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A STABILITY RESULT FOR A TIMOSHENKO SYSTEM WITH
INFINITE HISTORY AND DISTRIBUTED DELAY TERM

ZINEB KHALILI1 AND DJAMEL OUCHENANE1

Abstract. This manuscript is mainly focusing on a general stability of solution
for one-dimensional Timoshenko system with infinite history and distributed delay
term regardless also of the speeds of wave propagation. We prove our result by using
the energy method combined with some properties of convex functions.

1. Introduction

In this paper, we consider the following Timoshenko system with infinite history
and distributed delay term

(1.1)


ρ1φtt (x, t) −K (φx + ψ)x (x, t) = 0,
ρ2ψtt (x, t) − bψxx (x, t) +

∫∞
0 g (s)ψxx (x, t− s) ds

+K (φx + ψ) (x, t) + µ1ψt (x, t) +
∫ τ2

τ1
µ2 (s)ψt (x, t− s) ds = 0,

where t ∈ (0,∞) denotes the time variable and x ∈ (0, 1) is the space variable,
the functions φ and ψ are respectively, the transverse displacement of the solid
elastic material and the rotation angle, and ρ1, ρ2, µ1, K are positive constants,
µ2 : [τ1, τ2] → R is a bounded function satisfying

(1.2)
∫ τ2

τ1
|µ2 (s)| ds < µ1,

where τ1 and τ2 two real numbers satisfying 0 ≤ τ1 ≤ τ2 and the relaxation function
g satisfies the folowing assumptions.

(G1) g : R+ → R+ is a C1 function satisfying

g (0) > 0, b−
∫ ∞

0
g (s) ds = b− g0 = L > 0.
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(G2) There exists a positive constant ζ such that
(1.3) g′ (t) ≤ −ζg (t) , for all t ≥ 0.
System (1.1) is provided with the following initial and boundary conditions{

φ(x, 0) = φ0 (x) , φt(x, 0) = φ1 (x) , ψ(x, 0) = ψ0 (x) , ψt(x, 0) = ψ1 (x) ,
ψt(x,−t) = f0 (x, t) in (0, 1) × (0, τ2) ,

and
φ(0, t) = φ(1, t) = ψ(0, t) = ψ(1, t) = 0, for all t ≥ 0,

where x ∈ (0, 1) and f0 is the history function.

Let us first recall some result related to the problem we address. Said-Houari and
Rahali [12] considered the following Timoshenko system with infinite history and a
delay term in the internal feedback

(1.4)


ρ1φtt (x, t) −K (φx + ψ)x (x, t) = 0,
ρ2ψtt (x, t) − bψxx (x, t) +

∫∞
0 g (s)ψxx (x, t− s) ds

+K (φx + ψ) (x, t) + µ1ψt (x, t) + µ2ψt (x, t− τ) = 0.
They established the well-posedness of problem (1.4) and the exponential stability
of solution. In the absence of the viscoelastic damping (g ≡ 0), problem (1.4) has
been studied recently by Said-Houari and Laskri [11]. Under some assumption, they
proved the well-posedness and established for µ1 > µ2 an exponential decay result for
the case of equal-speed wave propagation, i.e.,

k

ρ1
= b

ρ2
.

Subsequently, the work in [11] has been extended to the case of time-varying delay
of the form ψt (x, t− τ (t)) by Kirane, Said-Houari and Anwar [6]. First, by using the
variable norm technique of Kato and under some restriction on the parameters µ1, µ2
and on the delay function τ (t), the system has been shown to be well-posed. Second,
under relationship between the weight of the delay term in the feedback, the weight
of the term without delay and the wave speeds, an exponential decay result of the
total energy has been proved.

In [6, 11], the authors have extended some works on the wave equation with delay
to the Timoshenko system with delay. The stability of the wave equation with delay
has become recently an active area of research and many authors have shown that
delays can destabilize a system that is asymptotically stable in the absence of delays
(see [2] for more details).

Kafini et al. [5] considered the following Timoshenko system of thermoelasticity of
type III with delay

ρ1φtt − σ(φx, ψ)x + µ1φt (x, t) + µ2φt (x, t− s) = 0,
ρ2ψtt − bψxx + k (φx + ψ) + γθx = 0,
ρ3θtt − kθxx + γψtx − kθtxx = 0.
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The authors established well-posedness and stability of the system for the cases of
equal and nonequal speeds of wave propagation, they showed that the energy decays
exponentially in the case of equal wave speeds in spite of the existence of the delay and
in the opposite case it decays polynomially. Also, Kafini et al. [4] concerned with the
following Timoshenko system of thermoelasticity of type III with distributive delay

ρ1φtt (x, t) −K (φx + ψ)x (x, t) = 0,
ρ2ψtt (x, t) − bψxx (x, t) +K (φx + ψ) (x, t) + γθx (x, t) = 0,
ρ3θtt − δθxx − κθtxx −

∫ τ2
τ1
g (s) θtxx (x, t− s) ds+ γψtx = 0,

where τ1 < τ2 are non-negative constants. They proved an exponential decay in the
case of equal wave speeds and a polynomial decay result in the case of nonequal wave
speeds with smooth initial data. Very recently, Hao and Wang [3] considered the
following Timoshenko-type system with distributed delay and past history

(1.5)


ρ1φtt − k(φx, ψ)x + βθtx = 0,
ρ2ψtt − bψxx + k (φx + ψ) − βθx +

∫∞
0 g (s)ψxx (x, t− s) ds+ f (ψ) = 0,

ρ3θtt − δθxx + γφtx − lθtxx + γψt +
∫ τ2

τ1
µ (ζ)ψt (x, t− ζ) dζ = 0.

The authors proved well-posedness and stability of the system (1.5) for the cases of
equal and nonequal speeds of wave propagation. Their results show that the damping
effect is strong enough to uniformly stabilize the system even in the existence of time
delay under suitable conditions.

Motivated by the works mentioned above, we investigate system (1.1) under suitable
assumptions and show that even in the presence of the viscoelastic term (g ≠ 0), we
can establish a general energy decay regardless also of the speeds of wave propagation.
To achieve our goals we make use the energy method combined with some properties
of convex functions. The arguments of convexity were introduced by Lasiecka and
Tataru [7] and used by Liu and Zuazua [8] and others.

2. Preliminaries

The main aim in this section is to present some materials needed in the proof of our
result. We also state, without proof, a local existence result for problem (1.1). The
proof can be established by using Faedo-Galerkin method as in [9]. Let us introduce
the following new dependent variable

z (x, ρ, s, t) = ψt (x, t− sρ) , in (0, 1) × (0, 1) × (τ1, τ2) × (0,∞) .
Then, we get the following system{

szt (x, ρ, s, t) + zρ (x, ρ, s, t) = 0,
z (x, 0, τ, t) = ψt (x, t) .

We then set an auxiliary variable as in [1]
ηt (x, s) = ψ (x, t) − ψ (x, t− s) , s ≥ 0.

Then
ηt

t (x, s) + ηt
s (x, s) = ψt (x, t) .
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Hence, we can rewrite the problem (1.1) as

(2.1)



ρ1φtt (x, t) −K (φx + ψ)x (x, t) = 0,
ρ2ψtt − bψxx +K (φx + ψ) +

∫∞
0 g (s) ηt

xx (x, s) ds
+µ1ψt (x, t) +

∫ τ2
τ1
µ2 (s)ψt (x, t− s) ds = 0,

szt (x, ρ, s, t) + zρ (x, ρ, s, t) = 0,
ηt

t (x, s) + ηt
s (x, s) = ψt (x, t) ,

where x ∈ (0, 1), ρ ∈ (0, 1) and t > 0. System (2.1) subjected to the following initial
conditions

(2.2)



φ(x, 0) = φ0 (x) , φt(x, 0) = φ1 (x) ,
ψ(x, 0) = ψ0 (x) , ψt(x, 0) = ψ1 (x) , x ∈ (0, 1) ,
z (x, ρ, s, 0) = f0 (x, ρs) , in (0, 1) × (0, 1) × (0, τ2) ,
ηt (x, 0) = 0, for all t ≥ 0,
η0 (x, s) = η0 (s) = 0, for all s ≥ 0.

In addition, we consider the following boundary conditions
φ(0, t) =φ(1, t) = ψ(0, t) = ψ(1, t) = 0, for all t ≥ 0,
ηt (0, s) =ηt (1, s) = 0, for all s ≥ 0.(2.3)

We now define the energy space

H :=
[
H1

0 (0, 1) × L2 (0, 1)
]2

× L2 ((0, 1) × (0, 1) × (τ1, τ2)) × L2
g

(
R+, H1

0 (0, 1)
)
,

where L2
g (R+, H1

0 (0, 1)) denotes the Hilbert space of H1
0 -valued functions on R+.

3. Exponential Stability

The functional energy of the solution of problem (2.1)–(2.3) is given by

E (t) =E
(
t, φ, ψ, z, ηt

)
(3.1)

=1
2

∫ 1

0

(
ρ1φ

2
t + ρ2ψ

2
t

)
dx+ 1

2

∫ 1

0

{
K (φx + ψ)2 + bψ2

x

}
dx

+ 1
2

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx
+ 1

2

∫ 1

0

∫ 1

0

∫ τ2

τ1
s |µ2 (s)| z2 (x, ρ, s, t) dsdρdx.

We multiply (2.1)1 by φt, (2.1)2 by ψt and (2.1)3 by |µ2 (s)| z, integrating by parts
over (0, 1), using Young and Cauchy-Schwarz’s inequality we get

dE (t)
dt

≤1
2

∫ 1

0

∫ ∞

0
g′ (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx
− C

{∫ 1

0
ψt

∫ τ2

τ1
µ2 (s) z (x, 1, s, t) +

∫ 1

0
ψ2

t (x, t) dx
}
,(3.2)

where C > 0, which implies that the energy E is a non-increasing function with
respect to t.
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Our main stability result reads as follows.

Theorem 3.1. Let U0 ∈ D (A) . Assume that
∫ τ2

τ1
|µ2 (s)| ds < µ1 and

K

ρ1
= b

ρ2
.

Then there exist two positive constants C and γ independent of t such that
(3.3) E (t) ≤ Ce−γt, for all t > 0.

Remark 3.1. To derive the exponential decay of the solution, it is enough to construct
a functional L(t), equivalent to the energy E(t), satisfying

dL (t)
dt

≤ −ΛL (t) , for all t > 0,

where Λ is a positive constant. In order to obtain such a functional L, we need several
lemmas.

Let us first define the following functional

(3.4) I1 (t) := −
∫ 1

0
(ρ1φtφ+ ρ2ψtψ) dx− µ1

2

∫ 1

0
ψ2dx.

Then we have the following estimate.

Lemma 3.1. Let (φ, ψ, z, ηt) be the solution of (2.1)–(2.3), then for any ε, δ1 > 0,
we have

dI1 (t)
dt

≤ −
∫ 1

0

(
ρ1φ

2
t + ρ2ψ

2
t

)
dx(3.5)

+ g0

4δ1

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx+ cε2

2

∫ 1

0
ψ2dx

+ (b+ δ1)
∫ 1

0
ψ2

xdx+ 1
2ε2

∫ 1

0

∫ τ2

τ1
µ2 (s)ψ2

t (x, t− s) dsdx

+K
∫ 1

0
(φx + ψ)2 dx,

where c = 1/π2 is the Poincaré’s constant.

Proof. Taking the derivative of (3.4), integrating by parts, we obtain
dI1 (t)
dt

= −
∫ 1

0

(
ρ1φ

2
t + ρ2ψ

2
t

)
dx−

∫ 1

0
(ρ1φttφt + ρ2ψttψt) dx− µ1

∫ 1

0
ψtψdx.(3.6)

Therefore, by using (2.1)1, (2.1)2, integration by parts, we obtain from (3.6)
dI1 (t)
dt

= −
∫ 1

0

(
ρ1φ

2
t + ρ2ψ

2
t

)
dx+K

∫ 1

0
(φx + ψ)2 dx+ b

∫ 1

0
ψ2

xdx(3.7)

+
∫ 1

0
ψ
∫ τ2

τ1
µ2 (s)ψt (x, t− s) dsdx

+
∫ 1

0
ψx (x, t)

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣ dsdx.
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By exploiting Young and Poincaré’s inequalities, we get for any ε > 0∫ 1

0
ψ
∫ τ2

τ1
µ2 (s)ψt (x, t− s) dsdx(3.8)

≤cε2

2

∫ 1

0
ψ2dx+ 1

2ε2

∫ 1

0

∫ τ2

τ1
µ2 (s)ψ2

t (x, t− s) dsdx.

Moreover, Young, Hölder’s inequalities and (1.3) imply that for any δ1 > 0∫ 1

0
ψx (x, t)

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣ dsdx(3.9)

≤δ1

∫ 1

0
ψ2

x (x, t) dx+ g0

4δ1

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx.
Inserting the estimates (3.8) and (3.9) into (3.7), then (3.5) is fulfilled. □

Now, let w be the solution of

(3.10) − wxx = ψx, w (0) = w (1) = 0,

then
w (x, t) = −

∫ x

0
ψ (y, t) dy + x

(∫ 1

0
ψ (y, t) dy

)
.

We have the following inequalities.

Lemma 3.2. The solution of (3.10) satisfies∫ 1

0
w2

xdx ≤
∫ 1

0
ψ2dx

and ∫ 1

0
w2

t dx ≤
∫ 1

0
ψ2

t dx.

Proof. We multiply (3.10) by w, integrate by parts and use the Cauchy-Schwarz’s
inequality to obtain ∫ 1

0
w2

xdx ≤
∫ 1

0
ψ2dx.

Next, we differentiate (3.10) with respect to t and by the same procedure, we obtain∫ 1

0
w2

t dx ≤
∫ 1

0
ψ2

t dx. □

Let w be the solution of (3.10). We introduce the following functional

(3.11) I2 (t) :=
∫ 1

0
(ρ2ψtψ + ρ1φtw) dx+ µ1

2

∫ 1

0
ψ2dx.

Then, we have the following estimate.
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Lemma 3.3. Let (φ, ψ, z, ηt) be the solution of (2.1)–(2.3). Then we have for any
ε3 > 0,
dI2 (t)
dt

≤ (δ1 − b)
∫ 1

0
ψ2

xdx+ ρ1λ2

∫ 1

0
φ2

tdx+ cε3

2

∫ 1

0
ψ2dx

+
(
ρ2 + ρ1

4λ2

) ∫ 1

0
ψ2

t dx+
(
γτ0

2κε3
+ δγ

2κε3

)∫ 1

0
q2dx(3.12)

+ 1
2ε3

∫ 1

0

∫ τ2

τ1
|µ2 (s)| z2 (x, 1, s, t) dsdx+ g0

4δ1

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx.
Proof. By taking the derivative of (3.11), we conclude

dI2 (t)
dt

= − b
∫ 1

0
ψ2

xdx−K
∫ 1

0
ψ2dx+ ρ2

∫ 1

0
ψ2

t dx+K
∫ 1

0
w2

xdx

+ ρ1

∫ 1

0
φtwtdx+

∫ 1

0
ψx (x, t)

∫ ∞

0
g (s) ηt

x (x, s) dsdx

−
∫ 1

0
ψ
∫ τ2

τ1
µ2 (s) z (x, 1, s, t) dsdx.

We apply Young and Poincaré’s inequalities, we find∫ 1

0
ψx (x, t)

∫ ∞

0
g (s) ηt

x (x, s) dsdx ≤ δ1

∫ 1

0
ψ2

x (x, t) + g0

4δ1

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx,
and for any λ2 > 0 we have

ρ1

∫ 1

0
φtψtdx ≤ ρ1λ2

∫ 1

0
φ2

tdx+ ρ1

4λ2

∫ 1

0
ψ2

t dx. □

Now, we define the functional I3

I3 (t) :=ρ2

∫ 1

0
ψt (φx + ψ) dx+ ρ1b

K

∫ 1

0
ψxφtdx+ ρ1

K

∫ 1

0
φt

∫ ∞

0
g (s) ηt

x (x, s) dsdx.

(3.13)

Lemma 3.4. Let (φ, ψ, z, ηt) be the solution of (2.1)–(2.3). Assume that

(3.14) ρ1

K
= ρ2

b+ g0
= ρ2

b
.

Then, for any ε4 > 0, we have
dI3 (t)
dt

≤
[
φx

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s)
)]x=1

x=0
− (K − 2ε4)

∫ 1

0
(φx + ψ)2 dx

+
(
ρ2 + µ2

1
4ε4

)∫ 1

0
ψ2

t dx+ ε4

∫ 1

0
φ2

tdx+ 1
2ε4

∫ 1

0

∫ τ2

τ1
µ2 (s) z2 (x, 1, s, t) dsdx(3.15)

− g0C (ε4)
∫ 1

0

∫ ∞

0
g′ (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx.
Proof. Differentiating I3 (t), we obtain

dI3 (t)
dt

=ρ2

∫ 1

0
ψtt (φx + ψ) dx+ ρ2

∫ 1

0
ψt (φx + ψ)t dx
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+ ρ1b

K

∫ 1

0
ψxφttdx+ ρ1

K

∫ 1

0
φt

∫ ∞

0
g (s) ηt

x (x, s) dsdx

+ ρ1b

K

∫ 1

0
ψxtφtdx+ ρ1

K

∫ 1

0
φtt

∫ ∞

0
g (s) ηt

tx (x, s) dsdx.

Then, by using (2.1), we find
dI3 (t)
dt

=ρ2

∫ 1

0
(φx + ψ) (bψxx (x, t) −K (φx + ψ) (x, t)

−µ1ψt (x, t) −
∫ τ2

τ1
µ2 (s)ψt (x, t− s) ds

)
dx

+
∫ 1

0
(φx + ψ)

∫ ∞

0
g (s) ηt

xx (x, s) dsdx+ ρ2

∫ 1

0
ψ2

t dx

+ b
∫ 1

0
(φx + ψ)x ψxdx+

(
ρ1b

K
− ρ2

)∫ 1

0
ψtxφtdx

+ ρ1

K

∫ 1

0
φt

∫ ∞

0
g (s)

(
ψtx (t, x) − ηt

tx (x, s)
)
dsdx

+ ρ1

K

∫ 1

0
(φx + ψ)x

∫ ∞

0
g (s) ηt

x (x, s) dsdx.

By (3.14), we obtain
dI3 (t)
dt

= −K
∫ 1

0
(φx + ψ)2 dx− µ1

∫ 1

0
(φx + ψ)ψtdx+ ρ2

∫ 1

0
ψ2

t dx

−
∫ 1

0
(φx + ψ)

∫ τ2

τ1
µ2 (s)ψt (x, t− s) dsdx

+ ρ1

K

∫ 1

0
φt

∫ ∞

0
g′ (s) ηt

x (x, s) dsdx(3.16)

+ [bψxφxdx]x=1
x=0 +

[
φx (x, t)

∫ ∞

0
g (s) ηt

x (x, s) ds
]
.

For any ε4 > 0, Young’s inequality leads to

(3.17)
∣∣∣∣µ1

∫ 1

0
(φx + ψ)ψt (x, t)

∣∣∣∣ ≤ ε4

∫ 1

0
(φx + ψ)2 dx+ µ2

1
4ε4

∫ 1

0
ψ2

t dx

and ∣∣∣∣∫ 1

0
(φx + ψ)

∫ τ2

τ1
µ2 (s)ψt (x, t− s) dsdx

∣∣∣∣
≤cε4

2

∫ 1

0
(φx + ψ)2 dx+ 1

2ε4

∫ 1

0

∫ τ2

τ1
µ2 (s) z2 (x, 1, s, t) dsdx(3.18)

and ∣∣∣∣ρ1

K

∫ 1

0
φt

∫ ∞

0
g′ (s) ηt

x (x, s) dsdx
∣∣∣∣(3.19)

≤ ρ2
1

4Kε4

∫ 1

0

(∫ ∞

0
g′ (s) ηt

x (x, s) ds
)2
dx+ ε4

∫ 1

0
φ2

tdx
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≤ − g (0)C (ε4)
∫ 1

0

∫ ∞

0
g′ (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx+ ε4

∫ 1

0
φ2

tdx.

Plugging (3.17), (3.18) and (3.19) into (3.16), then inequality (3.15) holds. □

Next, in order to handle the boundary terms appearing in (3.15) we use, as in [10],
the function

q (x) = 2 − 4x, x ∈ (0, 1) .
So, we have the following result.

Lemma 3.5. Let (φ, ψ, z, ηt) be the solution of (2.1). Then we have that for a positive
constant ε6

[
φx

(
bψx −

∫ ∞

0
g (s)ψx (t− s) ds

)]x=1

x=0

(3.20)

≤ − ε6

K

d

dt

∫ 1

0
ρ1q (x)φtφxdx+K2ε6

∫ 1

0
(φx + ψ)2 dx

− ρ2

4ε6

d

dt

∫ 1

0
q (x)ψt

(
bψx −

∫ ∞

0
g (s)ψx (t− s) ds

)
dx+ 3ε6

∫ 1

0
φ2

xdx

+
(
ε6 + b

4ε6

(
4 + 3

2ε2
6

))∫ 1

0
ψ2

xdx+ 1
4ε6

(
2ρ2 (b+ g0) + 4µ2

1ε
2
6 + ρ2ε6

) ∫ 1

0
ψ2

t dx

− ρ2g (0)C (ε6)
4ε6

∫ 1

0

∫ ∞

0
g′ (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx+ 2ρ1ε6

K

∫ 1

0
φ2

tdx

+ g0

4ε6

(
4 + 3

2ε2
6

)∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx
+ 1

2ε4

∫ 1

0

∫ τ2

τ1
µ2 (s) z2 (x, 1, s, t) dsdx.

Proof. By using Young and Poincaré inequalities, we obtain for any ε6 > 0[
φx

(
bψx +

∫ ∞

0
g (s)ψx (t− s) ds

)]x=1

x=0
(3.21)

=φx (1)
(
bψx (1) +

∫ ∞

0
g (s)ψx (1, t− s) ds

)
− φx (0)

(
bψx (0) +

∫ ∞

0
g (s)ψx (0, t− s) ds

)
≤ 1

4ε6

[(
bψx (1) +

∫ ∞

0
g (s)ψx (1, t− s) ds

)2

+
(
bψx (0) +

∫ ∞

0
g (s)ψx (0, t− s) ds

)2
]

+ ε6
[
φx (1)2 + φx (0)2

]
.

On the other hand, it is clear that
d

dt

∫ 1

0
ρ2q (x)ψt

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx
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=
∫ 1

0
ρ2q (x)ψtt

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx

+
∫ 1

0
ρ2q (x)ψt

(
bψtx +

∫ ∞

0
g (s) ηt

tx (x, s) ds
)
dx.

Now, using (2.1)2, we find
d

dt

∫ 1

0
ρ2q (x)

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx(3.22)

=
∫ 1

0
q (x)

(
bψxx − k (φx + ψ) − µ1ψt

−
∫ τ2

τ1
µ2 (s) z (x, 1, t) ds+

∫ ∞

0
g (s) ηt

xx (x, s) ds
)

×
(
bψx −

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx

+
∫ 1

0
ρ2q (x)ψt

(
bψtx +

∫ ∞

0
g (s) ηt

tx (x, s) ds
)
dx.

By the fact that∫ 1

0
q (x)

(
bψxx +

∫ ∞

0
g (s) ηt

xx (x, s) ds
)(

bψx +
∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx(3.23)

= − 1
2

∫ 1

0
q′ (x)

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)2
dx

+
[
q (x)

2

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)2
]x=1

x=0
.

The last term in (3.22) can be treated as follows

∫ 1

0
ρ2q (x)ψt

(
bψtx +

∫ ∞

0
g (s) ηt

tx (x, s) ds
)
dx

(3.24)

=ρ2b
∫ 1

0
q (x)ψtψtxdx+ ρ2

∫ 1

0
q (x)ψt

∫ ∞

0
g (s) ηt

tx (x, s) dsdx

= − ρ2b

2

∫ 1

0
q′ (x)ψ2

t dx+ ρ2

∫ 1

0
q (x)ψt

∫ ∞

0
g (s) ηt

tx (x, s) dsdx

= − ρ2b

2

∫ 1

0
q′ (x)ψ2

t dx+ ρ2

∫ 1

0
q (x)ψt

∫ ∞

0
g (s)

(
ψt − ηt

s

)
x
dsdx

= − ρ2b

2

∫ 1

0
q′ (x)ψ2

t dx+ ρ2g0

∫ 1

0
q (x)ψtψtxdx− ρ2

∫ 1

0
q (x)ψt

∫ ∞

0
g (s) ηt

sxdsdx

= − ρ2 (b+ g0)
2

∫ 1

0
q′ (x)ψ2

t dx+ ρ2

∫ 1

0
q (x)ψt

∫ ∞

0
g′ (s) ηt

xdsdx.

Inserting (3.23) and (3.24) in (3.22), we arrive at(
bψx (0, t) +

∫ ∞

0
g (s) ηt

x (0, s) ds
)2

+
(
bψx (1, t) +

∫ ∞

0
g (s) ηt

x (1, s) ds
)2

(3.25)
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= − d

dt

∫ 1

0
ρ2qψt

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx+ 2ρ2 (b+ g0)

∫ 1

0
ψ2

t dx

−K
∫ 1

0
q (φx + ψ)

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx

+ ρ2

∫ 1

0
qψt

∫ ∞

0
g′ (s) ηt

x (x, s) dsdx

− µ1

∫ 1

0
q (x)ψt

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx

+ 2
(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)2
dx

−
∫ 1

0
q (x)

∫ τ2

τ1
µ2 (s)ψt (x, t− s) ds

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx.

Now, we estimate terms in the RHS of (3.25) as follows.
First, using Minkowski and Young’s inequalities, we have

2
(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)2
dx(3.26)

≤4b2
∫ 1

0
ψ2

xdx+ 4g0

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx.
Second, by Young’s inequality and (3.26), we have for any λ > 0∣∣∣∣K ∫ 1

0
q (x) (φx + ψ)

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx
∣∣∣∣

≤2K
∣∣∣∣∫ 1

0
(φx + ψ)

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx
∣∣∣∣

≤4K2λ
∫ 1

0
(φx + ψ)2 dx+ 1

4λ

∫ 1

0

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)2
dx

≤4K2λ
∫ 1

0
(φx + ψ)2 dx+ b2

2λ

∫ 1

0
ψ2

xdx+ g0

2λ

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx.
Similarly, we get∣∣∣∣µ1

∫ 1

0
q (x)ψt

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx
∣∣∣∣

≤4µ1λ
∫ 1

0
ψ2

t dx+ b2

2λ

∫ 1

0
ψ2

xdx+ g0

2λ

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx
and ∣∣∣∣− ∫ 1

0
q (x)

∫ τ2

τ1
µ2 (s)ψt (x, t− s) ds

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx

∣∣∣∣
≤b

∫ 1

0
q (x)ψx

∫ τ2

τ1
µ2 (s)ψt (x, t− s) dsdx

+
∫ 1

0

(
q (x)

∫ τ2

τ1
µ2 (s)ψt (x, t− s) ds

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx
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≤4δ0λ
∫ τ2

τ1
µ2 (s) z2 (x, 1, s, t) ds+ b2

2λ

∫ 1

0
ψ2

xdx+ g0

2λ

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx.
For any ε2 > 0, we have∣∣∣∣ρ2

∫ 1

0
qψt

∫ ∞

0
g′ (s) ηt

x (x, s) dsdx
∣∣∣∣

≤ρ2ε2

∫ 1

0
ψ2

t dx− ρ2g (0)C (ε2)
∫ 1

0

∫ ∞

0
g′ (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx.
Inserting all the above estimates into (3.25), we obtain(

bψx (0, t) +
∫ ∞

0
g (s) ηt

x (0, s) ds
)2

+
(
bψx (1, t) +

∫ ∞

0
g (s) ηt

x (1, s) ds
)2

(3.27)

≤ − d

dt

∫ 1

0
ρ2qψt

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx

+
(
2ρ2 (b+ g0) + 4µ2

1λ+ ρ2ε2
) ∫ 1

0
ψ2

t dx

+ b2
(

4 + 3
2λ

) ∫ 1

0
ψ2

xdx+ 4K2λ
∫ 1

0
(φx + ψ)2 dx

− ρ2g (0)C (ε2)
∫ 1

0

∫ ∞

0
g′ (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx
+ g0

(
4 + 3

2λ

) ∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx+ 4δ0λ
∫ τ2

τ1
µ2 (s) z2 (x, 1, s, t) ds.

On the other hand, we have[
φ2

x (1) − φ2
x (0)

]
≤ − d

dt

1
k

∫ 1

0
ρ1q (x)φtφxdx(3.28)

+ 3
∫ 1

0
φ2

xdx+
∫ 1

0
ψ2

xdx+ 2ρ1

k

∫ 1

0
φ2

tdx.

Consequently, substituting (3.27) and (3.28) into (3.21), our desired estimate (3.20)
holds. □

Now, we define the functional

(3.29) I4 (t) :=
∫ 1

0

∫ 1

0

∫ τ2

τ1
se−sρ |µ2 (s)| z2 (x, 1, s, t) dsdρdx.

Then the following result holds.

Lemma 3.6. Let (φ, ψ, z, ηt) be the solution of (2.1)–(2.3). Then for C1 > 0 we have
dI4 (t)
dt

≤ − C1

∫ 1

0

∫ 1

0

∫ τ2

τ1
se−sρ |µ2 (s)| z2 (x, 1, s, t) dsdρdx(3.30)

− C1

∫ 1

0

∫ τ2

τ1
|µ2 (s)| z2 (x, 1, s, t) dsdx+ µ1

∫ 1

0
ψ2

t dx,

where C1 is a positive constant.
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Proof. Differentiating (3.29) and using z (x, 0, s, t) = ψt, e
−s ≤ e−sρ, we get for all

ρ ∈ [0, 1]

dI4 (t)
dt

≤
∫ 1

0

∫ τ2

τ1
e−s |µ2 (s)| z2 (x, 1, s, t) dsdx+

∫ τ2

τ1
|µ2 (s)| ds

∫ 1

0
ψ2

t dx

−
∫ 1

0

∫ 1

0

∫ τ2

τ1
se−s |µ2 (s)| z2 (x, 1, s, t) dsdρdx.

Since s → −e−s is an increasing function, we have −e−s ≤ −e−τ2 for all s ∈ [τ1, τ2] .
Finally, setting, C1 = −e−τ2 and recalling (1.2), we obtain (3.30). □

Proof of Theorem 3.1. We are now ready to define the Lyapunov functional L(t) as
follows

L (t) :=NE (t) + 1
4I1 (t) +N2I2 (t) + I3 (t) + ε2

K

∫ 1

0
ρ1qφtφxdx

+ 1
4ε2

∫ 1

0
ρ2q (x)ψt

(
bψx +

∫ ∞

0
g (s) ηt

x (x, s) ds
)
dx+N4I4 (t) ,

where N, N2, N4 are positive real numbers which will be chosen later.
Consequently, the estimates (3.2), (3.5), (3.12), (3.15), (3.20) and (3.30) together

with (1.3) and the following inequality∫ 1

0
φ2

xdx ≤ 2
∫ 1

0
(φx + ψ)2 dx+ 2

∫ 1

0
ψ2

xdx,

lead to

d

dt
L (t) ≤

{
−MC − ρ1

4 +N2

(
ρ2 + ρ1

4λ2

)
+
(
ρ2 + µ2

1
4ε1

)(3.31)

+ 1
4ε2

(
2ρ2 (b+ g0) + 4µ2

1ε
2
2 + ρ2ε2

)
+N4µ1 + 1

2τ

} ∫ 1

0
ψ2

t dx

+
{ 1

8ε2
+ N2

2ε4
+ 1

2ε4
− C1N4

} ∫ 1

0

∫ τ2

τ1
|µ2 (s)| z2 (x, 1, s, t) dsdx

+
{

−ρ1

4 +N2ρ1λ2 + 2ρ1ε2

K
+ ε1

} ∫ 1

0
φ2

tdx

+
{

−
(3K

4 − 2ε
)

+K2ε2 + 6ε2 + ε4c

2

} ∫ 1

0
(φx + ψ)2 dx− I3 (t)

+
{1

4 (b+ δ1) +N2 (δ1 + µ2C
∗λ2 − b) + 7ε2

+ b2

4ε2

(
4 + 3

2ε2
2

)}∫ 1

0
ψ2

xdx+
{(

cε2

8 − cN2ε3

2

)} ∫ 1

0
ψ2dx

+
{
g0

4δ1

(1
4 +N2

)
+ g0

4ε2

(
4 + 2

2ε2
2

)
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− ζ

(
M

2 − g0C (ε1) − ρ2g (0)C (ε2)
4ε2

)}∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx
− C1

∫ 1

0

∫ 1

0

∫ τ2

τ1
se−sρ |µ2 (s)| z2 (x, 1, s, t) dsdρdx.

At this point, we have to choose our constants very carefully.
First, let us choose ε small enough such that

ε ≤ 3K
8 .

Then, we take ε2 = ε1 and choose ε2 small enough such that

ε2 ≤ min
{

K/8
(K2 + 6) ,

ρ1/8
(2ρ1/K) + 1

}
.

Then, we choose λ2 = δ1 and choose ε2 small enough such that

λ2 ≤ b/2
1 + µ2C∗ .

Once all the above constants are fixed, we fix N2 large enough such that

N2
b

4 ≥ 1
4 (b+ δ1) + 7ε2 + b

4ε2

(
4 + 3

2ε2
2

)
.

After that, we pick λ2 so small that

λ2 ≤ 1
32N2

.

Finally, we choose M large enough so that, there exists a positive constant η1, such
that (3.31) becomes

d

dt
L (t) ≤ − η1

∫ 1

0

(
ψ2

t + ψ2
x + φ2

t + (φx + ψ)2 + ψ2
)
dx

− η1

∫ 1

0

∫ ∞

0
g (s)

∣∣∣ηt
x (x, s)

∣∣∣2 dsdx
+ η1

∫ 1

0

∫ τ2

τ1
|µ2 (s)| z2 (x, 1, s, t) dsdx

− η1

∫ 1

0

∫ 1

0

∫ τ2

τ1
se−sρ |µ2 (s)| z2 (x, 1, s, t) dsdρdx,

which implies by (3.1), that there exists also η2 > 0, such that

(3.32) d

dt
L (t) ≤ −η2E (t) , for all t ≥ 0.

In addition, we can choose M large enough so that

(3.33) β1E (t) ≤ L (t) ≤ β2E (t) , for all t ≥ 0.
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Combining (3.32) and (3.33), we conclude that there exists Λ > 0 such that

(3.34) d

dt
L (t) ≤ −ΛL (t) , for all t ≥ 0.

A simple integration of (3.34) leads to
(3.35) L (t) ≤ L (0) e−Λt, for all t ≥ 0.
Again, (3.33) and (3.35) yeilds the desired result (3.3). This completes the proof of
Theorem 3.1. □
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