ISSN 1450-9628

KRAGUJEVAC JOURNAL
OF MATHEMATICS

Volume 48, Number 1, 2024

University of Kragujevac
Faculty of Science



CIP - Karajormsammja y mybankanmjn
Hapomaua 6ubsmoreka Cpbuje, Beorpas

51

KRAGUJEVAC Journal of Mathematics / Faculty of Science,
University of Kragujevac ; editor-in-chief Suzana Aleksié. - Vol. 22
(2000)- . - Kragujevac : Faculty of Science, University of
Kragujevac, 2000- (Kragujevac : InterPrint). - 24 cm

Dvomesecno. - Delimic¢no je nastavak: Zbornik radova Prirodno-
matematickog fakulteta (Kragujevac) = ISSN 0351-6962. - Drugo
izdanje na drugom medijumu: Kragujevac Journal of Mathematics
(Online) = ISSN 2406-3045

ISSN 1450-9628 = Kragujevac Journal of Mathematics
COBISS.SR-ID 75159042

DOI 10.46793/KgJMat2401

Published By: Faculty of Science
University of Kragujevac
Radoja Domanovica 12
34000 Kragujevac
Serbia
Tel.: +381 (0)34 336223
Fax: +381 (0)34 335040
Email: krag_j_math@kg.ac.rs
Website: http://kjm.pmf.kg.ac.rs

Designed By: Thomas Lampert
Front Cover: Zeljko Maligié
Printed By: InterPrint, Kragujevac, Serbia

From 2021 the journal appears in one volume and six issues per
annum.


mailto:krag_j_math@kg.ac.rs
http://kjm.pmf.kg.ac.rs

Editor-in-Chief:

e Suzana Aleksi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

Associate Editors:

e Tatjana Aleksi¢ Lampert, University of Kragujevac, Faculty of Science, Kragujevac,
Serbia

e Dorde Barali¢, Mathematical Institute of the Serbian Academy of Sciences and Arts,
Belgrade, Serbia

e Dejan Bojovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Bojana Borovic¢anin, University of Kragujevac, Faculty of Science, Kragujevac,
Serbia

e Nada Damljanovi¢, University of Kragujevac, Faculty of Technical Sciences, Cacak,
Serbia

e Sladana Dimitrijevi¢, University of Kragujevac, Faculty of Science, Kragujevac,
Serbia

e Jelena Ignjatovi¢, University of Nis, Faculty of Natural Sciences and Mathematics,
Nis, Serbia

e Bosko Jovanovié¢, University of Belgrade, Faculty of Mathematics, Belgrade, Serbia

e Marijan Markovi¢, University of Montenegro, Faculty of Science and Mathematics,
Podgorica, Montenegro

e Emilija Nesovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Marko Petkovi¢, University of Nis, Faculty of Natural Sciences and Mathematics,
Nis, Serbia

e Nenad Stojanovié, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Tatjana Tomovi¢ Mladenovié¢, University of Kragujevac, Faculty of Science, Kragu-
jevac, Serbia

e Milica Zigi¢, University of Novi Sad, Faculty of Science, Novi Sad, Serbia

Editorial Board:

e Ravi P. Agarwal, Department of Mathematics, Texas A&M University-Kingsville,
Kingsville, TX, USA

e Dragi¢ Bankovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Richard A. Brualdi, University of Wisconsin-Madison, Mathematics Department,
Madison, Wisconsin, USA

e Bang-Yen Chen, Michigan State University, Department of Mathematics, Michigan,
USA

e Claudio Cuevas, Federal University of Pernambuco, Department of Mathematics,
Recife, Brazil

e Miroslav Ciri¢, University of Ni§, Faculty of Natural Sciences and Mathematics, Nis,
Serbia

e Sever Dragomir, Victoria University, School of Engineering & Science, Melbourne,
Australia



e Vladimir Dragovi¢, The University of Texas at Dallas, School of Natural Sciences
and Mathematics, Dallas, Texas, USA and Mathematical Institute of the Serbian
Academy of Sciences and Arts, Belgrade, Serbia

e Paul Embrechts, ETH Zurich, Department of Mathematics, Zurich, Switzerland

e [van Gutman, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Nebojsa ITkodinovié¢, University of Belgrade, Faculty of Mathematics, Belgrade,
Serbia

e Mircea Ivan, Technical University of Cluj-Napoca, Department of Mathematics,
Cluj- Napoca, Romania

e Sandi Klavzar, University of Ljubljana, Faculty of Mathematics and Physics, Lju-
bljana, Slovenia

e Giuseppe Mastroianni, University of Basilicata, Department of Mathematics, Infor-
matics and Economics, Potenza, Italy

e Miodrag Mateljevi¢, University of Belgrade, Faculty of Mathematics, Belgrade,
Serbia

e Gradimir Milovanovié, Serbian Academy of Sciences and Arts, Belgrade, Serbia

e Sotirios Notaris, National and Kapodistrian University of Athens, Department of
Mathematics, Athens, Greece

e Miroslava Petrovi¢-Torgasev, University of Kragujevac, Faculty of Science, Kragu-
jevac, Serbia

e Stevan Pilipovi¢, University of Novi Sad, Faculty of Sciences, Novi Sad, Serbia

e Juan Rada, University of Antioquia, Institute of Mathematics, Medellin, Colombia

e Stojan Radenovié¢, University of Belgrade, Faculty of Mechanical Engineering, Bel-
grade, Serbia

e Lothar Reichel, Kent State University, Department of Mathematical Sciences, Kent
(OH), USA

e Miodrag Spalevi¢, University of Belgrade, Faculty of Mechanical Engineering, Bel-
grade, Serbia

e Hari Mohan Srivastava, University of Victoria, Department of Mathematics and
Statistics, Victoria, British Columbia, Canada

e Marija Stani¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Kostadin Trencevski, Ss Cyril and Methodius University, Faculty of Natural Sciences
and Mathematics, Skopje, Macedonia

e Boban Velickovi¢, University of Paris 7, Department of Mathematics, Paris, France

e Leopold Verstraelen, Katholieke Universiteit Leuven, Department of Mathematics,
Leuven, Belgium

Technical Editor:

e Tatjana Tomovi¢ Mladenovié¢, University of Kragujevac, Faculty of Science, Kragu-
jevac, Serbia



Contents

1. Mous
A. Laouar

N. Mehreen
M. Anwar

S. A. Wani
M. Riyasat

K. Al-Zoubi
M. Al-Azaizeh

7. Amirshekari
H. Mohebi

J. J. Patil
K. F. Pawar

A. K. Wanas
J. Sokét

N. (Onen) Poyraz
E. Yasar
D. Doénmez

A. Hosseini
N. Ur Rehman

M. G. Bin-Saad
J. A. Younis
K. S. Nisar

A Numerical Solution of a Coupling System of Conformable
Time-Derivative Two-Dimensional Burgers’ Equations. .. .. 7

Some k-Fractional Integral Inequalities for p-Convex Func-
17 100 25

Integral Transforms and Extended Hermite-Apostol Type
Frobenius-Genocchi Polynomials......................... 41

On Graded 2-Absorbing Second Submodules of Graded Mod-
ules over Graded Commutative Rings.................... 95

Geodesic E-Invex Sets and Geodesic E-Preinvex Functions
on Riemannian Manifolds................ ... . .. ... .. ... 67

On Uniformly Strongly Prime I'-Semihyperring .......... 79
Applications Poisson Distribution and Ruscheweyh Derivative
Operator for Bi-Univalent Functions..................... 89
Half Lightlike Submanifolds of A Golden Semi-Riemannian
Manifold . ... ... 99

On the Structure of Some Types of Higher Derivations. . 123

Some Properties of New Hypergeometric Functions in Four
Variables . ... ..o 145






KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 48(1) (2024), PAGES 7-23.

A NUMERICAL SOLUTION OF A COUPLING SYSTEM OF
CONFORMABLE TIME-DERIVATIVE TWO-DIMENSIONAL
BURGERS’ EQUATIONS

ILHEM MOUS! AND ABDELHAMID LAOUAR?*

ABSTRACT. In this paper, we deal with a numerical solution of a coupling system
of fractional conformable time-derivative two-dimensional (2D) Burgers’ equations.
The presence of both the fractional time derivative and the nonlinear terms in this
system of equations makes solving it more difficult. Firstly, we use the Cole-Hopf
transformation in order to reduce the coupling system of equations to a conformable
time-derivative 2D heat equation for which the numerical solution is calculated by
the explicit and implicit schemes. Secondly, we calculate the numerical solution of
the proposed system by using both the obtained solution of the conformable time-
derivative heat equation and the inverse Cole-Hopf transformation. This approach
shows its efficiency to deal with this class of fractional nonlinear problems. Some
numerical experiments are displayed to consolidate our approach.

1. INTRODUCTION

In the last two decades, the fractional derivatives regained an important interest,
and have been widely used in various fields, such as modelling viscoelastic problems,
signal processing, control theory, finance, etc. Thus, many classical mathematical
models have been reformulated into new models with fractional-order derivatives
for their important numerous applications (see [7,8,10,13,16]). As a result, the
scientists introduced different fractional derivative definitions (see [4,5,10]): Caputo

Key words and phrases. Burgers’ equation, Cole-Hopf transformation, conformable time-derivative,
fractional calculus.
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fractional derivative, Riemann-Liouville fractional derivative, Grinwald—Letnikov frac-
tional derivative and others. We give for example two popular definitions below. For
a € [n — 1,n), the a-derivatives of the function f are given as

(¢) Riemann-Liouville definition

t

o 1 a f(z) ,
Da(f)(t) - F(n-@)dt”/(t—x)a_”"‘ldx’

(77) Caputo definition

t

™ (1
DO = e |

I'(n—a)/) (t—a)entl

All definitions including (7) and (i) satisfy the property that the fractional derivative is
linear. We cite for example some research works linked with the subject. Tarasov [16]
investigated some properties of the chain rule and Leibniz rule for fractional derivatives.
Khalil et al. [9] introduced a new definition of a fractional derivative and fractional
integral (called also fractional conformable derivative and fractional integral) for which
there are large number of numerous works done (see [1,4,5,9,17,18]). Anderson et
al. [4] introduced more precise definition of the conformable derivative motiving by
a proportional-derivative controller. Ortigueira et al. [14] analyzed the definitions of
the Grinwald-Letnikov, Riemann-Liouville and Caputo fractional derivatives. For
instance, Abdeljawad [1] gave conformable versions of the chain rule, integration by
parts, Taylor power series expansions and Laplace transform. In [2], the authors
introduced the fractional conformable semi-group of operators whose generator will
be the fractional derivative of the semigroup at t = 0. In [3] the authors studied the
fractional logistic models in the frame of fractional operator generated by conformable
derivatives. Yavuz et al. [19] introduced the conformable derivative operator in
modelling neuronal dynamics.

In this work, we are interested in studying a coupling system of the fractional
conformable derivative 2D Burgers’ equations which incorporate the interaction be-
tween the nonlinear convection processes and the diffusive viscous processes. Many
works studied the one/two viscous Burgers’ equation (with integer-order derivative)
using the Cole-Hopf transformation [11,15]. It is known that the Burgers’ equation
has been used as a mathematical model in various areas such as number theory, gas
dynamics, heat conduction, elasticity theory, etc. It has a lot of similarity to the
famous Navier-Stokes equations [6,12] and has often been used as a simple model
equation for comparing the accuracy of different computational algorithms. How-
ever the inviscid Burgers’ equation lacks one most important property attributed
to turbulence since the solutions do no exhibit chaotic features like sensitivity with
respect to initial conditions. The purpose of the current study focuses in the use of
the Cole-Hopf transformation for this class of the fractional nonlinear problems. So,
we transform with the help of Cole-Hopf transformation the coupling system of the
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conformable time-derivative 2D Burgers’ equations into conformable time-derivative
heat equation. The numerical solution of the latter is obtained by the explicit and
implicit schemes. Therefore, we can easily calculate the solution of the system of the
conformable time-derivative 2D Burgers’ equations via the inverse Cole-Hopf trans-
formation. For illustration, some numerical experiments are displayed to show the
efficiency of this approach.

The paper is organized as follows. Section 2 gives some useful materiel and position
of the problem. Section 3 uses the 2D Cole-Hopf transformation. Section 4 proposes
the calculation of numerical solutions to heat equation by the explicit and implicit
schemes and gives the required solutions for the coupling of 2D Burgers’ equations.
The last section displays the numerical results.

2. PRELIMINARIES AND POSITION OF THE PROBLEM

Let us recall below a definition and a theorem which summarizes some important
properties.

Definition 2.1 ([5,9]). Given a function f : [0,00) — R, then the conformable
fractional derivative of f with order « is defined by:

t+et!=) — f(t
21) L) () =t LD 2T,

e—0 £

forallt > 0, a € (0.1). If f is a-differentiable in some (0, a), @ > 0, and lim,_,o+ (¥ (t)
exists, then define

@) = 1 ()

22) FO0) = tim F0).
Theorem 2.1 ([5,9]). Let 0 < a < 1 and f,g be a-differentiable at a point t > 0.
Then

L. Tolaf +bg) = aT,(f) + bT,(g) for all a,b € R;

2. To(tP) = ptP=® for all p € R;

3. To(A) =0 for all constant functions f(t) = A;

4. To(fg) = fTa(g) + 9Ta(f);

5. T, (i) = TalN)—ITa(g) .

g 9
6. in addition, if f is differentiable, then T, (f)(t) = tlfQ%(t).

2.1. Coupling system of the conformable derivatives 2D Burgers’ equations.
Let us consider the following coupling system of 2D Burgers’ equations
0%, N ou N ou 0%u N 0%u
—du—Fv—=r|—+—
ot Ox oy ox2  Oy? )’
0% N v N v 0% N 0%

=T —_— e
ot Ox oy ox2  oy?)’
where a € (0,1), r > 0 the diffusion coefficient, (z,y) € Q (a rectangular domain),
t > 0and 0%u/0t*, 0%v/Jt* mean conformable derivatives respectively of the functions
u(z,y,t) and v(z,y, ).

(2.3)
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Subject to the initial conditions

{ U(l’,y70) = Uo(l'7y), for any (xvy) € Q7

(2.4)
v(z,y,0) = vo(z,y), forany (z,y) € Q,

and the boundary conditions

(2.5) u(z,y,t) = f(z,y,t), forany (z,y) € 00, t >0,

' v(x,y,t) = g(z,y,t), forany (z,y,t) € 09, t >0,
where f, g are two given functions.

We need later to use the following potential symmetry condition

ou  Ov
(2.6) a—y = 9

3. LINEARIZING SYSTEM (2.3) BY THE COLE-HOPF TRANSFORMATION

Using the property 6 of Theorem 2.1, we can rewrite system (2.3) as follows

ot Ox oy ox2 Oy )’
ot ox dy ox?  Oy?

The Cole-Hopf transformation is performed in two steps.

(3.1)

First step. Suppose that u = ¢, and v = 1), thus the system (3.1) becomes

(3 2) { t(lia)wzt + @Z)mw:m + ¢ywxy =T (¢xa¢a: + %yy) )
) t(l_a)wyt + %%z + wywyy =r (wymz + wyyy) )

which can be rewritten as

0

t(l—a)wﬁ + P (;zﬁi) + 8893 (;¢§) =1 (Yazz + Vayy) »

Integrating respectively the first equation of system (3.3) with respect to = and the
second with respect to y, we obtain

0=t (502) + (502) =7 Ww + th) + ()
0 (502) + (502) = 1 aw + ) + (),

where 1, (y,t) and ny(x,t) are arbitrary functions depending respectively of y and x.
Using the condition (2.6), we can combine two equations of system (3.4) and conclude
that v satisfies the following equation (see [11])

(3.5) 1=, 4 (;wi) + (;wj) =7 (Vaa + Vyy) + 1(2).

(3.3)

(3.4)
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Second step. Introducing the transformation as ¢y = —2r1In ¢, we have
¢CC ¢y
3.6 =—-2r— and wv=-2r—.
(3.6) 5 ”
Both the derivatives of function ¢ are
¢t Cbz Qby
3.7 w = _27077 ¢z = _27“7, w = —2r—=
(3.7) ’ 5 5 5
¢xz ¢2 cb oy
(3.8) Ypw = — ¢ +2r el Uy = —2r ;y + 2 el

Inserting the derivatives ¢, 1, and ), in the left side of (3.5) and the derivatives v,
and v, in the right side, we obtain

@ L8\ (6
ot ¢+2<2r¢>+2<2r¢>

2
(3.9) =r (—ZT‘Q:;Q; +2r Zz — 27’¢;y + 27’Zg> +n(t).

We now state the following theorem in order to show that the calculus of the functions
u(z,y,t) and v(z,y,t) is independent of the function ().

(3.10) nit)

Theorem 3.1. Let ¢(x,y,t) be the solution of (3.10), u(x,y,t) and v(z,y,t) are
defined in (3.6), then the solution u and v are independent of ((t).

Proof. Let

tl—oc

then )
F0) = ().

Multiply by e ?® the two sides of (3.10), yields

o* _ _
(3.11) 70O < (gt G)e Y ()00
By using the property 6 of Theorem 2.1, (3.11) becomes

_a00 _ - -
(3.12) t! a‘fe PO — ¢()pe D = 1 (g + dyy)e ¢
Then

.0/ _ _
(3.13) L o (e B(t)¢) = 7((e77D¢) e + (67D ),,).



12 I. MOUS AND A. LAOUAR

Now, let ¥(z,y,t) = e ?®¢(x,y,t). Then ¢ (z,y,t) satisfies the following 2D heat
equation

P

(314) tliaa = T(iﬂm + wyy)a
which rewrites in other form

0%y
(3'15) ota = T(wm + wyy)-

Note that the difference between the solution of (3.10) and (3.15) is the factor e #®).
Therefore,

_ b _ 9 4y
(316) U(I,y,t) - E - e‘ﬁ(t)gb - E7
(3.17) v(z,y,t) = el el
It is clear that the solutions v and v are independent of the function ((t). U

For simplicity of the present study, we can take for example ((¢) = 0. Then we get
the diffusion equation

o~
(3.18) atf = T<¢zz + ¢yy)-

3.1. Initial and boundary conditions. We now try to determine a new derivation
of the initial and boundary conditions which correspond to (3.18). For the sake of
simplicity, let us take

Q:[a,b]x[a,b], GQ:F1UF2UF3UF4,

with
M ={a<z<by=a}, To={a<a<b y=0},

I'3={r=a, a<y<bd} and Ty={x=0ba<y<b}

Initial condition (IC). From (3.6), we can rewrite

bo  ulz,y,t)
(3.19) i

Integrating the left and right sides of (3.19) with respect to z, we obtain

In(g) = ;: [ s,y 1)ds + o, .1)).

Then we get

(3.20) o(z,y,t) = ¢(a,y,t) exp (;: /: u(s,y,t)ds) .
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On the other hand, we rearrange the second term of (3.6) as follows

¢ _ U(l’,y,t)
(3.21) Ey = =22

Integration of the above equation with respect to y, then we obtain

In(¢) = ;: / Yz, s,t)ds + In((, a,t)),
which yields
(3.22) (@, y.1) = 6z, . 1) exp (;: [ ot 0)ds ).
At z = a, (3.22) gives
(3.23) $(a,y,1) = d(a, a,t) exp <;T / " o(a, s, t)ds) |

Inserting (3.23) into (3.20), yields

(3.24) o(z,y,t) = ¢(a,a,t) exp (—2171 /ayw(a, s, t)ds — ;LI u(s, y,t)ds) :
and at t = 0 in (3.24), then the initial condition is written as

(3.25) o(z,y,0) = ¢(a,a,0) exp (_2175 /ayv(a, s,0)ds — 217“ /: u(s, vy, O)ds> .

From (3.6), it is clear that ¢(a,a,0) has no effect on the final solution of system (2.3).
In our case, we can consider for example ¢(a,a,0) = 1. It yields

(3.26) oo(x,y) = exp <—21 /ayv(a, s,0)ds — 2176/; u(s,y, O)ds) :

r

Boundary conditions (BC). Using (3.6), the boundary conditions are reduced to

62 =~y )01, 0, (5,,1) € (00 % (0,T),
b= g0y 06w 3.1), (2,9,0) € (90 (0.7))

Therefore, the time-conformable diffusion equation with the initial and Neumann
boundary conditions is given by

aOé

atf = r(¢:m + (byy)a

IC:  ¢o(x,y) =exp (—2170 [Yv(a,s,0)ds — zlrf; u(s,y,O)ds) ,
1

bp = —Q*TU(x,yyt)cb(f,y,t), (z,y,t) € (002 x (0,T7)),

6y = —5-0(e,, 000, 5,1), (5,0,1) € (02 % (0,7))

(3.27)

Eq. :

(3.28)
BC:
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Reformulating problem (3.28) by using the property 6 of Theorem 2.1, it yields

_o) 09
(1—a) 27
! 8t - r(quz + Qbyy),

IC:  ¢o(x,y) =exp (—1ffjv(a,s,0) 3——[ u(s,y,0)ds ),
%:—ﬁp@%>wa%m<my> (09 x (0,T),

by = =505, 000, 3,1), (2,9,0) € (99 x (0,7))

The solution of the problem (3.29) can be found in [13]. Finally, once the solution of
the problem (3.29) is known, we can easily obtain the solution of the coupled problem
(2.3)-(2.5) via the formula (3.6).

Eq.: t

(3.29)
BC:

4. NUMERICAL STUDY OF THE PROBLEM (3.29)

We discretize the domain €2 by the finite difference method (FDM) into nz each of
length Az = (b—a)/nz and into ny each of length Ay = (b—a)/ny along, respectively
the z-axis and y-axis. We define then the discrete mesh points (z;,y;,t,) by (a +
iAzx,a+ jAy,nAt), where i =0,...,nz, j=0,...,ny,n=20,...,T.

4.1. An explicit scheme. By using a simple forward in time and centered in space
discretization at point (x;,y;,t,), the explicit scheme of (3.29) is given by

n+1 n
t(l Q)M:T< i+1,5 2¢Z]+¢Z 1,5 + i,j-‘rl 2¢ +¢zy 1)

At Ax? Ay2
For every interior point (z;,y;,t,), withi=1,...,ne —1, j =1,...,ny — 1, we have
(41) ¢n+1 Aqb” + B(¢z+1] + 9252 1]) + C( ,j+1 ijl)v
where
. 2r At B 2r At |
A2 179 Agy2t (17
rAt rAt

- C .
Ag2 ™) AyQt (1=e)

Now, let us consider the so-called BC described as

7 — ", .
;, ',t ~ i+1,5 i—1,5 - _—an n.7
(4 2) ¢$( 1 y] n) . QA%,Z 27“ ,] 7]
. GO 1
G+l -1
Gy(Tis Yjs tn) =~ W = —g"ﬁj e
which can be rewritten as
Az
(43) g =01y — — o
. Ay

n _n _ v
ig+1 = Pig-1 T T Vi Py
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Thus, we give the details for each discrete side as follows.
On the side I'y, let j = 0 in (4.3), then we have

Az

?+1,o = Cb?—l,o - ’U:‘foﬁb;fo,
(4.4) A r
n — n y n n
1= ¢i,—1 T ’Uy;,oﬁbz',o‘
Substituting this constraint into (4.1) at the boundary points, for i = 1,...,nz, we

obtain

Gig’ =Adfo+ B(Siyi0+ dr0) + C(0)1 + 6i)
Ax A
—A¢l, + B <2¢Z o= u;fo¢;jo> +C <2¢gl - =Hoj ;.jo> .

In same way as previously, we can calculate respectively the expressions both of the
side I'y for j = ny,I's fort =0 and 'y for i = nx, foralli =1,... nx,

AI Ay
n+1 n n n n n
(45) i,:y A¢z ny <2¢i—1,ny - 7ui,ny i,ny) <2¢1 ny—1 "~ r vi,ny i,ny) .
And for j =1,...,ny,
n+1 n n A:U n n n
¢ AQSO,j + B 2¢1,j + r uo,j¢0,j + C 2¢0,j—1 ¢0,]

Ax Ay
n+1 n n n n
nx,j _A¢nx ] <2¢n1‘ 1,7 r unx,j n,j ¢nx g—1 r U ,j¢na},j .

Adding the left-lower corner point (zg, yo), we obtain
¢ o= Aﬁbo,o + B (29251,0 + T“o,o%,o) +C <2¢0,1 . —Yo,0 00)

4.2. An implicit scheme. By using a simple forward in time and centered in space
(FTCS) discretization at point (x;,y;,t,), the implicit scheme for (3.29) is given by

1 1 1 1 1 1 1
- O =0 . (ﬁb?ﬁj =207 + o1 N T 200
At Ax? Ay? ’

which can rewrite as

(4.6) —af ZL++11] + ?j].l]) +Y9; nH — B( ?ﬁl + ?j—lﬂ = Zja
where
rAt rAt
b= v =14 2a+ 20,

- Axtl-o’ Ay?tl-a’

or in matrix form

AX =B,
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where
A B 0
¢ D K 0---
A=10 0
: C D K
0 0 L M
(nxxny,neXxny)

:X:t = ( 61,—617 8’—&1-1"“’¢n+1 ) and B = (¢g,07¢8717"'7¢n )7 A7 B> 07 Da K7 L and M

n,ny nr,ny
are the submatrices with dimension (nz,ny) and are defined respectively by

a =28 0 - 0 20 0 -+ - 0
—28 0o ... 0 by 0 .-
A= 0 o B = : ,
.0 0
0 0 =26 v 0 0 b,
—2a 0 0 dp =28 0 0
0 -« -8 v =B
¢ = , D=10 e
—a 0 ey =B
0 0 -2« 0 0 =28 dy,
0 0 —2a 0 0
—Q 0
K= 5 L= 3
—a : 0
0 -0 0 0 —2«
m =28 0 .- 0
M= 0 mo 9
. 0
0 0 =28 my,
with
B alAzx BAYy .
a = . Up.o + . V.05
alAzx BAy .
bj :_2 — T 0]_‘_7@07]’ .] = 1, ’ny’
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p __aA:E "o _5 (7.
1= . Ui U100
d __anun n —I—u n
ny r n,ny z,ny’
' _d B ozAx B Yy o for i — 1
m =dy, M;= — zny zny7 orit=1,...,nx.

4.3. Calculating the required solution. The calculation of solution to system
(2.3) can be obtained by the inverse Cole-Hopf transformation.

Let D.¢}'; and Dy¢}; denote the derivative of ¢, respectively at point (i, Y5, tn)
with respect to x and y. The D,¢7; and Dygb can be calculated from the first order

centered difference formula, for i = 1 —-1,57=1,....,ny — 1,
o oo ¢?+1,j — 4y
TR 9 T 2AT ’
Cb 8¢ ¢z g+ T Zj—l
! gy 28y

Note that the derivatives Dy¢g ;, Dy, ;, Da¢iy and D,¢}',, at the end points are
known. Once the approximated values of ¢, ngQC and ¢, are known at any discrete
point (x;,y;,1t,), then the approximated values of u and v at discrete points can be

calculated from the following discrete version, for ¢ =1,...,nz, j =1,...,ny,
D,é".
up; = —2r fw,
(4.7) D
vl = o0
) n

Z'hj
5. NUMERICAL EXPERIMENTS

For illustration of the proposed method, we will report the accuracy of the method
based on relative error Li;-norm and L.,-norm which are defined by:

(5.1) ||Erreurul|r, = M7 |Erreurv||p, = M,
]l o

and

(5.2) ||Erreurul|r,, = M, | Erreurv||,.. = M’
[|tal]o0 1[va]loo

where the pair (u,,v,) is the analytical solution (5.3) (see [11, page 581]) for the
system (2.3) and the pair (u,,v,) is the computed solution (4.7) for system (2.3).

To simulate, we take the following exact solution for system (2.3) in over square
domain Q = [0, 1] x [0, 1]

3 1
a\+%s 7t = 7 )
(5.3) ta(,9,1) g 41 4 exp((—4za %1— dyo — ) /32ra)]
alZ,Y,t) =~ :
Va4 1) 4 - A[1 + exp((—4za + dya — t*) /32ra))
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Note that the initial and boundary conditions can be taken from the exact solutions.
After computing, we evaluate respectively the relative errors (5.1) and (5.2). We use
then the explicit and implicit schemes for the conformable time-derivative 2D heat

equation and give the convergence of each scheme in the following Table 1 and Table
2.

TABLE 1. Relative errors Li-norm.

Relative error | || Erreurul|r, \ [|Erreurvl||r,

Scheme \ Explicit \ Implicit \ Explicit \ Implicit
\ T=0.1

Ar =Ay=0.2 |3.30e —03 | 3.34e — 03 | 3.20e — 03 | 3.22e — 03
Ar=Ay=0.1 |217e—03|2.17¢ — 03 | 1.55e¢ — 03 | 1.55e — 03
Az = Ay = 0.05| 1.46e — 03 | 1.53e — 03 | 8.19¢ — 04 | 8.02¢ — 04
\ T=0.5
Ar = Ay =0.2 |5.60e—03]|5.64e —03|1.63e — 03 | 1.58¢ — 03
Azx = Ay =0.1 |4.69¢ — 03 |4.56e — 03 | 1.58 — 03 | 1.41e — 03
Ax = Ay =0.05|4.48¢ — 03 | 4.52¢ — 03 | 1.46e — 03 | 1.37e¢ — 03
| T=1
Ar=Ay=0.2 |7.85¢—03]|7.90e—03|1.43¢ —03 |1.43e¢ — 03
Ar=Ay=0.1 |737e—03|747¢—03|1.37e — 03 | 1.31e — 03
Az = Ay = 0.05| 7.26e — 03 | 7.35¢ — 03 | 1.06e — 03 | 1.29¢ — 03

We remark that the relative error decreases as time increases in the Table 1.

3
6 x10 . . 7 x 107
‘L —— u { Explicit schems } —— u { Explicit scheme )
5*' —5— v | Explicit = =) H H
R._ u { Implicit =4 =
3 N s =
. AF w { Implicit = =
5 =
= o
o 3 5
= @
= =
g 7 :
o
1 L
0
5 10 15 20 05 10 15 20

FIGURE 1. Graphs represent the tendency of the relative error .

We show through the Figure 1 the tendency of the relative errors. Let’s give in the
Figure 2 the graphs representing the numerical solution for 2D time-fractional heat
equation (3.29) by using various values of o as shown in Table 3.
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TABLE 2. Relative errors L,,-norm.

Relative error | ||Erreurul|p, \ ||Erreurvl||r..

Scheme \ Explicit \ Implicit \ Explicit \ Implicit
\ T=0.1

Ar=Ay=0.2 |3.35e—03|3.34e — 03 | 3.20e — 03 | 3.22¢ — 03
Ar=Ay=0.1 {239 —03|2.39¢ —03 | 1.70e — 03 | 1.70e — 03
Az = Ay =0.05| 1.52¢ — 03 | 1.53e — 03 | 8.29¢ — 04 | 8.29¢ — 04
\ T=0.5
Ar=Ay=0.2 |5.62¢—03]|5.64e —03|1.69¢ — 03 | 1.69¢ — 03
Ar=Ay=0.1 |4.76e —03 | 4.76e — 03 | 1.57e — 03 | 1.91e — 03
Azr = Ay =0.05|4.62¢ — 03 | 4.62¢ — 03 | 1.48¢ — 03 | 1.87¢ — 03
| T=1
Ar=Ay=0.2 |7.88¢—03]|790e—03|1.68e —03|1.68e — 03
Ar=Ay=0.1 |747e—03|7.47¢ —03 | 1.50e — 03 | 1.51le — 03
Azx = Ay =0.05|7.34e — 03 | 7.35¢ — 03 | 1.47e — 03 | 1.49¢ — 03

Numerical solution for o = 0235 Numerical solution for o = 0.75 Numerical solution for o = 0.82

00 ' 070 ' 00

FI1GURE 2. Graphs of the numerical solution for 2D time-fractional heat
equation, for r = 0.5, Az = Ay = 0.08 and a = 0.25,0.75 and 0.92.

TABLE 3. The numerical solutions ¢ of heat equation.

Values of « | a=0.25 \ a=0.75 \ a=0.92

¢ | y | Numerical solution ¢ | Numerical solution ¢ | Numerical solution ¢
0.08 | 0.72 0.5984 0.5971 0.5969

0.96 | 0.32 0.3558 0.3550 0.3548

0.48 | 0.32 0.5339 0.5386 0.5384

0.88 | 0.64 0.3115 0.3108 0.3107

0.88 | 0.88 0.268 0.2674 0.2673

0.96 | 0.96 0.2377 0.2372 0.2371
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In same way, we give the graphs of the exact and numerical solutions in Figure 3 for
the system (2.3).

Numerical solution v for ot =025

Numerical solution u for c. =025 Analytic solution u for o = 0.25 Analytic solution v for o0 =025

3
G,
\\‘\w‘\ \
N\

A
i
it
AN

1
|
A
A

e

s

=092

Ficure 3. Graphs of exact and numerical solution for 2D time-
fractional Burgers’ equations, for r = 0.5, Az = Ay = 0.08, and o =
0.25, 0.75 and 0.92.

It is clear from the graphs that exact and approximate solutions are similar and
compatible with each other. Tables 4 and 5 give the comparison of numerical and
exact results for varying a = 0.75 and 0.92. It is clear that the approximate solutions
are accurate.
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TABLE 4. Comparison between of the exact and numerical solutions u

of the system (2.3).

Values of a \ a=0.75 \ a=0.92
X y Numerical Exact Numerical | Exact
solution solution | solution | solution
0.08 | 0.72 0.6153 0.6149 0.6153 0.615
0.96 | 0.32 0.6351 0.6348 0.6352 0.6349
0.48 | 0.32 0.6278 0.6273 0.6278 0.6274
0.88 | 0.64 0.629 0.6286 0.629 0.6287
0.88 | 0.88 0.625 0.6248 0.6252 0.6249
0.96 | 0.96 0.6246 0.6248 0.6247 0.6249

21

TABLE 5. Comparison between of the exact and numerical solutions v
of the system (2.3).

Values of « \ a=0.75 \ o =0.92
X y Numerical Exact Numerical | Exact
solution solution | solution | solution
0.08 | 0.72 0.8857 0.8851 0.8857 0.885
0.96 | 0.32 0.8649 0.8652 0.8648 0.8651
0.48 | 0.32 0.8733 0.8727 0.8733 0.8726
0.88 | 0.64 0.8718 0.8714 0.8719 0.8713
0.88 | 0.88 0.8755 0.8752 0.8757 0.8751
0.96 | 0.96 0.8754 0.8752 0.8753 0.8751

6. CONCLUSION

In this study, we considered a coupling system of Burgers’ equations with fractional
conformable derivative in which involves nonlinearity and dissipation, it is relatively
simple in contract with the Navier-Stokes system. It makes suitable model equations
to test different numerical algorithms. For this purpose, we have used the Cole-Hopf
transformation which shows its efficiency to deal with this class of fractional nonlinear
problems. This approach is simple and effective and permits the comparison the
obtained results with exact solution of the problem. In the future, we intend in first
time to study some concrete examples that illustrate if the conformable derivative
is capable or incapable of giving the fractional derivative obtainable from Riemann-
Liouville or Caputo derivatives. In a second time, we want to apply such approach to
other complex problems such as time-space diffusion equation of the type 0%u/0t® =
—k(—=A)Pu, where the a, 3 are changed into a(z,t), 3(x, t).
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SOME Ek-FRACTIONAL INTEGRAL INEQUALITIES FOR
p-CONVEX FUNCTIONS

NAILA MEHREEN! AND MATLOOB ANWAR!

ABSTRACT. In this paper, we use Riemann-Liouville k-fractional and k-fractional
confomable integrals to prove Hermite-Hadamard inequality, an identity and Hermite-
Hadamard type inequality for p-convex functions. Some special cases are also dis-
cussed. Our work is extensions of other related previous results.

1. INTRODUCTION

Convex functions have been used to investigate various scientific problems. Many
refinements have been built for convex functions in order to study problems of pure
and applied sciences (see [3,4,8,14-16].)

The Hermite-Hadamard inequality [6,7] for a convex function ¥ : H — R on an
interval H is defined by

hl +h2 1 ha ?(hl) +gj(h2)
1.1 F < / F(g)dg <
(1.1) < 5 >_h2_h1 . (9)dg < 5 ,

for all hy, hy € H with hy < hy. Due to extensive applicability of Hermite-Hadamard
type inequalities and fractional integrals, number of researchers expand their research
involving generalized fractional integrals for diverse classes of convex functions. For
instance see [12,13,17-19,23,25,26] etc.

Fractional integral inequalities are helpful in estimating the uniqueness of solutions
for specific fractional partial differential equations. These inequalities also ensure
upper and lower bounds for solutions of the fractional boundary value problems. Our

Key words and phrases. Hermite-Hadamard inequality, p-convex function, Riemann-Liouville k-
fractional integrals, k-fractional conformable integrals.
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aim is to prove several Hermite-Hadamard type inequalities for p-convex functions
via Riemann-Liouville k-fractional and k-fractional confomable integrals.

2. PRELIMINARIES

Here we give some basic definitions from the literature. For k € (0,00) and h € C,
the k-gamma function is given by (see [1,21])

in terms of

1, n =0,
Tnk = { T(t+ k) (T+(n—1k), neN,
where the integral representaion of I'y(-) is given as:
[e ] +k
Tw(B) = / Pl dt.
0

Definition 2.1 ([11]). Let F € Ly[hy, hs]. The left and right sided Riemann-Liouville
fractional integrals Ji ,J and J, _F of order o € C with Re () >0and hy > h; >0
are defined by

(2.1) 70 = g [ =050 9> 1
and
22) 1 500) = e [ =00 g <

respectively, where I'(+) is the Gamma function.
Mubeen and Habibullah [20] defined the following generalized fractional integrals.

Definition 2.2 ([20]). Let F € L;[hy, ho]. The left and right sided Riemann-Liouville
k-fractional integrals Ji), & and Ji,,_F of order a € C and hy > hy > 0 are defined

by
1 g _
(23 Tims310) = i oy Lo = 0Tt g > o
and
e} 1 ha a/k—1
(2.4) Tia-919) = 15 /g (t — g)" 1 F(t)dt, g < ha,

respectively, with Re («), k& > 0.
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Definition 2.3 ([10]). Let g € C with Re(5) > 0, then the left and right sided
fractional conformable integral operators are characterised as:

g — “— — o) A1
(25) 518a?<g) :F(lﬁ) ~/h1 <(g " ) a (t " ) > (t _?}gfil—adt
2 _ o _ @ p-1

respectively, with o > 0.
Qi et al. [22] defined k-fractional conformable fractional integrals as follows.

Definition 2.4 ([22]). Let 8 € C with Re(8) > 0, then the left and right sided
k-fractional conformable integrals are characterised as:

B
B,

(2.7) nmd*F(9) :kfkl(ﬁ) /}: <(g — M) ; U hl)a) (E—h)ie _g,g?l_a dt,
(28)  P92,.F(g) = kr; 5 N <<h2 sESL t>a> - 7 Si(gl_adt,

respectively, with a, k > 0.

Definition 2.5 ([8]). Consider an interval H C (0,00) and p € R\{0}. A function
F: H — R is called p-convex if

(2.9) F ([rhf + (1= 1)hB)») < rF(hy) + (1 — 1) F(ha),

for all hy, hy € H and r € [0,1]. If (2.9) is reversed then F is called p-concave.

3. INEQUALITIES FOR k-FRACTIONAL INTEGRALS

First we prove the k-fractional Hadamard’s inequality for p-convex function.

Theorem 3.1. Let §F : [hy,ho] C (0,00) — R be a p-convex function such that
?E Ll[hl,hg]. Then
(i) for p >0 we have

d
(3.1)

We + hg1MP Ti(a+k) [, N
D) < g 0 008) + S (5 o s
2 1

< F(h) ‘;‘ CTr(h2)’

where u(g) = g for all g € [I}, h);
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(1) for p < 0 we have

e R Ip(a+k N .
7 ( 1 2 2] = M {Jk,hﬁ—(ﬁto w)(ha) + Jipe (F o /L)(hﬁ’)]

_ F(h) + F(ha)
_— 2 9
where p(g) = g, g € [h5, hY).

Proof. Since JF is p-convex on [hy, hs|, we get

5 ([up _|2_ wPF) < F(u) —12— ff(w).

Taking u? = rh} + (1 — r)hh and w? = (1 — r)h} + rh} with r € [0,1], we get

(3.3) F ([hp : hP] p) . F ([T‘hlf + (1 - r)hfg]zli) +F ({(1 — R+ T’hg];> |

2

Multiplying (3.3) by 7% ~! on both sides with r € (0,1), a > 0, and then integrating
along r over r € [0, 1] and using changes of variable, we obtain

%&r(lhuhpr)
o 2
S/lrk (rhp (1 —r)hb]» >dr+/ rE 1?<[Thp (1—r)hp]11?>d

B —aw\ ! dw e [y — RPN\ ET dz
= h? <h12? h;lf) (?OM)( )hp hp+/ <h127_h’1119> (?OM)( )hp hp

. ka(a)
(B —h)%
that is,

[Tine s (F o p)(h2) + Ty (F o p)(RY)),

he 4 hE1MP Tp(a+k o )
(3.4) 9([ ] )sZwﬁ,ﬂlpmuwvmm>+ﬁw<fwmhﬂ

This completes the left inequality of (3.1). For the right inequality, we consider
35 T (W4 =) 5 (kb (1= )P ) < [F(hn) + F(ha).

Multiplying (3.5) by 7%~! on both sides with r € (0,1), a > 0, and then integrating
along r over € [0, 1] and using changes of variable, we obtain

ff(}h) + gj(h2)
AL '

(3.6) .

[T (F o ) (W) + Jg e (F o p)(hh)] <
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This completes the second inequality of (3.1). Hence, from (3.4) and (3.6), we get
(3.1).
(#2) The proof is analogous to (). O

Remark 3.1. In Theorem 3.1

() if p = 1, then the inequality (3.1) becomes the inequality (2.1) of Theorem 2.1
in [5];

(47) if one takes a = k = 1, then the inequality (3.1) becomes the inequality (1.11)
of Theorem 6 in [8];

(i) if one takes k = p = 1, then the inequality (3.1) becomes the inequality (2.1)
of Theorem 2 in [23];

(1v) if one takes &« = k = p = 1, then the inequality (3.1) becomes the inequality

(1.1).

Lemma 3.1. Consider a differentiable mapping F : [hy, ha] — R on (hy, hy) with
hy < he. If " € Ly[hy, ho|, then the following equality holds.

(i) Forp >0
o) T O [, (5 o)) + Ty (70 )40
:h22_ph1 /01 (1=t —ri)ar's ((rh + (1= )it )

where A7 = [rh} + (1 — r)hg]% and p(g) = g% for all g € [WY, hY);
(17) For p <0

F(hy) + F(he) Fp(a+ k)

(3.8) ; 20— [T (F o ) (W) + JEm  (F o ) (hD)]
th - hp 1 o [e] 1 1 / 1
= 12p 2/0 <(1—7’)k —Tk)B#’ F ([rhé’—l—(l—r)hﬂp)dr,

1

where BY ' = [rh} + (1 — 1)K]¥, u(g) = g7 for all g € [h3, h).

Proof. First consider
(3.9) = / (1—r)f —rf) 475 ([rhff . r)hg]i) dr
= [/0 (1—r)% A” ty ([rhﬁ’ +(1— r)hg];> dr}

1, 1
+ [—/ rEAr T ([rhzf + (1 — r)h‘g];> dr}
0
=0 + I,
Integrating by parts, we obtain

3100 L, :/1(1 _pEAr (It + (L= i) ) ar

0
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) L <[rh’; . r)hg]é> 1

W= hh .
P La(l—r)5 ! 1
Y e (RS LD
p ap MR —w\ T (F o p)(w)
—— = _F(h —7/ d
) e e (i) e

__p pli(a+ k)
hy — hY (hh — hp)et

Similarly, we have

F(hs) - LT (Fo ) ().

1, 1
(3.11) I = —/0 rEAr ([rhﬁ’+ (1 —r)hg]i> dr

o

1

prk 1

- T (It + (1= g )
hg_hg [ 1 ( )2] o

P Lare?
s hgfo ?([rh’f (1 - )il

; )

-1
I ap fTqu
)~ e (1t ) &
s

LA

ka(oz —+ ]{7)
(P — hR)&*

P F(h) -

:hp_hp Jhp (S:O/L)

Using (3.10) and (3.11) in (3.9) and then multiplying ” f on both sides, we get
(3.7).
(71) Proof is analogous to part (7). O

Remark 3.2. In Lemma 3.1

() if p = 1, then the identity (3.7) becomes the identity (2.6) of Lemma 2.3 in [5];

(17) if one takes a = k = 1, then the identity (3.7) becomes the identity (1.12) of
Lemma 3 in [8];

(i77) if one takes k = p = 1, then the identity (3.7) becomes the identity (3.1) of
Lemma 2 in [23];

(iv) if one takes a = k = p = 1, then the identity (3.7) becomes the identity (2.1)
of Lemma 2.1 in [2].

Theorem 3.2. Consider a differentiable mapping F : [hi, ho] — R on (hy, hy) with
hy < hy such that F' € Lyi[hy, ho|. If |F'|9 is p-convex on [hy, ho] with ¢ > 1, then the
following inequality holds:
(i) forp>1
?(hl) + ff(hg) Fk;(Oé + k‘)

312) e (5 o) + Tty (0 )]
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KA ) e (18 ()l + 19 ()7
2p ! a+k ’

where Q1 = hé;)
(17) forp <1
‘?(hl)‘f“?(}m) Fk(a+k) { o

(3.13) 0 (F o) () + i, (F o m(hf)}\

2 2(RY — hB)%
KR 1) e (18 ()l + 197 ()7
> % 2 o+ k )

1(1—%,1;2;1—%).

Proof. Using Lemma 3.1 and p-convexity of |F'|, we get

B2~
where Qo = =

(3.14)
A s [thf+<s"ou><hs> )|
= hg;h}f/o ( r)k — 1 ) ” (rhp (1—7~)h§]§) dr
Shgz_phzf ( 7_1 T)lé ( (1—7) %+r%> /<[7“h€+(1—7“)h‘g]zl’>’qdr);
Shgz_phlf < P )1 g ( l—r 2—i—r%)[T’|9‘~/(h1)|q+(1—T)‘gjl(hz)mdr);
:h’g—h?j< R )1 a
2p

1
q

x (|3~'(h1)|q/0 P (=) ) + |3~'(h2)|q/01(1 —n) (=4 rt)ar)

Since

I 1 hY
(3.15) ; Ar dr = 5 oy (1 12,1 — h”) :
3.16 (- )Ed a wd i

— & = — & fry
(3.16) /0 r(1—r)rdr /0( r)rEdr (o & 1)+ 2)
and
(3.17) /1 #+1g —/1(1— Jitidy —

. 0 r r = 0 T T = Oé+2k"

by using (3.15)—(3.17) in (3.14), we get (3.12). Hence, theorem is proved.
(71) Proof is analogous to part (7). O



32 N. MEHREEN AND M. ANWAR

By taking p = —1 in Theroem 3.1, Lemma 3.1 and Theorem 3.2, one can get new
results for harminically convex functions via k-fractional integrals.

4. INEQUALITIES FOR k-FRACTIONAL CONFORMABLE INTEGRALS

Here our aim is to prove Hadamard’s inequalities for p-convex function via k-
fractional conformable integrals.

Theorem 4.1. Let F : [hy,ho] C (0,00) — R be a p-convex function such that
F € Li[h, hs).
(i) Then for p > 0 we have

W+ 17\ afT(B 4 k
1 o ([BHE]7) <ot [ onon) + s o)

<3"(h1) + F(hs)
— 2 )
where p(g) = g% for all g € [hY, hY].
(23) Then for p < 0 we have

hE 4 h] Y BIET(5 + k
a2 7([M5E)") < st Patmonn + oo
< F(h1) + ?(h2),
- 2
where 1(g) = gv, g € [h5, ).

Proof. Since JF is p-convex on [hy, he|, we can have

7 ([xp_gup];> < F(z) —;— ?(u)

Taking 2P = rhi + (1 — r)hs and w? = (1 — r)h} + rh} with r € [0, 1], we get
T (It + (L= r)g]? ) + 5 (10— r)g -+ rh) )

R+ 1R ! 2
o o)) 2

g1
Multiplying (4.3) by ( )k r®~1 on both sides with r» € (0,1), a > 0, and then
integrating along r over r € [0, 1], we obtain

(4.4) (l ) 1_T )ﬁ gy

</ (1_’” )i o 19([7# (1—r)h8)

IN

=

)d
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1] — oy 51 1
—I—/ ( ) ro g <[(1 —r)hl + rh@]ﬁ) dr
0 !
:Il +IQ

By setting w = rhf + (1 — r)h5, we have

(45) L :/01 (1_7“&)517&—1? ([mf; + (1= )Y

«

3=

)d

EalISY

-1

w (1= (i) w—hp\! duw

e ( o ) (i) T

B S 0 A oy St T LUV
e - )" - oo
k’Fk( )

P E——"Y 53khp Fo hlf
a o B uh

Similarly, by setting w = rh5 + (1 — r)hY, we have

a0 = [ (55)

pray 2-
n (1— (7%_,21{) - w—h\! (F o 1)(w) dw
= _— [e) _—
ng — ht P = h

e

-1

roig ([(1 — )R} + rh”];> dr

% a

Eallsy

-1

_mpzm?/fﬁﬁ—ww;whwwv 0 WD o 1))

- Tg ’hil’ga(?o M)(hg)

Also, we have

[0 s
0 (8 Baﬂ/k

Thus, by putting values of I; and I5 in (4.4), we get
(4.7)

k ik KCe(B) e , ) )
i ([ ] ) < i Poagro ) + L@ o).

This completes the first inequality of (4.1). For second inequality, we know that

(48) T ([mf{ (- r)hg]i) +F ([mg . r)hff]i) < [F(hy) + F(ho)].
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. . 1—r B/kfl -1 . .
Multiplying (4.8) by (T) r®~! on both sides with r € (0,1), o > 0, and then
integrating with respect to r on interval [0, 1], we obtain the following inequality
kTw(8) k
% — e T
This completes the second inequality of (4.1). Hence, the proof is completed.
(77) The proof is parallel to (7). O

(4.9) P85 (F o ) (BD) + 128%(F o ()] < (F(h1) + F(ha)).

Remark 4.1. In Theorem 4.1
(1) if we take k = 1, then we get Thoerem 2.1 in [18];
(77) by letting p = k = 1, we find Theorem 2.1 in [24];
(77i) by letting p = k = 1 and a = 1, we obtain Theorem 2 in [23];
(iv) by letting p = —1 and k = a = 1, we get Theorem 4 in [9].

Corollary 4.1. With the parallel assumption of Theorem 4.1, if we take p = —1, then
we get the following inequality
(4.10)
rf( 2hho > - (hihs) ¥ aP/FT (B + k)
hy+hy )~ 2(hy — hl)%ﬁ
< F(hy) + F(he)
< 5 )

g e (3) + Lt @on ()]

here p(g) = £, g € [, ]

Lemma 4.1. Let §F : [hy, ho] C (0,00) — R be a differentiable function on (hi, hs)
with hy < hy such that F € Li[hy, hs], then we have

(i) forp >0
P P ok
(T T ) O [ o008+ "33 )00

:(hg —2}15)055/14: /01 [<1_a7aa>ﬂ/k_ (]WZ)ﬂ/k]

« AP ([rhff . r)hg]i) dr,
where A, = [rh} 4+ (1 —r)hb);
(13) for p <0
P p B/E
(412) <?(h1)+3'(h2>> . Fk(/6+k>06aﬁ
2 2(hY — hy) ~

_ (Y —;f)aﬁ/k /01 {<1 —ara)ﬁ/’f B (1_(2;70)a>5/k]

850 (F o i) (h5) + 2 1p3°(F o p) (D))
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« B ([rhg . r)hg’]é) dr,
where B, = [rhh + (1 —r)hY].
Proof. (i) Consider

(413 K[G;”Y“—C—%;”jWk
—/ ( )ﬁ/k ; Ty ([Th}f + (1 — r)hg]zl’> dr

_/ < )B/ Al ([rhff (1—r)hp]i)d
—I -

Then applying by parts integration, we achieve

1 1—7’a B/k 1y 1
(4.14) 11:/0< - ) Al 5’([rh§’+(1—r)h§]p)dr

1 — oy A/k [ » 1
- L rng))
(o5) g (=) |

p B L\ .
_hg—hlf/o k‘( > r 13"([7“h§’+(1—7")h72’]1?)d7’

«

____pr P\ pp I'x(B) Baa o »
~aflk(hh — hz{)&"( ) (hh — hP) (Wb — hB)es th(ffr 1) (hy)

1

AFT'F ((rh + (L= )] ) dr

1

p [FM)  TuB+k
i | g T
Similarly,
1 _ _ o B/k 1 1
(115) b= [ (1 (106 r) ) AP [kt (1= rng) ) dr
(== p . T
_< - ) hyf_hg?([rhl—k(l—r)hﬂ )|

Eallsy

-1

(1—r)* 5 ([mf{ . r)hg]é> dr

o /15 1= (1)
W—h Jo k o
R S R VX(:)
=i R W gy ) E

F(hy)  Tw(B+Ek) 5
aBlk (hp hp) a,e khp

8% (F o ) ()

_ p
ng — it

J(F o p)(h3)
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Here we apply change of variable by taking w = 1 — r. Hence, adding I;, —I5 and
k(P /4
then by multiplying by aﬁ/(+;7h1), on both sides, we get (4.11).

(27) The proof is similar to (7). O
Remark 4.2. In Lemma 4.1

(7) by letting k = 1, then one gets Lemma 2.4 in [18];

(77) by letting p = k = 1, then one gets Lemma 3.1 in [24];

(77i) by letting p = k = 1 and a = 1, then one gets Lemma 2 in [23].
Theorem 4.2. Let F : [hy, hy] C (0,00) — R be a differentiable function on (hy, hs),
hy < hg, such that F' € 1[hy, hol. If |F'|9, where ¢ > 1, is p-convex, then

(i) forp >0
<5f(h€) + 3’(}#5)) Tw(8 + k)as/k

2 2(hg — W)%

BE — KD)al/% (B 1 AN
e N FEE T
2p 2 n

(4.16)

207 (F 0 u) (W) + 23%,(F o ) ()] ‘

< (g8 (B +1) i+ )

ok
(1) forp <0

F(h) +F(h5)\  T(B+1)a’* s, p @ ’
< )2 ( >_ 2((h{’—h§)af (850 (T 0 0) + (%Mhl)}‘

P 1P\ B/k 1-p 1 AN g
< (= 2o <h1 JF) (1—,1;2;1 h2>>
p

(4.17)

2p 2 ht

< (g8 (B4 +1) i+ )

ok
where B and o Fy are classical Beta and Hypergeometric functions, respectively.

Proof. Applying Lemma 4.1, modulus property, Holder’s inequality and p-convexity
of |F'|7 , we achieve

(4.18)

<3’(h’1’) + ?(h@)) (B + k)l
2 2(h — h%)%

ey -y

1_
x AT g ([mf +(1— r)hg]i) dr

[123°(F o p) (W) + 785 (F o u)(h’f)]‘

(hh — hi)al/*
2p
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/1 [(1—7~a)ﬂ/k+ (1_(1_T)a>ﬁ/k}
X Aé‘lff’ ([rh]f +(1— r)hg]i)
SW (/OIA;D_ldT’)lz
X (/01 [(1;ra>6/k+ (1_(2_”&)%
M (/1 Aq;_ldry—;
X (/1 [(1 ﬁ/k (Wy/k
hp)aﬁ/k e (|3"'(h1)|q/01 [T<1—arcx>ﬂ/k+r (1_(1a_r)a>ﬁ/k] N
+ [F'(ho)|? /01 [(1 — ) (1 —ara>ﬁ/k (lr) (1_(104_7")0{)5/11 dT) 1/q7

where

_ (g — )a
<

dr

(it + =g )| dr) "

1/q
(r|F (ha)[" + (1 = 7)|F(h2)[?) d?“)

11y hy? 1 e
= | AF dr= Fr{l——1,21——[,
14 T 9 2171 D hg

1 —7r)*, we find

—~

and from changes of variables, x = r* and y =
fr(50)
r
0 o
Bk
L 1—-1-=r) 1
/ r <( r) ) dr =—5 B
0 (8% O[E"rl

Thus, by using above equalities in (4.18), we obtain the inequality (4.16).
(77) Proof is similar to (7). O

Remark 4.3. In Theorem 4.2, if we take k = 1, then we get Thoerem 2.6 in [18].
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INTEGRAL TRANSFORMS AND EXTENDED
HERMITE-APOSTOL TYPE FROBENIUS-GENOCCHI
POLYNOMIALS

SHAHID AHMAD WANI'* AND MUMTAZ RIYASAT?

ABSTRACT. The schemata for applications of the integral transforms of mathemat-
ical physics to recurrence relations, differential, integral, integro-differential equa-
tions and in the theory of special functions has been developed. The article aims
to introduce and present operational representations for a new class of extended
Hermite-Apostol type Frobenius-Genocchi polynomials via integral transforms. The
recurrence relations and some identities involving these polynomials are established.
The article concludes by establishing a determinant form and quasi-monomial prop-
erties for the Hermite-Apostol type Frobenius-Genocchi polynomials and for their
extended forms.

1. INTRODUCTION AND PRELIMINARIES

The convolution of two or more polynomials in order to introduce the new multi-
variable generalized polynomials is a topic of research and is useful from the point
of view of applications. These polynomials are important as they possess significant
properties including the recurrence and explicit relations, functional and differential
equations, summation formulae, symmetric and convolution identities, determinant
forms et cetera. The usefulness and potential for applications of various properties
of multi-variable hybrid special polynomials in certain problems of number theory,
combinatorics, classical and numerical analysis, theoretical physics, approximation
theory and other fields of pure and applied mathematics has given motivation for
introducing many new classes of hybrid polynomials.

Key words and phrases. Quasi-monomiality, extended Hermite-Apostol type Frobenius-Genocchi
polynomials, fractional operators, operational rules.
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The properties and applications of the hybrid polynomials lie within the parent
polynomials. The applications of hybrid Legendre polynomials lie in problems dealing
with either gravitational potentials or electrostatic potentials. The hybrid polynomi-
als involving Hermite polynomials occur in quantum mechanical and optical beam
transport problems and in probability theory. The hybrid polynomials related with
truncated-exponential polynomials appear in the theory of flattened beams, which
plays an importance in optics and in super-Gaussian optical resonators and hybrid
polynomials associated with Laguerre polynomials occur in physics problems such as
the electromagnetic wave propagation and quantum beam life-time in storage rings.

Certain new classes of hybrid special polynomials associated with the Appell se-
quences were introduced and studied by Khan et al. [13,14]. The problems arising
in different areas of science and engineering are usually expressed in terms of differ-
ential equations which in most of the cases have special functions as their solutions.
The differential equations satisfied by the hybrid special polynomials may be used to
express the problems arising in new and emerging areas of sciences.

Various forms of the Apostol type polynomials are the generalizations of the Appell
family [2]. The Appell polynomial sequences appear in different applications in pure
and applied mathematics. These sequences arise in theoretical physics, chemistry
[7,23] and several branches of mathematics [18] such as the study of polynomial
expansions of analytic functions, number theory and numerical analysis. The typical
examples of Appell polynomial sequences are the Bernoulli, Euler and Genocchi
polynomials. These polynomials play an important role in various expansions and
approximation formulas which are useful both in analytic theory of numbers and in
classical and numerical analysis and can be defined by various methods depending on
the applications.

Several interesting results related to Frobenius type polynomials and their hybrid
forms were obtained by many authors, see [12,17], which are important from applica-
tions point of view. The hybrid class of 3-variable Hermite-Apostol type Frobenius-
Genocchi polynomials was introduced in [5] by considering the discrete convolution of
the Apostol type Frobenius-Genocchi polynomials I, (z; A; u) [5] with the 3-variable
Hermite polynomials H,(x,y, z) [10].

The Apostol type Frobenius-Genocchi polynomials and the 3-variable Hermite
polynomials are defined by

n

(1.1) (W) et = iﬂ-ﬁn(:ﬁ;)\;u)t uAeC,u#1

E )
n=0 :

which for z = 0 gives the Apostol type Frobenius-Euler numbers H,, (u; A) and

(12) ext+yt2+ztd _ Z Hn (x, y’ Z) -
o n!
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which for z = 0 reduce to the 2-variable Hermite Kampé de Fériet polynomials H,,(z, y)
[3] and for z = 0, z = 2z and y = —1 become the classical Hermite polynomials
H,(x) [1], respectively.

The 3-variable Hermite-Apostol type Frobenius-Genocchi polynomials [5] are de-
fined by means of the following generating function and series expansion:

1 — n
(1.3) <(u)t> Pty At — Z a3 (z,y, 2; A u)t , u,AeC,u#1,

t_
et —u o

I, (N u) 2" Hy s, (2, y)
n— k u)z k=3r\L, Y
(1.4) a o (z, g, 2 N u) =n! Y- 3 = SST)

k=0 r=0
Next, we present certain special cases of g, (:c, y,z; \;u) in Table 1.

TABLE 1. Special cases of g3, (x,y, z; \;u)

S.No. Cases Name of polynomial Generating function
_ : : A—w)t\ wtt+yt2+2t3 _ o o En
1 A=1 Hermite Frobenius- (ﬁ) ertty = Z (2, y, 2u) =
n=0

Genocchi polynomials [4]

u=-1, Hermite-Genocchi (e?frl) evttyt?+2t® — i uGn(z,y, z)%
A=1 polynomials [4] "

11 z2=0 2-variable Hermite-Apostol type (%) ettt — i aHn(z,y;u; )\)%

Frobenius-Genocchi polynomials [5] "

2=0, 2-variable Hermite-Frobenius- (%) ettt — i g (z,y; u)%
A=1 Genocchi polynomials [4] "

111 r =2z, Hermite-Apostol type (()\let ﬁ)u) 2wt—t2 _ i gHn (25 ) u)%
y=-1,2=0 Frobenius-Genocchi polynomials [5] "
z =2z, y=—1 Hermite-Frobenius-Genocchi (%) e2ot—t? = i aHn (z; u)t—,
z=0, A=1 polynomials [4] "

Fractional calculus is one of the most intensively developing areas of mathematical
analysis. Its fields of application range from biology through physics and electro-
chemistry to economics, probability theory and statistics. Integration to an arbitrary
order named fractional calculus has a long history. The idea of non-integral order of
integration is drawn back to the origin of differential calculus. The Newton’s rival
Leibnitz made some assertions on the meaning and possibility of fractional derivative
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of order 1/2 in the end of 17th century. However, a precise and rigorous research was
first carried out by Liouville. Methods connected with the use of integral transforms
have been successfully applied to the solution of differential and integral equations.
Fractional operators have been attracting the attention of mathematicians and engi-
neers from long time ago [19,24]. The use of integral transforms to deal with fractional
derivatives was originated by Riemann and Liouville [19,24]. The combined use of
integral transforms and special polynomials provides a powerful tool to deal with
fractional derivatives, see for example [6,11,15,16].

The possibility of using integral transforms in a wider context was discussed by
Dattoli et al. [11], where by using Euler’s integral:

(1.5) a’ = F(ly) /OOO e t"~dt, min{Re(v),Re(a)} > 0,
it was shown that [11]:
(1.6) (a - 8837) B f(z) :F(ly) /OOO p—atpr—1 eta%f(x)dt

1

“T0) | et - tat,

whereas for the cases involving second order derivatives, it was shown that

1.7 7\ = L [T et g p)ar
(1.7) o) S =g [, e R s

The fractional operators can be treated in an efficient way by combining the prop-
erties of exponential operators and suitable integral representations.

In this article, the extended Hermite-Apostol type Frobenius Genocchi polynomials
are introduced using integral transforms. The recurrence relations and some identities
involving these polynomials are also derived. Finally, the quasi-monomial properties
for the Hermite-Apostol type Frobenius-Genocchi polynomials and for their extended
forms are obtained.

2. EXTENDED HERMITE-APOSTOL TYPE FROBENIUS-GENOCCHI POLYNOMIALS

In order to develop extended forms of the Hermite-Apostol type Frobenius-Genocchi
polynomials via Euler’s integral, we first establish the operational connection for the
Hermite-Apostol type Frobenius-Genocchi polynomials.

From generating equation (1.3), we find that the Hermite-Apostol type Frobenius-
Genocchi polynomials are the solutions of the following equations:

a . . 82 . .
%H%n(xa Y, z; )\7 U) :axQHfH:n(x7ya Z; >‘7 U),
0 o3
7Hg{n(x7y727)‘au) = Hg'fn(m,y,z,/\,u),

0z ox3
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under the following initial condition:
(2.1) g, (x,0,0; A u) = H, (25 A\ u),

where 3, (x; \; u) are the Apostol type Frobenius-Genocchi polynomials [5].
Thus, in view of above equation, it follows that, for the Hermite-Apostol type
Frobenius-Genocchi polynomials the following operational connection holds true:

2 3
(2.2) aH,(z,y, z; \;u) = exp (yi + zx> {Hn(z; N\ u)}

Further by making use of operational rule (2.2) and Euler’s integral, we derive the
operational relation for the polynomials 3, (x,y, 2; A\; u; ). For this we prove the
following result.

Theorem 2.1. For the extended Hermite-Apostol type Frobenius-Genocchi polynomials
L (2,y, 2 N\ u; «), the following operational connection holds true:

2 3\\
(2.3) (a — (yam + Za:)) Ho(z; N u) = g Ho(z,y, 2; N u; ).

Proof. Replacing a by o — (yaa—; + z%) in integral (1.5) and then operating the
resultant equation on H,, (z; A\;u), it follows that

0? P\ N Lo 0? o0?
(oz — <y8x2 + Z@ﬁ’)) H (x5 A5 u) T /0 et exp <yta$2 + th)
(2.4) X H, (2 \; u)dt,

which in view of equation (2.2) gives

(2.5)
82 83 - 1 o —atyv—1
(a - <y8x2 + Z(?:c?’)) Ho(z; A u) = ) /0 et g (x, yt, 2t A u)dt.

The transform on the r.h.s of equation (2.5) defines a new family of polynomials as
the extended Hermite-Apostol type Frobenius-Genocchi polynomials, i.e.,

1 o0
26)  a3lr gz huwa) = o [T e 0 oyt o A
I'(v) Jo
Thus, in view of equations (2.5) and (2.6), assertion (2.3) follows. O

Remark 2.1. We know that for A = 1, the Hermite-Apostol type Frobenius-Genocchi
polynomials gH,(z,y, z; A\;u) [5] reduce to the Hermite-Frobenius-Genocchi polyno-
mials g3, (x,y, z;u) [4]. Therefore, taking A = 1 in the both sides of equation (2.3),
we find the following operational connection between extended Hermite-Frobenius-

Genocchi polynomials | g3, (z,y, z; u; «) and the Frobenius-Genocchi polynomials
H, (z;u) [25]:

0? PN\
(2.7) (a - (yﬁxQ + 2(%3)) Ho(z;u) =  5Ho(z,y, 2;u; ).
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Remark 2.2. For A =1 and u = —1, the Hermite-Apostol type Frobenius-Genocchi
polynomials gy 3, (x,y, z; \;u) [5] reduce to the Hermite-Genocchi polynomials
aGn(x,y,2) [4]. Therefore, taking A = 1 and v = —1 in both sides of equation
(2.3), we find the following operational connection between the extended Hermite-
Genocchi polynomials | g G, (x,y, z; o) and the Genocchi polynomials G, (z) [21]:

0? PN\ "
Next, we derive the generating function for the extended Hermite-Apostol type

Frobenius-Genocchi polynomials |, g H, (z,y, 2; A; u; a) by proving the following result.

Theorem 2.2. For the extended Hermite-Apostol type Frobenius-Genocchi polynomials
I (2,y, 2 N u; «), the following generating function holds true:

(1 —u)w exp(zw) 00 W
2. - I . ‘
( 9) ()\e’w _u) (Oé — (wa +ZU}3))V nZZOVH n(fE,y,Z,)\,u, C]{) o

Proof. Multiplying both sides of equation (2.6) by %, then summing it over n and
making use of equation (1.3) in the r.h.s. of the resultant equation, we find
(2.10)

[e.9] n

W (L= uw explaw) (% (oot oy
9{11 » Y 7)‘a 3 — = / tV dt7
2 (w9, 7 A 5 0) n! (Aew —u) T'(v) Jo ‘

which in view of integral (1.5) yields assertion (2.9). O

n=0

Remark 2.3. We know that for A = 1, the Hermite-Apostol type Frobenius-Genocchi
polynomials yH,(z,y, z; A\;u) [5] reduce to the Hermite-Frobenius-Genocchi polyno-
mials g3, (z,y, z;u) [4]. Therefore, by taking A = 1 in the both sides of equation
(2.9), we find the following generating for the extended Hermite-Frobenius-Genocchi
polynomials |y 3, (x,y, z; u; a):

(1 —w)w exp(zw) = e w”
(2.11) @ ) (0 — (gu? + 2d) ;}uf;ﬂ{n( Yy 25U @)

Remark 2.4. We know that for A = 1 and u = —1, the Hermite-Apostol type Frobenius-
Genocchi polynomials gH,(z,y, z; A\; u) [5] reduce to the Hermite-Genocchi polynomi-
als G, (z,y, z) [4]. Therefore, by taking A = 1 and u = —1 in both sides of equation
(2.9), we find the following generating function for the extended Hermite-Genocchi
polynomials |y G, (z,y, z; a):

2w exp(zw) o0 w"
2.12 _ o
212 (e +1) (a— (yw? + zw?))” guHGn@, Yoz a)—

Now, we derive the recurrence relations for the extended Hermite-Apostol type
Frobenius-Genocchi polynomials | g3, (x, y, z; \; u; ) by taking into consideration its
generating relation. A recurrence relation is an equation that recursively defines a
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sequence or multidimensional array of values, once one or more initial terms are given:
each further term of the sequence or array is defined as a function of the preceding
terms.

On differentiating generating function (2.9) with respect to z, y, z and «, we find
the following recurrence relations for the extended Hermite-Apostol type Frobenius-
Genocchi polynomials | g H,(z,y, z; A; u; «):

; (uzﬁfn(l‘, Y, 23 A5 U a)) =n 56 . 1(2,y, 2\ us ),
T
aa(yﬂﬁfn(% Y, 23 A5 U a)) =vnn—1),. aHuo(z,y,2; N u; @),
Y
0
p (quH:n('ra Y, 23 A a)) =vn(n—1)(n—2),, 56H.s(z,y,2; \;u; ),
0
(2.13) 804<1,H}Cn(xayaz;>\;u;a)> = v, 53 (2,y, 2\ u; ).
In view of the above relations, it follows that
8( H,(z Z')\'u'a)> =— . Ho(z,y, 23 A u; «)
8y yHYn y Yy, 25 AU - 81'260( +yHY'n s Y, 25 AU, )

0 ot
ag(mﬂfn(x, Y,z A u; a)) =~ 535n (2, y, 2z N u; ).

Theorem 2.3. For the extended Hermite-Apostol type Frobenius-Genocchi polynomials
I (x,y, 2 A\ u; ), the following explicit series expansion holds true:

n [k/3] j{nfk<)\7 u)Zer73r(x7 yt)(l/)r

2.14 Hoz,y, 23 N u; ) = nl
(2.14) M (T,y, Z A u0) = kz:%?; a’*tr (n — k)lrl(k — 3r)!

Proof. Using the series expansion (1.4) in the r.h.s of equation (2.6), we find

L(v+r) o0
2.15 Ho(x,y, 2z \; u; ——/ —atyrtr—1,)
(2.15) L (2, y, 2 A u; @) T b € n

n k/3]g_c )\
e k su) 2" Hy s, (x, yt)
DI

22 ()G — 3r)
which in view of integral (1.5) yields assertion (2.14). O

dt,

In the next section, we establish the determinant form and quasi-monomial proper-
ties for the Hermite-Apostol type Frobenius-Genocchi polynomials g3, (z,y, z; A\; u)
and derive corresponding results for their extended forms.

3. DETERMINANT APPROACH AND QUASI-MONOMIAL PROPERTIES

Operational methods can be exploited to simplify the derivation of the properties
associated with ordinary and generalized special functions and to define new families
of special functions. The use of operational techniques in the study of hybrid special
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functions provide explicit solutions for the families of partial differential equations
including those of Heat and d’Alembert type and to frame the hybrid special polyno-
mials within the context of linear algebraic approach. We use the operational rules to
establish the determinant forms for the special cases of the extended Hermite-Apostol
type Frobenius-Genocchi polynomials |y 3, (z, y, z; A\; u; «).

We recall the following operational definition and the generating function of the
extended 3-variable Hermite polynomials from [11]:

2 P\
(3.1) vHy(2,y, 250) = <04 - <982 + Zaxg>> z",
(3.2) (0= (W + 26) e =3 Hol,y, = Q)Z'
n=0

Theorem 3.1. For the extended Hermite-Apostol type Frobenius-Genocchi polyno-
mials , 3, (x,y, z; \;u; ), the following explicit summation formula in terms of the
generalized Hermite polynomials ,H,(x,y, z; &) and Apostol type Frobenius-Genocchi
polynomials I, (w; X\;u) holds true:
(3.3)

I (2,0, 2 A us ) = Z Z ( ) ( l) (—w)' H, (w; A w)y Hymi—p(2, y, 25 ).

=0 p=0
Proof. We consider the product of generating equations (3.2) and (1.1) such that

P

(3.4) <(1—u)t) e a — (yt* + 2t%)) Ve™ ZZ?—C w; Ay u), Hy (2,y, 2 0) ——

t_ Y
Aet —u =0 p=0 n! p!

which on rearranging the terms yields

39) () - ety =335 (1) () o

n=01=0 p=0
t?’L

X VHn—l—p(xa Y, =5 a)ﬁ

Finally, using generating function (2.9) in the Lh.s. of equation (3.5) and then by

equating the coefficients of like powers of ¢ in the resultant equation, assertion (3.3)

follows. O

Next, by making use of determinant form of Genocchi polynomials [20], we obtained
the determinant form of the extended Hermite-Genocchi polynomials.
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Definition 3.1. The Genocchi polynomials Gy, (x) of degree n are defined by [20]

Go(z) =1,
1 = z2 a1 z"
I % )
(3:6) Gom) = (- [0 1 OF - (e O |,
0 0 1 (ngl)Q(n1—2) (3)2@1—1)
0 0 0 1 (nﬁl)i

where n =1,2,...

Now, apply operational rules (3.1) in the r.h.s. and (2.8) in the Lh.s. of determinant
form (3.6) of Genocchi polynomials and after simplification, we find the following
determinant form for the extended Hermite-Genocchi polynomials |y G, (z,y, z; «):

(3.7)
VHG0($7 Y, z; a) = 17
G (2,y, 2, )

1 JHi(z,y,z;0) ,Ho(z,y,z;0) -+ JHpo1(x,y,z0) Hy(x,y, 25 )
1 1 1 1 1

4 6 2n 2(n+1)

2 —1
= (=" 0 1 (D1 ("1 )ﬁ (T)% ,
—1 1

0 0 1 ("3 ae (5) 55-19
0 0 0 1 (w217

where n =1,2,...

The method proposed in this article can be used in combination with the mono-
miality principle as a useful tool in analysing the solutions of a wide class of partial
differential equations often encountered in physical problems. The combination of
monomiality principle along with operational techniques in the case of multi-variable
hybrid special polynomials yields new mechanism of analysis for the solutions of a
large class of partial differential equations usually experienced in physical problems.
The operational methods open new possibilities to deal with the theoretical founda-
tions of special polynomials and also to introduce new families of special polynomials.
The concept of monomiality principle arises from the idea of poweroid suggested
by Steffensen [22]. This idea was reformulated and systematically used by Dattoli
[9]. Ben Cheikh [8] was shown that every polynomial set is quasi-monomial and the
properties of a given polynomial set may be deduced from the quasi-monomiality.
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In order to frame the polynomials g3, (z,y, z; A\; w) within the context of monomi-
ality principle, the following result is proved.

Theorem 3.2. The Hermite-Apostol type Frobenius-Genocchi polynomials
o, (x,y, z; \;u) are quasi-monomial with respect to the following multiplicative and
derivative operators:

A% (1 —,) —u

. 2
(38) MHJ{ =+ anx + 32890 — )\6395 —
and
. 0
. Pyye = = —
(3 9) HH aac; a:v 0x’
respectively.

Proof. Differentiating equation (1.3) partially with respect to ¢, it follows that

n

Aef(l—t)—u\ [(1—u)t s t
2 i f— N . —_—
(3.10) <ac + 2yt + 3zt SV ) ( Ve 3:0 aHn1(x,y, 25 X u)n!.

Now, using identity
(3.11) Ol nHn(z,y, s My u)} = {uHa(z,y, 2 A u) }

and generating equation (1.3) in the Lh.s of equation (3.10), it follows that
A% (1 —,) — u)

\ef= — ZH:H:n(l’,y,Z;)\;u)

n=0

(3.12) (a: + 290, + 3202 —

== Z Hg{n+1<'r7 Y, z; /\7 u)?
n=0
which in view of monomiality principle equation M{p,(z)} = ppi1(x) and then
equating the coefficients of same powers of ¢ in both sides yields assertion (3.8).
Again, in view of generating function (1.3) and identity (3.11), it follows that

o0 tn o0 tn
Rearranging the terms in above equation and using monomiality principle equation
P{p.(z)} = n p,_1(x) and then by equating the coefficients of same powers of ¢ in
both sides of the resultant equation, assertion (3.9) follows. U

Remark 3.1. By making use of expressions (3.8) and (3.9) in relation P{p,(z)} =
n pn—1(x), we find that the following differential equation for the Hermite-Apostol
type Frobenius-Genocchi polynomials g3, (z,y, z; A; ) holds true:

ez (1 — 0,)

Aedz —q

(3.14) (x@w + 2y02 + 3202 — — uﬁac — n> o (z,y, 23 A u) = 0.



INTEGRAL TRANSFORMS AND EXTENDED HERMITE-APOSTOL TYPE 51

Next, with the use of integral transforms, we show that the extended Hermite-
Apostol type Frobenius-Genocchi polynomials | yH,(z, y, z; \; u; ) are quasi-mono-
mial.

Consider the operation (0): replacement of y by yt and z by zt, multiplication by

L_e~et*=1 and then integration with respect to ¢ from ¢ = 0 to t = oo.

I'(v

(())perating (©) on equations (3.8) and (3.9) and then using equation (2.15) and
further in view of recurrence relations M{p, ()} = ppy1(z) and P{p,(x)} = np,_1(z),
we find that the extended Hermite-Apostol type Frobenius-Genocchi polynomials
(2, y, 2, A\ u; ) are quasi-monomial with respect to the following multiplicative
and derivative operators:

A% (1 —0,) —u

9 _ 2
(3.15) M, gy = x 4 2y0,04 + 32050, — SV~
and
respectively.

Further, use of equations (3.15) and (3.16) in relation P{p,(x)} = npn_1(x) yields
the following differential equation for the extended Hermite-Apostol type Frobenius-
Genocchi polynomials | g H,(z,y, z; A; u; «):

(3.17)
Ae? (1 — 0,
(wx 2y, + 32000, — 2 )

Aedz —q

The combined use of integral transforms and special polynomials provides a powerful
tool to deal with fractional operators. To bolster the contention of using this approach,
the extended form of hybrid type polynomials are introduced. The generating function
and recurrence relations for the extended hybrid polynomials are derived here. These
results may be useful in the investigation of other useful properties of these polynomials
and may have applications in physics.

— uﬁw — n) a2y, 2 N u; ) = 0.
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ON GRADED 2-ABSORBING SECOND SUBMODULES OF
GRADED MODULES OVER GRADED COMMUTATIVE RINGS

KHALDOUN AL-ZOUBI' AND MARIAM AL-AZAIZEH?

ABSTRACT. In this paper, we introduce the concepts of graded 2-absorbing second
and graded strongly 2-absorbing second submodules. A number of results concerning
these classes of graded submodules are given.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper all rings are commutative, with identity and all modules are
unitary.

Let G be a group with identity e and R be a commutative ring with identity
1r. Then R is a G-graded ring if there exist additive subgroups R, of R such that
R =@ cq Ry and RyR, C Ry, for all g, h € G. The elements of R, are called to be
homogeneous of degree g where the R,’s are additive subgroups of I indexed by the
elements g € G. If v € R, then z can be written uniquely as 3 ¢ 74, where z, is the
component of x in R,. Moreover, h(R) = Uyeq Ry. Let I be an ideal of R. Then I is
called a graded ideal of (R,G) if I = @,cc(INRy). Thus, if x € I, then x = 3 ;74
with z, € I (see [19]).

Let R be a G-graded ring and M an R-module. We say that M is a G-graded
R-module (or graded R-module) if there exists a family of subgroups {M,}, . of M

such that M = @ M, (as abelian groups) and R,M; C My, for all g,h € G. Here,
geG
R, M), denotes the additive subgroup of M consisting of all finite sums of elements

rqsp, with r, € R, and s, € Mj,. Also, we write h(M) = U M, and the elements of
geG

Key words and phrases. Completely graded irreducible submodule, graded 2-absorbing second
submodule, graded strongly 2-absorbing second submodule.
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h(M) are called to be homogeneous. Let M = @ M, be a graded R-module and N

geG

a submodule of M. Then N is called a graded submodule of M if N = @ N, where

geG
N, = NN M, for g € G. In this case, N, is called the g-component of N (see [19]).

For more details, one can refer to [16,20,21].

Let R be a G-graded ring, M a graded R-module and N a graded submodule of
M. Then (N :g M) is defined as (N :g M) = {r € R | rM C N}. It is shown in
[11, Lemma 2.1] that if N is a graded submodule of M, then (N :p M) ={r € R |
rN C M} is a graded ideal of R. The annihilator of M is defined as (0 :g M) and is
denoted by Anng(M).

The notion of graded prime ideals was introduced in [24] and studied in [12,23,25].
A proper graded ideal P of R is said to be a graded prime ideal if whenever rs € P,
we have r € P or s € P, where r, s € h(R).

S. E. Atani in [11] extended graded prime ideals to graded prime submodules. A
proper graded submodule P of M is said to be a graded prime submodule if whenever
r € h(R) and m € h(M) with rm € P, then either r € (P :g M) or m € P.
Several authors investigated properties of graded prime submodules, for examples see
3,6,7,15,22].

The notion of graded 2-absorbing ideals as a generalization of graded prime ideals
was introduced and studied in [4,18]. A proper graded ideal I of R is said to be a
graded 2-absorbing ideal of R if whenever r,s,t € h(R) with rst € I, then rs € I or
rt el orstel.

K. Al-Zoubi and R. Abu-Dawwas in [2] extended graded 2-absorbing ideals to graded
2-absorbing submodules. A proper graded submodule N of M is said to be a graded
2-absorbing submodule of M if whenever r,s € h(R) and m € h(M) with rsm € N,
then either rs € (N :g M) or rm € N or sm € N.

The notion of graded second submodules was introduced in [9] and studied in
(1,10, 14]. A non-zero graded submodule N of M is said to be a graded second
(gr-second) if for each homogeneous element r of R, the endomorphism of N given
by multiplication by r is either surjective or zero. Recently, H. Ansari-Toroghy and
F. Farshadifar, in [8] studied 2-absorbing second and strongly 2-absorbing second
submodules.

The scope of this paper is devoted to the theory of graded modules over graded
commutative rings. One use of rings and modules with gradings is in describing
certain topics in algebraic geometry. Here, we introduced the concepts of graded
2-absorbing second and graded strongly 2-absorbing second submodules, investigate
some properties of these graded submodules and give some characterizations of them.

2. GRADED 2-ABSORBING SECOND SUBMODULES

Definition 2.1. Let R be a (GG-graded ring and M a graded R-module. A proper
graded submodule C of M is said to be a completely graded irreducible if C' = NaeaCl,
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where {C, }aea is a family of graded submodules of M, implies that C' = Cj for some
£ e A.

Lemma 2.1. Let R be a G-graded ring, M a graded R-module and N a proper graded
submodule of M. If m € h(M) — N, then there exists a completely graded irreducible
submodule C' of M such that N C C and m ¢ C.

Proof. Let m € h(M) — N and A be the set of all graded submodules of M that
contains N and not containing m. Then A # (), since N € A. Order A by inclusion,
i.e. for K, L € A then K < L if K C L. Clearly, (A, <) is a partially ordered set. Let
{C4}acq be any chain in A. It is clear that U,eqC, is an upper bound of {C,}.cq in
A. Thus, by Zorn’s Lemma, A contains a maximal element C. We claim that C'is a
completely graded irreducible submodule of M. Let {Ls}gea be a family of graded
submodules of M such that C' = NgeaLg. Suppose to the contrary that C' # Lg for
all 3 € A. Then each Lg contain m, it follows that m € NgeaLg = C, which is a
contradiction. 0

Lemma 2.2. Let R be a G-graded ring, M a graded R-module and K, L be two
proper graded submodules of M. Then K C L if and only if every completely graded
irreducible submodule containing L, also contains K.

Proof. (=) is clear.

(<) Assume that every completely graded irreducible submodule of M containing
L, also contains K. Suppose to the contrary that K ¢ L. Since K is generated by
K N h(M), there exists k € K N h(M) — L. By Lemma 2.1, there exists a completely
graded irreducible submodule C' of M such that L C C' and k ¢ C. This implies that
K ¢ C, which is a contradiction. O

Theorem 2.1. Let R be a G-graded ring and M a graded R-module. Then every
proper graded submodule of M is the intersection of all completely graded irreducible
submodules containing it.

Proof. Let K be a proper graded submodule of M and {Csz}sea be the set of all

completely graded irreducible submodules containing K. It is clear that K € N Cj.
BeA

If B = Y ,ccky ¢ K, then there exists h € G such that k;, ¢ N Cps. By Lemma
BeEA

2.1, there exists a completely graded irreducible submodule C' such that K C C' and
kn ¢ C. Hence C' = C, for some « € A, it follows that k, ¢ N Cs. So, k ¢ N Cps.
BEA BeEA

Consequently, N Cs C K. U
BEA

Definition 2.2. Let R be a G-graded ring and M a graded R-module. A non-zero
graded submodule S of M is said to be a graded 2-absorbing second submodule of M

if whenever r, t € h(R), C' is a completely graded irreducible submodule of M and
rtS C C, then 7S C C or tS C C or rt € Anng(S).
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Let R be a G-graded ring. The graded radical of a graded ideal I, denoted by
Gr(I), is the set of all x = 37 c; x4, € R such that for each g € G there exists ngy > 0
with 77 € I. Note that, if 7 is a homogeneous element, then r € Gr(I) if and only if
r™ € I for some n € N (see [23]).

Let M be a non-zero graded R-module. Then M is said to be a graded secondary if
for each homogeneous element r of R, the endomorphism of M given by multiplication
by r is either surjective or nilpotent. This implies that Gr(Anng(M)) = P is a graded
prime ideal of R. For convenience, a graded submodule of M which is graded secondary,
is called a graded secondary submodule of M (see [13]).

Lemma 2.3. Let R be a G-graded ring and M a graded R-module of M.

(i) If S is a graded second submodule of M and rS C K, where r € h(R) and K 1is
a graded submodule of M, then either rS =0 or S C K.

(i) If S is a graded secondary submodule of M and rS C K, where r € h(R) and K
is a graded submodule of M, then either r"S =0 for some n € N or § C K.

Proof. Straightforward. O

Theorem 2.2. Let R be a G-graded ring and M a graded R-module. Then the
following hold.

(i) If either S is a graded second submodule of M or S is a sum of two graded second
submodules of M, then S is a graded 2-absorbing second submodule.

(i) If S is a graded secondary submodule of M and R/Anng(S) has no non-zero
nilpotent homogeneous element, then S is a graded 2-absorbing second submodule.

Proof. (i) Assume that S is a graded second submodule of M. Let r,t € h(R) and
C be a completely graded irreducible submodule of M with rtS C C. By Lemma
2.3 (i), either rtS =0 or S C C. Thus S is a graded 2-absorbing second submodule.
Now assume that S = 57 + 55, where S; and Sy are graded second submodules of
M. Let r,t € h(R) and C be a completely graded irreducible submodule of M with
rtS C C. Since S is a graded second submodule, by Lemma 2.3 (i), we have either
rtS; = 0 or S; C C. Similarly, we have rtSy = 0 or Sy C C. If rtS; = 0 and rtSy = 0,
then rt € Ann(S; + S3), we are done. If S C C and S C C, then we are done.
Assume that 7tS; = 0 and Sy C L. Then rt € Anng(S;). By [9, Proposition 3.15],
Anng(Sy) is a graded prime ideal. This yields that r € Anng(S;) or t € Anng(S:).
If r € Anng(Sy), then r(S; + 53) C 7Sy + S C Sy C C. Similarly, If ¢t € Anng(S1),
we get t(S1 + 52) € C. Also if 7tSy = 0 and 57 C C, we get either r(S; + S3) C C
or t(S; + S2) C C. Therefore S is a graded 2-absorbing second submodule.

(ii) Since C'is a graded secondary submodule of M, Gr(Anng(C)) is a graded prime
ideal. This yields that Anng(C') is a graded prime ideal because R/Anng(C) has no
non-zero nilpotent homogeneous element. By [10, Proposition 2.3 (i)], we have C' is a
graded second submodule and hence C'is a graded 2-absorbing second submodule by
part (i). O
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Lemma 2.4. Let R be a G-graded ring, M a graded R-module and S a graded 2-
absorbing second submodule of M. Let I = @ e Iy be a graded ideal of R. Ifr € h(R),
g € G and C is a completely graded irreducible submodule of M with 1,0rS C C, then
either rS C C or 1,8 C C or I;r C Anng(S).

Proof. Assume that r € h(R), g € G and C is a completely graded irreducible
submodule of M such that I,rS C C, rS ¢ C and I,r € Anng(S). We have to show
that 1,5 C C. Assume that i, € I,. By assumption there exists i; € I, such that
riyS # 0. Since S is a graded 2-absorbing second submodule of M, riy S C C, rS e
and 7i;, & Anng(S), we get ;.S C C. By (ig +1i;) € I, it follows that (i, + i )rS C C.
Then either (i, +1,)S C C or (ig+i,)r € Anng(S) as S is a graded 2-absorbing second
submodule of M. If (i, +i;)S C C, then we get i,S C C. If (iy+i;)r € Anng(S), then
igr ¢ Anng(S). Since S is a graded 2-absorbing second, i,7S C C.i,r ¢ Anng(S)
and 7S ¢ C, we get i,S C C. Therefore, 1,5 C C. O

Theorem 2.3. Let R be a G-graded ring, M a graded R-module and S a non-zero
graded submodule of M. Let I = @yeq Iy, J = @yec Jy be a graded ideals of R. Then

the following statement are equivalent.

(i) S is a graded 2-absorbing second submodule of M.
(i) If C is a completely graded irreducible submodule of M and g,h € G with
1,J,S C C, then either 1,S C C or J,S C C or 1,J, C Anng(S).

Proof. (i)=-(ii) Assume that S is a graded 2-absorbing second submodule of M.
Let C' be a completely graded irreducible submodule of M and g,h € G such that
I,J,S € C,1,S ¢ C and J,S € C. We show that I,.J, C Anng(S). Assume that
ig € Iy and j, € Jy. By assumption there exists i, € I, such that #,S ¢ L. Since
iy JnS C C, JpS ¢ C and i S ¢ C, by Lemma 2.4 we get iy Jn C Anng(S) and hence
(I,\(C :r S))Jn C Anng(S). Similarly there exists j;, € J, and j;,S € C such that
Jnly © Anng(S) and also (J,\(C :g S))I; € Anng(S). Thus we have iy j;, € Anng(S),
injn € Anng(S) and iyj, € Anng(S). By (i, + i) € I, and (ji + j;,) € Ji it follows
that (i, + 4;)(jn + j,)S € C. Since S is a graded 2-absorbing second, we get either
(ig +iy)S € C or (jn + jp)S € C or (ig + iy)(jn + j) € Anng(S). If (iy +i)S =
igS +1,S C C, then i,S ¢ C. So iy € I,\(C :g S) it follows that igj, € Anng(S).
Similarly by (jn + j;)S € C we get igjn € Anng(S). If (ig + i) (jn + ji) € Anng(S),
then i, jp+i,j;,+iy jn+iyj, € Anng(S) and soiyjy € Anng(S). Thus I J, € Anng(S).

(ii)= (i) Assume that (i7) holds. Let 74,5, € h(R) and C be a completely graded
irreducible submodule of M with r4t,S C C. Let I = r,R and J = t;, R be a graded
ideals of R generated by r, and ¢, respectively. Then I,J,S C C. By our assumption
we obtain [,S C C or J,S C C or I,J, C Anng(S). Hence 7,8 € C or t,S C C or
rotn € Anng(S). Therefore, S is a graded 2-absorbing second submodule of M. [

Theorem 2.4. Let R be a G-graded ring, M a graded R-module and S a graded
2-absorbing second submodule of M. Then we have the following.
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(i) If Anng(S) is a graded prime ideal of R, then (C :r S) is a graded prime ideal
of R for all completely graded irreducible submodule C' of M such that S ¢ C.

(i) If Gr(Anng(S)) = P for some graded prime ideal P of R, then Gr((C :g S))
is a graded prime ideal of R containing P for all completely graded irreducible

submodule C' of M such that S ¢ C.

Proof. (i) Let r,t € h(R), C be a completely graded irreducible submodule of M such
that S ¢ C and rt € (C :g S). So rtS C C. Since S is a graded 2-absorbing second
submodule, we have S C C or tS C C or rt € Anng(S). If rS C C or tS C C, then
we are done. If rt € Anng(S), then r € Anng(S) or t € Anng(S) because Anng(S)
is a graded prime ideal of R. This yields that r € (C :g S) or t € (C :g S). Thus
(C :g S) is a graded prime ideal of R.

(ii) Let r,t € h(R) and rt € Gr((C :g S)). Then (rt)" € (C' :g S) for some n € Z*.
So r™"S C C. Since S is a graded 2-absorbing second submodule, we have S C C'
or t"S C Cor r"t" € Anng(S). If ™S C C or t"S C C, thenr € Gr((C :g S))ort €
Gr((C :g S)) so we are done. Now assume that r"t" € Anng(S) so rt € Gr(Anng(S)).
Then r € Gr(Anng(S)) or t € Gr(Anng(9)) as Gr((Anng(S)) is a graded prime
ideal of R. Since Anng(S) C (C :g S), we have Gr(Anng(S)) C Gr((C :g S)). This
yields that r € Gr((C :g S)) ort € Gr((C :g S)). Therefore, Gr((C :g S)) is a graded
prime ideal of R containing P. O

Let R be a G-graded ring and M, M’ graded R-modules. Let ¢ : M — M’ be an R-
module homomorphism. Then ¢ is said to be a graded homomorphism if p(M,) C M;
for all g € G (see [21].)

Lemma 2.5. Let R be a G-graded ring and M, M’ be two graded R-modules and let
o : M — M be a graded monomorphism.
(i) If C is a completely graded irreducible submodule of M, then o(C') is a completely
graded irreducible submodule of p(M).
(ii) If C" is a graded completely irreducible submodule of p(M), then ¢~ *(C") is a
completely graded irreducible submodule of M.

Proof. Straightforward. 0

Theorem 2.5. Let R be a G-graded ring and M, M’ be two graded R-modules. Let
w: M — M’ be a graded monomorphism. Then we have the following.

(i) If S is a graded 2-absorbing second submodule of M, then p(S) is a graded
2-absorbing second submodule of @(M).

(ii) If S" is a graded 2-absorbing second submodule of (M), then p=(S") is a graded
2-absorbing second submodule of M.

Proof. (i) Since S # 0 and ¢ is a graded monomorphism, we have ¢(S) # 0. Let
r,t € h(R) and C’ be a graded completely irreducible submodule of ¢(M) with
rtp(S) C C'. Then rtS C ¢ 1(C”). By Lemma 2.5 (ii), we have o~ '(C") is a graded
completely irreducible submodule of M. Then either 7S C o= 1(C") or tS C ¢ 1(C")
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or rtS = 0 as S is graded 2-absorbing second submodule of M. If rtS = 0, then
rto(S) = 0. If rS C ("), then rp(S) = p(rS) C e (C") = C"Np(M) = C".
Similarly, if tS C ¢~ 1(C"), we get to(S) C C'. Therefore, p(S) is a graded 2-absorbing
second submodule of ¢(M).

(ii) If ¢71(S") = 0, then (M) N S" = oo '(S") = p(0) = 0. Thus S’ = 0 which is
a contradiction. So p~1(S’) # 0. Now let r,t € h(R) and C be a completely graded
irreducible submodule of M with rte='(S") C C. Then rtS" = rt(S' N (M)) =
rtop (S") = p(rte(5")) C ¢(C). By Lemma 2.5(i), we have ¢(C) is a completely
graded irreducible submodule of (M ). Then 5" C o(C) or tS’” C ¢(C') or rtS" = 0 as
S’ is a graded 2-absorbing second submodule of ¢(M). Thus r¢~1(S") C ¢~ tp(C) = C
or tp 1(S") C ¢ lp(C) = C or rte~!(S") = 0. Therefore, ¢~(S') is a graded 2-
absorbing second submodule of M. 0

3. GRADED 2-ABSORBING STRONGLY SECOND SUBMODULES

Definition 3.1. Let R be a G-graded ring and M a graded R-module. A non-zero
graded submodule S of M is said to be a graded strongly 2-absorbing second submodule

of M if whenever r, t € h(R), Cy,Cy are completely graded irreducible submodules of
M, and rtS C C; N Cy, then 7S C C1NCy or tS C CyNCy or 1t € Anng(S).

Clearly every graded strongly 2-absorbing second submodule is a graded 2-absorbing
second submodule.

Lemma 3.1. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M. Let I = @yec 1y be a graded ideal of
R. Ifr € h(R), g € G and Cy, Cy are completely graded irreducible submodules of M
with 1,rS C Cy N Cy, then either 1S C C1y N Cy or 1,8 C CyNCy or Iyr € Anng(S).

Proof. The proof is similar to the proof of Lemma 2.4, so we omit it. U

Theorem 3.1. Let R be a G-graded ring, M a graded R-module and S a non-zero
graded submodule of M. Let I = @y 1y, J = Dyei Jy be a graded ideals of R. Then

the following statements are equivalent.

(i) S is a graded strongly 2-absorbing second submodule of M.

(ii) If Ly and Ly are a completely graded irreducible submodules of M and g,h € G
with 1,J,S C Ly N Lo, then either 1,5 € Ly N Ly or JpS € Ly N Ly or IyJy, C
Anng(S).

Proof. The proof is similar to the proof of Theorem 2.3, so we omit it. O

Theorem 3.2. Let R be a G-graded ring, M a graded R-module and S a non-zero
graded submodule of M. Let I = @yeq Iy, J = @yeq Jg be a graded ideals of R. Then
the following statements are equivalent.

(i) S is a graded strongly 2-absorbing second submodule of M.
(i) For every graded submodule K of M and g,h € G such that 1,J,S C K, either
1,S C K or J,S C K or I,J, C Anng(S).
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(ili) For every graded submodule K of M and every pair of elements 14, t, € h(R)
such that ryt,S C K, either r,S C K or t,S C K orrygt,S C Anng(S).

(iv) For every pair of elements ry, t, € h(R), either ryt,S = 1yS or rgtpS =t,S or
TgthS =0.

Proof. (i)=(ii) Let g,h € G and K a graded submodule of M such that I,J,S C
K and I,J, € Anng(S). By Theorem 2.3, for all completely graded irreducible
submodule C' of M such that K C C, we have either 1,5 C C or J,S C C and hence
either I,S C K or J,S C K by Lemma 2.2. If I,S C C (resp. J,S C C) for all
completely graded irreducible submodule C' of M with K C C, we are done. Now
suppose that C; and Cy are two completely graded irreducible submodules of M with
KC C,KCCy, I,S¢ZCyand J,S € Cy. Since S is a graded 2-absorbing second
submodule, I,.J,S C Cy,1,S € Cy and I,J, € Anng(S), by Theorem 2.3, we have
JiS C Cy. Similarly by J,S € Cy we get 1,5 C Cs. Since S is a graded strongly
2-absorbing second submodule of M, I,J,S C CiNCy, 1,J, gZ Anng(S), by Theorem
3.1, we conclude that either 1,5 C Cy N Cy or J,S € C7 N Cy. Hence, either 1,5 C C4
or J,S C (5, which is a contradiction.

(ii)=-(iii) Assume that r4¢,S C K where r, t, € h(R) and K a graded submodule of
M. Let I =ry,R, J = t,R be a graded ideals of R generated by r, and 5, respectively.
Then I,J;S C K. By our assumption we have either I, C K or J,5 C K or
I,J, C Anng(S). It follows that either r,S C K or ¢,S C K or r4t,S C Anng(S).

(ili)=(iv) Let ry, t, € h(R). Then ryt,S C ryt;S implies that r,S C ry ;S or

thS C rytpS or ryty, € Ann(S). This yields that r,S = 1yt or t,5 _ Tgtp S or
rgtn € Ann(S).
(iv)=-(i) This is clear. O

Lemma 3.2. Let R be a G-graded ring, M a graded R-module and S a graded strongly
2-absorbing second submodule of M. Then Anng(S) is a graded 2-absorbing ideal of
R.

Proof. Let 1y, sp, tx € h(R) such that rys,ty € Anng(S). Since S a graded strongly
2-absorbing second submodule of M and r,, s5, € h(R), by Theorem 3.2, we get either
rgS = rgspS or spS = ryspS or respS = 0. If rys,S = 0, then rgs, € Anng(S). If
TS = rgspS, then tyr,S C tyryspS = 0 and hence tyr, € Anng(S). Similarly, by
spS = rgspS we get tysy, € Anng(S). Therefore, Anng(S) is a graded 2-absorbing
ideal of R. [

Theorem 3.3. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M. If K is a graded submodule of M such
that S € K, then (K :g S) is a graded 2-absorbing ideal of R.

Proof. Let rg, sp, tx € h(R) such that ryspty € (K :g S). Then rys,t\S C K. Since
S is a graded strongly 2-absorbing second submodule of M and r,s,(£,S) C K, by
Theorem 3.2 we conclude that either r,£,S C K or st S C K or 745,105 = 0, which
means 74ty € (K :g S) or spty € (K g S) or ryspty € Anng(S). If ryty € (K g S)
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or spty € (K :p S), then we are done. Assume that rysty € Anng(S). Then either
resn € Anng(S) or ryty € Anng(S) or s;, ty € Anng(S) by Lemma 3.2. This yields
that either rys, € (K g S) or ryty € (K :g S) or spty € (K :g S). Hence, (K :5 S) is
a graded 2-absorbing ideal of R. O

Lemma 3.3. Let R be a G-graded ring, J a graded 2-absorbing ideal of R and
I =@ cc 1y a graded ideal of R. If v, s € h(R) and g € G with rsl, C J, then either
rly € J orsly CJ orrse J

Proof. Let r,s € h(R) and g € G such that rsl, C J and rs ¢ J. Let i, € I, so
rsig € J. Then ri, € J or si, € J as J is a graded 2-absorbing ideal of R. If ri, € J for
all i, € I, then rl, C J, we are done. Similarly, if si, € J for all i, € I, then sI;, C J,
we are done. Suppose that there exist iy, 750 € I, such that riyy ¢ J and sige ¢ J.
Since J is a graded 2-absorbing ideal, rsis € J,rig ¢ J and rs ¢ J, we conclude
that si; € J. Also rsige € J implies that ri,y € J, since J is a graded 2-absorbing
ideal. Since rs(is +ig2) € J and rs ¢ J, we conclude that either r(ig + ig0) € J
or s(ig +ig) € J as J is a graded 2-absorbing ideal and hence either sigz € J or
rig1 € J, which is a contradiction. O

Lemma 3.4. Let R be a G-graded ring and J a graded 2-absorbing ideal of R. Let
I = ®ecly and K = @ e Ky be a graded ideals of R. If r € h(R) and g,h € G
with 1, C J, then either riy C J or rKy C J or I,K;, C J.

Proof. Let r € h(R) and g, h € G such that rI, K, C J, rl, ¢ J and rK, € J. We
have to show that I,K}; C J. Assume that i, € I, and kj, € K. By assumption there
exist ), € I, and kj, € K, such that ri} ¢ J and rkj, ¢ J. Since ri, K, C J, 1K) € J
and ri, ¢ J, by Lemma 3.3, we get i, K;, C J. Also, since 7k, I, C J, rk;, ¢ J and
rly & J, by Lemma 3.3, we get kjI, C .J. By (ig +1,) € I, and (kj, + ky) € Kj, we
get r(ig + i) (kj, + kx) € J. Then either r(iy + ;) € J or 7(kj, + kn) € J as J is a
graded 2-absorbing ideal. If r(i, + 1)) € J, then ri, ¢ J. Which implies that i,k € J
by Lemma 3.3. Similarly, by r(k}, + kx) € J, we conclude that izk;, € J. Therefore,
LK, C J. O

Theorem 3.4. Let R be a G-graded ring and J a proper graded ideal of R. Let
I = @pecly, J = Byecdy and K = @y Ky be a graded ideals of R. Then the
following statements are equivalent.
(i) J is a graded 2-absorbing ideal of R.
(ii) For every g,h,A\ € G with I,K,Ly C J, either I,Ly C J or KLy C J or
I,Ky, € J.

Proof. (i)=-(ii) Assume that J is a graded 2-absorbing ideal of R. Let g, h, A € G such
that [,K,Ly C J and I,Ly ¢ J. Then for all k;, € K, either kI, C J or kL, C J
by Lemma 3.4. If kI, € J for all k, € K}, then I,K), C J, we are done. Similarly, if
knLy C J for all k, € K}, then K, Ly C J, we are done. Suppose that kyi, ke € K,
are such that k[, € J and kpo Ly € J. It follows that kjy Ly C J and ky2I, C J. Since
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(khl + kh2>IgL)\ C J, by Lemma 3.4. we have (l{ihl + khz)L)\ C Jor (khl + khg)Ig C J.
By (kp1 + kn2) Ly C J it follows that kpeLy C J, which is a contradiction. Similarly
by (kw1 + kn2)l, C J we get a contradiction. Therefore K, Ly C J or I,K}, C J.
(ii)=(i) Assume that (ii) holds. Let ry, sy, tx € h(R) such that rys,ty € J. Let
I =r4R, K = spR and L = tyR be a graded ideals of R generated by r,,s; and
ta, respectively. Then [,K,Ly, C J. By our assumption we obtain I,K; C J or
I,Ly C Jor KLy C J. Hence, rys, € J or r4ty € J or spty € J. Therefore, J is a
graded 2-absorbing ideal of R. U

Theorem 3.5. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M. Let I = @ I, be a graded ideal of R.
geG

Then for each g € G, IS = I7*S for all n > 2.

Proof. Let g € G. It is enough to show that 7S = I3S. It is clear that I7S C I2S.
Since S a graded strongly 2-absorbing second submodule of M, I3S C I}S implies
that 1'925’ C IES or I,S C [;’S or Ig’S =0 by Theorem 3.2. If I,S C IgS or 1925 C ISS,
then we are done. Assume that IS = 0, hence I} C Anng(S). By Lemma 3.2 and
Theorem 3.4, we get 17 € Anng(S) and hence I7S C I’S. Therefore, I;S = I3S. O

Theorem 3.6. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M. If Gr(Anng(S)) = P for some graded
prime ideal P of R, Cy and Cy are completely graded irreducible submodules of M
such that S ¢ Cy and S ¢ Cs. Then either Gr((Cy g S)) € Gr((Cy g S)) or
Gr((Cy:r S)) CGr((Cy:r 9)).

Proof. Assume that Gr((Cy :g S))) € Gr((Cz :g S)). Since Gr((C} :g S)) is generated
by Gr((Cy :g S)) N h(R), there exists r € Gr((Cy :g §)) N h(R) — Gr((Cy :g 9)).
Now, let t € Gr((Cs :g S)) N h(R). Then there exists a positive integer n such that
t"S C Cy, r™S C 4y and S ,@_ (5. Hence t"r™S C C; N Cy. So either t"S C C; N Cy
or t"r™ C Anng(S) as S is a graded strongly 2-absorbing second submodule of M.
If t"S C Cy N Oy, then t"S C C}, which implies t € Gr((C} :g S)). So, assume that
t"r™ C Anng(S). Then tr € Gr(Anng(S)) = P. Since P is a graded prime ideal of
R, either r € Port € P.If r € P, then S = 0 € C, for some m € Z* which
is a contradiction. This yields that t € P = Gr(Anng(S)) C Gr((Cy :g 5)). Thus,
Gr((Cy:r S)) CGr((Cy:r 9)). O

Theorem 3.7. Let R be a G-graded ring and M, M' be two graded R-modules. Let
o : M — M be a graded monomorphism. Then the following hold.

(i) If S is a graded strongly 2-absorbing second submodule of M, then ¢(S) is a
graded 2-absorbing second submodule of M'.

(ii) If S" is a graded strongly 2-absorbing second submodule of M' and S" C p(M),
then o= (S") is a graded 2-absorbing second submodule of M.

Proof. By using Theorem 3.2 the proof is similar to that of Theorem 2.5. O
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GEODESIC E-INVEX SETS AND GEODESIC E-PREINVEX
FUNCTIONS ON RIEMANNIAN MANIFOLDS

ZEYNAB AMIRSHEKARI' AND HOSSEIN MOHEBI?

ABSTRACT. In this paper, we first introduce two new classes of sets and functions
called geodesic E-invex sets and geodesic E-preinvex functions on a Riemannian
manifold, respectively. Moreover, we present the definition and properties of geodesic
E-quasi-preinvex functions on Riemannian manifolds. Finally, we investigate the
properties and characterizations of these two classes of sets and functions.

1. INTRODUCTION

Convexity plays an important and significant role in optimization theory. This con-
cept in the linear topological vector spaces relies on the possibility of connecting
any two points of the space by the line segment between them. Since convexity is
often not enjoyed by the real problems, various approaches have been proposed by
several reseachers in order to extend the validity of results to the larger classes of
optimization. An important and significant generalization of convexity is invexity,
which was introduced by Hanson [8] in 1981. Hanson’s initial results inspired a great
deal of subsequent work which has greatly expanded the roles and applications of
invexity in nonlinear optimization and other branches of pure and applied sciences.
Ben-Isreal and Mond [5] introduced a new generalization of convex sets and convex
functions that called by Craven [6] the invex sets and preinvex functions, respectively,
see also [3].

In general, a manifold is not a linear space, but the extension of concepts and
techniques from linear spaces to Riemannian manifolds are natural and applicable.

Key words and phrases. Geodesic E-invex set, geodesic F-preinvex function, geodesic E-quasi-
preinvex function, Riemannian manifold.
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Rapcsak [18] and Udriste [19] proposed a generalization of convexity, called geodesic
convexity, and extended many results of convex analysis and optimization theory
to Riemannian manifolds. In this setting, the linear space has been replaced by a
Riemannian manifold and the line segment by a geodesic. For more details, we refer
the reader to [10-12,15,17,18] and the references therein.

The notion of invex functions on Riemannian manifolds was introduced in [16].
However, its generalization has been investigated by Mititelu [13]. The concept of
geodesic invex sets, geodesic invex functions and geodesic preinvex functions on a
Riemannian Manifold with respect to the particular mappings have been introduced
in [4].

In this paper, we first discuss various concepts, definitions and properties of func-
tions defined on a Riemannian manifold. The notion of invexity and its generalization
on Riemannian manifolds are presented in Section 2. In Section 3, we first define the
concept of geodesic E-invex sets and geodesic E-preinvex functions on a Riemannian
manifold. Next, we investigate their properties and characterizations. The class of
geodesic E-quasi-preinvex functions are introduced in Section 4, and we give their
characterizations.

2. PRELIMINARIES

We first recall some definitions and known results about 7-invex sets and geodesic
n-preinvex functions on Riemannian manifolds, which will be used throughout the
paper.

Let M be an n-dimensional differentiable manifold, and let 7,M be the tangent
space to M at the point p € M. Suppose that at each point p € M, a positive inner
product g,(z,y) on T,M is given (z,y € T,M). Recall that [12], a C*° mapping
g :p — gp, which assigns a positive inner product g, on T,M to each point p € M, is
called a Riemannian metric. A manifold M equipped with the Riemannian metric ¢
is called a Riemannian manifold. We denote by T'M the tangent space to M.

Suppose that (M, g) is a complete n-dimensional Riemannian manifold with Rie-
mannian connection V (see [12]). Let z,y be two points in M, and v, : [0,1] = M
be a geodesic joining the points x and vy, i.e., 7,,(0) =y, 72 4(1) = .

Let us recall that [12] the length of a piecewise C! curve v : [a,b] — M is defined
by

1) = [ ol

For any two points p,q € M, we define [12]
d(p,q) := inf{L(v) : 7 is a piecewise C* curve joining p and q}.

Then, d is a distance which induces the original topology on M. We know that on
every Riemannian manifold there exists exactly one covariant derivation called Levi-
Civita connection, denoted by Vxy for any vector fields X,Y € M. We also recall
that a geodesic is a C* smooth path v whose tangent is parallel along the path ~,
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i.e., v satisfies the equation Vg )@ dy(t)/d(t)=0. Any path v joining p and ¢ € M
such that L() = d(p, q) is a geodesic and is called a minimal geodesic.

Definition 2.1 ([9]). A subset A of R" is called n-invex with respect to the function
n:R*xR" - R"if x,y € A, A € [0,1], then y + An(z,y) € A.

It is obvious that Definition 2.1 is a generalization of the notion of a convex set
(with n(z,y) := x — y). Note that any set in R" is invex with respect to n(z,y) =0,
for all z,y € R™.

In 1987, Hanson and Mond [9] introduced the notion of preinvex functions. The
following definition of a preinvex function has been given by Jeyakumar [19].

Definition 2.2 ([19]). Let f be a real valued function defined on an 7-invex set
A C R"™ Then, f is said to be preinvex with respect to n : R” x R" — R" if

fly+ Mz, y)] < Af(x) + (1= A)f(y), forallz,yeA Ael01].
In the sequel, we consider the function E : R® — R"™.
Definition 2.3. ([7, Definition 2.2]). A subset A of R" is said to be E-invex with
respect to a given mapping 7 : R" x R" — R" if
E(y)+ M(E(z),E(y)) € A, forall z,y € A, X € [0,1].

Definition 2.4. ([7, Definition 2.3]). Let A C R" be an E-invex set with respect to
a given mapping 7 : R” x R®" — R". A function f : R" — R is said to be E-preinvex
on A with respect to 7 if
F(E) + M(E(z), E(y)) < Af(E(x) + (1= A)f(E(y), forallz,ye A Ael0,1].

The concept of geodesic invex sets and the invexity of a function f defined on an

open geodesic invex subset of a Riemannian manifold were given in [4].

Definition 2.5. ([4, Definition 3.1]). Let M be a Riemannian manifold and 7 :
M x M — TM be a function such that n(z,y) € T, M for each z,y € M. A nonempty
subset S of M is said to be geodesic invex with respect to n if for each x,y € S there
exists exactly one geodesic a,, : [0,1] — M such that

az4(0) = v, a;’y(O) =n(z,y), azu(t)e s, foralltel0,1].

Recall that a subset S of a Riemannian manifold is called geodesic convex if any
two points x,y € S can be joined by exactly one geodesic of length d(x,y), which
belongs entirely to S.

Definition 2.6. ([4, Definition 3.3]). Let M be a Riemannian manifold and 7 :
M x M — TM be a function such that n(z,y) € T, M for each x,y € M. Let S C M
be a geodesic invex set with respect to . We say that a function f : S — R is geodesic
n-preinvex if

flagy(t) <tf(zx)+(1—1t)f(y), forallte[0,1], z,y €S,

where a , is the unique geodesic which defined by Definition 2.5. If the inequality is
strict, then we say that f is a strictly geodesic n-preinvex function.
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3. GEODESIC E-INVEX SETS AND GEODESIC E-PREINVEX FUNCTIONS

The definition of a preinvex function on R"™ was given in [20], see also [3,14,21]
for the properties of preinvex functions. Fulga and Preda [7] introduced the class of
E-preinvex and E-quasi-preinvex functions defined on R™. In [4,10,11], this notion
has been extended for Reimannian manifolds.

Throughout the paper, let £ : M — M and n: M x M — T M be fixed mappings.
We now introduce the concept of geodesic E-invex sets and geodesic F-preinvex
functions on a Riemannian manifold as follows.

Definition 3.1. Let M be a Riemannian manifold and n : M x M — T'M be a
function such that n(z,y) € T,M for each z,y € M. A nonempty subset S of M is
said to be geodesic E-invex with respect to 7 if for each x,y € S there exists exactly
one geodesic ag(y). gy : [0,1] — M such that

ap@),ew) (0) = E(Y),  ape),ee0) =n(E(), E(y)),
OéE(m),E(y)(Zf) €S, forallte [O, 1].

Note that, in the special case, let M :=R", n : R" x R® — R" be a function. Consider
Qzy : [0,1] = R™ is defined by o, (t) ==y + tn(z,y) for all t € [0,1]. Then

' (0) = Jim Qe = @ (0) vt y) =y

ary(0) =y, a,(0) = lim ; lim ; = n(z,y),

and oy, (t) € S for all t € [0, 1] because S is invex with respect to 7. Therefore, the
definition of geodesic invexity and geodesic E-invexity coincide in R".

Definition 3.2. Let M be a Riemannian manifold and S C M be a geodesic E-invex
set with respect ton: M x M — TM. A function f :S — R is said to be geodesic
E-preinvex with respect to n if

flapw),ewt) <tf(E(x))+ (1 —t)f(E(y), foralltel0,1], z,y €S,

where a gy, g (y) is the unique geodesic which defined by Definition 3.1. If the inequality
is strict, then we say that f is strictly geodesic E-preinvex with respect to 7.

Let M :=R" and S C R" be a geodesic invex set with respect to n : R" x R" — R™.
Consider a, ,(t) =y + tn(z,y) for all t € [0,1]. Then f(a,,(t) = f(y +tn(z,y)) <
tf(x) 4+ (1 —1t)f(y), i.e., the definition of geodesic preinvex and geodesic E-preinvex
coincide for a function f: S C R” — R whenever M = R".

From now on, for simplicity, we will call geodesic E-invex set with respect to n,
geodesic E-quasi-preinvex set with respect to 1, geodesic E-preinvex function with
respect to n and geodesic F-quasi-preinvex function with respect to n by geodesic
FE-invex set, geodesic F-quasi-preinvex set, geodesic E-preinvex function and gedesic
FE-quasi-preinvex function, respectively.

We now give some results related to geodesic E-convex sets on Riemannian mani-
folds (see also [1]).
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Proposition 3.1. Every geodesic invex set A C M is geodesic E-invex.

Proof. The proof is obvious by taking the mapping £ : M — M as the identity
map. 0

Proposition 3.2. Let A be a subset of M. If A is a geodesic E-invex set, then
E(A) C A.

Proof. Since A is geodesic E-invex set, then for each x,y € A there exists exactly

one geodesic ap() pw) © [0,1] — M such that ap@)py)(0) = E(Y), dpe) pe)(0) =

n(E(z), E(y)) and age)pe(t) € A for all t € [0,1]. Put ¢ := 0, then E(y) =

OéE(Z)’E(y)(O) € A, so, E(A) C A. 0
be

Proposition 3.3. Let E(A)
FE-invex set.

an invex set. If E(A) C A, then A is a geodesic

Proof. Let z,y € A be arbitrary. Then E(z), E(y) € E(A). Since E(A) is invex with
respect to 7, thus there exists exactly one geodesic ap(), i(y) : [0,1] = M such that
ap@),Bw) (0) = E(Y), g e (0) = n(E(z), E(y) and ape), e (t) € E(A) € A for
all t € [0, 1], hence, A is a geodesic E-invex set. U

Proposition 3.4. If {A;}ics is an arbitrary collection of geodesic E-invexr subsets of
M with respect to the mapping E : M — M, then M;crA; is a geodesic E-invex subset
of M.

Proof. Let {A;}ier be a collection of geodesic E-invex subsets of M with respect
to the mapping E : M — M. If Nie;A; = 0, we are done. Let x,y € NM;erA; be
arbitrary. Then x,y € A; for all ¢+ € I. By the geodesic E-invexity of A;, there
exists exactly one geodesic () @) : [0,1] = M such that age) pw(0) = Ey),
Vp).5w)(0) = 1(E(2), E(y)) and ap@) ey (t) € A; for all t € [0,1] and all i € I,
which implies that ag) pw) (t) € Nierd; for all t € [0,1], and hence, Nics4; is a
geodesic F-invex set. 0

Lemma 3.1. Let A C M be a geodesic Ey-invex and FEs-invex set. Then A is a
geodesic Fy o Fs-invexr and Fy o Ey-invex set, where Ey, Ey : M — M are arbitrary
mappings.

Proof. By the hypothesis, since A C M is a geodesic Ei-invex and Fs-invex set,
then for each z,y € A there exist exactly one geodesic ag,(m).m ) : [0,1] = M
such that ag, (@),6,()(0) = EL(Y); O, (2),5,¢,)(0) = 1(E1(@), E1(y)), OBy @),5.0) (t) € A,
and exactly one geodesic ap,(2) Ea(y) ¢ [0,1] — M such that ap,(q)me) (0) = Ea(y),
Uy (), (0) = N(Ea(2), E2(y)) and ap, @), m)(t) € A for all ¢ € [0,1]. Now, let
x,y € A be arbitrary. Put zy := Ey(z) and yo := Es(y). Thus, in view of Proposition
3.2, we conclude that xg,yg € A. Therefore,

O‘EloEz(m),EmEz(y)(O) = aE1($o),E1(yo)(0) = El(yO) =Fko E2(3/>
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and

V0B (2),FroFa(r)(0) = Oy (20). 51 (wo) = M E1(T0), E1(y0)) = (B 0 Ea(x), By o Esx(y))
and

aElOEQ(I),ElOEQ(y)(t) = aEl(wo),E1(yo)(t) €A, forallte [0, 1],
so, A C M is a geodesic E; o Fy-invex set. Similarly, A C M is a geodesic Fyo E;-invex
set. L]

Theorem 3.1. Let A C M be a geodesic inver set with respect to the function
n:MxM —TM and f : A — R be a geodesic n-preinver function. If g : I CR — M
is an increasing (strictly increasing) convez function such that ran(f) C I, then go f
is geodesic (strictly geodesic) n-preinvex function on A.

Proof. Since f is a geodesic n-preinvex functin, we have f(a,,(t)) < tf(x)+(1—1)f(y)
for all z,y € A and all ¢ € [0, 1], where o, is the unique geodesic which defined by
Definition 2.5. Since g is an increasing convex function, we get

9lf (aay ()] < gl(1 = 1) f(y) + tf(x)]
< (1 —=1)g(f(y) +tg(f(x))
= (1 =1t)(go )y) +tlgo f)lx),
which shows that g o f is a geodesic n-preinvex function on A. Similarly, we can show

that g o f is a strictly geodesic n-preinvex function if g is a strictly increasing convex
function. U

Theorem 3.2. Let A C M be a geodesic E-invex set, and let f; : A — R, 1=1,....p
be a geodesic E-preinvex function. Then, f = Y0 | \ifi is a geodesic E-preinvex
function on A with respect to the function n, where \; € R with \; >0, 1 =1,...,p.

Proof. By the hypothesis, for each ¢+ = 1,...,p, one has

filap@) ew@t) < (1 —1)fi(E(y)) + tfi(E(r)),
where ap(y),B(y) is the unique geodesic which defined by Definition 2.5. It follows that

Aifilap@),ew) () < (1 =O)Nfi(E(y)) +tAfi(E(z)),

and hence
p p p
Y Aifilap@ew®) < (1 =1 X Nfi(E(y)) +t > Nifi(B(2)),
i=1 i=1 i=1
which completes the proof. 0

Proposition 3.5. Let M be a Riemannian manifold and A C M be a geodesic E-
invex set. Assume that E : M — M is an idempotent mapping (i.e., E* = E). Suppose
that fo E : A — R is a geodesic E-preinvex function. Then the following holds.

(1) Every lower level set of foE which defined by S(foE,\):={x € A: (foE)(x) <
A}, A €R, is a geodesic E-invex set with respect to the function n: M x M — TM.
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(17) The solution set K of the following optimization problem:
(P) min(f o E)(z) subject to x € A,

is a geodesic E-invex set.
Moreover, if f is a strictly geodesic E-preinvex function, then K contains at most
one point.

Proof. (i) Let z,y € S(f o E,\) C A be arbitrary. Since A is a geodesic E-
invex set with respect to the function 7, then there exists exactly one geodesic
ap@), B 0,1 = M such that ape),pw)(0) = E(Y), ape) g 0) = n(E(), E(y))
and apgy),pu) (t) € Aforallt € [0,1]. By the geodesic E-preinvexity of f o E, we have
(f ° E)(ap@),em)(t) < tF(E(E()) + (1 - 1) f(E(E(y)))

=t(f o E*)(z) + (1 = t)(f o E*)(y)

= tf(E(x)) + (1 - 1) f(E(y))

<A+ (1—t)A

=, forallte]0,1].
Therefore, g, py)(t) € S(foE, ) for all t € [0,1], and so, S(f o E,\) is a geodesic
E-invex set with respect to the function 7.

(17) Put a := inf,ea(f o E)(z). Then, clearly K = NysoS(f o E,\), i.e., K is an
intersection of geodesic F-invex sets, and so in view of Proposition 3.4, it is a geodesic
E-invex set.

Now, suppose that f is a strictly geodesic E-preinvex function. If K = (), we are
done. Assume that K # (). We claim that K has only one point. Assume if possible
that there exist z,y € K such that x # y. Then, by the geodesic E-invexity of K

with respect to the function 7, there exists exactly one geodesic Sg(z) r() : [0,1] = M
such that

Be@).Ew)(0) = E®),  Bpw).pe(0) =n(E(z), E(y)),
and Bp(z),pw (t) € K for all t € [0,1]. Since f is a strictly E-preinvex function, thus

a = f(Bew.pw (1)
<tf(E(x) + (1= 1)f(E(y)
<ta+(l-t)a
=a, forallte]l0,1],

which is a contradiction. O

4. GENERALIZED GEODESIC F-PREINVEX FUNCTIONS

In [16], it has been introduced the notion of n-quasi-preinvex functions on an invex
set. In [2], this notion extended to geodesic n-quasi-preinvexity on a geodesic invex
set by replacing the line segments with geodesics. In this section, we extend this
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concept and define geodesic E-quasi-preinvex functions. Moreover, some properties
and characterizations of this class of functions are presented.

Definition 4.1. Let A C M be a nonempty geodesic E-invex set with respect to
n:MxM—TM. A function f: A — R is said to be
(1) geodesic E-quasi-preinvex if

flap@),ewt) <max{f(E(x)), f(E(y))},

for all z,y € A and all t € [0, 1];
(17) strictly geodesic E-quasi-preinvex if for all 2,y € A with E(z) # E(y) and all

t €(0,1), flapw),ewt) <max{f(E()), f(E(y))}

Theorem 4.1. Let A C M be a geodesic E-invex set and let {f;}icr be a collection
of real valued functions defined on A such that sup;c; fi(x) is finite for each x € A.
Let f: A — R be defined by f(x) := sup;¢; fi(x) for each x € A.

(1) If f; : A— R, 1 €1, is a geodesic E-preinver function on A with respect to the
function n: M x M — T M, then the function f is geodesic E-preinver on A.

() If fi : A = R, i € I, is a geodesic E-quasi-preinver function on A, then the
function f is geodesic E-quasi-preinvex on A.

Proof. (i) Let f; : A — R, i € I, be a geodesic E-preinvex function on A. Then, for
each z,y € A and each t € [0, 1], we have

filap@),ew(t) < (1=1)fi(E(x)) +tfi(E(y), foralliel,

and so
flap@),Bw(t) = sup filap@),ew)(t))

< sup[(1 — ) fi(E(x)) + tf:( E(y))]

il
<(1-1) sup fi(E(z)) + tslel}) fi(E(y))
= A=) f(E(x)) +tf(E(y)).
So, f is a geodesic E-preinvex function on A.
(#7) Suppose that f; : A - R, i € I, is a geodesic E-quasi-preinvex function on A.
Therefore, by Definition 4.1, for each z,y € A and each ¢ € [0, 1], one has

J(op@),em) (1) = sup filap), B (t))
< sup max{ f;(E(z)), fi(E(y))}

< maX{Sfé? fi( E(z)), Sup fi(E(y))}
= max{f(E(r)), f(E(y))},

and hence, f is a geodesic F-quasi-preinvex function on A. O
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Let A C M be a nonempty geodesic E-invex set. It follows from Proposition 3.2
that £(A) C A. Hence, for any function f: A — R, define the restriction f of f to
E(A) by f(Z) := f(Z) for all z € E(A).

Theorem 4.2. Let A C M be a geodesic E-invex set and let f : A — R be a geodesic
E-quasi-preinvex function on A. Then the restriction f : C'— R of f to any nonempty
invez subset C' of E(A) is a geodesic n-quasi-preinvex function on C.

Proof. Let z,y € C' C E(A) be arbitrary. Then there exist x;,y; € A such that
x = FE(z;) and y = E(y;). Since C is an invex set, there exists exactly one geodesic
OB (),E@y) * [0,1] = M such that a,,(0) =y, o, (0) = n(z,y) and a4 (t) € C for all
t € [0,1]. But, ag,),eu)(t) = azy(t) € C for all t € [0,1]. Therefore, since f is a
geodesic F-quasi-preinvex function on A, we conclude that

flaay () = f(ap@) B (1))
< max{f(E(z1)), f(E(y1))}
= max{f(z), f(y)}
= max{f(z), f(y)},
which completes the proof. O

Theorem 4.3. Let A C M be a geodesic E-invex set, f : A — R be a real valued
function and E(A) be an invex set. Then, [ is geodesic E-quasi-preinvex on A if and
only if its restriction f to E(A) is geodesic E-quasi-preinvex on E(A).

Proof. Let x,y € A be arbitrary. So, E(z), E(y) € E(A). By the hypothesis, E(A)
is an invex set. Therefore, by the definition, we have ap() ) (t) € E(A) for all
t € [0,1], where ap() gy is the unique geodesic function corresponding to E(A).
Since E(A) C A (because A is a geodesic E-invex set and using Proposition 3.4), it
follows that

(4.1) Op@),By)(t) € A, forallt €[0,1],z,y € A.

Now, suppose that f is a geodesic E-quasi-preinvex function on A. Then

f(aE(x)E(y) () = f(O‘E(w)E(y) (t))
< max{f(E(z)), f(E(y))}
= max{f(E(x))a f(E(y))},

i.e., f is geodesic E-quasi-preinvex on E(A).
Conversely, assume that f is a geodesic E-quasi-preinvex function on E(A). Then,
by (4.1), for each z,y € A and each ¢ € [0, 1], one has

flap@),em)(t) = fapwe).ew(t))
< max{f(E(x)), f(E(y))}
= max{ f(E(r)), f(E(y))},
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and the proof is complete. O

An analogous result to Theorem 4.2 for the geodesic E-preinvex functions is presented
as follows. The proof is similar to the one of Theorem 4.2.

Theorem 4.4. Let A C M be a geodesic E-invex set and f: A — R be a geodesic
E-preinvex function on A. Then, the restriction f : C — R of f to any nonempty
invez subset C' of E(A) is a geodesic invez function.

An analogous result to Theorem 4.3 for the geodesic E-preinvex functions is pre-
sented as follows. The proof is similar to the one of Theorem 4.3.

Theorem 4.5. Let A C M be a geodesic E-inver set, f : A — R be a real valued
function and E(A) be an inver set. Then, f is a geodesic E-preinver function on A
if and only if its restriction f to E(A) is a geodesic E-preinvezr function on E(A).

We now characterize geodesic E-quasi-preinvex functions in terms of their lower
level sets. For any real number r € R, the lower level set of the function foE : A — R
is defined by L,(fo E) :={zx € A: (f o E)(x) = f(E(x)) < r}. Moreover, the lower
level set of the function f : E(A) — R is defined by L.(f) := {& € E(A) : f(i) =
f(Z) <r}.

Theorem 4.6. Let E(A) be an inver set and f : A — R be a real valued function. A
function f is geodesic E-quasi-preinvex if and only if the lower level set L,.(f) is an
invex set for each r € R.

Proof. Suppose that f is a geodesic E-quasi-preinvex function. Since F(A) is an invex
set, for each z,y € A, we have E(z), E(y) € E(A) and ag@)pu(t) € E(A) C A,
where ap(y) g(y) 1s the unique geodesic which defined by Definition 2.5. Let r € R and

E(z), E(y) € L,(f) be arbitrary. Put Z := E(z) and § := E(y). Then, Z,7 € L,(f),
and so, f(Z) < r and f(g) < r. Thus,

flazg(t) = fop@).pw (1) <max{f(E(x)), f(E(y))} = max{f(T), f(§)} <7,

which shows that a;;(t) € L.(f) for all ¢ € [0,1]. Moreover, one has a;;(0) =
aE(w),E(y)(O) = E(y) = ¢ and a%,g(o) = O/E‘(z),E(y)(O) = n(E(z), E(y)) = n(Z,7)
because E(A) is an invex set. Hence, L, (f) is an invex set.

Conversely, assume that L, ( f) is an invex set for each r € R. Let x,y € A and
t € [0,1] be arbitrary. Take r := max{f(F(z)), f(E(y))} and & := E(x), § := E(y).
Therefore, f(Z) = f(E(x)) <rand f(7) = f(E(y)) < r because E(z), E(y) € E(A).
This implies that Z,§ € L,(f). Since, by the hypothesis, L,(f) is an invex set, so there
exists exactly one geodesic oz : [0,1] — M such that az3(0) = g, o} ;(0) = n(Z, )
and az 5(t) € L,(f) for all t € [0,1]. Then, since L,(f) € E(A), it follows that

s pw) 1) = flazg(t) = flazg(t) < v =max{f(E(z)), f(E(y))},

and so, f is a geodesic F-quasi-preinvex function. O
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The geodesic E-quasi-preinvexity preserves under nondecreasing functions.

Theorem 4.7. Let A C M be a nonempty geodesic E-invex set and let f: A — R
be a geodesic E-quasi-preinvex function. Suppose that ® : R — R is a nondecreasing
function. Then ® o f is a geodesic E-quasi-preinvexr function on A.

Proof. Since the function f: A — R is geodesic E-quasi-preinvex and & : R — R is a
nondecreasing function, then, for all z,y € A and all ¢ € [0, 1], it follows that

(@ o f)(ap@).zm)(t) = Q(f(@p@).Ew (1))
< ®{max{f(E(z)), [(E(y))}
< max{®(f(E(x)), (f(E(y)))}
= max{(® o f)(E(z)), (®o [)(E(y))},

which shows that ® o f is a geodesic E-quasi-preinvex function on A. U

Theorem 4.8. If the function f: A — R is geodesic E-preinvexr on A, then f is a
geodesic E-quasi-preinvex function on A.

Proof. Let f be geodesic E-preinvex on A. Then, for all z,y € A and all t € [0, 1], we
have

flap@),ee @) <(1 =) f(E(y)) +tf(E())
<(1 —t)max{f(E(x)), f(E(y))},
+tmax{f(E(z)), f(E(y))}

=max{f(E(z)), f(E(y))},

and hence, f is a geodesic E-quasi-preinvex function on A. 0
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ON UNIFORMLY STRONGLY PRIME I'-SEMIHYPERRING
JITENDRASING J. PATIL! AND KISHOR F. PAWAR?

ABSTRACT. The I'-semihyperring is a generalization of the concepts of a semiring,
a semihyperring and a I-semiring. The concepts of uniformly strongly (weak) prime
I'-semihyperring and essential extension for the I'-semihyperring are introduced and
studied some important properties in this respect. It is proved that any essential
extension of a uniformly strongly prime I'-semihyperring is a uniformly weak prime
I'-semihyperring. Also strongly prime radical of a I'-semihyperring is introduced
and its characterization is made with the help of a super sp-system. A necessary
and sufficient condition for a ideal of I'-semihyperring to be a right strongly prime
ideal is provided with the help of sp-system and super sp-system.

1. INTRODUCTION AND PRELIMINARIES

In 1975, Hadelman and Lawrence [4] introduced the notion of strongly prime ring
motivated by the notion of primitive group ring and proved some properties of strongly
prime rings. In 2006, Dutta and Das [2] introduced the notion of strongly prime ideal
in a semiring and strongly prime semiring. Again in 2006, Dutta and Dhara [3]
introduced the concept of uniformly strongly prime I'-semirings and studied uniformly
strongly prime k-radical of a I'-semiring as special class via its operator semiring.
The notion of essential ideal and essential extension for semirings was introduced and
studied some important properties in this respect by Pawar and Deore [7].

The notion of hypergroup was introduced by Marty [5] in 1934. After that, many
authors studied algebraic hyperstructure which are generalization of classical alge-
braic structure. In classical algebraic structure, the composition of two elements is
an element, while in an algebraic hyperstructure composition of two elements is a

Key words and phrases. Prime I'-semihyperring, uniformly strongly prime I'-semihyperring, super
Sp-system.
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set. Let H be a non-empty set. Then, the map o : H x H — o*(H) is called a
hyperopertion, where ©*(H) is the family of all non-empty subsets of H and the
couple (H, o) is called a hypergroupoid. Moreover, the couple (H, o) is called a semi-
hypergroup if for every a,b,c € H we have (aob)oc = ao (boc). The notion of
[-semihyperrings as a generalization of semiring, semihyperring and I'-semiring was
introduced by Dehkordi and Davvaz [8]. Also, Pawar et al. [6] introduced regular
(strongly regular) I'-semihyperrings and made it’s characterization with the help of
ideals in I'-semihyperrings.

In now days hyperstructure theory was studied widely as it has vast applications in
various streams of sciences. In this paper, we extended various concepts of classical
algebraic structure to a I'-semihyperring. In Section 2, we introduced the notion of
uniformly strongly prime I'-semihyperring, essential ideal and essential extension for I'-
semihyperring and proved some important properties. In Section 3, we introduced the
notion of right strongly prime ideal and super sp-system. These concepts are studied
analogously with the concepts of classical algebraic structures which are studied in
2,3].

Here are some useful definitions and the readers are requested to refer [8].
Definition 1.1. Let R be a commutative semihypergroup and I' be a commutative
group. Then, R is called a T'-semihyperring if there is a map R X I' x R — o*(R)
(images to be denoted by aab for all a,b € R and a € I') and p*(R) is the set of all
non-empty subsets of R satisfying the following conditions:

(1) ac(b+ ¢) = aab + aac;
(2) (a+ b)ac = acc + bac;
(3) ala+ f)c = aac + afc;
(1) aa(bfe) = (aab)Be,
for all a,b,c € R and for all o, 5 € T'.

Definition 1.2. A I'-semihyperring R is said to be commutative if aab = baa for all
a,be Rand a €T

Definition 1.3. A I'-semihyperring R is said to be with zero, if there exists 0 € R
such that a € a +0 and 0 € Oaa, 0 € a0 for all a € R and a € T.

Let A and B be two non-empty subsets of a I'-semihyperring R and z € R. Then
A+B={z|x€a+bacAbec B},
ATB={z |z €aaba € A,be B,a €T}.
Definition 1.4. A non-empty subset R; of ['-semihyperring R is said to be a I'-

subsemihyperring if it is closed with respect to the addition and multiplication, that

iS, R1 + Rl g R1 and erRl Q Rl.

Definition 1.5. A right (left) ideal I of a I'-semihyperring R is an additive sub
semihypergroup of (R, +) such that II'R C I(RI'I C I). If I is both right and left
ideal of R, then we say that [ is a two sided ideal or simply an ideal of R.
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2. UNIFORMLY STRONGLY (WEAK) PRIME I'-SEMIHYPERRINGS

Definition 2.1. A I'-semihyperring R is said to be a finitely multiplicative if F' and
G are finite subsets of R and A is finite subset of I', then FFAG is finite subset of R.

Definition 2.2. A I'-semihyperring R is said to be a finitely additive if F' and G are
finite subsets of R, then F' 4 G is finite subset of R.

Ezample 2.1 ([6]). Consider the following:

R:{<x Y ) |x,y,z,w€R},
Z w

I'={z|z€eZ},

Aa:{<06a ()?b) |a,beR,aeF}.

Then, R is a I'-semihyperring under the matrix addition with hyperoperation Ma/N >
MALN for all M, N € R and a € I". Here R is a finitely additive but not finitely
multiplicative.

Ezxample 2.2. Let X be a non-empty set and 7 is a topology on X. We define the
hyperoperation of the addition and the multiplication on 7 as A,B € 7,A+ B =
AUB,A-B = ANB. Then 7 is a I'-semihyperring, where I' is a commutative group,
if we define zay — x -y for every x,y € 7, € I'. Here 7 is a finitely additive as well
as finitely multiplicative.

Throughout this paper we consider that a I'-semihyperring R is always finitely
multiplicative, finitely additive and contains a zero element.

Definition 2.3. A I'-semihyperring R is called uniformly right strongly prime if there
exist a finite subset F' of R and a finite subset A of 'if 0 ¢ A C R and 0 € Ad; f), B
for all 61,92 € A and f € F implies that 0 € B. The pair (F,A) is called a uniform
right insulator for R.

Definition 2.4. A I'-semihyperring R is called uniformly right weak prime if there
exist a finite subset F' of R and a finite subset A of I" if 2(#£ 0) € R and 0 € x0; fdoy
for all 1,9, € A and f € F implies that y = 0. The pair (£, A) is called a uniform
right insulator for R.

Analogously we can define uniformly left strongly (weak) prime I'-semihyperring. It
is obvious that a uniformly right (left) strongly prime I'-semihyperring R is uniformly
right (left) weak prime.

Definition 2.5 ([1]). A I'-semihyperring R with zero is called prime if 0 € zarfy for
all € R and «, § € I implies that either x =0 or y = 0.

Theorem 2.1. A I'-semihyperring R is uniformly right weak prime if and only if
there exist finite subsets F' of R and A of I' such that for any two nonzero elements
x and y of R, there exists f € F and 61,95 € ' such that 0 & x6; fday.
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Proof. Let R be a uniformly right weak prime I'-semihyperring and (F,A) be a
uniform right insulator for R. Suppose z and y be a two nonzero elements of R and
0 € 261 fdoy, for all 6,00 € ' and f € F. Then we get y = 0, a contradiction. So
there exist f € F and 1,02 € I" such that 0 ¢ 26, fdoy.

Conversely, let for any two nonzero elements x and y of R there exist f € F' and
91,02 € T such that 0 ¢ xd; fooy. Consider a(# 0) € R and 0 € ad; fdzb, for all
01,00 € I and f € F so by our hypothesis b must be 0. Therefore, by definition
[-semihyperring R is uniformly right weak prime. 0

Theorem 2.2. A I'-semihyperring R is uniformly right strongly prime if and only if
there exist finite subsets F' of R and A of I' such that for any two non-empty subsets A
and B of R and 0 ¢ A,0 ¢ B, there exist f € F' and §y,05 € A such that 0 ¢ A, fo,B.

Corollary 2.1. A I'-semihyperring R is uniformly right weak (strongly) prime if and
only if R is uniformly left weak (strongly) prime.

So, we can use uniformly strongly (weak) prime instead of uniformly right (left)
strongly (weak) prime and uniform insulator instead of uniform right (left) insulator.

Proposition 2.1. A uniformly weak prime I'-semihyperring is prime.

Proof. Let R be a uniformly weak prime I-semihyperring and (F,A) is a uniform
insulator for R. Let z(# 0) € R and 0 € zarfy for all a, 8 € I' and r € R. Now,
FC Rand A C T, s00 € xd,fday, for all 61,00 € A and f € F. Since R is a
uniformly weak prime I'-semihyperring and (F, A) is a uniform insulator for R, then
y = 0. Therefore, by definition, R is a prime I'-semihyperring. 0

Proposition 2.2. If R is uniformly weak prime I'-semihyperring, then for nonzero
ideal I of R, there exist finite subsets F' of I and A of I such that 0 € foy for all
feF andd e A, theny=0.

Proof. Let I be a nonzero ideal of a uniformly weak prime I'-semihyperring R and
(F,A) is a uniform insulator for R. Let x(# 0) € I. Then F’ = 2AF is finite subset
of I. Also if 0 € 8, fooy for all 81,0, € A and f € F, then y = 0. Then 0 € f 9y, for
all ' € F',6 € A implies that 0 € 26, fdoy, for all §;,0, € A and f € F gives that
y = 0. This complete the proof. 0

Definition 2.6. A nonzero ideal I of a I'-semihyperring R is called an essential ideal
of R if for any nonzero ideal J of R, (£ 0) € I N J.

Definition 2.7. A T'-semihyperring T is said to be an essential extension of a I'-
semihyperring R if R is an essential ideal of 7.

Definition 2.8. Let A be a non-empty subset of a ['-semihyperring R. Right annihi-
lator of A in R, denoted by ann,(A), is defined as ann,.(A) = {z € R | 0 € aax for
alla € A,a eT'}.

Similarly, we can define left annihilator of A in R, i.e., ann;(A).
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Lemma 2.1. Let R be a I'-semihyperring and T be its essential extension. If R is a
uniformly strongly prime I'-semihyperring, then for each nonzero x of T, 0 € xaf for
allw € T, f € F implies that x € ann,.(R) and 0 € fax for alla € T, f € F implies
that x € anny(R), where (F,A) is a uniform insulator for R.

Proof. Let T be an essential extension of a uniformly strongly prime I'-semihyperring
R and (F,A) is uniform insulator for R. Let z(# 0) € T and 0 € zaf for all
a € ,f € F. Then 0 € (kvyx)d;fos(kvyx) for all 61,0, € A,y € T, f € F and
k € R. Since R is a uniformly strongly prime I'-semihyperring and (F, A) is a uniform
insulator for R,0 € kyzx for all k € R,y € T, i.e., x € ann,(R).

On similar lines, we can prove 0 € fax for all @ € I', f € F implies that z €
anny(R). O

Lemma 2.2. If R is a uniformly strongly prime I'-semihyperring and I is an ideal
of R, then I is a uniformly weak prime I'-subsemihyperring.

Proof. Let R be a uniformly strongly prime I'-semihyperring and (F, A) be a uniform
insulator for R. If I is zero ideal, then obviously I is a uniformly weak prime I'-
subsemihyperring. Suppose I # 0 and r be a fixed nonzero element of I. Let
F' ={x € fiarBfs | f1,fo € F,a,5 € A}. Since I is an ideal of R and F, A are
finite subsets, I is finite subset of I. Let #(# 0) € T and y € I. If 0 € 26, f 6oy
for all 6,0, € A and f € F', then 0 € x0, fiarBfady for all fi, fo € F and for all
01,00, a, 0 € A, ie., 0 € 28y fra(rBf200y) for all fi, fo € F and for all 41,09, v, B € A.
Since rffdy C R, for all fo € F and for all 3,62 € A and R is a uniformly
strongly prime I'-semihyperring with z # 0, then 0 € rfSfydy for all fo € F and
for all 8,0, € A. But as r # 0 it gives y = 0. Hence, [ is a uniformly weak prime
I-semihyperring and (F', A) is uniform insulator for I. O

Definition 2.9. An element k of a ['-semihyperring R is additively aggressive with
respect to subset A of R if k belongs to aab(baa) and aac(caa) for all a € A and
a €T, then for any p € b+ ¢, k € aap (k € paa) for alla € A and o € T'.

Definition 2.10. An element k of a I'-semihyperring R is multiplicatively aggressive
with respect to subset A of R if k belongs to aab(baa) for all a € A and o € T, then
for any p € bat(p € tab), where a € T', t € R, we have k € aap(k € paa) for alla € A
and o € T

Example 2.1 zero element (zero matrix) is a multiplicatively aggressive.
Definition 2.11. An element k of a I'-semihyperring R is additively and multiplica-

tively aggressive with respect to all subset A of R, then k is aggressive element of a
['-semihyperring R.
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Example 2.3 ([6]). Let R = {a,b,c,d}. Then R is commutative semihypergroup with
following hyperoperations

a b c d
{a} | {a,b} | {a,c} |{a d}
{a,b} | {6} | {bc}|{bd} ]|
{a,c} [ {b,c} | {c} |{c.d}
{a,d} [ {b,d} | {c,d} | {d}

a b c d
{a} {a,b} |{a,b,c}|{a,b,c,d}
{a, b} {b} {b,c} {b,¢c,d}
{a,b,c} {b,c} {c} {c,d}
d|{a,b,c,d} | {bc,d}| {c d} {d}
Then R be a I'-semihyperring, where I'-is any commutative group with operation
xay — x -y for x,y € R and o € I'. Here a is a aggressive element of R.

ol |+

Ol

Theorem 2.3. If zero is an aggressive element of a I'-semihyperring R, then ann,(A)
is a right ideal of R and anni(A) is a left ideal of R. If A is an ideal of I'-semihyperring
R, then both annihilators are ideals of R.

Now in the rest part of the given section we consider zero as aggressive element of
[-semihyperring R.

Lemma 2.3. Let R be a uniformly weak prime I'-semihyperring and T be its essential
extension. Then both annihilators of R in T are zero.

Proof. Let (F,A) is a uniform insulator for R. If possible let ann,(R) # 0. Then
ann,.(R) is nonzero ideal of T'. Since R is an essential ideal of 7', ann,(R) N R # 0.
Let z(# 0) € ann,.(R) N R. Then 0 € kax, for all k € R,a € I'. As A C T and
F C R, it gives 0 € xd1rdsx for all 41,09 € A and r € F. Since R is a uniformly weak
prime I'-semihyperring, z = 0, a contradiction. Therefore ann,.(R) = 0.

Similarly, we can prove that ann(R) = 0. O

Lemma 2.4. Let R be a uniformly strongly prime I'-semihyperring with pair (F, A)
be a uniform insulator for R and T be its essential extension. Then for any nonzero
element x of T there exist some f € F, 0 € A such that 0 ¢ zdf.

Proof. Let (F,A) be a uniform insulator for R and 7" be an essential extension of R.
Let x be a nonzero element of T. Suppose that 0 € xdf for all 6 € A, f € F, then
by Lemma 2.1, = € ann,(R). Also, by Lemma 2.3, ann,(R) = 0, which implies that
x = 0, a contradiction. Therefore, 0 ¢ zd0 f for some f € F,0 € A. O

Lemma 2.5. Let R be a uniformly strongly prime I'-semihyperring with pair (F,A)
be a uniform insulator for R and T be its essential extension. Then for any nonzero
element x of T there exist some f € F, 6 € A such that 0 ¢ fix.
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Theorem 2.4. Any essential extension of a uniformly strongly prime I'-semihyperring
R is a uniformly weak prime I'-semihyperring.

Proof. Let (F,A) be a uniform insulator for R and 7" be an essential extension of
R. Let y,z be two nonzero elements of 7. Then by Lemmas 2.4 and 2.5, there
exist f1, fo € F and 01,02 € A such that 0 ¢ yd;f; and 0 ¢ fadez. Since R is an
ideal of T', so yd; fi and f2d22 are subsets of R. Again since R is uniformly strongly
prime and (F,A) be a uniform insulator for R, then by Theorem 2.2, there exist
o, € A and f € F such that 0 ¢ yo, fiafBfadez. Let F' = {k € fiafffa |0 ¢
yorfrafBfedaz; fi, f, fo € Fya, 3,01,00 € Ay, z € T} Then F' C T is finite subset,
since F' and A are finite subset. Hence, by Theorem 2.1, T is uniformly weak prime
I-semihyperring with insulator (F', A). OJ

3. RIGHT UNIFORMLY STRONGLY PRIME RADICAL

Definition 3.1. An ideal I of a I'-semihyperring R is said to be right strongly prime
if a ¢ I, then there are two finite sets F' C< a > and A C I' such that FAb C [
implies that b € I.

Definition 3.2. A subset G of a I'-semihyperring R is called an sp-system if for any
g € G there are two finite sets FF C< g > and A C I" such that (f0z) NG # () for all
feF,deAandze€QG.

Proposition 3.1. An ideal I of a I'-semihyperring R is a right strongly prime if and
only if R\ I is an sp-system.

Proof. Let I be a right strongly prime ideal of R and let g € R\ I. Then g ¢ I. So
there exists a finite subsets F' of < g > and A of I" such that FFAb C I implies that
bel, ie, (foz)N(R\I)#0forall fe F, € Aandze R\ I. Therefore, R\ I is
an sp-system.

Conversely, suppose R\ [ is an sp-system. Let a ¢ I. Then a € R\ I. So there
exists a finite subsets F' of < a > and A of T" such that (fdéz) N (R\ I) # 0 for all
feFdeAand z€ R\ I. Let FAb C I. Then FAbN (R\ I) = 0. If possible let
bé¢ I. Then b € R\ I which implies that (fob) N (R\I)# @ forall fe F,§ € A, a
contradiction. Hence, b € I. Therefore, I is a right strongly prime ideal of R. 0J

Definition 3.3. Right strongly prime radical of a I'-semihyperring R is a defined by
SP(R) =n{I | I is a right strongly prime ideal of R}.

Definition 3.4. A pair of subsets (G, P) where P is an ideal of a I'-semihyperring R
and G is a non-empty subset of R is called a super sp-system of R if G N P contains
no nonzero element of R and for any g € GG there are finite subsets F' of < g > and A
of T such that (féz)NG #(forall fe F,d€ Aand 2 ¢ P.

Remark 3.1. An ideal I of a I'-semihyperring R is a right strongly prime ideal if and
only if (R \ I, I) is super sp-system.
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Theorem 3.1. Let any I'-semihyperring R. Then x € SP(R) if and only if whenever
x € G and (G, P) is super sp-system for some ideal P of R, then 0 € G.

Proof. Let x € SP(R). If possible let © € G where (G, P) is a super sp-system and
0 ¢ G. Then GNP = (). By Zorn’s Lemma choose an ideal @) with P C @ and @ is
maximal with respect to GNQ = (. We now prove that @ is a right strongly prime ideal
of R. Let a ¢ Q. Then there is a g € G such that < ¢ >C Q+ < a >. Since (G, P)
is a super sp-system there exists a finite subsets F' = {f1, fa, ..., fm} €< g > and
A C T such that f;0:NG#Dforall f; e F,0€ Aand z¢ P. Since F C Q+ <a >
each f; € ¢; + a; for some ¢; € Q and a; €< a >. Let F* = {aj,as,...,an}-
Then F* C< a >. Let z € R such that f 0z C @Q for all f € F*, § € A. Then
fidz C (g +ai)dz C @ for all f; € F, § € A, ie, FAz C Q. If z ¢ @, then
fi6zN G # 0, because P C Q. But this contradict G N Q = (). Hence, z € Q must
hold. So, @ is a right strongly prime ideal. But = ¢ @, since x € G, which is a
contradiction. Hence, 0 € G.

Conversely, let whenever x € G and (G, P) is super sp-system for some ideal P of
R, then 0 € G. Then there exists a right strongly prime ideal I of R such that x ¢ I.
Then (R \ I,I) is a super sp-system where z € R\ I but 0 ¢ R\ I, a contradiction.
Hence, converse follows. 0
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APPLICATIONS POISSON DISTRIBUTION AND RUSCHEWEYH
DERIVATIVE OPERATOR FOR BI-UNIVALENT FUNCTIONS

ABBAS KAREEM WANAS' AND JANUSZ SOKOFE?

ABSTRACT. In this paper we establish upper bounds for the second and third
coeflicients of holomorphic and bi-univalent functions in a new family which involve
the Bazilevi¢ functions and S-pseudo-starlike functions under a new operator joining
Poisson distribution with Ruscheweyh derivative operator. Also, we discuss Fekete-
Szegd problem of functions in this family.

1. INTRODUCTION

Let A be the collection of functions f that are holomorphic in the unit disk D =
{|z|] < 1} in the complex plane C and that have the form:

(1.1) f(z):z—l—io:anz", z e D.
n=2

Further, let 8 be the sub-collection of A containing of functions which are univalent
in D. According to the Koebe one-quarter theorem (see [3]), every function f € 8§
has an inverse f~! such that f~!(f(2)) = 2, 2 € D, and f(f~'(w)) = w, |w| < ro(f),
ro(f) > . If f is of the form (1.1), then
(1.2)

fHw) = w — agw® + (2@% — a3> w® — (5@3 — bagas + a4) wh+ - w| < ro(f).

A function f € A is said to be bi-univalent in D if both f and f~! are univalent
in D. We denote by X the set of bi-univalent functions in . Srivastava et al. [19]
have apparently resuscitated the study of holomorphic and bi-univalent functions in

Key words and phrases. Bi-univalent function, (M, N)-Lucas polynomial, coefficient bound, Fekete-
Szegd problem, Poisson distribution, subordination, Ruscheweyh derivative.
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recent years. It was followed by such works as those by Frasin and Aouf [5], Goyal and
Goswami [6], Srivastava and Bansal [15] and others (see, for example [2,16-18,20]).

For the polynomials M (z) and N(x) with real coefficients, the (M, N)-Lucas Poly-
nomials Ly yx(x) are defined by the following recurrence relation (see [8]):

LM,N,k(x) = M(-x)LM,N,kfl(z) + N($)LM7N7k,2($), k 2 2,
with
(13) LM’N,O(ZE) = 2, LM7N’1(ZE) = M(I) and LM7N’2(£U) = M2<l’> + QN(Z‘)

The Lucas Polynomials play an important role in a diversity of disciplines in the
mathematical, statistical, physical and engineering sciences (see, for example [4,9,21]).
The generating function of the (M, N)-Lucas Polynomial Ly yx(z) (see [9]) is given
by

(1.4) Ty N@) () = i Ly p(w)2" = 1— ]\j(_x)j,\jixﬁ\j(a:)%

Let the functions f and g be holomorphic in D, we say that the function f is
subordinate to g, if there exists a function w, holomorphic in D with w(0) = 0 and
lw(z)| < 1, z € D, such that f(z) = g(w(z)). This subordination is indicated by
f<gor f(z) < g(z), z € D. Furthermore, if the function g is univalent in D, then
we have the following equivalence (see [10])

f(z) <9(2) & f(0) = g(0) and f(D)C g(DD).

A function f € A is called Bazilevi¢ function of order a, a > 0, if (see [14])

Re{m}m, z € D.

A function f € A is called S-pseudo-starlike function of order 3, 5 > 1, if (see [1])

RG{W} >0, zeD.

f(z)
Recall that a random variable X has the Poisson distribution with parameter 6, if
or —0
P(X=r)="", r=0123,.
r!

Recently, Porwal [11] introduced a power series whose coefficients are probabilities
of ”"Poisson distribution®

n 1

Qz—z—l—zn_l O 2eD,

where # > 0. By ratio test the radius of convergence of the above series is infinity.
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In 2016, Porwal and Kumar [12] introduced and investigated a linear operator
1(6,2) : A — A, 6 >0, by using the Hadamard product (or convolution) and defined

as follows
-1

10,2)f(z) = K(0,2) * —z+z a,2", 2 €D,

77 (13

where indicate the Hadamard product (or convolutlon) of two power series.
In this paper, for f € A we introduce a new linear operator Jj : A — A by

(1.5) Bof(2) =1(0,2) xR’

where R?, § € Ny = {0,1,2,...}, denote the Ruscheweyh derivative operator [13]
given by

> TI'(0+n)
ROf( 2" D.
z+ Z (0 + 1)T(n )a ',z €
It is easy to obtain from (1.5) that

> 0T (d+n)
4 _ 0 n
Jof(2) = —|—n:2 TG ) (F(n))Qe a,z", z €D,

where 0 > 0, 6 € Ny ={0,1,2,...}.

2. MAIN RESULTS
We begin this section by defining the family YT (A, a, 8,9, 6; h) as follows.

Definition 2.1. Assume that « > 0, 8 > 1,6 € Ny, 0 < A < 1,60 > 0 and h is
analytic in D, h(0) = 1. The function f € X is in the family Tx(«, 3,4, A, 0; h) if it
fulfills the subordinations:

e ggr) = (@0))

1—a + A é
(33/(2)) 91 (=)

(1-\) < h(2)

and

N B
wh=® (Hgffl(w)y N )\w ((Hgf_l(w)) )
(1) %I w)
where f~!is given by (1.2).

(1—=X <1l4ez+ez?+ -,

In particular, if we choose A = 1 in Definition 2.1, the family Yx(a, 3,9, A, 0; h)
reduces to the family Lx(f,d,0; h) of S-pseudo bi-starlike functions which satisfying

the following subordinations:
B
/
z ((Hgf (2)) )

35/ (2)

=< h(z)
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and

B

/

w( (@ w))
35 (w)

If we choose A = 0 in Definition 2.1, the family Tx(«, 3,0, A, 0; h) reduces to the

family Bx(a, d,0;h) of Bazilevi¢ bi-univalent functions which satisfying the following
subordinations:

< h(w).

S (831(2)
(33r()"

< h(z)

and /
w' = (357 (w))
(351 w))

If we choose A = 3 = 1 in Definition 2.1, the family Tx(«, 5,6, A, 8; h) reduces to the
family 8x(0,0; h) of bi-starlike functions which satisfying the following subordinations:

:(31(2)

afe) e

=< h(w).

and
w (357 (w))’
35 f M (w)
Theorem 2.1. Assume that « >0, §>1,0 €Ny, 0< A< 1land 0 >0. If f € ¥ of
the form (1.1) is in the class Tx(a, 8,0, A, 0; h), with h(z) = 1 +e1z2+ ez +-- -, then

=< h(w).

lea] _ e
(2.1) ] S A T e T DA D 0T )i’ A
and
_ e1| |ea  Ce? e1| |es (2B +CQ)e?

(2.2) |a3|§m1n{max{B,B—AQB},maX{B,B—AQB}},
where
(23) A=[1-XN(a+1)+AX28-1)](0+ 1),

B= i (1= \)(+2) + A(38 — 1)] (62 + 36 + 2)6%,

1
C

S =N+ 2) (@~ 1)+ A (2605 - 2) + 1)] (5 +1) 0% .

Proof. Suppose that f € Tx(«, 5,0, A, 0;;e1;e2). Then there exist two holomorphic
functions ¢, : D — D given by

(2.4) p(2) =riz 4+t +r3 4+, z€D,
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and
(2.5) Y(w) = syw + sow? + szw® + -+, weD,
with ¢(0) = (0) =0, |¢(2)| < 1, |¥(w)| <1, z,w € D such that

() (o))

(2.6) (1—=2MN) (3gf(z))1_a + ) =1+e1p(2) +eap?(2) +---
and
(2.7)
N B
wi=o (98 1 (w)) w ( (35f(w)
1—)) <30f ( )) <( ’ >) =1+ ep(w) + egp®(w) + - - -

) B

Combining (2.4), (2.5), (2.6) and (2.7), yield

(2.8)
N B
2o (g3(=) = ((8(2) 7 2
Y (3af(<:>)”) ! (agﬂz) ) = L+enz+ e +e(o)ri] 2+
and
(2.9)
N B
wlfa 1 w / w 3(5 -1 w
Ly () (@7 w)) et e ] e

) AW
It is quite well-known that if |¢(z)| < 1 and | (w)| < 1, z,w € D, we get
(2.10) 7] <1 and |s;/|<1, jeN

In the light of (2.8) and (2.9), after simplifying, we find that

(2.11) [(1=A)(a+1)+ A28 = D] (6 + 1be%ay = ey,
1
1
4 (A= N+ Da— 1)+ 22805 -2+ 1) (04 1P 02

(1= N)(a+2) + A3 —1)] (6% 4 30 + 2)0%cas

(2.12) =e g + o7y,
(2.13) —[(1=XN(a+1)+ 128 - D] (5 +1)0ePay = €15
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and

i (1= A+ 2) + A(38 — 1)] (62 + 36 + 2)6% (22 — a)

+ ;(1 —N(a+2)(a—1)+X(28(8—-2) + 1)} (6 + 1)2 622042
(2'14) =e182 + 625%.

Inequality (2.1) follows from (2.11) and (2.13). If we apply notation (2.3), then (2.11)
and (2.12) become

(2.15) Aay = e1r1, Bag+ Caj = eyry + eor?.
This gives

B ea  Cep\ ,
(216) aag =T9 —+ (61 - 142) T,

and on using the known sharp result [7, page 10]:
(2.17) [r2 — prf| < max {1, |u|},
for all p € C, we obtain

()] 061
€1 A?

€1
In the same way, (2.13) and (2.14) become

(2.18)

o < {1,

3

(2.19) — Aay = e151, B(2a3 — a3) + Cas = e155 + ea57.
This gives

B €9 (2B + C)Gl 2
(220) — ;lag = S9 + (61 — T Sy.

Applying (2.17), we obtain

B €9 (2B + C)Gl
2.21 — < L|l=——7.
221) 2l < max {1, i
Inequality (2.2) follows from (2.18) and (2.21). O

If we take the generating function (1.4) of the (M, N)-Lucas polynomials Ly y k()
as h(z) + 1, then from (1.3), we have ¢ = M(x) and e; = M?*(z) + 2N(z) and
Theorem 2.1 becomes the following corollary.

Corollary 2.1. If f € ¥ of the form (1.1) is in the class Tx,(c, 5,0, A, 0; Toar(z),n) —1),
then

| M ()]
(1=XN(a+1)+A28-1)] (6 +1)0e"

las| < [
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2

and

M?(x) +2N(z) CM?(x)

laz| < min {max {’M(x)

B |’ B A2B
- {|Ml<;;) | MQ(x)EQN(x) (2B +A%M2(x) }}

for all a, 3,6, A\, 0,2 such that « >0, 5 >1,0 €Ny, 0 <A<1,0>0andzx R,
where A, B,C" are given by (2.3) and Tyi(z),n(@) s given by (1.4).

In the next theorem, we discuss a bound for |az — na3| called "the Fekete-Szegd
problem*.

Theorem 2.2. If f € ¥ of the form (1.1) is in the class Tx(a, 8,9, \,0;h), then
(2.22)

2
a2 e

<@ min { max < 1 max < 1
_— B ) ) ) )

for all a, 3,0, X,0,m such that « >0, 5 >1, 0 €Ny, 0 <A <1,0>0andn e C,
where A, B,C are given by (2.3).

es  (C'—nB)e

€1 A2

e (2B+C —nB)e
€1 A2

Proof. We apply the notations from the proof of Theorem 2.1. From (2.15) and from
(2.16), we have

e e C —nB)e
(2.23) as — na% = El <r2 + (; _ (142)1> T%)

and on using the known sharp result |ro — pr?| < max {1, |u|}, we get

ez (C—nB)e }
In the same way, from (2.19) and from (2.20), we have

oA
e e 2B+ C —nB)e
(2.25) as —na; = _El <32 + (; _ T ) 1) s%)

Inequality (2.22) follows from (2.24) and (2.26). O

(2.24) laz — na3| < |€Bl|max {1,

and on using |sy — pust| < max {1, |u|}, we get

2B+ C —nB
(2.26) laz — na3| < gmax{l, e (2B+ nBle

€1 A2
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Corollary 2.2. If f € ¥ of the form (1.1) is in the class Tx(c, 3,0, X, 0; Tri(z),n@) —1),
then

a5 — a3 < ’ng)lmin{max{l, 'W(% 2)N<x> _(C=B) }
max{l 'M%) +2N(x) (2B +C —nB)M(x) }}
’ M(z) A2 )

for all o, 8,6, \,0,m,x such thata >0, 3>1,0 €Ny, 0<A<1,0>0,neC and
r € R, where A, B,C are given by (2.3) and T (z)n@) @5 given by (1.4).
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HALF LIGHTLIKE SUBMANIFOLDS OF A GOLDEN
SEMI-RIEMANNIAN MANIFOLD

NERGIZ (ONEN) POYRAZ!, EROL YASAR?, AND DOGAN DONMEZ3

ABSTRACT. We present half lightlike submanifolds of a golden semi-Riemannian
manifold. We prove that there is no radical anti-invariant half lightlike submanifold
of a golden semi-Riemannian manifold. We get results for screen semi-invariant
half lightlike submanifolds of a golden semi-Riemannian manifold. We prove the
conditions for integrability of distributions on screen semi-invariant half lightlike
submanifolds and investigate the geometry of leaves of distributions. Moreover, we
study screen conformal half lightlike submanifolds of a golden semi-Riemannian
manifold.

1. INTRODUCTION

The theory of lightlike submanifolds is a significant topic of research in modern
differential geometry. Lightlike submanifolds were developed by Duggal and Bejancu
[5] and Duggal and Sahin [9]. Class of lightlike submanifolds of codimension 2 is
called half lightlike or coisotropic submanifolds the according to the rank of its radical
distribution. This class is composed of two subclasses [6]. Half lightlike submani-
fold is a special case of the general r-lightlike submanifold such that r = 1 and its
geometry is more general form than that of coisotropic submanifold or lightlike hy-
persurface [5]. Screen semi-invariant half lightlike submanifolds of a semi-Riemannian
product manifold were studied in [3]. Real half lightlike submanifolds of an indefinite
Kaehler manifold were studied in [17]. Semi-invariant lightlike submanifolds of a
semi-Riemannian product manifold were presented in [2].
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Notion of a f-structure which is a (1,1)-tensor field of constant rank on N and
satisfies the equality f2 + f = 0. It is a generalization of almost complex and
almost contact structures. This notion is presented in [22]. It has been generalized
by Goldberg and Yano. They defined a polynomial structure of degree d which
is a (1,1)-tensor field f of constant rank on N and satisfies the equation Q(f) =
fa+agfi1i+---+asf +al =0, where aq, as,...,aq are real numbers and [ is
the identity tensor of type (1,1) [12]. The number ¢ = 1*—2‘/5 ~ 1.618... which is
a solution of the equation 2> — 2z — 1 = 0 represents the golden proportion. The
golden proportion has been used in many different areas such as in architecture,
music, arts and philosophy. Using the golden proportion, Crasmareanu and Hretcanu
defined a golden manifold N by a tensor field P on N satisfies P2 = P + I in [4].
They also defined golden Riemannian manifolds and studied their submanifolds in
[15]. Sahin and Akyol introduced golden maps between golden Riemannian manifolds
and showed that such maps are harmonic maps [21]. Gok, Keles and Kili¢ studied
some characterizations for any submanifold of a golden Riemannian manifold to be
semi-invariant in terms of canonical structures on the submanifold, induced by the
golden structure of the ambient manifold [13]. Poyraz and Yasar introduced lightlike
hypersurfaces of a golden semi-Riemannian manifold [20]. Moreover several works in
this direction are studied [1,10,11].

In this paper, we introduce half lightlike submanifolds of a golden semi-Riemannian
manifold. In Section 2, we give basic concepts. In Section 3, we introduce half
lightlike submanifolds of a golden semi-Riemannian manifold. We define invariant,
screen semi-invariant and radical anti-invariant half lightlike submanifolds. Moreover,
we prove that there is no radical anti-invariant half lightlike submanifold of a golden
semi-Riemannian manifold. In Section 4, we obtain results for screen semi-invariant
half lightlike submanifolds. We prove the conditions for integrability of distributions
on screen semi-invariant half lightlike submanifolds and investigate the geometry of
leaves of distributions. We also give two examples. We find condition for its Ricci
tensor to be symmetric. In Section 5, we investigate screen conformal half lightlike
submanifolds of a golden semi-Riemannian manifold.

2. PRELIMINARIES

Let N be an n-dimensional differentiable manifold. If a tensor field P of type (1,1)
satisfies the following equation

(2.1) PP=P+1,

then P is called a golden structure on N, where I is the identity transformation [14].
Let (N, §) be a semi-Riemannian manifold and P be a golden structure on N. If
P satisfies the following equation

(2:2) §(PX,Y) = §(X, PY),
then (N, g, P) is called a golden semi-Riemannian manifold [19].
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Let (N, g, P) be a golden semi-Riemannian manifold. Then the equation (2.2) is
equivalent to

(2.3) G(PX,PY)=g§(PX,Y)+ §(X,Y),

for any X,Y € T'(TN). )
If ' is an almost product structure on N, then

pP= ;(I+\/5F)

is a golden structure on N. Conversely, if P is a golden structure on N, then

1 ~
F=—02P—-1
P -1)
is an almost product structure on N [4].
Let N, and N, be real space forms with constant sectional curvatures c, and ¢,
respectively. Then similar calculations of semi-Riemannian product real space form
(see [23]), one obtains the Riemannian curvature tensor R of a locally golden product

space form (N = N,(c,) x N,(c,), 3, P) as the following

R(X,Y)Z = (- (1= ¢)e, = ¢CQ> {3(Y, 2)X — §(X, 2)Y + §(PY, Z)PX

2v/5
(2.4) — §(PX,2)PY} + (— (1= gb)j” i ¢Cq> {3(PY, 2)X

— §(PX,2)Y +§(Y,Z)PX — §(X, Z)PY}.

Let (N, g) be an (n + 3)-dimensional semi-Riemannian manifold of index ¢ > 1 and
N be a lightlike submanifold of codimension 2 of N. Then the radical distribution
Rad(TN) = TN N TNt of N is a vector subbundle of the tangent bundle TN and
the normal bundle TN+ of rank 1 or 2. If rank(Rad(TN)) = 1, then N is called
half lightlike submanifold of N. Then there exist complementary non-degenerate
distributions S(TN) and S(T'N*) of Rad(TN) in TN and TN, which are called the

screen and the screen transversal distribution on N respectively. Thus, we have
(2.5) TN = Rad(TN) L S(TN), TN* = Rad(TN) L S(TN*').
Choose L € T(S(TN1)) as a unit vector field with § (L, L) = e = +1. Consider the

orthogonal complementary distribution S(TN)* to S(T'N) in TN. Then ¢ and L
belong to T(S(T'N)L). Thus, we obtain

S(TN)* = S(TN*Y) L S(TN*Y)*,

where S(TN+)% is the orthogonal complementary to S(TNL) in S(TN)L. For any
null section ¢ € Rad(TN) on a coordinate neighborhood U C N, there exists a
uniquely determined null vector field N € I'(ltr(T'N)) satisfying

g(N.§) =1, §(N,N)=g(N,X)=g(N,L)=0, forall X €I (TN).
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We call N, Itr(TN) and tr(TN) = S(TN*) L itr(TN) the lightlike transversal
vector field, lightlike transversal vector bundle and transversal vector bundle of N
with respect to S(T'N), respectively. Hence we have

TN =TN & tr(TN)
(2.6) — {Rad(TN) & ltr(TN)} L S(TN) L S(TN*).

Let V be the Levi-Civita connection of N. Using (2.6) we define the projection
morphism @ : T'(T'N) — I'(S(T'N)). Hence we derive

(2.7) VxY = VxY + D (X,Y)N + Dy(X,Y)L,
(2.8) VxU = —AyX + ViU,

(2.9) VxN = —AxX +7(X)N + p(X)L,

(2.10) VxL=—-A.X +(X)N

(2.11) VxQY = ViQY + E(X,QY)¢,

(2.12) Vx{=—-A: X - 7(X)§,

for any X,Y € I(TN), ¢ € I'(Rad(TN)), U € T'(tr(I'N)), N € T'(itr(T'N)) and
L e F(S (TN1)). Then V and V* are called induced linear connections on TN and
S (T N ) respectively, Dy and D, are called the local second fundamental forms of
N, C is called the local second fundamental form on S(T'N). Ay, A and A are

called linear operators on TN. Also 7, p and ¢ are called 1-forms on T' N. Since
the connection V of N is torsion-free, V of N is also torsion-free and D; and Dy are
symmetric on TN. D; and D, satisfy

(2.13) Dy(X,€) =0, Dy(X,§) = —ep(X),

for all X € T'(TN).
The induced connection V of N is not metric and satisfies

(Vxg)(Y, Z) = Di(X,Y)n(Z) + Di(X, Z)n(Y),
for any X,Y, Z € F(TN ), where 7 is a 1—form defined by

n(X) = (X, N),
for all X € T(TN). Therefore, one obtains
(2.14) Di(X,Y) = g(ALX,Y), g(A;X,N) =0,
(2.15) B(X,QY) = g(AxX,QY), g(AxX,N) =0,
(2.16) eDy(X,QY) = g(ALX,QY), g(ALX,N) = ep(X),
(2.17) eDy(X,Y) = g(ALX,Y) — p(X)n(Y),

for all X,Y € T(TN). By (2.14) and (2.15), Af and Ay are ['(S(TN))-valued shape
operators related to Dy and E, respectively and Az =0.
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Using (2.7), (2.12) and (2.13), one derives
(2.18) Vx€ =—-A;X — 7(X)¢ — (X)L,
for any X € T(TN).

’

Definition 2.1. A half lightlike submanifold (N, ¢g) of a semi-Riemannian manifold
(N, §) is said to be irrotational [18] if Vx& € T(T'N) for any X € I'(T'N). From (2.13)
and (2.18), definition of irrotational is equivalent to the condition ¢(X) = 0, that is,
Dy(X,€) =0 for any X € T(TN).

Definition 2.2. A half lightlike submanifold (N, g) of a semi-Riemannian manifold
(N, g) is called totally umbilical in NV, if there is a smooth vector field H € I'(tr(TN))
on any coordinate neighborhood U such that

WMX,Y) = Hg(X,Y),
for any X,Y € I'(TN), where
(2.19) h(X,Y) = Di(X,Y)N + Dy(X,Y)L

is the global second fundamental form tensor of N. Incase H=0on U , we say that

’

N is totally geodesic [6].

It is easy to see that N is totally umbilical iff, on each coordinate neighborhood U,
there exist smooth vector functions A and § such that
(2.20) Di(X,Y)=X(X,Y),Dy(X,Y) =6g(X,Y),
for any X,Y € I'(TN).

Definition 2.3. We say that the screen distribution S(T'N) of N is totally umbilical

6] in N if there is a smooth function v on any coordinate neighborhood U € N such
that

(2.21) E(X,QY) =9(X,Y),
for any X,Y € T(TN). If v = 0 on U, then we say that S(TN) is totally geodesic in
N.

We indicate by R, R and R* the curvature tensors of V, V and V*, respectively.
From (2.7)—(2.12), we derive the Gauss-Codazzi equations for N and S(T'N):

G(R(X,Y)Z,QW) =g(R(X,Y)Z,QW)
(2.22) + D (X, Z)E(Y,QW) — D\(Y, Z)E(X,QW)
+ e {D(X, Z)Dy(Y, QW) — Do(Y, Z) Do (X, QW) },
J(R(X,Y)Z,€) =(VxD))(Y, Z) — (Vy D) (X, Z)
(2.23) +7(X)Dy(Y, Z) — 7(Y)D:1(X, 2)
+p(X)Do(Y, Z) — p(Y) Do (X, Z),
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G(R(X,Y)Z,N) =g(R(X,Y)Z,N)

(2.24) +e{p(Y)Do(X, Z) — p(X)Dy(Y, Z)},
GR(X,Y)E,N) =g(A; X, ANY) — g(ArY, Ay X)
(2:25) —2dr(X,Y) + p(X)(Y) — p(Y )p(X),
g(R(X,Y)QZ,QW) =g(R*(X,Y)Z,QW) + Di(Y,QW)E(X,QZ)
(2:26) — Dy(X,QW)E(Y,QZ),
J(R(X,Y)QZ,N) =(VxE)(Y,QZ) — (VyE)(X,QZ)
(2.27) +7(Y)E(X,QZ) —1(X)E(Y,QZ),

for any X,Y, Z € F(TN).

3. HALF LIGHTLIKE SUBMANIFOLDS OF A GOLDEN SEMI-RIEMANNIAN
MANIFOLD

Let (N,§, P) be a golden semi-Riemannian manifold and N be a half lightlike
submanifold of N. For any X € I'(T'N), N € I'(itr(T'N)) and L € T'(S(TN1)), we
can write

(3.1) PX = PX +6,(X)N + 0,(X)L,
(3.2) PN =U +6,(N)N + 65(N)L,
(3.3) PL =W +6,(L)N + 65(L)L,

where PX,U,W € T(T'N) and 6, and 6, are 1-forms defined by
01(-) = g(-, PS),  0a(-) = eg(-, PL).

Lemma 3.1. Let N be a half lightlike submanifold of a golden semi-Riemannian
manifold (N, g, P). Then, we have
3.4) P?X =PX + X — 61(X)U — 6,(X)W,

) 01(PX) =0,(X)(1 - 01(N)) — 02(X)0: (L),
3.6) 02(PX) =05(X)(1 — 02(L)) — 01 (X)02(N),
3.7) PU =U(1 = 6,(N)) — 6,(N)W
3.8) 01(U) =1+ 6:(N) — (6:(N))” —92( )01 (L),
3.9) 02(U) =02(N)(1 = 01(N)) — 02(N)02(L),
3.10) PW =(1—05(L))W — 6,(L)U,
) Or(W) =01(L)(1 — 61(N) — 0(L
3.12) 0(W) =1+ 05(L) — (02(L))* — 01 (L)02(N),
) 9(PX,Y)—g(X,PY) =(=h @n+n®6)(X,Y),
) g(PX, PY) =g(PX,Y) 4+ g(X,Y) + 01(X)n(Y) = n(PX)0:(Y)

),
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— 01(X)n(PY) — eb2(X)02(Y),
for any XY € T(TN).
Proof. Applying P to (3.1), using (2.1) and taking tangential, lightlike transversal
and screen transversal parts of the resulting equation, we derive (3.4), (3.5) and (3.6).

Similarly, applying P to (3.2) and (3.3), using (2.1), we get (3.7), (3.8), (3.9), (3.10),
(3.11) and (3.12). Using (2.2), (2.3) and (3.1), we obtain (3.13) and (3.14). O

Lemma 3.2. Let N be a_half lightlike submanifold of a golden semi-Riemannian

manifold (N, g, P) with VP = 0. Then, we have

(3.15) (VxP)Y =0,(Y)ANX 4+ 02(Y)ALX + D1(X,Y)U + Do(X, Y)W,
(Vxb)Y == Di(X, PY) = 7(X)61(Y) — ¢(X)62(Y)

(3.16) + Dy(X,Y)05(N) + Do(X, V)0 (L),
(Vx0)Y = — Do(X, PY) — p(X)01(Y) + Di(X,Y)6(N)
(3.17) + Dy(X,Y)05(L),
(3.18) ViU = — PANX + 7(X)U + p(X)W + 61 (N)Ax X + 65(N)ALX,

(3.19)  Di(X,U) == X(01(N)) = o(X)02(N) = 01 (AnX) + p(X)0:1(L),
Dy(X,U) = = X(62(N)) — p(X)01(N) — 0>(AnX) + 7(X)02(N)

(3.20) +p(X)02(L),

(3.21) VW =— PALX + 01(L)AnX + 05(L)AL X + ¢(X)U,
Dy(X, W) == 7(X)01(L) — 6(X)02(L) — 01(ALX) + ¢(X)01(N)

(3.22) — X(0:(L)),

(323)  Do(X, W) =— p(X)01(L) — X(02(L)) — 02(ALX) + ¢(X)02(N),
for any X,Y € T(TN).

Proof. Since VP = 0, we obtain VxPY = PVxY for any X,Y € F(TN). Taking
tangential, lightlike transversal and screen transversal parts of the resulting equation,
we get (3.15), (3.16) and (3.17). Similarly, replacing Y with N and L respectively we
obtain (3.18), (3.19), (3.20), (3.21), (3.22) and (3.23). O

Throughout this paper, we assume that VP =0.
Definition 3.1. Let N be a half lightlike submanifold of a golden semi-Riemannian

manifold (N, g, P).
i) We say that N is an invariant half lightlike submanifold if P(TN) = T'N.
ii) We say that N is a screen semi-invariant half lightlike submanifold if
P(Rad(TN)) € S(TN) and P(ltr(TN)) c S(TN).
iii) We say that N is a radical anti-invariant half lightlike submanifold if
P(Rad(TN)) = ltr(TN).
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Theorem 3.1. Let N be a half lightlike submanifold of a golden semi-Riemannian
manifold (N, g, P). Then the following assertions are equivalent.

i) N is invariant.
ii) 61 and 0y vanish on N.

iii) P is a golden structure on N.

Proof. N is invariant if and only if PX = PX for any X € ['(T'N). Then 6;(X) =
02(X) = 0 and we obtain i)<ii).

0, and 6, vanish on N if and only if PX = PX for any X € I(TN). Then
P2X = PX + X and g(PX,Y) = g(X,PY) for any X,Y € I'(T'N). Thus, P is a
golden structure on N and we get ii)<iii). O

Theorem 3.2. There is no radical anti-invariant half lightlike submanifold of a golden
semi-Riemannian manifold.

Proof. Suppose on the contrary that Nis a radical anti-invariant half lightlike sub-
manifold of a golden semi-Riemannian manifold N. By the definition of radical
anti-invariant for £ € I'(Rad(T'N)), P¢ € I'(ltr(T'N)). Using (2.3), we obtain

9(Pg, PE) = §(P&, €) + (&, ©),
0= g(Pg, &) +0.
Thus, §(P¢,€) =0 and P¢ ¢ T(Itr(TN)) which is a contradiction. O

4. SCREEN SEMI-INVARIANT HALF LIGHTLIKE SUBMANIFOLDS OF A GOLDEN
SEMI-RIEMANNIAN MANIFOLD

Let (N, g,S(TN)) be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). If we take Ly = P(Rad(TN)), Ly = P(ltr(T'N))
and Ly = P(S(TN%1)), then we can write

S(TN) = Lo L {Li & Ly} L Ls,
where Ly is a (n — 3)-dimensional distribution. Therefore, we have
TN =Ly L {Li ® Ly} L Ly L {Rad(TN) & ltr(TN)} L S(TN?).
If we set
L =1Lyl Rad(TN) L P(Rad(TN)) and L* =L, L Ls,
we can write
(4.1) TN=Lo L', TN={L®L'}®itr(TN)LS(TN"Y).
Let U, V and W be vector fields defined by
(4.2) U=PN, V=P¢ W=PL.
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From Lemma 3.1, Lemma 3.2, differentiating (4.2) with X and using Gauss-
Weingarten formulas we obtain

(4.3) P’X =PX + X — 6,(X)U — 6,(X)W,

(4.4) 0, (PX) :91( ), 05(PX)=0,X), PU=U PW=W,
(4.5) O(U) =1, 0,(U)=0, 6,(W)=0, 6(W)=1,

(4.6) g(PX,Y)—g(X,PY) ( 0 @n+n®0:)(X,)Y),

)

g(PX, PY) =g(PX,Y) 4+ g(X,Y) + 6,(X)n(Y) — n(PX)0:(Y)
(4.7) — 01 (X)n(PY) — eb2(X)02(Y),
(VxP)Y =0,(Y)ANX + 0:(Y)AL X 4+ D1(X,Y)U
4.8) + Do(X, Y)W,
19) (Vabh)Y = — Di(X, PY) — r(X)8:(¥) — $(X)6(Y ),
4.10 (Vx0)Y = — Do(X, PY) — p(X)61(Y),
)

4.13
4.14

VxW == PALX +(X)U,
Di(X,U) =— E(X,V), Dy(X,W)=—eDy(X,V),
¢Dy(X,U) = — E(X, W),
(4.15) Di(X,V) =E(X,U) = Dy(X, W) =0,

(

(

(4.10)

(4.11) VxU = — PANX +7(X)U + p(X)W,
(4.12) ViV == PAIX — 7(X)V — ey(X)W,
(4.13)

(4.14)

for any X,Y € D(TN).

Corollary 4.1. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). Then, we have
Dy(X,V) =0,

that is, vector field V degenerates local second fundamental form of N.

Corollary 4.2. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). Then, there is no La-component of Af.

Proof. From (2.14)-1 and (4.15), we get D1(X,V) = g(A;X,V) = 0. Thus, the proof
is completed. 0

Corollary 4.3. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). Then, there is no Li-component of Ay.

Proof. From (2.15)-1 and (4.15), we obtain E(X,U) = g(AyX,U) = 0, which proves
the assertion. O

Corollary 4.4. Let N bea screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). Then, there is no Ls-component of Ay,.
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Proof. From (2.16)-1 and (4.15), we have Dyo(X, W) = g(ALX,W) = 0. Thus, the
proof is completed. O

Proposition 4.1. The distribution Lo and L are invariant distributions with respect
to P.

Ezample 4.1. Let (N = R3, §) be a 7-dimensional semi-Euclidean space with signature
(—+,—,+,+,+,—) and (xl,xg,:cg,x4,m5,x6,x7) be the standard coordinate system
of RE. If we define a mapping P by P(a:l,:pg,mg,x4,x5,x6,x7) = (¢z1, Ppxa, (1 —
gb)xg, (1 — @)z4, pxs, (1 — P)x6, px7), then P2 = P+ I and P is a golden structure on
N. Let N be a half lightlike submanifold in N given by the equations

Ty =1t + Pty — 2(;?’_(?)153, Ty =t + Pty + 2<;ﬁ_¢)ts7
$3—¢t1—t2+2(21+¢)t3 I4—¢t1—2—2(21¢)t3;

75 = 20ty +t5, w6=—ts, T7=Pts+ V2,
where t;, 1 <1 <5, are real parameters. Thus, TN = Span{U, Uy, Us, Uy, Us }, where

0 0 0 0 0 0 0
U=t o, %ﬁgb =95, %% _axg_ax4’
1 0 0 8 0 0
Us = _2(2 + ) <¢8a:1 B ¢6x2 ) Oxs  Oxg + ¢8x7’
0 0
—_— 2—.
Us Ors * Oxy

We easily check that the vector Uy is a degenerate vector, N is a 1-lightlike sub-
manifold of N. We set { = U, then we have Rad(TN) = Span{{} and S(T'N) =
Span{Us, Uz, Uy, Us}. We can easily obtain

, 1 0 0 0 0
ltT‘(TN) B Span {N - _2(2 + Cb) <8x1 B a$2 + ¢8$3 B ¢8x4>}

and

i 0
S(TN*) = Span{L \/_ +¢8x6 (32:7}'

Thus, N is a half lightlike submanifold of N. We also get
P¢=U,, PN=U;, PL=U,.

If we set Lo = Span{Us}, L1 = Span{Us}, Ly = Span{Us}, L3 = Span{U,}, then N
is a screen semi-invariant half lightlike submanifold of N.

Ezample 4.2. Let (N = RS, §) be a 8-dimensional semi-Euclidean space with signa-
ture (+,+, —, +, —, +,+,+) and (21, T2, T3, ¥4, T5, T6, T7, 75) be the standard coor-
dinate system of RS. If we define a mapping P by P(x1, 2,73, T4, T, T, T7, Tg) =
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(¢$1,¢[E2,¢[L’3,¢$4, (1 - ¢)$57 ¢w6a (1 - ¢)$7, (1 - ¢)x8)7 then p2 = p + I and p is
a golden structure on N. Let N be a half lightlike submanifold in N given by the
equations

$1:t1+t4+¢t5+t6, Ty = —tg + t4 + Pts,

1 1 1

—t + t+\/_t+\/_t+ x4 = =log(l + (t; — t2)?),

V2 1 NG 2 4 20t \/§ 4= 5 g( (t 2)°)
=(1=@)ta+ oty —ts5, x6=t3, w7=—(1—@)ta+ ¢ty —t5, x3=13,

where t;, 1 < i < 6, are real parameters. Thus, TN = Span{Uy, Us, Us, Uy, Us, Us},

where

T3 =

g 10 (ti—t) 0
Oxy " V2075 | (1t (th — t2)?) Oxa’
0=~y + 5~ T e (0~ Py~ 0= P
U3:¢;%+£8, Uy = ail+8x2+f 8a5+¢ai7’
:¢ax1+¢ax2+\/§¢ax3_ai_ai7’ Uﬁzailjté(;;.

It follows that Rad(TN) = Span{U,} and S(TN) = Span{W; = Uy, Wy = Us, W; =

2+¢ (U1 + Us) , W, = Us, W5 = Ug}. By direct calculations we obtain

, 1 (o 0 o o 0
lir(TN) = Span {N T T2+ 9) <8:v1 om0 0 ¢ax7>}

and

0 0
1 N
S(TN ) = Span{L e ) 308}‘

Thus, N is a half lightlike submanifold of N. We also get
P¢=W,, PN=W,;, PL=W,.
If we set Ly = Span{W;, W5}, Ly = Span{Ws}, Ly = Span{W3}, L3 = Span{W,},

then N is a screen semi-invariant half lightlike submanifold of N.

Theorem 4.1. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). Then Lg is integrable if and only if

D,(PX,PY) = D{(PX,Y) + Dy(X,Y),
E(PX,PY) = E(Y,PX)+ E(Y, X),
Dy(PX,PY) = Dy(PX,Y) + Dy(X,Y),
E(PX,Y) = E(Y,PX),
for any X, Y € I'(Ly).
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Proof. Since Ly is invariant, if X € T'(Ly), then PX € T'(Ly). The distribution Ly is
integrable if and only if

for any X,Y € I'(Ly), where 03 is 1-form defined by
Then from (2.2), (2.3), (2.7) and (2.11) we derive

(4.16) 0,([PX,Y]) =D\(PX, PY) — D\(Y, PX) — D, (Y, X),

(4.17) 0;([PX,Y]) =E(PX, PY) — E(Y, PX) — E(Y, X),

(4.18) 0,([PX,Y]) =eDs(PX, PY) — eDy(Y, PX) — eDo(Y, X),

(4.19) n([PX,Y]) =E(PX,Y) — E(Y, PX).

From (4.16), (4.17), (4.18) and (4.19) we derive our theorem. O

Theorem 4.2. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). Then the distribution L is integrable if and

only if

for any X,Y € T'(L).
Proof. L is integrable if and only if
0:([PX,Y]) = 0:([PX,Y]) = 0,
for any X,Y € I'(L). Then using (4.16) and (4.18) we obtain our assertion. O

Theorem 4.3. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N g, ) If Ly is integrable, then leaves of Ly have a
golden structure.

Proof. Let N be a screen semi-invariant half lightlike submanifold and N’ be a leaf
of Ly. Then for any p € N’ we obtain T,N' = (Lg),. Since X € T'(Ly), then
01(X) = 65(X) = 0. Therefore, from (3.1) we get PX = PX.

Letting P’ = P, , we say that P’ defines an (1,1)-tensor field on N’ because Ly
is P-invariant. For any X € T'(Lg) we deriveP?X = P'X + X, which proves the
assertion. 0

From Theorem 4.3 we derive Corollary 4.5.

Corollary 4.5. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N g, ) If L is integrable, then the leaves of L have a
golden structure.
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Theorem 4.4. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). Then the following assertions are equivalent.

i) The distribution L is parallel.
ii) Dy(X,PY) = Dy(X,PY) =0 for any X,Y € T(L).
iii) (VxP)Y =0 for any X, Y € I'(L).

Proof. Using (4.1)-1, L is parallel if and only if 6;(VxY) = 6,(VxY) = 0, for any
X,Y € I'(L). Then from (2.7), we derive

0,(VxY) = D(X, PY),

05(VxY) = Dy(X, PY).

Thus, we derive i)<ii). For any Y € I'(L), then 6;(Y) = 65(Y) = 0. From (4.8), we
derive

(VxP)Y = Di(X,Y)U + Dy( X, Y)W.

Hence, we have ii)<iii). O

Theorem 4.5. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). Then N is totally geodesic if and only if

(4.20) (VxP)Y =0,
(4.21) (VxP)U = Ay X,
(4.22) (VxP)W = A, X,

for any X e T(TN) and Y € T(L).

Proof. Let N be totally geodesic. For any Y € I'(L), we have 6;(Y) = 65(Y) = 0
and thus, from (4.8), we get (VxP)Y = 0. Similarly, letting Y = U in (4.8), we get
(VxP)U = Ay X. Similarly, letting Y = W in (4.8), we get (VxP)W = A X.

Conversely, we suppose that the conditions (4.20), (4.21) and (4.22) hold. If Y €
[(TN), using (4.1)-1, we can write Y = Y; + fU + AW for any Y € I(TN). Thus,
we obtain

(4.23) Dy(X,Y) = Dy(X,Y)) + fDy(X,U) + hDy (X, W),
(4.24) Dy(X,Y) = Do(X, V) + fDo(X,U) + hDy(X, W).

Using (4.20) and replacing Y by Y] in (4.8), we find Dy (X, Y))U + Dyo( X, V)W =
—601(Y))ANX — 05(Y))AL X = 0. From this fact we get D1(X,Y;) = D2(X,Y;) = 0.
Using (4.21) and replacing Y by U in (4.8), we derive D1(X,U)U + Do(X, U)W = 0.
From this we obtain Dy (X,U) = Do(X,U) = 0. From (4.15) we have Do(X, W) = 0.
Moreover, replacing Y by W in (4.8), using (4.15) and (4.22) we derive Dy (X, W)U
= 0, which implies D;(X,W) = 0. Considering (4.23) and (4.24) we obtain D; =
Dy = 0. Hence, the claim holds. 0
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Definition 4.1. Let N be a screen semi-invariant half lightlike submanifold of a
golden semi-Riemannian manifold (N, g, P). Then N is mixed totally geodesic if and
only if

Dl(Xv Y) = DQ(Xv Y) =0,
for any X € (L) and Y € T'(L™).

Theorem 4.6. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). Then the following assertions are equivalent.

i) N is mized totally geodesic.
ii) VyPX has no component in I'(L*) for any X € T'(L) and Y € T'(L*).
iii) (VyP)X =0 for any X € I'(L) and Y € T(L4).

Proof. N is mixed totally geodesic if and only if for any X € I'(L), Y € T'(L%Y),
Di(X,Y) = Dy(X,Y) =0. Since D; and Dy are symmetric and using (2.3) and (2.7)
we get

(4.25) Di(X,Y) = D\(Y,X) = g(VyPX, P¢) — Dy(Y, PX)
and
(4.26) €Dy (X,Y) = eDy(Y, X) = g(Vy PX, PL) — eDy(Y, PX).

From (4.25) and (4.26) we derive Dy (Y, X)+ D, (Y, PX)=D, (Y, P>?X)=g(VyPX, P¢)
and €Dy (Y, X) + eDy(Y, PX) = eDy(Y, P?2X) = g(VyPX, PL), respectively. Thus,
we have i)<ii). For any X € T'(L), Y € I'(L1), 61(X) = 62(X) = 0 and from (4.8)
we derive

(VyP)X = Di(Y,X)U + Dy(Y, X)WV.
Thus, we have i)<iii). O

Theorem 4.7. Let N be a totally wmbilical screen semi-invariant half lightlike sub-
manifold of a golden semi-Riemannian manifold (N, g, P). Then N is totally geodesic.

Proof. Let N be a totally umbilical screen semi-invariant half lightlike submanifold
of a golden semi-Riemannian manifold N. From (4.14)-2, we have Dy(X,W) =
—eD,(X, V). Since N is totally umbilical, using (2.20) we derive Ag(X, W) = —edg
(X, V). Replacing X by U and W in this equation, respectively, we obtain A = § = 0.
Thus, the proof is completed. 0

Theorem 4.8. Let N be a totally wmbilical screen semi-invariant half lightlike sub-
manifold of a locally golden product space form (N = Ny(c,) X Ny(cq), g, P). Then we
have ¢, = ¢, = 0.

Proof. From (2.4) we get

GR(X,Y)Z,6) = (— Lo d”‘f) [g(PY, 2)6,(X) — g(PX, 2)0,(Y))}
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(1.27) # (IS0 (o0r, 290x) (. 21000,

for any X,Y,Z € T(T'N). Using Theorem 4.7 in (2.23) we derive (R(X,Y)Z,€) = 0.
Moreover, letting X = U, Y =&, Z = U in (4.27), we obtain

(1 - ¢)Cp _ ¢Cq

4.28 = 0.
(4.28) W
Similarly, if welet X =U,Y =V, Z =U in (4.27), we get
(429) _ (1 — ¢)CP B ¢Cq + _ (]' — ¢)Cp + ¢cl] — 0
2v/5 4
From (4.28) and (4.29), we obtain ¢, = ¢, = 0. Thus, the proof is completed. O

Theorem 4.9. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N, g, P). If S(TN) is totally umbilical, then S(TN) is
totally geodesic.

Proof. Let S(T'N) be a totally umbilical. From (2.21) and (4.15) we get

E(X,U) =v9(X,U) =0,
for any X € F(TN). Letting X = V in last equation, we obtain v = 0, i.e., £ = 0.
Thus, the proof is completed. U

Theorem 4.10. Let N be a screen semi-invariant half lightlike submanifold of a

golden semi-Riemannian manifold (N, g, P). Then we have the following assertions.
i) If P is parallel with respect to V on N, then p(X) = ¥(X) = Dyo(X,U) =0,

(4.30)  B(X,2)0,(Y) + eDs(X, Z)05(Y) + Dy(X,Y)05(Z) + Do(X,Y)0(Z) = 0

and
(4.31) Di(X,)Y)=—-E(X,V)0,(Y) — eDo(X,V)05(Y),
(4.32) Dy(X,Y) = —-E(X,W)0,(Y),

for any XY € T(TN) and Z € T(S(TN)).
it) If V' is parallel with respect to V on N, then 7(X) =0,

ALX = (A; X)W and  05(AFX) = —ep(X),
for any X € F(TN).
iii) If U is parallel with respect to ¥V on N, then
ANX == 91(ANX)U + QQ(ANX)VV, QI(ANX) = T(X) and HQ(ANX) = p(X),
for any X € T(TN).
iv) If W is parallel with respect to V on N, then p(X) = 0,
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for any X € T(TN).
Moreover, if all of V, U and W are parallel with respect to V on N, then S(TN)
is totally geodesic in N and 7 = p = 0.

Proof. Let P be parallel with respect to V. Then taking the scalar product with for
any Z € ['(TN) and V in (4.8) we obtain (4.30) and (4.31), respectively. Taking the
scalar product with W in (4.8) and using (4.15) we derive (4.32). Moreover, taking
the scalar product with for any N in (4.8) we get

(4.33) ep(X)62(Y) = 0.

Taking Y = W in (4.33) we get p(X) = 0. Similarly, taking the scalar product with
for any U in (4.8) and using (4.15) we get Do(X,U) = 0. Moreover letting Y = ¢ in
(4.32) we get ¥(X) = 0.

If V is parallel with respect to V on N, then from (4.12) we obtain

—PAZX + 01 (AFX)N + O2(A; X)L — 7(X)V — ep(X)W

Using (2.14)-1 and (4.15), we derive D;(X, V) = 01(A{X) = 0. Thus, we get
(4.34) — PALX + 05(A; X)L — 7(X)V — ep(X)W =0,
for any X € [(TN). Applying P to (4.34) and from (2.1), (3.1) and (4.2), we derive

— PAX — ALX = 1(X)V + (02(A; X) — ep(X))W — 7(X)€ — 02(A; X)L
(4.35)  — (X)L =
for any X € I'(TN). Then subtracting (4.12) from (4.35) and taking tangential and
normal part of the resulting equation, we get ii). Similarly, by using (2.1), (3.1), (4.2),
(4.11) and (4.13), we have iii) and iv).

Suppose that all of V., U and W are parallel with respect to V on N. Then from
iii) we have Ay X = 61(AnX)U + 05(AyX)W. From ii) and iii) we get 0;(AnX) =
7(X) = 0 and from iii) and iv) we obtain p(X) = 65(AxyX) = 0. Thus, Ay = 0, that
is, S(T'N) is totally geodesic in N. O

From Theorem 4.10 i) we have Corollary 4.6.

Corollary 4.6. Let N be a screen semi-invariant half lightlike submanifold of a golden
semi-Riemannian manifold (N g, ) If P is parallel with respect to V on N then N
is irrotational.

Theorem 4.11. Let N be a screen_semi-invariant half lightlike submanifold of a
golden semi-Riemannian manifold (N, g, P). If P and V are parallel with respect to
V on N, then N is totally geodesic in N and the 1-forms p, ¢ and T vanish.

Proof. Suppose that P and V' are parallel with respect to V on N. Then from Theorem
4.10 i) and ii) we have p(X) = (X) = 7(X) = 0 and A;X = —ep(X)W. From this
fact, we get Af =0, i.e., Dy = 0.
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For any Y € I'(TN), we have (4.24). Using (4.32) with Y = Y; € (L), we find
Dy(X,Y)) = —E(X,W)6,(Y;) = 0. From this fact we get Do(X,Y;) = 0. From (4.15)
and Theorem 4.10 i) we have Dy(X,U) = Do(X, W) = 0. Using (4.24) we obtain
Dy = 0. Thus, we get D = 0, which completes the proof. [l

Theorem 4.12. Let N be a screen semi-invariant half lightlike submanifold of a
golden semi-Riemannian manifold (N,g,f’). If P is parallel with respect to V on
N, then L and L* are parallel and integrable distributions with respect to V and
N is locally a product manifold Nl X NQ, where Nl and ]\72 are leaves of L and L™,
respectively.

Proof. Since V is a metric connection, from (2.2), (2.3), (2.7) and (2.18), we derive

g(Vx&, V) =Di(X,V), g(VxV.V) =0, ¢(VxY,V)=Di(X,PY),
(4'36) g(va,W) :€D2(X7V)> g<vX‘/7W) :€D2(X7V)_w(X)a
g(VxY, W) = eDy(X, PY),

for any X € I'(L) and Y € I'(Lo).
Since V is a metric connection, using (2.2), (2.3), (2.7), (2.9) and (2.11), we derive

g(VZW,N) = —eDy(Z,U), g(V W, U)=—eDy(Z,U) —ep(Z),
(4.37)  g(VzW,Y) = —eDy(Z, PY), g(VzUN)=E(Z,U),
g(VzUU)=0, ¢(VzUY)=—E(Z PY),

for any Z € I'(LY) and Y € ['(Ly).

From (4.15) we have D1(X,V) = 0. Letting Y = V in equation (4.32) we obtain
Dy(X,V) = 0 for any X € ['(TN). If we replace Y by PY € I'(Ly) in equation
(4.31) and (4.32) then we derive Dy(X,PY) = Dy(X,PY) = 0. Also, from (4.15)
and Theorem 4.10 i) we have E(X,U) = p(X) = ¢¥(X) = Dyo(X,U) = 0 for any
X € I(TN). Replacing X,Y,Z by Z € T(LY),U,PY € T(Ly), respectively, in
equation (4.30) and if Dy(X,U) = 0 is used in this equation, we get E(Z, PY) = 0.
Thus, we prove our theorem. O

Theorem 4.13. Let N be a totally umbilical screen semi-invariant half lightlike
submanifold of a golden semi-Riemannian manifold (N,g, ]5). Then L is a parallel
and integrable distribution with respect to V and N is locally a product manifold
R, X R, X Nl, where R, and R, are null and non-null curves tangent to P(ltr(TN))
and P(S(T]\ﬂ)), respectively, and Ny is a leaf of L.

Proof. Suppose that N is totally umbilical, then N is totally geodesic and D; =
Dy = ¢ = 0. All terms of (4.36) are zero. Hence, L is a parallel and integrable
distribution with respect to V. Moreover, P(ltr(TN)) and P(S(T'N1)) are integrable
distributions. Hence, the proof is completed. O
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Theorem 4.14. Let N be a half lightlike submamfold of a semi-Remannian manifold
(N,§). Then the screen transversal distribution S(TN') is parallel with respect to V
if and only if A, =0 on T(TN) [16].

Theorem 4.15. Let N be a screen semi-invariant half lightlike submanifold of a
locally golden product space form (N = Ny,(c,) x N,(c,), g, P) with a parallel screen
transversal distribution. If S(TN) is totally umbilicial, then c, = c; = 0.

Proof. Let N be a screen semi-invariant half lightlike submanifold of a locally golden
product space form (N = N,(¢c,) x Ny(¢;), 3, P), ¢p,c, # 0, with a parallel screen
transversal distribution. From (2.4) we derive

§(R(E.Y)QZ,N) = (— e ?j%_ ¢Cq> [9(Y,QZ) — 6:(Q2)6,(Y)}
(439 (05205 (v, 02) - i@z ),

Since S(T N ) is totally umbilicial and screen transversal distribution is parallel, using
Theorem 4.9 and Theorem 4.14 in (2.24) and (2.27) we obtain

(4.39) G(R(X,Y)QZ,N) = 0.
If weput Y =V, Z=U in (4.38), we obtain
(1 —d)ep + ¢cy
25
Similarly, if we put Y = U, Z =V in (4.38), we get

(4.41) (_(1—¢;)\0/%— ¢0q> N (_(1—¢)ip+¢cq> o

From (4.40) and (4.41), we obtain ¢, = ¢, = 0, which proves the assertion. O

(4.40) = 0.

The induced Ricci type tensor R®? of N is defined by
RO = trace{Z — R(Z,X)Y},
for any X,Y,Z € I(TN), where

ROD(X,Y) = Zezg (E, X)Y, E;) + §(R(E X)Y, N),

for the quasi-orthonormal frame {F, ..., E,, £} of TpN and where ¢; = g(F;, E;) is
the sign of F;. Generally, the induced Ricci type tensor R is not symmetric [5-7]. A
tensor field R(®?) of lightlike submanifold M is called its induced Ricci tensor if it is
symmetric. A symmetric R(©2) tensor will be indicated by Ric.

If N = N,(c,) x Ny(c,) is a locally golden product space form, then we have

R0.2) (X,Y) = (_ (1-— ¢2)\C/%_ ¢Cq> {(n—1)g(X,Y) —6:(Y)05(X)
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+((trP) = 14 65(€))3(PX,Y)}

(4.42) + <— G ¢)Zp i ¢Cq> {(n—1)§(PX,Y)

+ ((trP) + 65(€)3(X,Y) — 0.(Y)n(X)}
+ Dl()(v7 Y)t’I“AN + DQ()(7 Y)t’I“AL — g(ANX, AEY)
—eg(ALX, ALY) + p(X)¥(Y).

From (4.42), we have

RO (X, Y)— R(0’2)(Y,X) — <_ (1- <b2)\c/%— ¢Cq> (01(X)03(Y) — 0:(Y)b5(X))
N (_ (1— cb)ip + ¢cq> (@.(X)n(Y) — 6,V )n(X))

(4.43) + g(AL X, ANY) — g(AZY, AnX)
+p(X)P(Y) = p(Y)(X).
From (2.4) and (2.25) we get

__(1_¢)Cp_¢cq o
2d7(X,Y) = 25 (61(X)05(Y) — 61(Y)05(X))
(-0 09 () - v )a(x)
(4.44) + g(AIX,ANY) — gAY, AnX) + p(X)Y(Y) — p(Y)9(X).
Thus, from (4.43) and (4.44) we obtain
(4.45) RO2(X,Y) - ROY(Y, X) = 2d7(X,Y).

From (4.45), we obtain Theorem 4.16.

Theorem 4.16. Let N be a screen semi-invariant half lightlike submanifold of a locally
golden product space form (N = N,(c,) x N,(c,), 3, P). Then, R®? is a symmetric
if and only if T is closed.

5. SCREEN CONFORMAL SCREEN SEMI-INVARIANT HALF LIGHTLIKE
SUBMANIFOLDS OF A GOLDEN SEMI-RIEMANNIAN MANIFOLD

A half lightlike submanifold (N, g, S(TN)) of a semi-Riemannian manifold (N, §)
is screen conformal if the shape operators Ay and Af of N and S(T'N), respectively
are related by Ay = A%, or equivalently

(5.1) E(X,QY) = ¢Di(X,Y),

forall X|Y € F(TN ), where ¢ is a non-vanishing smooth function on a neighborhood
U in N. In particular, if ¢ is a non-zero constant, then N is called screen homothetic

8].
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Remark 5.1. If N is a screen conformal half lightlike submamfold then F' is symmetric
on T'(S(T'N)). Thus, S(TN) is integrable distribution and N is locally a product
manifold Re x N* where R is a null curve tangent to Rad(T'N) and N* is a leaf of
S(TN) [5].

Theorem 5.1. Let N be a screen conformal totally umbilical screen semi-invariant
half lightlike submanifold of a golden semi-Riemannian manifold (N, g, P). Then, N

and S(TN) are totally geodesic.

Proof. Let N be a screen conformal totally umbilical screen semi-invariant half lightlike
submanifold of N. Then from Theorem 4.7 we have D; = Dy = 0. Since N is screen
conformal, F(X,QY) = ¢pD;(X,Y) = 0, which proves the assertion. O

Theorem 5.2. Let N be a screen conformal screen semi-invariant half lightlike sub-
manifold of a golden semi-Riemannian manifold (N g, ) If P is parallel with respect
toV on N, then N and S(TN) are totally geodesic in N and p = = 0.

Proof. Suppose that P is parallel with respect to V on N. For any Y € F(TN ), we
have (4.23) and (4.24). Replacing Y by Y; in (4.31) and (4.32), we find D;(X,Y]) =
Dy(X,Y;) = 0. From (4.15) and (5.1) we have E(X,U) = ¢D(X,U) = 0. Taking
Y =V in (4.32) we get Dy(X,V) = 0 and from (4.14)-2 we obtain Dy(X, W) =
—eDy(X,V) = 0. From (4.15) and Theorem 4.10 i) we have DQ(X U)=Dy(X,W)=0.
Considering (4.23) and (4.24) we obtain D; = Dy = 0. Since N is conformal, E = 0.
Also, from Theorem 4.10 i) p(X) = (X ) = 0, which proves the assertion. O

Theorem 5.3. Let N be a screen conformal totally umbilical screen semi-invariant
half lightlike submanifold of a golden semi-Riemannian manifold (N qJ, ) If U or
W s parallel with respect to V on N, then L and L+ are parallel and integrable
distribution with respect to V and N is locally a product manifold N; x ]\72, where N,
is a leaf of L and Ny is a leaf of L*.

Proof. Let N be totally umbilical. From Theorem 5.2 N and S(TN) are totally
geodesic and all terms of (4.36) and (4.37) are zero except p(Z). Since S(TN) is
totally geodesic and U is parallel, using Theorem 4.10 iii) we obtain 63(AyX) =
eE(X, W) =p(X)=0.

If W is parallel, from Theorem 4.10 (iv), we have p(X) = 0. Hence L and L' are
parallel and integrable distributions on N. This completes the proof. U

From (2.19), (4.14), (4.15) and (5.1), we have
h(X,U) =Dy(X,U)N + Do(X,U)L = —E(X, V)N — eE(X,W)L
— — ¢D\(X,V)N — epDy (X, W)L
=pD1(X, V)N + ¢Dy(X, V)L = ph(X,V),
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for any X € ['(TN). Thus, we have
(5.2) h(X,U — V) =0.

Since {U, V'} is a basis for T(P(Rad(T'N))@® P(Itr(TN))), {wy,ws} is an orthogonal
basis of T'(P(Rad(TN)) @ P(itr(TN))), where

wi =U—0V, wy=U+¢V.

Let R(wy) = Span{w;}. Then S (w;) = Ly L Span{ws, W} is a complementary
vector subbundle to R (wy) in S(T'N). Thus, we have

(5.3) S(TN) = R (wy) L S (wy).

Theorem 5.4. Let N be a screen conformal totally umbilical screen semi-invariant
half lightlike submanifold of a golden semi-Riemannian manifold (N,g, f’) such that
S(TNL) is parallel distribution with respect to V. Then the non-null vector field wy
is parallel with respect to V if and only if the 1-forms p, T and ¥ vanish and N s
screen homothetic.

Proof. Since P is linear and using (4.11), (4.12), Ay = pAf, we obtain
Vxwy = 7(X)U + (¢7(X) = X [p])V + (p (X) + ot (X)) W,
for any X € F(TN ). Thus, we say that w; is parallel if and only if
T(X)U + (o7(X) = X [V + (p (X) + epp (X)) W = 0.
If we take the scalar product with U, V and W, respectively, we obtain 7(X) =
or(X) — X¢] = p(X) + epp (X) = 0. Since 7(X) = 0, then X [p] = 0, ie.,

N s screen homothetic. If S(TN2) is parallel, then we obtain p(X) = 0. Thus,
¥ (X) = 0. O

Theorem 5.5. Let N be a screen conformal screen semi-invariant half lightlike sub-
manifold of a golden semi-Riemannian manifold (N, §, P) such that S(TNY) is parallel
distribution with respect to V. If wy 1s parallel with respect V, then N s locally a
product manifold Re X R, X Nl, where Rg is null curve tangent to TNL R, s
non-null geodesic tangent to R (w1) and Ny is a leaf of S (wy). Also, N is screen
homothetic.

Proof. For any X € I'(S (w1)) and Y € I'(Ly), we have
9(VxY,wi) = g(VxY,w) = —g(Y, Vxwi) = —g(Y, Vxw;) = 0,
(5.4) 9(Vxwa,wy) = g(VXwQ,wl) = —g(w2, Vxwi) = X [p] — 207(X),
g(VxW,wy) = Q(VXW wi) = —g(W,Vxwi) = —p(X) — epyp (X).

From Theorem 5.4, the 1-forms p, 7 and @ vanish and N is screen homothetic. Then
all equations in (5.4) are zero. Thus, the distribution S (w;) is a parallel and integrable
distribution. Using this fact and Remark 5.1, we derive our assertion. O
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Theorem 5.6. Let N be a screen conformal screen semi-invariant half lightlike sub-
manifold of a golden semi-Riemannian manifold (N, §, P) such that S(TNL) is parallel
distribution with respect to V. ]f w1 s parallel with respect to V on N then N is
locally a product manifold R, X Ny, where R, is non-null geodesic tangent to R (wl)
and Ny is a leaf of G (w1) = Lo L Span {&, ws, W} respectively. Furthermore, N s
screen homothetic.

Proof. From (2.5) and (5.3), we derive TN = R (w;) @orn G (w1). For any X €
I'(G (wy)) and Y € I'(Ly), we derive

g(VxY,w) = g(VxY,w1) = —g(Y, Vxw) = —g(Y, Vxwi) = 0,
(5.5) 9(Vx& wi) = g(Vx&w) = —g(§, Vxwr) = —=Dy(X,wr) = 0,

9(Vxwa,wi) = g(va27W1) = —g(wa, Vxw1) = X [¢] — 2¢7(X),

g(VxW,w) = g(VxW,wi) = —g(W, Vxwi) = —p(X) — eptp (X).

From Theorem 5.4, all equations in (5.5) is zero. Thus, distribution G (wy) is a parallel
and integrable. Thus, we derive our assertion. 0

Theorem 5.7. Let N be a screen conformal screen semi-invariant half lightlike sub-
manifold of a locally golden product space form (N = Ny(c,) x N,(cq), 3, P). Then,
we have ¢, = (¢ + 1)c,.
Proof. From (2.4) and (2.23), we derive

(VxD)(Y,Z) — (VyD1)(X,Z) +17(X)D1(Y, Z) — 7(Y)D1(X, Z)

FHX) DY, Z) = H(Y)Da(X, 2)

_ <_ (- ?\C/%_ ¢Cq> (§(PY, 2)0,(X) — §(PX, Z)6,(Y)}

50) o+ (-UEEEI) v 2 x) - gx. 20),

for any XY, Z € T'( TN ). Using (2 4) (2.24), (2.27) and (5.1) we get
G(R(X,Y)QZ,N) ( gbcg) [3V.QZ)n(X) - §(X,QZ)(Y)
+4(PY, QZ>93( )= §(PX, Q2)05(Y)}
(=) Gy, 0znx)
~§(PX, @Z) (V) + 3(Y,QZ)0:(X) - §(X. QZ)05(Y )}

(5.7)

_|_

and
J(R(X,Y)QZ,N) =p(VxD1)(Y, Z) = (VyD1)(X, Z)) + ¢7(Y)D1(X,QZ)
—r(X)D1(Y,QZ) + X [¢] D1(Y,QZ) — Y [¢] D1(X,Q2)
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(5.8) +e{p(Y)Dy(X,Q2) — p(X)Ds(Y,QZ)} .
Thus, from (5.6), (5.7) and (5.8), we derive

(‘ - q;)cfp_ %) {p3(PY.QZ)0:(X) — 23(PX,QZ)0:(Y)

—3 YQZ) (X) +9(X,QZ)n(Y) — §(PY,Q2)05(X) + §(PX,QZ)b5(Y)}
(520 gy, Q20 (X) - patx. Q2 (Y)
— §(PY, QZ) (X) +3(PX,QZ)n(Y) = 3(Y,Q2)03(X) + §(X,QZ)b5(Y)}
= [=Xp] + 20m(X)] Di(Y,Q2) + [Y [¢] — 2¢7(Y)] Di(X, QZ)
— [ (Y) + ep(Y)] D2(X, QZ) + [0 (X) + ep(X)] Do(Y, QZ).
Replacing QZ by w; in (5.9) and using (5.2), we obtain

<_ (1- ¢)Zp + ¢Cq> {=0, (X)n(Y) + 00 (Y)n(X) + 05(X)n(Y) — 05(Y)n(X)} = 0.

Letting X =V, Y = ¢ in last equation we get

(_ (1- ¢)zp + cbcq) o

From this, we see that ¢, = (¢ + 1)¢,, which completes the proof. O

Corollary 5.1. There is no screen conformal screen semi-invariant half lightlike
submanifold of a locally golden product space form (N = N, »(Cp) X N, .(¢q), g, P) with
cp # (¢ + 1)cg.
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ON THE STRUCTURE OF SOME TYPES OF HIGHER
DERIVATIONS

AMIN HOSSEINI'* AND NADEEM UR REHMAN?

ABSTRACT. In this paper we introduce the concepts of higher { L, , Ry, }-derivation,
higher {g,, hy }-derivation and Jordan higher {g,, h, }-derivation. Then we give a
characterization of higher {L,, , Ry, }-derivations and higher {gy, h,, }-derivations in
terms of {L,, Ry, }-derivations and {g, h}-derivations, respectively. Using this result,
we prove that every Jordan higher {g,, h,}-derivation on a semiprime algebra is a
higher {gy, hy, }-derivation. In addition, we show that every Jordan higher {g,, hn}-
derivation of the tensor product of a semiprime algebra and a commutative algebra
is a higher {g,, h,}-derivation. Moreover, we show that there is a one to one
correspondence between the set of all higher {L,, , Ry, }-derivations and the set of
all sequences of {L¢, , Ry, }-derivations. Also, it is presented that if A is a unital
algebra and {f,} is a generalized higher derivation associated with a sequence {d,}
of linear mappings, then {d,} is a higher derivation. Some other related results are
also discussed.

1. INTRODUCTION AND PRELIMINARIES

Let A be an algebra and let g, h : A — A be linear mappings. A linear mapping
f: A — Aissaid to be a {L,, Ry }-derivation (resp. { Ry, Ly }-derivation) if f(ab) =
g(a)b+ ah(b) (resp. f(a) = h(a)b+ ag(b)) for all a,b € A. By following Bresar [1], a
linear mapping f is called a {g, h}-derivation on A if it is both a {L,, Ry, }-derivation
and a {R,, Ly }-derivation, i.e., f(ab) = g(a)b+ ah(b) = h(a)b+ ag(b) for all a,b € A.
A linear mapping f is called a Jordan {g, h}-derivation if f(aob) = g(a)ob+ao h(b)
for all a,b € A, where aob = ab+ ba. We call a o b the Jordan product of a and b. It
is evident that a o b =boa for all a,b € A. The notion of a Jordan {g, h}-derivation

Key words and phrases. Higher {Lg, , Ry, }-derivation, higher {g,, hy}-derivation, Jordan higher
{gn, hn }-derivation, generalized higher derivation.
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is a generalization of what is called a Jordan generalized derivation in [10]. Recall
that a linear mapping f : A — A is called a Jordan generalized derivation if there
exists a linear mapping d : A — A such that f(aob) = f(a) ob+ aod(b) for all
a,b € A; in this case d is called an associated linear mapping of f. It is clear that
flaob) =d(a)ob+ao f(b) for all a,b € A. Obviously, the definition of a generalized
Jordan derivation is generally not equivalent to that of Jordan generalized derivation.
For more details in this regard, see e.g., [1,10], and the references therein.

As an important result, Bresar [1, Theorem 4.3] proved that every Jordan {g, h}-
derivation of a semiprime algebra A is a {g, h}-derivation. He also showed that
every Jordan {g, h}-derivation of the tensor product of a semiprime algebra and a
commutative algebra is a {g, h}-derivation. It is evident that every {g, h}-derivation
is a Jordan {g, h}-derivation, but the converse is in general not true, for instance, see
[1, Example 2.1].

In this study, we introduce the concepts of higher {L,,, Ry, }-derivation, higher
{R,,, Lp, }-derivation, higher {g,, h,}-derivation, Jordan higher {g,, h, }-derivation
and then we present a characterization of these concepts on algebras. Throughout this
paper, A denotes an algebra over a field F with char(IF) = 0 and I denotes the identity
mapping on A. Let f be a {L,, Rj}-derivation (resp. {R,, Lj}-derivation) on an
algebra A. An easy induction argument implies that f™(ab) = 3 }_, (Z) g (a)h*(b)
(resp. f"(ab) = Yr., (Z) h"*(a)g*(b)) (Leibniz rule) for each a,b € A and each
nonnegative integer n, where f¥ = g% = h® = I. Hence, if f is a {g, h}-derivation, then
fr(ab) = Xh_, (Z) gk (a)hk(b) = ¥, (Z) h"=*(a)g*(b) for all a,b € A. Suppose
that f is a {L,, R }-derivation on A. If we define the sequences {f,}, {g,} and {h,}
of linear mappings on A by f, = %, In = % and h, = 2 with fo = go = ho = I,

n!’

then it follows from the Leibniz rule that f,’s, g,’s and h,,’s satisfy
(1.1) falab) =" gn_r(a)hi(b),
k=0

for each a,b € A and each nonnegative integer n. Similarly, if f is a {R,, Ly}-
derivation, then the above f,, g, and h,, satisfy

(1.2) fulab) = 2 i (@)1 (D),

for each a,b € A and each nonnegative integer n. Also, if f is a {g, h}-derivation,
then we have

(1.3) ) = 3 gu 4(@)P(6) = 3 o 4(@n(0),

for each a,b € A and each nonnegative integer n. This is our motivation to investigate
the sequences {f,}, {9} and {h,} of linear mappings on an algebra A that satisfy
(1.1) or (1.2) or (1.3). A sequence {f,} of linear mappings on A is called a higher
{Ly,, Ry, }-derivation (resp. higher { R, , Ly, }-derivation) if there exist two sequences
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{gn} and {h,} of linear mappings on A satisfying (1.1) (resp. (1.2)). A sequence
{fn} of linear mappings on A is called a higher {g,, h, }-derivation if it is both a
higher {L,, , Ry, }-derivation and a higher {R,, , Ly, }-derivation on A. In addition, a
sequence {f,} of linear mappings on A is called a Jordan higher {g,, h, }-derivation
if there exist two sequences {g,} and {h,} of linear mappings on A satisfying

W(aob) Zgn (@) o hi(b),

for each a,b € A and each nonnegative integer n. Notice that if {f,} is a higher
{fn, fn}-derivation (resp. Jordan higher {f,, f,}-derivation), then it is an ordinary
higher derivation (resp Jordan higher derivation). We know that if f is a {Lg, Rh}
derivation, then {f, = *+ "} is a higher {L,, , Ry, }-derivation, where g, = 2, h, = n,
and fo=go=ho=1. We call this kind of higher {L,,, Rhn} derivation an ordinary
higher {L,, , Ry, }-derivation, but this is not the only example of a higher {L,, , R}, }-
derivation. We have the same expression for higher {R,, , L, }-derivations and higher
{gn, hn}-derivations. Using the idea of [10] and to make the article more accurate,
we consider generalized derivations as follows: A linear mapping f : A — A is called
an [-generalized derivation (resp. r-generalized derivation) associated with a linear
mapping d : A — A if f is a {Ly, Ry}-derivation (resp. {Ry, Ly}-derivation) on A.
Naturally, a linear mapping f is called a two-sided generalized derivation if it is both
an [-generalized derivation associated with a linear mapping d; and a r-generalized
derivation associated with a linear mapping dy on A. Recently, Hosseini [7] has
studied two-sided generalized derivations and in that article he has presented a r-
generalized derivation which is not an [-generalized derivation. A sequence {f,} of
linear mappings is called a higher [-generalized derivation associated with a sequence
{d,} of linear mappings if it is a higher {Ly, , Ry, }-derivation. Similarly, the concepts
of higher r-generalized derivations and two-sided generalized higher derivations are
defined. Most authors who have studied generalized higher derivations suppose that
these mappings are dependent on higher derivations, see, e.g. [5,12,14], and the
references therein. In this paper and in the characterization that we offer, we do not
use this assumption. In fact, if {f,} is a generalized higher derivation (resp. Jordan
generalized higher derivation) associated with a sequence {d,,} of linear mappings, we
do not assume that the sequence {d,,} is necessarily a higher derivation (resp. Jordan
higher derivation).

In 2010, Miravaziri [11] characterized all higher derivations on an algebra A in terms
of derivations on A. In this article, by getting idea and using techniques of [11], our
aim is to characterize higher {L,, , Ry, }-derivations, higher {R,, , L, }-derivations
and higher {g,, h, }-derivations on an algebra A in terms of {L,, Ry }-derivations,
{R,, Ly, }-derivations and {g, h}-derivations, respectively. As the main result of this
article, we prove that if { f,,} is a higher {L,, , R), }-derivation (resp. higher {R,, , Ly, }-
derivation) on an algebra A with fo = go = ho = I, then there exists a sequence {F,,}
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of {Lg,, Ry, }-derivations on A such that

Jn =21 (EZ;=1 ri=n ( ;':1 Tj+'1"+7'7;) Fo - Fn) ,
90 = X (S5 o (it ) G G) ,
hn - ?:1 222:1 rj=n ( 3‘:1 ﬁ) f—[r1 . Hn)

where the inner summation is taken over all positive integers r; with Z§:1 rj = n.
The same is also true for higher {g,, h,}-derivations. Using this result, if {f,,} is a
higher [-generalized derivation (resp. higher r-generalized derivation) associated with
a sequence {d,}, then we characterize {f,} without assuming that {d,} is a higher
derivation. Mirzavaziri and Tehrani [12] characterized generalized higher derivations
while assuming the associated sequences are higher derivations. So, our results improve
their work.

As an application of the main result of this article, we investigate Jordan higher
{gn, hn}-derivations on algebras. Let us give a brief background in this regard. It is
a classical question in which algebras (or rings) a Jordan derivation is necessarily a
derivation. In 1957, Herstein [9] achieved a result which asserts any Jordan derivation
on a prime ring of characteristic different from two is a derivation. A brief proof of
Herstein’s result can be found in [3]. In 1975, Cusack [4] generalized Herstein’s result
to 2-torsion free semiprime rings (see also [2] for an alternative proof). Moreover,
Vukman [13] investigated generalized Jordan derivations on semiprime rings and he
proved that every generalized Jordan derivation of a 2-torsion free semiprime ring
is a generalized derivation. Recently, the first name author along with Ajda Fosner
[6] have studied the same problem for (o, 7)-derivations from a C*-algebra A into
a Banach A-module M. In this paper, we show that if {f,} is a Jordan higher
{gn, hn}-derivation of a semiprime algebra A with fy = go = ho = I, then it is a
higher {g,, h, }-derivation, and further we prove that if A is a semiprime algebra, 8 is
a commutative algebra, and {f,} is a Jordan higher {g,, h, }-derivation of A ® 8, with
fo =90 =ho =1, then {f,} is a higher {g,, h, }-derivation. Here, A ® 8§ denotes the
tensor product of A and 8. Also, some results related to generalized higher derivations
are presented.

Y

2. MAIN RESULTS

Throughout the article, A denotes an algebra over a field of characteristic zero, and
I is the identity mapping on A. We begin with the following definitions.

Definition 2.1. Let f,g,h : A — A be linear mappings. We say that f is a
{L,, Ry, }-derivation (resp. { Ry, Ly }-derivation) if f(ab) = g(a)b+ah(b) (resp. f(ab) =
h(a)b+ ag(b)) for all a,b € A.

Following Bresar [1], a linear mapping f is called a {g, h}-derivation on A if it is
both a {L,, R }-derivation and a {R,, Ly }-derivation, i.e., f(ab) = g(a)b+ ah(b) =
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h(a)b+ ag(b) for all a,b € A. A linear mapping f is called a Jordan {g, h}-derivation
if f(aob) =g(a)ob+aoh(b) for all a,b € A, where aob = ab+ ba.

Definition 2.2. A sequence { f,,} of linear mappings on A is called a higher {L,, , R, }-
derivation (resp. higher {R,, , Ly, }-derivation) if there exist two sequences {g, } and
{h,} of linear mappings on A satisfying (1.1) (resp. (1.2)). A sequence {f,} of linear
mappings on A is called a higher {g,, h, }-derivation if it is both a higher {L,, , R, }-
derivation and a higher {R,, , Ly, }-derivation on A. In addition, a sequence {f,} of
linear mappings on A is called a Jordan higher {g,, h, }-derivation if there exist two
sequences {g,} and {h,} of linear mappings on A satisfying

(2.1) w(aob) Zgn k(a) o hy(b),

for each a,b € A and each nonnegative integer n.

Before establishing the first result of this paper, we would like to draw your attention
to the following discussion that makes clear the process of characterizing of higher
{Ly,, Rp, }-derivations by {Lg,, Rp}-derivations. Let {f,} be a higher {L,, , Ry, }-
derivation. So, f,(ab) = >3_ gn—k(a)hk(b) for each a,b € A and each nonnegative
integer n. If fo = go = ho = I, then we have f;(ab) = g1(a)b + ahy(b), which means
that fi is a {L,,, Rp, }-derivation. Therefore, we have

fi(ab) = fi (g1(a)b+ ahy (D))
= 91(a)b + g1(a)h1 (D) + g1(a)ha (D) + ah3(b)
= g2(a)b + 2g1(a)hy(b) + ah?(b).
Thus,
(2.2) 2g1(a)hy (b) = fE(ab) — gi(a)b — ahi(b), a,be A

Note that fo(ab) = ga(a)b+ g1(a)hi(b) + aha(b). So, 2fa(ab) = 2g2(a)b+ 2g,(a)hy(b) +
2ahs(b) holds for all a,b € A. Putting (2.2) in the previous formula, we deduce that
2fa(ab) = 2go(a)b+ fE(ab) — g?(a)b — ahi(b) + 2ahy(b) for all a,b € A. Hence, we can

write

(2.3) 2f2(ab) — f1(ab) = (2g2(a) — gi(a)) b+ a (2ha(b) — 3 (D).

Letting Fy = 2fy — f2, Go = 295 — g3 and Hy = 2hy — h? in (2.3), we arrive at
Fg(ab) = GQ(CL)b + CLHQ(b), a, be .A,

which means that F; is a {Lg,, Ry, }-derivation. If we assume that F} = f;, G1 = ¢

and Hy = hy, then we have fo = 1FZ + 1Fy, go = 1G? + 1G5 and hy = JH? + L H>.

Indeed, we characterize fo by Fy and Fy, where Fy is a {Lg,, Ry, }-derivation and

F, is a {L¢,, Rp, }-derivation. By a process similar to the one described above, we

achieve that f3 = %Flg + %F]_FQ + %FgFl + %Fg, gs = %G? + %G]_GQ + %GQG]_ + %Gy,

and hy = $ H} + ¢H1Hy + 1 HyHy + £ Hs, where F; is a {L¢,, Ry, }-derivation on A
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for ¢ € {1,2,3}. Thus, we can inductively construct a sequence {F,} of {L¢,, Ru, }-
derivations characterizing a higher {L,, , Rj, }-derivation {f,} with fo = go = ho = I.
This inductive method leads us to this idea that every higher {L,,, R), }-derivation
is characterized by a sequence of {Lg,, Ry, }-derivations. The same is also true
for higher {R,,, Ly, }-derivations and higher {g, h}-derivations. In the following, we
show that the characterization of higher {L,, , R, }-derivations is not necessarily
unique. In view of the above discussion, if {f,} is a higher {L,,, Ry, }-derivation
with fo = go = hg = I, then we have f, = %Ff + %Fg, where Fy = f; and F5 is a
{L¢,, Ry, }-derivation. But we can also characterize the higher {L,,, R}, }-derivation
{f»} in other form. We know that fi(ab) = g1(a)b+ ah,(b) for all a,b € A. Therefore,

fi(ab) = fi(gi(a)b + aha(b))
= g1(a)b+ g1(a) (b) + g1(a)hi (b) + ahi(b)
= 9i(a)b + 291 (a)hy (b) + ahi(D).
Thus,

1
2.4) p@)) = & (Fab) ~ @b~ all(B) . abe A
Also, we know that fo(ab) = ga2(a)b + g1(a)hi(b) + ahs(b) for all a,b € A. Putting
(2.4) in the previous equation, we deduce that fo(ab) = go(a)b + 3 fZ(ab) — 2gi(a)b —
1ah?(b) + aho(b) for all a,b € A. Hence, we have

25 hloh) = 5 F2a) = (g() - 563@) ) b a (halt) - 320

for all a,b € A. Letting §o = fo — 3 /2, B2 = go — 1 g% and $ = hy — 1 in (2.5), we
arrive at

Sg(ab) = @2(@)[) + a5§2(b), a, beA.
Thus, § is a {Lg,, Rg, }-derivation. So, we have f, = %ff + 82, g2 = %g% + &, and
hy = %h% + $)2. The above expressions show that the term f5 is characterized by f;
and §o, where f is a {L,,, Rp, }-derivation and §; is a {Le,, R, }-derivation. Using
the above method and doing more calculations, we get

(= 57— 1182) @) = (95— 508~ 9182 @b+ a (s — ot = 1) (0

- (h3 - éhi’ - hlﬁg) ()b +a (93 -~ égi” - 91®2> (b)-

Letting §s = fs — £ /7 — 12, 83 = g3 — 97 — 9165 and §H3 = hg — th} — hy$y, it is
observed that §3 is a {Le,, Ry, }-derivation. Thus, we see that the terms f3, g3 and
hs are characterized as follows:

fs = ¢ i+ 182+ Ts,
93 = §91 + 0162 + B3,
hs = $hi + h1H2 + 9s.
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The aforementioned discussion demonstrates that the characterization of higher
{L,,, Rp, }-derivations is not necessarily unique. Therefore, one can think that if
{fn} is a higher {L,,, Ry, }-derivation with f; = go = ho = I, then there exist
two sequences of {Lg, , Ry, }-derivations and {Lg,, Ry, }-derivations characterizing
the higher {L,, , Rp, }-derivation {f,}. The same is also valid for higher {R, , L, }-
derivations and higher {g,, hy, }-derivations. In particular, if {d,}n—01,. . with dy = I
is a higher derivation on A, we can obtain two sequences {d, }n—o1
of derivations on A characterizing {d,}.

We begin our results with the following lemma which will be used extensively to
prove the main theorem of this article. The following lemma has been motivated by
[11].

Lemma 2.1. Let {f,} be a higher {Lg,, Ry, }-derivation on an algebra A with f, =
go = ho = 1. Then there is a sequence {F,} of {Lg,, Ru, }-derivations on A such

that
<n+1)fn+1 Zk oFkJrlfn k>
(n+ 1)gn+1 = 2i—o Grr19n—k;
(n+1) n+l — Zk OHk+1hn ks

for each nonnegative integer n. The same is also true for higher {g,, h,}-derivations.

goon

........

Proof. Using induction on n, we prove this lemma. Let n = 0. We know that
fl(ab) = gl(a)b—i— ahl(b) for all a, beA. ThUS, if F1 = fl, Gl =01 and H1 = ]’Ll, then
Fy is a {Lg,, Ry, }-derivation on A and further, (0 + 1)for1 = Yoo Fry1for, (0+
Dgos1 = S0 Gri1go—r and (0+ 1o = S0_y Hyy1ho_x. As induction assumption,
suppose that Fy is a {Lg,, Ry, }-derivation for any & < n and further

(r+1) fra1 = Xheo Frrrfr—ks
(T + 1>gr+1 Z}; 0 Gk—i—lgr k>
(r+ Dhpyr =350 Her1he—k,

forr=0,1,...,n—1. Put F,,;1 = (n+1) fro1— Zz o Fuiifobs Gryr = (n+1)gni1 —
ZZ;& Gri19n—k and Hyvg = (04 Dhpir — 205, ' Hy1hyop. Our next task is to show
that F, 41 is a {LGnH,RHnH}—derlvatlon on A. For a,b € A, we have

Foi(ab) = (n+1) foyi(ab) — ZFk+1fn k(ab)

n+1

1)};%(@)}1%1 k ZFkJrl (Z 9i(a)hn k1 ))

So, we have
n+1

Fopa(ab) =Y (n + 1)gr(a) 1 ZFIH-l (Z gi(a)hn—k—i ))

k=0
n+1 n—Fk

- Z<k +n+1- k)Qk( Py1— k Z Fria (Z )hn—k—l(b)> .

k=0 1=
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Since Fy is a {L¢,, Rp, }-derivation for each k =1,2,...,n,
n+1 n+1
(o) = 3 kae(alhr-i(0) + 3 gu(@)(n-+ 1= K)bssos(t)
n—1n—k -
= > > [Gria (91(@) hnra (D) + gi(@) Hiry (Pyi—i(D))] -
k=0 =0
Letting
n+1 n—1n—=k
G=> kgr(a)hnp1-k(b) = D Grp1 (gi1(a)) hp—i—i(b),
k=0 k=0 1=0
n+1 n—1n—=k
H=Y gi(a)(n+1—=k)hp1-kb) = > > gila)Hyws (hn—r—i(b)),
- k=0 1=0

we have F),1(ab) = G+H. Here, we compute G and H. In the summation >}~ Zz 0
we have 0 < k + 1 <n and k # n. Thus if we put r = k + [, then we can wrlte it as
the form 377 > )11y jsn. Putting [ =7 — k, we find that

n+1

G =S hgp@hna i) =3 Y Gror (ge-4l0)) hus0)

r=0 0<k<rk#n

n+1 n—1 r n—1
= kgr(a)hni1—x(0) = DD Grr1 (gr—k(@)) ha—r(b) = D Giy1 (gn-i(a)) b.
k=0 r=0 k=0 k=0
It means that
n—1 n+1 n—1 r
G+ Grri(gn-r(a) b= kgi(a)hpi1-r(0) = > > Grya (gr-k(a)) hur (D).
k=0 k=0 r=0 k=0
Putting r + 1 instead of k in the first summation of above, we have
n—1
G+ Gyt (gn-s(a)) b
k=0
n n—1 r
Z ngrl Z Z Gk+1 9r— k )) Ton— (b)
r=0 r=0 k=0
n—1
Z [ gr+1 Z Gk+1 Gr— ( ))1 hnfr(b) + (TL + 1>gn+1 (CL)b
=0 k=0

According to the induction hypothesis, (r + 1)g,4+1(a) = Yj_o Gri1 (gr—k(a)) for
r=20,...,n— 1. So, it is obtained that

n—1

6 = (0 D0s(0) = 3 G (40-a(0)] 0= G

k=0
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Like above, we achieve that
n—1
H=al|(n+1)h,1(b) — Z Hii1 (hp—i(b))| = aH,i1(b).
k=0

Therefore, we have F,;1(ab) = G + H = Gy1(a)b+ aH,11(b). O

Example 2.1. Using Lemma 2.1, the first five terms of a higher {L,, , Ry, }-derivation
{fn} are as follows:

fO :IJ
fl :Fla
2fy =F1fi + Faofo = F1Fy + Fy,

1 1
f2 :§F12+§F27

1 1

3fs =Fifo+ Fofi + Fsfo = F1(§F12+§F2)+F2F1 + I3,

1 1 1 1

——F3 4+ —F\Fy + —FyF, + - F.

fs 6 1+6 1 2+3 2 1+3 35

A4fy =F\fs + Fofa + F5fi + Fufo

1 1 1 1 1 1
=F (6Ff’ + g+ R+ 3F3) + F (2F12 + 2F2> + F3Fy + Fy,
1 1 1 1 1 1 1 1
4 :ﬂFf + ﬂFfFQ T AR T gFgFl2 + gF; + R+ F

We are now in a position to present the first main theorem of this article.
Theorem 2.1. Let {f,} be a higher {L,, , Ry, }-derivation on an algebra A with

fo =90 = ho = I. Then there is a sequence {F,} of {Lg,, Ru, }-derivations on A
such that

fo= S (Sx o (M 5t) oo )

n

_ . i L .

9= T (Sx o (T 57555 GG ).
—_yn , i 1 ..

ho =S (S (i sts) e )

where the inner summation is taken over all positive integers r; with Z§:1 rj = n.
The same is also valid for higher {g,, h,}-derivations.

Proof. Let {f,} be a higher {L,,, Ry, }-derivation. We first show that if f,,, g,, and h,,
are of the above forms, then they satisfy the recursive relations of Lemma 2.1. Since
the solution of the recursive relation is unique, this proves the theorem. Simplifying
the notation, we put a,, . = [[ L_ Note that if r; +---4+r; =n+ 1, then

(n+1)ay,,. r; = Qpy. ;. Furthermore, a, 41 = n%rl According to the aforementioned

-----
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assumptions, we have

n+1
fn+1 = Z Z arl,-uﬂ“z‘Fh T
=2 Zj‘:l rj=n+1
n+1
= Z Z arlr”vriFrl U

=2 i
¢ Zj:1 rj=n+1

So,

(n4+1)for1 = > (n+Day,. . F,

=2 i
¢ Zj:l rj=n+1

- Z Z arg,...,riFrl e Fr

=2 i
¢ Z].Zl rj=n+1

n+1 | n+2—12
=51 SF N SR
i=2 |\ m=l 22:2 ri=n+1l-r;
n n—(m—l)
=2 B X >
r1=1 =2 Z;:2rj:n—(7’1—1)
= Z ann—(rl—l) + Fn+1
ri=1

= Z Fyv1fork
k=0

Reasoning like above, we get that

Fri + an+1Fn+1
Fy
E, | + -2
’ n+1
1"'Fri _|_Fn+1
i + Fn+1

..,TZ'F’I”Q"'FTZ- +Fn+1

aT’Q,...J‘iFT’Q e Fri + Fn+1

(n+ 1)9n+1 = > r—0 Grr19n—k,
(TL + 1)hn+1 = ZZ:[) Hk—i—lhn—ka

for each nonnegative integer n. Putting n + 1 = m, we find that

m—1 m—2

mfm - Z Fk+1fm—1—k - Z Fk+1fm—1—k + Fm>

k=0 k=0

and consequently

m—2
F, = mfm - Z Fk-l—lfm—l—k-
k=0
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Similarly, we have

Gm = mMgm — Z;Cn:_(f Gk+lgm—1—ka
Hy = mhy, — Zzn:—(]Q Hk+1hmflfk-

Therefore, we can define F,,,G,,, H, : A — A by Fy = Gy = Hy = 0 and
Fn = nfn - Zz;g Fk—i—lfn—l—kza

G =nNngn — Ekio Gk+lgn 1—k>
H —TLh _Zk Hk+1hn 1-k;

for each positive integer n. It follows from Lemma 2.1 that {F,} is a sequence of
{Lg, , Ru, }-derivations. In addition, we prove that if f,, g, and h, have the forms

(n+ 1) far1 = Xieo Frt1.fr—rs
(n + 1)gn+1 Zk 0 Gk—i—lgn ks
(TL + 1) n+l — Ek =0 Hk+1hn ks

where {F),} is a sequence of {Lg,, Ry, }-derivations, then {f,} is a higher {L,, , Ry, }-
derivation on A with fy = go = hg = I. To see this, we use induction on n. For n = 0,
we have fo(ab) = ab = go(a)ho(b). As the inductive hypothesis, assume that

k
fr(ab) = Zgi(a)hk_i(b), for k < n.
i=0
Therefore, we have

(n_l_l fn+1 ab ZFk-i-lfn
k=0

n—Fk

= En: Fk; 1 Z gz n k—i b)
k=0 =0 |

According to the above—mentloned recursive relations, we continue the previous ex-
pressions as follows:

(14 1) s (ab) = Z(n i gt (@)ha(D) + Znogz-(axn it Dl (D)
S ONROES SUSEROIID

TL—|-1 Zgz n+lz )

which means that f,,(ab) = S g;(a)h,1-i(b). Thus, {f,} is a higher {L,,, Ry, }-
derivation on A which is characterized by the sequence {F,,} of { Ls,,, Ry, }-derivations.
The same can be proved for higher {g,, h, }-derivations. O
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In the next example, using the above theorem, we characterize term f; of a higher
{L,,, Ry, }-derivation {f,}.

Ezample 2.2. We compute the coefficients a,, ., for the case n = 4. First, note that
4=143=34+1=24+2=14+14+2=14+241=24+141=1+4+1+1+1. Based

on the definition of a,, . ,, we have
1
a4—1,
1 11
M3TI373 T 12
1 I 1
BT T W
1 1 1
Qa = — s = = —
27242 2 8
B 1 1 1 1
M= T2 142 2 o
1 1 1 1
ai21 = ) T T Ty
- 1+2+1 2+1 1 12
1 1 1 1
az1,1 = ) 7T
2+1+1 1+1 1 8
1 1 1 1 1
ari,1,1 = =7

1+14+1+41 14141 141 1 24

Therefore, f4, g4 and hy are characterized as follows:

1 1 1 1 1 1
fa :ZF4 + EFng + ZF3F1 + ngFz + ﬁF1F1F2 + EF1F2F1
1 1
+ §F2F1F1 + ﬁFlFlFlFlv

1 1 1 1 1 1
Ja :ZG4 + EG1G3 + ZG3G1 + ngGz + ﬁG1G1G2 + EGlG?Gl

1 1

1 1 1 1 1 1
hy ZZH4 + EHIHB + ZH3H1 + §H2H2 + ﬂH1H1H2 + EHIHQHI
1 1
+ §H2H1H1 + ﬂHlHlHlHl.

Corollary 2.1. Let {f,} be a higher {g,, h,}-derivation on an algebra A with fo =
go = ho = I. Then there is a sequence {F,} of {Gy, H,}-derivations on A such that

(2) (n+1)for1 = Xheo Frt1 fon,
(ZZ) (TL + 1)gn+1 = ZZZO Gk+lgn—k>
(i13) (4 Dhpr1r = > po Hir1hn—k,
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for each nonnegative integer n. Furthermore, we have

(iv)  fo =20 (2221 ri=n ( 311 ﬁ) E. - Fri) ,
© 9= (S (T ) GG
(UZ) h’ﬂ - ?:1 (ZZ;ZI ri=n ( ;:1 ﬁ) Hrl e Hm) y

where the inner summation is taken over all positive integers r; with 23:1 rj =n.

Proof. According to Lemma 2.1, if { f,,} is a higher {L,,, R, }-derivation on an algebra
A with fo = go = ho = I, then there exists a sequence {F},} of {L¢,, Ry, }-derivations
on A satisfying recursive relations (¢)-(vi). On the other hand, {f,} is a higher
{R,,, L, }-derivation on A. Hence, there is a sequence {§,} of { Re,, Ly, }-derivations
on A satisfying all the equations of (i)-(vi). But, we know that the solution of the
recursive relations is unique. Therefore, we infer that F,, = §,, G, = &,, and H,, = 9,
for all positive integers n. 0J

In [12], Mirzavaziri and Tehrani presented a characterization of generalized higher
derivations. They defined a generalized higher derivation as follows. A sequence {f,}
of linear mappings on A is called a generalized higher derivation if there exists a
higher derivation {d,} on A such that f,(ab) = >}_, fu_r(a)dk(b) for each a,b € A
and each nonnegative integer n. In fact, they assume that each generalized higher
derivation is dependent on a higher derivation. In the following corollary, we show
that this assumption is unnecessary.

Corollary 2.2. Let {f,} be a higher {Ly,, Ry, }-derivation (resp. higher {Ry,, La, }-
derivation) on an algebra A with fo = dy = I. Then there is a sequence {F,} of
{LE,, Rp, }-derivations (resp. {Rg,, Lp, }-derivations) on A such that

(n 4+ 1) far1 = X Frs1 fr—r
(n+ 1)dni1 = Xh—o Drs1dn—+,

for each nonnegative integer n. Furthermore, we have
‘ 1
fo= S (S (M) BB

_\"n . ( 1 ..
dn - i=1 223:1 rj=n ( 7j=1 Tj+"'+7’i) Drl Dm) )
where the inner summation is taken over all positive integers r; with 375, r; = n.

We are now going to give an example of a generalized higher derivation that does
not depend on a higher derivation.

Example 2.3. Let R be a ring and let

0 a b
R = 0 0 ¢c| :abceR
0 00
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Clearly, R is a ring. Define the additive mappings f,d : R — R by

0 a b [0 a O
f 0 0 ¢ =10 0 0],
0 00 1000
0 a b [0 a b
d( 0 0 ¢ ): 0 0 —c
0 00 100 0

It is routine to see that
f(AB) = f(A)B + Ad(B)., A,Bem,

which means that f is an [-generalized derivation associated with d in which d is
not a derivation. Define f, = J;—T and d, = % for each nonnegative integer n with
f°=d° = 1. A straightforward verification shows that f,(ab) = S7_, fn_r(a)di(b)
for each nonnegative integer n, while {d,,} is not a higher derivation.

Theorem 2.2. Let {f,} be a sequence of linear mappings satisfying

Zj:l ri=n J

for each positive integer n with fy = I, where F,, is a {Lg, , Ru, }-derivation (resp.
{Rg,, Lu,}-derivation) for each positive integer n. Then there exist two sequences
{gn} and {h,} of linear mappings such that

—_yn . i L ce.

g =T (S (s 555) GG ).
p— n ; i 71 LIS

hy, =32 ZZ;—:MJ:" ( =1 Tj+-~-+n) H,, Hn-) ,

for each positive integer n with gy = hy = I, where the inner summation is taken
over all positive integers r; with 32 _yr; = n and furthermore, {fn} is a higher
{L,,, Rp, }-derivation (resp. higher {Ry,, Ly, }-derivation) on A.

Proof. We use induction on n. Suppose that if

k i 1
fk:Z Z (HM>E«1FT )

=1 i _ =1
ijl ri=k \J

for 1 <k <mn, where F; is a {Lg,, Ry, }-derivation for each i < k, then there exist the
linear mappings g, and hy such that

gk = Zf:l 222:1 ri=k ( é‘:l ﬁ) G - GT,‘) ,
h =%, 222:1’"3':’“ ( 2:1 ﬁ) H, - HTZ.> ,



ON THE STRUCTURE OF SOME TYPES OF HIGHER DERIVATIONS 137

with go = ho = I and further fi(ab) = SF , gr_i(a)hi(b) for all a,b € A. Based on
the assumption, we have the following equation:

n+1 7 1
fn+1: Z Z (H —}——{—7’1) Frl"'Fm ,

=1 i =1"7J
! Zj:l rj=n+1 \J

in which F; is a {Lg,, Ry, }-derivation for each 1 <i <n + 1. Now, we define

_ yntl 1

gurt = S (St (M ) GG ).
— yntl ) R

fn =25 ZZ;:N}:HH ( j=1 Tj+'“+7“i> Hy, H”) '

It follows from the proof of Theorem 2.1 that g, and h,,; satisfy the following
recursive relations:

(n+ 1)gnt1 = Xheo Ger19n—k,
(n 4+ Dhpt1 = 250 Hir1hn—k-

Our next task is to show that f,1(ab) = S gi(a)hni1_s(b) for all a,b € A. Reusing
the proof of Theorem 2.1, we have (n+1) f,41(ab) = >5_ Fit1fo—k(ab) for all a, b € A.
Therefore,

M:

(n + 1)fn+1 (ab) FkJrlfnfk(ab)

>
Il
o

n—1

Fra Z gi(a)hn_1—i(D)

Il
WE

i
o

I
M:

-
I
o

k=0 k=0

S Gonrgn (e >) B + 300 (z Hmn_k_i(b))

Il

-
I
m ol

(n =i+ 1)gn-iv1(a)hi(b) + 3 _(n — i+ 1)gi(a)hn—i1 (D)

=0

3

n

igi(a)hns1-i(b) + Y (n — i+ 1)gi(a)hn_i1(b)

1=0

(n+1)gi(a)hny1-4(D),

[

3 .
™

—_ =

@
Il
o

which means that

n+1

fn+1 ab Zgz n+1 —1 )

Thereby, our proof is complete. 0J
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Corollary 2.3. Let {f,} be a sequence of linear mappings satisfying

! Zj:l ri=n J

for each positive integer n with fo = I, where F, is a generalized derivation associated
with a linear mapping D, for each positive integer n. Then there exists a sequence
{d,} of linear mappings such that

> = —— | D,,--- D,
( 6) n 7;21 Z (H rj‘l’"""’ri) T1 T s

23:1 rj=n j=1

for each positive integer n with do = I, where the inner summation is taken over all
positive integers rj with 335, r; = n and furthermore, {fn} is a generalized higher
derivation associated with the sequence {d,}.

For instance, let F; be a generalized derivation associated with a linear mapping
D; for i € {1,2,3} on A and let f3 = ¢F} + ¢FiFy + 5 FoFy + 3 F5. So we have the
following calculations:

folab) = (éFf’(a) + éF1F2(a) + ;FQFl(a) + ;Fg(a)) b

1

+(3F@) + S B(@) &) + fila) (5D30) + 1 D,0)

1 1 1 1
ta <6Df(a) + 2DiDs(a) + 3 D2Dy(a) + 3D3(a)> ,

for all a, be A Considering d2 = %D% + %Dg and dg = éD? + éDlDQ + %Dng + %Dg,
we see that

f3(ab) = fs(a)b+ fa(a)di(b) + fi(a)da(b) + ads(b Zf3 b

This leads us to the sequence {d,} satisfying (2.6) and further

ab) = g Foon(@)du(b)

In the following, there are some immediate consequences of the previous results.
Before it, recall that a sequence { f,,} of linear mappings on A is called a Jordan higher
{gn, hn }-derivation if there exist two sequences {g,,} and {h,,} of linear mappings on A
such that f,(aob) = >} _; gn_r(a)ohy(b) holds for each a,b € A and each nonnegative
integer n. Since the Jordan product is commutative, we have

falaob) = fu(boa) = Zgnk ) o hy(a ng ) o hni(a Zhnk ) © k(D).
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So, it is observed that if {f,,} is a Jordan higher {g,, h, }-derivation, then

w(aob) Zgnk ) o hy(b Zhnk ) © gr(b),

for all a,b € A.

Corollary 2.4. Let {f,} be a Jordan higher {gn, h,}-derivation on a semiprime
algebra A with fo = go = ho = I. Then {f.} is a higher {gn, h, }-derivation.

Proof. Using the proof of Theorem 2.1, we can show that if {f,} is a Jordan higher
{gn, hn}-derivation on an algebra A with fy = g9 = ho = I, then there exists a
sequence {F,,} of Jordan {G,, H,}-derivations on A such that

U\ e VL
where the inner summation is taken over all positive integers r; with Z;Zl rj = n.
Since A is a semiprime algebra, [1, Theorem 4.3] proves the corollary. O

In the following, A ® 8§ denotes the tensor product of two algebras A and §, where
both A and § are defined over a field F of characteristic zero. We know that the tensor
product of two vector spaces V' and W over a field F is also a vector space over F.

Corollary 2.5. Let A be a semiprime and 8 be a commutative algebra, and let {f,}
be a Jordan higher {g,, h,}-derivation of A ® 8 with fo = go = hg = 1. Then {f,} is
a higher {gn, hy, }-derivation.

Proof. As stated above, for a Jordan higher {g,, h,}-derivation {f,} of A ® 8§ with
fo = go = ho = I there exists a sequence {F,} of Jordan {G,,, H, }-derivations on the
algebra A ® § such that

j=173="

where the inner summation is taken over all positive integers r; with Z;:l rj = n.
Theorems 3.1 and 4.3 of [1] together show that every Jordan {g, h}-derivation of
the tensor product of a semiprime and a commutative algebra is a {g, h}-derivation.
This fact along with the above-mentioned characterization of {f,} implies that the
Jordan higher {g,, h, }-derivation {f,} with fo = go = ho = I is a higher {g,, h,}-
derivation. 0

Corollary 2.6. Let A be a semiprime and 8 be a commutative algebra, and let {d,}
be a Jordan higher derivation of A ® 8 with dy = 1. Then {d,} is a higher derivation.

Proof. This is an immediate consequence of [1, Corollary 4.4] and [11, Theorem
2.3]. 0
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The importance of Corollary 2.5 and 2.6 is that the algebra A ® § is not semiprime
if § is not semiprime. On the other hand, even the tensor product of semiprime
algebras is not always semiprime. So, we are presenting a characterization of higher
{gn, hn }-derivations on some algebras which maybe are not semiprime.

Remark 2.1. We know that the notion of a Jordan {g, h}-derivation is a generalization
of Jordan generalized derivations (see Introduction). A sequence { f,,} of linear map-
pings on an algebra A is called a Jordan generalized higher derivation if there exists
a sequence {d,} of linear mappings on A such that f,(aob) =>7_, fu_r(a) o di(b)
for all a,b € A. So, Corollaries 2.4 and 2.5 are also valid for Jordan generalized higher
derivations.

Motivated by [11, Theorem 2.5], we prove the following theorem.
Theorem 2.3. Let § be the set of all higher {L,, . Ry, }-derivations { f,}n—o1,.. on A

with fo = go = ho = I and § be the set of all sequences {F,}n—01,.. of {LG;;.RHH}-
derivations on A with Fy = Gy = Hy = 0. Then there is a one to one correspondence

between § and §. The same is also valid for higher {gn, hy,}-derivations.

Proof. Let {f,} € f. We are going to obtain a sequence {F,},—01.. of {Lg,,Ru,}-
derivations with Fy = Gy = H, = 0 that characterizes the higher {L,, , R, }-derivation
{fn}. Define F,,G,,H, : A — A by Fy =Gy = Hy =0 and

Fn - nfn - ZZ;S Fk—i—lfn—l—ku

Gn =Nngn — ZZ;S Gk+lgn—l—k7

Hn = nhn - Zz;g Hk+1hn—1—k7

for each positive integer n. Then it follows from Lemma 2.1 that {F,} is a sequence
of {Lg,, Ry, }-derivations characterizing the higher {L,, , Rp,, }-derivation {f,}. Con-
versely, suppose that {F,,} € § which means that every F), is a {L¢,, Ry, }-derivation
with Fy = Gy = Hy = 0. We will show that there exists a higher {L,,, R}, }-derivation

geee

define f,, gn, hp : A — A by fo =go=ho =1 and

o ) i 1 ..
fo = 1=1 ZZ;:I ry=n ( Jj=1 rj+---+m) Fr1 FT’) ’
o ) T 1 e
9n = 2.i=1 223:1 ri=n ( j=1 m) Gr, Gn> )
_\\"n ) i 1 e
hn - Ei:l (EZ;_I ri=n (Hj:l rj+"'+7'i) Hrl Hrl) .
By Theorem 2.1, f,, g, and h,, satisfy the following recursive relations:

(n+ 1) for1 = Xho Frrrfok,

(n+ 1)gn+1 = Xheo Grt19n—k,

(n + 1)hn+1 = EZ:O Hk+1hnfk-
Based on the last part of the proof of Theorem 2.1, {f,} is a higher {L,, , Ry, }-
derivation on A with fo = go = hg = I. Thus, {f,} € f. Now, define F : § — § by




ON THE STRUCTURE OF SOME TYPES OF HIGHER DERIVATIONS 141

F({Fn}) = {fn}, where
fo= S (S (M) BB
0= i (S (M ) GG )
ho =50 (S5 ]:1+1+)HH)

Clearly, F is a one to one correspondence. This yields the desired result. 0

Remark 2.2. Let A be a unital algebra with the identity element e and let {f,} be
a higher {g,, h, }-derivation on A with fy = go = hg = I. According to Theorem 2.1,
there exists a sequence {F),} of {G,,, H,}-derivations on A such that

fo = S (Ssy_ o (T i) B F) ,
In = 2 ZE? ri=n ( 2‘:1 ﬁ) CAEE Gri) )
hn - (ZZ rj=n ( j‘:l ﬁ) Hm e Hn) )

where the inner summation is taken over all positive integers r; with Zé-:l ry=mn. It
follows from [8, Theorem 3.1] that if f is a {g, h}-derivation on a unital algebra, then
f, g and h are generalized derivation associated with the derivation ¢. Indeed, we
have f = 6 + Lye), g = 0 + Lge) and h = 6 + Ly(e). Using this fact and that every
{F.}isa{Gn, H,}- derlvatlon we deduce that there is a sequence {D, } of derivations
such that F,, = D,, + Lg,(e), Gn = Dn + Lg,(e) and H, = D, + Ly, () for any n € N.
It means that every F),, G,, and H, is a generahzed derivation assoc11ated with the
derivation D,,. We can thus infer from [12] that {f,}, {¢9.} and {h,} are generalized
higher derivations. We can see that

fn=im (s vy (Mos 555) (D 4 Ly @) -+ (Do + LF»«Z«e))) !
gn = 2?21 ZZ;:N’J:” (szl m) (Drl + LGT1 (e)) R (Dm —+ LGri(e))> ,
hn = 3154 (2221 ri=n <H§:1 ﬁ) (Dry + LHTl @) (Dr, + LH”(e))) ’

where the inner summation is taken over all positive integers r; with Z;Zl rj = n.
Easily, we deduce that there is a higher derivation

_ - \b, ---D, |,
| % (Hw,,ﬂ) D,

Zj.:l ri=n j=1
where the inner summation is taken over all positive integers r; with Z§=1 rj = n on
A such that
fa(ab) = 35— fa—k(a)di(b),

gn(ab) = Xp_o gn—r(a)dy(b),
hn(ab) = 35_g hn-r(a)di (D),
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for all a,b € A and n € N. It follows from [1] that if f is a {g, h}-derivation on a
unital algebra, then f(e), g(e),h(e) € Z(A). So, we have

F.(ab) = D, (ab) + L, (e)(ab)
= D,(a)b+ aD,(b) + F,(e)ab
= D, (a) + a (D, (b) + F,(e)b)
= D,(a)b+ aF,(b),
for all a,b € A and n € N. Similarly, G,,(ab) = D, (a)b + aG,(b) and H,(ab) =
D, (a)b+ aH,(b) for all a,b € A and n € N. So, one can easily obtain that

falab) = 3k_g dnk(a) fi(b),

gn(ab) = 3k_o dn—k(a)gr(b),

hn(ab) = 35— dn—r(a)hi(b),
for all a,b € A and n € N.

Proposition 2.1. Let R be a unital ring with the identity element e and let {f,} be a
higher { gy, h, }-derivation on R. Then f,(e), gn(€), h,(€) € Z(R) for any nonnegative
integer n.

Proof. Using induction on n, we prove this proposition. According to page 2 of [1],
the result is certainly true if n = 1. We show that the result is true for n = 2. We
know that

2.7)  falzy) = g2(2)y + g1(2)ha(y) + ha(y) = ha(x)y + ha(2)g1(y) + 292(y),
for all x,y € R. Taking y = e in (2.7), we obtain

(2.8) fo(x) = ga() + g1(z)h1(e) + zha(e) = ha(x) + hi(7)g1(e) + Tga(e),
and taking z = e, we get
(2.9) fo(y) = g2(€)y + gi(e)hi(y) + ha(y) = ha(e)y + hi(e)gi(y) + g2(y)-

Comparing (2.8) and (2.9) and using the fact that hi(e), gi(e) € Z(R), we see that
g2(€), ha(e) € Z(R) and consequently, fo(e) € Z(R). As induction hypothesis, assume
that the result is true for any & < n. We have
fal@y) = gn(@)y + gn-1(x)h(y) + - - - + xha(y)
= hn(2)y + h1 ()91 (y) + - - - + Tgn(y)-
Reasoning like above, we have
fn(@) = gn(@) + gn1(z)ha(€) + - - - + zhn(e)
= h,(2) + hy1(z)g1(€) + - - + xgn(e)

and also

Jn(y) = gn(€)y + gn-1(€)hi(y) + - - + huly)
= hn(€)y + hn1(e)gi(y) + -+ gn(y).
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Comparing the above equations and using the inductive hypothesis, we get that
gn(e), hn(e) € Z(R) and consequently, f,(e) € Z(R). O

The article ends with the following theorem.

Theorem 2.4. Let A be a unital algebra with the identity element e and let {f,} be
a generalized higher derivation associated with a sequence {d,} of linear mappings.
Then {d,} is a higher derivation.

Proof. We use induction to get our goal. The result trivially holds for n = 1. Now
suppose that dj(ab) = X% dy,_;(a)d;(b) for any k < n. We have

z Fok — Fu@)b+ ady (D) + 3 fus(a)de(D)
k=1

Since A is unital, we get that

fn(b):fn( b+d +ank

and consequently, we have

() fn( b_ank

for all b € A. Now, we have the following expressions:

d,(ab) =f,(ab) — f.(e)ab — Z fn—r(€)dy(ab)

=3 fu ) (0) — Fulelad — S ale) Y de (o)

= []:n(a) — fal€)a — fra(e)di(a) — - — flze)dn—l(a)] b
+ [fa-1(a) = fa-1(e)a — frz(e)di(a) — - — fi(e)dn—2(a)] di(D)
4+ ad, (b)

=d,(a)b+ dy—1(a)di(b) + - - + ad, (D)

It means that {d,} is a higher derivation, as desired. O
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SOME PROPERTIES OF NEW HYPERGEOMETRIC FUNCTIONS
IN FOUR VARIABLES

MAGED G. BIN-SAAD!, JIHAD A. YOUNIS!, AND KOTTAKKARAN S. NISAR?**

ABSTRACT. In this paper, we introduce ten new quadruple hypergeometric series.
We also obtain their various properties such that integral representations, fractional
derivatives, N-fractional connections, operational relations and generating functions.

1. INTRODUCTION

In recent years, several interesting and useful properties of certain multiple hyper-
geometric functions have been investigated by many authors (see, e.g., [1,3-9,11,12,
14,15,17,21,22,25,26]). In a sequel of such type of works mentioned above in this
paper, we introduce ten new hypergeometric series of four variables as below

W | .
70 (ah a1, az, az, a1, az, az, az; C1,C2,C3,C4, L, Y, 2, U)

(1.1) _ i (@1)2m+n(a2)2piniqlas)y a™ y* 2P w?
m,n,p,g=0 (Cl)m(CQ)n(C3)P(C4)q m!t nl pl gl ’

0 . .
71 (alv ai, az, az, ai, az, s, as; 1, C1, C2, C3; T, Y, Z?”)

(1.2) _ 3 (@1)2m+n(@2)2pintqlas)y 2™ y* 22wt
mnpa=o  (C)min(c2)p(cs)g — ml nl pl gl

(4) . .
X72 (ah ai, az, az, a, a2, az, as; c1,C2,C1,C3; X, Y, 2, U)

Key words and phrases. Gamma, functions, Laplace-type integrals, fractional derivatives, N-
fractional operator, operational relations, generating fnctions, Exton’s functions, quadruple hy-
pergeometric series.
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(1.3) _ i (@1)2m4n(a2)2piniqlas)y a™ y* 2P u?
m,n,p,g=0 (Cl)m—l-p(CZ)n(C?))q m!l nl pl gl ’

e . .
73 ((11, ai, az,a2,0a1, a2, a2, a3;C2,C1,C1,C3; 2, Y, Z,U)

by = Ol 2
m,n,p,g=0 (Cl)n+p(62)m(c3)q m!  nl p' ql ,

X(4) . .
74 (al,al,ag,ag,al,ag,a2,a3,cl,cl,cl,02,x,y, Z,U)

s = 3 (Gemelteg(e) 20
m,n,p,q=0 <Cl>m+n+p<62>q m' n‘ p' q' ’

W . .
75 (ah ai, az, az, a, asz, as, dq;C1,C2,C3,C4; T, Y, 2, U)

(16) _ i (@1)2m4n(@2)nsprqlas)p(as)g =™ y" 28 u?
0 (c1)m(e2)n(cs)p(ca)q m! n! pl g’

e . .
76 ((11, ai, Gz, a2,0a1, a2, a3,0a4;C1,C1,C2,C3; 2, Y, Z,U)

(1.7) _ i (@1)2min(a2)ntprqlas)p(as)y =™ y* 2P wu?
m,n,p,q=0 (Cl)m-f-n(C?)p(C?’)q m!  nl p‘ q' 7

X(4) . .
7 (a’17 ai, az, az, ai, az, ag, a4; C1, C2, C1, C3; 1, Y, 2, U)

(1.8) S @@l 2w
m,n,p,g=0 (c)m+p(c2)n(cs)q m! n! p g’

m n

2P

W . .
78 (ah a, az, az, ai, as, as, aq,C2,C1,C1,C3; L, Y, 2, U)

(1.9) _ i (@1)2min(a2)niprqlas)p(as)y =™ y* 2P wu?
m,n,p,qg=0 (Cl>n+P(CQ)m(C3)q ml nl pl ¢ ’

e . .
79 ((11, ai, Gz, Q2,0a1, a2, a3,0a4;C1,C1,C1,C2; X, Y, Z7u>

(1.10) _ i (@1)2m4n(a2)ntprqlas)p(as)y =™ y* 2P wu?
m,n,p,q=0 (Cl)m+n+p(62)q m! nl p‘ q' 7

where (a),, is the Pochhammer symbol defined by
I'(a+m)

=)

=ala+1)---(a+m—1),

for m > 1, (a)g = 1, I" being the well-known Gamma function.

The present paper aims at introducing and investigating certain properties of hy-
pergeometric series X%), X%), e ,X%). The structure of this paper is as follows. In
Section 2, integral representations of Laplace-type are obtained. In Section 3, we
establish some fractional derivatives for our series. Section 4 presents certain con-
nections by means of N-fractional operator. Section 5 deals with the derivation of
operational relations between the quadruple functions X%), X%), e ,X%) and triple
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hypergeometric functions. The generating functions are given in the last section of
this paper.
2. INTEGRAL REPRESENTATIONS OF LAPLACE-TYPE

In this section, we present certain integrals of Laplace-type involving the quadruple

series XZ-(4), i ="70,71,...,79. For our purpose, we begin by recalling the following
confluent hypergeometric functions [23]:

(2.1) B (e =Y D

22) B (i) = 3 0 2
(2.3 By (aemy)= Y qom T

(2.4) He (a;¢;2,y) = i

ol ()man m! "l

o~ (@)2msn 2™ Y
2.5 H a;b7c;;p, = s
Now, if we consider the definitions of the confluent hypergeometric functions
oF1,1F1, ®3,Hg and H7, we can derive the following integral representations:

e . .
70 (ala ai, az, az, a, as, ag, as; C1,C2,C3,C4; T, Y, 2, U)

1 00
= s (a1, i s 5) oFs (s e 822) 1 s (a4 ) d
F(a2> /0 e S 7 (al> C1,Co; T, Sy) 041 ( yC35 S Z) 141 (Cl37 Cy; SU) s,

(2.6) Re (az) > 0,

X(4)( . . )
71 \41, 01, G2, ag, 4y, ag, 4z,as; C1,C1,C2, C3; 1, Y, 2, U
1 > 1 2
—s _as— o R
= / e "5 " Hg (a1; c1; 2, sy) o F1 (—,0278 Z) 1F1 (as; c3; su) ds,
F(CLQ) 0

(2.7) Re (az) > 0,

W . .
72 (ah a, az, az, ai, as, az, as; c1,C2,C1,C3; 1, Y, 2, U)

/ / —(s+t) g1~ 1ta2 10F1(_ Cl,SZ'+t2)
['(a1)T(az)
(2.8) X oF) (—; o5 sty) 1 F (as; cg;tu) dsdt, Re(a;) > 0,Re(a) > 0,

< . .
73 (a17 ai, az, az, ai, az, az, as; C2, C1, C1, C3; 1, Y, 2, U)

/ / () gu—1 goa-1 B (_ c1: sty + 22 )

(29) X 0F1 ( ;C25 S ZL’) 1B (a3, C3; tu) det Re ((11) > 0, Re (CLQ) > 0,
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X . .
74 (al,CLI,CLQ,0/2,CL1,CLQ,a27a37Cl,C1,C1,C2,x,y, Za“’)

/ / ~(stt) g =1 paz— 10F1(— ;82w + sty + 2z )
CL1 a2
(2.10) x 1F (ag; co;tu) dsdt, Re(a;) > 0,Re(ay) > 0,

X(4)( . . )
75 \a1, a1, a2, a2, a1, a2,0a3,04;C1,C2,C3,C4; T, Y, 2, U
1 0 1
—S _a2— . . . . . .
:F(a )/o e *s 7 Hy (ay; ¢, coy x, sy) 1 F (as; cs; s2) 1 F1 (ag; ¢a; su) ds,
2

(211)  Re(as) > 0,

< . .
76 (ah a, az, az, a, s, az, aq;C1,C1,C2,C3; T, Y, 2, U)

1 o)
— / e %592 1H, (ay; cr5x, 8y) 1 F1 (ag; co; 82) 1F (ag; e3; su) ds,
F(CLQ) 0

(2.12)  Re(ag) >0,

e . .
ud (ala a, az, az, a, asz, as, aq,C1,C2,C1,C3; 1, Y, 2, U)

/ / —(sHt) gar=l gaz—lg, (a3;01;t21,82l') oF1 (—; ca; sty)
&1 CZQ
(213) X 1 Fy (a4, C3; tU) det, Re (Cll) > 0, Re (ag) > 0,

X(4) . .
78 (al,Cll,G2,@27Gl:CL27GS,G4702701701,C371’,%Zau)

/ / —(stt) gu—1 gaz-lgp, (as;eq;tz, sty) o FY (—;02;82x)
CL1 a2
(2.14) X 1F) (ay; c3;tu) dsdt, Re(a;) > 0,Re(ay) > 0,

(4) . )
X?g (ala ai, az, az,d, a2, az, a4;C1,C1,C1,C2; T, Y, 2, ’LL)

—(s+t+v) a1 1 yaz—1 _asz—1
t v
F( a3 / / /

X OFl (—; 1 82 + sty + tvz) 1Fy (ag; eo; tu) dsdtdv,
(2.15)  Re(ay) > 0,Re(az) > 0,Re(a3) > 0.

Proof. To establish (2.6), denote by J the right side of the relation (2.6). Then, by
substituting the expression of the confluent hypergeometric functions (2.1), (2.2) and
(2.5) into the right hand side of (2.6), we have

g — > <a1)2m+n(a3)q x™ yn 2P o —s ,a2+2p+n+q—1
= PR e °s dS,
m,n.p,g=0 (cl)m(cl)n(cl)p(cl)qF(ag) m! nl p' q'

by using the known equality (see [23])
['(a) :/ e ® s 'ds, Re(a) >0,
0

we get the result after some simplifications. Similarly, one can proof the relations
(2.6) to (2.15). O
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3. FRACTIONAL DERIVATIVES
The fractional derivative operator DF that was introduced by Miller and Ross [16]

is given as

(31) Dkwa — F(a + 1) a—k

_ —1.
. F(a—k+1)w , Re(a) >

Now, by using the above operator, we aim in this section at establishing the following
fractional derivative formulae:

ai—c a;—1y(4) . e o2
le [w ! X?O ¢, C, a2, az, C, Az, A3, a3; C1, C2, C3, C4; W T, WY, 2, U

(3.2)
F(a’l) C IX 4) . L2
) a,a, az, az, a, az, az, as; C1,C2,C3, C4; W T, WY, 2, U ) ,
c as—1 v (4) . . 2
Dy~ [ 2 X (a17alac7c7alvc7cua3u017017627c3ux7wy7w Z,U)U)}

(

az)

w'™ 1 4) 2
X’71 (alaalaa2aa’27a17a27a27a37clycla027c3ax wy,w z wu)

F(c)
I
aj—caz—c ai—1. as—1v(4) o I ) 9
Dw1 Dwg [wl Wy X72 ¢cc,c,cc,C,az;C,C,C,C3; W T, WIWRY,
2
W52, Wall

_Ta)l(as) oy
INGINCH .
(3.4)

w3z, 'I.UQU) ,

¢'—1 x(4) . o2
Wy 72 (a17a17a27a2aa17a27 a2, a3; C1, C2, C1, C3; Wy T, W1W2Y,

I
a1—c yaz—c a1—1,, a3—1 v (4) ’. v a2
Du;ll Dw?; [ 11 w23 X73 G, C, ag, ag, C, g, G2, C ; C2, C1, C1, C3; W T, W1 Y, 2, Wl
(3.5)
_T(a)(as) .
- 1
INOINCY
/
al1—caz—c Has ¢
Dy Dy D™

c -1y () . )
Wy 73 (ahalva?aa?aa’l) ag, a2, as; C2, C1, C1, C3; W T, WY, z, W2l ) ,

ag— az—1 ( 2
W5 X74 (C C, C C , C, C C C ;C1,C1,C1, C2; WL T,

[
wley,wQZ ’LU2UJ3U)}
:F(Gl)F(CZQ)F(ag) wc—lwcl—lwcu—l
D(e)T(T(")y 1 2 73
(3.6)

(4) . o2 2
XX74 aiy, ay, az, a2, ay, sz, Az, as, C1,C1, C1, Co; W, W1W2Y, Wy 2, WaW3U | ,

i

!
as3—c yas—c a3—1, as—1 vy (4) . .
le Dw2 [wl Wy X75 ag,ai, @z, az,a1,0a2,C,C;C1,C2,C3,C4; T, Y, W12, WU
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(3.7)
I'(as)'(a o

:1—<‘<C3))F(<Cl4))w§ 171]; 1X’§§) (aba17a2aa2aa’l7a27a2va3; 02,01,01,63;33,y,w12,w2u),
Dz [w"“?_lX%) (al,al,aQ,ag,al,ag,c, cl; c1,C1, Ca, C3; T, WY, wz,wu)}

(3.8)
['(as)

_ cflx(4) . .
w 76 <a17 ai, as, az, ay, az, az, a3; c2,C1,C1,C3, T, wva’z?wu) )

4 ’

! " 1
a1—c Maz—c yaz—c as—c ai—1 as—1, a3—1 as—1+v(4) ot oo
Dw1 Dwg Dw3 Dw4 |:U)1 Wy wWs Wy X77 ¢cc,c,cc,c,C |

)
C1, C2, C1, C3; W T, W1 WY, WalW3%, w2w4u)}
"

:F<a1>r<a2)r(a3)P<a4)wcflwclflwc”—lwc B
T(T()L()T(™) - 2 W
(3.10)

(4) . )
X X77 ay,as, az, az,a, az, a3, a4; C1, Ca, C1, C3; W T, W1W2Y, WaW3zZ, WaW4lU ) ,

! 1"
as—c Myaz—c as—c as—1. as—1 as—1+vy(4) ro. .
Dw21 Dw?)z Duf; [wﬁ wywst T Xgg' (a1, a1, ¢,¢,a1,¢,¢,¢ 509,01, 1, C3;
x,wly,wlwgz,wlwgu)]

_ F(CLQ)F((I:;)P(CM) wcflwclflwcﬁfl
D) T(D(c") 1 2 3
(3.11)

(4) ) .
X X78 (ab ai, az, az, ai, Az, as, aq; C2, C1, C1, C3; T, W1 Y, W1W2%, w1w3U) ;

/
ai—cyaz—c a1—1, az—1 vy (4) ro ’ ) 9
Dy "Dy, [wl wy* Xqg' (¢, ¢,¢,¢,¢,¢,a3,a45 1, €1, 1, Co3 WIT, W1W2Y,
Waz, Wolr)]

F<a1)r<a2)wc—lwc/—l
L(or(¢) + 2
(3.12)

(4) . o2
X X79 ap, ay, az, az, ai, Az, as, a4, C1, C1, C1, Co; W1 T, W1 WY, W2z, Wl ) .

Proof. We have

ar—c [,,a1—1 y(4) . o2
Dw {w X70 ¢ G, a2, a2,C,as,02,03;,C1,C2,C3,C4; W T, WY, 2, U

o

— Z (C)2m+n(a2)2p+n+q(a3)q'337‘7 20 u!
mpa=o  (Cm(c2)n(Cs)p(ca)g — ml nl pl gl

m n

p q
Y . z .U Dal—cwa1+2m+n—1

Now, with the help of (3.1) and Definition 1.1, the proof of the first fractional derivative
formula is completed. The proofs of the assertions (3.3) to (3.12) run parallel to that
of the assertion (3.2) then we skip the details. O
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4. N-FRACTIONAL CONNECTIONS

First, by recalling the N-fractional operator due to Bin-Saad [4]:

@] - T [T,

where a,b,¢c € C and (a — ¢) ¢ Z, we aim in this section to investigate the following
relationships:

Y z
Myt X b; :
u 12 (ab ;C1,C2,C3, T, (1_u)7 (1—U)2>
(42) :AX%) (alaahba b7 a17bu b7a; 617027c3ac;x7y727u)7
Y z
MEPX b; c1, ca;
u 10 (ah ;C1,C25 T, (1_u)7(1_u>2>
(43) :AX%) (ala ay, b7 b: ay, ba b7 a;C1,C,C2,C X, Y, Zau) P
Y z
MEPX b; c1, ca;
u 11 <al> ;C1,C25 0, (1-%)7(1—’&)2)
(4.4) :AX%) (a1,a1,b,b,a1,b,b,a;c1,c9,¢1,¢2,y, 2,u) ,
z Y
MEeb X b, ai; :
u 10(’ahCl’CQ’(1—U)27(1—U,)7Z>
(4.5) :AX%) (a1,a1,b,b,a1,b,b,a;c9,c1,¢1,¢; 2,9y, T, u),
Y z
MEX, b; c1;
u 9(@1, ;€13 T, (1_u)7(1_u)2>
(4.6) :AX%) (a1,a1,b,b,a1,b,b,a;¢1,¢1,¢1,¢;,2,y,2,u) ,
Y z
MEePX b, as; ;
u 17 <a17 ,A2;C1,C2,C3; T, (1_u)7(1_u)>
(4.7) :AX%) (a1, a1,b,b,a1,b,as,a;c1,¢a,¢3,¢1,y,2,1)
Y z
MeebX b, az; ¢y, C;
u 14 <a1: , @23 C1, C2; T, (1—u)’(1—u)>
(48) :AX'%) ((Zl,a,l,b, b7 alaba CLQ,(I;Cl,Cl,CQ,C;.T,y,Z,U),
Y z
MEeb X b, as; :
u 16 <a17 ,A2;C1,Co5 T, (1—U)’(1—U)>
(4.9) :AX;Z;) (a1,a1,b,b,a1,b,as,a;c1,¢o,1,C,2,Y,2,u),

Y z
MEebX b, as; ca, ¢1;
u 15 (ah , @25 C2, C1, T, (1 — u)7 (1 _ u))
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(410) :AX’;‘;) (alu ay, b7 b7 ay, bu Q2,0a;C2,C1,C1,C T, Y, 2, U) )
Y z
Ml x b, as; cq;x, ,
u 13 (ala 2;C1 (1—u) (1—u)>
(411) :AX%;) (ab aq, b7 b> ay, ba a2,0a;C,C1,C,C T, Y, %, U) )
where A = e"”'(a_c)%uc_1 and Xy, Xyo, ..., X7 are Exton’s hypergeometric func-

tions of three variables [10] defined by

B K= 3 el 72
(4.13) Xio (a1, a2 1, 0232,y 2) :mgj‘:o (al()CiTZiCEZiT)L;Qp ' i: i{; : ;I!J,

G Koy = 3 Sl 50

(4.15) Xiz (a1, ag; 1, €2, 0357, Y, 2) _mg}:o (C(L;E)Q:Z;()T()CS? ' i: : i{: : ]Zj,

(4.16) X5 (ay, as, ag; ¢; 2, y, 2) = = (a1)2min(a2)nsp(as)y . ™ . y" ) ij

m,n,p=0 (C)mtntp m! n! p!

(4.17) Xi4 (a1, as,as; c1,co; 2, Yy, 2) :m’go (a1)2(7;+)r;fii)(z:§§a3)p ‘ ;L:: Zj;: ' j)
(4.18) Xis (ay, ag,as; ¢z, ¢1; 7,9, 2) :m?gzo ml)Q{;S;ﬁ?Z;if%)p : i: : 37/;: . ;T,
(4.19) X6 (a1, ag, ag; c1, co; 7, Y, 2) :m’gzo (al)Q(Z:r)inizZ:;jag)p ' i: ' Z‘L ' ;I!)y
(4.20) Xi7 (a1, a2, a3 ¢1, €2, €350, 9, 2) :mg;:o (GIEZL):((ZQ)Z}ZSZB)]J : f): : i{: : ;1!0.

Proof. To prove (4.2), from the equality (4.15), we can write

Y z
Ma,c,bX b: :
i 12 (ah 3 C1,C2,C3; T, (1—’&)7(1_“)2)

= i (a1)2m+”(b)"+2p.ﬁ.&.fma,c,b(l—u)—mm).
m,n,p=0 (Cl)m(CQ)n(Cg)p m! nl p| u

By applying the formula (4.1) and in view of the relation (1.1) one can get the
result with direct calculations. The proofs of the remaining relations run in the same
way. 0
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5. OPERATIONAL RELATIONS

Here, in this section, we shall discuss some operational relations by means of the
following operational formulas (see [3,20]):

['(a+1) -

5.1 Dia* =—————a"""
_ ['(a+1)

92 D k. a _ a+k

(5:2) o & F(a—i—k—i—l)a ’

ke NU{0},a € C—{-1,-2,...}, where D, denotes the derivative operator and
D! denotes the inverse of the derivative.

In the following, certain operational connections among the hypergeometric series
of three and four variables as:

(5.3)

1— DZBlefl —“1p-1,2 *“X ( . . ) arlﬁcrl a—1
o g7 QU g a1, a2,03;C1,C2,C3;T,QY, 2) (& v
_ as—1ppcs4—1_a—1 (4) . .
=™ ﬁ * Y X70 (a27a2>alaalaa27a17a17a37c47027clac37u7 Oéyw%az)a
(5.4)
29-1p1—1.-171-1,2 @ . ) az—1pe3—1,a—1
[1— (Daﬁ Dg Y D7 «Q )U} X4 (ay, a9, a3;c1, c2; 7, y, az) (04 Ty )
_ _as—1pc3—1 a—lX(4) . .
=« ﬁ 7 71 (aba‘laaQaaZaalaa27a37a37617017637027x7@y7u7a2)7
(5.5)
1-(D,,D,,3 ' D'v"'D! X
— \ParVay g Y v G102 ) U 20 | @1, G2,
4&32) (Oéclzlfloéggflﬁc;gflﬁyafl)
_a1—1_a3—1pcz—1_a—1y(4) . L2 2
_Oél1 &23 63 Y X72 as, as, ai, a1, as, ai, a, ag; C, €3, C1, Co; Ay 2, U, 1T, 1Y | ,
(5.6)
2 9-17y—1.-171—1,2 @ . . as—1 pea—1,a—1
|:]- - (Daﬁ Dﬁ 8 D'y « )u:| Xﬁ (a17a27a37cl7027x7ay72) (Oé 2 /6 : Y )
_ as—1.c3—1_a—1v(4) . .
= ﬁ s Y X73 (a27a27a17a17a27a17a17a37 c3,C1,C1,Co U, Y, T, Z)a

(5.7)
[1 — (DalDoﬂﬁingl’}/ilD;lO&lag) U} - X20 <CL1, as,

a3 az+ 1

. . A2
57 9 €1, C2; 00T, 1Y,

az az+ 1 9

57 9 70170270616%',
2 a1—1 _az3—1c1—1_a—1

aly,4a252> (ozl ag® BTy )

_ a1—1 _as3—19c1—1_a—1
=o'y’ fY Ty

(4) . .2 2
X X74 CL37CL3,al,CL1,CL3,CL1,CL1,(I2701701,01702,OCQBZ,U,OKIBI,OQQ )



154 M. G. BIN-SAAD, J. A. YOUNIS, AND K. S. NISAR

(5.8)
1-(D,,D,,3 D'y 'D! X : :
- a1 as Jé] Y ~ 10 ) U 17 (aha27a3701)027c3ax7a1ya alz)
as—1 as—1 pca—1_a—1
X (041 oyt BN Ty )
_ as—1 __as—1 pncg—1_a—1 (4) . .
_0512 &24 6 * Y X75 ((11,(1,1,@2,(12,@1,&2,(13,&4,Cl,CQ,Cg,C4,$,O{1y, alz7u)7
29-1p1—1.~-171-1,2 - . .
[1 - (Daﬁ Dﬁ 7 ny «@ )U,] F(B)A (al,(lg,ag,(l4,01,02,Cg,()éﬁl:,y,Z)
X (aagflﬁclfl,}/afl)
_ as—1pc1—1_a—1 (4) . .
=a™ 5 ! 7 X76 (a27a’27a17a170’27a17a37a47 617017627637%0453773/72)7
(5.9)
1- (D, D,,B D'y D! X LC1, Co
— (Day Da, 5 D) aiaz)u 16 (a1, ag, ag; c1, c2; T, vy, 11 2)
a2—1 _aqs—1 pc3—1 _a—1
X (al ay' BNy )
as—1 _as—1 pes—1 a—1+v-(4) . .
=af? agt T Be TN T X (ar, a1, a9, ag, ay, ag, as, ag; ¢, Co, €1, C33 T, 00 Y, Q1 2, U)
(5.10)
2 p—11y—1.-17—1 2 - . .
|:]- - (Daﬁ Dﬁ Y ny & )u:| FG (a17a17a1;a27a37a4;0170270271’7@%2)
% (Oéag_lﬁc:s_l’}/a_l)
_ az—1pc3—1_a—1v(4) . .
=a™ B ? 7 X78 (a3>a37a17a1aa3aa17a47a27037027 027clau7ayvz7x)a
(5.11)
1 — (Du, Do, ' Dy'y 1D -
- a 042/6 g v G102 U

as az + 1 2 as—1

. . 2— as—1 nea—1_a—1
X Fy (a1,2,a3,a4, 5 , Q45 C1, C2, C2; Qo 4oy By, an Bz (041 gt BTy )
__a2—1 _as4—19c2—1_a—1
=af? ayt ey

(4) . )
X X79 a27a?aa47a47a27a47a37al7C276270276170(15:(%“705252:7&2%‘ )

where Xg, Xg and Xy are the Exton’s triple hypergeometric series defined by [10]

> (a1)2m+n+p(a2)n(a3)p ™ yn 2P
5.12) X : : = E . A
( ) 6 (al, a2,0a3;C1,C2; T, Y, Z) i (Cl>m+n(62)p m! nl p| )
(5.13)
X (ar)ominap(@2)nlas), =™ y* 2P
X ay,Q2,03;C1,C2,C3;L,Y,2) = E: . .. = JIR)
8 (41,02, a3 ¢1, 2, 3 ) mam—o  (c)m(ca)nlcs)y m! n! p

(5.14)

a a a a ™ oy P
Xog (a1, a9, a3, aq4;c1, 025,y 2) = Z (a1)2m+n(@2)n( 3)p( 4)p s yf! Lz,
m,n,p=0 (¢1)mp(c2)n m! n: p!

and F\Y, Fy, Fy denote the Lauricella’s series of three variables (see [13]).
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Proof. To solve equation (5.3), first we assume the left hand side of (5.3) by the
notation J, then expressing the Exton’s function Xg as a series in the left hand side
of (5.3) and using the binomial theorem, it follows that:

m n

g — i (a1)2mtntp(@2)n(as)p(a)g Ty 2P ) u?

m,n,p,q=0 (Cl)m(CQ)TL(C3)p W ﬁ H a

« 5fq,quiqDﬁ*qD;q (aa2+n+2q71564717a71) _

Now, we use the above formulas in (5.1) and (5.2), then in view of Definition 1.1, we

arrive at the desired result (5.3). In a similar manner, one can prove the relations
(5.4) to (5.11). O

6. GENERATING FUNCTIONS

In this section, we will consider some generating functions for our quadruple series.
Because the proofs of the following relations are similar to the proofs of results in
[2,18,19,23,24], we omit these proofs.

The generating relations of series X;é), X%), cee 7(3)

(6.1)

given as below

(@1)k 1 (2) k
Z Xz (a1 + k, a1 + k, ag, a2, a1 + k, ag, ag, as; ¢y, ¢z, ¢3, C4; T, Y, 2, u) t

! k!
:<1 - t)f%Xég) <alua’17a‘27a’27a17a27a’27a3;61762763764; (1 ft)Qa (1 g t)727u> )
(6.2)
Z <alj|)kX$1l) (a1, a1,as + k,as + k, a1, a + k, az + k, az; c1, 1, ¢2, ¢33 2, y, 2, u) tF
k=0 '

Cay (4 Y z U
=(1-1) 2X§1) <a1,a17a2,a27a1,a2,a2,a3;61701702,03;% 116 1-0)2 (1— t)) g
(6.3)

< (a a
Z (1)161'(?)162)(%1) (CLl + k’l, aq + ]fl, a9 + /{32, a9 + k’g, aq + ]fl, a9 + /{32, a9 + k’g,
oy a0 kqlks!
@3;01,62701,03;.1',:%2’,’&) tllﬂtgg
_ —a1 —ag y(4) ) . z
_(1_t1) (1_t2) X72 ((Il,al,CZQ,(12,&1,@2,@2,@3,01,CQ,C1,C3,W,
— U
Y z U )
(1—t)(1—ts) (1 —#2)2" (1 —to))’
(6.4)
< (a a
Z WX%)(CH + k1, a1 + ki, ag, az, a1 + ki, ag, az, az + ko;
1-KR2:

k1,k2=0
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. k1 k2
C2,C1,C1,C3; 0, Y, %, u>t1 t2

—a —aQ, x
:<]-_t1) 1(1_t2> 3X§§)<a1,a17CLQ,(IQ,CLl,CLQ,CLQ,UB;CQ,Cl,Cl,C:;;W,
— U
Y u )
’27 )
(1—t1)" 7 (1 —ty)
(6.5)
(a3)k - (2) . ) k
Z o X7 (ay,a1,a9,as9,a1,as,as,a3 + k;cy,c1,c1,¢0;2,y, 2,u) t
k=0 ™
U
:(1 - t)_agXéi) <a1,&1,612,@27@1,@2,&2,&3;01701701,02;%%2’7 7(1 t)) )
(6.6)
o= (02)k () . . b
Z k" X75 (al,al,ag+k,a2+k,a1,a2—I—k:,ag,a47cl,02,03,64,$,y,Z,u)t
k=0 ™
:1—t‘“2X(4) ai,ay, a2, 0z, a1, 02,03, a4; C1, Co, C3, C4; T, i - al
( ) 75 1,01, @2, a2, a1, Az, a3, G4; C1, C2, C3, C4 (1—t)’(1—t)’(1—t) )
(6.7)
o
A1)k, \ A2k
> WX%)(M—F/?LM+k’1,a2+]€2,&2+k‘2,a1+k’1,a2+]€2,&3,a45
k1,ko=0 1:hz:

. k1 1ka
€1,C1,C2,C3; 1, Y, 2, u)tl t2

X

B e (@) . T
=(1=t1)"" (1 —t2) " X7 (GhahGQ,az;al,a2,a37a4701,01,02703, -t
—h

Y z U
(L—t)(1—t2) (1 —t2)" (1— t2)>’
(6.8)

i (a’3)k1 (a’4)k2 X(

4) ) .
ko) 77 (alaaba%a?aalaa?aai’) + k17a4 + k27cl7027cl7c37
1'Ko!

k1,k2=0

m? y? Z7 u) tlflté;2

_ —a: —as v (4) . .
_(1_t1) d<1_t2) X77 ((Il,al,CZQ,(12,Cl,l,Clz,(Ig,a4,Cl,CQ,C1,Cg,x,y,

(I—t1)" (1 - t2)>’
(6.9)

o0

Z (a1)k, (a2)k, (a3)k @
Fey Vo e ™

(a1 + k1, a1 + k1, a0 + ko, as + ko, a1 + ki, ag + ko,
K1, ko, k3=0
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) . K1 ko 1k
as + ks, aq; 2, C1, C1, €35 T, Y, 2, w)ty 52157

_ —a —a —as 3y (4) . )
_<]-_t1) 1(1_t2> 2(1_t3) 3)(78 <a17a17a270’27a17a27a37a47027617017037

T Y z u
(T—t1)>" (T —=t) (1 —ta) " (1 —t2)(1 —t3)" (1 —'t2)>7

(6.10)
Z (al)kl 5;2”):2”({:@?27"3«; (a4)k4 X%) (al + ki,a1 + k1, a9 + ko, as + ko, a1 + ki,
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) ) K1 ko pks 1k
ag + ko, a3 + ks, as + kg c1, 01, ¢1, 02,2, Y, 2, 0t g2t g
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