, V1),
of length > 6, a contradiction. If G contains a vy — vy path R; and vs — vs path Rs,
then G contains a cycle (v, vs, Ra, vs, Ug, V4, R1,v2,v1), of length > 6 contradicting
our assumption.

In view of the explanations in the subcases (a)-(i) we deduce that G; and Gy in
Figure 1 are of the general forms that satisfy the requirements of the theorem in this
case.

Case (4). Let cir (G) = 6, and C be a 6-cycle in G. Because D (G) = 5, then there
is no vertex in G, other than the vertices of C', adjacent to a vertex of C. Therefore,
P(G) = 6 and so G is Cg with, or without some chords. Hence, the proof of the
theorem is completed. 0

3. CHARACTERIZATION OF GRAPHS G WITH D(G) = 6 AND cdn(G) = 2

In the following proposition we establish that if G is a block of D (G) = 6, then the
circumference of G is more than four.

Proposition 3.1. Let G be a block of order p > 7 and with D (G) = 6, then cir (G) =
5,6 or 7.

Proof. Let P = (uy,us,...,us ur) be a detour diameter of G, shown in Figure 6.

FIGURE 6.

Since (G is a block, then it does not contain cut-vertices and end-vertices. Because
D (G) = 6, then u; and u; each is not adjacent to any vertex other than us, us, . . ., ug.
It is clear that cir(G) < 7. If uy is adjacent to us, ug or uz, and/or u; is adjacent
to uy, uy or uz, then G contains a cycle of length more than four (see Figure 6). To
compute the proof we shall show that G contains a cycle of length 5, 6 or 7 if u; is
adjacent to ug or uy, and uz is adjacent to uy or us. So, we consider the following four
cases.

Case (1). If uyus, uruy € E(G), then we have the following four subcases.

(a) G contains a us — ug path @ which is edge-disjoint from P, this implies that
G contains [—cycle (us3,u1, us, (@), s, U7, s, u3) of length [ > 6.

(b) G contains the edge usus which implies that G' contains the 7—cycle (ug, u, us,
Us, Ug, U7, Uyg, U,g).
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(c) G contains edges usuy and wugus, this implies that G contains the 7—cycle
(ug, uy, ug, us, Ug, Uz, Uy, Us).

(d) G contains a us — uy path Q2 and a uz — ug path @3, which are edge-disjoint
from P; this implies that G contains the cycle (ug, ui, ug, (Q2), w4, us, ug, (Q3), us) of
length [ > 6 (see Figure 7).

-

( ’2 ,,,,,,,
. te,
‘e
0
.
R 0
o

FIGURE 7.

Case (2). If ujug, urus € E(G), then we have two subcases.

(7) G contains the edge usug, which implies that G contains the 7-cycle (us, uy, us,
Ug, Uz, Us, Uy, U3).

(7) G contains a us — us path Ry and a ug — ug path Ry which are edge disjoint
from E(P), which implies that G contains cycle (ug, ui, ug, (R1) ,us, ur, ug, (Ra) , u3)
of length [ > 6 (see Figure 8).

FIGURE 8.

Case (3). If ujuy, usuy € E(G), then, as in case (2), G contains a cycle of length 6
or 7.

Case (4). If uyuy, uguy € E(G), then we have four subcases for the cycles in G.

(o) G contains a uy — us path Fj other than (us,us, uy,us), this implies that G
contains a cycle (ug, uy, ug, ur, ug, us, (F1) ,us) of length > 6 (see Figure 9).

(8) G contains a us —ug path Fy, this produces that G contains a cycle (ug, ug, ug, us,
(Fy) ,ug) of length [ > 5.
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U & (2 o ® °® °® ® U7

FIGURE 9.

(7) G contains the edge usus implying that G contains the 7-cycle (us, ug, uy, ug, uz,
Ug, Us, U3).

(0) G contains a uz—ug path Fj, this produces that G contains a cycle (us, ug, u1, uy,
uz, ug, (F3),us) of length [ > 6.

Hence, the proof of the proposition is completed. 0

Theorem 3.1. Let G be a connected graph of order p > 7 and with detour diameter
D (G) =6. Then, cdn(G) = 2 if and only if G is a cycle graph CZ, with or without
any number of chords, or G belongs to the family F shown in Figure 10.

,
(a) vg v3 () on v3

Gy, n>2 Gy, nym>1
b -

G7, n,m>1

F1cURE 10. The family F
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Gy, n>1 Gg, n,m>1

Proof. 1t is straightforward to verify that D (C%) = D (G;) = 6, and cdn(C3) =
cdn (G;) = 2, in which {a,b} is a connected detour basis of G; (1 <i < 7).

To prove the converse, let G be a connected graph of order p > 7, D (G) = 6 and
cdn (G) = 2. Then, by the Proposition 2.1, G is a block, and by Proposition 3.1,
cir (G) =5, 6 or 7. Thus, we shall consider three cases depending on the circumference
of G.

Case (1). Let cir (G) =5 and C = (vy, v2,v3,v4,v5,v1). Since G is connected and
P(G) > 7, then there is a vertex u; # v; (1 <1 < 5) adjacent to a vertex, say vy, of
C. Because degu,; > 2, then either u; is adjacent to another vertex of C not adjacent
to vy, or it is adjacent to a vertex = # v; (1 <i <5). If uyx € E(G), then x is not
adjacent to any other vertex x ¢ V(C), and, also, it is not adjacent to any vertex of
C', because, otherwise D(G) > 7 or cir(G) > 6. Therefore u; must be adjacent to
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non-adjacent vertices of C', say v; and v3 and it is not adjacent to any other vertex
of G, that is degu; = 2. It is clear that every vertex y ¢ V(C) is of degree 2 and
adjacent to two non-adjacent vertices of C.

Let wy € V(G), wy ¢ V(C) and wy # uy, then the following hold.

(a) If wyvy,wiv3 € E(G), then G is like the graph Gy, in Figure 10, with n = 2
(taking uy = wy) and with edge vov, or v9v5, and G may contain edge {v,vs, v1v4, V305 }.
Therefore, G is of a general form of this subcase, because P (G) > 7.

(b) If wyve,wyvs € E(G), then cir (G) > 7, a contradiction.

(¢) If wyve, wyvy € E(G), then cir(G) > 6, a contradiction.

(d) If wyvy, wivgy € E(G), (or wyvs,wivs € E(G)), then G is like the graph G,
in Figure 10, with m = n = 1 and G may contain some of the edges wvyv4 or vjvs.
Therefore, G is of a general form of this subcase, because P (G) > 7.

Case (2). Let cir (G) = 6, C = (vy,va,...,06,01) and let W =V (G) — V(C). If
w € W, then w S is adjacent to at least two vertices of C, for otherwise D(G) > 7.
Since cir (G)) = 6, then w is not adjacent to any two adjacent vertices of C'. Therefore,
every vertex of W is of degree 3 or 2, and it is not adjacent to any vertex other than
the vertices of C. Thus, we shall consider GG in the following three subcases.

(a) Let every vertex of W is of degree 3. If w € W, and w is adjacent to v; then it
is adjacent to v3 and vs. If in addition to w, there is w’ € W adjacent to vs, v4 and wvg,
then G contains the 8-cycle (v1,w,vs, va, w', vy, vs, vg, v1) (see Figure 11) contradicting
the assumption. Thus, without loss of generality every vertex of W is adjacent to vy,
vy and vs. Therefore, G is like the graph G5 in Figure 10 with n > 1 and a number
of dotted chords of C'.

U1

V5 U3

Vg

FIGURE 11.

(b) Let every vertex of W is of degree 2. Let u be any vertex in W and assume
that u is adjacent to v;. Then u is adjacent to vs, v4 or vs. Therefore, we have two
general possibilities, namely:
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(1) uvy,uvy € E(G);

() uvy, uvs (or wvy, uvs) € E(G).

For subcase (7), if v’ is another vertex of W, then, for all connections of «' with
a pair of non-adjacent vertices of C, the graph G will not satisfy the requirements
D =6 and cdn = 2. Therefore W consists of exactly one vertex u, and so P (G) = 7.
Hence, G is like the graph G4 shown in Figure 10.

(7) Let uvy,uvy € E(G). If each u € W is adjacent to the some non-adjacent
pair of V(C) like vy, v3, then G is like G5 shown in Figure 10. If there is a vertex
uy € V(G) adjacent to, say vy, v, and there is at least one vertex wy € V(G) adjacent
to v, vs (or vs,vs), then G is like Gg with n,m > 1. For other connections of the
vertices of W to pairs of non-adjacent vertices of V(C'), we have the following.

(a) If uvy, uvs; wor, wos; xvs, xvs € V(G), where x € W, then we have a graph
like H; shown in Figure 12. Clearly, cdn (H;) = 3, so H; does not fulfill the
requirements.

(b) If vy, uvs; woy, wvg € V(G), then we have a graph like Hy shown in Figure 12.
Clearly, D (Hy) = 7, so Hy does not fulfil the required conditions.

FIGURE 12.

(¢) Now, assume that W consists of vertices of degree 2 and of degree 3. Let w be
a vertex in W of degree 3. Then, without loss of generality, assume that w is adjacent
to vy, v3 and vs. Let u € W of degree 2, then we have the following possibilities.

(1) If u is adjacent to vy and vs, then G is like the graph G, with n,m > 1, shown
in Figure 10.

(2) If u is adjacent to vy and vy, then G contains a 7-cycle (vy, vg, vs, W, Vs, Vg, U, Vo,
v1), a contradiction.

(3) If w is adjacent to v; and vy, then cdn(G) > 2, a contradiction.

(4) If w is adjacent to vz and vs, then G is like the graph G5 in Figure 10.

Hence, the graph G in Case (2), for which cir (G) = 6, is in general construction,
is like G; (i = 3,4,5,6,7).

Case (3). Let cir (G) = 7 and C = (vq,v,...,v7,v1). If there is a vertex u in G
other than the vertices of C, then u is adjacent to a vertex of C', say v;. This implies
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that G contains a 7-path, namely u, vy, vo, ..., vy, contradicting the hypothesis of the
theorem. Therefore, P (G) =7, and so G is the 7-cycle graph CZ with some chords

of

[1]

C.

Hence, the proof of the theorem is completed. O
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ABSTRACT. In the present article, we have established a result on degree of approx-
imation of function (or signal) in the generalized Zygmund class Z,(™ (I > 1) by
using (F,r)(N, g, )- mean of Trigonometric Fourier series.

1. INTRODUCTION

Signal Analysis describes the field of study whose objective is to collect, understand
and deduce information and intelligence from various signals. Now-a-days the anal-
ysis of signals is a fundamental problem for many engineers and scientists. In the
recent past, we have seen the applications of mathematical methods such as Prob-
ability theory, Mathematical statistics etc. in the analysis of signals. Very recently,
approximation theory has got a large popularity as it has given a new dimension
in approximating the signals (or functions). The estimation of error functions in
Lipschitz class and Zygmund space using different summability techniques of Fourier
series and conjugate Fourier series have been of great interest among the researchers
in the last decades (for details see [2,3,9,10,13-18]). Later, the generalized Zygmund
class 2™, 1 > 1, is investigated by Leindler [8], Moricz [4], Moricz and Nemeth [5].
Very recently Nigam [7] and Singh et al. [11] proved approximation of functions in the
generalized Zygmund class by using Hausdroff means. Lal and Shireen [12] proved a
result on approximation of functions of generalized Zygmund class by Matrix Euler
summability mean of Fourier series. In the present paper, we investigate on the degree
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of approximation of a signal (or function) in the generalized Zygmund class Z,(m).
[ >1, by (E,r)(V,q,) product mean of the trigonometric Fourier series.

2. DEFINITIONS AND NOTATIONS

Let h be a function, which is periodic in [0, 27] such that [;" |h(z)|'dx < oco.
We denote

27
L0, 27] = {h :[0,27] = R / |h(x)|'dz < oo}7 [>1.
0

The Fourier series of h(z) is given by

2.1 Up (T :@—l— a, cosnx + b, sinnz |.
2
n=0 n=1

Let S,(h;z) denotes the p-th partial sum of h(x) and is given by

1 /= sin (p + ;)y
Sp(h;x) = —/ h(x +v)———%—dv.

TJox ZSin%

We define

1 gy 3
W= (5= [ hta)de) ", 1<t <00,

and
[All: = esssupg<,<on |R(z)], 1= oo.
Let the Zygmund modulus of continuity of h(x) be
m(h;r) = sup |h(x +v)+ h(z —v) —2h(z)| (see [1]).

0<r,xeR

Suppose B represents the Banach space of all 27 periodic functions which are contin-
uous and defined over [0, 27] under the supremum norm. Clearly,

L) = {h eB: |h(z+v)+h(z—v)—2h(z)=0(jv]*),0 < a < 1}
is a Banach space under the norm || - ||y defined by

h h(z —v) — 2h
[l = sup |h(z)| + sup| (z+v) +h(z —v) ()]

0<z<2n 2,040 lv]«

For h € 1,0, 2], | > 1, the integral Zygmund modulus of continuity is defined by
1 1

my(h;r) = sup { /027r |h(z +v) 4+ h(x —v) — 2h(x)|ldx}l,

0<v<r 27

and for h € B, | = oo,
Meo(h;r) = sup max |h(z + v) 4+ h(z —v) — 2h(z)].

O<v<r
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Clearly, my(h;r) — 0 as [ — 0. Again,

1
I

Z(a), 1= {h € LZ[O, 271'] . (/027r |h(;p + U) + h(ZL‘ — U) — Qh(l‘)lldm> = O(|U|a)}

is a Banach space under the norm || - [|(a); for 0 < <1 and [ > 1. Clearly,
[P +v) + A(- = v) = 2R ()]l

o]

12l @y = [17el]: 4 sup
v#0

Let
Zm) — {h €B: |h(z+v)+ h(zx—v) —2h(z)] = O (m(v)) }»

where m is a Zygmund modulus of continuity satisfying

(a) m(0) = 0;

(b) m(vy + ve) < m(vy) + m(vg).

Define

" h(- h(- —v) — 2h(-
Zl()_{heLl:1§l<oo,sup“(+U)+ (—v) ()“l<oo},
00 m(v)
where
m h(-+v)+ h(- —v) —2h(-)|;
I = Wl -+ sup A2V RO Z0) 2ROy
VA0 m(v)
Clearly, || - ||™ is a norm Z™. Also, Z{™ is complete since L;, | > 1, is complete.
So, Zl(m) is a Banach space under || - Hl(m) Agian, suppose m(v) and p(v) represents
the Zygmund moduli of continuity such that ZL(:)’) is positive and non-decreasing then
2
22 I < o {1, 2T ™ < o
p(2m)

Clearly,

zZimczWcrn, 1>1.
Let > u, be an infinite series with sequence of partial sums {s,}. Suppose {qx}
represents the sequence of non-negative integers such that

n

(2.3) Qn=>Y_q— 00 as n— oo.
k=0
If
Ny_ ¢
(2.4) T, = —an_ksk, n=0,1,2,...
n k=0

represents the (V, ¢,) mean of {s,} generated by the sequence {g,}, then the series
>~ u, is said to be summable to ‘s’ whenever

lim 7 — s.
n—oo
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We know, (N, ¢,) method is regular [6]. The (E,r) transform of {s,} is given by

n

ro__ 1 n—k
(2.5) EN = (ET > Cn, k)r" sy,

If Ef — s as n — oo, then Y u, is summable to ‘s’ by (E,r) summability. Also,
(E,r) method is regular [6].
The (E,r)(N,q,) transform of {s,} is given by
k

(2.6) BN = 1+7" ZC n, k) {Qk qu_usy}.
BN

The series Y- u, is summable to s by the (E,r)(N,q,) transform if 7,
n — oQ.
The following notations are used in the rest part of our paper:

o(x,v) =h(x +v) + h(z —v) — 2h(z),

— S as

1 n 1 g s (V i 5>U
KEPN (y) :m ;Z%C(n,k) @ 2 qkysin@

3. KNOowN RESULTS

Using Matrix Euler summability means, Lal and Shireen [12] proved the following
theorems.

Theorem 3.1. Let the lower triangular matric A = (a,) satisfy the following condi-

tions:
(3.1) > anr =1, @, >0, n=0,12...,k=01,2...,
" 1

(3.2) S | Adu] :0() and (n+ Dap, = O(1),

! n+1
The best approzimation of the Fourier series (2.1) by Matriz-Euler mean is given by
3.3 E,(h) = inf [|t,*" —n|l'=0
(33) () = .| r=o(iy " o).
where

n 1 k
E_ kz_%an,k? ;)C(k:, V)Sy,,

represents the Matriz-Fuler mean of a 27 periodic and Lebesgue integrable function
h:[0,27] — R, that belongs to Zl(m), [ >1. Here, m and p are the Zygmund moduli
of continuity and % s positive and non-decreasing.
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Theorem 3.2. Let A = (an k) be a lower triangular matriz satisfying (3.1) and (3.2) in

Theorem 3.1 along with the condition that ’Z((j)) is non-increasing. Then, for h € Zl(m),

[ > 1, the best approximation by Matrix-Euler mean (tnA’E) s given by

n+1
(3.4) E,(h) =0 | —""Llog(n + 1)x
1
'u(nJrl)
4. MAIN THEOREMS

Theorem 4.1. Let h: [0,27] — R be a periodic function (with period 2m) belonging

to Zl(m), [ > 1, which is integrable in the sense of Lebesque. Then the degree of
approzimation of h by using (E,r)(N,q,) mean of (2.1) is given by

(4.1) Eum:iM|m&W—mw=o<f'm@M0,
T BV i vp(v)

where m(v) and p(v) are the Zygmund moduli of continuity and % is positive and
non-decreasing.

Theorem 4.2. The degree of approximation of a 2w periodic and Lebesque integrable
function h, h:[0,27] = R, using (E,r)(N, q,) mean of (2.1) is given by

() !

n-+ s

4.2) E,(h)= inf |5, —hll =0 —
42 500 = g, i =0 | S ()|

H n+1
where h € Zlm), I > 1, m(v) and p(v) are the Zygmund moduli of continuity and

m(v)
v p(v)

s positive and non-increasing.

We require the below mentioned lemmas to prove our main theorems.

5. LEMMAS
Lemma 5.1.
1
E,.N
mY = 0(n), << ——.
KEN = O(n), for0 < v
Lemma 5.2.

1
n—+1

1
kEN = 0(). for

Lemma 5.3. Let h € Zl(m). Then, for 0 <v <,
(@) [l v) [l = O(m(v));
(22) le(- +y,v) + (- —y,v) = 2¢0(-,v) | = O(m(v)) or O(m(y));

<v <.
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(23i) If m(v) and p(v) are as defined in Theorem 4.1, then

(- +y,v) + @(- —y,v) = 20(-,v) |1 = O (u(y)f(v)> ,

where p(x,v) = h(x +v) + h(x —v) — 2h(x).

6. PROOF OF THE LEMMAS

Proof of Lemma 5.1. For 0 < v < —= and sinnv < nsinwv, we have
SlH( + )
Eq,N
" = C(n,k)r y
0= o [ O qu e
1 " 1 & (2v + 1) sin &
<— C(n, k)r"=* 2
—2n(1+7r)" kZ::O (n, k) {le’ 0% sin § }|
1 " 1 &
< S Ccmkym k<2k+1){ qk_y}
2r(1+ )l i Qr =
— C(n,k)r"
—2r(1+ )" ,;) (n, k)
=0(n).
Proof of Lemma 5.2. By Jordan’s lemma
. (v v . 1
sin () > —, sinnv <1, <v <.
2 T n—+1
Now,
1 n i 1 kK sin (u—i— )
kLN C(n,k)r"="< — . -
i 1 s
P k) — 7
_27r 1+7’ Z {le;v%_y}
n 1 k
e k) —
20l )" 1+r Z {Qk,,z::oq’“‘”}
1 n
= 1N C(n, k) r*
20(1+r)" kz:[) (n. k) 7

of’)

Proof of Lemma 5.3. See [12].
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7. PROOF OF MAIN THEOREMS

Proof of Theorem 4.1. Let Si(h;x) denotes the k-th partial sum of the series (2.1).
We have

1 sin (k: + ;)y
Silhiz) = hix) = 5= [ o) mdo
2

and the (N, g,) transform of it is given by

1 1 1 sin<k+2)v
oY s Sulhiw) — he)} = - | Gk —— .
S a1 = 5 [Nl S
Let the (E,r)(N, g,) transform of Sy(h;z) by 75~~. Then

1 ™ n 1 sin (k + 2>v
7E N h(2) :7/ e(z,v) Y Clnk) r"F{— g dv

2n(1 4+ r)™ Jo s Qn 12 A sin 3
—/ (z;0)&EN (v)dv
=xn (T
Then
Xl +9) + Xalo = 9) = 26a@) = [ oo+ y.0) + ol = g,0) = 2e(w,0) bl @)do
Using Minkowski’s inequality, we have

X (- +9) + xu(- = v) = 2xa ()2

:{1 /27r Xn(Z +y) + Xz —y) — 2Xn($)\ld$}%

27 Jo
d]’

1 2
“

27 %
< [TIsE N5 [T ete +y0) + ole - y,0) — 20(w,0)'de | do
= [Tt 0 + 0l = 5,0) = 260, 0) LN o) o
= [T ol 30 + 9 = ) — 200 0) hwE () do

loC+y.0) + 0 = y.0) = 200, ) lily ™ (v) ] dv

n+1

/0” {tp(x+y, )+ oz —y,v) = 2¢(, v)} N(v)dv
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Using Lemma 5.1, Lemma 5.3 and monotonicity of %, with respect to ‘v’, we have

IH:/”WW<+%>+¢6—%w—o¢mwmmﬁwwwh

= /0m O(u(y)rz((:))>0(n)dv.

By using the second mean value theorem of integral, we have

()
I, <O n,u(y)i/o dv

()

(7:2) =0 nilu(y u((::; =0 u(y)ME:;))

Again, by using Lemma 5.2 and Lemma 5.3, we get

P Z/1 lo(+y,0) + (- = y,0) = 20(-,0) il (v)|dv

n+1

</n+1 ( ZL(Z))EC[”
(7.3) =0<u(y) " mly) v)-

i vp(v)
By (7.1), (7.2) and (7.3), we have

IXn (- +4) + Xn(- —y) = 2xa ()] = O u(y)j((nil; +0<u(y) /i miv) dv)-

Therefore, we have

(ng%umc+w+xﬁ@ v =260l _, j&ig +o(415ﬁ8ﬂg.

As
p(x,v) = [h(z +v) + Wz —v) = 2h(2)],
by applying Minkowski’s inequality, we get

(7.5) le(z, )l = [h(z +v) + h(z — v) = 2h(z)|; = O(m(v)).
Now, using Lemma 5.1, Lemma 5.2 and (7.5),

o <7+ [ Yot ol e
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:O<n/0nil m(v) dv) +O( ;1 m(v)dv)

9 “0(n(50)) o[, ")
From (7.4) and (7.6), we have

[ (17

=[xn ()l + sup
y7#0

X (- +9) + xu(- = y) = 2xa ()]s
1(y)

wumaawwOﬁgﬂﬁmw

4

7=1

In view of monotonicity of p(v) for 0 < v <, we have

~ m(v) ” - m(v) _ m(v)
) = Jyelo) < s = o(Ss).
Therefore,
G1 = O(Gh).

Again, by using monotonicity of u(v),

Gy = /; m(v)dv = /; :;(U) p(v)dv < p(m) /t m(v) dv = O(Gy).

v (v) i vp(v)

Since % is positive and increasing

Therefore,
G5 = O(Gy)
Thus,
N _ ™ m(v) )
halt =06 =0( [,
Hence,
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This completes the proof of the Theorem 4.1. O

Proof of Theorem 4.2. In this theorem, since we have assumed ;Z((f})) is positive and
decreasing, proceeding as in Theorem 4.1. We have

n+1

i —o )
En(h) = inf [[xn ([ = O (n+1) M(@) T

ie.,
m<n41r1> T 1
E.(h) =0 —
R TN (- m)
'u n+1
This is what we need to prove in Theorem 4.2. 0
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CERTAIN SUBCLASSES OF MEROMORPHIC FUNCTIONS WITH
POSITIVE COEFFICIENTS ASSOCIATED WITH LINEAR
OPERATOR

OSAMAH N. KASSAR! AND ABDUL RAHMAN S. JUMA!

ABSTRACT. In this paper, we introduce and study certain subclass of meromorphic
univalent functions by using a linear operator by means of a Hadamard product
involving some suitably normalized meromorphically g-Hypergeometric functions,
in the punctured open unit disk. Some properties like, coefficients inequalities,
growth and distortion theorems, closure theorems, Extreme Points and Radii of
meromorphic starlikeness and meromorphic convexity are obtained.

1. INTRODUCTION

Let ¥ denote the class of meromorphic functions in the punctured open unit disk
D*={z:2€C,0<|z] <1} =D — {0} of the form

1 oo
(1.1) f(z) ==+ a.,2", a, >0,
Z n=1

we denote by Xg(7), Xk(v) and X5(v), 0 <~ < 1, the subclasses of 3 that are mero-
morphic univalent, meromorphically convex functions of order v and meromorphically
starlike functions of order v, respectively.

A function f € Yi(v) if and only if —Re (1 + ZJ{,,;S)) > v, z € D. Similarly, a

function f € ¥%(y) if and only if — Re (Z]{;S)) > 7, z € D, where f given by (1.1).
There are many other classes of meromorphically univalent functions that has been

extensively studied (see [2,3,7,9] and [11]).

Key words and phrases. Meromorphic functions, Hadamard product (or convolution), convex
functions, starlike functions, hypergeometric function.
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For functions f(z) = 1 4 322, a,2" and g(z) = 1 4 302, b,2", we define the
Hadamard product or convolution of f and g by

1 oo
(f * g) = ; + Z anbnzn-
n=1

Cho et al. [6] and Ghanim and Darus [8] studied the following function

SR A :
1.2 = - _ "oA>0,u>0.
12) o) =13 (i) A onz
For complex parameters ay,...,a; and by,...,b,, b; € C, and b; # 0,—1,..., and

j=1,2,...,m, the g-hypergeometric function ;V,,(z) is defined by
Z\Ij (ala-' al;bla"'abm;(Lz)

. (a1, q (al,q)n
-3 o o D )

where (”) :n(n—l)/Z,q#Oandl>m+1, I,m € Ng = NU{0}, z € D. The ¢

(1.3)

2
-shifted factorial is defined for a,q € C as a product of n factors by

. Ja-a-ag)---1—-ag"t), neN,
(14) (CL, Q)n - { 1, n = O,
and in terms of basic analogue of the gamma function

(1.5) (¢%q), = L(a j}ng —a"

It is of interest to note that lim,—,_; ((¢%;q),, /(1 —¢)") = (a), = a(a+1)---(a+n—1)
is the familiar Pochhammer symbol and

n > 0.

= (01),, - (bp), n!
Now for z € D, 0 < |¢| < 1 and | = m + 1 the basic hypergeometric function defined
n (1.3) takes the form

lqjm(ala"'7al;b1)"'7bm;22) = ZM °

o0

(ab Q) e (al7 Q)
1.6 W (ar,...,a;01, ... by q, 2) == & L__2",
L0 (o0 )= 2 G Oy o),
which converges absolutely in the open unit disk D (see[1]).
Corresponding to the function ;W,, (ay,...,a;;b1,...,bn;q, z) recently for meromor-
phic functions f € ¥ consisting functions of the form (1.1), Al-dweby and Darus [1]
introduce ¢ -analogue of Liu-Srivastava operator as below

(1.7)
1

le(aly--'7al;b17---7bm;Q7z)*f(z>:;l\Ijm(ab'"aal;bla"'abm;cbz)*f(z)
1

(aza Q)n+1 n
~ 4+ E anz
z q Q)n—i-l H'L 1 (blv Q)n+1
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where Hz:l (ak7q>n+1 = (a’luq)n—‘,-l (a’27q)n+1 ”'(asaq>n+17 z € D* = {Z S (C 10 <
|z] < 1} and

1
le(ah’"aa’l;bla"‘7bm;Q7Z) = ;l\:[/m(a'h"'7al;b17"'abm;Q’z)
_ 1 + i Hézl (aia Q>n+1 pus
=1 (qa Q)nJrl H;n;l (bw q)n+1

z

Corresponding to the functions ; Y, (a1,...,a;5b1,...,bm;¢,2), and g, ,(2) given in
(1.2) and using the Hadamard product for f(z) € 3, we will present a generalization
to the linear operator on > as follows

G (a1, az, ... aby by, bpiq) : X — 8

and
92 (a17a27"'al;b17b27"'bm;Q> f(Z)
:f( )*lT (ala'- al;bla“'abm;qu)*Q)\,u(z)

i _1 (@i @)y ( A )H lan] 2.

(g, q)n+1 [T (b @)y \n+1+A

(1.8)

For convenience, we shall henceforth denote

(19) 9;); <a17a27 - Qg b17b27 R bmaq) f(Z) - 9;); (a’labm7Q) f(Z)

Notice that, the linear operator (1.8) in above was introduced and studied by Challab
et al. [5]. For convenience, we let

(1.10) AN = i1 (05 Dy ( A )u.
" (g, Q)nJrl [T, (bs, Q>n+1 n+1l+A

Definition 1.1. For 0 <y <1,k > 0and 0 < n < 3, we let 3(v, k,7) be the subclass
of ¥g(,) consisting of functions of the form (1.1) and satisfying the analytic criterion

(1.11)

(95 (a, b, @) f(2))" + n2%(S) (a1, b, @) f(2))"
e <(1 — )5 (a1, bm, q) f(2) +12(5) (a1, bm, @) f(2)) ! 7)
2(95 (a1, b, @) f(2))" +02%(5) (a1, b, q) f(2))"
(1 =G5 (a1, bm, q) f(2) +12(5} (a1, bm, @) f(2))

where G (ay, b, q) f(2) is given by (1.8).

>k +1

Y

Remark 1.1. For suitable choice of parameters involved in the Definition 1.1, the
class reduces to various new subclasses in the following examples, we illustrate two
important subclasses.
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Ezample 1.1. For n = 0, we let X(v,k,0) = X(v, k) denote a subclass of (v, k,n)
consisting functions of the form (1.1) satisfying the condition that

2(9p (@, b, q) £(2))' 2(95 (a1, b, q) £(2))'
e 53 (01,5 ) F(2) ra) 28 53 (01,5 ) F(2)
where G (ar, b, q) f(2) is given by (1.8).

Ezxample 1.2. For n =0, k =0 we let X(v,0,0) = X(v) denote a subclass of ¥(v, k,n)
consisting functions of the form (1.1) satisfying the condition that

2(S2 (a1, b @) £(2))'
‘Re< S (a1, b @) F(2) ”) -0

where G (a1, b, q) f(2) is given by (1.8).

+1

9

For more details about class in the [10, Definition 1.1].

2. SET OF LEMMAS

We now give the preliminary lemmas that we shall employ in the proof of the main
results.

Lemma 2.1 ([4]). If v is a real number and w = —u — v is a complex number, then
jw+ 1 =)= lw—=(1+7)]=0s Re(w) = 7.
Lemma 2.2 ([4]). If w = u+iv is a complex number and v, k are real numbers, then

—Re(w) > |w+ 1|k +v < —Re (w (1 + kew) + k:ew) >, —m<60<m.

3. MAIN RESULTS

Theorem 3.1. Let f € X be given by (1.1). Then f € X(v, k,n) if and only if

[e.9]

(3.1) (L (n =)k + 1) + (k +)]A" jan| < (1= 7)(1 = 2n),

n=1

where AM is given by (1.10).

Proof. Let f € 3(v,k,n). Then by definition and using Lemma 2.2, we get
(3.2)
e G (a1, b 0) £(2)) + 0225 a1, b ) £(2)"
(L =n)G; (a1, bm, q) f(2) +n2(S5)) (a1, b, q) f(2))

where m < 0 < m. For easiness, we let
Alz) =~ [ (92 (a1 b @) £(2)) + 12* (S (a1, by ) f<z>)”] (1+ ke')
— ke (1= )8} (@b @) £(2) + 12 (9) (b ) £(2) |

(1 - k:ei9> + k:ei9> > 7,
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and
B(2) = (1= 9} (a1, b 0) £(2) + 07 (5 (1. bq) £(2))
Hence, the equation (3.2) is equivalent to —Re (

e )) > v and from Lemma 2.1, we

only want to prove that

A(z) + (1 = 7)B(2)] — |A(z) — (1 +7)B(2)] 2 0.

Therefore,
[A(z) + (1 = 7)B(2)|
>(1—2n)(2— )é, - Z:l[(n —147) +k(n+ D1 +n(n — 1)) ApH]an]|2]"
and

|A(z) = (1 +7)B(2)|

(1= 20) 1+ D0l + 1+ 9) b+ DI+ — D)A a2

‘ | n=1
Thus,

|A(z) + (1 =)B ( )| = 1A(z) = (1 +7)B(2)]
>2(1—2n)(1 —7)— —2 Z (1+ k) + (v + k)1 + nln — 1)) Ap*|a]|2]" > 0,
by the provided condition (3.1). On the other hand, let f € 3(v,k,n). Then by

Lemma 2.2, we get (3.2).
Choosing the values of z on the positive real axis the inequality (3.2) reduce to

(1= ) (1= 20) 5 + X521 (1+ (n— D) [0 (1+ke®) + (5 + ke'®) | AM#[an |21
Re 5
(1—-2m)% = 02, (1+ (n — Dn)Az*fag| =

>0.

eiG

Since Re (—eie) > — = —1, the above inequality reduces to

Re ((1 — NI =25 + 5021+ (n— l)n)[n(f - 1)]A2’“|an|r"_1) o
(1—2n)% =32 (1+ (n— 1)n)An"|a,|rm

Letting  — 1~ and by mean value theorem we get desired inequality (3.1). U
Corollary 3.1. If f € X(v,k,n), then
1—9)(1-2
ol < (1-7)(1- 29

(1+ (n— Dn)[nlk + 1) + (k + )] A"
Corollary 3.2. Let f(z) € ¥ be given by (1.1). Then f € 3(v, k) if and only if

[e.9]

> [k + 1) + (k + ) A" (o) Jan| < (1 =),

n=1
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where n = 0, in Theorem 3.1.

4. GROWTH AND DISTORTION THEOREM
Theorem 4.1. Let f € X(v,k,n) given by (1.1). Then for 0 < |z| =r < 1 we get

1 (1-9)(1-2n L (1= —2n)

— r<|f(z)] <—-+ r
r 2k +y 4 1A <G < (2k + v + 1)AY*

<

and
1 (-7 -2n , 1 (1—9)( -2
r2 o (2k 4y + DAY <lFEl= r? (2 + 4+ 1A
The result is sharp for
(4.1) f(z) _ 1 (1 - 7)(1 — 2)‘)

Ve
z (2k4+y+ 1)A"
Proof. Since f € ¥(v,k,n) and 0 < |z| = r < 1, then

1 (A=90-2n) 1, (1-7)(1-2p)
JEI= EN (2k 4+~ + 1)A§’“|Z| =57 (2 + 5+ DAY
and
{5 ik ok PSS Gl 1 ek )

r.
2] (2k +y + 1)A* T (2k 4y + 1)A*
On the other hand

—1 1—7)(1—-2n 1 1—7)(1—-2n
re) <] (1 =) AL <1 (1 =) AL
z (2k +~v+1)A; e (2k+y+1)A;
and
—1 1—~)(1—-2n 1 1—7)(1—-2n
relz 2 - (1 =) A?M >1 (1 =) A,)M'
z (2k+~v+1)A; e (2k+y+1)A;
This completes the proof of Theorem 4.1. 0

5. CLOSURE THEOREMS

Let f;(2), 7 =1,2,...,1, be the function given by
1 > n
(51) f](Z) = ; + Z |an7j|z .
n=1

Theorem 5.1. Let the function fj(z) defined by (5.1) be in the class X(v, k,n) for
every j = 1,2,..., 1. Then the function f(z) defined by

1 Ui "
n=1

belongs to the class X(v, k,n), where g, = + 3L an;|, n=1,2,...
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Proof. Since f;(z) € X(v,k,n), it follows from Theorem 3.1 that

oo

> (14 (n =)k +1) + (k+9)A3" an,] < (1—7)(1 = 2n),

n=1

for every 7 =1,2,...,1. Hence,

S (1 (n = Dl 1)+ (k+ )]A g,

13 (S o= v+ 0+ s 7)]A“|am|>
<7 (1= )1 -20) = (1=)(1 - 20)
which implies that f is in (v, k, 7). O

6. EXTREME POINTS
Theorem 6.1. Let

(61 fole) = -
and
62)  fu(z) == (1=~){ —2n) ">

+ L2 N2
2 1+ M=) +Ek)+ (v+ k)]AD"
Then f € (v, k,n) if and only if it can be represented in the form

(6.3) f(z) = f:ownfn(z), i)wn =1, w, > 0.

Proof. From (6.1), (6.2) and (6.3), we have

(6:4) Z (It (n— D)tk + 1) + (k+ )] A

Since
i (1= )(1 = 2n)w, (A4 (= D)k +1) + (k+7)]A0"
= (14 (n— D))k + 1) + (k + )] An* (1 =7)(1=2n)

(6.5)

:iwnzl_wl < 17

it follows from Theorem 3.1 that the function f € (v, k,n).
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Conversely, suppose that f is in 3(~, k,n), since
(1—~)(1—2n) 1

(66) Ay S PR -
(14 (n— Dn)[n(k + 1) + (k + )] An"
Setting
1+ @m—Dn)nk+1)+(E+)] x

) = -1
(6.7) Wn 1—0=21) ap, W1 nz:;wn,
it follows that
(6.8) f(2) =D waful2).

n=1

This completes the proof of the theorem. U

7. RADII OF MEROMORPHIC STARLIKENESS AND MEROMORPHIC CONVEXITY

Theorem 7.1. Let f € X(v,k,n). Then f is meromorphically starlike of order 9,
0 <6 <1, in the unit disc |z| < r3, where

K ) )(n(n—1)+1)[n(1—k)+(7+k)]/\2’“ =

pu— 1 f > ]_.
BER \nr2-9) (1—2p)(1—7) =
The result is sharp for the extremal function f(z) given by (4.1).
Proof. We must show that
2f'(z)
+1{<1-9, |z|<rs.
f(2) A=
Since
(1=7)(1—=2n) n+1
(7.1) 1) ) < (D s e
: F(2) =1 (1—y)(1—27) 2
(1+(n=1)m) [n(1+k) +(y+k)|An*
Hence, (7.1) holds true if
1-— 1—-2
(TL+ 1) ( ’7)( 77) . ’Z‘n-‘rl
(1+(n—=1)n) 1+ k) + (v + k)] A"
(1+(n—=1)n) 1+ k) + (v + k)]Az"
or
1-— 1—-2
(n+2_5) ( 7)( 77) . |Z‘n+1 S (1 . 6)
(14 (n—1)n)[n(l+k)+ (v + k)]Ax"

Thus, for

2" < (1-0) (A+@—=1n)nd+k) +(+E)]AM"
~ (n+2-9) (1=7)(1—=2n) '
Hence, f(z) is starlike of order 9. O
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Corollary 7.1. Let f € X(v,k,n). Then f is meromorphically convex of order ¢,
0 <6 <1, in the unit disc |z| < r4, where

ry = inf

n > 1.

n

K ) )<n<n—1>+1>[n<1—k>+<w+k>mwnil
n(n+2—9) (1—2n)(1—7) ’

The result is sharp for the extremal function f(z) given by (4.1).
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-LAPLACE TRANSFORM ON QUANTUM INTEGRAL
NECMETTIN ALP! AND MEHMET ZEKI SARIKAYA?

ABSTRACT. In this paper, we present g-Laplace transform by g-integral definition on
quantum analogue. We present some properties and obtain formulaes of g-Laplace
transform with its aplications.

1. INTRODUCTION

Quantum calculus is the modern name for the investigation of calculus without
limits. The quantum calculus or g-calculus began with FH Jackson in the early
twentieth century, but this kind of calculus had already been worked out by Euler and
Jacobi. Recently it arose interest due to high demand of mathematics that models
quantum computing. g-calculus appeared as a connection between mathematics and
physics. It has a lot of applications in different mathematical areas such as number
theory, combinatorics, orthogonal polynomials, basic hyper-geometric functions and
other sciences quantum theory, mechanics and the theory of relativity.

There are many of the fundamental aspects of quantum calculus. It has been
shown that quantum calculus is a subfield of the more general mathematical field of
time scales calculus. Time scales provide a unified framework for studying dynamic
equations on both discrete and continuous domains.

In 2017, Alp and Sarikaya [1] gave a new defination of g-integral which is showed
g-integral.

The aim of this paper present Laplace transform on g-integral. In second section we
give notations and preliminaries for g-analogue. In third section we give definition of
Laplace transform on g-integral and obtain some auxiliary results. In fourth section
we calculate g-Laplace transforms of functions and some properties of g-Laplace
transform.

Key words and phrases. g-integral, Laplace transform, gamma function, beta function.
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Now remember following Laplace transform on classical analysis.
For t > 0 Laplace transform of f(¢) is defined as

(1.1) L{f(t)} = F(s) :/efstf(t)dt:ggo et f(1)dt.

We say that transform converges if the limit exists, and diverges if not.

2. NOTATIONS AND PRELIMINARIES

In this section, first we give definition and notations of g-analogue with ¢-derivates
then definition and properties of g-integral. For 0 < ¢ < 1 here and further we use
the following notations [3,4]:

(2.1) [n], = 11__q; =1+4+q+¢+ - +¢"",
(2.2)
(x—a)g:ﬁ(x—qia) =(r—a)(z—qa) (v —¢a)-- (z—¢""a), neZ
(a:q), =1_
(1—a); =(a:q), = iﬁlo (1-q'a),
(2.3)
(1-a) =(a:q) = I (1-ga),
(2.4)
QR Gl PR CLL | U

(I—qra)”  (q"a:q)y’

Notice that, under our assumptions on ¢, the infinite product (2.3) is convergent.
Moreover, the definitions (2.2) and (2.4) are consistent.

Definition 2.1. In [2], for f has D} f (a), Jackson introduced the following g¢-
counterpart of Taylor series:

S Dy (@) (e a)
@5) T = S D @) )y = 3

D, is the g-difference operator.

Here E7 and e are two g-analogues of the exponential functions and their g-Taylor
series ([4]):

(2.6) Egzioq”“é” (14 (- qa) = ((g- Do q),

[n],!
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Lemma 2.1 ([4]). The g-exponential functions satisfy the following properties:
e, B, =Eje," =1, Ej= egf/q.
1

For E;‘” = 5 we have
q

. .1
lim £ = lim — = 0.
z—oo 4 T—00 eg

Let J :=[a,b] C R, J°:= (a,b) be interval and 0 < ¢ < 1 be a constant. Definiton of
g-derivative of a function f:J — R at a point x € J on [a, b] as follows.

Definition 2.2 ([5]). Assume f : J — R is a continuous function and let = € J.

Then the expression
_f@) - flgz+(1—q)a)
2.9 Df @) LA ),

aqu (a) :iilgaqu ($)7

is called the g-derivative on J of function f at x.

x # a,

We say that f is g-differentiable on J provided ,D, f (z) exists for all z € J. Note
that if @ = 0 in (2.8), then ,D,f = D, f, where D, is the well-known g-derivative of
the function f (x) defined by

[ @)~ f ()

aqu (:L‘) = (1 _ Q) T

For more details, see [4].
Lemma 2.2 ([5]). Let a € R, then we have
(2.9) oDy (x —a)* =[a] (x — a)* .

The following definitions and theorems with respect to g-integral were referred in
[1, page 148].

Definition 2.3. Let f : J — R is continuous function. For 0 < ¢ < 1

/ - (-a
(2.10) / J (5) adgs = 1

L+0) S qF (@b + (1— ¢ a) — F(3)].

q n=0
which second sense quantum integral definition that call g-integral for z € J.

Moreover, if ¢ € (a,z) then the definite g-integral on J is defined by

1) [ F(5) adys
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Iif(S) adgs — /cf(s) adlgs

_(I-g)(z—a) l<1+q)§:q"f(q"x+(1—q")a) —f(:z:)]

2q =
(1-¢q)(c—a)

_ % l(l +q) ni;qnf ("c+(1—q")a)—f (C)] '

Theorem 2.1 ([1]). Let f : J — R be a continuous function. Then we have the
following properties of G-integral
)
_f@+fler+(1-g)a)
2 Y

i)

iii)
/aqu (8) adﬁs

@) f lart (- @)~ af (@ — e+ (1— )
2q ’

forc € (a,x);
iv)

1760+ 06N aas = [ £6)das + [ 95 s

/(Qﬁ (s) udgs = a/f (s)adgs, a€R;
vi) partial integration property:
(2.12) [ £(5)aDyg (5) ads

_af(9)g9(s)+flas+(1-qa)gles+(1-q)a)|’
2q

C

~ [ 9(as+ (1= ) @) Do (5) udys:
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vid)

j(s—a)aadqs: [ ! (1—;(]&) (x —a)*™.

a+1],

3. AUXILIARY RESULTS
For using in further theorems lets give an example on g-derivative.
Ezxample 3.1. For s > 0, t € R, we have
(3.1) D, E’S'5 =— E’q“
D, E ast — qu ¢*st

Proof. By using g-derivative and (2.6), we obtain that:

n(n—1)
s )" "7 n
D,E;*" =D, (1 + Z ERTEE (st)
q’

n(n—1)

1)” o gn

— n

= Z Dyt
n=1 q

n(n—1) n

> )n 2 S n—1
s R

>n+1 "(";’D gntl

_ Z 4 ' n
n=0 [n]q
n n(n 1)
=—35 Z ] (gst)"
a

_ t
=— sEq as
and in the same way we have
D, E; ast — —qsky ¢*st
and the proof is completed. O

Now we present g-Laplace transform on g-integral below.

Definition 3.1. Let s > 0 and f : [0,00) — R be a function. Then the g-Laplace
transform is defined by

(3.2) Lo {f(t)} /f £) B dgt.

Assume f, g are two functions and a, 8 € C by using (3.2) linearity property of
g-Laplace transform is written as follow:

Lg{af(t) + Bg(t)} = alqg {f(t)} + BLg{g(t)} .
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4. G-LAPLACE TRANSFORM OF FUNCTIONS

In this section, we proved g-Laplace transform of functions and n degrees of quantum
derivative function. Let’s first calculate the g-Laplace transformation of the constant
function as below.

Theorem 4.1. The g-Laplace transform of function f(t) =1 is
1+q 1
LA1} =F(s) = —— - —.
{1} = Fls) = 5

Proof. From definition of g-Laplace transform, it follows that
F(s) = Ly {1} = lim / Bt = / B,
0 0

Then calculate above integral by using the g-integral, we have

[0}

/ E; " dgt
0
« n nr—1)
= / ) Tl (gst)" dgt
o n=0 q’
n(n—1) o
DY (99)" o,
B R T A
00 n nn=1) n n
:Z(—l) ¢ = (g8)" 14¢" .
= [n]q! 2n+ 1]q
n(n-1) n(n=1)

:i (=1)"q = SqS)”anH N i (=1)"q = (QI'S)”Q”QM
n=0 2 [n + 1]q n=0 2 [TL + 1]q

R ) O PR BN G ) Y
RS T (st - L 7 (gs0)
2s = [n+1]! 2¢s = [n+1])
n(n—1) n(n—1)
1 & ()™ 1 & (—1)" " .
=y BT - Ly DT ()
s = [n]q. qs = [n]q.
n(n—1) n(n—1)
_ - (_1)nq 2 n 1 I & (_1)nq 2 n 1
2s nZ::O [n],! (s0)" + 2s  2qs ‘= [n],! (gs0)” + 2qs
_ gyl 1 pga 1
25 ¢ 2s  2qs 1 2qs

and by taking the limit the proof is obtained as follows

. 111 1 14+q 1
L {1} =F(s) =1 S e ) S At iy [ .
7 {1} (s) ag&( g +28 258 +2qs> S
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where
hmE P — hmE e = (. O

a—0o0 a—0o0

Theorem 4.2. Forn € R withn > —1, the g-Laplace transform of function f(t) =
18

n [n]q n—1
Proof. From definition of g-Laplace transform, it follows that
Lﬂf}:F@%ig&/ﬁ@m%ﬁ:/ﬂ%m%ﬁ
0 0

Then, calculate above integral by using (2.12) and (3.1) with the g-integral, we have

(63 1 «

/ﬂ@mwﬂz—;/ﬂmﬂﬁ%t

0

a

1
S

n —st n —qst
R VO
2q

- mq/inE;W%@i
0

_Inl, / 1Lt ga" B> + (qa)” B,
0

S 2qs

[n] ’ n—1 r—gst
:Tq/t qu dqt -
0

qa"E% + (qa)" B ase
2qs

and by taking the limit

Lz {t"} =F(s) = lim /t E,(—qgst)d

a— 00

n] @ qa"E 5 4+ (qa)" Ease
=i L lg /tnilEiqStd*t o q q

[ ]q T n—1 r—gqst [n]q n—1
0

and the proof is completed. 0
Theorem 4.3. Let n € N, then the g-Laplace transform of function f(t) = t™ is

1+q [n]!

2q gntl’

Lg{t"} =
Proof. By using (4.1), it follows that

Lt} = (1)
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LA )

S S

:?. . q---Lq{l}
g =y 14g 1
S S 29 s
_L+g [y
2q gntl’

Theorem 4.4. The G-Laplace transform of function f(t) = e is

{at}:ﬂ. 1

Lz-e , S>a.
a 2¢g s—a

q
Proof. From definition of g-Laplace transform, it follows that

Q

La{e“t} = lim “tE qStd t = lim Z

q a—00 a—00

a” y;
/ t"E0tdt
n] ! 1
7 0

- lim / B gt = Y L {17}

2 ol 2
et 1+g [t 1+q§°:( ) l+q 1
= n],! 2¢ st B = 2¢ s—a’

and the proof is completed.
Theorem 4.5. The g-Laplace transform of function f(t) = Ej* is

Ly { B} = Hqiqw (;‘)n 5> 0.

qu n=0

Proof. From definition of g-Laplace transform, it follows that
Ly {E} = / EXE; % dgt

n(n—1) a"

:Zq ;

nn=1) a" 1 +q [n]q!
= Z q e
n],} 2¢ st

:Hqu”% L (“)n

295 = s

—qst
E; " dgt
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Theorem 4.6. The G-Laplace transform of q-cosine, q-sine, q-Cosine, q-Sine func-
tions are that

1+¢ S
L {cos,at} = 50 P
. 1+¢q a
Lz {sin,at} = 20 E i
1+q o] B a 2n
L {Cos,ath = 43 (1) "2 (£)
q{ Osqa} 2qs n:0< ) q S )
‘ 14+qg& a 201
Lz {Sin at} =—— 3" (—1)" "tV (> '
$ (Singat) =50 3= (1) g (4

Proof. Consider the following definition of g-cosine, ¢-sine, g-Cosine and ¢-Sine func-
tions:

vat —1at iat —iat
et +e e —e
cos, at = % and  sin,at = %,
i
iat —iat iat _ p—iat
Cos, at = Bt BT and  Sin,at = u.
2 21

Then, by using linearity of g-Laplace transform,

Lateosyaty =1 { TN = L (1 e} + 12 )

_1<1+q. 1 1+g 1>

2\ 2q s—1a 2¢g s+ia
_1+gq S
2 s24a?
and in the same way we have
1+gq a
Lz{sin,at} = . .
7 {sing at} 2¢  s2+ a2

Now, we obtain g-Laplace transform of ¢g-Cosine and ¢-Sine functions

Eiat + Efiat
Lq {COSq at} :Lg {(12(1}

=5 (L (B} + Lo {E;))
(S () £ ()
214;(1 g [+ (1)) g™ (f)n
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and

+q (X n-y) (ia)” X amn-1) (—ia)”
= 2 —_ — 2 —_—
4qst <Zq s nzz‘aq s
14+4q¢ & ny n=1) fia\"
— Iy - 1y ()
_l+g¢ i ) <m>2n+1
2gqsi 1= S

14+q¢ & % n(om a2t
_ S (1) g () '

© 2gs =5 s

So, the proof is completed. O

Theorem 4.7. The G-Laplace transform of hyperbolic q-cosine, hyperbolic q-sine
functions are

1+¢q S

Lz {cosh,at} = % gt
1

L {sinh, at} = te, @

29 82 —a?
Proof. Hyperbolic g-cosine, hyperbolic g-sine are defined by

t —at at —at
e +e e —e
% and  sinh,at = +—21—.

2
Then, by using linearity of g-Laplace transform,

Lyteotyar) = Le{ L (0 (e} + £e e ))

cosh, at =

2

11+ 1 1+ 1
:< q L lta )

2\ 2q s—a 2¢ s+a
_ 1+gq S
2 s2—a?
and in the same way we have
1
L {sinh, at} = tg ¢ O

29 s2—a?

If f(t) is piecewise continuous on the interval (0, 00) and of exponential order c,
then Lz {f(t)} exists for s > c. Therefore, we obtain the following theorem.



g-LAPLACE TRANSFORM ON QUANTUM INTEGRAL 163

Theorem 4.8. If f,D,f, Dgf, o ,Dg_lf are continuous and Dy f is piecewise con-
tinuous on (0,00) and are of exponential order then we have

Le{D2F)} = "L {F(1)} ”q Z S (0)),

Proof. A function f is said to be of exponential order c if there exist ¢, K > 0 and
T > 0 such that
|f(t)] < Ke®, forallt<T.

Therefore, we have

(4.2) lim £ Bf(t) =

t—o00

Then, by using (4.2) we write

Ll Dof (0} = [ B %Dy f (1) dst

o0 o0

E;otf (t) + E;7 f (qt)
q(] f() fq / thEqstdt

2q /
—— 00+ as [t E;fstdat
_ (1 +q) T qsu
=5 0 +so/f u) B

=sLg {f(1)} —

If we replace f(t) by D,f(t) we have

(1+aq),
2 O

oo

L {Df(t)} = / E; 9 D2 (t) dgt

0

E-9tD_ f () + E-CD f (qt)|" F
— q q q.f< ) 5 q l]f (q ) _/qu (qt) DqEq_qStdgt
q
0 0
1+ 7 s
S ( QQQ)qu (0) +qs/f(qt) E, 7’ tdgt
0

__(1+4q) D,f (0) + s/qu (t) B, %" dgt

2q J
(1+4q)
2q

=sLg{Dyf(t)} —

Dqf (0)
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_ (1+q) (1+9q)

= satroy - 2y 0] - L 0

=Ly (50}~ S (D] 0)+ 51 ).
If we continue with this process, we get

1 n—1 o
L{Dy )} =L (0} - LY i ),
=0

and the proof is completed. 0
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