ISSN 1450-9628

KRAGUJEVAC JOURNAL
OF MATHEMATICS

Volume 47, Number 3, 2023

University of Kragujevac
Faculty of Science



CIP - Karajormsammja y mybankanmjn
Hapomaua 6ubsmoreka Cpbuje, Beorpas

51

KRAGUJEVAC Journal of Mathematics / Faculty of Science,
University of Kragujevac ; editor-in-chief Suzana Aleksi¢
. - Vol. 22 (2000)- . - Kragujevac : Faculty of Science, University
of Kragujevac, 2000-  (Nis : Grafika Galeb). - 24 cm

Dvomesecno. - Delimic¢no je nastavak: Zbornik radova Prirodno-
matematickog fakulteta (Kragujevac) = ISSN 0351-6962. - Drugo
izdanje na drugom medijumu: Kragujevac Journal of Mathematics
(Online) = ISSN 2406-3045

ISSN 1450-9628 = Kragujevac Journal of Mathematics
COBISS.SR-ID 75159042

DOI 10.46793/KgJMat2303

Published By: Faculty of Science
University of Kragujevac
Radoja Domanovica 12
34000 Kragujevac
Serbia
Tel.: +381 (0)34 336223
Fax: +381 (0)34 335040
Email: krag_j_math@kg.ac.rs
Website: http://kjm.pmf.kg.ac.rs

Designed By: Thomas Lampert
Front Cover: Zeljko Maligié
Printed By: Grafika Galeb, Nis, Serbia

From 2021 the journal appears in one volume and six issues per
annum.


mailto:krag_j_math@kg.ac.rs
http://kjm.pmf.kg.ac.rs

Editor-in-Chief:

e Suzana Aleksi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

Associate Editors:

e Tatjana Aleksi¢ Lampert, University of Kragujevac, Faculty of Science, Kragujevac,
Serbia

e Dorde Barali¢, Mathematical Institute of the Serbian Academy of Sciences and Arts,
Belgrade, Serbia

e Dejan Bojovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Bojana Borovicanin, University of Kragujevac, Faculty of Science, Kragujevac,
Serbia

e Nada Damljanovi¢, University of Kragujevac, Faculty of Technical Sciences, Cacak,
Serbia

e Sladana Dimitrijevi¢, University of Kragujevac, Faculty of Science, Kragujevac,
Serbia

e Jelena Ignjatovi¢, University of Nis, Faculty of Natural Sciences and Mathematics,
Nis, Serbia

e Bosko Jovanovi¢, University of Belgrade, Faculty of Mathematics, Belgrade, Serbia

e Marijan Markovi¢, University of Montenegro, Faculty of Science and Mathematics,
Podgorica, Montenegro

e Emilija Nesovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Marko Petkovi¢, University of Nis, Faculty of Natural Sciences and Mathematics,
Nis, Serbia

e Nenad Stojanovié, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

Tatjana Tomovi¢ Mladenovié¢, University of Kragujevac, Faculty of Science, Kragu-

jevac, Serbia

Editorial Board:

e Ravi P. Agarwal, Department of Mathematics, Texas A&M University-Kingsville,
Kingsville, TX, USA

e Dragi¢ Bankovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Richard A. Brualdi, University of Wisconsin-Madison, Mathematics Department,
Madison, Wisconsin, USA

e Bang-Yen Chen, Michigan State University, Department of Mathematics, Michigan,
USA

e Claudio Cuevas, Federal University of Pernambuco, Department of Mathematics,
Recife, Brazil

e Miroslav Ciri¢, University of Ni§, Faculty of Natural Sciences and Mathematics, Nis,
Serbia

e Sever Dragomir, Victoria University, School of Engineering & Science, Melbourne,
Australia



e Vladimir Dragovi¢, The University of Texas at Dallas, School of Natural Sciences
and Mathematics, Dallas, Texas, USA and Mathematical Institute of the Serbian
Academy of Sciences and Arts, Belgrade, Serbia

e Paul Embrechts, ETH Zurich, Department of Mathematics, Zurich, Switzerland

e [van Gutman, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Nebojsa ITkodinovié¢, University of Belgrade, Faculty of Mathematics, Belgrade,
Serbia

e Mircea Ivan, Technical University of Cluj-Napoca, Department of Mathematics,
Cluj- Napoca, Romania

e Sandi Klavzar, University of Ljubljana, Faculty of Mathematics and Physics, Lju-
bljana, Slovenia

e Giuseppe Mastroianni, University of Basilicata, Department of Mathematics, Infor-
matics and Economics, Potenza, Italy

e Miodrag Mateljevi¢, University of Belgrade, Faculty of Mathematics, Belgrade,
Serbia

e Gradimir Milovanovié, Serbian Academy of Sciences and Arts, Belgrade, Serbia

e Sotirios Notaris, National and Kapodistrian University of Athens, Department of
Mathematics, Athens, Greece

e Miroslava Petrovi¢-Torgasev, University of Kragujevac, Faculty of Science, Kragu-
jevac, Serbia

e Stevan Pilipovi¢, University of Novi Sad, Faculty of Sciences, Novi Sad, Serbia

e Juan Rada, University of Antioquia, Institute of Mathematics, Medellin, Colombia

e Stojan Radenovié¢, University of Belgrade, Faculty of Mechanical Engineering, Bel-
grade, Serbia

e Lothar Reichel, Kent State University, Department of Mathematical Sciences, Kent
(OH), USA

e Miodrag Spalevi¢, University of Belgrade, Faculty of Mechanical Engineering, Bel-
grade, Serbia

e Hari Mohan Srivastava, University of Victoria, Department of Mathematics and
Statistics, Victoria, British Columbia, Canada

e Marija Stani¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Kostadin Trencevski, Ss Cyril and Methodius University, Faculty of Natural Sciences
and Mathematics, Skopje, Macedonia

e Boban Velickovi¢, University of Paris 7, Department of Mathematics, Paris, France

e Leopold Verstraelen, Katholieke Universiteit Leuven, Department of Mathematics,
Leuven, Belgium

Technical Editor:

e Tatjana Tomovi¢ Mladenovié¢, University of Kragujevac, Faculty of Science, Kragu-
jevac, Serbia



Contents

S. Mallick
K. Hansda

D. C. Benchettah

K. R. Prasad
M. Khuddush

K. V. Vidyasagar

S. Barik
A. K. Mishra

M. I. Mir
I. Nazir
I. A. Wani

N. Konwar
P. Debnath
S. Radenovié

H. Aydi

M. F. Ali

S. Kermausuor

A. Hamdaoui
A. Benkhaled
M. Terbeche

B. N. Ornek

On the Semigroup of Bi-Ideals of an Ordered Semigroup 339

L>°—Asymptotic Behavior of a Finite Element Method for
a System of Parabolic Quasi-Variational Inequalities with
Nonlinear Source Terms ...................ciiiiiin.. 347

Denumerably many Positive Solutions for Iterative System
of Boundary Value Problems with N-Singularities on Time

SCaleS o 369

Estimates for Initial Coefficients of Certain Subclasses of Bi-
Close-to-Convex Analytic Functions .................... 387

On Zero Free Regions for Derivatives of a Polynomial. . .403

A New Extension of Banach-Caristi Theorem and its Appli-
cation to Nonlinear Functional Equations............... 409

Characterization of Ordered Semihypergroups by Covered
Hyperideals ........ ... 417

The family of Szasz-Durrmeyer Type Operators Involving
Charlier Polynomials .............. ... ... ... ... ... 431

A Parameter-Based Ostrowski Type Inequality for Functions
whose Derivatives Belongs to L,([a,b]) Involving Multiple

PoOINtS . .o 445
On Minimaxity and Limit of Risks Ratio of James-Stein Es-
timator Under the Balanced Loss Function ............. 459
Some Results Concerned with Hankel Determinant . . ... 481

337






KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 47(3) (2023), PAGES 339-345.

ON THE SEMIGROUP OF BI-IDEALS OF AN ORDERED
SEMIGROUP

SUSMITA MALLICK! AND KALYAN HANSDA?

ABSTRACT. The purpose of this paper is to characterize an ordered semigroup S
in terms of the properties of the associated semigroup B(S) of all bi-ideals of S.
We show that an ordered semigroup S is a Clifford ordered semigroup if and only
if B(S) is a semilattice. The semigroup B(S) is a normal band if and only if the
ordered semigroup S is both regular and intra regular. For each subvariety V of
bands, we characterize the ordered semigroup S such that B(S) € V.

1. INTRODUCTION AND PRELIMINARIES

The passage from semigroup without order to ordered semigroup is not straightfor-
ward. Regular rings and semigroups have been influenced many authors to study the
order structure on regular semigroups as well as to introduce a natural notion of reg-
ularity which arises out of a combination of the partial order and binary operation on
an ordered semigroup. Bhuniya and Hansda [1] presented a natural analogy between
these two regularities. Thus it is quite obvious to explore a natural analogy between
the subclasses of these two regularities.

An ordered semigroup (5, -, <) is a partially ordered set (S,<) and at the same
time a semigroup (S, ) such that for all a,b and x € S, a < b implies za < b and
ar < bzx. Let (S, -, <) be an ordered semigroup, () #)A C S is called a subsemigroup
of S if for every a,b € A, ab € A. Every subsemigroup A of S with the relation <y,
on A defined by <,=<N{(a,b) € A x A} is an ordered semigroup (called an ordered

Key words and phrases. Bi-ideal, regular, Clifford, left Clifford, locally testable, left normal band,
normal band, rectangular band.
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340 S. MALLICK AND K. HANSDA

subsemigroup of S). Clearly, <;,=< NA x A. For an ordered semigroup S and H C S,
denote (H]:={t € H : t < h for some h € H}.

Let I be a non-empty subset of an ordered semigroup S. I is a left(right) ideal of
S,if SICI(IS C1I)and (I]=1. We call I is an ideal of S if it is both a left and a
right ideal of S. We denote the set of all left and right ideals of S by £(S) and R(S)
respectively. Following Kehayopulu and Tsingelis [9], a subsemigroup B of S is called
a bi-ideal of S if BSB C B and (B] = B. We denote the set of all bi-ideals of S by
B(S). The principal left ideal, right ideal, ideal and bi-ideal generated by a € S are
denoted by L(a), R(a),I(a) and B(a) respectively and defined by L(a) = (a U Sa,
R(a) = (aUaS], I(a) = (aU SaUaS U SaS], B(a) = (aUa®UaSa).

Characterizations of a semigroup (without order) S by the set of all bi-ideals
of S, were beautifully presented by S. Lajos [11]. Here our approach allows one to
characterize an ordered semigroup S by the set B(S) of all bi-ideals of S as a semigroup
without order. We show that product of two bi-ideals in an ordered semigroup S
is again a bi-ideal of S. Thus, B(S) is closed under this product. The main object
of this paper is to study the semigroup B(S) of all bi-ideals of S whenever S is in
different important subclasses of the regular ordered semigroups.

Kehayopulu [6] defined Green’s relations £,R,J and H on an ordered semigroup
S in the following way: for a,b € S alb if L(a) = L(b); aRb if R(a) = R(b); adb if
I(a) = I1(b) and H = £ NR. These four are equivalence relations on S. An ordered
semigroup S is said to be regular if for every a € S, a € (aSa] and is intra-regular if
for every a € S, a € (Sa?S]. An ordered semigroup S is group like ordered semigroup
[1] if for all a,b € S there are x,y € S such that a < xb and a < by. A regular
ordered semigroup S is called a left group like ordered semigroup [1] if for all a,b € S
there is © € S such that a < zb. Right group like ordered semigroup defined dually.
Class of Clifford [4] as well as left Clifford [4] ordered semigroups are subclasses
of class of regular ordered semigroups. A regular ordered semigroup S is called a
Clifford (left Clifford) [4] ordered semigroup if for all a,b € S there is z € S such that
ab < bza (ab < za). Following results have been given for the sake of convenience of
general readers.

Theorem 1.1. Let S be an ordered semigroup. Then following conditions hold in S.
(1) If S is regular, then B = (BSB] for every bi-ideal B of S (see [8]).
(2) If S is regular, then a nonempty subset B of S is a bi-ideal of S if and only if
B = (RL] for some right ideal R and left ideal L of S (see [5]).

Theorem 1.2 ([1]). An ordered semigroup S is a group like ordered semigroup if and
only if it is both left group like and right group like ordered semigroup.

For the sake of convenience of general readers we give some definitions and results
from semigroup theory. By a band F' we mean a semigroup (F’-) with the property
a’? = a for every a € F. A band (F,-) is called rectangular if for every a,b € F aba = a.
A left(right) zero band is a band (F,-) with the property ab = a (ba = a) for every
a,b € F. A band (F-) is said to be left (right) normal band if for every a,b,c € F,
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abc = ach (abc = bac) and F is said to be normal if abca = acba. A commutative band
is called a semilattice. A semigroup in which every finitely generated subsemigroup
is finite called locally finite. A locally finite semigroup S is called locally testable [3]
if for every idempotent f of S, fSf is a semilattice.

2. SEMIGROUP OF BI-IDEALS IN REGULAR ORDERED SEMIGROUPS

First we define a product of two bi-ideals of an ordered semigroup S. Let (.5, -, <)
be an ordered semigroup and P(.S) be the set of all subsets of S. We define a binary
operation x on S as follows: For A, B € P(S), A* B = (AB], where AB={ab: a €
A,b € B}. Tt is easy to check that (P(S),*) forms semigroup. Throughout the paper
A x A will be denoted by A2, for every bi-ideal A of S. It is also noted that A? is not
AA rather A? = (AA]. Followed by above, it is a routine task to verify that £(S),
R(S) and B(S) are semigroups with respect to .

In the following proposition we show that regularity of an ordered semigroup is
equivalent to the regularity of the semigroup B(S).

Proposition 2.1. Let S be an ordered semigroup. Then S is regular if and only if
the semigroup B(S) of all bi-ideals is reqular.

Proof. First assume that B(S) is a regular semigroup. Let a € S. Then B(a) € B(S).
Since B(S) is regular, there is C' € B(S) such that B(a) = B(a) * C x B(a) =
(B(a)CB(a)]. Since a € B(a), there are b € B(a), + € C and ¢ € B(a) such that
a < bxe. Also, for b,c € B(a) there are sy, sy € S such that b < a or b < asja and
¢ < aor ¢ < asya. Thus, in either case a < bxc gives that a € (aSa] and therefore S
is a regular ordered semigroup.

The converse follows directly from Theorem 1.1. 0

Theorem 2.1. Let S be a regular ordered semigroup. Then R(S)(L(S)) is a band
and B(S) = R(S)L(S).

Proof. Let R € R(S) and a € R. Since S is regular there exist x € S such that
a < azra. Also ax € R which gives that a € (RR] = R* R = R? and so R C R?. Thus,
R? = R. Hence, R(S) is a band. Similarly, £(S) is a band.

Choose R € R(S) and L € L£L(S). Let B= R L. Then B = (RL] and B is a
subsemigroup of S. Now BSB = (RL]S(RL] C (RLSRL] C (RL] = B, by Theorem
1.1. This shows that B € B(S) and so R(S)L(S) C B(S). Next choose D € B(S).
Now D € B(S) C R(S)L(S). Thus, B(S) = R(S)L(S). Hence, the theorem is
proved. O

Theorem 2.2. An ordered semigroup S is both regular and intra-regular if and only
if B(S) is a band.

Proof. Suppose S is both regular and intra-regular ordered semigroup. Let B € B(5)
and a € B. Then a < aza < araza for some x € S. Since S is intra-regular there are
s1, 89 € S such that a < s;a®s, which implies that a < azsia?syra < (axsia)(asyza).
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Since axsia € BSB C B, axsja’ssra € B? so that a € (BB] = B x B = B2 Also,
B? C B and thus B? = B.

Conversely, assume that B(S) is a band. Let a € S. Then B(a) € B(S) and so
a € B(a) = B(a)? = B(a) * B(a) = (B(a)B(a)]. Thus, a < bc for some b, c € B(a).
This gives that b < a or b < asa for some s € S* and ¢ < a or ¢ < ata for some t € S*.
Then a < be implies that either a < a? or a € (aSa®Sa] which gives that a is both
regular and intra-regular. Thus, S is both regular and intra-regular. 0

Lemma 2.1. Let S is a both reqular and intra-reqular ordered semigroup. Then
(1) for every B,C,D € B(S), (BCB|(BDB]| = (BCB|N (BDB];
(2) B(S) is locally testable semigroup.

Proof. (1) We have, ((BCB](BDB]] C ((BCBJ|(B]] € ((BCB]] C (BCB]. Similarly,
(BCB|(BDB)| € (BDB). Thus, (BCB|(BDB]| € (BCB] N (BDB]. Now let
u € (BCB] N (BDB]. Then there are b € B, ¢ € C, d € D such that u < beb
and u < bdb. Since S is both regular and intra-regular, then there are x,t,s € S
such that v < uau,b < btb and b < s;b%sy this implies u < bebxbdb < bebtbabdb <
bebtsib?saxbdb < (bebtsyb)(bsaxbdb). So, w € ((BCB|(BDBJ]. Hence, (BCB] N
(BDB] C ((BCB)(BDB]. Thus, ((BCB)(BDB]] = (BCB| N (BDB].

(2) Consider B € B(S). Then BB(S)B is a subsemigroup of B(S) and so a band.
Now for every C, D € B(S), (BCB|+(BDB] = ((BCB|(BDB]] = (BCB]N(BDB] =
(BDB] N (BCB] = ((BDB](BCB]| = (BDB] % (BCB] shows that BB(S)B is a
semilattice. Thus, B(S) is locally testable. O

Nambooripad [3] proved that a regular semigroup S is locally testable if and only
if for every f € E(S), fSf is a semilattice. Also, following Zalcstein [12] a locally
testable semigroup is a band if and only if it is a normal band.

Corollary 2.1. Let S be an ordered semigroup. If S is both regular and intra-reqular
then B(S) is a band if and only if B(S) is a normal band.

This follows from Theorem 2.2, Lemma 2.1 and Theorem 5 of [12].

Theorem 2.3. Let S be an ordered semigroup. Then B(S) is a rectangular band if
and only if S is reqular and simple.

Proof. First suppose that B(S) is a rectangular band. Let a,b € S. Then B(a), B(b) €
B(S). Since B(S) is rectangular band, we have B(a) = B(a) *x B(b) * B(a) and
B(b) = B(b) * B(a) * B(b). Also, by Theorem 2.2, S is regular. Since a € B(a) =
B(a) * B(b) * B(a) = (B(a)B(b)B(a)], there are w,z € B(a), u € B(b) such that
a < zuw. Since w, z € B(a), z < asya and w < asya for some s1, 89 € S. Also, for
u € B(b) there is s3 € S such that u < bsgb. Thus, a < (asjabsz)b(assa), i.e., a < zby
for some z,y € S. Hence, S is simple.

Conversely, let S is a regular and simple ordered semigroup. Consider, a € S. Now

by given condition we have a € (Sa*S] so that S is intra-regular. So by Theorem
2.2, B(S) is a band. Next let A, B € B(S). We show that A = Ax B x A. For
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this let « € A and b € B. Since a,aba € S and adb so a < yjabays for some
y1,y2 € S. The regularity of S yields that a < axa < axaxa for some z € S. Then
a < (azyia)b(aysza) so that a € ((ASA)B(ASA)] C (ABA] = A x B x A that is,
ACAxBxA. Again Ax Bx A C (ASA] = A. Thus, A= Ax* B A hence B(S) is a
rectangular band. 0

Theorem 2.4. Let S be an ordered semigroup. Then B(S) is a left (right) zero band
if and only if S is a left (right) group like ordered semigroup.

Proof. Let B(S) is a left zero band. Then by Proposition 2.2, S is regular. Let
a,b € S. Then B(a), B(b) € B(S). Since B(S) is a left zero band, B(a) = B(a)*B(b),
so a € (B(a)B(b)]. Then there are z € B(a) and w € B(b) such that a < zw. Also,
w < bsb for some s € S. Therefore, a < (zbs)b and hence S is a left group like ordered
semigroup.

Conversely, let S be a left group like ordered semigroup. Let B,C € B(S). Let
u € B x (', then there are b € B and ¢ € C such that u < bc. Since S is a left group
like ordered semigroup we have ¢ < tb for some t € S. Then for ¢ < tb together
with v < be < btb gives u € B. Thus, B+ C C B. Now for any d € B, d < dtd
for some t € S. Since d, dc € S, d < tidc for some t; € S. So, d < dttidc. Clearly
d € BSB C B so that d € (BC] = B+ C. Hence, B= B C and so B is a left zero
band. 0J

Thus, it is very logical step to study the set of all bi-ideals B(.S) for a group like
ordered semigroup S.

Theorem 2.5. Let S be an ordered semigroup. Then B(S) is both left zero and right
zero band if and only if S is a group like ordered semigroup.

Proof. This is similar to the proof of the Theorem 2.4. U

We now focus on the characterization of Clifford and left Clifford ordered semigroup
S by the semigroup B(S).

Theorem 2.6. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1) S is a Clifford ordered semigroup;
(2) By * By = By N By for all By, By € B(S);
(3) (B(S),*) is a semilattice.

Proof. (1) = (2) First suppose that S is a Clifford ordered semigroup. Let By, By €
B(S) and u € By * By. Then u < b1by for by € By and by € B,. Since S is regular
there is x € S such that v < uxu < biboxbiby. Since S is Clifford, there is 1 € S
such that biby < boxiby, so that u < bibowbox1by. This implies v € B;. Similarly
u € By. Hence, By * By C By N By. Next let b € By N By. Since S is regular, there is
y € S such that b < byb < bybyb. Since S is Clifford, yb < bzy for some z € S. Thus,
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b < bbzy?b. Since b € B, and B, is a bi-ideal of S it yields that bzy?b € BySBy C Bo.
Also, b € By so that b € (B1Bs] = By * By. Hence, By * By = B N By.

(2) = (3) This is obvious.

(3) = (1) Assume that (B(S),*) is a semilattice. Then S is a regular ordered
semigroup (by Theorem 2.2). Consider a,b € S. Then ab € B(a)* B(b) = B(b) * B(a)
implies that ab < vu for some u € B(a) and v € B(b). Since S is regular, there are
s,t € S such that u < asa and v < btb. Thus, ab < btbasa = bza where z = tbas € S.
Hence, S is a Clifford ordered semigroup. O

Theorem 2.7. Let S be an ordered semigroup. Then B(S) is a left normal band if
and only if S is a left Clifford ordered semigroup.

Proof. First suppose that S is a left Clifford ordered semigroup. Let A, B and C' €
B(S) and z € Ax BxC. Then x € (ABC] so z < abc for some a € A, b € B and
¢ € (. Since S is regular, there is s € S such that x < xsx so that x < abcesabe.
Since S is a left Clifford ordered semigroup, it follows bc < s1b for some s; € S, so
x < abe(sasy)b < absych for so € S. Since S is regular there is ¢ € S such that a < ata
implies © < atabsachb. Also there are s3,s4 € S, v < atszasoch < atsgsgach implies
x € AxC x B. Therefore, Ax Bx(C C AxC x B. Similarly it can be shown that
AxCxBC A+ Bx*C. Hence, Ax Bx(C = A% C % B and so B(9) is a left normal
band.

Conversely, assume that B(S) is a left normal band. Then S is regular, by The-
orem 2.2. Let a,b € S. Then there is x € S such that ab < abxrab which implies
ab € (B(abx)B(a)B(b)] = (B(abx)B(b)B(a)], since B(S) is a left normal band. Then
ab < uwvw, where u € B(abz),v € B(b),w € B(a). Again, w < asa for some s € S.
Now ab < wvw < (uvas)a < sja, where s; = wvas € S. Thus, S is left Clifford
ordered semigroup. 0
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L*—ASYMPTOTIC BEHAVIOR OF A FINITE ELEMENT
METHOD FOR A SYSTEM OF PARABOLIC
QUASI-VARIATIONAL INEQUALITIES WITH NONLINEAR
SOURCE TERMS

DJABER CHEMSEDDINE BENCHETTAH!2

ABSTRACT. This paper is an extension and a generalization of the previous results,
cf. [3,6,8,11]. It is devoted to studying the finite element approximation of the non
coercive system of parabolic quasi-variational inequalities related to the manage-
ment of energy production problem. Specifically, we prove optimal L°°-asymptotic
behavior of the system of evolutionary quasi-variational inequalities with nonlinear
source terms using the finite element spatial approximation and the subsolutions
method.

1. INTRODUCTION

This paper is concerned with the semi-implicit time scheme combined with a finite
element spatial approximation for a system of parabolic quasi-variational inequalities
with nonlinear source terms: Find (u!,...,u’) € (L2((0,T), HE (Q)))” satisfying
o’ i i, ) s
E%—Au <f (u) in @,

u < Mu', i=1,...,J,

o + Ayt — fi (uz)> (uz _ Muz) =0 in ®,

u' (z,0) = ulyin Q, u'=0on.

Key words and phrases. Quasi-variational inequalities, asymptotic behavior, subsolutions method,
finite elements approximation, L°°-error estimate.
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Here A’ denotes uniformly second order elliptic operators on a bounded convex domain
Qin R/, J > 1 with smooth boundary 92 and ® set in R’ xR defined as ® = Qx [0, T,
with T' < +o0, X = 0Q x [0, T7.

f%(u') are J nonlinear and Lipschitz functions with Lipschitz constant o < 3 and
satisfying the following condition
(1.2)

fie (L2 ((0,T), L= (Q)NnC! ((O,T) JH (Q)))J, f* >0, also is increasing.

This system arises from the management of energy production problems (see [4]
and the references therein). In the case studied here, Mu’ represents a “cost function”
and the prototype encountered is

(1.3) Mu'(z) =k + ix;éfu“, where k > 0 and p > 0,
HFi

and we know by [25] on page 243 that M satisfies some proprieties as M is a concave
operator, i.e.,

M (du+ (1 =90)v) > oM (u)+ (1 —0) M (v), foral u,veC(Q),
and it also satisfies
M(u+n)=M(u)+mn, foralneR,

where k represents the switching cost. It is positive when the unit is “turned on” and
equal to zero when the unit is “turned off”.

Many results on error estimates for the classical obstacle problems, system of
stationary and evolutionary quasi-variational and variational inequalities have been
achieved in this norm, (cf., e.g., [1-3,5,9, 18,20, 22]).

Moreover, in [11] Boulaaras, Bencheikh and Haiour established quasi-optimal L>°-
asymptotic behavior of the system of parabolic quasi-variational inequality related
the management of energy production problems with mixed boundary condition using
a discrete algorithm based on a #-scheme combined with a finite element spatial
approximation, that is, for 6 > %

1 n

n __ J700 oo< 21 3 ( >]

10 = U e < O 12 10gh P+ (1) ]
andfor0§9<%

IUR =U%|, <C

2 n

where p(A%) is the spectral radios of the elliptic operator A® and U}, the discrete
solution of the system of QVIs calculated at the moment-end T' = nAt for an index
of the time discretization £k = 1,...,n, and U, the asymptotic continuous solution
of the system of QVIs.

Also, in [8] Boulaaras, Haiour proved quasi-optimal L*-asymptotic behavior of the
evolutionary Hamilton-Jacobi-Bellman equations using the semi-implicit scheme with
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respect to the t-variable combined with a finite element spatial approximation where
k = At, that is

1+ ke\"
n __ 7roo < OF 21 3
0 - 0=l < 0 hognl* + (15) |

where U}, the discrete solution of the evolutionary Hamilton-Jacobi-Bellman equations
calculated at the moment-end 7' = nAt for an index of the time discretization k =
1,...,n and U*, the asymptotic continuous solution of the evolutionary Hamilton-
Jacobi-Bellman equations.

In [14] Boulbrachene, Cortey Dumont established optimal L*-error estimate of a
finite element approximation of the Hamilton-Jacobi-Bellman (HJB) equations using
the discrete regularity introduced by Cortey Dumont in [20], that is

lu —un [l < CR*loghl”,

where u, the continuous solution of the Hamilton-Jacobi-Bellman (HJB) equations,
and uy, the discrete solution of the Hamilton-Jacobi-Bellman (HJB) equations.

In a recent work in [7] Bencheikh, Boulaaras and Haiour also established optimal L>°-
asymptotic behavior for a system of parabolic quasi-variational inequalities related to
stochastic control problems using the regularization of the obstacles appearing in the
discrete system of QVIs “the discrete regularity”, they have the following estimation

1 N
’ o > ' < ’ : ()
U (T,-) = U ()Hoo <cC [h [log h|” + 1+ 0At 1’

where Uy, (T, ), the discrete solution of the system of parabolic quasi-variational
inequalities related to stochastic control problems calculated at the moment-end
T = NAt for an index of the time discretization £ = 1,..., N, and U™ (+), the
asymptotic continuous solution of the system of parabolic quasi-variational inequalities
related to stochastic control problems.

In this paper we propose a new proof to get the optimal L*°-asymptotic behavior
of the system of parabolic QVIs with nonlinear source terms without going through
the discrete regularity of the obstacles appearing in the discrete system of QVIs and
we improve the convergence order in works of Boulaaras, Haiour [8,9] and Boulaaras,
Bencheikh and Haiour [11] for the system of parabolic quasi-variational inequalities.

The subsolutions method (see [14,17,21]) characterizes the continuous solution (resp.
the discrete solution) as the least upper bound of the set of continuous subsolutions
(resp. the discrete subsolution) will also be crucial to determine the convergence order.

The approximation method developed in this paper stands on the construction a
sequence of continuous subsolution denoted 8% = (3%, ..., 37*) such that

'7k "k .7k 7‘7k
Y <t and ‘61 —uy

\ < CR|Inhf?, forallk>1,i=1,2,...,J
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and the construction of a sequence of discrete subsolution af = (oz,llk, . azk) such
that
ik ik ik 2 2 o
abf < bk and ‘ah — P ] < CR|Inhf?, forallk>1i=1,2,...,J
o0

to obtain A

max [u'* —up¥| < CH AP, forall k> 1.

1<i<J o0

In this situation, we establish the optimal L*°-asymptotic behavior of the system
of parabolic QVIs, that is

U = U oo = max | up = Ut < C©

1+aAt)”
B2 nf? v (02
nhl +<1+6At>

The paper is organized as follows. In Section 2, we consider system of continuous
quasi-variational inequalities and we give some related qualitative properties. In
Section 3, we characterize the discrete solution as a fixed point of a contraction. In
Section 4, we introduce two auxiliary problems which allow us to define sequences of
continuous and discrete subsolutions. In Section 5, we present the main result of the

paper.

2. THE CONTINUOUS PROBLEM

2.1. Notations, Assumptions. Let a’ (x), a/(x), af(z) in L™ (Q) N C*(Q), = €

Q, j,p =1,...,S, are sufficiently smooth coefficients and satisfying the following
conditions:

Za]p ) GG = v IC)?, forall (€R%, v>0,z€Q,

Jip=1
and
(2.1) aép = a;j, ab () = B >0, pBisa constant.
We define the second order differential operators A‘:
, S o2 S o .
A= —]%:1@3'1) (z) m + I;a; () aT;p + ag (),

and the associated variational forms for any u,v € H} ()

i 5 Ju v S ; ou ;
a'(u,v) = é (]%:1@ (x )0x oz, —i—p;lap(x)azpv + ao(x)uv) dr.

We shall also need the following notations

W1, = max HwiHoo, for all W = <w1,w2, e ,wJ) € f[L"O (Q

1<i<J

where |||, denotes the well-known L*-norm, (-,-) be the inner product in L? ().
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2.2. The system of continuous parabolic quasi-variational inequalities. The

problem (1.1) can be approximated by the following system of continuous parabolic
quasi-variational inequalities: Find U = (u',v?,...,u’) € (L?((0,T), H(2)))’ solu-

tion for:

(2 ) ) 2 () o ).

uiﬁMui, viSMui, 1 <9<,
u' (z,0) = ufy in Q, u' =0 on N

Now, we apply the semi-implicit scheme of the system to the continuous parabolic
quasi-variational inequalities (2.2). Therefore, we seek a sequence of elements u** €

(HL(Q)), 1 < i < J, which approaches u' (t;,), t, = kAt, with initial data u°. Thus,
we have k =1,..., N,
uivk—uivk_l . . . T n K K . n
A ,'UZ—UZ’ +az<uz,’vz_uz,);<fz, (UZ7),Ul—UZ7>,
utt < Mui’k, vt < Mui’k, 1< <,
u' (z,0) = ujy in Q, ' =0 on .

(2.2)

(2.3)

2.2.1. FExistence and uniqueness of continuous solution of the system of parabolic QVIs.
Let us recall just the main steps leading to the existence of a unique solution to system
(2.3). For more details, we refer the reader to [4].

A fixed point mapping associated with the continuous problem.

Let H" = (LL(Q))! ={ V = (v!,...,v”) such that v' € LL(Q)}, where LY (Q) is
the positive cone of L>(12).

We introduce the following mapping:

(2.4) T:H" — (L>(Q))7,
W= TW = ¢* = ((M,...,¢7),

we note ¢ = (Fk (wi), Mw') € (HX(Q)) for all i = 1,...,J, the solution of the
following problem:

b (CF 0 = ) = (9 (wf) Ao = ¢ forall vl € (HYQ))

Ci’k < Mwi, vt < Mwi,
where F'F (w') = foF (w?) + \w'.

An iterative continuous algorithm.
J,0

Let us also define the vector U° = (u?,... u??), where u*? is the solution to the
continuous equation:

b (uz}O’Ui) - (givo,vi> . forall v e (Hé(Q))Jy

where ¢*? is a linear and a regular function.
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Now we give the following continuous algorithm
(2.5) uF =Tyt k=1,...,N,i=1,...,J,
or
Ut =TU,
where U* = (ul’k, . ,u‘”f) is the solution of the problem (2.3).

Remark 2.1. We denote
C={weH" |0<W <U},

where U = Uy = (ué, o ,ubj), HT = (L2(R2))7. Since f**(-) > 0, combining
comparison results in variational inequalities with simple induction, we obtain U* =
(ul’k,...,u‘]’k) >0forallk=1,...,N and TW > 0.

Similarly as in [12], the mapping 7" is monotone increasing for the stationary free
boundary problem with nonlinear source term. Then it can be easily verified that

UP=TU'<TU"=U"<U",
thus, inductively,
UMl =TU*<UF<...<U° forallk=1,...,N,
and also it can be seen that the sequence U* stays in C.

According to assumption (1.2), f is increasing, for k =1,..., N, i=1,...,J, and
using the Remark 2.1, we have

F() < 1 (%)
or
f (uzk> < f (ui,kfl) :
which implies
ik—1

u* i ik if ik ik > [ pik [, ik—1 u i ik
E,v—u +a(u ,v—u): f (u >+ At L' —u ,
ui’kgMui’k, vigMui’k, 1<i<J,

u' (z,0) = ujy in Q, ' =0 on .

(2.6)

Then, the problem (2.6) can be reformulated into the following coercive continuous
system of elliptic quasi-variational inequalities (EQVIs)

X (ui,sz‘ _ uzk) > (fi,k: (ui,kz—l) iR g — uzk) Cut e (H&(Q))J,
(2.7) ubk < ]\/[ui’k, vt < Mui’k, 1< < J,
u' (2,0) = uj in Q, ' =0 on 9,
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where
b’ (u“k, vt — u“k> =\ (ui’k, vt — u”“) +d (ui’k, vt — u’k) . Ut e (H&(Q)) ,
1 N
= =7 k=l.oN

Then the bilinear form b (-, -) is strongly coercive see [26]. There exist two constants
A > 0 and v > 0 such that:

b (v,0) = @' (v,0) + Mol g2y 2 7 [Vl . forall v e Hy(Q).

Let C={W e H" |0 <W < U, where U° = U, = (ué,...,uoj) and FoF (w?) =
FOF () + Mty Fok (0f) = foF (@) + M € (L™ (©2))” be the corresponding right-

hand sides to the continuous PQVIs and k and k be two parameters that are defined
in (1.2) and (1.3).
A monotonicity property

Proposition 2.1 ([16,20]). If Fi* (w') < Fi* (@) and k <k, then
uh =0 (F* (w') k) <@ =0 (F* (w') k).
Proposition 2.2 ([8,12]). Under the previous assumption and notations (1.2), (2.1),

(2.4), the mapping T is a contraction in H™ with contraction constant g—i:\\ Therefore,

T admits a unique fixed point which coincides with the continuous solution of the
system of parabolic QVIs (2.7).

Proposition 2.3 ([8]). Under the conditions of Proposition 2.2 and notations (1.2),
(2.1), (2.4), we have the following estimate of geometric convergence

14+ aAt
1+ BAL

0% = 0 o= s 0% = 0 s

k

N

where U™ is an asymptotic continuous solution of the following system of QVIs
b (uz"’o,v’ — u“’o) > (f” (u”’o) + b vt — uz"’o) ,  forallv' e (H&(Q)) ,
ub>® < Mub>®, i=1,...,J.

Lipschitz dependence with respect to the right-hand sides and the pa-
rameter k

Proposition 2.4 ([14,21]). Under the conditions of Proposition 2.1. Then we have:

ik ~ik T ik ik
max | u* =@ < Cmax, (k= K|+ || F** = F* ).

Characterization of the solution of the system (2.7) as the envelope of
continuous subsolutions
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Definition 2.1 ([4]). Z = (2!,...,27) € (H}(Q))” is said to be a continuous subso-
lution for the system of quasi-variational inequalities (2.7) if

v (zi’k, vi> < (f“C (zi’k_l) + )\Zi’k_l,vi) , forallv' e (HS(Q))J, vt
2P < MR i=1,...,J k=1,...,N.

1\

0,

Let Y denote the set of such continuous subsolutions.

Theorem 2.1 ([4,21]). The solution of the system (2.7) is the mazimum element of
the set Y.

3. THE DISCRETE PROBLEM

Let €2 be decomposed into triangles and let 75, denote the set of all those elements,
h > 0 is the mesh size. We assume the family 73, is regular and quasi-uniform. We
consider ¢, [ = 1,2,...,m(h), are the nodal basis functions defined by ¢, (M) = ;s
where M, s =1,...,m(h), is a vertex of the considered triangulation and r, is the
usual interpolation operator.

Let V;, denote the standard piecewise linear finite element space

Vi, ={u’ € (L* (0,7, Hy(2)) n C (0,7, Hy(Q)))” | u' |1, € Py,
ki € 7 and v’ (+,0) = uf in Q,u' = 0 on IN}.

P, denotes the space of polynomials with degree no more than 1 and B?, 1 <1 < J,
denote the finite element matrices defined by

(BY)s = b (01, 05), 1< 1,8 <m(h).

The Discrete Maximum Principle Assumption (dmp) (cf. [19]). We assume
that the matrices (B?);s = 0% (1, ) = a' (1, ps) + i, ps) are M-matrices.

Under the dmp, we shall achieve a similar study to that devoted to the continuous
problem.

We discretize in space the problem (2.2), i.e., that we approach the space H{ by
a space discretization of finite dimensional V;, C H{. In a second step, we discretize
the problem with respect to time using the semi-implicit scheme. Therefore, we seek
a sequence of elements ui" € (V,)”, 1 < i < J, which approaches i, (t;), ty = kAt
with initial data «*°. Thus, we have k =1,..., N,

ik ik—1
u;, —u, . . . . . . . . . .
h h ) i,k 7 ik 4 i,k i,k i,k—1 7 i,k
A, o Up T Uy +a(uh,vh—uh)§(f (Uh )7vh_uh)a
(3.1) At

up” < rpMuy”, v, < rpMup®, 1< < J.
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Then we can write (3.1) as follows:

i,k i,k—1
Uy, i ik ik i > ik [ ik—1 Uy i ik
(3.2) (At h_uh>+a (Uhﬂfh Uh):(f (Uh )+ Ar Uk uh)'

wt <Mt vl < e Mul 1<i< .

The problem (3.2) can be reformulated into the following coercive system of discrete
elliptic quasi-variational inequalities:
(3.3)

{bz (uh VL — uzk) > (f“l‘C ( N 1) + vl — uﬁlk) . forall vl € (V)7

uh’ SrhMuh’, U}LSThMuh’,

such that
b’ (uh Uh — ) = )\(uh JUh — ) +a' (uzk,vh —uﬁlk) e (v,
A:ifzg,k:L“wN.

3.0.1. Ezistence and uniqueness for discrete solution of the system of PQVI. As in
the continuous problem, we shall characterize the discrete solution of system of PQVI
as the unique fixed point of a contraction.
A fixed point mapping associated with discrete problem
We introduce the following mapping:
(3.4) Ty HT — (Vi)
W — TWW = ¢ = (G5, 6,

we keep the precedent notation, i.e., (% = 8,(F" (w'),r,Mw?) € (V,)” for all
1=1,...,J, the solution to the following problem:
b ( ik v — ,Zl’k) > (f’k <w2> + ', v) — ,Zlk> , forallv) € (Vh)‘],
{ § raMuw’, vz < rpMuw',
where F'F (w') = foF (w?) + \w'.

An iterative discrete algorithm

Let us also define the vector U2 = (uy?, ..., u}), where u}” is the solution of the

continuous equation:
b’ (uh , ’) = (gi’o,vi) . forall v € (V)7
where ¢*¥ is a linear and a regular function.
Now we give the following discrete algorithm
(3.5) =T, k=1,...,N,i=1,...,J,

or

Uy = T,Uy ™Y,
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where Ul = (u,llk, . uik) is the solution of the problem (3.3).

We denote C, = {WeH"|[0<W <UD}, where UP = (ufg,...,u,)
and FoF (w?) = foF (w?) 4+ M’ FoF (@?) = foF (@) + M € (L (Q))” are the corre-
sponding right-hand sides to the discrete PQVIs and k and k be two parameters.

As in the continuous case, we give some related qualitative properties of the discrete

solution of the system of parabolic QVIs (3.3).
A monotonicity property

Proposition 3.1 ([16,20]). If Fi* (w') < Fi* (&%) and k <k, then
u;k__ah(ﬁmk(uﬂ),k)f;agk::ah(ﬁ%k(aﬂ),ﬁ).
Proposition 3.2 ([8,12]). Under the previous assumption, notations (1.2), (2.1),

3.4) and the dmp, the mapping T}, is a contraction in HT with contraction constant
g

Cﬁ%i‘ Therefore, Ty, admits a unique fixed point which coincides with the discrete

solution of the system of parabolic QVlIs (3.3).

Proposition 3.3 ([8]). Under the conditions of Proposition 3.2 and notations (1.2),
(2.1), (3.4), we have the following estimate of geometric convergence

k
10t = 02 o= s 05 = 05 Do (157 ) 107 = 08l
where Up® is an asymptotic discrete solution of the following system of QQVIs
b (ul™, vl — ul™) > (fz (uzoo) + AU vl — uzoo) . for allvi € (V),)”,
{u}boo < raMup®, i=1,...,J.
Lipschitz dependence with respect to the right-hand sides and the pa-
rameter k

Proposition 3.4 ([14 21]) Under the dmp and the Proposition 3.1, we have:
max || u — 4" [0 < Cmax ([k — k| + || F** — F ).

1<i<J 1<i<J

Characterization of the solution of system (3.3) as the envelope of discrete
subsolutions

Definition 3.1 ([4]). Z, = (z},...,2]) € (V},)’ is said to be a discrete subsolution
for the system of quasi-variational inequalities (3.3) if
b (z;;k,gol) (f”“ ( el 1) + AR 1,@) , forall vl e (V) ¢ >0,
L=1,...,m(h),
P <rth i=1,...,J,k=1,...,N.
Let Y}, denote the set of such discrete subsolutions.

Theorem 3.1 ([4,21]). The discrete solution of the system (3.3) is the mazimum
element of the set Y.

’



THE MANAGEMENT OF ENERGY PRODUCTION PROBLEM 357

4. L*°-ERROR ESTIMATES

In this section, we first introduce the following two auxiliary systems of variational
inequalities and next we prove a fundamental lemma of the subsolutions method.

4.1. Two auxiliary sequences of system of variational inequalities. We define
the sequence {U k} = (ﬂl’k . ,ﬂ‘”“) such that U” solves the continuous system of

E>1
VI
b (@, of — k) = (F () + gt o - @), forall of € (H(Q))

_; k=1 i e~ 1
< Muy" Tt vt < Mupth

where U™ = (ui’k_l, . ,u,{’k_1> is defined in (3.5), and the sequence {7}?}]01 =
(ﬂ,ll’k, e ,ﬂ,{’k) is such that U} solves the discrete system of V.I.

b (@t v — ) 2 (fF () + Mt o — ), for all vy € (V)7
{ﬁﬁl’k < rhMui’k_l, U;l < rhMui’k_l,
where UF! = (ul’k_l, . ,u‘]’k_l) is defined in (2.5).
Lemma 4.1 ([20,21]). There exists a constant C' independent of h and k such that
max || @ = [l < Ch*nhf?

and
ik ik 2 2
) _ 3 < X
max || @ —u"" [lo < Ch7|Inh|
4.2. Optimal L*-error estimates. Now, we obtain the optimal L>-error estimate
between the k-th continuous iterates u** and k-th discrete iterates uzk defined in (2.7)
and (3.3), respectively.
In this theorem, we exploit the idea of Boulbrachene in [13] given for variational
inequalities with noncoercive operators, where we have adapted it to a system of QVIs
related to the management of energy production problem.

Theorem 4.1.

‘ -
HU’C — U{fH = max ’u"k — uy
o

1<i<J

< Ch?|Inh)?.
The following lemma plays crucial role in proving the Theorem 4.1.

Lemma 4.2. There exists a sequence of continuous subsolutions (6k>k>1 =
(61”“, . ,5‘]”“), such that

Bk <yt 1<E<N,1<i<J

and
5 — Up,

< Ch?|In h|%,
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and a sequence of discrete subsolutions (aﬁ) = (oz,llk, . a,{k), such that
k>1

o <ulF 1<k<N 1<i</

and

i,k i,k

Proof. Let U be continuous solution of the system of V.I.

| < CR

. . . . J
b (v =t ) = (F () 4+ Mot =@t for all o' € (Hg(Q))”
' <k +inful®, o' < k4 inful”.
pAL pEL
Then, as U' = (4"!)1<i<y is a solution to a system of V.I. it is also a subsolution,

ie.,

(0) = (7 () i) oo € ()

T <k—|—1nfu , v <k—|—1nfu ,
and
b (" 0') < (fF () + A = Mt + 0 ) for all of € (H&(Q))J,
! < k + inful® — infut® + infut?.
pF pF pF
We have
(4.1) [ = w®| < Ch?nh? (see [23),
then
bi(utt v < (f’ (uﬁ;o) uy® — ut? ‘OO + )\ui’o,vi) , forallv' € (H&(Q))J,
utt <k + infuﬁ’o — infu®|| 4 infut?,
M HFA 0o MF

and using (4.1), we get
b (@, o) < (F () + ACK? [Inhl? + Mt ), forall o' € (H(Q))
@ < k+ Ch|Inh|? + infu’.
pFi

As U' = (@), is a subsolution for the system of V.I., where the solution is
O' = (@), ey = 0 (fF (uf”) + ACH? Inh|? + M\, k + Ch? [Inh|? )
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<C(|lF () + ACh? I hl? + X — £ (uf?) — Aui
+ |k +Cn? iz — x| )

<C (ACH? |lnh|? + Ch* [n h?)

<Ch*[Inh|?,

‘ [e.e]

and using the Theorem 2.1, we have
@t < @l < ut + Ch2 |Inh|?

Now taking 4! = @t — C'h? |Inh|? , we have

(4.2) pot < uht,
and
(4.3) |87 =it < ] g — Ch2 [Inh|? — ul! B

Y+ cn?mnp

—ub
<Ch*[Inh|? + Ch2 |ln h|?
<Ch*|Inh|*.

Let U} be the discrete solution of the system of V.I.

bt (ﬂﬁl’l, vh — ﬂﬁl’l> > (fZ (ui’o) + Al v — u;Ll) for all v}, € (Vh)‘],

ﬂf{l <7y (k + infu“’o) , vfl <7, (k: + infu”"o> )
G P

Then, as U} = ( 21>1< _, isa solution to a system of V.I. it is also a subsolution,
ie., -
bt (ﬂh ,cps) ( fi (ui’o) + A0, gps) , forall pg, s=1,...,m(h),
at < ( mfu“ 0) v <y <k + ir;éfu“’o> ,
pFL
and

b (ﬂﬁl’l, gps) < (fi (ui’o) + M — /\ufz’o + /\uzo, gps) , forall g, s=1,...,m(h),

ayt < (k + /lgéfzu“ 0)

Then
b (ﬂﬁl’l, gps) < (fi (ui’o) + M — /\ufz’o + /\uﬁz’o, gps) , forall g, s=1,...,m(h),

ut <k+r, (infu“’o) —rp (infu‘}f’()) + 7y (infu‘}f’()) :
J pFE pF

HF




360 D. C. BENCHETTAH

and
() < (£ () +
uyt <k+ |y (infu”’()) —Th <infu’g’0) H + 7 (infu’,f’o) ,
pFEL pF 0o WD
using (4.1) , we get

b (ﬂ%’l, gps) < (fi (uw) + ACh? |In h|g + Ay, 905) , forall ps, s=1,...,m(h),

3,0 i,0

‘oo + /\uigo, gos) , forall ps, s=1,...,m(h),

@' <k + Ch? [Inh|? + 1, (Lr;éfiuf,;vo> .

As U}l = (ﬂﬁ;l)KAq is a subsolution for the system of V.I., where the solution is
AN
3

Un = (a;{l)my = On (fi (u"°) + ACh? [Inh|2 + \u;.”, ke + Ch? [In h|%).
Let Uy = “;Ll) = O (fZ (u0) + )\ui’o, k). Using Proposition 3.4, we have
J

1<i<
~i1 il
Up — Up

<O (||F () + ACK I AJF 4+ M — fi (u') = Aup”
+ [k +cn? nfz —x| )

<C (ACH? InA|? + Ch? |1nh|%)

<Ch*[Inh|?,

- Lo

and using Theorem 3.1, we get
it < it < bt CR2 [Inhl? |

Now taking a}' = @' — Ch?|In h|% , we get

(4.4) oyt < upt

and

(4.5) gt = wtt| <@yt — cn?mn|? —ut
<@’ - wtt|_ +Ch? |2

<CR[Inh|* + Ch? In h|?
<Ch?*|Inh|*.
Then, according to (4.2), (4.3) and (4.4), (4.5), we get
ut <aj' + Ch? [Inh> < up' + Ch? Inh|?,
up' <B4+ Ch? [Inh> < utt + Ch? Inhl*.

Thus,

il i1
u - uh

| < CR?|nhf.
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Therefore,

i1 i1

_scon Inh|>.

max ‘
1<i<J

u

For k& we assume that

(4.6) |uh =t =t < on? i
and we prove that
‘u““ —ul” ‘ < Ch?|Inh|*.

For that, consider the following system of continuous V.I.

o (w0 = ath) = (f (w4 Mt ot — ) for all of € (H&(Q))J,

ut <k + 1nfu’”g LR k+iI;éfu’,f’k_1.
uAi

Then, as U* = (ﬁi’k)l<,<t} be a solution to a system of V.I. it is also a subsolution
AN

ie.,
b (@, o) < (5 (1) + xgt o), forall of € (H(Q))
' <k +inful ot <k + infult!
HFEi pFi
Then
b ( ik Ui) < (fi (uz,k—l) + )\u;{k—l WS + )\ui,k—l,vi) :
for all o' € (H}()),
att < k—l—lnfu“k ' —infutht 4 infurt
pF ,u;ﬁz
and

b (ai,k7vi) < (fz (uzk 1) +>\’
for all o' € (H}()),

k=1 _ k=1 Nk o
00 + u JU b

<k + =1l 4 infyk=t,

0o HF

. k—1 .
infu,™ " — infu’
p#i e

Using (4.6), we get
b (@, o) < (fF (ui®") + ACH? b 4 XutF ') for all of € (H&(Q))J,

u* <k + Ch?|Inh|* + ir;fu“"“‘l.
e

Let [_]k - (7i7k)1< i <J
0% = (@), __ =0 (f (us") + ACH I hf* + Xu*1 K + Ch? ln h).

be a subsolution for the system of V.I. whose solution is



362 D. C. BENCHETTAH

Then, as U* = (u”“) = ) (fZ (uﬁ{k_l) + AubhL k) making use of Proposition
1<i<J

2.4, we have

az,k . uz,k

o SO (") + A0R I Al = £ (")
+ [l + Ch? maf* — k| )
<C(ACh*|Inh|* + Ch? |In h|*)
<Ch?|lnh|*,
and, using Theorem 2.1, we have

at < @t < utF 4 Ch? |Inh|? .

Now putting 3% = a** — Ch? [Inh|*, we get
(4.7) prE < utt
and
(4.8) [67% — k| k—c#mmf—@ﬂm
—u” ‘ + Ch?|Inhl?
<Ch?|[Inh|* + Ch?|Inh|?
<Ch*|Inh|*.

Let UF be the discrete solution of the following system of V.I.
b (uh UL — ﬂzk) > (fi (ui’k’l) + MRk — uzk) . forall v! € (V,)”,

a;’;’“ <7 <k + infu“’k_1> , v<r1y (k + mfu“k 1)
pFEi pFEd

Then, as UF = (u’ ") isasolution to a system of V.I. it is also a subsolution, i.e.,
h Un' ) cicy

b (ﬂﬁlk, <ps) < (fi (ui’k_l) + Atk gps) , forall g, s=1,...,m(h),
ﬂﬁlk <rp (k + infu“’kl) , v (k + infu“’k1> .
ML HF
Then we have
b (a}l;’“, g03> < (fZ (ui’k’1> N L VT V7 905) ., for all p,,
ﬂﬁ,jk < k + rpinfutt — rhinfu‘,:’k_ + rpinful’ b=t
pF pFE pF
and

it 1” n )\u;‘;k—l’ws> , for all ¢,

b <ﬁzk’ %) < (fi (ui,k—l)

Wt <k+

: -1
H + ryinfut
oo pFEd

. k—1
rhlnfu“ — rpinfu}’
pFEi
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Using (4.6), we obtain

b (ﬁﬁl’k, gos> < (fZ ( bk— 1) + ACh? |In h| + /\qu 1,4,08) , for all oy,
" <k+Ch?|Inh]> + rhmfu“k !

So, Uff = ( ) ciey is a subsolution for the system of V.I. whose solution is Uh =
(#5), ey = 00 (£ (1) + ACH B2 + ™ K+ CR2 [ Bf?). Then, as Uf =
( )1<1<J ( ( . 1) + ! k) making use of Proposition 3.4, we have

<C (||f7 (1) + ACH? ) — £ (u%k*l)uw
+ |k +Ch? I - k| )

<C(ACh? Inh|* + Ch? In h|?)

<Ch?|Inh|?,

~i,k i,k
Uy — Uy

‘ oo

and, using Theorem 3.1, we have
at < ayt <up® 4 Ch*|Inhl?.

Now, putting ai* = @* — Ch?|Inh|*, we have

(4.9) ok < ik
and
(4.10) it — M| <@t — ch? I —ut|
a — ut* ‘OO + Ch?|Inhl?
<Ch? Inh|* + Ch?|In h)?
<Ch?*|Inh|*.

Then, combining (4.7), (4.8) and (4.9), (4.10), we get

ut <al® 4+ Ch? In b < ult + Ch? |Inh|?,
ul® <B4+ Ch? Inh|* < u* + Ch? [Inh|*.

Thus,
‘u““ —up” ‘ < Ch?|Inh|*.
Therefore,
HU’“ — U}’fH = 1@1&5“”1 — uﬁlk‘ < Ch?Inh|*. O
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5. ASYMPTOTIC BEHAVIOR IN L*°-NORM

This section is devoted to the proof of the main result of the present paper, where
we prove the optimal L*>-asymptotic behavior for the system of parabolic quasi-
variational inequalities with nonlinear source terms. More precisely, we evaluate the
variation in L™ between U}, the discrete solution calculated at the moment 7' = N At
and U, the stationary continuous solution of the system of QVIs.

Theorem 5.1. Under the results of the Proposition 2.3 and Theorem 4.1, we have

14+ aAt N
1+ BAt

(5.1) Uy —v||_<c [P+ ( ,

where C' is a constant independent of h and N, § > 0 is constant and o <  Lipschitz
constant.

Proof. We have '
upb =l (t,x), forte](k—1)t kt].

Thus,
uy" =, (T, x),
then
‘ uz}'L,N . ui,ooHoo _ ’ UZN _ N + uN — uz’,ooHoo
< ’ u;‘L,N . uz’,NHOO + ‘ uN ui,oo’ .
Using Theorem 4.1 and Proposition 2.3, we get,
i -] e e (Ha2)]
which yields the following estimate:
N
- = g o ] < e+ (2080

Remark 5.1. In the previous estimate (5.1), (}igﬁi)N tends to 0 when N — +o0.
Then, we obtain the optimal L*-error estimate for the system of elliptic quasi-
variational inequalities related to management of energy production problems (cf.
[16]):
U — U™, < Ch*[Inh|?.

If we replace Mu® in (1.3) by Mu = k—i—£>0inf£€Q (u+ &) and f (u) by f, the problem
(2.2) reduces to the parabolic quasi—variati_()r;al inequalities related to impulse control
problem with linear source term (cf. [10]). Find v € K (u)

(?;Lw_u)+a<u,v—u>z<f,v—u>, for all v € K (u),
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with
K(u) = {u cL? (O,T;Hé (Q)) | u < Mu, u(0,2) = ug in Q}

In this case, the error estimate given in (5.1) becomes

i =] <o+ (5 )N

1+ BAt

If we replace Mu' in (1.3) by Mu’ = [+ u"!, where Mu' = [ + u'*! represents the
obstacle of Hamilton Jacobi Bellman equation, the problem (2.2) reduces to the system
of evolutionary Hamilton Jacobi Bellman (HJB) equation with nonlinear source terms

(cf [8]): Find a victor U = (ul, . ,u‘]> € (L2(0,T; HE (2)))” such that

(2 ) ) 2 (5 (). ).

ui §l+ui+1, ,Ui §l+ui+1, UJ+1 — Ul, 1 S i S J,
u' (z,0) = ufy in Q, ' =0on N
In this case, we get the following error estimate:

1+ ozAt)N

max HuzN — u"’OOHOO < C |k Inh]* + (HBAt

1<i<J
Conclusion 1. We have introduced a new approach and we have obtained the opti-
mal L>*-asymptotic behavior for the finite element approximation of the system of
parabolic quasi-variational inequalities with nonlinear source terms. This method
stands on the Bensoussan-Lions algorithm and the concept of subsolutions. A future

work will consolidate our theoretical results by numerical simulation, where efficient
numerical monotone algorithms will be treated.
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DENUMERABLY MANY POSITIVE SOLUTIONS FOR ITERATIVE
SYSTEM OF BOUNDARY VALUE PROBLEMS WITH
N-SINGULARITIES ON TIME SCALES

K. R. PRASAD!, MAHAMMAD KHUDDUSH?, AND K. V. VIDYASAGAR?

ABSTRACT. In this paper we consider a iterative system of two-point boundary value
problems with integral boundary conditions having n singularities and involve an
increasing homeomorphism, positive homomorphism operator. By applying Hélder’s
inequality and Krasnoselskii’s cone fixed point theorem in a Banach space, we
derive sufficient conditions for the existence of denumerably many positive solutions.
Finally we provide an example to check validity of our obtained results.

1. INTRODUCTION

Theory of time scales was created to unify continuous and discrete analysis. Differ-
ence and differential equations can be studied simultaneously by studying dynamic
equations on time scales. Since a time scale is any closed and nonempty subset of the
real numbers set. So, by this theory, we can extend known results from continuous
and discrete analysis to a more general setting. As a matter of fact, this theory allows
us to consider time scales which possess hybrid behaviours (both continuous and dis-
crete). These types of time scales play an important role for applications, since most
of the phenomena in the environment are neither only discrete nor only continuous,
but they possess both behaviours. Moreover, basic results on this issue have been
well documented in the articles [1,2] and monographs of Bohner and Peterson [7,8].

The study of turbulent flow through porous media is important for a wide range
of scientific and engineering applications such as fluidized bed combustion, compact

Key words and phrases. Iterative system, time scale, singularity, homeomorphism, homomorphism,
cone, Krasnoselskii’s fixed point theorem, positive solutions.
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heat exchangers, combustion in an inert porous matrix, high temperature gas-cooled
reactors, chemical catalytic reactors [9] and drying of different products such as iron
ore [15]. To study such type of problems, Leibenson [13] introduced the following
p-Laplacian equation
(eul' (1)) = F(t (1), ='(1)),

where ¢,(w@) = |@|P"?w, p > 1, is the p-Laplacian operator its inverse function is
denoted by ¢, (T), with ¢,(T) = |t]7?T and p, g satisfy %—ké = 1. It is well known fact
that the p-Laplacian operator and fractional calculus arises from many applied fields
such as turbulant filtration in porous media, blood flow problems, rheology, modelling
of viscoplasticity, material science, it is worth studying the fractional differential
equations with p-Laplacian operator.

In this paper, we consider an operator ¢ called increasing homeomorphism and
positive homomorphism operator (IHPHO), which generalizes and improves the p-
Laplacian operator for some p > 1 and ¢ is not necessarily odd. Liang and Zhang [14]
studied countably many positive solutions for nonlinear singular m—point boundary
value problems on time scales with IHPHO,

v
(e(=@*(®)) +a®)f(=(t)) =0, te0,T],
m—2
aiw(fi), wA(T) = O,
i=1
by using the fixed-point index theory and a new fixed-point theorem in cones.
In [10], Dogan considered second order p-boundary value problem on time scales,

(op(@®(1)" + w(t)/(t, w(t)) —0, te0,Tn,
20 =5 aml6). @0 = T higy(=*(6)

and established existence of multiple positive solutions by applying fixed-point index
theory.

Inspired by aforementioned works, in this paper by applying Holder’s inequality and
Krasnoselskii’s cone fixed point theorem in a Banach space, we establish the existence
of denumerably many positive solutions for dynamical iterative system of two-point
boundary value problem with n singularities and involving IHPHO on time scales,

ny  AETO) (=) =0 1<t te[o,m,}

wé—i—l(t) = W1 (t)7 le [07 1]T7

(1.2)
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where ¢ € N, x(t) = [T, xi(t) and each x;(t) € LL([0, 1]t), p; > 1, has a singularity
in the interval (0, %)T and ¢ : R — R is an IHPHO with ¢(0) = 0.
A projection ¢ : R — R is called a IHPHO, if the following three conditions are

fulfilled:

(a) o(11) < p(T2) whenever T; < Ty, for any real numbers Ty, Ty;
(b) ¢ is a continuous bijection and its inverse ¢! is continuous;
() o(T1T2) = @(T1)p(T2) for any real numbers Ty, To.

We use following notations in the entire paper: i = 1,2, 3 € (0,1/2)r,
at) =y +8—vt, bt)=p+at,d= oy + b+ By,

Ro(t, 7) :Cll{ ZE;?&(Q: ii; - / [ / Ro(e1, T (70) V1| () Vs

1 1
- - / K (T - T, K= R(T)VT,

Vg = &/0 Ko(T)a(T)VT ; T wi(3) = /5 3/€i(T)VT,
n(t) = (1 — wp)a(t) + vab(t) (1 — ug)b(t) + wpa(t)

d[(1 — ua)(1 — vp) — upval’ d[(1 = ug)(1 — vp) — upvg]’
n* = max n(t), M) = max M), A= max A(t), A(3)= max A(¢).

)
te[oulh“ tebzl_éh’ t€[071]T te[ﬁvl_a]'ﬂ‘

A(t) =

We assume the following conditions are true in the entire paper:

(Hy) fj:]0,400) = [0,4+00) and k1, ko : [0, 1] — [0, +00) are continuous;
(Hs) there exists a sequence {,}22; such that 0 < ¢,11 <t, < 1

1 ) .
lim ¢, =t* <2 }Lrgxi(t)——i-oo, 1=1,2,...,n,7r €N,
and each y;(t) does not vanish identically on any subinterval of [0, 1]r. Moreover,

there exists §; > 0 such that
8 < '(xi(t)) <oo ae onl0,1]r, i=1,2,...,n

2. PRELIMINARIES

In this section, we introduce some basic definitions and lemmas which are useful for
our later discussions; for details, see [3-5,7,12,17,18].

Definition 2.1. A time scale T is a nonempty closed subset of the real numbers R.
T has the topology that it inherits from the real numbers with the standard topology.
It follows that the jump operators o, p : T — T, and the graininess p : T — R™ are
defined by o(t) = inf{t € T : Tt > t}, p(t) =sup{Tt € T : T < t} and u(t) = p(t) —t,
respectively.

e The point ¢ € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = t,
p(t) <t,o(t) =t, o(t) > t, respectively.

e If T has a right-scattered minimum m, then Ty = T\{m}. Otherwise, Ty = T.
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e If T has a left-scattered maximum m, then T* = T\{m}. Otherwise, T* = T.

e A function f: T — R is called rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at left-dense points in T. The set of
all rd-continuous functions f : T — R is denoted by C,.q = C4(T) = C,q(T, R).

e A function f: T — R is called ld-continuous provided it is continuous at left-dense
points in T and its right-sided limits exist (finite) at right-dense points in T. The set
of all 1d-continuous functions f : T — R is denoted by Cjy = Ciy(T) = Ciy(T, R).

e By an interval time scale, we mean the intersection of a real interval with a given
time scale, i.e., [a, bt = [a,b] N T other intervals can be defined similarly.

Definition 2.2. Let ua and py be the Lebesgue A-measure and the Lebesgue V-
measure on T, respectively. If A C T satisfies pa(A) = pv(A), then we call A is
measurable on T, denoted p(A) and this value is called the Lebesgue measure of A.
Let P denote a proposition with respect tot € T.
(i) If there exists 'y C A with ua(I';) = 0 such that P holds on A\I'y, then P is
said to hold A-a.e. on A.
(ii) If there exists 'y C A with puy(I'2) = 0 such that P holds on A\I'y, then P is
said to hold V-a.e. on A.

Definition 2.3. Let E C T be a V-measurable set and p € R = RU {—o00, +00} be
such that p > 1 and let f : E — R be V-measurable function. We say that f belongs
to L% (E) provided that either

_/ |fIP(s)Vs < oo if p R,
E
or there exists a constant M € R such that
|f| S M V—a.e. on E7 ]fp = +00.

Lemma 2.1. Let E C T be a V-measurable set. If f : T — R is a V-integrable on
E, then

[ 1695 = [ f(s)ds+ 3 (b= plt)) £(8),

E E i€l
where Ip :={i €1 :t; € E} and {t;}icr, I CN, is the set of all left-scattered points
of T.

Lemma 2.2. For any o(t) € C([0, 1]1), the boundary value problem,
(2.1) —p(w@rV (1) = o(t), te0,1r,

wez(0) ~ Beo(0) = | L (D@ ()Y,
(2.2) 0

v (1) + 5w (1) = /01 oo (V) (),

has a unique solution

@i(t) = [ X7 (o(0)
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where
1

R(L,7) = Ro(t,T) + (1) /01 Ro(t1, T (1) 95+ AE) [ Ryl Dha() V.

Proof. Suppose w; is a solution of (2.1), then
wl(t):—/t "o (o()) VT AT + At + B
= —/ (t— 1) Ho(T))VT + At + Ay,
where A; = @ (0) and Ay = @,(0). By the conditions (2.2), we get

- - / ety (1) — Y (T (1) VT + / (1 =) + 8) " (o(T)) VT

and

Ay = [ 10+ 81 (1) + Bra(lr (07 + 5 [ Bly(1 = 1) + 8™ (0(1)) V.

So, we have
(2.3)

a(t) b(t)

o (t) = / Ro(t, e (o) T+ 27 1 @tV [ L ea (1) (1) V.

By simple computations, we find that

1 o all —w) + o
(2.4) /0 M(ON(OVT = S

1 . 02(1 — U/a) + C1Uq
(2.5) /0 (O (VT =2 S S

Plugging (2.4) and (2.5) into (2.3), we received
1
@1(t) = [ Rolt, D)™ (@() VT + ean(t) + e:A(1)

- [ Pt e [
o~ (o(m) VT
= [ "R o) v

This completes the proof.

Lemma 2.3. Suppose (H,)-(Hs) hold. For 3 € (0,3)r, let
Jog+ P vs+d
L(3) = , < 1.
W =min{ S V)
Then Ro(t,T) have the following properties:
(1) 0< No(t,’f) < No(’f, T) fO’f’ all t,TE [0, 1]']1‘,'

Nl 1 (1) v+ A [ "R, Ta(T1) VT

373
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(i) £(3)No(T,T) < Wo(t,7T) for allt € [3,1 — 3]t and T € [0, 1]r.
Proof. (i) is evident. We establish (ii), for this, let ¢ € [3,1 — 3] and ¢ < 1. Then

No(t,T)  b(t)  ot+B _oag+P
No(T,T)  b(T)  oat+P = o+ P > L(3)-

For T <'t,
No(t,T) _ a(t)  y+o—vt S Yt b > £(5)
Ro(t,7)  a(t)  y+38- T
This completes the proof. O

Lemma 2.4. Suppose (Hy)-(Hz) hold. Then X(t,T) satisfies properties:
(i) 0 < N(¢, 1) < =ENg(7,7) for allt,t €€ [0,1]r;
(i) 0 < ERo(T,T) < N(¢,T) for allt € [3,1 — 3|1 and T € [0, 1]y, where
E=1+n"K] + A"k
and
=, = L) [1+n()r1() + AG)ka(5)].

Proof. From Lemma 2.3, we get

1

1
N(t,T) =No(t, 1) +T](t)/0 No(T1,T)k1(T1) VT + A2 ; No(T1,T)k2(T1) VT
1

1
<No(T,T) +1(t )/0 No (T, T)k1(T1) VT + At ; No (T, T)ka(T1)VT1

1
< |:]_ +T](t)/0 Kl(Tl)VTl +7\< HJQ T1 VT1:| NO
< [1 +1"K] + 7\*&;3} No(T, 7).
On the other hand, for t € [3,1 — 3]r and T € [0, 1], we have
1 1
N(t,T) =No(t,7) +ﬂ(t)/0 No(T1, T)k1(T1) VT + 7\(75)/0 No(T1, T)k2(T1) VT

> No(t,7) +n(t) [

3

1-;3

No(Ts, s (1) VT +A() [ R, (1) VT

1—3 1—3
>L(3) {1 +1(t) / k1(T1) VT + A(2) / Ko (T1) VT | No(T,T)
3 3
> L(3)[1+ ™k + AR5 No (T, 7).
This completes the proof. 0

Notice that an ¢-tuple (ww(t), wo(t), ws(t), ..., we(t)) is a solution of the iterative
boundary value problem (1.1)—(1.2) if and only if

)
w;(t) = /01 R(t, 1) [X(7)fi (@41 (1) |V, tE€ [0, 1 <5 <L,
”(IJHl(t) = wl(t), t e [0, 1]']1*,
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ie.,

@) = [ Nt m)e [xmm( [ e e ( [ e
<ot ([ M

X fg_l (/01 N(Tg_l, Té)gp_l [X(Tg)fgﬁﬂl(’fg))]VTg) - VT3] VT;| VTl.

Let B be the Banach space Cj4([0, 1], R) with the norm ||@|| = maxcpq, |@()|.
For 3 € (O, %) , we define the cone K; C B as

K, = {w € B: w(t) is nonnegative and min w(t) > :3Hw(t)]|} :
t€ls, 1-3lr =
For any @, € K;, define an operator €2 : K; — B by

1

(Qwoy)(t) :/01 N(t, )" [X(’ﬁ)fl(/o N(T1, T2)p ™!

X (T2) fo ( /01 N(Tg, T3)

‘ol [wg)fg( [

X fg_l </01 N(Tg_L Te)gp_l [X(Tg)fg(wl(’fg))} VT€> ce VT3‘| VT2‘| VTl.

Lemma 2.5. Assume that (Hy)-(Hs) hold. Then for each 3 € (0, %) , Q(K;) C K, and
2 : K, — K, is completely continuous.

Proof. From Lemma 2.3, X(¢,T) > 0 for all £,T € [0, 1]r. So, (Qw)(t) > 0. Also, for
wy € K, we have

1

Q=)0 < [ Mol m)p™ {xm)fl( [ e e

x fz(/olN(Tg,’tg)go_l[X(Tg)f3</()lN(T37T4)...

X fg_l (/01 N(Tg_L Tg)(p_l [X(Tg>f£<w1<T£))]VTg> e VT3‘| VT2‘| VTl.
So,

| Q|| SE/Ol No(T1, 1) [X(Tl)fl (/01 R(Ty, o) [ X(T2)

X f2</01 N(T2, T3)p "

X(Tg)fz,,(/ola(@,u)...
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X fg_l < /01 N(Tg_l, Te)gp_l [X(Tg)fé(wl(’fé))} VT@) e VT:!| VT2‘| VTl.

Again from Lemma 2.3, we get
min Q t
min {(Q)(0)
1

>=, ; Ro(T1, 1) [X(Tl)ﬁ(/olN(ThT?)@l X(T2)

X f2</01 N(Ty, T3) 0 l)((’tg)fg,(/ol N(T3,Ty) - - -

X f£—1</01N(Tf—lan)‘P_l{X(Té)fﬁ(wl(TZ))]v'Q) V13| V1o | V1.

It follows from the above two inequalities that
min {(Qw1)(t)} > Z[|Qw .
t€f3,1—5lr =

So, Qw; € K; and thus Q(K;) C K;. Next, by standard methods and Arzela-Ascoli
theorem, it can be proved easily that the operator €2 is completely continuous. The
proof is complete. O

3. DENUMERABLY MANY POSITIVE SOLUTIONS

For the existence of denumerably many positive solutions for iterative system of
boundary value problem (1.1), we apply following theorems.

Theorem 3.1 ([11]). Let € be a cone in a Banach space X and My, My are open sets
with 0 € M, My C My. Let A : €N (Ma\M) — & be a completely continuous operator
such that

(a) [[Az]| < ||z|l, z € ENOMy, and ||Az|| > ||z]|, z € €N OMy, or
(b) |Az]| > ||z]|, z € €N oMy, and ||Az|| < ||z||, z € €N OMs.

Then A has a fized point in € N (My\My).

Theorem 3.2 ([8,16]). Let f € L& (J), with p > 1, g € LL(J), with ¢ > 1, and
L1 Then fg € L5 () and | fgllis < Ifllce lollce, where

IPEVs]”, peR
£ 1]z, = [/J
inf{MGR/|f|§MV—a.e. onJ}, p = 00,

and J = (a,b].
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Theorem 3.3 (Holder’s). Let f € LX(J), with p; > 1, for i = 1,2,...,n and
" = 1. Then [T/, f; € LY(J) and

llp

< [Tl fill,.

1 =1

Further, if f € Ly (J) and g € L (J), then fg € Ly (J) and || fglli < [|f11]l9]lco-

Consider the following three possible cases for x; € L%([0,1]r) :

(1) z1;<1

(11) ?:1 él - 17
(i) >, - > 1.
Firstly, we seek denumerably many positive solutions for the case > " ; o < 1.

Theorem 3.4. Suppose (Hy)-(Hs) hold, let {3,}22, be a sequence with 3, € (t,41,t,).
Let {T',}22, and {©,}22, be such that

I < ?67" <6,<30,<TI,, reN,

-1
, 1}.
Assume that f satisfies
(Ch) fi(w) < Oul,) forallt € [0,1]r, 0 <w < T, where

-1
vai‘| )

(C2) fi(w) = (36,) for allt & [3r,1 = 3,]r, %0, <@ <6,
Then the iterative boundary value problem (1.1)7(1.2) has denumerably many solutions
{(wgr],wg},.. [T]) ©, such that w[r]( t)>0onl[0,1]r,j=1,2,...,0 and r € N.

where

3= max{ [EM I1%: /131 Ny (T, T)VT

i=1 31

Ny <

= Noll g H e 60

Proof. Let
M, ={weB:|w|<TI,},
My, ={weB: |w| <06,},
be open subsets of B. Let {3,}5°, be given in the hypothesis and we note that
t*<tT+1<3r<tr<§,
for all » € N. For each r € N, we define the cone K, by

-

b ={mepm®>0 _mn =()> =)}
t€[5r, 1=4rT
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Let @y € K;, N OMy . Then @w;(t) < I, = ||wy] for all T € [0, 1]r. By (C4) and for
1 € [0, 1], we have

[ R e [ e (@) Ve < 2 [ Rl we (6w ol ()] 9

<=M, / No(Te, Te) ™ 1 X(Tz)]v’w

< E%Fr/ No(Te, Te)p 1[HX1 ]VTZ
0

i=1

1
SEmJT/O No(te, Te) [T ¢~ (xi(e)) Ve

=1
There exists a ¢ > 1 such that % +>0, p%- = 1. So,
! 1 = T
| R e ) fulen (7)Y < ET | Te 7 (0)
0 Ly lli=1 vai
< EmlrrHNoHqu H H@_l(Xi) L7
i=1

<T,.

It follows in similar manner for t,_5 € [0, 1]r that

/01 N(Tyog, Te—1)p " [X(T€—1>f£—1 ( /01 N(To—1,Te)p [X(Tﬁfé(wl(’fé))} VT€>

V1

1
S/O N(Tz—2,Tz—1)90_1[X(Tz—1)fz—1(rr)]v’fe-1
SD/O No(Te—1, Tr—1)~ [X(Té—l)fé—l(rr)}v'fé—l
! —1
SEmlrr/ No(Te—1, Te—1)p [X(Te 1 ]VTZfl
0

1 n
§5m1rr/0 No(Te-1,Te-1)@ 1[HX2 Tr—1 ]VT51

=1

1 n
SEWJT/O No(Te—1, Te—1) [T ¢ (xa(Te1)) VT
=1

Py
LV

<ML Nolrg, I [e" ()
=1

<TI;.

Continuing with this bootstrapping argument, we get

(O)() = [ () [xm)fl( RSP RCSTA GRS



DENUMERABLY MANY POSITIVE SOLUTIONS FOR ITERATIVE SYSTEM 379

x ! [X(T?))f:a(/ol N(T3,7T4) "

X fg_1</01 N(Tg_l,"(g)g@_l[X(Tg)fg(wl('fg))}vw> ---VT;»,] VTQ] \Vad
<T,.
Since I'; = ||y || for @y € K;, N OM;,, we get
(3.1) 19220 || < el

Let t € [3,,1 — 3.]r. Then

—
—
—

O, = ||m]| > () > min @ (t) > 2 ||wo| > 26,.
te[}iml_ér]'ﬂ‘ = =

By (C3) and for ty_1 € [3,,1 — 3,]1, we have

[ 8 e el (w)] Ve 2 B, [ Rl me ! [xlw s ()] T

> E, 30, No(Te, Te)e ™ (X(Te)) Ve
3r
1—3r n
> =, 30, No(Te, Te) H o ' (xi(te)) VT,
dr =1

Continuing with bootstrapping argument we get

(Q)(1) 2/01 N(t,T1)p " [X(ﬁ)fl(/ol R(Ty,To) [X(TQ)]@(/OI R(To, Ts)
X sollx(ra)fg,(/olN(TB,m) .

X fg_1</01 N(Tg_l,”fg>g0_1[X(Tg)fg(wl(Tg))}VTg> ~~'V13] VTQ] VT,
>0,.
Thus, if w; € K;, N 0Ky, then
(3.2) Q|| > || ]]-

It is evident that 0 € My, C My C My . From (3.1) and (3.2), it follows from Theorem
3.1 that the operator Q has a fixed point w][f"] €K, N (MM\MQ,T) such that wgr](t) >0
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on [0, 1], and r € N. Next setting w1 = w;, we obtain denumerably many positive

solutions {(w!”, @}, ..., @)}, of (1.1)-(1.2) given iteratively by
1
=)= | e Sy (@pa ()] V7, €[00 j= 60— 1,1
The proof is completed. 0

For 37 4 1% = 1, we have the following theorem.

Theorem 3.5. Suppose (Hy)-(Hs) hold, let {3,}22, be a sequence with 3, € (t,41,t,).
Let {T',}22, and {©,}2, be such that

< 20,<6,<30,<TI,, reN,

n 1—31 -1
3 = max{ [Ejl H 61/ ! N()(T, T)VT s 1}
i=1 31

Assume that [ satisfies

where

(Cs) fi(@) < (ML) for all t € [0,1]r, 0 <@ < T, where
Ny < min { [E [[Nol| zee H HSO_l(Xi)
i=1

-1
vai] ,3};

(Cy) fi(w) > ¢(30,) for allt € 3,1 — 3|1, 20, <w < O,.
Then the iterative boundary value problem (1.1) (1.2) has denumerably many solutions
{(ng],wgr},.. [T]) ©, such that w[r]( t)>0on[0,1]r,7=1,2,...,4, and r € N.

Proof. For a fixed r, let My, be as in the proof of Theorem 3.4 and let ; € K;, NOMy,.
Again w; (1) < T, = ||wy|| for all T € [0,1]r. By (Cs) and for 1, € [0, 1], we have

[ R e ) e (@) Ve < 2 [ Rl we [xw) ol ()] 9

1
< E%PT/O No(re,w)so_l[x(w)]VTe

n

1
< Efﬁgrr/o No (e, ) lHXi(TZ)] VT,

1=1

1 n
< Em2rr/0 No(te, 7o) [T~ (xi(Te)) VT

=1
< EML Nl T Hgofl(x,-)
i=1

<TI;.

Pq
LV

It follows in similar manner for T, € [0, 1]r that

/01 N(Te—2, To—1) " [X(Tz—1)f5—1</01 N(To_1, Te)p [X(Te)fz(?m(w))}v’fe)] V11
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1
S/O N<T€—27T€—1>Q@_l[X(TZ—I)fE—l(FT)]VTK—I
SD/O No(Te—1, Tr—1)~ [X(Té—l)fé—l(rr)}v'té—l
! —1
SEmzrr/ No(Te—1, Te—1)p [X(Te 1 ]VTLJA
0

1 n
SEmzrr/o No(Te—1, Te—1) 1[HX2 To-1 ]VT51

=1

1 n
SEmzrr/O No(Te—1, Te—1) [ ¢ (Xa(Te1)) VT
=1

<=0 Nollg TT " 0w)
=1

<TI;.

Py
LV

Continuing with this bootstrapping argument, we get

O=)() = [ () [xm)fl( GRS RCSTA R LES

1

x ! lX(Tg)f3</(]l N(Ts, 7)) - --

VTQ VTl

X fm(/ol N(T21>TZ)<P1[X(Te)f6(w1(T€))}VTf> V13
<T,.

Since I', = ||y || for wy € K;, NOMy ., we get ||Qwy|| < ||y ||. Now define My, = {ww; €
B: |||l < ©,}. Let wy € K;, N OMy, and let T € [3,, 1 — 3,]r. Then the argument
leading to (3.2) can be done to the present case. Hence, the theorem is proved. [

Lastly, the case >71" ; z% > 1.

Theorem 3.6. Suppose (Hy)-(Hsy) hold, let {3,152, be a sequence with 3, € (t,41,t,).
Let {T',}22, and {©,}52, be such that

Iy < %@T <0,<30,<TI,, reN,
where
n 1-5 -1
3= maX{ [531 11 éi/ No(T,T)VT| 1}.
i=1 31
Assume that f satisfies
(C5) fi(w) < eMs,) forallt € 0,1, 0 < w < T, where

—1
le] ,3};

Ny < min { [5 IRoll 2z TT ||~ 0i)
=1
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—_
—
—

rQ, < w < 6,.

—_
—
—

(Cs) fi(wm) = ¢(30,) for allt € [3,,1 — 3],

Then the iterative boundary value problem (1.1)—(1.2) has denumerably many solutions

{(wgr],wg”}, . ,wy]) o, such that w]m(t) >0 on (0,1, j=1,2,...,¢, and r € N,

Proof. The proof is similar to the proof of Theorem 3.1. So, we omit the details
here. 0

4. EXAMPLES

In this section, we present an example to check validity of our main results.
Example 4.1. Consider the following boundary value problem on T = [0, 1]

(@ (t) + x(t) f(wjqa(t) =0, j=1,2,te0,1],
1) ws(t) = @1 (1), }
- @3(0) = @(0) = [ J=y (e,
(1) + (1) = /01 L (),
where
pl@) =4 Ty= 7=
w?, w > 0,
x(t) =x1(t) - x2(t),
in which ) 1
1 - 1 and 2 = 15
xi(t) PRy X2(t) -1

fi(@) = fa(w)

0.05 x 1078, w € (1074, +00),

5604x 10~ (87+6) _0.05x 108" —4r
10— (@r+3) _10—4r (w - 10 )

+0.05 x 1078, @ € [10-4r3) 10747
~ 5604 x 10~ 6r+6), w € (0.98 x 10~ (r+3), 10—<4’“+3>) :
A0S o — 19-)
+0.05 x 10787, @ € (10700, 0.98 x 10-(r+3)]
Let .
thzj—];M, 5r:;(tr+tr+1), forr=1,2,3,...,
then

15 1 15 1
51:3*2—@<3*2 and 41 <3 <tp, 5r>57 forr=1,2,3,...
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Therefore, & = 3, > %, j=1,2,3,... It is clear that

T ! 1,2,3
= 35 a r = Ur = T oNa r=14,9,...
VRN T A+ 2)
Since Y >7 4 = g—g and Z?:lfz % it follows that
31 =1 a7 7t
= limf, = — > ———— = = T — 04637941914,

rso T 64 A A(r+1)f 64 360

1

X1, X2 € LP[0,1] for 0 < p < 2, so 61:6223,

1
a(t)=2—t, b(t) =1+t d=3, No(t’T):?»{

1 1
ci = [/ NO(TLTQ)/@(TI)VTI] X(TQ)VTQ = 27740761987
0 0
1 1

Ug = Up = Vo = Uy = K] = Ky = 2 k1(31) = k2(31) = 0.06558641976,
£(31) = min { “ifﬁﬁ , Vy"“:;} 1 ;51 — 0.7336033950,

nt) = d[(gl__utb))g(? ;;"1_1’(12%] - 7_6%, n* = Z nG1) = 1.010931070,
A(t) = I <(11__1Z“>>(b1(? ;)UTLEZU] _0 _6275, A= 2, AG1) = 0.6775977366,

E=14+1"R] + AR5 =2,
= = L6014 n(G1)R1G1) + AG1)r2(31)] = 0.8148459802.

Note that =, is increasing, it follows that 1.969391539 = &5, < &, < Z; = 2,
0.9846957695 < =i= < 2 and

1-31 I-3+as (2 — 1
/ Ro(T, T) VT = / s <T>3(+T)d’t:0.04918197800.

5
31 327 648

Thus, we get

1— 51 -1
3= max{ lﬂl I / o(T, T VT] , 1} — max {74.85826138, 1}
— 74.8582613%

and 1
1 q
Rollza = [/ 1N (T, T)|da] <1, for0<qg<2.
0
Next, let 0 < a < 1 be fixed. Then x1, x2 € L'™[0,1]. It follows that

_ 1 3—a 1+a | 1+a
o7 Clline = |5 (35 +1) 2%
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and

4 3—a 3—a | IT+a
-1 - I =
o7 0l = |5 (%5 +1) (1/3)F]
So, for 0 < a < 1, we have

—1

0.2509961333 < lE ol e, TT [~ (i) < 0.2856331500.
=1

B2
Taking 91, = 0.2. In addition, if we take

r,=10", ©,=10"""
then

L1 = 1079 < 0.9846957695 x 10~ W+3) <« :;’ 0, <0, =100+
<T,=10"",

30, = 74.85826138 x 10°W*3) <« 02 x 107* =9 I,, r=1,2,3,...,

and fi, fo satisfies the following growth conditions:
fil@) = fo(@) <e(MT,) = MI? = 0.04 x 107, = e [0,107"]
fi(@) = fal@) 2 ¢(36,) = 3°6?
= 5603.759297 x 10~ 40 & ¢ [0,98 x 10~ (@r+3) 10*<4’”+3>] .

Then all the conditions of Theorem 3.4 are satisfied. Therefore, by Theorem 3.4,
the iterative boundary value problem (4.1)—(4.2) has denumerably many solutions

{(wgr],w[;])}oil such that wj[-r] (1) 20o0n[0,1], j=1,2and r € N.
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ESTIMATES FOR INITIAL COEFFICIENTS OF CERTAIN
SUBCLASSES OF BI-CLOSE-TO-CONVEX ANALYTIC
FUNCTIONS

SARBESWAR BARIK! AND AKSHYA KUMAR MISHRA?

ABSTRACT. In this paper we find bounds on the modulii of the second, third and
fourth Taylor-Maclaurin’s coefficients for functions in a subclass of bi-close-to-convez
analytic functions, which includes the class studied by Srivastava et al. as particular
case. Our estimates on the second and third coefficients improve upon earlier bounds.
The result on the fourth coefficient is new. Our bounds are obtained by refining
well known estimates for the initial coefficients of the Carthéodory functions.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions f(z) represented by the following normalized
Taylor-Maclaurin’s series:

(1.1) f(2) :z+§2anzn,

which are analytic in the open unit disk U = {z € C: |z| < 1}. A function f € A
is said to be wnivalent in U if f(z) is one-to-one in U. As usual, we denote by 8
the subclass of functions in A which are univalent in U. The function f € 8 has a
compositional inverse f~!, defined by

U f(z) =2 (2€U)
and

f(f Y(w)) =w (w € range of f).

Key words and phrases. Analytic functions, analytic continuation, univalent functions, bi-univalent
functions, coefficient bounds.
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It is well known that for every function f € & the compositional inverse function
71 (w) is analytic in some disc |w| < ro(f), ro(f) > ;. Moreover, f~!(w) has the
Taylor-Maclaurin series expansion of the form:

F o w) = w i b ([w] < ro(f)).

where
(_1)n+1
by = 144l
and |A;;| is the (n — 1) order determinant whose entries are defined, in terms of the

coefficients of f(z), by the following:
Ay| = (i —7+Dn+j—laja, ifi+1>7,
N 07 if 7 —+ 1< j
For initial values of n we, therefore, have:
(1.2) by = —az, by =2a3—as, by=Dbasaz— 5aj— as,

and so on.
The function f € A is said to be bi-univalent in U if f € § and f~!(w) has univalent
analytic continuation to the unit disk U. For example, the function

f(2) = ze 4

is bi-univalent in U if |A| < 1 [10]. For some more examples see [12,15,19]. We denote
by o, the class of analytic bi-univalent functions in U given by (1.1). Investigation on
the class o was initiated by Lewin [14]. He showed that |as| < 1.51 for every f € o.
Subsequently, Brannan and Clunie [3] surmised that |as| < v/2. Netanyahu [16] finally
proved that |as| < 3 (f € o). Later Brannan and Taha [4] introduced and studied
new sub-classes of bi-univalent functions (also see Taha [20]). For a detailed history
of the developments on the class of functions o see [2,13].
In this paper we shall also investigate bi-univalent functions defined on

A={zeC:1<|z| < oo}

Let ¥ denote the class of analytic functions of the form:

(1.3) h(z) :z—l—i)gz (z € A),

which are univalent in A. The inverse of_a function in ¥ is represented by
(1.4) A (w) = w+ i)iz (M < |w| < 00, M > 1).

We say that the function h € ¥ is bi-univalent in A if A~ (w) has analytic continuation
to A.
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In order to describe certain sub classes of § and > we shall also need the class P
consisting of functions P(z) which are analytic in U, satisfy |arg(P(z))| < 7 (2 € U)
and P(0) = 1. The functions P(z) € P are named after Carthéodory.

It is well known that if f in A is such that f’ € P, then f € 8. In fact, f is
close-to-convezr [7,10]. We denote the class of these functions by . Chichra [6]
studied the class of functions @y (A > 0) consisting of functions f € A and satisfying
(1— )\)@ + Af'(z2) € P. We observe that in the particular case A = 1, we have
()1 := Q. Chichra [6] further more, proved that

Qr, CQx, (0< A2 < Np) (also see [8]).
Therefore,
QxCQr:=QCc8 (A>1).

Frasin and Aouf [9] introduced the following subclass of bi-close-to-convex analytic
functions analogous to the subclass @) studied by Chichra [6].

Definition 1.1 (See [9]). The function f(z) given by (1.1) is said to be in the class
oQ$ (0 < o < 1,A > 1) if the following conditions are satisfied:

g (1= 07 )

z

(1.5) f€eo and

el (z € U)
2
and

(1.6)

ore (1= 02 g0

<% (w e V),

where g is the analytic continuation of f=* to U.

We observe that in the particular case A = 1, the class cQf = 0Q* was earlier
studied by Srivastava et al. [19]. More recently, Caglar et al. [5] introduced a more
general class of bi-univalent analytic functions than the class Q% (also see Srivastava
et al. [1,18,21]). However, in this paper we shall restrict our attention to the class
o@s.

In addition to the class oY%, in this paper we shall also study the following subclass
of X.

Definition 1.2. The function h(z) given by (1.3) is said to be in the class ¥O% (0 <
a<1,A>1)if h € ¥ and the following conditions are satisfied:

(1.7) arg ((1 — )\)h(j) + Ah'(z)) < % (z € A)
and
(1.8) arg ((1 - A)Hg’)) + AH’(w)) < OL; (w € A),

where H is the analytic continuation of A~ to A.
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In the present paper we develop an elementary method to find new estimates for
las| and |ag| for f € o@Q%, which improve upon bounds of Frasin and Aouf [9] and
afortiori, the bounds obtained earlier by Srivastava et al. [19]. We also extend a result
of Hayami and Owa [12] and find estimate on |ay| for f € 0Q%. Further more, we find
estimates on the initial coefficients |b|, |b1| and |bs| for functions in the class 365.
We note that very recently Hamidi et al. [11] studied coefficient estimate problem
for a class of functions similar to our class £¥0¢ under the additional restriction that
the initial coefficients of the functions are missing. Thus our Theorem 2.2, proved
below, on bounds of initial coefficients attempts to bridge this gap and supplements
the work in [11]. The methods adopted and developed in this paper are applicable
for finding improved coefficient estimates for the several sub-classes of bi-univalent
functions studied in [5,17] and [18].

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASSES 0()§ AND XOY

In this section we denote by g(w) the analytic continuation of the function f~!(w)
to the unit disc U. We state and prove the following.

Theorem 2.1. Let the function f(z) given by (1.1), be in the class cQ% (0 < a <
1L and A > 1). Then

(2.1) |az| < {\/22(1(1”)‘)10;1—04)(1“\)2’ L<AST+V2,
T A> 1+ /2,
2c

22) a5 < 7558
and
(2.3)

1+ 2““)3(:(?E;ﬁig(ii;”}“*”} 1<A<1+v2, 0<a<l,

lag| < 1 iag/\ 14 2(1a)%(sa(pg(zl,\g)(i4a)(1+,\)2}7 i vBer<r0<a<l
07“)\>>\0,O<0z§%,
L+ 2(1fa){6a(1§(2$;1§27a)(1+x>2}7 As o l<a<t,

where \g is the positive root of the quadratic equation
2(1 — 2a)A* + 3(1 + 3a)A + (1 + 3a) = 0.

Proof. Let the function f(z) be a member of the class cQ$ (A > 1, 0 < a < 1). Then
by Definition 1.1, we have the following:

f(2)

(2.4) (I =N==+Af(z) = [P()]"
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and
glw @
(25) (1= 02 f ) = Q)"
respectively, where P(z) and Q(w) are members of the Carthéodory class P and have
the forms:

(2.6) P)=1+ciz+cz?+e3z®+--- (2€0)
and
(2.7) Qw) =1+ Lw+ lw?* + lzuw® 4+ -+ (w e U),

respectively. Now, equating the coefficients of (1 — )\)@ + A f'(z) with the coefficients
of [P(z)]*, we get

(2.8) (14 Nag =ac; or ap = 1i)\c1,
ala—1) ,

(2.9) (14 2X\)ag =acy + —

—1 —2
(2.10) (14 3N)ay =acs + a(a — 1) + ala g(a >c‘;’
Similarly, a comparison of coefficients of both sides of (2.5) yields:
(211) (1+)\)a2 :—Oéll,

—1
(2.12) (14 2))(2a5 — a3) =aly + O‘(O‘Q)lf
and

—1 —2

(213)  — (14 3)) (562 — asas + as) = ads + alar — Digly + A g(a )

In order to find improved estimates on |as| and |as|, we first establish certain relations
involving ¢, l1, co and l5. To this end we observe that (2.8) and (2.11), together give

(214) C1 = —ll.
We add (2.9) with (2.12), then use the relation ¢; = —[; and get the following:
2(142M\)a3 = a (¢ + Iy) + afa — 1)c].

Putting ay = +%5¢; from (2.8) we have after simplification:

(1+X)
1+ \)?
2.1 1= (

(2.15) DT 201+ 20) + (1 —a)(l+ A2
The relation (2.15) also gives the following refined estimates:
2(1+X)
V20(1+20) + (1 — a) (1 + A)?

(02 + lg)

(2.16) ley] < (1<A<14+V2)
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and

4 [2a(1 4 2X) + (1 — a)(1 + N\)?]
(1+ \)?

Now using the estimates (2.16) for the range 1 < A < 1+ /2 and |¢;| < 2 for the

range A > 1 ++/2 in the expression (2.8) we get:

(2.17) ey + 1| < (A >14+V2).

2a
las| < V2a(1420) +(1—a)(1+A)2 1<A<1++2,
2y A>1+V2,

We thus get the claimed bound of (2.1).
We now express as in terms of the coefficients of the functions P(z) and Q(w). For
this, we subtract (2.12) from (2.9) and get

2(142)\)(az — a3) = a(co — ) + (y(()éQ_l)(cf —13).

The relation ¢} = [? from (2.14), reduces the above expression to

(2.18) as = a3 + —1y).

o
—(c
2(142)) "
Next putting a; = 951 and then using (2.15) for 2, we obtain

052

(1+ )

«

(1+2\)

20(1+2)\) + (1 — a)(1 + N)?

as = QC%—FQ (Cz—lg),

(02 - 12)7

o
L)+ &
(co+ 2)+2(1+2/\)

o 1
- <2a(1 o+ (I —a)I+ A2 20+ 2>\)> “

« 1
o <2a(1 F2)+(L—a)l+N2 2(1+ 2)\)> l2
Since
« 1
201420 + (1 —a)(1+ )2 2(1+42))
B —(1—a)(1+)\)?
S 2(14+20)(2a(1 +2X) + (1 — a)(1+ A)?)

an application of triangle inequality gives the following

<0,

a 1
ol =0 <2a(1 I+ (- )R 20t W) .

1 o l
+ « (2(1 +2)) B 20(1 4+ 2X\) + (1 — a)(1 + )\)2> |la].
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Therefore, the well known estimates |ca| < 2 and |l5] < 2 (cf. [4]), give the following:

2a
. < .

This is precisely our assertion at (2.2).
We next derive a relation between ¢;(ca — [3) and ¢35 + I3 for our future use. For
this purpose we add (2.13) and (2.10). After simplification we get the following:

(2.20) — (14 3X)(5a3 — bagas) = afcs +13) + a(a — 1)ci(cy — o).

By substituting a3 = a3 + m(CQ — l) from (2.18) and ay = {f5¢1 in the above

equation (2.20) we have

(2.21) ci(cz — lz) = poles +13),

where

B 2(1+A)(142))

C 5a(1+30) +2(1 —a)(1+ M) (1+2))°

We observe that 0 < g < 2forevery A > 1if 0 < a < % However, if % < a <1, then
0 < pp <2forl< <)\, where )\ is the positive root of the quadratic equation

2(1 — 2a)A* + 3(1 + 3a)A + (1 + 3a) = 0.

Ho

Moreover, Ag > ?—g.

We are now ready to find a bound for |ay|. As in our estimate for |as| in this case
also we shall express a4 in terms of the first three coefficients of P(z) and Q(w). For
this purpose we subtract (2.13) from (2.10) and get

2(1 4+ 3N\)ay = — (14 3)\)(5a3 — 5agaz) + alcs — I3) + a(a — 1)(cica — L115)

N ala — 12(04 —2) (= 1)

The relation ¢; = —[; reduces the above expression to

(2.22)  2(1+3N)ay = — (1+3)\)(5a3 — bagas)

+a(cs —Il3) + ala— 1) (ca + 1) + ala = 1§(a — 2)0?.

In (2.22) we replace —(1 + 3)\)(5a3 — basas) by the expression on the right hand side
of the equality of (2.20) and use the relation ¢; = —I;. This gives on simplification
the following:

ala—1)(a—2) 4
Cl.
3
First suppose that A and a are constrained by the requirement 1 < A < )y and 0 <
a<lorA>Xand0<a< % Then in the equation (2.23) replacing ¢;(c2 — l2) by

(2.23) 2(143N\)as = 2acs+a(a—1)ci(ca—la)+a(a—1)cr (ca+la)+



394 S. BARIK AND A. K. MISHRA

po(es + 13) from (2.21) we get:

2(1+ M) (14 2X)
S5a(l+3X) +2(1 —a)(1+ N)(1+2N)
-1 -2
+ala—1)c (ca+ 1) + afa 3)(a )cf
C100%(1 4 3X) 4+ 2a(1 — a)(1 4+ A)(1 +2))
514 3X) +2(1—a)(1 4+ A)(1+2))
B 20(1 —a)(L+ M) (1 +2))

5a(1430) +2(1 — a)(1+ M) (1 +2))°

-1 -2
ala-Dia-2) ,

3

Suppose that we furthermore restrict A in the range 1 < A < 1+ V2 <X, 0<a<l.

Then in (2.24) we substitute the expression in the right hand side of the equality of
(2.15) in place of ¢7 and get

:10a2(1 +3A) + 2a(1 — a)(1 + A)(1 + 2))

2(1+3N)ay =2acz + ala—1) (c3+13)

C3

(224) — Oé(l — 05)01<02 + lg) +

2(1+43)N)ay 5a(1+32) + 201 — a)(L+ N(1+ 2)) C3
20(1 — a)(T+ M) (1+2))
T Ba(l+aN 120 —a)(1+ N1 +20" o1 — aer(ez + 1)
a(l —a)(2 - a) (1+N)? (s ]
3 20(1 4 20) 4 (1 — a)(1 4+ \)2 1(C2 + b2
_10a2<1+3A) 20a(1 — ) (1 + M) (1 + 2))
T salt3N) 21— )1 F )12y
_ 20(1 — a) (1 + A)(1+2))
5a(l+3X) +2(1— a)(1+A)(1+23)”
(2.25) Ca(l—a) {6a(1+2)) + (1 — 2a)(1 + \)?} (st 1),

3[20(1 4 2A) + (1 — a)(1 + N)?]
Now, we apply the triangle inequality in (2.25) and get the following:

100%(1 4+ 3\) 4+ 2a(1 — a)(1 + A)(1 +2))
Sa(l 130 20—+ iy @
20(1 — a) (14 A)(1 4 2)) "
5a(l430) +2(1 —a)(T+A)(1+2))"°
{6c(1 +2X) + (1 — 2a)(1 + \)2}
32a(1+2X) + (1 — a)(1 4+ N)?

2(1 + 3)\)|ay| <

+0((1—Oé) |Cl(62+l2)|.

Note that we made use of the fact that if 1 <A <1+ +v2 and 0 < o < 1 then
6a(1+2X)) + (1 —2a)(L+ 1) >0
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The well known estimates |¢,| < 2, |l,,| < 2(n = 2,3), and the refined bound (2.16)
for |c;| yields the following:

100%(1 4 3X) + 2a(1 — ) (1 + \)(1 + 2))

S5a(l+3N) +2(1 —a)(1+ M) (1+2)\)
2a(1 —a)(T+N)(1+2))

2(1+3N)as] <

a3 + 2 —a) (1 - (12N

{6a(1 + 2X) + (1 — 2a)(1 + N)?}
tall-a) [ 32a(1+ 2\ + (1 — a)(1 + N7 ]
. 201+ \) )

VI2a(1+20) + (1 — a) (1 + M)

or

|ay)

o 2 (1 2(1 —a)(1+)) {6a(1+2)\)+(1—2a)(1+)\)2}>
143\ 3[2a(1 +20) + (1 — @) (14 )22
(1<A<1+V20<a<]).

We get the first bound of (2.3).
Next,supposethat1+\/§<)\§)\0 and0<a§10r)\>)\0and0<a§%.We
apply the triangle inequality in (2.24) and get

100%(1 + 3X\) + 2a(1 — ) (1 + A)(1 + 2))
5a(l+3X) +2(1 — a)(1+ A)(1+ 2\
20(1 —a)(T+N)(1+2)) Iy
5a(1430) 4+ 2(1 — a)(1+ M) (1 +2))"°
(a—1)(a—2)
3

The estimates |¢,| < 2(n = 1,3), |l3] < 2 together with the estimate (2.17) for |co+ 15|
yields the following:

20 2(1 — ) {6a(1 4 2)) + (5 — 4a)(1 + A)*}
( i 3(1+ )2 )

2(1 + 3)\)|as| < |cs]

o
+a(l —a)ler(ca + 1) + 3.

< =
jal =(1+3\)

1
<1+\/§§/\§)\0,0§a<10r)\>)\0,0§04§2).
We get the second estimate in (2.3).

Lastly, if A > )¢ and % < a < 1, then we apply the triangle inequality in (2.23)
and get

—)(2-a)

a(l
2(143)0)|ayq| < 2ales|+a(l—a)ler||(ca—12) | +a(1—a)|er||(ca+la) |+ ( |3l
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By using the well bounds |¢,,| <2 (n =1,2,3), |lz] < 2 and the refined estimate (2.17)
for |cy + 3] we have
8a(l — a)2a(1 4 2X) + (1 — ) (1 + N)?

(14 A2

2(1 4+ 3))|ay| <da+8a(l —a) +

8a(l —a)(2 — a)
3

or

20 2(1 — a) {6a (1 +2)) +4(2 — a)(1 + A)*}
N Sm (1 + 3(1+ M) )

1
<A>)\0,2<a<1).

This is precisely the third estimate in (2.3). Thus, the proof of Theorem 2.1 is
completed. O

Theorem 2.2. Let the function h(z), given by (1.3), be in the class XOF (A > 1,0 <
a <1). Then

2a
2.2 <
(2:26) ] < 5
and
(2.27)

32—1 3

o0 (14 H=0xal) As N L<a<,

|b|<{ 20 gl+2(1_a)1_2a) 1§A§/\1,0<O{§107’)\>)\1,0<05§%7
2] >
31 3

where A1 is the largest positive root of the quadratic equation
2(1 —2a)A? + 3B — DA +1—3a =0.
Proof. We adopt and suitably modify the lines of proof of Theorem 2.1 here. Therefore,

we choose to omit the details and sketch only the main steps. In this case we have
the following:

(2.28) (1- )\)h(j) + A (2) = [P(2))°

and

(2:20) (1= 0T 3k w) = [,
respectively, where

(2:30) P()=1+2+ 5+ 5+ (€4
and

(2.31) Q(w)=1+2+i22+5’3+m (w e A)
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are functions with positive real part in A. By comparing coefficients we get:

(2.32) (1 —=MN)by =acy,

1
(2.33) u—2mm:ma+§ma—nﬁ,
1
(2.34) (1 —=3X\)by =acs + a(a — 1)ciee + goz(oz —1)(a —2),
(235) (1 — )\)bo = — Olll,
1
(2.36) (1 —=2X\)b =—aly — 504(04 - 1)
and
1
(2.37) — (L = 3X)(by + boby) = als + a(a — 1)l1ls + 604(04 —1)(a—2).
The equations (2.32) and (2.35) give the following relation between ¢; and l;:
(238) Cc1 = —ll.
Similarly, the equations (2.33) and (2.36) provide the following relation among ¢y, ¢ and Iy
(2.39) cot+ly=(1—a).
We add (2.36) and (2.33) which yields, after simplification, the following:
(240) 2(1 — 2)\)()1 = Oé(CQ — lg)

By applying the triangle inequality and using the well known estimates |cs| < 2 and
|l2] < 2 we obtain

200
241 bi] < .
(2:41) .
This is precisely our assertion at (2.26).

In order to find a bound for |by| we subtract (2.37) from (2.34) and after simplifica-
tion get

(2.42) 2(1—=3\)by = —(1—3)\)bobl+a(cg—lg)+a(&—1)01(62+12)+;04(04—1)(04—2)0?.

Similarly addition of (2.37) and (2.34) yields:

(2.43) — (1 = 3N)bob; = aecz +13) + ala — 1)cr(ea — 1o).

By substituting b; = 382:2[/\2)) from (2.40) and by = % in the above equation (2.43)
we have

(2.44) ci(ea = lo) = pa(es +13),

where

B 20 —1)(2A - 1)
M B - Dat2(l-a)( - DA 1)
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We notice that 0 < p; <2 forevery A\>1if 0 < a < % However, if % < a <1, then
0 < pp <2forl < A< A, where \; is the largest positive root of the quadratic
equation

2(1 —20)X* +3(3a — DA+ 1 —3a = 0.
In (2.42) we replace —(1 — 3\)bob; by the expression on the right hand side of the
equality (2.43) and use the relation ¢; = —I;. This gives on simplification the following:
1
2(1 = 3M\)by = 2acs + o — 1)y (e2 — lo) + a(a — 1)y (cg + 1o) + ga(a —1)(a—2)c;.
By replacing ¢y + I by (1 — a)c? from the relation (2.39) we obtain
1
(2.45) 2(1 — 3\)by = 2acs + aa — 1)ei(co — ly) + ga(a —1)(1 - 2a)c.

We first suppose that A and « are constrained by the requirement that 1 < A <
MandO<a<lorA>XMand0<a< % Now, we replace ¢1(cy — lg) by py(cs + 13)
from (2.44) and get:

2a(1 — a)(A — 1)(2\ — 1)

2@-3»@=mmy—@A_DQ+2u—axA_n@A—D

(03 + lg)

1
+ ga(a —1)(1 —2a)c;

C20°(BA = 1) +20(l —a)(A—-1)(2A — 1)
T B —Da+2l—a)r-1D@2r-1)
20(1 — a)(A — 1)(2\ — 1)

a (3)\—1)a+2(1—a)()\—1)(2)\—1)l3 3

a(l —a)(2a — Uc?.

By applying the triangle inequality together with the estimates |c,,| < 1(n = 1,3), |l5] <
2 we have after simplification the following:

2% <1+2u—w@u—2ﬂ>

|ba| <

“3A-1 3

1
(1§A§A1and0<a§10r)\>)\1and0<a§2).
We get the first estimate in (2.27). Lastly, suppose that A > A; and % <a<1 We

apply the triangle inequality and the familiar estimates |c,| < 2(n = 1,2,3) in (2.45)
and get

2 41— a)(1 4+ «) 1
< — < .
|b2|_3)\_1<1+ 3 ()\>)\1,2<Oé_1)

This is precisely the second estimate in (2.27). The proof Theorem 2.2 is thus com-
pleted. O
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3. CONCLUDING REMARKS

By Definition 1.1, to each function f € oQ$ we associate a function of the
Carthéodory class which is of the the form:

Pz)=1+ciz+cz? +c32°+--- (€.

Similarly, its compositional inverse function g is also associated with a function Q(z)
of the Carthéodory class which is given by:

Q) =1+Lz+12> +13z° +--- (2 €.

The correspondence in both cases is one-to-one. In the present paper we derived
suitable relationships between ¢; and [y, and also among ¢y, ¢s, ¢35 and [3. These
relations yielded refined bounds on |c1|, |e1(ca — I2)], |c2 + lo] and |c3 + 3], in suitable
ranges of a and A. Using the refined bounds we found estimates on |as| and |a4| for
functions in the class 0Q)§. We suitably adopted and amended the lines of proof of
our Theorem 2.1 and found estimates on |b;| and |by| for functions in the class ¥XO%.

Recently Hayami and Owa [12] found bounds on |a4| and improved upon the bounds
of Srivastava et al. [19] for |as| for the class c@Q®. Thus, we have

(3.1)
s < 22, musj(1+%1&?f£5®w2ia) (f €00, 0<a<1)

Also Frasin and Aouf [9] extended the work of Srivastava et al. [19] as follows:
(3.2)

las| <

2x 2« 402

V20(1+2)) + (1 —a)(1+ )2 ‘a3’§1+2k+(1+k)2 (

feoQs).

A comparison of (2.1) and (2.2) with (3.2) shows that our estimates on |as| and
las|, for the class 0@ found in Theorem 2.1, improve upon the earlier bound obtained
by Frasin and Aouf [9]. Also taking A = 1 in Theorem 2.1 we get the estimates of
Hayami and Owa [12] mentioned at (3.1).

In a recent paper Hamidi et al. [11] found bounds for functions in a class closely
related to the function class X0 studied in this paper, but under the restriction that
initial coefficients are missing. Our work in Theorem 2.2 on coefficient bounds for
initial coefficients supplements the results in [11].
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ON ZERO FREE REGIONS FOR DERIVATIVES OF A
POLYNOMIAL
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ABSTRACT. Let P, denote the set of polynomials of the form
p(z) = (z—a)" [] (= - =),
k=1

with |a| < 1 and |z| > 1 for 1 < k < n — m. For the polynomials of the form
p(z) = zHZ;ll(z — zi), with |zx| > 1, where 1 < k < n — 1, Brown [2] stated the
problem “Find the best constant C,, such that p’(z) does not vanish in |z| < C,,”. He
also conjectured in the same paper that C,, = % This problem was solved by Aziz
and Zarger [1]. In this paper, we obtain the results which generalizes the results of

Aziz and Zarger.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let p(z) = [1;_,(z — zx) be a complex polynomial of degree n. The classical Gauss-
Lucas theorem states that every critical point of a complex polynomial p of degree at
least 2 lies in the convex hull of its zeros. This theorem has been further investigated
and developed. About the location of critical point relative to each individual zero,
a possible answer is given by the famous conjecture known in literature as Sendov’s

conjecture.

Congjecture 1 (Sendov’s Conjecture). If all the zeros of a polynomial p(z) lie in |z] < 1,
then for any zero zq of p, the disc |z — 25| < 1 contains at least one critical point of p.

This conjecture has attracted much attention. About 100 papers have been pub-
lished related to this conjecture. This conjecture has so far been verified for general

Key words and phrases. Polynomials, zeros, critical points, derivative, region.
2010 Mathematics Subject Classification. Primary: 12D10.

DOIT 10.46793/KgJMat2303.403M

Received: June 27, 2020.

Accepted: August 31, 2020.

403



404 M. I. MIR, I. NAZIR, AND I. A. WANI

polynomials of degree less than or equal to 8. However the problem is still unproved
in general.
In connection with this conjecture, Brown [2] observed that, if p(z) = 2(z — 1)},
then p/ (%) = 0 and posed the following problem.
“Let p(z) = 2[17Z1 (2 — 2), with |2;] > 1, where 1 < k < n — 1. Find the best
constant C,, such that p’(z) does not vanish in |z| < C,”.
1

However, Brown himself conjectured that C;, = . This problem has been settled

by Aziz and Zarger [1], in fact they proved the following.
Theorem 1.1. If p(z) = zI1}=1(z — 2) is a polynomial of degree n, with |z > 1,
where 1 <k <n —1, then p'(z) does not vanish in |z| < L.

As a generalization of Theorem 1.1, N. A. Rather and F. Ahmad [3] have proved
the following result.

Theorem 1.2. Let p(z) = (2 — a) [17Z1 (2 — 2) with |a| < 1 be a polynomial of degree
n with la| <1 and |zx| > 1 for 1 <k <n—1, then p'(z) does not vanish in the region

n—1 1

SEESAHI
n n

The result is best possible as is shown by the polynomial

p(z)=(z—a)(z—e*)", 0<a<2m

N. A. Rather and F. Ahmad also proved the following result in the same paper.
Theorem 1.3. Let p(z) = (z — a)" I, (2 — 2x) be a polynomial of degree n with
la| <1 and |z| > 1 for 1 < k <n—m, then p'(2) has (m — 1) fold zero at z = a and
remaining (n —m) zeros of p'(z) lie in the region

(57)
z— a
n
The result is best possible as is shown by the polynomial

, 0< a<2m.

m
>
n

p(z) = (z—a)"(z — )"

Zarger and Manzoor [4] have extended Theorem 1.1 to the second derivative p”(z)
of a polynomial of the form p(z) = 2™ [T}Z7" (2 — 2x), with |zx| > 1 for 1 <k <n—m.
In fact they proved the following.

Theorem 1.4. If p(z) = 2" [[p 1" (2 — 2zx) with |zx| > 1 for 1 <k < n —m, then the

polynomial p”(z) does not vanish in 0 < |z| < mng;”__ll)).

Zarger and Manzoor [4] also obtained the following result for the polynomial p(™(z),
m > 1.

Theorem 1.5. If p(z) = 2™ [[;Z1"(z — zx) is a polynomial of degree n with |z;| > 1
for 1 < k < n —m, then the polynomial p'™(z), m > 1, does not vanish in |z| <

m!
n(n—1)--(n—m+1) "
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In this paper, we first prove the following theorem which generalize the result of
Theorem 1.4.

Theorem 1.6. Let p(z) = (z — a)" I[-1"(z — zx) be a polynomial of degree n with
la| <1, and |z| > 1 for 1 <k < n —m, then p"(z) has (m — 2) fold zero at z = a
and remaining (n —m) zeros lie in the region

p(z) = (z = a)"Q(2),
where Q(z) = [T,Z1"(z — 2x), then by Theorem 1.3, the polynomial
P'(2) = (z—a)"'R(2),
where R(z) = (z — a)Q'(z) + mQ(z) has (m — 1) fold zero at z = a and remaining
(n —m) zeros lie in the region

m(m — 1)

Z 1)

Proof. We can write

(n — m> m
zZ— al > —
n n
Now, consider the polynomial
m n—m
11 S(z) =p' < )
(1.1) (z)=p' (2t ——a

or

m—1
S(z) = <m) (z—a)" 'R <mz+ n—ma) :
n n n
then S(z) is a polynomial of degree n—1 with (m—1) fold zero at z = a and remaining
(n —m) zeros lie in |z| > 1.
Now, applying Theorem 1.3 to the polynomial S(z), the derivative S’(z) has (m —2)
fold zero at z = a and remaining (n — m) zeros lie in the region

U A
[ )

n—1 “—n-—1"

(n — m) ’ S m—1
z— a )
n—1 “n-—1
) a, in equation (1.1) and differentiating, we obtain

p'(z) = (2 = a)" T (2),

where T'(z) = (z — a)R'(2) + (m — 1) R(2).
Applying above, we see p”(z) has (m — 2) fold zero at z = a and remaining (n — m)
zeros lie in the region

which is equivalent to

m—n
m

Replacing z by >z + (

This completes the proof. O
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Remark 1.1. For a = 0, it reduces to Theorem 1.4.

Our next result generalizes Theorem 1.5 to the polynomial of the form p(z) =
(z —a)™[Iiz"(z — 2z) with |a] <1 and |z > 1for 1 <k <n—m.

Theorem 1.7. If p(2) = (z — a)" [1;21"(z — 2zi) be a polynomial of degree n with
la] <1 and |z| > 1 for 1 <k <n —m, then the polynomial p'™ (), m > 1, has all
its zeros in the region

m! m!
Z_(1_n(n_1)...(n—m+1)>a‘Zn(n—1)...(n_m+1)‘

Proof. We can write

p(z) = (z—a)" I] (= — 2)
k=1
or
p(z) = (2 = a)"Q(2),
where Q(z) =TT 21" (2 — 2x), |26] > 1, 1 <k <n—m.
From the proof of Theorem 1.6, we can write
P'(2) = (2 —a)"*T(2),

where T'(z) = (2 —a)R'(2) + (m — 1) R(z). Also, p"(z) has (m — 2) fold zero at z = a
and remaining (n —m) zeros lie in

_n(n—l)—m(m—l)a m(m — 1)
|Z n(n —1) = nn—1)"
Now, consider the polynomial
(1.2) U(z) =p" (TZEZL__S)Z + n(n —711)(71—_7711()771 — 1>a>
m(m — 1) me2 o (M —1) nin—1) —m(m—1)
v=(Tamny) o Gy )

Then U(z) has (m — 2) fold zero at z = a and remaining (n — m) zeros lie in |z| > 1.
Again, applying Theorem 1.3 to U(z), which is a polynomial of degree n — 2, the
derivative U'(z) has (m — 3) fold zero at z = a and remaining (n — m) zeros lie in

Z_(n—Q—(m—2)>a|Zm—2

n—2 n—2"

(n—m) S m—2

z — a .
n—2 —n-—2

m(m—1)—n(n—1)

1) in (1.2) and differentiating, we obtain

P'(2) = (2 — )"V (2),

which is equivalent to

n(n—1)
m(m—1)

Replacing z by z +



ON ZERO FREE REGIONS FOR DERIVATIVES OF A POLYNOMIAL 407

where V(2) = (z—a)T"(2) + (m—2)T'(z) has (m —3) fold zero at z = a and remaining
(n —m) zeros lie

| m(m —1)(m — 2) - m(m —1)(m — 2)
z—|1- a :
n(n—1)(n —2) ~ nn—-1)mn-2)
Proceeding similarly, for any positive integer m = 1,2,...,n — 1, we see that the
polynomial p™(z) has all its zeros in the region
m/!

m!
—(1- > )
‘ ( n(n—1>---(n—m+1)>“ “atn—1)--(n—m+1)
This completes the proof. O
Remark 1.2. For a = 0, it reduces to Theorem 1.5.

Remark 1.3. For m = 1, it reduces to Theorem 1.2.

Remark 1.4. For a = 0 and m = 1, it reduces to the result of Aziz and Zarger.
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A NEW EXTENSION OF BANACH-CARISTI THEOREM AND ITS
APPLICATION TO NONLINEAR FUNCTIONAL EQUATIONS

NABANITA KONWAR!, PRADIP DEBNATH?, STOJAN RADENOVIC?, AND HASSEN AYDI*

ABSTRACT. In this paper, we present a new extension of Banach-Caristi type the-
orem for multivalued mappings. We show that our result is not a consequence of
multivalued version of Banach contraction principle due to Nadler. We provide an
application of our result to the solution of functional equations.

1. PRELIMINARIES

Caristi [4] introduced an important generalization of the Banach contraction prin-
ciple as follows.

Theorem 1.1 ([4]). Let (A,n) be a complete metric space (MS, in short) and ¥ :
A — A be a self-map satisfying

n(s, (<)) < (<) — o(S(<)),
forall¢ € A, where ¢ : A — [0,00) is a lower semicontinous mapping. Then S admits
a fized point.

Caristi’s theorem has a close connection with Ekeland’s variational principle [7,8].
Weston [20] established a characterization for the metric completeness in terms of
Caristi’s theorem. Agarwal and Khamsi [1] extended Caristi’s result to vector valued
metric spaces.

In 1969, Nadler [17] established a number of very significant fixed point results
for multivalued maps using the Hausdorff concept, i.e., by considering the distance

Key words and phrases. Fixed point, Banach contraction principle, nonlinear functional equation,
metric space, Caristi’s theorem.
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between two arbitrary sets. Khan [12] studied some interesting common fixed points
for multivalued maps.

Let (A,n) be a complete MS and let CB(A) denote the class of all nonempty
closed and bounded subsets of A. Then for A,B € CB(A), define the map H :
CB(A) x CB(A) — [0,00) by

H(A, B) = max {sup A(&,A), sup A(0, B)} ,
¢eB seA
where A(0, B) = infeenn(d,€). H is called the Pompeiu-Hausdorff metric induced
by 7.
Definition 1.1 ([17]). ¢ € A is said to be a fixed point of the multivalued map
J: A — CB(A) if ¢ € S(s). The set of all fixed points of & is denoted by Fix ().

Remark 1.1. In the MS (CB(A),H), ¢ € A, is a fixed point of & if and only if
A(s,S(s)) = 0.

The following results are important in the present context.

Lemma 1.1 ([3,5]). Let (A,n) be a MS and U, V,W € CB(A). Then
(@) A(, V') <, ) for any v € V and p € A;
(b) A(p, V) <HU,V) for any p € U;
(c) A(p, U) < [n(p,v) + A(v,U)] for all p,v € A.
Lemma 1.2 ([17]). Let U,V € CB(A) and let ¢ € U. Then for any p > 0 there exists
& €V such that
n(s,§) < HU, V) +p.
Howewver, there may not be a point £ € V' such that
n(s, &) < HU, V).
If V is compact, then such a point & exists, i.e., n(s,&) < H(U, V).

Lemma 1.3 ([17]). Let {U,} be a sequence in CB(A) and lim,,_,. H(U,,U) =0 for
some U € CB(A). If v, € U, and lim,_, n(v,,v) =0 for some v € A, then v € U.

(
Lemma 1.4 ([16]). If {s.} is a sequence in a MS (A,n) such that there exists a
constant X € [0,1) satisfying

77(§n+17§n) S >\77(§na gn—l)a fOT a” n Z 1a
then the sequence {s,} is Cauchy.

Caristi type conditions have been applied to multivalued mappings by Jachymski
[10], Feng and Liu [9], Latif and Kutbi [15] and many more. Also, generalized Caristi’s
fixed point theorems have been studied by Latif [14], Suzuki [19], and several others.

Recently, Khojateh et al. [13] gave some applications of Caristi’s theorem in MS,
whereas Karapinar et al. [11] extended the Banach and Caristi type theorems to
b-metric spaces. In the present paper, we introduce a new extension of Banach and
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Caristi type theorem to a complete MS for multivalued mappings. In Section 2, we
present the main result and in Section 3 we provide an application of our result to the
solution of a particular type of nonlinear functional equations. For some recent work on
the application of multivalued fixed point results to the solution of functional /integral
equations, we refer to [2,6,18].

2. MAIN RESULTS

In this section, we present our main result which is a new extension of Banach-
Caristi theorem.

Theorem 2.1. Let (A,n) be a complete MS and S : A — CB(A) be a multivalued
map such that () is compact for each ¢ € A. Suppose that the function ¢ : A — R
satisfies the following conditions:

(a) ¢ is bounded below (i.e., inf ¢(s) > —oo)

(b) A(s, (<)) > 0 implies H(S(s),(£)) < (o(s) = d(&))n(s, €) for all £ € A.
Then S has a fized point.

Proof. Consider ¢y € A and choose ¢; € 3(gp). Since (¢1) is compact, by Lemma 1.2,

we can select ¢ € J(¢y) satisfying n(s1, 2) < H(S(0), S(s1)). Similarly, we can choose

g3 € $(sa) satisfying n(<a, ¢3) < H(SI(s1), S(s2)) and so on.
Continuing in this way, we construct a sequence {s, }°°, satisfying

1(Sn; Snr1) < H(S(6n-1), I(<n))-

We assume that ¢, & S(s,) (i.e., A(sn, S(sn)) > 0) for all n > 0, since otherwise we
obtain a fixed point and the proof is completed.

Let a,, = n(Sp-1,5,). Using condition (b), we have

AUpt1 = n(gnu gn—l—l) < }C(C\(gn 1) C\(gn))
( (§n 1) ( )) (gn 1a§n)

(2.1) = (¢(sn-1) — dlsn))n

So, 0 < Z2 < ¢(Gp-1) — ¢(sn) for each n € N.

Thus, the sequence {¢(s,,)} is positive and non-increasing (i.e., bounded and mono-

tone). Hence, it converges to some r > 0.
Further, for each n € N,

— () —r as n — oo.
Therefore, 3707 | 2+ < oo, which implies that lim,_,o “*** = 0. Thus, for A € (0, 1),

Qn

there exists ng € N such that 2+ < A for all n > ng. This implies that 7(g,41, ) <
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AN (Sn, Sn—1) for all n > ny. Using Lemma 1.4, we see that the sequence {g,} is Cauchy
and since (A, n) is complete, ¢, — ¢ as n — oo for some ¢ € A.
We claim that ¢ is a fixed point of & We have

A6, 3(9)) < (s, 6ns1) + ASnr1,S(s))]  (using (c) of Lemma 1.1)
< (S, Gng1) + FH(S(sn), S(s))]  (using (b) of Lemma 1.1)

< (s, sna1) + (d(sn) — 0(s))n(sn,s)]  (using (b) of the hypothesis)
—0 as n — oo.

Therefore, A(s,3(s)) =0, i.e., ¢ € J(s). O

Remark 2.1. Tt should be noted that the right hand side of Caristi’s condition from
Theorem 1.1 does not depend on the distance function, whereas in our condition
from Theorem 2.1, the right hand side depends on the distance function. As such,
Theorem 2.1 should better be treated as a variant of a Caristi type result instead of
a generalization of the same. This is more so, because one can observe that when
$ is a single-valued mapping, our result does not reduce to original Caristi’s result.
For these reasons our result does not bear a direct connection with the multivalued
results studied in [9, 10, 15].

Next, we provide an example to validate Theorem 2.1.

Ezxample 2.1. Consider A = {0,1,2} and n: A x A — [0, 00) be defined as n(0,1) =1,
1(0,2) =2,7(1,2) =1, n(c,<) = 0 and n(c, &) = (&, <) for all ¢, € A. Then (A, n) is
a complete MS. Define the multivalued map & : A — CB(A) by

o~/ ) {0}, if ¢# 2,

() = { {0,2}, if ¢=2.

Also, define ¢ : A — R by ¢(0) = 0, ¢(1) = 5 and ¢(2) = 3. Clearly, (A,n)
is a complete MS and (<) is compact for each ¢ € A. Further, we observe that
A(s,3(s)) > 0 for ¢ = 1. Indeed, we have

A(0,30) =A(0, {0}) = 0,
A(1,$1) =A(1,{0}) =1,

A(2,32) =A(2,{0,2}) = 0.
Now,
H(31,30) =H({0},{0}) = 0,
H(S1,31) =0,
F(S1, 32) =H ({0}, {0,2}) = 2.
Hence, it is easy to see that
H(31,30) < (¢(1) = ¢(0))n(1,0),
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Therefore, all conditions of Theorem 2.1 are satisfied and we see that & has a fixed
point. Here, Fiz () = {0,2}.

Remark 2.2. Note that H(31,32) = 2 > n(1,2) = 1. Hence, Theorem 2.1 is not a
consequence of the multivalued version of the Banach contraction principle due to
Nadler [17].

3. APPLICATION TO FUNCTIONAL EQUATIONS

Mathematical optimization problems often make use of dynamic programming to
obtain the optimal solution. In many such optimal problems, the corresponding
dynamical program gets boiled down to solve a functional equation of the form:

(3.1) u(t) = ilel‘[/){g(t,é}) + G(t,s,u(h(t,s)))}, teW,

where h : W xV =W, g: W xV 5>Rand G: W xV xR — R. Let M and N be
Banach spaces. W C M is called a state space and V' C N is called a decision space.
The process under study is a multistage process. We define the following:

eB(WW) := the collection of all bounded and closed real functions on W;

o||fll := sup,ey [f ()], f € B(W).
The metric induced by || - || is given by

(3.2) n(fr, f2) = sup |f1(t) = fo(t)],  f1, f2 € BW).

Then (B(W),||-|) is a Banach space. Further, define the operator & : B(W) — B(W)
by

(3.3) S = ig/)g(t, s)+ G(t, s, f(h(t,5))),

for all f € B(W) and t € W. To prove an existence result, we need the following
theorem.

Theorem 3.1. Let S : B(W) — B(W) be defined by (3.3). Let & be upper semi-
continuous satisfying:

(a) g and G are bounded and continuous;

(b) for all fi, fo € B(W) we have
0 <77(f17f2) <l= |G(t757.f1(t)) - G(tv San(t)” < ;ﬁg(fbﬁ),

(3.4) n(f1, f2) 21 = |G(t, s, f1(t)) — G(t, s, f2(t))] < §772(f1,f2),

wheret € W and s € V.
Then (3.1) has a bounded solution.

Proof. Let ¢ > 0and t € W. Since (B(W),n) is complete for fi, fo € B(W)and e > 0
there exist si,s9 € V such that

(3.5) S()@) = g(t, s1) + G, 51, fr(h(t, 51))),
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but
(3.6) S()(E) < g(t,s1) + Gt 51, fi(h(t, 51))) + €
and
(3.7) S(f2)(t) = g(t, 52) + G (1, 52, f2(h(E, 52)))-
But,
(3.8) S(f2)(t) < g(t,52) + G(t, 52, fo(h(l, 52))) + €.
Consider the function ¢ : (0,00) — (0, 00) defined by

i, if0<¢<1,

i(s) = 22
gg, if ¢ > 1.

Then (3.4) reduces to

(3.9) G(t,s, f1(t) — Gt s, f2(1)] < 0(n(f1, f2)).
We observe that () < < for all ¢ € (0,00). From (3.6), (3.7) and (3.8), we have that

S()E) = S(f2)(#) < |Gt 51, fr(h(E, 51))) = G, 52, fa(h(t; 52)))| + €

(3.10) <o(n(fi, f2) +e

Similarly, we have

(3.11) S(f2)(t) = S(f)(@) < d(n(f1, f2)) + e
From (3.10) and (3.11)

(3.12) [S(f2)(1) = S(f)(E)] < d(n(fr, f2)) +e
Thus,

(3.13) n(S(f1), S(f2)) <d(n(f1, f2)) + €.
Since € > 0 is arbitrary, we obtain

(3.14) n(S(f1),S(f)) < 0(n(f1, f2)) <n(f1, f),

(since 6(s) < ¢, for each ¢ € (0,00)). Now, define ¢ : B(W) — R such that ¢(f) =
[||£1I]?, where f € B(W) and [-] denotes the greatest integer function. Now, all such
functions f; € B(W) which satisty n(f;, (f;)) > 0, ¢ # j, we observe that

n(S(f1),S(f2)) <o f1, f2)) < nlfr, f2) < lo(f1) — o(f2)|n(fr, f2),

(since in this case [¢(f1) —@(f2)| > 1). Thus, we observe that Theorem 2.1 is applicable
to the operator &, so & has a fixed point f* € B(W), which in turn is a bounded
solution of the functional equation (3.1). O
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CHARACTERIZATION OF ORDERED SEMIHYPERGROUPS BY
COVERED HYPERIDEALS

MD FIROJ ALI' AND NOOR MOHAMMAD KHAN?

ABSTRACT. After introducing the notions of the Green’s relation J, hyper J-class
and covered hyperideal in an ordered semihypergroup, some important properties of
the hyper J-class and covered hyperideals are studied. Then maximal and minimal
hyperideals of an ordered semihypergroup are defined and some vital results have
been proved. We also define a hyperbase of an ordered semihypergroup and prove
the existence of a hyperbase under certain conditions in an ordered semihypergroup.
In an ordered semihypergroup, after defining the greatest covered hyperideal and
the greatest hyperideal, some results about these hyperideals are proved. Finally,
in a regular ordered semihypergroup, we show that, under some conditions, each
hyperideal is also a covered hyperideal.

1. INTRODUCTION AND PRELINIMARIES

In 1934, Marty [16] introduced the concept of a hyperstructure, in particular, the
hypergroup theory in the 8th Congress of Scandinavian Mathematicians. The beauty
of hyperstructure is that in hyperstructures, composition of two elements is a set.
Thus the notion of algebraic hyperstructures is a generalization of classical notion
of algebraic structures. The concept of ordered semihypergroup is a generalization
of the concept of ordered semigroup and was introduced by Heidari and Davvaz
in [11]. Thereafter it was studied by several authors. Davvaz et al. [1,2,11,17]
studied some properties of hyperideals, bi-hyperideals and quasi-hyperideals in ordered
semihypergroups. In [7,9], Fabrici introduced the notion of a covered ideal and, in

Key words and phrases. Ordered semihypergroup, hyperideal, hyper J-class, covered hyperideal,
maximal hyperideal, minimal hyperideal, greatest covered hyperideal, greatest hyperideal and hyper-
base.
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[20], Xie generalized the notion of a covered ideal for ordered semigroups. Thereafter,
Thawhat Changphas and Pisan Summaprab [4] discussed the structure of an ordered
semigroup containing covered ideals. Later on Saber Omidi and Bijan Davvaz [18]
discussed the notion of a covered - hyperideal in an ordered y-semihypergroup.

A hyperoperation on a set S(# ) is a map o : S x S — P*(S), where P*(S) denotes
the power set of S except {(}}. Then (5, 0) is a hypergroupoid. The image of the pair
(a,b) in S x S is denoted by a o b.

A hypergroupoid (S, o) is called a semihypergroup if for all z1, x5, 23 € S

(1'1 O._'EQ) O3 = X1 0 ({L‘Q 01‘3).

It means that U toxzs= U xi0r1.
texioxa rET20T3

For any 17, T, € P*(S), we denote
T1 o) TQ = U to t/.

teT1 ,t/ €Ty
Instead of {z1} o T} and T, o {x;} we shall write, in whatever follows, z; o 77 and
T5 o xq, respectively. We shall write A™ for Ao Ao Ao---0 A (n-copies of A) in the
sequel without further mention.

Definition 1.1. Let < be an ordered relation on a set S(# (). The triplet (S, o, <)
is called an ordered semihypergroup if (S,0) is a semihypergroup and (S5,<) is a
partially ordered set such that: for all ¢1,t5,t € S, t; <ty implies t; ot <ty 0t and
toty <toty. Heret;ot <tyot means that for any w € t; ot there exists w’ € tyot
such that w < w'.

A subset H(# () of an ordered semihypergroup S is called a subsemihypergroup
of S'ift Ho H C H. We note that for every z,y, z, u,v,w € S such that zoy < zow
and u < v, we obtain royou < zowow.

For L C S, let (L] = {t € S|t < h for some h € L}. Throughout this paper S
denotes an ordered semihypergroup until or unless it is mentioned.

Definition 1.2. A subset W (£ 0) of S is called a right (resp. left) hyperideal of S if
(a) Wo S CW (resp. SoW CW);
(b) (W] C W.
W becomes a hyperideal if it is both a right hyperideal and a left hyperideal of S.
The set of all hyperideals of S shall be denoted, in whatever follows, by I*.

Definition 1.3. A proper hyperideal W of S is called minimal if W does not contain
any hyperideal of S. Equivalently, if for any U € I* such that U C W, we have
U = W. The proper hyperideal W of S is called maximal if for any V' € I* such
that W C V, we have V = S. Equivalently, if for any V' € I* such that W C V', we
have V' = W. Finally, S is called simple if S has no proper hyperideals. The ordered
semihypergroup S is called regular if for any a; € S there exists ¢t € S such that
a; € (a; ot oay]. Equivalently, W C (W o S o W] for every W C S.
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For an ordered semihypergroup S, the hyperideal J(a) generated by the element a
of Sisequal to (aUSoaUaoSUSoaofs].

In Section 2 of the paper, after defining the notions of Green’s relation J and covered
hyperideal, some important properties of Green’s relation J and covered hyperideals of
an ordered semihypergroup are obtained as the main results while Section 3 deals with
the structural properties of ordered semihypergroups containing covered hyperideals.

2. BAasic PROPERTIES OF COVERED HYPERIDEALS

The Green’s relation J on S, an ordered semihypergroup, is defined by, for ¢, € S,
t 3¢ if and only if J(t) = J(t').

For any t € S, T; is J-hyperclass of t. Let D be the collection of all J-hyperclasses of
S. Define an order ‘<’ on D by: for any t,t' € S,

T, < T} if and only if J(t) C J(t').

Then it is easy to verify that (D, <) is a quasi-ordered set.
The following result easily follows.

Lemma 2.1. Let t be any element of S such that T'(t) ¢ K for any principal hyperideal
K of S. Then the J-hyperclass T; is maximal.

Lemma 2.2. Let K be any subset of S. Then K is a maximal J-hyperclass of S if
and only if S\ K is a maximal hyperideal of S.

Proof. First we consider that K is a maximal J-hyperclass of S. Then K = T; for
some t € S. We now show that S\ 7T; is a hyperideal of S. For this let A € S and
t'e S\Ti, thent' ¢ T, = J(t) # J(t'). Let y € hot'. Then either J(y) = J(t) or
J(y) # J(t). If J(y) # J(t) then the proof is obvious. If J(y) = J(t), then we have
y€hot CSoJ(')CJ({') and J(y) = J(t) # J(t'). Since Ty and T; are disjoint
J-hyperclasses of S, we havey ¢ T, = y € S\ T;. Thus SoS\T; C S\ T;. Similarly,
we may show that (S'\7;) oS C S\ T;. Let u € S\ T, and v € S be such that v < u.
So we have v € (v] C (u] C J(u) and thus, J(v) C J(u) = T, < T,. If v € T}, since
T; is maximal, so T, is also maximal J-hyperclass of S. Thus we have T; = T),. So
u € T, a contradiction. Hence, v € S\ T; and S\ T} is a hyperideal of S. Now it
remains to show the maximality of S\ T;. For this take any hyperideal L of S such
that S\ T, C L. Then there exists w € L\ (S \ 7;). Thus w € T;. Now, for any
y € Ty, we have
J(y) = J(z) = J(w) C L,

and, so, T; C L. Hence, S = L. This shows that S\ 7} is a maximal hyperideal of S.

Conversely suppose that S\ K is a maximal hyperideal of S. Take z € S\ (S\ K).
So z € K. If t € T, then J(t) = J(z) € K. Thus t € K. Hence, T, C K.
Since S\ K C (S\ K)U J(z) and S\ K is a maximal hyperideal of S, we have
(S\ K)UJ(z) = S. It now follows that for any ¢ € K, J(t') = J(z). Thus, for
teK,teT, = KCT,. Hence, K =1T,. If T, is not maximal J-hyperclass of S,
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then there exists e € S such that T, = T,. This implies that J(z) C J(e) and, so, by
hypothesis, J(e) C S\ K. Ase¢ T, =K = ec S\ K. Thus, z€ S\ K. Thisis a
contradiction as z € T,. Hence, T, is a maximal J-hyperclass of S. O

Definition 2.1. Any proper hyperideal K of an ordered semihypergroup S is called
a covered hyperideal of S if K C (S o (S\ K)o S]. The set of all covered hyperideals
of S shall be denoted, in whatever follows, by Cy.

Ezample 2.1. Let S = {u,v,w,z}. Define the hyper operation (o) on S by the
following table:

u v w x
{uf {u,v} {w,w} {u

{u} {w,v} {w,w} {u}.

{u} {u,v} {w,w} {u}

{up {uw, 0} {u,w} {u}

Define order on S as <= {(u,u), (v,v), (w,w), (z,z), (v,u), (w,u)}. Then (S,0,<) is
an ordered semihypergroup. Now, it may easily be verified that B = {u,v,w} is a
covered hyperideal of S.

K & < 2o

Ezample 2.2. Let S = {u,v,w,z,y}. Define the hyper operation (o) on S by the
following table:

u v w x Y
{w,v} {u,v} {u,v} {u,v} {u,v}
{u,v} {u,v} {u,v} {u,v} {u,v} _
{u, 0} {u, v} {w} Aw} Ay}
{u, v} {u, v} {w} {«}  {y}

y [H{uv} {uwop {w}  {w}  {y}
Define order on S as <= {(u, u), (v,v), (w,w), (z,x), (y,y), (u, w), (u, x), (u,y), (v,w),
(v, ), (v,y), (w,z), (w,y)}. Then (5,0, <) becomes an ordered semihypergroup. One
may easily verify that the sets A; = {u,v} and Ay = {u,v,w,y} are covered hyper-
ideals of S.

8 & @ 2o

Proposition 2.1. Let Ay, Ay be different proper hyperideals of S such that AJUAy = S.
Then none of them is covered hyperideal of S.

Proof. On contrary, assume that A; is a covered hyperideal of S. Since A; U Ay = S,
we have S\ A; C Ay and S\ As C A;. Thus we have

A C(So(S\A)oS| C(SoAy08]C A,

Therefore, S = A,. This is a contradiction. By the similar argument, we may show
that if A, is a covered hyperideal of S, then S = A;. This is again a contradiction.
Hence, the result hold. 0

The following corollary follows easily from Proposition 2.1.
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Corollary 2.1. If an ordered semihypergroup S contains two or more maximal hy-
perideal, then none of them is a covered hyperideal of S.

Proposition 2.2. Let Ay, Ay be covered hyperideals of S. Then A; U Ay € Cy.

Proof. Let Ay and Ay € Cg. Then A; C (So(S\ Aj)oS]and Ay C (So(S\ Az)0S]
Clearly AjUA, is a hyperideal of S. To show that A;UAy € Cg, take any z € (A;UA,).
If z € Ay, then z € (s10tosy| for some 51,59 € Sandt € S\ A;. Incaset € S\ (A;UA,),
then z € (So (S\ (A1 UAy))oS]|. Again, if t € (A; U Ag), thent € Ay C (5] ot o s))]
for §f,s, € Sand t' € S\ As. Now z € (sy0toss] C (sp0(s]ot osyosy C
(SoSot'oSoS|C(Sot'oS]|. Ift' € Ay, thent e (sfot' os)] C(SoA 0S]CA;.
This is a contradiction. Hence, ¢’ € S\ (A; U Ay) and, so, z € (So(S\ (A1 UAs))0S].
In a similar way we may show that if z € Ay, then z € (So(S\ (A;UAs))oS]. Hence,
the result follows. O

Proposition 2.3. Let A be any hyperideal of S and Ay € Cy. Then A1 N Ay € Coy.

Proof. First we prove that A; N A, is a non-empty hyperideal of S. For this, let t € Ay
and t' € Ay, then we have tot/ C Ajo Ay C A0S C Ay. Also, tot! C Ao Ay C
SOA2 - AQ. ThUS, tot - AlﬂAQ - S. Clearly, (AlﬂAQ)OS - AloS - Al
and (A1 N Az)o0S C Ay 0S5 C Ay, Thus (A1 NAz) oS C A; N Ay In a similar way
we may show that S o (A; N As) C A; N Ay Also, as (A; N As] C (4] = Ay and
(Al N AQ] Q (AQ] = AQ, we have (Al N AQ] Q Al N Ag. NOW, as Al N A2 Q AQ Q
(So(S\A2)oS] C(So(S\(A1NAs))oS], A;N Ay is a covered hyperideal of S. O

Corollary 2.2. If Ay and Ay € Cy, then A1 N Ay € Cy.
Combining Proposition 2.2 and Corollary 2.2, we have the following.
Theorem 2.1. For an ordered semihypergroup S, Cyc is a sublattice of the lattice of
all hyperideals of S.
3. COVERED HYPERIDEALS IN ORDERED SEMIHYPERGROUPS

Theorem 3.1. An ordered semihypergroup S contains a covered hyperideal if it is not
simple.

Proof. Proof of this theorem is similar to the proof of Theorem 3.10 of [18]. O

Theorem 3.2. If an ordered semihypergroup S contains covered hyperideals, then
every covered hyperideal of S is minimal if and only if any two distinct covered
hyperideals of S are disjoint.

Proof. Proof of this theorem is similar to the proof of Theorem 3.9 of [18]. O

Corollary 3.1. Let (S,0,<) be an ordered semihypergroup. If S is not simple, then
each covered hyperideal of S is minimal if and only if any two distinct covered hyper-
ideals of S are disjoint.
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Theorem 3.3. Let K be any proper hyperideal of a reqular ordered semihypergroup
S. If for every J(t) C K, there exists t' € S\ K such that J(t) C J(t'), then every
proper hyperideal of S is a covered hyperideal of S.

Proof. Clearly (SoS] C S. As Sisregular, S C (SoSoS| C (SoS] C S = S = (505].
Now suppose that for any hyperideal K of S and ¢ € K such that J(t) C K, there
exists ¢ € S\ K such that J(t) C J(t'). As S =(SoS], weget S=(S0S0S5]. Then
t' < $1 080 83 for some $1,89,83 €S. If s € K, thent' € (So Ko S| C (K] =K.
This is a contradiction. Therefore, ¢ € S\ K. Also, t' € (So(S\ K)o S] = J(t') C
(So(S\K)oS]. Nowte J(t) CJ(t') C(So(S\K)oS]. Hence, K € Cy. O

The following example illustrates Theorem 3.3.

FEzample 3.1. In Example 2.2, one may easily check that (.5, o, <) is a regular ordered
semihypergroup. Consider the subset K = {u,v,w,y} of S. Then K is a hyperideal
of S such that J(u) C K. For x € S\ K, J(t) C J(z) for all t € S. Then, by the
hypothesis of the Theorem 3.3, K becomes covered hyperideal of S.

Proposition 3.1. Let K be any hyperideal of a regular order semihypergroup S. Then
any covered hyperideal L of K is also a covered hyperideal of S.

Proof. As being a hyperideal of S, K is also a subsemihypergroup of S. Let h € K C S.
Since S is regular, there exists t' € S such that h < hot'oh < hot'o(hot' oh) =
ho(t'ohot')oh. As K is a hyperideal of S, we have t' chot' C So Ko S C K.
Therefore, h € (h o K o h|. Hence, K is a regular subsemihypergroup of S.

Now we show that L is a hyperideal of S. For this, take any u € L C K and s € S.
Then vos C K. For any v € uo s C K, there exists h € K such that

v<vohovC(uos)oho(uos)
CLo(SoKoS)oS
CLoKoS
CLoK CL (asLisa hyperideal of K).

Therefore, uo s C L. By the similar argument we may show that sowu C L. Also,
ifle L C Kandte Ssuchthatt <l = t e K. As L is a hyperideal of K, it
follows that t € L. Hence L is a hyperideal of S. Again, by hypothesis, we have
LC(Ko(K\L)oK]C (So(K\L)oS| C(So(S\L)oS] (since p # K\LC S\L).
Hence, K € Cq. 0]

The following example shows that the condition of the Proposition 3.1 on S to be
regular ordered semihypergroup is a sufficient condition.

Ezxample 3.2. Let S = {v,w, x,t}. Define a hyper operation (o) on S by the following
table:
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‘ v w x t

{v} {v,w} {v,z} {v}

{v} {v,w} {v,2} {o}.

{v} {v,w} {v,2} {v}

{v} {v,w} {v,2} {v}
Define an order on S as <= {(v,v), (w,w), (z,z), (t,t), (w,v), (z,v)}. Then (5,0, <)
is an ordered semihypergroup but not a regular ordered semihypergroup. For the
subsets K = {v,w,z}, L1 = {w} and Ly = {z} of S, one may easily verify that K is
a hyperideal of S and each L; (i = 1,2) is a covered hyperideal of both K and S.

+~ 8 R o

Definition 3.1. A non-empty subset Hg of S is called a two-sided hyperbase of S if
(a) S:(HBUHBOSUSOHBUSOHBOS];
(b) If D C Hp such that S=(DUDoSUSoDUSoDolS], then D= Hpg.

Maximal J-hyperclasses of S may be realized as the compliments of maximal hy-
perideals of S. The complement of a maximal hyperideal H; of .S, in the sequel, will
be denoted by H*.

In the followings, to provide examles of hyperbases of ordered semihypergroups,
examples of ordered semihypergroups are taken from [19] and [2], respectively.

Ezample 3.3. Let S = {u,v,w,z,y,z}. Define a hyper operation (o) on S by the
following table:

U v w x Y z

{z,y} A=y} A=y} {zy} {zy} {zy}
{z,y} A=y} A=y} {zy} {z,y} {zy}
{z,y} {z,y} Az} {zv} {zy} {z.y}
{z,y} {y} Az} {zy} {zy} {2y}
{z,u} {yy Az} {z9} {2y} {z.y}

{ut  {o} A{w} {o} {y} {2}

Define an order on S as <= {(u, u), (v,v), (w,w), (z,z), (z,u), (z,w), (x, 2), (y,y),
(y,w), (y,v), (y,w), (y,x), (y, 2), (2,2)}. Then (S, 0,<) is an ordered semihyper-
group. Consider the subset Hg = {z} of S. Then, clearly, S o Hg = S and, hence,
S=(HgUHgoSUSoHgUSoHgoS]. So Hg is a hyperbase of S.

e 8 8 2o

Ezample 3.4. Let S = {u,v,w,x,t}. Define a hyper operation (o) on S by the
following table:

U v w T t

{u} {utr  A{up  {u}  A{u}

{up {uw,o} A{u} w2} {u}

{ut A{uw.t} {w,w} {u,w} {ut}”

{ut {uw,v} {u,z} {u,z} {u,v}

{up {uw,t}  A{u} Aw,w} {u}

Define an order on S as <= {(u,u), (v,v), (w,w), (z,z), (t,t), (u,v), (u,w), (u, ),
(u,t)}. (S,0,<) is an ordered semihypergroup may easily be checked. Consider the

+~8 f e 20
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subsets Hg = {v} and Hp = {x} of S. It is easy to verify that both Hg and H}; are
hyperbases of S.

A covered hyperideal A of an ordered semihypergroup S is called the greatest
covered hyperideal of S if it contains every covered hyperideal of S. The greatest
covered hyperideal A of S will be denoted by A? in the sequel.

Theorem 3.4. If S is not hypersimple and contains a two-sided hyperbase Hg of
S, then S has the greatest covered hyperideal AY. Moreover, A9 = (S3| N H, where
H = (N H,;, where {H;}ieq is the family of all maximal hyperideals of S.

tex
Proof. Containment of hyperbase Hp implies the existence of maximal hyperideals in
S and H; = S\ H*, where H' is a maximal J-hyperclass. Since ¢ # H = (| H; =

tea

NS\ H' =5\ U Ht. It is easy to verify that H and (S%] are hyperideals of S. Let

tEa tea

K = (8% N H. We show that K € Cy. For this, let h € K be any element. Then
he (S]] = he(Sot'oS]for somet € S. If ' € Hg, then 3 ¢ € Hp such that
t' € J(c) and, hence, ' € (SocUcoSUSocoS]ie. t'is at least in one of the subsets:
(Soc], (coS], (SocoS]. Then, for all these subsets, we have (Sot'0S] C (SocoS]
and, hence, h € (Soco S] for ¢ € Hg. Thus, for any h € K, 3 ¢ € Hg such
that h € (SocoS] € (SoHgoS] C (So(S\H)oS] C (So(S\K)odS].
Therefore K C (So (S\ K)o S]. It now remains to show that K is the greatest
covered hyperideal of S. To show this, let L be any covered hyperideal of S. Then
L C(So(S\L)oS] C (S%. Since L € Cqg, L can not contain any maximal J-
hyperclass. So L C S\ H' for every t € a. Therefore, LC N S\ H'= N H; = H.

tea tea
Hence, L C (5% N H = K. Therefore, any covered hyperideal is contained in K, i.e.,
K = A9, L]

Lemma 3.1. Let S be any ordered semihypergroup having the greatest covered hyper-
ideal A9. If A9 C (SoSolS]|, then

(a) every J-hyperclass in (S3]\ A9 is mazimal;

(b) J(t) =(SotoS] forallt € (S3]\ A9.

Proof. First we assume that A9 C (S%]. Then, we have (S \ A9 # ¢. To show
the second part let ¢ € (53] \ A9. Since AY is a hyperideal of S, the J-hyperclass
T, C (S?]\ A9. Thust € (Sot'oS] for some t' € S and (SotoS] C (Sot'oS]. Since
(Sot'oS] C J(t'), we have J(t) C J(t'). Now suppose to the contrary that t' ¢ T;. So
T; # T]. We claim that ' € S'\ J(t). For this, if ' € J(t), then J(t) = J(t') = T; =
T}, which is impossible. Thus we have J(t) C (S o (S\ J(t)) o S] and, so, J(t) € Cy.
By Proposition 2.2, AU J(t) € Cy. Ast ¢ A9, we, thus, have A9 C A9U J(t). This
is a contradiction. Hence, t' € T; and J(t) C (Sot' o S| C J(t') = J(1).

Thus, J(t) = (Sot'oS] = J(t'). So, obviously (SotoS] C J(t). Now there are two
possibilities: if ' <, then J(t) = (Sot' 0o S] C (SotoS] = J() C(SotoS]. If
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t' <t is not true, then t’ € (SotUtoSUSotoS]|. Now, if t’ € (S ot], then we have
Sot'oSCSo(SotjoSC(So(Sot]oS]C(SoSotoS|C(Sotod].

Similarly, for ¢ € (to S]U (S ot o S|, we may show that (Sot'oS] C (SotoS].
Therefore, J(t) = J(t') = (Sot' o S| C (SotoS].

To prove the reverse part, let T; be a J-hyperclass in (53] \ A9. On contrary assume
that T} is not maximal. Then, by Lemma 2.1, J(t) C J(t') for some t' € S. So
t € J(t'). This implies that t € (#]U (Sot'|U (' o S]U(Sot' oS]. For such t, we
may easily prove that (SotoS] C (Sot'oS] = J(t) C (Sot' oS]. Now, as
t'e S\ J(t), J(t) is a covered hyperideal of S. Hence A9 C A%U J(t), a contradiction.
Therefore, every J-hyperclass in (53] \ AY is maximal. O

Theorem 3.5. Let S be any ordered semihypergroup having the greatest covered
hyperideal A9. If

(a) A9 C (SoSoS];
(b) neither Ty < Ty nor Ty < Ty for any t,t' € S\ (S?],

then S contains a hyperbase.

Proof. Suppose that A9 C (S%] and ¢,#' € S\ (S?] such that they are incomparable.
Since AY is a covered hyperideal of S, we have

A9 C (So(S\ A% 0S8]C (5% C(s?CSs.

Let Cy = {T; | t € S\ (S?]}, Co ={T; | t € (S?]\(S®|}and C5 = {T; | t € (S?]\ AY}.
Let K be the set containing all the elements from the members of C; and (3. Then, it
is easy to verify that K is a hyperbase of S. To show that S = J(K) = (KUSo KU
KoSUSoKolS]|, we only need to show that A9, (5] \ A9, (S?]\ (S?], and S\ (5?]
are subsets of J(K).

(i) Let z € A9. Then z € (So(S\ A% 0S] = z€ (SoyoS]forsomeyec S\ A9.
Clearly y € T; for some ¢t € (S\ (S?%]) U ((S?]\ (S?]) U ((S?] \ A9). Now, by the
construction of K, if ¢t € (S\ (S?]) U ((S®] \ 49), then we have y € J(K). Hence
z € J(K). It t € (S?]\ (5%, then ¢ < uy o uy for some uy,us € S Since ¢ & (S?], we
have uy,ug € S\ (S?%]. Tt implies that ¢t € J(K) and, so, y € J(K). Thus, we have
z e J(K).

(ii) If z € (S®] \ AY. Then there exists z; € K such that z € J(x1). Therefore
z e J(K).

(iii) If z € (S?] \ (S?], then one may prove in a similar way as in the Case (i).

(iv) If z € S\ (5?], then there exists 22 € K such that z € J(z2) C J(K).

Now, we show the minimality of K satisfying S = J(K). By Lemma 3.1, every
T; € C3is maximal. Also every T; € C is maximal since for any elements ¢, ¢ € S\ (S?],
neither 7; < Ty nor Ty < T;. Let L C K such that S = (LUSoLULoSUSoLoS|
and let z € K'\ L. Then z < 2/ for some 2z’ € (LUSoLULoSUSoLoS| = 2 € J(l)
for some [ € L. Thus, J(z) C J(I), a contradiction to the construction of K. Hence,
the proof is completed. O
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A hyperideal A of S is called the greatest hyperideal of S if every proper hyperideal
of S is contained in A. The greatest hyperideal A, if exists, will be denoted by A* in
the sequel.

Theorem 3.6. The greatest hyperideal A* of S is a covered hyperideal of S if and
only if (S*] = (5°].

Proof. First we assume that A* € Cy. So A* C (So(S\A*)oS]. Since A* is a maximal
hyperideal of S, it follows that S\ A* = T, is the unique maximal J-hyperclass of S.
Then either (S?] C S or (5% = S. If (S?] = S, then the proof is obvious. If (§?] C 9,
then either (53] = (S?] or (53] C (S?].

If (S3] C (S?], then A* C (S o (S\ A*) o S] C (S3] C (S?]. Hence S\ A* would
contain at least two different J-hyperclasses, each from (S?]\ (53] and S\ (S?]. This
is a contradiction to the fact that S\ A* contains only one maximal J-class. Thus
(5% = (5°].

Conversely, suppose that S contains A* and (S?] = (S%]. Then show that A*
is a covered hyperideal of S. For this, take any z € A*. Then, for any element
ceT, =85\ A" we have J(¢) = S. Thus z € J(c¢). However, z € A* and
ceT,=S5\A* hence z # c. Therefore, z € (coSUSocUSocoS]. If z € (coS]or
z € (Sod], then, clearly z € (S?]. If z € (SocoS], then z € (S3]. But, by hypothesis,
(S?] = (S?]. Therefore, z € (S?], i.e., 2 € (SodoS] for some d € S = J(c). If d = ¢,
then, clearly d € (SocoS]. If d # ¢, thend € (coSUSocUSocoS]. Again, if
d € (co S], then, clearly (SodoS] C (SocoSoS]C (SocolS|. The same relation
may be shown if d € ((Soc])U((SocoS]). Thus, 2 € (SodoS] C (SocoS|
and ¢ € T, = S\ A*. This shows that, for any z € A*, we have z € (S oco S| and
ceT,=S\ A" Hence, A* C (SO(S\A*)OS]le A*E(?H O

Theorem 3.7. Suppose S has only one maximal hyperideal K. If K € Cq, then
K = A",

Proof. Let L be any proper hyperideal of S. Then it is easy to verify that L C K,
otherwise we shall get a contradiction to the Proposition 2.1. Hence, K = A*. [l

The following example illustrates that the converse of the Theorem 3.7 is not be
true in general.

Ezxample 3.5. Let S = {u, v, w, x}. Define a hyper operation (o) on S by the following
table:

v v w T

{up {o} {u} {v}

{v} {u} {v} {u}.

{ut {ov} {u} {v}

{v} {u} {o} {u}

Define an order on S as <= {(u,u), (v,v), (w,w), (x,z), (u,w)}. The proof that
(S,0,<) is an ordered semihypergroup is an easy exercise. Consider the subset K =

8 & < 2|o
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{u,v,w} of S. Then it is easy to verify that K is the only maximal hyperideal of S.
As any proper hyperideal of S is contained in K, Thus, K = A*. Now S\ A* = {z},
SoxoS ={u,v}. So, A*Z (So(S\A*)oS]. Hence, A* is not a covered hyperideal
of S.

Theorem 3.8. If every proper hyperideal of S is a covered hyperideal of S, then either
of the followings is true:

(1) S contains A*;
(2) S = (SoS] and for any proper hyperideal K and for every hyperideal J(t) of
S such that J(t) C K, there exists y € S\ K such that J(t) C J(y) C S.

Proof. Take any a,b € S. If T, and T, are maximal J-hyperclasses of S such that
To # Ty, then, by Lemma 2.2, A, = S\ T, and A, = S\ T, are maximal proper
hyperideals of S. So, by Corollary 2.1, none of them is a covered hyperideal of S.
This is a contradiction. Thus S has no different maximal J-hyperclasses. Hence either
S contains one maximal J-hyperclass or S does not contain any maximal J-hyperclass.
Let the only maximal J-hyperclass T, be contained in S. Then A, = S\ T, is a
maximal hyperideal of S. By hypothesis, A, € C5. Thus, by Theorem 3.7, A, = A*.

For the second possibility, suppose that S does not contain any maximal J-hyperclass.
We need to show that S = (S o S]. For this, suppose that (S o S] € S. Then 3
ce S\ (So8]. We claim that the principal hyperideal J(c) C S. If J(¢) = S, then
S has a maximal J-hyperclass which is impossible. Hence J(c¢) C S. By hypothesis,
J(c) € Cq, ie., J(c) C(So(S\J(c)oS]. Thence (SoS0S]C(SoS]. Thisis a
contradiction.

Now let K be any proper hyperideal of S and let the principal hyperideal J(t) C K.
By hypothesis, K C (So(S\K)oS]. So3 y € S\ K such that t € (SoyoS] = J(t) C
J(y) CS. Asye S\ K, J(t) C J(y). Since S contains no maximal J-hyperclass, we
have J(y) C S, as required. O

Theorem 3.9. Let (S, 0,<) be an ordered semihypergroup. If
(1) S contains the greatest hyperideal A* such that A* € Cq or
(2) S = (S?] and for any proper hyperideal K and for every hyperideal J(t) of S
such that J(t) C K, there exists y € S\ K such that J(t) C J(y),

then every proper hyperideal of S is a covered hyperideal of S.

Proof. Let K be any proper hyperideal of S. First, suppose that the condition (1)
holds. Then K C A* and S\ A* C S\ K. Since A* € Cy, we have

KC A" C(So(S\A") o8] C(So(S\K)oS].

Therefore, K € Cy.

Secondly we assume that S satisfies the condition (2). Let h € K = J(h) C K. By
the condition (2), we have J(h) C J(y) for some y € S\ K. Since S = (5?] = S =
(S%]. Thus, y € (Sobo S] for some b € S. Asy € S\ K, we thus have b € S\ K.
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Therefore, h € (Sobo S| C (So(S\ K)oS]and, so, KC (So(S\ K)oS|. Hence,
K € Cy. U

Acknowledgements. We express our heart-felt thanks to the anonymous referee
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state that we have not received any fund for this research article.

4. OPEN PROBLEMS

(1) Is it true that the greatest hyperideal A* of an ordered semihypergroup S is a
covered hyperideal of S if and only if S = (S0 S5]?

(2) Suppose an ordered semihypergroup (5,0, <) contains only one maximal hy-
perideal K. Does K € Cy if K = A*, the greatest hyperideal of S7

5. CONCLUSION

In ordered semigroups and ordered semihypergroups, ideals and hyperideals, play
an important role to discuss the nature of the structure of ordered semigroups and
ordered semihypergroups. Nowadays the hyperideal theory has been extensively
studied by several authors. In ordered semihypergroups different types of hyperideals
such as bi-hyperideals, quasi-hyperideals have been studied. These notions had been
widely studied by several authors in different algebraic structures (see [1,2,12,19]).
In this paper, we have enhanced the understanding of ordered semihypergroups by
introducing the concept of a covered hyperideal in an ordered semihypergroup. We
have also introduced the notion of a hyperbase in an ordered semihypergroup and
proved some vital results.

REFERENCES

[1] T. Changphas and B. Davvaz, Properties of hyperideals in ordered semihypergroups, Italian
Journal of Pure and Applied Mathematics 33 (2014), 425-432.

[2] T. Changphas and B. Davvaz, Bi-hyperdeals and quasi-hyperideals in ordered semihypergroups,
Italian Journal of Pure and Applied Mathematics 35 (2015), 493-508.

[3] T. Changphas and P Summaprab, On two-sided bases of an ordered semigroup, Quasigroups
Related Systems 22 (2014), 59-66.

[4] T. Changphas and P. Summaprab, Ordered semigroups containing covered ideals, Comm. Algebra
44 (2016), 4104-4113. https://doi.org/10.1080/00927872.2015.1087015

[5] J. Chvalina, Commutative hypergroups in the sense of Marty and ordered sets, in: Proceedings of
the Summer School on General Algebra and Ordered Sets, Olomouc, 1994, 19-30.

[6] B. Davvaz, P. Corsini and T. Changphas, Relationship between ordered semihypergroups and
ordered semigroups by using pseudoorder, European J. Combin. 44(PB) (2015), 208-217. https:
//doi.org/10.1016/j.ejc.2014.08.006

[7] 1. Fabrici, Semigroups containing covered one-sided ideals, Math. Slovaca 31(3) (1981), 225-231.

[8] I. Fabrici and T. Macko, On bases and mazimal ideals in semigroups, Math. Slovaca 31(2) (1981),
115-120.

[9] I. Fabrici, Semigroups containing covered two-sided ideals, Math. Slovaca 34(4) (1984), 355-363.


https://doi.org/10.1080/00927872.2015.1087015
https://doi.org/10.1016/j.ejc.2014.08.006
https://doi.org/10.1016/j.ejc.2014.08.006

CHARACTERIZATION OF ORDERED SEMIHYPERGROUPS BY COVERED HYPERIDEALSA29

[10] Z. Gu and X. Tang, Ordered regular equivalence relations on ordered semihypergroups, J. Algebra
450 (2016), 384-397. https://doi.org/10.1016/j.jalgebra.2015.11.026

[11] D. Heidari and B. Davvaz, On ordered hyperstructures, Politehn. Univ. Bucharest Sci. Bull. Ser.
A Appl. Math. Phys. 73(2) (2011), 85-96.

[12] K. Hila, B. Davvaz and K. Naka, On quasi-hyperideals in semihypergroups, Comm. Algebra 39
(2011), 4183-4194. https://doi.org/10.1080/00927872.2010.521932

[13] N. Kehayopulu, Note on Green’s relations in ordered semigroups, Mathematica Japonica 36
(1991), 211-214.

[14] N. Kehayopulu, On regular, intra-regular ordered semigroups, Pure Math. Appl. (PU.M.A.) 4
(1993), 447-461.

[15] N. Kehayopulu, Ideals and Green’s relations in ordered semigroups, Int. J. Math. Math. Sci.
(2006), 1-8. https://doi.org/10.1155/IIMMS/2006/61286

[16] F. Marty, Sur une generalization de la notion de group, 8th Congres Math. Scandinaves, Stock-
holm, 1934, 45-49.

[17] S. Omidi and B. Davvaz, A short note on the relation N in ordered semihypergroups, Gazi
University Journal of Science 29(3) (2016), 659-662.

[18] S. Omidi and B. Davvaz, C-y-hyperideal theory in ordered vy-semihypergroups, J. Math. Fundam.
Sci. 49(2) (2017), 181-192.

[19] J. Tang and X. Xie, An investigation on left hyperideals of ordered semihypergroups, J. Math.
Res. App. 37(4) (2017), 419-434.

[20] X. Xie, On po-semigroups containing no mazximal ideals, Southeast Asian Bull. Math. 20(4)
(1996), 31-36.

'DEPARTMENT OF MATHEMATICS,
ALIGARH MUSLIM UNIVERSITY,
ALIGARH

Email address: ali.firoj970@gmail.com

2DEPARTMENT OF MATHEMATICS,
ALIGARH MUSLIM UNIVERSITY,
ALIGARH

Email address: nm_khan123@yahoo.co.in


https://doi.org/10.1016/j.jalgebra.2015.11.026
https://doi.org/10.1080/00927872.2010.521932
https://doi.org/10.1155/IJMMS/2006/61286




KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 47(3) (2023), PAGES 431-443.

THE FAMILY OF SZASZ-DURRMEYER TYPE OPERATORS
INVOLVING CHARLIER POLYNOMIALS

NAOKANT DEO! AND RAM PRATAP!

ABSTRACT. In this paper, we consider Szasz-Durrmeyer type operators based on
Charlier polynomials associated with Srivastava-Gupta operators [17]. For the
considered operators, we discuss error of estimation by using first and second order
modulus of continuity, Lipchtiz-type space, Ditzian-Totik modulus of smoothness,
Voronovskaya type asymptotic formula and weighted modulus of continuity.

1. INTRODUCTION

For the Charlier polynomials [8], the generating functions are as follows:
" u\t SN
j=0 J:

where C}(t) = io (7)(=t)d and (Jo=1, ()i =J(i + 1) +2) (j+i—1) for
1> 1.

Suppose v > 0, the space C,[0,00) = {g € C[0,00) : |g(t)| < Me"} for some
M > 0.

In view of Charlier polynomials, Varma and Tasdelen [19] proposed a sequence of
linear positive operators for g € C,[0,00) as follows:

1.9 Lo(gie.a) 6_1<1 _ 1><a1>nx S (o= na) (J) 7

i1
a = J! n

Key words and phrases. Charlier polynomials, Srivastava-Gupta operators, modulus of continuity,
Ditzian-Totik modulus of smoothness, weighted modulus of continuity.
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where a > 1 and z € [0,00). For sufficiently large a, if we replace by x — % the
above operators reduce to well-known Szasz-Mirakyan operators [18].

In [17], Srivastava and Gupta introduced a new family of linear positive operators
as follows:

(1.3) Gi(g;x) =(n—c anj e /anrcy 1(u; e)du + pro(x;¢)g(0),

7=0
where p,, j(z;¢) = _j—gf)qbg)c(x) and

e " c=0,

Pne(T) = { (1 —I—Cl‘)%'n, c=1,23,...

For the operators (1.3), they also studied the rate of convergence for the functions of
bounded variation. Ispir and Yiksel [10] defined the Bézier varient of the Srivastava-
Gupta operators and discussed rate of convergence for the functions of bounded
variation. Srivastava-Gupta [17] contains several well-known operators for different
values of ¢. Many authors have proposed various forms and modifications of the above
operators and studied several local and global approximation results. For more (see
[1,3,7,12,14,16,20, 21]).

Motivated from the above stated work, we define a linear positive operators for
g € Cp[0,00) as follows:

OOC'[»a (a — 1)nx)

/pn-l-c,j 1\us g( )du

(1.4) +Cl g(O)] .

In above operators, it can easily be seen that if we take ¢ = 1, we obtain Szasz-
Durrmeyer type operators involving Charlier Polynomials which were proposed by
Kajla and Agrawal [11] and studied several approximation results like Vorovskaya
type asymptotic theorem, local approximation, statistical rate of convergence and
functions of bounded variation. For more articles based on Charlier polynomials (see
2,4]).

The main purpose of this article is to define the operators (1.4) and discuss the
approximation results using the first and second order modulus of continuity, Lipschitz-
type space, Ditzian-Totik modulus of smoothness, Voronovskaya-type formula and
weighted approximation.

2. AUXILIARY RESULTS

Lemma 2.1 ([19]). For the operators L, (-;x,a), we have
() Loz a) =2+ 1)
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n(u? 2, a) ::p2+%(3+ﬁ) +2;
wie) =+ 5 (64 35) + 5 (54 T+ ) +

3 6 x? 30 11
Ln(u*;z,0) =2 x(lo ) (31
(u;x,a) x+n +a_1 +n2 +a—1+(a—1)2
31 20 6 > 15

T
+= (37+ + +
n3< a—1 (a—1)7° (a—1)°

Lemma 2.2. The moments of the operators G!f]c(u", x),1=0,1,2,3,4, are as follows:
(i) Glel(1;2) = 1;
(i) Glol(us ) = Ly (nw +2);
N Afa] (020 1 2,2 1 .
El.ui Gi(ur) = ] (n r°+n (6 + a_1> x+ 7),
iv

nt’

1 1
[a] (,,3. ) — 3.3 2 (4 ) 2
SCCRRY (n — 2¢)(n — 3¢)(n — 4c) (n v S ( +a—1 v
12 2
+n | 28 + + 5 | T+ 34
a—1 (a—1)
(v)
1 3
[a] 4, — 4 4 9 3(10 ) 3
el ) (n —2¢)(n — 3¢)(n — 4c¢)(n — 5¢) (nx en Ta—i)”

60 11
+n? (126 + - 5 | 27
a—1 (a—1)
126 40 6
+n {292+ + 5 + 3 x+209).
a—1 (a—1) (a—1)
Lemma 2.3. The central moments for the defined operators:
() Gl —750) = 21+ c2);
Gl (u—2)%2) = m (c(n + 6¢)* + (n (2 + ﬁ) + 120) T+ 7) ;

1
~ (n—2c)(n — 3c)(n — 4c)(n — 5c) <(
N 2¢(3(2a — 1)n? + 4c(43a — 28)n + 240(a — 1)02)353
@—1)
(56a% — 100a + 47)n% + 2¢(91a® — 62a — 9)n + 840(a — 1)*¢*
+ 5 x
(a—1)
+2(78a3 — 171a? 4 128a — 32)n + 680c(a — 1)°
(a—1)°

3n? + 86¢cn + 126¢%)c?z?

:U—|—209>.



434 N. DEO AND R. PRATAP

Lemma 2.4. For sufficiently large n, we have
() Jim nGE((u = 2); ) = 2(1 +¢x);
(i) lim_ Gl ((u—z)%z) =a (cx + L+ 2) ;

(i) Jimg G (0 — 2)%2) = 2 (3620 + S0 4 sl oigear)

3. MAIN RESULT

Theorem 3.1. Let g € C,[0,00) and for sufficiently large n the operators G (g(u); x)
converges to g(x) uniformly in each compact subset of [0,00).

Proof. From Lemma 2.2, lim, o G (1;2) = 1, lim, o Gl%(w;2) = = and
lim,, o0 Gi(u?;2) = 2°. Then by Bohman-Korovokin theorem, GI%(g(u);x) con-
verges to g(z) uniformly in each compact subset of [0, c0). O

Theorem 3.2. For g € C,[0,00) and ¢'(x), ¢"(x) exist in [0,00), we have

1
{GLZL(Q(U), $) - g(x)} — 2(1 + Cl‘)g/(l’) -+ % (Cﬂf + m + 2) g//(SE’).

Proof. From Taylor’s expansion, we have
(u—2)"g"(z)

g(u) = g(x) + (v — x)g'(v) + o

where r(u, z) converges to 0 when u — z.
Applying G%L(, x) in above expression, we have
nGil((u — )% )g" (x)
2!

n |Gl (g(u); ) — g(x)] =nGEL((u — 2);2)g () +
(3.1) +nG£ﬁL(r(u,x)(u—x)2;x).

Using Cauchy-Schwarz inequality and Lemma 2.4 in last term of above equality, we
obtain

(3.2) lim nGlf}c(r(u, r)(u—x)*x) =0.
From (3.1), using (3.2) and Lemma 2.4, we get the required result. O

Let Cg[0,00) be the space of real valued continuous and bounded functions g on
[0, 00), provided with norm

lgll = sup [g(z)[,

z€[0,00)

and Peetre’s K-functional for g € Cp[0,00) is given as:

Kolg:6) = inf {llg—hll+ 0"}, 50,
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where W2[0,00) = {h € Cp[0,00) : I/, " € Cp[0,0)}. Devore and Lorentz [5, Theo-
rem 2.4, page 177], provided relation between Peetre’s K functional and second order
modulus of continuity as follows:

(33) K(g; 6) < Cwa(g; V),
and the second order modulus of continuity wy(g; v/8) is given as

wo(g; Vo) = sup  sup |g(a + 2i) — 29(z +14) + g(x)| .
0<i<d z€[0,00)

The usual modulus of continuity w(g; ) for g € Cp[0, c0)

w(g;0) = sup sup |g(xz+1i)— g(x)|.
0<i<8 z€[0,00)

Theorem 3.3. For g € Cg[0,00) and a > 1, we have

’G[a] u); r) — 9(33)’ < Cwsy (g\/M) + w <g; ) ’

where C'is positive constant and oy, .(v) = {G[“] (u—2z)%z) + M}

n,c (n—2c)?

2(1 4+ cx)
(n — 2c¢)

Proof. We consider an auxiliary operators:
u u 2(1 +cx
Gilatu)a) = Giktawia) - g [+ 2000 4 g,

The Taylor’s expansion for the function h € W2 [0, c0) is given as

u

h(u) = h(z) + (u—x)h'(z) + / (u— x)h" (u)du.

Applying @Lf}c(-; x) in above expression

u

Gl (h(u)s) = h(z) = GIA((u = w)sh'(w) + G, ( [ (= 2wy ) .

xT

Since éiﬁ}c(l; x)=1, @fﬂc(u, x) =z and Ggf]c(u —z;x) =0, we get

|Gl (h(u); z) = h(w)| =| Gl ( / (4 — )1 (u)du: I)

T

G,[f]c (/u (u— z)h" (u)du; .73)

x

IA

z+ 2(1+czx)

n—2c
+ / (x—kw—u) B du

n — 2c
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< [att =2+ 222 oy

(n — 2¢)
(3.4) <0y () [Ih"]]
Using auxiliary operators we can write
G (g(u); ) — g(w)| <|Glel(g — b ) = (g = B) ()] + | GLL(h(u); 2) — h(x)
2(1+cx)
*9@+nf%>‘“@
2(1
<2l a4 85,0 1] + o (2552
’ n —2c

Taking infimum on the right hand side of the above inequality for g € W2 [0, c0), we

have )
From (3.3), we obtain
2(1 + cx)

‘GLZ]C@(U)’Q;) — g(:l:)‘ = Cws (g; 5Z,c(x)> tw (g’ n — 2c ) .

Hence, the proof. [l

2(1+ cx)

Glel(g(w);z) = g(x)| = 23 (9: 65 (@ ))+“<g" n— 2

In the next theorem, we estimate global rate of convergence by using Ditzian-Totik
modulus of smoothness wye(g; d) for g € Cpl0,00), 0 < a < 1 and ¢(z) = /x(1 + cx)
which is defined as:

wee(g;0) = sup  sup )‘g (H saﬁ“(x)) _, (x_ Sgba(x))

0S50 44 56°() 0,00 2 2

Y

and the Peetre K-functional is defined as:
. — 3 _ o o !
Kya(g;0) = gle% g =Rl = 1lle%d'[I},

where W, is subspaces of those functions which are locally absolutely continuous on
g € [0,00) with the normed ||¢%¢’|| < co. In [6], there exists a constant C' > 0 such
that

O™ wga (9:0) < Ko (g50) < Ctuge(g:9)-

Theorem 3.4. Suppose g € Cp[0,00) and for sufficiently large n, we have

@ (g 2) — o(2)] < Cle .¢1"‘(w)>
G (g5 ) Mﬂsc¢@,¢ﬁ |

Proof. For h € W,, we have

x) + /uh’(t)dt
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Applying Gk‘}c( -;x) in the above equality and using Holder’s inequality, we obtain
Gl (h; ) — h(x)| <Gl ( / K (t)dt; :zc)

< l6H| G ( at -x)

] ¢(t)’
a]a%
J 6(t)

(3.5) <W%MGM(W—MP

«
;.77).

1
\/1+c:)3 \/1+cu>

<2]u—x| 1 N 1
“Vr+yJul\VI+er V1+cu

2 u— z 1 1
< + .
RV Vi+exr  V1+cu
Since |a + b|* < |a|* +1b|*, 0 < @ < 1, and from the above inequality, we obtain
Fdt | 20— a ( 1 | )
N S [ a —'I_ [ .
) o(t) T2 (I+cx)z (14 cu)?

From (3.5), (3.6) and using Cauchy-Schwarz inequality, we get

Gl (b 0) — ()| < <2kl <|u |< SR )w)
e z2 (l—l—cx)% (1+ cu) ,

B Lo N A S Y
el e I CHICEERE)

(3.6)

[N]])

w[R

1

(3.7) (Gl (= )% 0))* x (Gl + ) ).

From Theorem 3.1, Gl2L((1 + cu)™® converges to (1 + cz)”* for sufficiently large n.
Thus, for € > 0, there exist ng € N such that GIL((1 + cu)™;z) < (14 cx)™® + € for
all n > ny.

Choosing € = (1 + cx)™?, we get

(3.8) Gﬁ]c((l +cu) % x) <2(14cx)”™®, forall n > ny.

For sufficiently large n there exists a constant C' > 0, such that

(3.9) Gﬁ}c((u —1z)% ) < Cm.

n
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From (3.7) to (3.9), we obtain

¢ ()
T

(3.10) (Gl (h; ) — h(x)| < 2241 C oo
We can write
Gl (g:w) — g(a)] <|Gll(g — hi@)| + |[Glel(hs 2) — h(w)| + |h(z) — g(2)]
<2|lg - Al + |GlL(h; x) — h(z)| .
From (3.10), we get

11—«
Glel(g;x) — glw)| <2lg = bl + 2271 C [l H| 0 \/ﬁ(‘”)
(@) e }
<C{|lg—nh h
<c o+ & o)
of 0 (2)
SCEs ( Vi )
11—«
oo (s258)
Hence, the proof. O

In [15], the Lipschitz-type space for positive real numbers /31, 35 is defined as:

ju— |’

ST, U € [O,oo)},
(u + p122 + o)

Lipy;™(A) = {g € Cg[0,00) : |g(u) — ()| < M,
where M, >0and 0 < A < 1.
Theorem 3.5. Let g € Liph™(\) and 0 < A < 1, then for & > 0 we have

a TACIRY
Gl (g5 2) — g(a)] < M, ((61x2+52x)> ,

where [1,5(x) = Gﬁf]c((u —x)% ).
Proof. First, we discuss the result for A = 1. For g € szﬂ 1,8 >(A), we have
1\ (a—Dna o0 C[a] —(a—1
Gl g:) — gt <tn— g (1 1) G U

a s J!

% [ pus(ic) lg(u) = g(a)]| du

D

1
§=0 J:

1)<a—1>mf < Cl(—(a - 1)nz)
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X /pm(u; c)M, [u— 2| —du.
5 (u+ Bia2 + Bo)?

1 1

T < T applying Cauchy-Schwarz inequality, we obtain

Since

, 1\ (a-Dnz C’][a](—(a — 1)nz)
‘Gnc g;x) — g($)' Sﬁ(n —c)e (1 — a) jz:%) 4!

The result is true for A = 1. Now we prove for 0 < A < 1. Using Hoélder’s inequality
with p = % and g = %, we have

Gl (g;.) — g(=)
(a=1na o (g — Dna
g{n_@e-l(l_i) 5 e o

(a—1)nz oo (la] —(a — Dnax
gMg{m_c)e-l(l_l) 5 dltcte -y

a

o[>

u—x)
/pn] U+51$2+52$)du}
e (IR (E oA

<
o (61172 + 62x a =0 ]!

X 70]9”,]-(1:; ¢)(u— J;)Zdu}

o)\
§M9<(51x2+ﬁzx)> |

Hence, the proof. O

>
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Theorem 3.6. If g(x) is continuously differentiable function on [0, 00) and |¢'(x)| < D
for some D > 0, then we have

2(1 4+ cx)
n — 2c

Gl (g:2) — g(w)| < D

+ 2/ (@) (655 (@)

where wy(g; 6), § > 0, is usual modulus of continuity on [0,b] and
Hna(2) = GR((u — 2)% ).
Proof. From Lagrange’s mean value theorem, we get
g9(u) = g9(x) = (u = 2)g'(n) = (u—2)g'(z) + (u = 2)(g'(n) — ¢'(x)),

where 7 lies between z and wu.
now, we apply G%L(,x) on both side of the above equation. Since x < 1 < u we
have |n — z| < |u — x| and

Gitar0) — 0] < o0 |GG = )|+ nlfs0) (o= ol + 7).

Applying Cauchy-Schwarz inequality, we obtain

2(1 + cx) 2 (2)

[a] . _ NPT a,c /. v iIm.aAts
Gll(g: ) — g(a)| < D\ | V@) (950) (1 L
Taking 0 = y/p,5(x), we get required result. O

In our next theorem, we study the rate of convergence for the operators (1.4) based
on Lipscitz maximal function of order r given by Lenze [13] as

(3.11) w,(g;x) = M

sup T
u#z, z,u€[0,00) |U - $|

)

where 0 < r < 1.
Theorem 3.7. For g € Cg|0,00), we have
Gl (g5 2) — g(2)| < @, (g32) (5 ()
Proof. From (3.11), we obtain
GL(g:2) — g(a)] < @, (g:2) G (ju — 2" 2)
Using Holder’s inequality with p = % nd
Gl (g52) = 9(2)| < @r(g52) (G (= 2)%; 7)) < @(gs @) (@)
Hence, the proof. O

q= %, we obtain
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Let C5]0, 00) be the space of all continuous functions on [0, 00) and defined as:
Co[0,00) = {g: g] < M,y(1+2?)},

where M, is positive constant which may depends on g with the norm

|9(2)]
HgH2 - Sup 1 + 9"
Let C5[0,00) := {g € (5]0,00) : lim, o ng(r:;)Q exists and ﬁnite}. The weighted modu-

lus of continuity [9] (g; ) is given as

o 9(z + B) — g(=)|
W0 = 2 v P+ )

Lemma 3.1. For every g € C3[0,00), Q(g;9) has the properties:

(i) Q(g;0) is a monotonically increasing function of o,
(ii) limg o+ 2(g;9) = 0;
(iii) Q(g;k0) < 2(1 4+ k)(1 + 6*)Q(g;0), k > 0 and 6 > 0.

Theorem 3.8. For g € C5[0,00), we have
. Gl (g57) — ol )|
z€[0,00) (1+ 3:2)

1
< CQ (g, )
\/_
where C' is positive constant depends on a and c.

Proof. For z,u € [0,00) and from (3.11), we can write

l9(u) = g(@)] <(1+ (u—2)*)(1 +27)Q (gs |u_5x|5>

|u — 7|

<2(1+6%)(1+2?) (1 +— > (1+ (u—2)*)g; 6).
Applying G, (-; ) in the above inequality, we have
G (g: ) — g()] <201+ 8)(1+ 2)0(g; )G ((1 n 'ﬁ}‘) (4 (- w>2>;x)
<21+ 6%)(1 4+ 2%)Q(g; 6) {G[“] (1;2) + Gl ((u — 2)% 2)

1
Z(lal — - [a] _ — )2
+ <Gl (ju— |;2) + 5G (= 2| (u x>,x)}

4]
<2(1+8%)(1+2)g;0) {1 + Gl (u—2)%; )
+5(GH ((uay ;x)ﬁ
312 #3685 (- 07%)) (6B ((a - 0'50)) .
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From Lemma 2.3, we have

2
Gl (u — 2% 2) < SAFL)
’ n
and )
2
G (0 — a)tia) < LTI
’ n

where (' and Cy are positive constants depend on a and c.
Using the above inequality in (3.12) and taking § = ﬁ, we get

Gl (g5 ) — g(a)] <2 (1 + Tll) Q (9; ! ) (1+a2){1+C (1+2?)

ﬁ P
RO+ 2D + /G + 23]

Taking C =4 (1 +Cy ++VC1 + 0102), we obtain the result. O
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A PARAMETER-BASED OSTROWSKI TYPE INEQUALITY FOR
FUNCTIONS WHOSE DERIVATIVES BELONGS TO L,([a,b])
INVOLVING MULTIPLE POINTS

SETH KERMAUSUOR/!

ABSTRACT. A new generalization of Ostrowski’s inequality for functions whose
derivatives belong to L,([a,b]) (1 < p < oo) for k points via a parameter is pro-
vided. Some particular integral inequalities are derived as by products. Our results
generalize some results in the literature.

1. INTRODUCTION

In 1938, Ostrowski [17] obtained the following inequality which is known in the
literature as Ostrowski’s inequality.

Theorem 1.1. Let f : [a,b] — R be continuous on [a,b] and differentiable in (a,b)
and its derivative f': (a,b) — R is bounded in (a,b). If M := sup;ep [f' ()| < o0,
then we have

)= [ o < |+ <(b__)> -0,

for all x € [a,b]. The inequality is sharp in the sense that the constant i cannot be
replaced by a smaller one.

Due to the numerous applications of the Ostrowski’s inequality, many authors have
studied and generalized the inequality in several different ways. For more information

Key words and phrases. Ostrowski’s inequality, midpoint inequality, Simpson’s inequality, Mont-
gomery identity, Holder’s inequality, parameter.
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446 S. KERMAUSUOR

about the Ostrowski’s inequality and its associates, we refer the interested reader to
the papers [1-16,18].

In [5], Dragomir and Wang provided the following extension of Theorem 1.1 for
functions whose derivatives belong to L as follows.

Theorem 1.2. Let f : [a,b] — R be an absolutely continuous function on [a,b]. Then

the inequality
1 =]
S+ =27

<

o) = 5 [ o

holds for all z € [a,b]. The constant 3 is the best possible.

The same authors in [7], obtained an Ostrowski type inequality for differentiable
mappings whose derivatives belong to L,-spaces as follows.

Theorem 1.3. Let f: I C R — R be a differentiable mapping on I° and a,b € I°

with a < b. If f' € L,(a,b) (p>1, % + % = 1), then we have the inequality

1 [(z—a)® 4+ (b—x)r!
q+1

<

17l

f) s [ o

for all x € [a,b], where || - ||, s the Ly(|a, b])-norm.

b—a

In [2], Dragomir obtained the following generalization of Theorem 1.2 as follows.

Theorem 1.4. Let [}, : a = 29 < 11 < -+ < xp_1 < xp = b be a division of the
interval [a,b] and o; (1 =0,1,...,k+1) be k+ 2 points so that oy = a, o; € [x;_1, 7]
(t=1,--- k) and agyy = b. If f : [a,b] = R is absolutely continuous on [a,b], then
we have the inequality

k b
;(le —a;) f(zi) — /a f(t)dt‘
< [;V(h)eraX{ Qi1 — ‘/EJF;“ :z’-O,...,k—lH 111

<v(h)|1f]l1,
where v(h) := max{h;|i =0,1,...,k =1}, hy =x;01 —x; (i=0,...,k—1).
In [3], Dragomir obtained the following generalization of Theorem 1.3 as follows.

Theorem 1.5. Let [}, : a = 29 < 11 < -+ < xp_1 < xp = b be a division of the
interval [a,b] and o; (1 =0,1,... k+1) be k+ 2 points so that ag = a, o; € [x;_1, 7]
(t=1,--- k) and agyy = b. If f : [a,b] = R is absolutely continuous on [a,b], then
we have the inequality

k

> (g — ai) fa) = /ab f(t)dt’

=0
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- /q
1 k—1 1
SWHf/Hp {Z [(%‘H - xi)qH + (i1 — Oéi—i—l)qul}}

=0

1 k-1 1/q
<— — || thrl
<ol T
— <q+ 1)1/q P

where v(h) := max{h;li = 0,1,....k =1}, hy = x;p1 —x; (i=0,....k—1), p > 1,
% T % =1 and || - ||, is the ususal L,([a,b])-norm.

Motivated by the numerous research on the Ostrowski’s inequality in the past years,
our main goal in this paper is to provide a generalization of Theorem 1.1 involving
multiple points by introducing a parameter A € [0, 1] for functions whose derivative
belongs to L, for 1 < p < oo such that when A = 0, we recapture Theorem 1.4 and
Theorem 1.5.

2. MAIN RESULTS

To prove our main results, we need the following lemma which is the case when the
time scale T = R in [18, Lemma 1] but the proof is provided here for completion.

Lemma 2.1 (Montgomery Identity). Let

(@) a,be R, A€ [0,1), [y :a=29 <21 < -+ < 21 < X = b is a partition of
the interval [a, b);

(b) a; € R (i = 0,1,...,k+ 1) is k + 2 points so that oy = a, o; € [x;_1,x;]
(i=1,....k) and a4 = b;

(¢) f:la,b] = R is a differentiable function;

(d) define the kernel function K(-,I}) : [a,b] — R as follows

t— al—)\%% t € la,aq),
t— a1+)\% s te [al,xl),
t— 062—)\% > t e []31,042),

t— (ag—1+ )\%) , tE [ap_1,Tp-1),
t— (o — )\% ) le [:Ek:—laak)7
t— (ap + AR t € [ag, b,

for allt € [a,b].
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Then we have the identity

b k
/a K(Zf,[k)f( Z: S xl)

(2.1) e
A b
52 (O = ai) () + Flaw)) = [ F(o)a
=0 a
Proof. We observe that
b k—1 it , — v
/a Kt 1))t = 3 [ / | {t _ (am _ AO‘HQO‘H F(t)dt

Titl Qo — Q;
+/ [t_ <ai+1+)\+2+1>
Q41 2

By integrating by parts, we have

/ab K(t, I) f'(t)dt :kf [ Qg1 — (am — AO‘H_O‘N Flas)

=0 2
[ Qiy] — Q Qit1

i
Qo — 04i+1)
2

f(@it1)
flaivr) — /

Q41

f’(t)dt] :

+ | Tiy1 — <04¢+1 + A

[ Qi — Qyq
— | Qi1 — (0%‘+1 + Af

Tit1

f(t)dt]

- Z [ Oéz+1 f(OéiJrl) o (xz _ Oéi+1)f(37i> — )\Wf(xz)

a; —
+ (Tig1 — aip1) f(@i1) — )‘Mf(xi—l-l)

2
(67 — Qy Tit1
+ )\%f(aiﬂ) — / f(t)dt].
It follows that,
b . k—1 Qo — Oy Tit1
[ R ®d =3 N i) - [T ]
a i=0 T
k—1
+ Z [_(xz - O‘i+1>f<$z) + ($z+1 Oéi+1)f($i+1)]
i=0
L Qs —
+ {_)‘ +12 f( z) — A +2 9 +1f($i+1)
i=0
k-1
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k—1
— xof(x0) + 21 f (21) + Z: Qi1 (f(2:) = f(@ig1))
+ 2% —;\ (i1 — i) f(@) + (@2 — aipr) f(@ig1)] -
That is,
b AL e — ay b
| K ) f @t = AT f(ai) - /a f(t)dt
+ (a1 —a)f(a) + (b —ag) f(b) + Z Qi1 — o) f(x;)
-5 [l - @@+ 0 - anso) +2 S - ansa)
= z% AWJC(%‘H) - /abf(t)dt +(1 =) Zl(@m — ;) f(:)
22) #(1-3) o - @+ 0 - o)
Now, consider the following
;(awz —a;) fit1)
(2.3) = Z_:(%H i) floigr) + 2(0@—%1 — ;) f(ig1)
k k—1
= Z iy1 — aq) fag) + ;}(aiﬂ — o) f(air1)

™M= I

Il
=)

(qip1 — ;) fai) — (1 — ao) f(ao)

)

k
+ Z @it — ;) f(@ip1) — (1 — ag) f(ag41)
=0

-

I
o

(i1 — i) (few) + i) = [(a1 = ao) f(ao) + (k1 — ar) flars)] -

)

So,

DO >

vl > L[]~

(g1 — o) (f(ai) + flaiv))

(Oéz'+2 - ai)f(ai-H) =

~.
I
o

ey
L
DO >

(2.4) — 5 [(aa —a)f(a) + (b — ax) f(b)].
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Substituting (2.4) in (2.2) gives the identity
k

[K@@mezu—m;wm—%ﬁm>
+2§; (@i — i) (fas) + flai)) — / " Ft)ar. 0

Lemma 2.2. Under the conditions of Lemma 2.1, we have the following inequality:

<[ i-alirona]

[ K1) @t

A/l o; + Oéz+2
(2.5) + 5 (v + e i - b / £(8)]dt.
Proof. First, we observe that for any real numbers ¢ and ~, the following holds:
4] -0
(2.6) max{y, o} = 20 4 =0l

2 2
Now, by using the property of the absolute value and the definition of K (-, I}), we
have that

b
/ K(t, 1) f(t)dt

ol <[ [ Il @l [ 01

1=0 Qi1
I
< [/ Tle- (am —AL“ )\ | (8)] di
i=0 LT
+ [ - <04¢+1 +AO”+2_O““>’ | f’(t)|dt]
@it 2
k-1 it A it
S| [ allr@las Yo - o) [ 101
i=0 LV%i Ti
Tit1 , A Tiv1
+ [T = asnllF@Oldt+ Slaie —ai) [ 17 dt
Q41 Q41
F=1 T s
sZ[/ £ = g (1)
i=0 L“%i
A Tivl
+ 5 max {aig1 — ag, iy — OZZ'+1}/‘ |f'(t)|dt]|.
Thus,
b — Tit1
en) [ Kenrod <3 [ - aliron]

k-1

A Tit1
+ 5 > [max {aigr — g, g0 — Oéz'+1}/ ’f/(t)‘dt] :
i=0 L
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By using (2.10), we deduce that

k—1

(]

Tit1
max {Oéi_}_l — O, Oy — ai—i—l} / |f/(t)|dt

)/ 7/l
}Z/ (t)|dt

<.
o

k—1

1 i i
= (Gl — 00 + fong - S
=0 2

Qi1 —
2

1 o; + 041
QG T Qo

< max ST+ Qg1 —

i=0,1,....k—1 | 2

1 o; + az+2
(2.8) < <2u(7') +i0{2§§€_1{ Qi1 — }) / |f'(t)|dt.
Using (2.7) and (2.8) yields the desired result. Hence, the proof is complete. O

We now state and prove our first theorem which is for the case p = 1.

Theorem 2.1. Under the conditions of Lemma 2.1, suppose that f' € Li[a,b], then
the following inequalities hold:

k A b
|(1 =) Z(aiJrl — ;) fzg) + 5 Z iy1 — o) (flag) + flaip)) — / f(t)dt‘
i=0 i=0 @
< [pm + _max Lo = “EE2 A,
)\ 1 A % /
YRS Mt )
(2.9)
A )
< (vt + 30 171
where hy = 41—, i = juo—a; (1 =0,1,...,k—1), v(h) =max{h; : i =0,1,...,

k—1} and v(7) =max{r :i=0,1,...,k—1} .
Proof. First, we observe that for any real numbers 3,9 and -, the following holds:
(2.10) sup |t — ] = max{[y = f,]6 — [}

tely,9]
By using (2.10), we have
k—1

Mz

[ [Tit1 ,
[ = acall ]

A
MIL

i
_ O

sup |t — az+1|/ |dt]

Lt€[wi,zit1]

[ Ti41
max {|2; — i1, |Tip1 — CYz'+1|}/ |f’(t)|dt}
L i

T

@
Il
=)
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k—1

Tit1
= Z {max {aigr — 2, i — ai+1}/. |f/(t>’dt} .

1=

That is,
k=10 i
[ = anll )t
i=0 -/ Ti
k—1 -
(2.11) < Z [max{aiH — T, Tyl — Oé¢+1}/ |f/(t)\dt] .
i=0 i

Now, by using (2.6) in (2.11), we have that
k

I
—

[ [Tit1 ,
>[I asallf @]
i=0 =T
Ml Ti + Tig1 AR
SZ (2($i+1—9€z‘)+ Oéz‘+1—2>/ ‘f<t>|dt}
i=0 - i
Ml T+ x; Tit
=3 |(Gh t Joen = T5]) [ ]
i=0 - Tq
1 T+ x; gy
IR LR e | DO VACILY
b i=0 7%
1 T +
212 <[pr+ ey {fow = =17
Using (2.5) and (2.12), we have
b 1 Ti + Tiv1
, . —_—
(213) | [ Kt 17 (0 < {QV(h) 4 i:&%_l{ Qi ) }
A /1 o; + o
+5 (3t + g {Jo = 2522 1) a7

By using (2.1) and (2.13), we obtained the first inequality in (2.9). To obtain the
second inequality, we observe that

T; + T 1
Qg1 — T+ < §($z+1 —x;) = - h;
and
Q; + Qg2 1 1
Qi1 — 9 - < 5(042+2 — ;) = 57}'
So, it follows that
T; + Tit1 1
A < =
omax { g1 5 } < gv(h)
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and
Q; + Qo 1

2 B % P )

z':ogl,.é.l.},(k—1{ 2 } - QV(T)

This completes the proof of the theorem. O

Qjp1 —

Remark 2.1. If we take A = 0 in Theorem 2.1, then we recover Theorem 1.4.

Lemma 2.3. Under the conditions of Lemma 2.1 with f' € L,([a,b]), we have the
following inequalities

]:Z;(:Jl/:l [t = cullf (B)ldE < 7 “}; rz_:l { — ) 4 (21 — aiH)qHH !

(¢+1)a Lizo
1l [ ]
214 : (q%—l)l L ohl ]
v(h)(b— )
< —— )
S 11l

1,1 _
where;—i—a—l.

Remark 2.2. The inequalities in Lemma 2.3 were established in the proof of [3, Theo-
rem 3|, and hence the proof is omited.

Theorem 2.2. Under the conditions of Lemma 2.1, suppose that f' € L,([a,b]), for
1 < p < o0, then the following inequalities hold:

k A k b
(1) X (e = )+ Clewer = () + Slauen)) = [ o)
i=0 i=0 a
/ k-1 % by 1
< s D e | I L Lk 1!
wm)%*qﬂr ) ,
h; b—
<SS e -l
h)(b— a)s A .
AOOZ D o, 5 20() - )]
(q+1)s
where hz = Xj41 — L4, T; = O — O (Z = 0,1, oo ,l{? - 1), I/(h) = maX;=01,... k—1 hi,

1,1
v(T) = max;—o 1, k17, and st o= 1.

Proof. By using Lemma 2.2 and the fact that

a; + (7R
max E—
i=0,1,....,k—1

: (7).

i1 —

l\D\H

}<
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we deduce that

1) |/ " K L) f (b)dt

k=1 g A b
<3 [ - asallf@lde+ o) [l
Using the Holder’s inequality, we obtain
(2.16) [ 1ol < - a1,
We obtain the desired results by using (2.1), (2.14), (2.15) and (2.16). O
Remark 2.3. 1f we choose A = 0 in Theorem 2.2, then we recover Theorem 1.5.
3. SOME PARTICULAR CASES
In this section, we consider some particular cases of our main results.

Corollary 3.1. Under the conditions of Theorem 2.1, if we choose ag = a, ;11 =
Tl (=0,...,k — 1) and ags = b, then we have the inequalities

1_2)\ [(:)31 —a)f(a) + Z Tipr — Ti1) f(2:) + (b — xk—l)f(b)]

+ipﬁ@QU+M““%+Z%HﬂM<N%?H>

+f<x+12+x>> +(b— 1) (f(b)+f (H;’C’”)N —/abf(t)dt|

< ;V(h)+;\ @V(T) +i:0{2§§€_1{ Qg1 — aizow })] 11l
VLN, g
where hy = iy — x4, Ti = o —a; (1=0,1,... ) k—1), v(h) =max{h; : i =0,1,...,
k—1} and v(1) = max{r, :i=0,1,...,k— 1} .
Proof. In this case, we have a; — ap = “5°, —oy =TSR (1=1,... k= 1),
akﬂ—akzm%andaHl—%:O(i:(),...,k—l). d

Now, if we choose I; to be the equidistant partition of [a,b], then we have the
following corollary.

Corollary 3.2. Let I, : x; = a—i—(b—a)% (1=0,1,...,k) be the equidistant partitioning
of [a,b] and the als be as in Corollary 3.1. Then the following inequality holds

‘?[b;a(ﬂaHﬂb b—a Zf< a+bz>]
+2[b;a <f(a)+f(b)+f<(2k—2k)a+b> +f< (221;— 1)b>>
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2 b—a kf( ( 2k—2i+1)a+(2i—1)b>
2k
+f<(2k:—2z—12)g+(2@'+1)b> )1 —/abf(t)dt‘
<L

Proof. This follows from the second inequality in Corollary 3.1 and the following
computations:

s—a="% g g Zk=Datd
]- - k' 3 1 - k 9
2(b — 4z (2k—2i+1 2 —1
Tit1 — Tim1 = (b=a) (i=1,....k— 1) a}l+x11:(k i+1)a+ (2 )67
k 2 k
2 - k‘ (Z—]_,,k: 1)’
b—a 2k — 1)b b—a
b_xk—l— s b‘f‘l’k_l— (k )’ hzzik ,
3(b—a 2(b—a
(1 =0, Jk—1), 1= (Qk ), ;= (k' ) (i=1,....k—2)
3(b—a)
and T = 5%
2h —
Thus, we deduce that v(h) = 2% and v(7) = (bk a)‘ O

Corollary 3.3. Under the conditions of Theorem 2.2, if we choose I, to be the
equidistant partitioning of [a,b] and the als be as in Corollary 3.1, then the following
inequality holds;

1—A|b—a b—a Ja + bi
S v + ) Iy ()

42 [b - (f(a) O (< ‘2,3“ b) i (%’;‘ ””))
2(bk— a) ki <f <(2k — 2+ 1a + (2 — 1)b>

— 2%
+f<(2k—2i—12)g+(2i+1)b> )1 —/abf(t)dt‘
< | B2y,
(g+1)s

Proof. The result follows from Theorem 2.2 and using the computations in the proves
of Corollaries 3.1 and 3.2. O
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In what follows, we consider some special cases of Theorem 2.1. Similar results
could also be derived from Theorem 2.2 as well.

Corollary 3.4. Leta,b e R,a<b, A€ [0,1],a<a; <z <as<band f:[a,b] > R
be a differentiable function on (a,b) such that f" € Ly ([a,b]). Then the following
inequalities hold

(1 =A)[(a1 —a)f(a) + (a2 — n) f(x) + (b — 2) f(b)]

A

+ 5[(041 —a)(f(a) + f(a1)) + (a2 — 1) (f(a1) + f(az2))

(b 0n) (7o) + FO))] — [ F(o)a

1 b
<|-max{r —a,b—z} + max al_a—i—:p ,a2—$+
2 2 2
A1 a+a ap +0b
+2<2max{a2—a,b—a1}+max{a1—22,a2— 12 ‘})]Hf’“l

. <m o —a,b— o} + 2 max fas — 0,0 a1}> a8

Proof. The proof follows directly from Theorem 2.1 by choosing k = 2. 0J

Corollary 3.5. (a) If we choose a; = a and as = b in Corollary 3.4, then we have
the inequality

-0 |05+ 5 0@+ o) - [ o

< (mox o= a0-2) + 30-0) 17
(L=l o

for all z € [a, b].
(b) If we choose x = %X in part (a), then we have the following perturbed “midpoint

inequality”:
-0 |- () + 5 v+ o] - [l
L= Dy gy,

<l
- 2
(c) If we choose ay = 5“6“’, Qp = %‘r’b and x1 = x in Corollary 3.4, then we have

b—akﬂ@+f@)
3 2

‘(1—)\) +2f(x)1
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A 1310, (). (5] 0

_a+26|} A

2 So-a)uen

< T — T

1 1
2max{x—a,b—x}+2max{

2a + b
3 )

. <max{w b W”) 17

12
b—a A a+b
S e Tk | 4

(d) In particular, if we choose x = “T*b in the first inequality in part (c), then we

have the following perturbed “Simpson’s inequality”:

1_nt=e lf(a)-i‘f(b) Lof (a—kbﬂ L AMb—a) [f(a)Jrf(b) +2f <5a+b>

3 2 2 3 2 6
51 (252)]- o] <2

<

1F 1]

4. CONCLUSION

Some new integral inequalities of Ostrowski type involving a parameter A\ € [0, 1]
for functions whose derivatives belong to L, involving multiple points have been
established. Some particular cases have be considered as examples. By considering
different partitions, different points and/or different values of the parameter we will
obtain several interesting inequalities. For A = 0, our results reduces to some results
in the literature and for A € (0,1], we obtain new results. It is worth noting that
the Ostrowski inequality plays a very important role in numerical integration such
as applications to the numerical quadrature rule. So, we believe that the inequalities
obtained in this paper could be applied in numerical integration and other areas of
Mathematical Analysis.

Acknowledgements. The author is very grateful to the anonymous referees for their
useful comments and suggestions on the manuscript which were incorporated in the
final version.
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ON MINIMAXITY AND LIMIT OF RISKS RATIO OF
JAMES-STEIN ESTIMATOR UNDER THE BALANCED LOSS
FUNCTION

ABDENOUR HAMDAOUT!, ABDELKADER BENKHALED?, AND MEKKI TERBECHE?

ABSTRACT. The problem of estimating the mean of a multivariate normal distribu-
tion by different types of shrinkage estimators is investigated. Under the balanced
loss function, we establish the minimaxity of the James-Stein estimator. When the
dimension of the parameters space and the sample size tend to infinity, we study
the asymptotic behavior of risks ratio of James-Stein estimator to the maximum
likelihood estimator. The positive-part of James-Stein estimator is also treated.

1. INTRODUCTION

Stein [22] showed that the maximum likelihood estimator (MLE) of the mean
6 = (01,...,0,)" of a multivariate Gaussian distribution N, (6, 0?1,) is inadmissible in
mean squared sense when the dimension of the parameters space p > 3. In particular,
he proved the existence of a class of estimators which achieve the smaller total mean
squared error regardless of the true 6. Perhaps the best known estimator of such kind is
James-Stein’s estimator introduced by James and Stein [16]. This one is a special case
of a larger class of estimators known as shrinkage estimators which is a combination of
a model with low bias and high variance, and a model with high bias but low variance.
Interestingly, the James-Stein estimator is itself inadmissible, and there exists a wide
class of estimators that outperform the MLE, see for example, Lindley [18], Baranchik
[1], Bhattacharya [7], Bock [8], Berger [5] and Berger and Wolpert [6]. Some of
them, found some particular minimax estimators. Selahattin et al. [19] provided

Key words and phrases. Balanced loss function, James-Stein estimator, minimaxity, multivariate
Gaussian random variable, non-central chi-square distribution, risk ratio, shrinkage estimator.
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several alternative methods for derivation of the restricted ridge regression estimator
(RRRE). Hansen [15] compared the mean-squared error of ordinary least squares
(OLS), James-Stein, and least absolute shrinkage and selection operator (LASSO)
shrinkage estimators and showed that neither James-Stein nor LASSO dominates
uniformly the other. Xie et al. [24] introduced a class of semi-parametric/parametric
shrinkage estimators and established their asymptotic optimality properties.

Casella and Hwang [9] have studied the estimation of the mean 6 of the random
variable X ~ N, (0, 1,) when the dimension of parameters space p tends to infinity.
They showed that if the limit of the ratio ||]|* /p is a constant ¢ > 0, then the risks ratio
of the James-Stein estimator 67 and the positive-part of the James-Stein estimator
§75% to the MLE, tends to a constant value ¢/(1 + ¢). Benmansour and Hamdaoui
[3] have taken the model X ~ N, (6,0%1,) where the parameter o2 is unknown and
estimated by S? (S? ~ o%x2). They established the same results given by Casella
and Hwang [9]. Hamdaoui and Benmansour [12] considered the same model given
by Benmansour and Hamdaoui [3], but this time, they studied the following class of
shrinkage estimators 05 = 675 + 1(S24(S2, || X||*)/ || X||*)X with [ is a real parameter.
The authors showed that, when the sample size n and the dimension of parameters
space p tend to infinity, the estimators , have a lower bound B,, = ¢/(1 + ¢) and
if the shrinkage function ¢ satisfies some conditions, the risks ratio R(d4,6)/R(X,0)
attains this lower bound B,,, in particular the risks ratios R(67,6)/R(X,6) and
R(675%,0)/R(X,0). Hamdaoui et al. [14] studied the limit of risks ratio of two forms
of shrinkage estimators. The first one has been introduced by Benmansour and
Mourid [4], 6y = 675 +1 (5% (82, | X|I°) / | X|I*) X, where (-, u) is a function with
support [0,0], b € R, and satisfies some different conditions from the one given by
Hamdaoui and Benmansour [12]. The second is the polynomial form of shrinkage
estimator introduced by Li and Kio [17]. Hamdaoui and Mezouar [13] have treated
the general class of shrinkage estimators 64 = (1 — S2%¢ (52, ||X||2> / ||X||2) X. They
showed the same results given by Hamdaoui and Benmansour [12], with different
conditions on the shrinkage function ¢. Benkhaled and Hamdaoui [2] have considered
the model X ~ N, (6,0%I,) where o2 is unknown. They studied two different forms of
shrinkage estimators of 0: estimators of the form 6% = (1 — ¥(S2, || X[|*)S?/ || X)X,
and estimators of Lindley-Type given by 6% = (1 —(S?,T%)5?/T?)(X — X) + X with
X =1/p) Xt X; and T? = 38, (XZ- — Y)Q, that shrink the components of the
MLE X to the random variable X. The authors showed that if the shrinkage function
¥ (respectively ) satisfies the new conditions different from the known results in the
literature, then the estimator §% (respectively §%) is minimax. When the sample size
and the dimension of parameters space tend to infinity, they studied the behavior
of risks ratio of these estimators to the MLE. Hamdaoui et al. [11] have studied the
minimaxity and limits of risks ratios of shrinkage estimators of a multivariate normal
mean in the Bayesian case. The authors have considered the model X ~ N, (6, 021,)
where o2 is unknown and have taken the prior law § ~ N,, (v, 721,). They constructed
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a modified Bayes estimator 07 and an empirical modified Bayes estimator ¢3,5. When
n and p are finite, they showed that the estimators ¢} and 0} are minimax. The
authors have also interested in studying the limits of risks ratios of these estimators,
to the MLE X, when n and p tend to infinity. The majority of these works has been
considered under the quadratic loss function.

In the field of the estimation of a multivariate normal mean under the balanced
loss function we cite for example, Farsipour and Asgharzadeh [10] have considered
the model: Xi,...,X, to be a random sample from a N, (6,0?) with ¢ known
and the aim is to estimate the parameter . They studied the admissibility of the
estimator of the form aX + b under the balanced loss function. Selahattin and Issam
[20] introduced and derived the optimal extended balanced loss function (EBLF)
estimators and predictors and discussed their performances.

In this work, we deal with the model X ~ N, (0,0%I,), where the parameter o>
is unknown and estimated by S? (5% ~ 0?x?). Our aim is to estimate the unknown
parameter 6 by shrinkage estimators deduced by the MLE. The criterion adopted for
comparing two estimators is the risk associated to the balanced loss function. The
paper is organized as follows. In Section 2, we recall some preliminaries that are useful
for our main results. In the first part of the Section 3, we study the minimaxity of the
James-Stein estimator and the positive-part of James-Stein estimator. In the second
part of this Section, we show that the positive-part of James-Stein estimator is not
only minimax but also dominates the James-Stein estimator. In Section 4, we treat
the asymptotic behavior of risks ratios of James-Stein estimator and the positive-part
of the James-Stein estimator to the MLE, when the dimension p tends to infinity
and the sample size n is fixed on one hand, and on the other hand when p and n
tend simultaneously to infinity. We compute lower and upper bounds of each risks
ratio, that allow us to calculate the limit of risks ratio. In Section 5, we graphically
illustrate some obtained results. We end the manuscript by giving an Appendix which
contains technical lemmas that are used in the proofs of our main results.

2. PRELIMINARIES

We recall that if X is a multivariate Gaussian random N, (f,0%I,) in R?, then

2
IIf;H ~
degrees of freedom and non-centrality parameter A
In the next we also recall the following results that are useful in our proofs.

X; (A) where x2 ()) denotes the non-central chi-square distribution with p

_ Lo
- 2

Definition 2.1. Let U ~ x; (). For any measurable function f : Ry — R, x2 ()
integrable, we have

E[J(U)] = Ego /()]
= [, 70 ) d
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- Z V w)Xzsar (0) du] . ; (;?k

A
= Z [/ XH%du] P (2; dk:) ,
where P (%) is a Poisson random variable with parameter % and XZ 1o, 18 the central

chi-square distribution with p + 2k degrees of freedom.

From the Definition 2.1, we deduce that if X ~ N, (6,021,), then for p > 3 we have

1 1 1
21) g (w) =t (p— 2+ 2K> ’

0 2
where K ~ P (%) is a Poisson random variable with parameter %

||9||

Lemma 2.1 ([23]). Let X be a N (v,0?) real random variable and let f: R — R be
an indefinite integral of the Lebesque measurable function, f' essentially the derivative
of f. Suppose also that E'|f' (X)| < +oc. Then

B[(F20) 1) =B ).

Now, let X ~ N, (6,0%1,) where o? is unknown and estimated by S? (S? ~ a%x?2).
And let the balanced loss function defined as: for any estimator ¢ of ¢

(2.2) Lo,(0,0) = w]|d = o[* + (1 — w)[l6 — 0],

where 0 < w < 1 and dq is the MLE. We associate to this balanced loss function the
risk function defined by

(23) R(0,60) = B(L.(5,6)).

In this model, it is clear that the MLE is 6y = X, its risk function is (1 — w)po?.
Indeed, R, (X,0) = wE(||X — X|| )+ (1—w)E(|X —6]]*), where X ~ N, (0,0%L,),

then X% ~ N, (0,1,), thus ”X 1 ~ xa. Hence, E(| X —0|]*) = E(6°x}) = o°p.

It is well known that dq is mlnlmax and inadmissible for p > 3, thus any estimator
which dominates it is also minimax.

3. MINIMAXITY

3.1. James-Stein estimator. Consider the estimator

52> S
3.1 bo=(1-arom | X=X —a om0 X
o ( 112 X2

where a is a real parameter.
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Proposition 3.1. Under the balanced loss function L., we have:

R.(04,0) = (1 —w)po? + [a*c*n(n + 2) — 2a(1 — w)o*n(p — 2)|E (})—21—1—2K> ’

2
where K ~ P (%) is a Poisson random variable with parameter - Low> ” .

Proof.
Ro(04,0) = wE([|0. — X|I*) + (1 — w) E(||60 — 0]%).

From the independence between two random variables S? and || X||?, we obtain

52
E 5a—X2:E< —a X2>
(13 = XI") = B { | = oz X1

2 2 1
BEOE <HX||2>

2 2. 2\2 1
=B

1
= a%o? NE | ——M—
a’o’n(n + 2) (p—2+2f'>’

where K ~ P (%) is a Poisson random variable with parameter % and the last

equality according to the formula (2.1) and the fact that E((x?)?) = n(n + 2). Now,
(16, ~ 01 =B (X — a7z X ~ 1)
1X1]

2 2 2\2 1
=E(|X — 0|%) + o E(5*)°E <||X||2>

—2aE(S*)E <<X 9, H;HQX>> :
s <<X - ||§||2X>) e [Z (y - i) ||§f|21 |

where for any i =1,...,p, y; = 2 ~ N (%, 1) and by using Lemma 2.1, we get
0 1
E yz>
1 (ayl j=1Y;

sl
i

=t TR R

=(p—-2)F (W)

As

Il
NIERINE
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1
:*P‘”E<p_z+zx)7

where K ~ P (%) is a Poisson random variable with parameter % and the last

equality comes from formula (2.1). Thus,

1
2 2
R, (04,0) =wa’c°n(n+2)FE (p— 573 )

+(1-w) [ng +ad*o*n(n +2)E (]3—21+2Kﬂ

) 1
—2a(l —w)o’n(p—2)E <p—2+2K)

= (1 —w)po® + [a®c°n(n +2) — 2a(l — w)o’n(p — 2)|E <p—21—|—2K> .U

Using Proposition 3.1, we note that under the balanced loss function L, a sufficient
condition so that §, dominating the MLE X is

a>0 and a(n+2)—-2(1—-w)(p—2)<0,

which is equivalent to

21-w)(p-2)

3.2 0<a<
(32) =a= n+ 2

From Proposition 3.1 and the convexity of risk function R, (d,,0) on a, one can
easily show that the optimal value of a that minimizes the risk function R, (d4,6) is

(1-w)p-2)
n+2

o =

For a = «a, we obtain the James-Stein estimator

63 st (1magi)x - (1o 2 S

It follows from Proposition 3.1 that the risk function of d ;g is given by

(34)  Ru(dss,0) = (1 —wlpo® = (1 —w)*(p - 2)*~ i 27 P (p - 21+ 2K> ’

where K ~ P (W)

202
From the formula (3.4), it is easy to see that R,(ds5,0) < R,(X,0), then the
James-Stein estimator ;5 dominates the MLE X, and thus it is minimax.
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3.2. Positive-Part of James-Stein estimator. We consider the positive-part of
James-Stein estimator defined by

. 52 + G2
3.5 0s=|1—« X=|1—-« XI g
e is ( ||X||2> ( ||X||2> s
S2 + o S2
where (1 — aW) = max (O, 1-— QW). We recall that
) <= (o)
3.6 o=|l—a——=| X=|la—=—-1|XI s _,
30 5= (15 ) Kl
where [ 42 o s the indicating function of the set (aﬁ > 1).

YIxZ=
We note that the positive-part of James-Stein estimator ¢ has the form (3.1),

corresponding to a™ = min { Ofﬂg’d), H)iz\)P } Since a™ satisfies the relation (3.2), dt¢

dominates the MLE X under the balanced loss function L, thus d}¢ is minimax.

3.3. Dominating the positive-part of James-Stein estimator to James-Stein
estimator. It is well known that the positive-part of James-Stein estimator dominates
the James-Stein estimator for the standard case where w = 0 (see Baranchick [1]). In
this part, we show that this property remains valid for any 0 < w < 1.

Theorem 3.1. Under the balanced loss function L, the positive-part of James-Stein
estimator 0}y dominates the James-Stein estimator & ;.

Proof.

Ru(675.0) = wE([|07s — X[1*) + (1 = w)E([|67s — 0II*)
and

Ru(dss,0) = wE([|05s — X[I*) + (1 = w) E([|ds5 — O|I).

Baranchick [1] has showed that E(||6fs — 0]|?) < E(||67s — 0]|?) for p > 3 and all
(0,0) € (RP x R"). Then d}4 dominates d;5 under the balanced loss function L, if
and only if E(||61s — X||?) — E(]|675 — X||?) < 0. Now,

E(ll67s = XI*) =E(llds — 015 + d55 — X|*)
=E([|0]s — dss]1*) + E(l05 = X[I*) + 2E[(d 5 — 015,075 — X)]
=E(10751%) + E(l55 — X|*) + 2E[(d 55, 05 — X)]

52
—— — 1|1 X
| (QI\X|!2 ) a1

) )]
cor (a2 1)1 » . X —aX
K( 1 X2 oxE 2l 1 X2

54
—F Ka2||X||2 +||X||2—2a52> I ]+E(||5JS—X||2)

2

=E + E(1655 — X|1?)

S2
—=—=>1
1x12=



466 A. HAMDAOUI, A. BENKHALED, AND M. TERBECHE

2 54 2
—2F ||« —aS 2 )
[( X2 ) §|2>1]
Then
E(II% — X|*) = E(|6,5 — X|1?)
=F 2 S + |1 X]|* — 2a.5? —2E |{a? S aS? )1
N ||X||2 "‘|\)S<2n2>1 | X2 "‘H)Sczn?Zl

S4
=E ||| X]]* - o? I
_(” | “||X||2> w

/1
5 (H A IXIE —as X + asz)> H(XHQ_W)SO]

4. LiMIiTs OF RISKS RATIOS

4.1. Bounds and limit of the risks ratio of James-Stein estimator. In this
part, we study the limit of risks ratio of the James-Stein estimator §;5 to the MLE
X, when the dimension p tends to infinity and the sample size n is fixed on one hand,
and on the other hand when p and n tend simultaneously to infinity. The following
lemma gives a lower and an upper bounds of the ratio R, (0;s,6)/R,(X,0), which
helps us to calculate the limit of risks ratio.

Lemma 4.1. Assume the estimator 055 given in (3.3). Under the balanced loss
function L, we have

_ n(l-w)(p—2) < R,(dss,0) “1_ n(l—w)(p—2)32
(n+2)(p+155) 7 BolX.8) T (it 2)p(p -2+ 1)
Proof. From Lemma 2.1 of Hamdaoui and Benmansour [12], we have
1 p
— e < E < PR
p—2+ T (o) v 2)(p-+ )
Using the formula (3.4), we obtain the desired result. O

Theorem 4.1. Assume the estimator d;5 given in (3.1), if lim, w =c (¢>0),
then

i) lim, |, Relss®) _ (=0-w)ni)+e.
P20 Ru(X0) e

.. Ru(675,0) _ wte

11) pllh)o RW(X 9) = Tie-

n—oo

Proof. 1) Using Lemma 4.1 and under the condition phrglo % = ¢, we have

. Ry(dss,0) | (p—2)?
MR8 hm[

1
<1—(1- P
= ( w)n_{_2p~>oo P p—2_|_
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—2)2 1
- _(1_w)n+2;}i@o[(ppz) =2, T
5 T pe?
1
—1-(1-w) "
n+21+c
_(1—(1—w)ni+2)+c
N 14+c
and
. R,(0ys,0) . pp%z
p po
1
—1-(1-w) "
n+21+c
_(1—(1—w)#2)+c
N 1+c '
ii) From Lemma 4.1 and under the condition lim, %E = ¢, we obtain
R,(0;5,0 —22 g
P Ru(X.0) P nt2 p o g
1 w+c
—1_(1— —
Pl S
and
. Rw((SJS 9) . n =2
lim — =222 >1—(1—w) 1 —
PR =TT
1
—1-(1-w) _wte
1+c 1+c
Remark 4.1. As 0 < w < 1, then
— 2 (] — (1 — w) 2 <1
1+4+¢ _( ( w) 1+4+¢
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and ¢/(1+¢) < (w+¢)/(14¢) < 1, thus for p tends to infinity and n is fixed, or
for p and n tend simultaneously to infinity, the limit of risks ratio of James-Stein
estimator ¢ ;5 to the MLE X, is less than 1. Therefore, Theorem 4.1 show the stability
of minimaxity property of James-Stein estimator ¢ ;¢ for the large values of n and p.

4.2. Bounds and limit of the risks ratio of the positive-part of James-Stein
estimator. The results for the positive-part of James-Stein estimator §¢ are similar
to those for the ordinary James-Stein estimator ¢ ;g, although the calculations are a
bit more difficult. In the following proposition, we give the explicit formula of the risk
function of §7.
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Proposition 4.1. The risk function of the Positive-Part of James-Stein estimator
§ts under the balanced loss function Ly, is

Ry(6]5,0) =R.(dss,0)

S 52
EllIX]?=a®—— +2(1 —w)o?(p — 2)a—— — 02>H 2 ]
(101 - s #2000~ )1,

Proof.
Ru(875,0) =wE([|07s — X|*) + (1 — w) E(|675 — 0]I*)
=wE([|07s — 015 + 055 — X|*) + (1 = w) E([|075 — ds + dss — 0I)
=wE([|675 = dssl|* + 1055 — X[* + 2(075 — 015,055 — X)]
+ (1= w)E[||65g — dsl|* + 1075 — 0|1 + 2(0}s — 655,055 — X + X — 0)]
=WwE([l0ss = XII*) + (1 = w) E(l[dss — 01*)] + E[l|0]5 — dss]’]
+2E[(0%s — 075,056 — X) +2(1 —w){d3g — 015, X — 0)]
=R.(0s5,0) + E[[|07s — dusll’] + 2E[(d75 — 015,05 — X)]
+2(1 —w)E[{(6tg — 015, X — 0)].
Now, we compute the expectations in the right side hand of the last equality.

Elll03s = 355111 = Elll075I°]
_ o ) )
a———1|1 s X
I ( | X2 oyl ]

[ S4 S2
=FE||a? +1—-—2a—— X
( X ||X||2> -l ”]

1]
4.1 =F|la? +||X 2—2a52> ]
(4.1) ( o I .

E[(07s — 015,015 — X)] = E[(d75,075 — X)]

(o) )]
el (o211 o X —a—2X
<< | X2 aTxE 2l | X2

5«4
4.2 = —F||a? == —aS?|I ,
42 Ka X ) “IX|2>1]

and by using Lemma 2.1 of Shao and Strawdermen [21], we have

et~ a0 -0 = 2 [{ (oS 1)1, x|
(4.3) =0’E l((p — 2)04”)5;2”2 — p> I |)S<T|221] :

According to the formulas (4.1), (4.2) and (4.3) we get the desired result. O

=F
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In the Theorem 3.1 we showed that R, (d}¢,0) < R,(d;s,0)) for p > 3 and all
(0,0) € (R? x R*), then the upper bound given in Lemma 4.1 plays the role of
the upper bound of R, (671, 0)/Ru.(X,0). Thus for calculate the limit of risks ratio
R,(634,0)/R.,(X,0), it suffices to determine a lower bound. The following proposition
gives a lower bound of risks ratio R,,(6 1, 0)/R.(X,0).

Proposition 4.2. For all p > 3, we have the following lower bound of the risks ratio

Ry,(574.0)
Ry (X,0)
+ 00
R B0 [
_§/0+OO]ID<X > )Xp o (A, du)
w e Tt
Proof. As Hf—QHQ ~ x3(\) and f—; ~ X2, where \ = H I* we have

2 2 _ 2 2
oc°F <||XH Hl&sleN) =0°F (XP(A)HXHZ@>
+o00 +o00
202/0 (ﬁ x2(0, dt)) ux; (A, du)
o [T |
% [P 2 1) xn(hdu)
2 2
+o A/O P (xn > a) Xpra(As du).

The last equality is obtained by using the formula (6.1) of Lemma 6.1 Appendix with
h(u) = [£°°x2(0,dt). As the function P (XZ > %) is non increasing on v and using
the formula (6.2) of Lemma 6.2, we obtain

+o0 U
(49 8 (IXPL ) 20240 [ TR (2 1))

S2
2Bl 2 2 T s > 40%E (1 .42
’ {< (= )HXH2 p) ;PZI} = ( |;221>
“+oo +o0
=—40 | (/ xi<o,dt>>x§u,du>
400
= —402/0 P(xi > Z) Xp(A, du)

+oo
(4.6) > — 402/0 P (X?L > z> Xo_o(A, du).
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The last inequality comes from formula (6.1). Now,

&2S4 +00 +o00 1
s <_||XH2]I ST >1> - _020‘2/0 (/ t2xi(O,dt)> X du)

Ix12 =

o’ +oo +00

The last inequality comes from formula (6.1), taking h(u) = L [£*°2x2(0,dt). How-
ever, using formula (6.1) again, we get

+o0 +oo
[y =n [0 0.

@ @

+oo
—n(n+2) [ 20,4

o

= n(n+2P (3,2 1),

thus, we have

2 ¢4 o0
un B <_|‘|J‘X5”2n%21> > —otan [ (2 ) i),
combining to the formulas (4.5), (4.6) and (4.7), we get the desired result. O
Theorem 4.2. Assume the estimator 8¢ given in (3.5), if lim, o lli”; =c (¢>0),
then

) Jim T = R

i) Jimy 0 = s

n—o0

Proof. In the one hand, from Theorem 3.1, we showed that R, (671g,0) < R, (ds,0)
for p > 3 and all (,0) € (R? x RT) and using Theorem 4.1, we have

Ru(6555.0) _ (1= (1—w)ty) + ¢

(4.8) lim

potoo R, (X,0) — l+c¢
and
. R,(65,0)  w+ec
(4.9) lim < :
r= R, (X,0) 1+c
In the other hand, when p tends to infinity and n is fixed, we have o = %

tending to +o0o. According to the Lebesque’s Theorem by taking for example, the
increasing sequel with p (fp(u) = [£°x%(0,dt) =P (XEL > %)) and the fact that

lim P<X32u>:P<XiZO):1, foralln > 1,
o
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we obtain

(4.10)

o0
lim
p—+o00 Jo

P(xi >

471

u
) du) = 1.

In the case where p and n tend simultaneously to inﬁnity, we have

P(xn_ ) (ZQ_

where y1, 9o, . ..

M) ( Zy’_ p—2 " (p21i2)>’

-2

, Yn are independent Gaussian random variables centered and reduced.

Then by the strong law of large numbers, we have

lim P (X u> = lim P
P—00 o P—00

< X;y - (292g 2)>

n—oo n—oo
= limP| = 2>
g (32 )
=P(1>0) =1
Thus,
. —+o0 U +o0
@iy gim [P 2 ) O = [ du) = 1
n—oo

Using Proposition 4.2, formulas (4.10) and (4.11) and the condition

e A
lim ;= lim — =g,
p—o0 po‘ p—)oop
leads to
. Rw((S}LS, 0) . R,(dss,0) . P+ A 4 (p—2)n
| —_— | _— | —_—
pe RL(X,0) = rote R(X,6) vt |(I—wp p (L—w)p(n+2)
. Rw(5J570) 1 - @ c
-1 n
P00 R,(X,0) l-w  1-w
lim Rw(5J579>
~potoe R(X,6)
and
+ _
le Rw((SJS,@) Z ll)m Rw(6JS76) 1_) [ p+)\ _ é _ (p 2)n ]
S Rw(Xv Q) S Rw(X7 8) P (1 - w)p p (1 - w)p(n + 2)
o RW(CSJS,Q) &
= Ry(X,0) 1—w
. Rw((SJSae)
> lim ————2.
p=e Ry(X,0)
It follows from Theorem 4.1 that
+ 1—(1— _n_ +
(4.12) lim Ro(055:0) L (1= (L —w)ils) +e

p=too R, (X,0) —

1+c¢
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and
. R,(035,0) _ wHec
(4.13) lim > .
= Ry(X,0) T 1+c¢
Combining formulas (4.8), (4.9), (4.12) and (4.13) we get the desired result. O

5. SIMULATION RESULTS

First, we illustrate graphically the risks ratios of the James-Stein estimator § ;g
and the positive-part of James-Stein estimator d¢ to the MLE X as a function of
A = ||6]|?/(20?) for various values of n, p and w. Secondly, we give the tables that show
the values of risks ratios of the James-Stein estimator d;¢ and the positive-part of
James-Stein estimator § ¢ to the MLE X according to divers values of A = ||6]|?/(20?)
but this time we fix n and p and vary w.

Maximum likelihood estimator

Risks ratio

James-Stein estimator

positive-part of James-Stein estimator

FIGURE 1. The graphs of risks ratios R, (d;s,0)/R.,(X,0) and
R.,(0}5,0)/R,(X,0) as functions of A for n =30, p=8 and w = 0.1

Figures 1-6 show that the risks ratios of the James-Stein estimator d;¢ and the
positive-part of James-Stein estimator 64 to the MLE X are less than 1, thus the
estimators d;5 and §}¢ dominate the MLE X for large values of n and p. We also
observe that the gain increases if w is near to 0 and decreases if w is near to 1. Tables
1-6 illustrate this note.

In Table 1 and Table 2, we give the values of ratios R,(ds,0)/R.,(X,0) and
R,(6%4,0)/R,(X,0) for n = 50 and p = 10 and n = 100 and p = 10, respectively for
divers values of A = (]|0||*)/(20?) and w.
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1 N
ﬂ_ll'_
2 06
5 ]
@ ] Maximum likelihood estimator
A D4
[ I . .
] James-Stemn estimator
0.2 » . .
] positive-part of James-Stein estimator

FIGURE 2. The graphs of risks ratios R,(d;s,0)/R.(X,0) and
R,(6%5,0)/R,(X,0) as functions of X for n =50, p=8 and w = 0.1

.8
=]
= 06 ) ) . .
o Maximum likelihood estimator
-
é 4 positive-part of James-Stein estimator

James-Stein estimator
.2
0 2 4 6 8 10 12 14

s

FIGURE 3. The graphs of risks ratios R,(dss,0)/R.(X,0) and
R.,(035,0)/R,(X,0) as functions of A for n =50, p =10 and w = 0.4

From Tables 1-2, first, for any values of w and A = ||0]|?/(20?%), the ratio
R,(675,0)/R,(X,0) is less than the ratio R,(ds5,0)/R.(X,0), which shows that
the positive-part of James-Stein estimator Ty dominates the James-Stein estimator
d75. Secondly, on the one hand, if w and A = [|0||*/(20?) are small, the ratios are close
to 0 than 1, and therefore the gain is very important. On the other hand, as much as
w goes to 1, the gain will be small and the risks ratios are almost equal. In the case
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0.8
% 06 Maximum likelihood estimator
-
= positive-part of James-Stein estimator
Y 04+ | |

James-Stein estimator
0.2
0 2 4 6 8 10

)

FIGURE 4. The graphs of risks ratios R, (d;s,0)/R.(X,0) and
R,(675,0)/R,(X,0) as functions of A for n = 50, p =10 and w = 0.6

0.8+
2 06
SR
° Maximum likelihood estimator
04
4 positive-part of James-Stein estimator

0.2 James-Stein estimator

0 2 ' 8 10
A

FIGURE 5. The graphs of risks ratios R, (d;s,0)/R.(X,0) and
R.,(0}5,0)/R.,(X,0) as functions of A for n =100, p =10 and w = 0.4

w is near to 1 and A is large, the gain is almost equal to zero and the risks ratios are

the same.
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]
E ] Maximum likelihood estimator
o]
14 positive-part of James-Stein estimator
] James-Stein estimator
Il.:!'_

L

FIGURE 6. The graphs of risks ratios R, (d;s,0)/R.(X,0) and
R,(675,0)/R,(X,0) as functions of A for n = 100, p =10 and w = 0.6

CONCLUSION

In this work, we established the minimaxity of the James-Stein estimator ¢ ;5 and the
positive-part of James-Stein estimator ¢} of a multivariate normal mean distribution
X ~ N, (6, 0%1,) under the balanced loss function. If the limit of the ratio [|0]|* /p is
a constant ¢ > 0, the risks ratios R, (d;s,6)/R.(X,0) and R,(0}s,0)/R,(X,0) tend
to the values less than 1, thus we ensured the stability of the minimaxity property
of the James-Stein estimator 0,5 and the positive-part of James-Stein estimator &g
even if the dimension of the parameter spaces p and the sample size n tend to infinity.
An extension of this work is to obtain the similar results in the case where the model
has a symmetrical spherical distribution.

6. APPENDIX

Lemma 6.1 (Bock [8]). Let X ~ N, (0,1,) where X = (X1,...,X,)" and 6 =
(01,...,0,)", then for any measurable function h : [0, +oo[ — R

E(h(I1XI°) X2) = E [h (X242 (101%))] +67E [h (x4 (101%)) ] -

Moreover,

E(h(IX17) 1X1%) = 2 [x2 (101%) & (2 (191°))]
(6.1) =pE [h (x4 (1101))] + 101% E [h (x2ea (161%))] -
Lemma 6.2 ([3]). Let f is a real function. If for p >3, E\ax [f(U)] exists, then
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TABLE 1. The values of risks ratios R,(dss,0)/R,(X,0) and
R,(034,0)/R.,(X,0) as functions of A for n =50 and p = 10

risks
A ratio |lw=01|w=02|w=03|w=04|w=06|w=08|w=09
05 0.3105 | 0.3871 | 0.4637 | 0.5403 | 0.6936 | 0.8468 | 0.9234
0.4 ot 0.2416 | 0.3671 | 0.4261 | 0.5015 | 0.6854 | 0.8462 | 0.9223
dss 0.3715 | 0.4414 | 0.5112 | 0.5810 | 0.7207 | 0.8603 | 0.9302
1 6t 0.3124 | 0.3949 | 0.4775 | 0.5590 | 0,7148 | 0.8600 | 0.9302
dJs 0.4260 | 0.4898 | 0.5536 | 0.6173 | 0.7449 | 0.8724 | 0.9362
2 ot 0.3766 | 0.4522 | 0.5272 | 0.6007 | 0.7408 | 0.8722 | 0.9362
dss 0,4728 | 0,5314 | 0,5900 | 0,6485 | 0,7657 | 0,8828 | 0,9414
3 ot 0,4321 | 0,5014 | 0,5696 | 0,6360 | 0,7628 | 0,8827 | 0,9414
0ss 0,5486 | 0,5987 | 0,6489 | 0,6991 | 0,7994 | 0,8997 | 0,9498
5 5t 0,5220 | 0,5802 | 0,6370 | 0,6922 | 0,7980 | 0,8996 | 0,9498
05 0,6719 | 0,7084 | 0,7448 | 0,7813 | 0,8542 | 0,9271 | 0,9635
10 Wy 0,6640 | 0,7034 | 0,7420 | 0,7798 | 0,8540 | 0,9271 | 0,9635
05 0,7443 | 0,7727 | 0,8011 | 0,8296 | 0,8864 | 0,9432 | 0,9716
15 Wy 0,7422 | 0,7715 | 0,8005 | 0,8293 | 0,8863 | 0,9432 | 0,9716
dss 0,7912 | 0,8144 | 0,8376 | 0,8608 | 0,9072 | 0,9536 | 0,9768
20 5t 0,7907 | 0,8141 | 0,8375 | 0,8607 | 0,9072 | 0,9536 | 0,9768
dJs 0,8238 | 0,8434 | 0,8630 | 0,8825 | 0,9217 | 0,9608 | 0,9804
25 ot 0,8237 | 0,8433 | 0,8629 | 0,8825 | 0,9217 | 0,9608 | 0,9804
dss 0,8477 | 0,8646 | 0,8816 | 0,8985 | 0,9323 | 0,9662 | 0,9831
30 ot 0,8477 | 0,8646 | 0,8815 | 0,8985 | 0,9323 | 0,9662 | 0,9831

a) if f is monotone non-increasing we have
(6.2) E o [fO)] < Ex [f(U)];
b) if f is monotone non-decreasing we have

(6.3) B o U] = Egw [f(U)].
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TABLE 2. The values of risks ratios R,(dss,0)/R,(X,0) and
R,(0}5,0)/R.,(X,0) as functions of A for n = 100 and p = 10

risks
A ratio | w=01|w=02|w=03|w=04|w=06|w=08|w=0.9

dss | 0.2970 | 0.3751 | 0.4532 | 0.5313 | 0.6876 | 0.8438 | 0.9219
0.4 dts | 0.2092 | 0.3207 | 0.4025 | 0.5040 | 0.6800 | 0.8433 | 0.9219

dss | 0,3592 | 0,4304 | 0,5016 | 0,5728 | 0,7152 | 0,8576 | 0,9288
1 6ts | 0,3020 | 0,3857 | 0,4694 | 0,5519 | 0,7098 | 0,8573 | 0,9288

dss | 0,4147 | 0,4798 | 0,5448 | 0,6098 | 0,7399 | 0,8699 | 0,9350
2 6ts | 0,3671 | 0,4439 | 0,5198 | 0,5942 | 0,7361 | 0,8697 | 0,9350

dss | 0,4625 | 0,5222 | 0,5819 | 0,6416 | 0,7611 | 0,8805 | 0,9403
3 dts | 0,4235 | 0,4937 | 0,5627 | 0,6300 | 0,7585 | 0,8804 | 0,9403

dss | 0,6397 | 0,5909 | 0,6420 | 0,6932 | 0,7954 | 0,8977 | 0,9489
5 dts | 0,5146 | 0,5735 | 0,6309 | 0,6868 | 0,7942 | 0,8977 | 0,9489

dss | 0,6655 | 0,7027 | 0,7398 | 0,7770 | 0,8513 | 0,9257 | 0,9628
10 dts | 0,6582 | 0,6982 | 0,7373 | 0,7757 | 0,8511 | 0,9257 | 0,9628

dss | 0,7393 | 0,7683 | 0,7972 | 0,8262 | 0,8841 | 0,9421 | 0,9710
15 6ts | 0,7375 | 0,7672 | 0,7967 | 0,8260 | 0,8841 | 0,9421 | 0,9710

ds¢ | 0,7871 | 0,8108 | 0,8344 | 0,8581 | 0,9054 | 0,9527 | 0,9763
20 6ts | 0,7867 | 0,8105 | 0,8343 | 0,8580 | 0,9054 | 0,9527 | 0,9763

dss | 0,8203 | 0,8403 | 0,8603 | 0,8802 | 0,9202 | 0,9601 | 0,9800
25 dts | 0,8203 | 0,8403 | 0,8603 | 0,8802 | 0,9202 | 0,9601 | 0,9800

dss | 0,8447 | 0,8620 | 0,8792 | 0,8965 | 0,9310 | 0,9655 | 0,9827
30 dts | 0,8447 | 0,8620 | 0,8792 | 0,8965 | 0,9310 | 0,9655 | 0,9827
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SOME RESULTS CONCERNED WITH HANKEL DETERMINANT
BULENT NAFI ORNEK!

ABSTRACT. In this paper, we discuss different versions of the boundary Schwarz
lemma and Hankel determinant for X («) class. Also, for the function f(z) =
2+ 32?2 4 c32% + -+ defined in the unit disc such that f € X(a), we estimate a
modulus of the angular derivative of f(z) function at the boundary point zy with
f(20) = 135 and f'(20) = IJ%Q That is, we shall give an estimate below |f”(zo)|
according to the first nonzero Taylor coefficient of about two zeros, namely z = 0
and z; # 0. The sharpness of this inequality is also proved.

1. INTRODUCTION

Let A denote the class of functions f(z) = z + 22?4+ ¢32* + - -+ which are analytic
in £ = {z:|z| <1}. Also, X () be the subclass of A consisting of all functions f
which satisfy

2
< !/

(1.1) (f(z)) fi(z) —al <1,
where a € C. There are a lot of interesting studies regarding inequality (1.1) [16,17,24].

The certain analytic functions which is in the class of X («) on the unit disc F
are considered in this paper. The subject of the present paper is to discuss some
properties of the function f(z) which belongs to the class of X () by applying
Schwarz lemma. Schwarz lemma is a highly popular topic in electrical engineering.
As exemplary applications, the use of positive real functions and boundary analysis
of these functions for circuit synthesis can be given. Moreover, it is also possible to

Key words and phrases. Fekete-Szego functional, Julia-Wolff lemma, Hankel determinant, analytic
function, Schwarz lemma. angular derivative.
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utilize Schwarz lemma for the analysis of transfer functions in control engineering and
to design multi-notch filter structures in signal processing [14,15].

Let f € A. The ¢'" Hankel determinant of f for n > 0 and ¢ > 1 is stated by
Noonan and Thomas [23] as

Cp, Cnt+1 -+ Cpyg—1
Cn+1 Cny2 ... Cntq
H,(n) = : : : : , ¢ =1
Cntq—1 Cntq -+ Cn42q—2

From the Hankel determinant for n = 1 and ¢ = 2, we have

Hy(1) = e c5.
Cy C3
Similarly, for u = z — z; and f € A, we have
A Am+1 - Qmis—1
Ds(m) = a/m;—i_l awi_‘_z a”j"'s 5 a; = 1.
Um4s—1  Am4s - Am425—2

From the Hankel determinant for m = 1 and s = 2, we have

Here, the Hankel determinant Hy(1) = c3 — c3 and Do(1) = a3 — a3 are well-known as
Fekete-Szeg6 functional [22]. In [23], authors have obtained the upper bounds of the
Hankel determinant |cycy — c3|. Also, in [20], author have obtained the upper bounds
the Hankel determinant A%*). Moreover, in [21], authors have given bounds for the
Second Hankel determinant for class M,,. In [1], Schwarz lemma at the boundary has
been examined for a class K of analytic functions, and the modulus of the second
derivative has been estimated from below in terms of Hankel determinants Hy(1).

We will obtain consideration for f”(z) from below by using H>(1) and Dy(1) deter-
minants. In this consideration, the coefficients in Taylor expansion of f(z) at z =10
and z = z; points are used. The functions we use for our main results are as follows.
The relationship between the Fekete-Szeg6 function, that is the Hankel determinant
H,(1), and the second derivative of the function will be considered. In this considera-
tion, the Taylor coefficients that form the analytic function f(z) and the coefficients
that form the Hankel determination will be correlated. In this correlation, Schwarz
lemma and its results will be used.

Let f € K («) and consider the following function

2
t(z) = (ffz)> f'(Z)—OéZ1—a+(03—C§)ZQ+(204—4c2c3+2c§)z3+...,
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It is an analytic function in £ and ¢(0) = 1 — . Consider the function

T(z) = 2 p) = M
== —1(0)t(z)
Here, T'(z) is an analytic function in £, T'(0) = 0 and |T'(z)| < 1 for z € E.

Several studies on Schwarz lemma exist in literature as it has a wide applicability
area. Some examples are about being estimated from below the modulus of the
derivative of the function at some boundary point of the unit disc which is also called
as boundary version of Schwarz lemma. The classical Schwarz lemma implies the
inequality

(1.2) [f"(20)] = 1

which is known as the Schwarz lemma on the boundary, and also as a part of the
Lindelof principle. The inequality (1.2) and its generalizations have important aplica-
tions in geometric theory of functions [2-7,13-15,15,18]. Mercer [10] proves a version
of the Schwarz lemma where the images of two points are known. Also, he considers
some Schwarz and Carathéodory inequalities at the boundary, as consequences of a
lemma due to Rogosinski [11]. In addition, he obtains an new boundary Schwarz
lemma, for analytic functions mapping the unit disk to itself [12]. In [9], authors have
given simple proofs of various versions of the Schwarz lemma for real-valued harmonic
functions and for holomorphic (more generally harmonic quasiregular, shortly HQR)
mappings with the strip codomain. In [8], the authors have given different applications
of the Schwarz lemma and the Jack lemma.

The following lemma, known as the Julia-Wolff lemma, is needed in the sequel (see
[19]). In addition, the second derivative of the function f(z) will be considered from
below. Therefore, here the existence of the second derivative gives the result of the
Julia-Wolff lemma.

Lemma 1.1 (Julia-Wolff lemma). Let f be an analytic function in E, f(0) =0 and
f(E) C E. If, in addition, the function f has an angular limit f(z9) at zo € OF,
|f(20)| = 1, then the angular derivative f'(z) exists and 1 < |f'(z0)| < oc.

Corollary 1.1. The analytic function f has a finite angular derivative f'(zo) if and
only if f' has the finite angular limit f'(zo) at zo € OF.

2. MAIN RESULTS

In this section, we discuss different versions of the boundary Schwarz lemma and
Hankel determinant for X («) class. Also, for the function f(2) = 2+ 222 +c323 + - - -
defined in the unit disc such that f € K(«), we estimate a modulus of the angular
derivative of f(z) function at the boundary point 2o with f(20) = %% and f'(z) = ﬁ
That is, we shall give an estimate below |f”(zy)| according to the first nonzero Taylor

coefficient of about two zeros, namely z = 0 and z; # 0. The sharpness of this
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inequality is also proved. Motivated by the results of the work presented in [2], the
following result has been obtained.

Theorem 2.1. Let f € X («) and (f(zzll)>2f’(z1) =1 for 0 < |z1]| < 1. Suppose that,
for some zy € OF, f has an angular limit f(zo) at zo, f(z0) = =22 and f'(20) = IJ%Q

1+a
Then we have the inequality

(2.1)
, laf? 1= laf  (1=[1=a)|a]® = [Ha(1)]
|f (ZO)|Z 2 2 2 2 2
(1-11-af)|1+al L=al” (1= =al?) |zl + [H(1)
A 1—|n)
x |14+ = ——51],
[ B |1—z/
where

A= =aP) [l + D) (1~ |2P) [Ha(D)] = (11— o) [Da(1)] |21
— (1= 1= af’) [Hs(1)] 2],

B=(1-[1—af) |al' + [Da()] (1~ [21]*) | Ha(1)] + (1 1 — of*)? | Do(1)] |2
+ (1= [1—af?) [Ha(1)] 2]

This result is sharp for a € R, with equality for each possible value of |Ho(1)| and
[ D2(1)].

Proof. Let
(2) = —2
T2 =1 2V
In addition, let A : E — E be an analytic and a point z; € F in order to satisfy
h(z) — h(z z—z
CL_ha) | | 222 gy
1 —h(z)h(z) 1 —7Z1z
and
(2] + lg(2)]
(2.2) h(2)] < :
1+ [h(21)a(2)]

by Schwarz-pick lemma [6]. If p : E — E is analytic function and 0 < |z;]| < 1, letting

(2) = —
(1 - p(0)p(2))
in (2.2), we obtain
p(21)—p(0)
PO Jo(2)
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and
)]+ |- 1

Cllg(2)]
(2.3) Ip(2)] < T
[Cl+]a(2)] °
1+ [p(0)] 12| 11

where

plz1) —p(0)
21 (1= p(0)p(=1))

Without loss of generality, we will assume that zy = 1. If we take

p(Z)— )
22(1Z:zzllz)
then
(1) . _Da(1) (1~ Jarf?)
PO T T a4
and

Dy(1)(1-121[?) L ()
(17\17042)2% (17|17a\2)z%

Do) (1-1=11)° )y
21 <1+ (1-n-aP)z? (1-11-a)?)2?
where |C] < 1. Let [p(0)| = 8 and

C:

Dy(1) (11 %)° L] ma
(1—|1—a\2)z% (1—|1—a|2)z%
T= . .
Dy(1)(1—]z1] Hj(1)
4l <1 HECEREREEgE )
From (2.3), we get
+ 2| T
[R(2)| < |21 |q(2)[* +T+q
L+ 5| | T
and
1 [R)| | L+ 612l e — A1 lao) P — la) o rich
1—|zf ~ (1= 12]) (1+ 82| o)
Let x(z) =1+ [ |7] 1T++T‘|qq(z) and 7(z) = 1+ T |q(2)|. Therefore, we obtain
1 —|R(z)] 1 1— |2 fg(2)[ 1— 2% [g(2)]
> T i o I A
T R O W = R S e
1 — |2 [q(2)] 1 — 2] lq(z)|
2.4 LN T— 22
(2.4) Bl la(2)] —— 2] + B 2| =
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Since
. L T+q(2)] \ _
limr(2) = lim (1+ T q(=)]) = 1+ T,
i zmz |V
Ll 1P
im =i+j——s,
z—1 1—|Z| J|1—Zl|2
for nonnegative integers ¢ and j and
5 z—2z |? (1 - |Zl|2> (1 - ]z|2)
L—|g(z)" =1—|-—)| = — :
1 —7=12 |1 — Z12|
passing to the angular limit in (2.4) gives
2 1— |zl L —|af*
R'(1)| > <3+3+T 3+3———5
O U T—af
1— |z 1— |z
+B8 1+ —F | AT |1 +3——3
|1—21| |1—Zl|
1—|zn? 1-8 1-T1—|n|
=242 + 1+ .
1—z 1+8 14+ T -z
Moreover, since
_ |H2(1)] 2 2
1-8 1—1[p©)] 7 pep)mr  (L=[1—a’) |z’ = [H(1)]
1 1 0] O T (11 _ 2 2 ,
T8 1Ol 14 B (1= - af) [+ ()

2
Dy(1)(1-12112)
(17|17a|2)z%

Hy(1)
(17|170¢\2)z%

Dy(1)(1—1%12)?

1—
1—T B |z1|<1+ (17|17a‘2)z%
1+T

Ho(1)
(17|17a|2)z%

)
)

Dy(1)(1—712)*
(1—\1—&\2)2%

1

(17\17(1\2)z§

Hp(1)
(1—\1—a|2)z%

J’_

Hy(1)
(17\17(1\2)25

and
2] (14 Dx)(1-la1)’ || wp1) |20 | ma
1—=T B 1 (1—\1—a|2)z% (1—|1—a\2)z% (1—|1—0¢‘2)Z% (1_|1_O“2)Z% A1
1+T /32(1)(1—|Z1\2)2 Ha(1) Dz(l)(l—\Z1|2)2 Hy(1) ' E’
|Zl‘ (1 + (1_‘1_042)3% (1—|1—o¢\2>2% + (1—|1_04‘2)Z% * (1—|1—a|2>z%

where

A= (1= 1= aP)" | + D)) (1 = ") (V)] = (1= 11 = o) |D2()] |2
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— (1= 1= al) [Ha(V)] |21,
Bi= (1= 1= aP)" "+ 1D2()] (1 = 2?) [ Ha(D)] + (1= 1 = a?) " [ Da(1)] |
+ (1= 1= af?) |Ho(1)] 2],

we obtain
1112 (1=11=al*) |z - |Hs(1 Ay 1 — |22
PP ET Chalala DL '2()'[1+2-‘21'2],
L=zl (1= =af?) |zl + [Ha(1) By |1 — 2|

where

Ay = (11— af*) |z + 1Da(D)] (1~ [2?) | Ha(D)] — (1= 11 = o) [Da(1)] 2]
— (1= =al?) [Ha(1)]|z],

By = (1= L= af) [aaf + D2V (1 = 2a*) " [Ha(D)] + (1 = L= ) [Do(D)] |
+ (1= 1= af?) [Ha(1)]|21]

From definition of R(z), we have

(5= MOy,
(1-#0)t(2))
and ,
7)) =l ol

Thus, we obtain the inequality (2.1).
In order to show that the inequality (2.1) is sharp, choose arbitrary real numbers
(1=1=al*)|2a)?

(1=l=a?)”

21, and y such that 0 < z < (1 -1 —oz|2) l4)?, 0<y <

Let
2
2 x
% (1-laf) - 5
K = 1 5 L .
2\ y =z
a(1-(-1a) 4 3)
Let
zZ—z
x + > K+177112
2 2 z—z
9 [ Z— 21 z 1+K177112
(2.5) R(z) =z — L
1—=12 Kt 7=
1 + X —Z1Z2
237K AL
1—212

From (2.5), with the simple calculations, we obtain

R//(O) R//(zl)

2~ " T T
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and
2 1 2\2 2\2
) 1— |z 22—2 %—yﬂbﬁh|)$—y@fﬁh” 21t
R(l):2+21 2 2 | 4 2\ 2 o\ 2
(I—z)" 2zt zl—y(l—\zl\)m+y(1—|21])zl—mzl
Choosing suitable signs of the numbers 2;, x and y, we conslude from the last
equality that the inequality (2.1) is sharp. O
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