KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 48(1) (2024), PAGESs 79-87.

ON UNIFORMLY STRONGLY PRIME I'-SEMIHYPERRING
JITENDRASING J. PATIL! AND KISHOR F. PAWAR?

ABSTRACT. The I'-semihyperring is a generalization of the concepts of a semiring,
a semihyperring and a I-semiring. The concepts of uniformly strongly (weak) prime
I'-semihyperring and essential extension for the I'-semihyperring are introduced and
studied some important properties in this respect. It is proved that any essential
extension of a uniformly strongly prime I'-semihyperring is a uniformly weak prime
I'-semihyperring. Also strongly prime radical of a I'-semihyperring is introduced
and its characterization is made with the help of a super sp-system. A necessary
and sufficient condition for a ideal of I'-semihyperring to be a right strongly prime
ideal is provided with the help of sp-system and super sp-system.

1. INTRODUCTION AND PRELIMINARIES

In 1975, Hadelman and Lawrence [4] introduced the notion of strongly prime ring
motivated by the notion of primitive group ring and proved some properties of strongly
prime rings. In 2006, Dutta and Das [2] introduced the notion of strongly prime ideal
in a semiring and strongly prime semiring. Again in 2006, Dutta and Dhara [3]
introduced the concept of uniformly strongly prime I'-semirings and studied uniformly
strongly prime k-radical of a I'-semiring as special class via its operator semiring.
The notion of essential ideal and essential extension for semirings was introduced and
studied some important properties in this respect by Pawar and Deore [7].

The notion of hypergroup was introduced by Marty [5] in 1934. After that, many
authors studied algebraic hyperstructure which are generalization of classical alge-
braic structure. In classical algebraic structure, the composition of two elements is
an element, while in an algebraic hyperstructure composition of two elements is a
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set. Let H be a non-empty set. Then, the map o : H x H — ©*(H) is called a
hyperopertion, where ©*(H) is the family of all non-empty subsets of H and the
couple (H, o) is called a hypergroupoid. Moreover, the couple (H, o) is called a semi-
hypergroup if for every a,b,c € H we have (aob)oc = ao (boc). The notion of
[-semihyperrings as a generalization of semiring, semihyperring and I'-semiring was
introduced by Dehkordi and Davvaz [8]. Also, Pawar et al. [6] introduced regular
(strongly regular) I'-semihyperrings and made it’s characterization with the help of
ideals in I'-semihyperrings.

In now days hyperstructure theory was studied widely as it has vast applications in
various streams of sciences. In this paper, we extended various concepts of classical
algebraic structure to a I'-semihyperring. In Section 2, we introduced the notion of
uniformly strongly prime I'-semihyperring, essential ideal and essential extension for I'-
semihyperring and proved some important properties. In Section 3, we introduced the
notion of right strongly prime ideal and super sp-system. These concepts are studied
analogously with the concepts of classical algebraic structures which are studied in
2,3].

Here are some useful definitions and the readers are requested to refer [8].
Definition 1.1. Let R be a commutative semihypergroup and I' be a commutative
group. Then, R is called a T'-semihyperring if there is a map R X I' x R — o*(R)
(images to be denoted by aab for all a,b € R and a € I') and p*(R) is the set of all
non-empty subsets of R satisfying the following conditions:

(1) ac(b+ ¢) = aab + aac;
(2) (a+ b)ac = acc + bac;
(3) ala+ B)c = aac + afc;
(1) aa(bfe) = (aab)Be,
for all a,b,c € R and for all o, 5 € T'.

Definition 1.2. A I'-semihyperring R is said to be commutative if aab = baa for all
a,be Rand a €T

Definition 1.3. A I'-semihyperring R is said to be with zero, if there exists 0 € R
such that a € a +0 and 0 € Oaa, 0 € a0 for all a € R and a € T.

Let A and B be two non-empty subsets of a I'-semihyperring R and = € R. Then
A+B={z|x€a+bac Abec B},
ATB={z |z €aaba € A,be B,acT}.
Definition 1.4. A non-empty subset R; of ['-semihyperring R is said to be a I'-

subsemihyperring if it is closed with respect to the addition and multiplication, that

iS, R1 + Rl g R1 and erRl Q Rl.

Definition 1.5. A right (left) ideal I of a I'-semihyperring R is an additive sub
semihypergroup of (R, +) such that II'R C I(RI'I C I). If I is both right and left
ideal of R, then we say that I is a two sided ideal or simply an ideal of R.
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2. UNIFORMLY STRONGLY (WEAK) PRIME I'-SEMIHYPERRINGS

Definition 2.1. A I'-semihyperring R is said to be a finitely multiplicative if F' and
G are finite subsets of R and A is finite subset of I', then FFAG is finite subset of R.

Definition 2.2. A I'-semihyperring R is said to be a finitely additive if F' and G are
finite subsets of R, then F' 4 G is finite subset of R.

Ezample 2.1 ([6]). Consider the following:

R:{<x Y ) |x,y,z,w€R},
Z w

I'={z|z€eZ},

Aa:{<06a ()?b) |a,beR,aeF}.

Then, R is a I'-semihyperring under the matrix addition with hyperoperation Ma/N
MALN for all M, N € R and a € I". Here R is a finitely additive but not finitely
multiplicative.

Ezxample 2.2. Let X be a non-empty set and 7 is a topology on X. We define the
hyperoperation of the addition and the multiplication on 7 as A,B € 7,A+ B =
AUB,A-B = ANB. Then 7 is a I'-semihyperring, where I' is a commutative group,
if we define zay — x -y for every x,y € 7, € I'. Here 7 is a finitely additive as well
as finitely multiplicative.

Throughout this paper we consider that a I'-semihyperring R is always finitely
multiplicative, finitely additive and contains a zero element.

Definition 2.3. A I'-semihyperring R is called uniformly right strongly prime if there
exist a finite subset F' of R and a finite subset A of 'if 0 ¢ A C R and 0 € Ad; f), B
for all 61,9, € A and f € F implies that 0 € B. The pair (F,A) is called a uniform
right insulator for R.

Definition 2.4. A I'-semihyperring R is called uniformly right weak prime if there
exist a finite subset F' of R and a finite subset A of I" if 2(#£ 0) € R and 0 € x0; fdoy
for all §1,9, € A and f € F implies that y = 0. The pair (£, A) is called a uniform
right insulator for R.

Analogously we can define uniformly left strongly (weak) prime I'-semihyperring. It
is obvious that a uniformly right (left) strongly prime I'-semihyperring R is uniformly
right (left) weak prime.

Definition 2.5 ([1]). A I'-semihyperring R with zero is called prime if 0 € zarfy for
all » € R and «, § € I implies that either x =0 or y = 0.

Theorem 2.1. A I'-semihyperring R is uniformly right weak prime if and only if
there exist finite subsets F' of R and A of I such that for any two nonzero elements
x and y of R, there exists f € F and 61,95 € ' such that 0 & x6; fday.
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Proof. Let R be a uniformly right weak prime I'-semihyperring and (F,A) be a
uniform right insulator for R. Suppose z and y be a two nonzero elements of R and
0 € 261 fdoy, for all 4,00 € ' and f € F. Then we get y = 0, a contradiction. So
there exist f € F and 1,02 € I" such that 0 ¢ zd; fdoy.

Conversely, let for any two nonzero elements x and y of R there exist f € F' and
91,09 € T such that 0 ¢ xd; fooy. Consider a(# 0) € R and 0 € ad; fdzb, for all
01,00 € I and f € F so by our hypothesis b must be 0. Therefore, by definition
[-semihyperring R is uniformly right weak prime. 0

Theorem 2.2. A I'-semihyperring R is uniformly right strongly prime if and only if
there exist finite subsets F' of R and A of I' such that for any two non-empty subsets A
and B of R and 0 ¢ A,0 ¢ B, there exist f € F' and §y,05 € A such that 0 ¢ Ad, fo,B.

Corollary 2.1. A I'-semihyperring R is uniformly right weak (strongly) prime if and
only if R is uniformly left weak (strongly) prime.

So, we can use uniformly strongly (weak) prime instead of uniformly right (left)
strongly (weak) prime and uniform insulator instead of uniform right (left) insulator.

Proposition 2.1. A uniformly weak prime I'-semihyperring is prime.

Proof. Let R be a uniformly weak prime I'-semihyperring and (F,A) is a uniform
insulator for R. Let z(# 0) € R and 0 € zarfy for all a,f € I' and r € R. Now,
FC Rand A C T, s00 € xd,fdy, for all 6;,00 € A and f € F. Since R is a
uniformly weak prime I'-semihyperring and (F, A) is a uniform insulator for R, then
y = 0. Therefore, by definition, R is a prime I'-semihyperring. 0

Proposition 2.2. If R is uniformly weak prime I'-semihyperring, then for nonzero
ideal I of R, there exist finite subsets F' of I and A of I such that 0 € foy for all
feF andd e A, theny=0.

Proof. Let I be a nonzero ideal of a uniformly weak prime I'-semihyperring R and
(F,A) is a uniform insulator for R. Let x(# 0) € I. Then F’ = 2AF is finite subset
of I. Also if 0 € 8, foay for all 81,0, € A and f € F, then y = 0. Then 0 € f 9y, for
all ' € F',6 € A implies that 0 € 26, fdoy, for all §;,0, € A and f € F gives that
y = 0. This complete the proof. 0

Definition 2.6. A nonzero ideal I of a I'-semihyperring R is called an essential ideal
of R if for any nonzero ideal J of R, (£ 0) € I N J.

Definition 2.7. A T'-semihyperring T is said to be an essential extension of a I'-
semihyperring R if R is an essential ideal of 7'

Definition 2.8. Let A be a non-empty subset of a I'-semihyperring R. Right annihi-
lator of A in R, denoted by ann,(A), is defined as ann,.(A) = {z € R | 0 € aax for
alla € A,a eT'}.

Similarly, we can define left annihilator of A in R, i.e., ann;(A).
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Lemma 2.1. Let R be a I'-semihyperring and T be its essential extension. If R is a
uniformly strongly prime I'-semihyperring, then for each nonzero x of T, 0 € xaf for
all v € T, f € F implies that x € ann,.(R) and 0 € fax for alla € T, f € F implies
that x € anny(R), where (F,A) is a uniform insulator for R.

Proof. Let T be an essential extension of a uniformly strongly prime I'-semihyperring
R and (F,A) is uniform insulator for R. Let z(# 0) € T and 0 € zaf for all
a € I',f € F. Then 0 € (kvyx)d;fos(kvyx) for all 61,0, € A,y € T, f € F and
k € R. Since R is a uniformly strongly prime I'-semihyperring and (F, A) is a uniform
insulator for R,0 € kyz for all k € R,y € T, i.e., x € ann,(R).

On similar lines, we can prove 0 € fax for all « € I', f € F implies that z €
anny(R). O

Lemma 2.2. If R is a uniformly strongly prime I'-semihyperring and I is an ideal
of R, then I is a uniformly weak prime I'-subsemihyperring.

Proof. Let R be a uniformly strongly prime I'-semihyperring and (F, A) be a uniform
insulator for R. If I is zero ideal, then obviously I is a uniformly weak prime I'-
subsemihyperring. Suppose I # 0 and r be a fixed nonzero element of I. Let
F' ={x € fiarBfs | f1,fo € F,a,5 € A}. Since I is an ideal of R and F, A are
finite subsets, I is finite subset of I. Let #(# 0) € T and y € I. If 0 € 26, f 6oy
for all 6,0, € A and f € F', then 0 € x0, fiarBfady for all fi, fo € F and for all
01,00, a, 0 € A, ie., 0 € 28y fra(rBfa00y) for all fi, fo € F and for all 61,09, v, B € A.
Since rffdy C R, for all fo € F and for all 3,62 € A and R is a uniformly
strongly prime I'-semihyperring with  # 0, then 0 € rfSfydy for all fo € F and
for all 8,0, € A. But as r # 0 it gives y = 0. Hence, [ is a uniformly weak prime
I-semihyperring and (F', A) is uniform insulator for I. O

Definition 2.9. An element k of a ['-semihyperring R is additively aggressive with
respect to subset A of R if k belongs to aab(baa) and aac(caa) for all a € A and
a €T, then for any p € b+ ¢, k € aap (k € paa) for alla € A and o € T'.

Definition 2.10. An element k of a I'-semihyperring R is multiplicatively aggressive
with respect to subset A of R if k belongs to aab(baa) for all a € A and « € T, then
for any p € bat(p € tab), where a € T', t € R, we have k € aap(k € paa) for alla € A
and o € T".

Example 2.1 zero element (zero matrix) is a multiplicatively aggressive.
Definition 2.11. An element k of a I'-semihyperring R is additively and multiplica-

tively aggressive with respect to all subset A of R, then k is aggressive element of a
['-semihyperring R.
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Example 2.3 ([6]). Let R = {a,b,c,d}. Then R is commutative semihypergroup with
following hyperoperations

a b c d
{a} | {a,b} | {a,c} |{a,d}
{a,b} | {6} |{bc}|{bd} ]|
{a,c} [ {b,c} | {c} |{c.d}
{a,d} [ {b,d} | {c,d} | {d}

a b c d
{a} {a,b} |{a,b,c}|{a,b,c,d}
{a, b} {b} {b,c} {b,¢c,d}
{a,b,c} {b,c} {c} {c,d}
d|{a,b,c,d} | {b,c,d} | {c d} {d}
Then R be a I'-semihyperring, where I'-is any commutative group with operation
xay — x -y for x,y € R and o € I'. Here a is a aggressive element of R.

ol |+

Ol

Theorem 2.3. If zero is an aggressive element of a I'-semihyperring R, then ann,(A)
is a right ideal of R and anni(A) is a left ideal of R. If A is an ideal of I'-semihyperring
R, then both annihilators are ideals of R.

Now in the rest part of the given section we consider zero as aggressive element of
['-semihyperring R.

Lemma 2.3. Let R be a uniformly weak prime I'-semihyperring and T be its essential
extension. Then both annihilators of R in T are zero.

Proof. Let (F,A) is a uniform insulator for R. If possible let ann,(R) # 0. Then
ann,.(R) is nonzero ideal of T'. Since R is an essential ideal of 7', ann,(R) N R # 0.
Let z(# 0) € ann,.(R) N R. Then 0 € kax, for all k € R,a € I'. As A C T and
F C R, it gives 0 € xd1rdox for all 41,09 € A and r € F. Since R is a uniformly weak
prime I'-semihyperring, z = 0, a contradiction. Therefore ann,.(R) = 0.

Similarly, we can prove that ann(R) = 0. O

Lemma 2.4. Let R be a uniformly strongly prime I'-semihyperring with pair (F, A)
be a uniform insulator for R and T be its essential extension. Then for any nonzero
element x of T there exist some f € F, 0 € A such that 0 ¢ xzdf.

Proof. Let (F,A) be a uniform insulator for R and 7" be an essential extension of R.
Let x be a nonzero element of T. Suppose that 0 € xdf for all 6 € A, f € F, then
by Lemma 2.1, = € ann,(R). Also, by Lemma 2.3, ann,(R) = 0, which implies that
x = 0, a contradiction. Therefore, 0 ¢ zd f for some f € F,0 € A. O

Lemma 2.5. Let R be a uniformly strongly prime I'-semihyperring with pair (F,A)
be a uniform insulator for R and T be its essential extension. Then for any nonzero
element x of T there exist some f € F, 6 € A such that 0 ¢ fdx.
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Theorem 2.4. Any essential extension of a uniformly strongly prime I'-semihyperring
R is a uniformly weak prime I'-semihyperring.

Proof. Let (F,A) be a uniform insulator for R and 7" be an essential extension of
R. Let y,z be two nonzero elements of 7. Then by Lemmas 2.4 and 2.5, there
exist f1, fo € F and 01,02 € A such that 0 ¢ yd;f; and 0 ¢ fadez. Since R is an
ideal of T', so yd; fi and fo022 are subsets of R. Again since R is uniformly strongly
prime and (F,A) be a uniform insulator for R, then by Theorem 2.2, there exist
o, € A and f € F such that 0 ¢ yo, fiafBfadez. Let F' = {k € fiafffa |0 ¢
yorfrafBfedaz; fi, f, fo € Fya, 3,01,00 € Ay, z € T} Then F' C T is finite subset,
since F' and A are finite subset. Hence, by Theorem 2.1, T is uniformly weak prime
I-semihyperring with insulator (F', A). O

3. RIGHT UNIFORMLY STRONGLY PRIME RADICAL

Definition 3.1. An ideal I of a I'-semihyperring R is said to be right strongly prime
if a ¢ I, then there are two finite sets F' C< a > and A C I' such that FAb C [
implies that b € I.

Definition 3.2. A subset G of a I'-semihyperring R is called an sp-system if for any
g € G there are two finite sets FF C< g > and A C I" such that (f0z) NG # 0 for all
feF,0eAandze€QG.

Proposition 3.1. An ideal I of a I'-semihyperring R is a right strongly prime if and
only if R\ I is an sp-system.

Proof. Let I be a right strongly prime ideal of R and let g € R\ I. Then g ¢ I. So
there exists a finite subsets F' of < g > and A of I" such that FFAb C I implies that
bel, ie, (foz)N(R\I)#0forall fe F, € Aandze R\ I. Therefore, R\ I is
an sp-system.

Conversely, suppose R\ [ is an sp-system. Let a ¢ I. Then a € R\ I. So there
exists a finite subsets F' of < a > and A of T such that (féz) N (R\ I) # 0 for all
feFdeAand z€ R\ I. Let FAb C I. Then FAbN (R\ I) = 0. If possible let
bé¢ I. Then b € R\ I which implies that (fob) N (R\I)# @ forall fe F,§ € A, a
contradiction. Hence, b € I. Therefore, I is a right strongly prime ideal of R. 0J

Definition 3.3. Right strongly prime radical of a ['-semihyperring R is a defined by
SP(R) =n{I| I is a right strongly prime ideal of R}.

Definition 3.4. A pair of subsets (G, P) where P is an ideal of a I'-semihyperring R
and G is a non-empty subset of R is called a super sp-system of R if G N P contains
no nonzero element of R and for any g € GG there are finite subsets F' of < g > and A
of T such that (féz)NG #(forall fe F,d€ Aand 2 ¢ P.

Remark 3.1. An ideal I of a I'-semihyperring R is a right strongly prime ideal if and
only if (R \ I, I) is super sp-system.
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Theorem 3.1. Let any I'-semihyperring R. Then x € SP(R) if and only if whenever
x € G and (G, P) is super sp-system for some ideal P of R, then 0 € G.

Proof. Let x € SP(R). If possible let © € G where (G, P) is a super sp-system and
0¢ G. Then GNP = (). By Zorn’s Lemma choose an ideal @) with P C @ and @ is
maximal with respect to GNQ = (). We now prove that @ is a right strongly prime ideal
of R. Let a ¢ Q. Then there is a g € G such that < g >C Q+ < a >. Since (G, P)
is a super sp-system there exists a finite subsets F' = {f1, fa, ..., fm} €< g > and
A CT such that f;0zNG#Dforall f; e F,0 € Aand 2 ¢ P. Since F C Q+ < a >
each f; € ¢; + a; for some ¢; € Q and a; €< a >. Let F* = {aj,as,...,an}-
Then F* C< a >. Let z € R such that f6z C @Q for all f € F*, § € A. Then
fidz C (g +ai)dz C @ for all f; € F, § € A, ie, FAz C Q. If z ¢ @, then
fi6zN G # B, because P C Q. But this contradict G N Q = (). Hence, z € Q must
hold. So, @ is a right strongly prime ideal. But = ¢ @, since x € G, which is a
contradiction. Hence, 0 € G.

Conversely, let whenever x € G and (G, P) is super sp-system for some ideal P of
R, then 0 € G. Then there exists a right strongly prime ideal I of R such that x ¢ I.
Then (R \ I,I) is a super sp-system where z € R\ I but 0 ¢ R\ I, a contradiction.
Hence, converse follows. 0
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