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STRONG CONVERGENCE RESULTS FOR VARIATIONAL
INEQUALITY AND EQUILIBRIUM PROBLEM IN HADAMARD
SPACES

G. C. UGWUNNADI!3, C. C. OKEKE!'3, A. R. KHAN? AND L. O. JOLAOSO?

ABSTRACT. The main purpose of this paper is to introduce and study a viscosity
type algorithm in a Hadamard space which comprises of a demimetric mapping, a
finite family of inverse strongly monotone mappings and an equilibrium problem for
a bifunction. Strong convergence of the proposed algorithm to a common solution
of variational inequality problem, fixed point problem and equilibrium problem is
established in Hadamard spaces. Nontrivial Applications and numerical examples
were given. Our results compliment some results in the literature.

1. INTRODUCTION

Let X be a metric space and C' be a nonempty closed and convex subset of X. A
point z € C' is called a fixed point of a nonlinear mapping 7' : C' — C, if

(1.1) Tz = z.

The set of fixed points of 7" is denoted by F(T). With the recent rapid developments
in fixed point theory, there has been a renewed interest in iterative schemes. The
properties of iterations between the type of sequences and kind of operators have
not been completely studied and are now under discussion. The theory of operators
has occupied a central place in modern research using iterative schemes because of
its promise of enormous utility in fixed point theory and its applications. In many
situations of practical utility, the mapping under consideration may not have an exact
fixed point due to some tight restriction on the space or the map, or an approximate

Key words and phrases. Variational inequality problem, inverse strongly monotone operator,
viscosity iteration, equilibruim problem, demimetric mapping, Hadamard space.
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fixed point is more than enough, an approximate solution plays an important role in
such situations. The theory of fixed points and consequently of approximate fixed
points finds application in mathematical economics, noncooperative game theory,
dynamic programming, nonlinear analysis, variational calculus, theory of integro-
differential equations and several other areas of applicable analysis see for instance
[9,17,23,25,26,31,33-35,40, 45].

The mapping T : C' — X is said to be:

(a) nonexpansive if
d(Tz, Ty) < d(x,y), forall z,y e C;

(b) quasi-nonexpansive if F(T') # () and

d(Txz,q) < d(xz,q), forallz e Candqe F(T),
(c) firmly nonexpansive if

d*(Tz, Ty) < (@,TTT@, for all x,y € C;
(d) a-inverse strongly monotone if there exists a > 0 such that
(1.2) d*(z,y) — (YTT;;, ) > aVqp(z,y), forall z,ye C,

s
where Uy (z,y) = d2(x,y) + d2(Tx, Ty) — 2(T«Ty, ). It was established in
[3] that the quantity Ur(x,y) is nonnegative.

Given a nonempty set C' and f : C' x C' — R a bifunction, the Equilibrium Problem
(EP) is defined as follows:

(1.3) find z* € C such that f(z*,y) >0, forallye C.

The point z* in (1.3) is called an equilibrium point of f. We shall denote the solution
set of problem (1.3) by EP(f,C). EPs have been widely studied in Hilbert, Banach
and topological vector spaces [6,12,24] and Hadamard manifolds [11,41]. One of
the most popular and effective methods used for solving problem (1.3) and other
related optimization problems is the Proximal Point Algorithm (PPA) which was
introduced in a Hilbert space by Martinet [37] and was further studied by Rockafellar
[47] in 1976. The PPA and its generalizations have also been studied extensively
in Banach spaces and Hadamard manifolds (see [11,36] and the references therein).
Recently, many convergence results by the PPA for solving optimization problems
were extended from the classical linear spaces to the setting of nonlinear space such
as Riemannain manifolds and Hadamard spaces (see [4,5,10, 19,46, 54] and reference
therein). Numerous applications in computer vision, machine learning, electronic
structure computation, system balancing, and robot manipulation can be reduced
to find solution of optimization and equilibrium problems in nonlinear setting (see
[1,2,27,43,50,53]).

Very recently, Kumam and Chaipunya [36] studied EP (1.3) in Hadamard spaces.
They established the existence of an equilibrium point of a bifunction satisfying some
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convexity, continuity and coercivity assumptions ([36], Theorem 4.1). They also estab-
lished some fundamental properties of the resolvent of a bifunction. Furthermore, they
proved that the PPA A-converges to an equilibrium point of a monotone bifunction
in a Hadamard space. More precisely, they proved:

Theorem 1.1. ([36, Theorem 7.3]) Let C' be a nonempty closed and convex subset of
a Hadamard space X and f: C x C — R be a monotone, A-upper semicontinuous in
the first variable such that D(J!) D C for all r > 0 where D stands for the domain.
Suppose that EP(f,C) # (0 and for an initial guess xg € C, the sequence {x,} C C is
generated by

Ty = an(:pn_l), n €N,

where {r,} is a sequence of positive real numbers bounded away from 0. Then {x,}
A-converges to an element of EP(f,C).

The Variational Inequality Problem (VIP) was first introduced by Stampacchia
[49] for modeling problems arising in mechanics. To study the regularity problem for
partial differential equations, Stampacchia [49] studied a generalization of the Lax-
Milgram theorem and called all problems of this kind to be VIPs. The theory of VIP
has numerous applications in diverse fields such as physics, engineering, economics,
mathematical programming and others (see [8,32,39] and references therein). The
VIP in a real Hilbert space H is formulated as follows:

(1.4) find z € C such that (Tx,y —z) >0, forallyeC,

where C' is a nonempty closed and convex subset of H and 7" is a nonlinear mapping
defined on C. This formulation is recently extended to the framework of CAT(0) space
X by Alizadeh-Dehghan-Moradlou [3] as follows:

(1.5) find € C such that (7_”;3:), @) >0, forallye(C,

where z{j stands for a vector in X defined in (2.1).

They established the existence of VIP (1.5) when T is an inverse strongly monotone
mapping in a CAT(0) space. Furthermore, they introduced the following iterative
algorithm for solving VIP (1.5): For arbitrary x; € C, generate sequence {x,} as

(1.6) Yn = Po(Bnzn © (1 — Bn)Twy),
: Top1 = Polant, ® (1 —a,)Sy,), n>1,

where {a,,}, {B.} are sequences in (0,1), S and T are nonexpansive and inverse
strongly monotone mappings, respectively. They also obtained A-convergence of
Algorithm (1.6) to a solution of the VIP (1.5), which is also a fixed point of the

nonexpansive mapping S.

%
Remark 1.1. If X = H is a real Hilbert space, then <£, cd) = (b—a,d — c) for all
a,b,c,d € H. Thus, the VIP (1.6) reduces to the VIP (1.5) when X = H.
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Motivated by the work of Kumam and Chaipunya [36] and Alizadeh-Dehghan
-Moradlou [3], we introduce and study a viscosity type algorithm which comprises
of demimetric mapping, equilibrium problem for a monotone bifunction and a finite
family of inverse strongly monotone mappings. Strong convergence of the proposed
algorithm to common solution of a fixed point of a demimetric mapping, an equilib-
rium problem of a bifunction and variational inequality problem for a finite family of
certain monotone mappings is established in a Hadamard space X. Furthermore, we
applied our results to approximate solutions of minimization problems in X.

2. PRELIMINARIES

We state some known and useful results which will be needed in the proof of our main
theorem. Throughout this paper, we shall denote the strong and A-convergence by
— and —, respectively.

Let (X, d) be a metric space and z,y € X. A geodesic path joining x to y (or, a
geodesic from z to y) is a map 7 : [a,b] C R — X such that v(a) = z, v(b) = v,
and d(v(t),y(t')) = |t —t| for all ¢t,¢ € [a,b]. In particular, v is an isometry and
d(x,y) = b — a. We say that a metric space X is uniquely geodesic if every two
points of X are joined by only one geodesic segment (i.e., CAT(0) space). Examples of
CAT(0) spaces are Euclidean spaces R™ and Hilbert spaces. For more details, please
see [12,20,21,28,48]. Complete CAT(0) spaces are often called Hadamard spaces.

Let (1—t)z @ty denote the unique point z in the geodesic segment joining x to y for
each z,y in a CAT(0) space such that d(z,z) = td(x,y) and d(z,y) = (1 — t)d(z,y),
where t € [0,1]. Let [z;y] .= {(1 —t)x ®ty : t € [0,1]}, then a subset C' of X is
convex if [z,y] C C for all z,y € C.

In 2008, Breg and Nikolaev [6] introduced the concept of quailinearization mapping

in CAT(0) spaces. They denoted a pair (a,b) € X x X by ab which they called a
vector and defined a mapping (-, ) : (X x X) x (X x X) — R by

21)  (ab,cd) = ; (@(a,d) + P(b,0) - P(a,c) — P(b,d) . abe,de X,

called the quasilinearization mapping. It is easy to verify that <£, £> = d*(a,b),
(b, cd) = —(ab,cd), (ab,cd) = (@, cd) + (eb,cd) and (ab,cd) = (cd, ab) for all
a,b,c,d,e € X. It has been established that a geodesically connected metric space
is a CAT(0) space if and only if it satisfies the Cauchy-Schwartz inequality (see
[(% Recall that the space X is said to satisfy the Cauchy-Swartz inequality if
a

%
(ab, cd) < d(a,b)d(c,d) for all a,b,c,d € X.
Let {x,} be a bounded sequence in CAT(0) space X. For z € X, we set

r(z,{x,}) = limsupd(z, z,).
n—oo

The asymptotic radius r({z,}) of {z,} is given by

r({an}) = inf{r(z, {z.})},
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and the asymptotic center A({z,}) of {x,} is the set

A({zn}) = {z € X o r(z, {za}) = r({za})}-
It is known (see [16, Proposition 7]) that in a CAT(0) space, A({z,}) consists of exactly

one point. A sequence {z,} C X is said to A-converge to z € X if A({z,, }) = {z}
for every subsequence {z,, } of {z,}.

Definition 2.1 ([4]). Let X be a CAT(0) space and C' be a nonempty closed and
convex subset of X. A mapping T : C' — X is said to be k-demimetric if F(T) # ()
and there exists k € (—o0, 1), such that

1k
(2.2) (7Y, 2T7) > —5~d(x,T), forallze X and y € F(T).

Definition 2.2. Let C' be a nonempty closed and convex subset of a Hadamard space
X. The metric projection Po : X — C' assigns to each z € X, the unique point Pox
in C' such that

d(z, Pox) = inf{d(z,y) : y € C}.
The map P¢ is nonexpansive [13].
Definition 2.3. Let C' be a nonempty closed and convex subset of a Hadamard space

X. A mapping T : C' — (' is said to be A-demiclosed, if for any bounded sequence
{z,} in X such that A — nh_}r{)loxn =z and nh_)rgod(xn, Tz,) =0, then z = Tx.

Lemma 2.1 ([4]). Let X be a CAT(0) space and S : X — X be a k-demimetric
mapping with k € (—oo, A\] with F(S) # 0 and A € (0,1). Suppose that Sy = Az @
(1 = X\)Sz. Then Sy is quasi-nonezpansive and F(S)) = F(95).

In [36], the authors introduce resolvent of a bifunction f associated with the EP (1.3).
They defined a perturbation bifunction f, : C' x C' — R of f by

(2.3) fol@,y) == f(x,y) — (zt, 7)), forall z,y e C.

The perturbed bifunction f has a unique equilibrium point called resolvent operator
J/ X — 2¢ of the bifunction f (see [36]) and is defined by

J(x) = EP(C, fo) ={z € C: f(z,y) — (z£,70) > 0, y € C}
(24) = {Z eC: f(zay) + ;(CF(I,y) - d2<$,Z) - dz(yv’z)) > 0 for all ye O} )
r € X. It was established in [36] that J/ is well-defined.

Lemma 2.2 ([36]). Suppose that f is monotone and D(J') # (). Then, the following
properties hold.
(i) J/ is singled-valued.
(i) If D(J7) D C, then J7 is nonexpansive restricted to C.
(iii) If D(J') > C, F(J') = EP(C, f).

Lemma 2.3 ([36]). Suppose that f has the following properties:
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(A1) f(z,z) =0 forallx € C;

(A2) f is monotone, i.c., f(z,y) + f(y,x) <0 for all z,y € C;

(A3) for each x € C, y — f(x,y) is convex and lower semicontinuous;

(Ad) for each x € C, f(x,y) > limsup,, f((1 —t)x D tz,y) for all v,z € C.

Then D(J?) = X and J/ is single-valued.

Remark 2.1 ([23]). Tt follows from (2.4) that the resolvent J/ of the bifunction f
(r > 0) is given by

= 1
(2.5) JI(z):= EP(C,f,) = {z €C: f(5y)+ (T F) 20,y C} L zeX,
where f in this case is defined as
(2.6) folz,y) == f(z,y) xoc zy), forallz,yeC, zeX.

Lemma 2.4 ([23]). Let C be a nonempty closed and convex subset of a Hadamard
space X and f : C x C — R be a monotone bifunction such that C C D(JJ) forr > 0.
Then, J! is firmly nonexpansive restricted to C. That is

(2.7) (T x, Tly) < (71, foJf

Lemma 2.5 ([15]). Every bounded sequence in a Hadamard space always has a A-
convergent subsequence.

Lemma 2.6 ([29]). Let X be a Hadamard space and {x,} be a sequence in X. Then
{z,} A— converges to x if and only if lim sup(:pn%, :@) <0 forally € X.
n—oo

Lemma 2.7 ([56]). Let {a,} be a sequence of nonnegative real numbers satisfying the
following relation:

an+1 S (1 - an>an + OOy + 'Ynu n Z 07

where
(i) {an} C[0,1], 3 v, = 00
(7) limsup o, < 0;
(130) 7, >0, n >0, X9, < 0.
Then a, — 0 as n — oo.

Lemma 2.8 ([3]). Let C' be a nonempty closed and convex subset of Hadamard space
X and T : C — X be an a-inverse strongly monotone mapping. Assume p € [0, 1] and
define T, : C = X by Tyx = (1 — p)x @ pTx. If 0 < p < 2a, then T), is nonexpansive
mapping and F(T,) = F(T).

Lemma 2.9 ([3]). Let C be a nonempty bounded closed and convexr subset of a
Hadamard space X and T : C — X be an a-inverse strongly monotone. Then
VI(C,T) is nonempty, closed and conver.
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Lemma 2.10. ([7, Lemma 3]) Let X be a uniformly convex hyperbolic space with
modulus of uniform convezity n. For any ¢ > 0, ¢ € (0,2], A € [0,1] and v,z,y € X,
d(z,v) < ¢, d(y,v) < c and d(z,y) > ec implies that

d(1 =Nz @ Ay, v) < (1 =2X1 = A)n(c,€))e.
If X is a CAT(0) space, then X is uniformly convex hyperbolic space ([30]).

Lemma 2.11 ([3]). Let C be a nonempty convex subset of a Hadamard space X and
T:C — X be a mapping. Then,

VI(C,T) = VI(C,T,),
where € (0,1] and T, : C — X is a mapping defined by T, x = (1 — p)x & pT'v for
all z € C.
Remark 2.2 ([42]). It follows from Lemma 2.11 that
F(PeT) = VI(C,T) = VI(C,T,) = F(PcT)).
Lemma 2.12. Let X be a CAT(0) space, z,y,z € X and t € [0,1]. Then

(i) d(tz @ (1 = t)y, z) < td(z, z) + (1 = )d(y, z) (see [15]);
(i) d*(tz & (1 —t)y, 2) < td*(w,2) + (1 — t)d*(y, 2) — t(1 — t)d*(z, y) (see [15]);
(i) 2(tx ® (1 —t)y, 2) < 2d%(x, 2) + (1 — £)2d%(y, 2) 4 2t(1 — t)(Z2, y2) (see [13]).

Lemma 2.13 ([51]). Let X be a CAT(0) space, {z; : i = 1,2,...,N} C X and
o; €10,1] for each i =1,2,...,N, be such that >, a; = 1. Then

N N
d (@ T, z> <> ad(xi,z), forallz e X.
i=1 i=1

Lemma 2.14 ([14]). Let X be a CAT(0) space, {z;:i=1,2,..., N} C X, {y; :i =
1,2,...,N} C X and oy € [0,1] for each i = 1,2,...,N, be such that >N a; = 1.
Then

N N N
(2.8) d (@ Q;T;, @ Oéi?/i) < Z (i, ys)-
=1 =1 =1

Lemma 2.15 ([17]). Let X be a Hadamard space and S : X — X be a nonexpansive
mapping. Then the conditions {x,} A-converges to x and d(z,,Sz,) — 0, imply
xr = Sx.

Lemma 2.16 ([38]). Let {a,} be a sequence of real numbers such that there exists
a subsequence {n;} of {n} such that a,, < a,,+1 for all i € N. Then there exists a
subsequence {my} C N such that my — oo. and the following properties are satisfied
by all (sufficiently large) numbers k € N

Uy < Qg1 and g < Ayt

In fact, m, = max{j < k:a; < a1}
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3. MAIN RESULTS
We begin with a technical results which will be used to prove our main results.

Lemma 3.1 ([42]). Let C' be a nonempty closed and convez subset of a CAT(0) space
X, T,.C— X,1=1,2,...,N, be a finite family of a;-inverse strongly monotone
mappings and ¥, : C — C be defined by ¥,z = e, BiPcT,,x for all x € C
and B; € (0,1), where T,z := (1 — p)x @ wTix, 0 < p < 205 with p; € [0,1]. If
SN, Bi =1, then the mapping W, is nonexpansive. If in addition, NN, F(PcT,,) # 0,
then F(V,) = NX, F(PcT,,).

Proposition 3.1 ([23]). Let X be a Hadamard space and f : C x C — R be a
monotone bifunction operator. Then

d*(u, JIx) + d*(J 2, 2) < d*(u,z), for allu e F(J!), z € X and r > 0.

Theorem 3.1. Let C' be a nonempty closed and convex subset of a Hadamard space
X, f:C xC — R be a monotone and upper semicontinuous bifunction such that
conditions (A1)-(A4) of Lemma 2.3 are satisfied, C C D(JJ) for r > 0 and T; :
C—X,i1=1,2,...,N, be a finite family of c;-inverse strongly monotone mappings.
Let h be a contraction of C into itself with coefficient 6 € (0,1) and S : C — C
be a k-demimetric mapping with k € (—oo,\| and X\ € (0,1). Suppose that T :=
F(S)NEP(f,C)Nn (ﬂfll V[(C,Ti)) is nonempty and {x,} is a sequence generated
by an arbitrary x1 € X as follows:
Uy, = JTfn:vn,
(31) Yn = \Iluun = @z]\il ﬁiPCTu,-um
Tpt1 = aph(2,) ® (1 = o) [Batin ® (1 = Bn)Sayn), n>1,
where Sxx = Az @ (1 — X\)Sz is A-demiclosed and Ty,,x = (1 — p;)z @ Tz, 0 <
Wi < 20, for eachi =1,2,..., N. Suppose that {a,} and {5,} are sequences in (0, 1),
{B;} € (0,1) and r, € (0,00) satisfying the following conditions:
(i) nli_)ngoan =0, >0 ap = 00;
(i) ¥, 6 = 1.
Then {x,} converges strongly to p € YT, where p = Pyh(p).

Proof. Let p € F(S)NEP(f,C)N ( N VI(C,T,)). By Lemma 3.1, we have that

W, is nonexpansive, that is,

(3.2) A(Yn, ) = d(V ,tun, p) < d(un, ).
Since Jqfn is firmly nonexpansive, we have
(33) At p) = d(J], (22),p) < d(ar, )

Let v, = Bnyn ® (1 — 5,)S\yn, then we obtain
d(’Un,p) = d(ﬁnyn S (1 - Bn)S)\ynap)
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< Bud(yn, p) + (1 = Bn)d(Sxyn, p)
< Bnd(yn, p) + (1 = Bn)d(yn, p)
(3.4) = d(Yn, D).
It follows from (3.1), (3.3) and Lemma 2.12 (i) that
d(xps1,p) = d(anh(z,) & (1 — ay))v,, p)
< and(h(zy), p) + (1 — an)d(vy, p)
< and(h(zn), p) + (1 — an)d(yn, p)
< and(h(zn), h(p)) + and(h(p), p) + (1 — o )d(zp, p)
< abd(zy, p) + ond(h(p),p) + (1 = )d(zy, p)

— [1 = an(1 = 0)]d(2n, p) + (1 - Q)W
< max {d(xn,p), W} .

Hence, {z,} is bounded. Consequently, {y,}, {un}, {J{ z,} and {Syy,} are all
bounded.

We now divide the rest of the proof into two cases.

Case 1. Suppose that {d(z,,p)} is monotonically non-increasing. Then there
exists lim {d(x,,p)}. This shows that

(3.5) dim [d(211,p) — d(zn, p)] = 0.
Hence, we obtain from (3.1), Lemma 2.12 (ii), (3.2) and Proposition 3.1 that
d*(@p41,p) < cnd(h fvn)m) + (1= an)d*(vn, p) — an(1 = a)d* (A(zn), )
+ (1 = an)d*(yn, p)
(1 — a)d(un, p)
(1= ) [ (. ) = (1, 12|
(3.6) = a, d*(h(x,), (1 — an)d*(zpn, p) — (1 — an)d*(un, yn).
From (3.6), we get
(1 — )@ (Y, un) < and®(h(x,),p) + d*(2,,p) — d*(Tps1, p).
Hence, we obtain from (3.5) and condition (i) that
(3.7) dim d(yn, un) = 0= lim d(V,up, un).
Also, from (3.1), Lemma 2.12 (ii) and Proposition 3.1 we get
P (ns1,9) < ond?(h(z0), p) + (1 — @)l (vn p) — n(1 — ) (h(a), 00)
< and(h(zs).p) + (1 = an)d* (yn, p)
< od®(h(@n), p) + (1 = an)d* (up, p)
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< and (M), p) + (1= ) [d* (w0, p) = d*(up, )]
(3.8) = o, d®*(h(2,),p) + (1 — ap)d* (2, p) — (1 — a)d*(up, 2,).
Thus,
(1 — an)d*(up, 7,) < and®(h(zy),p) + d*(2,p) — d*(2p41, D).

Hence, from condition (i) and (3.5), we have

(3.9) lim d(u,,z,) = lim d(J! z,,z,) = 0.

n—00 n—oo

By (3.1) and Lemma 2.12 (ii), we get
dQ(xn+17p) Sand2<h(xn)up) (1 — Qp

Yd* (Un, p) — (1 — ) d? (R(z,), vy)
<and®(h(wn), p) + (1 - ay)

)

)

[Bud® (yn, p) + (1 = Ba)d*(Sxyn, )
= Ball = Ba)d* (yn, Sxyn)]
<o d®(W(4),p) + (1 = an)d*(@n, ) = (1 = ) Ba(l = B)d* (Y, Sxyn)-
Hence,
(1= ) Bn(1 = Ba)d*(Sxyn, yn) < anld”(h(wn), p) = d*(@n, p)] + d* (20, p) = d* (@ni1, p)-
By condition (i) and (3.5), we obtain

(3.10) dim d(Sxyn, yn) = 0.

Also, by (3.1), (3.7) and (3.9)

(3.11) A(Yn, zn) < AV up, uy) + d(ty, x,) =0, n — 0.
We also obtain from (3.1) and condition (i) that

(3.12)

d(zpi1,vn) = d(ah(z,) @ (1 — an)vn, vn) < apd(h(z,),v,) =0 as n — oo.
Also, from the definition of v, and (3.10), we obtain

(3.13) AV, Yn) < Brnd(Yn, Yn) + (1 = Br)d(Sayn, yn) = 0 as n — oo.
Thus, from (3.11), (3.12) and (3.13), we get
(3.14) d(xpi1, ) < d(Tpi1, ) + d(Vn, Yn) + d(Yn, ) — 0.

Next we show that
lim sup(h ( )z, %) < 0.

As {u,} is bounded, so by Lemma 2.5, there exists a subsequence {u,, } of {u,} such
that A—klim Up, = 2. Also since ¥, is nonexpansive, we obtain from (3.7), Lemma 2.15,
—00

Lemma 3.1 and Remark 2.2 that z € F(¥,) = NY,F(PcT,,) = N¥,VI(C,T,,). Let
us show that z € EP(f,C). Since {J/ (z,)} is bounded, there exists a subsequence
{wy} of {JI (x,)} such that

kh_glo d(wg, p) = lim inf d(J! 2., p)
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and that {wy} A-converges to some z € X, where wy, = ank xp, for all k € N. By the
definition of the resolvent J/ | we have

P h,9) + 5 () = g w) = ) 20,
for all y € C. In particular, letting y = J/z, we have
(g, JT2) — d* (2, wi) — d*(J 2 wy) > =21, fwy, J72).
Similarly, by the definition of J/, we have
d*(wy, 2) — d*(JT 2, 2) — d*(JT 2, wp) > —2f (wy, J' 2).

Since f is monotone, we have

d2(J 2, 20,) — A (W, T, ) — d*(wy, JT2) — 1, AP (W, 2) — 70 A2 (T 2, 2)

— 1, d*(JT 2, wy) >0,
and hence

(1 + 70, ) (T 2 wy) < d2(J 2, m,,) — d*(wy, 0,) + 7 d2 (Wi, 2) — T
< d*(J 2,20, + d*(wy, 2).

d*(J 2, 2)

k

It follows that

1
d*(J 2, wy) < r—(dQ(sz,xnk) — d*(J 2, wy) + d*(z,wp))
ng
1
S Td(wka xnk)(d(']fza xnk) - d(JfZ, wk)) + dQ(Zv wk)a
ng

for all £ € N and consequently, we obtain

limsup d?(J7 z, wy,) < limsup d*(z, wy).

k—o00 k—00

Since the asymptotic center of {wy} is unique point z, we have z = J/z, that is,
z € EP(C, f).
Furthermore, since {x,} is bounded, there exists a subsequence {z,, } of {z,}
such that A — klirn T, = z. It follows from (3.11) that there exists a subsequence
—00
{Yn,} of {y,} such that A — klim Yn, = 2. Since Sy is A-demiclosed, it follows from
—00
(3.10) and Lemma 2.1 that z € F(Sy) = F(S). Hence, z € T := F(S)N EP(f,C)N
i VI(C,T,,).
Observe that
—
(3.15) lim sup(h(z)z, 7,2) < limsup(h ( )2, Tn 2).

n—oo k—o0

Since {z,, } A-converges to z, therefore by Lemma 2.6, we have

lim sup(h ( )z, Tn%) < 0.

k—o0
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This together with (3.15) gives
(3.16) lim sup(h ( )2, Tnk) <

n—00

Also, we have

(h(2)7, Fomt) = <<7>2,z 2+ (h(2)%, )
(3.17) = (h(z )z zz) 4 d(z, h(2))d(2n, Tpin)-
Hence from (3.14), (3.16) and (3.17) we have that
(3.18) lim sup<h(7)z>, Zrap1) <0,

Finally, we prove that x,, — z asn — co. Forany n € N, we set J,, = ,,2® (1 —a, ) vy,
d*(2pi1, 2) =d*(anh(2,) @ (1 — ap)vp, 2)

<A (D, 2) + 2Tns10m, T i?)

<Jand(z, 2) + (1 — ap)d(vn, 2)]?

+ 2 an<h(xn)79n> Tn+t1 > + (1 - Oén)<vn79n7 Tnt1 >

— —
<(1 — )’ d*(vn, 2) + 2|2 (h(20) 2, T 2) + an (1 — ) (W(20) V), T 1 2)

+ (1 = @) Tk, Fari) + (1= ) (00, Tyt

— —
<(1- O‘n)QdQ(ym z) + 2| an(h(zn)z, Tni1 2) + an(l = o) (h(20)Vn, Ty 2)

+ an(1 — o)k, T td) + (1 — ) (v, v)d (21, z)]

— —
<(1- an)QdQ(xn, 2) 4 2|an(h(zn) 2, Tr1 ) + (1 — o) (h(20) U, Trg 1 £)

+ an(1 — @) (Un2, Tnp1 2)

<(1 = 00?2 (w0, 2) + 200 {h(@0) 2, Furi)

<(1 = )2 d(20, 2) + 20 (W) 1), T 12) + 200 (h(2)2, Ty )
<(1 = a,)2d (0, 2) + 200 (0, 2)d( 11, 2) + 200m(A(2) %, Trii)
<(1 = ) *d (2, 2) + 2000 (A (0, 2) + d* (2041, 2) )

—
+ 20, (h(2) 2, Ty 1 2).

As {a,} and {z,} are bounded so there is M > 0 such that
now follows that

1—a,)?+6ba,
Pl ) <=2 E

1,éand2(l’n72) < M. It

20v,
1 - 6q,,

Pz, 2) + (h(z)2, Fr)
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1—a,)?+6ba, 200,
iy 1_)6% @ (0, 2) + 1 ean<h(2)z,:cn+1 )+ a2 M
— 200, — (1 - 2ay T —
<|1-— L = 26a ( o) d*(x,,2) + @ (h(2)2, Tpn1 %) + a2 M
1 -6, 1 — 6,
1—20a, — (1 —2a,)| ,
<|1-— ns
< [ I fa. 1 d*(xy, 2)
2 —
(3.19) +am { o (W) E) + anM] |

—
%&M, Sy = Qi { 2 (h(2)2, Tny12) + (XnM} . Now it follows from

Set v, = oo

(3.18), (3.19) and Lemma 2.7 that {z,} converges strongly to z.

Case 2. Suppose that {d(z,,p)} is monotonically non-decreasing. There exists
a subsequence {n;} of {n} such that d(z,,,2) < d(v,,41,2) for all j € N. Then by
Lemma 2.16, there exists a nondecreasing sequence {my} C N such that m; — oo.

(3.20) ATy, 2) < A (Tmyi1,2) and  d*(xg, 2) < d*(Tppy1, 2),
for all £ € N. Therefore,
0 < liminf [d(xm,+1, 2) — d(Tm,.2)]
k—o00

S lim sup [d(xmk+17 Z) - d(xmka Z)]

< li;:r?soljp [, (M (T, ), 2) + (1 — iy, ) AUy, 2) — A( Xy, 2)]
< lir;soljp [, d(D( Ty ), 2) + (1 — iy )@y, 2) — d(@p, 5 2)]
= h;]:IZSOIj_p [, (d(h(zp,), 2) — d(zm,, 2))] = 0.

This implies that

(3.21) lim [d(zm,+1,2) — d(Tm,, 2)] = 0.

k—o0

By an argument as in Case 1, we get
e
(3.22) lim sup(h(z)z, T 12) < 0

k—o0

and
d2($mk+1a z) < (1— mG)dQ(xmw 2) + Yy Oy, -

Since d*(zym,,, 2) < d*(@pm, 11, 2) we get

(323) "Ymde(xmkv Z) S dz(xmka Z) - dQ(xkarla Z) + ’Ymkémk S ’Ymkémk
Thus, from (3.20), we get
(3.24) lim d*(x,,,,2) = 0.

k—o0
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It follows from (3.20), (3.22) and (3.24) the klim d?(xy, z) = 0. Therefore, we con-
— 00
clude from Case 1 and Case 2 that {z,,} converges strongly to z € T. O

Lemma 3.2. Let C be a nonempty closed and convex subset of a Hadamard space
Xand f; :CxC =R, j=1,2,...,m, be a finite family of monotone bifunctions
such that (A1)-(A4) are satisfied. Then for r > 0, we have F ( i Jf’") =Nm, (JIm),
where

m
N5 = Jimo Jinto. .o Jf o0 Jh.
7=1

The proof of Lemma 3.2, follows immediately from the proof of Theorem 3.1 in
[55].

Theorem 3.2. Let C' be a nonempty closed and convex subset of a Hadamard space X,
[i:CxC—=R,57=1,2,...,m, be monotone and upper semicontinuous bifunctions
such that conditions (A1)-(A4) are satisfied, C C D(J}) forr >0 and T; : C — X,
1 =1,2,...,N, be a finite family of a;-inverse strongly monotone mappings. Let
h be a contraction of C' into itself with coefficient 6 € (0,1) and S : C — C be a
k-demimetric mapping with k € (—oo, \] and A € (0,1). Suppose that I := F(S) N
EP(f;,C) NN, VI(C,T;) is nonempty and {x,} is the sequence generated by an
arbitrary r1 € X as:
Up = Hznzljfixna
(3.25) Y = VY, = @ | BiPcT,,
Tp+1 = anh(xn) % (1 - an)[ﬁnyn > (1 - ﬁn)s)\yn]a n > 17
where Sxx = Ax @ (1 — X\)Sx is A-demiclosed, T,,,x = (1 — p;)x ® Tz, 0 < p; < 20y,
foreachi=1,2,...,N, and ., JI = JImo Jin-1o.. .0 Jf20 JI1. Suppose that {ov}
and {B,} are sequences in (0,1), {5;} C (0,1) and r, € (0,00) satisfy the following
conditions:
(i) nh_?f}o&“ =0, > a, = 00;
(i) X 8 = 1.
Then {x,} converges strongly to p € I', where p = Prh(p).

Proof. Follows immediately from Theorem 3.1 and Lemma 3.2. U

4. APPLICATION TO MINIMIZATION PROBLEMS

In this section, we give an application of our results to solve Minimization Problems.
Let X be a Hadamard space and f : X — (—o0, o0] be a proper and convex function.
The problems in optimization require to find z € X such that

f(z) = argmin g(y).

So argmin,ex g(y) denotes the set of minimizers of g.
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Let v : X — R be a proper convex and lower semicontinuous function. Consider
the bifunction f, : C' x C' — R defined by

folz,y) =v(y) —v(z), forall z,ye C.

Then, f, is monotone and upper semi continuous (see [3]). Moreover, EP(f,,C) =
arg ming v, J* = proz¥ and D(proz’) = X (see [3]), where proz¥ : X — X is given
by
1
prox’(x) = arg min v(y) + §d2(y,x) , forall z € X.
Te

Now we consider the following minimization and fixed point problems:
(4.1)
find z € F(S) N F(V,) such that v(z) <wv(y), forallye C,i=1,2,...,m,

where S is a demimetric mapping and ¥, is as defined in Lemma 3.1.
Let us denote the solution set of problem (4.1) by (2.

Theorem 4.1. Let C be a nonempty closed and convex subset of a Hadamard space
X,v;: X =R, 7 =1,2,...,m, be proper convex lower semicontinuous functions
andT; : C — X, 1 =1,2,...,N, be a finite family of o;-inverse strongly monotone
mappings. Let h be a contraction of C into itself with coefficient 0 € (0,1) and
S:C — C be a k-demimetric mapping with k € (—oo, \| and A € (0,1). Suppose that
Q is nonempty and {x,} is the sequence generated by an arbitrary x1 € X as

uy, = I prox;? Ty,
(4.2) Yn = W u, = @f\il Bi Pc'T), tn,
Try1 = anh(2) © (1 — ) [Buyn @ (1 = Br)Sayn), 1> 1,
where Sxx = Az @ (1 — X\)Sz is A-demiclosed and T,,x = (1 — p;)z & pTiw, 0 <
Wi < 2a, for eachi=1,2,... N. Suppose that {a,,} and {$,} are sequences in (0, 1),
{6:;} € (0,1) and r,, € (0,00) satisfy the following conditions:
(i) dim a, = 0, 3502, an = o0;
(i) o, 8 = 1.
Then {z,} converges strongly to p € €2, where p = Poh(p).

Proof. Set Jff; = prox,i in Algorithm 3.25 and apply Theorem 3.2 to approximate
solutions of problem (4.1). O

Remark 4.1. (i) If we replace h(xz,) by "u* (for arbitrary u) in our Algorithm 3.1 and
Algorithm 3.25 (which are viscosity type), then we get the Halpern-type algorithm and
the conclusion of our theorems still hold. However, we use a viscosity-type algorithm
instead of Halpern-type algorithm due to the fact that viscosity-type algorithms have
higher rate of convergence than Halpern-type.

(ii) A characterization of metric projection goes as follows:

(4.3) p = Prh(p) & (ph(p),yp) >0, forally € C.
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Therefore, one advantage of adopting Algorithm 3.1 for our convergence analysis, is
that it also converges to the variational inequality (4.3) (see for example [22]).

(iii) In Theorem 1.1, A-convergence to an element of EP(f,C) was obtained while
we obtained strong convergence result which is also a solution of some variational
inequality problems. Hence, Theorem (3.1) provides genuine extension of Theorem
1.1.

(iv) Theorem 4.1 generalizes Theorem 10 of [52] and Theorem 3.1 of [44] from
Hilbert space to CAT(0) spaces.

5. NUMERICAL EXAMPLE

Example 5.1. We give numerical in (R?, || - ||2) (where R? is the Euclidean plane) to
support our main result.
Let p: R? x R? — [0, +00) defined by

ple.y) = /(@ =)’ + (@3 — 22 — B+, wyeR
Then (R?, p) is an Hadamard space (see, for instance, [18, Example 5.2]) with geodesic
joining z to y given by
(5.1)
(1 =tz &ty =((1— )y +tyr, (1 — )z + tyn)” = (1= 1) (2] — w2) — (4} — 1),
Now, define ® : R> — R by
P (21, 29) = (100(22 — 2) — (21 — 2)%)* + (21 — 3)%.

Then, it follows from [18, Example 5.2] that ® is a proper convex and lower semicon-
tinuous function in (R?, p) but not convex in the classical sense.

Let S : R? — R be defined by Sz = S(z1,72) = (—2x1,377 + 23). Then S is
3-generalized demimetric mapping in the sense p with F(S) = (0,0), A = 1.

Let X = R? and be an R-tree with radical metric d,, where d,.(x,y) = d(x,y)
if  and y are situated on a Euclidean straight line passing through the origin and
d,(z,y) = d(x,0)+d(y,0), otherwise. We put p =(0,1),¢q=(1,0) and C' = AUBUD,
where A = {(0,¢) : t € [2/3,1]}, B={(t,0):t € [2/3,1]}, D ={(t,s):t+s=1,t €
(0,1)} and defined T': C' — C by

q, ifzeA,
(5.2) Tx:={p, ifzeB,
x, ifxeD.

Then, T is i— inverse strongly monotone in (X, d,.) but not inverse strongly monotone
in the classical sense.

In what follows, we choose r,, = é, bi = %, wi = 0.035, ay, = n%rl, B, = 5222 for
n € Nand ¢ = 1,2,..., N. We study the behaviour of the sequence generated by
Algorithm 3.1 for following initial values with N = 10.

Case I: g = (=2, -7),
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Xy= [-2 -7], time= 0.00091 secs.

100+ :
N_
;c
) 2
10
=
x
104
0 5 10 15
Iteration number (n)
Xo= [5 -1], time= 0.00099 secs.
100} :
N_
:c
g 2
E 10
x
104
0 5 10 15

Iteration number (n)

Fi1GURE 1. Example 5.1: Case I — Case II.

Case II: zy = (5, —1),

Case III: 2o = (3,6),

Case IV: 2y = (—4,1)".

We also used ||z,11 —2,||*> < 107 as stopping criterion and plot the graphs of error
||Zni1 — zn||* against number of iteration in each case. The computation results are
shown in Figure 1-2. The numerical results show that the change in the initial values
does not have significant effects on the number of iteration and CPU time taken for
computation by Algorithm 3.1.

6. CONCLUSION

In this paper, we investigate a priori on the resolvent operator for a given bifunc-
tion, demimetric mapping and a finite family of inverse strongly monotone mappings.
Main results here are that the resolvent operator here is single-valued and firmly
nonexpansive. We then define proximal viscosity algorithm by iterating the resolvent
of different bifurcating parameters. Strong convergence of the proposed algorithm to
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Xy= [3 6], time= 0.00128 secs.

100k
N_
;c
) 2
10
=
x
104
0 5 10 15
Iteration number (n)
Xo= [-4 1], time= 0.00106 secs.
100} :
N_
:c
g -2
E 10
x
104
0 5 10 15

Iteration number (n)

F1GURE 2. Example 5.1: Case III — Case IV

a common solution of variational inequality problem, fixed point problem and equilib-
rium problem is established in Hadamard spaces. Some applications and numerical
example were also given.
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ON A DETERMINANTAL FORMULA FOR DERANGEMENT
NUMBERS

MILICA ANDELIC' AND CARLOS M. DA FONSECA?3

ABSTRACT. The aim of this note is to provide succinct proofs for a recent formula
of the derangement numbers in terms of the determinant of a tridiagonal matrix.

1. PRELIMINARIES

The nth derangement number !n, also known as subfactorial of n, is the number
of permutations on n elements, such that no element appears in its original position,
i.e., is a permutation that has no fixed points.

Derangement numbers were first combinatorially studied by the French mathemati-
cian and Fellow of the Royal Society, Pierre Rémond de Montmort in his celebrated
book FEssay d’analyse sur les jeux de hazard published in 1708.

The two well-known recurrence relations

(1.1) In=(mn-1)(n—-1)+(n—-2)), forn=>2,
and
(1.2) m=n((n-1))+(-1)", forn>1,

with 10 = 1 and !1 = 0, were established and proved by Euler. They can be written
in the explicit forms

Key words and phrases. Derangement numbers, tridiagonal matrices, determinant.
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which coincide with the permanent of the all ones matrix minus the identity matrix,
all of order n [4].

The arithmetic properties of the sequence of derangements are very interesting,
as we can find in [5]. There, they are studied in terms of the periodicity modulo a
positive integer, p-adic valuations, and prime divisors. We can also find attractive
relations to other number sequences. For example, in [11], for any prime number p
co-prime with a positive integer m, we have

>
02kzy (M)
where Bj, denotes the kth Bell number.

Among the most relevant generalizations we have the so-called r-derangement
numbers [12], when some of the elements are restricted to be in distinct cycles in
the cycle decomposition. For more details on this matter, recent formulas, and
interpretations, the reader is referred to [1,6,10].

The first terms of this sequence are

1,0,1,2,9,44,265,1854,14833,133496 , 1334961 , 14684570

= (=)™ (m~1) (mod p)

and it was coined by The On-Line Encyclopedia of Integer Sequences [9] as the
sequence A000166.

Another interesting representation of the derangement numbers is in terms of the
determinant of a certain family tridiagonal matrices. Kittappa [3] and Janji¢ [2]
showed independently two similar formulas:

2 —1
3 3 -1
(1.3) (n+1) = 4 -0 e ,
. o
n o n
for n > 2, and
1 -1
1 1 -1
3 -1
—1
n o n

for any positive integer n, respectively. Subtracting to the second row the first one,
in (1.4), it is a straightforward exercise to check that both representations are exactly
the same. Moreover they trivially satisfy (1.1)—(1.2).

In two recent replicated papers [7,8], Qi, Wang, and Guo claim the discovery of
a new representation for the derangement numbers in terms of the determinant of a
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new tridiagonal matrix. The aim of this short note is to show that this can be proven
using elementary matrix theory and the above well-known representations.

2. DERANGEMENT NUMBERS AND TRIDIAGONAL MATRICES

In [7,8] it is simultaneously claimed the discovery of a new representation for In in
terms of the determinant of the tridiagonal matrix of order n + 1, namely,

-1 -1
0 0 -1
1 1 -1

(2.1) In = — 2 2 -l ,

3
—1
n—1 n-—1

for any nonnegative integer. The proof is intricate and based on the higher derivatives
of the generating function of In.
However, using the elementary operations on rows R; and columns Cj

]%1 < ——}%1, C& < C& —-(71, ]%4 é—-1%4-+-2]%2, Ch:é— Ch-+'65,
it follows that (2.1) equals
1

-1
n—1 n-—1

and this determinant is exactly (1.3).

Yet, there is also another way to check (2.1). For, expanding of the determinant
along last row (or column) we immediately get (1.3). The conclusion now follows
from the fact that for n = 0 and n = 1 the determinant (2.1) is, respectively, 1 and 0.
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STABILITY OF AN [-VARIABLE CUBIC FUNCTIONAL
EQUATION

VEDIYAPPAN GOVINDAN!, SANDRA PINELAS?, JUNG RYE LEE?,
AND CHOONKIL PARK*

ABSTRACT. Using the direct and fixed point methods, we obtain the solution and
prove the Hyers-Ulam stability of the [-variable cubic functional equation

l l l
f(zzz-)@f(—w 3 )
i=1 j=1 i=1,i#]

l

l
=—20+1) Y fleita; o)+ @ -2-5) > flzi+a)

i=1,i#j#k i=1,i7#j
l
=3P - —141)) fla),
i=1

[l € N, [ > 3, in random normed spaces.

1. INTRODUCTION

The theory of random normed space (briefly, RN-space) is important as a gener-
alization of deterministic result of normed spaces and also in the study of random
operator equations. It is a practical tool for handling situations where classical theo-
ries fail to explain. Random theory has much application in several fields, for example,
population dynamics, computer programming, nonlinear dynamical system, nonlinear

operators, statistical convergence and so forth. The Cauchy additive equation

flx+y) = fl@)+ f(y)

Key words and phrases. Cubic functional equation, fixed point, Hyers-Ulam stability, random

normed space.
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has been studied by many authors [7,9,13,15,19]. The functional equation
fle+y)+ flz—y)=2f(z) +2f(y)

is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping (see [5,8,11,12,20]). A Hyers-
Ulam stability problem for the quadratic functional equation was proved by Skof [23]
for mappings f : X — Y, where X is a normed space and Y is a Banach space.
Cholewa [4] noticed that the theorem of Skof [23] is still true if the relevant domain
X is replaced by an Abelian group. Jun and Kim [14] introduced the following cubic
functional equation

(1.1) fRr+y)+ fQ2r—y) =2f(z+y) +2f(x —y) +12f(2),

and they established the solution and the Hyers-Ulam stability for the functional
equation. The function f(x) = z* satisfies the functional equation (1.1), which is
called a cubic functional equation (see [3,6,10,16,21,22]). Czerwik [5] proved the
Hyers-Ulam stability of the additive, quadratic and cubic functional equation.

Using the direct and fixed point methods, we obtain the solution and prove the
Hyers-Ulam stability of the [-variable cubic functional equation

v oS £ )

i=1,i#]

1 l
=—2(l4+1) >  flmtzj+a)+@BP=20-5) > flz;i+z)
i=1,i£j#k i=1,i#j
l

—3(P =P =1+1)> flm),

i=1

[ € N, [ >3, in random normed spaces.

2. PRELIMINARIES

In this section, we present some notations and basic definitions used in this article.

Definition 2.1. A mapping 7" : [0,1] x [0,1] — [0, 1] is called a continuous triangular
norm if 7" satisfies the following condition:

a) T is commutative and associative;
b) T is continuous;
c) T(a, )—aforallae [0,1];

d) (a, b) < T(c,d) when a < cand b < d for all a,b,c,d € [0,1].

Typical examples of continuous t-norms are 7),(a,b) = ab, T),,(a,b) = min{a, b} and
Tr(a,b) = max{a+b—1,0} (The Lukasiewicz t-norm). Recall [7] that if T" is a t-norm
and {z,} is a given sequence of numbers in [0, 1], then 7>z, ; is defined recurrently
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It is known that, for the Lukasiewicz t-norm, the following holds:

by T z; = x; and T/ jz; =T (Tinz_llmi, :vn) for n > 2, T, x; is defined as T2°, ;.

dim (7)) 2n4 = 1 & nz::l(l — Tp) < 00.
Definition 2.2. A random normed space (briefly, RN-space) is a triple, where X is a
vector space. T is a continuous t-norm and p is a mapping from X into DT satisfying
the following conditions:

(RN1) p(t) = €o(t) for all £ > 0 if and only if 2 = 0;
(RN2) f142(t) = pt (ﬁ) for all z € X and o € R with a # 0;
(RN3) pgiy(t+5) > T(ps(t), pry(s)) for all z,y € X and t,s > 0.

Definition 2.3. Let (X, u,T) be an RN-space.

1) A sequence {z,} in X is said to be convergent to a point = € X if, for any
e >0 and A > 0, there exists a positive integer N such that p,, .(€) >1— A
for alln > N.

2) A sequence {z,} in X is called a Cauchy sequence if, for any ¢ > 0 and A > 0,
there exists a positive integer N such that ., 4, (€) > 1—=Aforalln >m > N.

3) The RN-space (X, u, T) is said to be complete if every Cauchy sequence in X is
convergent to a point in X. For more details we can go through [1,2,4,13,18].

Throughout this paper, assume that X is a vector space and (Y, 1, T') is a complete
random normed space. All over this paper we use the following notation for a given
mapping f: X - Y

l

Df(zy,...,x) :f<

l I
:m) +> 0 f (—la:j + Y xz)
1 j=1 i=1,ij
!

l
+2(0+1) > flmt+zj+a)—@BF=20—-5) > f(x+ )
i=1,i£j#k i=1,i#j
l

+3P =P =141 f(w),

=1

for all x1,x9,23,..., 2, € X.

3. SOLUTION OF THE [-VARIABLE CUBIC FUNCTIONAL EQUATION IN (1.2)

In this section, we investigate the solution of the [-variable cubic functional equation
(1.2).

Lemma 3.1. If a mapping f : X — Y satisfies (1.2), then the mapping f : X =Y
is cubic.
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Proof. Letting 1 =29 =--- =2, =0 1in (1.2), we get

2£(0) = —2(1+1) (1 +3(-3)+ 20 3;“ =4, =30 S ol U 5>> £(0)

+ (312 — 20— 5) <3+3(z —3)+ W) £(0)
(3.1) =3P = 1> = 1+2)f(0).
It follows from (3.1) that f(0) = 0. Setting 1 = 3 = --- =2, = 0 and 23 = x in

(1.2), we have

LF(@) + f(—lz) = —2( + 1) (1 Lol 3)+ Hf“”) (@)

+ (31 — 21 — 5) <1+2(z —3)+ W) f(x)

(3.2) =31 =) -1 —1+1)f(z),

for all € X. It follows from (3.2) that

(3.3) f(=x) = —f(2),

for all z € X. Letting x9 =23 =--- =x; =0 and x; = = in (1.2), we get

Lf(z) + f(—lz) =(312 — 21 — 5) (1 +2(l—-3) + 12_72[“2> (@)

31 -D)(P =P —1+1)f(x)

?—T7+12
(3.4) —-2(1+1) (1 +2(l-3)+ 2) f(x),
for all x € X. It follows from (3.4) and the oddness of f that
(3:5) fllz) = f(z),
forall z € X. Letting 1 =2y =z and x3 =24 =--- =2, = 0, we get

(=1 f(x) +2f((=1+1)z)

= 2+ 1) - 2)f(20) — 2+ 1) <z<n gy A==

=) s
(3.6) 4+ (31> =2l —5)f(2x) +2(31* =2l = 5)(n — 2)f(x) — 6(1> = > — 1+ 1) f(x),

for all z € X. It follows from (3.6), (3.5) and the oddness of f that
(3.7) f(22) = 8f(x),
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for all x € X. Setting 1 = x9 =23 =z and x4y = x5 = --- = 2, = 0 in (1.2), we have

(1—=2)f3x) +3f((=1+2)x)
=—2(l4+1)fBx)—6(l+1)f(2x) =3+ 1) —=3)(I —4)f(x)
(3.8) +3(31* =20 —5)f(2x) +3(31* =20 —5)(n —3)f(x) — 9> = I* — 1 + 1) f(x),

for all z € X. It follows from (3.8) that
(3.9) f(3x) =27f(x),
forall z,y € X. Setting x; =23 =24y =x and 29 = x5 = --- = 2, = 0 in (1.2), we get

(1—=2)f(2x +y) +2f(—2zx +y) + f(2z — 3y)
= =200+ 1)(f22 +y) + (1 - 3)f(22) + 20— 3) f(z +p))
=20+ 1)((1=3)1—4)) f(@) + (= 3) 1 = 4) ()
(3.10) + (312 — 20— 5)(f(22) + 20 — 3)f(2) + (n — 3) f(y) + 2f (z +y))
—3(° =P =1+ 1)(2f(x) + f(y)),
for all z,y € X. It follows from (3.10) and the oddness of f that

fQRz+y) —2f(2x —y) + f(2x — 3y)
(3.11) =—8f(2rx+y)+128f(x) + 32f(x +y) — 96/ (x) — 48 (y),

for all x,y € X. Replacing y by —y in (3.11), we get

fQz —y) —2f(2z +y) + f(2x + 3y)
(3.12) =—8f(2x —y) + 128 f(x) + 32f(z —y) — 96 f (x) + 48 f (v),

for all 2,y € X. Adding (3.11) and (3.12), we have

f(2z +3y) + f(22 + 3y) — f(2x —y) — f(2x +y)
(3.13) =—8f2r+y)—8f2r+y)+32f(xr+y)+32f(x —y) + 64f(x),

for all z,y € X. It follows from (3.13) and (1.1) that
(3.14) Tf2e+y)+7f(2c —y) = 14(f(z +y) + [z —y)) + 84 (),
for all x,y € X. It follows from (3.14) that

fRr+y)+ f2r —y) =2(f(z +y) + f(z —y)) +12f(z),

for all x,y € X. Therefore, the mapping f : X — Y is cubic. OJ
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4. HYERS-ULAM STABILITY OF THE [- VARIABLEL CUBIC FUNCTIONAL
EQUATION (1.2): DIRECT APPROACH

In this setion, we prove the Hyers-Ulam stability of the [-variablel cubic functional
equation (1.2) in RN-spaces by using the direct method.

Theorem 4.1. Let j = +1 and f : X — Y be a mapping for which there exists a
function n : X' — D% with the condition

. 0o k+i+1)7
(4.1) lim 3%, (Th(kwm,z<k+i>x2,z<k+iu3 1kt g, (l( )9 t))
oo

.....

.....

such that f(0) =0 and
(4'2) KD f(x1,x2,..., wl)(t) > N(z1,22,..., xz)(t)v

for all x1,x9,23,...,2, € X and all t > 0. Then there exists a unique cubic mapping
C: X =Y satisfying the functional equation (1.2) and

(43) fo(@) -1 (1) = TZ, M (i+13g.0, ..., 0 (l(iﬂ)jt) )
(I—1)—times

for all x € X and allt > 0. The mapping C(z) is defined by
(44) po@ (t) = Hm e, (8),

13kj

forallx € X and allt > 0.

Proof. Assume j = 1. Setting (21,2, ...,2,) = (z, 0,...,0 ) in (4.3), we have
—_———
(I—1)—times
(4.5) ,Uf(lz)—l?’f(w)(t) > M:,0,...,0 (t),
———

(I—1)—times

for all z € X and all ¢t > 0. It follows from (4.4) and (RN2) that

3
M%,f(x)(t) > 7790,0, ..., 0 (l t) ’
(I—1)—times

for all z € X and all ¢ > 0. Replacing x by [*z in (4.5), we catch

1%k

(4.6) fyariny garn () > e 0.0 (lgkl3t) Z1:0,....0 | =%t
Y iR LU \a

(I—1)—times (I—1)—times

for all z € X and all ¢t > 0. It follows from

I n=l f ([lg)  f (IFx
f(l:mx) —fl@) =2 l(za(kﬂ)) B (ZSk: )
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and (4.6) that

n—1 k
a -
. <tz lgklg,) > T (a0, 0®) | =m0, 00),
! k=0 —

—_———
(I—1)—times (I—1)—times
t
(47) :U’f(l"f”) f($)<t) > T]m,() Zn —n—1 oF |
H—/ k=0 13k[3
(I—1)—times
for all x € X and all ¢ > 0. Replacing x by "z in (4.7), we get
t
(4.8) K gntma) f(lm:c) (t) > M2,0,...,0 | Snvm oF |-
n+m 3m \_\/—" Zk -m W
(I—1)—times
Since 7 — 1 as m,n — oo {f(lnx)} is a Cauchy sequence in
x,O, PN Zner ntm oF ) ) 13n y q
H,—/ k=m 3k 3
(I—1)—times

(Y, i, T). Since (Y, u, T') is complete, this sequence converges to some point C'(z) € Y.
Fix x € X and put m = 0 in (4.8). Then we have

t
Hsamay e (t> = 12,0, ... n—1 «
13n f( ) ’7&/_/ Zk é l3k];3

(I—1)—times

and so, for every § > 0, we have

> Ny N
Ho@)-j@)(t+0) 2T (Mc(x)_%@), o) g (t)>

t
(4.9) > T peppy 107 ()1, 0. ... n
)= " ’r’ ),—/ >k ézak
Taking limit as n — oo and using (4.9), we have
(4.10) Hew - (t+0) = .0, o ((° = a)t).
(I—1)—times

Since 0 is arbitrary, by taking 6 — 0 in (4.10), we have

(4.11) How-1@ (1) = n,0,... 0 (*—a)t).
(I—1)—times

Replacing (z1,xa, ..., x;) by (2"zq,2"xs,...,2"x;) in (4.2), we have
[’[’Df(lnxl,lnl’z,...7ln$l)(t) Z ’r}l”:cl,l"acg,...,l"a:l (lgnt) )
for all z1,25,...,2; € X and all t > 0. Since
klgilo TZO:OO (nl(k+i)xl’l(k+i)$27m7l(k+i)ml (13(k+i+1)jt)) =1,
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we conclude that C' fulfills (1.2).

To prove the uniqueness of the cubic mapping C', assume that there exists another
cubic mapping D from X to Y, which satisfies (4.11). Fix x € X. Clearly, C(I"z) =
P"C(z) and D(I"z) = > D(x) for all z € X. Tt follows from (4.11) that

HC(2)—D(x) (t) = lim frotrs) _ pena) (1),
13m 13m

n—oo

t t
> i Ny Ny — ng Ny —
e o) sz sge () g5 (3}

13n

2 Ming, 0, . . . ,0 (lSn (lg o oz) t)
NEARGEA

(I—1)—times

P (3 —a)t
2 1,0,...,0 (n :

—_——— o
(I—1)—times

B3 —a)t
a'"/

) = 00, we get

| <<l3n(l3 - a>t>>
lim 7,00 =
n—o0 » ’ am
N——

(I—1)—times

Since lim,, o (

Therefore, it follows that pc()—pe)(t) =1 for all £ > 0 and so C(x) = D(x).
For j = —1, we can prove the theorem by a similar way. This completes the
proof. 0

The following corollary is an immediate consequence of Theorem 4.1, concerning
the stability of (1.2).

Corollary 4.1. Let & and p be nonnegative real numbers. Let f : X — Y be a
mapping satisfying the inequality

7e(t),
ID (ar a8 = 3 TS il (1): S#3,
Me(TTL, i+ S50, feiloe) (s P 7
for all x1,25,...,2, € X and all t > 0. Then there exists a unique cubic mapping
C: X =Y such that
N (0),
fp@)-0@)(t) = 4 el (®),
N ejzime (1),
[13—17mp|

forall x € X and all t > 0.
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5. HYERS-ULAM STABILITY OF THE [-VARIABLEL CUBIC FUNCTIONAL
EQuATION (1.2): FIXED POINT APPROACH

In this section, we prove the Hyers-Ulam stability of the functional equation (1.2)
in random normed spaces by using the fixed point approach.

Theorem 5.1. Let f : X — Y be a mapping for which there exists a function
n: X' — Dt with the condition

. ko
kll—>rgo 7765931,55952 ..... 51’.“9:1 (61 t) - 17

I, i=0,

1 —
VEEA

for all xy,x9,...,20 € X, t > 0 and 6; = { satisfying the functional

inequality
KD f(x,x2,..., wz)(t) > N1, 2,10 (t)7
for all xy,z9,...,20 € X and t > 0. If there exists L = L(i) such that the function

z= Bz, t) =ns0,...,00)
———
(I—1)—times
has the property that
1

for all x € X and t > 0. Then there exists a unique cubic mapping C' : X — Y
satisfying the functional equation (1.2) and

Ll—i
HC (@)~ 1 (x) (1 - Lt> > B, t),

forallz € X andt > 0.

Proof. Let Q :={f : X — Y : fis a function} and d be a generalized metric on 2
such that

d(g, h) = inf {k € (0,00)/p(g(a)-na) (kt) > B(w,t) : 7 € X,t > 0}.

It is easy to see that (€2,d) is complete (see [17]). Define T : Q@ — Q by Tg(z) =
%g(éix) for all z € X. Now, for g, h € Q2 we have d(g,h) < K, which implies

t
H(Tg(x)—Th(z)) <5> >p(x,t),
d(Tg(z), Th(x)
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for all g, h € Q. Therefore, T is a strictly contractive mapping on ) with Lipschitz
constant L. It follows from (4.5) that

Hf(1z)—13 f(z) (t) > 2,0 ,0 (1),

(I—1)—times

Y

for all z € X. It follows from (4.5) that
NM_f(x)(t) = M:,0,...,0 (lgt)7
13 ———

(I—1)—times

for all x € X. Using (5.1) for the case i = 0, we get
M%_f(gc)(t) > Lﬁ(x,t),

for all x € X. Hence, we obtain

(52) d(,uTﬂf) <L= L' < 0,

for all x € X. Replacing x by 7 in (4), we get
0 ey (t) > e s
pae_p(a)(t) Z 20,0 (l t)’

(I—1)—times

for all z € X. By using (5.1) for the case i = 1, it reduce to
Pisg(2) -y () 2 B(@,1) = brp)- 5 (t) 2 B(z, 1),
for all z € X. Hence, we get
(5.3) d(urss) < L=L"< oo,
for all z € X. From (5.2) and (5.3), we can conclude
d(prsy) < L=L"" < oo,

for all z € X.
The remaining proof is similar to the proof of Theorem 4.1. Since C' is a unique
fixed point of T in the set A = {f € Q | d(f,C) < oo}, C' is a unique mapping such

that
Ll—z‘
Hi(@)-C(a) (1 - Lt> = Bz, 1),

for all x € X and t > 0. This completes the proof. [l

From Theorem 5.1, we obtain the following corollary concerning the stability for
the functional equation (1.2).

Corollary 5.1. Suppose that a mapping f : X — Y satisfies the inequality

ne(t),
D f(er o) () = 4 TS e (B): p# g
Me(ILy il S0, aalioe) (B P 7 5
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for all x1,29,..., 2, € X and t > 0, where p,& are constants with & > 0. Then there
exists a unique cubic mapping C : X — 'Y such that

n_e (t),

31

s (t) = 3 g (D),

[13-1r|

N elaime (1),

[13-1np|

forallz € X andt > 0.

Proof. Set
ne(t),
’LLDf(m17x2 ..... Il)(t) Z ngz;l:l ”msz(t)7
Me(TT, eslle+ 3, el ) (F):
for all L1,T2,...,2Tn € X and t > 0. Then
107" (t)
eS| flailles @)% (t)
776 (H:L:l ‘\Iill”5§3_p)k+2l1 HmiH""(;z(g_np)k) (t)

1 as k— oo,
—<¢ 1 as k— oo,
1 as k — oo.

k
77(521.“961,55902 ..... 6;“905)(51 t) =

But we have that 5(z,t) =n

~I8

0,...,0(t) has the property L%&B(6ix,t) for all x € X
—— i

(I—1)—times

and t > 0.
Now,

g (1),
Bz, t) = { Ml ®),
Negine (1),

13ns

1 a1 1),
o0t = ) )

1

L

Using Theorem 4.1, we prove the following six cases.

L=173ifi=0;L=1ifi=1,L=10r3forp<lifi=0;L=103"fors>1if
izl;L:l”p_3f0rp<%ifizO;L:l3_”pforp>%ifizl.

Case 1. L=1[13ifi=0

psey-cio(®) > LBl (1) > ()

131
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Case 2. L=0DPifi=1
1
Pf(z)—Ca) () = Lﬁﬁ((sim,t)(t) > 77( . )(t)'

Case 3. L=1["3forp<1ifi=0

pster-cto(t) > Lg B0, 0)(1) > 1 guip ) )

5 -157)

Case 4. L=01"forp>1ifi=1

pster-cto(t) > Lg B0, 1)(1) > 1 gpin ) )

(18P —13)

Case 5. L=["3forp<+ifi=0

1
[f(@)—C() () > Lﬁﬁ(@w,t)(t) > 77( £llafmP )(t).
% (lB,ZSnp)
Case 6. L= forp>1Lifi=1

n

1
Nf(x)—C(z)(t) > L(Sf?ﬁ(éi%t)(t) > 77( ¢llz|mP )(t)

(13mp —13)

Hence, the proof is complete. 0
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INEQUALITIES FOR MAXIMUM MODULUS OF RATIONAL
FUNCTIONS WITH PRESCRIBED POLES

S. L. WALI!

ABSTRACT. In this paper we prove some results concerning the rational functions
with prescribed poles and restricted zeros. These results in fact generalize or
strengthen some known inequalities for rational functions with prescribed poles
and in turn produce new results besides the refinements of some known polynomial
inequalities. Our method of proof may be useful for proving other inequalities for
polynomials and rational functions.

1. INTRODUCTION

Let P,, denote the class of all complex polynomials P(z) := 37_¢;27 of degree at
most n and P’(z) be the derivative of P(z). Let D; := {z : |z| < k}, D} = {z:
|z| > k} and T}, := {2z : |z| = k}. For a function f defined on the circle T} in the
complex plane €, we write

I = sup £, w(e) =TT~ )

and

:pe?n},
where a; € DY, j=1,2,...n.

Key words and phrases. Rational functions, polynomials, Schwarz lemma, inequalities, polar
derivative.
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Thus, R, is the set of all rational functions with poles aq, as,...,a, at most and
with finite limit at co. We observe that the Blashke product B(z) € R,,, where

B =1[ (1 _“J'Z).

j=1 \ =~ 4j

For every P € P, the following inequality is due to Bernstein [5]:
1P| < nll P,
where as by an application of maximum modulus principle
I1P(R, ) < R"|[P]],

where [|P(R,-)|| = sup,cr, |P(2)|. Both these inequalities are sharp and equality
holds for polynomials having all zeros at the origin. In case P(z) # 0 for z € Dy,
then we have for z € T}

n
(11) 17 < 2P|
and

R*+1
(1.2) |P(R,-)| < 5 121,

whereas if P(z) # 0 for z € Dy, then
n
(13) 1P = 21

Inequality (1.1) was conjectured by Erdos and proved by Lax [9], whereas inequality
(1.2) is due to Ankeny and Rivilin [1]. Inequality (1.3) is due to Turdn [14]. In all the
inequalities (1.1), (1.2), and (1.3) equality holds for polynomials having all zeros on
the unit disk.

Li, Mohapatra and Rodriguez [10] extended inequalities (1.1) and (1.3) to rational
functions r € R,, and proved the following results.

Theorem 1.1. Suppose r € R,, and all the zeroes of v lie in TyU DY . Then for = € T}
1
@< SIB' -

Theorem 1.2. Suppose r € R,,, where r has exactly n poles at ay,as, ..., a, and all
the zeros of r lie in T1 U Dy, then for z € T}

[r'(2)| = ;{IB’(Z)! = (n=m)}|r(2)],

where m is the number of zeros of r.

The inequality (1.2) was extended to rational functions by Govil and Mohapatra
[7] (see also Aziz and Rather [3]) to read as follows.
Theorem 1.3. Suppose r € R,, and all the zeroes of v lie in Ty UD; . Then for z € T}

(o)) < PEIE L)
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2. MAIN RESULTS

Theorem 2.1. Suppose r € R,,, where r has n poles at ay,as, . ..,a, and all the zeros
of r lie in Ty U Dy with a zero of multiplicity s at origin, then the following inequality
holds for each point z € T, such that r(z) # 0

21’ (z) 1 |em| = les]
2.1 R > < |B — _—
1) (2 2l -+ e,
where m is the number of zeros of r. Inequality (2.1) is sharp and equality holds for

25(2mF — 1)

r(z) = ——= and B(z)= (

(z —a)"

1—az

n
) , z€Ty,a>1.
zZ—a

Since Z:ES) > Re { Z:ES) }, from Theorem 2.1, we immediately have the following.
Corollary 2.1. Suppose r € R,,, where r has n poles at ay,as, ..., a, and all its zeros
lie in T1 U Dy, with s-fold zeros at origin, then for z € T}

(2.2 P 2 1B+ s+ m—m) el )
2 || + e

where m s the number of zeros of r. The result is sharp and equality holds for

) = 2ET g B(z)z(l_az>n,

(z—a)" z—a

at z=1 and a > 1.

Note. Inequality (2.2) is trivally true in case r(z) = 0 for z € T3.
If we take s = 0 in Corollary 2.1, we get the following result, which is an improvement
of Theorem 1.2, earlier proved by Li, Mohapatra and Rodriguez [10, Theorem 4].

Corollary 2.2. Suppose r € R,,, where r has n poles and all the zeros of r lie in
Ty U Dy . Then for z € T}

/ 1 / || — |col
P> {1 ) 2 )

where m s the number of zeros of r. The result is sharp and equality holds for

m

T(Z):% and B(z):<1—az>"

Z—a

at z=1and a > 1.

Since |¢,| > |co|, therefore as mentioned above, Corollary 2.2 is an improvement of
Theorem 1.2. In case number of poles of r is same as its zeros, that is, when m = n
then Corollary 2.2 gives an improvement of [4, inequality (12)].

Taking a; = «, 1 =1,2,...,n, in Corollary 1, we have the following.
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Corollary 2.3. If P(z) is a polynomial of degree m having all zeros in Ty U Dy with
s-fold zero at origin, then

’Oé| —1 |Cm| - |cs|
(2.3) |D,P(z)| > 5 {m—irs—l— |Cm’+|cs|}‘P<2)‘,
where Do P(2) := nP(2)+ (o — z)P'(2) is called the polar derivative of the polynomial
P(z) with respect to the point o and it generalizes the ordinary derivative of P(z) of
degree n in the sense that
. D,P(z)
lim

a—00 0%

= P'(2).

By taking s = 0 in Corollary 2.3, we get the following sharp result which is also an
extension of a result of Dubinin [6] to the polar derivative of P(z).

Corollary 2.4. If P(z) := Y7, ¢;jz0 is a polynomial of degree n having all zeros in
Ty U Dy, then
|a|—1{ |Cn\—|Co!}

2.4 D,P(z)| > n 4+ P(2)|.
(2.4 DuP(:)| > St P

Equality in (2.4) holds for a polynomial P(z) = (z—1)" with o > 1. Since |¢,,| > |co],
it follows that Corollary 2.4 is a refinement of a result of Shah [13].

Dividing both sides of (2.3) by |«| and letting |a| — oo, we get the following result.

Corollary 2.5. If P € P,, is such that P(z) has all its zeros in Ty U Dy with s-fold
zero at origin, then
1 |cn| — |Co|>
2.5 P >=(n+s+-——]|P(2)].
25) PGz g (s 20 1P

For s = 0 (2.5) reduces to the result of Dubinin [6] and is an improvement of a
classical result of Turan [14].
Next we prove the following refinement of a result of Aziz and Shah [4, Theorem 1].

Theorem 2.2. Suppose r € R,,, where r has exactly n poles ay,as, ..., a, and all the
zeros of v lie in Ty, U D, , k <1, with a zero of order s at origin. Then for z € T}

1 2 k
26 rE1> {1 20 ),

where m s the number of zeros of r. The result is sharp and equality holds for

(o) = ZEER B(Z):<1—az)n

(z —a)" z—a

at z=1and a > 1.

The result of Aziz and Shah [4, Theorem 1] is a special case of Theorem 2.2 if we
take s = 0.

As in previous case, if we take a; = o, 1 = 1,2,...,n, in Theorem 2.2, we get the
following result on the polar derivatives of a polynomial.
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Corollary 2.6. If P € P, is such that P(z) # 0 in D}, k < 1 with s-fold zero at
origin, then for every a with |a| > 1

n(ja) —1)(1 + ks)

P(z)|.

DO by

Remark 2.1. In Corollary 2.6 if we take s = 0, we have the following generalization of
a result of Shah [13].

Corollary 2.7. If P € P, is such that P(z) has all zeros in Ty, U D, , then for |a] > 1
and z € T}

(2.7) |DoP(2)| >

n(lal = 1)
D,P > ———|P(2)].
D.P(:)] = "= pge)
Remark 2.2. Dividing both sides of (2.7) by |a| and letting |a| — oo, we have the
following sharp result.

Corollary 2.8. If P € P, is such that P(z) # 0 for = € D;" with s-fold zero at origin,

then for z € Ty
n+ ks

1+ k
Equality holds for P(z) = 2%(z — k)"*.
For s = 0, this gives result of Malik [11], whereas for k£ = 1, s = 0, it reduces to the
classical theorem of Turan [14].

|P(2)] =

[P(2)]-

Theorem 2.3. Suppose r € R,, and all the zeros of v lie in T, UD;. Then for 2 € T

(R+ k)"
29 PR < G g (B + 1

Remark 2.3. Theorem 1.3 is a special case of Theorem 2.3, when k£ = 1.

Remark 2.4. Let w(z) = (2 — )", |a| > 1, so that

r(z):ﬂand B(z):ﬁl_az = (1—04,2)”.

(z —a)" Lz z—«

Using this in Theorem 2.3, it can be easily verified that for |a| > R > 1 and z € T}
(R+ k)" 1 —aRz|"
(R k)" + (1+ RE)" ’ Re—a| THITN
Z—«
Letting |a| — oo, we get the following result.

[P(R2)| <

If P(z) is a polynomial of degree n, which does not vanish in |z| < k, k > 1, then
for R>1and z € T}

(R+Ek)"(R"+1) 1P
(R+ k)" + (1+ Rk)»" "

This result was earlier proved by Aziz and Mohammad [2].

PR, I <
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3. LEMMAS AND PROOFS
For the proofs of these theorems we need the following lemmas.

Lemma 3.1 ([8]). Let f : D — D be holomorphic. Assume that f(0) = 0. Further
assume that there is a b € D, the boundary of D, so that f extends continuously to
b, |f(b)]| =1 and f'(b) exists. Then

£(0) 2

SRERFO)
The next lemma is due to Aziz and Rather.
Lemma 3.2 ([3]). If r € R,, and z € T}, then for every R > 0,
r(Rz)| + [r*(Rz)| < {|B(Rz)| + 1}]|,
where 1*(2) = B(z)@

Proof of Theorem 2.1. Suppose that r(z) # 0 for z € T} and all the poles of r(z) lie
in Di". Since r(z) has a zero at origin of multiplicity s. Therefore,

r(z) = P(z)  2°h(z)

w(z)  w(z)’
where
h(z) := Z Corj?) = Cm H(z—zj), zieDr,j=1,2,....m—s,
j=0 j=1
and .
w(z) =[]z —a)
j=1

This gives

P s WG )

r(z)  z hz)  w(2)
Equivalently,

o () (4) e (2),

Since h(z) has all zeros in Dy, therefore

has all zeros in D;, and hence

o o) = 1 (2

is analytic in 77 U Dy, with G(0) = 0 and |G(2)| =1 for z € T}.
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Applying Lemma 3.1 to G(z), we get for z € T}

, 2
(3.3) G'(2)] = [ESTON

Since
m—s

|1l =

|
it can be easily verified (see [15, proof of Lemma 1]

G'(0)

|
that for every z € T}

zh (2) m—s—1 |em|
3.4 R > .
o { h(2) }— 2 fenl + I
Again we have
w*(2)
B(z) =
=)

where

This gives (see [15, Lemma 1])
/ —|B
(3.5) Re { w(z) } _n= 1Bl
w(z) 2
Now using (3.4) and (3.5) in (3.1), we conclude that
2r'(2) 1 |Cm| — es]
R B'(z)| - (n — — .
Ao B LIRS e ey
The proof of Theorem 2.1 is completed. U
Proof of Theorem 2.2. Suppose that for each point z € T7, r(z) # 0 and all the poles

of r(2) lie in Dy". Since r(z) has a zero of order s at origin, therefore
P S
J - P _#00)

w(z)  w(z)

Y
where
m—s .
2) =Y Copid
=0
is a polynomial of degree m — s having all zeros in |z| < k. This gives

zr'(z) st Re 2Q'(2) . zw'(z)
O e e

We write Q(z) = ¢, mH (z — 2j), |#;] <k <1, and it can be easily verified that
1

2Q'(2) S m=s
Q(z) — 1+k’

(3.6) Re

Re
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Also, as in (3.5)

Using this in (3.6), we get

zr’(z) m—s n—|B(2)]
> —
T(Z) o 1+k 2
Now for z € T; such that r(z) # 0, we have
21’ (z) T’(z) 2(m+ sk) —n(1+ k)
> .
r(z) 2 Re r(z) — {|B( I+ 1+k
This gives for z € T} such that r(z) # 0,
2(m + sk)
> — — _— .
rE1> {10 2 )

Since the result is trivially true if r(z) = 0 for z € T3, it follows that

2(m + sk)
> —{|B _
7'(2)] {I () —n+ T }\T(Z)L
for all z € T7. The proof of Theorem 2.2 is completed. 0

Proof of Theorem 2.3. Since zeros of 7(z) lie in Ty U Dy, therefore all zeros of P(z)
lie in T, UD;, k>1and w(z) =1II}_, (2 — o), |aj| > 1forall j =1,2,...,n

Also
= ptor (5 - 1T (1222 ()
Cafiem PQ_ oPT PO
jl_Il < Z— >Jﬁ1(1 — a]z) j]i[l(z — aj) w(»’«’)
Therefore,
r(z) P(z)
(3.7) r*(z) - P*(z)
We write

=1z — 7)), wherer; >k >1,j=1,2,...,n,
=1

so that P*(z) = an(%) = ﬁ (1 — zrje).
j=1
For 0 <0 <27 and R > 1 we have

P (Reze
P* 619

ﬁ Ret? — rjeie‘
1 — r;Re!0=0)

(3.8)




INEQUALITIES FOR MAXIMUM MODULUS OF RATIONAL FUNCTIONS

© R®—2Rr;cos(f — 6;) + 13

Rel0=0) —y,  Re=#(0=0)
1 —r;Rei®=0) " 1 —r;Re~i(0-0;)

5 1 —2Rr;cos(d — 0;) + riR?

]:
n 2
S H < R+ ] ) ‘
j=1 1 + R’I“j
Since |r;| > k, k> 1, it can be easily verified that

R+r; _ R+k
1+ Rr; — 1+ Rk

Therefore, from (3.8), we have

P(Re")
o

2

(3.9)

Using this in (3.9), we get
| P(Re®)

(3.10) B+ (o)

Combining (3.7) and (3.10), we get

r(Rz) R+k\"
< f Ty, k>1, R > 1.
r*(Rz) _(1+Rk’> ) JOTEESL B2 A2
Equivalently,
R+k\ " .
(3.11) <1 n Rk) Ir(Rz)| < |r*(Rz)].

Now using Lemma 3.2, we get from (3.11)

{ <1R++Rk/{;>n + 1}””(}32)\ < |r(Rz)| + |r*(Rz)|.

That is,

(R+ k)"
(R+k)"+ (1+ Rk)
The proof of Theorem 2.3 is completed.

r(Rz)| <

SUB(Rz)[ + 1} r].

873

O

Proof of Corollary 2.3. Since r(z) has a pole of order n at z = «, |a| > 1, we have

P(z)
(z —a)™

r(z) =
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Therefore,
7“/<Z) _ (Z — Oé)nP/(z) — n(Z — a)”*lp(z) _ —[TZP(Z) + (a _ Z)Pl(z)] _ —DOCP(Z)
(z — 04)2" (Z _ a)"+1 (Z — a)n-l—l .
Also,
o= (7)
gives

1—az)" Y|a* - 1)
(z —a)rtl

Using these facts, we immediately get for z € T from inequality (2.2)

DuP(E) [ 1fnlz=al P =1 (el =]\ | IPG)
(z —a)*t| — 2 |z —af*H! |Cm| +les| ) J |z = af™
This gives
1 (n(la?—1 cml — les
|D.P(2)] > = M—i— S-l—m—n—l-M |z — a| p|P(2)]
2 |z —af ol + les
—1 m| — |bs
T Y Y R A SIAR (P
2 |l + e
—1 m| — |bs
= (ol =1) s+m+w |P(z)], ze€Ty,|al>1.
2 |l + les|
Using the argument of continuity in case of poles the proof of Corollary 2.3 completes.

O
Proof of Corollary 2.6. Since we have

r(z):ﬂ and B(z):<1—az>’

Z—Q

therefore D.P(:)
/ _ T <
(2) (z — )
and
n(l —az)" (|la)* - 1)
(z —a)rtl

Using in inequality (2.6), with m = n, we get

B'(z) =

D, P(z) 1fnlz—a" (o =1)  n(—k)+2ks| |[P(z)|
(z —a)"tl| = 2 |z — a|*t! 1+k |z —al?
This gives
1(n(la?—=1) n(l—k)+2ks
Do) 2 y{ MEE S MR, s
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1 1—k 2k
> s{ntal =+ ML o e
n(|lal —1)(1+ ks
= (o] N ﬁ(k )\P(Z)\, zeTy, |a| > 1.
Using the argument of continuity in case of poles the proof of Corollary 2.6 completes.
O
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CONTROLLED INTEGRAL FRAMES FOR HILBERT C*-MODULES
HATIM LABRIGUI' AND SAMIR KABBAJ!

ABSTRACT. The notion of controlled frames for Hilbert spaces were introduced
by Balazs, Antoine and Grybos to improve the numerical efficiency of iterative
algorithms for inverting the frame operator. Controlled frame theory has a great
revolution in recent years. This theory have been extended from Hilbert spaces to
Hilbert C*-modules. In this paper we introduce and study the extension of this
notion to integral frame for Hilbert C*-modules. Also we give some characterizations
between integral frame in Hilbert C*-modules.

1. INTRODUCTION AND PRELIMINARIES

The concept of frames in Hilbert spaces has been introduced by Duffin and Schaeffer
[9] in 1952 to study some deep problems in nonharmonic Fourier series. After the
fundamental paper [7] by Daubechies, Grossman and Meyer, frames theory began to
be widely used, particularly in the more specialized context of wavelet frames and
Gabor frames [12].

Hilbert C*-module arose as generalization of the Hilbert space notion. The basic
idea was to consider modules over C*-algebras instead of linear spaces and to allow
the inner product to take values in the C*-algebras [17]. Continuous frames defined
by Ali, Antoine and Gazeau [1]. Gabardo and Han in [11] called these kinds frames
or frames associated with measurable spaces. For more details, the reader can refer
to [4,13-16,20-32].

Key words and phrases. Integral frames, integral *-frame, controlled integral frames, controlled
integral x-frame, C*-algebra, Hilbert A-modules.
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The goal of this article is the introduction and the study of the concept of controlled
integral frames for Hilbert C*-modules. Also we give some characterizations between
integral frame in Hilbert C*-modules.

In the following we briefly recall the definitions and basic properties of C*-algebra
and Hilbert A-modules. Our references for C*-algebras are [6,8]. For a C*-algebra A,
if a € A is positive we write a > 0 and A* denotes the set of positive elements of A.

Definition 1.1 ([6]). Let A be a unital C*-algebra and H be a left A-module, such
that the linear structures of A and H are compatible. H is a pre-Hilbert A-module
if H is equipped with an A-valued inner product (-,-)4 : H x H — A, such that is
sesquilinear, positive definite and respects the module action. In the other words
(i) (z,2)4 >0 for all z € K, and (x,x)4 = 0 if and only if x = 0;

(i) (ax +y,2)a = alx,2)4 + (y,2)4 for all a € A and z,y, z € KH;

(ili) (z,y)a = (y,x)% for all z,y € H.
For z € H, we define ||z]| = ||(z,2)4||2. If H is complete with || - ||, it is called a
Hilbert A-module or a Hilbert C*-modules over A.

For every a in C*-algebra A, we have |a| = (a*a)? and the A-valued norm on H is

1
defined by |z| = (x,z)} for all z € K.

Let H and K be two Hilbert A-modules, a map 7" : H — K is said to be adjointable
if there exists a map T* : K — H such that (Tx,y)4 = (x, T*y) 4 for all x € H and
y e XK.

We reserve the notation End’ (3, X) for the set of all adjointable operators from
H to K and Endi(H,H) is abbreviated to End’ ().

The following lemmas will be used to prove our mains results.

Lemma 1.1 ([19]). Let H be a Hilbert A-modules. If T € Endy(H), then
(Tx, Tx)q < ||T||*(z,x)4, x € H.
Lemma 1.2 ([3]). Let H and X be two Hilbert A-modules and T € Endj(H,X).
Then the following statements are equivalent:
(i) T is surjective;
(ii) T* is bounded below associted to the mnorm, i.e., there is m > 0 such that
ml|z|| < ||T*x| for all x € K;
(iii) T is bounded below associted to the inner product, i.e., there is m’ > 0 such
that m'{x,x) 4 < (T*x,T*x) 4 for all z € K.
Lemma 1.3 ([2]). Let H and K be two Hilbert A-modules and T € Endj(H,X).

(i) If T is injective and T has closed range, then the adjointable map T*T is
invertible and
(T D)~ ooe < T < || T L.
(ii) If T is surjective, then the adjointable map TT* is invertible and

I(TT*) M| e < TT™ < ||T)|* Ixc.
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Lemma 1.4 ([33]). Let (2, 1) be a measure spaces, X and Y are two Banach spaces,
A X =Y be a bounded linear operator and f : Q0 — X is a measurable function,

hen
t A(/Qfdu) Z/Q(Af)d/w-

Theorem 1.1 ([5]). Let X be a Banach spaces, U : X — X a bounded operator and
|l —U|| < 1. Then U is invertible.

2. CONTROLLED INTEGRAL FRAMES FOR HILBERT C*-MODULES

Let X be a Banach spaces, ({2, 1) a measure space, and f : Q — X be a measurable
function. Integral of Banach-valued function f has been defined by Bochner and
others. Most properties of this integral are similar to those of the integral of real-
valued functions (see [10,33]). Since every C*-algebra and Hilbert C*-module are
Banach spaces, we can use this integral and its properties.

Let (€2, 1) be a measure space, H and K be two Hilbert C*-modules over a unital C*-
algebra and {H,, }yeq is a family of submodules of H. End(H,H, ) is the collection
of all adjointable A-linear maps from H into J,,.

We define the following;:

P(Q, {Hy }uea) = {x = {2y }weq : Tw € Hy, /Q<xw,xw>ﬂd,u(w)H < oo} :

For any z = {Zy}wea and ¥y = {Yw fweq, the A-valued inner product is defined by
(@,9)4 = Jo(ww, Yu)adp(w) and the norm is defined by ||z = ||z, z)4|%.

In this case, the [2(Q, {H, }oweq) is a Hilbert C*-modules (see [17]).

In what follows, let GLT(H) be the set of all positive bounded linear invertible
operators on H with bounded inverse and let F' be a function from €2 to H.

The following definitions was introduced by Mohamed Rossafi, Frej Chouchene and
Samir Kabbaj in the paper entitled Integral frame in Hilbert C*-module (see arXiv
preprint- arXiv:2005.09995v2 [math.FA] 30 Nov 2020).

Definition 2.1. Let 3 be a Hilbert A-modules and (2, ) be a measure space. A
mapping F':  — H is called an integral frame associted to (€2, ) if

. forall z € H, w — (z, F,)4 is a measurable function on (2;
. there exists a pair of constants 0 < A, B such that

Alz, )4 < /Q (e, Fu)a(Fy, ) adp(w) < Ble,z)a, =€ K.

Definition 2.2. Let H be a Hilbert A-module and (€2, ) be a measure space. A
mapping F':  — H is called a x-integral frame associted to (2, ) if

. forall z € H, w — (x, F,), is a measurable function on (2;
. there exist two non-zero elements A, B in A such that

A<$,$>AA* < / <{E,Fw>A<Fw,$>Adﬂ(w) < B<$,$>AB*, r e H.
Q
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3. MAIN RESULTS

Definition 3.1. Let 3 be a Hilbert A-modules and (2, ) be a measure space. A
C-controlled integral frame in C*-module H is a map F' : 2 — H such that there
exist 0 < A < B < oo such that

(3.1) Az, z)4 < /Q<3:, F)a(CF,,x)adu(w) < B(z,z)4, =€ H.

The elements A and B are called the C-controlled integral frame bounds. If A = B, we
call this a C-controlled integral tight frame. If A = B = 1, it’s called a C-controlled
integral parseval frame. If only the right hand inequality of (3.1) is satisfied, we call
F a C-controlled integral Bessel mapping with bound B.

Example 3.1. Let H = ¢ X = 3 8 g>|a,b€C}andA:{<g 2)|x,y€@}

which is a C*-algebra. We define the inner product:
HxH — A,
(A,B) — A(B).
This inner product makes H a C*-module over A. Let C' be an operator defined by
C:H—XH,
X — alX,

where « is a reel number strictly greater than zero. It’s clair that C' € GI*(H). Let
2 = [0, 1] endowed with the Lebesgue’s measure. It’s clear that it is a measure space.
We consider

F:[0,1] — K,

w—>Fw:<76)

o O
g O
N——

In addition, for X € H, we have

al* 0

o (| a( la® 0
/Q<X,Fw)A<C’Fw,X)Ad/L(w) :/Qaw ( 0 b2 )du(w) :3< 0 e )

It’s clear that

1 lal> 0 a> 0

s (Y0 )< (M) -
Then we have

a a

EHXH?[ < /Q<X, Fu)al{CFy, X)adp(w) < glleli,

which show that F' is a C-controlled integral frame for the C*-module K.
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Definition 3.2. Let F' be a C-controlled integral frame for 3 associted to (2, u).
We define the frame operator S¢ : H — H for F' by

Scr = / (x, Fo)aCF, du(w), =€ XH.
Q
Proposition 3.1. The frame operator S¢ is positive, selfadjoint, bounded and invert-

ible.
Proof. For all x € H, by Lemma 1.4, we have
(Scw.)a = ( [ (o FW>ACFwdu(w),x>A = [ (@, Fo)a(CFo ) adi()
By left hand of inequality (3.1), we have
0 < Alx,z)q < (Scx,x)4.
Then S¢ is a positive operator, also, it’s sefladjoint. From (3.1), we have
Az, z)q < (Sex,z)q < B{z,x)4, x€ H.

So,
Al < Sc<B.I

Then S¢ is a bounded operator. Moreover,

B-A
0<I-B'58:< A,
Consequently,
B—A
Il — B 'Sc|= sup |{(I—B'Se)x,z)4] < 7 < L.
zeXH,||z||=1
The Theorem 1.1 shows that S¢ is invertible. [l

Corollary 3.1. Let 3 be a Hilbert A-module and (2, ;1) be a measure space. Let
F: Q — H be a mapping. Assume that S is the frame operator for F. Then the
following statements are equivalent:

(1) F is an integral frame associted to (2, ) with integral frame bounds A and B;
(2) we have A.I < S < B.I

Proof. (1) = (2) Let F' be an integral frame associted to (2, u) with integral frames
bounds A and B, then

Alz, )4 < /Q (e, Fu)a(Fy, ) adp(w) < Blz,z)a, =€ K.

Since
S:E:/Q<x,Fw>AFwdu(w),

we have

(S, )a — < /Q (z, Fw>AFwdu(w),x>A - /Q (@, Fu)a(F, @) addps(w),
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then
(Az,2)q < (Sz,2)4 < (Bz,z),, x€ .
So,
Al < S<B..
(2) = (1) Let € 3, then
62 | [ FdalFeodadu(w)| = ISz )l < [1Salla] < Bla]?.
Also,
(33 (S 2)all = 1{Az,aball = Alla]®.

By (3.2) and (3.3) we obtain
Alalf < | [ (@ FudatFus a)adiw)| < Bllal?,
which ends the proof. 0

Theorem 3.1. Let H be a Hilbert A-module, C € GLT(H) and (2, u) be a measure
space and F be a mapping for ) to H. Then F is a C-controlled integral frame for
H associted to (2, u) if and only if there exist 0 < A < B < 0o such that

Allz|? < H JAE Fw>A<OFw,x>Adu<w>H < Bllal? z e

Proof. (=) obvious.
(<) Supposes there exists 0 < A < B < 0o, such that (3.1) holds. On one hand,
for all x € H we have

Alal? < | [ (@ Fa(C R a)adp(w)

By Lemma 1.2, there exists 0 < m such that

’ = [{Scz, z)all = I[(Séx, SEx)all = l|SE|I*.

(3.4) mlx,x)q < (Sgx,Sgx)a = (Scx,x)a.

On other hand, for all x € H we have
2

Bllolf > | [ 2 F)a(CFa)adu(w)| = Sz, ahall = 1|84z, Sa)all = 15
By Lemma 1.2, there exist 0 < m/ such that

(3.5) (SZz, S2a)a = (Som, @)a < m'(z,2)a.

From (3.4) and (3.5), we conclude that F is a C-controlled integral frame. O

Remark 3.1. If F'is a mapping from €2 to H, then F' is an integral frame associted to
(Q, p) if and only if there exist 0 < A < B < oo such that

Allz|? < | [ (@ F)a(Fos ) adpa(w) | < Blall’, € 3.
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Corollary 3.2. Let H be a Hilbert A-module and (2, ) be a measure space. Let
F : Q — 3 be a mapping and C € GLY(H). Then the following statements are
equivalent.

(1) F is a C-controlled integral frame associted to (2, u).
(2) We have A.I < S¢ < B.I, where S¢ is the frame operator for F', for A and B

given.

Proof. (1) = (2) Let F' be a C-controlled integral frame associted to (2, ) with
C-controlled integral frames bounds A and B, then

Alz, )4 < /Q (x, FLYa(CF,, 2)adu(w) < Blz,z)a, z € K.

Since,
Scx = /Q<£E, F ) ACF du(w).
We have
(Scx,x)q = </Q<x, Fw>AC’Fwdu(w),x>A = /Q<x,Fw)A<C'Fw,x>Adu(w),
then
(Az,z)q < (Sz,2)4 < (Bz,z)s4, x€ H.
So,

Al <S<B.I.
(2) = (1) Let z € H, then

36) | [ R)CR, 2)adu(w)] = ISer, 2)al < IScallel < Bl
Also,
(3.7) [(Scx, z)all > [(Az, z)all = All|*.

By (3.6) and (3.7) we obtain

All]* <

| @ FudalC Ry ahadu(w) | < Blo)?
which ends the proof. U

Proposition 3.2. Let C € GLT(H) and F be a C-controlled integral frame for H
associted to (Q, u) with bounds A and B. Then F is an integral frame for H associted
to (0, p) with bounds A||Cz|~% and B||C= 2.

Proof. Let F be a C-controlled integral frame for H associted to (€2, ) with bounds
A and B.

On one hand we have

Alz, 2) 4 < (Sex,2)q = (CSz, )4 = (C28z,C2z)y < ||C2]|*(Sz, z)a.
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So,
(3.8) AICH @ @) < [ (@ F)a(Fos 2)adu(w)
On other hand, for all x € H, we have
| FudalFu 2 adp(w) = (Sz,2).
= (C7'CSx,2)4
= {((C71C8)7x, (CT'CS)2a)a
< |CTIH(CS)7, (CS)2a)a
= [|C= |*((Sc) 2z, (Sc)a)a
= [|C7 |(Scw, 2)a
< |CT 2Bz, a)a.
Then
(3.9) | (@ Fda Py w)adn(w) < €7 | Bla, 2}

From (3.8) and (3.9) we conclude that F' is an integral frame H associted to (£2, u)

with bounds A||C2]|~2 and B||C= ||2.

Proposition 3.3. Let C € GLT(H) and F be an integral frame for H associted to
(Q, ) with bounds A and B. Then F is a C-controlled integral frame for H associted

to (Q, u) with bounds A||C'_71||2 and B||C'%||2.

Proof. Let F be an integral frame for H associted to (€2, u) with bounds A and B.

Then for all x € H, we have

Az, x)p < (S, )8
C'CSz, 1)

=(C
(C71CS) 2z, (CT'CS)2z)4
lc f%u ((CS)2z,(CS)7x)a
= |07 [|*((Sc)?z, (Se)Fa)a
= [|C= |[*(Scw, z)4-

IN

‘ =

So,
AC= |7z, 2)a < (Scw, 2)a.
Hence, for all x € H, we have

(Sew,x)y = (CSz,x) 4 = (C28z,C2a)y < ||C2||2(Sz, )4 < ||C2||? Bz, ) 4.

Therefore we conclude that F'is a C-controlled integral frame for H associted to (€2, )

with bounds A||C= |2 and B|Cz|%
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Theorem 3.2. Let H be a Hilbert A-module and (2, 1) be a measure space. Let F' be
a C-controlled integral frame for H associted to (2, p) with the frame operator Sc and
bounds A and B. Let K € Endj(H) be a surjective operator such that KC = CK.
Then KF' is a C-controlled integral frame for 3 with the operator frame KScK*.

Proof. Let F be a C-controlled integral frame for H associted to (€2, u), then
AlK 2, K*2)a < /Q (K*z, ) (CFy, K*o) adp(w) < BUK*z, K*), € H.

By Lemma 1.1 and Lemma 1.3, we obtain

ANEE) | @ 2ha < [ (o KE)a(CK Fuyaadp(w) < BIK|Ha.x)a, €I,

which shows that KF'is a C-controlled integral frame.
Moreover, by Lemma 1.4, we have

KSoK*c =K / (K*z, F,)4CFodp(w) = / (r, KE)4CK Fdu(w),
Q Q
which ends the proof. O

4. CONTROLLED #*-INTEGRAL FRAMES

Definition 4.1. Let H be a Hilbert A-module and (€2, ) be a measure space. A
C-controlled *-integral frame in A-module H is a map F' : Q — JH such that there
exist two strictly nonzero elements A,B in A such that

(4.1) Az, ) A" < /Q(:E,FwM(CFw,deM(w) < Bl{x,x)4B*, z¢€XH.

The elements A and B are called the C-controlled *-integral frame bounds. If A = B,
we call this a C-controlled x-integral tight frame. If A = B = 1, it’s called a C-
controlled #-integral parseval frame. If only the right hand inequality of (4.1) is
satisfied, we call ' a C-controlled *-integral Bessel mapping with bound B.

Example 4.1. Let X = A = {(an)nen C C | 50 an| < 0o}, Endowed with the
product and the inner product defined as follow.
Ax A — A,
((an)n€N7 (bn)n€N> = (an>n€N-(bn)n€N = (anbn)neN;
and
HxH — A, B
((an)neNa (bn)nGN) = <(an>n€N7 (bn>n€N>A = (anbn>n€N~
Let 2 = [0, +00[ endowed with the Lebesgue’s measure which is a measure space
F 10,400 = X,
w— by = (F#))nENa

where

if n=[w], and FY =0, elsewhere,
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where [w] is the whole part of w.
On the other hand, we consider the measure space (€2, 1), where u is the Lebesgue
measure restricted to [0, +oo[, and the operator

C:H—H,
(an>n€N — (aan)nENa

where « is a strictly positive real number.
It’s clear that C is an invertible and both operators and C' and C'~! are bounded.
So,

[ (@)t Fu)a (€ P (@n)ner) adia(w)

_/+°° (o 0,. ?[“’ 0,...>a<o,o,..., [wc]%L’O"“)d“(“’)
:ozZ/p+1 <o,o,...,([|c?:ﬂ|1)2,o,...>dﬂ(w)

_az<00 (]L“jf‘l)wo,...)
|an|?
\/95;11)1) o ) 111
—Va (L gig ((an)neN,(an)n€N>A\/_< 5050 n)

which shows that F' is a C-controlled *-integral tight frame for J with bound A =

Va(Lh il ) ea

Definition 4.2. Let F' be a C-controlled *-integral frame for H associted to (€2, u).
We define the frame operator S¢ : H — H for F' by

Scx = /ﬂ(x, F)ACF du(w), =€ XH.

Proposition 4.1. The frame operator S¢ is positive, selfadjoint, bounded and invert-
ible.

Proof. For all x € H, by Lemma 1.4, we have

(S, Tha — < /Q (, Fw>ACFwdu(w),x>A - /Q (@, F) a(CFy, o) adpu(w).

By left hand of inequality (4.1), we deduce that S¢ is a positive operator, also, it’s
sefladjoint. From (4.1), we have

Az, 2) 4 A" < (Sex,x)4 < Blz,z)4B*, x € H.
The Theorem 2.5 in [18] shows that S¢ is invertible. O
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Proposition 4.2. Let C € GLT(H) and F be a C-controlled x-integral frame for H
associted to (Q, u) with bounds A and B. Then F' is a x-integral frame 3 associted

to (2, p) with bounds |Cz|| A and ||C=||B.

Proof. Let F be a C-controlled #-integral frame for H associted to (€2, x), with bounds
A and B.

On one hand we have
Alz, 2) 4 A* < (Se, )4 = (CSz,2)4 = (C2Sz,C2x), < ||C2|*(Sz, z)a.
So,
(4.2) (ICHI 7 A, )a(ICHAY < [ (@, Fo)alFos 2)adp(w).
On other hand, for all x € H, we have
| (o o) al o) adp(w) = (S, )4
= (C7'CSx,2)4
(CT'CS)zm, (CT'CS)2a),
< [[CF[*(CS)2x, (CS)>z)a
= |CZ|*{(Sc) 2w, (Se)2a)a
= |C= |*(Sow, 2)a
< ||C7 |*B(z, z) 4 B*.

Then

(4.3) /Q<w, Fi)alFo, x)adp(w) < (|CZ || B)(z, 2)a(|C= || B)".

From (4.2) and (4.3) we conclude that F is a x-integral frame H associted to (£2, p1)
with bounds A||C2||~2 and B||C= |2 O

Proposition 4.3. Let C € GLT(H) and F be an x-integral frame for H associted
to (Q, u) with bounds A and B. Then F is a C-controlled x-integral frame for H
associted to (S, p) with bounds ||C2 | 1A and ||C= | B.

Proof. Let F be an integral frame for H associted to (€2, u) with bounds A and B.
Then for all x € H, we have

Alx,x) A" < (Sx,x)4

= (C7'CSz,2)4

(c 105)2x (C1C8)2z)4
< [IC[3(CS) 2w, (CS)2a)4
= (|7 |*((Sc) 2z, (Sc)2a)a



888 H. LABRIGUI AND S. KABBAJ

= |C= |*(Scw, x)a.
So,
(IC= |7 Az, 2)a(|C T | A)* < (Sex, 2)a.
Hence, for all z € H,
(Scx,x)q = (CSz,2)4
= (C38z,C%z)
< ||C%|*(Sx, z)
< [|C3|*B{x, z) 4 B*
= (lC2 | B)(z, 2)a(l|CZ || B)*.

Therefore, we conclude that F' is a C-controlled -integral frame H associted to (€2, i)

with bounds [|C'2 | "' 4 and ||C2||B. O

A

A

Theorem 4.1. Let H be a Hilbert A-module and (§2, i) be a measure space. Let F
a C-controlled x-integral frame for H associted to (2, u) with the frame operator Sc
and bounds A and B. Let K € End}(H) a surjective operator such that KC = CK.
Then KF is a C-controlled x-integral frame for J with the operator frame KScK*.

Proof. By (4.1), we have
AlK* 2, K*2)a A* < /Q<K*x, FVa{CE,, K*) adp(w) < BUK*z, K*2)4B*, € H.
By Lemma 1.1 and Lemma 1.3, we obtain

ANKE) | o, aha A < [ o KB A (CKEoy ) adi(w) < BIK |, 7).

which shows that K F'is a C-controlled *-integral operator. Moreover, by Lemma 1.4,
we have

KSoK*r = K / (K2, F,)4C Fodp(w) = / (o, KF,) 4CK Fodu(w),
Q Q
which ends the proof. O
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STRUCTURE OF 3-PRIME NEAR RINGS WITH GENERALIZED
(0, 7)-n-DERIVATIONS

ASMA ALI', ABDELKARIM BOUA? AND INZAMAM UL HUQUE?

ABSTRACT. In this paper, we define generalized (o, 7)-n-derivation for any mappings
o and 7 of a near ring N and also investigate the structure of a 3-prime near
ring satisfying certain identities with generalized (o, 7)-n-derivation. Moreover, we
characterize the aforementioned mappings.

1. INTRODUCTION

A left near ring N is a triplet (N, +,.), where + and . are two binary operations
such that (i) (IV,+) is a group (not necessarily abelian); (i) (N,.) is a semigroup,
and (i) x.(y + z) = z.y + x.z for all x,y,2z € N. Analogously, if N satisfies the
right distributive law, ie., (x +y).z2 = z.z + y.z for all 2,y € N, then N is said
to be a right near ring. The most natural example of a left near ring is the set
of all identity preserving mappings acting from right of an additive group G (not
necessarily abelian) into itself with pointwise addition and composition of mappings
as multiplication. If these mappings act from left on GG, then we get a right near
ring (Pilz [10, Example 1.4]). Throughout the paper, N denotes a zero-symmetric
left near ring with multiplicative centre Z and for any pair of elements x,y € N,
[z,y] =2y —yx, roy = xy +yx and (z,y) = x +y — x — y stand for the Lie product,
Jordan Product and additive commutator respectively. Let ¢ and 7 be mappings on
N. For any z,y € N, set the symbol [z,yl,, will denote zo(y) — 7(y)z, while the
symbol (zoy),, will denote zo(y) + 7(y)z. The terminology multiplicative mappings
on a near ring N is used for the mappings o, 7 : N — N satisfying o(zy) = o(z)o(y)

Key words and phrases. 3-prime near ring, semigroup ideal, (o, 7)-n-derivations, generalized (o, 7)-
n-derivations.

2010 Mathematics Subject Classification. Primary: 16N60. Secondary: 16W25, 16Y30.

DOIT 10.46793/KgJMat2306.891A

Received: March 06, 2020.

Accepted: January 18, 2021.

891



892 A. ALI, A. BOUA, AND I. UL HUQUE

and 7(zy) = 7(x)7(y) for all x,y € N. A near ring N is called zero-symmetric if
0x = 0, for all x € N (recall that left distributivity yields that 0 = 0). A near ring
N is said to be 3-prime if xt Ny = {0} for z,y € N implies that z = 0 or y = 0. A
near ring N is called 2-torsion free if (IV,+) has no element of order 2. A nonempty
subset U of N is called a semigroup right (resp. semigroup left) ideal if UN C U (resp.
NU C U) and if U is both a semigroup right ideal and a semigroup left ideal, it is
called a semigroup ideal.

Let n > 2 be a fixed positive integer and N = N X N x --- x N. A map A :

n—times

N™ — N is said to be permuting (symmetric) on a near ring N if the relation
A1, 2, .. ., n) = A(Tr), Ta(2)s - - - » Tr(ny) holds for all z; € N, i =1,2,...,n, and
for every permutation w € S,,, where S, is the permutation group on {1,2,...,n}. An
additive mapping F' : N — N is said to be a right (resp. left) generalized derivation
with associated derivation d if F'(zy) = F(x)y+zd(y) (resp. F(xy) = d(z)y+xF(y)),
for all z,y € N and F is said to be a generalized derivation with associated derivation
d on N if it is both a right generalized derivation and a left generalized derivation on
N with associated derivation d.

Ozturk et al. [9] and Park et al. [6] studied bi-derivations and tri-derivations in near
rings. Further, Ceven et al. [4] and Ozturk et al. [8] defined (o, 7) bi-derivations and
(0,7) tri-derivations in near rings. Let o, 7 be automorphisms on a near ring N. A
symmetric bi-additive (additive in both arguments) mapping d : N x N — N is said to
be a (o, T) bi-derivation if d(zx', y) = d(z,y)o(z') + 7(z)d(2’,y) holds for all z, 2",y €
N. A symmetric tri-additive (additive in each argument) mappingd : Nx N x N — N
is said to be a (o, 7) tri-derivation if d(z2’, y, 2) = d(z,y, z)o(z') +7(z)d(2’, y, z) holds
for all x,2’,y,z € N.

Motivated by these concepts, we define (o, 7)-n-derivation and generalized (o, 7)-n-
derivation for any arbitrary mappings o and 7 of a near ring N in place of automor-
phisms.

Definition 1.1 ((o,7)-n-derivation). Let 0,7 : N — N be mappings on N. An
n-additive (additive in each argument) mapping d: N X N x --- x N — N is called

n—times
a (o, 7)-n-derivation of N if the following equations
d(z12), 0y ..y ) =d(21, T, . . .y xp)o(2)) + 7(21)d(2], 20, .. 20,
d(z1, 2oxh, ... xn) =d(T1, T, . . ., x)0(2y) + T(x2)d (21, T, ... 2y),
d(xy, o, ..., xpxl) =d(x1, 2o, . .., x,)0(x)) + 7(2,)d(21, To, . .., X))

hold for all zy, 2}, 9, 25, ..., 2y, 2, € N.

Definition 1.2 (Right generalized (o, 7)-n-derivation). An n-additive (additive in
each argument) mapping F' : N X N x --- x N — N is called a right generalized

n—times
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(o, T)-n-derivation associated with (o, 7)-n-derivation d on N if the relations

F(x12), @0, ... x,) =F (21, T9, ..., xn)o () + 7(x1)d(2], 2o, . . ., 1),

F(xy, x00h, ..., xn) =F (21, Ta, ..., xn)0(xy) + 7(x2)d(x1, 2, . . ., 2y),

F(xy, @0, ... xqz)) =F (21,29, ..., x5)0(x)) + 7(x,)d(21, T2, . . ., 7))
hold for all zy, 2}, x9, 2, ..., x,, 2, € N.

Definition 1.3 (Left generalized (o, 7)-n-derivation). An n-additive (additive in each
argument) mapping F' : N X N X --- x N — N is called a left generalized (o, 7)-n-

n—times

derivation associated with (o, 7)-n-derivation d on N if the relations

F(x12, o, ... xy) =d(x1, 29, .. ., x)0(x) + 7(21) F (2], 2o, . . ., 1),

F(xy, 200, ..., x,) =d(x1, 29, ..., 20)0(xh) + 7(x2) F (21, 2, . .., 1),

F(xy,@a, .. 2z =d(x1, 29, . .. xn)o(x)) + 7(x,) F (21, 22, . . ., 7))
hold for all zy, 2}, x9, 2, ..., x,, 2, € N.

A mapping F : N X N x---x N — N is called a generalized (o, 7)-n-derivation

n—times
associated with (o, 7)-n-derivation d on N if F' is both a right generalized (o, 7)-n-
derivation and a left generalized (o, 7)-n-derivation associated with (o, 7)-n-derivation

don N.

Example 1.1. Let S be a zero-symmetric left near ring and
0 =z y
N:{ 0 0 z |x,y,z,0€5}.
0 00

Then N is a zero-symmetric left near ring with respect to matriz addition and matrix
multiplication. Define mappings F,d: N Xx N x --- x N = N by

n—times
0 =1 un 0 z 1o 0 =, yn 0 0 0
F( 0 0 2 |,]0 0 2 |,....]10 0 =z ): 0 0 z20...2, |,
0O 0 O 0 0 0 0 0 0 0 0 0

<

0 T 1 0 0 Tn Yn 0
d( 00 |, loo0 =]|,....[0 0 2 ): 0 0 0
0O 0 O 0 0 0 0 0 0
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Define o, 7: N — N by

0z y 0 0 o2 0z y 0 zy 0
cl 00 z =100 0 and 7 0 0 z | =10 0 =z
0 0 0 00 O 0 0 0 0 0 0

~—
—~

It is easy to check that F' is a nonzero right (but not left) generalized (o, T)-n-derivation
associated with a nonzero (o, T)-n-derivation d of N, where o and T are any arbitrary

mappings on N.

Example 1.2. Let N be a zero-symmetric left near ring as in Example 1.1. Define
mappings F,d: N X N x---x N — N by

n—times
0 1 »n 0 22 Yo 0 =, Yn 0 zyx9...2, O
F( 0 0 2 |,1]0 0 2 |,....,] 0 0 =z =10 0 01,
0 0 0 0 0 0 0 0 O 0 0 0
0 1w 0 x2 o 0 x, Yn 00 0
d( 0O 0 2 |,]0 0 2z |[|,....10 0 =z =1 0 0 z22...2,
0 0 O 0 0 O 0 0 O 00 0
Define o, 7: N — N by
0z y 0 22 0 0z y 00 vy
ol 00 2z |=[0 0 =z and 7|1 0 0 2z | =0 0 22
0 0O 0 0 0 0 0O 00 0

It can be easily seen that F is a nonzero left (but not right) generalized (o,T)-n-
derivation associated with a nonzero (o,T)-n-derivation d of N for any arbitrary
mappings o and T on N.

FExample 1.3. Let S be a zero-symmetric left near ring and

0 = y
N:{ 0 00 \x,y,z,OeS}.
0 2 0

It is easy to see that N is a zero-symmetric left near ring with respect to matrix
addition and matriz multiplication. Define mappings Fyd: N x N x --- x N — N by

n—times
( 0 =1 wn 0 z Yo 0 =, yn ) 0 0 viye---yn
F o o0 o0 11,10 0 O{,....10 0 O =100 0 ,
0 - O 0 2o O 0 2, O 0 0 0
0 =z 1 0 zo 9o 0 z, yn 0 0 0
d( o 0o 0o }|,10 0 O1],...,10 0 O ) =10 0 0
0 2 O 0 z O 0 =z, O 0 z129...2, 0
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Define o,7: N — N by

0z y 0 22 vy 0z gy 0 2 0
cl 00 0=10 0 0 and 7| 0 0 O |=([0 0 O
0 =z 0O 0 0 O 0 z O 0 yz 0O

It can be easily verified that F is a nonzero right as well as left generalized (o, T)-n-
derivation associated with a nonzero (o,7)-n-derivation d of N, where o and T are
any arbitrary mappings on N.

Obviously this notion covers the notion of a generalized n-derivation (in case o =
7 = I), notion of an n-derivation (in case F' = d, 0 = 7 = I), notion of a left
n-centralizer (in case d = 0, 0 = I), notion of a (o, 7)-n-derivation (in case F' = d)
and the notion of a left o-n-multiplier (in case d = 0). Thus, it is interesting to
investigate the properties of this general notion. In [7], Bresar has proved that if R
is a 2-torsion free semiprime ring and F': R — R is an additive map on R such that
F(z)x +xF(z) = 0 for all z € R, then F = 0. Further, Vukman [5] proved that if
there exist a derivation d : R — R and an automorphism « : R — R, where R is
2-torsion free semiprime ring such that [d(z)x 4+ zd(z),z] = 0 for all x € R, then d
and o — I, I denotes the identity mapping on R, map R into its centre. Motivated
by the mentioned results we prove that if a 3-prime near ring N with a generalized
(o, 7)-n-derivation F satisfies certain identity, then N is a commutative ring and F' is
a left o-n-multiplier on N.

2. SOME PRELIMINARIES

Lemma 2.1. ([1, Lemmas 1.2]). Let N be 3-prime near ring.

(i) If z € Z \ {0}, then z is not a zero divisor.
(ii) If Z\ {0} and z is an element of N for which vz € Z, then x € Z.

Lemma 2.2. ([1, Lemmas 1.3 and Lemma 1.4]). Let N be 3-prime near ring and U
be a nonzero semigroup ideal of N.

(i) If x,y € N and 2Uy = {0}, then x =0 ory = 0.

(ii) If x € N and zU = {0} or Uz = {0}, then z = 0.
Lemma 2.3. ([1, Lemma 1.5]). If N is a 3-prime near ring and Z contains a nonzero
semigroup left ideal or a nonzero semigroup right ideal, then N is a commutative ring.

Lemma 2.4. If N is a 3-prime near ring admitting a generalized (o, 7)-n-derivation
F associated with a (o, 7)-n-derivation d of N such that o and 7 are multiplicative
mappings on N, then
{d(xb To,. .. wrn)o-(yl) + T($1>F<y17 Loy ... 7xn)}0-(21)
=d(x1,T9,...,2p)0(y1)0(21) + 7(x1)F(y1, xa, . .., xy)0(21)
{d(xb Xy ... an)a<y2) + T(x2>F<I17 Y2, .- 7In)}o-(22
=d(x1, %9, ..., Tn)0(y2)o(20) + T(x2) F (21, Y2y - . ., )0 (22)

Y
Y
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{d(z1, 22, ..., 20)0(Yn) + T(T0) F(T1, T2, . ., Yn) Jo(20)
=d(z1, %2, ..., Tp)0(Yn)o(2n) + T(xn) F (21,29, . .., Yn)o(2n),
for all 1,41, 21, T2, Y2, 22, - - -, Ty Yny 2n € N.
Proof. For all xq,y1, 21, T2, Y2, 22, - - - s Ty Yn, 2n € N
F(xyyiz1, 20, ..., xn) =F(x1y1, X2, .. ., x0)0(21) + T(x1y1)d(21, T2y - - -, T0)
={d(z1, 2, ..., xn)0(1) + 7(21)F(y1, T2, ..., xn) }o(21)
(2.1) + 7(x1)T(y1)d(2, ug, . . ., up)
and
F(xiyiz1, 20, ..., xpn) =d(T1, 22, ..., xp)0(y121) + 7(21) F (Y121, T2, - -+, Ty)
=d(z1,x9,...,2,)0(y1)o(z1) + 7(x1)F(y1, x2, . .., x5)0(21)
(2.2) + 7(x)T(y1)d(21, T2y - -, X))
Combining (2.1) and (2.2), we get
{d(x1, 29, ..., 2p)0(y1) + 7(x1) F (Y1, X2, . . ., 20) }o(21)
=d(z1,x9,...,x,)0(y1)o(z1) + 7(x1)F(y1, z2, . .., xn)0(21).
Similarly, we can prove other relations for i = 2,3,...,n. 0

Remark 2.1. 1f o is an onto map on N, then Lemma 2.4 becomes

{d(z1,x9,...,25)0(y1) + 7(x1)F(y1, 22, ..., 24) }a
=d(x1, o, ..., Tp)0(y1)a + 7(x1)F(y1, 22, ..., x,)a,
{d(z1, 29, ..., 2,)0(y2) + T(x2) F (21,92, ...,2,)}a
=d(x1, T2, ..., Tp)0(y2)a + T(x2) F(x1,Y2, ..., 2,)a,

{d<x17 Xy 7'rn)0-(yn) + T(ZEn)F<J]1, X2y ... 7y7l)}a
=d(x1,x9,...,2n)0(yn)a + 7(xn) F(x1, 22, ..., Yn)a,

for all x1,y1, %2, Y2, ..., Tpn, Yn,a € N.

Lemma 2.5. Let N be a 3-prime near ring and Uy, Us, ..., U, be nonzero semigroup
ideals of N. Let ¢ and 7 be mappings on N such that U; C 7(U;) for i = 1,2,....n
If d is a nonzero (o, T)-n-derivation on N, then d(Uy,Us,...,U,) # {0}.

Proof. Assume that

(2.3) d(uy,ug, ..., u,) =0, forallu, € Uyug € Us,... ,u, € U,.

Replacing uy by uiry, where r; € N in (2.3) and using (2.3), we get
T(uy)d(ry, ug, . .., u,) = 0.
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Since U; C 7(U;) for i = 1,2,...,n, we have Uyd(ry,us,...,u,) = {0}. Applying
Lemma 2.2 (ii), we obtain d(rq,us,...,u,) = 0 for all uy € Us,...,u, € U, and
ry € N. Replacing us by usry, where 7o € N in the last expression and another
application of Lemma 2.2(ii) yields that d(rq,79,...,u,) = 0. Proceeding inductively,

we conclude that d(ry,r,...,7,) =0 for all r,ry, ..., 7, € N, a contradiction which
completes the proof. O
Lemma 2.6. Let N be a 3-prime near-ring and Uy, Us, ..., U, be nonzero semigroup

ideals of N. Let 0,7 be multiplicative mappings on U; such that U; C o(Uy). If
d is a nonzero (o, 7)-n-derivation on N such that d(Uy,Us,...U,)o(a) = {0} or
o(a)d(Uy,Us,...U,) = {0} for all a € N, then o(a) = 0.

Proof. Suppose that d(Uy,Us, ..., U,)o(a) = {0}. Then
(2.4) d(uy, ug, ..., up)o(a) =0, forall u; € Uy,ug € Uy, ... u, € U,.
Replacing u; by wju] in (2.4) and using it again yields that

d(uy, ug, . .., up)o(u))o(a) =0, for all uy,u) € Up,ug € Us, ..., u, € U,.
Equivalently,

d(uy, ug, ..., uy)o(Ur)o(a) = {0}, for all uy, € Uy, ug € Uy, ..., u, € U,.
Since U; C o(U;), we obtain

d(uy,ug, ..., u,)Uro(a) = {0}, forall uy, € U, us € Us, ..., u, € U,.

Applying Lemma 2.2 (i) and Lemma 2.5, we obtain o(a) = 0. Similarly, we can prove
the result for later case. U

Lemma 2.7. Let N be a 3-prime near ring and Uy, Us, ..., U, be nonzero semigroup
ideals of N. Let o be a onto map on N such that U; C o(U;) and Uy N Z # (. If d is
a (o,0)-n-derivation on N, then d(Z,U,,Us,...,U,) C Z.

Proof. Suppose that z € U; N Z. Then
d(zxy, 29, ..., xy) = d(x12,29,...,2,), forallzy € Uy,xg € Us,...,x, € Uy,
and
d(z,x9,...,x)0(x1) + o(2)d(x1, 2o, ..., Ty)
=0 (z1)d(z,x2,...,2n) + d(x1, 22, ..., 2,)0(2).
Substituting ) € Uy and 2’ € Uy N Z for o(z1) and o(z) respectively, we get
d(z,x9, ..., o)) = 21d(2, 29, ..., 2,), forall ] € Uy, axe € Us,..., x, € U,.

Replacing x| by z{r for r € N in above expression and using it again, we find that
2y [d(z,za, ..., x,), 7] = 0. Hence, d(Z,Us,Us,...,U,) C Z by Lemma 2.2 (ii). O
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Lemma 2.8. Let N be a 3-prime near ring and Uy, Us, ..., U, be nonzero semigroup
ideals of N. Let 0,7 be mappings on N such that U; C o(U;) and U; C 7(U;) for
i=1,2,...,n. If Fis a nonzero right generalized (o, 7)-n-derivation associated with
a (o, 7)-n-derivation d on N, then F'(Uy,Us,...,U,) # {0}.

Proof. Let
(2.5) F(uy,ug, ... ,uy) =0, forallu, € Up,uy € Uy,... ,u, € U,.
Replacing uy by uyr1, where r1 € N in (2.5) and using (2.5), we get
T(up)d(ry, ug, ..., u,) = {0}.

Since U; C 7(U;), we have

Urd(ry,ug, ... u,) = {0}, for all uy € Uy, ..., u, € U, and r; € N.
Applying Lemma 2.2(ii), we find
(2.6) d(ry,ug,...,u,) =0, foralluy € Us,...,u, €U, and r; € N.

Now replacing uy by usry in (2.6) for 7 € N and another application of Lemma 2.2
(ii) yields that d(ry, 79, us,...,u,) = 0 for all uz € Us,...,u, € U, and ry,ry € N.
Proceeding inductively, we get d(rq,rq,...,r,) = 0forall ry,ro, ... 7, € N, ie., d=0.
Therefore, our hypothesis reduces to

F(rlul,u2, e ,un) = F(TI,UQ, Ce ,un)a(ul) = 0,
for all uy € Uy, us € Us, ..., u, € U, and r; € N which implies that
(2.7) F(ry,ug, ... ,u,) =0, forallus € Us,...,u, € U, and r; € N.

Replacing us by rous in (2.7), we get F(ry,ra,...,u,)Us = {0} and Lemma 2.2 (ii)
gives F(ry,ra,us, ..., u,) =0 for all ug € Us, ..., u, € U, and 11,79 € N. Proceeding
inductively, we obtain F' =0 on N, a contradiction. O

3. MAIN RESULTS

Theorem 3.1. Let N be a 3-prime near ring and Uy, Us, ..., U, are nonzero semigroup
ideals of N. Suppose that o, T are multiplicative mappings on U; for1=1,2,...,n,
such that U; C 7(U;) for i = 1,2,...,n, and o is onto on N. If N admits a
generalized (o, T)-n-derivation F associated with a (o, T)-n-derivation d such that
F(x2), xo, ... x,) = F(ay,z9,...,x,)F (2], 20, ... 2,) for all x1,2) € Up,xe €
Us,...,z, € Uy, then F is a left c-n-multiplier on N.

Proof. By hypothesis

F(x2, xe, ... xp) = d(zy, 29, ... xp)o(2)) + (1) F(2], 22, ..., 2y)

= F(x1,%9, ..., 0, F (2}, 29, ..., 2y),
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for all zy, 2} € Uy, 29 € Uy, ..., x, € U,. Replacing x| by 2z for z € U; in the above
relation, we get

{d(x1, 29, ..., xn)0(x)) + 7(x1)F (2], 22, . .., 20) Y F (2,22, ..., Ty)
=d(x1,Ta, ..., xn)0(x)2) + T(x){d(2], 22, . . ., 20)0(2) + T(2)) F (2,22, ..., x,) }
Applying Lemma 2.4 and using the hypothesis, we obtain

d(zy, o, ..., xp)o (X)) F (2,29, ..., 2y) + T(x)d(2), 22y . . . 1) 0(2)
+ 7(x1)7 () F (2,29, . . ., 20
:d(xb Loy ... 7xn)0-(‘rllz) + T(xl)d(x/h To,. .. 7Q3n>0(2) + T('rl)T(xll)F(ZJ Loy .. 7xn)7

which reduces to

d(z1, o, ..., xp)0(2))(F (2, 29,...,2,) —0(2)) =0,
for all zy, 2,2 € Uy, 29 € Uy, ..., x, € U,. This implies that

d(l'l, T, ... 7$n)Ul(F<Zax27 s 7$TL> - 0(’2)) = {O}
By Lemma 2.2 (i), we obtain d(xy,zs,...,2,) = 0 or F(z,x9,...,2,) = o(z) for all
z € Ul,l’g € UQ,...,ZEn S Un

If F(z,29,...,2,) = 0(2) for all z € Uy, replacing z by zt, we get
T(2)d(t, za,...,x,) = 0.

Putting u € U; in place of 7(z) and using Lemma 2.2 (ii), we obtain d(¢, xs,...,2,) =0
for all ¢ € U;. Therefore, in both cases we arrive at d(Uy, Us,...,U,) = {0}. Now

arguing in the similar manner as we have done in Lemma 2.5, we can get d =0 on N,
which completes the proof. O

Theorem 3.2. Let N be a 3-prime near ring and Uy, Us, ..., U, be nonzero semigroup
ideals of N. Suppose that o is a multiplicative mapping on U; foriv=1,2,...,n, such
that U; C o(U;) for i = 1,2,...,n. If N admits a nonzero generalized (o,c)-n-
derivation F associated with a (o, 0)-n-deriwation d such that F(Uy,Us,...,U,) C
Z(N), then N is a commutative ring.

Proof. If d # 0, then for all uy,u} € Uy,uy € Us, ..., u, € U,
(3.1) F(ujuy,ug,...,u,) =d(uy,uz,...,u,)o(u)) + o(u)F(uy,ug, ... u,) € Z(N).
Now commuting (3.1) with the element o(u;) and using Lemma 2.4, we get

d(uy, ug, . . ., up)o(u))o(ur) = o(ur)d(uy, us, . . ., uy)o(u)).

Since o is an onto map on N, replacing o(u}) by r1 € N in above expression, we find
that

(3.2) d(uy, ug, ..., up)rio(uy) = o(uy)d(ug, ug, ..., up)ry.
Substituting r;7r where ro € N in place of r; in (3.2) and using it again, we obtain
d(ur, ua, . .., upn)Nlo(ur),r2] = {0}.
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By 3-primeness of N, we get d(uy, u, ..., u,) =0or [o(u),r] =0 forall uy € Uy, uy €
Us,...,u, € U,and r € N.

Case 1. Suppose there exists xy € U; such that d(zg,us,...,u,) = 0 for all
uy € Us, ..., u, € U,. Then

F(uyzo, ug, ..., uy) = Fug,ug, ..., uy)o(x) € Z(N),

for all uy € Uy,up € Us, ..., u, € U,. Since F(uy,usg,...,u,) # 0, then o(zy) € Z(N)
by Lemma 2.1 (ii).

Case 2. Suppose there exists z¢ € Uy such that [o(zg),7] = 0 for all » € N, then
0'(3?0) S Z(N)

In both cases, we obtain ¢(U;) C Z(N) which implies that U; C Z(N). Hence, by
Lemma 2.3, we conclude that N is a commutative ring.

Assume that d = 0, then another application of Lemma 2.1 (ii) and Lemma 2.8,
our hypothesis gives U; C Z(N) and N is a commutative ring by Lemma 2.3. O

The following example shows that the 3-primeness hypothesis in Theorem 3.2 can
not be omitted.

Example 3.1. Let us consider Example 1.3. Consider

0 =z O
U:{ 0 00 |x,y,z,0€5}.
0 z 0

Then clearly U is a nonzero semigroup ideal of a non 3-prime zero-symmetric left
near ring N. If we choose Uy = Uy = --- = U, = U, then F(Uy,Us,...,U,) C Z(N).
However, N is not commutative.

Theorem 3.3. Let N be a 3-prime near-ring and Uy, Us, . . ., U, are nonzero semigroup
ideals of N. Suppose that o, 7 are multiplicative mappings on U; for i = 1,2,...,n,
such that U; C o(U;), U; € 7(U;) for i = 1,2,...,n, and o is onto on N. If N
admits a generalized (o, 7)-n-derivation F' associated with a (o, 7)-n-derivation d such
that F(xi2), 29, ..., x,) = F(2), 20, ..., 2,)F(21,22,...,2,) for all z1,2] € Uy, 29 €
Us,...,z, € U,, then N is commutative ring.

Proof. By hypothesis,
F(x2, xe, ... xpn) = d(xy, 29, ... xp)o(2)) + 7(x1) F(2], 22, ..., 2y)
(3.3) = F(2], %2, ...,Tn)F(x1, 29, ..., 2y),
for all xy, 2} € Uy, 9 € Us, ..., x, € U,. Substituting z;z} for 2} in (3.3) and using
Remark 2.1, we obtain
F(xi(x12)), 22, ..., xn) =F (2127, T, . .., 20 F (21, 20, . .., )
=d(x1, T, ..., Tn)0(x))F (21,29, ...,2,)

+ 7(21)F (2], 0y ..o ) F (21, 29, ..., 2y).
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Also, using the definition of I, we get

F(xy(z12)), 29, . .., ) =d(x1, e, . . ., 2p)0(x12)) + 7(201) F (2127, Tay - -, T)

=d(x1, T2, ..., 2n)0(x1)0(2))
+ 7(x1)F (2], Ty . . o, ) F (21, 20, . .o 1),
By comparing the last two equations, we can easily arrive at
(3.4) d(z1, 22, ..., xp)o(2))F (21,2, ..., 2,) = d(1, 22, ..., 2)0(x1)0(2]).
Since o is onto on N, we get
d(x1, T, ..., xp)r1 F (21,29, ..., x,) = d(x1, T2, ..., Tp)0(T1)77.
Now substituting r17ry for r; in above expression and using it again, we find that
d(xy, 29, ..., xn)N[F (21,29, ...,2,),72] = {0},

for all x1,€ Uy,xo € Us,...,x, € U, and 7, € N. Since N is 3-prime, we have
d(z1,xe,...,x,) = 0 or F(xy,29,...,x,) € Z(N) for all x1,€ Uy, 29 € Us,...,x, €
U,. Using the same argument as used in the proof of the Lemma 2.5 and Theorem
3.2, we conclude that N is a commutative ring. O

Theorem 3.4. Let N be a 3-prime near-ring and Uy, Us, ..., U, are nonzero semigroup
ideals of N. Let o be an automorphism and T be a homomorphism on N such that
Uy Co(Uy) and U; C 7(U;) fori=1,2,...,n. If N admits a left generalized (o, T)-n-
derivation F associated with a (o, T)-n-derivation d such that F([x,y], us, ..., u,) =
+7([x,y]) for all z,y € Uy,us € Uy, ..., u, € Uy, then N is a commutative ring.

Proof. By hypothesis
(3.5)  F(lz,y],ug,...,u,) = £7([x,y]), forall z,y € Uy,us € Uy, ..., u, € U,.
Replacing y by xy in (3.5) and using [z, zy] = x[z, y|, we get

d(x,ug, ... ,up)o([x,y]) + 7(x)F([z,y], u2, ..., un) = £(7(x)7(2y) — 7(2)7(y2)),
which reduces to
(3.6) d(z,ug,...,uy)o([x,y]) =0, forall xz,y € Uj,uy € Us,...,u, € U,.
This implies that

d(x,ug, ..., up)o(x)o(y) = d(x,ug, ..., u,)o(y)o(x).

Substituting yz in place of y, where z € N in the last expression and using it again,
we find that
d(x,ug,...,uy)o(y)lo(x),o(z)] = 0.

Since U; C o(U;), then Lemma 2.2 (i) yields that d(x, us,...,u,) = 0or o(x) € Z(N)
for all x € Uj,us € Us,...,u, € U,. Since ¢ is an automorphism on N, then
d(z,ug,...,u,) =0or x € Z(N) for all x € Uy, uy € Us,...,u, € U,. Using Lemma
2.7, we get d(Uy,Us, ..., U,) € Z(N) which forces that N is a commutative ring by
Theorem 3.2 which completes the proof. O
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Theorem 3.5. Let N be a 2-torsion free 3-prime near-ring and Uy, Us, ..., U, are
nonzero semigroup ideals of N. Let o be an automorphism on N and T be a homomor-
phism on N such that Uy C o(Uy) and U; C 7(U;) fori=1,2,...,n. Then N admits
no left generalized (o, T)-n-derivation F associated with a nonzero (o, T)-n-derivation
d satisfying one of the following conditions:

(i) F(xoy,ug,...,u,) = x7([x,y]) for all z,y € Uy,us € Us, ..., u, € Upy;
(ii) F(zoy,ug,...,u,) = E7(zoy) for all z,y € Uy,us € Us, ..., u, € Uy;
(iii) F(xoy,ug,...,u,) =0 for all z,y € Uy, us € Us, ... ,u, € Up,.

Proof. (i) Assume that
(3.7)  F(xoy,ug,...,u,) =*7([x,y]), forall z,y € Uj,us € Us,...,u, € U,.
Replacing y by zy in (3.7), we get
d(z,ug, ... ,up)o(xoy)+7(x)F(x oy, ug,. .. u,) = +(7(x)7(xy) — 7(2)7(y2)),

which implies that

d(x,ug,...,up)o(xoy)+7(x)F(x oy, uy, ..., u,) = x7(x)7([2,9]).
Using the hypothesis, we find that

d(x,ug,...,uy)o(xoy) =0, forall z,y€ Uy,us € Us,...,u, €U,
which implies that
(3.8) d(x,ug,...,up)o(y)o(r) = —d(z,us, ..., u,)o(x)o(y).
Substituting yz for y in (3.8) where z € N, we have

d(x,ug,...,up)o(y)o(z)o(z) = —d(x,us, ... ,u,)o(x)o(y)o(z)
=d(z,ug,...,uy)o(x)o(y)(—o(z))

which implies that
0=d(x,ug,...,uy)o(y)(o(z)o(z) — o(—x)o(—2))
=d(x,ug,...,uy)o(y)(—o(2)o(—z) + o(—x)o(z)).
Since U; C o(U;), Lemma 2.2 (i) yields that
(3.9) d(z,ug,...,u,) =00ro(—z) € Z(N), forallzeU,uy€Us,...,u, € U,.

Suppose there exists g € U; such that o(—x¢) € Z(N). Since —U; is a nonzero
semigroup left ideal of N, replacing x and y by —zg in (3.8), we get

2d(—xg,us, ..., uy)o(—x0)o(—x0) = 0,
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for all uyg € Us,...,u, € U,. Using 2-torsion freeness of N, we conclude that
d(—xg,us, ..., up)No(—zg)No(—z9) = {0} for all uy € Us,...,u, € U,. By 3-
primeness of N, we arrive at d(—zg,us,...,u,) = 0 or o(—z9) = 0 for all uy €

Us, ..., u, € Uy,. Since o is an automorphism of N, by (3.9) we get d(z, us,...,u,) =0
for all x € Uy,ug € Uy, ..., u, € U,, so d(Uy,Us,...,U,) = {0}, which contradicts
Lemma 2.5.

(ii) Suppose that

(3.10)  F(zroy,ug,...,u,) ==x7(xoy), foralzyecUy,uy€lUs,...,u, €U,.
Replacing y by xy in (3.10), we get

d(z,ug, ..., up)o(xoy)+7(x)F(zoy,us,...,u,) = £7(x)7(x 0Y),
which reduces to
(3.11) d(z,ug,...,up)o(y)o(r) = —d(z,us, ..., u,)o(x)o(y).

Since (3.11) is same as (3.8), arguing in the similar manner as in (i), we find a
contradiction with our hypothesis.
Using the same techniques, we can prove the result for (iii). O

Theorem 3.6. Let N be a 3-prime near ring and Uy, Us, ..., U, are nonzero semi-
group ideals of N. Let ¢ be an homomorphism on N such that U; C o(U;) for
i=1,2,...,n. If N admits a left generalized (o, c)-n-derivation F' associated with a
(0, 0)-n-derivation d such that F'([z,y], ua, ..., u,) = [0(2),y], forall x,y € Uy, us €
Us,...,u, € Uy, then F is a right o-n-multiplier on N or N is commutative.

Proof. By hypothesis
(3.12)  F([z,y],ugy ... ,up) = [0(2),Ylos, forallx,ye Upuy € Us,..., u, € U,.
Replacing y by xy in (3.12), we get

d(x, ug, ..., up)o([2,y]) + o (@) F([z,y], uz, ..., un) = 0 (2)[0(2), Yo,
which reduces to
(3.13) d(z,ug,...,up)o([x,y]) =0, forall x,y € Uj,uy € Us,...,u, € U,.

As (3.13) is same as (3.6), arguing in the similar manner as in Theorem 3.4, we obtain
the result. ]

Theorem 3.7. Let N be a 2-torsion free 3-prime near-ring and Uy,Us, ..., U, are
nonzero semigroup ideals of N. Let o be a homomorphism on N such that U; C o(Uj)
fori=1,2,...,n. Then N admits no left generalized (o, c)-n-derivation F associated
with a nonzero (o, 0)-n-derivation d satisfying one of the following conditions:

(i) F(zoy,ug,...,uy) = [0(2),Yloo for all x,y € Uy,ug € Us, ..., u, € Up;
(ii) F(xroy,ug,...,uy) = (0(x) 0Y)oo for all x,y € Uy,ug € Us, ..., u, € U,.
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Proof. (i) Suppose that
(3.14) F(zoy,ug,...,u,) = [0(2),Y]se, forall z,y € Uy,us € Us,... ,u, € U,.
Replacing y by xy in (3.14), we get

d(z,ug, ..., up)o(xoy)+o(x)F(roy,us,...,u,) =0o(z)[o(x),Ylse
which reduces to
(3.15) d(x,ug,...,up)o(xoy) =0, forall z,y € Uy,uy € Us,...,u, € U,.

Since (3.15) is same as (3.8), arguing as in the proof of Theorem 3.5, we find that
d(x,ug,...,u,) =0 forall x € Uy,us € Uy, ..., u, € U, or N is a commutative ring.
If N is a commutative ring, then our hypothesis becomes

2F (zy,ug, ..., u,) =0,

for all x,y € Uy,us € Usy,...,u, € U,. By 2-torsion freeness of N, we have
F(zy,ug,...,u,) =0 for all z,y € Uy,us € Uy, ..., u, € U,. This implies that

d(z,ug,...,up)o(y) +o(z)F(y,us,...,u,) =0.

Replacing y by yz in last expression, we obtain d(x,us, ..., u,)o(y)o(z) = 0 for all
x,y,z € Uy,ug € Uy, ..., u, € U, which implies that d(x,us, ..., u,)o(Uy)o(z) = {0}
for all x,z € Uy,us € Uy, ..., u, € U,. Since U; C o(U;), we get

d(x,ug, ..., u,)Uio(z) = {0},

forallz, 2z € Uy,up € Us, ..., u, € U,. Using Lemma 2.2 (i), we have d(x, us, ..., u,) =
0 for all x € Uy,uy € Us,...,u, € U, or o(U;) = Uy = {0}. Since U; # {0}, we
conclude that d(Uy, Us,...,U,) = {0} which contradicts Lemma 2.5.

(ii) Assume that
(3.16) F(xoy,ug,...,uy) = (0(x)0y)ss, forallz,ye€ Uy,us € Us,..., u, € U,.

Substituting zy for y in (3.16), we have

o(z)o(zy) + o(zy)o(z),
o(z)(o(x) 0 Yo,

F(x(zoy),ug,...,uy,)
d(z,ug,...,up)o(zoy) +o(x)F(roy, ug, ..., uy,)

which implies that
d(x,ug,...,uy)o(xoy) =0, forall z,y € Uy,us € Us,...,u, € U,.

Arguing in the similar manner as we have done above, we obtain d(z, ug, ..., u,) =0
for all x € Uy, ug € Us, ..., u, € U,, we again get a contradiction. O
Theorem 3.8. Let N be a 3-prime near-ring and Uy, Us, ..., U, are nonzero semigroup

ideals of N. Let o be an homomorphism on N such that U; C o(U;) fori=1,2,...,n.
If N admits a left generalized (o, 0)-n-derivation F associated with a nonzero (o,0)-
n-derivation d such that F([z,y],ug, ... u,) = [d(z,us,...,u,),0(y)] for all x,y €
Uy,us € Uy, ..., u, € U,, then N is a commutative ring.
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Proof. Suppose that for all z,y € Uy, us € Us, ..., u, € U,
(3.17) F(lz,y],ug, ..., u,) = [d(z,us, ..., u,),0(y)].
Replacing y by xy in (3.17), we get
d(z,ug, ... up)o([z,y]) + o(2)F([z,y], ug, ..., un) = [d(x, us, . .., u,), o(zy)].

In view of our hypothesis, the above expression gives

d(x,ug, ... ,up)o(xy) —d(x,us, ..., uy)o(yz) + o(z)d(z, ug, . .., uy)o(y)

—o(z)o(y)d(z,us, ..., uy,)

=d(z,ug,...,uy)o(xy) — o(zy)d(z,us, ..., uy,),

which implies that
(3.18) d(z,ug,...,uy)o(y)o(x) = o(x)d(x,ug, ..., u,)o(y).
Replacing y by yu in the last equation and using it, we can easily arrive at

d(z,ug, ..., up)o(y)[o(z),o(u)] = 0.

Since U; C o(Uy), by Lemma 2.2 (i), we conclude that
(3.19)
d(x,ug,...,uy,) =0 or o(x)e Z(Uy), forallze Uj,uy €Us,...,u, € U,.

Suppose there exists zy € U such that o(zg) € Z(U;). Then o(zg)v = vo(xg) for
all v € U; and replacing v by vn, where n € N and using it, we conclude that
Ulo(zg),n] = {0} for all n € N by Lemma 2.2 (ii), we conclude that o(zg) € Z(N).
In this case, (3.19) becomes
(3.20)

d(x,ug,...,u,) =0 or o(x)€ Z(N) forallz e Uy,us €Us,...,u, € U,.

In all cases, the equation (3.17) becomes
(3.21) F([z,y],uz,...,u,) =0, forall x,y € Up,uy € Us,...,u, € U,.

This equation is a special case of Theorem 3.4 with 7 = 0, which is already treated
previously. O

Theorem 3.9. Let N be a 2-torsion free 3-prime near ring and Uy,Us, ... U, are
nonzero semigroup ideals of N. Let o be an automorphism on N such that U; C o(U;)
fori=1,2,....,n. Then N admits no left generalized (o, c)-n-derivation F associated
with a nonzero (o, 0)-n-derivation d satisfying one of the following conditions:

(i) F(zoy,ug,...,u,) =d(x,ug,...,u,)oo(y);
(ii) F(xoy,ug,...,u,) = [d(z,us,...,u,),o(y)l,
forall x,y € Uy,us € Uy, ... ,u, € U,.
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Proof. (i) By hypothesis, for all z,y € Uy,us € Us, ..., u, € U,

(3.22) F(xoy,uy,...,uy,) =d(z,us,...,u,)o0o(y).

Substituting zy for y in (3.22) and using (z o zy) = x(x o y), we obtain
d(x,ug,...,up)o(xoy)+o(x)F(xoy,ug,...,u,) =d(x,ug,...,u,)ooc(xy).

Using the hypothesis, we find that

(3.23) d(x,ug, ..., up)o(y)o(z) = —o(z)d(z,ug, . .., uy)o(y).

Replacing y by yz where z € N in the last expression and using the same steps that we
introduced previously, we obtain d(z,us, ..., u,)o(y)(—o(2)o(—x) + o(—x)o(2)) =0
for all z,y € Uy,us € Us, ..., u, € U,,z € N. Since ¢(U;) = Uy and invoking Lemma
2.2 (i) and Lemma 2.3, we conclude that d(x,us,...,u,) =0 or o(—z) € Z(N).

Suppose there exists o € U such that o(—zq) € Z(N). Since —U; is a nonzero
semigroup left ideal of N, replacing = and y by —x¢ in (3.23), we get

2d(—xg, ug, ..., up)o(—xo)o(—x9) =0, forall ug € Us,...,u, € U,.
Using 2-torsion freeness of N, we conclude that
d(_:EOa Ug, . .. 7un)N0—(_'x0)N0—(_x0) = {0}7

for all uy € Us, ..., u, € U,. By 3-primeness of N, we arrive at d(—xq, ug, ..., u,) =0
or o(—xg) = 0 for all ug € Uy, ..., u, € U,. Since o is an automorphism of N, by (3.9)
we get d(z,ug, ..., u,) =0forall x € Uy,us € Uy, ... u, € Uy, sod(Uy,Us,...,U,) =
{0}, which contradicts Lemma 2.5.

(ii) By hypothesis, we have for all x,y € Uy, uy € Us, ..., u, € U,

(3.24) F(roy,ug,...,u,) = [d(z,ug, ... u,),c(y)l.

Substituting zy for y in (3.24) and using (z o xy) = z(x o y), we obtain
d(x,ug,...,up)o(xoy)+o(x)F(xoy,us,...,u,) = [d(z,us,...,u,),o(zy)l,

which reduces to

(3.25) d(x,ug, ..., up)o(y)o(r) = —o(z)d(z,ug, . .., uy)o(y).

(3.25) is same as (3.23), arguing in the similar manner as above, we conclude that

d(Uy, Uy, ..., U,) = {0}, which leads to a contradiction. O

Theorem 3.10. Let N be a 3-prime near ring and Uy, Us, ..., U, are nonzero semi-
group ideals of N. Let o be an homomorphism on N such that U; C o(U;) for
i=1,2,...,n. If F is a left generalized (o, 0)-n-derivation associated with a nonzero
(0,0)-n-derivation d on N such that d([x,y], us, ..., u,) = [F(x,us, ..., u,),0(y)] for
all v,y € Uy,ug € Uy, ..., u, € U,, then F is a right o-n-multiplier on N or N is a
commutative ring.
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Proof. Assume that

(3.26) d([z,y], ug,y ... un) = [F(x,ug, ..., u,),0(y)],
for all x,y € Uy, ug € Uy, ..., u, € U,. Replacing y by zy in (3.26), we get

]

d(z[z,y|,us, ... ,u,) = [F(z,ug,...,u,),o(zry)
which implies that
d(z,ug, ... un)o([z,y]) + o(z)d([x, y], ua, . . ., uy) = [F(z,u2, ..., u,),0(x)o(y)].
Using (3.26), the last equation becomes
d(x,ug, ..., up)o([x,y]) + o(x)F(x,ug, ... uy)o(y) = F(x,ug, ..., u,)o(x)o(y).
For z =y, (3.26) gives F(x,ug,...,u,)o(x) = o(x)F(x,ug, ..., u,) which implies that

d(z,ug, ..., uy)o([z,y]) = 0. As this equation is same as (3.6), arguing in the similar
manner as in Theorem 3.4, we obtain the result. 0

Theorem 3.11. Let N be a 2-torsion free 3-prime near ring and Uy, Us, ..., U, are
nonzero semigroup tideals of N such that Uy is closed under addition. Let o be a
onto homomorphism on N such that Uy C o(Uy). Then N admits no generalized
(0,0)-n-derivation F associated with a (o,0)-n-derivation d such that Uy N Z # (),
d(UyNZ,Uy,Us, ..., U,) # {0} and d(z oy, us, ..., u,) = F(x,ug,...,u,)oc(y) for
all T,y € Ul,UQ S Ug,...,un € Un

Proof. Suppose that
(3.27) d(zoy,ug,...,u,) = F(x,ug,...,u,)00(y),
forallz,y € Uy,ug € Us, ..., u, € U,. Let z € UyNZ such that d(z, ug, us, ..., u,) # 0
and replacing y by zy in (3.27), we get
d(z,ug, ..., up)o(zoy)+o(z)d(xoy,ug,...,u,) = F(z,us,...,u,)o0(2)o(y).

Substituting arbitrary element 2z’ € U;NZ for o(z) in above expression and using (3.27),
we obtain d(z, us, ..., u,)o(xoy) = 0. By Lemma 2.7, it is clear that d(z, us, ..., u,) €
Z \ {0} which means that d(z,us,...,u,)No(x oy) = {0}. By 3-primeness of N, we
conclude that o(z o y) = 0 for all x,y € U; which implies that o(x) o o(y) = 0. Now
replacing o(z) and o(y) by 2’ and y' for all ', y" € U; respectively, we have 2’0oy’ = 0.
In particular 2’2 = 0 for all 2’ € U,. Since U; is closed under addition, we have
uw(u+u')? =0 for all u,u’ € U; this gives uu'u = 0 for all u,u’ € Uy, i.e., uUyu = {0}.
Thus, U; = {0}, which contradicts our hypothesis. O

The following example shows that the 3-primeness hypothesis in Theorems 3.4 to
3.11 can not be omitted.

Example 3.2. Let S be a zero-symmetric left near-ring which is not abelian. Consider

0 z vy
N:{ 0 00 |a:,y,()€S}
0 00
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0 « O
U:{ 0 00 |x,O€S}.
000

Then clearly U is a nonzero semigroup ideal of a non 3-prime zero-symmetric left near
ring N. Define mappings F,d: N X N X --+-x N — N by

and

n—times
0 =1 1 0 =9 9o 0 =z, yn 0 zyx9...2, O
F(OO0,000,..,O()O):O 0 01,
0 0 O 0 0 O 0 0 O 0 0 0
0 21 »n 0 @2 Yo 0 zn yn 0 0 viy2...Yn
d o o0 o0 1|,{/0 0 OJ,....10 0 O =100 0
0 0 O 0 0 O 0 0 0 0 0 0
Define o,7 : N — N by
0 z vy 0 z —y
{ 00 O |=10 0 O and o =idy.
0 00 0 0 O
If we choose Uy = Uy = --- = U, = U, then it is easy to see that F is a nonzero

generalized (o, o)-n-derivation associated with a nonzero (o, 0)-n-derivation d and also
a nonzero generalized (o, T)-n-derivation associated with a nonzero (o, T)-n-derivation
d of N satisfying

(1) F(zxoy,ug,...,u,) =0;
(17) F([x,y],ug, ... u,) = £7([z,9]);
(1it) F(z oy, ug,...,u,) = x7([z,y]);
(iv) F(zoy,ug,...,u,) = (0(x) 0Y)s.o;
(v) F([z,y], uz, ... un) = [0(2),Ylo0;
(vi) F(xoy,ug,...,uy) = [0(2), Yoo,
(vii) F(zoy,ug,..., u,) = t7(x0y);
(viit) F([z,y],u2, ... ,u,) = [d(x,us, ... ,uy),0(y)];
(1z) d([z,y],uz, ... ,uy) = [F(z,us,...,u,),0(y);
() F(xoy,ug,...,u,) = [d(x,ug,...,u,),0(y)];
(i) F(rxoy,ug, ... uy) =d(x,ug,...,u,)00(y);

(xii) d(x oy, ug, ..., uy) = F(z,us,...,u,) o0(y),

for all x,y,us,...,u, € U. However, N is not a commutative ring.
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PICTURE FUZZY SUBGROUP
SHOVAN DOGRA! AND MADHUMANGAL PAL?

ABSTRACT. Picture fuzzy subgroup of a crisp group is established here and some
properties connected to it are investigated. Also, normalized restricted picture fuzzy
set, conjugate picture fuzzy subgroup, picture fuzzy coset, picture fuzzy normal
subgroup and the order of picture fuzzy subgroup are defined. The order of picture
fuzzy subgroup is defined using the cardinality of a special type of crisp subgroup.
Some corresponding properties are established in this regard.

Significant Statement. Subgroup is an important algebraic structure in the
field of Pure Mathematics. Study of different properties of subgroup in fuzzy sense
is an interesting fact to the readers because fuzzy sense is the extension of classical
sense. Readers can easily observe how the properties of subgroup hold in fuzzy
sense like classical sense. Picture fuzzy sense is the generalization of fuzzy sense. In
other words, picture fuzzy sense can be treated as advanced fuzzy sense. Readers
will be interested to study how the properties of subgroup hold when the number
of components increases in fuzzy environment. Our study is actually the study of
an important type of advanced fuzzy algebraic structure.

1. INTRODUCTION

Generalizing the concept of classical set theory, Zadeh [12] initiated fuzzy set theory
which leads a vital role for handling uncertainty in practical field. Considering the
limitation of fuzzy set and generalizing fuzzy set, Atanassov [1] introduced intuition-
istic fuzzy set. After the invention of fuzzy set, Rosenfeld [9] introduced fuzzy group.
Intuitionistic fuzzy subgroup came in the light of study by Zhan and Tan [13]. Sharma

Key words and phrases. Picture fuzzy subgroup, normalized restricted picture fuzzy set, conjugate
picture fuzzy subgroup, picture fuzzy coset, picture fuzzy normal subgroup, order of picture fuzzy
subgroup.
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[10] investigated t-intuitionistic fuzzy subgroup. As the time goes, different researchers
have done a lot of research works in the context of fuzzy set and intuitionistic fuzzy
set. Intuitionistic fuzzy set deals with the measure of membership and the measure of
non-membership such that their sum does not exceed unity. It was observed that the
measure of neutrality was not taken into account in intuitionistic fuzzy set. Cuong
and Kreinovich [4] initiated the notion of picture fuzzy set including the measure of
neutral membership with the intuitionistic fuzzy set. So, picture fuzzy set can be
treated as an immediate generalization of intuitionistic fuzzy set by togethering three
components namely positive, neutral and negative. With the advancement of time,
different kinds of research works under picture fuzzy environment were performed by
several researchers [2,3,5-8,11].

Here an attempt has been made to define picture fuzzy subgroup, normalized
restricted picture fuzzy set, conjugate picture fuzzy subgroup, picture fuzzy coset,
picture fuzzy normal subgroup and the order of picture fuzzy subgroup. Different
corresponding properties have also been studied.

2. PRELIMINARIES

Here, some primary concepts of fuzzy set (FS), fuzzy subgroup (FSG), intuitionistic
fuzzy set (IFS), intuitionistic fuzzy subgroup (IFSG), picture fuzzy set (PFS) and
some basic operations on picture fuzzy sets (PFSs) are recapitulated.

Definition 2.1 ([12]). Let A be the set of universe. Then a F'S P over A is defined
as P = {(a,pup(a)) : a € A}, where up(a) € [0, 1] is the measure of membership of a
in P.

Realizing the absence of non-membership, Atanassov [1] included it in IFS.

Definition 2.2 ([1]). Let A be the set of universe. An IFS P over A is defined by
P = {(a,pup(a),vp(a)) : a € A}, where up(a) € [0,1] is the measure of membership
of a in P and vp(a) € [0,1] is the measure of non-membership of a in P with the
condition 0 < pp(a) +vp(a) < 1 for all a € A.

Here, Sp(a)= 1 — (up(a) + vp(a)) is the measure of suspicion of a in P, which
excludes the measure of membership and non-membership.

Based on the notion of FS given by Zadeh, Rosenfeld [9] defined FSG.

Definition 2.3 ([9]). Let (G, %) be a group and P = {(a, up(a)) : a € G} be a FS in
G. Then P is said to be FSG of G if up(a*b) = pp(a) A up(b) and pp(a=™) > up(a)
for all a,b € G. Here a™! is the inverse of @ in G.

Definition 2.4 ([13]). Let (G, *) be a crisp group and P = {(a, up(a),vp(a)) : a € G}
be an IFS in G. Then P is said to be IFSG of G if

(i) pp(axb) = pp(a) A pp(d), vp(a*b) < vpla) Vup(b);

(i) pp(a™) = pp(a), vp(a™') < wvp(a) for all a,b € G. Here a™! is the inverse of a
in G.
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Cuong and Kreinovich [4] included more possible types of uncertainty upon IFS
and initiated a new set namely PFS.

Definition 2.5 ([4]). Let A be the set of universe. Then a PFS P over the universe
A is defined as P = {(a, up(a),np(a),vp(a)) : a € A}, where pp(a) € [0,1] is the
measure of positive membership of a in P, np(a) € [0,1] is the measure of neutral
membership of a in P and vp(a) € [0, 1] is the measure of negative membership of a
in P with the condition 0 < pp(a) +np(a) +vp(a) < 1forall a € A. Foralla € A
1 — (up(a) + np(a) +vp(a)) is the measure of denial membership a in P.

The basic operations on PFSs consisting equality, union and intersection are defined
below.

Definition 2.6 ([4]). Let P = {(a, pp(a),np(a),vp(a)) : a € A} and Q = {(a, pg(a),
no(a),vg(a)) : a € A} be two PFSs over the universe A. Then

(i) P C Qif and only if up(a) < pgla), np(a) < ng(a), vp(a) = vg(a) for all a € A,

(ii) P = Q if and only if up(a) = pg(a), np(a) = ne(a), vp(a) = vg(a) for all
a € A;

(i) P UQ = {(a,max(up(a), ug(a)), min(ne(a), n(a)), min(ve(a), vo(a)))
a € A};

(iv) P nQ = {(a,min(up(a), uo(a)), min(ne(a), ng(a)), max(ve(a),vo(a)))
a€ A}
Definition 2.7. Let P = {(a, up,np,vp) : a € A} be a PFS over the universe A.
Then (6, ¢,1)-cut of P is the crisp set in A denoted by Cy 4, (P) and is defined by
Cops(P) = {a € A : pip(a) > 0.mp(a) > 6. vp(a) < 0, where 0, 6,4 € [0, 1] with
the condition 0 < 6+ ¢ + ¢ < 1.

Throughout the paper, we write PFS P = {(a, up(a),np(a),vp(a)) : a € A} as
P = (NPaUPaUP)-

3. PicTURE Fuzzy SUBGROUP

Now, we are going to define PFSG of a crisp group as the extension of FSG and
IFSG.

Definition 3.1. Let (G,x*) be a crisp group and P = (up,np,vp) be a PFS in G.
Then P is said to be a PFSG of G if

(i) pp(a*b) = pp(a) A pp(b), np(a*b) = np(a) Anp(b), ve(a*b) < vp(a) vV up(b)
for all a,b € G,

(i) pp(a™) = pp(a), np(a™) = np(a), vp(a™) < vp(a) for all a € G, where a~
is the inverse of a in G.

1

Ezxample 3.1. A PFS P = (up,np,vp) in a group G = (Z, +) is considered here in the
following way:

0.35, when a € 27Z,
pp(a) =

0.2, whena € 2Z+ 1,
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(a) = 0.45, when a € 27Z,
P\ =302, whena €27+ 1,

(a) = 0.2, when a € 27Z,
UP\NY =Y 0.4, whena € 2Z + 1.

It is not very tough to show that P is a PFSG of G.

Now, we will develop a proposition in two parts. First part gives the relationship
between the identity element and any other element of the universal group in case of a
PFSG while the second part gives the relationship between the inverse of an element
and the element itself of the universal group in case of a PFSG.

Proposition 3.1. Let (G, %) be a group and P = (up,np,vp) be a PFSG of G. Then
(i) wp(e) = pp(a), np(e) = np(a), vep(e) < vp(a) for all a € G, where e is the
identity in G;
(ii) pup(a™t) = pp(a), np(a™') = np(a), vp(a™) = vp(a) for alla € G. Here, a™*
is the inverse of a in G.

Proof. (i) It is observed that

pr(e) = MP(G xa”')
pp(a) A pp(a™')  [because P is a PFSG of G]
= ,up(a) [because pup(a™') > pp(a) as P is a PFSG of G],
) =l
ne(a) Anp(a™')  [because P is a PFSG of G]
= np(a) [because np(a™') > np(a) as P is a PFSG of G],
and vp(e) = vp(a*a™t)
<wp(a)Vup(a™') [because P is a PFSG of G]
=wvp(a) [because vp(a™') < vp(a) as P is a PFSG of G,
for all a € G.
(ii) Since P is a PFSG of G, therefore pp(a™) > up(a), np(a™) > np(a) and
vp(a™ ) < wvp(a) for all @ € G. Replacing a by a!, it is obtained that up(a) >

pup(a™t), np(a) = np(a™t) and vp(a) < vp(a™?) for all @ € G. Thus, pp(a™) = pp(a),
ne(a™) =np(a) and vp(a™t) = vp(a) for all a € G. M

The following proposition suggests the necessary and sufficient condition under
which a PFS will be a PFSG.

Proposition 3.2. Let (G, *) be a group and P = (up,np,vp) be a PFS in G. Then P
is a PFSG of G if and only if pp(a*xb™') > pp(a) Aup(b), np(axb=t) = np(a) Anp(b)
and vp(axb~1) < wvp(a) Vup(b) for all a,b € G.
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Proof. Since P is a PFSG of G, therefore pup(axb™') = up(a)Aup(b™1) = pp(a)Aup(b),
np(axb1) = np(a) Anp(b~") = np(a) Anp(b) and vp(a+b7") < wvp(a) Vop(b™') <
vp(a) Vup(b) for all a,b € G.
Conversely, let the condition be hold. Then
pp(e) = ppaxa™) = pp(a) A pp(a) = pp(a),
ne(e) = np(a*a™) = np(a) Anp(a) = np(a),
vp(e) =vp(a*at) <wvpla) Vupla) = vp(a),

for all a € G, e is the identity in G. Thus, pp(e) = up(a), np(e) = np(a) and vp(e) <
vp(a) for all a € G.
Now,

)
), forallbe .
) for all b € G.

Thus, jup(b)

It is observe
pp(ash) = pplas (6)) >
(a5 o+ (7)) >
vplasb) = vplax (7)) <

o\
=
g

ct+ —~
=
=
g
>
I
WV
=
g
—~
=

<
g
>

L

N

<
g

=

1p(b),
UP( ), foralla,bedG.
U

Q

Consequently, P is a PFSG of

Proposition 3.3. Let (G,x*) be a group and P = (up,np,vp), Q = (1g,ng.vg) be
two PFSGs in G. Then PN Q is a PFSG of G.

Proof. Let PN Q = R = (ur,nr,vr). Then pgr(a) = pp(a) A po(a), pr(a) =
np(a) Ang(a) and vg(a) = vp(a) V vg(a) for all @ € G. Since P, Q are PFSGs of G,
therefore
pr(axb™) = pplaxb™') A uglaxb™)
2 (up(a) A pp(b)) A (pg(a) A pg(b))
= (up(a) A pgla)) A (up(b) A pg(b)) = pr(a) A pr(b),
np(axb™') Angaxb™t)
(mp(a) Anp(b)) A (ng(a)
= (np(a) Ang(a)) A (np(b)
vp(a b ) Vuglaxb™)
< (vp )
= (vp )

nr(a*b1)

WV

vg(a*b")

Consequently, R = PN ( is a PFSG of G. O



916 S. DOGRA AND M. PAL

We have proved that the intersection of two PFSGs is also a PFSG. But, this is
not true for union. If P and @ are two PFSGs then P U @ may or may not be PFSG.

This observation is proved by examples. Below we consider two examples. Example
3.2 shows that P U Q is not a PFSG and Example 3.3 shows that P U Q is a PFSG.

Ezxample 3.2. Two PFSGs P = (up,np,vp), @ = (g, ng,ve) in a group G = (Z,+)
considered here in the following way:

when a € 77,
otherwise,

when a € 77,
otherwise,

,  when a € 77,
.5, otherwise,

o o OO OO

and

15, when a € 5Z,
otherwise,

otherwise,

2, when a € 5Z,
otherwise.

0.
0
0.25, when a € 5Z,
0.1
0.
0.3

w={5”
o={0y
o=
-]
o={0%
o={33

Then

0.25, when a € 7Z,
ppug(a) =< 0.15, when a € 5Z,
0, otherwise,

0.15, when a € 7Z,
npug(a) =< 0.2,  when a € 5Z,

0.15, otherwise,

0, whenae€?7Z,

vpug(a) =< 0.2, when a € 5Z,
0.3, otherwise.

Here, pupug(7 + (=5)) = upug(2) = 0 2 upug(7) A ppug(5) = 0.25 A 0.15 = 0.15
and vpug(7 + (=5)) = vpug(2) = 0.3 £ vpug(T) V vpug(5) = 0V 0.2 = 0.2. But,

UPUQ(7 + (—5)) = T]PUQ(Q) = 0.15 > T}pUQ<7) VAN nPuQ(E)) = 0.15A 0.2 = 0.15. Thus,
PUQ is not a PFSG.

Ezample 3.3. A PFS P=(up, np, vp) in a group G is considered in the following way:

(a) = 0.45, when a =0,
HPAT =1 0.3, when a # 0,
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(a) = 0.4, when a =0,
e 0.2, when a # 0,
(a) = 0.1, whena=0,
UP\@) = 0.15, when a # 0,
and
(a) = 0.35, when a =0,
He\®) = 0.25, when a # 0,
(a) = 0.25, when a =0,
He\d) = 0.2, whena # 0,
(a) = 0.15, when a =0,
vl =1 0.2, whena #0.
Therefore,
(a) = 0.45, when a =0,
HPoQ\®) = 0.3, when a # 0,
(a) = 0.25, when a =0,
PuQt®) =1 0.2, whena # 0,
(a) = 0.1, whena =0,
"PuQt®) =1 0.15, when a # 0.

Clearly, PUQ is a PFSG of G.

Proposition 3.4. Let (G,*) be a group and P = (up,np,vp), Q@ = (pg,ng,vq) be

PEFSGs in G. Then PUQ is a PFSG of G if PC @ or Q C P.

Proof. Let PU @ = R = (pur,nr,vr). Then pgr(a) = pp(a) V pola), nrla) =
np(a) Ang(a) and vg(a) = vp(a) A vg(a) for a € G.

Case 1. Let P C ). Then pup(a) < pgla), np(a) < ng(a) and vp(a) >
a € G. Now,

vg(a) for all

pp(ax b))V pglaxb™)
polaxb™)
pq(a) A pig(b)
= (up(a) V pgla)) A
pr(a) A MR( )
plaxb") Anglaxb™")
plaxb™)
p(a) A 77p( ) [because @ is a PFSG of G]
p(a) Angla)) A (np(b) Ang(b))
(@) Anr(b),

pr(a*b™")

WV

[because () is a PFSG of G]
(1p(0) V po(b))

nr(a*b1)

WV

U
U
U
=1
R



918 S. DOGRA AND M. PAL

vpla*b™ ) =vplaxb™ ") Avglaxb)
=vglaxb™")
<wvgla) Vug(b) [because @ is a PFSG of G]

= (vr(a) Nvg(a)) V (vp(b) Avg(b))
= vg(a) Vog(b), foralla,beq.

Consequently, R is a PFSG of G.
Case 2. When ) C P then it can be proceeded in the similar way to get pg(a*b) >
pur(a)Apgr(d), nr(axb) = nr(a)Ang(b) and vg(axb) < vg(a)Vog(b) foralla,b € G. O

Definition 3.2. Let P = (up,np,vp) and Q = (ug, ng, vg) be two PFSs over the uni-
verse A. Then the Cartesian product of P and @ is the PFS PxQ=(tpxq, 1Pxq; VPxQ):

where ppxo((a; b)) = pp(a) A ug(b), nrxq((a, b)) = ne(a) Ang(b) and vpxq((a, b)) =
vp(a) Vug(b) for all (a,b) € A x A.

Proposition 3.5. Let (G,*) be a group and P = (up,np,vp), Q@ = (1, ng,vq) be
two PFSGs in G. Then P x ) is a PFSG of G X G.

Proof. Let P'x Q = R = (s . v). Then pip((a,)) = up(a) A () . ni((a, ) =
np(a) Ang(b) and vg((a,b)) = vp(a) V vg(b) for all (a,b) € G x G.

Now,

pr((a,b) * (c,d)™") = pr((a,b) = (¢

d)) = pplaxc™) Apg(bxd™)
A (b)) A pg(d))  [as P,Q are PFSGs of G|
A

( ,
( p(a) A pp(c))
= (up(a) A pg(b)) A (p(c) A po(d))
= pr((a,0)) A pr((c,d)),
nr((a,0) * (e, d)™) = nr((a,b) x (c7',d™")) = nplaxc™') Ang(bxd™)
2 (np(a) Anp(c)) A (77Q(b) Ang(d)) las P,Q are PFSGs of G
= (np(a) Ang(b)) A (np(c) Ang(d))
= nr((a, b)) Anr((c,d)),
vr((a,b) ¥ (c,d)™") = vr((a,b) * (¢, d™")) = vp(ax ') Vug(bxd™)
< (vp(a) Vup(c)) V (vg(b) Vug(d)) |as P,Q are PFSGs of G|
= (vp(a) Vug(b) V (vp(c) V vo(d))
=vgr((a,b)) Vug((c,d)), forall (a,b),(c,d) € G xG.
Consequently, P x () is a PFSG of G x G. 0

The following proposition gives the relationship between the identity element and
any other element in case of Cartesian product of two PFSGs.

Proposition 3.6. Let (Gy,*) and (Ga, %) be two crisp groups and P = (up,np,vp),
Q = (1g:ng,vg) be two PFSGs of Gy and Ga, respectively. Then ppxg((e1,e2)) =
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ppxq((ar, az)), npxqg((er,e2)) = npxo((a1,a2)) and vpyg((er,e2)) < vpxo((ar,az))
for all (ay,as) € G1 X Go, where (eq, es) is the identity in G X Gs.

Proof. Here, we have

pupxq((e1, e2)) =pp(er) A pg(es)
> pup(ar) A pg(az)  [by Proposition 3.1]

= UpPxQ (a1>@2))

( :
npxq((e1, e2)) = 77P( 1) Ang(ez)
np(a) Ang(az)  [by Proposition 3.1]

= 77P><Q<(a17a2)>7
and vpxq((e1, €2)) = vp(er) V vo(e2)
< wp(ar) Vug(az) [by Proposition 3.1]

= vpxq((a1,az2)),

for all a; € Gy and for all as € Gy. Thus, it is obtained that ppxg((er,e2)) =

upr((a1,a2)), T]PXQ((€17€2)> 2 anQ((al,ag)) and UPXQ<<€1,€2>) < UPXQ((ahaZ))
for all (aq,as) € Gy X Gs. O

Proposition 3.7. Let (G, %) and (Gg,*) be two crisp groups and P = (up,np,vp),
Q = (g, ng,vq) be two PFSs of Gy and Gy respectively such that P x Q) is PFSG of
Gy x Gy. Then one of the following conditions must hold:

(i) ugles) = pup(a), nglez) = np(a), vo(ez) < wvp(a) for all a € Gy, where ey is the
identity in Go;

(i) pp(er) = po(d), np(er) = no(b), ve(er) < vg(b) for all b € G, where ey is the
identity in Gy.

Proof. Let none of the conditions be hold. Then there exists some a € G; and some

b € Gy such that pg(es) < pp(a), pp(er) < pe(b), nole2) < ne(a), npler) < ne(b),
vo(e2) > vp(a), vp(er) > vo(b). Then we have

npxq((a, b)) = pp(a) A pg(b) > pglea) A pp(er) = prxq((er; ez)),
nexq((a, b)) = np(a) Ang(b) > nglez) Anp(er) = nrexqler,ea),
vpxq((a,b)) = UP(CL) Vug(b) < wvglez) Vup(er) = vexg((er, ea)).

Thus, it is obtained that upxg((a,b)) > ppxo((e1,e2)), npxg((a, b)) > npxo((e1,e2))
and vpxo((a,b)) < vpxg((e1,ez2)). This is a contradiction because (eq, e2) is the iden-
tity in G1 x Gy and by Proposition 3.6, it is known that upyo((e1, €2)) = ppxg((ai,az)),
npxq((€e1,€2)) 2 npxq((ai, az)) and vpyq((e1, €2)) < vpxq((ar, az)) for all (a1, az) €
(1 x Gy. Hence, one of the conditions must hold.

The power of a PFS P can be defined by taking the power of measure of three
types of membership of each element. It is easy to verify that k-th power P* of P is
also a PF'S. Now, it is the time to define power of a PFS below. O



920 S. DOGRA AND M. PAL

Definition 3.3. Let A be the set of universe and P = (up,np,vp) be a PFS in A.
Then for a positive integer k, k-th power of the PFS P is the PFS P* = (u%, nk, k),
where 1% (a) = (up(a))¥, n%(a) = (np(a))* and vk (a) = (vp(a))* for all a € A.

Obviously, (up(a))* < pp(a), (np(a))* < np(a) and (vp(a))® < vp(a) and 0 <
pp(a) +np(a) +vp(a) < 1 for all a € A. So, clearly, 0 < (up(a))® + (np(a))* +
(vp(a))k <1 for all a € A.

Proposition 3.8. Let (G, *) be a group and P = (up,np,vp) be a PFSG of G. Then

P* = (up,mp,vp) = ((up(a)*, (np(a))®, (vp(a))*) is a PFSG of G for a positive
integer k.

Proof. Since P is a PFSG, therefore

pip(axb™") = (up(ax 7))
> (up(a) A pp(b))*
= (up(a)" A (up(0)" = pp(a) A pp(d),
nplax ™) = (np(ax b))
> (np(a) Anp(b))*
= (np(a))* A (np(b))" = np(a) A np(b)
vh(ax b = (vp(ax b))
< (vp(a) Vup(b))"
= (vp(a))* Vv (vp(b))" = vh(a) Vol(b), for all a,b € G.

Consequently, P* is a PFSG of G. U

Definition 3.4. For three chosen real numbers ¢; € [0, 1], e € [0,1] and £3 € [0, 1]
with e14+¢e9 = 1 and eo+e3 = 1, we define restricted PFS P over the set of universe A as
P ={(a,up(a),np(a),vp(a)) : a € A}, where up(a) € [0,£1], np(a) € [0,e2] and vp €
0, e5] such that 0 < pup(a) +np(a) +vp(a) < 1. For any a € A, (up(a),np(a),vp(a))
is called picture fuzzy value (PFV). In case of here defined restricted PFS, (g1, ¢€2,0)
is the largest PF'V.

Now, let us define a new type of restricted PFS called normalized restricted PFS
as an extension of normalized IF'S.

Definition 3.5. Let P = (up,np,vp) be a restricted PFS in A. Then P is said to be
normalized restricted PFS if there exists a € A such that pp(a) = €1, np(a) = e9 and
vp(a) = 0.

Depending upon three real numbers ¢; € [0, 1], g5 € [0,1] and €3 € [0, 1] with the
proposed conditions €1 + €5 = 1 and €5 4+ €3 = 1, many restricted PFSs are obtained
and also many corresponding normalized restricted PFSs are obtained. Choose €1 = 1,
g9 = 0 and e3 = 1. Then pp(a) € [0,1], np(a) = 0 and vp(a) € [0,1]. Thus, the
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neutral component is removed completely. So, restricted PFS reduces to IFS and it
becomes normalized when there exists a € A such that up(a) =¢; =1 and vp(a) =0,
which is familiar to the concept of normalized IFS. So, normalized restricted PFS can
be treated as an extension of normalized IFS.

Proposition 3.9. Let (G, *) be a crisp group and P = (up,np,vp) be a normalized
restricted PFS which forms a PFSG of G. Then up(e) = €1, np(e) = €2 and vp(e) = 0,
where e is the identity in G.

Proof. Since P is a normalized restricted PFS therefore there exists some a € G such

that up(a) = €1, np(a) = €9 and vp(a) = 0. Now, by Proposition 3.1, it is known

that pup(e) = pp(a) = €1, np(e) = np(a) = ey and vp(e) < vp(a) = 0. It follows that

up(e) = e1, np(e) = g2 and vp(e) = 0. O
A new kind of group relation called conjugate is defined below for PFSGs.

Definition 3.6. Let (G,*) be a crisp group of G and P = (up,np,vp), Q =
(1o, Mg, vg) be two PFSGs G. Then P is conjugate to @ if there exists a € G
such that pp(u) = pglaxuxa™), np(u) = nolaxu*a™), vp(u) = vola*xuxa™)
for all u € G.

Proposition 3.10. Let (G, *) be a crisp group and P = (up,np,vp), Q@ = (g, N9, vq),
R = (pr,Mr,vR), S = (s, ns,vs) be four PFSGs of G such that P is conjugate to R
and Q) is conjugate to S. Then P x Q) is conjugate to R x S.

Proof. Since P is conjugate to R, therefore up(u;) = pr(a * uy * a™t), np(uy) =
nr(a*xu;*a™t) and vp(uy) = vgr(a*xuy *a~') for some a € G and for all u; € G. Since
Q is conjugate to S, therefore pg(us) = us(b*ua xb™1), no(uz) = ns(b*uy xb~*) and
vg(ug) = vg(b* ug x b1) for some b € G and for all uy € G.
Now,
1pxq((ur,u2)) = pp(ur) A pg(ug) = pr(axuy * a™') A pg(b* ug * b1
= MRXS(((I’ b)(ula UQ)(CL, b)_1)7

Npxq((u1,uz)) = np(ur) Anguz) = nrla*ur xa™") Ang(b*ug +b7")
= Nrxs((a,b)(u1, u2)(a, 5)71)7
)

vpxg((ur,u2)) = vp(ur) Vug(us) = vr(a*up xa™ ') Vug(bxuy b 1)
- URXS((G7 b)(uh Ug)((l, b)_l)a

for some (a,b) € G x G and for all (uj,us) € G x G. Therefore, P x @ is conjugate
to R x S. ]

The following proposition reflects on (6, ¢, 1)-cut of a PFS. It actually tells about
the condition imposed on (6, ¢, 1)-cut of a PFS under which a PFS will be a PFSG.

Proposition 3.11. Let (G, *) be a crisp group and P = (up,np,vp) be a PFS in G.
Then P is a PFSG of G if all (0, ¢,v)-cuts of P are crisp subgroups of G.
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Proof. Let a,b € G, with 0 = up(a) A up(b), ¢ = np(a) Anp(b) and » = vp(a)Vup(b).
Then 6 € [0,1], ¢ € [0,1] and ¢ € [0, 1] such that § + ¢ + ¢ € [0, 1] is satisfied. It is
observed that

pp(a) = pp(a) A pp(b) =90,
np(a) = np(a) Anp(b) = ¢,
vp(a) < wvp(a) Vup(b) =9
Also,
pp(b) = pp(a) A pp(b) =0,
ne(b) = ne(a) Anp(b) = &,
vp(b) < wp(a) Vup(b) =
Thus,
pp(a) =0, np(a) = ¢, wvp(a) <Y,
pp(b) =0, np(b) = ¢, vp(b) < 9.

It follows that a,b € Cy 4 (P). Since Cy gy (P) is a crisp subgroup of G, therefore
axb™t € Cygyy(P). This yields

pp(axb™) =0 = pp(a) A up(d),
np(axb=") > ¢ =np(a) Anp(b),
vp(a*b1) <Y =wvp(a) Vop(b).

Since a,b are arbitrary elements of G, therefore pup(a * b™') > pup(a) A up(b),
np(a*b™') = np(a) Anp(b) and vp(a*b™') < vp(a) Vvp(b) for all a,b € G. Conse-
quently, P is a PFSG of G. 0

Proposition 3.12. Let G be a group and P = (up,np,vp) be a PFSG of G. Then

the set S = {a € G : pp(a) = up(e),np(a) = np(e),vp(a) = vp(e)} forms a crisp
subgroup of G, where e plays the role of identity in the group G.

Proof. Let S is non-empty because e € S, where e is the identity in G. Let a,b € S.

Then pp(a) = pp(b) = pp(e), np(a) = np(b) = np(e) and vp(a) = vp(b) = vp(e).
Since P be a PFSG of GG, therefore

pp(axb™) = pp(a) A pp(b) = pp(e) A pp(e) = pp(e),
np(axb=) = np(a) Anp(b) = np(e) Anple) = np(e),
) <wpla) Vop(b) = vp(e) Vup(e) = vp(e).

) > pp (axb™1), np(e) = np(axb™') and vp(e) < vplaxb™r).
axb™1), np(e) = np(axb~') and vp(e) = vp(axb~'). Thus,

a,beS=axbles.

vp(a*xb”

From Proposition 3.1, up(e
Consequently, pup(e) = up(

Therefore, S is a crisp subgroup of G. O
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The following proposition reflects on (6, ¢, ¥)-cut of a PFSG. From the definition of
(0, ¢,1)-cut of a PFS, we have noticed that (6, ¢, ¢)-cut of a PFS is a crisp set. From
the following proposition, we will know (6, ¢, ¢)-cut of a PFSG is a crisp subgroup of
the universal group.

Proposition 3.13. Let (G, %) be a group and P = (up,np,vp) be a PFSG of G.
Then Cy 4 (P) is crisp subgroup of G.

Proof. Let a,b € Cpyp(P). Then pp(a) = 6, np(a) = ¢, vp(a) < ¢ and pup(b) > 0,
np(b) = ¢, vp(b) < 1. Since P is a PFSG, therefore

pp(axb™") = pp(a) App(b) =0 N0 =0,
np(axb™') = np(a) Anp(b) = ¢ Ao = o,
vp(axb™) <wpla) Vop(b) <Y VY =1
Thus,
a,b € Cppup(P) = axb! € Cyyy(P).
Consequently, Cp 4. (P) is a crisp subgroup of G. O

The following proposition gives the relationship between the r-th power of an ele-
ment and the element itself of the universal group in case of a PFSG. The relationship
is given in terms of picture fuzzy membership values.

Proposition 3.14. Let (G, %) be a crisp group and P = (up,np,vp) be a PFSG of
G. Then pp(a”™) = pup(a), np(a™) = np(a), vp(a™) < vp(a) for all a € G and for all
integers r, where a” = axax*---*xa (r times).

Proof. Case 1. Let r be a positive integer. Then r > 1. Let us suppose P(r):
up(a™) = pp(a), np(a”) = np(a) and vp(a™) < vp(a) for all a € G. Here, P(1) is
trivially true. Now, since P is a PFSG of GG, therefore

pp(a®) = pplaxa) = pp(a) A pp(a) = pp(a),
np(a®) = np(a*a) = np(a) Anp(a) = np(a),
vp(a?) = vp(axa) < vp(a) Vop(a) =vp(a), forallac .

So, P(2) is true. Let us assume that P(r) is true for r = m, i.e., up(a™) > up(a),
)

npl(\lam > np(a) and vp(a™) < vp(a) for all a € G.

pp(a™t) = pp(a™ x a) = pp(a™) A pp(a) = pp(a) A pp(a) = pe(a),

np(a™™) = np(a™ x a) = np(a™) Anp(a) = np(a) Anp(a) = np(a),

vp(a™) = vp(a™ * a) < vp(a™) Vvp(a) < vp(a) Vup(a) =vp(a), forallacG.

So, P(r) is true for r = m + 1. Hence, P(r) is true for all positive integers r.
Case 2. Let r be a negative integer. Then r < —1. Say t= —r. Then t > 1.

Now, pp(a”) = pp(a™) = pp(a’), np(a”) = np(a™") = np(a’) and vp(a") = vp(a™)
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vp(a') for all @ € G [by Proposition 3.1, because a™* is the inverse of a' in G]. As ¢ is
a positive integer therefore the case is similar as Case 1. Thus finally, up(a”) = pp(a),
np(a”) = np(a) and vp(a”) < vp(a) for all a € G.

Case 3. When r = 0, then it is trivially true as up(e) > up(a), np(e) = np(a) and
vp(e) < wvp(a) for all a € G, by Proposition 3.1. O

Proposition 3.15. Let (G, %) be a group and P = (up,np,vp) be a PFSG of G.
Then for a € G pp(a*b) = up(b), np(a*xb) = np(b) and vp(a *xb) = vp(b) for all
be G if and only if up(a) = pp(e), np(a) = np(e) and vp(a) = vp(e), where e plays
the role of identity in G.

Proof. Let for a € G, up(axb) = up(b), np(a *b) = np(b) and vp(a * b) = vp(b) for
all b € G. When b = e, then up(a) = up(e), np(a) = np(e) and vp(a) = vp(e).

Conversely, let up(a) = up(e), np(a) = np(e) and vp(a) = vp(e). It is observed
that

pp(axb) > up(a) A up(b)  [because P is a PFSG|
up(e) A pup(b) = pup(b)  [by Proposition 3.1],
np(a*b) = np(a) Anp(b) [because P is a PFSG]|
np(e) Anp(b) =np(b) [by Proposition 3.1],
and vp(a xb) < vp(a) Vvp( [because P is a PFSG]
vp(e) Vup(b) =vp(b), forallbe G [by Proposition 3.1].
Also,
pp(b) = ppla™ xaxb) = pp(a™ * (a*b))
pp(a™) A pp(axb) > pp(a) A pp(a +b)
= pp(e) A pp(a*b)
pup(axb)  [by Proposition 3.1],
a'xaxb) =npla" * (ax*b))
a~') Anp(axb) = np(a) Anpa*Db)

(
(
(
=np(axb) [by Proposition 3.1,
vp(b) = vp(a ™' *axb) =vp(a™' * (axb))
(ah) Vup(a*b) <vp(a) Vupla*b)
(
(

plaxb), forallbe G [by Proposition 3.1].
Thus, pp(axb) = up(b), np(a*xb) =np(b) and vp(a *x b) = vp(b) for all b € G. O

Proposition 3.16. Let (G, x) be a crisp group and P = (up,np,vp) be a restricted
PFSG of G for three chosen non-negative real numbers €1, €3 and e3. Let {a}
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be a sequence of elements in G such that ’}LIEOup(ak) = &1, ]}i_{gonp(ak) = &9 and
]}Lrgovp(ak) = 0. Then up(e) = €1, np(e) = ey and vp(e) = 0, where e is the identity
in G.

Proof. From Proposition 3.1, up(e) > pp(ax), np(e) = np(ar) and vp(e) < vp(ag)
for all £ € N. Therefore, pup(e) > JL%up(ak) = ¢e1, np(e) > ]}Lrgonp(ak) = &9 and
vp(e) < l}Lrgovp(ak) = 0. Thus, pup(e) = e1, np(e) = €3 and vp(e) < 0. Consequently,
wup(e) =e1, np(e) = ey and vp(e) = 0. O
Proposition 3.17. Let (G, *) be a cyclic group and P = (up,np,vp) be a PFSG of

G. Let a be any element in G such that it generates the group G with a € Cy 4 (P).
Then Cg,(bﬂp(P) =dG.

Proof. Here G=(a). Let a € Cy4.,(P). Then pup(a) > 6, np(a) > ¢ and vp(a) < .
Let t € G. Then t = a* for some integer k. Now,

pp(t) = pp(a®)
> up(a)  [by Proposition 3.14]

np(t) = np(a”)
> np(a) [by Proposition 3.14]
=

vp(t) =
< wvp(a) [by Proposition 3.14]
<

Thus, t € G implies t € Cy 4, (P). Therefore, G C Cp 4 (P). Already, it is known
that Cy 4. (P) C G. Consequently, G = Cy 4.,(P). O

4. HOMOMORPHISM OF PICTURE Fuzzy SUBGROUPS

Here, we study some properties of PFSG under the classical group-homomorphism
and anti-group homomorphism.

Definition 4.1. Let (G1,*) and (Gg,0) be two crisp groups. Then a mapping A :
G1 — G is said to be a group homomorphism if h(a*b) = h(a)oh(b) for all a,b € Gj.

Definition 4.2. Let (G1,*) and (G2, 0) be two crisp groups and h : G — G3 be a
surjective group-homomorphism. Then for a PFS P = (up,np,vp), the image of P is
the PFS h(P) = (,uh(p), 77h(P)7 ’Uh(p)) defined by

,Uh(P)(b):aeh\_/l pe(a), mup)(b) = A np(a), wvp)(b) = A vp(a),

) a€h—1(b) a€h=1(b)
for all b € Gs.
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Proposition 4.1. (G, %) and (Gg,0) be two crisp groups and h : G; — G3 be a
bijective group homomorphism. Then for a PFSG P in Gy, h(P) is a PFSG of Gs.

Proof. Tt is observed that for b; € G,

b)) = vV b)) = A b)) = V .
ey (br) aleh_l(bl)MP(Gl), ey (b1) aleh—l(bl)np<a1)’ On(p)(b1) aleh_l(blng(al)

Since h is bijective, therefore h™'(b;) is a singleton set. So, it can be written
as h™'(b1) = ay, ie., h(a1) = by for unique a; € Gy. Therefore, pyp)(b1) =

pnpy(h(ar)) = pp(ar), mapey(br) = paey(R(ar)) = np(ar) and vy (br)
= vppy(h(a1)) = vp(ay) for unique a; € G;.
Now,

pin(py (b1 0 051) = pepy (h(ar) o (h(as))™")
[because by = h(ay) and by = h(as) for unique a; and ay € G4]
= unpy(h(ar * a3'))  [as h is group homomorphism]
= pp(ar xay')
> pup(ay) A pup(az) [as P is a PFSG]
= pn(py(h(ar)) A iy (h(az)) = pnp) (01) A pace) (b2),

1Py (b1 0 by ") = ey (har) o (h(az))™)
= nnepy(h(ar x a3'))  [as h is group homomorphism]
= np(ar *ay")
> np(a) Anp(az) [as P is a PFSG]
= ey (h(a1)) A ey (R(az)) = nap) (b1) A ey (b2),

vn(p) (b 0 by ') = vy (h(ar) o (h(az)) ™)
= vppy(h(a; * a3'))  [as h is group homomorphism]
=vp(a; xay ")
< wp(ay) Vup(az) [as Pis a PFSG]
= vn(p)(h(ar)) V opcp)(h(az))
= vpp)(b1) V uppy(ba), for all by, by € Gs.

Consequently, h(P) is a PFSG of G. O

Definition 4.3. Let (G1,*) and (Gg,0) be two crisp groups. Then a mapping A :
G1 — G5 is said to be an anti group homomorphism if h(a % b) = h(b) o h(a) for all
a, be Gl-

Definition 4.4. Let (Gy,*) and (G, 0) be two crisp groups and Q = (ug,ng, vg)
be a PFSG of G3. Then for a mapping h : G; — Ga, h™1(Q) is the PFS h71(Q) =

(Hn-1(Q)> Mh-1(Q), Vn—1(q)) defined by pn-1g)(a) = pg(h(a)), mh-1@)(a) = ne(h(a)) and
vp-1(g)(a) = vg(h(a)) for all a € G.
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Proposition 4.2. Let (G1, %) and (Ga,0) be two crisp groups and Q = (ug,ng,vq)
be a PFSG of Gy. Then for an anti group-homomorphism h, h™1(Q) is a PFSG of
Gy.

Proof. Let h™1(Q)=(tn-1(q)» 1h-

1Q)r Un-1(@)), Where 1) (a) = pg(h(a)), mh-1(qg)(a)
= ng(h(a)), va-1(g)(a) = vo(h(a)

for all a € G;. Now, we have

-1y (ax b7 = po(h(axb)
= ,uQ(h(b Yoh(a)) [because h is an anti group-homomorphism]
— pg((h(8) ™ o h(a))
> ug((h(0))™) A ug(h(a))  [because Q is a PFSG of Gy
> pg(h(b)) A pg(h(a))  [because @ is PESG of Gy
= pq(h(a)) A pg(h(b)) = pn-1@)(a) A tr-1(g)(b),
mh-1(@)(a * b™") = no(h(a+b7"))
=ng(h(b™") o h(a)) [because h is an anti group-homomorphism]
= no((h(b))™") o h(a))
> no((h(b))™') Ang(h(a))  [because Q is a PFSG of Gy
> ng(h(b)) Ang(h(a))  [because @ is a PFSG of Gy
= nq(h(a)) Ang(h(b)) = mh-1q)(a) A na-1q)(b),
vp-1g)(ax b)) = vg(h(axb))
=vg(h(b™') o h(a)) [because h is an anti group-homomorphism]
= vg((h(0))™" o h(a))
< vg((h(b))™') Vug(h(a))  [because Q is a PFSG of Gy
< wvg(h(b)) Vug(h(a)) [because @ is a PFSG of Gy
= vg(h(a)) Vvg(h(b)) = vp-1g)(a) V vp-1g)(b), forall a,be G.

Consequently, h~1(Q) is a PFSG of G;. O

5. P1cTURE Fuzzy COSET AND PICTURE Fuzzy NORMAL SUBGROUP

Here, we define different kinds of picture fuzzy cosets (PFCSs) and picture fuzzy
normal subgroup (PFNSG). Also, we investigate some related properties.

Definition 5.1. Let (G, *) be a crisp group and P = (up,np,vp) be a PFSG of
G. Then for any a € G the picture fuzzy left coset of P in G is the PFS aP =

(HaP, Nap, vap) defined by pap(u) = pp(a™ *u), nap(u) = pp(a™" * u) and vep(u) =
vp(a=txu) for all u € G,

Definition 5.2. Let (G, *) be a crisp group and P = (up,np,vp) be a PFSG of
G. Then for any a € G the picture fuzzy right coset of P in G is the PFS Pa =
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(tpas MPas Vpa) defined by ppa(u) = pp(u*a™t), np.(u) = pp(u*a™') and vp,(u) =
vp(uxa™t) for all u € G.

Definition 5.3. Let (G, ) be a crisp group and P = (up,np,vp) be a PFSG of

G. Then for any a € G the picture fuzzy middle coset of P in G is the PFS

aPa™ = (apa—1,Mapa-1;Vape—1) defined by papa-1(u) = pp(a™ x uxa), Nepe—1(u) =

np(a™t *uxa) and vepe-1(u) = vp(a™t *uxa) for all u € G.

In classical sense, any subgroup of a classical group is said to be normal if left coset
and right coset of the subgroup for any element of the classical group are equal. In
picture fuzzy sense, a PFSG is said to be PFNSG if picture fuzzy membership values
of left coset and right coset of PFSG for any element of the universal group are equal.

Definition 5.4. Let (g, *) be a crisp group and P = (up,np,vp) be a PFSG of G.
Then P is called a PENSG of G if pipe(u) = pap(t), npa(t) = nap(u), vpe(u) = vap(u)
for all a,u € G.

Proposition 5.1. Let (G, *) be a crisp group and P = (up,np,vp) be a PFSG of G.
Then P is a PFNSG of G if and only if pp(a*b) = pup(b*a), np(axb) = np(b*a)
and vp(a *b) = vp(b*a) for all a,b € G.

Proof. Let P = (up,np,vp) be a PENSG of G. Therefore, pip,(u) = pap(u), npa(u) =
Nap(u) and vp,(u) = vep(u) for all a,u € G, i.e., pp(u*a™') = pp(a™ *u), np(u *
at)=np(a™t *u) and vp(u* a™') = vp(a™' xu) for all a,u € G.

Now, pp(a xb) = pplax (b7")7") = pp((b=") " * a) = pp(b* a), np(a *b) =
np(a* (b7)™) = np((b7)™ L xa) = np(b*a) and vp(a *xb) = vpla* (b71)71) =
vp((b™) ™ % a) = vp(b*a) for all a,b € G.

Conversely, let pp(axb) = pp(b*a), np(axb) = np(bxa) and vp(a*xb) = vp(b*a) for
all a,b € G, ie, pplax (7)) = pp((071) " xa), npax (b)) =np((b7") 7"+ a)
and vp(a * (b71)7Y) = vp((b71)7 % a) for all a,b € G. Letting 2 = b~ we get
pp(a* 271) = up(z7t xa), np(a* 271 = np(z~t * a) and vp(a * 27') = vp(z7! % a)
for all a,z € G. It follows that pp.(a) = p.p(a), np.(a) = n.p(a) and vp,(a) = v,p(a)
for all a, z € G. Consequently, P is a PENSG of G. d

Proposition 5.2. Let (G, %) be a crisp group and P = (up,np,vp) be a PFSG of G.
Then P is a PFNSG of G if and only if up(a*xuxa™t) = pp(u), np(axuxa=t) = np(u)
and vp(axuxa') =vp(u) for all a,u € G.

Proof. Let P be a PFNSG of G. Then

ppla*xuxat)=pp((axu)*at)
a '* (a*u)) [by Proposition 5.1, as P is a PENSG of G]
)

= MP(U)’

)
=np(a~' * (a*u)) [using Proposition 5.1, as P is a PFNSG of G
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(a” ) = ne(u),
vplaxuxa™') = (a*u) a™ )
=wvp(a' x (a*u)) [using Proposition 5.1, as P is a PFNSG of G]
=vp((a™! *a) xu) = vp(u), foralla,ucG.

Conversely, let the conditions be hold. Then pup(axb) = up(b~ *(bxa)*b) = pup(b~'x
(bxa)*(b~1) ") = pp(bxa), np(axb) = np(b~"* (bxa)xb) = np(b~"*(bxa)x (b~1) ") =
np(b*a) and vp(axb) =vp(b™' * (bxa) xb) =vp(b~tx (bxa)* (b)) =vp(bxa)
for all a,b € G. Therefore, by Proposition 5.1, P is a PFNSG of G. 0
Proposition 5.3. Let (G, *) be a crisp group and P = (up,np,vp) be a PENSG of G.
Then S ={u € G : up(u) = pp(e),np(u) = np(e),vp(u) = vp(e)} is a crisp normal
subgroup of G.

Proof. By Proposition 3.12, S is a crisp subgroup of G. Let a € G and u € S.
Then pp(u) = up(e), np(u) = np(e), vp(u) = vp(e). Since P is a PFNSG of G,
therefore, by Proposition 5.2, up(a * u*a™') = up(u), np(a*u*at) = np(u) and
vp(axuxa™t) = vp(u). It follows that up(axu*xa™) = up(e), npla*xuxa') = np(e)
and vp(a*xuxa™') = vp(e). Thus, axuxa~' € S. Hence, S is a crisp normal subgroup
of G. U

Proposition 5.4. Let (G,*) and P = (up,np,vp) be a PENSG of G. Then for any
a € G, aPa! is a PENSG of G.

Proof. Let aPa™'=(ttapa—1, Napa-1, Uapa—l) where fiopq-1(u) = pp(a™ *uxa), napa—1 ()
=np(a™' *u*a) and v,p,-1(u) = vp(a™ * uxa) for all u € G. Now,
1

=pp(a™ * (ug *uy % a))
=pp((u *ug *a)xa ")
[by Proposition 5.1, as P is a PFNSG of G]
=pp((ug *ug) * (a*a™t))
=pp(uy * ug) = pp(ug * uy)
[by Proposition 5.1, as P is a PFNSG of G],
Napa—1 (U1 * uz) =np(a™" * (ug * us) * a)
=np(a™" * (ug * ug * a))
=np((ug * ug * a) xa™ )
[by Proposition 5.1, as P is a PFNSG of G]
=np((uy * ug) * (a*a™t))
=np(uy * ug) = np(ug * uq)
[by Proposition 5.1, as P is a PFNSG of G],

)
fapa—1 (U1 * ug) =pp(a™ * (ug * ug) * a)
a)
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UaPafl(ul * UQ) :Up(a_l * (U1 * u2) * a)

=vp(a™' * (ug * uy * a))
=vp((up *ug * a) xa™ ")
[by Proposition 5.1, as P is PFNSG of G
=vp((uy *ug) * (a*a™t))
=vp(uy * ug) = vp(ug * uq)
[by Proposition 5.1, as P is a PFNSG of G],
for all uy,us € G. Also,

a

fapa-1 (U2 * u1) =pp(a * (ug * uy) * a)

(a~!
=pp(a™ * (ug *up % a))
=pp((ug *up *a) xa™*)
[by Proposition 5.1, as P is a PFNSG of G]
=pp((uz * w) * (axa™")) = pp(ug * ),
Napa—1 (g % uy) =np(a™ * (up * up) * a)
=np(a™" * (ug * up * a))
=np((ug * uy * a) xa™ ')
[by Proposition 5.1, as P is a PFNSG of G]
=np((ug * uy) * (a*a™')) = np(uy * uy),
Vapa-1 (Ug % uy) =vp(a™" * (ug * uy) * a)
=vp(a™' * (uy * up * a))
=vp((ug *uy ¥ a) xa™ )
[by Proposition 5.1, as P is PENSG of G]
=vp((ug *uy) x (a*xa™")) = vp(ug *up), for all uj,uy € G.
Thus, it is obtained that jiap,—1 (U1 *Us) = fape—1(Us*U1 ), Napa—1 (U1 *U2) = Ngpa—1 (Ug*

uy) and vVgpe-1 (U1 *Us) = Vapa-1(ug * uy) for all uy, uy € G. By Proposition 5.1, aPa™!
is a PFNSG of G. O

6. ORDER OF PICTURE Fuzzy SUBGROUP

Here, we define the order of a PFSG with the help of the cardinality of a special
type of crisp subgroup. Also, we explore some results that correspond to the order of

PFSG.

Definition 6.1. Let (G, *) be a crisp group and P = (up,np,vp) be a PFSG of G.
Then the order of the PFSG P is denoted by O(P) and is defined as the cardinality
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of the crisp set Hp = {u € G : up(u) = pp(e), np(u) = np(e), vp(u) = vp(e)}, where
e plays the role of identity in G.

Proposition 6.1. Let (G, *) be a crisp group and P = (up,np,vp) be a PFNSG of
G. Then O(P) = O(aPa™") for any a € G.

Proof. From Definition 6.1, O(P) = |Hp| and O(aPa™') = |H,ps-1|, where Hp =
{u e G : pp(u) = pple),np(u) = np(e),vp(u) = vp(e)} and Hype1 = {u € G :
HaPa—1 (U) = NaPa—1<€>7naPa—1(u) = naPa—1<€>7UaPa_1 (U') = VUgpq-1 (6)} NOW7

fapa—1(q) = fapa—1(€) Spp(a™" x g xa) = pp(a™’
Spp((a™ *q)xa) = pp(e)
Spup(ax(a™ *q)) = pple)
[by Proposition 5.1, because P is a PFNSG of G]
Spup((axa™)*q) = pp(e)
Sup(q) = pp(e),
Napa—1(2) = Napa-1(€) Snp(a™ * gx a) = np(a™ xexa)
enp((a™ * q) xa) =np(e)
enplax(a™ *q)) = np(e)
[by Proposition 5.1, because P is a PENSG of G]
snp((axa™)*q) =np(e)
<np(q) = np(e),
Vapa-1(q) = Vapa-1(e) ©vp(a ' % gxa) =vp(a™' *e*a)
svp((a™ *q) * a) = vp(e)
svpla*(a™ *q)) = vp(e)
[by Proposition 5.1, because P is PENSG of G|
svp((a*xa') *q) =vp(e)
<vp(q) =vp(e), forallgeG.

Thus, if r € Hyp,-1 then r € Hp and if s € Hp then s € H,p,-1. So, H,p,-1 C Hp
and Hp C H,p,~1. Consequently, Hp=H,p,-1 which indicates that Hp and H,p,—1
have the same cardinality, i.e., O(P) = O(aPa™1). O

* €% a)

Proposition 6.2. Let (G, ) be a crisp abelian group and P = (up,np,vp) be a PFSG
which is conjugate to Q = (g, ng,vq). Then P and () have the same order.

Proof. From Definition 6.1, it is known that O(P) = |Hp| and O(Q) = |Hg|, where
Hp ={u € G : pp(u) = pp(e),np(u) = ne(e),vp(u) = ve(e)} and Hy = {u € G :
po(u) = pole), ng(u) = no(e), vo(u) = vg(e)}, where e is the identity in G. Since
P is conjugate to @, therefore pp(u) = pgla*uxa™t), np(u) = nola * u*a™?t),
vp(u) = vg(a*uxa') for some a € G and for all u € G.
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Now, it is observed that

axu*xa ' =(a*xu)*a

=a '*(a*u) [because G is abelian]

=(atxa)xu=u, foralla,ucg.

-1

It follows that

pp(0) = igla* uxa™t) = (),
np(u) =nglaxux*a™t) =no(u),
vp(u) =vglaxuxa ') =vg(u), foralued.

u) = pp(e),np(u) = np(e),vp(u) = vp(e)}={u € G :
po(u) = po(e), ng(u) = ngle), vo(u) = vg(e)}=Hg. Therefore, Hp and H have the
same cardinality. Hence, P and () have the same order. 0

Theorem 6.1 (Lagrange’s theorem on PFSG). Let (G, *) be a crisp group and P =
(up,np,vp) be a PFSG of G. Then O(P) is a divisor of O(G).

Proof. From Definition 6.1, it is known that O(P) = |Hp|, where Hp = {u € G :
wup(u) = pp(e),np(a) =np(e),vp(a) = vp(e)}, e plays the role of identity in G. Now,
by Proposition 3.12, it is known that Hp is a crisp subgroup of G. By Lagrange’s
theorem on crisp group, |Hp| is a divisor of O(G), i.e., O(P) is a divisor of O(G). O

7. CONCLUSION

Investigation of the structure of algebraic system leads a significant in the field of
Mathematics, Computer Science and other different areas. Here we have studied the
theory of subgroup in the context of picture fuzzy set. In this paper, notion of PFSG
has been established and different properties of PFSG have been investigated. Also,
different notions related to PFSG such as PFCS, PFNSG, the order of PFSG have
been brought into the light of our study. We expect that this paper will be fruitful to
the researchers for further study of the theory of subgroup under some other types of
set environment.
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EXISTENCE RESULTS FOR A FRACTIONAL DIFFERENTIAL
INCLUSION OF ARBITRARY ORDER WITH THREE-POINT
BOUNDARY CONDITIONS
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AND H. M. SRIVASTAVA*?

ABSTRACT. This paper studies existence of solutions for a new class of fractional
differential inclusions of arbitrary order with three-point fractional integral boundary
conditions. Our results are based on Bohnenblust-Karlin’s fixed point theorem.

1. INTRODUCTION

Fractional differential equations are being used in various fields of science and
engineering such as control system, electrochemistry, viscoelasticity, electromagnetics,
physics, biophysics, fitting of experimental data, blood flow phenomena, electrical
circuits, biology, porous media etc. [11,12,18]. Due to these features, models of
fractional order become more practical and realistic than the models of integer-order.

A generalization of differential inequalities and equations are known as differential
inclusions. Some recent development on fractional differential equations and inclusions
can be found in [2,4-6,8-10,14-17,20,22,23|. Interesting and important applications
of differential inclusions are in problems arising from stochastic processes, optimal
control theory, economics and so on. If the velocity of a dynamical system cannot be
uniquely determined by the state of the system, then such a system can be modeled
as a differential inclusion.
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In [14], Benchohra and Hamidi studied the boundary value problem for fractional
differential inclusions given by

{CDO‘w(f) € Z(&w(€)),

w(0) = wy,

where “D® is the Caputo fractional derivative of order @ € (1,2] and Z : [0,00) x R —
P(R) is a multi-valued map with compact and convex values.

Ntouyas [20] investigated the existence of solutions for fractional order differential
inclusions of the form

‘Drw(§) € Z(&§w(g)), 0<E<,
w(0) = 0,w(1) = aJPw(v), 0<v<l,

where DY is the Caputo fractional derivative of order ¢ € (1, 2], J? is the Riemann-
Liouville fractional integral of order p, Z : [0,1) x R — P(R) is a multi-valued map.

In this paper, we consider the multi-valued version of [21]. We study existence
results for solutions of the following fractional differential inclusion

(1) {CD%«@ € Z(&w(©), €01,
w(v) =w'(0) =w'(0) = =w"2(0) =0, IPw(l)=0,

where 8, >0, n—1< By <n, n >3, n €N, and °D? is the Caputo derivative
of fractional order f3,, I”* is the Riemann-Liouville integral of fractional order 3,

Z:10,1] x R = PR)\{0} and v"~! # gt

2. PRELIMINARIES

Let us recall some notations, definitions and lemmas from multi-valued analysis
[13,19].

Let W = C([0,1],R) denote the standard Banach space of all continuous functions
from [0, 1] into R with the norm

[w]] = max{|w(£)[ : € € [0,1]}.
A fixed point of a multi-valued map Z : W — P(W) is w € W such that w € Z(w).
Z is bounded on bounded sets if for any bounded subset D of W, Z(D) = Uyep Z(w)
is bounded in W. Z is said to be completely continuous if for every bounded subset D
of W, Z(D) is compact. Z is closed (convex) valued if Z(w) is closed (convex) for all
w € W. Zis called u.s.c. (upper semi-continuous) on W if the set Z(wy) is a nonempty
closed subset of W for each wy € W and if there exists an open neighborhood E of wy
such that Z(E) C D for each open subset D of W containing Z(wy). Z has a closed
graph if
Wy, = W, 2y — 25w, €W, 2, € Z(wy,) = 2° € Z(w).

If Z has nonempty compact values and is completely continuous, then Z has a closed
graph if and only if Z is u.s.c.
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Throughout this paper, BCC(W) is the set of all nonempty, convex, closed and
bounded subsets of W. Let L'([0,1],R) be the standard Banach space of Lebesgue
integrable functions from [0, 1] into R with the norm

1
EPEYNEGIES
The following definitions are well known [1,11,18].

Definition 2.1. The Caputo fractional derivative of order 3 for at least n-times
differentiable function w : [0,00) — R is defined as

o € e s n=1 < B <m0 (4,

where [ 5] denotes the least integer function of real number §.

“Du(¢) =

Definition 2.2. The Riemann-Liouville integral of fractional order (5 is defined as

1 £
IPw(¢ :7/ € —s)tw(s)ds, B >0,
©)= 5 ) €= 90
provided the integral exists.
Lemma 2.1 ([21]). Let v ! # (61+nfl)(ﬁﬁ(:;) gomy B> 0,n—1<f <mn,

0 <v<1. Then for z € C([0,1],R), the fmctzonal differential system

cDﬁ2w<£> = 2(5)7 § € [07 1]7
(2.1) {w(u) =w'(0) =w"(0) =+ =w"2(0) =0, I"w(l)=0,

is equivalent to the integral equation

22wl =g /0 (6= e ds = s [0 =0 ) ds
L - 61 fnﬁ: Q/ §)PHB 14 (5) ds
S Lo

?;hg) ” (g + )

F(n) — V”_l(ﬁl +n— 1)(51 +n— 2) ce (61 + 1)
Lemma 2.2 ([20]). A function w € AC™([0,1],R) satisfying boundary conditions
w(v) =w'(0) =w’(0) =--- =w"2(0) =0, IMw(l)=0,

is a solution of fractional differential inclusion (1.1) if z(§) € Z(&,w(&)) on [0,1] for
some function z € L'([0,1],R) and

w(§) :F(lﬁz) /05(5 — )" a(s) ds —

1
'(52)

/OV(V — 5)2715(s) ds
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=g he 5)Pta1
+ T+ B) / el (s)ds

_Q( " 1) v—28)2"15(5)ds
FWﬁJWWQA( ) ds.

For the forthcoming analysis, we need the following assumptions.

(A) Z : [0,1] x R - BCC(R) for each w € R, (§,w) — z(§,w) is u.s.c. with
respect to w for a.e. £ € [0, 1] and is measurable with respect to & and the set
Sz is non-empty for each fixed w € R.

(B) There exists a function m, € L'([0,1],R,) for each € > 0 such that

12(&, w)]| = sup{[v] : v(&) € Z(§,w)} < me(£),
for each (§,w) € [0,1] x R with |w| < € and

1
lierinffOmg(g)alg =5 < 0.
e—+00 €

Lemma 2.3 ([3]). Let J be a compact real interval and Z be a multi-valued map
satisfying assumption (A) and let ¢ be a continuous and linear function from L'(J,R)
into C(J). Then the operator

(oSz:C(J) = BCC(J), yr (CoSz)(y) = C(Szy),
is a closed graph operator in C(J) x C(J).

Lemma 2.4 ([7]). Let W be a Banach space and D be a nonempty, convez, closed
and bounded subset of W. Let Z : D — P(W)\{0} has convex, closed values and is
u.s.c. with Z(D) C D and Z(D) is compact. Then Z has a fived point.

Let us define a multi-valued map ¢ : W — P(W) as

1
['(52)

ww:%ew4ﬁw=éﬂf@—wa@w—
+( én 1 Q/ ﬁ1+52 1 (S)dS

/Oy(u — 5)2712(s) ds

['(B1 + B2)
_Q( - v —s)P (s S}
FWHJWWﬁA( Jrrae)dsy

for z € Sz, = {2(£) € L*([0,1],R) : 2(£) € Z(&,y) for a.e. £ € [0,1]}.

Observe that a fixed point of 1 is a solution of (1.1). For convenience, we put

2 Q] Q|

A ) "I OBtD) TTGit f kD)
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3. MAIN RESULTS

Theorem 3.1. Assume that (A) and (B) hold with Ay < 1. Then the fractional
differential inclusion (1.1) has at least one solution.

Proof. The proof is divided into four steps.

Step I. ¥(w) is convex for each w € C0, 1].

Let A € [0,1] and y1,y2 € ¥(w). Then there exist 21, 29 € Sz, such that for each
¢ €10, 1], we have

yi(€) :F(l&) /05(5 $)P2715(s) ds — (152) /Oy(y—s)ﬂz—lzi(s) ds
( fn ! Q 1+82—1
+ 51 ) / )Pl (5) ds
—Q< = v— 821z (s)ds
G+ r) ¢
Now,
O+ (1= V(€)= 6= ) 0a) + (1= Nzafe)) s
- r(lm =97 0ns) + (1 = Nzals)) ds
(! = Q 1+F2-1 — A)z9(8)) ds
Tt [ =95 0 s) 4 (1= M) d
Q=&Y

T T(B1+ )0 (Be) /0 (v =57 (A= (s) + (1 = A)2a(s)) ds.

Since Z has convex values, Sz, is also convex. Thus, for 21,2, € Sz, and A € [0, 1],
we have A\z; + (1 — N)zg € Sz, Hence, Ay + (1 — Ny € ¢(w), e, ¥(w) is convex.

Step II. Let ¢ > 0 and B. = {w € C[0,1] : ||lw|]| < €}. Then B, is a closed,
convex and bounded set in C[0, 1]. We shall prove that there exists € > 0 such that
¥(B,) C B.. Suppose it is not true. Then for each € > 0, there exist w. € B, and
Ye € Y(w,) with ||¥(w,)|| > € and

_ 1 ¢ — 51y (s ST L Vz/—sﬁrlzs s
(=" HR a1
+ I 51‘*‘52 / ﬂ p ze(s) ds
QT =) v—28)2712(s)ds
RS A ACREAREICLR

for some z. € Sz,
Now,

e <[[¢(wd]l
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! ‘ — 5)27 2. (s)| ds L VV—SBQ’lzs s
>/0<£ P2 e ds + g [ 0= 9 o)l d

<_ -
_F(ﬁg
fn 1 Q 51-&-52 1

51+@2 / Jze(s)] ds

Q( f” 1) o i S
i L(B, + 1) (B,) /0 (v — )" |z(s)] d

1 1 1 1
SF(BQ)/O me(s)ds—i-w/o me(s) ds

+@‘/1 me(s)ds + | /1 me(s) ds.
L(B1 + B2) Jo LB+ 1I(B2) Jo
Dividing both sides by € and letting ¢ — 0o, we get

2 Q] Q|
7 T e T TG 2

implying Ay > 1, which contradicts the given assumption. Therefore, there exists
e > 0 such that w( ) C
Step IIL. ¢ (B,) is equlcontmuous
Let &,& € [0,1] with & < & and w € B, y € )(w). Then there exists z € Sz,
such that for each £ € [0, 1], we have
W) = / (€= ) 2oy ds — e [ = 9)% a(s) ds
0 (52)

F(Bz)
fn 1 Q 51+52
r@+m fo- 2(s)ds

_Q( &" 1) v—8)2"15(s) ds
F(ﬂl+1)F(ﬁz)/0< J A ds.

Now,

1 1 . 1
€)= 9@ <pgy [ 16 = )% = (6 = 51 ()] ds

w5 e = s e
n—1
|Q||§ _52 |/ ,6’1+B2 1|Z )]ds

51 +52
_ ¢n—1
/ ’ §2 — — (& = 5)" N me(s) ds

+ F(BZ) /51 |£2 - S|52 me(s) ds
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31+ﬂ2 1m€<8) ds

* 51-1—52

IQIIS — &

1y

me(s) ds.

+
rg,+1nr

o

Now, the right-hand side approaches zero when &; approaches &, independently of

w € B.. Hence, ¥(B,) is equicontinuous.

Combining Steps I to III and by a consequence of Arzela-Ascoli theorem, we get

that 1 is a compact valued map.
Step IV. ¢ has a closed graph.

Let w,, = w*, y, € ¥(w,) and y, — y*. We shall prove that y* € ¢ (w*).
Now, y,, € ¥(w,) implies that there exists z, € Sz, such that for each £ € [0, 1],

we have
1

I'(B32)

(' =hHe
I'( 51 + 2) /

QU - g
LB+ DT(B2)

Yn(§) =

+

/5<§ —5)271 () ds —

L ’ —8)%2712 (s)ds

ﬁ1+ﬁ2 1, (S)dS

/0 (v — 5)%2712,(s) ds.

We shall show that there exists z* € Sz« such that for each £ € [0, 1], we have

1

['(B2)

("' =hHQ
I'( 51 + B2) /

Q=g
LB + 1)I'(52)

y (&)

_|_

Consider the continuous linear operator ¢ : L*(]0, 1],

X /j(ﬁ — 8)2 71 2(s) ds —

(v =hHQ
I'( 51 + B2) /

Qe =g
L(B1 + 1)I(B2)

Now, it is clear that ||y, (&)

/j(g ) (s) ds -

=

—y*(&)]| — 0 as n — oo.

(152) /OV(V — 5)271%(s) ds

51+52 1 *(8) ds

/0 (v — 8)2712*(s) ds.

R) — C0, 1] given by

(152) /OV(Z/ — 5271 2(s) ds

51-1—32 1 (8) ds

$)%2712(s) ds.

As a consequence of Lemma 2.3, we deduce that ¢ o .Sz is a closed graph operator

with 4, (€) € C(Sz.,)-
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Since w,, — w*, we have from Lemma 2.3

" _L ¢ 552 1 o* S— 1 VV_SBQflz*S )
( fn 1 Q 1+82—1 _*
" I'( 51 + Bs) / B g Z"(s)ds
QUMY e ) s
T(8 4+ DI(3) /0 (v —s) (s)ds,

for some z* € Sz ,-.
Thus, the compact operator v is u.s.c. with closed, convex values. From Lemma
2.4, we conclude that there exists a fixed point w of 9, which is a solution of (1.1). O

Theorem 3.2. Assume that (A) and the following condition hold.
(C) There exist functions ki(£), ko (&) € L*([0, 1], R") such that

12(&, w)l| < k1 (&)|w] + ka(8),
for each (&, w) € [0,1] x R, with Al|k||z: < 1.
Then the BVP (1.1) has at least one solution on [0, 1].

Proof. The proof follows by taking ki (&)e + k2(&) in place of m.(£) in the proof of
Theorem 3.1. O

Theorem 3.3. Assume that (A) and the following condition hold.
(D) There exist functions ky(€), k2(€) € L'([0,1],R"), o € [0,1] such that

12(&; w)l| < k(&) w]” + ka(E),
for each (&, w) € [0,1] x R.
Then the BVP (1.1) has at least one solution on [0, 1].

Proof. The proof is obvious. Here we have k;1(£)e? 4 k2(€) in place of m(§). O

4. EXAMPLES
In this section, we give some examples in order to illustrate our results.

FExample 4.1. As the first example, let us consider the following fractional differential
inclusion

(@) “Diw(¢) € Z(&,w(e), £€0.1)
‘ w(L) =0, w'(0)=0, IFw(l)=0,
where Z (&, w(§)) is such that || Z(¢, )H < 8(€+1 \w\ +e7%.

(€
Here 5 = % implying n =5, v = 10, b=

n1_ a1 ”] F(“)
T T 100007 Bian—DBitn—2)- B+ 1)
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4 64
(B DB 2)(B+3) (B +4) 19305
|w|+e7¢, therefore (C) is satisfied with ||k ||,1 = § In2. Further,

= (0.003315.

As | Z(§,w)|| <
AllFy || 21

1
8(£+1)

Ml | s * )
T8y +1) " T(B1 + DBy + DT(B) — v4(By + 4) (81 + 3)(By + 2)(B1 + 1)
['(B1+5) ]
(B + B2+ 1)|T(5) — v4(B1 +4)(B1 + 3)(B1 +2)(B1 + 1)
1112[ 64 286 2027025/m ]

945./7 * 7\/m x 3.879344 * 28 x 7! x 3.879344

+

1
~8

1
zg In 2[0.03821 + 5.942029 + 0.717803]
~0.58034 < 1.

Thus, by Theorem 3.2, there exists at least one solution of the fractional differential
inclusion (4.1).

Example 4.2. Now, consider the following fractional inclusion

(42) “Diw(€) € Z(€w(©), €€ [0.1]
' w(3) =0, w(0)=0, I:w(l)=0,
where Z(&,w(§)) is such that ||Z(§ w)|| < 4(£+1 2|w|3 + et
5
9 1

Here 5y = 2 impliesn =3, v = 2, b=
4 (31—1-71—1)(61—1-”—2)"'(51-1-1) (B +2)(Bi+1) 35

Also, (D) is satisfied with k;(§) = 4(£+1 e and ks(§) = e7¢ with o = 4. Therefore, it
follows from Theorem 3.3 that there exists at least one solution of (4.2).
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CONSTRUCTION OF SIMULTANEOUS COSPECTRAL GRAPHS
FOR ADJACENCY, LAPLACIAN AND NORMALIZED
LAPLACIAN MATRICES

ARPITA DAS! AND PRATIMA PANIGRAHI!

ABSTRACT. In this paper we construct several classes of non-regular graphs which
are co-spectral with respect to all the three matrices, namely, adjacency, Laplacian
and normalized Laplacian, and hence we answer a question asked by Butler [2].
We make these constructions starting with two pairs (G1, Hy) and (G2, Hs) of
A-cospectral regular graphs, then considering the subdivision graphs S(G;) and
R-graphs R(H;), ¢ = 1,2, and finally making some kind of partial joins between
S(Gy1) and R(G2) and S(H;) and R(Hz). Moreover, we determine the number of
spanning trees and the Kirchhoff index of the newly constructed graphs.

1. INTRODUCTION

Cospectral graphs are non-isomorphic graphs which share the same eigenvalues of
the same matrices associated with them. Several cospectral graphs are known for
adjacency, combinatorial Laplacian and normalized Laplacian matrices separately. In
2010, Butler [2] asked that “Is there an example of two non-regular graphs which
are cospectral with respect to the adjacency, combinatorial Laplacian and normalized
Laplacian at the same time?” Normally regular graphs are always cospectral for
all the matrices mentioned in the question. Here we construct some non-regular
cospectral graphs for all the three matrices and hence give an answer to the above
question of Butler. To present the results of the paper we need some definitions and
terminology as follow. All graphs considered in the paper are simple and undirected.
For any graph G, we take V(G) and E(G) as the vertex set and edge set of G

Key words and phrases. Adjacency matrix, Laplacian matrix, normalized Laplacian matrix, cospec-
tral graphs.
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respectively. The adjacency matriz of graph G, denoted by A(G), is a square matrix
whose rows and columns are indexed by vertices of graph G, and (u,v)"™ entry is
1 if and only if vertex u is adjacent to vertex v and 0 otherwise. If D(G) is the
diagonal matrix of vertex degrees in G, then the Laplacian matriz L(G) is defined
as L(G) = D(G) — A(G) and the normalized Laplacian matriz £L(G) of G is defined
as L(G) = I — D(G)~Y?A(G)D(G)~'/? with the convention that D(G)~*(u,u) = 0 if
degree of u is zero. For a given square matrix M of size n, we denote the characteristic
polynomial det(xl, — M) by fy(z). The eigenvalues of A(G), L(G) and L(G) are
denoted by A (G) > Xo(G) > -+ > M(G), 0 = 11(G) < pa(G) < -+ < ppy(G), and
0=101(G) <6(G) <--- <6,(G) <2 respectively, where n is the number of vertices
of G. The multiset of eigenvalues of A(G) (respectively L(G), £(G)) is called the
adjacency (respectively Laplacian, normalized Laplacian) spectrum of G, and denoted
by A-spectrum (respectively L-spectrum, L-spectrum). Two graphs are said to be A-
cospectral (respectively L-cospectral, £-cospectral) if they have the same A-spectrum
(respectively L-spectrum, L-spectrum).

The adjacency, Laplacian and normalized Laplacian spectra of different kinds of
graphs have been computed by several researchers [4,7,11,12]. The subdivision graph
S(@Q) [6] of a graph G is obtained by inserting a new vertex into every edge of G. The R-
graph R(G) [5] of a graph G is the graph obtained from G by introducing a new vertex
u, for each e € F(G) and making u, adjacent to both the end vertices of e. The set of
such new vertices is denoted by I(G), i.e., [(G) = V(S(G))\V(G) = V(R(G))\V(G).
The partial joins of subdivision graph and R-graph which are considered in the paper
are given in the definition below.

Definition 1.1. Let G| and G5 be two vertex-disjoint graphs with number of vertices
ny and ny, and edges m; and may, respectively. Then the following hold.

(i) The subdivision-vertez-R-vertex join of G; and G, denoted by S(G1)VR(G2), is
the graph obtained from S(G;) and R(Gs) by joining each vertex of V(G;) with
every vertex of V(Gs). The graph S(G1)VR(G3) has ny +ng + my + my vertices
and 2my + ning + 3me edges.

(ii) The subdivision-edge-R-edge join of G; and Gs, denoted by S(G1)VR(Gs), is
the graph obtained from S(G1) and R(G2) by joining each vertex of I(G;) with
every vertex of I(Gy). The graph S(G1)VR(Gs) has ny + ny +my + my vertices
and mq (2 + ms) + 3my edges.

(iii) The subdivision-edge-R-vertex join of Gy and G5, denoted by S(G1)VR(Gy), is
the graph obtained from S(G;) and R(G5) by joining each vertex of 1(G4) with
every vertex of V(Gy). The graph S(G1)VR(Gs) has ny + ny +my + my vertices
and mq(2 + ng) + 3my edges.

(iv) The subdivision-vertez-R-edge join of Gy and Gs, denoted by S(G1)VR(Gs), is
the graph obtained from S(G4) and R(G2) by joining each vertex of V(G1) with
every vertex of I(Gs). The graph S(Gl)VR(Gg) has ny + ny + m; + my vertices
and 2my + mo(3 + n1) edges.
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FExample 1.1. Let us consider two graphs G; = P, and G = P3. The set of dark
vertices of G; and Gy are I(G;) and I(G3), respectively.

FIGURE 1. Subdivision-vertex- R-vertex join of P, and P;

FIGURE 2. Subdivision-edge- R-edge join of Py and P

F1GURE 3. Subdivision-edge- R-vertex join of P, and P;

FIGURE 4. Subdivision-vertex- R-edge join of P, and P;

In the following lemma we find the degrees of vertices in the above constructed
graphs.
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Lemma 1.1. (i) The degree of any vertex v in S(G1)VR(G2) is given by

ne + dg, (v), if v e V(Gy),
ds(ayyvras) (V) = 4 2, if ve I(G)UI(Ga),
ni + 2dG2 (’U), ZfU S V(Gg)

(i) The degree of any vertex v in S(G1)VR(Gy) is given by

dG1 (U), ifve V(Gl),

. 2 4+ mao, ifUGI(Gl),
S(Gl)ﬁR(Gﬂ(v) - 2d02 (’U), ifve V(Gg),
24+my, ifveI(Gsy).

d

(i41) The degree of any vertex v in S(G1)VR(Gy) is given by

dGl(U), ifv e V(Gl),

d _ (U) _ 2 + no, if v G](Gl),
S(G1)VR(G2) 2d02 (U) + myq, ZfU € V(Gg),
2, ’Lf’U S [(Gg)

(iv) The degree of any vertez v in S(G1)VR(Gy) is given by
dG1 (U) +meo, ifveE V(Gl),

d . (U) _ 2, va G I(G1)7
sE@vR@)\ T 2dg, (v), if v € V(Gy),
2+n1, ZfUG[(Gg)

For two matrices A and B, of same size m x n, the Hadamard product Ae B of A and
B is a matrix of the same size m x n with entries given by (Ae B);; = (A);;-(B);; (that
is entrywise multiplication). Hadamard product is commutative, that is Ae B = Be A.

Notation. Throughout the paper, for any positive integers k, ny and ns, I denotes
the identity matrix of size k, J,,, xn, denotes ny x ny matrix whose all entries are 1,
1,, stands for the column vector of size n with all entries equal to 1, K, denotes an
n X n matrix whose all entries are the same. In other words, K, x, = aJ,xn, for a
real number a. For any positive integers s and ¢, O,y; denotes the zero matrix of size
s X t.

To prove our results we need some basics as given below.

Lemma 1.2 (Schur Complement [6]). Suppose that the order of all four matrices M,
N, P and Q) satisfy the rules of operations on matrices. Then we have

P Q|
Lemma 1.3 (6]). For a square matriz A of size n and a scalar o,

det(A + adpyy) = det(A) + a1l adj(A)1,,

M N| JIQIM —NQ'P|, ifQ is a non-singular square matriz,
IM||Q — PM~IN|, if M is a non-singular square matrix.

where adj(A) is the adjugate matriz of A.
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Lemma 1.4. For any real numbers c¢,d > 0, we have
d

1
J— -1 i -
(CIn dJan) cIn + C(C — nd) Jnxn-

Proof.
~adj(el, — dJpxn) A 2(c—nd) I, + " 2dTpxn
~det(el, — dJuxn) (¢ —nd)

1 d
- ——————Jnxn-
c N c(c—nd)" "

For a graph G on n vertices and m edges, the vertez-edge incidence matriz [8] R(G)
of G is a matrix of size n x m, with entry r;; = 1 if the i'" vertex is incident to the
j" edge, and 0 otherwise. The line graph [8] of a graph G is the graph Lg, whose

vertices are the edges of G and two of these are adjacent in L if and only if they are
incident on a common vertex in G.

(el — dJpxn)

O

The following is an well known result, may be found in [6].

Lemma 1.5. Let G be an r-regular graph. Then

(i) R(G)TR(G) = A(L¢g) + 21,, and R(G)R(G)T = A(G) + rlL,;

(i7) the eigenvalues of A(Lg) are the eigenvalues of A(G)+(r—2)I, and —2 repeated
m — n times.

Notation. The M-coronal of an nxn matrix M, denoted by T'y;(z), is defined [3,13]
as the sum of the entries of the matrix (1, —M)~!, that is, [y (z) = 1L (21, — M)~11,,.

Lemma 1.6 (3]). If M is an n X n matriz with each row sum equal to a constant t,
then I'y(z) = .

—t

Butler [2] constructed non-regular bipartite graphs which are cospectral with respect
to both the adjacency and normalized Laplacian matrices, and then asked for existence
of non-regular graphs which are cospectral with respect to all the three matrices,
namely, adjacency, Laplacian and normalized Laplacian. In this paper we construct
several classes of such graphs taking help of the operations subdivision-vertex- R-vertex
join, subdivision-edge- R-edge join, subdivision-edge- R-vertex join and subdivision-
vertex- R-edge join. We also find the number of spanning trees and Kirchhoff index
for all the partial join of subdivision graph and R-graph constructed here.

2. ADJACENCY, LAPLACIAN AND NORMALIZED LAPLACIAN SPECTRA OF THE
GRAPHS

In this section we consider regular graphs G; on n; vertices, m; edges, and with
degree of regularity r;, i = 1,2. To obtain the required matrices we label the vertices
of the graphs in the following way. Let V(G1) = {v1,...,vn, }, I(G1) = {e1, ..., em, },
V(GQ) = {Ul, ce ,UNQ}, [(Gg) = {fl, ce ,me}. Then V(Gl) U ](Gl) U V(Gg) U
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I(Gy) is a partition for all V(S(G1)VR(Gz)), V(S(G1)VR(Gs)), V(S(G1)VR(G2))

and V(S(G1)VR(G>)).

Lemma 2.1. Fori = 1,2, let G; be a graph with n; vertices and m; edges. Then we

have the following:

(Z> A(S(G1>VR(G2)) =

(i1) A(S(G1)VR(G2)) =

(112) A(S(Gl)VfR(Gz)) =

(iv) A(S(G1)VR(Ga)) =

Om R(Gl)
R(G)T O,
an Xni OnQ Xmi
Omg Xni Om2 Xmi
Onl R(Gl)
R(G1>T Oml
On2 Xnq Ong Xm1
Om2 XM sz Xmi
Onl R(Gl)
R(G))T O,
OTLanl Jngxml
Omgxnl Omzxml
Onl R(Gl)
R(G)T O,
Ongxnl Onz Xm1
ng Xni Om2><m1

Jn1 Xng

Om1 Xng
A(G»)
R(Gy)T

Onl Xng
Om1 Xng
A(Gy)
R(G,)T

On1 Xng
Jml Xng
A(G)
R(Go)"

On1 Xno

Om1 Xng
A(Gs)
R(Gy)T

On1 Xma

Om1 Xma .
R(G2) |’
Om,

On1 Xma

Jml Xma

R(Gy) |’
Oy

On1><m2

Om1 Xma

R(Gy) |’
Om,

J’n1 Xma

Om1 Xma

R(Gy)
O,

Theorem 2.1. Fori = 1,2, let G; be an r;-regular graph with n; vertices and m;
edges. Then the adjacency spectrum of S(G1)VR(Gs) consists of:

(i) the eigenvalue £1/11 + N;(G1) for every eigenvalue N\;(G1), i = 2,3,...,n1, of

A(Gl);

(ii) roots of the equation x? —\;(Ga)x —re— \;(G2) = 0 for every eigenvalue \;(Gs),

Jj=2,3,...,n9, of A(Gs);

(1ii) the eigenvalue O with multiplicity my + mg — ny — no;
(iv) four roots of the equation x* —rox® — (2ry +nyng + 2r9)x® + 2r1rox + 4179 = 0.

Proof. The adjacency characteristic polynomial of S(G1)VR(Gy) is

xIm T _R(Gl) _Jn1Xn2 Onlxm2
. — _R(Gl) $Im1 Om1><n2 Om1><m2 _ M2
faseyimcs)) () =det osens O 2Lny — A(Gs) —R(Ga) | = ™ det(S),
Om2><nl Om2 Xmq _R(GQ)T mIm2
where
xlp, —R(Gh) —Jnyxns
S =|-R(G)T xI,, Oy xns
_Jn2><’n1 Oanml x[TL2 - A(Gz)



CONSTRUCTION OF SIMULTANEOUS COSPECTRAL GRAPHS 953

Onlxmg 1
- (Omlxmg) - (Om2><n1 Om2><m1 _R(GQ)T>

—R(Gy)) *
J/’Inl —R(Gl) _Jn1><n2
= —R(Gl)T I]ml Om1><n2 .
_Jn2><n1 On2><m1 SEIn2 - A(G2> - %R<G2)R(G2)T
Hence,
det(S) = det (x[n2 _AGy) - ;R(G2)R(G2)T> det (1V)
=11 (33 ~ X(G2) - 2~ AJ(Gz)) det (W),
e x x
where

v (L )

_ <—J> (xfn2 _AG) — ;R(GQ)R(GQ)T)_l (= Juzsns Onarcnn)

Om1 Xng

_ zlp, — FA(GQ)JF%R(GQ)R(GQ)T(l’)mem —R(Gy)
—R(Gl)T {L‘Iml '
Then

1
det(W) =2™" det (»Tfm — Ty L r@n) @)y (8) Jniscny — IR(GJR(GQT)
1
_ ldet (a:[m _ xR(Gl)R(Gl)T>
) 1
- FA(GQ)Jr%R(Gz)R(Gz)T(x)]'z;l adj (ﬂm - xR(Gl)R(Gl)T) 1n1]
1
—a™ det (xzm _ xR(Gl)R(Gl)T>
1 —1
x [1 — TG+ LG R(Go)™ ()10, (xfm - xR(Gl)R(Gl)T> 1n11

o (r— 2 MO

i=1

ni
_m o /\i(Gl)) 1_ (o) ny
. H(m x x $—7°2—2%$—2L ’

=1 T

T T ) [1 o FA(Gz)Jr%R(GQ)R(Gz)T (x)F%R(Gl)R(Gl)T (SL’)

Therefore,

ni r )\z G 2 T MG
fas@yimy (@) =z™a™ ] (x - - (x 1)> 11 (x — A(G2) — ;2 B J(xz))
j=1

i=1 T
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U ni
X |1 —

2ry

TR TEL

ni
=M T M M2 Tn2 H{$2 —ry— )\’L(Gl)}

X ﬁ{x2 — AN(G2)z — 12 — Aj(Ga)}

x {x* — ryx® — (2r) 4+ ning + 2ry)x? + 2r1rox + 4riro},
and the result follows immediately. 0

Theorem 2.2. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then the adjacency spectrum of S(G1)VR(Gs) consists of:

(i) the eigenvalue £/ + Ni(G1) for every eigenvalue N\i(G1), i = 2,3,...,ny, of
A(Gh);

(ii) roots of the equation x* — \;(Ga)x —1r2— \;(G2) = 0 for every eigenvalue \;(G2),
j = 2,3, ..o, OfA(GQ),'

(131) the eigenvalue O with multiplicity my + mae — ny — na;

(iv) four roots of the equation x* —ryx — (2ry +mimeo+2r9)x? + (2r1m0 +mymars)x +
47"17‘2 = 0.

Proof. The adjacency characteristic polynomial of S(G1)VR(Gy) is

x‘[nl T _R(Gl) On1Xn2 On1><m2
_ _ _R(Gl) 'IIWH Oﬂ’u XNo —Jm1><m2 _n
Tas@iaen =AU 0 Oy #hy — A(G2)  —R(Ga) |7 AU
OmQXTLl _Jm2><m1 _R(GQ)T .’L'Im2
where
$]m1 Om1><nz _JM1><m2
S = Oanml ZL‘In2 - A(GQ) _R(GQ)
_Jm2><m1 _R(G2)T ‘ijz
_R(Gl)T 1
- On2><n1 *<_R(G1) On1><n2 OTLleg)
O X
ma Xni
Z’Iml - %R(GI)TR(Gﬁ Omlxnz _Jmlxmz
= On2><m1 IIM - A(G2> _R(G2)
_ngxm1 —R(GQ)T {L‘]mz
Hence,

det($) = det (1, - ;R(Gl)TR(G1)> det (V)

— det (ﬂml _ i(A(LGl) 4 2[m1)> det (W)
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— i ﬁ (CL’ _ E _ Al(G1)> det(W),

i=1 x x
where
(71— AGD) —R(Go)
| —R(GY)T L,
1 -1
( mm) <a;1m1—x G R(G )) (Omixns —Jomysms)
_ A(Gy) —R(G>)
( 2> :E] FlR(G1)TR(G’1)( )Jm2><m2 ’
Then

det(S) :det(xlm2 - F%R(Gl)TR(Gl)('r)JWQXWQ)
x det(xl,, — A(Gs) — R(G2)(x1,,, — F%R(Gl)TR(Gl)(x)ngme)’1R(G2)T)

ma2
=z (]_ — P;R(G1)TR(G1)("E>ZE> det

I]nz - A(Gg)

F%R(Gl)TR(Gl)(x)

z(r — mQF%R(Gl)TR(G’l)($))
ma m2
=X (1 - FiR(Gl)TR(Gl)(x)x) det (ZL‘IHQ - A(Gg)

1le( )TR(Gl)( )

x(r — m2F%R(G1)TR(G1)(x))

_ R(Gg){ilm + JmQXmQ}R(Gz)T]

— iR(GQ)R(GQ)T - R(G2>Jm2><m2R(G2>T>

m My
=" (]_ — FiR(Gl)TR(Gl)(x)x> det <$In2 — A(GQ)

F%R(Gl)TR(G1)<x> 7 )
w(x —mal's pigyyrr(Gy) (7)) e

1
=™ (1 - FiR(Gl)TR(Gl)(m)nf) [det (ﬂm —AlG2) - q;R<G2)R(G2)T>

1
— ;R(GQ)R(GQ)T — T%

r2l: x
y 2 ZR(GI)TR(Gl)( ) 122 adj <$[n2 _ A(Gg) _ 1R(G2)R(G2)T) an]
z(r — mQF%R(Gl)TR(Gl)(x)) Z

1
=™ (1 - FiR(G1)TR(G1)($)TZ2) det (ﬂm —AlG) - xR(G2>R(G2)T>

rgl—‘%R(G’l)TR(Gl))(x)

x(z — mQF%R(Gl)TR(Gl)(x))

X (% —A(Gs) — iR(Gg)R(Gg)T>11n2]

X |1—

T
1,
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m 1
2 (1 _ FiR(Gl)TR(Gl)(x>x2) det ($In2 — A(Gy) — 5(7“2]712 + A(Gz))>

y [1 B TSF;R(Gl)TR(Gl)(x)FA(G2)+;R(GQ)R(GQ)T(ZE)]

z(r — mQF%R(Gl)TR(Gl)(I))

n2

—ome (1= VT e - a@) - (2 A(G2))}

x 7j=1
2
x [1- LGN .
oo = E)(o — B3 (@ — 3 — )
Therefore,
_ — M M= N .M2 _ M . . E . A%(Gl)
Fasianvny (®) =22 e (1 (x — 2;1)) 1;[1 ("T r @
no 1
x T1 {7 = X(G2) =~z + X(G2))
j=1
X 1 - 2r T%T?lnn2 27
oo~ E) (@ - ) (@ - 7~ )
ni
=™ Mg TT{a? —ry — N(Gh)}
i=2
X H{.TZ — )\j(GQ)I — T9 — )\j(GQ)}
j=2
x {x* — rox® — (2r) + myimy + 2ry)2?
+ (2ry7r9 + mymare)x + 4ryra},
and hence the result follows. [l

Theorem 2.3. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then the adjacency spectrum of S(G1)VR(Gy) consists of:

(1) the eigenvalue £4/r1 + N\i(Gy) for every eigenvalue A\;(G1), i = 2,3,...,n1, of
A(Gh);

(ii) roots of the equation x* — \;(Ga)x —1r2— \;(G2) = 0 for every eigenvalue \;(Gz),
j = 2,37 ..., Na, OfA(GQ),’

(131) the eigenvalue O with multiplicity my + mge — ny — na;

(iv) four roots of the equation x* —rox® — (2ry +myng + 2r9)a? + 2r rox + 41179 = 0.

Proof. The proof is similar to that of proof of Theorem 2.2. 0

Theorem 2.4. For 1 = 1,2, let G; be an ri-reqular graph with n; vertices and m;
edges. Then the adjacency spectrum of S(G1)VR(Gs) consists of:
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(i) the eigenvalue £/ + Ni(G1) for every eigenvalue N\i(G1), i = 2,3,...,ny, of
A(G1>;

(ii) roots of the equation x* — \;(Ga)x —1r2— \;(G2) = 0 for every eigenvalue \;(Gz),
j = 2,3, ..o, OfA(Gz),'

(131) the eigenvalue O with multiplicity my + mae — ny — na;

(iv) four roots of the equation x* —rox® — (2ry +myng +2ry) 2% + (2010 +19nymy) T +
47"17“2 = 0.

Proof. The proof is similar to that of proof of Theorem 2.1. O

In the similar way as above we obtain Laplacian and normalized Laplacian spectra
of the partial join graphs, which are given below.

Lemma 2.2. We have the following Laplacian matrices:

(rl + n2)In1 _R(Gl) _Jnl X1Nno On1 Xmeo
. v o _R<G1)T 21m1 Om1Xn2 Om1><m2 .
() LISGOVRIG2) = | 7 Oy (ra 1)y & L(G) —R(Gy) |
Omzxru Omngl _R(GQ)T 217”2
lenl _R(Gl) On1 XNo On1 Xm2
. 7 _ _R(GI)T (2 + m2)1m1 Om1 Xn2 _Jm1 Xmg2 .
(ZZ) L(S(Gl)VR(G2)) — On2><n1 Onzxm1 T2]n2 + L(Gg) —R(Gg) 9
Omgxnl _ngxml _R(GQ)T (2 + ml)Im2
T].Inl _R(Gl) On1 Xno On1 Xmo
o \/ _ _R(GI)T (2 + nQ)Iml _Jml XM Om1 xma | .
(ZZZ) L(S(GI)VR(G2)) - Onanl _Jngxml (T2 + ml)In2 + L(GQ) _R(G2) ’
Om2 Xn1 Om2 Xmi _R(GQ)T 21’!712
(Tl + m2>In1 _R(Gl) On1 XN _Jnl Xmo
. = . —R(G1>T 2[m1 Om1 X1g Oml Xm2
(7/0) L(S(Gl)\/fR(GQ)) - On2><n1 On2><m1 r2In2 + L(GQ) —R(G2>
_szxm Omng1 _R<G2)T (2 + nl)]mg

Theorem 2.5. Fori = 1,2, let G; be an r;-regular graph with n; vertices and m;
edges. Then the Laplacian spectrum of S(G1)VR(Gz) consists of:

(i) roots of the equation x* — (2411 4+ ny)x + 2ny + p;(G1) = 0 for every eigenvalue
,LLZ(Gl) ,i = 2, 3, o, ng, Of L(Gl),

(¢i) roots of the equation x* — (2+ry +n1 + p1;(Ga))x + 2n1 + 31;(G2) = 0 for every
eigenvalue pij(Gs), 3 =2,3,...,n9, of L(Gs);

(i) the eigenvalue 2 with multiplicity my + mg — ny — no;

(iv) four roots of the equation x* — (4+11 + 79 +n1 +no)x3 + (4 +4ng +4ny + 2r) +
2ry + 1179 + 11Ny + Tong) T — 2(2ny + 21y + 1Ny + reng)z = 0.

Theorem 2.6. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then the Laplacian spectrum of S(G1)VR(Gs) consists of:
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i) roots of the equation i (2471 +mo)x+r1mo+p;(G1) = 0 for every eigenvalue
,U/i(G1>; 1= 2, 3, oy, Of L(G1>,

(i) roots of the equation x*—(24+ra+my+p;(Ga))x+romy+3p;(Ga)+map; (Gs) = 0
for every eigenvalue pj(Gs), 7 =2,3,...,n9, of L(Gs);

(1i1) the eigenvalue 2 + mo with multiplicity my — ny;

(iv) the eigenvalue 2 + my with multiplicity mo — na;

(v) four roots of the equation x* — (4+11+ro+mq +mo)x® + (4+2r; +2ry + 1179 +
1My +7r9Mmao + 2m1 +2m2 +7r1ms +T2m1)l’2 — (2r1m2 +27’2m1 +7riromq +7’17’2m2)l’ =0.

Theorem 2.7. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then the Laplacian spectrum of S(G1)VR(Gy) consists of:

(i) roots of the equation x* — (2411 +ng)x +ring + p;(G1) = 0 for every eigenvalue
wi(Gr), i =2,3,...,n1, of L(Gy);

(ii) roots of the equation x* — (2 4+ ro + my + p;(G2))x + 2my + 3p;(G2) = 0 for
every eigenvalue 1;(G2), 7 =2,3,...,na, of L(G2);

(1ii) the eigenvalue 2 + ny with multiplicity my — nq;

(iv) the eigenvalue 2 with multiplicity mg — ng;

(v) four roots of the equation x* — (441, +1ro+my +ng)x + (4 + 2r) + 27y + 4my +
2Ny + 7179 + rimy + TNy + Tong)x? — (dmy + 2rimy + 2ring + rireng)z = 0.

Theorem 2.8. Fori = 1,2, let G; be an ri-reqular graph with n; vertices and m;
edges. Then the Laplacian spectrum of S(G1)VR(Gq) consists of:

(1) roots of the equation x* — (2411 +ma)x +2ma+ u;(G1) = 0 for every eigenvalue
,LLl'(Gl), 1= 2, 3, BN 51 Of L(G1>,

(i) roots of the equation x*— (2+r24n1+ 1 (Ga))x+rong +3ui(G2) +nip; (Ga) = 0
for every eigenvalue pj(Gs), 7 =2,3,...,n9, of L(Gs);

(i) the eigenvalue 2 with multiplicity my — ny;

(iv) the eigenvalue 2 4+ ny with multiplicity ms — no;

(v) four roots of the equation x* — (4411 +1ro+mao+ny)x3 + (44 2ry + 27y + 4my +
211 + 1179 + romy + ring + rong )z — (dmy + 2rama + 2rong + rirong )z = 0.

Lemma 2.3. We have the following normalized Laplacian matrices:

(2)

[nl T _CR(Gl) _Kn1><n2 On1 Xmo
. —CR(Gl) ]m Om Xn Om xXm
L(S(G1)VR(G)) = ! Y NN N
(S(G1)VR(G2)) —Koiysny  Ongxmy  L(G2) @ B(Gy) —dR(G5)
Omgxnl Omgxml _dR(GQ)T Imz
. . . . . 1
where K, «xn, s the matriz of size ny X ng with all entries equal to JorTon @)
B(Gy) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal entries
ro . . 1 .
are 5=, € iS the constant whose value is N d s the constant whose value
. 1
is

2(2"’2 —H’Ll) ’
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(i)

Inl _CR(Gl) OTL1><1’L2 On1><m2
— o _CR(Gl)T ]ml Om1><n2 _Km1Xm2
L(S(G1)VR(Gy)) = Onysny Onyxm,  L(Gs) @ B(Ga) —dR(G,) |
Osznl _szXml _dR(G2)T Im2

1

(24m2)(2+m1)’
B(Gy) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal entries
are 22, ¢ is the constant whose value is L , d 1s the constant whose value is

where Ky xm, @S the matriz of size my X my with all entries equal to

2r2 r1(24+m2)
1 .
\/2r2 (2+m1) ¢
(41)
[nl _CR(Gl) O?’Ll Xng On1><m2
\/ _ _CR(G1>T Iml _KleTLQ Omlxmg
LEEIVRG) = | g 0 g L(Ga) e B(G) —dR(Ga) |
Om2 X1y Omg Xmq _dR(G2>T Im?

1
\V/ (2+n2)(2ra+ma)’

B(G5) is the ng X ny matriz whose all diagonal entries are 1 and off-diagonal entries
T2 1

where K, xn, 1S the matriz of size my X ng with all entries equal to

are , ¢ is the constant whose value is , d s the constant whose value
ra+mi r1(24n2)
. 1 .
v y/2(2r2+m1)7
(iv)
Inl T _CR(GI) O?’LlXTLQ _Knlxmg
- —cR(Gh) I O, x O, x
L(S(GVR(Gy)) = | ¢ m e s
SEVRED =10y Oy £(Ga) 9 B(Ga) ~dR(G) |
_KmQX'ILl Oszml _dR(G2)T [m2

where K, xn, s the matriz of size my X ny with all entries equal to S S—
v (24+n1)(r1+mz)

B(Gy) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal entries

1

are 2%, ¢ is the constant whose value is ToTm d is the constant whose value is
r1+mo

1

\/2r2 (2+n1) ’

Theorem 2.9. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then the normalized Laplacian spectrum of S(G1)VR(G3) consists of:

(i) roots of the equation 2(ry + ng)x* — 4(r1 + n2)x + 2ny + 116;(G1) = 0 for every
eigenvalue §;(G1), i = 2,3,...,n1, of L(G1);

(ii) roots of the equation 2(2ry+ny)x?—2(3re+2n1+720;(Ga))x+2n1+3r90,;(G2) = 0
for every eigenvalue 6;(G2), j =2,3,...,n9, of L(G2);

(131) the eigenvalue 1 with multiplicity my + mo — ny — na;

(iv) four roots of the equation (2riro + ring + 2rong + nying)a* — (5riry + 3ring +
5T9ng + 3ning)x + (3riry + 3ring + 5rang + 3ning)x® — (ring + 3rang + ning)x = 0.
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Theorem 2.10. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then the normalized Laplacian spectrum of S(G1)VR(Gs) consists of:

(i) roots of the equation (2 4+ mg)z* — 2(2 + ma)x + ma + 6;(G1) = 0 for every
eigenvalue §;(G1), 1 =2,3,...,n1, of L(G1);

(ii) roots of the equation 2(2 4+ my)x* — (6 + 3my + 20;(Ga) + m10;(G2))x + my +
36;(G2) +m10;(Gs) = 0 for every eigenvalue 6;(Gs), j =2,3,...,n9, of L(G2);

(1ii) the eigenvalue 1 with multiplicity my + mg — ny — no;

(iv) four roots of the equation 2(4 + 2my + 2my + myma)at — 7(4 + 2my + 2my +
m1m2)$3 + (24 + 14?711 + 16m2 + 7m1m2)x2 — 2(2m1 + 3m2 + mlmg)x =0.

Theorem 2.11. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then the normalized Laplacian spectrum of S(G1)VR(Gy) consists of:

(4) Toots of the equation (24+ny)x? —2(2+n3)x+nge+06;(G1) = 0 for every eigenvalue
51(G1), 1= 2,3, oo, ng, Of,C(Gl),'

(i) roots of the equation 2(2ry+my )z —2(3ra+2mq+120;(G2))x+2my+3r26;(Ga) =
0 for every eigenvalue §;(G2), j =2,3,...,n2, of L(G2);

(1ii) the eigenvalue 1 with multiplicity my + mg — ny — ng;

(iv) four roots of the equation (4ry + 2r9ng +2my +myng)axt — (107 + 5rang + 6my +
3ming)x + (6ry + drang + 6my + 3ming)z? — (3rang + 2my + ming)z = 0.

Theorem 2.12. For i = 1,2, let G; be an r;-regular graph with n; vertices and m;
edges. Then the normalized Laplacian spectrum of S(G1)VR(Gs) consists of:

(i) roots of the equation 2(ry +ma)x? — 4(ry + ma)x + 2ma + 120;(G1) = 0 for every
eigenvalue §;(G1), 1 =2,3,...,n1, of L(G1);

(ii) roots of the equation 2(2 4+ ny)x? — (6 + 3na + 20;(G2) + n16,;(G2))x + nqy +
36;(G2) +n16;(G2) = 0 for every eigenvalue §;(G2), j =2,3,...,n2, of L(G2);

(1ii) the eigenvalue 1 with multiplicity my + mg — ny — no;

(iv) four roots of the equation 2(2ry +riny + 2mg +mony )zt — 7(2ry +riny + 2ms +
maony)z® + (12r) + Tring + 16msy + Tmaony)z? — 2(ring + 3msy + mony )z = 0.

3. SIMULTANEOUS COSPECTRAL GRAPHS

In this section we present the main result of the paper. We construct several classes
of non-regular graphs which are cospectral with respect to all the three matrices,
namely, adjacency, Laplacian and normalized Laplacian. For the construction of these
graphs we consider two pairs of A-cospectral regular graphs, which are readily available
in the literature, for example see [14]. Then we take partial join of subdivision graph
and R-graph belong to different pairs.

The following lemma is immediate from the definition of Laplacian and normalized
Laplacian matrices.

Lemma 3.1. (i) If G is an r-regular graph, then L(G) = rl, — A(G) and L(G) =
I, — %A(G).

(17) If Gy and Go are A-cospectral reqular graphs, then they are also cospectral with
respect to the Laplacian and normalized Laplacian matrices.
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Observation. From all the theorems given in the previous section we observe
that the adjacency, Laplacian and normalized Lpalacian spectra of all the partial
jOiIl graphs S(Gl)\/:R.(GQ), S(Gl)vR(Gg), S(G1>V9Q<G2), and S(Gl)v:R(Gg), depend
only on the number of vertices, number of edges, degree of regularities, and the
corresponding spectrum of G; and G. Furthermore, we note that, although G and
Gy are regular graphs, S(G1)VR(Gy), S(G1)VR(Gy), S(G1)VR(Gy) and S(G1)VR(Gy)
are non-regular graphs.

The following theorem is the main result of the paper.

Theorem 3.1. Let G;, H;, i = 1,2 be reqular graphs, where Gy need not be dif-
ferent from Hy. If Gy and Hy are A-cospectral, and Gy and Hy are.A—caspectml
then S(G1)VR(Gy) (respectively, S(G1)VR(Gy), S(G1)VR(Gs), S(G1)VR(Gs)) and
S(H)VR(H,) (respectively, S(H,)VR(H,), S(H,)VR(Hy), S(H,)VR(Hy)) are simul-
taneously A-cospectral, L-cospectral and L-cospectral.

Proof. Follows from Lemma 3.1 and the above observation. 0

4. SPANNING TREES AND KIRCHHOFF INDICES

Applying the results on Laplacian and normalized Laplacian spectra given in Section
2, we find the number of spanning trees and Kirchhoff index of all the partial join
graphs constructed in the paper.

Let ¢(G) denote the number of spanning trees of G. It is well known [5] that if G
is a connected graph on n vertices with Laplacian spectrum 0 = p1(G) < po(G) <

- < (@), then t(G) = #2l@ (@)

The Kirchhoff index of a graph G, denoted by K f(G), is defined as the sum of
resistances between all pairs of vertices [1,10] in G. For a connected graph G onn
vertices, the Kirchhoff index [9] can be expressed as K f(G) =n> I, e

Theorem 4.1. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then

ni ny
gmitmg—ny—ng -2(2n1+2n2+r1n1+r2n2)- H (2n2+,ui(G1))- H (2n1+3,u]~ (Gg))

(1) t(S(G1)VR(G2)) = - = ;

nit+nz+mi+mse
(22)

t(S(Gl)Wﬂ%(Gz)) :(2 + m2)m1—n1 . (2 + ml)mz—nQ

ni n2

(2rymo+2rgmy +ryrgmy+rirgma)- H (rymo+pi(G))- H (romy+3p;(G2)+myp;(G2))
y i=2 j=2
ni+ng+mi+mo

(i)
t(S(G1)VR(Gy)) =(2 4 ng)™ ™ . gm2n2

ni n2
(4my+2r1my+2ryng+rirang)- [ [ (ring+us(GD)- [ ] (2m1+31;(G2))
% i=2 j=2

ni+ng+mi+mg
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()
t(S(G1)VR(Gy)) =2 - (2 4y )™ "2

(4my+2rgmot2rgny +rirany)- [ [ @ma+us(GD)- [ [ (ran1+36;(G2)+n1 ;i (G2))
i=2 j=2
X ni+ng+mqi+mog

Theorem 4.2. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;

edges. Then

(2)
mi +mg — Ny — No

K f(S(G1)VR(G2)) =(n1 + ng + my + my) ( 5

4+ 4ny + 4ng + 2r1 + 2rg + e + 110y 4 T2Ng
2(2n1 + 2ng + 110y + ToNg2)

il 2+7“1—|—n2 ”22+r2+n1+uj(G2)>

I

* Z 2n9 + p;(G1) * Z 211 + 3p;(Go)

i=2 Jj=2
(47)
mp —m mo — N2
2 -+ mo 2 —+ mq

Kf(S(G1)VR(Gy)) =(ny + ng +my +my) x (

44 2r1 + 2r9 + rire + rimy + roma+2my + 2mo + rima + romy
2rimsg + 2romy + riromy + rirome

+§: 2+ 11+ mso i 2+T2+7TL1+,M]'(G2) ]
= rima + i (Gh) =2 T2 + 315(G2) + map(Ga) |

(131)
Kf(S(Gl)VR(GQ)) :(m + ng +mp + mg)
mp —ny Mo — N9
2 —f- %) 2
n 44 2r1 4+ 2r9 +4mq + 2ng + 1179 + 1My + TNy + TaNg
dmy + 2rymy + 2ring + rirang

o 2+r1+n2 "22+T2+m1+uj(G2)
4y ;
1Mo + ILL,L(G1> 2m1 + 3,LLJ (Gg)

i=2 =2

(iv)
K f(S(G1)VR(Gy)) =(ny + ny + my +ms)
% my —nq mo — No
2 2 —I— n1
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+4 4+ 2r1 + 2ry + 4mo + 2nq + rire + romeo + ring + rony
dmg + 2rome + 2rong + rirang
i 24711+ m + S 2+ ry+n1 + 1 (Gs) )
= 2may + wi(Gr) =2 T2 + 3Mj(G2) + n1Mj(G2) '

5. CONCLUDING REMARKS

The main result of the paper is based on regular A-cospectral graphs and certain
operations on a pair of these graphs so that the operated (or resultant) graphs are
non-regular and having adjacency, Laplacian and normalized Laplacian spectra which
depend on only the order, size, degree of regularity and spectrum of the original graphs.
Thus one may search for some other graph operations to construct simultaneous
cospectral graphs like in the paper.
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ON TWO DIFFERENT CLASSES OF WARPED PRODUCT
SUBMANIFOLDS OF KENMOTSU MANIFOLDS

SHYAMAL KUMAR HUI!, MD. HASAN SHAHID?, TANUMOY PAL3, AND JOYDEB ROY!

ABSTRACT. Warped product skew CR-submanifold of the form M = M; x¢ M
of a Kenmotsu manifold M (throughout the paper), where M; = Mgy x My and
My, M, My represents invariant, anti-invariant and proper slant submanifold
of M, studied in [28] and another class of warped product skew CR-submanifold
of the form M = M, x; My of M, where My = M, x M, is studied in [19].
Also the warped product submanifold of the form M = Mjz x; My of M, where
M3 = My x M, and My, M, My represents invariant, anti-invariant and proper
point wise slant submanifold of M, were studied in [18]. As a generalization of the
above mentioned three classes, we consider a class of warped product submanifold
of the form M = My Xy Mg, of M, where M, = My, x My, in which My, and My,
are proper slant submanifolds of M and My, represents a proper pointwise slant
submanifold of M. A characterization is given on the existence of such warped
product submanifolds which generalizes the characterization of warped product
submanifolds of the form M = Mj Xy M, studied in [28], the characterization
of warped product submanifolds of the form M = My x; My, studied in [19],
the characterization of warped product submanifolds of the form M = M3z X My,
studied in [18] and also the characterization of warped product pointwise bi-slant
submanifolds of M, studied in [17]. Since warped product bi-slant submanifolds of
M does not exist (Theorem 4.2 of [17]), the Riemannian product My = My, x Mp,
cannot be a warped product. So, for studying the bi-warped product submanifolds of
M of the form My, x f, Mg, x , Mp,, we have taken My,, Mp,, My, as pointwise slant
submanifolds of M of distinct slant functions 6;, 62, 63 respectively. The existence
of such type of bi-warped product submanifolds of M is ensured by an example.
Finally, a Chen-type inequality on the squared norm of the second fundamental form
of such bi-warped product submanifolds of M is obtained which also generalizes the
inequalities obtained in [33], [18] and [17], respectively.

Key words and phrases. Kenmotsu manifold, pointwise slant submanifolds, warped product, sub-
manifolds, bi-warped product submanifolds.
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1. INTRODUCTION

The warped product [5] between two Riemannian manifolds (Ny, g1) and (Na, g2)
is the Riemannian manifold Ny x§ Ny = (N7 X Ny, g), where

g =m(g1) + (f o m)*m5(g2),

where 7 and 7y are canonical projections of M; x My onto M; and Ms, respectively
and 7 (g;) is the pullback of g; via m; for i = 1,2 and f : N; — R" is a smooth
function.

A warped product manifold N; X Ny is said to be trivial if f is constant. For
M = N; x ¢ Ny, we have [5]

(1.1) VUX = VXU = (X lnf)U,

for any X € I'(T'Ny) and U € I'(T'Ny).

The study of warped product submanifold was initiated in [8-10]. Then many
authors have studied warped product submanifolds of different ambient manifolds,
see [15-17,20]. In [31], Tanno classified almost contact metric manifolds in three
different classes among which the third class was picked up by Kenmotsu in 1972
and he studied its differential geometric properties [21]. This class later named
after him by Kenmotsu manifold which is very important class to study. Warped
product submanifolds of Kenmotsu manifolds are also studied in ([1-3], [22], [23],
26], [27], [32]-[38]). Multiply warped products (see [11,12,38]) are generalizations of
warped product and Riemannian product manifolds and bi-warped products are special
classes of multiply warped products. Bi-warped product submanifolds of different
ambient manifolds are studied in [33,35]. For the study of slant immersion and slant
submanifolds in contact metric manifolds we refer [6,7,24]. In [29] Park studied
pointwise slant and pointwise semi slant submanifolds of almost contact Riemannian
manifolds.

Recently, Roy et al. studied the characterization theorem on warped product sub-
manifold of Sasakian manifolds in [30]. Motivated by the above studies, in this present
paper we have studied warped product submanifolds of M of the form M = M, x ¢ My,
of M such that ¢ € T(T'My), where My = My, x My,, My,, My, are proper slant
submanifolds of M and here Mp, represents a proper pointwise slant submanifold
of M. Next we have studied bi-warped product submanifolds of M of the form
My, X, My, X s, My,, where My,, My,, M, are pointwise slant submanifolds of M of
distinct slant functions 6, 65 and 3, respectively.

The paper is organized as follows. Section 2 deals with some preliminary useful
results for construction of the paper, Section 3 is concerned with the study of a class
of submanifold M of M such that TM = D% @ D% @ D% @& (¢), where D% D%
are slant distributions and D% is pointwise slant distribution. In Section 4, we have
studied warped product submanifolds of the form M = My x; M, of M where
My = My, x My, such that ¢ is orthogonal to My, with an supporting example.
In Section 5, a characterization theorem of the mentioned class has been obtained,
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Section 6 deals with bi-warped product submanifolds M = My, X My, x5, My, of
M, where Mp,, , My,, My, are pointwise slant submanifolds of M and constructed an
example. In Section 7, we have obtained a generalized inequality for such class of
bi-warped product submanifolds of M. The last section is the conclusion part of the
paper where we have shown how the results of this paper generalizes several results
of different works.

2. PRELIMINARIES

An odd dimensional smooth manifold M?™*! is said to be an almost contact metric
manifold [4] if it admits a (1,1) tensor field ¢, a vector field £, an 1-form 1 and a
Riemannian metric g which satisfy

(2.1) ¢ =0, n(¢X)=0, ¢*X =-X+n(X),
(2.2) 9(6X,Y) =—g(X,0Y), n(X)=g(X,E), n) =1,
(2.3) 9(X,0Y) =g(X,Y) — n(X)n(Y),

for all vector fields X,Y on M2m+1, B
An almost contact metric manifold M?*™ (¢, £ 7, g) is said to be Kenmotsu mani-
fold if the following conditions hold [21]:

(2.4) Vxé =X —n(X)¢,
(2.5) (Vx9)(Y) =g(¢X,Y)E — n(Y)9X,

where V denotes the Riemannian connection of ¢.

Let M be an n-dimensional submanifold of a Kenmotsu manifold M. Throughout
the paper we assume that the submanifold M of M is tangent to the structure vector
field &.

Let V and V+ be the induced connections on the tangent bundle TM and the
normal bundle T+ M of M respectively. Then the Gauss and Weingarten formulae
are given by

(2.6) VxY =VxY +h(X,Y)
and
(2.7) VxV = —AvX + ViV,

for all XY € I'(TM) and V € I'(T+M), where h and Ay are second fundamental
form and the shape operator (corresponding to the normal vector field V') respectively
for the immersion of M into M. The second fundamental form h and the shape
operator Ay are related by g(h(X,Y),V) = g(Ay X,Y) for any X,Y € I'(T'M) and
V € I'(T+M), where g is the Riemannian metric on M as well as on M.

The mean curvature H of M is given by H = %trace h. A submanifold of a
Kenmotsu manifold M is said to be totally umbilical if h(X,Y) = g(X,Y)H for any
X, Y e(TM). If h(X,Y) =0 for all X,Y € I'(T'M), then M is totally geodesic and
if H =0, then M is minimal in M.
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Let {eq,...,e,} be an orthonormal basis of the tangent bundle TM and {e,1,...,
€am+1} an orthonormal basis of the normal bundle T LM. We put

hi; = g(h(ei,e;),e,) and  ||B]]” = g(h(e;, €;), h(ei, e5)),

forre{n+1,....2m+1},4,j=1,2,...,n.
For a differentiable function f on M, the gradient V f is defined by

9(Vf,X)=Xf,
for any X € I'(T'M). As a consequence, we get

n

(2.8) IV A7 =D (es( )"
i=1

For any X € ['(TM) and V € I'(T*+M), we can write

(a) oX = PX + QX;

(b) ¢V = bV 4 ¢V,
where PX, bV are the tangential components and QQ.X, ¢V are the normal components.

A submanifold M of an almost contact metric manifold M is said to be slant if for
each non-zero vector X € T),M, the angle 6 between ¢.X and 7),M is constant, i.e., it
does not depend on the choice of p € M.

A submanifold M of an almost contact metric manifold M is said to be pointwise
slant [13] if for any non-zero vector X € T,M at p € M, such that X is not proportional
to &, the angle 0(X) between ¢p.X and Ty M = T, M —{0} is independent of the choice
of non-zero X € Ty M.

For pointwise slant submanifold, ¢ is a function on M, which is known as slant
function of M. Invariant and anti-invariant submanifolds are particular cases of
pointwise slant submanifolds with slant function # = 0 and 7 respectively. Also a
pointwise slant submanifold M will be slant if 6 is constant on M. Thus a pointwise
slant submanifold is proper if neither ¢ = 0, T nor constant. It may be noted that
[25] M is a pointwise slant submanifold of M if and only if exists a constant A € [0, 1]
such that

(2.9) PP =X\~-1+n®¢).

Furthermore, A = cos? § for slant function . If M be a pointwise slant submanifold
of M, then we have [34]:

(2.10) QX =sin® 0{—X + n(X)E}, QX = —QPX.

Let M, My, M3 be Riemannian manifolds and let M = M, x ¢, My Xy, M3 be the
product manifold of M;, My, My such that fi, fo : M; — R* are real valued smooth
functions. For each i, denote by m; : M — M; the canonical projection of M onto M;,
1 =1,2,3. Then the metric on M, called a bi-warped metric is given by

9(X,Y) = g(m, X, m2.Y) + (f1 0o m1)*g(ma. X, m2.Y) + (fo o m1)?g(m3, X, m3.Y),
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for any X,Y € I'(T'M) and * denotes the symbol for tangent maps. The manifold M
endowed with this product metric is called a bi-warped product manifold. Here fi, fo
are non-constant functions, called warping functions on M. Clearly, if both f;, fs are
constant on M, then M is simply a Riemannian product manifold and if anyone of
the functions is constant, then M is a single warped product manifold. If neither f;
nor fo is constant, then M is a proper bi-warped product manifold.

Let M = M, X, My %y, M3 be a warped product submanifold of M. Then we have
[35]

VxZ = Z:(X(ln Nz,

for any X € D!, the tangent space of M; and Z € T'(T'N), where N =, My Xy, My
and Z' is M; components of Z for each i = 2,3 and V is the Levi-Civita connection
on M.

3. SUBMANIFOLDS OF M

In this section we consider submanifold M of M such that
TM =D" @ D% @ D% @ (¢),
T+M =QD%" @ QD" ¢ QD% & v,

where v is a ¢-invariant normal subbundle of T+M.
If M is such submanifold of M, then for any X € I'(T'M) we have

where T4, T and Ty are the projections from T'M onto D%, D% and D%, respectively.
If we put P, =Ty0P, P,=Ty0P and Py = T3 0 P then from (3.1), we get

(3.2) 60X = PX + PBX + PX + QX,

for X e IN(T'M).
From (2.9) and (3.2), we get

(3.3) P?=cos’Oi(-I+n®¢), fori=1,2,3.
Now for the sake of further study we obtain the following useful results.

Lemma 3.1. Let M be a submanifold of M such that TM = D% @ D% & D% and
£ e T(D% @ D%) then the following relations hold:

(3.4) (sin? §; — sin?03)g(Vx, Y1, X3) =g9(Agp,y; X3 — Aoy, P3 X3, X))

+ 9(Agp,x, Y1 — Agx, P Y1, X4),
(3.5) (sin Oy — sin? 03)g(Vx, Ya, X3) =9(Agr,y, X3 — Agy, P3 X3, Xo)

+ 9(Agp,x,Ye — Agx, Y2, X5),
(3.6) (sin? By — sin? 03)g(Vx, Xa, X3) =g(Agp,x, X3 — Agx, P3X3, X1)

+ 9(Agpyx, Xo — Agx, P Xo, X4),
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(37) (sin2 91 — Sin2 03)g(VX2X1, Xg) :g(AQP1X1X3 — AQX1P3X3, XQ)
+9(Agrx, X1 — Agx, 1 X1, Xa),
for any X,,Yi € T(D% @ (€)), Xz, Y3 € T(D% @ (€)) and Xy € (D).

Proof. For any X1,Y; € I(D% @ (£)) and X3 € I'(D%), we have from (2.3), (2.5) and
(3.2) that

9(Vx,Y1,X3) =g(Vx, P1Y1, 0X3) + 9(Vx,QY1, 9 X3)
= — 9(6Vx, PY1, X3) + 9(Vx,QY1, P3X3) + g(Vx,QY1, QX3)
— 9(Vx, PIY1, X3) — g(Vx, QP1Y1, X3) + 9(Vx,0) P Y1, X3)
+9(Vx,QY1, PsX3) — g(Vx,QX3,0Y1) + 9(Vx,QX5, PiY1)
= 9(Vx, P{Y1, X3) = 9(Vx,QP1Y1, X3) + 9(Vix, QY1, Py X3)
+9(Vx, bQX35,Y1) + g(Vx,cQX5, Y1) + g(Vx,QX3, PiY1).
Using (2.7), (2.10) and (3.3), the above equation reduces to
9(Vx, Y1, X3) =cos® 019(Vx, Y1, X3) + 9(Agrn X3, X1) — g(Agy Ps X3, X1)
+sin’ O39(Vx, Y1, X3) + 9(Agr,x, Y1, X1) — 9(Agx, Y1, X1),

from which the relation (3.4) follows.
The relations (3.5)—(3.7) follow similarly. O

Lemma 3.2. Let M be a submanifold of M where TM = D @ D% @ D% such that
£ e T(D% @ D). Then the following relations hold:

(3.8) (sin? 05 — sin® 01)g(Vx, Y3, X1) =g9(Agpr,vs X1 — Agy, P1 X1, X3)

+ 9(Agrx,Ys — Agx, P3Y3, X3)

+ (cos? O3 — cos? 01)n(X1)g(X3, Yz),
(3.9) (sin? 05 — sin® 02)g(Vx, Y3, Xa) =g(Agpr,vs X2 — Agy, Pa X2, X3)

+ 9(Agr,x, Y3 — Agx, P3Y3, X3)

+ (cos? O3 — cos® 02)n(X2)g(X3, Y3),
for any X, € T(D" @ (£)), Xy € T(D% @ (£)) and X3,Y3 € T(D%).

Proof. For any X; € T'(D% @ (¢)) and X3,Ys € I'(D%), we have from (2.3), (2.5) and
(3.2) that

9(Vx, Y3, X1) =g(Vx, PsYs,0X1) + g(Vx,QY3, 0X1) — 1n(X1)g(X3, Ys)
== 9(¢Vx, P3Y3, X1) + 9(Vx,QY3, P1 X))
+9(Vx,QY3,QX1) — 1(X1)g(Xs, Y3)
— 9(Vx, P3Y3, X1) — g(Vx,QPsY3, X1) + g((Vx,0) PsYs, X1)
+9(Vx,QYs, P X1) — g(Vx,QX1, 9Y3)
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+ 9(Vx,QX1, P3Y3) — n(X1)g(Xs,Y3)
= cos? 039(Vx, Y3, X1) — sin 205 X3(05)g(Ys, X1)
+ cos” O3n(X1)g(Xs, Ys) — g(Vx,QPsYs, X1)
+9(Vx,QYs, PLX1) + 9(Vx,bQX1, V) + g(V i, cQX1, Ya)
— 9((Vx,0)QX1, Y3) + g(Vx, QX1 PyYs) — 1(X1)9(X3,Y).
Using (2.5), (2.7), (2.10), orthogonality of the distributions and symmetry of the
shape operator, the above equation reduces to
9(Vx,Ys, X1) = cos? 039(Vx,Ys, X1) + cos? Osn(X1)g( X3, Ys)
+ 9(Agpry; X1, X3) — 9(Agy, PLX1, X3)
+sin®019(Vx, s, X1) + g(Agr x, Vs, X3)
— 9(Agx, P3Y3, X3) — cos® 01m(X1)g(X3, Y3).

Following the same computational procedure for any X, € I'(D% @ (£)) and X3,Y3 €
['(D%) we can establish the relation (3.9). And hence, the lemma is proved. O

4. WARPED PRODUCT SUBMANIFOLDS OF KENMOTSU MANIFOLDS

In this section we study warped product submanifolds of the form M = My x s My,
of M where My = My, x My, such that ¢ is orthogonal to My,. Here My, , Mj,
represents proper slant submanifolds of M with slant angles 6, 05, respectively and
My, represents pointwise-slant submanifolds of M with slant function 6s.

Now we construct an example of a non-trivial warped product submanifold M of
M of the form M, x ; Mo,.

Ezample 4.1. Consider the Kenmotsu manifold M = R x; C” with the structure
(¢,€,7,9) is given by

7 0 0 0 7 0 0
Qb(Z(Xz’aI‘i‘Ya )+Zat> Z<Xzayz_ylaxz>’

i=1 i i=1

(=2 n=dtand g=n®n+ Y] (dr' ® dz' + dy’ ® dy’). Let M be a submanifold
of M defined by the immersion x as follows:
x(u,v,0, 0,7, 5,t)
=(ucosf,usinb, 2u + 3v, 3u + 2v,v cos ¢, vsin ¢, 30 + 5¢, 50 + 3¢, v cos O, vsin b,
wcos ¢, usin ¢, 2r + 5s, br + 2s, t).
Then the local orthonormal frame of T'M is spanned by the following'

0 0 0 0 0
Z1 = cosl— 0— +2— +3— —
1 = COS oz, + sin an + 05 + 38y2 + cos gb + sin gba%
Ly = 381 + 28?/2 + cos gzﬁ 0 —|— sin gb—a + cos 08?% + sin 06?/5
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Zg——usine(;il—i—ucos@aayl+3£1+5£1—vsin9825+v0089;%,
Z4__Usm¢:U;3+UCOS¢33+5£1+3;;4_USIH¢(96+UCOS¢86’
Z5:28i7+5aay7, Z6:56i7+288y7 and Z7:§t.
Then

YA (3080821 — sin&ail + Zaayz — 386;2 + cos qbag% — sin¢ai6,

0Ly = 3883/2 — 2832 + cos ¢8ay3 — sin ¢£:3 + cos 9883/5 — sin@aif),
gngz—usinﬁayl—ucos@agcl+38(;—5(fm—vsir19(fy5—vcosﬁ(f%,
¢Z4:—vsin¢£;—vcos¢aig+5£l—3£l—usinqﬁaa%—ucosgba(zﬁ,

We take, D% = Span{Z;, Z,} , D = Span{Zs, Zs} and D% = Span{Zs, Z,}. Then
it is clear that D% and D% are proper slant distributions with slant angles cos™! %
and cos™! %, respectively. Also, D% is a proper pointwise slant distribution with slant
function cos ™ (—z—9-5)-

Clearly, D%, D% and D% are integrable distributions. Let us say that My and Mo,
are integral submanifolds of D% @ D% @ (¢) and D%, respectively. Then the metric

tensor gy; of M is given by
gy = 15(du’ + dv®) + 29(dr® + ds*) + (u* + v* + 34)(d6* + d¢?)
= gm, + (U + 07 + 34) gy, -

Thus M = M, xy My, is a warped product submanifold of M with the warping
function f = vu? + v? + 34.

Next we obtain the following useful lemmas.

Lemma 4.1. Let M = My xy My, be a warped product submanifold of M such that
& € My, where My = My, x My,, Moy,, MQQ are proper slant submanifolds and My, is
a proper pointwise slant submanifold of M, then

(4.1) Elnf =1,

(4.2) g(h(X1, Y1), QX3) = g(h(X1, X3), QY1),

(4.3) g(h( X2, Y2), QX3) = g(h(Xs, X3), QY2),

(4.4) g(h( X1, X3), QX3) = g(h(X1, X»), QX3) = g(h(X3, X3), QX1),

for X1,Y, € My,, Xo,Ys € My, and X3,Ys € My,.
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Proof. The proof of (4.1) is similar as in [28].
Now, for X1,Y1 € My, and X3 € Mp,, we have from (2.5) and (3.3) that
(4.5) g(h(X1, X3), QY1) = — g(Vx1P3X3, Y1) — g(Vx1QX3,Y1) — 9(Vx, X3, PY7).

Then using (1.1) in (4.5), we get (4.2).

Proceeding the same, for any X, Y5 € My, and X3 € My,, we get (4.2).

Again, for any X; € Mpy,, Xy € My, and X3 € My, we have from (2.5) and (3.3)
that
(4.6)

g(h(X1, X3), QX)) = — g(Vx, 1 X1, Xo) — 9(Vx, QX1, X2) — 9(Vx, X1, P2X3).
Using (1.1) in (4.6), we find

(4.7) 9(h(X1, X3), QX2) = g(h( X2, X3), QX1).
Also,
(4.8)
g(h(X17 X2>7 QX?)) = g<vX1P2X27 X3) - g(vX1P2X27 X3> - g(vX1X27 P3X3>'
Using (1.1) in (4.8), we get
(4.9) g(h(X1, X2), QX3) = g(h(X1, X3), QXo).
Combining (4.7) and (4.9), we obtain (4.4). This completes the proof. O
Lemma 4.2. Let M = My Xy My, be a warped product submanifold of M such that

§ € My, where My = My, X My,, My,, My, are proper slant submanifolds and Mp, is
a proper pointwise slant submanifold of M, then

(4.10) 9(h(X3, X1), QY3) — g(h(X3,Y3), QX1)

={(X1In f) = n(X1)}g(PsX35,Y3) — (PX1 In f)g( X3, Y3),
(4.11) 9(h(X3, X2),QY3) — g(h(X3,Y3), @Xo)

={(XoIn f) — n(X2)}g(PsX3,Y3) — (P2 Xo1In f)g( X3, Y3),
(4.12) 9(h(X3,Y3), QP Xq) — g(h(P5Y3, X3), QX1)

+ 9(M( X1, X3), QP5Y3) — g(h(P1.X1, X35), QY3)
=(cos® 01 — cos® 0)[n(X1) — (X1 1n f)lg(X3, Ya),
(4.13) 9(h(X3,Ys), QP X5) — g(h(PsYs, X3), QX5)
+ 9(h(Xs, X3), QP5Y3) — g(h(P2 X2, X3), QY3)
=(cos” y — cos” 3)[1n(X2) — (X2 1In f)]g(Xs, Y3),
for Xy € My,, Xo € My, and X3,Ys € My,.
Proof. From (2.5) and (3.3), we have for X; € My, and X3,Y; € M,, that
(4.14) 9(h(X3,Y3),QX1) = — g(Vx, X1, PsY3) — g(Vx,QY3, X1)
+10(X1)9(0X5,Y3) + 9(Vx, X1, V3).



974 S. K. HUI, M. H. SHAHID, T. PAL, AND J. ROY

Using (2.7) and (1.1) in (4.14), we get (4.10). Following the same procedure, for any
Xy € My, and X3,Y; € My, we easily obtain (4.11).

Next, replacing X; by P;X; and Y3 by P3Y3 in (4.10), respectively and then adding
the obtained equations, we get (4.12). Similarly, replacing X, by P, X5 and Y3 by P3Y;3
in (4.11), respectively and then adding the obtained equations, we get (4.13). O

5. CHARACTERIZATION

We prove the following theorem.

Theorem 5.1. Let M be a submanifold of M such that TM = D% @ D% @ D
with & orthogonal to D%, then M is locally a warped product submanifold of the form
M = My x ¢y My, where My = My, x My, if and only if

(5.1) Agpix, Y3 — Agx, P3Ys 4+ Agp,y, X1 — Agvy PiX0
=(cos? O3 — cos? 1) [ X1 — n(X1)]Ys,

(5.2) AQr,x, Y3 — Agx, B3Y3 + Agryv; Xo — Agys P2 X
=(cos? 03 — cos? 0y) [ Xop — 1n(X2)]Y3,

(5.3) Ep =1,

for every X, € T(D%), Xy € T(D%), X3 € T(D%) and for some smooth function
on M satisfying where (Yap) = 0 for any Yz € T'(D%).

Proof. Let M = My x s My, be a proper warped product submanifold of M such that
My = My, x My,. Denote the tangent space of Mpy,, My, and My, by D% D and
DY respectively. Then from (4.2) we get

(5.4) 9(Agrx,Ys — Agx, P3Y3 + Agrys X1 — Agvy 1 X1, X1) = 0.
Similarly, from (4.4) we get

(5.5) 9(Agr,x,Ys — Agx, PsYs + Aqr,y; X1 — Agy, 1 X1, Xo) = 0.
So, from (5.4) and (5.5) we conclude that

(5.6) Aopx, Vs — Agx, P3Ys + Agpyv, X1 — Agv, PLX € D%.

Hence, from (4.12) and (5.6), relation (5.1) follows.

In similar way, in view of (4.3), (4.4) and (4.13) we get (5.2). The relation (5.3) is
directly obtained from (4.1).

Conversely, let M be a submanifold of M such that TM = D% & D% ¢ D% with &
orthogonal to D% and the conditions (5.1)—(5.3) satisfied. Then from (3.4) and (3.7),
in view of (5.1), respectively we get

(5.7) 9(Vx,Y1,X3) =0 and ¢(Vx, X1, X5) =0,
and also from (3.5), (3.6) in view of (5.2), respectively we get
(5.8) 9(Vx,Y2,X3) =0 and ¢(Vx, X5, X5) = 0.
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Thus, from (5.7), (5.8) and the fact that Vx,£ = 0 we conclude that g(VgF, X35) =0
for every E, F € T'(D% & D% @ (¢)). Hence the leaves of D% @ D% @ (£) are totally
geodesic in M.

Now, by virtue of (3.8), (5.1) yields

(5.9) 9([ X3, Ya], X1) = 0,
and by virtue of (3.9), (5.2) yields
(5.10) 9([ X3, ¥3], X2) = 0.

Hence, from (5.9), (5.10) and the fact that h(A,§) =0, for all A € T M, we conclude
that

9([Xs,Ys], E) =0, for all X3,Y3 € I'(D%),

and E € ['(D% @ D” @ (£)), consequently D% is integrable.
Let h% be the second fundamental form of My, in M. Then for any X3, Y3 € T'(D%)
and X; € I'(D%), from (3.8), we find

(5.11) g(h™ (X3, Y3), X1) = —=(Xap)g(Xs, V).
Similarly, for X, € ['(D%), from (3.9) we get
(5.12) g(h*(X3,Y3), X2) = —(Xop)g(X3, Y3).
Again, for any X3,Ys € T'(D%), in view of (5.3) we have
(5.13) g(h* (X3, Y3), &) = —(p)g(X3, Y3).
Hence, from (5.11)—(5.13) we conclude that

9(h (X3, ), B) = —g(V i, B)g(X3, Y3),

for every X3,Y; € I'(D%) and E € T'(D% @ D%, (€)). Consequently, My, is totally
umbilical in M with mean curvature vector H% = —V .

Finally, we will show that H% is parallel with respect to the normal connection V+
of My, in M. We take E € I'(D% @ D% @ (£)) and X3 € I'(D%), then we have

9(Vx, Vi, E) = 9V, V0, X)) + g(Vx, V21, Xo) + g(Vx, Ve, €),

where V%, V% and V¢ are the gradient components of ; on M along D%, D and
(&) respectively. Then by the property of Riemannian metric, the above equation
reduces to

9V Vi, B) =X3g9(V? 11, X1) — g(V" 1, Vi, X1) + Xag(V%pu, X5)
— 9(V" 1, Vi, Xo) + Xag(Vop,€) — 9(Vop, Vx,€)
=Xs(Xap) — g(V* 1, [ X3, X1]) — g(V 11, Vx, X3)
+ X5(Xop) — (V1. [ X3, Xa]) — g(V" 11, Vx, X3)
+ Xs(€p) — 9(Vou, [X5,€]) — g(Voh, Ve X3)
=X1(Xsp) + 9(Vx, V" 1, X3) + Xo(Xap)
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+9(Vx, V2, X3) + E(Xsp) — g(Ve Vo, Xs)

since (Xap) = 0 for every X5 € I'(D%) and Vx, V" +Vx, V%2 + Vng,u =VeVu
is orthogonal to D% for any E € ['(D? & D & (£)) and V is the gradient along
M, and M, is totally geodesic in M. Hence, the mean curvature vector H% of My,
is parallel. Thus, Mp, is an extrinsic sphere in M. Hence, by Hiepko’s Theorem (see
[14]), M is locally a warped product submanifold. Thus, the proof is complete. [

6. BI-WARPED PRODUCT SUBMANIFOLDS

In this section we have studied bi-warped product submanifolds M = My, Xy,
My, x ¢, My, of M, where My, , My,, My, are pointwise slant submanifolds of M and
an supporting example has been constructed. We denote D, D2 D% as the tangent
spaces of My,, My,, My, respectively.

Then we write

TM = D% ¢ D% g D% g (¢)
and
THM = QD" & QD" ¢ QD%.

FEzample 6.1. Consider the Kenmotsu manifold M = R X C19 with the structure
<¢7 57 7, 9) Is giVen by

10 0 0 0 10 0 0
Qb(Z <Xzaxz +Yzayl> +Z(‘9t> =) <X18yl _Yi&z?,)’

i=1 =1

&= %, n=dtand g =n®n+ X2 (dr' @ dz' + dy’ @ dy’). Let M be a submanifold
of M defined by the immersion y as follows:
X(u,v,0, 6,7, 5,1)
=(ucosf,usin b, v cos ¢,vsin @, 30 + 5o, 50 + 3¢, v cos B, v sin b, u cos ¢, u sin P, u cos r,
vcos s, usinr, vsin s, 3r 4+ 2s, 2r + 3s,u cos s, v cosr, usin s, vsinr, t).

Then the local orthonormal frame of T'M is spanned by the following:

0 .. 0 0 . 0
Zl :COSQa—wl + Sln@a—yl + COS¢371'5 -+ sin ¢87y5

+ cosr—— +sinr— +coss—— +sin s
(9x6 8x7 81‘9 8x10’

0 0 0 0
Zy = COs gba—wz + sin qba—yz + cos 98764 + sin 987344
0
4+ coss— +sins— + cosr— +sinr——,
9Ys Y7 Yo Y10
0 0 0 0 0 0
Z3=—usinf— 0— — — —vsinf— 0—
3 U sin B + w cos o + 38x3 + 583/3 v sin 2, + v cos oy’



WARPED PRODUCT SUBMANIFOLDS OF KENMOTSU MANIFOLDS 977

0 0 0 0 0 0
Zy = —wvsin p— — + 55— +3— —usingp— —
4 vsin ¢8:c2 ~+ v cos ¢8y2 + Bs + s u sin ¢8x5 ~+ u cos ¢8y5’
Ly = — usinri —1—ucos7“i + Bi + 2i - vsinri +vcosri
° Oxg Ozy Jzxsg Jys Yo Y10’
0 0 0 0
Zg =V — Xvsin s— — 4+ 2— +3— —usins—
6 vsmsay6 +UCOSS@y7 + D + B usmsaxg -+ u cos 863:10
and 5
Lr = —.
T
Then
0 ) 0 0 . 0
071 = cos Ga—yl — sin 9873:1 + cos qba—yS — sin qﬁa—%
4+ cosr— +sinr— +coss— + sins——,
0y Oy Yo Yo
0 ) 0 0 . 0
O Zy = Cos gzﬁa—yQ — sin gzﬁa—xQ + cos 08?/4 — sin 087204
— COS S— — sinsi — cosri —sinr 0
Oxg Oxy O0xg Ox1p’
0 0 0 0 0
Z3=—usinf— — 0— +3— —5— —vsinf— — 0—
oy u sin i U COS Bz, + s B vsin i v COS 0z,
0 0 0 0 0 0
7, — — vsin d— — i 2 a3 Y sind— — i
DLy v sin ¢8y2 v COS ¢8x2 + 58@;3 38353 u sin ¢8y5 U Ccos qbaxs,
0 0 0 0
Js = —usinr— — 4+ 3— —-2— inr— —
YA usmray6 + ucosray7 + B D + v Slnraxg v cosraxlo,
Oz, —vsinsi — vcossi + 2i —3— —usins— + ucos sS—
6 0xg 0x7 Jys Oxg Y9 Mo

We take DY = Span{Z,, Z,}, D = Span{Zs, Z,} and D% = Span{Zs, Zs}. Then it
is clear that D%, D and D% are proper pointwise slant distributions with slant func-
tions cos ™' {5 cos(r — )}, cos™! (rie5;) and cos ™! (o3 ), respectively. Clearly,
DO DY and D% are integrable distributions. Let us say that My,, My, and My, are
integral submanifolds of D%, D% and D%, respectively. Then the metric tensor gas

of M is given by
g = 4(du® + dv?) + (u® 4 v* + 34)(d6* + d¢*) + (u? + 0% + 13)(dr? + ds?)
= gm,, + (u? +v* + 34) g, + (u? +v* + 13) g, -
Thus, M = My, X s, My, X s, My, is a bi-warped product submanifold of M with the

warping functions f; = Vu? +v? + 34 and fo = Vu? + v? + 13.

Proposition 6.1 ([33]). Let M = Mpy, xyz My, Xy, My, be a bi-warped product
submanifold of M. Then M is a single warped product if & is orthogonal to Do .
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Proposition 6.2 ([33]). Let M = My, x; My, Xz, Mp, be a bi-warped product
submanifold of M such that £ such that M is tangent to My,. Then

(6.1) Enf) =1, foralli=1,2.

Lemma 6.1. Let M = My, Xy, My, Xy, My, be a bi-warped product submanifold of
M such that & is tangent to My, . Then

(62) g(h(Xh}/l%QX?)) :g<h<X17X3)7Q)/1>7
(6.3) g(M( X2, Ys), QX3) = g(h(Xy, X3), QYa),
(6.4) g(h(X1, X2), QX3) = g(h(X1, X3), QX2),

for every X1,Y, € T(D"), Xy, Y, € T(D®) and X3 € T(D%).
Proof. Proof is similar to the proof of Lemma 4.1. 0

Lemma 6.2. Let M = My, X5, My, Xy, Mg, be a bi-warped product submanifold of
M such that € is tangent to My, . Then

(6.5) g(h(X2,Y2),QX1) — g(h(X:, X2), QY2)

=(PX11In f1)g(Xa, Y2) 4+ [Xi(In f1) — n(X1)]g(Xz, P2Y3),
(6.6) 9(h(X3,Y3), QX1) — g(h(X1, X3), QY3)

=(PX11n f2)g(X3,Ys) + [X1(In f2) — n(X1)]g(Xs, PsY3),
(6.7) 9(h(X3,Y3), QX2) — g(h(X2, X3), QYs)

=(PX21n fy)g9(X3,Y3) + Xo(In fo)g(X5, PYs),
for every Xy € T(D"), X5, Y, € T(D%) and X3,Ys € T(D%).
Proof. Proof is similar to the proof of Lemma 4.2. 0J

Lemma 6.3. Let M = My, Xy, My, Xy, My, be a bi-warped product submanifold of
M such that & is tangent to My, . Then

(6.8) 9(h(X1,Y2), QP Xz) — g(h(X1, P2 X>), QY2)
=2cos” Oo{ (X1 In f1) — n(X1)} (X5, Y2),

(6.9) g(h(X1, X3), QP3Y3) — g(h(X1, P3X3), QY3)
=2cos” O3{ (X1 In fo) — n(X1)}g(Xs,Ys),

(6.10) g(h(X2, X3), QPsY3) — g(h(Xa, P3X3), QY3)

=2 cos® 03( X In f2)g(X3, Y3),
for every X, € T(D%"), Xy, Y, € T(D%) and X3,Y3 € T(D%).
Proof. By polarization of (6.5), we get
(6.11)  g(h(X2,Y2), QX1) — g(h(X1,Y2),QZ) =(P1X11n f1)g(X2,Y2)
+ [Xi(In f1) — n(X1)]g(Xz, Ya).
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Subtracting (6.11) from (6.4), we find

(6.12)  g(h(X1,Y2), QX2) — g(h(X1, X2), QY2) = 2[Xi(In f1) — n(X1)]g(Xz, P2Y2).
Replacing Xs by P X5 in (6.12), we get (6.8). Similarly, (6.9) follows from (6.6) and
(6.10) follows from (6.7). O

Theorem 6.1. Let M = My, Xy, My, Xy, My, be a bi-warped product submanifold of
M such that & is tangent to My,. Then M can be D% — D% and D% — D% mized
totally geodesic but cannot be D% — D% mized totally geodesic.

Proof. The theorem follows from Lemma 6.3. U

7. INEQUALITY

In this section, we establish a Chen-type inequality on a bi-warped product sub-
manifold M = My, x; My, X, My, of M of dimension n such that ¢ is tan-
gent to Mpy,. We take dim My, = 2p + 1, dim My, = 2¢, dim My, = 2s and
their corresponding tangent spaces are D%, D% and D%, respectively. Assume

that {e1,ea,...,€p, €541 = sectiPrer, ..., eq = secOiPrey ea1 = &}, {egpra =
* % % _ * % *

€1, E2prgil = €y, €aprgra = €541 = SEC O Psel, ..., eapiogt1 = €3, = S€c 92P26q} and

{62p+2q+2 = €1,...,€2p42g+s+1 = €5, €2p42g+s4+2 — €541 — SE€C O3 P3éy, . . ., €op4-2¢+2s+1 =

€25 = sec 03 P3¢} are local orthonormal frames of D%, D% and D% respectively. Then
the local orthonormal frames for QD% , QD% QD% and v are {&; = cscb,Qey, .. .,
é, = cscthQey, ey = csclysecHQPey, ..., ey cschysecthQPre,}, {1 = € =
cscbrQel, . .., Eoprqg = €, = csc Hng;, éQ{,HH = €y = CSC 0, sec HQQ]i’ze’{, oy Eoptag
= €, = CsC 92~sec 02QPae;}, {€apyagi1 = €1 = csc 0308y, o Eapragts = €5 = cscl3Q)és,
é2p+2q+s+1 = és+1 = CSC 93 sec enggél, e ,é2p+2q+28 = égs = CSC 93 sec 83@P3é5} and
{€api2gt2s41s- -5 Eamy1} of dimensions 2p, 2¢, 2s and (2m + 1 —n — 2p — 2q — 2s),
respectively.

Theorem 7.1. Let M = My, Xy, My, Xy, My, be both DI — D2 gnd D% — D% mized
totally geodesic bi-warped product submanifold of M such that & is tangent to My, .
Then the squared norm of the second fundamental form satisfies

(7.1) |h]|* >2q csc? 0;(cos? 01 + cos? 6) (|| V In f1]|* — 1)

+ 25 csc? 01 (cos? 0 + cos® 03) (|| V In fo]|* — 1),
where 2qg= dim My, , 2s = dim Mpy,, VIn f; and V In f5 are the gradients of warping
function In f1 and In fo along My, and My,, respectively.

If the equality sign of (7.1) holds, then Mpy, is totally geodesic and My,, My, are
totally umbilical submanifolds of M.

Proof. From the definition of h, we have
2p+1

(7.2) IRl1* = >~ g(h(ei, e;), h(ei ;).

ij=1
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Now by decomposing (7.2) in our constructed frame fields, we get

2m—+1 2p+1 2m+1 2p+1 2q
a7 =22 > g(hleie;).e)*+2 > D > glhle€)), e )
r=n+11,j=1 r=n+1 i=1 j=1
2m-+1 2p+1 2s 2m+1  2q
(7.3) +2 30 > > glhlen ) en)* + D D glhlef,€)), &)’
r=n+1 i=1 j=1 r=n+114,j=1
2m+1 2q 2s 2m+1  2s
+2 3 S S g(hler 6.6+ Y D glh(énég) e
r=n+1i=1 j=1 r=n+11,j=1

Neglecting the v component terms of (7.3), we obtain

2p 2p+1 2q 2p+1
(7.4) AP >3 g(hlei,e;). 6)2+° > g(hles e)), 6)?
r=114,j=1 r=114,j=1
2s 2p+1 2p  2q
£33 glhlenes). e +2 30 3 glhlen )6’
r=114,j=1 i,r=1j=1
2 2p 2s 2p 2q
+2 3> glhle,e)),6.)> +2> >3 glh(e €}),é)°
r,g=11=1 r=111=1j5=1
2p  2s 29 2p 2s
+2 3D glh(ené), &) +23 3> g(hlei é)), &)
ir*lj*l r=11=1j=1
+2229 (€3, 65), &) +ZZQ ¢;,¢;). &)
r,j=11=1 r=14,5=1
2q 25 2q
+ Z g(h( z’ j 87‘ +Zzg z? ] )2
i,7,r=1 r=14,j=1
2p 2q 2s 29 2s
+23 2.2 g(he],85),8)" +2 3 > a(h( &)’
r=1i=1 j=1 i,r=17=1
2s  2q 2p  2s
+2) > glhle; &),6) + > > g(h(é, ), &)
J,r=11i=1 r=114,j=1
29 2s 2s
+3°3 g(h(e, ), + Y. g(h(é,¢)),6,)%
r=114,5=1 2,J,r=1

In view of Lemma (6.1), the second, third and thirteenth terms are equal to zero. Us-
ing the D% — D% and D% — D% mixed totally geodesic condition, seventh to thirteenth
terms are also equal to zero. Also we can not find any relation for g(h(D?%, D%), QD%),
g(h(D%, D7), QD). g(h(D%, D), QD%), g(h(D%, Ds),QD%), g(h(D%, D),
QD%) and g(h(D%,D%), QD%), so we neglect first, eleventh, twelfth, fourteenth,
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fifteenth, seventeenth and eighteenth terms of (7.4) and obtain

p p
|A]|? > csc? 0, Z Z g(h(e;,e€; ), Qe,)* 4 csc? 0 sec 012 Z g(h ,Ple;f),QPler)2

r=14,j=1 r=14,j=1
P 2s

+ csc? 6, Z Z g(h(é:,¢5), Qe,)?+esc? f; sec GIZ Z g(h(é;, Pié;), QPre,)?.
r,=11j5=1 r=114,j=1

By virtue of Lemma 6.2, the above relation yields

p
||h||2 >CSC 012 Z P1€T1nf1> ( z? ])2

r=14,j=1
P 2q
+ csc?b, Z Z [(erIn f1) — n(er)]Qg(ei‘; PQ@;)Q
r=1i,j=1
P
+ csc? 64 cos® 912 Z €r1Hf1 g(e;, ])2
r=14,j=1
P 2q
+esc? 01 Y Y (PieyIn f1)g(e), Prej)?
r=1i,j=1
P 2s
+ csc? 6, Z Z (PreyIn f2)?g(8;,€5)
r=14j=1
P 2q
+ csc?d, Z Z [(erIn fo) — n(er)]Qg(éi, P3éj)2
r=1i,j=1
P 2s
+ csc? 0 cos® 0, > > (e;In f2)%g(é:, ;)
r=1ij=1
p 2s
+esc® 01 Y Y (PiesIn f2)?g(é;, Psé;)?
r=1ij—1

(P1€r In ]‘11)2

M=

=2q csc? 0 (1 + sec? 0, cos® 6,)

T

[(erIn f1) = n(e,)])?

1= 1

+ 2qcsc0, (cos? 0 + cos? 0y)
1

ﬁ
Il

p
+ 2q csc? 01 (1 + sec? 0, cos? 0s) Z (Pye,1n fy)?

r=1

p
+ 2gcsc®0y(cos® 01 + cos® 03) > [(e, In fo) — nle,)].

r=1
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Thus, we find
2p+1

(7.5) |h]|* >2q csc® 0;(cos® 0 + cos? ;) (Z (Pre,In f1)* — (€1n fl)z)
r=1

2p+1
+ 2s csc? 0 (cos? 0 + cos® 03) ( > (Pie;In f5)* — (€1n f2)2) :

r=1

Using (2.8) and Proposition 6.2, in (7.5), we get the inequality (7.1). If equality of
(7.1) holds, for omitting v components terms of (6.3), we get

(D%, D) Ly, h(D%, D)1y, h(D% D%)Lv, h(D%, D%)Lwv.
Also, for neglecting terms of (7.4), we obtain h(D%, D) LQD%, h(D%, D%)1LQD%,
h(D%, D) 1L QDY%, h(D%, D%)LQD%, h(D%, D%)LQD%, h(D%, D%)1LQD%,
h(D%, D%) 1L QDY%, h(D%,D%)1LQD%. Next, since M is both D% — D and D — D%
mixed totally geodesic, we get
(7.6) h(D% D%) =0, (D", D%)=0.
Also, from Lemma 6.1 with (6.6), we get

h(D%, DY LQD%, h(D%, D")LQD%, KD DM)LQD.

Thus, we can say that

(7.7) h(D%, D) =0,

(7.8) h(D%, D%) c QD"
(7.9) h(D% D%) c QD",
(7.10) h(D%, D%) c QD"

From (7.6) and (7.7), My, is totally geodesic in M and hence in M [5,7]. Again,
since My, and My, are totally umbilical in M [5,7], with the fact (7.8)-(7.10), we

conclude that Mpy, and My, are totally umbilical in M. Hence, the theorem is proved
completely. 0

8. SOME APPLICATIONS

As consequences of Theorem 5.1 we have the following.

1. If we take dim My, = 0 and replace 65 by 6,, then M changes to a warped
product pointwise bi-slant submanifold of the form My, x; My,, studied in [17]. In
this case Theorem 5.1 of this paper takes the following form (Theorem 5.1 of [17]).

Let M be a proper pointwise bi-slant submanifold of M such that ¢ € T'(D%), then
M is locally a warped product submanifold of the form Mjy, x; My, if and only if

AQP1X1Y2 - AQX1 PY,; + AQP2Y2X1 o AQY2P1X1
=(cos® Oy — cos” 01)[(X1p) — n(X1)]Ya,
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for any X; € I'(D"), X, € T'(D%), for some smooth function p on M satisfying
(Yu) =0, for any W € I'(D%). Thus, Theorem 5.1 of this paper is a generalisation
of Theorem 5.1 of [17].

2. If we take 0; = 0, 0y = constant = 0, 03 = 7, then M changes to a warped
product skew CR-submanifold of the form M; x ¢ M, where My = My x My, studied
in [28]. In this case Theorem 5.1 of this paper takes the following form (Theorem 5.3
of [28]).

Let M be a proper skew CR-submanifold of M, then M is locally a D? — D+
mixed totally geodesic warped product submanifold of the form M; x M, where
My = My x My if and only if

(i) AgzX € T(D1) for any X € (DT @ DY) @ {¢} and Z € T(D4);

(ii) for any X; € T(DT), Xy € T(DY) and Z € ['(D1), ApzXys = —(6Xip),
ApZ Xy =0, Agxyz = (P2 Xop)Z, (§p) = 1,
for some smooth function g on M satisfying (V) = 0, for any V € I'(D1). Thus,
Theorem 5.1 of this paper is a generalization of Theorem 5.3 of [28].

3. If we take 0, = 7, 0y = constant = 6, 03 = 0, then M changes to a warped
product skew CR-submanifold of the form My x s My, where My = M, x My, studied
in [19]. In this case Theorem 5.1 of this paper takes the following form (Theorem 5.1
of [19]).

Let M be a proper skew CR-submanifold of M, then M is locally a warped product
submanifold of the form M, x ; My, where My = M| x My if and only if

() ApZX =A{n(Z) — (Zp)}oX;

(ii) Agux = {n(U) — (Up)}¢X + (PUp)X;

(iif) (§p) =1,
for any X € I'(DT), U € T'(D?), Z € T(D+), for some smooth function p on M
satisfying (Yu) = 0, for any Y € T'(DT). Thus, Theorem 5.1 of this paper is a
generalisation of Theorem 5.1 of [19].

4. If we take 6 = 0, 6, = § and 03 = 6 then M changes to a warped product
submanifold of the form M; x y My, where Ms = My x M, studied in [18]. In this
case Theorem 5.1 of this paper takes the following form (Theorem 5.1 of [18]).

Let M be a submanifold of a Kenmotsu manifold M such that TM = DT @D+ @ D?
with £ is orthogonal to My. Then M is locally a warped product submanifold of the
form M = Mj x; My, where M3 = My x M, if and only if the following relations
hold:

(1) AqueX — Agpy X = sin® 0[(Xp) — n(X)]V;

(ii) Az PV — AgpvZ = —cos? 0[(Zu) — n(Z)]V;

(i) (ép) = 1,
for every X € I'(DT), Z € T(D4) and V € T(D?) and (V) = 0 for some function
on M satisfying (Wpu) = 0, for any W € T'(D?). Thus, Theorem 5.1 of this paper is a
generalisation of Theorem 5.1 of [18].

As consequences of Theorem 7.1, we have the following.
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1. If we consider ¢ = constant, 0y = 0, 03 = 7, then the submanifold M changes
to bi-warped product submanifold of the form My x s, My x5, M, studied in [33]. In
this case Theorem 7.1 of this paper takes the following form.

Let M = My Xy, My x4, M, be a bi-warped product submanifold of M such that
¢ is tangent to My, then the squared norm of the second fundamental form satisfies

|h]|? >2qcsc® O(1 + cos® 0)(|[V In f1||> — 1) + 2scot? (|| V In fo|* — 1),

where 2¢ = dim Mr, 2s = dim M, V1n f; and V In f; are the gradients of warping
function In f; and In f; along M7y and M, respectively.

If the equality sign holds, then My is totally geodesic and My, , M, are totally
umbilical submanifold of M. Taking dim My = 2¢ = my and dim M, = 2s = ms,
we see that this statement coincides with the statement of Theorem 6 of [33]. Thus,
Theorem 7.1 of this paper is a generalisation of Theorem 6 of [33].

2. If we consider dim My, = 0, then the submanifold M changes into warped
product pointwise bi-slant submanifold of the form My, x; My, studied in [17]. In
this case Theorem 7.1 of this paper takes the following form.

Let M = My, x; My, be a warped product pointwise bi-slant submanifold of M
such that £ is tangent to My,, then the squared norm of the second fundamental form
satisfies

|R]|? > 2q csc? 01 (cos? 0y + cos? 62) (|| V In fI|* — 1),
where 2¢ = dim My,, VIn f is the gradient of warping function In f along M,,. If
the equality sign holds, then Mp, is totally geodesic and My, is totally umbilical
submanifold of M. Thus, we see that this statement coincides with the statement of

Theorem 6.1 of [19]. Hence Theorem 7.1 of this paper is a generalization of Theorem
6.1 of [17].
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