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b-GENERALIZED SKEW DERIVATIONS ON MULTILINEAR
POLYNOMIALS

BALCHAND PRAJAPATT!

ABSTRACT. Let R be a prime ring of characteristic different from 2 with the center
Z(R) and F, G be b-generalized skew derivations on R. Let U be Utumi quotient
ring of R with the extended centroid C' and f(z1, ..., z,) be a multilinear polynomial
over C' which is not central valued on R. Suppose that P ¢ Z(R) such that

[P [F(f(r), f()] = [G(f(r)), f(r)].
for all r = (ry,...,7m,) € R™, then one of the following holds:
(1) there exist A, € C such that F(z) = Az, G(z) = pz for all z € R;
(2) there exist a,b € U, A, u € C such that F(z) = az+Ax+za, G(x) = bx+uz+xb
for all z € R and f(x1,...,2,)? is central valued on R.

1. INTRODUCTION

Throughout the article R always denotes an associative ring with the center Z(R), U
denotes the Utumi quotient ring of ring R. The definition and axiomatic formulation
of Utumi quotient ring U can be found in [5] and [10]. We notice that U is a prime
ring with unity and Z(U) = C is called the extended centroid of ring R. The extended
centroid C' is a field. For z,y € R, the commutator of z and y is xy — yx and it is
denoted by [z,y]. Sometimes commutator of  and y is called Lie product of  and
y. Let S C R, a function f on R is called centralizing (or commuting) function on
S if [f(s),s] € Z(R) (or [f(s),s] =0) for all s € S. In this direction, Divinsky [17]
studied the commuting automorphism on rings. More precisely, it is proved that a
simple artinian ring is commutative if it has a commuting automorphism different
from the identity mapping. Mayne [9] generalized this result and proved that if R is
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a prime ring with a nontrivial centralizing automorphism then R is a commutative
integral domain. Further, Posner [8] studied the centralizing derivations on prime
rings. More precisely, he proved that there does not exist any non zero centralizing
derivation on non commutative prime ring. This was the starting point for the research
by several authors. By derivation, we mean an additive mapping d on R such that
d(zy) = d(z)y + zd(y) for all x,y € R. Let a € R, define a mapping f on R such that
f(z) = [a,z] for all € R. Here, we notice that f is a derivation on R. This kind of
derivation is called an inner derivation induced by an element a. Derivation is called
outer if it not an inner.

Bresar [13] extended the Posner’s [8] result by taking two derivations and proved
that if d and 0 are two derivations of R with atleast one derivation is non zero, such
that d(z)x — xd(z) € Z(R) for all x € R, then R is commutative. Notable work has
been done by several mathematicians to generalize these results on some appropriate
subsets of prime ring R. Natural question will arise that what will happen if we replace
x with multilinear polynomial in Posner’s theorem [8] as well as Bresar’s theorem [13]
and in this direction many results have been done. One of these results in this direction
is given by De Filippis and Wei [27] for skew derivation on multilinear polynomial.
Note that an additive mapping d on R is said to be skew derivation associated with
an automorphism « if d(zy) = d(z)y + a(z)d(y) for all z,y € R. It is natural to ask
that what will happen if derivation replaced by generalized derivation. The notion
of generalized derivation introduced by Bresar in [12] which is a generalization of
derivation. An additive mapping F' is said to be a generalized derivation if there
exists a derivation d on R such that F(zy) = F(x)y + zd(y) for all z,y € R. Note
that if R is a prime or a semiprime ring then the derivation d is uniquely determined
by F' and d is called the associated derivation of F'.

Argag and De Filippis [16] have given the partial generalization of Posner’s theorem
[8]. More precisely, they describe the structure of additive mapping satisfying the
identity F'(f(r))f(r) — f(r)G(f(r)) = 0 for all » € R™, where f is a multilinear
polynomial and F', G are two generalized derivations on prime ring R. In 2018,
Tiwari [19] studied the commuting generalized derivations on prime ring, which is
generalization of the work of Argag and De Filippis [16]. The generalization of Posner’s
theorem for generalized derivation on multilinear polynomial in [26] (where further
generalization can be found in [1,2,20,21]) is given below.

Let K be a commutative ring with unity, R be a prime algebra over K and let
f(z1,...,x,) be a multilinear polynomial over K, not central valued on R. Suppose
that d is a non zero derivation and F' is a non zero generalized derivation of R such
that d([F(f(r)), f(r)]) = 0 for all » = (ry,...,r,) € R™, then one of the following
holds:

(1) there exist a € U, A € C such that F(x) = ax + Az + za for all x € R and
f(xy,...,2,)? is central valued on R;
(2) there exists A € C such that F(z) = Az for all z € R.
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2. b-GENERALIZED SKEW DERIVATION

Generalizations of derivations and generalized derivations are b-generalized deriva-
tions and b-generalized skew derivations. The definition of b-generalized derivation is
given below which is from [14]. Let R be a prime ring and U be its Utumi ring of
quotient. Let b € U.

Definition 2.1. An additive mapping F' : R — U is called b-generalized derivation
of Rif F(zy) = F(z)y + bxd(y) for all x,y € R, where d : R — U is an additive map.

In [14] Kosan and Lee proved that if R is a prime ring and b # 0 then the associated
map d must be a derivation of R. Here, we see that a 1l-generalized derivation
is a generalized derivation. For some a,b,¢c € U, define a map F' : R — U as
F(z) = ax + bxc for all z € R. This is a b-generalized derivation which is called
b-generalized inner derivation.

Let a be an automorphism on R. This « is said to be an inner automorphism of
R if there exists an invertible element p € U such that a(z) = pzp~! for all z € R
otherwise it is called outer automorphism. An additive mapping F on R is called
generalized skew derivation associated with an automorphism « if there exists a skew
derivation d on R such that F(zy) = F(z)y + a(z)d(y) for all z,y € R. Note that a
skew derivation on R associated with an automorphism « is an additive mapping such
that d(zy) = d(z)y + a(x)d(y) for all z,y € R. A skew derivation associated with
the identity automorphism is a derivation and generalized skew derivation associated
with identity automorphism is a generalized derivation.

Let a be an inner automorphism on R, that is, a(z) = prp~! for some p € U and
for all x € R. Now by definition of generalized skew derivation associated with this «,
we have F(zy) = F(x)y + prp~'d(y) for all z,y € R. If d is a skew inner derivation
associated with same «, then we know that d(x) = ax — a(x)a = ax — prp la.
Thus we have F(zy) = F(z)y + prp '(ay — pyp 'a), which implies that F(xy) =
F(z)y + prp~tay — prp~tpyp~ta = F(x)y + px{p~tay — yp~'a}. This gives that
F(zy) = F(x)y + prd(y), where d(y) = [p~'a,y] for all y € R, is an inner derivation
induced by p~!a. This implies that it is a p-generalized derivation on R. Thus, if
« is an inner automorphism on R, then every generalized skew derivation on R is a
b-generalized derivation.

The following definition given by De Filippis and Wei [28] is a generalization of
above.

Definition 2.2. Let R be an associative ring, b € U, d : R — R a linear mapping and
« be an automorphism of R. A linear mapping F' : R — R is said to be b-generalized
skew derivation of R associated with an automorphism « if F'(zy) = F(x)y+ba(z)d(y)
for all x,y € R.

As par the above definition b-generalized skew derivations cover the concepts of
derivations, generalized derivations, skew derivations, generalized skew derivations
and b-generalized derivations. In the same article it is proved that if b # 0 and R
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is a prime ring then the associated additive mapping d becomes a skew derivation
associated with the same automorphism «. Further, it is proved that F can be
extended to U and it assumes the form F(x) = ax + bd(x), where a € U.

Recently, Liu [6] generalized the result of Posner [8] by taking b-generalized deriva-
tion with Engel conditions on prime ring R.

More recently, Sharma et al. [18] studied an identity related to generalized deriva-
tions on prime ring with multilinear polynomial over C'. More precisely, they proved
the following.

Suppose that R is a prime ring of characteristic different from 2 with Utumi quotient
ring U and f(xy,...,2,) is a non central multilinear polynomial over C. Let F' and
G be two generalized derivations of R and d a non zero derivation of R such that

d([F(f(’rh o ,Tn))7f(7‘1, ce ,Tn)]) = [G(f(rh s 7rn))af(rlv s ,’I"n)],

for all r1,...,r, € R, then one of the following holds:

(a) there exist A\, u € C such that F(x) = Az, G(x) = px for all z € R;
(b) there exist a,b € U and A\, € C such that F(z) = ax + Az + za, G(x) =
br + px + xb for all x € R and f(xy,...,x,)?* is central valued on R.

Motivated by above result we prove our main theorem. In this case we take d to be
an inner derivation and F', G are b-generalized skew derivations. More precisely, the
statement of our main theorem is the following.

Theorem 2.1 (Main Theorem). Let R be a prime ring of characteristic different
from 2 with the center Z(R) and F', G be b-generalized skew derivations on R. Let
U be Utumi quotient ring of R with the extended centroid C and f(xi,...,x,) be
a multilinear polynomial over C' which is not central valued on R. Suppose that

P ¢ Z(R) such that

(PAF(fr o)) F )] = (G, ra)) Fr ),
for allr = (ry,...,r,) € R", then one of the following holds:

(1) there exist A, € C' such that F(x) = Az, G(x) = px for all x € R;
(2) there exista,b € U, \, u € C such that F(x) = ar+ x+xa, G(x) = br+pux+xb
for allz € R and f(xy,...,1,)* is central valued on R.

The following corollaries are immediate consequence of our main result.

Corollary 2.1. Let R be a prime ring of characteristic different from 2 with the
center Z(R) and G be a b-generalized skew derivation on R. Let U be Utumi quotient
ring of R with the extended centroid C and f(z1,...,x,) be a multilinear polynomial
over C' which is not central valued on R. If

[G(f(r1,y..yrn)), f(re,...,r)] =0,
for allr = (ry,...,m,) € R", then one of the following holds:
(1) there exists X € C such that G(x) = Ax for all x € R;
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(2) there exist a € U, A € C such that G(x) = ax + Az + za for all x € R and
f(z1,...,2,)% is central valued on R.

Corollary 2.2. Let R be a prime ring of characteristic different from 2 with the
center Z(R) and F be a b-generalized skew derivations on R. Let U be Utumi quotient
ring of R with the extended centroid C and f(z1,...,x,) be a multilinear polynomial
over C' which is not central valued on R. If

[F(f(r1,...,m0)), f(r1,...,m)] € Z(R),
for allr = (ry,...,m,) € R", then one of the following holds:

(1) there exists A € C' such that F(x) = Ax for all x € R;
(2) there exist a € U, X € C' such that F(x) = ax + \x + xa for all x € R and
f(zy,...,2,)% is central valued on R.

If we take F' = d, a skew derivation, then we get the following.

Corollary 2.3. Let R be a prime ring of characteristic different from 2 and d be a
skew derivation on R such that [d(z),z] € Z(R) for all x € R, then either d =0 or
R is a commutative ring.

Let o be any automorphism, then o — 1 is a skew derivation. From above corollary
we get [(a—1)(z), z] € Z(R) which implies either R is commutative or « is an identity
automorphism. Therefore we state the result of Mayne [9].

Corollary 2.4. Let R be a prime ring of characteristic different from 2 and o be an
automorphism on R such that [a(z),z] € Z(R) for all x € R, then either o is an
tdentity automorphism or R is a commutative ring.

3. PRELIMINARIES AND NOTATIONS

Let f(z1,...,2,) be a multilinear polynomial over C'. Then f(xy,...,x,) has the
following form:

f(xh v 7xn) - Z Yola(1)To(2) - - - Lo(n)s
O'ESn

where 7, € C and S,, be the symmetric group of n symbols.
If d is a skew derivation associated with an automorphism « then

d(’yoxg(l)xg(g) c. xg(n)) =d<’yg>xg(1)x0(2) .. Jfa(n)
n—1
+a(Y0) D a(To()To@) - To())A(Ta(141))To(+2) - - To(m)
7=0

and therefore

d(f(xy,. . x0) =f (1, ..., 2,)

(3.1) + Z Oé(’}/g) Oz(fL‘U(l)[EU(g) .. .[L'U(j))d(xg(j+1)>xg(j+2) - Ta(n),
oESH 7=0
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where f4(x1,...,x,) is a multilinear polynomial originated from f(x1,...,z,) after
replacing each coefficients v, with d(v,). Similarly, we use f*(x1,...,z,) to denote a
multilinear polynomial originated from f(z1,...,x,) after replacing each coefficients
Yo with a(v,). Let SD denotes the set of all skew derivations and SD;, denotes the
set of all skew inner derivations of R.

Further, we will frequently use some important theory of generalized polynomial
identities and differential identities. We recall some of the remarks.

Remark 3.1. If I is a two-sided ideal of R then R, I and U satisfy the same differential
identities [23].

Remark 3.2. 1f I is a two-sided ideal of R then R, I and U satisfy the same generalized
polynomial identities with coefficients in U [5].

Remark 3.3. Let R be a prime ring and o € Aut(R) be an outer automorphism of
R. If ®(z;,a(x;)) is a generalized polynomial identity for R, then R also satisfies
the non trivial generalized polynomial identity ®(z;,y;), where x; and y; are distinct
indeterminates [29].

Remark 3.4. If f(z;,d(z;), a(x;)) is a generalized polynomial identity for a prime ring
R, d is an outer skew derivation and « is an outer automorphism of R then R also
satisfies the generalized polynomial identity f(x;,v;,z;), where z;,y;, z; are distinct
indeterminates ([4, Theorem 1], also see [29]).

Remark 3.5. If d is a non zero skew derivation of R, then the associated automorphism
« is unique [11].

Remark 3.6. From [4] we can state the following result. Let R be a prime ring, d a
non zero skew derivation on R and I a non zero ideal of R. If I satisfies the skew
differential polynomial identity

fri, ... rp,d(ry), ..., d(r,)) =0,

for any ry,...,r, € I then either

(i) I satisfies the generalized polynomial identity f(ry,..., 7, ®1,...,2,) =0 or
(ii) d is skew U-inner.

Remark 3.7. Let R be a prime ring. Suppose 3>i" ; a;zb;+ 37 ¢;xq; = 0 for all z € R,

where a;,0;,¢5,¢; € U, 1 <i<nand1<j<m. Ifa,...,a, are C-independent,
then each b; is C-dependent on ¢y, ..., ¢,. Similarly, if b, ...,b, are C-independent,
then each a; is C-dependent on ¢y, ..., ¢y, (see [24, Lemma 1]).

4. I AND G BE b-GENERALIZED SKEW INNER DERIVATIONS

In this section, we study the situation when F' and G are b-generalized skew inner
derivations of R. Let F(x) = ax + ba(z)u and G(z) = cx + ba(x)v for all z € R and
for some a, b, c,u,v € U. Then we prove the following proposition.
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Proposition 4.1. Let R be a prime ring of characteristic different from 2, U be Utumi
ring of quotient of R with the extended centroid C. Suppose F and G are b-generalized
skew derivations defined as F(z) = ax + bprp~'u and G(z) = cx + bpxp~tv for all
x € R and for some a,b,c,u,v,p € U with invertible p. Let f(x1,...,x,) be a non
central multilinear polynomial over C. If P € R be non central such that

[P (f(r), F()]] = [G(f(r)), £(r)],
for allr = (ry,...,m,) € R", then one of the following conditions holds:

(1) there exist A\, p € C' such that F(x) = Az, G(x) = px for all x € R;
(2) there exista,b € U, \, u € C such that F(z) = ax+ A r+za, G(r) = br+pxr+xb
for allz € R and f(x1,...,1,)% is central valued on R.

For proof of this proposition, we need the following.

Lemma 4.1. (|26, Lemma 1]). Let C' be an infinite field and m > 2. If Ay, ..., Ay are
non scalar matrices in M,,(C') then there exists some invertible matriz P € M,,(C)
such that each matric PA{P~',..., PA,P~ has all non zero entries.

Proposition 4.2. Let R = My(C), k > 2, be the ring of all k x k matrices over the
infinite field C' with characteristic different from 2. Let a,a’,b,c,d,P,q,¢,q¢" € R
such that a’x* + Vxq'x — Prax — Prqrq — ax?P — qvq'x P + xax P + xqxcd — quq’x —
xex — xqrq” = 0 for all x € f(R), where f(R) denotes the set of all evaluations of
the polynomial f(x1,...,x,) in R, then either q or ¢ or P is central.

Proof. By our assumption

df(r)2+0f(r)d f(r) — Pf(r)af(r) — Pf(r)qf(r)qd —af(r)*P —qf(r)d f(r)P
A1) +f(r)af ()P + F(r)af (r)e —af(r)q"f(r) = f(r)ef(r) = f(r)af(r)q" =0,

for all r = (r1,...,r,), where r1,...,7r, € R. We shall prove this result by contradic-
tion. Suppose that ¢ ¢ C, ¢ ¢ C and P ¢ C. Then by Lemma 4.1 there exists a
C-automorphism ¢ of M,,(C) such that ¢(q), #(¢') and ¢(P) have all non zero entries.
Cleatly 6(q), 6(¢'), 9(P), dla), 6(a), 6), Blc), 6(c) and G(g") must satisfy the
condition (4.1).

Let e;; be the matrix whose (i,j)-entry is 1 and rest entries are zero. Since
f(z1,...,x,) is not central, by [23] (see also [25]), there exist si,...,s, € M, (C)
and 0 # v € C such that f(s1,...,s,) = ve;;, with ¢ # j. Moreover, since the
set {f(ri,...,m) @ ri,...,rn € My,(C)} is invariant under the action of all C-
automorphisms of M,,(C), then for any i # j there exist rq,...,r, € M, (C) such
that f(ry,...,7,) = €;;. Since ¢ is an automorphism, without loss of generality we
write (4.1) after replacing f(r1,...,7,) = e€;

! 2 / / / 2 /
ae;; +beijqei; — Pejae; — Pejjqeiiq — aei; P — qeyq e P

/ " "
+e,~jaeijP + 6ijqez~jc — qeijq Gi]’ — eijceij — eijqeijq =0.



28 B. PRAJAPATI

It implies that
Veijq'eij — Peijae; — Peijqeijq’ — qeijq'ei P
(4.2) +eijaeii P+ ejiqeiic — qeiiq’ei; — eijcei; — eijqeiiq” = 0.
Left and right multiplying by e;; in (4.2), we obtain
—eijPeijqeijq e — eijqeijq e Peij = 0.
From this we have 2(P);i(q);i(¢')jiei;; = 0 or get (P);i(q);i(q')jieij = 0, since char(R) #
2. It gives that either (P);; = 0 or (¢);; = 0 or (¢);; = 0, a contradiction, since P,

g and ¢’ have all non zero entries. Thus, we conclude that either ¢ or ¢’ or P is
central. 0

Proposition 4.3. Let R = M,,(C), m > 2, be the ring of all matrices over the
field C" with characteristic different from 2 and f(z1,...,x,) a non central multilinear
polynomial over C. Let a,a’,V,c,c,P,q,q¢,q¢" € R such that a'z? + Vxq'v — Prax —
Pzqrq — az*P — qrq'x P+ vax P + zqxcd — quvg’v — xex — xqrq” = 0 for all x € f(R),
where f(R) denotes the set of all evaluations of the polynomial f(xq,...,x,) in R,
then either q or ¢ or P is central.

Proof. The conclusions follow from Proposition 4.2 in the case of infinite field C'. Now
we assume that C' is a finite field. Suppose that K is an infinite extension of the field
C. Let R= M,,(K) =~ R®¢ K. Notice that the multilinear polynomial f(zy,...,x,)
is central valued on R if and only if it is central valued on R. Suppose that the
generalized polynomial Q(ry,...,r,) such that

Q(ri,....rn) =d f(re,...,rn)> + 0 f(re,...,r)d f(re, ..., 7m0)
—Pf(ry,....m)af(ry,....rm) — Pf(ry, .. om)qf(re, oo omn)d
—af(ry,...,ma)*P —qf(re,...,m)q f(ry,...,m)P
+ flre,.or)af(ry, oo )P+ f(re, o ) f (e, o )
—qf(re, )" f(re, .o orn) — flre, oo r)ef(ry, oo )

(4.3) — flre, .. yr)af(re, .o ) q”

is a generalized polynomial identity for R. It is a multihomogeneous of multide-
gree (2,...,2) in the indeterminates ry,...,r,. Hence the complete linearization of
Q(rq,...,ry) is a multilinear generalized polynomial O(ry, ..., 7., 1,...,x,) in 2n in-
determinates, moreover O(r1, ..., 7, 71, ..., 7)) = 2"Q(r1,. .., 1,). It is clear that the
multilinear polynomial ©(rq,...,7,, x1,...,x,) is a generalized polynomial identity

for both R and R. By assumption char(R) # 2 we obtain Q(ry,...,r,) = 0 for all
r1,...,7n € R and then conclusion follows from Proposition 4.3. O

Lemma 4.2. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ing U and the extended centroid C' and f(x1, ..., x,) a multilinear polynomial
over C, which is not central valued on R. Let a,a’,V,c,d,P,q,q,q¢" € R such that
a'v?+bxq¢'v—Prax—Prqrq —ax?P—qxqx P+xax P+xqud —qug"v—xcx—xqrq” =0
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for all x € f(R), where f(R) denotes the set of all evaluations of the polynomial
f(z1,...,2,) in R, then either q or ¢ or P is central.

Proof. We shall prove this by contradiction. Suppose that none of ¢, ¢ and P is in
C'. By hypothesis, we have

h(zy,...,2n) =d f(z1, ..., 2,)* 0 f(ze,...,20)d f(z1,...,20)
— Pf(xy,...,xp)af(xy,. .., x,) — Pf(xy, ..., x0)qf (21, ..., 20)q
—af(xy,...,00)*P —qf(x1,...,2,)q f(z1,...,2,)P
+ fz, .. xn)af(xy, .. x) P+ f(xy, . xn)qf (2, .. 20
—qf(x1, .. )" fxe, . xn) — foe, . xp)ef(xy, ... @)
(4.4) — flxy, .. @) f (2, . x0)d,

for all x1,...,z, € R. Since R and U satisfy same generalized polynomial identity
(GPI) (see [5]), U satisfies h(xy,...,x,) = Op. Suppose that h(zy,...,x,) is a trivial
GPI for U. Let T = U *¢ C{z1,...,x,}, the free product of U and C{zy,...,z,},
the free C-algebra in non commuting indeterminates x1,...,z,. Then h(zy,...,x,)
is zero element in T' = U x¢c C{x1,...,x,}. Since neither ¢ nor ¢’ nor P is central,
hence the term

—Pf(xy,...,xn)qf (1, ..., 20)d —qf(x1,...,20)¢ f(21,...,2,) P

appears nontrivially in h(zy,...,x,). Thus, U satisfies

—Pf(xy,...;x0)qf(x1, ..., x0)qd —af (x1,. .., 20)d f(x1,. .., 2,) P = Op.

Since P ¢ C, hence it implies that Pf(z1,...,2,)qf(x1,...,2,)¢ = 0. This gives a
contradiction, i.e., we have either P € C or ¢ € C or q € C.

Next, suppose that h(x1,...,x,) is a non trivial GPI for U. In case C' is infinite, we
have h(xy,...,2,) =0 for all xy,...,2, € U ®c C, where C is the algebraic closure
of C. Since both U and U ®¢ C are prime and centrally closed [22, Theorem 2.5 and
Theorem 3.5], we may replace R by U or U ®¢ C according to C' finite or infinite.
Then R is centrally closed over C' and h(xy,...,x,) = 0 for all z1,...,z, € R. By
Martindale’s theorem [30], R is then a primitive ring with non zero socle soc(R) and
with C as its associated division ring. Then, by Jacobson’s theorem [15, page 75|, R
is isomorphic to a dense ring of linear transformations of a vector space V over C.

Assume first that V is finite dimensional over C', that is, dimc V' = m. By density
of R, we have R = M,,(C). Since f(ry,...,r,) is not central valued on R, R must be
non commutative and so m > 2. In this case, by Proposition 4.3, we get that either
PeCorq eCorqeC,a contradiction.

Next we suppose that V is infinite dimensional over C'. By Martindale’s the-
orem [30, Theorem 3], for any e¢* = e € soc(R) we have eRe = M,(C) with
t = dimg Ve. Since we have assumed that neither P nor ¢ nor ¢ is in the cen-
ter. Then there exist hi, hg, hs € soc(R) such that [P, hy] # 0, [g,hs] # 0 and

/
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[¢', hs] # 0. By Litoff’s Theorem [7], there exists an idempotent e € soc(R) such that
Phy, hi P, qghs, haq, q'hs, hsq', hy, ho, hg € eRe. Since R satisfies generalized identity

e{a'f(exle, expe)t + U f(exe, ... exne)d fexre, . .., exne)

— Pf(exye, ... expe)af(exye, ... expe) — Pf(exye, ... exne)qf(exse, ... exne)d
—af(exie, ..., exne)*P —qf(exie, ... exne)d fexre,. .., exne)P

+ f(exye, ..., expe)af(exe, ... ex,e)P + f(exye, ... exye)qf(exse, ..., exye)d
—qf(exye, ... exne)d" f(exye, ... exne) — flexie, ... expe)cf(exe, ... exye)

— flexye, ... expe)qf(exye, . .. ,e:z:ne)q”}e,

the subring eRe satisfies

{ea’ef(xl, o) Fetef(xy,. ., an)edef(x, ..., zy,)
—ePef(x1,...,xp)eaef(x1,...,x,) —ePef(x1,...,xp)eqef(xy,. .., x,)ed e
—eaef(xy,...,1,)°ePe —eqef(xy,...,1,)ed ef(x1,. .., z,)ePe
+ f(x1,...,zn)eaef(xq, ..., x,)ePe+ f(xy, ..., x,)eqef(xq, ..., x,)ece
—eqef(xy,...,xn)eqd ef (x1, ..., x0) — f(xy, ..., xp)ecef(x1, ..., x,)
— f(x1, ..., xn)eqef(xy, . .. ,a:n)eq"e}.

Then by the above finite dimensional case, either ePe or ege or eq’e is central element

of eRe. Thus either Phy = (ePe)h; = hyePe = hy P or qghy = (eqe)hy = ha(eqe) = hag
or ¢'hg = (eq'e)hs = hs(eq'e) = hzq', a contradiction. |

Lemma 4.3. Let R be a prime ring of characteristic different from 2 with Utums
quotient ring U and the extended centroid C, f(x1,...,x,) a multilinear polynomial
over C which is not central valued on R. Let F' and G are mappings defined as
F(x) = ax+bzru, G(x) = cx+bxv for some a,b,c,u,v € R. Let P € R be non central
such that [P, [F(a:),:c]] = [G(z),z] for all x € f(R), where f(R) denotes the set of
all evaluations of the polynomial f(z1,...,x,) in R, then either b is central or u is
central.

Proof. By applying similar argument as we have used in Lemma 4.2, we get our desired
result. U

Remark 4.1. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ring U and the extended centroid C, f(x1,...,z,) a multilinear polynomial
over C' which is not central valued on R. Let P,p,q € R and P non central be such
that [P, [p, x]} = [q,x] for all z € f(R), where f(R) denotes the set of all evaluations

of the polynomial f(x1,...,z,) in R, then p and ¢ are central.

Proof. Similar as proof of Lemma 4.2. O
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Remark 4.2. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ring U and the extended centroid C, f(z1,...,x,) a multilinear polynomial
over C' which is not central valued on R. Let a € R be such that af(ry,...,r,) € C
for all rq,...,r, € R, where f(R) denotes the set of all evaluations of the polynomial
f(z1,...,2,) in R, then a = 0.

Proof. By applying similar argument as we have used in Lemma 4.2 we get a € C. If
a # 0 then from af(xy,...,2z,) € C, we get f(xy,...,x,) € C for all xy,...,z, € R,
a contradiction. Therefore, we must have a = 0. O

Now we are in position to prove Proposition 4.1.

Proof of Proposition 4.1. From Lemma 4.2, we get either P € C or bp € C or p~lu €
C'. Since P ¢ C, we shall study following cases.

Case-I. If bp € C then F(z) = ax + zbu and G(z) = cx + xbv are generalized inner
derivations. By [18, Lemma 3.6] we get our conclusions.

Case-II. If p~'u € C then F(x) = (a+bu)r = v'z, G(x) = cx+bprp~'v = cx+qzq’,
where v/ = a+bu,q = bp,¢" = p~'v . Then from [P, [F(z), x]} = [G(x), x], R satisfies
the generalized polynomial identity 6(zy,...,z,) which can be written as

O(x1,...,2,) =Pu' f(x1,...,2,)* — Pf(xy,..., o) f(21,...,2,)
— ' f(z1,. .. 20 P+ f(zr, ... x)u f(21, ..., 20) P
—cf(xy, ..., 10)* = qf (21, ..., 20) " f(21, ..., 20)
(4.5) + flar, . xn)ef(xn, o m) + f(xn, o xp)af (e, 20) G

If O(xy,...,x,) is a trivial generalized polynomial identity for R then each of the
following is a trivial generalized polynomial identity for R:

o PuUf(x1,...,x0)% = Pf(xy,...,¢)u f(xy,...,2,) — U f(z1,...,2,)°P
+ fxy, .. e )W f2y, ..., 20) P
o —cf(wy,...,w,)?+ fz1,...,xn)cf(xe, ... 10);
o —qf(xy,...;x)d" f(x1, ..., z0) + f(x1, .. xn)qf (2, .. 20)q".
Therefore, we must have v/ € C, ¢ € C and ¢q,¢" € C. In this case we get our
conclusion.

If O(xy,...,2,) is a non trivial generalized polynomial identity for R then by Matin-
dale’s theorem [30] U is a primitive ring having non zero socle with the field C' as its
associated division ring. By [15, page 35| U is isomorphic to a dense subring of the
ring of linear transformations of a vector space V over C, containing non zero linear
transformations of finite rank. Assume first that dimcV = k > 2 is a finite positive
integer, then U = M,;,(C') and the conclusion follows from Proposition 4.3.

Now suppose that dime V' = oo. Then the set f(U) = {f(r1,...,rn) :r; € U} is
dense on U, see [31, Lemma 2|. By the fact that 0(z,...,x,) = 0 is a generalized
polynomial identity for U, therefore U satisfies the generalized polynomial identity

(4.6) Pu'a? — Pru'z — uW'2®P + zu'aP = ca® + quq’x — xex — xqrq”.
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In (4.6) replace z by x + 1 we get
(4.7) Pu'z — Pxu' —u'zP + x2u'P — cx — q¢"x + xc + xqq" = 0,
for all z € U. Replace x by xy in the expression (4.7) we get
(4.8) Pu'vy — Pryu' — v'zyP + xyu' P — cxy — q¢" vy + xyc + zyqq” = 0,
for all z,y € U. Now multiply from right side by y in expression (4.7) we get
(4.9)  Pu'zy — Pxu'y — 'z Py + xu' Py — cxy — q¢"xy + xcy + xqq"y = 0.
Comparing (4.8) and (4.9) we get
(4.10) Pxlu',y] + u'z[P,y] + 2[—u'P — ¢ — q¢",y] = 0,
for all z,y € U. By Remark 3.7 either v’ € C' or there exist A\, y1, depending on y
such that [P, y] = A\, v/, y] and [-u'P — ¢ — qq",y] = p, [/, y]. If v’ € C then by [3,
Main theorem| we get our conclusions. If «' ¢ C' then there is some yy € U such that
[/, yo] # 0. Therefore, we have [P, yo] = Ay, [t/, yo] and [—u'P—c—qq", yo] = 1[0, o).
Substituting these values in (4.10) we get

Pac[u/, Yo + U/I/\yo [U/, Yo + L Hyo [u/v Yol = (P + u,)‘yo + :uyo)x[u/v Yo] =0,

by primeness of U we get P +u'Ay, + jty, = 0. We note that \,, # 0 otherwise P € C,
a contradiction. Substituting the value of P in (4.10) we get
2\ otz y] + 2[— A u? — ¢ —qq”,y] = 0.

Again by Remark 3.7 there exists 1, depending on y such that [—\,,u? —c—qq",y] =
ny[w',y]. Since v’ ¢ C' there is some yy such that [/, yo] # 0. For fixed n,, we have
[= Aot = ¢ = qq", yo) = ny [’ 9] Thus, we get (2A\,,u’ + my )z [u, yp] = 0 for all
z € U. The primeness of U gives 2\,,u’ + 1, = 0. Since charR # 2 and \,, # 0 we
get u' € C, a contradiction. O

Proposition 4.4. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ring U and the extended centroid C, f(xy,...,x,) a multilinear polynomial
over C' which is not central valued on R. Suppose that F' and G are b-generalized skew
derivations associated with an outer automorphism « defined as F(x) = ax + ba(x)u,
G(z) = cx + ba(z)v for all x € f(R) and for some a,b,c,u,v € R. Let P € R be
non central element of R such that {P, [F(f(r)), f(r)]] = [G(f(r)), f(r)] forall f(r) €
f(R), where f(R) denotes the set of all evaluations of the polynomial f(xy,..., z,) in
R, then one of the following holds:

(1) there exist A, u € C' such that F(x) = Az, G(x) = px for all x € R;

(2) there exista,b € U, \, u € C such that F(x) = ax+ x+xa, G(x) = br+pux+xb

for allz € R and f(x1,...,1,)% is central valued on R.

Proof. From the given hypothesis we get

[P, laf(xy,...,zn) +ba(f(xy,...,20))u, f(x,... ,xn)]}
=lef(xy, ..., xn) +ba(f(z1, ... z0))v, f(x1, ..., 2,)],
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for all z1,...,2, € R. Since R and U satisfy the same polynomial identity we get

[P, laf(xy,...,zn) +ba(f(xy, ..., 20))u, f(x,... ,xn)]}
=lcf(xy, ... x,) +ba(f(z1,...,20))0, f(T1,. .., T0)],
for all zq,...,2, € U. By Remark 3.3 above expression becomes
[P, laf(xy,...,2n) +0f (Y1, .., yn)u, f(21,. .. ,xn)]]
=lcf(z1,. . xn) 0 %Y1y yn)v, f(T1, .. 20)],

for all x1,...,2,,y1,-..,y, € U. In particular, U satisfies the blended component
[P, laf(xy, ..., 20), f(z1,... ,xn)]] =lef(zr, .. xn), f(xr, ..., 2,)]
Now result follows from Proposition 4.1 by taking F'(z) = az and G(z) = cz. O

5. PROOF OF THE MAIN THEOREM

We can write F(x) = ax + bd(z), G(z) = cx + bd(x) for all x € R and for some
a,b,c € U, where d,0 are skew derivations on R. If d and § both are skew inner
derivations on R then by Proposition 4.1 and Proposition 4.4, we get our conclusions.
If b = 0 then also we get our conclusions from Proposition 4.1. So assume b # 0. Now
we assume that both are not skew inner derivations. We shall study the following
cases.

Case-I. Let d be skew inner and § be outer. In this case we write F(x) = az+ba(x)u
and G(z) = cx + bd(z). From given hypothesis we get

P laf(@r, . an) +ba(f (2, wa))u, f, )]
(5.1) =lcf(xy, ..., xn) +00(f(x1,. .. xn)), (21, ..., 20)].
Substituting the value of 6(f(x1,...,x,)) from (3.1) in equation (5.1), we get

{P, laf(xy,...,xn) +ba(f(xy, ..., ¢0))u, f(z1,... ,xn)]}

:{Cf(l'l, PN ,l’n) + bfé(l‘h s 7:["71)
n—1

(5.2) 40 alye) D aToq) - - To()) 0 (To(j+1))Ta(i42) - - Ta(m), [(T1, -, Tn) |

0ESH 3=0

Since 0 is outer, by using Remark 3.6 in above expression, we get

[P, laf(xy,...,xn) +bal(f(xy, ..., z0)u, f(2,... ,mn)ﬂ

cf(z1, . a) + 00 (w1, 2

n—1
(5.3) +0 Y alve) D (To) - To()) Yo (1) Ta(i12) - - - To(nys £ (21, -+ >$n)] :
7=0

oESH
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In particular U satisfies the blended component

(5.4) by « Z o To()) Yo (41 Ta(j42) - - - Ta(n), £ (T1, -+ Tn) |

gESy

Suppose « is an inner automorphlsm. In (5.4) replace y,1) = Z,1) and Yo = 0 for
all i > 1, we get
[bf(xl, ey ), [z, . ,xn)} = 0.
Conclusions follow from the inner case.
Suppose « is an outer automorphism, then for y,m) = a(To@m)), a(Tsa)) = to for
all i and y,(;) = 0 for i < n in (5.4) we get

b (tr, o ta), f(21, s 2)] =0,

for all ¢1,...,t,,z1,...,2, € U. By Remark 4.1 we get bf*(t1,...,t,) € C for all
t1,...,t, € U and by Remark 4.2 we get b = 0, a contradiction.

Case-II. Now we assume that d is an outer derivation and ¢ is a skew inner
derivation then we write F'(z) = ax + bd(z) and G(z) = cz + ba(x)v. Then our
hypothesis becomes

[P laf(@r, . an) + bd(f (21, 20)), fo, - 2)]]
(5.5) =lcf(z1,.. . xn) Fba(f(z1, ..., x0))0, f(21,...,2,)]

We substitute the value of d(f(z1,...,z,)) from (3.1) in above equation, we get that
U satisfies

P, {af(:cl,...,acn) +bf N2y, ..., )

DI Z + Zo(3))A(Zo (1)) To(j12) - - Loty (21, xn)}]

o€Sn
=lcf(xq,. .. ,xn) + boz(f(xl, ces ), f(Tr, . x)]

Since d is outer derivation, by using Remark 3.6 in above expression, we get

P, {af(q:l,...,xn) +bf 2y, ..., )

|
—

+ b Z Ig(l) ces Jfg(j))yg(j+1)xg(j+2) o .Ta(n), f(fEl, . ,J?n)}]

€Sy j 0
=lcf(z1,. .. xn) +ba(f(z, ... x0)v, f(T1,.. . 2],

where d(z;) = y;. In particular, U satisfies the blended component

b « Z UTo(1) - To()Yarj+1)To(+2) - - Totn), f(@1, - xn)” :

O'GSn :

(5.6)
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Suppose « is an inner automorphism. Replace y,(1) = 2,1y and y,4) = 0 for all
i > 11in (5.6) we get [P, [bf(xl,...,xn),f(xl,...,xn)]} =0 for all zy,...,2, € U.
Conclusions follow from inner case.

Now suppose « is an outer automorphism, then for ¥,y = a(Tom)), A(To@)) = ton)
for all + and y,;) = 0 for i < n in (5.6) we get

(P Ibfo (b, ta), £, )] = 0,

for all ¢1,...,t,,21,...,2, € U. From Remark 4.1 we get bf*(t,...,t,) € C for all
ty,...,t, € U and by Remark 4.2 we get b = 0, a contradiction.

Case-III. Now we suppose that none of d and J are skew inner derivations. In this
case we write F'(z) = ax + bd(x), G(x) = cx + bd(x), where d and 0 both are outer
derivations. Now we have the following two subcases.

d AND 0 BE C-LINEARLY INDEPENDENT MODULO SD;,
In this case from our hypothesis, U satisfies
P laf(@r, o an) + bd(f (21, 20)), F1, - 2)]|
(57) :[C$+b5(f(l’1,...7$n)>,f(l’1,...7{1’}n)].

We substitute the value of d(f(xy,...,x,)) and 6(f(x1,...,x,)) from (3.1) and use
Remark 3.6 to (5.7) then U satisfies

P, {af(a:l,...,xn) —i—bfd(arl,...,a:n)

I
—

+b Z xg(l) .. .xg(j))yg(j+1)xg(j+2) o To(n), f(.%'l, . ,xn)}]
€S j 0

= Cf(l.la-"axn)+bf5(x17-"7xn)

|
_

+b Z xa(l) .. .xg(j))za(j+1)aja(j+2) o To(n), f(xl, ... ,xn)] ,
€Sy j 0

where y,(j41) = d(To(+1)) and Ze(j41) = 6(To(j+1)). In particular, U satisfies the
blended component

n—1

(5.8) [b Z a(7s) Z UTo(1) - - - To(j)) 2o(j+1)To(j42) - - Ta(n)s J(T1, - - 7%)] :
oeSy 7=0

Suppose « is an inner automorphism. Replace z,(1) = ,(1) and z,; = 0 for all ¢ > 1

in expression (5.8) we get [bf(z1,...,2,), f(x1,...,2,)] = 0 for all zy,...,z, € U.

Conclusions follow from inner case.
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Now suppose a is an outer automorphism. Then for 2,1) = 2,(1) and 2,(;) = 0 for
i>1in (5.8) we get

(5.9) Bt ), f(1, )] = 0,

for all ¢1,...,t,,21,...,2, € U. By Remark 4.1 we get bf*(ty,...,t,) € C for all
ty,...,t, € U. By Remark 4.2 we get b = 0, a contradiction.

d AND 0 BE C-LINEARLY DEPENDENT MODULO SD;,

Since d and § be C-linearly dependent modulo SD;,, there are some A\, u € C, ¢ € U
such that Ad(z) 4+ ud(z) = ¢z — a(x)q for all x € R.

If A\ =0 and g # 0 then §(z) = gz — a(x)q, where ¢ = p~'¢' is a skew inner
derivation, a contradiction.

If A\ # 0 and p = 0 then d(z) = gz — a(z)q, where ¢ = A\7!¢' is a skew inner
derivation, a contradiction.

Suppose A # 0 and u # 0 and we write d(x) = 8§(x)+qr—a(x)q, where 8 = —\"'y,
g = A"'¢’. Now from our hypothesis we have

[P, laf(xy,...,x,) +0B0(f(x1, ..., 20)) +bgf(z1,. .., 2,) — ba(f(z1,...,20))q,
Flan, )| = lef (@, wn) +00(f (e, wn), @, 30)].

Substituting the value of §(f(xy,...,2,)) from (3.1) in above expression we get

P, laf(zy,...,2n) +bBf° (21, ..., x)

n—1
+ b5 Z a(Vy) Z A(To1) - - - To()) Zo(j41)Ta(j+2) - - - Tam) + 0qf (21, ..., Ty)
j=0

oES)

(5.10)  —ba(f(z1,...,2n))q, fx1,... ,xn)”

cf(xy, ..., x) +bf5(a:1,...,xn)

O'ESn

n—1
+b Z a(v,) Z A(To(1) - - - To()) Zo(j41)Co(j+2) - - - Tam), f(T1, .. ,xn)] ,
=0

where 2,(j41) = 0(Zs(j4+1)). In particular, U satisfies the blended component

n—1
P, [bﬁ Z ()é(’Y(,) Z Oé(l’g(l) .. .Ia(j))zg(j+1)xg(j+2) .. .xg(n), f(xl, e ,l’n)}]
7=0

O’GSn

n—1

(5.11) =1b Z a(’yg) Z a(xg(l) .. .xg(j))zg(j+1)x0(j+2) .. .Jig(n), f(:(]l, c. ,xn)] .

| O0ESK 7=0
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Suppose « is an inner automorphism. Replacing z,(1) = (1) and 2,4y = 0 for ¢ > 1
in (5.11) we get

(P [bBF (1, wn), f(1, - wa)]| = [bf (1, @), f(n, )],

for all z1,...,x, € U. Conclusions follow from inner case.
Suppose « is an outer automorphism. Replace z,(n) = a(Zom)), (Ten)) = o for
all ¢ and z,(;) = 0 for i < n in (5.11) we get

(P68t ta), fan, - wn)]] = [0, ), @3],

for all ¢1,..., ¢, x1,...,2, € U. By Remark 4.1 we get b3f*(ty,...,t,) € C and
bf*(t1,...,t,) € C for all ty,...,t, € U. In both cases bf*(t,...,t,) € C for all
t1,...,ty, since 0 # 8 € C. By Remark 4.2 we get b = 0, a contradiction.

Similarly, if we consider §(z) = fd(x) + qxr — a(x)q for all z € R then we get a
contradiction.
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