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GRAPHS WITH AT MOST FOUR SEIDEL EIGENVALUES
MODJTABA GHORBANI!, MARDJAN HAKIMI-NEZHAAD?!, AND BO ZHOU?

ABSTRACT. Let G be a graph of order n with adjacency matrix A(G). The eigen-
values of matrix S(G) = J, — I, — 2A(G), where J, is the n by n matrix with all
entries 1, are called the Seidel eigenvalues of G. Let G(n,r) be the set of all graphs
of order n with a single Seidel eigenvalue with multiplicity r. In the present work,
we will characterize all graphs in the class §(n,n — @) for ¢ = 1,2 and for the case
i = 3 our characterization is done by this condition that the nullity of S(G) is zero.
If the nullity of S(G) is not zero the problem is solved in special cases.

1. INTRODUCTION

Let G be a simple graph on n vertices with adjacency matrix A(G). The roots of
the characteristic polynomial Pg(\) = det(Al, — A(G)) of G, where I, is the identity
matrix of order n, are called the eigenvalues of G. The spectrum of an adjacency
matrix A(G) of G is the multiset of its eigenvalues and forms the spectrum of G
denoted by Spec(G).

Lint and Seidel in [13] introduced a symmetric (0, —1, 1)-adjacency matrix for a
graph G called the Seidel matrix of G as S(G) = J,, — I, — 2A(G), where J, is the n
by n matrix with entries 1 in every position.

The rank of the matrix S(G) denoted by rank(S(G)) is equal to the maximum
number of linearly independent columns of S(G). The multiplicity of the eigenvalue
zero of A(G) is called the nullity of G denoted by n(G).

Let p1(G), ..., un(G) be the Seidel eigenvalues of G, namely the roots of det(ul —
S(G)), arranged in non-increasing order. The multiset of distinct Seidel eigenvalues
of G composes the Seidel spectrum of G and we denote it by Specg(G). If G has
exactly s distinct Seidel eigenvalues p1(G), ..., us(G) with multiplicities ¢y,.. ., %,
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respectively, then we write Specg(G) = {[p (G)]™, ..., [us(G)]* }. We encourage the
interested readers to consult papers [7,9] for more information about the mathematical
properties of this matrix.

A Seidel switching of graph G can be constructed as follows. Let V(G) = U; U Uy
be a partition of vertices of G and G’ be a graph obtained from G by removing all
edges between U; and U, and adding all edges between them not presented in G. We
say that G’ is a Seidel switching of G with respect to U; and in this case G’ and G
are Seidel co-spectral, see [8]. Two graphs G and G’ are called switching equivalent,
if G’ is constructed by a sequence of Seidel switching from G.

The Figure 1 contains the class of graphs of order n, 2 < n < 6, and their Seidel
switching together with their Seidel spectra, see [13]. For example, in Figure 1 three
switching equivalent classes of all graphs of order 4 are presented.

We proceed as follows. In the rest of this section, further definition are given and
known results needed are stated. In Section 2, we provide some preparatory results.
Section 3 contains the main results of this paper. In other words, in this section, we
give the characterization of some graphs in §(n,n — i) for i = 1,2, 3 in terms of their
Seidel eigenvalues.

The complement of graph G is denoted by G. Also, the complete graph, cycle graph
and path graph on n vertices are denoted by K,,, C,, and P,, respectively. A complete
bipartite graph with a bipartition of sizes a and b is denoted by K, where a +b = n.

A graph obtained by removing a perfect matching from K, is denoted by K.

The union of two disjoint graphs G and H is denoted by GU H. The join G+ H is
the graph obtained from G'U H by connecting all vertices from V' (G) with all vertices
from V(H).

The graph G + e is a new graph obtained from G by adding an edge e.

Let A = (ajj)mxn and B = (b;;)px, be two arbitrary matrices. A new mp X ng
product matrix constructed from A by replacing each element a;; with the block a;; B
is called as Kronecker product or Tensor product of them and we denote it by A ® B.

2. AUXILIARY RESULTS

Lemma 2.1 ([3]). For any graph G with n vertices, where n > 2, we have
i) 2Ly pi(G) = 0;
i) 3 47 (G) = n(n —1).
Lemma 2.2 ([3]). If G is a graph on n vertices, then rank(S(G)) =n —1 or n.

Theorem 2.1 (Interlacing Theorem, [3]). Let G' be a graph of order n with induced
subgraph H of order m. Let py(G) > -+ > p,(G) and p(H) > -+ > pm(H)
be eigenvalues of G and H, respectively. Then for every i, 1 < i < m, we have
1i(G) = pi(H) 2 pin—m+i(G).

Let G(n,r) be the set of a graphs on n vertices which has a single Seidel eigenvalue
with multiplicity r. Here, we give the characterization of some graphs in §(n,n — )
for : = 1,2, 3 in terms of their Seidel eigenvalues.
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FiGure 1. Each graph in above diagram is a representative of a
class of graphs of order n (2 < n < 6) together with their switching
equivalent graphs which have the same Seidel spectra. Also, all Seidel
eigenvalues are written in the right hand side of each graph.

Theorem 2.2. A graph of order n > 2 has exactly one positive Seidel eigenvalue if
and only if it is a complete bipartite graph or an empty graph.

Proof. Let G be a graph of order n. If G # K, ,,, where n; +ny = n and n > 2,
then we have

SpeCS<Kn1,n2> = {[_1]n717 [n - 1]1}7
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F1GURE 2. Three switching equivalent classes of graphs of order 4

thus p2(G) = —1. Now suppose that G is connected graph, where ps(G) < 0 and
G # K., n,. Hence, either K3 or P, are as an induced subgraph of G. Since

Specg(K3) = {[-2]", [1]*}
and
Specs(Py) = {[=V5]", [-1]", [1]", [V/3]'},

the interlacing theorem yields that po(G) > pa(K3) = 1 or u(G) > pa(Py) = 1, a
contradiction. If G is a disconnected graph with exactly one positive Seidel eigenvalue,
then G is Seidel equivalent to a connected graph (e.g., by letting U; be the vertex set
of a component), thus G is Seidel equivalent to a complete bipartite graph (by the
first part of the proof) and consequently to an empty graph. 0J

Corollary 2.1. If G # K, n,, 1 + no = n, is a connected graph with at least two
vertices, then pg > 1.

Corollary 2.2. A connected graph G has ezxactly two positive Seidel eigenvalues if
and only if it has K3 or Py as an induced subgraph.

Theorem 2.3. A graph of order n > 3 has exactly one negative Seidel eigenvalue if
and only if it is a complete graph or it is isomorphic with K,, UK,,, where ny+ns = n.

Proof. By regarding S(G) = —S(G), one can see that if G has exactly one negative
Seidel eigenvalue then G has exactly one positive Seidel eigenvalue. By Theorem 2.2
the proof is complete. O

Corollary 2.3. If G # K, is a connected graph with at least three vertices, then
pn-1(G) < —1.

Corollary 2.4. The connected graph G has ezxactly two negative Seidel eigenvalues if
and only if it has graph Ps as an induced subgraph.
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3. MAIN RESULTS

The main goal of this paper is to classify some classes of graphs G' € G(n,n — i) for
1=1,2,3. For i = 1,2 the problem is completely solved but for i = 3, in the case that
n(G) = 0, we are done. But if > 0, we characterized the graphs in special cases. At
first, suppose G is a graph with a single eigenvalue with multiplicity n — 1 or n — 2.
The following result can be obtained.

Theorem 3.1.
(i) Forn>2,G(n,n—1)={K, K, Ku ny, Kn, UK,,}, where ny +ny =n.
(il) FO’/’TLZS, 9(71,71-2) :{K3,F37P37K2UK1}.

Proof. (i) If G € §(n,n — 1), then G has exactly two distinct Seidel eigenvalues and
so G has one single positive or one single negative Seidel eigenvalue. By Theorems 2.2
and 2.3, G is Seidel equivalent to one of graphs K,,, K, Ky, , or K,, UK,,, where
ni + no = n. This completes the proof of the first claim.

(i) If G € G(n,n — 2), then G has at most three distinct Seidel eigenvalues and
thus we can consider the following cases.

Case 1. Specg(G) = {[a]""2,[B)*}, where a # [ are two real numbers.

Subcase 1. If § < 0 < «, then by Lemma 2.1, we obtain

(31) o= niz\/Z(n “)(n—2) and B=— —;\/Q(n “n—2).

Suppose G is a graph of order greater than 2. If K3 or KoUK is an induced subgraph
of G, then by interlacing theorem we have @ = 1 and < —2. Hence (3.1) implies
that n = 0, a contradiction. If K3 or P; is an induced subgraph of GG, then interlacing
theorem yields that & = 2 and § < —1. Thus, (3.1) implies that n = 3 and so G is
Seidel equivalent to one of graphs K3 or Pj.

Subcase 2. If a < 0 < 3, then a similar argument shows that G is isomorphic to
one of graphs K3 or Ky U K.

Case 2. Specg(G) = {[a]"7%,[8]", [7]'} and «, 3, are distinct Seidel eigenvalues.
Lemma 2.2 implies that the multiplicity of the Seidel eigenvalue zero is at most 1. If
[0]' € Specg(G), then G has a single positive or a single negative Seidel eigenvalue
and by Theorem 2.2 and 2.3 we conclude that GG is Seidel equivalent to one of graphs
K, K, Kp,n, or K,, UK,,, where n; +ny = n, both of them are contradictions. By
a similar argument, the cases f <0 <a<vandy<a<0<fand <0<y <«
and a < v < 0 < 3 are impossible. Also, if eithera <0< <yorvy< <0< a,
then G is Seidel equivalent to one of graphs K3, Ko U K, K3 or P, all of which are
impossible, and we are done. 0

For the graph G in G(n,n — 3), we know that G has at most four distinct Seidel
eigenvalues. In terms of the number and multiplicity of Seidel eigenvalues, we can
divide all graphs in §(n,n — 3) into three classes:

Gi(n,n —3) = {G € 9(n,n — 3) ‘ Specg(G) = {[a]"?, [5]3}},
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Ga(n,n —3) = {G € G(n,n — 3) ‘ Specg(G) = {[a]" 2, [B]?, [y 1}},
G3(n,n —3) = {G € §(n,n — 3) | Specs(@) = {[a]" >, [8]", 1", [o]'}}.

Theorem 3.2 ([6]). Let G be a graph of order n. Let d > 1 and S(G) be a Seidel
matriz of order n > 2 with smallest eigenvalue p,(G) of multiplicity n —d > 1 and
suppose 2 (G) > d +2. Then

—

2 _
L (@)= 1)
— ma(G)—d
with equality holds if and only if the spectrum of S(G) is {[un(G)]”_d, [%(n — d)}d} )
Example 3.1. Suppose G € §(5,2) and rank(S(G)) = 4. Then by Figure 1, §(5,2) =

{G1,G2,C5, Py U K3}, where G; and Gy are as depicted in Figure 3. Furthermore,
their Seidel spectra are Specg(G) = {[—v/5]?, [0]*, [vV/5]*}.

/\/\/

FiGUre 3. Two graphs GGy and G5 in Theorem 3.3

Theorem 3.3. Let G € G(n,n—3) be a graph of order n > 6 and rank(S(G)) =n—1.
Then G(n,n — 3) is empty.

Proof. If rank(S(G)) = n — 1, then [0]' € Specg(G). Hence, we have the following
cases.

Case 1. Specg(G) = {[a]" 73, [0]', [B]%}, @ # B # 0. If a < 3, then by Lemma 2.1,
obtain

1 1
(3.2) a=-—7 2n(n—3) and (= 5 2n(n — 3).
Suppose G is a graph of order at least 6 and contains one of graphs K, or Ky U Ky
or K1 U K3 as an induced subgraph. First, notice that
Specg(K4) = Specg(K, U Kjy) = Specg(K; U K3) = {[-3]', [1]*}.

Hence, interlacing theorem, yields that « = —3, > 1 and 1 < 0, a contradiction.
Suppose K4 or Cy or K 1,3 is an induced subgraph of G. Since

Specg(K4) = Specg(Cy) = Specg(K13) = {[-1]°, [3]'},

the interlacing theorem implies that « = —1 and f > 3. Hence, by (3.2), we
find n = —3 which contradicts this fact that n > 6. If there is no graph with
either Seidel eigenvalues {[—1]3,[3]'} or {[—3]',[1]*} as an induced subgraph of G,
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then, by Figure 1, every induced subgraph on 4 vertices has the Seidel spectrum
{[=V5]%, [=1]%, 1], [V/5]'}. Hence, the interlacing theorem implies that o = —+/5,
> +/5 and so by (3.2) we obtain n = 5 and 3 = /5, a contradiction. Now, suppose
a > (. By a similar argument, we can show that this case is also impossible.

Case 2. Specg(G) = {[a]"%,[0]', [8]}, [v]'}, where a, 3,7 are three distinct non-
zero real numbers. Suppose that G is not a graph with a single negative (positive)
Seidel eigenvalue. Then we yield n > 6 and the following cases hold.

Subcase 2.1. If « < 0 < 8 < 7, then we can suppose either Ky, Ky U Ky or
K; U K3 is an induced subgraph of GG. The interlacing theorem yields that a = —3
and v > > 1, a contradiction. Also, we may assume one of graphs K, or Cy or
K, 3 is an induced subgraph of G. Again, interlacing theorem implies that a@ = —1,
B> 0and vy > 3. Thus by Lemma 2.1 we find f =7 =3(n—3+vn>+2n—3), a
contradiction. This means that Py, Cy +e, K3+ e, Ko UK, or P3U K is an induced
subgraph of G. Then interlacing theorem implies that & = —/5, 5 > 1 and v > V5.
Hence, by Lemma 2.1, we obtain § =~ = %(\/g(n —3) +v/—3n% + 18n — 15) which
contradicts this fact that 5 < ~.

Subcase 2.2. Let 8 <y < 0 < a. Since S(G) = —S(G) a similar argument with
Subcase 2.1 shows that this case is also impossible. This completes the proof. U

Theorem 3.4. Let G € Gy(n,n — 3) be a graph of order n > 4. Then
Sl(n, n — 3) :{K4,F4, 04, Kl’g, K2 U KQ, Kg U Kl, 05 U Kl, H17 H27 I’Ig}7

where H;, 1 <1 < 3, are as depicted in Figure 4.

Proof. Let Specg(G) = {[a]"73,[B]*}. If a < 3, then by Lemma 2.1, we get

—1
n—3

(3.3) a= \/3(n—1)(n—3) and ﬁ:;\/?)(n—l)(n—?)).

Similar to the Theorem 3.3, we can show that one of graphs Ky, Ky U Ky or K U K3
is an induced subgraph of G and thus a = —3 and § > 1. Hence, (3.3) implies that
n =4, =1 and G has either K;, Ky U Ky or K7 U K3 as an induced subgraph of
G. If K4 or Cy or Ky 3 is an induced subgraph of G, then we have « = —1, 3 > 3
and so by (3.3), we find n = 0 or n = 3, a contradiction with n > 4. If G has one
of graphs P, or Cy + e or K5+ e or Ky U Ky or Py U K, as an induced subgraph,
by interlacing theorem, we conclude that o = —+/5, 8 > /5 and (3.3) yields n = 6.
Hence, Specg(G) = {[—V/5]?, [V/5]*}. By Figure 1, G is Seidel equivalent to one of
graphs Cs U Ky, Hy, H, or H3. Next suppose that § < «. It is not difficult to see
that G is Seidel equivalent to one of graphs K, or Cy or K;3 or C5U K or Hy or Hy
or Hj. This completes the proof. 0
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FiGURE 4. Three graphs H;, H, and Hj3 in Theorem 3.4

Theorem 3.5. There is no graph in Go(n,n — 3) of order n > 4 with Seidel spectrum
{la]™=3, [8)%, [v]'}, where o, B and ~ satisfy in the following conditions:

(i) 7<0<a<fory<0<f<aorf<a<0<vyora<f<0<n~y;
(i) a<0<f<yory<f<0<a
(ii) f<0<y<aora<y<0<f;
(iv) B<y<O0<aora<0<y<p.

Proof. (i) If G has a single positive or a single negative Seidel eigenvalue with multi-
plicity 1, then Theorems 2.2 and 2.3 yield that Ga(n,n — 3) is empty.

(ii) Suppose that a < 0 < f <~y and n > 5 (if n = 4 then G has only one negative
Seidel eigenvalue and Go(n,n — 3) is empty). If one of graphs K; or Ky U Ks or
K; U K3 is an induced subgraph of GG, then by interlacing theorem, we get a = —3
and v > 4 > 1. Thus Lemma 2.1 implies that

—3(n—3)+28+7 =0,
{ 9n—3)+262++*=n(n-1).

Consequently, v = 3(n — 3) — 26 and so § = 3(3n — 3+ /—=3n(n —4)). Thus,
—3n(n—4) > 0 if and only if n = 4. This means that § = 1 and 7y = 1, a contradiction.
Now, suppose one of graphs K4 or Cy or Kj3 is an induced subgraph of G. Thus,
a= -1, >0and v > 3. Thus, by Lemma 2.1, we find y =n —1 and g = —1,
a contradiction. If one of graphs P, or C; + e or K3+ e or Ko U K, or P3U K is
an induced subgraph of G, again one can prove that & = —/5, 8 > 1 and v > /5.
Hence, Theorem 3.2 implies that n < 6. There is no graph with these conditions and
thus in this case Go(n,n — 3) is empty.

By a similar argument, we can show that in all cases (ii)-(iv), Ga(n,n —3) is empty
and the proof is complete. 0

Theorem 3.6 ([3]). Let G be a k-reqular graph of order n. Then the Seidel spectrum
of G is {[n — 1 —=2k" [-1 — 2X\, 4], ..., [=1 = 2\]'}, where \; (1 < i < n) are
eigenvalues of adjacency matriz A(G).

Theorem 3.7 ([4]). Suppose that G is a graph of order n without isolated vertices.
Then n(G) = n — 3 if and only if G is isomorphic to the complete tripartite graph
Ky, nymg, where ny + ng +ns = n, ny,ng,ng > 0.
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In continuing by Q,(4,2) we mean the collection of all connected regular graphs of
order n with spectrum {[\]', [Ao]', [A3]™, [N\a]?2}, t1 +t2 =n — 2. Also, Q,(4,2,—1)
(resp. 9,(4,2,0)) denotes the set of all graphs in Q,,(4,2), in which —1 (resp. 0) is an
eigenvalue.

Let G be a graph of order n and adjacency matrix A. By G®.J,, we mean a new
graph obtained from G by replacing every vertex of G with a clique K, and two such
cliques are adjacent (namely for two cliques @) and Q9 all vertices of @); are adjacent
with all vertices of ()3) if and only if their corresponding vertices are joined in G, see
[11]. One can see that the adjacency matrix of G®.J,, is A®J,, = (A+1,) ® Jp, — Lnm

Theorem 3.8 ([11]). The connected regular graph G is in Q,(4,2,0) if and only if
G =K; ,®J;, wheren =2st, s >3 andt > 1.

S,

Theorem 3.9 ([11]). The connected regular graph G is in Q,(4,2,—1) if and only if
G = K, s®Jy, where s,t > 2, or G = K_ ®J;, where n =2st, s >3 and t > 1.

Theorem 3.10 ([11]). There is no connected k-regular graph of order n > 4 with
adjacency spectrum {[k]*, [Xa]*, [As]!, [Ma]" 21
Theorem 3.11. Let G € Gy(n,n — 3) be a connected reqular graph of order n > 4.
Then the following cases hold.
(i) If v < a < B, then G is isomorphic to the one of graphs Konn, n
(mod 3) or K33®J», n =0 (mod 6).
(ii) If B < a <<, then G is isomorphic to K3 3®J=, n =0 (mod 6).

Il
o

Proof. (i) Let G be a graph of order n. By Theorem 3.5, we can assume that
v < a<0<pf. If one of graphs K, or Ko U K5 or K U K3 is an induced subgraph of
G, then by interlacing theorem we get o = 1, a contradiction. If G has one of graphs
Pyor Oy +eor Ks+eor Ky UK, or PsUK; as an induced subgraph of G, then

Weobtainfy< —/5, = —1, 3> +/5 and so by Lemma 2.1, we get = 2% — 1 and
v=—%—1. As well as, if one of graphs K, or C’4 or K 3 is an induced subgraph of
G, Lemma 2.1 implies that § = = — 1 and v = —2 — 1. Therefore,
—n 2n 2
S G) = {—1],—1”—3,[—1} ,
pocs(@) = {5 1] -, [

where n = 0 (mod 3). By Theorem 3.6, the adjacency spectrum of G is

)= { [ 0 (2]

o) = {[5]or 5] L [3] }
Suppose Spec(G) = {[5*]%[0]"%, [%]'}, since n(G) = n — 3, by Theorem 3.7, G
is isomorphic to Kz n n. If Spec( ) = {[Z1% [0, [2]', [3]'}, then Theorem 3.8

implies that G is 1somorphlc to K3 3 ® Jn, where n =0 (mod 6).
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(i) Assume that § < 0 < o < . It is not difficult to see that @ = 1 and Lemma
2.1 yields that y = 3 + 1 and =1 — %” By Theorem 3.6, we obtain

e e e )

or

(3.5) Spec(G) = {[_6" - 1]1 =1 [ - 1] [ . 1] } .

Theorem 3.10 implies that (3.4) is impossible. If (3.5) holds, then Theorem 3.9
yields that G is isomorphic to the graph K33® Jz, n =0 (mod 6) and this completes
the proof. O

Example 3.2. Suppose n = 0 (mod 3). For two graphs G; = Ko » U K» and Gy =

Kn » UKn, we obtain
3’3 3
_ 1 2 2
oo {2 )

Specg(Gs) = {[;n + 1} (13, {g + 1]1} :

This implies that both graphs G and Gy are in Go(n,n — 3).

n n n
3’3 3

Ezample 3.3. Suppose n = 6. By using a program in SageMath software [12], we
conclude that all graphs in G5(6, 3) are as depicted in Figures 5 and 6.

<D 3

FIGURE 5. All graphs in G5(6,3) with Seidel spectrum {[3]%, [~1]3, [-3]'}

SIS

FIGURE 6. All graphs in G5(6,3) with Seidel spectrum {[3]*, [1]3, [-3]?}

In what follows, by mG we mean the disjoint union of m copies of G, namely
GU---UG.
[

m times
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Theorem 3.12 ([3]). (i) A graph G with the smallest Seidel eigenvalue larger than
—3 is switching equivalent to graphs K, or Ky UK, _y or one of graphs depicted in
Figure 7.

(ii) A graph G with smallest Seidel eigenvalue greater than or equal with —3 is

Seidel equivalent to a subgraph of mKsy, m > 2, or of T(8) (namely the complement
of the line graph of Ky).

_® ® ./“?
o o eo—e
U, U,

FiGUuRE 7. Ten graphs with the smallest Seidel eigenvalue larger
than —3.

TABLE 1. Graphs together with the Seidel spectra in Theorem 3.12.

Graphs Seidel spectrum

K. (-0 Ln-17g

Ky UKy {[5-2-35y(n+6)(n—2)", [-1]"7, 1], [§ =2+ 3¢/ (n+6)(n - 2)]'}
Uy {[=2.56]", [-1]*, [1.56]", [3]'}

UZ {[_\/3]27[0 17[\/5]2}

Us {[-2.75], [-1]3, [1.69]*, [4.06]'}

Uy {[=v5]*, [V}

Us {[-2.6]', [-2.24]%, [-1], [0 1], [2.24]1, [3.49]'}
Us {[—2.78], [—2.46]', [-1]2, |0. 29]1,[2 49]1,[ 46]'}
U, {[-2.9], [-1]4, [1. 74] ,[5.15]1}

Us {[-2.83]%, [—2.24}1, [—1]%, ]0. 15]1, [2.24]', [4.68]'}
Uy {[~2.6, [~2]', (0.11]%, [3.40]}

Ui {[-2.7)Y, [—2.24)1, [-1]}, [2.24]2, [3.7]'}

miy (m > 2) {[=3"71 [, [n - 3]

T(8) {[=31*, 19"}

Ezample 3.4. Suppose G € G3(4,1), then we have G3(4,1) = {Kos U Ko, P U K, K35 +
e, Py, Cs + e} and Specg(G) = {[-V5]", [-1]", [1]', [V5]'}.
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Theorem 3.13. Let G € G3(n,n — 3) be a graph of order n > 5. Then the following
cases hold.

(i) There is no graph in G3(n,n — 3) which satisfies in the following conditions:
a<fB<y<0<p or f<a<y<0<p or f<y<a<0<p or
p<0<y<f<a o p<li<y<a<f or p<O<a<~y<pf or
a<fB<0<y<p or p<y<0<pf<a.

() fa<0<p<y<porp<~vy<p<0<a, then G is Seidel equivalent to a
subgraph of mKs, m > 2, or of T'(8).

Proof. (i) If G has a single positive or a single negative Seidel eigenvalue with mul-
tiplicity 1, then by Theorems 2.2 and 2.3, G3(n,n — 3) is empty. Now, suppose
a< f<0<~vy<pandn >5. If one of graphs K, or Ko U Ky or K; U K3 is an
induced subgraph of GG, then by interlacing theorem, we get « = —3 and § > 1, a
contradiction. If G has one of graphs Py or Cy + e or K5 +¢e or Ko UKy or P3U K,
as an induced subgraph, then we yield a = —v/5, =1 < 3 <0, v > 1 and p > /5.
As well as, if one of graphs K4 or Cy or K3 is an induced subgraph of G, then we
obtain a = -1, =1 < < 0,v >0 and p > 3. Since, a > —3, applying Theorem
3.12 (i) and Table 1, we achieve a contradiction. By a similar argument the case
p<7v<0<f < aisimpossible.

(ii) Suppose @ < 0 < B < < pand n > 5. If one of graphs P, or Cy+e or K3+e
or Ko UK, or P3U K, is an induced subgraph of G, then o = —/5, >0, vy >1
and p > V5 and if one of graphs K, or Cy or K 1,3 is an induced subgraph of G, then

= —1, 8,7 > 0 and p > 3, a contradiction with o > —3. If one of graphs K, or
Ky U K5 or K7 U K3 is an induced subgraph of GG, then interlacing theorem, yields
a = =3 and ,7,p > 1. Theorem 3.12 (ii) implies that G is Seidel equivalent to a
subgraph of mKj,, m > 2, or of T(8). Let p < v < <0 < a. Since S(G) = —S(G),
a similar argument shows that in this case GG is Seidel equivalent to a subgraph of
mKy, m > 2, or of T'(8). O

FExample 3.5. Suppose n = 5. By Figure using a method described in 1, we conclude
that all graphs in G3(5,2), where f <a <0<y <pand p<vy<0<a<f,areas

depicted in Figures 8 and 9, respectively
e N\, / \ /

.\// \/./. Y

FiGure 8. All graphs in G3(5,2) with Seidel spectrum
(=237, (-1, 1", 37)'}
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FIGURE 9. All graphs in G3(5,2) with Seidel spectrum

{[-3.37]%, [-1]*, [1]?, [2.37]'}

Conjecture 3.1. Let G € G3(n,n — 3) be a graph of order n > 6. Then the following
cases hold:

i) if B <a <0<~y <p,then G is Seidel equivalent to K; ; U K;
ii) if p <y <0< a<p, then G is Seidel equivalent to K; ; U K,
where 1 <i < [3],i<j<n—-3and 3 <p<n—(i+j) unless n =0 (mod 3) and

Remark 3.1. Suppose G € G3(n,n — 3) is a graph of order n > 6. If the Seidel
eigenvalues of GG are ordered as f < a < 0 <y < p, then it is not difficult to see that
one of graphs P, or Cy+ e or K3+ e or KoUKy or Py UK, or Ky or Cy or Ky 3 is
an induced subgraph of G and by interlacing theorem, we have @ = —1. Also, if the
Seidel eigenvalues of G satisfy in p < v < 0 < a < 3, by a similar argument we can
show that a = 1.
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