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ON GRADED 2-ABSORBING SECOND SUBMODULES OF
GRADED MODULES OVER GRADED COMMUTATIVE RINGS

KHALDOUN AL-ZOUBI1 AND MARIAM AL-AZAIZEH2

Abstract. In this paper, we introduce the concepts of graded 2-absorbing second
and graded strongly 2-absorbing second submodules. A number of results concerning
these classes of graded submodules are given.

1. Introduction and Preliminaries

Throughout this paper all rings are commutative, with identity and all modules are
unitary.

Let G be a group with identity e and R be a commutative ring with identity
1R. Then R is a G-graded ring if there exist additive subgroups Rg of R such that
R = ⊕

g∈G Rg and RgRh ⊆ Rgh for all g, h ∈ G. The elements of Rg are called to be
homogeneous of degree g where the Rg’s are additive subgroups of R indexed by the
elements g ∈ G. If x ∈ R, then x can be written uniquely as ∑

g∈G xg, where xg is the
component of x in Rg. Moreover, h(R) = ⋃

g∈G Rg. Let I be an ideal of R. Then I is
called a graded ideal of (R, G) if I = ⊕

g∈G(I ⋂
Rg). Thus, if x ∈ I, then x = ∑

g∈G xg

with xg ∈ I (see [19]).
Let R be a G-graded ring and M an R-module. We say that M is a G-graded

R-module (or graded R-module) if there exists a family of subgroups {Mg}
g∈G

of M
such that M = ⊕

g∈G
Mg (as abelian groups) and RgMh ⊆ Mgh for all g, h ∈ G. Here,

RgMh denotes the additive subgroup of M consisting of all finite sums of elements
rgsh with rg ∈ Rg and sh ∈ Mh. Also, we write h(M) = ⋃

g∈G
Mg and the elements of
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h(M) are called to be homogeneous. Let M = ⊕
g∈G

Mg be a graded R-module and N

a submodule of M . Then N is called a graded submodule of M if N = ⊕
g∈G

Ng where

Ng = N ∩ Mg for g ∈ G. In this case, Ng is called the g-component of N (see [19]).
For more details, one can refer to [16,20,21].

Let R be a G-graded ring, M a graded R-module and N a graded submodule of
M . Then (N :R M) is defined as (N :R M) = {r ∈ R | rM ⊆ N}. It is shown in
[11, Lemma 2.1] that if N is a graded submodule of M , then (N :R M) = {r ∈ R |
rN ⊆ M} is a graded ideal of R. The annihilator of M is defined as (0 :R M) and is
denoted by AnnR(M).

The notion of graded prime ideals was introduced in [24] and studied in [12,23,25].
A proper graded ideal P of R is said to be a graded prime ideal if whenever rs ∈ P ,
we have r ∈ P or s ∈ P, where r, s ∈ h(R).

S. E. Atani in [11] extended graded prime ideals to graded prime submodules. A
proper graded submodule P of M is said to be a graded prime submodule if whenever
r ∈ h(R) and m ∈ h(M) with rm ∈ P , then either r ∈ (P :R M) or m ∈ P .
Several authors investigated properties of graded prime submodules, for examples see
[3, 6, 7, 15,22].

The notion of graded 2-absorbing ideals as a generalization of graded prime ideals
was introduced and studied in [4, 18]. A proper graded ideal I of R is said to be a
graded 2-absorbing ideal of R if whenever r, s, t ∈ h(R) with rst ∈ I, then rs ∈ I or
rt ∈ I or st ∈ I.

K.Al-Zoubi and R.Abu-Dawwas in [2] extended graded 2-absorbing ideals to graded
2-absorbing submodules. A proper graded submodule N of M is said to be a graded
2-absorbing submodule of M if whenever r, s ∈ h(R) and m ∈ h(M) with rsm ∈ N ,
then either rs ∈ (N :R M) or rm ∈ N or sm ∈ N.

The notion of graded second submodules was introduced in [9] and studied in
[1, 10, 14]. A non-zero graded submodule N of M is said to be a graded second
(gr-second) if for each homogeneous element r of R, the endomorphism of N given
by multiplication by r is either surjective or zero. Recently, H. Ansari-Toroghy and
F. Farshadifar, in [8] studied 2-absorbing second and strongly 2-absorbing second
submodules.

The scope of this paper is devoted to the theory of graded modules over graded
commutative rings. One use of rings and modules with gradings is in describing
certain topics in algebraic geometry. Here, we introduced the concepts of graded
2-absorbing second and graded strongly 2-absorbing second submodules, investigate
some properties of these graded submodules and give some characterizations of them.

2. Graded 2-Absorbing Second Submodules

Definition 2.1. Let R be a G-graded ring and M a graded R-module. A proper
graded submodule C of M is said to be a completely graded irreducible if C = ∩α∈∆Cα,
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where {Cα}α∈∆ is a family of graded submodules of M , implies that C = Cβ for some
β ∈ ∆.

Lemma 2.1. Let R be a G-graded ring, M a graded R-module and N a proper graded
submodule of M . If m ∈ h(M) − N, then there exists a completely graded irreducible
submodule C of M such that N ⊆ C and m /∈ C.

Proof. Let m ∈ h(M) − N and Λ be the set of all graded submodules of M that
contains N and not containing m. Then Λ ̸= ∅, since N ∈ Λ. Order Λ by inclusion,
i.e. for K, L ∈ Λ then K ≤ L if K ⊆ L. Clearly, (Λ, ≤) is a partially ordered set. Let
{Cα}α∈Ω be any chain in Λ. It is clear that ∪α∈ΩCα is an upper bound of {Cα}α∈Ω in
Λ. Thus, by Zorn’s Lemma, Λ contains a maximal element C. We claim that C is a
completely graded irreducible submodule of M. Let {Lβ}β∈∆ be a family of graded
submodules of M such that C = ∩β∈∆Lβ. Suppose to the contrary that C ̸= Lβ for
all β ∈ ∆. Then each Lβ contain m, it follows that m ∈ ∩β∈∆Lβ = C, which is a
contradiction. □

Lemma 2.2. Let R be a G-graded ring, M a graded R-module and K, L be two
proper graded submodules of M . Then K ⊆ L if and only if every completely graded
irreducible submodule containing L, also contains K.

Proof. (⇒) is clear.
(⇐) Assume that every completely graded irreducible submodule of M containing

L, also contains K. Suppose to the contrary that K ⊈ L. Since K is generated by
K ∩ h(M), there exists k ∈ K ∩ h(M) − L. By Lemma 2.1, there exists a completely
graded irreducible submodule C of M such that L ⊆ C and k /∈ C. This implies that
K ⊈ C, which is a contradiction. □

Theorem 2.1. Let R be a G-graded ring and M a graded R-module. Then every
proper graded submodule of M is the intersection of all completely graded irreducible
submodules containing it.

Proof. Let K be a proper graded submodule of M and {Cβ}β∈∆ be the set of all
completely graded irreducible submodules containing K. It is clear that K ⊆ ⋂

β∈∆
Cβ.

If k = ∑
g∈G kg /∈ K, then there exists h ∈ G such that kh /∈ ⋂

β∈∆
Cβ. By Lemma

2.1, there exists a completely graded irreducible submodule C such that K ⊆ C and
kh /∈ C. Hence C = Cα for some α ∈ ∆, it follows that kh /∈ ⋂

β∈∆
Cβ. So, k /∈ ⋂

β∈∆
Cβ.

Consequently, ⋂
β∈∆

Cβ ⊆ K. □

Definition 2.2. Let R be a G-graded ring and M a graded R-module. A non-zero
graded submodule S of M is said to be a graded 2-absorbing second submodule of M
if whenever r, t ∈ h(R), C is a completely graded irreducible submodule of M and
rtS ⊆ C, then rS ⊆ C or tS ⊆ C or rt ∈ AnnR(S).
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Let R be a G-graded ring. The graded radical of a graded ideal I, denoted by
Gr(I), is the set of all x = ∑

g∈G xg ∈ R such that for each g ∈ G there exists ng > 0
with xng

g ∈ I. Note that, if r is a homogeneous element, then r ∈ Gr(I) if and only if
rn ∈ I for some n ∈ N (see [23]).

Let M be a non-zero graded R-module. Then M is said to be a graded secondary if
for each homogeneous element r of R, the endomorphism of M given by multiplication
by r is either surjective or nilpotent. This implies that Gr(AnnR(M)) = P is a graded
prime ideal of R. For convenience, a graded submodule of M which is graded secondary,
is called a graded secondary submodule of M (see [13]).

Lemma 2.3. Let R be a G-graded ring and M a graded R-module of M.

(i) If S is a graded second submodule of M and rS ⊆ K, where r ∈ h(R) and K is
a graded submodule of M , then either rS = 0 or S ⊆ K.

(ii) If S is a graded secondary submodule of M and rS ⊆ K, where r ∈ h(R) and K
is a graded submodule of M , then either rnS = 0 for some n ∈ N or S ⊆ K.

Proof. Straightforward. □

Theorem 2.2. Let R be a G-graded ring and M a graded R-module. Then the
following hold.

(i) If either S is a graded second submodule of M or S is a sum of two graded second
submodules of M , then S is a graded 2-absorbing second submodule.

(ii) If S is a graded secondary submodule of M and R/AnnR(S) has no non-zero
nilpotent homogeneous element, then S is a graded 2-absorbing second submodule.

Proof. (i) Assume that S is a graded second submodule of M . Let r, t ∈ h(R) and
C be a completely graded irreducible submodule of M with rtS ⊆ C. By Lemma
2.3 (i), either rtS = 0 or S ⊆ C. Thus S is a graded 2-absorbing second submodule.
Now assume that S = S1 + S2, where S1 and S2 are graded second submodules of
M . Let r, t ∈ h(R) and C be a completely graded irreducible submodule of M with
rtS ⊆ C. Since S1 is a graded second submodule, by Lemma 2.3 (i), we have either
rtS1 = 0 or S1 ⊆ C. Similarly, we have rtS2 = 0 or S2 ⊆ C. If rtS1 = 0 and rtS2 = 0,
then rt ∈ Ann(S1 + S2), we are done. If S1 ⊆ C and S2 ⊆ C, then we are done.
Assume that rtS1 = 0 and S2 ⊆ L. Then rt ∈ AnnR(S1). By [9, Proposition 3.15],
AnnR(S1) is a graded prime ideal. This yields that r ∈ AnnR(S1) or t ∈ AnnR(S1).
If r ∈ AnnR(S1), then r(S1 + S2) ⊆ rS1 + S2 ⊆ S2 ⊆ C. Similarly, If t ∈ AnnR(S1),
we get t(S1 + S2) ⊆ C. Also if rtS2 = 0 and S1 ⊆ C, we get either r(S1 + S2) ⊆ C
or t(S1 + S2) ⊆ C. Therefore S is a graded 2-absorbing second submodule.

(ii) Since C is a graded secondary submodule of M, Gr(AnnR(C)) is a graded prime
ideal. This yields that AnnR(C) is a graded prime ideal because R/AnnR(C) has no
non-zero nilpotent homogeneous element. By [10, Proposition 2.3 (i)], we have C is a
graded second submodule and hence C is a graded 2-absorbing second submodule by
part (i). □
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Lemma 2.4. Let R be a G-graded ring, M a graded R-module and S a graded 2-
absorbing second submodule of M . Let I = ⊕

g∈G Ig be a graded ideal of R. If r ∈ h(R),
g ∈ G and C is a completely graded irreducible submodule of M with IgrS ⊆ C, then
either rS ⊆ C or IgS ⊆ C or Igr ⊆ AnnR(S).

Proof. Assume that r ∈ h(R), g ∈ G and C is a completely graded irreducible
submodule of M such that IgrS ⊆ C, rS ⊈ C and Igr ⊈ AnnR(S). We have to show
that IgS ⊆ C. Assume that ig ∈ Ig. By assumption there exists i′

g ∈ Ig such that
ri′

gS ̸= 0. Since S is a graded 2-absorbing second submodule of M , ri′
gS ⊆ C, rS ⊈ C

and ri′
g /∈ AnnR(S), we get i′

gS ⊆ C. By (ig + i′
g) ∈ Ig it follows that (ig + i′

g)rS ⊆ C.
Then either (ig +i′

g)S ⊆ C or (ig +i′
g)r ∈ AnnR(S) as S is a graded 2-absorbing second

submodule of M. If (ig + i′
g)S ⊆ C, then we get igS ⊆ C. If (ig + i′

g)r ∈ AnnR(S), then
igr /∈ AnnR(S). Since S is a graded 2-absorbing second, igrS ⊆ C, igr /∈ AnnR(S)
and rS ⊈ C, we get igS ⊆ C. Therefore, IgS ⊆ C. □

Theorem 2.3. Let R be a G-graded ring, M a graded R-module and S a non-zero
graded submodule of M . Let I = ⊕

g∈G Ig, J = ⊕
g∈G Jg be a graded ideals of R. Then

the following statement are equivalent.
(i) S is a graded 2-absorbing second submodule of M .
(ii) If C is a completely graded irreducible submodule of M and g, h ∈ G with

IgJhS ⊆ C, then either IgS ⊆ C or JhS ⊆ C or IgJh ⊆ AnnR(S).

Proof. (i)⇒(ii) Assume that S is a graded 2-absorbing second submodule of M.
Let C be a completely graded irreducible submodule of M and g, h ∈ G such that
IgJhS ⊆ C, IgS ⊈ C and JhS ⊈ C. We show that IgJh ⊆ AnnR(S). Assume that
ig ∈ Ig and jh ∈ Jh. By assumption there exists i′

g ∈ Ig such that i′
gS ⊈ L. Since

i′
gJhS ⊆ C, JhS ⊈ C and i′

gS ⊈ C, by Lemma 2.4 we get i′
gJh ⊆ AnnR(S) and hence

(Ig\(C :R S))Jh ⊆ AnnR(S). Similarly there exists j′
h ∈ Jh and j′

hS ⊈ C such that
j′

hIg ⊆ AnnR(S) and also (Jh\(C :R S))Ig ⊆ AnnR(S). Thus we have i′
gj′

h ∈ AnnR(S),
i′
gjh ∈ AnnR(S) and igj′

h ∈ AnnR(S). By (ig + i′
g) ∈ Ig and (jh + j′

h) ∈ Jh it follows
that (ig + i′

g)(jh + j′
h)S ⊆ C. Since S is a graded 2-absorbing second, we get either

(ig + i′
g)S ⊆ C or (jh + j′

h)S ⊆ C or (ig + i′
g)(jh + j′

h) ∈ AnnR(S). If (ig + i′
g)S =

igS + i′
gS ⊆ C, then igS ⊈ C. So ig ∈ Ig\(C :R S) it follows that igjh ∈ AnnR(S).

Similarly by (jh + j′
h)S ⊆ C we get igjh ∈ AnnR(S). If (ig + i′

g)(jh + j′
h) ∈ AnnR(S),

then igjh+igj′
h+i′

gjh+i′
gj′

h ∈ AnnR(S) and so igjh ∈ AnnR(S). Thus IgJh ⊆ AnnR(S).
(ii)⇒ (i) Assume that (ii) holds. Let rg, th, ∈ h(R) and C be a completely graded

irreducible submodule of M with rgthS ⊆ C. Let I = rgR and J = thR be a graded
ideals of R generated by rg and th, respectively. Then IgJhS ⊆ C. By our assumption
we obtain IgS ⊆ C or JhS ⊆ C or IgJh ⊆ AnnR(S). Hence rgS ⊆ C or thS ⊆ C or
rgth ∈ AnnR(S). Therefore, S is a graded 2-absorbing second submodule of M. □

Theorem 2.4. Let R be a G-graded ring, M a graded R-module and S a graded
2-absorbing second submodule of M . Then we have the following.
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(i) If AnnR(S) is a graded prime ideal of R, then (C :R S) is a graded prime ideal
of R for all completely graded irreducible submodule C of M such that S ⊈ C.

(ii) If Gr(AnnR(S)) = P for some graded prime ideal P of R, then Gr((C :R S))
is a graded prime ideal of R containing P for all completely graded irreducible
submodule C of M such that S ⊈ C.

Proof. (i) Let r, t ∈ h(R), C be a completely graded irreducible submodule of M such
that S ⊈ C and rt ∈ (C :R S). So rtS ⊆ C. Since S is a graded 2-absorbing second
submodule, we have rS ⊆ C or tS ⊆ C or rt ∈ AnnR(S). If rS ⊆ C or tS ⊆ C, then
we are done. If rt ∈ AnnR(S), then r ∈ AnnR(S) or t ∈ AnnR(S) because AnnR(S)
is a graded prime ideal of R. This yields that r ∈ (C :R S) or t ∈ (C :R S). Thus
(C :R S) is a graded prime ideal of R.

(ii) Let r, t ∈ h(R) and rt ∈ Gr((C :R S)). Then (rt)n ∈ (C :R S) for some n ∈ Z+.
So rntnS ⊆ C. Since S is a graded 2-absorbing second submodule, we have rnS ⊆ C
or tnS ⊆ C or rntn ∈ AnnR(S). If rnS ⊆ C or tnS ⊆ C, then r ∈ Gr((C :R S)) or t ∈
Gr((C :R S)) so we are done. Now assume that rntn ∈ AnnR(S) so rt ∈ Gr(AnnR(S)).
Then r ∈ Gr(AnnR(S)) or t ∈ Gr(AnnR(S)) as Gr((AnnR(S)) is a graded prime
ideal of R. Since AnnR(S) ⊆ (C :R S), we have Gr(AnnR(S)) ⊆ Gr((C :R S)). This
yields that r ∈ Gr((C :R S)) or t ∈ Gr((C :R S)). Therefore, Gr((C :R S)) is a graded
prime ideal of R containing P . □

Let R be a G-graded ring and M , M ′ graded R-modules. Let φ : M → M ′ be an R-
module homomorphism. Then φ is said to be a graded homomorphism if φ(Mg) ⊆ M ′

g

for all g ∈ G (see [21].)

Lemma 2.5. Let R be a G-graded ring and M, M ′ be two graded R-modules and let
φ : M → M ′ be a graded monomorphism.

(i) If C is a completely graded irreducible submodule of M, then φ(C) is a completely
graded irreducible submodule of φ(M).

(ii) If C ′ is a graded completely irreducible submodule of φ(M), then φ−1(C ′) is a
completely graded irreducible submodule of M.

Proof. Straightforward. □

Theorem 2.5. Let R be a G-graded ring and M , M ′ be two graded R-modules. Let
φ: M → M ′ be a graded monomorphism. Then we have the following.

(i) If S is a graded 2-absorbing second submodule of M , then φ(S) is a graded
2-absorbing second submodule of φ(M).

(ii) If S ′ is a graded 2-absorbing second submodule of φ(M), then φ−1(S ′) is a graded
2-absorbing second submodule of M.

Proof. (i) Since S ̸= 0 and φ is a graded monomorphism, we have φ(S) ̸= 0. Let
r, t ∈ h(R) and C ′ be a graded completely irreducible submodule of φ(M) with
rtφ(S) ⊆ C ′. Then rtS ⊆ φ−1(C ′). By Lemma 2.5 (ii), we have φ−1(C ′) is a graded
completely irreducible submodule of M . Then either rS ⊆ φ−1(C ′) or tS ⊆ φ−1(C ′)
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or rtS = 0 as S is graded 2-absorbing second submodule of M . If rtS = 0, then
rtφ(S) = 0. If rS ⊆ φ−1(C ′), then rφ(S) = φ(rS) ⊆ φφ−1(C ′) = C ′ ∩ φ(M) = C ′.
Similarly, if tS ⊆ φ−1(C ′), we get tφ(S) ⊆ C ′. Therefore, φ(S) is a graded 2-absorbing
second submodule of φ(M).

(ii) If φ−1(S ′) = 0, then φ(M) ∩ S ′ = φφ−1(S ′) = φ(0) = 0. Thus S ′ = 0 which is
a contradiction. So φ−1(S ′) ̸= 0. Now let r, t ∈ h(R) and C be a completely graded
irreducible submodule of M with rtφ−1(S ′) ⊆ C. Then rtS ′ = rt(S ′ ∩ φ(M)) =
rtφφ−1(S ′) = φ(rtφ−1(S ′)) ⊆ φ(C). By Lemma 2.5(i), we have φ(C) is a completely
graded irreducible submodule of φ(M). Then rS ′ ⊆ φ(C) or tS ′ ⊆ φ(C) or rtS ′ = 0 as
S ′ is a graded 2-absorbing second submodule of φ(M). Thus rφ−1(S ′) ⊆ φ−1φ(C) = C
or tφ−1(S ′) ⊆ φ−1φ(C) = C or rtφ−1(S ′) = 0. Therefore, φ−1(S ′) is a graded 2-
absorbing second submodule of M. □

3. Graded 2-Absorbing Strongly Second Submodules

Definition 3.1. Let R be a G-graded ring and M a graded R-module. A non-zero
graded submodule S of M is said to be a graded strongly 2-absorbing second submodule
of M if whenever r, t ∈ h(R), C1, C2 are completely graded irreducible submodules of
M , and rtS ⊆ C1 ∩ C2, then rS ⊆ C1 ∩ C2 or tS ⊆ C1 ∩ C2 or rt ∈ AnnR(S).

Clearly every graded strongly 2-absorbing second submodule is a graded 2-absorbing
second submodule.

Lemma 3.1. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M . Let I = ⊕

g∈G Ig be a graded ideal of
R. If r ∈ h(R), g ∈ G and C1, C2 are completely graded irreducible submodules of M
with IgrS ⊆ C1 ∩ C2, then either rS ⊆ C1 ∩ C2 or IgS ⊆ C1 ∩ C2 or Igr ⊆ AnnR(S).

Proof. The proof is similar to the proof of Lemma 2.4, so we omit it. □

Theorem 3.1. Let R be a G-graded ring, M a graded R-module and S a non-zero
graded submodule of M . Let I = ⊕

g∈G Ig, J = ⊕
g∈G Jg be a graded ideals of R. Then

the following statements are equivalent.
(i) S is a graded strongly 2-absorbing second submodule of M .
(ii) If L1 and L2 are a completely graded irreducible submodules of M and g, h ∈ G

with IgJhS ⊆ L1 ∩ L2, then either IgS ⊆ L1 ∩ L2 or JhS ⊆ L1 ∩ L2 or IgJh ⊆
AnnR(S).

Proof. The proof is similar to the proof of Theorem 2.3, so we omit it. □

Theorem 3.2. Let R be a G-graded ring, M a graded R-module and S a non-zero
graded submodule of M . Let I = ⊕

g∈G Ig, J = ⊕
g∈G Jg be a graded ideals of R. Then

the following statements are equivalent.
(i) S is a graded strongly 2-absorbing second submodule of M .
(ii) For every graded submodule K of M and g, h ∈ G such that IgJhS ⊆ K, either

IgS ⊆ K or JhS ⊆ K or IgJh ⊆ AnnR(S).
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(iii) For every graded submodule K of M and every pair of elements rg, th ∈ h(R)
such that rgthS ⊆ K, either rgS ⊆ K or thS ⊆ K or rgthS ⊆ AnnR(S).

(iv) For every pair of elements rg, th ∈ h(R), either rgthS = rgS or rgthS = thS or
rgthS = 0.

Proof. (i)⇒(ii) Let g, h ∈ G and K a graded submodule of M such that IgJhS ⊆
K and IgJh ⊈ AnnR(S). By Theorem 2.3, for all completely graded irreducible
submodule C of M such that K ⊆ C, we have either IgS ⊆ C or JhS ⊆ C and hence
either IgS ⊆ K or JhS ⊆ K by Lemma 2.2. If IgS ⊆ C (resp. JhS ⊆ C) for all
completely graded irreducible submodule C of M with K ⊆ C, we are done. Now
suppose that C1 and C2 are two completely graded irreducible submodules of M with
K ⊆ C1, K ⊆ C2, IgS ⊈ C1 and JhS ⊈ C2. Since S is a graded 2-absorbing second
submodule, IgJhS ⊆ C1, IgS ⊈ C1 and IgJh ⊈ AnnR(S), by Theorem 2.3, we have
JhS ⊆ C1. Similarly by JhS ⊈ C2 we get IgS ⊆ C2. Since S is a graded strongly
2-absorbing second submodule of M, IgJhS ⊆ C1 ∩ C2, IgJh ⊈ AnnR(S), by Theorem
3.1, we conclude that either IgS ⊆ C1 ∩ C2 or JhS ⊆ C1 ∩ C2. Hence, either IgS ⊆ C1
or JhS ⊆ C2, which is a contradiction.

(ii)⇒(iii) Assume that rgthS ⊆ K where rg, th ∈ h(R) and K a graded submodule of
M . Let I = rgR, J = thR be a graded ideals of R generated by rg and th, respectively.
Then IgJjS ⊆ K. By our assumption we have either IgS ⊆ K or JhS ⊆ K or
IgJh ⊆ AnnR(S). It follows that either rgS ⊆ K or thS ⊆ K or rgthS ⊆ AnnR(S).

(iii)⇒(iv) Let rg, th ∈ h(R). Then rgthS ⊆ rgthS implies that rgS ⊆ rgthS or
thS ⊆ rgthS or rgth ∈ Ann(S). This yields that rgS = rgthS or thS = rgthS or
rgth ∈ Ann(S).

(iv)⇒(i) This is clear. □

Lemma 3.2. Let R be a G-graded ring, M a graded R-module and S a graded strongly
2-absorbing second submodule of M. Then AnnR(S) is a graded 2-absorbing ideal of
R.

Proof. Let rg, sh, tλ ∈ h(R) such that rgshtλ ∈ AnnR(S). Since S a graded strongly
2-absorbing second submodule of M and rg, sh, ∈ h(R), by Theorem 3.2, we get either
rgS = rgshS or shS = rgshS or rgshS = 0. If rgshS = 0, then rgsh ∈ AnnR(S). If
rgS = rgshS, then tλrgS ⊆ tλrgshS = 0 and hence tλrg ∈ AnnR(S). Similarly, by
shS = rgshS we get tλsh ∈ AnnR(S). Therefore, AnnR(S) is a graded 2-absorbing
ideal of R. □

Theorem 3.3. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M . If K is a graded submodule of M such
that S ⊈ K, then (K :R S) is a graded 2-absorbing ideal of R.

Proof. Let rg, sh, tλ ∈ h(R) such that rgshtλ ∈ (K :R S). Then rgshtλS ⊆ K. Since
S is a graded strongly 2-absorbing second submodule of M and rgsh(tλS) ⊆ K, by
Theorem 3.2 we conclude that either rgtλS ⊆ K or shtλS ⊆ K or rgshtλS = 0, which
means rgtλ ∈ (K :R S) or shtλ ∈ (K :R S) or rgshtλ ∈ AnnR(S). If rgtλ ∈ (K :R S)
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or shtλ ∈ (K :R S), then we are done. Assume that rgshtλ ∈ AnnR(S). Then either
rgsh ∈ AnnR(S) or rgtλ ∈ AnnR(S) or sh tλ ∈ AnnR(S) by Lemma 3.2. This yields
that either rgsh ∈ (K :R S) or rgtλ ∈ (K :R S) or shtλ ∈ (K :R S). Hence, (K :R S) is
a graded 2-absorbing ideal of R. □

Lemma 3.3. Let R be a G-graded ring, J a graded 2-absorbing ideal of R and
I = ⊕

g∈G Ig a graded ideal of R. If r, s ∈ h(R) and g ∈ G with rsIg ⊆ J , then either
rIg ⊆ J or sIg ⊆ J or rs ∈ J.

Proof. Let r, s ∈ h(R) and g ∈ G such that rsIg ⊆ J and rs /∈ J. Let ig ∈ Ig so
rsig ∈ J. Then rig ∈ J or sig ∈ J as J is a graded 2-absorbing ideal of R. If rig ∈ J for
all ig ∈ Ig, then rIg ⊆ J, we are done. Similarly, if sig ∈ J for all ig ∈ Ig, then sIg ⊆ J,
we are done. Suppose that there exist ig1, ig2 ∈ Ig such that rig1 /∈ J and sig2 /∈ J.
Since J is a graded 2-absorbing ideal, rsig1 ∈ J, rig1 /∈ J and rs /∈ J, we conclude
that sig1 ∈ J. Also rsig2 ∈ J implies that rig2 ∈ J , since J is a graded 2-absorbing
ideal. Since rs(ig1 + ig2) ∈ J and rs /∈ J, we conclude that either r(ig1 + ig2) ∈ J
or s(ig1 + ig2) ∈ J as J is a graded 2-absorbing ideal and hence either sig2 ∈ J or
rig1 ∈ J, which is a contradiction. □

Lemma 3.4. Let R be a G-graded ring and J a graded 2-absorbing ideal of R. Let
I = ⊕

g∈G Ig and K = ⊕
g∈G Kg be a graded ideals of R. If r ∈ h(R) and g, h ∈ G

with rIgKh ⊆ J , then either rIg ⊆ J or rKh ⊆ J or IgKh ⊆ J.

Proof. Let r ∈ h(R) and g, h ∈ G such that rIgKh ⊆ J , rIg ⊈ J and rKh ⊈ J . We
have to show that IgKh ⊆ J . Assume that ig ∈ Ig and kh ∈ Kh. By assumption there
exist i′

g ∈ Ig and k′
h ∈ Kh such that ri′

g /∈ J and rk′
h /∈ J. Since ri′

gKh ⊆ J , rKh ⊈ J
and ri′

g /∈ J, by Lemma 3.3, we get i′
gKh ⊆ J . Also, since rk′

hIg ⊆ J, rk′
h /∈ J and

rIg ⊈ J , by Lemma 3.3, we get k′
hIg ⊆ J . By (ig + i′

g) ∈ Ig and (k′
h + kh) ∈ Kh, we

get r(ig + i′
g)(k′

h + kh) ∈ J. Then either r(ig + i′
g) ∈ J or r(k′

h + kh) ∈ J as J is a
graded 2-absorbing ideal. If r(ig + i′

g) ∈ J , then rig /∈ J. Which implies that igkh ∈ J
by Lemma 3.3. Similarly, by r(k′

h + kh) ∈ J, we conclude that igkh ∈ J. Therefore,
IgKh ⊆ J. □

Theorem 3.4. Let R be a G-graded ring and J a proper graded ideal of R. Let
I = ⊕

g∈G Ig, J = ⊕
g∈G Jg and K = ⊕

g∈G Kg be a graded ideals of R. Then the
following statements are equivalent.

(i) J is a graded 2-absorbing ideal of R.
(ii) For every g, h, λ ∈ G with IgKhLλ ⊆ J , either IgLλ ⊆ J or KhLλ ⊆ J or

IgKh ⊆ J.

Proof. (i)⇒(ii) Assume that J is a graded 2-absorbing ideal of R. Let g, h, λ ∈ G such
that IgKhLλ ⊆ J and IgLλ ⊈ J . Then for all kh ∈ Kh either khIg ⊆ J or khLλ ⊆ J
by Lemma 3.4. If khIg ⊆ J for all kh ∈ Kh, then IgKh ⊆ J, we are done. Similarly, if
khLλ ⊆ J for all kh ∈ Kh, then KhLλ ⊆ J , we are done. Suppose that kh1, kh2 ∈ Kh

are such that kh1Ig ⊈ J and kh2Lλ ⊈ J. It follows that kh1Lλ ⊆ J and kh2Ig ⊆ J. Since
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(kh1 + kh2)IgLλ ⊆ J , by Lemma 3.4. we have (kh1 + kh2)Lλ ⊆ J or (kh1 + kh2)Ig ⊆ J .
By (kh1 + kh2)Lλ ⊆ J it follows that kh2Lλ ⊆ J, which is a contradiction. Similarly
by (kh1 + kh2)Ig ⊆ J we get a contradiction. Therefore KhLλ ⊆ J or IgKh ⊆ J.

(ii)⇒(i) Assume that (ii) holds. Let rg, sh, tλ ∈ h(R) such that rgshtλ ∈ J. Let
I = rgR, K = shR and L = tλR be a graded ideals of R generated by rg, sh and
tλ, respectively. Then IgKhLλ ⊆ J. By our assumption we obtain IgKh ⊆ J or
IgLλ ⊆ J or KhLλ ⊆ J. Hence, rgsh ∈ J or rgtλ ∈ J or shtλ ∈ J. Therefore, J is a
graded 2-absorbing ideal of R. □

Theorem 3.5. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M. Let I = ⊕

g∈G
Ig be a graded ideal of R.

Then for each g ∈ G, In
g S = In+1

g S for all n ⩾ 2.

Proof. Let g ∈ G. It is enough to show that I2
g S = I3

g S. It is clear that I3
g S ⊆ I2

g S.

Since S a graded strongly 2-absorbing second submodule of M, I3
g S ⊆ I3

g S implies
that I2

g S ⊆ I3
g S or IgS ⊆ I3

g S or I3
g S = 0 by Theorem 3.2. If IgS ⊆ I3

g S or I2
g S ⊆ I3

g S,

then we are done. Assume that I3
g S = 0, hence I3

g ⊆ AnnR(S). By Lemma 3.2 and
Theorem 3.4, we get I2

g ⊆ AnnR(S) and hence I2
g S ⊆ I3

g S. Therefore, I2
g S = I3

g S. □

Theorem 3.6. Let R be a G-graded ring, M a graded R-module and S a graded
strongly 2-absorbing second submodule of M . If Gr(AnnR(S)) = P for some graded
prime ideal P of R, C1 and C2 are completely graded irreducible submodules of M
such that S ⊈ C1 and S ⊈ C2. Then either Gr((C1 :R S)) ⊆ Gr((C2 :R S)) or
Gr((C2 :R S)) ⊆ Gr((C1 :R S)).

Proof. Assume that Gr((C1 :R S))) ⊈ Gr((C2 :R S)). Since Gr((C1 :R S)) is generated
by Gr((C1 :R S)) ∩ h(R), there exists r ∈ Gr((C1 :R S)) ∩ h(R) − Gr((C2 :R S)).
Now, let t ∈ Gr((C2 :R S)) ∩ h(R). Then there exists a positive integer n such that
tnS ⊆ C2, rnS ⊆ C1 and rnS ⊈ C2. Hence tnrnS ⊆ C1 ∩ C2. So either tnS ⊆ C1 ∩ C2
or tnrn ⊆ AnnR(S) as S is a graded strongly 2-absorbing second submodule of M.
If tnS ⊆ C1 ∩ C2, then tnS ⊆ C1, which implies t ∈ Gr((C1 :R S)). So, assume that
tnrn ⊆ AnnR(S). Then tr ∈ Gr(AnnR(S)) = P . Since P is a graded prime ideal of
R, either r ∈ P or t ∈ P. If r ∈ P, then rmS = 0 ∈ C2 for some m ∈ Z+ which
is a contradiction. This yields that t ∈ P = Gr(AnnR(S)) ⊆ Gr((C1 :R S)). Thus,
Gr((C2 :R S)) ⊆ Gr((C1 :R S)). □

Theorem 3.7. Let R be a G-graded ring and M , M ′ be two graded R-modules. Let
φ : M → M ′ be a graded monomorphism. Then the following hold.

(i) If S is a graded strongly 2-absorbing second submodule of M , then φ(S) is a
graded 2-absorbing second submodule of M ′.

(ii) If S ′ is a graded strongly 2-absorbing second submodule of M ′ and S ′ ⊆ φ(M),
then φ−1(S ′) is a graded 2-absorbing second submodule of M.

Proof. By using Theorem 3.2 the proof is similar to that of Theorem 2.5. □
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