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LORENTZIAN PARA-SASAKIAN MANIFOLDS AND � -RICCI
SOLITONS

ABDUL HASEEB 1 AND SUDHAKAR K. CHAUBEY 2

Abstract. We study the properties of Lorentzian para-Sasakian manifolds en-
dowed with � -Ricci solitons and gradient � -Ricci solitons. Finally, the existence of
� -Ricci soliton on a 4-dimensional Lorentzian para-Sasakian manifold is proved by
constructing a non-trivial example.

1. Introduction

A Ricci soliton (g; F; � ) [12] on a semi-Riemannian manifold (M; g) is a generaliza-
tion of Einstein metric such that

1
2

¿ F g + S + �g = 0;

whereS is the Ricci tensor,¿ F is the Lie derivative operator along the vector �eldF
on M , g represents the semi-Riemannian metric ofM and � is a real number. The
Ricci soliton is said to be shrinking, steady and expanding according to� being less
than 0, 0 and greater than 0, respectively.

In 1959, the notion of� -Ricci tensor on almost Hermitian manifolds was introduced
by Tachibana [23] and further studied by Hamada [11] on real hypersurfaces of non-�at
complex space forms. A semi-Riemannian metricg on a smooth manifoldM is called
a � -Ricci soliton [16] if there exists a smooth vector �eldF (called soliton vector �eld)
and a real number� , such that

(1.1) ¿ F g + 2S� = � 2�g;

Key words and phrases.Lorentzian para-Sasakian manifolds,� -Ricci solitons, gradient � -Ricci
solitons, generalized� -Einstein manifolds.
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168 A. HASEEB AND S. K. CHAUBEY

where
S� (U; V) = g(Q� U; V) = Trace f � � R(U; �V )g;

for all vector �elds U; V on M [6]. Here, � is the (1; 1) tensor �eld and Q� is the
(1; 1) � -Ricci operator. If we choose� as a smooth function in (1.1), then the soliton
(g; F; � ) satisfying equation (1.1) is known as an almost� -Ricci soliton on M . In this
connection, we recommend the papers [4,10,13,15,17,21,22,24,25] for more details
about the study of Ricci solitons,� -Ricci solitons and� -Ricci solitons in the context
of contact Riemannian geometry. As far as our knowledge goes, the study of� -Ricci
solitons in the context of Lorentzian para-Sasakian manifolds is left. The main motive
of this article is to �ll this gap.

In 1989, K. Matsumoto [18] introduced the notion ofLP � Sasakian manifolds, while
in 1992, the same notion was independently studied by I. Mihai and R. Rosca [19]
and they obtained several results on this manifold. The Lorentzian para-Sasakian
manifolds have also been studied by various authors such as [1,2,7� 9,14,26] and many
others.

We present our work as follows. In Section 2, we collect the basic results and
some basic de�nitions of Lorentzian para-Sasakian manifolds. The� -Ricci solitons
and gradient � -Ricci solitons on Lorentzian para-Sasakian manifolds are discussed in
Section 3 and Section 4, respectively. We present a 4-dimensional non-trivial example
of Lorentzian para-Sasakian manifold admitting a� -Ricci soliton in Section 5.

2. Preliminaries

Let M be ann-dimensional smooth manifold equipped with a quartet (�; �; �; g ),
where� is a tensor �eld of type (1; 1), � is the unit timelike vector �eld, � is a 1-form
and a Lorentzian metricg on M such that [5,20]

(2.1) � 2 = I + � 
 �; � (� ) = � 1;

which implies

(2.2) �� = 0; � (�U ) = 0 ; rank(� ) = n � 1;

for all U 2 X(M ), whereX(M ) denotes the collection of all smooth vector �elds ofM .
The manifold M is said to have an almost para-contact metric structure (�; �; �; g )
when it admits a Lorentzian metricg, such that

(2.3) g(�U; �V ) = g(U; V) + � (U)� (V); g(U; � ) = � (U);

for all U; V 2 X(M ).
If moreover,

(r U � )V = � (V)� 2U + g(�U; �V )�;(2.4)

r U � = �X , (r U � )V = g(�U; V ) = g(U; �V );(2.5)

wherer denotes the Levi-Civita connection of the manifold.
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An n-dimensional Lorentzian para-Sasakian manifold satis�es the following relations
(see [9]):

g(R(U; V)W; � ) = g(V; W)� (U) � g(U; W)� (V);(2.6)

R(U; V)� = � (V)U � � (U)V;(2.7)

S(U; � ) =( n � 1)� (U) , Q� = ( n � 1)�;(2.8)

for all U; V; W 2 X(M ); whereR denotes the curvature tensor and S denotes the Ricci
tensor ofM such that S(U; V) = g(QU; V) for all U; V 2 X(M ).

A Lorentzian para-Sasakian manifoldM is said to be a generalized� -Einstein [3] if
its non-vanishing Ricci tensorS is of the form

(2.9) S(U; V) = � 1g(U; V) + � 2� (U)� (V) + � 3g(�U; V );

where � 1; � 2 and � 3 are smooth functions onM . If � 3 = 0 (resp. � 2 = � 3 = 0), then
M is called an� -Einstein (resp. Einstein) manifold.

Lemma 2.1. An n-dimensional Lorentzian para-Sasakian manifold satis�es the fol-
lowing relations

(r UQ)� =( n � 1)�U � Q�U;(2.10)

(r � Q)U = � 2Q�U + 2aU + 2a� (U)�;(2.11)

whereQ is the Ricci operator.

Proof. Di�erentiating Q� = ( n � 1)� along U and using (2.5), we get (2.10). Next
di�erentiating (2.7) then using (2.5), we �nd

(2.12) (r E R)(V; W)� = � R(V; W)�E + g(�E; W )V � g(�E; V )W:

Let f ei g
n
i =1 be a local orthonormal basis onM . Putting V = E = ei in (2.12) and

summing overi leads to
nX

i =1

� i g((r ei R)(ei ; W)�; U ) = S(W; �U ) + ( n � 1)g(�W; U )(2.13)

� 2ag(W; U) � 2a� (V)� (W);

where � i = g(ei ; ei ) and a = tr �: Here tr stands for trace. From Bianchi's second
identity, we can easily obtain that

(2.14)
nX

i =1

� i g((r ei R)(U; � )W); ei ) = ( r US)(�; W ) � (r � S)(U; W):

By considering (2.13) in (2.14), equation (2.11) follows. �

On a Lorentzian para-Sasakian manifold (M; �; �; �; g ), we have the following lem-
mas.
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Lemma 2.2. On a Lorentzian para-Sasakian manifold(M; �; �; �; g ), we have

�R(U; V; �W; �E ) = �R(U; V; W; E) � g(U; W)g(V; E) + g(V; W)g(U; E)(2.15)

+ 2[g(V; W)� (U)� (E) � g(U; W)� (V)� (E)

+ g(U; E)� (V)� (W) � g(V; E)� (U)� (W)]

+ g(U; �W )g(V; �E ) � g(V; �W )g(U; �E );

for any U; V; W; E on M; where �R(U; V; W; E) = g(R(U; V)W; E).

Proof. By virtue of the well-known de�nition of curvature tensor, we can write

�R(U; V; �W; �E ) = g(r U r V �W; �E ) � g(r V r U �W; �E ) � g(r [U;V ]�W; �E ):(2.16)

By making use of (2.2), (2.4) and (2.5), (2.16) takes the form

�R(U; V; �W; �W ) = g(R(U; V)W; E) + � (R(U; V)W)� (E)

+ g(V; W)g(�U; �E ) � g(U; W)g(�V; �E )

+ 2g(U; E)� (V)� (W) � 2g(V; E)� (U)� (W)

+ g(U; �W )g(V; �E ) � g(V; �W )g(U; �E );

which in view of (2.3) and (2.6) leads to (2.15). This completes the proof. �

Lemma 2.3. The � -Ricci tensor of an n-dimensional Lorentzian para-Sasakian man-
ifold (M; �; �; �; g ) is given by

(2.17) S� (V; W) = S(V; W) + ( n � 2)g(V; W) � g(V; �W )a + (2 n � 3)� (V)� (W);

for any V; W 2 X(M ):

Proof. Let f ei g
n
i =1 be an orthonormal basis of the tangent space at each point of the

manifold. By the de�nition of � -Ricci tensor, from (2.15), we have

S� (V; W) =
nX

i =1

� i
�R(ei ; V; �W; �e i )

=
nX

i =1

� i
�R(ei ; V; W; ei ) +

nX

i =1

� i [g(V; W)g(ei ; ei ) � g(ei ; W)g(V; ei )]

+ 2
nX

i =1

� i [g(V; W)� (ei )� (ei ) � g(ei ; W)� (V)� (ei )

+ g(ei ; ei )� (V)� (W) � g(V; ei )� (ei )� (W)]

+
nX

i =1

� i [g(ei ; �W )g(V; �e i ) � g(V; �W )g(ei ; �e i )];

which leads to(2.17), where� i = g(ei ; ei ), i.e., � 1 = � 2 = � � � = � n� 1 = 1, � n = � 1. �
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3. Lorentzian Para-Sasakian Manifolds Admitting � -Ricci Solitons

In this section, we characterize the properties of Lorentzian para-Sasakian manifold
endowed with� -Ricci solitons. Now, we prove the following.

Theorem 3.1. If an n-dimensional Lorentzian para-Sasakian manifold admits a� -
Ricci soliton (g; F; � ), then the � -Ricci soliton is steady.

Proof. By using (2.17) in (1.1), we have

(¿ F g)(U; V) = � 2S(U; V) � 2[� + ( n � 2)]g(U; V) � 2(2n � 3)� (U)� (V)(3.1)

+ 2g(U; �V )a:

Taking covariant di�erentiation of (3.1) with respect to W, we get

(r W ¿ F g)(U; V) = � 2(r W S)(U; V) � 2(2n � 3)[g(�W; U )� (V)(3.2)

+ g(�W; V )� (U)] + 2[ g(V; W)� (U)

+ g(U; W)� (V) + 2 � (U)� (V)� (W)]a:

Following Yano [27], the following formula

(¿ F r Ug � r U¿ F g � r [F;U ]g)(V; W) = � g((¿ F r )(U; V); W) � g((¿ F r )(U; W); V)

is well-known for anyU; V; W on M . As g is parallel with respect tor , the above
relation becomes

(3.3) (r U¿ F g)(V; W) � g((¿ F r )(U; V); W) � g((¿ F r )(U; W); V) = 0 ;

for any U; V; W. Since¿ F r is a symmetric tensor of type (1; 2), then from (3.3) it
follows that

g((¿ F r )(U; V); W) =
1
2

(r V ¿ F g)(U; W) +
1
2

(r U¿ F g)(V; W) �
1
2

(r W ¿ F g)(U; V):

(3.4)

Using (3.2) in (3.4), we have

g((¿ F r )(U; V); W) =( r W S)(U; V) � (r V S)(W; U) � (r US)(V; W)

� 2(2n � 3)g(�U; V )� (W) + 2 g(�U; �V )� (W)a;

which by putting V = � reduces to

(3.5) g((¿ F r )(U; � ); W) = ( r W S)(U; � ) � (r US)(�; W ) � (r � S)(W; U):

By considering (2.10) and (2.11) in (3.5), we obtain

(3.6) (¿ F r )(U; � ) = 2 Q�U � 2aU � 2a� (U)�:

Taking the covariant derivative of (3.6) with respect toV, we have

(r V ¿ F r )(U; � ) =2( r V Q)�U � (¿ F r )(U; �V ) + 2 Q(r V � )U

� 2ag(U; �V )� � 2a� (U)�V:
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Again from [27], we have

(¿ F R)(U; V)W + ( r V ¿ F r )(U; W) � (r U¿ F r )(V; W) = 0 :

Thus the last two equations give

(¿ F R)(U; V)� =2( r UQ)�V � 2(r V Q)�U(3.7)

+ 2Q(� (V)U � � (U)V) + 2 a(� (U)�V � � (V)�U )

+ ( ¿ F r )(U; �V ) � (¿ F r )(V; �U ):

Setting V = � in (3.7) and making use of (2.11), it follows that

(3.8) (¿ F R)(U; � )� = 2QU + 2Q� (U)� � 2a�U � (¿ F r )( �; �U ):

Taking the Lie derivative of R(U; � )� = � U � � (U)� along F , we have

(3.9) (¿ F R)(U; � )� � g(U;¿ F � )� + 2 � (¿ F � )U = � (¿ F � )(U)�:

By using (3.9), (3.8) takes the form

(¿ F � )(U)� = � 2QU � 2Q� (U)� + 2a�U + ( ¿ F r )( �; �U ) + g(U;¿ F � )�(3.10)

� 2� (¿ F � )U:

Now taking the Lie derivative of g(U; � ) = � (U), we �nd

(3.11) (¿ F � )U = g(U;¿ F � ) + ( ¿ F g)(U; � ):

By putting V = � in (3.1) and using (2.1)�(2.3), we �nd

(3.12) (¿ F g)(U; � ) = � 2�� (U):

Again putting U = � in (3.12), we arrive

(3.13) � (¿ F � ) = � �:

By making use of (3.11)-(3.13), we get from (3.10) that

(�I � Q)� 2U = � a�U �
1
2

(¿ F r )( �; �U );

which by virtue of (3.6) leads to � = 0; where � 2U 6= 0. This shows that � -Ricci
soliton on M is steady. This completes the proof. �

Theorem 3.2. An n-dimensional Lorentzian para-Sasakian manifold endowed with
an almost � -Ricci soliton (g; �; � ) is a generalized� -Einstein. Also, the soliton is
steady.

Proof. Let the Lorentzian metric of ann-dimensional Lorentzian para-Sasakian mani-
fold be an almost� -Ricci soliton (g; �; � ), then (1.1)) turns into

(3.14) g(r U �; V ) + g(U;r V � ) + 2 S� (U; V) + 2 �g (U; V) = 0 ;

for all vector �elds U and V on M . By making use of equations(2.5) and (2.17),
equation (3.14) transforms to

S = � 1g + � 2� 
 � + � 3g(�; � �);



LORENTZIAN PARA-SASAKIAN MANIFOLDS AND � -RICCI SOLITONS 173

where� 1 = � (� + n � 2), � 2 = � (2n � 3) and � 3 = a � 1: Also, in view of (2.1)� (2.3),
(2.8) and the above equation, we can easily �nd that� = 0. This gives the statement
of Theorem 3.2. �

Particularly, if we suppose thata = tr � = 1, then from Theorem 3.2, we infer that

(3.15) S = � 1g + � 2� 
 �:

Let us consider an orthonormal frame �eld on a Lorentzian para-Sasakian manifold
and contracting (3.15), we lead

r = n� 1 � � 2 = � n2 + 4n � 3:

Now, we state the following.

Corollary 3.1. If an n-dimensional Lorentzian para-Sasakian manifold admits an
almost � -Ricci soliton (g; �; � ), with tr � = 1, then it has constant scalar curvature.

A non-�at semi-Riemannian manifold is called pseudo Ricci symmetric and denoted
by (PRS)n if the non-zero Ricci tensorS of type (0; 2) of the manifold satis�es the
condition [28]

(3.16) (r US)(V; W) = 2 A(U)S(V; W) + A(V)S(U; W) + A(W)S(U; V);

whereA is a non-zero 1-form such thatg(U; � ) = A(U), for all vector �elds U; � being
the vector �eld corresponding to the associated 1-formA. In partcular, if A = 0, then
the manifold is called Ricci symmetric.

Taking the covariant derivative of (3.15) leads to

(3.17) (r US)(V; W) = � 2[g(�U; V )� (W) + g(�U; W )� (V)]:

Now using (3.15) and (3.17), (3.16) becomes

� 2[g(�U; V )� (W) + g(�U; W )� (V)] =2 A(U)[� 1g(V; W) + � 2� (V)� (W)](3.18)

+ A(V)[� 1g(U; W) + � 2� (U)� (W)]

+ A(W)[� 1g(U; V) + � 2� (U)� (V)]:

Taking U = W = � in (3.18), we get A(V) = 3 A(� )� (V), which by putting V = �
givesA(� ) = 0. This implies that A(V) = 0. Thus we have the following.

Theorem 3.3. A pseudo Ricci symmetric Lorentzian para-Sasakian manifold admit-
ting an almost � -Ricci soliton (g; �; � ), with tr � = 1 is Ricci symmetric.

4. Gradient � -Ricci Solitons on � -Einstein Lorentzian Para-Sasakian
Manifolds

This section is concerned with the study of gradient� -Ricci solitons within the
context of � -Einstein Lorentzian para-Sasakian manifolds.

Let an n-dimensional Lorentzian para-Sasakian manifold be� -Einstein, then it is
noticed that the equation (2.9) takes the form

(4.1) S = � 1g(U; V) + � 2� (U) 
 � (V):
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Setting V = U = ei in (4.1), wheref ei g
n
i =1 represents a set of orthonormal frame �eld

of M , and taking the summation overi , 1 � i � n, we have

(4.2) r = � 1n � � 2:

On the other hand, putting U = V = � in (4.1) and making use of(2.1) and (2.3),
we also have

(4.3) � (n � 1) = � � 1 + � 2:

Hence, it follows from (4.2) and (4.3) that

� 1 =
r

n � 1
� 1; � 2 =

r
n � 1

� n:

Thus, the Ricci tensorS of an � -Einstein Lorentzian para-Sasakian manifold is given
by

(4.4) S(U; V) =
� r

n � 1
� 1

�

g(U; V) +
� r

n � 1
� n

�

� (U)� (V):

De�nition 4.1. A semi-Riemannian metricg of a semi-Riemannian manifoldM is
called a gradient� -Ricci soliton if it satis�es

(4.5) Hessf + S� + �g = 0;

for some smooth functionf , whereHessf (Hessianf ) is de�ned by Hessf = rr f . It
is noticed that if we chooseF = Df in equation (1.1), whereD denotes the gradient
operator of g, then we get (4.5).

Let the � -Einstein Lorentzian para-Sasakian manifoldM admit a gradient � -Ricci
soliton. Then from (4.5) it follows that

(4.6) r UDf + Q� U + �U = 0;

for all U on M . First we prove the following lemmas for later use.

Lemma 4.1. An n-dimensional � -Einstein Lorentzian para-Sasakian manifold satis-
�es

(4.7) (r UQ� )� � (r � Q� )U = �
� r

n � 1
+ n � 3

�

�U +

 

a �
� (r )

n � 1

!

(U + � (U)� );

for all X on M .

Proof. By using (4.4) in (2.17), we �nd

S� (V; W) =
� r

n � 1
+ n � 3

�

(g(V; W) + � (V)� (W)) � g(V; �W )a:

It yields

(4.8) Q� V =
� r

n � 1
+ n � 3

�

(V + � (V)� ) � �V a:
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Di�erentiating (4.8) along U, we get

(r UQ� )V =
� r

n � 1
+ n � 3

�

[(r U � )(V)� + � (V)r U � ](4.9)

� (g(U; V)� + � (V)U + 2� (U)� (V)� )a +
U(r )
n � 1

(V + � (V)� );

which by replacingV by � and using (2.1), (2.3) and (2.5) reduces to

(4.10) (r UQ� )� = �
� r

n � 1
+ n � 3

�

�U + ( U + � (U)� )a:

Again replacingU by � in (4.9) and using same equations, we �nd

(4.11) (r � Q� )U =
�r

n � 1
(U � � (U)� ):

By subtracting (4.11) from (4.10), (4.7) follows. �

Lemma 4.2. If an � -Einstein Lorentzian para-Sasakian manifold admits a gradient
� -Ricci soliton, then we have

(4.12) R(U; V)Df = ( r V Q� )U � (r UQ� )V:

Proof. Di�erentiating (4.6) covariantly along Y, we have

(4.13) r V r UDf + r V Q� U + � r V U = 0;

which by interchangingU and V becomes

(4.14) r U r V Df + r UQ� V + � r UV = 0:

Also from (4.6), we �nd

(4.15) r [U;V ]Df = � Q� [U; V] � � [U; V]:

By making use of (4.13)�(4.15), Lemma 4.2 follows. �

Theorem 4.1. Let the metric of an � -Einstein Lorentzian para-Sasakian manifold
M admit a gradient � -Ricci soliton. Then the gradient of the potential function is
pointwise collinear with the potential vector �eld ofM .

Proof. Putting U = � in (4.12), we have

R(�; V )Df = ( r V Q� )� � (r � Q� )V;

which by virtue of the Lemma 4.1 leads to

(4.16) g(R(�; V )Df; � ) = 0 :

By using (2.8), we have

(4.17) g(R(�; V )Df; � ) = � (V f ) � � (V)( �f ):

From (4.16) and (4.17), we �nd (V f ) = � � (V)( �f ). This implies that

Df = � (�f )�:

This completes the proof. �
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Taking the covariant derivative of Df = � (�f )� along U, we have

(4.18) r UDf = � (U(�f )) � � (�f )�U;

which gives
g(r UDf; � ) = U(�f );

where (2.1) and (2.2) are used. Using the last equation in (4.18), we obtain

(4.19) r UDf = � g(r UDf; � )� � (�f )�U:

From equations (2.17) and (4.6), we conclude that

(4.20) r UDf = � QU � (� + n � 2)U � (2n � 3)� (U)� + �Ua;

which implies that

(4.21) g(r UDf; � ) = � �� (U):

Thus from the equations (2.1), (2.2), (2.8), and (4.19)�(4.21), we obtain

QU = � (� + n � 2)U � (� + 2n � 3)� (U)� + ( a + ( �f )) �U;

which informs that the manifold M under the consideration is generalized� -Einstein.
Hence, we can state the following.

Corollary 4.1. Every � -Einstein Lorentzian para-Sasakian manifold of dimensionn
endowed with a gradient� -Ricci metric is generalized� -Einstein.

5. Example

In this section, we construct a non-trivial example of a Lorentzian para-Sasakian
manifold.

We consider the 4-dimensional manifoldM = f (u; v; w; t) 2 R4g, where (u; v; w; t)
are the standard coordinates inR4. Let � 1; � 2, � 3 and � 4 be the vector �elds onM
given by

� 1 = et @
@u

; � 2 = et @
@v

; � 3 = et

 
@
@v

+
@

@w

!

; � 4 = �
@
@t

:

Let g be the semi-Riemannian metric de�ned by

g(ei ; ej ) =

8
>><

>>:

1; 1 � i = j � 3;
� 1; i = j = 4;
0; 1 � i 6= j � 4:

Let � be the 1-form onM de�ned by � (U) = g(U; � 4) = g(U; � ) for all U 2 X(M ). Let
� be the (1; 1) tensor �eld on M de�ned by

�� 1 = � 1; �� 2 = � 2; �� 3 = � 3; �� 4 = 0:
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By applying the linearity of � and g, we have

� (� ) = � 1; � 2U = U + � (U)�; � (�U ) = 0 ;

g(U; � ) = � (U); g(�U; �V ) = g(U; V) + � (U)� (V);

for all U; V 2 X(M ). Then we have

[� 1; � 2] =[ � 1; � 3] = [ � 2; � 3] = 0;

[� 1; � 4] = � 1; [� 2; � 4] = � 2; [� 3; � 4] = � 3:

Using Koszul's formula, we can easily calculate

r � 1 � 1 = � 4; r � 1 � 2 = 0; r � 1 � 3 = 0; r � 1 � 4 = � 1;

r � 2 � 1 =0; r � 2 � 2 = � 4; r � 2 � 3 = 0; r � 2 � 4 = � 2;

r � 3 � 1 =0; r � 3 � 2 = 0; r � 3 � 3 = � 4; r � 3 � 4 = � 3;

r � 4 � 1 =0; r � 4 � 2 = 0; r � 4 � 3 = 0; r � 4 � 4 = 0:

From the above values it can be easily veri�ed that for� 4 = � , M is a Lorentzian
para-Sasakian manifold. We found that the non-vanishing components of curvature
tensor are given by

R(� 1; � 2)� 1 = � � 2; R(� 1; � 3)� 1 = � � 3; R(� 1; � 4)� 1 = � � 4;

R(� 1; � 2)� 2 = � 1; R(� 2; � 3)� 2 = � � 3; R(� 2; � 4)� 2 = � � 4;

R(� 1; � 3)� 1 = � 1; R(� 2; � 3)� 3 = � 2; R(� 3; � 4)� 3 = � � 4;

R(� 1; � 4)� 4 = � � 1; R(� 2; � 4)� 4 = � � 2; R(� 3; � 4)� 3 = � � 3:

From the above expressions of curvature tensors, we obtain

S(� 1;� 1) = S(� 2; � 2) = S(� 3; � 3) = 3 ; S(� 4; � 4) = � 3:

In view of 2.17, L.H.S. of (1.1) can be expressed as

(¿ F g)(V; W) + 2 S� (V; W) + 2 �g (V; W) = g(r V F; W) + g(V;r W F )

+ 2S(V; W) + 4 g(V; W)

� 6g(V; �W )a + 10� (V)� (W):

Let V =
P 4

i =1 V i ei ; W =
P 4

i =1 W i ei and F =
P 4

i =1 F i ei , where V i ; W i and F i are
scalars fori = 1; 2; 3; 4 such that

F 4 =
F 1(V 1W 4 + W 1V 4) + F 2(V 2W 4 + W 2V 4) + F 3(V 3W 4 + W 3V 4)

2(V 1W 1 + V 2W 2 + V 3W 3)
� 2;

provided V 1W 1 + V 2W 2 + V 3W 3 6= 0. Then by the straight forward calculations, we
can notice that

2(V 1W 1F 4 + V 2W 2F 4 + V 3W 3F 4) � (V 1F 1W 4 + V 2F 2W 4 + V 3F 3W 4

+ W 1F 1V 4 + W 2F 2V 4 + W 3F 3V 4) + 4( V 1W 1 + V 2W 2 + V 3W 3) = 0 ;
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for a = 3 and hence we have¿ F g + 2S� + 2�g = 0, provided � = 0. Thus, we can
say that the Lorentzian para-Sasakian manifold of dimension 4 admits a steady type
� -Ricci soliton, which proves Theorem 3.1.
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WOVEN (WEAVING) FRAMES IN BANACH SPACES

ASGHAR RAHIMI 1, SARA BASATI 1, BAYAZ DARABY 1, AND FIRDOUS A. SHAH 2

Abstract. Banach frames are de�ned by the straightforward generalization of
Hilbert space frames. Woven (weaving) frames are the recent generalization of
standard frames which appeared in the applications of distributed signal processing.
In this paper, we introduce the concepts of woven (weaving) Bessel and frame
sequences in Banach spaces and characterize the woven frames in terms of bounded
operators. We also give some equivalent conditions for wovenX d-frame in Banach
spaces.

1. Introduction

The origin of frame theory can be traced back to the early 1950s with the seminal
work of Du�n and Schae�er [13] in nonharmonic Fourier series. Today, the theory
of frames has expanded into an independent and broad �eld of research with wide-
spread applications to signal processing, image processing, data compression, pattern
matching, sampling theory, spherical codes, wavelet analysis, communication and data
transmission [4,8,11,18,19]. Inspired by a problem raised in distributed signal process-
ing, Bemrose et al. [1] introduced the concept of weaving frames in separable Hilbert
spaces and observed that the weaving frames may be applied in sensor networks which
requires distributed processing under di�erent frames. In recent years, a considerable
amount of research has been conducted to extend the notion of weaving frames to
di�erent settings which include weaving frames in Banach spaces, continuous weav-
ing frames, generalized weaving frames, weaving Riesz bases, weaving fusion frames,
weaving controlled frames and weaving vector-valued frames [5,6,20,22,24� 26,31� 34].

Key words and phrases.frame, woven frame, Banach frame, semi-inner product.
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Frames in Hilbert spaces were extended to Banach spaces by Feichtinger and
Gröchenig [15] who introduced the concept of atomic decompositions in Banach
spaces. Later on, Gröchenig [17] laid down the foundations for the theory of coherent
Banach frames and constructed Banach frames for a wide class of Banach spaces,
the so-called coorbit spaces. Keeping in view the fact that the weaving frames have
potential applications in wireless sensor networks and other allied areas, we are deeply
motivated to extend the concept of woven (weaving) frames to Banach spaces by
invoking certain fundamental concepts of operator theory.

This article is organized as follows. Section 2 contains basic de�nitions and results
regarding frames and weaving frames in Hilbert spaces. In Section 3, we introduce
the notion of weaving frames in Banach spaces and then generalize the de�nitions of
X d-frame andp-frame for the woven.

2. Frames and Woven Frames in Hilbert Spaces

In this section, we give a short review of the concept of frames and woven frames
in Hilbert spaces and make some preparatory observations. For a complete treatment
of frame theory, we recommend the excellent book of Christensen [8], the tutorials
of Casazza [2,3] and the memoir of Han and Larson [21]. Throughout this paper,H
denotes a separable in�nite-dimensional Hilbert space,X; Y; Z the separable Banach
spaces with dualX � ; Y � ; Z � , X d a Banach sequence space andI an index set which
is �nite or countable. Let N be the set of all positive integers and letm 2 N be
�xed. Then for this choice of m, we set [m] = f 1; 2; : : : ; mg and [m]c = I n [m] =
f m + 1; m + 2; : : : g. Let us start with the well-known notion of Hilbert space frames.

2.1. Discrete frame in Hilbert spaces. In this section, we give a short review of
the concept of frames in Hilbert spaces, and make some preparatory observations. Let
us start with the well known notion of Hilbert space frames.

De�nition 2.1. A family of vectors � = f ' i gi 2 I in a Hilbert spaceH is said to be a
frame if there exist constants 0< A � B < 1 so that for all x 2 H

Akxk2 �
X

i 2 I

jhx; ' i ij 2 � Bkxk2;

whereA and B are lower and upper frame bounds, respectively. If onlyB is assumed,
then it is called B-Bessel sequence. IfA = B; it is said to be a tight frame and if
A = B = 1; it is called a Parseval frame.

If � = f ' i gi 2 I is a Bessel sequence forH; then the synthesis operator of � de�ned
as

T : l2(I ) ! H; T f ci g :=
X

i 2 I

ci ' i ;

and the adjoint of T is the analysis operator

T � : H ! l2(I ); T � x := fhx; ' i ig i 2 I :
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The frame operatorS : H ! H is de�ned by S := TT �

Sx = TT � x =
X

i 2 I

hx; ' i i ' i ; for all x 2 H:

The operator S is positive, self-adjoint, invertible andAI � S � BI: Any x 2 H has
an expansion

x =
X

i 2 I

hS� 1' i ; xi ' i =
X

i 2 I

h' i ; xi S� 1' i :(2.1)

The family f S� 1' i gi 2 I is also a frame with boundsB � 1; A � 1 and this frame is called
the canonical dual or reciprocal frame off ' i gi 2 I .

De�nition 2.2. A family of vectors � = f ' i gi 2 I in a Hilbert spaceH is said to be a
Riesz sequence if there exist constants 0� A � B < 1 so that for all f ci gi 2 I 2 l2(I )

A
X

i 2 I

jci j2 �














X

i 2 I

ci ' i














2

� B
X

i 2 I

jci j2;

whereA and B are the lower Riesz bound and upper Riesz bound, respectively. If in
addition, � is complete in H; then it is called as the Riesz basis forH:

2.2. Woven Frame in Hilbert spaces. Woven frames in Hilbert spaces were intro-
duced by Bemros et al. [1,6] in 2015. Weaving frames have potential applications in
wireless sensor networks that require distributed processing under di�erent frames,
as well as preprocessing of signals using Gabor frames. In this subsection, we review
the notions of woven and weaving frames in Hilbert spaces and present certain new
examples.

De�nition 2.3. A family of frames f f ij gi 2 I with j 2 [m] for a Hilbert spaceH is
said to be woven if there exist universal constantsA and B so that for every partition
f � j gj 2 [m] of I ; the family f f ij gi 2 � j ;j 2 [m] is a frame forH with lower and upper frame
bounds A and B; respectively. For everyj 2 [m]; the frames f f ij gi 2 � j are called
weaving frames.

The following proposition shows that every weaving frame has always a universal
upper frame bound.

Proposition 2.1. If each � = f ' ij gi 2 I ;j 2 [m] is a Bessel sequence forH with bounds
B j for all j 2 [m] ; then every weaving frame is a Bessel sequence with

P m
j =1 B j as a

Bessel bound.

Proof. For every partition f � j gj 2 [m] of I and everyx 2 H , the inequality
mX

j =1

X

i 2 � j

jhx; ' ij ij 2 �
mX

j =1

X

i 2 I

jhx; ' ij ij 2 � k xk2
mX

j =1

B j ;

yields the desired bound. �
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Example2.1. There exist two Parseval frames that yield weaving frames with arbitrary
weaving bounds. For showing this, assume" > 0; set � = (1 + "2)� 1

2 ; and let
f e1; e2; e3g be the standard orthonormal basis ofR3: Then the sets� = f ' i gn

i =1 =
f �e1+ �"e 1; �e2+ �"e 2; �e3+ �"e 3g and  = f  i gn

i =1 = f �"e 2+ �e2; �"e 1+ �e1; �"e 3+ �e3g;
are Parseval frames, which are woven since any choice of� gives the spaning set. Since
they are Parseval, as a consequence of Proposition2:1, the universal frame bound for
every weaving frame can be chosen to ben. For � = f 2; 4; 6g, we have

X

i 2 �

jhx; ' i ij 2 +
X

i 2 � c

jhx;  i ij 2

= jhx; �e 1 + �"e 1ij 2 + jhx; �e 2 + �"e 2ij 2

+ jhx; �e 3 + �"e 3ij 2 + jhx; �"e 2 + �e2ij 2 + jhx; �"e 1 + �e1ij 2 + jhx; �"e 3 + �e3ij 2

=2
�
� 2 + � 2"2

�
jhx; e1ij 2 + 2

�
� 2"2 + � 2

�
jhx; e2ij 2 + 2

�
� 2"2 + � 2

�
jhx; e3ij 2

=2� 2
�
1 + "2

�
kxk2 =

2"2

1 + "2
kxk2;

which lies between 0, 3 for arbitrary choice of" 2 (0; 1 ) :

The following proposition demonstrates that the perturbed frames are obtained as
the image of a bounded and invertible operator of a given frame.

Proposition 2.2. Let f ' i gi 2 I be a frame with boundsA; B and V be a bounded
operator. If kId � Vk2 � A

B and kV � V 2k2 � A
B ; then the framesf ' i gi 2 I ; f V ' i gi 2 I

and f V 2' i gi 2 I are woven.

Proof. Note that by Neumann's TheoremV is invertible and thus f V ' i gi 2 I and
f V 2' i gi 2 I automatically constitute frames. For every partitions�; � � I and every
x 2 H by using Minkowski ;s inequality:

0

@
X

i 2 �

jhx; ' i ij
2 +

X

i 2 �

jhx; V ' i ij
2 +

X

i 2 In(� [ �)

�
�
�
D
x; V 2' i

E�
�
�
2

1

A

1
2

=

0

@
X

i 2 �

jhx; ' i ij
2 +

X

i 2 �

jhx; ' i ij
2 �

X

i 2 �

jhx; ' i ij
2 +

X

i 2 �

jhV � x; ' i ij
2

+
X

i 2 In(� [ �)

jhV � x; ' i ij
2 �

X

i 2 In(� [ �)

jhV � x; ' i ij
2 +

X

i 2 In(� [ �)

�
�
�
D
(V 2)� x; ' i

E�
�
�
2

1

A

1
2

=

0

@
X

i 2 �

jhx; ' i ij
2 +

X

i 2 �

jhx; ' i ij
2 �

X

i 2 �

jh(I � V � )x; ' i ij
2 +

X

i 2 In(� [ �)

jhV � x; ' i ij
2

�
X

i 2 In(� [ �)

�
�
�
D
(V � � (V 2)� )x; ' i

E�
�
�
2

1

A

1
2
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�

0

@
X

i 2 I

jhx; ' i ij
2

1

A

1
2

�

0

@
X

i 2 �

j h(I � V � )x; ' i i j 2

1

A

1
2

+

0

@
X

i 2 � [ (In(� [ �))

jhV � x; ' i ij
2

1

A

1
2

�

0

@
�
�
�
D�

V � � (V 2)�
�

x; ' i

E�
�
�
2

1

A

1
2

�
p

A kxk �
p

Bk(I � V � )xk +
p

BkV � xk �
p

Bk(V � � (V 2)� )xk

�
� p

A �
p

BkI � V � k +
p

BkV � k �
p

BkV � kkI � V � k
�

kxk:

Thus, f ' gi 2 � [ f V ' i gi 2 � [ f V 2' i gi 2 In(� [ �) forms a woven frames having
� p

A �
p

BkI � V � k +
p

BkV � k �
p

BkV � kkI � V � k
� 2

> 0:

�

3. Woven Frames in Banach Space

3.1. Frames in Banach Space. Frames were extended to Banach spaces by Fe-
ichtinger and Gröchenig [15] who introduced the notion of atomic decompositions
for Banach spaces. Later, Gröchenig [17] introduced a more general concept called
Banach frame. Banach frames were further studied in [4]. An analysis ofp-frames in
general Banach spaces �rst appeared in [9]. The aim of an atomic decomposition for
a space of functions or distributions is to represent every element as a sum of simple
functions usually called atoms. If this is possible, some properties of these function
spaces, such as duality, interpolation, or operator theory for them, can be understood
better by means of the atomic decomposition. Decomposition methods have been
used for many important theoretical contributions. A Banach space of scalar valued
sequences (often calledBK -space) is a linear space of sequences equipped with a
norm under which it constitutes a Banach Space (i.e., it is complete in the norm)
and for which the coordinate functionals are continuous. In a Banach space of scalar
valued sequences, the unit vectors are the elementsei 's de�ned by ei (j ) = � ij (� ij the
Kronechker delta).

De�nition 3.1. A sequence spaceX d is called BK -space, if it is a Banach space
and the coordinate functionalsf akg ! ak are continuous onX d; that is, the relations
xn = f � (n)

j g; x = f � j g 2 X d, limn!1 xn = x imply

lim
n!1

� (n)
j = � j ; j = 1; 2; : : :

A BK -space is called solid if wheneverf akg and f bkg are sequences withf bkg 2 X d

and jak j � j bk j for eachk 2 I , then it follows that f akg 2 X d and

kf akgkX d � kf bkgkX d :

A sequence spaceX d is called anAK -space if it is a topological vector space and

f akg = lim
n

� n (f akg) ; for all f akg 2 X d;
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where� n (f akg) = ( a1; a2; : : : ; an ; 0; : : : ) :

If the canonical vectors form a Schauder basis forX d; then X d is called aCB-space
and its canonical basis is denoted byf ej g1

i =1 : If X d is re�exive and a CB-space, then
X d is called anRCB-space. Also, the dual ofX d is denoted byX �

d :

De�nition 3.2. Let X be a Banach space andX d be a BK -space. A countable
family f gi gi 2 I in the dual X � is called anX d-frame for X if

(a) f gi (f )gi 2 I 2 X d for all f 2 X ;
(b) the normskf kX and kf gi (f )gi 2 IkX d are equivalent, that is, there exist constants

A; B > 0 such that

Akf kX � kf gi (f )gi 2 IkX d � Bkf kX ; for all f 2 X:

A and B are calledX d-frame bounds.

If at least (a) and the upper condition in (b) are satis�ed, f gi gi 2 I is called an
X d-Bessel sequence forX . In caseX d = `p, the X d-frame is calledp-frame which is
introduced by Christensen and Stoeva [9,30].

De�nition 3.3. A countable family f gi gi 2 I � X � is a p-frame for X , 1 < p < 1 , if
there exist A; B > 0 such that

Akf kX �

0

@
X

i 2 I

jgi (f )jp
1

A

1
p

� Bkf kX ; for all f 2 X:

The family f gi gi 2 I is a p-Bessel sequence if at least the upperp-frame condition is
satis�ed.

Lemma 3.1 ([28]). If X is a Banach space andf f ng � X � is total over X , then X
is linearly isometric to the Banach spaceX = ff f n (x)g : x 2 X g; where the norm is
given bykf f n (x)gkX = kxkX for x 2 X:

De�nition 3.4. Let X be a Banach space and letX d be an associated Banach space
of scalar valued sequences indexed byN. Let f f ng � X � and S : X d ! X be given.
The pair (f f ng; S) is called a Banach frame forX with respect to X d if

(a) f f n (x)g 2 X d for eachx 2 X ;
(b) there exist positive constantsA and B with 0 < A � B < 1 such that

AkxkX � kf f n (x)gkX d � BkxkX ; for all x 2 X ;(3.1)

(c) S is a bounded linear operator such thatS(f f n (x)g) = x for all x 2 X:

The positive constantsA and B are called the lower and upper frame bounds of
the Banach frame (f f ng; S); respectively. The operatorS : X d ! X is called the
reconstruction operator (or the pre-frame operator). The inequality (b) is called the
frame inequality. The Banach frame (f f ng; S) is called tight if A = B and normalized
tight if A = B = 1:
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Example 3.1. Let X = lp and f eng be the sequence of unit vectors inX . De�ne
f f ng � X � by

f n = f n+2 = en ; n 2 I :
Then by Lemma3:1; there exists an associated Banach spaceX d = ff f n (x)g : x 2 X g
and a reconstruction operatorS : X d ! X such that (f f ng; S) is a Banach frame for
X .

3.2. Woven in Banach spaces. As we mentioned earlier, Bemrose, Casazza et al.
in [1,6] proposed weaving frames in a separable Hilbert space. Weaving frames have
potential applications in wireless sensor networks that require distributed processing
under di�erent frames, frames in Hilbert spaces. Improving and extending this notion
on Hilbert spaces, we generalize the concept of woven (weaving) on Banach spaces.

De�nition 3.5. Let X be a Banach space andX d be a BK -space. The family of
Banach framesf gij gi 2 I for j 2 [m] is woven X d-frame for dual X � with universal
boundsA; B if

(a) f gij (f )gi 2 I ;j 2 [m] 2 X d, f 2 X ;
(b) the norms kf kX and kf gij (f )gi 2 I ;j 2 [m]kX d are equivalent, that is, there exist

constantsA, B > 0 such that

Akf kX � kf gij (f )gi 2 I ;j 2 [m]kX d � Bkf kX ; f 2 X:

The constantsA and B are called wovenX d-frame bounds. If at least (a) and the
upper condition in (b) are satis�ed, f gij gi 2 I ;j 2 [m] is called a wovenX d-Bessel forX:

De�nition 3.6. Let X be a Banach space and letX d be an associated Banach space
of scalar valued sequences indexed byI . Let f f ij gi 2 I ;j 2 [m] � X � and S : X d ! X be
given. The pair

�
f f ij gi 2 I ;j 2 [m]; S

�
is called a woven Banach frame forX with respect

to X d if the pair
�
f f ij gi 2 � j ;j 2 [m]; S

�
is a Banach frame for each partitionsf � j gj 2 [m] of

I :

The lack of an inner-product in Banach spaces led G. Lumer [23] in 1961 to intro-
ducing the theory of semi-inner product spaces. His procedure suggested the existence
of a general theory which it seemed should be useful in the study of operator (normed)
algebras by providing better insight on known facts, a more adequate language to
�classify� special types of operators, as well as new techniques. This notion was further
modi�ed by J. R. Giles [16] and other researchers thereon, and the same is presented
below.

De�nition 3.7 ([16]). Let X be a complex (real) vector space. A complex (real)
semi-inner product de�ned onX is a function from [�; �] : X � X ! C such that for
all f; g; h 2 X; � 2 C complex (real)

(a) [�f + g; h] = � [f; h ] + [ g; h], [f; �g ] = � [f; g ];
(b) [f; f ] � 0 for f 2 X and [f; f ] = 0 implies f = 0;
(c) j [f; g ] j2 � [f; f ] [g; g] :
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We call X a complex (real) semi-inner product space, abbreviated with S.I.P.S. An
S.I.P.S need not satisfy the following properties

(a) [f; g ] = [g; f ];
(b) [f; g + h] = [ f; g ] + [ f; h ] :

If [�; �] is a S.I.P.S. onX then kf k := [f; f ]
1
2 is a norm onX: Conversely, ifX is a

normed vector space then it has a S.I.P.S. that induces its norm in this manner which
is called the compatible semi-inner product [23]. LetX be a Banach space. We de�ne
a duality map � X : X ! X � as follows. Givenf 2 X; by the Hahn-Banach theorem,
there exists anf � 2 X � such that kf k = kf � k and f � (f ) = kf k2: Set � X (f ) = f � ;
and � X (�f ) = �f � ; and de�ne � X on the rest ofX in the same manner. In general,
� X is not unique, linear or continuous. The duality map �X induces a semi-inner
product [�; �] if we set [f; g ] = g� (f ) [29]. We shall use this de�nition forg� ; g 2 X:
Note that if X is a Banach space, then the duality map is unique [29]. Recall that a
Banach spaceX is called strictly convex, if for any pair of vectorsf; g 6= 0 in X; the
equation kf + gk = kf kX + kgkX ; implies that there exists a� > 0 such that f = �g
[12]. In these spaces, the duality mapping fromX to X � is unique and bijective when
X is re�exive [12,14].

In 2011, H. Zhang and J. Zhang [35] introduced frames in Banach spaceX via
S.I.P.S. that is presented in the following de�nition. The extra condition in De�nition
3.5 means thatS is a left-inverse ofU and thus US is a bounded linear projection of
X d onto the rangeR (U) of the operator U.

Lemma 3.2 ([10]). If X d is a CB-space with the canonical unit vectorsei , i 2 J , then
the spaceX ~

d := ff G(ei ) g1
i =1 : G 2 X �

dg with the norm kf G(ei ) g1
i =1 kX ~

d
:= kGkX �

d
is

a BK -space isometrically isomorphic toX �
d : Also, every continuous linear functional

	 on X d has the form

	( f cj g) =
X

j

cj dj ;

wheref dj g 2 X ~
d is uniquely determined bydj = 	( ej ), k	 k = kf 	( ei )g1

i =1 kX ~
d

: When
X �

d is a CB-space then its canonical basis is denoted byf e�
j g.

Remark 3.1. It is easy to see that Lemma 3.2 holds in the following more general
case: If Y is a Banach space andf yi g1

i =1 is a complete system inY; then Y ~ :=
ff Gyi g

1
i =1 : G 2 Y � g normed bykf Gyi g1

i =1 kY ~ := kGkY � is a BK -space, isometrically
isomorphic to Y � : Thus, the dual of every separable Banach space can be considered
as aBK -space, because every separable Banach space has a complete system [28].

In the following theorem, we will see that the Bessel woven condition can be
expressed in terms of the synthesis operatorT on X d: As a prerequisite for analysis,
synthesis and frame operators of weaving frames, we de�ne the following space.
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For j 2 [m], let (X d) j :=
n
f cij gi 2 � j

: � j � I ; kf cij gi 2 � j
kX d < 1

o
: De�ne the space

0

@
X

j 2 [m]

� (X d) j

1

A =
n
f cij gi 2 I ;j 2 [m] : f cij gi 2 I 2 (X d) j for all j 2 [m]

o
;

with the semi-inner product
h
f cij gi 2 I ;j 2 [m]; f c0

ij gi 2 I ;j 2 [m]

i
=

X

i 2 I ;j 2 [m]

�
�
�cij c0

ij

�
�
� :

The following proposition characterizes a woven Bessel in term of a bounded operator.

Theorem 3.1. Let f (X d)1 ; (X d)2 ; : : : g be a sequence of Banach spaces.(X d) i and
(X �

d ) i 's are BK -spaces. Then,

((X d)1 � (X d)2 � � � � )�
X d

= (( X �
d )1 � (X �

d )2 � � � � )X �
d
:

Proof. We shall establish the result whenX d; X �
d are BK -space. Assume that

C = ( f ci 1g; f ci 2g; : : : ) 2 ((X d)1 � (X d)2 � � � � )X d

and
C � = ( f c�

i 1g; f c�
i 2g; : : : ) 2 ((X �

d )1 � (X �
d )2 � � � � )X �

d
:

Then the mappingC � 7! ' C � , where

' c� (f ci 1g; f ci 2g; : : : ) =
1X

i =1

c�
in (cin ) ;

is an isometry from ((X �
d )1 � (X �

d )2 � � � � )X �
d

onto ((X d)1 � (X d)2 � � � � )X d : Fix C � 2
((X �

d )1 � (X �
d )2 � � � � )X �

d
: For eachC = ( f ci 1g; f ci 2g; : : : ) in ( (X d)1 � (X d)2 � � � � )X d ;

the mapping ' C � (f ci 1g; f ci 2g; : : : ) =
P 1

i =1 c�
in (cin ) de�nes a continuous linear func-

tional on ((X d)1 � (X d)2 � � � � )X d satisfying k' C � k � k C � kX �
d
; since using Lemma 3.2

we have

k' C � (f ci 1g; f ci 2g; : : : )k =






X

c�
in (cin )








= sup
g2 X � ;kgk� 1

�
�
�g

� X
c�

in (cin )
� �

�
�

= sup
g2 X � ;kgk� 1

�
�
�Gg

� X
c�

in (cin )
� �

�
�

� sup
g2 X � ;kgk� 1

kf g(cin )gkX d kf c�
in (cin )gkX �

d

� k gkk f c�
in (cin )g kX �

d
:

Thus,

k' C � k � k C � kX �
d
;(3.2)

for all C � 2 ((X �
d )1 � (X �

d )2 � � � � )X �
d
:

Fix 0 < " < 1: For eachn pick somef cin g 2 (X d) with kcin k = 1 and c�
in (cin ) �

"kc�
in k:
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Using Lemma 3.2, we have

"kc�
in kX �

d
= " sup

g2 X � ;kgk� 1
jg(c�

in )j = " sup
g2 X � ;kgk� 1

jGg(c�
in )j

� "kgkkf c�
in (cin )gk � "kgkk

1X

i =1

c�
in (cin )k:

This implies that C � = ( f c�
i 1g; f c�

i 2g; : : : ) 2 ((X �
d )1 � (X �

d )2 � � � � )X �
d
; kC � kX �

d
�

k' C � k: Finally, as a consequence of(3.2), we conclude thatC � 7! ' C � is an onto
linear isometry. �

Proposition 3.1. Suppose thatX d is a BK -space, for which the canonical unit vectors
f eij gi 2 I ;j 2 [m] forms a Schauder basis. Thenf f ij gi 2 I ;j 2 [m] � X � is an X �

d -Bessel woven
for X with universal boundB if and only if the operator

T : f cij g !
X

i 2 I ;j 2 [m]

cij f ij

is well de�ned (hence bounded) from
P

� X d into X � and kTk � B .

Proof. Let f f ij gi 2 I ;j 2 [m] � X � be anX �
d -Bessel woven forX with universal bound B

and let f eij gi 2 I ;j 2 [m] be the canonical unit vector basis ofX d. De�ne

R : X !
X

� (X d)�

by
R (g) = f f ij (g)gi 2 I ;j 2 [m]:

We have

kR (g) k = kf f ij (g)gi 2 I ;j 2 [m]k = sup jf ij (g(f )) j = sup
g2 X � ;kgk=1

jGg (f ij (g(f ))) j

� supkGgkkf ij (g(f )) k:

Then kRk � B; the linear bounded operatorR� :
P

� (X d)�� ! X � satis�es:

R� (eij )(g) = eij (R(g)) = f ij (g) ; for all g 2 X;

and thus R� eij = f ij : Letting T = R� jP � X d
; we have

kTk � k R� k = kRk � B:

Finally, T
�
f cij gi 2 I ;j 2 [m]

�
= T

� P
i 2 I ;j 2 [m] cij eij

�
=

P
i 2 I ;j 2 [m] cij f ij :

Now suppose thatT :
P

� X d �! X � given by T (f cij g) =
P

i 2 I ;j 2 [m] cij f ij is well
de�ned and thus bounded by the Banach-Steinhaus theorem. ThenT (eij ) = f ij and
for every g 2 X the operator

T � : X �� !
X

� (X d)� ; T � (g) (eij ) = g(T (eij )) = g(f ij ) ;

is bounded. That is,f f ij (g)gi 2 I ;j 2 [m] = f T � (g) (eij )gi 2 I ;j 2 [m] which is identi�ed with
T � (g) (by Lemma 3.2). So,f f ij gi 2 I ;j 2 [m] is a X �

d - Bessel sequence forX with a bound
kT � k = kTk � B . �
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Theorem 3.2. The family f ' ij gi 2 I ;j 2 [m] � X � is a Bessel woven with Bessel bound
B if and only if the operator

T : f l ij g1
i =1 ;j 2 [m] !

1X

i =1 ;j 2 [m]

l ij ' ij ; for all f l ij g1
i =1 ;j 2 [m] 2

0

@
X

j 2 [m]

� (X d) j

1

A ;

is a well-de�ned bounded operator from
� P

j 2 [m] � (X d) j

�
into X and kTk �

p
B:

Proof. First assume that f ' ij gi 2 I ;j 2 [m] is a Bessel woven with boundB:
Let f l ij g1

i =1 ;j 2 [m] be in
� P

j 2 [m] � (X d) j

�
. We show thatTf l ij g1

i =1 ;j 2 [m] is well-de�ned,
that is,

P 1
i =1 ;j 2 [m] l ij ' ij is convergent. Considern; m 2 I , n > m: Then














nX

i =1 ;j 2 [m]

l i;j ' ij �
mX

i =1 ;j 2 [m]

l ij ' ij














=














nX

i = m+1 ;j 2 [m]

l ij ' ij














= sup
kg� k=1 ;g2 X

g�

0

@
nX

i = m+1 ;j 2 [m]

l ij ' ij

1

A = � :

Using the duality mappings � X and its induced semi-inner product[f; g ] = g� (f ) we
have

� = sup
kgk=1

�
�
�
�
�
�

2

4
nX

i = m+1 ;j 2 [m]

l ij ' ij ; g

3

5

�
�
�
�
�
�
� sup

kgk=1

nX

i = m+1 ;j 2 [m]

jl ij [' ij ; g] j

� supkf l ij gkX d k [' ij ; g] kX �
d

� supkf l ij gkX d BkgkX :

Sincef l ij g1
i =1 ;j 2 [m] 2

� P
j 2 [m] � (X d) j

�
; we know that kf l ij gn

i =1 ;j 2 [m]kX d is a Cauchy
sequence inC; The above calculation shows thatf

P n
i =1 ;j 2 [m] l ij ' ij g1

n=1 is a Cauchy
sequence inX; and therefore convergent. Thus,Tf l ij g1

i =1 ;j 2 [m] is well-de�ned. Clearly
T is linear, and






 Tf l ij g1

i =1 ;j 2 [m]






 = sup

kf k=1

�
�
�
h
Tf l ij g1

i =1 ;j 2 [m]; f
i �
�
� ;

that is, kTk �
p

B:
Conversely, supposeT well-de�ned and that kTk �

p
B; for every f 2 X; we have

[Tf l ij g; f ] =
hX

l ij f ij ; f
i

= [ f l ij g; f [f; f ij ]g] ;

therefore

T � f = f [f; f ij ]gi 2 I ;j 2 [m]

and
X

i 2 I ;j 2 [m]

j [f; f ij ] j2 = kT � f k2 � k T � k2kf k2 �
p

Bkf k2:

Hence, we conclude that the familyf ' ij gi 2 I ;j 2 [m] is Bessel woven. �
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Theorem 3.3. Let the sequencef ' ij gi 2 I ;j 2 [m] in X be woven forX , and the series
P 1

i =1 ;j 2 [m] l ij ' ij converges for allf l ij g1
i =1 ;j 2 [m] 2

� P
j 2 [m] � (X d) j

�
: Then the operator

T :

0

@
X

j 2 [m]

� (X d) j

1

A ! X; T f l ij g1
i =1 ;j 2 [m] :=

1X

i =1 ;j 2 [m]

l ij ' ij ;

de�nes a bounded linear operator. The adjoint operator is given by

T � : X � !

0

@
X

j 2 [m]

� (X d) j

1

A

�

; T � ' = f ['; ' ij ]g1
i =1 ;j 2 [m]:

Furthermore,
1X

i =1 ;j 2 [m]

j ['; ' ij ] j2 � k Tk2k' k2:

Proof. Consider the sequence of bounded linear operators

Tn :

0

@
X

j 2 [m]

� (X d) j

1

A ! X; Tn f l ij g1
i =1 ;j 2 [m] :=

nX

i =1 ;j 2 [m]

l ij ' ij :

Clearly Tn ! T pointwise asn ! 1 , soT is bounded. In order to �nd the expression
for T � , let f; ' 2 X , f l ij g1

i =1 ;j 2 [m] 2
� P

j 2 [m] � (X d) j

�
: Then

h
'; T f l ij g1

i =1 ;j 2 [m]

i

X
=

2

4 ';
1X

i =1 ;j 2 [m]

l ij ' ij

3

5 =
1X

i =1 ;j 2 [m]

['; ' ij ] l ij :

Alternatively, when T :
� P

j 2 [m] � (X d) j

�
! X is bounded, then clearlyT � is a

bounded operator fromX � to
� P

j 2 [m] � (X d) j

� �
: Therefore, thei -th coordinate func-

tion is bounded fromX to C; by Riesz representation theorem,T � has the form

T � ' = f ['; ' ij ]g1
i =1 ;j 2 [m];

for somef ' ij gi 2 I ;j 2 [m] in X . By de�nition of T � ; we conclude

1X

i =1 ;j 2 [m]

['; f ij ] l ij =
1X

i =1 ;j 2 [m]

['; ' ij ] l ij ; for all f l ij g1
i =1 ;j 2 [m] 2

0

@
X

j 2 [m]

� (X d) j

1

A ; f 2 X:

It follows from here that f ij = ' ij : The adjoint of a bounded operatorT is itself
bounded, andkTk = kT � k: Under the assumption in Theorem 3.2, we have

kT � ' k2 � k Tk2k' k2; for all ' 2 X;

which leads to
1X

i =1 ;j 2 [m]

j ['; ' ij ] j2 � k Tk2k' k2; for all ' 2 X: �
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De�nition 3.8. Let X be a Banach space andX d a sequence space. Given a bounded
linear operator S :

� P
j 2 [m] � (X d) j

�
! X and a

� P
j 2 [m] � (X d) j

�
-wovenf gij g � X � ;

we say that (f gij g; S) is a Banach frame forX with respect to
� P

j 2 [m] � (X d) j

�
if

S (f gij (f )g) = f; for all f 2 X:(3.3)

Note that (3.3) can be considered as some kind of generalized reconstruction formula,
in the sense that it tells how to come back tof 2 X via the coe�cients f gij (f )g:

The condition, however, does not imply reconstruction via an in�nite series, as we
will see later. For more information on Banach frames we refer to [7,17].

The wovenX d-frame condition implies that one can de�ne the following isomorphism

U : X !

0

@
X

j 2 [m]

� (X d) j

1

A ; Uf := f gij (f )g; f 2 X:

The extra condition in De�nition 3.8 means that S is a left-inverse ofU; and thus
US is a bounded linear projection of

� P
j 2 [m] � (X d) j

�
onto the rangeR(U) of the

operator U:

Proposition 3.2. Suppose thatX d is a BK -space andf gij gi 2 I ;j 2 [m] � X � is a woven
X d-frame for X . Then, the following conditions are equivalent.

(a) R(U) is complemented inX d.
(b) The operator U� 1 : R(U) ! X can be extended to a bounded linear operator

V : X d ! X:
(c) There exists a linear bounded operatorS, such that

�
f gij gi 2 I ;j 2 [m]; S

�
is a

Banach woven forX with respect toX d:
Also, the condition

(d) there exists a familyf f ij gi 2 I ;j 2 [m] � X such thatf
P

cij f ij gi 2 I ;j 2 [m] is convergent
for all f cij gi 2 I ;j 2 [m] 2 X d and

f =
X

i 2 I ;j 2 [m]

gij (f )f ij ; for all f 2 X ;

implies each of(a)-(c).
If we also assume that the canonical unit vectorsf eij gi 2 I ;j 2 [m] form a basis

for X d; (d) is equivalent to(a)-(c).
(e) There exists anX �

d -Bessel wovenf f ij gi 2 I ;j 2 [m] � X � X �� for X � such that

f =
X

i 2 I ;j 2 [m]

gij (f ) f ij ; for all f 2 X:

If the canonical unit vectors form a basis for bothX d and X �
d ; (a)-(e) is equiv-

alent to
(f) there exists anX �

d -Bessel wovenf f ij gi 2 I ;j 2 [m] � X � X �� for X � such that

g =
X

i 2 I ;j 2 [m]

g(f ij )gij ; for all g 2 X � :
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In each of the cases(e) and (f) , f f ij gi 2 I ;j 2 [m] is actually an X �
d -woven for

X � :

Proof. For convenience, we indexf f ij gi 2 I ;j 2 [m] and f gij gi 2 I ;j 2 [m] by the natural num-
bers. Suppose thatX d is a BK -space. (a) ! (b) is trivial. For the converse, assume
(b) and let V : X d ! X be a linear bounded extension ofU� 1: Now consider the
bounded operatorP : X d ! R(U) de�ned by P = UV: Using the fact that V U = I
(on X ), we get P2 = P: For every f 2 X; we have

Uf = UV Uf = P(Uf ) 2 R(P):

HenceR(P) = R(U); i.e., the range ofU equals the range of a bounded projection.
Thus, R(U) is complemented (see [27, page 127]). The equivalence (b) $ (c) is clear.
We now relate the condition (d) to (a)-(c). First, assume that (d) is satis�ed. By
assumption, we can de�ne an operator

V : X d ! X; V : f cij gi 2 I ;j 2 [m] !
X

i 2 I ;j 2 [m]

cij f ij :

By the Banach-Steinhaus theorem,V is bounded. Let f gij (f )gi 2 I ;j 2 [m] 2 R(U):
Furthermore,

V (gij (f )) =
X

i 2 I ;j 2 [m]

gij (f )f ij = f = U� 1Uf = U� 1f gij (f )gi 2 I ;j 2 [m];

that is, V is an extension ofU� 1: That is, (b) holds, according to the equivalences
proved so far, this means that (a)-(c) holds.

Assume now that the canonical unit vectorsf eij gi 2 I ;j 2 [m] form a basis forX d:
Assuming that (b) is satis�ed, we show that (d) holds. Letf ij := V eij : SinceV is
linear and bounded, for allf cij gi 2 I ;j 2 [m] 2 X d; we have

nX

i =1 ;j 2 [m]

cij f ij = V

0

@
nX

i =1 ;j 2 [m]

cij eij

1

A ! V (cij ) :

That is,
P

i 2 I ;j 2 [m] cij f ij is convergent. Also, by construction, for allf 2 X we have

f = V Uf =
X

i 2 I ;j 2 [m]

gij (f ) f ij :(3.4)

Thus, (d) holds as claimed.
Under the assumption that the canonical unit vectorsf eij gi 2 I ;j 2 [m] form a basis for

X d; we now prove the equivalence of (d) and (e). First, assume that (d) holds. Due
to the equivalence of (b) and (d), we can de�nef ij := Leij ; and (3:4) is available. By
Lemma 3.2, for everyg 2 X � we have

f g(f ij )gi 2 I ;j 2 [m] = f gV (eij )gi 2 I ;j 2 [m] 2 X �
d

and
kf g(f ij )gi 2 I ;j 2 [m]kX �

d
= kgVk � k Vk kgkX � ;
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hencef f ij gi 2 I ;j 2 [m]; considered as a sequence inX �� ; is an X �
d -Bessel sequence for

X � : Thus, we have proved the claims in (e). On the other hand, if (e) is valid, then
Proposition 3.1 shows that

P
i 2 I ;j 2 [m] cij f ij is convergent for allf cij gi 2 I ;j 2 [m] 2 X d and

hence (d) holds.
Now, assume that the canonical unit vectors form a basis for bothX d and X �

d ; in
this case, we want to prove the equivalence of (e) and (f). LetB denote a Bessel
bound for the X d-Bessel sequencef gij gi 2 I ;j 2 [m]. Denote the canonical basis forX d by
f eij gi 2 I ;j 2 [m] and the canonical basis forX �

d by f zij gi 2 I ;j 2 [m]: Assume that (e) is valid.
Let g 2 X � . For given n 2 N













g �

nX

i =1 ;j 2 [m]

g(f ij ) gij














X �

= sup
f 2 X; kf k=1

�
�
�
�
�
�
g(f ) �

nX

i =1 ;j 2 [m]

g(f ij ) gij (f )

�
�
�
�
�
�

= sup
f 2 X; kf k=1

�
�
�
�
�
�

1X

i =1 ;j 2 [m]

g(f ij ) gij (f ) �
nX

i =1 ;j 2 [m]

g(f ij ) gij (f )

�
�
�
�
�
�

= sup
f 2 X; kf k=1

�
�
�
�
�
�

1X

i = n+1 ;j 2 [m]

g(f ij )gij (f )

�
�
�
�
�
�

� B














1X

i = n+1 ;j 2 [m]

g(f ij ) zij














! 0 as n ! 1 ;

and hence (f) holds. Assume (f) and letK be anX �
d -Bessel bound forf f ij gi 2 I ;j 2 [m]:

For everyg 2 X � ; f g (f ij )gi 2 I ;j 2 [m] belongs toX �
d ; which by Lemma 3.2 is isometrically

isomorphic to the spaceff G (eij )gi 2 I ;j 2 [m] jG 2 X �
dg; and hencef g(f ij )gi 2 I ;j 2 [m] can

be identi�ed with f Gg(eij )gi 2 I ;j 2 [m] for a uniqueGg 2 X �
d : Then for every f 2 X













f �

nX

i =1 ;j 2 [m]

gij (f ) f ij














X

= sup
g2 X � ;kgk=1

�
�
�
�
�
�
g(f ) �

nX

i =1 ;j 2 [m]

g(f ij ) gij (f )

�
�
�
�
�
�

= sup
g2 X � ;kgk=1

�
�
�
�
�
�

1X

i =1 ;j 2 [m]

g(f ij ) gij (f ) �
nX

i =1

g(f ij ) gij (f )

�
�
�
�
�
�

= sup
g2 X � ;kgk=1

�
�
�
�
�
�

1X

i = n+1 ;j 2 [m]

g(f ij ) gij (f )

�
�
�
�
�
�

= sup
g2 X � ;kgk=1













Gg

0

@
1X

i = n+1 ;j 2 [m]

gij (f ) eij

1

A














� sup
g2 X � ;kgk=1

kGgk














1X

i = n+1 ;j 2 [m]

gij (f )eij














= sup
g2 X � ;kgk=1













f g (f ij )g

1X

i = n+1 ;j 2 [m]

gij (f ) eij
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� K














1X

i = n+1 ;j 2 [m]

gij (f ) eij T














! 0 as n ! 1 :

Hence, (f) is valid. Moreover, by a similar calculations as above, for everyg 2 X � we
have

kgk = sup
f 2 X � ;kf k=1

jg (f ) j = sup
f 2 X � ;kf k=1

�
�
�
�
�
�

X

i 2 I ;j 2 [m]

g(f ij ) gij (f )

�
�
�
�
�
�
� B






 f g (f ij )gi 2 I ;j 2 [m]








X �
d

;

and hencef f ij gi 2 I ;j 2 [m] is a wovenX �
d -frame for X � : �
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A NEW INERTIAL-PROJECTION METHOD FOR SOLVING SPLIT
GENERALIZED MIXED EQUILIBRIUM AND HIERARCHICAL

FIXED POINT PROBLEMS

OLAWALE KAZEEM OYEWOLE 1;2 AND OLUWATOSIN TEMITOPE MEWOMO 1

Abstract. In this paper, we introduce a new iterative algorithm of inertial form
for approximating the common solution of Split Generalized Mixed Equilibrium
Problem (SGMEP) and Hierarchical Fixed Point Problem (HFPP) in real Hilbert
spaces. Motivated by the subgradient extragradient method, we incorporate the
inertial technique to accelerate the convergence of the proposed method. Under
standard and mild assumption of monotonicity and lower semicontinuity of the
SGMEP and HFPP associated mappings, we establish the strong convergence of
the iterative algorithm. Some numerical experiments are presented to illustrate the
performance and behaviour of our method as well as comparing it with some related
methods in the literature.

1. introduction

Let C be a nonempty, closed and convex subset of a real Hilbert spaceH and
T : C ! C be a nonlinear mapping.T is said to be:

(i) �rmly nonexpansive, if for each x; y 2 C

kTx � Tyk2 � h Tx � Ty; x � yi ;

(ii) a contraction, if for every x; y 2 C and c 2 (0; 1)

kTx � Tyk � ckx � yk:

If c = 1; then T is called nonexpansive.

Key words and phrases.Pseudomonotone, equilibrium problem, hierachical �xed point, inertial,
strong convergence, Hilbert space.
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We denote byF ix (T); the set of �xed points of the mappingT; that is F ix (T) =
f x 2 C : x = Txg: The mapping T is called quasi nonexpansive ifF ix (T) 6= ; and

kTx � pk � k x � pk; for all p 2 F ix (T); x 2 C:

It is known that if T is quasinonexpansive, thenF ix (T) is closed and convex (see
[45]).

Let F : C � C ! R be a bifunction. The Equilibrium Problem (EP) in the sense
of Blum and Oetlli [9], is to �nd a point x � 2 C such that

F (x � ; y) � 0; for all y 2 C:(1.1)

We denote by EP (F; C); the set of solutions of EP(1.1). The EP uni�es many
important mathematical problems, such as optimization problems, complementary
problems, �xed point problems, variational inequality problems, see [4,6,9,25,36,37].
Let B : C ! H be a nonlinear mapping. The Variational Inequality Problem (VIP)
is to obtain a point x � 2 C such that

hBx � ; y � x � i � 0; for all y 2 C:(1.2)

The set of solutions of the VIP is denotedV IP (B; C). Solution to these class of prob-
lems, �xed point problems and related optimization problems have been investigated
and iterative algorithm for approximating them have been proposed and studied by
several authors, see [2, 5, 10, 14, 15, 17, 19, 20, 27, 28, 32, 35]. Let� : C ! R be a real
valued function, then the Minimization Problem (MP), consists of �nding a point
x � 2 C such that

� (x � ) � � (y); for all y 2 C:(1.3)

The set of solutions of MP(1.3) will be denoted byMP (�; C ): For more on MP (see
[1,8,23,42]) and the references therein.

Let F : C � C ! R be a bifunction, B : C ! H a nonlinear mapping and
� : C ! R a proper, convex and lower semicontinuous function. The Generalized
Mixed Equilibrium Problem (GMEP) [10,24,26,33,38,48] is the problem of �nding a
point x � 2 C such that

F (x � ; y) + hBx � ; y � x � i + � (y) � � (x � ) � 0; for all y 2 C:(1.4)

We useGMEP (F; B; � ) to denote the set of solutions of GMEP(1.4). The GMEP
includes several optimization problems as special cases. The relationship with the
VIP and MP are easily observed by setting some maps to the zero map in inequality
(1.4). Numerous problems in economics, science and engineering can be reduced to
the problem of �nding a solution to the GMEP (see [26,34,37]).

Let C and Q be nonempty, closed and convex subsets of real Hilbert spacesH1 and
H2 respectively andL : H1 ! H2 a bounded linear operator. In 1994, Censor and
Elfving [12] introduced the notion of Split Feasibility Problem (SFP), which is de�ned
as follows: �nd a point

x � 2 C such that Lx � 2 Q:(1.5)
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The SFP is a special case of the Split Inverse Problem (SIP) �rst studied by Censor
et al. [13]. In SIP, there are two given vector spacesX and Y and a linear operator
L : X ! Y: The �rst Inverse Problem, IP X say, is formulated in spaceX and the
second oneIP Y formulated in spaceY: Given this information, the SIP is formulated
as follows: �nd x � 2 X that solves IP X ; such that y� = Lx � 2 Y solvesIP Y . The
SIP is used as a model for sensor networks, radiation therapy treatment planning,
color imaging and other image restoration problems, see [11].

Furthermore, SFP over EP have been studied by some authors in the literature. For
example, Mouda� [30] considered a SFP over EP and called this the Split Equilibrium
Problem (SEP), see [22]. LetF : C � C ! R and G : Q � Q ! R be two bifunctions
and L : H1 ! H2 be a bounded linear operator. The SEP is given as follows: �nd
x � 2 C such that

F (x � ; x) � 0; for all x 2 C;

and such that

y� = Lx � 2 Q solvesG(y� ; y) � 0; for all y 2 Q:

For more, see [37,46] and the references therein.
Since then, there have been several research in this direction where both bifunctions

have same mononotonicity property and others with di�erent monotonicity properties.
Dinh et al. [16], studied the SEP involving pseudomonotone and monotone bifunctions.
Also, in 2017 Rattanaseeha et al. [40], studied a split generalized equilibrium problem
which involves both pseudomonotone bifunction and a monotone bifunction. For more
literature on this class of problems (see [16,40,43]) and the references therein.

Mouda� and Mainge [31] introduced and studied the following Hierarchical Fixed
Point Problem (HFPP) for a nonexpansive mappingS with respect to another non-
expansive mappingT on C: The HFPP consists of �nding a point x � 2 F ix (S) such
that

h(I � T)x � ; y � x � i � 0; for all y 2 F ix (S):(1.6)

It is easy to see that the HFPP is equivalent to the problem of �nding the �xed point
of a map A = PF ix (S) � T: Let 
 denote the solution set of the HFPP (1.6). Note
that if 
 6= ; ; then 
 is closed and convex. The HFPP is general in the sense that it
includes as special case the monotone VIP on �xed point sets, MP over equilibrium
constraints, hierarchical MP... Very recently, Alansari et al. [7], studied an hybrid
iterative scheme for approximating a common solution of a split EP involving both
monotone and pseudomonotone bi�unction and a HFPP for a nonexpansive and quasi
nonexpansive mappings. They proved a weak convergence theorem for their proposed
algorithm.

Inspired by the works above and current research interest in this direction, in
particular, in order to provide a partial answer to the future research posed by Alansari
et al. [7] in conclusion of their work. We propose an iterative algorithm which combines
the inertial technique, projection method, diagonal subgradient method and viscosity
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approach [8, 24], see Section 3. We prove a strong convergence theorem using the
proposed algorithm to a solution of a SGMEP involving a pseudomonotone bifunction
and a monotone bifunction which is also a solution of a HFPP. In our proposed method,
the inertial extrapolation step was included to accelerate the rate of convergence of
the algorithm, (see [1,3,25,39]) for more literature on inertial algorithms. We present
some numerical examples to illustrate the behaviour and performance of our method
as well as comparing it with some related methods in the literature.

2. preliminaries

We denote byxn * v and xn ! v the weak and strong convergence respectively of
a sequencef xng in H to a point v 2 H:

For eachx 2 H; there exists a unique nearest pointy = PCx 2 C such that

kx � yk � k x � zk; for all z 2 C:

The mapping PC : H ! C is called the metric projection fromH onto C: It is well
known that PC satis�es the following conditions.

(i) kPCx � PCyk2 � h PCx � PCy; x � yi for all x; y 2 H:
(ii) For x 2 H and y 2 C; y = PCx if and only if

(2.1) hx � y; y � zi � 0; for all z 2 C:

De�nition 2.1. A mapping T : C ! C is said to be demiclosed at 0; if for any
sequencef xng � C which converges weakly tox 2 C with kxn � Txnk = 0; then
Tx = x:

It is well known (see [21]) that the nonexpansive mapping is demiclosed.

De�nition 2.2. A bifunction f : C � C ! R is said to be
(a) strongly monotone onC; if there exists a constant
 > 0 such that

f (x; y) + f (y; x) � � 
 kx � yk2; for all x; y 2 C;

(b) monotone onC; if f (x; y) + f (y; x) � 0 for all x; y 2 C;
(c) pseudomonotone onC; if f (x; y) � 0 implies f (y; x) � 0 for all x; y 2 C:

It is obvious from above that a strongly pseudomonotone bifunction is contained
in the class of monotone bifunctions and a monotone bifunction is pseudomonotone.

De�nition 2.3 ([18]). Let f : C � C ! R be a bifunction, wheref (x; �) is convex
for eachx 2 C: Then for � � 0 the � -subdi�erential ( � -diagonal subdi�erential) of f
at x; denoted by@� f (x; �)(x) is given by

@� f (x; �)(x) = f z 2 H1 : f (x; y) + � � f (x; x) + hz; y � xi for all y 2 Cg:

For solving the GMEP, we assume� : Q ! R is proper, convex and lower semicon-
tinuous, the nonlinear mapping,B : Q ! H2 is continuous and monotone and the
bifunction F : Q � Q ! R satis�es the following restrictions:
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(R1) F (x; x) = 0 for all x 2 Q;
(R2) F is monotone, i.e.,F (x; y) + F (y; x) � 0 for all x; y 2 Q;
(R3) lim t#0 F (x + t(z � x); y) � F (x; y) for all x; y; z 2 Q;
(R4) for eachx 2 Q; the function y 7! F (x; y) is convex and lower semicontinuous.
The following lemmas are used in the sequel.

Lemma 2.1 ([44]). In a real Hilbert spaceH; the following hold:
(i) kx � yk2 = kxk2 � 2hx; yi + kyk2 for all x; y 2 H ;
(ii) kx + yk2 � k xk2 + 2hy; x + yi for all x; y 2 H ;
(iii) ktx + (1 � t)yk2 = tkxk2 + (1 � t)kyk2 � t(1 � t)kx � yk2 for all x; y 2 H and

t 2 (0; 1):

Lemma 2.2 ([48]). Let B : Q ! H2 be a continuous and monotone mapping,� :
Q ! R be a proper, lower semicontinuous and convex function, andF : Q � Q ! R
be a bifunction satisfying the conditions(R1)-(R4). Let r > 0 be any given number
and x 2 H2 be any given point. Then, the following hold.

(i) There existsw 2 Q such that

F (w; y) + hB(w); y � wi + � (y) � � (w) +
1
r

hy � w; w � xi � 0; for all y 2 Q:

(ii) De�ne a mapping K F;B;�
r : Q ! Q by K F;B;�

r (x) =
�

w 2 Q : F (w; y) +

hB(w); y � wi + � (y) � � (w) +
1
r

hy � w; w � xi � 0; y 2 Q
�

, x 2 Q:

The mappingK F;B;�
r satis�es the following characteristics:

(a) K F;B;�
r is single valued;

(b) K F;B;�
r is �mrly nonexpansive, i.e., for all z; y 2 H

kK F;B;�
r z � K F;B;�

r yk2 � h K F;B;�
r z � K F;B;�

r y; z � yi ;

(c) F ix (K F;B;�
r ) = GMEP (F; B; � );

(d) GMEP (F; B; � ) is a closed and convex subset ofQ:

The following restrictions are assumed to be satis�ed by the pseudomonotone
bifunction f : C � C ! R :

(F1) f (x; x) = 0 for all x 2 C;
(F2) f is pseudomonotone onC with respect x 2 EP (f; C ), that is, for x 2

EP (f; C ); f (x; y) � 0 implies f (y; x) � 0 for all y 2 C;
(F3) f is strict paramonotone, that is the following holds

x 2 EP (f; C ); y 2 C; f (y; x) � 0 implies y 2 EP (f; C );

(F4) f is jointly weakly upper semicontinuous onC � C in the sense that, ifx; y 2 C
and f xng; f yng � C converges weakly tox and y; respectively, thenf (xn ; yn ) !
f (x; y) as n ! + 1 :

The following lemmas are very useful in obtaining the strong convergence of the
sequence considered in this work.
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Lemma 2.3 ([47]). Let f ang be a sequence of nonnegative real numbers satisfying the
following inequality

an+1 � (1 � � n )an + � n � n + 
 n ; n 2 N;

wheref � ng � (0; 1); f � ng and f 
 ng satisfy the restrictions:
(i)

P + 1
n=1 � n = + 1 ; limn! + 1 � n = 0;

(ii) lim sup n! + 1 � n � 0;
(iii) 
 n � 0;

P + 1
n=1 
 n < + 1 :

Then limn! + 1 an = 0:

Lemma 2.4 ([29,41]). Let f ang be a sequence of real numbers such that there exists
a subsequencef nj g of f ng with an j � an j +1 for all j 2 N: Consider the integer
f � (n)gn� n0 de�ned by

� (n) := max f j � n : aj � aj +1 g:

Then f � (n)gn� n0 is a non-decreasing sequence satisfyinglimn! + 1 � (n) = + 1 and for
all n � n0; the following estimates hold:

a� (n) � a� (n)+1 and an � a� (n)+1 :

3. Main Result

In this section, we state and prove our main result. First, we give an explicit statement
of the proposed problem in this study. LetC and Q be nonempty, closed and convex
subsets of real Hilbert spacesH1 and H2 respectively andL : H1 ! H2 be a bounded
linear operator. Let f : C � C ! R and F : Q � Q ! R be pseudomonotone
and monotone bifunctions respectively satisfying restrictions (F1)-(F4) and (R1)-
(R4). Let B : C ! H2 be a nonlinear mapping and� : Q ! R a proper, convex
and lower semicontinuous function. LetS be a nonexpansive mapping andT a
quasinonexpansive mapping such thatI � T is monotone. We consider the problem
of �nding a point x � 2 C such that

x � 2 EP (f; C ) \ F ix (PF ix (S) � T)(3.1)

and such that

y� = Lx � 2 Q solvesGMEP (F; B; � ):(3.2)

We assume that the solution set of Problem (3.1)�(3.2) denoted by � is nonempty.

Remark 3.1 ([18]). If f is pseudomonotone onC with respect to EP (f; C ), then by
restrictions (F1) and (F4), EP (f; C ) is closed and convex. From Lemma 2.2 (d), we
have that GMEP (F; B; � ) is closed and convex. Also, ifF ix (PF ix (S) � T) 6= ; , then
the solution set of the HFPP is closed and convex see [31]. We assume �6= ; ; hence
� is well de�ned.

Algorithm 3.1. Initialization. Choosex0; x1 2 C: Take the sequence of real numbers
f � ng; f � ng; f rng; f � ng; f 
 ng; f � ng; f � ng; f � ng and f � ng satisfying
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(i) 0 < r < r n ; 0 < a < � n < b < 1; 0 < �a < � n < �b < 1; 0 < �a < � n < �b < 1;
� n � 0; 
 n 2 (0; 2=kLk2) and � n ! 0 asn ! + 1 ;

(ii)
P + 1

n=1 � 2
n < + 1 ;

(iii)
P + 1

n=1 � n = + 1 ; limn! + 1 � n = 0;
(iv) f � ng � [0; � ]; where� 2 [0; 1) and

P + 1
n=1 � nkxn � xn� 1k < + 1 ;

(v) lim n! + 1
� n
� n

= 0:

[Step 1. Given xn� 1 and xn , n � 1; compute

wn = xn + � n (xn � xn� 1):(3.3)

Step 2. Take g(wn) 2 @� n (f (wn ; �))( wn), n � 1: Calculate � n = maxf 1; kg(wn)kg;
� n = � n

� n
and

zn = PC (wn � � ng(wn )) :(3.4)

Step 3. If wn = zn (wn 2 EP (f; C )), then stop. Otherwise, evaluate
8
>><

>>:

tn = (1 � � n )Tzn + � nzn yn = (1 � � n )wn + � nStn ;
un = K F;B;�

r n
Lyn ;

vn = yn + 
 nL � (un � Lyn ):
(3.5)

Step 4. Compute

(3.6) xn+1 = � nh(xn ) + (1 � � n )vn ;

whereh is a contraction.
Step 5. Set n := n + 1 and go to step 1.

Lemma 3.1. Let f xng be the sequence given by Algorithm3.1, then f xng is bounded.
Consequently, the sequencesf yng; f zng; f vng and f ung are bounded.

Proof. Let u 2 � ; then from Lemma 2.1 (i) and (3.3), we have

kwn � uk2 = kxn + � n (xn � xn� 1) � uk2(3.7)

= kxn � uk2 + 2� nhxn � u; xn � xn� 1i + � 2
nkxn � xn� 1k2

�k xn � uk2 + 2� nkxn � ukkxn � xn� 1k + � 2
nkxn � xn� 1k2

= kxn � uk2 + � nkxn � xn� 1k(2kxn � uk + � nkxn � xn� 1k):

It also follows from Lemma 2.1 (iii), that

ktn � uk2 = k(1 � � n )(Tzn � u) + � n (zn � u)k2

= (1 � � n )kTzn � uk2 + � nkzn � uk2 � � n (1 � � n )kTzn � znk2

� k zn � uk2 � � n (1 � � n )kTzn � znk2

� k zn � uk2:(3.8)

Next,

kyn � uk2 = k(1 � � n )(wn � u) + � n (Stn � u)k2
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� (1 � � n )kwn � uk2 + � nkStn � uk2 � � n (1 � � n )kStn � wnk2

� (1 � � n )kwn � uk2 + � nktn � uk2 � � n (1 � � n )kStn � wnk2

� (1 � � n )kwn � uk2 + � nkzn � uk2 � � n (1 � � n )kStn � wnk2

�k wn � uk2 + 2� nhwn � zn ; u � zn i � � n (1 � � n )kStn � wnk2;(3.9)

but from the de�nition of zn ; we get

hwn � zn ; u � zn i � � nhg(wn ); u � zn i :

Using this in (3.9), we obtain

kyn � uk2 �k wn � uk2 + 2� n � nhg(wn ); u � zn i � � n (1 � � n )kStn � wnk2

= kwn � uk2 + 2� n � n [hg(wn ); u � wn i + hg(wn ); wn � zn i ]

� � n (1 � � n )kStn � wnk2

�k wn � uk2 + 2� n � nhg(wn ); u � wn i + 2 � n � nkg(wn )kkwn � znk

� � n (1 � � n )kStn � wnk2:(3.10)

Note that by the de�nition of zn and wn 2 C; we have

kwn � znk2 � � nhg(wn ); wn � zn i � � nkg(wn )kkwn � znk;

thus kwn � znk � � nkg(wn )k and

� nkg(wn )kkwn � znk � � 2
nkg(wn )k2

=

 
� n

� n

! 2

kg(wn )k2 = � 2
n

 
kg(wn )k

max(1; kg(wn )k)

! 2

� � 2
n ;(3.11)

which implies

kwn � znk2 � � 2
n :(3.12)

Since
P + 1

n=1 � 2
n < + 1 ; we obtain from above inequality, that

kwn � znk ! 0 as n ! + 1 :(3.13)

Using (3.11) in (3.10), we have

kyn � uk2 �k wn � uk2 + 2� n � nhg(wn ); u � wn i + 2 � n � 2
n � � n (1 � � n )kStn � wnk2:

(3.14)

By using Lemma 2.2, we have

kun � Luk2 = kK F;B;�
r n

Lyn � Luk2 = kK F;B;�
r n

Lyn � K F;B;�
r n

Luk2

�h K F;B;�
r n

Lyn � K F;B;�
r n

Lu; Ly n � Lu i

= hK F;B;�
r n

Lyn � Lu; Ly n � Lu i

=
1
2

�
kK F;B;�

r n
Lyn � Luk2 + kLyn � Luk2 � k K F;B;�

r n
Lyn � Lynk2

�
:
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Hence,kun � Luk2 � k Lyn � Luk2 � k un � Lynk2; which implies

2hLyn � Lu; un � Lyn i � � 2kun � Lynk2:(3.15)

Now, from (3.5) and (3.15), we have

kvn � uk2 = kyn + 
 nL � (un � Lyn ) � uk2

= kyn � uk2 + 2
 nhyn � u; L � (un � Lyn )i + 
 2
nkL � (un � Lyn )k2

= kyn � uk2 + 2
 nhLyn � Lu; un � Lyn i + 
 2
nkL � (un � Lyn )k2

�k yn � uk2 � 
 n (2 � 
 nkLk2)kun � Lynk2;(3.16)

which implies

kvn � uk2 �k wn � uk2 + 2� n � nhg(wn ); u � wn i + 2 � n � 2
n

� � n (1 � � n )kStn � wnk2 � 
 n (2 � 
 nkLk2)kun � Lynk2:(3.17)

Sincewn 2 C and g(wn ) 2 @� n f (wn ; �)(wn ), we obtain

f (wn ; u) + � n = f (wn ; u) � f (wn ; wn ) + � n � h g(wn ); u � wn i :

Using this in (3.17), we get

kvn � uk2 �k wn � uk2 + 2� n � n (f (wn ; u) + � n ) + 2 � n � 2
n

� � n (1 � � n )kStn � wnk2 � 
 n (2 � 
 nkLk2)kun � Lynk2:

From the de�nition of � n and � n ; we obtain

� n =
� n

� n
� � n :

Therefore, we get from above, that

kvn � uk2 �k wn � uk2 + 2� n � n f (wn ; u) + 2 � n (� n � n + � 2
n )

� � n (1 � � n )kStn � wnk2 � 
 n (2 � 
 nkLk2)kun � Lynk2:(3.18)

Sinceu 2 � and wn 2 C; we havef (u; wn ) � 0; then it follows from the monotonicity
of f that f (wn ; u) � 0 and

kvn � uk2 �k wn � uk2 + 2� n (� n � n + � 2
n ) � � n (1 � � n )kStn � wnk2

� 
 n (2 � 
 nkLk2)kun � Lynk2

�k wn � uk2 + 2� n (� n � n + � 2
n );(3.19)

which implies that

kvn � uk � k wn � uk +
q

(2� n (� n � n + � 2
n ):(3.20)

Furthermore, we have from (3.6) and someM 1; M2 > 0, that

kxn+1 � uk = k� nh(xn ) + (1 � � n )vn � uk

� � nkh(xn ) � uk + (1 � � n )kvn � uk

� � nkh(xn ) � h(u)k + � nkh(u) � uk + (1 � � n )kvn � uk
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� c� nkxn � uk + � nkh(u) � uk + (1 � � n )
�
kwn � uk

+
q

2� n (� n � n + � 2
n )

�

� c� nkxn � uk + (1 � � n )
�
kxn � uk + � nkxn � xn� 1k

+
q

2� n (� n � n + � 2
n )

�
+ � nkh(u) � uk

� [1 � � n (1 � c)]kxn � uk + � n (1 � � n )kxn � xn� 1k + � nkh(u) � uk

+
q

2� n (� n � n + � 2
n )

=[1 � � n (1 � c)]kxn � uk + � n (1 � � n )kxn � xn� 1k

+
� n (1 � c)

1 � c
kh(u) � uk +

q
2� n (� n � n + � 2

n )

� max

(

kxn � uk;
kh(u) � uk

(1 � c)

)

+ � n (1 � � n )kxn � xn� 1k

+
q

2� n (� n � n + � 2
n )

� max

(

max

(

kxn� 1 � uk;
kh(u) � uk

(1 � c)

))

+ � n� 1(1 � � n� 1)kxn� 1 � xn� 2k

+
q

2� n� 1(� n� 1� n� 1 + � 2
n� 1) + � n (1 � � n )kxn � xn� 1k

+
q

2� n (� n � n + � 2
n )

...

� max

(

kx1 � uk;
kh(u) � uk

1 � c

)

+ M 1 + M 2

< + 1 ;

where

M 1 =
nX

i =1

� i (1 � � i )kx i � x i � 1k < + 1 ;

by condition (iv) and

M 2 =
nX

i =1

q
2� i (� i � i + � 2

i ):

Hence, f xng is bounded. Consequently, all other sequences in Algorithm 3.1 are
bounded. �

Lemma 3.2. The following inequality is satis�ed from(3.6) and all u 2 �

kxn+1 � uk2 �

 

1 �
2� n (1 � c)

1 � c� n

!

kxn � uk2
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+
2� n (1 � c)

1 � c� n

 
hh(u) � u; xn+1 � ui

1 � c
+

� nM 3

1 � c

!

+
� n (1 � � n )

1 � c� n
(kxn � xn� 1k)(M 4 + kxn � xn� 1k) + 2 � n (� n � n + � 2

n );

for someM 3; M4 > 0:

Proof. Let u 2 � ; then from Lemma 2.1 (ii), (3.4) and someM 3; M4 > 0, we have

kxn+1 � uk2 = k� n (h(xn ) � u) + (1 � � n )(vn � u)k2

� (1 � � n )2kvn � uk2 + 2� nhh(xn ) � u; xn+1 � ui

� (1 � � n )2kyn � uk2 + 2� nhh(xn ) � h(u); xn+1 � ui

+ 2� nhh(u) � u; xn+1 � ui

� (1 � � n )2kwn � uk2 + 2� nkh(xn ) � h(u)kkxn+1 � uk

+ 2� nhh(u) � u; xn+1 � ui + (1 � � n )2(2� n (� n � n + � 2
n ))

� (1 � � n )2
�
kxn � uk2 + � nkxn � xn� 1k(2kxn � uk + � nkxn � xn� 1k)

�

+ 2� nhh(u) � u; xn+1 � ui + 2� n (� n � n + � 2
n )

+ c� n (kxn � uk2 + kxn+1 � uk2)

=[1 � 2� n + c� n ]kxn � uk2 + c� nkxn+1 � uk2 + � 2
nkxn � uk2

+ 2� nhh(u) � u; xn+1 � ui + 2� n (� n � n + � 2
n )

+ � n (1 � � n )2kxn � xn� 1k
�
2kxn � uk + � nkxn � xn� 1k

�
;

which implies

(1 � c� n )kxn+1 � uk2 � (1 � 2� n + c� n )kxn � uk2 + � 2
nkxn � uk2

+ 2� nhh(u) � u; xn+1 � ui + 2� n (� n � n + � 2
n )

+ � n (1 � � n )kxn � xn� 1k
�
2kxn � uk + � nkxn � xn� 1k

�

and

kxn+1 � uk2 �

 
1 � 2� n + c� n

1 � c� n

!

kxn � uk2(3.21)

+
� n (1 � � n )

1 � c� n
kxn � xn� 1k

�
2kxn � uk + � nkxn � xn� 1k

�

+
� 2

n

1 � c� n
kxn � uk2 +

2� n

1 � c� n
hh(u) � u; xn+1 � ui

+
2� n

1 � c� n
(� n � n + � 2

n )

�

 

1 �
2� n (1 � c)

1 � c� n

!

kxn � uk2
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+
2� n (1 � c)

1 � c� n

 
hh(u) � u; xn+1 � ui

1 � c
+

� nM 3

1 � c

!

+
� n (1 � � n )

1 � c� n
(kxn � xn� 1k) (M 4 + � nkxn � xn� 1k)

+ 2� n

�
� n � n + � 2

n

�
: �

Theorem 3.2. Let f xng be given by Algortihm3.1, then f xng converges strongly to
u = P� h(u); whereP� is the metric projection of H1 onto � :

Proof. We consider the following two possible cases for the sequencefk xn � ukg.
Case 1. Suppose there existsn 2 N such that fk xn � uk2g is nonincreasing. Then

fk xn � uk2g converges and

kxn � uk2 � k xn+1 � uk2 ! 0 as n ! + 1 :

From (3.3) and condition (iv), we get

kwn � xnk = kxn + � n (xn � xn� 1) � xnk � � nkxn � xn� 1k ! 0 as n ! + 1 :

(3.22)

Observe from (3.7) and (3.18), that

kvn � uk2 �k wn � uk2 + 2� n (� n � n + � 2
n )

� � n (1 � � n )kStn � wnk2 � 
 n (2 � 
 nkLk2)kun � Lynk2

�k xn � uk2 + � nkxn � xn� 1k
�
2kxn � uk + � nkxn � xn� 1k

�

� � n (1 � � n )kStn � wnk2

� 
 n (2 � 
 nkLk2)kun � Lynk2 + 2� n (� n � n + � 2
n );

using this in (3.21), we get

kxn+1 � uk2 � (1 � � n )
�
kxn � uk2 + � nkxn � xn� 1k(2kxn � uk + � nkxn � xn� 1k)

+ 2� n (� n � n + � 2
n )

�
+ 2� nhh(xn ) � h(u); xn+1 � ui

� � n (1 � � n )kStn � wnk2 � 
 n (2 � 
 nkLk2)kun � Lynk2:

This implies

� n (1 � � n )(1 � � n )kStn � wnk2 � (1 � � n )
�
� nkxn � xn� 1k(2kxn � uk

+ � nkxn � xn� 1k) + 2 � n (� n � n + � 2
n )

�

+ 2� nhh(xn ) � h(u); xn+1 � ui

+ kxn � uk2 � k xn+1 � uk2 � � nkxn � uk2:

Using conditions (i)-(iv), we get

lim
n! + 1

kStn � wnk = 0:(3.23)
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Similarly, one gets,


 n (2 � 
 nkLk2)kun � Lynk2 � (1 � � n )
h
� nkxn � xn� 1k

�
2kxn � uk

+ � nkxn � xn� 1k
�

+ 2� n (� n � n + � 2
n )

i

+ 2� nhh(xn ) � h(u); xn+1 � ui + kxn � uk2

� k xn+1 � uk2 � � nkxn � uk2:

Since
 n 2
�
0; 2

kL k2

�
; we have

kun � Lynk ! 0 as n ! + 1 :(3.24)

Recall from (3.18) that

kvn � uk2 �k wn � uk2 + 2� n � n f (wn ; u) + 2 � n (� n � n + � 2
n )

� � n (1 � � n )kStn � wnk2 � 
 n (2 � 
 nkLk2)kun � Lynk2;

using this in (3.21), we obtain

2(1 � � n )� n � n (f (� wn ; u)) �k xn � uk2 � k xn+1 � uk2

+ (1 � � n )� nkxn � xn� 1k
�
2kxn � uk + � nkxn � xn� 1k

�

� � nkxn � uk2 + 2� nhh(xn ) � u; xn+1 � ui

+ 2� n (� n � n + � 2
n ):

Taking limit as n ! + 1 and using (iv), we get

2 lim
n! + 1

(1 � � n )� n � n (� f (wn ; u)) = 0 :

Since 0< �a < � n < �b < 1; 0 < a < � n < b < 1 and � f (wn ; u) � 0; we have that

lim sup
n! + 1

f (wn ; u) = 0 :(3.25)

Next we showkTzn � znk ! 0 asn ! + 1 : Observe that

kzn � uk2 = kzn � wn + wn � uk2 � k wn � uk2 + 2hzn � u; zn � wn i :

It follows from this, (3.8), (3.9) and (3.16), that

kvn � uk2 �k wn � uk2 + 2� nhzn � u; zn � wn i

� � n � n (1 � � n )kTzn � znk2 � � n (1 � � n )kStn � wnk2

� 
 n (2 � 
 nkLk2)kun � Lynk2:(3.26)

Substituting (3.26) into (3.21), we get

� n � n (1 � � n )(1 � � n )kTzn � znk2 �k xn � uk2 � k xn+1 � uk2

+ (1 � � n )� nkxn � xn� 1k
�
2kxn � uk

+ � nkxn � xn� 1k
�

� � nkxn � uk2

+ 2� nhh(xn ) � u; xn+1 � ui
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+ 2� nkzn � ukkzn � wnk:

Again, since 0< a < � n < b < 1; 0 < �a < � n < �b < 1; it follows that

lim
n! + 1

kTzn � znk = 0:(3.27)

Observe that

kStn � znk2 �k Stn � wnk2 + 2hwn � zn ; Stn � zn i

�k Stn � wnk2 + 2kwn � znkkStn � znk;

which implies by condition, (3.13) and (3.23), that

lim
n! + 1

kStn � znk2 = 0:(3.28)

The following holds by triangular inequality, (3.27) and (3.28)

kTzn � Stnk �k Tzn � znk + kzn � Stnk ! 0 as n ! + 1 :(3.29)

Also,

lim
n! + 1

ktn � znk = lim
n! + 1

(1 � � n )kzn � Tznk = 0:(3.30)

It follows again by triangular inequality, that
(3.31)8
>>>>>>>><

>>>>>>>>:

limn! + 1 ktn � wnk � limn! + 1 (ktn � znk + kzn � wnk) = 0 ;
limn! + 1 kStn � tnk � limn! + 1 (kStn � znk + kzn � tnk) = 0 ;
limn! + 1 kyn � tnk � limn! + 1 (1 � � n )kwn � tnk + lim n! + 1 � nkStn � tnk = 0;
limn! + 1 kyn � wnk � limn! + 1 (kyn � tnk + ktn � wnk) = 0 ;
limn! + 1 kyn � xnk � limn! + 1 (kyn � wnk + kxn � wnk) = 0 :

Again,

kSzn � znk2 = kSzn � Stn + Stn � znk2

�k Szn � Stnk2 + 2hStn � zn ; Szn � zn i

�k zn � tnk2 + 2( kStn � znk � k Szn � znk);

we obtain by (3.28) and (3.30), that

kSzn � znk2 ! 0 as n ! + 1 :(3.32)

Finally, we show that kxn+1 � xnk ! 0 asn ! + 1 : Indeed, we have from(3.5) and
(3.24), that

lim
n! + 1

kvn � ynk = lim
n! + 1

kyn + 
 nL � (un � Lyn ) � ynk

� lim
n! + 1


 nkLkkun � Lynk = 0(3.33)

and

kxn+1 � vnk = k� nh(xn ) + (1 � � n )vn � vnk � � nkh(xn ) � vnk;
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which by condition (iii), implies that

kxn+1 � vnk ! 0 as n ! + 1 :(3.34)

Hence, by (3.22), (3.31), (3.33) and (3.34), we obtain

lim
n! + 1

kxn+1 � xnk � lim
n! + 1

�
kxn+1 � vnk + jvn � ynk + kyn � wnk + kwn � xnk

�
= 0:

Since f xng is bounded, then there exists a subsequencef xn j g such that xn j * v
and lim supn! + 1 f (xn ; u) = lim j ! + 1 f (xn j ; u): It follows from (3.13), (3.23), (3.30)
and (3.31), that the sequencesf wng; f tng; f zng and f yng all converge weakly tov:
Consequently,Lzn j * Lv and Lyn j * Lv: It follows from the demiclosedness ofI � S
and (3.32), that v 2 F ix (S): Next we show that v = ( PF ix (S) � T)v: It follows from
(3.5), that

tn � Stn = � n (I � T)zn + ( Tzn � Stn );

which implies
1
� n

(tn � Stn ) = ( I � T)zn +
1
� n

(Tzn � Stn );(3.35)

thus for all w 2 F ix (S); the monotonicity of (I � T) and (3.35), we have
� tn � Stn

� n
; zn � w

�

= h(I � T)zn � (I � T)w; zn � wi

+ h(I � T)w; zn � wi +
1
� n

hTzn � Stn ; zn � wi

�h (I � T)w; zn � wi +
1
� n

hTzn � Stn ; zn � wi :(3.36)

Sincef zng and f zn � wg are bounded, it follows from (3.29), (3.31) and (3.36), that

lim sup
n! + 1

h(I � T)w; zn � wi � 0; for all w 2 F ix (S):(3.37)

Replacingn with nj and letting j ! + 1 in (3.37), we obtain

h(I � T)w; v � wi � 0; for all w 2 F ix (S):

Note that tw + (1 � t)v 2 F(S) for t 2 (0; 1); sinceF ix (S) is convex. Hence,

h(I � T)(tw + (1 � t)v); v � wi � 0; for all w 2 F ix (S):

Setting t ! 0+ and using the continuity of (I � T); we obtain

h(I � T)v; v � wi � 0; for all w 2 F ix (S):

Thus v 2 F (PF ix (S) � T): Next, we show that v 2 EP (f; C ): Since xn j * v;
kwn j � xn j k ! 0 and lim supn! + 1 f (wn ; u) = lim j ! + 1 f (wn j ; u); by the upper weakly
continuity of f (�; u) and (3.25), we have

f (v; u) � lim sup
j ! + 1

f (wn j ; u) = lim
j ! + 1

f (wn j ; u) = lim sup
n! + 1

f (wn ; u) = 0 :



214 O. K. OYEWOLE AND O. T. MEWOMO

Sinceu 2 � and v 2 C; we havef (u; v) � 0: By the pseudomonotone property off;
we havef (v; u) � 0: Consequently, we obtainf (v; u) = 0 ; and by restriction F 3, we
get v 2 EP (f; C ): Furthermore, we show thatLv 2 F ix (K F;B;�

r n
) = GMEP (F; B; � ):

Sincelimn! + 1 kyn � xnk = 0 and xn j * v; it is easy to see thatyn j * v: It therefore
follows from the continuity of L; that Lyn j * Lv and by (3.24), we getun j * Lv:

Now sinceun = K F;B;�
r n

Lyn ; we have

F (un ; w)+ hB(un ); w� un i + � (w) � � (un )+
1
rn

hw� un ; un � Lyn i � 0; for all w 2 Q:

It follows from the monotonicity of F , that

� (w) � � (un ) + hB(un ); w � un i +
1
rn

hw � un ; un � Lyn i � F (w; un ); for all w 2 Q;

and

� (w) � � (un j ) + hB(un j ); w � un j i +

*

w � un j ;
un j � Lyn j

rn j

+

� F (w; un j );(3.38)

for all w 2 Q: This implies

hB(Lyn j ); w � un j i � � (un j ) � � (w) + hB(Lyn j ); w � un j i � h B(un j ); w � un j i

�

*

w � un j ;
un j � Ln j

rn j

+

+ F (w; un j )

= � (un j ) � � (w) + hB(Lyn j ) � B (un j ); w � un j i

�

*

w � un j ;
un j � Lyn j

rn j

+

+ F (w; un j ):(3.39)

SinceB is continuous andlimn! + 1 kLyn � unk = 0; it follows that limn! + 1 kB(Lyn )�
B (un)k = 0: From the monotonicity of B; the weakly lower semicontinuity of� and
un j * Lv; it follows from (3.39), that

(3.40) hB(Lv); w � Lv i � � (Lv) � � (w) + F (w; Lv); for all w 2 Q:

For any t 2 (0; 1] andw 2 Q; set zt = tw + (1 � t)Lv we havezt 2 Q and thus satis�es
(3.40). Using assumptions (R1) and (R4), we get

0 =F (zt ; zt ) + � (zt ) � � (zt )

� tF (zt ; w) + (1 � t)F (zt ; Lv) + t� (w) + (1 � t)� (Lv) � � (zt )

= t[F (zt ; w) + � (w) � � (zt )] + (1 � t)[F (zt ; Lv) + � (Lv) � � (zt )]

� t[F (zt ; w) + � (w) � � (zt )] + (1 � t)thB(Lv); w � Lv i :

This implies

F (zt ; w) + � (w) � � (zt ) + (1 � t)hB(Lv); w � Lv i � 0:

Letting t ! 0+ ; we get

F (Lv; w) + � (w) � � (Lv) + hB(Lv); w � Lv i � 0; for all w 2 C;
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which implies Lv 2 GMEP (F; B; � ):
To end Case 1, we show thatf xng converges strongly tou = P� h(u): To do this,

it su�ces to show that lim supn! + 1 hh(u) � u; xn+1 � ui � 0 and apply Lemma 2.3.
Indeed, choose a subsequencef xn j g of f xng such that xn j * v 2 H1 and

lim sup
n! + 1

hh(u) � u; xn+1 � ui = lim
j ! + 1

hh(u) � u; xn j +1 � ui :

We have that xn+1 * v sincekxn+1 � xnk ! 0 asn ! + 1 : By applying (2.1), we
have

lim sup
n! + 1

hh(u) � u; xn+1 � ui = lim
j ! + 1

hh(u) � u; xn j +1 � ui = hh(u) � u; v � ui � 0:

Using (2.1), (3.21) and Lemma 2.3, we conclude thatkxn � uk ! 0 asn ! + 1 :
Case 2. Assume that fk xn � ukg is non monotone. For somen0 large enough, let

� : N ! N be a mapping de�ned for alln � n0 by

� (n) := max f j 2 N : j � n; kx j � uk � k x j +1 � ukg:

By Lemma 2.4,� (n) is nondecreasing sequence such that� (n) ! + 1 as n ! + 1
and 0 � k x � (n) � uk � k x � (n)+1 � uk for all n � n0: Just by using similar argument
as in Case 1, we have

lim
n! + 1

kw� (n) � x � (n)k = lim
n! + 1

kz� (n) � w� (n)k = lim
n! + 1

ky� (n) � w� (n)k

= lim
n! + 1

ku� (n) � Ly � (n)k = lim
n! + 1

kTz� (n) � z� (n)k

= lim
n! + 1

kSz� (n) � z� (n)k = lim
n! + 1

kx � (n)+1 � x � (n)k = 0

and

lim
n! + 1

hh(u) � u; x � (n)+1 � ui � 0:

Sincef x � (n)g is bounded, there exists a subsequence off x � (n)g still denoted by f x � (n)g
such that x � (n) * v 2 C: Following similar argument as in Case 1, we obtainv 2 � :

From (3.21), we get

kx � (n)+1 � uk2 �

 

1 �
2� � (n)(1 � c)

1 � c� � (n)

!

kx � (n) � uk2

+
2� � (n)(1 � c)

1 � c� � (n)

 
hh(u) � u; x � (n)+1 � ui

1 � c
+

� � (n)M 3

1 � c

!

+
� � (n)(1 � � � (n))

1 � c� � (n)

�
kx � (n) � x � (n)� 1k

� �
M 4 + � � (n)kx � (n) � x � (n)� 1k

�

+ 2� � (n)

�
� � (n) � � (n) + � 2

� (n)

�
:

Sincekx � (n) � uk � k x � (n)+1 � uk and � � (n) > 0, we have

2� � (n)(1 � c)
1 � c� � (n)

kx � (n) � uk2 �
2� � (n)(1 � c)

1 � c� � (n)

 
hh(u) � u; x � (n)+1 � ui

1 � c
+

� � (n)M 3

1 � c

!
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+ 2� � (n)

�
� � (n) � � (n) + � 2

� (n)

�
+

� � (n)(1 � � � (n))
1 � c� � (n)

�
�
kx � (n) � x � (n)� 1k

� �
M 4 + � � (n)kx � (n) � x � (n)� 1k

�
:

Hence,

2(1 � c)
1 � c� � (n)

kx � (n) � uk2 �
2(1 � c)

1 � c� � (n)

 
hh(u) � u; x � (n)+1 � ui

1 � c
+

� � (n)M 3

1 � c

!

+
2� � (n)

� � (n)
(� � (n) � � (n) + � 2

� (n))

+
� � (n)(1 � � � (n))
� � (n)(1 � c� � (n))

�
kx � (n) � x � (n)� 1k

�

�
�
M 4 + � � (n)kx � (n) � x � (n)� 1k

�
:

This implies that lim supn! + 1 kx � (n) � uk2 � 0 and

lim
n! + 1

kx � (n) � uk = 0:(3.41)

From (3.34) and (3.41), we obtain

kx � (n)+1 � uk � k x � (n) � uk + kx � (n) � x � (n)+1 k ! 0 as n ! + 1 :

Furthermore, for n � n0; it is obvious that kxn � uk � k x � (n) � uk: Consequently, we
get for all n � n0; that

0 � k xn � uk � maxfk x � (n) � uk; kx � (n)+1 � ukg = kx � (n)+1 � uk:

Therefore,kxn � uk ! 0 asn ! + 1 ; that is xn ! u: Thus completing the proof. �

If we set B = � = 0 in (3.1)� (3.2), we obtain the following method for obtaining a
common solution of split EP and HFPP considered in [7].

Algorithm 3.3. Initialization. Choosex0; x1 2 C: Take the sequence of real numbers
f � ng; f � ng; f rng; f � ng; f 
 ng; f � ng; f � ng; f � ng and f � ng satisfying

(i) 0 < r < r n ; 0 < a < � n < b < 1; 0 < �a < � n < �b < 1; 0 < �a < � n < �b < 1;
� n � 0; 
 n 2 (0; 2=kLk2) and � n ! 0 asn ! + 1 ;

(ii)
P + 1

n=1 � 2
n < + 1 ;

(iii)
P + 1

n=1 � n = + 1 ; limn! + 1 � n = 0;
(iv) f � ng � [0; � ]; where� 2 [0; 1) and

P + 1
n=1 � nkxn � xn� 1k < + 1 ;

(v) lim n! + 1
� n
� n

= 0:

Step 1. Given xn� 1 and xn , n � 1; compute

wn = xn + � n (xn � xn� 1):(3.42)

Step 2. Take g(wn) 2 @� n (f (wn ; �))( wn), n � 1: Calculate � n = maxf 1; kg(wn)kg;
� n = � n

� n
and zn = PC (wn � � ng(wn )) :
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Step 3. If wn = zn (wn 2 EP (f; C )), then go to step 3. Otherwise, evaluate

8
>>>>><

>>>>>:

tn = (1 � � n )Tzn + � nzn ;
yn = (1 � � n )wn + � nStn;
un = K F

r n
Lyn ;

vn = yn + 
 nL � (un � Lyn ):

Step 4. Compute xn+1 = � nh(xn ) + (1 � � n )vn , whereh is a contraction.
Step 5. Set n := n + 1 and go to step 1.

We therefore give the following result as a consequence of our main theorem.

Corollary 3.4. Let C and Q be nonempty, closed and convex subsets of real Hilbert
spacesH1 and H2 respectively. Let L : H1 ! H2 be a bounded linear operator.
Let f : C � C ! R and F : Q � Q ! R be bifunctions satisfying restrictions
F 1-F 4 and R1-R4 respectively. LetS : C ! C be a nonexpansive mapping and
T : C ! C be a quasinonexpansive mapping such thatI � T is monotone. Assume
that � = EP (f; C ) \ EP (F; Q) \ 
 6= ; : Then the sequencef xng given by Algorithm
3.3 converges strongly tou = P� h(u); whereP� is the metric projection ofH1 onto � :

4. Numerical Examples

We give some numerical examples to illustrate the behaviour and performance of
our method as well as comparing it with some related methods in the literature.

Example 4.1. Let H1 = H2 = C = Q = R with inner product hx; yi = xy for
all x; y 2 R and the induced usual normj � j : Let f : C � C ! R be de�ned by
f (x; y) = 2 xy(y� x)+ xyjy� xj, for all x; y 2 H1: De�ne the bifunction F : Q� Q ! R
by F (u; v) = � u2 + v2, for all u; v 2 Q; B : Q ! H2 by B(u) = u

5 for all u 2 Q
and � : Q ! R by � (u) = 0 for all u 2 Q: For each x 2 H1; de�ne the mapping
L : H1 ! H2 by Lx = x for all x 2 H1: Also de�ne the mappingsS and T respectively
by Sx = x

2 and Tx = x: It is easy to see thatf; F; S and T satisfy the conditions
of Theorem 3.2 and that � = f 0g: From Theorem 3.2, we can conclude that the
sequencesf xng; f yng and f zng converge to 0. Letrn = 1; for all n � 1; it is easy to
�nd that the resolvent K F;B;�

r n
Lyn = 5yn

16 :
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Figure 1. Numerical results for Example 4.1. Left:x0 = 0:8; x1 = 0:5;
right: x0 = � 1; x1 = � 3.

Set � n = 1
2n2+3 , � n = 1

2n2+5 ; � n = 0; 
 n = 1
5 ; � n = 1

2 : Also, let � n = 1
n ; � n = 1

n+1

and � n = 1
4n2+1 : Then, after simpli�cation Algorithm 3.1, becomes

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

Given x0 and x1 2 H1;
wn = xn + � n (xn � xn� 1);
wn 2 H1 such that g(wn ) 2 @� n f (wn ; �)(wn ) = [ w2

n ; 3w2
n ];

zn = PC (wn � � ng(wn )) ;
tn = (1 � � n )Tzn + � nzn ;
yn = (1 � � n )wn + � nStn ;
un = 5yn

16 ;
vn = 1

15(3un + 2yn );
xn+1 = � nh(xn ) + (1 � � n )vn :

We test our algorithm with varying values of initial terms x0 and x1; see Figure 1.

In this example, we setB = � = 0:

Example4.2. Let H1 = H2 = Q = `2(R) be the linear spaces whose elements are all
2-summable sequencesf x i g+ 1

i =1 of scalars inR, that is

`2(R) :=

(

x = ( x1; x2 : : : ; xi : : : ); x i 2 R and
+ 1X

i =1

jx i j2 < + 1

)

;

with an inner product h�; �i : `2 � `2 ! R de�ned by hx; yi :=
P + 1

i =1 x i yi ; where
x = f x i g+ 1

i =1 ; y = f yi g+ 1
i =1 and the norm k � k : `2 ! R by kxk2 := (

P + 1
i =1 jx i j2)

1
2 ;
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where x = f x i g+ 1
i =1 : Let C = f z 2 `2(R) : ha; zi � bg; where 0 6= a 2 `2 and

b 2 R: Let f : C � C ! R be de�ned by f (x; y) = 2 xy(y � x) + xyky � xk for all
x = f x i g+ 1

i =1 ; y = f yi g+ 1
i =1 2 `2: De�ne the bifunction F : Q � Q ! R by F (u; v) =

u(v � u) for all u = f ui g+ 1
i =1 ; v = f vi g+ 1

i =1 2 `2: For eachx 2 `2; de�ne the mapping
L : `2 ! `2 by Lx = ( x1; x2; : : : ; xi ; : : : ) for all x = f x i g+ 1

i =1 2 `2: Let rn = 0:5 for
all n � 1; then it is easy to see thatK F

r n
Lyn = 2Ly n

3 : Also, de�ne the mappings
S and T ,respectively by Sx = ( x1

2 ; x2
2 ; : : : ; x i

2 ; : : : ) for all x = f x i g+ 1
i =1 2 `2 and

Tx = ( x1 cosx1; x2 cosx2; : : : ; xi cosx i ; : : : ) for all x = f x i g+ 1
i =1 2 `2: It is easy to see

that f , F , S and T satisfy the conditions of Corollary 3.4 and that � = f 0g: We de�ne
the control parameters as in Example 4.1 above and obtain the �gures for varying
initial values. Using kxn+1 � xnk`2 < 10� 3 as the stopping criterion, we compare our
Algorithm 3.3 with Algorithm Theorem 3.1 in [7], see Figure 2.

Case (i) x1 = (3 :568; � 5:8091; 0; : : : ; 0; : : : )T ; x0 = (1 :521; � 7:5647; 0; : : : ; 0; : : : )T :
Case (ii) x1 = (1 :7601; � 2:1594; 0; : : : ; 0; : : : )T ; x0 = (0 :3456; � 4:1031; 0; : : : ;

0; : : : )T :
Case (iii) x1 = (10:5613; 7:2610; 0; : : : ; 0; : : : )T ; x0 = (5 :1063; 2:1687; 0; : : : ; 0; : : : )T :

We then plot the graphs of errorkxn+1 � xnk`2 against the number of iteration in each
case.
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Figure 2. Numerical results for Example 4.2. Top left: Case (i); top
right: Case (ii); bottom: Case (iii).
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ON VERTEX-EDGE AND EDGE-VERTEX CONNECTIVITY
INDICES OF GRAPHS

SHILADHAR PAWAR 1, AHMED MOHSEN NAJI 1, NANDAPPA D. SONER 2,
ALI REZA ASHRAFI 3, AND ALI GHALAVAND 3�

Abstract. Let G be a graph with vertex setV (G) and edge setE(G). The vertex-
edge degree of the vertexv, de

G (v); equals to the number of di�erent edges that
are incident to any vertex from the open neighborhood ofv. Also, the edge-vertex
degree of the edgee = uv, dv

G (e), equals to the number of vertices of the union of
the open neighborhood ofu and v. In this paper, the vertex-edge connectivity index,
� v , and the edge-vertex connectivity index,� e, of a graph G were introduced. These
are de�ned as � v (G) =

P
v2 V (G) de

G (v)dG (v) and � e(G) =
P

e= uv 2 E (G) dG (e)dv
G (e),

where dG (v) is the degree of a vertexv 2 V(G) and dG (e) is the number of edges
in E(G) that are adjacent to e. In this paper, we will study the main properties of
� v (G), � e(G) and establish some upper and lower bounds for them. The numbers
� v and � e for titania nanotubes are also computed.

1. Basic Definitions and Notations

In this paper we study some aspects of the vertex-edge degree of a vertex and we
are concerned only with simple graphs, i.e., �nite graphs having no loops, multiple
and directed edges. LetG = ( V(G); E(G)) be such a graph with vertex setV(G)
and edge setE(G). As usual, the number of vertices and edges inG are denoted
by n = jV j and m = jE j, respectively. The distancedG(u; v) between two vertices
u and v of a graphG is equal to the length of (number of edges in) a shortest path
connecting them. For a vertexv 2 V(G), the open neighborhood ofv is denoted by
N (v; G) and is de�ned asN (v; G) = f u 2 V(G) j uv 2 E(G)g. The degree of a vertex

Key words and phrases.Vertex-edge degree, edge-vertex degree, vertex-edge connectivity index,
edge-vertex connectivity index.
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v in G is denoted bydG(v) and is de�ned as the number of neighbours of the vertex
v in G, i.e., degG(v) = jN (v; G)j. The minimum and maximum degree of vertices in
the graph G are denoted by� (G) and �( G), respectively. For any terminology or
notation not mention here, we refer to [17].

A topological index of a graph is a graph invariant calculated from a graph
representing a molecule and applicable in chemistry. The Zagreb indices have been
introduced, more than �fty years ago, by Gutman and Trinajesti¢ [15], in 1972,
and elaborated in [16]. They are de�ned asM 1(G) =

P
uv2 E (G) [dG(u) + dG(v)] =

P
v2 V (G) dG(v)2 and M 2(G) =

P
uv2 E dG(u)dG(v). Furtula and Gutman [12] intro-

duced the forgotten index ofG, F (G), as F (G) =
P

uv2 E (G) [dG(u)2 + dG(v)2] =
P

v2 V (G) dG(v)3. For properties of the two Zagreb indices see [3,7,14,15,24,25,30] and
the references therein.

In recent years, some novel variants of ordinary Zagreb indices introduced and
studied, such as Zagreb coincides [1, 16], multiplicative Zagreb indices [13, 29, 30],
multiplicative sum Zagreb index [10] and multiplicative Zagreb coincides [31].

In 2017, Naji et al. [22], have introduced a new distance-degree-based topological
indices conceived depending on the second degrees of vertices (number of their second
neighbours), and are so-called leap Zagreb indices of a graphG. For properties and
more detail on leap Zagreb indices, we refer to [2,22,23] and [26].

For a vertex v in V(G) the ve-dominates are every edge incident tov as well
as every edge adjacent to these incident edges. Also, for an edgee = uv in E(G),
the ev-dominates are the vertices of the setN (v; G) [ N (u; G). There is a natural
duality between ve-dominates andev-dominates for any graphG: a vertex v 2 V is
an ev-dominates for edgee 2 E if and only if the edgee is an ve-dominates for vertex
v [6].

De�nition 1.1 ([4]). Let G be a connected graph andv 2 V(G). The vertex-edge
degree of the vertexv, de

G(v); equals the number of di�erent edges that incident to
any vertex from the open neighborhood ofv. Also, the edge-vertex degree of the edge
e = uv, dv

G(e), equals the number of vertices of the union of the open neighborhoods
of u and v.

The concepts of vertex-edge domination and edge-vertex domination were intro-
duced by Peters [21] in his Ph.D. thesis and studied further in [4,9,18,19,27]. The
following fundamental results which will be used in many of our subsequent consider-
ations are found in the earlier papers [28] and [32].

Let G be a graph. The totalev-degree,Te, total ve-degree,Tv, ev-degree Zagreb
index, S, �rst ve-degree Zagreb alpha index,S� , �rst ve-degree Zagreb beta index,
S� , secondve-degree Zagreb index,S� , of graph G are de�ned by Chellali et al. [6]
as:

Te(G) =
X

e2 E (G)

dv
G(e); Tv(G) =

X

v2 V (G)

de
G(v);



ON VERTEX-EDGE AND EDGE-VERTEX CONNECTIVITY INDICES OF GRAPHS 227

S(G) =
X

e2 E (G)

dv
G(e)2; S� (G) =

X

v2 V (G)

de
G(v)2;

S� (G) =
X

e= uv2 E (G)

[de
G(v) + de

G(u)]; S� (G) =
X

e= uv2 E (G)

de
G(v)de

G(u):

Let � (G) be the number of triangles in graphG. Authors in [6] have proved that:

Te(G) = Tv(G) = M 1(G) � 3� (G); whereG is an arbitrary graph;(1.1)

S(G) = F (G) + 2 M 2(G); whereG is a triangle free connected graph;

S� (T) = 2 M 2(T); whereT is an arbitrary tree:

In [8], Ediz de�ned ve-degree atom-bond connectivity,ve-degree geometric - arith-
metic, ve-degree harmonic andve-degree sum-connectivity indices as parallel to their
corresponding classical degree versions. Moreover, the mathematical properties were
studied in it.

Titania nanotubes which have been produced �fteen years ago have many appli-
cations on the very broad of science from medicine to electronics [20]. Computing
certain topological indices of titania nanotubes have been started recently. Since 2015,
there are many studies to compute the exact value of some topological indices of
titania nanotubes [5,11].

2. Main Results

De�ne the ev-degree connectivity index,� e, and ve-degree connectivity index,� v,
of a graphG as:

� e(G) =
X

e= uv2 E (G)

dG(e)dv
G(e);

� v(G) =
X

v2 V (G)

dG(v)de
G(v);

where fore = uv 2 E(G), dG(e) = dG(u) + dG(v) � 2.

Proposition 2.1. Let Pn , Cn , Sn , K n and K a;b be path, cycle, star, complete and
bipartite graphs onn � 4 vertices, respectively. Then(a + b= n)

� e(Pn ) = 8 n � 18; � v(Pn ) = 8( n � 2); � e(Cn ) = � v(Cn ) = 8 n;

� e(Sn ) = n(n � 1)(n � 2); � v(Sn ) = 2( n � 1)2;

� e(K n ) = n2(n � 1)(n � 2); � v(K n ) =
n2(n � 1)2

2
;

� e(K a;b) = ab(n2 � 2n); � v(K a;b) = 2 a2b2:

Proof. By de�nitions,

� e(Pn ) =
X

e= uv2 E (Pn )

dPn (e)dv
Pn

(e) = 2(1 � 3) + ( n � 3)(2 � 4) = 8n � 18;
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� v(Pn ) =
X

v2 V (Pn )

dPn (v)de
Pn

(v) = 2(1 � 2) + 2(2 � 3) + ( n � 4)(2 � 4) = 8( n � 2):

The proof of other cases are similar and we omit them. �

Proposition 2.2. Let G be a triangle free graph. Then

� e(G) = F (G) + 2 M 2(G) � 2M 1(G) and � v(G) = 2 M 2(G):

Proof. By de�nitions,

� e(G) =
X

e= uv2 E (G)

dG(e)dv
G(e) =

X

e= uv2 E (G)

dG(e)[dG(u) + dG(v)]

=
X

e= uv2 E (G)

[dG(u) + dG(v) � 2][dG(u) + dG(v)]

= F (G) + 2 M 2(G) � 2M 1(G);

� v(G) =
X

v2 V (G)

dG(v)de
G(v) =

X

v2 V (G)

dG(v)
X

uv2 E (G)

dG(u)

=
X

v2 V (G)

dG(v)
X

uv2 E (G)

dG(u) = 2
X

uv2 E (G)

dG(u)dG(v)

= 2M 2(G):

Hence, the result is obtained. �

Let G be a graph withn vertices andm edges and letni = jf v 2 V(G) j dG(v) = igj,
for all integers i , 1 � i � n � 1. By de�nition,

n = n1 + n2 + � � � + nn� 1:(2.1)

Also, it is well-known,

2m = n1 + 2n2 + � � � + ( n � 1)nn� 1:(2.2)

Therefore, by (2.1), (2.2) and some simple calculations,

n1 = 2n � 2m +
n� 1X

i =3

(i � 2)ni :(2.3)

Theorem 2.1. Let G be a triangle free graph. Then� e(G) � � v(G) � 2(m � n) and
equality holds if and only iff dG(v) j v 2 V(G)g � f 1; 2g.

Proof. By Proposition 2.2,

� e(G) � � v(G) = F (G) � 2M 1(G) =
X

v2 V (G)

dG(v)2[dG(v) � 2]

=
n� 1X

i =1

i 2(i � 2)ni = � n1 +
n� 1X

i =3

i 2(i � 2)ni ;

and by (2.3),

� e(G) � � v(G) = 2 m � 2n �
n� 1X

i =3

(i � 2)ni +
n� 1X

i =3

i 2(i � 2)ni
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= 2m � 2n +
n� 1X

i =3

(i � 1)(i � 2)(i + 1) ni :

Therefore,� e(G) � � v(G) � 2(m � n) and equality holds if and only if f dG(v) j v 2
V(G)g � f 1; 2g. �

Proposition 2.3. Let G be a triangle free connected graph withn vertices andm
edges. Then� e(G) � mn(n � 2) and equality holds if and only ifG �= K k;n � k .

Proof. By de�nition of triangle free graph G, dG(u)+ dG(v) � n for all e = uv 2 E(G).
Thus,

� e(G) =
X

uv2 E (G)

�

dG(u) + dG(v)
��

dG(u) + dG(v) � 2
�

�
X

uv2 E (G)

n(n � 2) = mn(n � 2):

Equality holds if and only if G �= K k;n � k . �

A graph G is said to beve-regular graph if and only if jf de
G(v) j v 2 V(G)gj = 1

and is said to beev-regular graph if and only if jf dv
G(e) j e 2 E(G)gj = 1.

Theorem 2.2. For any graphG with n vertices andm edges

S� (G) �
(M 1(G) � 3� (G))2

n
:(2.4)

Equality holds if and only ifG is a ve-regular graph. Moreover,

� v(G) �
q

S� (G)M 1(G):(2.5)

Equality holds if and only if there exists a real numberc such thatdG(v) = cde
G(v) for

all v 2 V(G) and

� e(G) �

s

S(G)
�

F (G) + 2 M 2(G) � 4M 1(G) + 4 m
�

:(2.6)

Equality holds if and only if there exists a real numberl such thatdG(e) = ldv
G(e) for

all e 2 E(G).

Proof. Let G be a graph with vertex setf v1; v2; : : : ; vng. Nest we will use Cauchy-
Schwarz inequality

 nX

i =1

ai bi

! 2

�

 nX

i =1

a2
i

!  nX

i =1

b2
i

!

:(2.7)

To prove (2.4), we put in (2.7),ai = de
G(vi ) and bi = 1: Then by (1.1)

(M 1(G) � 3� (G))2 = Tv(G)2 =

 nX

i =1

de
G(vi )

! 2

�

 nX

i =1

de
G(vi )2

!  nX

i =1

1

!

= S� (G)n:
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Therefore,S� (G) � (M 1 (G)� 3� (G)) 2

n and equality holds in Cauchy-Schwartz inequality if
and only if (a1; a2; : : : ; an ) = c(b1; b2; : : : ; bn ), wherec is a real number. Hence equality
holds in (2.4) if and only if G is a ve-regular graph.

To prove (2.5), we put in (2.7),ai = de
G(vi ) and bi = dG(vi ): Then we obtain

� v(G)2 =

 nX

i =1

de
G(vi )dG(vi )

! 2

�

 nX

i =1

de
G(vi )2

!  nX

i =1

dG(vi )2

!

= S� (G)M 1(G):

Therefore,� v(G) �
q

S� (G)M 1(G) and equality holds in Cauchy-Schwartz inequality
if and only if (a1; a2; : : : ; an) = c(b1; b2; : : : ; bn), where c is a real number. Hence
equality holds in Equation (2.5) if and only if there exists real numberc such that
dG(v) = cde

G(v) for all v 2 V(G).
To prove (2.6), again by Cauchy-Schwartz inequality,

� 2
e(G) =

0

@
X

e= uv2 E (G)

dv
G(e)dG(e)

1

A

2

�

0

@
X

e= uv2 E (G)

dv
G(e)2

1

A

0

@
X

e= uv2 E (G)

dG(e)2

1

A

= S(G)
X

e= uv2 E (G)

�

dG(u) + dG(v) � 2
� 2

= S(G)
�

F (G) + 2 M 2(G) � 4M 1(G) + 4 m
�

:

Thus � e(G) �

s

S(G)
�

F (G) + 2 M 2(G) � 4M 1(G) + 4 m
�

and equality holds in(2.6)

if and only if there exists real numberl such that dG(e) = ldv
G(e) for all e 2 E(G). �

If G is a triangle freer -regular graph, then for allv 2 V(G), de
G(v) =

P
uv2 E (G) r =

r 2 and for all e 2 E(G), dv
G(e = uv) = dG(u) + dG(v) = 2 dG(v). If G is a complete

graph then de
G(v) = n(n � 1)=2, v 2 V(G) and dv

G(e = uv) = n for all e 2 E(G).
Therefore, the Equalities(2.4), (2.5) and (2.6) hold for triangle free regular graphs
and also complete graphs.

Theorem 2.3. Let G be anr -regular graph. Then

� v(G) = r
h
M 1(G) � 3� (G)

i
and � e(G) = 2( r � 1)

h
M 1(G) � 3� (G)

i
:

Proof. Let G be anr -regular graph. Then (1.1) gives

� v(G) =
X

v2 V (G)

de
G(v)dG(v) =

X

v2 V (G)

de
G(v)r

= r
X

v2 V (G)

de
G(v) = r

h
M 1(G) � 3� (G)

i
;

� e(G) =
X

e2 E (G)

dv
G(e)dG(e) =

X

e2 E (G)

dv
G(e)2(r � 1)

= 2( r � 1)
X

e2 E (G)

dv
G(e) = 2( r � 1)

h
M 1(G) � 3� (G)

i
;
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as desired. �

Theorem 2.4. Let G be graph.
(a) If G is a ve-regular graph withde

G(v) = c for all v 2 V(G); then � v(G) = 2 cm:
(b) If G is an ev-regular graph withdv

G(e) = k for all e 2 E(G); then � e(G) =
k[M 1(G) � 2m]:

Proof. Let G be ve-regular graph with de
G(v) = c for all v 2 V(G): Then

� v(G) =
X

v2 V (G)

de
G(v)dG(v) = c

X

v2 V (G)

dG(v) = 2 cm:

Now, let G be ev-regular graph, with dv
G(e) = k, for all e 2 E(G): Then

� e(G) =
X

e2 E (G)

dv
G(e)dG(e) = k

X

e= uv2 E (G)

[dG(u) + dG(v) � 2] = k[M 1(G) � 2m]:

This completes our argument. �

Lemma 2.1. Let G be a connected graph with given verticesu and v such that
uv =2 E(G). If G0 = G + uv, then Tv(G) = Te(G) � Tv(G0) = Te(G0) � 2.

Proof. Let x = M 1(G0) � 3� (G0) and y = M 1(G) � 3� (G). By de�nition,

x � y =( dG(u) + 1) 2 + ( dG(v) + 1) 2 � 3
�
� (G) + jN (u; G) \ N (v; G)j

�

�
h
dG(u)2 + dG(v)2 � 3� (G)

i

=2dG(u) + 2 dG(v) + 2 � 3jN (u; G) \ N (v; G)j

� 4jN (u; G) \ N (v; G)j + 2 � 3jN (u; G) \ N (v; G)j � 2:

The proof follows from (1.1). �

Let G be a graph. The pathPk := v0v2 : : : vk is called a pendant path inG if
f v0; v1; : : : ; vkg � V(G), dG(v0) � 3, dG(vk) = 1, f vi vi +1 j 0 � i � k � 1g � E(G),
and dG(v1) = � � � = dG(vk� 1) = 2, when k � 2.

Lemma 2.2. Let G be a graph with two pendant pathsPk := v0v2 : : : vk and Ql :=
u0u2 : : : ul . If G0 = G � v0v1 + ulv1, then Tv(G0) = Te(G0) < T v(G) = Te(G) � 2.

Proof. Let x = M 1(G0) � 3� (G0) and y = M 1(G) � 3� (G). By de�nition,

y � x = dG(v0)2 + 1 �
�

(dG(v0) � 1)2 + 4
�

= 2dG(v0) � 4 � 2;

and (1.1) gives the result. �

Lemmas 2.1 and 2.2 give the following result.

Corollary 2.1. Let G be a connected graph withn vertices. Then

4n � 6 � Tv(G) = Te(G) �
1
2

n2(n � 1):

Equality in left holds if and only ifG �= Pn and equality in right holds if and only if
G �= K n .
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Corollary 2.2. Let G be a connected graph withn vertices. Then

� v(G) �
n2(n � 1)2

2
and � e(G) � n2(n � 1)(n � 2):

Equalities hold if and only ifG �= K n .

Proof. By de�nitions,

� v(G) =
X

v2 V (G)

de
G(v)dG(v) � (n � 1)

X

v2 V (G)

de
G(v) = ( n � 1)Tv(G);

� e(G) =
X

e2 E (G)

dv
G(e)dG(e) � (2n � 4)

X

e2 E (G)

dv
G(e) = (2 n � 4)Te(G):

Now, Corollary 2.1 gives the results. �

For positive integer n � 4, let C3 := v1v2v3v1 and Pn� 3 := u1u2 : : : un� 3 be cycle
and path graph on 3 andn � 3 vertices, respectively. Then the graphCn� 3

3 is obtained
from C3 and Pn� 3 by attaching verticesv1 and u1. By (1.1),

Tv(Cn� 3
3 ) = Te(Cn� 3

3 ) = 4 n � 1:(2.8)

Lemma 2.3. Let G be a graph withn � 4 vertices and minimum degree at least2.
Then Tv(G) = Te(G) � 4n, with equality if and only if G �= Cn .

Proof. If G �= Cn , then Tv(G) = Te(G) = 4 n and lemma holds. Otherwise, by using
Lemmas 2.1, 2.2 and (2.8),Tv(G) = Te(G) � 4n + 1 which gives the lemma. �

Corollary 2.3. Let G be a graph withn � 4 vertices and minimum degree at least2.
Then

� v(G) � 8n and � e(G) � 8n:

Equalities hold if and only ifG �= Cn .

Proof. By de�nitions,

� v(G) =
X

v2 V (G)

de
G(v)dG(v) � 2

X

v2 V (G)

de
G(v) = 2 Tv(G);

� e(G) =
X

e2 E (G)

dv
G(e)dG(e) � 2

X

e2 E (G)

dv
G(e) = 2 Te(G):

Now, Lemma 2.3 gives the results. �

Lemma 2.4 (Diaz-Metcalf inequality). Let the real numbersai 6= 0; bi ; 1 � i � n;
satisfy

l �
bi

ai
� L:

Then
nX

i =1

b2
i + lL

nX

i =1

a2
i � (L + l)

nX

i =1

ai bi :

Equality holds if and only ifbi = lai or bi = La i :
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Theorem 2.5. Let G be a graph withn vertices, m edges, minimum degree� � 1 and
maximum degree� . Then

(i) � v(G) � 1
2�+ � +1 [2S� (G) + ( � + 1)� M 1(G)] and equality holds if and only if

de
G(v) = 1

2(� + 1) dG(v) or de
G(v) = � dG(v) for all v 2 V(G);

(ii) � e(G) � 1
3 [S(G) + 2 F (G) + 4 M 2(G) � 6M 1(G) + 18� (G)] and equality holds

if and only if dv
G(e) = dG(e) + 2 or 2dv

G(e) = dG(e) + 2 for all e 2 E(G).

Proof. SupposeV(G) = f v1; v2; : : : ; vng and E(G) = f e1; e2; : : : ; emg. To prove (i), by
setting ai = dG(vi ) and bi = de

G(vi ) for all i = 1; 2; : : : ; n, L = � and l = 1
2(� + 1) in

Diaz-Metcalf inequality we get
nX

i =1

de
G(vi )2 +

1
2

(� + 1)�
nX

i =1

dG(vi )2 �
� 1

2
(� + 1) + �

� nX

i =1

dG(vi )de
G(vi );

which implies that

S� (G) +
1
2

(� + 1)� M 1(G) �
� 1

2
(� + 1) + �

�

� v(G):

Therefore,

� v(G) �
1

2� + � + 1

�

2S� (G) + ( � + 1)� M 1(G)
�

;

and equality holds if and only if de
G(v) = 1

2(� + 1) dG(v) or de
G(v) = � dG(v) for all

v 2 V(G).
To prove (ii), setting ai = dv

G(ei ) and bi = dG(ei ) + 2 for all i = 1; 2; : : : ; m, L = 2
and l = 1 in Diaz-Metcalf inequality we get

mX

i =1

dv
G(ei )2 + 2

mX

i =1

(dG(ei ) + 2) 2 � 3
mX

i =1

(dG(ei ) + 2) dv
G(ei );

which implies that

S(G) + 2
�

F (G) + 2 M 2(G)
�

� 3� e(G) + 6 Te(G):

Therefore, by (1.1),

� e(G) �
1
3

h
S(G) + 2 F (G) + 4 M 2(G) � 6M 1(G) + 18� (G)

i
;

and equality holds if and only if dv
G(e) = dG(e) + 2 or 2dv

G(e) = dG(e) + 2 for all
e 2 E(G). This completes the proof. �

If G is a triangle freer -regular graph, then for allv 2 V(G), de
G(v) = r 2 and for

all e = uv 2 E(G), dv
G(e) = dG(e) + 2. Therefore, by Theorem 2.5,

� v(G) =
1

3r + 1

h
2S� (G) + ( r + 1) rM 1(G)

i
;

� e(G) =
1
3

h
S(G) + 2 F (G) + 4 M 2(G) � 6M 1(G)

i
:
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Theorem 2.6. Let G be a graph withn vertices andm edges. Then
(i ) � v(G) � 2m

n [M 1(G) � 3� (G)];
(ii ) � e(G) � 1

m [M 1(G) � 2m][M 1(G) � 3� (G)]:
The bounds attain on the cycleCn , n � 3, and the starK 1;n� 1, n � 2.

Proof. SupposeV(G) = f v1; v2; : : : ; vng and E(G) = f e1; e2; : : : ; emg. Chebyshev's
inequality states that, for any non-increasing sequencesa1 � a2 � � � � � an and
b1 � b2 � � � � � bn , we have

n
nX

i =1

ai bi �
nX

i =1

ai

nX

i =1

bi :

Supposeai = dG(vi ) and bi = de
G(vi ), for i = 1; 2; : : : ; n. By (1.1), we obtain

n
nX

i =1

dG(vi )de
G(vi ) �

nX

i =1

dG(vi )
nX

i =1

de
G(vi );

and hence,� v(G) � 2m
n [M 1(G) � 3� (G)]. This proves (i ).

To prove (ii ), we de�ne ai = dG(ei ) and bi = dv
G(ei ), for i = 1; 2; : : : ; m. By (1.1),

we obtain

m
mX

i =1

dG(ei )dv
G(ei ) �

mX

i =1

dG(ei )
mX

i =1

dv
G(ei );

and hence,� e(G) � 1
m [M 1(G) � 2m][M 1(G) � 3� (G)]. �

It is well-known that M 1(G) � 4n � 6, with equality if and only if G �= Pn .
Therefore, Theorem 2.6, Corollary 2.1 andM 1(G) � 4n � 6 give the following results.

Corollary 2.4. Let G be a graph withn vertices andm edges. Then

� v(G) �
2m
n

(4n � 6) and � e(G) �
1
m

[4n � 2m � 6][4n � 6]:

Lemma 2.5 (Ozeki-Izumino-Mori-Seo type inequality). Let a = ( a1; : : : ; an) and
b= ( b1; : : : ; bn ) ben-tuples of real numbers satisfying0 � r1 � ai � R1 and 0 � r2 �
bi � R2, i = 1; : : : ; n. Then

nX

i =1

a2
i

nX

i =1

b2
i �

� nX

i =1

ai bi

� 2

�
n2

3

�

R1R2 � r1r2

� 2

:

Theorem 2.7. Let G be a connected graph withn vertices andm edges. Then

(i) � v(G) �
r

M 1(G)S� (G) � n2

3

�
� 3 � � (� + 1)

� 2
;

(ii) � e(G) �
r �

F (G) + 2 M 2(G) � 4M 1(G) + 4 m
�
S(G) � 16

3 m2
�
�(� � 1) � � (� � 1)

� 2
.

Proof. SupposeV(G) = f v1; v2; : : : ; vng and E(G) = f e1; e2; : : : ; emg . To prove (i),
we put a =

�
dG(v1); dG(v2); : : : ; dG(vn)

�
, b =

�
de

G(v1); de
G(v2); : : : ; de

G(vn)
�
, r1 = � ,

R1 = �, r2 = � + 1 and R2 = � 2. By Ozeki-Izumino-Mori-Seo type inequality we get

M 1(G)S� (G) � � v(G)2 �
n2

3

�

� 3 � � (� + 1)
� 2

;
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which implies that

� v(G) �

s

M 1(G)S� (G) �
n2

3

�

� 3 � � (� + 1)
� 2

:

To prove (ii), we seta =
�
dG(e1); dG(e2); : : : ; dG(em )

�
, b=

�
dv

G(e1); dv
G(e2); : : : ; dv

G(em )
�
,

r1 = 2( � � 1), R1 = 2(� � 1), r2 = 2� and R2 = 2�. Again by Ozeki-Izumino-Mori-Seo
type inequality we get
�

F (G) + 2 M 2(G) � 4M 1(G) + 4 m
�

S(G) � � e(G)2 �
m2

3

�

4�(� � 1) � 4� (� � 1)
� 2

;

which implies that

� e(G) �

s �

F (G) + 2 M 2(G) � 4M 1(G) + 4 m
�

S(G) �
16
3

m2
�

�(� � 1) � � (� � 1)
� 2

:

This completes our argument. �

Corollary 2.5. Let G be a connected graph withn vertices andm edges. Then

� v(G) �
1
3

s
9(4n � 6)3

n
� 3n2

�

n3 � 3n2 + 3n � 3
� 2

:

Proof. By (1.1), (2.4) and Corollary 2.1,S� � (4n� 6)2

n . Therefore, byM 1(G) � 4n � 6
and Theorem 2.7,

� v(G) �
1
3

s
9(4n � 6)3

n
� 3n2

�

n3 � 3n2 + 3n � 3
� 2

;

as desired. �

3. Examples

Let G be a simple graph. The notationmi;j , 1 � i � j � n � 1, denote the number
of edges ofG connecting a vertex of degreei with a vertex of degreej .

It is preferred to show titania nanotubes asT iO2[m; n], where m and n denote
the number of octagons in a row and in a column, respectively. See Figure 1 for
details. TheTNT3[m; n] is the two-parametric chemical graph of three-layered titania
nanotubes, wherem and n represent the number of titanium atoms in each row and
column, respectively, Figure 2. Finally,TNT6[m; n] is the two-parametric chemical
graph of a six-layered single-walled titania nanotube, wherem and n represent the
number of titanium atoms in each column and row, respectively, Figure 3.

The following proposition is a result of Table 1 and Proposition 2.2 in which theve-
degree andev-degree connectivity indices ofT iO2[m; n], TNT3[m; n] and TNT6[m; n]
are given.

Proposition 3.1. The following hold:

� v

�
T iO2[m; n]

�
= 4m(65n + 31); � e

�
T iO2[m; n]

�
= 4m(107n + 47);
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Table 1. End point degree edges distributions ofT iO2[m; n],
TNT3[m; n] and TNT6[m; n]

symbol m2;2 m2;3 m2;4 m2;5 m2;6 m3;4 m3;5 m3;6

T iO2[m; n] 0 0 6m 4mn + 2m 0 2m 6mn � 2m 0
TNT3[m; n] 0 0 4m 0 4m 4m 0 2m(6n � 5)
TNT6[m; n] 2m 2m 6m 8mn 0 2m 2m(6n � 5) 0

� v

�
TNT3[m; n]

�
= 8m(54n � 13); � e

�
TNT3[m; n]

�
= 2m(378n � 101);

� v

�
TNT6[m; n]

�
= 4m(130n � 29); � e

�
TNT6[m; n]

�
= 4m(214n � 55):

1
2

3 m � 1
m

2

n

Figure 1. The molecular graph of titania nanotubes.

4. Concluding Remarks

In this paper, two graph invariants of the vertex-edge connectivity index and the
edge-vertex connectivity index of a graphG were introduced. The main properties

1

2

n

2 3 4 m

Figure 2. The graph of 3-layered titania nanotube.
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1 2 m

2

n

1

3

4

Figure 3. The graph of six-layered single walled titania nanotubes.

of these invariants were studied and we established some upper and lower bounds for
them. These numbers for titania nanotubes are also computed.
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ON THE ZAGREB INDEX OF TOURNAMENTS

TARIQ AHMAD NAIKOO 1, BILAL AHMAD RATHER 2, UMA TUL SAMEE 3,
AND SHARIEFUDDIN PIRZADA 2

Abstract. A tournament is an orientation of a complete simple graph. The score
of a vertex in a tournament is the out degree of the vertex. The Zagreb index of
a tournament is de�ned as the sum of the squares of the scores of its vertices. In
this paper, we obtain various lower and upper bounds for the Zagreb index of a
tournament.

1. Introduction

A tournament is an orientation of a complete simple graph. LetT be a tournament
with order n and having vertex setf v1; v2; : : : ; vng. The score of a vertexvi , 1 �
i � n, denoted bysvi (or simply by si ), is de�ned as the out degree ofvi . Clearly,
0 � si � n � 1 for all i , 1 � i � n. The sequence [s1; s2; : : : ; sn ] in non-decreasing
order is called the score sequence of the tournamentT. A regular tournament on n
(odd) vertices is a tournament in which score of every vertex isn� 1

2 . Many of the
important properties of tournaments were �rst investigated by Landau [5] (1953) in
order to model dominance relations in �ocks of chickens. Current applications of
tournaments include the study of voting theory and social choice theory among other
things. Other unde�ned notations and terminology can be seen in [8].

The following result [5], also called Landau's theorem, gives a necessary and su�-
cient conditions for a sequence of non-negative integers to be the score sequence of
some tournament.

Theorem 1.1 (Landau [5]). A sequence[s1; s2; : : : ; sn ] of non-negative integers in
non-decreasing order is a score sequence of some tournament if and only if

Key words and phrases.Tournament, score, score sequence, Zagreb index, Landau's theorem.
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(1.1)
kX

i =1

si �
k(k � 1)

2
; for 1 � k � n;

with equality whenk = n.

Several results for the scores in a tournament can be seen in [3, 6, 7, 9, 13]. Also,
stronger inequalities for scores in tournaments can be found in [2]. Further the
extension of scores to oriented graphs and digraphs can be seen in [10�12].

For any two distinct verticesu and v of a tournamentT, we have one of the following
possibilities:

(i) there is an arc directed fromu to v which is denoted byu(1 � 0)v;
(ii) there is an arc directed fromv to u which is denoted byu(0 � 1)v.
One of the oldest graph invariants is the well-known Zagreb index �rst introduced

by Gutman and Trinajsti¢ [4], where they examined the dependence of total� -electron
energy on molecular structure. Some recent work can be seen in [1]. The (�rst) Zagreb
index M 1(G) of a graph G is de�ned as the sum of the squares of the degrees of the
vertices ofG and the second Zagreb indexM 2(G) is equal to the sum of the products
of the degrees of pairs of adjacent vertices. These two topological indices (M 1 and M 2)
re�ect the extent of branching of the molecular carbon-atom skeleton. Determining
the extremal values or bounds of these two topological indices of graphs, as well as
characterizing the corresponding extremal graphs, has attracted the attention of many
researchers. Analogous to this, we de�ne the Zagreb indexM (T) of a tournament T
as the sum of the scores of the vertices ofT. That is, M (T) =

P n
i =1 s2

i .
The rest of the paper is organized as follows. In Section 2, we obtain the lower

bounds for the Zagreb indexM (T) of a tournament T. In Section 3, we compute the
upper bounds forM (T).

2. Lower Bounds for the Zagreb Index M (T)

The following result gives the best general lower bound forM (T).

Theorem 2.1. If [s1; s2; : : : ; sn ] is the score sequence of a tournamentT, then

(2.1) M (T) =
nX

i =1

si
2 �

n
2

�

2m(n � m � 2) + n � 1
�

; wherem =
� n � 1

2

�

;

with equality if and only if si � sj � 1 for all i; j , 1 � i; j � n, whereb�c denotes the
�oor function.

Proof. Let vi and vj be two vertices of the tournamentT with their respective scores
as si and sj such that si � sj . Also, assume thatM (T) =

P n
r =1 sr

2 is minimum.
We claim that si � sj � 1 for all i; j , 1 � i; j � n. To prove the claim, we assume

to the contrary that si � sj > 1 for somei; j , 1 � i; j � n. Then there exists a vertex
vk with scoresk such that vi (1 � 0)vk and vk(1 � 0)vj . Now, reversing the orientation
of these arcs tovi (0 � 1)vk and vk(0 � 1)vj respectively, we get a new tournamentT1
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with the score sequence [t1; t2; : : : ; tn ], wheret i = si � 1, t j = sj + 1, t r = sr for all r ,
1 � r � n with r 6= i; j .

Thus,

nX

r =1

t r
2 =

j � 1X

r =1

t r
2 + t2

j +
i � 1X

r = j +1

t r
2 + t2

i +
nX

r = i +1

t r
2

=
j � 1X

r =1

sr
2 + ( sj + 1) 2 +

i � 1X

r = j +1

sr
2 + ( si � 1)2 +

nX

r = i +1

sr
2

=
nX

r =1

sr
2 � 2(si � sj � 1):

As si � sj > 1, so we obtain
nX

r =1

t r
2 <

nX

r =1

sr
2;

which is a contradiction, sinceM (T) =
P n

r =1 sr
2 is minimum. Hence,si � sj � 1 for

all i; j , 1 � i; j � n. This means that some of the vertices ofT have scorem and the
remaining vertices (if any) have scorem + 1. If x vertices ofT have scorem and y
vertices have scorem + 1, then

x + y = n(2.2)

and by (1.1), we have

mx + ( m + 1) y =
n(n � 1)

2
:(2.3)

Solving (2.2) and (2.3), we getx = n
2 (2m � n + 3) and y = n

2 (n � 2m � 1). Therefore,

min M (T) = min
nX

i =1

si
2 = min f s2

1 + s2
2 + � � � + s2

ng

= m2 + m2 + � � � + m2
| {z }

n
2 (2m� n+3) � times

+ ( m + 1) 2 + ( m + 1) 2 + � � � + ( m + 1) 2

| {z }
n
2 (n� 2m� 1)� times

=
n
2

(2m � n + 3) m2 +
n
2

(n � 2m � 1)(m + 1) 2

=
n
2

f 2m(n � m � 2) + n � 1g:

That is,

M (T) =
nX

i =1

si
2 �

n
2

f 2m(n � m � 2) + n � 1g:

Now, assume that equality holds in(2.1). SinceM (T) is minimal, so some of the
vertices ofT have scorem and the remaining vertices (if any) have scorem + 1, where
m = bn� 1

2 c. Therefore,si � sj � 1 for all i; j , 1 � i; j � n.
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Conversely, assume thatsi � sj � 1 for all i; j , 1 � i; j � n. Then as above, we
have

M (T) =
nX

i =1

si
2 = s2

1 + s2
2 + � � � + s2

n

= m2 + m2 + � � � + m2
| {z }

n
2 (2m� n+3) � times

+ ( m + 1) 2 + ( m + 1) 2 + � � � + ( m + 1) 2

| {z }
n
2 (n� 2m� 1)� times

=
n
2

(2m � n + 3) m2 +
n
2

(n � 2m � 1)(m + 1) 2

=
n
2

f 2m(n � m � 2) + n � 1g:

Therefore equality holds in (2.1). �

Theorem 2.2. Let [s1; s2; : : : ; sn ] be the score sequence of a tournamentT and m =
bn� 2

2 c and x = n� 1
2 (n � 2m � 2). Then the following hold.

(i) For sn > x , we have

M (T) =
nX

i =1

si
2 �

n � 1
2

f (2m + 1)( n � m) � mg + s2
n � x(2m + 1) :

(ii) For sn � x, we have

M (T) =
nX

i =1

si
2 �

n � 1
2

f (2m + 1)( n � m) � mg + s2
n + 2x � sn (2m + 3) :

Proof. Let vn be the vertex of the tournamentT with score sn . Deleting the vertex
vn , we obtain a new tournamentT1 = T � f vng with score sequence [t1; t2; : : : ; tn� 1].
By Theorem 2.1, the minimum value ofM (T) is attained in terms of n if and only if
si � sj � 1 for all i; j , 1 � i; j � n. Using this result, we conclude that the value of
P n� 1

i =1 t i
2 (in terms of the number of vertices) will be minimum if the value ofM (T)

(in terms of n and sn ) is minimum. So, we have to �nd the minimum value ofM (T)
in terms of n and sn . For this, �rst we �nd the minimum value of

P n� 1
i =1 t i

2 in terms
of the number of vertices.

As the tournament T1 hasn � 1 vertices, therefore, by using Theorem 2.1, we have

n� 1X

i =1

t i
2 �

n � 1
2

f 2m(n � 1 � m � 2) + ( n � 1) � 1g

=
n � 1

2
f 2m(n � m � 3) + ( n � 2)g;

wherem = b(n� 1)� 1
2 c = bn� 2

2 c and t i � t j � 1 for all i; j , 1 � i; j � n � 1.
If x vertices ofT1 have scorem + 1 and y vertices have scorem, then we have

x + y = n � 1:(2.4)
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Also, by (1.1), we have

(m + 1) x + my =
(n � 1)(n � 2)

2
:(2.5)

Solving (2.4) and (2.5) for x, we have x = n� 1
2 (n � 2m � 2). So, T1 has x =

n� 1
2 (n � 2m � 2) vertices of scorem + 1 and n � 1 � x vertices of scorem.
Now, we add the vertexvn of scoresn and join it to the other vertices of the

tournament T1 by arcs, such thatM (T) =
P n

i =1 si
2 is minimum. This can be done

as follows. Letvn (1 � 0)u to as many verticesu of scorem + 1 as possible and then
vn (1 � 0)v to the remaining verticesv of scorem till the score sn is exhausted. Note
that other arcs are directed towardsvn in order to complete the tournament. Now,
we consider the following two cases.

Case (i). When sn > x , then

min M (T) = min
nX

i =1

si
2 = min

n� 1X

i =1

t i
2 + s2

n + ( n � 1 � x)(2m + 1) ;

that is,

M (T) �
n � 1

2
f 2m(n � m � 3) + n � 2g + s2

n + ( n � 1)(2m + 1) � x(2m + 1)

=
n � 1

2
f (2m + 1)( n � m) � mg + s2

n � x(2m + 1) ;

wherem = bn� 2
2 c and x = n� 1

2 (n � 2m � 2).
Case (ii) . When sn � x, then

min M (T) = min
nX

i =1

si
2

= min
n� 1X

i =1

t i
2 + s2

n + ( n � 1 � x)(2m + 1) + ( x � sn )f 2(m + 1) + 1 g;

that is,

M (T) �
n � 1

2
f 2m(n � m � 3) + n � 2g + s2

n + ( n � 1)(2m + 1) � x(2m + 1)

+ ( x � sn )(2m + 3)

=
n � 1

2
f (2m + 1)( n � m) � mg + s2

n + 2x � sn (2m + 3) ;

wherem = bn� 2
2 c and x = n� 1

2 (n � 2m � 2). �

Remark 2.1. The lower bounds given by Theorems 2.1 and 2.2 are best possible,
since these bounds hold for every score sequence [s1; s2; : : : ; sn ] of a tournament. In
particular, these hold for a regular tournament onn (odd) vertices having score
sequence

h
n� 1

2 ; n� 1
2 ; : : : ; n� 1

2

i
. Clearly

P n
i =1 s2

i is minimum and so the equality in
Theorems 2.1 and 2.2 hold for regular tournaments.
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Theorem 2.3. If [s1; s2; : : : ; sn ] is the score sequence of a tournamentT, then

M (T) =
nX

i =1

si
2 � s2

1 + s2
n +

1
n � 2

(
n(n � 1)

2
� s1 � s2

) 2

;

with equality if and only if s2 = s3 = � � � = sn� 1.

Proof. Considers2; s3; : : : ; sn� 1 as the weights assigned to the scoress2; s3; : : : ; sn� 1,
respectively. Since the arithmetic mean is greater than or equal to the harmonic mean,
therefore

n� 1P

i =2
si si

n� 1P

i =2
si

�

n� 1P

i =2
si

n� 1P

i =2

si

si

;

with equality if and only if s2 = s3 = � � � = sn� 1. That is,

n� 1X

i =2

si
2 �

1
n � 2

 n� 1X

i =2

si

! 2

;

with equality if and only if s2 = s3 = � � � = sn� 1. After simpli�cation, it is easy to see
that

nX

i =1

si
2 � s2

1 � s2
n �

1
n � 2

 nX

i =1

si � s1 � sn

! 2

:

By using (1.1), we have

M (T) =
nX

i =1

si
2 � s2

1 + s2
n +

1
n � 2

(
n(n � 1)

2
� s1 � sn

) 2

;

equality holds if and only if s2 = s3 = � � � = sn� 1. �

Theorem 2.4. If [s1; s2; : : : ; sn ] is the score sequence of a tournamentT, then

M (T) =
nX

i =1

si
2 �

n
4

(n � 1)2;

with equality if and only if s1 = s2 = � � � = sn .

Proof. Applying the Cauchy-Schwartz inequality, we have

nX

i =1

si =
nX

i =1

si � 1 �
� nX

i =1

si
2
� 1

2 � nX

i =1

12
� 1

2

;

with equality if and only if s1 = s2 = � � � = sn . This is equivalent to

nX

i =1

si �
� nX

i =1

si
2
� 1

2

n
1
2 ;
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which after simpli�cation gives
� nX

i =1

si
2
� 1

2

�
1

n
1
2

nX

i =1

si ;

with equality if and only if s1 = s2 = � � � = sn . Now, by using (1.1), we have
nX

i =1

si
2 �

1
n

� n(n � 1)
2

� 2

=
n
4

(n � 1)2;

where equality occurs if and only ifs1 = s2 = � � � = sn . Thus,

M (T) �
n
4

(n � 1)2;

with equality if and only if s1 = s2 = � � � = sn . �

3. Upper Bounds for the Zagreb Index M (T)

In this section, we obtain the upper bounds for the Zagreb indexM (T). In a
tournament, we denote withN +

i the out-neighbor set of the vertexvi .

Theorem 3.1. Let [s1; s2; : : : ; sn ] be the score sequence of a tournament andM (T) =
nP

i =1
si

2 be maximum. Then

(a) N +
i � f vj g = N +

j � f vi g if and only if si = sj ;
(b) N +

i � f vj g ) N +
j � f vi g if and only if si > s j , and

(c) si < s j if vi 2 N +
k and vj 2 (N +

k )c � f vkg, wheresi and sj are the scores of
the two verticesvi and vj respectively.

Proof. (a) Let si = sj . Assume to the contrary that N +
i � f vj g 6= N +

j � f vi g. Since
si = sj , therefore there exist at least two vertexvp and vq with their respective scores
sp and sq such that vi (1 � 0)vp, vp(1 � 0)vj , vj (1 � 0)vq and vq(1 � 0)vi . Now, we
consider two cases.

Case (i). When sp � sq. By changing the arcsvi (1 � 0)vp and vq(1 � 0)vi to
vi (0 � 1)vp and vq(0 � 1)vi respectively, we get a new score sequence [t1; t2; : : : ; tn ],
wheretp = sp + 1, tq = sq � 1 and t r = sr for all r , 1 � r � n with r 6= p; q. Therefore,

nX

i =1

t i
2 =

nX

i =1
i 6= p;q

t i
2 + t2

p + t2
q =

nX

i =1
i 6= p;q

si
2 + ( sp + 1) 2 + ( sq � 1)2

=
nX

i =1

si
2 + 2( sp � sq + 1) >

nX

i =1

si
2;

sincesp � sq, which is a contradiction, sinceM (T) =
P n

i =1 si
2 was assumed to be

maximum.
Case (ii). When sp < s q. By changing the arcsvp(1 � 0)vj and vj (1 � 0)vq to

vp(0 � 1)vj and vj (0 � 1)vq, respectively and proceeding as in case (i), we arrive at a
contradiction. Hence,N +

i � f vj g = N +
j � f vi g.



248 T. A. NAIKOO, B. A. RATHER, U. SAMEE, AND S. PIRZADA

Conversely, ifN +
i � f vj g = N +

j � f vi g, then si = sj .
(b) Let si > s j . Assume to the contrary that N +

i � f vj g ) N +
j � f vi g is not true.

Then there exists a vertexvp 2 N +
j � f vi g, but vp =2 N +

i � f vj g. This means that
vj (1 � 0)vp and vp(1 � 0)vi , and by changing these arcs tovj (0 � 1)vp and vp(0 � 1)vi

respectively, we get a new score sequence [t1; t2; : : : ; tn ], wheret i = si + 1; t j = sj � 1
and t r = sr for all r , 1 � r � n with r 6= i; j . Then

nX

r =1

t r
2 =

nX

r =1
r 6= i;j

t r
2 + t2

i + t2
j =

nX

r =1
r 6= i;j

sr
2 + ( si + 1) 2 + ( sj � 1)2

=
nX

r =1

sr
2 + 2( si � sj + 1) >

nX

r =1

sr
2;

since si > s j , which is a contradiction, sinceM (T) was assumed to be maximum.
Hence,N +

i � f vj g ) N +
j � f vi g.

Conversely, ifN +
i � f vj g ) N +

j � f vi g, then si > s j .
(c) Assume to the contrary that si � sj . Then, by using parts (a) and (b) , we

have N +
i � f vj g � N +

j � f vi g: Sincevi 2 N +
k and vj 2 (N +

k )c � f vkg, so vk(1 � 0)vi

and vj (1 � 0)vk . Therefore,

f vkg � N +
j � f vi g � N +

i � f vj g;

that is, vk 2 N +
i � f vj g: Thus, we obtainvi (1 � 0)vk , which is a contradiction. Hence,

the result follows. �

Lemma 3.1. Let [s1; s2; : : : ; sn ] be the score sequence of a tournament and letmi be
the average of the scores of the verticesvj such thatvi (1 � 0)vj . Then

M (T) =
nX

i =1

si
2 =

n(n � 1)2

2
�

nX

i =1

si mi :

Proof. Since

si mi = si
1
si

nX

j =1

f sj : vi (1 � 0)vj g =
nX

j =1

f sj : vi (1 � 0)vj g;

therefore, by using (1.1), we have

nX

i =1

si mi =
nX

i =1

nX

j =1

f sj : vi (1 � 0)vj g =
nX

j =1

nX

i =1

f sj : vi (1 � 0)vj g

=
nX

j =1

sj (n � 1 � sj ) = ( n � 1)
nX

j =1

sj �
nX

j =1

s2
j

= ( n � 1)
n(n � 1)

2
�

nX

j =1

s2
j :
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Hence,

M (T) =
nX

i =1

s2
i =

n(n � 1)2

2
�

nX

i =1

si mi :

�

Theorem 3.2. If [s1; s2; : : : ; sn ] is the score sequence of a tournamentT, then

M (T) =
nX

i =1

si
2 �

n(n � 1)
2

sn ;(3.1)

with equality if and only if the tournament is regular.

Proof. Let mi be the average of the scores of the verticesvj such that vi (1 � 0)vj .
Then, by using (1.1), we have

si mi = si
1
si

nX

j =1

f sj : vi (1 � 0)vj g �
nX

j =1

sj � si � (n � 1 � si )sn

=
n(n � 1)

2
� si � (n � 1 � si )sn ;(3.2)

with equality if and only if si = n� 1
2 for all i , 1 � i � n.

Now, by Lemma 3.1, (3.2) and (1.1), we have
nX

i =1

s2
i =

n(n � 1)2

2
�

nX

i =1

si mi �
n(n � 1)2

2
�

nX

i =1

 
n(n � 1)

2
� si � (n � 1 � si )sn

!

=
n(n � 1)2

2
�

n2(n � 1)
2

+
nX

i =1

si + n(n � 1)sn � sn

nX

i =1

si

=
n(n � 1)2

2
�

n2(n � 1)
2

+
n(n � 1)

2
+ n(n � 1)sn � sn

n(n � 1)
2

=
n(n � 1)

2
sn :

Therefore,

M (T) �
n(n � 1)

2
sn :

Now suppose that equality holds in (3.1). Then,si = n� 1
2 for all i , 1 � i � n, that

is, the tournament is regular.
Conversely, suppose that the tournament is regular. Then, it can be easily checked

that equality holds in (3.1). �

Theorem 3.3. Let [s1; s2; : : : ; sn ] be the score sequence of a tournament with vertex
set V and let mi be the average of the scores of the verticesvj such thatvi (1 � 0)vj .
Then

M (T) =
nX

j =1

s2
j �

n(n � 1)
4

�

n � 1 + maxf sj � mj : vj 2 Vg
�

;(3.3)
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with equality if and only if maxf sj � mj : vj 2 Vg = n � 1 � 2mi , where1 � i; j � n,
with i 6= j:

Proof. Applying Lemma 3.1, we have

2
nX

j =1

s2
j =

nX

j =1

s2
j +

nX

j =1

s2
j =

nX

j =1

s2
j +

n(n � 1)2

2
�

nX

j =1

sj mj

=
n(n � 1)2

2
+

nX

j =1

sj (sj � mj ) �
n(n � 1)2

2
+ max f sj � mj : vj 2 Vg

nX

j =1

sj

=
n(n � 1)

2

�

n � 1 + maxf sj � mj : vj 2 Vg
�

:

Therefore,
nX

j =1

s2
j �

n(n � 1)
4

�

n � 1 + maxf sj � mj : vj 2 Vg
�

Equality holds in (3.3) if and only if

(3.4)
nX

j =1

s2
j =

n(n � 1)2

4
+

n(n � 1)
4

p;

wherep = max f sj � mj : vj 2 Vg. By Lemma 3.1, (3.4) is equivalent to

n(n � 1)2

2
�

nX

j =1

sj mj =
n(n � 1)2

4
+

n(n � 1)
4

p;

which after simpli�cation gives

n(n � 1)
2

� p � n + 1
2

�

+
nX

j =1

sj mj = 0:

By (1.1), this implies that
nX

j =1

sj

� p � n + 1
2

�

+
nX

j =1

sj mj = 0;

that is,
nX

j =1

sj

� p � n + 1
2

+ mj

�

= 0:

Finally, after simpli�cation, we have

(3.5)
nX

j =1

sj (p � n + 1 + 2 mj ) = 0 :

Now, assume that equality holds in (3.3). Then (3.5) holds. Since each term in
this summation is non-negative and sum is equal to zero, therefore for eachvi either
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si = 0 or maxf sj � mj : vj 2 Vg = p = n � 1 � 2mi . But si = 0 is not possible for
eachvi in any tournament (except the tournament with only one vertex), therefore

maxf sj � mj : vj 2 Vg = n � 1 � 2mi :

Conversely, assume thatmaxf sj � mj : vj 2 Vg = n � 1 � 2mi : Then, by Lemma
3.1, we have

n(n � 1)
4

�

n � 1 + maxf sj � mj : vj 2 Vg
�

=
n(n � 1)2

4
+

n(n � 1)
4

(n � 1 � 2mi )

=
n(n � 1)2

4
+

n(n � 1)2

4
�

n(n � 1)
2

mi

=
n(n � 1)2

2
�

nX

i =1

si mi =
nX

i =1

s2
i :

Therefore, equality holds in (3.3). �

Theorem 3.4. If [s1; s2; : : : ; sn ] is the score sequence of a tournamentT, then

M (T) =
nX

i =1

s2
i �

n(n � 1)
2

(s1 + sn ) � ns1sn ;(3.6)

with equality if and only if the tournament has only two types of scoress1 and sn .

Proof. By using (1.1), we have

M (T) =
nX

i =1

s2
i =

nX

i =1

(s2
i � si s1 + si s1) =

nX

i =1

f si (si � s1) + si s1g

�
nX

i =1

f sn (si � s1) + si s1g =
nX

i =1

(snsi � sns1 + si s1)

=
nX

i =1

(sn + s1)si �
nX

i =1

sns1 =
n(n � 1)

2
(s1 + sn ) � ns1sn :

Equality holds if and only if
nX

i =1

f si (si � s1)g =
nX

i =1

f sn (si � s1)g

or
nX

i =1

f sn (si � 1) � si (si � 1)g = 0

or
nX

i =1

f (sn � si )(si � s1)g = 0:(3.7)

Now, assume that equality holds in (3.6). Then equality holds in (3.7). Since each
term in this summation is non-negative and sum is equal to zero, therefore either
si = s1 or si = sn for i = 1; 2; : : : ; n. So the tournament has only two types of scores
s1 and sn .
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Conversely, suppose that the tournament has only two types of scoress1 and sn .

Then
nP

i =1
f (sn � si )(si � s1)g = 0. Hence, the equality holds. �
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ON BOUNDS FOR NORMS OF SINE AND COSINE ALONG A
CIRCLE ON THE COMPLEX PLANE
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Dedicated to Dr. Prof. Aliakbar Montazer Haghighi at Prairie View A&M University in USA

Abstract. In the paper, the author presents lower and upper bounds for norms
of the sine and cosine functions along a circle on the complex plane.

1. Motivations

This paper is a companion of the formally published article [6].
In the theory of complex functions, the sine and cosine functionssinz and cosz on

the complex planeC are de�ned by

sinz =
eiz � e� iz

2i
and cosz =

eiz + e� iz

2
;

respectively, wherez = x + iy , x; y 2 R and i =
p

� 1 is the imaginary unit. They
have the least positive periodicity 2� , that is,

sin(z + 2k� ) = sin z and cos(z + 2k� ) = cos z;

for k 2 Z.
When restricting z = x 2 R, the sine and cosine functionssinz and cosz become

sinx and cosx and satisfy

0 � j sinxj � 1 and 0� j cosxj � 1:
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When restricting z = iy for y 2 R, the sine and cosine functionssinz and cosz reduce
to

sin(iy ) =
e� y � ey

2i
= i sinhy ! � i1

and

cos(iy ) =
e� y + ey

2
= coshy ! + 1 ;

as y ! �1 . These imply that the sine and cosine are bounded on the realx-axis,
but unbounded on the imaginaryy-axis.

In the textbook [9, page 93], Exercise 6 states that, ifz 2 C and jzj � R, then

j sinzj � coshR and j coszj � coshR:

In [7], a criterion to justify a holomorphic function was discussed.
In [6], the author discussed and computed bounds of the sine and cosine functions

sinz and cosz along straight lines on the complex planeC. The main results in the
paper [6] can be recited as follows.

(a) The complex functionssinz and cosz are bounded along straight lines parallel
to the real x-axis on the complex planeC:
(i) along the horizontal straight line y = � on the complex planeC

(1.1) j sinh� j � j sin(x + i� )j � cosh�

and

(1.2) j sinh� j � j cos(x + i� )j � cosh�;

where� 2 R is a constant andx 2 R;
(ii) the equalities in the left hand side of(1.1) and in the right hand side

of (1.2) hold if and only if x = k� for k 2 Z;
(iii) the equalities in the right hand side of(1.1) and in the left hand side

of (1.2) hold if and only if x = k� + �
2 for k 2 Z.

(b) The complex functionssinz and cosz are unbounded along straight lines whose
slopes are not horizontal:
(i) along the sloped straight liney = � + �x on the complex planeC

j sinzj � j sinh(� + �x )j and j coszj � j sinh(� + �x )j;

where� 2 R and � 6= 0 are constants;
(ii) along the vertical straight line x = 
 on the complex planeC

j sinzj � j sinhyj and j coszj � j sinhyj;

where
 2 R is a constant.

In this paper, we present bounds for normsj sin(rei� )j and j cos(rei� )j of the sine
and cosine functionssinz and cosz along a circleC(0; r ) centered at the originz = 0
of radius r > 0 on the complex planeC in terms of two double inequalities.
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2. A Double Inequality for the Norm of Sine Along a Circle

In this section, we present a double inequality for the normj sin(rei� )j of the sine
function sinz along a circleC(0; r ) centered at the originz = 0 of radius r > 0 on
the complex planeC.

Theorem 2.1. Let r > 0 be a constant and letC(0; r ) : z = rei� for � 2 [0; 2� ) denote
a circle centered at the originz = 0 of radius r . Then

(2.1) j sinr j � j sin(rei� )j � sinhr; � 2 [0; 2� ):

The left equality is valid if and only if� = 0; � , while the right equality is valid if and
only if � = �

2 ; 3�
2 .

Proof. The circle C(0; r ) can be represented by

z = rei� ; � 2 [0; 2� ):

It is not di�cult to see that, for �xed r > 0, j sin(rei� )j = j sinr j for � = 0; � ,
j sin(rei� )j = sinhr for � = �

2 ; 3�
2 , and j sin(rei� )j has a least positive periodicity�

with respect to the argument� .
Straightforward computation yields

sin(rei� ) = sin( r cos� + ir sin� )

(2.2)

=
ei (r cos� + ir sin � ) � e� i (r cos� + ir sin � )

2i

=
e� (r sin � � ir cos� ) � er sin � � ir cos�

2i

=
e� r sin � [cos(r cos� ) + i sin(r cos� )] � er sin � [cos(r cos� ) � i sin(r cos� )]

2i

=
(e� r sin � � er sin � ) cos(r cos� ) + i (e� r sin � + er sin � ) sin(r cos� )]

2i
= cosh(r sin� ) sin(r cos� ) + i sinh(r sin� ) cos(r cos� )

and

j sin(rei� )j =
q

[cosh(r sin� ) sin(r cos� )]2 + [sinh( r sin� ) cos(r cos� )]2 :

In Figure 1, we plot the 3D graph ofj sin(rei� )j for r 2 [0; 5] and � 2 [0; 2� ). In
Figure 2, we plot the polarized 3D graph of the normj sin(rei� )j for r 2 [0; 4] and
� 2 [0; 2� ). In Figure 3, we plot the graph ofj sin(�e i� )j for � 2 [0; 2� ). These three
�gures are helpful for analyzing and understanding the behaviour of the sine function
sinz along the circleC(0; r ) centered at the originz = 0 of radius r .

From Figure 3, we can see that the normj sin(�e i� )j has only two maximums at
� = �

2 ; 3�
2 , while it has only two minimums at � = 0; � on the interval [0; 2� ).
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Figure 1. The 3D graph ofj sin(rei� )j for r 2 [0; 5] and � 2 [0; 2� )

Figure 2. The polarized 3D graph ofj sin(rei� )j for r 2 [0; 4] and � 2 [0; 2� )



ON BOUNDS FOR NORMS OF SINE AND COSINE ALONG A CIRCLE 259

Figure 3. The graph of j sin(�e i� )j for � 2 [0; 2� )

Di�erentiating the square of j sin(rei� )j yields

d j sin(rei� )j2

d �
= r [cos� sinh(2r sin� ) � sin� sin(2r cos� )]

= r [sinh(2r sin� ) � tan � sin(2r cos� )] cos�

= r [cot � sinh(2r sin� ) � sin(2r cos� )] sin �

= r 2

"
sinh(2r sin� )

2r sin�
�

sin(2r cos� )
2r cos�

#

sin(2� ):

From the �rst three expressions above, we conclude that the derivatived j sin(re i� )j2

d � is
equal to 0 at � = 0; �

2 ; �; 3�
2 . Considering the fourth expression above on the intervals

(k �
2 ; (k + 1) �

2 ) for k = 0; 1; 2; 3, in order that d j sin(re i� )j2

d � 6= 0 for � 2 (k �
2 ; (k + 1) �

2 ) and
r > 0, it is su�cient to �nd

(2.3)
sinh(2r sin� )

2r sin�
> 1

and

(2.4)
sin(2r cos� )

2r cos�
< 1;

for � 2 (k �
2 ; (k + 1) �

2 ) and r > 0. Then, for �xed r > 0, the squarej sin(rei� )j2 and
the norm j sin(rei� )j have only two maximums at� = �

2 ; 3�
2 , while they have only two

minimums at � = 0; � on the interval [0; 2� ). At � = �
2 ; 3�

2 , the values ofj sin(rei� )j
are both sinhr ; at � = 0; � , the values ofj sin(rei� )j are both j sinr j.

Considering the odevity ofsinht and sint, we see that two inequalities in(2.3)
and (2.4) are equivalent to

(2.5)
sinht

t
> 1 and

sint
t

< 1;
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for t 2 (0; 1 ). The �rst inequality in (2.5) follows from coshx > 1 for x 6= 0 and the
Lazarevi¢ inequality

(2.6) coshx <

 
sinhx

x

! 3

in [2, page 270, 3.6.9]. Whent 2 (0; �
2 ), the second inequality in(2.5) follows from

the right hand side of the Jordan inequality

(2.7)
�
2

�
sint

t
< 1; 0 < jtj �

�
2

;

in [2, Section 2.3] and the papers [1,3,4,8]. Whent > �
2 , the second inequality in(2.5)

follows from sint � 1 on (0; 1 ) and standard argument. The double inequality (2.1)
is thus proved. The proof of Theorem 2.1 is complete. �

3. A Double Inequality for the Norm of Cosine Along a Circle

In this section, we present a double inequality for the normj cos(rei� )j of the cosine
function cosz along a circleC(0; r ) centered at the originz = 0 of radius r > 0 on
the complex planeC.

Theorem 3.1. Let r > 0 be a constant and letC(0; r ) : z = rei� for � 2 [0; 2� ) denote
a circle centered at the originz = 0 of radius r . Then

(3.1) j cosr j � j cos(rei� )j � coshr; � 2 [0; 2� ):

The left equality is valid if and only if� = 0; � , while the right equality is valid if and
only if � = �

2 ; 3�
2 .

Proof. It is easy to see that, for �xed r > 0, j cos(rei� )j = j cosr j for � = 0; � ,
j cos(rei� )j = coshr for � = �

2 ; 3�
2 , and j cos(rei� )j has a least positive periodicity�

with respect to the argument� .
Direct calculation yields

cos(rei� ) = cos(r cos� + ir sin� )

(3.2)

=
ei (r cos� + ir sin � ) + e� i (r cos� + ir sin � )

2

=
e� (r sin � � ir cos� ) + er sin � � ir cos�

2

=
e� r sin � [cos(r cos� ) + i sin(r cos� )] + er sin � [cos(r cos� ) � i sin(r cos� )]

2

=
(e� r sin � + er sin � ) cos(r cos� ) + i (e� r sin � � er sin � ) sin(r cos� )]

2
= cosh(r sin� ) cos(r cos� ) � i sinh(r sin� ) sin(r cos� )



ON BOUNDS FOR NORMS OF SINE AND COSINE ALONG A CIRCLE 261

and

j cos(rei� )j =
q

[cosh(r sin� ) cos(r cos� )]2 + [sinh( r sin� ) sin(r cos� )]2 :

In Figure 4, we plot the 3D graph ofj cos(rei� )j for r 2 [0; 5] and � 2 [0; 2� ). In

Figure 4. The 3D graph ofj cos(rei� )j for r 2 [0; 5] and � 2 [0; 2� )

Figure 5, we plot the polarized 3D graph of the normj cos(rei� )j for r 2 [0; 4] and
� 2 [0; 2� ). In Figure 6, we plot the graph ofj cos(rei� )j for r = � and � 2 [0; 2� ).
These three �gures are helpful for analyzing and understanding the behaviour of the
cosine function cosz along the circleC(0; r ) centered at the originz = 0 of radius r .

From Figure 6, we can see that the normj cos(�e i� )j has only two maximums at
� = �

2 ; 3�
2 , while it has only two minimums at � = 0; � on the interval [0; 2� ).

Di�erentiating the square of j cos(rei� )j with respect to � gives

d j cos(rei� )j2

d �
= r [sin� sin(2r cos� ) + cos � sinh(2r sin� )]

= r [tan � sin(2r cos� ) + sinh(2r sin� )] cos�

= r [sin(2r cos� ) + cot � sinh(2r sin� )] sin �

= r 2

"
sin(2r cos� )

2r cos�
+

sinh(2r sin� )
2r sin�

#

sin(2� ):

From the �rst three expressions above, we conclude that the derivatived j cos(re i� )j2

d � is
equal to 0 at � = 0; �

2 ; �; 3�
2 . Considering the fourth expression above on the intervals

(k �
2 ; (k + 1) �

2 ) for k = 0; 1; 2; 3, in order that d j cos(re i� )j2

d � 6= 0, it is su�cient to show

(3.3)
sinh(2r sin� )

2r sin�
> 1
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Figure 5. The polarized 3D graph ofj cos(rei� )j for r 2 [0; 4] and � 2 [0; 2� )

Figure 6. The graph of j cos(�e i� )j for � 2 [0; 2� )
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and

(3.4)
sin(2r cos� )

2r cos�
> � 1;

for � 2 (k �
2 ; (k + 1) �

2 ) and r > 0. Then, for �xed r > 0, the squarej cos(rei� )j2 and
the norm j cos(rei� )j have only two maximums at� = �

2 ; 3�
2 , while they have only two

minimums at � = 0; � on the interval [0; 2� ). At � = �
2 ; 3�

2 , the values ofj cos(rei� )j
are both coshr , at � = 0; � the values ofj cos(rei� )j are both j cosr j.

Considering odevity ofsinht and sint, two inequalities in (3.3) and (3.4) are equiv-
alent to

(3.5)
sinht

t
> 1 and

sint
t

> � 1;

for t 2 (0; 1 ). The �rst inequality in (3.5) follows from coshx > 1 for x 6= 0 and
the Lazarevi¢ inequality(2.6). When t 2 (0; �

2 ), the second inequality in(3.5) follows
from the left hand side of the Jordan inequality(2.7). When t > �

2 , the second
inequality in (3.5) follows from sint � � 1 on (0; 1 ) and simple argument. The
double inequality (3.1) is thus proved. The proof of Theorem 3.1 is complete. �

4. Remarks

In this �nal section, we list several remarks on our main results in this paper.

Remark 4.1. Comparing Figure 1 and 4, it is not easy to see the di�erence between
j sin(rei� )j and j cos(rei� )j. However, the di�erencej sin(rei� )j � j cos(rei� )j for r 2
[0; 2� ] and � 2 [0; 2� ) can be showed by Figure 7.

Figure 7. The 3D graph ofj sin(rei� )j � j cos(rei� )j for r; � 2 [0; 2� )

Comparing Figure 2 and 5, it is not easy to �nd the di�erence betweenj sin(�e i� )j
and j cos(�e i� )j yet. However, the di�erencej sin(�e i� )j � j cos(�e i� )j for � 2 [0; 2� )
can be presented by Figure 8.
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Figure 8. The polarized 3D graph ofj sin(rei� )j � j cos(rei� )j for r 2
[0; 4] and � 2 [0; 2� )

Comparing Figure 3 and 6, it is also not easy to see the di�erence betweenj sin(�e i� )j
and j cos(�e i� )j. However, the di�erencej sin(�e i� )j � j cos(�e i� )j for � 2 [0; 2� ) can
be demonstrated by Figure 9.

Figure 9. The graph of j sin(�e i� )j � j cos(�e i� )j for � 2 [0; 2� )

Remark 4.2. From Figure 7, 8, and 9, we can guess that the double inequality

(4.1) � 1 � j sin(rei� )j � j cos(rei� )j � 1

is seemingly valid for allr > 0 and � 2 [0; 2� ). Can one verify, deny, or strengthen
this guess?
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Remark 4.3. It is standard that

(4.2) j sin(rei� ) � cos(rei� )j2 = j[sin(rei� ) � cos(rei� )]2j = j1 � sin(2rei� )j:

From (4.2), it follows that

j1 � j sin(2rei� )jj � j sin(rei� ) � cos(rei� )j2 � 1 + j sin(2rei� )j:

Further by virtue of the double inequality (2.1) in Theorem 2.1, we obtain

j sin(rei� ) � cos(rei� )j2 � 1 + j sin(2rei� )j � 1 + sinh(2r ):

This means that

(4.3) j sin(rei� ) � cos(rei� )j �
q

1 + sinh(2r );

for r > 0 and � 2 [0; 2� ).
Motivated by the guess expressed in terms of the double inequality(4.1) and by the

inequality (4.3), we pose an open problem: what are the nontrivial lower and upper
bounds of the normj sin(rei� ) � cos(rei� )j for r > 0 and � 2 [0; 2� )?

Remark 4.4. From (2.2) and (3.2), it follows that

sin(rei� ) � cos(rei� ) = cosh(r sin� )[sin(r cos� ) � cos(r cos� )]

+ i [cos(r cos� ) + sin( r cos� )] sinh(r sin� ):

Hence, we have

j sin(rei� ) � cos(rei� )j =
q

sinh2(r sin� ) � sin(2r cos� ) + cosh2(r sin� );

which is equivalent to

(4.4) j sin(rei� ) � cos(rei� )j2 = cosh(2r sin� ) � sin(2r cos� ):

From (4.4), it follows that

d j sin(rei� ) � cos(rei� )j2

d �
= 2r [sin� cos(2r cos� ) + cos � sinh(2r sin� )]

= 2r [cos(2r cos� ) + cot � sinh(2r sin� )] sin �

= 2r [tan � cos(2r cos� ) + sinh(2r sin� )] cos�

= 2r 2

"
cos(2r cos� )

2r cos�
+

sinh(2r sin� )
2r sin�

#

sin(2� );

which is clearly equal to 0 at� = 0; � for all r > 0. The function sinh t
t is even and not

less than 1 on (�1 ; 1 ). The function cost
t is odd on (�1 ; 1 ). By �nding the set of

all zeros of the function

cost
t

+
sinh

p
4r 2 � t2

p
4r 2 � t2

; t 6= 0; r > 0;

we can obtain sharp bounds ofj sin(rei� ) � cos(rei� )j for r > 0 and � 2 [0; 2� ). This
is a hint, clue, sketch, or approach to solve the above open problem.
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Remark 4.5. To the best of my knowledge, the double inequalities(2.1) and (3.1) in
Theorems 2.1 and 3.1 are fundamental and new in the literature.

Remark 4.6. This paper is a revised version of the preprint [5].
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A STUDY OF MULTI-TERM TIME-FRACTIONAL DELAY
DIFFERENTIAL SYSTEM WITH MONOTONIC CONDITIONS

VIKRAM SINGH 1, RENU CHAUDHARY 2, AND DWIJENDRA N PANDEY 1

Abstract. In this paper, the existence and uniqueness of mild solution for a class
of multi-term time-fractional delay di�erential system have been discussed in ordered
Banach space by enforcing monotone iterative technique. The generalized semigroup
theory, fractional calculus and measure of noncompactness have been implemented
to obtain the required results. A new set of su�cient conditions with the coe�cients
in the equations satisfying some monotonic properties has been obtained. Finally,
an application is given to illustrate the obtained results.

1. Introduction

The fractional di�erential equations (in brief, FDEs) including Riemann-Liouville
and Caputo fractional derivatives have been magnetizing the interest of many re-
searchers, due to demonstrating applications in widespread areas of sciences and
engineering such as mathematical modeling, thermal systems, acoustics, modeling
of materials or rheology and mechanical systems. The FDEs have been viewed as
a bene�cial tool, which may describe dynamical behavior of real life phenomena
more precisely. In addition, due to the memory and hereditary properties of various
materials and processes, in many areas of science like identi�cation systems, signal
processing, robotics or control theory, fractional di�erential operators seem more
appropriate in modeling than the classical integer operators. One can also �nd the
various applications of FDEs in models of medicine (modeling of human tissue under

Key words and phrases.Fractional di�erential equation, upper and lower solutions, measure of
noncompactness, monotone iterative technique.
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mechanical loads), electrical engineering (transmission of ultrasound waves), biochem-
istry (modeling of proteins and polymers) etc. For more knowledge regarding to
fractional systems see the papers [2,8,9,11,12,28,32], the monographs [24,31,33] and
references therein. In addition, fractional delay di�erential equations have been used
frequently in various �elds of science and engineering such as panorama of natural
phenomena, modeling of equations and porous media etc. For more detail, see the
cited papers [2,3,19].

It is very di�cult to obtain the exact solutions for the nonlinear fractional di�erential
systems in closed forms. To overcome this di�culty, many analytical and numerical
techniques have been developed for instance, the Adomian decomposition method
[21] and the homotopy analysis method [36], have been applied to investigate various
systems of fractional or non-fractional ordered. However, in recent years, considerable
work has been reported in the literature by applying monotone iterative technique,
which is a �exible and very e�ective mechanism to study the existence results in a
closed set governed by the lower and upper solutions, to investigate the existence of
solutions for a class of fractional di�erential systems. In monotone iterative technique,
we construct two monotone sequences by choosing upper and lower solutions as two
initial iterations, which converge uniformly to a extremal mild solution of the system
between the lower and upper solutions. Due to monotone behavior, the constructed
sequences of iterations play an important role in the study of numerical solutions of
various initial value and boundary value problems.

From the last few years, multi-term time-fractional di�erential equations have been
generating great interest among the mathematicians and engineers. In [23,28,34], a
two-term time-fractional di�erential equation has been studied in the abstract context,
which include a concrete example of fractional di�usion-wave problem. In [13] and
[29], the multi-term time-fractional di�usion wave equation have been considered with
constant and variable coe�cients, respectively. Moreover, in [22, 27], the analytical
and numerical solutions of multi-term time-fractional di�usion equation have been
discussed. In [32], Pardo and Lizama studied the existence of mild solutions of multi-
term time-fractional di�erential equations with nonlocal initial conditions by using
Caratheodory type conditions and measure of noncompactness technique. In last few
years, many authors repeatedly apply the monotone iterative technique coupled with
lower and upper solutions to various functional di�erential equations of integer order
as well as fractional order, see [4� 7,25,26,35] and the references therein. However, in
the best of authors' knowledge, no work is reported to the multi-term time-fractional
di�erential system in the literature, by enforcing monotone iterative technique.

In this paper, monotone iterative technique coupled with method of lower and upper
solutions has been applied to analyze the existence of mild solution for the following
multi-term time-fractional delay di�erential system

(
cD 1+ � y(t) +

P n
j =1 � j

cD 
 j y(t) = Ay(t) + F
�
t; yt ;

Rt
0 h(t; s; ys)ds

�
; t 2 I ,

y(t) = � (t) 2 B ; t 2 (�1 ; 0]; y0(0) = �;
(1.1)
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where cD � stands for the Caputo fractional derivative of order� > 0 and operational
interval I = [0; T], T < 1 . A : D(A) � X ! X is a closed linear operator on a
Banach space (X; k � k). All 
 j , j = 1; 2; : : : ; n, n 2 N, are positive real numbers such
that 0 < � � 
 n � � � � � 
 1 � 1. The nonlinear functionsF : I � B � X ! X and
h : � � B ! X satis�es some suitable conditions, which will be mentioned later.
� := f (t; s) : 0 � s � t � Tg . The delay function yt : (�1 ; 0] ! X is characterized
by yt (s) = y(t + s) for s 2 (�1 ; 0]:

The system (1:1) is a general system, which includes recent investigations in this
subject [13,23,28,29,32,34]. Anticipating a great interest in the problems modeled
as the system (1:1), this paper contributes in study of the existence results for mild
solutions by applying monotone iterative technique coupled with the method of lower
and upper solutions. It should be noticed that, the semigroup theory may not be
directly used to solve problem (1:1). However, we construct a mild solution, which is
based on the theory of resolvent families [32], which will provide an e�ective way to
deal such problems.

This paper is organized as follows: In Section 2, some basics of fractional calculus
and measure of noncompactness have been discussed which will be employed to obtain
mains outcomes. In Section 3, the existence and uniqueness results are obtained for
the mild solutions of the system (1:1). In Section 4, an example is provided to show
the feasibility of the theory discussed in this paper.

2. Preliminaries

Let R and N denote the real and natural numbers, respectively. Let us denote
D(A), R(A) and � (A) by the domain, range and resolvent of a linear operatorA
on X, respectively. De�ne a partial ordering in X introduced by a positive cone
P = f y 2 X : y � � g (where � symbolizes the zero element ofX) such that x � y if
and only if y � x 2 P. If x � y and x 6= y, then x < y . A coneP is called a normal
cone if there exists a constantN > 0 (called normal constant) such that� � x � y
implies kxk � N kyk. A cone P � X is said to be regular cone if every increasing,
bounded above sequence is convergent, i.e., iff wng be a sequence such that

w1 � w2 � � � � � wn � � � � � z;

for somez 2 X, then there is aw 2 X such that kwn � wk ! 0 asn ! 1 . Equivalently,
a coneP � X is said to be regular if every bounded below and decreasing sequence
is convergent. It should be notice that a regular cone is a normal cone. For more
details regarding to the coneP, see [14]. The Banach space of all continuousX-
valued functions is represented byC(I ; X), on the interval I equipped with norm
kukC = supt2 I ku(t)k.

To facilitate the discussion, due to in�nite delay an axiomatic de�nition of the
phase spaceB has been introduced by Hale and Kato [16]. Recall, the axioms of the
phase spaceB , by following the terminology used by Hino et al. in [19] so, we omit
the details here.
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A linear spaceB consists of all functions de�ned from (�1 ; 0] into X equipped
with the seminorm k � kB satisfying the following axioms.

(a) If y : (�1 ; T] ! X, T > 0 is continuous onI and y0 2 B , then for every t 2 I
the accompanying conditions hold:
(i) yt is a B -valued continuous function;
(ii) ky(t)k � K kytkB ;
(iii) kytkB � K 1(t) sups2 [0;t ] ky(s)k + K 2(t)ky0kB , where K � 0 is a constant

and K 1(�) : [0; 1 ) ! [0; 1 ) is continuous, K 2(�) : [0; 1 ) ! [0; 1 ) is
locally bounded andK 1; K 2 are independent ofy(�).

(b) The spaceB is complete.

Now, recall some de�nitions and basic results on fractional calculus. De�neg� (t)
for � > 0 by

g� (t) =

(
1

�( � ) t
� � 1; t > 0,

0; t � 0;

where � denotes gamma function. The functiong� has the properties (ga � gb)( t) =
ga+ b(t) for a; b > 0 and cg� (� ) = 1

� � for � > 0 and Re� > 0; where c(�) and (� � � )( �)
denote the Laplace transformation and convolution, respectively.

De�nition 2.1. The Riemann-Liouville fractional integral of a functionf 2 L1
loc

([0; 1 ); X) of order � > 0 with lower limit zero is de�ned as follows

I � f (t) =
Z t

0
g� (t � s)f (s)ds; t > 0;

and I 0f (t) = f (t).

This fractional integral satis�es the propertiesI � � I b = I � + b for b > 0, I � f (t) =
(g� � f )( t) and dI � f (� ) = 1

� �
bf (� ) for Re� > 0.

De�nition 2.2. Let � > 0 be given and denotem = d� e. The Caputo fractional
derivative of order � > 0 of a function f : [0; 1 ) ! X with lower limit zero is given
by

cD � f (t) = I m� � D m f (t) =
Z t

0
gm� � (t � s)D m f (s)ds;

and cD 0f (t) = f (t), whereD m = dm

dtm . In addition, we havecD � f (t) = ( gm� � � D m f )( t)
and the Laplace transformation of Caputo fractional derivative is given by

(2.1) [cD � f (t) = � � bf (� ) �
m� 1X

d=0

f (d)(0)� � � 1� d; � > 0:

Remark 2.1. Let m � 1 < � � m; m 2 N, then

(2.2) (I � � cD � )f (t) = f (t) �
m� 1X

d=0

f (d)(0)gd+1 (t); t > 0:
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If f (d)(0) = 0, for d = 1; 2; 3; : : : ; m � 1; then (I � � cD � )f (t) = f (t) and [cD � f (t) =
� � bf (� ).

To give a appropriate representation of mild solution in terms of certain family of
bounded and linear operators, we de�ne following family of operators.

De�nition 2.3 ([32]). Let A be a closed linear operator on a Banach spaceX with
the domain D(A) and let � > 0, 
 j , � j be the real positive numbers. ThenA is
called the generator of a (�; 
 j )� resolvent family if there exists! > 0 and a strongly
continuous functionS�;
 j : [0; 1 ) ! L (X) (the space of bounded linear operators on
X) such that f � � +1 +

P n
j =1 � j � 
 j : Re� > ! g � � (A) and

� �

 

� � +1 +
nX

j =1

� j � 
 j � A

! � 1

y =
Z 1

0
e� �t S�;
 j (t)ydt; Re� > !; y 2 X:(2.3)

The following result guarantees the existence of (�; 
 j )-resolvent family under some
suitable conditions.

Theorem 2.1 ([32]). Let 0 < � � 
 n � � � � � 
 1 � 1 and � j � 0 be given and letA
be a generator of a strongly continuous and bounded cosine familyf C(t)gt2 R: Then A
generates a bounded(�; 
 j )-resolvent family f S�;
 j (t)gt � 0:

Let 
 be the set de�ned by


 = f y 2 C((�1 ; T]; X) : such that yj( �1 ;0]
2 B and yj [0 ;T ]

2 Xg:

In order to de�ne the mild solution for the system (1:1), we associate system (1:1)
with an integral equation, by comparison with the fractional di�erential system given
in [32]. Consider the following de�nition of mild solution for the system (1:1).

De�nition 2.4. Let 0 < � � 
 n � � � � � 
 1 � 1 and � j � 0 be given and letA be a
generator of a bounded (�; 
 j )-resolvent family f S�;
 j (t)gt � 0: Then a function y 2 

is called the mild solution of the system (1:1) if y0(0) = � and satis�es the equation

y(t) =

8
>>>><

>>>>:

� (t); t 2 (�1 ; 0],
S�;
 j (t)� (0) + ( g1 � S�;
 j )( t)�

+
P n

j =1 � j
Rt

0
(t � s) � � 
 j

�(1+ � � 
 j ) S�;
 j (s)� (0)ds
+

Rt
0 T�;
 j (t � s)F (s; ys;

Rs
0 h(s; �; y � )d� ) ds; t 2 I ;

(2.4)

whereT�;
 j (t) = ( g� � S�;
 j )( t).

De�nition 2.5. The resolvent family f S�;
 j (t)gt � 0 is said to be positive onX, if the
order inequality S�;
 j (t)y � � holds for all y � � , y 2 X and t � 0.

Lemma 2.1 ([17]). (Generalized Gronwall inequality). Assume
 � 0; � > 0 and c(t)
is a nonnegative and locally integrable function on0 � t < T < + 1 and let z(t) be
nonnegative and locally integrable on0 � t < T + 1 such that

z(t) � c(t) + 

Z t

0
(t � s)� � 1z(s)ds;
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then

z(t) � c(t) +
Z t

0

" 1X

n=1

(
 �( � ))n

�( n� )
(t � s)n� � 1c(s)

#

ds; 0 � t < T:

Let C1+ � (( �1 ; T]; X) = f y 2 C((�1 ; T]; X) : cD 1+ � y(t) exists and continuous onI
andy(t) 2 D(A) for all t � 0g. An abstract function y(t) 2 C1+ � (( �1 ; T]; X) is said
to be a solution of (1:1) of if y(t) satis�es the system (1:1).

De�nition 2.6. The function y(0) 2 C1+ � (( �1 ; T]; X) is said to be a lower solution
of the system (1:1), if it satis�es the following inequalities

(2.5)

8
>><

>>:

cD 1+ � y(0) (t) +
P n

j =1 � j
cD 
 j y(0) (t) � Ay (0) (t)

+ F
�
t; y (0)

t ;
Rt

0 h(t; s; y(0)
s )ds

�
; t 2 I ,

y(0) (t) � � (t) 2 B ; t 2 (�1 ; 0]; y0(0) (0) � �:

If all the inequalities of (2:5) are reversed, then solution is called upper solution
denoted byz(0) .

Now, we recall some basic de�nitions and properties of Kuratowski measure of
noncompactness. For more details, we refer to the monograph [14] and paper [10,18].

De�nition 2.7. Let F be a bounded subset of a Banach spaceX. The Kuratowski
measure of noncompactness denoted by� (�) of F is de�ned by

� (F) := inf f � > 0 : F = [ n
i =1 Fi with diam(Fi ) � � for i = 1; 2; 3; : : : ; ng:

Lemma 2.2. Let X be a Banach space, and letF � C([a1; a2]; X) be bounded and
equicontinuous. Then� (F(t)) is continuous on[a1; a2] and

� C(F) = sup
t2 [a1 ;a2 ]

� (F(t)) :

Lemma 2.3. Let f yng1
n=1 � L1(I ; X) be a sequence and there existsg 2 L1(I ; X) such

that kyn (t)k � g(t), a.e. t 2 I , then � (f yn (t)g1
n=1 ) is integrable and

�

 ( Z t

0
yn (s)ds

) 1

n=1

!

� 2
Z t

0
� (f yn (s)g1

n=1 ds:

Lemma 2.4. If F is bounded subset ofX, then there existsf yng1
n=1 � F, such that

� (F) � 2� (f yng1
n=1 ).

3. Main Results

Throughout in this section, we denoteS0 = supt2 [0;T ] kS�;
 j (t)k. We consider the
following assumptions.

(A1) The functions h : � � B ! X and F : I � B � X ! X, satisfy Carathéodory
type conditions, i.e.,
(i) h(t; s; �) : B ! X is continuous for (t; s) 2 � and h(�; �; v) : � ! X is

strongly measurable for allv 2 B ;
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(ii) F (t; �; �) : B � X ! X is continuous for eacht 2 I and F (�; u; v) : I ! X is
strongly measurable for all (u; v) 2 B � X.

(A2) For lower and upper solutionsy(0) ; z(0) 2 C1+ � (( �1 ; T]; X) of the system (1.1)
such that y(0) � z(0) the following conditions hold:
(i) F (t; v1; w1) � F (t; v2; w2) for all t 2 I , and v1; v2 2 B satisfying y(0)

t �
v1 � v2 � z(0)

t and w1; w2 2 X such that
Rt

0 h(t; s; y(0)
s )ds � w1 � w2 �

Rt
0 h(t; s; z(0)

s )ds;
(ii) h(t; s; v1) � h(t; s; v2) for all ( t; s) 2 � and v1; v2 2 B such that y(0)

t �
v1 � v2 � z(0)

t .
(A3) The functions F; h satisfy the followings conditions.

(i) For G � B and H � X, whereG(r ) = f ' (r ) : r 2 (�1 ; 0]; ' 2 Gg there
exists a constantL > 0 such that

� (F (t; G; H )) � L

"

sup
�1 <r � 0

� (G(r )) + � (H )

#

; a.e. t 2 I :

(ii) For each bounded setG � B , there exists an integrable function� : � !
[0; 1 ) such that

� (h(t; s; G)) � � (t; s) sup
�1 <r � 0

� (G(r )) ;

for a.e. (t; s) 2 �. For convenience, we denote� � = max
Rt

0 � (t; s)ds.
In order to give operator theoretical approach, we de�ne a operatorQ : 
 ! 
 by

(Qy)(t) =

8
>>>><

>>>>:

� (t); t 2 (�1 ; 0],
S�;
 j (t)� (0) + ( g1 � S�;
 j )( t)�

+
P n

j =1 � j
Rt

0
(t � s) � � 
 j

�(1+ � � 
 j ) S�;
 j (s)� (0)ds
+

Rt
0 T�;
 j (t � s)F (s; ys;

Rs
0 h(s; �; y � )d� ) ds; t 2 I .

(3.1)

It is clear to see thatQ is well de�ned.
Let us de�ne a function u(�) : ( �1 ; T] ! X by

u(t) =

(
� (t); t 2 (�1 ; 0],
0; t 2 I :

For a function v : (�1 ; T] ! X such that v(0) = 0, we de�ne the function v by

v(t) =

(
0; t 2 (�1 ; 0],
v(t); t 2 I :

If y(�) is a solution of (2.4), then it can be decomposey(�) as y(t) = u(t) + v(t),
t 2 (�1 ; T] and v(�) satis�es

v(t) = S�;
 j (t)� (0) + ( g1 � S�;
 j )( t)� +
nX

j =1

� j

Z t

0

(t � s)� � 
 j

�(1 + � � 
 j )
S�;
 j (s)� (0)ds

+
Z t

0
T�;
 j (t � s)F

 

s; us + vs;
Z s

0
h(s; �; u � + v� )d�

!

ds:
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De�ne X0 = f v 2 
 : v0 = 0g. For any v 2 X0,

kvkX0 = sup
t2 I

kv(t)k + kv0kB = sup
t2 I

kv(t)k:

Clearly, X0 is a Banach space equipped with the normk � kX0 . We assume that
(X0; k � kX0 ) stands for a ordered Banach space with partial order� induced by
a positive normal coneP0 = f v 2 X0 : v(t) � � g with the normal constant N0.
Evidently C((�1 ; T]; X0) is also an ordered Banach space with the partial order�
reduced by a positive normal coneP0 = f v 2 X0 : v(t) � �; t 2 (�1 ; T]g with normal
constant N0. For v; w 2 C((�1 ; T]; X0) such that v � w, [v; w] denotes a ordered
interval f x 2 C((�1 ; T]; X0) : v � x � wg in C((�1 ; T]; X0) and [v(t); w(t)] denotes
the ordered interval f x 2 C((�1 ; T]; X0) : v(t) � x(t) � w(t)g in X0.

Theorem 3.1. Let X0 be an ordered Banach space with a positive normal cone
P0. Suppose that the system(1.1) admits lower and upper solutions denoted by
v(0) ; w(0) 2 C1+ � (I ; X) such that v(0) � w(0) , f S�;
 j (t)gt � 0 is a positive operator and
the assumptions(A1)-(A3) are satis�ed. Then the system(1.1) admits maximal and
minimal mild solutions betweenw(0) and v(0) .

Proof. Let D = [ v(0) ; w(0) ] = f u 2 C(I ; X0) : v(0) � u � w(0) g. De�ne a map
~Q : D ! X0 by
(3.2)

( ~Qv)(t) =

8
>>>><

>>>>:

0; t 2 (�1 ; 0],
S�;
 j (t)� (0) + ( g1 � S�;
 j )( t)�

+
P n

j =1 � j
Rt

0
(t � s) � � 
 j

�(1+ � � 
 j ) S�;
 j (s)� (0)ds
+

Rt
0 T�;
 j (t � s)F (s; us + vs;

Rs
0 h(s; �; u � + v� )d� ) ds; t 2 I .

From (A1)-(A2) for any v 2 D we have

F

 

t; u t + v(0)
t ;

Z t

0
h(t; �; u � + v(0)

� )d�

!

� F

 

t; u t + vt ;
Z t

0
h(t; �; u � + v� )d�

!

� F

 

t; u t + w(0)
t ;

Z t

0
h(t; �; u � + w(0)

� )d�

!

:

Now, using normality of the coneP0, there exists a constantK > 0 such that










f

 

t; u t + vt ;
Z t

0
g(t; �; u � + v� )d�

! 










� K; v 2 D:

For convenience, we divide the proof in the following steps.
Step 1. The map ~Q is continuous map onD.
Let f v(n)g be a sequence inD such that f v(n)g ! v 2 D asn ! 1 . For t 2 (�1 ; 0]

we get

k ~Qv(n)(t) � ~Qv(t)k = 0:

Also, from (A1) for t 2 I and asn ! 1 , we have
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(i )
Rs

0 h(s; �; u � + v(n)
� )d� !

Rs
0 h(s; �; u � + v� )d� ;

(ii ) F
�
s; us + v(n)

s ;
Rs

0 h(s; �; u � + v(n)
� )d�

�
! F (s; us + vs;

Rs
0 h(s; �; u � + v� )d� ).

Now, by applying Lebesgue Dominated Convergence Theorem fort 2 I , we have

k ~Qv(n)(t) � ~Qv(t)k �
Z t

0











T�;
 j (t � s)






















F

 

s; us + v(n)
s ;

Z s

0
h(s; �; u � + v(n)

� )d�

!

� F

 

s; us + vs;
Z s

0
h(s; �; u � + v� )d�

! 










ds

! 0 as n ! 1 :

Thus map ~Q is continuous onD.
Step 2. ~Q is a increasing monotonic operator.
Considerx; y 2 D with x � y then x(t) � y(t) for t 2 I . Therefore,x t ; yt belong to

the ordered Banach spaceX0 such that x t � yt for t 2 I . Using (A2) and positivity
of S�;
 j (t), we obtain

~Qx � ~Qy:(3.3)

Now, we show thatv(0) � ~Qv(0) and ~Qw(0) � w(0) . For this, let

g(t) = cD 1+ � v(0) (t) +
nX

j =1

� j
cD 
 j v(0) (t) � Av (0) (t)

subject to the conditions v(0) (0) = y0; v0(0) (0) = y1.
Then by de�nition of lower solution, we obtain g(t) � F

�
t; yt ;

Rt
0 h(t; s; ys)ds

�
for

t 2 I . Sincev(0) (t) is a lower solution of (1.1), we get

v(0) (t) = S�;
 j (t)y0 + ( g1 � S�;
 j )( t)y1 +
nX

j =1

� j

Z t

0

(t � s)� � 
 j

�(1 + � � 
 j )
S�;
 j (s)y0ds

+
Z t

0
T�;
 j (t � s)g(s)ds

� S�;
 j (t)� (0) + ( g1 � S�;
 j )( t)� +
nX

j =1

� j

Z t

0

(t � s)� � 
 j

�(1 + � � 
 j )
S�;
 j (s)� (0)ds

+
Z t

0
T�;
 j (t � s)F

 

s; us + v(0)
s ;

Z s

0
h(s; �; u � + v(0)

� )d�

!

ds

� ~Qv(0) (t); t 2 I ;

and alsov(0) (t) � � (t), v0(0) (0) � �: Therefore,v(0) (t) � ~Qv(0) (t) for all t 2 (�1 ; T].
Similarly, we can show thatw(0) (t) � ~Qw(0) (t) for all t 2 (�1 ; T]. Thus, ~Q is a
increasing monotonic operator.

Step 3. ~Q is an equicontinuous operator.
For any v 2 D and t1, t2 2 (�1 ; 0] such that t1 < t 2, we have

k ~Qv(t2) � ~Qv(t1)k = 0:
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Further for v 2 D and t1; t2 2 I such that t1 < t 2, we have

k ~Qv(t2) � ~Qv(t1)k �k S�;
 j (t2)� (0) � S�;
 j (t1)� (0)k

+ k(g1 � S�;
 j )( t2) � (g1 � S�;
 j )( t1)kk� k

+
nX

j =1

� j S0












Z t2

0

(t2 � s)� � 
 j

�(1 + � � 
 j )
ds

�
Z t1

0

(t1 � s)� � 
 j

�(1 + � � 
 j )
ds











k� (0)k

+
Z t1

0
kT�;
 j (t2 � s) � T�;
 j (t1 � s)k

�











F

 

s; us + vs;
Z s

0
h(s; �; u � + v� )d�

! 










ds

+
Z t2

t1

kT�;
 j (t2 � s)k











F

 

s; us + vs;
Z s

0
h(s; �; u � + v� )d�

! 










ds:

=
5X

i =1

Ji :

We have

J2 = k(g1 � S�;
 j (t2) � (g1 � S�;
 j )( t1)kk� k

=









Z t2

0
g1(t2 � � )S�;
 j (� )d� �

Z t1

0
g1(t1 � � )S�;
 j (� )d�








 k� k

�
Z t2

t1

kS�;
 j (� )kd� k� k

� S0k� k(t2 � t1)

! 0 as t1 ! t2

and

J3 �
nX

j =1

� j S0












Z t2

0

(t2 � s)� � 
 j

�(1 + � � 
 j )
ds �

Z t1

0

(t1 � s)� � 
 j

�(1 + � � 
 j )
ds











k� (0)k

�
nX

j =1

� j S0

�
�
�
�
�
t1+ � � 
 j
2 � t1+ � � 
 j

1

�(2 + � � 
 j )

�
�
�
�
�
k� (0)k

! 0 as t1 ! t2:

From the expressionsJ2 and J3, we can easily deduce thatJ4 ! 0 and J5 ! 0 as
t1 ! t2 independently of u 2 D. Therefore, k ~Qv(t2) � ~Qv(t1)k ! 0 as t1 ! t2

independently ofu 2 D. Hence,Q(D) is equicontinuous onI .
Step 4. Now, we will show� (f ~Qv(n)g1

n=1 ) = 0.
De�ne the sequences

v(n) = ~Qv(n� 1); w(n) = Qw(n� 1); n = 1; 2; : : :(3.4)
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It follows from monotonicity of ~Q that

v(0) � v(1) � � � � � v(n) � � � � � w(n) � � � � � w(1) � w(0) :(3.5)

Next, we will show that f v(n)g and f w(n)g convergent uniformly in I .
We set B = f v(n) : n 2 Ng and B0 = f v(n� 1) : n 2 Ng. Using normality of cone

P0, we obtain that B and B0 are bounded. SinceB0 = B [ f v(0) g, it follows that
� (B0(t)) = � (B(t)) for t 2 (�1 ; T]. Let

' (t) := � (B0(t)) = � (B(t)) ; t 2 (�1 ; T]:

SinceB = ~Q(B0), we have

� (B(t)) = � ( ~Q(B0)( t)) :

For t 2 (�1 ; 0], ' (t) := � ( ~Q(B0)( t)) = 0. For t 2 I , we have

' (t) = � ( ~Q(B0)( t)

� 2� ( ~Qf v(n� 1)(t)g)

� 2�

"

S�;
 j (t)� (0) + ( g1 � S�;
 j )( t)� +
nX

j =1

� j

Z t

0

(t � s)� � 
 j

�(1 + � � 
 j )
S�;
 j (s)� (0)ds

+
Z t

0
T�;
 j (t � s)F

 

s; us + vn� 1
s ;

Z s

0
h(s; �; u � + vn� 1

� )d�

!

ds

#

� 2�

" Z t

0
T�;
 j (t � s)F

 

s; us + vn� 1
s ;

Z s

0
h(s; �; u � + vn� 1

� )d�

!

ds

#

�
4S0

�(1 + � )

" Z t

0
(t � s)� �

(

F

 

s; us + vn� 1
s ;

Z s

0
h(s; �; u � + vn� 1

� )d�

!)

ds

#

�
4S0L

�(1 + � )

" Z t

0
(t � s)�

(

sup
�1 <r � 0

� (vn� 1(s + r ))

+ �

 Z s

0
h(s; �; u � + vn� 1

� )d�

!)

ds

#

�
4S0L

�(1 + � )

" Z t

0
(t � s)�

(

sup
0� z� s

� (vn� 1(z))

+ 2
Z s

0
� (s; � ) sup

�1 <r � 0
� (vn� 1(� + r ))d�

!)

ds

#

�
4S0L

�(1 + � )
(1 + 2� � )

Z t

0
(t � s)� sup

0� z� s
� (vn� 1(z))ds

�
4S0L

�(1 + � )
(1 + 2� � )

Z t

0
(t � s)� ' (s)ds:

Now, by the Gronwall's inequality, ' (t) � 0 on I . So � f v(n) : n 2 Ng = 0. This
implies that the set f v(n) : n 2 Ng is relatively compact in D. So, we conclude
that the sequencef v(n)g admits a convergent subsequence inD. Further by (3.5),
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we observe thatf v(n)g itself is convergent sequence inX. So, there existsv� 2 X
satisfying v(n) ! v� as n ! 1 . By (3.2) and (3.4), we have
(3.6)

v(n)(t) =

8
>>>>><

>>>>>:

0; t 2 (�1 ; 0],
S�;
 j (t)� (0) + ( g1 � S�;
 j )( t)�

+
P n

j =1 � j
Rt

0
(t � s) � � 
 j

�(1+ � � 
 j ) S�;
 j (s)� (0)ds+
Rt

0 T�;
 j (t � s)

� F
�
s; us + v(n� 1)

s ;
Rs

0 h(s; �; u � + v(n� 1)
� )d�

�
ds; t 2 I .

As n ! 1 , then applying Lebesgue Dominated Convergence Theorem, we have
(3.7)

v� (t) =

8
>>>>>>><

>>>>>>>:

0; t 2 (�1 ; 0],
S�;
 j (t)� (0) + ( g1 � S�;
 j )( t)�

+
P n

j =1 � j
Rt

0
(t � s) � � 
 j

�(1+ � � 
 j ) S�;
 j (s)� (0)ds+
Rt

0 T�;
 j (t � s)

� F

 

s; us + v�
s;

Rs
0 h(s; �; u � + v�

� )d�

!

ds; t 2 I .

Then v� 2 C(I ; X) and v� = ~Qv� . Thus v� is a �xed point of ~Q and hencev� will be
the solution of (3.2). Similarly, there existsw� 2 C(I ; X) in such a wayw(n) ! w�

as n ! 1 and w� = ~Qw� . If v 2 D be a �xed point of ~Q then by (3.3), we get
v(1) � Qv(0) � Qv = v � Qw(0) � Qw(1) . Now, by induction principle v(n) � v � w(n) .
In view of (3.5) and asn ! 1 , we obtainv(0) � v� � v � w� � w(0) . Hence,w� and v�

are the maximal and minimal mild solutions of the system (1.1) inD, respectively. �

Corollary 3.1. Let X0 be an ordered Banach space with a positive regular cone
P0. Suppose that the system(1.1) admits lower and upper solutions denoted by
v(0) ; w(0) 2 C1+ � (I ; X) such that v(0) � w(0) , f S�;
 j (t)gt � 0 is a positive operator and
the assumptions(A1)-(A2) are satis�ed. Then the system(1.1) admits maximal and
minimal mild solutions betweenw(0) and v(0) .

Proof. By regularity of the coneP0, we have that any ordered-bounded and ordered-
monotonic sequence inX0 is convergent. Letf yng be an increasing or decreasing se-
quence inD. Then using assumption (A2), F (t; yn

t ;
Rt

0 h(t; s; yn
s )ds) is ordered-bounded

and ordered-monotonic sequence inX0 and hencef F (t; yn
t ;

Rt
0 h(t; s; yn

s )ds)g is conver-
gent. Therefore,� (f F (t; yn

t ;
Rt

0 h(t; s; yn
s )ds)g) = 0. Hence, assumption (A3) holds.

Now, by Theorem 3.1, we conclude the assertion. �

Corollary 3.2. Let X0 be a weakly sequentially complete ordered Banach space with
a positive normal coneP0. Suppose that the system(1.1) admits lower and upper
solutions denoted byv(0) ; w(0) 2 C1+ � (I ; X) such that v(0) � w(0) , f S�;
 j (t)gt � 0 is a
positive operator and the assumptions(A1)-(A2) are satis�ed. Then the system(1.1)
admits maximal and minimal mild solutions betweenw(0) and v(0) .

Proof. Since, in a weakly sequentially complete and ordered Banach space, the normal
coneP0 is regular. Therefore using Corollary 3.1, we can conclude the assertion.�
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Corollary 3.3. We assume thatX0 is a re�exive and ordered Banach space space
with positive normal coneP0. Also, consider that the system(1.1) admits lower and
upper solutionsv(0) ; w(0) 2 C1+ � (I ; X) such thatv(0) � w(0) , f S�;
 j (t)gt � 0 is positive
and the assumptions(A1)-(A2) are satis�ed. Then the system(1.1) admits maximal
and minimal mild solutions betweenw(0) and v(0) .

Proof. Since, in a re�exive and ordered Banach space, the normal coneP0 is regular.
Now, by Corollary 3.1, we conclude the assertion. �

Next, we will show the uniqueness of the mild solution for the system (1.1). For
this we consider the following assumption.

(A4) The functions h : � � B ! X and F : I � B � X ! X are such that
(i) h is continuous and there exists an integrable function : � ! [0; T] such

that

h(t; s; u2) � h(t; s; u1) �  (t; s)[u2(r ) � u1(r )];

for any (t; s) 2 � and v(0)
t � u1 � u2 � w(0)

t , r 2 (�1 ; 0];
(ii) F is continuous and there exists� � 0 such that

F (t; u2; v2) � F (t; u1; v1) � � [(u2(r ) � u1(r )) + ( v2 � v1)]; r 2 (�1 ; 0];

for any t 2 I , u1; u2 2 B with v(0)
t � u1 � u2 � w(0)

t and v1; v2 2 X with
Rt

0 g(t; s; v(0)
s )ds � v1 � v2 �

Rt
0 g(t; s; w(0)

s )ds.

Theorem 3.2. Let X0 be an ordered Banach space with normal positive coneP0 with
normal constantN0. Assume thatf S�;
 j (t)gt � 0 is positive, the system(1.1) has upper
and lower solutionsv(0) ; w(0) 2 C1+ � (I ; X) such thatv(0) � w(0) and assumptions(A2)
and (A4) hold. Then the system(1.1) has a unique mild solution in[v(0) ; w(0) ].

Theorem 3.3. Let X0 be an ordered Banach space with a positive normal coneP0 with
normal constantN0. Suppose that the system(1.1) admits lower and upper solutions
denoted byv(0) ; w(0) 2 C(I ; X) such thatv(0) � w(0) , f S�;
 j (t)gt � 0 is a positive operator
and the assumptions(A2)-(A4) are satis�ed. Then the system(1.1) admits a unique
mild solution in [v(0) ; w(0) ].

Proof. Let f xng 2 [v(0)
t ; w(0)

t ] and f yng 2 [v(0) ; w(0) ] be two monotonic increasing
sequences. Form; n = 1; 2; : : :, with m > n , for somer1; r2 2 (�1 ; 0] using (A4), we
have

� � h(t; s; xm ) � g(t; s; xn ) � � (t; s)[xm (r1) � xn (r1)]

and

� � F (t; x m ; ym ) � F (t; x n ; yn ) � � [(xm (r2) � xn (r2)) + ( ym � yn )]:

Using the normality of positive coneP0, we get

kh(t; s; xm ) � h(t; s; xn )k � N0� (t; s)kxm (r1) � xn (r1)k
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and

kF (t; x m ; ym ) � F (t; x n ; yn )k � N0� k(xm (r2) � xn (r2)) + ( ym � yn )k:

Using the property of measure of noncompactness, we have

� (f h(t; s; xm )g) � N0� (t; s) sup
�1 6 r 6 0

� (f xm (r )g)

and

� (f F (t; x m ; ym )g) � N0�

"

sup
�1 6 r 6 0

� (f xm (r )g) + � (f ymg)

#

:

Now, we observed that (A4) implies (A1) and (A3). Therefore, by Theorem 3.1,
minimal and maximal mild solutions v� and w� exist for the system (1.1) onD,
respectively.

By (3:2), for any t 2 (�1 ; 0], we have

� � w� (t) � v� (t) = ~Qw� (t) � ~Qv� (t) = 0 :

Using the normality of positive coneP0, we getkv� (t) � w� (t)k � 0, i.e., v� (t) = w� (t)
for all t 2 (�1 ; 0].

To abbreviate the writing, we setK 0 := sup0� t � T K 1(t). Now using (A4) and the
positivity of operator f S�;
 j (t)gt � 0, for any t 2 I , we have

kv� (t) � w� (t)k = k ~Qv� (t) � ~Qw� (t)k

� N0












Z t

0
T�;
 j (t � s)

"

F

 

s; us + v�
s;

Z s

0
h(s; �; u � + v�

� )d�

!

� F

 

s; us + w�
s;

Z s

0
h(s; �; u � + w�

� )d�

!#

ds












� N0�

" Z t

0
kT�;
 j (t � s)k

 

kv�
s � w�

skB

+









Z s

0
h(s; �; u � + v�

� )d� �
Z s

0
h(s; �; u � + w�

� )d�









!

ds

#

� N0�

" Z t

0
kT�;
 j (t � s)k

 

kv�
s � w�

skB +
Z s

0
� (s; � )kv�

� � w�
� kB d�

!

ds

#

�
N0S0K 0�
�(1 + � )

" Z t

0
(t � s)�

(

sup
�1� r � 0

kv�
s(r ) � w�

s(r )k

+
Z s

0
� (s; � ) sup

�1� r � 0
kv�

� (r ) � w�
� (r )kd�

)

ds

#

�
N0S0K 0�
�(1 + � )

" Z t

0
(t � s)�

(

sup
0� z� s

kv� (z) � w� (z)k

+ � � sup
0� z� s

kv� (z) � w� (z)k

)

ds

#
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�
N0S0K 0�
�(1 + � )

(1 + � � )
Z t

0
(t � s)� kv� (s) � w� (s)kds:

Now, by Lemma2:1, we getv� (t) = w� (t) for all t 2 [0; T]. So,v� (t) = w� (t) for all
t 2 (�1 ; T]. Hence,v� (t) = w� (t) = z� (t)(say) for all t 2 (�1 ; T] is the unique
solution of (3:2). So, we gety(t) = u(t) + z� (t) is the unique mild solution of the
system (1:1). �

4. Example

The fractional order di�usion wave equations have great applications in various �elds
of science and engineering. These equations represent propagation of mechanical waves
through viscoelastic media, charge transport in amorphous semiconductors [15,20,30],
and may be used in thermodynamics and shear in �uids, the �ow of �uid through
�ssured rocks [1]. In particular, the fractional delay di�usion wave equations describe
the driver reaction time, time taken for a signal traveling to the controlled object, time
consume by body to produce red blood cells and cell division time in the dynamics of
viral persistence or exhaustion.

Let �; 
 j > 0, j = 1; 2; 3; : : : ; n be given, satisfying 0< � � 
 n � � � � � 
 1 � 1.
Consider the following system

(4.1)8
>>>>><

>>>>>:

cD 1+ � u(t; � ) +
nX

j =1

� j
cD 
 j u(t; � ) = � u(t; � ) + L

�
jut (�;� ) j

j1+ ut (�;� ) j

+
Rt

0(t � s)� 1=2s� 1=2 R0
�1 � (� )ut (�; � )d�ds

�
;

u(�; � ) = u0(�; � ); � 2 (�1 ; 0]; @u(t;� )
@t j t=0 = z0;

whereX = L2([0; 1]; R), t 2 I = [0; 1]; T > 0; � 2 [0; 1], L � 0, x t (�; � ) = x(t + �; � ),
t 2 I , � : (�1 ; 0] ! R+ , u0 : (�1 ; 0] � [0; 1] ! R and � is the Laplace operator
with maximal domain f v 2 X : v 2 H 2([0; 1]; R)g. Let P = f v 2 X : v(� ) > 0 a.e. � 2
[0; 1]g. Then the coneP is normal in Banach spaceX with normal constant N = 1.

Using the theory of cosine families, we can see that Laplacian � generates a bounded
cosine functionf C(t)gt � 0 on the spaceL2([0; 1]; R): Moreover, by Theorem 2.1 the
operator � in system ( 4:1) generates a boundedf S�;
 j (t)gt � 0-resolvent family. Let us
assumeS0 = supt2 [0;1] kS�;
 j (t)k.

For t 2 [0; 1], � 2 [0; 1] and � 2 (�1 ; 0], we setz0 = � and

y(t) = u(t; � );

� (� ) = u0(�; � );

h(t; s; ys) =( t � s)� 1=2s� 1=2
Z 0

�1
� (� )ut (�; � )d�;

F (t; yt ;
Z t

0
h(t; s; ys)ds) = L

"
jut (�; � )j

1 + jut (�; � )j
+

Z t

0
h(t; s; ys)ds

#

:
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Now, we observe that the system (4.1) has a abstract form of system (1.1). Let
v(t) = 0 for t 2 [0; 1]. Then F

�
t; vt ;

Rt
0 h(t; s; vs)ds

�
= 0 for t 2 [0; 1] and � (t) � v(t)

for t 2 (�1 ; 0]. Let us suppose that there exists a functionw(t) � 0 such that
(4.2)(

cD 1+ � w(t) +
P n

j =1 � j
cD 
 j w(t) � Aw(t) + F

�
t; wt ;

Rt
0 h(t; s; ws)ds

�
; t 2 (0; T],

w(t) � � (t) 2 B ; t 2 (�1 ; 0]; w0(0) � �:

Thus the system (1:1) admits lower and upper solutionsv, w such that v � w.
Let # > 0 be a constant and

B =
�

y 2 C((�1 ; 0]; R) : lim
� !�1

e#� y(� ) exists in R
�

:

The norm of B is given by kykB = sup�1 <� � 0 e#� jy(� )j. Let y : (�1 ; 0] ! R such
that y0 2 B . Then

lim
� !�1

e#� yt (� ) = lim
� !�1

e#� y(t + � ) = lim
� !�1

e#(� � t )y(� ) = e� #t lim
� !�1

e#� y0(� ) < 1 :

Hence,yt 2 B . Finally, we will show that

kytkB � K 1(t) sup
s2 [0;t ]

jy(s)j + K 2(t)ky0kB ;

whereK 1 = K 2 = 1 and K = 1. We have jyt (� )j = jy(t + � )j. If t + � � 0; we obtain

jyt (� )j � sup
s2 (�1 ;0]

jy(s)j:

If t + � � 0; then we get

jyt (� )j � sup
s2 [0;t ]

jy(s)j:

Thus, for all (t + � ) 2 [0; 1] we have

jyt (� )j � sup
s2 (�1 ;0]

jy(s)j + sup
s2 [0;t ]

jy(s)j:

Then

kytkB � k y0kB + sup
s2 [0;t ]

jy(s)j:

One can easily check thatB is a Banach space equipped with the normk � kB and
hence conclude thatB is a phase space. Clearly, the functionsf and h satis�es
the assumptions (A1) and (A2). Fort 2 [0; 1], ' 1; ' 2 2 B with 0 � ' 1 � ' 2 and
v1; v2 2 X , we have

0 � h(t; s; ' 2) � h(t; s; ' 1) � (t � s)� 1=2s� 1=2
Z 0

�1
� (� )( ' 2(� ) � ' 2(� )d�

and

0 � F (t; ' 2; v2) � F (t; ' 1; v1) � L

"
j' 2(� )j

1 + j' 2(� )j
�

j' 1(� )j
1 + j' 1(� )j

+ v2 � v1

#

:
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Using normality of coneP, we have

kh(t; s; ' 2) � h(t; s; ' 1)k � (t � s)� 1=2s� 1=2
Z 0

�1
j� (� )jk' 2(� ) � ' 1(� )kd�;

kF (t; ' 2; v2) � F (t; ' 1; v1)k � L [k' 2(� ) � ' 1(� )k + kv2 � v1k]:

Now, by the property of measure of noncompactness forU � C(( �1 ; 0]; X) and
V � X, we have

� (h(t; s; U)) � � (t; s) sup
�1� � � 0

� (U(� )) ;

� (f (t; U; V)) � L [ sup
�1 <� � 0

� (U(� )) + � (V)];

where � (t; s) = ( t � s)� 1=2s� 1=2 R0
�1 j� (� )jd� . Let � � = supt;s2 (�1 ;1] � (t; s). Thus,

assumptions (A3) and (A4) are ful�lled. Now by the Theorem 3.1, the system (4.1)
admits extrimal mild solutions lying between the lower solution 0 and the upper
solution w. Further, by Theorem 3.3 the system (4.1) admits unique mild solution.

5. Conclusion

The monotone iterative technique has been employed to establish the existence and
uniqueness of mild solution for a class of multi-term time-fractional delay di�erential
system in an ordered Banach space. Assuming the existence of the lower and upper
solutions of the system (1:1), a new set of su�cient conditions has been obtained in
which the nonlinear functions satisfy some monotonic properties. One can extend
this idea to establish the existence results for multi-term time-fractional di�erential
system with impulsive conditions.

Acknowledgements. The authors would like to thank the editor and anonymous
reviewers for their valuable comments and suggestions.

References

[1] G. Barenblat, J. Zheltor and I. Kochiva, Basic concepts in the theory of seepage of homogeneous
liquids in �ssured rocks, Journal of Applied Mathematics and Mechanics24 (1960), 1286�1303.
https://doi.org/10.1016/0021-8928(60)90107-6

[2] M. Benchohra and F. Berhoun, Impulsive fractional di�erential equations with state dependent
delay, Commun. Appl. Anal. 14(2) (2010), 213�224. http://www.acadsol.eu/en/articles/14/
2/7.pdf

[3] M. Benchohra, S. Litimein and G. M. N'Guérékata, On fractional integro-di�erential inclusions
with state-dependent delay in Banach spaces, Appl. Anal. 92(2) (2013), 335�350. https://doi.
org/10.1080/00036811.2011.616496

[4] R. Chaudhary and D. N. Pandey, Monotone iterative technique for neutral fractional di�erential
equation with in�nite delay , Math. Methods Appl. Sci. 39(15) (2016), 4642�4653.https://doi.
org/10.1002/mma.3901

[5] R. Chaudhary and D. N. Pandey, Monotone iterative technique for impulsive Riemann-Liouville
fractional di�erential equations , Filomat 39(9) (2018), 3381�3395.https://doi.org/10.2298/
FIL1809381C



284 V. SINGH, R. CHAUDHARY, AND D. N. PANDEY

[6] P. Chen and J. Mu, Monotone iterative method for semilinear impulsive evolution equations
of mixed type in Banach spaces, Electron. J. Di�erential Equations 2010(149) (2010), 1�13.
https://ejde.math.txstate.edu/Volumes/2010/149/chen.pdf

[7] P. Chen and Y. Li, Mixed monotone iterative technique for a class of semilinear impulsive
evolution equations in Banach spaces, Nonlinear Anal. 74(11) (2011), 3578�3588.https://doi.
org/10.1016/j.na.2011.02.041

[8] P. Chen, X. Zhang and Y. Li, Existence and approximate controllability of fractional evolution
equations with nonlocal conditions via resolvent operators, Fract. Calc. Appl. Anal. 23(1) (2020),
268�291. https://doi.org/10.1515/fca-2020-0011

[9] P. Chen, X. Zhang and Y. Li, Fractional non-autonomous evolution equation with nonlocal
conditions, J. Pseudo-Di�er. Oper. Appl. 10(4) (2019), 955�973. https://doi.org/10.1007/
s11868-018-0257-9

[10] P. Chen, Y. Li and X. Zhang, Cauchy problem for stochastic non-autonomous evolution equations
governed by noncompact evolution families, American Institute of Mathematical Science 26(3)
(2021), 1531�1547.https://doi.org/10.3934/dcdsb.2020171

[11] P. Chen, X. Zhang and Y. Li, A blowup alternative result for fractional nonautonomous evolution
equation of Volterra type, American Institute of Mathematical Science 17(5) (2018), 1975�1992.
https://doi.org/10.3934/cpaa.2018094

[12] P. Chen, X. Zhang and Y. Li, Cauchy problem for fractional non-autonomous evolution equations,
Banach J. Math. Anal. 14 (2020), 559�584.https://doi.org/10.1007/s43037-019-00008-2

[13] V. Daftardar-Gejji and S. Bhalekar, Boundary value problems for multi-term fractional di�er-
ential equations, J. Math. Anal. Appl. 345(2) (2008), 754�765. https://doi.org/10.1016/j.
jmaa.2008.04.065

[14] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, Berlin, 1985.
[15] M. Giona, S. Cerbelli and H. E. Roman,Fractional di�usion equation and relaxation in complex

viscoelastic materials, Physica A: Statistical Mechanics and its Applications 191(4) (1992), 449�
453. https://doi.org/10.1016/0378-4371(92)90566-9

[16] J. K. Hale and J. Kato, Phase space for retarded equations with in�nite delay, Funkcial Ekvac.
21 (1978), 11�41.

[17] Y. Haiping, G. Jianming and D. Yongsheng,A generalized Gronwall inequality and its application
to a fractional di�erential equation , J. Math. Anal. Appl. 328(2) (2007), 1075�1081. https:
//doi.org/10.1016/j.jmaa.2006.05.061

[18] H. Heinz, On the behaviour of measures of noncompactness with respect to di�erentiation and
integration of vector valued functions, Nonlinear Anal. 7(12) (1983), 1351�1371.https://doi.
org/10.1016/0362-546X(83)90006-8

[19] Y. Hino, S. Murakami and T. Naito, Functional Di�erential Equations with In�nite Delay ,
Lecture Notes in Mathematics 1473, Springer-Verlag, Berlin, 1991.

[20] R. Hilfer, Applications of Fractional Calculus in Physics, World Scienti�c, Singapore, 2000.
[21] Y. Hu, Y. Luo and Z. Lu, Analytical solution of the linear fractional di�erential equation

by Adomian decomposition method, J. Comput. Appl. Math. 215(1) (2008), 220�229. https:
//doi.org/10.1016/j.cam.2007.04.005

[22] H. Jiang, F. Liu, I. Turner and K. Burrage, Analytical solutions for the multi-term time-
fractional di�usion-wave/di�usion equations in a �nite domain , Comput. Math. Appl. 64(10)
(2012), 3377�3388.https://doi.org/10.1016/j.camwa.2012.02.042

[23] V. Keyantuo, C. Lizama and M. Warma, Asymptotic behavior of fractional order semilinear
evolution equations, Di�erential Integral Equations 26(7) (2013), 757�780.

[24] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Di�er-
ential Equations, North-Holland Mathematics Studies 204, Elsevier Science B.V., Amsterdam,
2006.



A STUDY OF MULTI-TERM TIME-FRACTIONAL DIFFERENTIAL SYSTEM 285

[25] V. Lakshmikantham and A. S. Vatsala, General uniqueness and monotone iterative technique
for fractional di�erential equations , Appl. Math. Lett. 21(8) (2008), 828�834. https://doi.org/
10.1016/j.aml.2007.09.006

[26] Y. Li and Z. Liu, Monotone iterative technique for addressing impulsive integro-di�erential
equations in Banach spaces, Nonlinear Anal. 66(1) (2007), 83�92. https://doi.org/10.1016/
j.na.2005.11.013

[27] F. Liu, M. M. Meerschaert, R. J. McGough, P. Zhuang and Q. Liu, Numerical methods for
solving the multi-term time-fractional wave-di�usion equation, Fract. Calc. Appl. Anal. 16(1)
(2013), 9�25. https://doi.org/10.2478/s13540-013-0002-2

[28] C. Lizama, An operator theoretical approach to a class of fractional order di�erential equations,
Appl. Math. Lett. 24(2) (2011), 184�190. https://doi.org/10.1016/j.aml.2010.08.042

[29] Y. Luchko, Initial-boundary problems for the generalized multi-term time-fractional di�usion
equation, J. Math. Anal. Appl. 374(2) (2011), 538�548. https://doi.org/10.1016/j.jmaa.
2010.08.048

[30] F. Mainardi, Fractional calculus: Some basic problems in continuum and statistical mechanics,
in: Fractals and Fractional Calculus in Continuum Mechanics, Springer, New York, 1997.

[31] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Di�erential
Equations, Wiley, New York, 1993.

[32] E. A. Pardo and C. Lizama, Mild solutions for multi-term time-fractional di�erential equations
with nonlocal initial conditions , Elect. J. Di�. Equ. 2014(39) (2014), 1�10.

[33] I. Podlubny, Fractional Di�erential Equations , Academic Press, New York, 1999.
[34] V. T. Luong, Decay mild solutions for two-term time fractional di�erential equations in Ba-

nach spaces, J. Fixed Point Theory Appl. 18 (2016), 417�432. https://doi.org/10.1007/
s11784-016-0281-4

[35] G. Wang, Monotone iterative technique for boundary value problems of a nonlinear fractional
di�erential equation with deviating arguments, J. Comput. Appl. Math. 236(9) (2012), 2425�2430.
https://doi.org/10.1016/j.cam.2011.12.001

[36] M. Zurigat, S. Momani, Z. Odibat and A. Alawneh, The homotopy analysis method for handling
systems of fractional di�erential equations, Appl. Math. Model. 34(1) (2010), 24�35. https:
//doi.org/10.1016/j.apm.2009.03.024

1Department of Mathematics,
Indian Institute of Technology Roorkee,
Roorkee, India
Email address: vikramiitr1@gmail.com
Email address: dwij.iitk@gmail.com

2School of Basic and Applied Sciences,
GD Goenka University,
Gurugram, India
Email address: rrenu94@gmail.com





Kragujevac Journal of Mathematics
Volume 48(2) (2024), Pages 287�307.

MORE GENERALIZATIONS OF UNION SOFT HYPERIDEALS OF
ORDERED SEMIHYPERGROUPS

MUHAMMAD FAROOQ 1, MOHAMMAD KHALAF 2, AND ASGHAR KHAN 1

Abstract. In this paper, we introduce the notions of (M ; N )-union soft hyperide-
als and (M ; N )-union soft interior hyperideals of ordered semihypergroups. Some
basic operations are investigated and some related properties are also studied. We
present characterizations of ordered semihypergroups in terms of(M ; N )-union soft
hyperideals and(M ; N )-union soft interior hyperideals. We prove that every (M ; N )-
union soft hyperideal is an (M ; N )-union soft interior hyperideal but the converse
is not true which is shown with help of an example. However we show that the
notions of (M ; N )-union soft hyperideals and(M ; N )-union soft interior hyperideals
coincide in a regular as well as in intra-regular ordered semihypergroups. Moreover
we introduce the notion of (M ; N )-union soft simple ordered semihypergroups. Fi-
nally, we characterize(M ; N )-union soft simple ordered semihypergroups by means
of (M ; N )-union soft hyperideals and (M ; N )-union soft interior hyperideals.

1. Introduction

There are many examples in chemistry where the sum of two elements is a set of
elements. In this case we have a hyperstructure. Algebraic hyperstructures represent
a natural extension of classical algebraic structures and they were originally proposed
in 1934 by a French mathematician Marty [8] at the 8th Congress of Scandinavian
Mathematicians. One of the main reason which attracts researches towards hyper-
structures is its unique property that in hyperstructures composition of two elements
is a set, while in classical algebraic structures the composition of two elements is an

Key words and phrases. Regular ordered semihypergroup, intra-regular ordered semihypergroup,
(M ; N )-union soft hyperideal, (M ; N )-union soft interior hyperideal, (M ; N )-union soft simple ordered
semihypergroup.
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element. Thus algebraic hyperstructures are natural extension of classical algebraic
structures. Since then, hyperstructures are widely investigated from the theoretical
point of view and for their applications to many branches of pure and applied mathe-
matics. Especially, semihypergroups are the simplest algebraic hyperstructures which
possess the properties of closure and associativity. Nowadays many researchers have
studied di�erent aspects of semihypergroups (see [9�15,18]).

The uncertainty appeared in economics, engineering, environmental science, medical
science and social science and so many other applied sciences is too complicated to
be solved by traditional mathematical framework. Molodstov [6], introduced soft
set theory and it has received much attention since its inception. Soft set theory
emphasizes a balanced coverage of both theory and practice. Nowadays, it has
promoted a breadth of the discipline of informations sciences with intelligent systems,
approximate reasoning, expert and decision support systems, self-adaptation and self-
organizational systems, information and knowledge, modeling and computing with
words. Soft set theory has been regarded as a new mathematical tool for dealing with
uncertainties and it has seen a wide-ranging applications in the mean of algebraic
structures such as groups [1], semirings [2], ordered semigroups [4], hemirings [5, 7],
and so on. Feng et al. discussed soft relations in semigroups (see [3]) and explored
decomposition of fuzzy soft sets with �nite value spaces. Khan et al. [17], applied
soft set theory to ordered semihypergroups and introduced the notions of uni-soft
subsemihypergroups and uni-soft left (resp. right) hyperideals.

In this paper, we study the concepts of union soft interior hyperideals,(M ; N)-union
soft hyperideals and(M ; N)-union soft interior hyperideals in ordered semihypergroups
and present some related examples of these concepts. We show that(M ; N)-union
soft hyperideals and(M ; N)-union soft interior hyperideals coincide in regular ordered
semihypergroups and intra-regular ordered semihypergroups. We characterize ordered
semihypergroups in terms of(M ; N)-union soft hyperideals and(M ; N)-union soft
interior hyperideals. We introduce the concept of(M ; N)-union soft simple ordered
semihypergroups. Moreover we characterize(M ; N)-union soft simple ordered semi-
hypergroups in terms of(M ; N)-union soft hyperideals and(M ; N)-union soft interior
hyperideals.

2. Preliminaries

By an ordered semihypergroup we mean a structure (S;� ; � ) in which the following
conditions are satis�ed:

(1) (S;� ) is a semihypergroup;
(2) (S;� ) is a poset;
(3) for all a; b; x 2 S a � b implies x � a � x � b and a � x � b� x.
For A � S; we denote (A] := f t 2 S : t � h for someh 2 Ag: For A; B � S; we

have A � B :=
[

f a � b : a 2 A; b 2 Bg:
A nonempty subsetA of an ordered semihypergroupS is called a subsemihypergroup

of S if A2 � A:
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A nonempty subsetA of S is called a left (resp. right) hyperideal ofS if it satis�es
the following conditions:

(1) S � A � A (resp. A � S � A);
(2) if a 2 A; b 2 S and b � a; implying b2 A.
By a two sided hyperideal or simply a hyperideal ofS we mean a nonempty subset

of S which is both a left hyperideal and a right hyperideal ofS:
A subsemihypergroupA of S is called an interior hyperideal ofS if it satis�es the

following conditions:
(1) S � A � S � A;
(2) if a 2 A; b 2 S and b � a; implying b2 A.
An ordered semihypergroup (S;� ; � ) is called regular if for everya 2 S there exists

x 2 S such that a � a � x � a.
An ordered semihypergroupS is called intra-regular if for everya 2 S, there exist

x; y 2 S such that a � x � a � a � y:

3. Soft Sets

In what follows, we take E = S as the set of parameters, which is an ordered
semihypergroup, unless otherwise speci�ed.

From now on, U is an initial universe set,E is a set of parameters,P(U) is the
power set ofU and A; B; C; : : : � E .

De�nition 3.1 (see [6]). A soft set f A over U is de�ned as

f A : E ! P(U) such that f A (x) = ; if x =2 A:

Hence,f A is also called anapproximation function.

A soft set f A over U can be represented by the set of ordered pairs

f A = f (x; f A (x)) j x 2 E; f A (x) 2 P(U)g:

It is clear that a soft set is aparameterized familyof subsets ofU. Note that the set
of all soft sets overU will be denoted byS(U).

De�nition 3.2 (see [6]). Let f A ; f B 2 S(U): Then f A is called asoft subsetof f B ;
denoted byf A

e� f B if f A (x) � f B (x) for all x 2 E.

De�nition 3.3 (see [6]). Two soft setsf A and f B are said to be equal soft sets if
f A

e� f B and f B
e� f A and is denoted byf A e= f B :

De�nition 3.4. (see [6]). Letf A ; f B 2 S(U): Then the soft union of f A and f B ;
denoted byf A e[ f B = f A[ B ; is de�ned by (f A e[ f B ) (x) = f A (x) [ f B (x) for all x 2 E.

De�nition 3.5 (see [6]). Let f A ; f B 2 S(U): Then the soft intersection of f A and f B ;
denoted byf A e\ f B = f A\ B ; is de�ned by (f A e\ f B ) (x) = f A (x) \ f B (x) for all x 2 E.

For x 2 S, we de�ne Ax = f (y; z) 2 S � S j x � y � zg:
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De�nition 3.6 (see [17]). Let f A and gB be two soft sets of an ordered semihypergroup
S over U. Then, the uni-soft product, denoted byf A e� gB ; is de�ned by

f A e� gB : S ! P(U); x 7! (f A e� gB ) (x) =

8
><

>:

\

(y;z)2 A x

f f A (y) [ gB (z)g; if Ax 6= ; ;

U; if Ax = ; ;

for all x 2 S.

De�nition 3.7 (see [17]). Let A � S. Then the soft characteristic function

� c
A : S ! P(U)

is de�ned by

� A (x) :=

(
U; if x 2 A;
; ; if x =2 A:

For the characteristic soft set� A over U, the soft set � c
A over U given as follows:

� c
A (x) :=

(
; ; if x 2 A;
U; if x =2 A:

For an ordered semihypergroup, the soft sets �; S� of S over U is de�ned as follows:

; S : S 7! P(U); x 7! ; S (x) = ; :

De�nition 3.8 (see [17]). Let f A be a soft set of an ordered semihypergroupS over
U a subset� such that � 2 P (U). The � -exclusive set off A is denoted byeA (f A ; � )
and de�ned to be the set

eA (f A ; � ) = f x 2 S j f A (x) � � g :

De�nition 3.9 (see [17])). A soft set f A of an ordered semihypergroupS over U is
called a union soft subsemihypergroup ofS over U if

(8x; y 2 S)
[

� 2 x� y
f A (� ) � f A (x) [ f A (y):

De�nition 3.10 (see [17]). Let f A be a soft set of an ordered semihypergroupS over
U: Then f A is called a union soft left (resp. right) hyperideal ofS over U if it satis�es
the following conditions:

(1) (8x; y 2 S)
[

� 2 x� y
f A (� ) � f A (y)

0

@resp.
[

� 2 x� y
f A (� ) � f A (x)

1

A ;

(2) (8x; y 2 S) x � y ) f A (x) � f A (y):

A soft set f A of an ordered semihypergroupS over U is called aunion soft hyperideal
of S over U if it is both a union soft left hyperideal and a union soft right hyperideal
of S over U:

De�nition 3.11. A union soft subsemihypergroupf A of an ordered semihypergroup
S overU is called a union soft interior hyperideal ofS overU if it satis�es the following
conditions:
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(1) (8x; y; a 2 S)
[

� 2 x� a� y
f A (� ) � f A (a);

(2) (8x; y 2 S) x � y ) f A (x) � f A (y):

Example3.1. Let (S;� ; � ) be an ordered semihypergroup where the hyperoperation
and the order relation are de�ned by:

� e1 e2 e3 e4

e1 f e1g f e1g f e1g f e1g
e2 f e1g f e1g f e1; e4g f e1g
e3 f e1g f e1g f e1g f e1g
e4 f e1g f e1g f e1g f e1g

;

� := f (e1; e1); (e2; e2); (e3; e3); (e4; e4); (e1; e4)g:

SupposeU = f 1; 2; 3g and A = f e2; e3; e4g: Let us de�ne f A (e1) = ; ; f A (e2) = f 1g;
f A (e3) = f 1; 2; 3g and f A (e4) = f 2; 3g: Then f A is a union soft interior hyperideal of
S over U:

4. (M; N )-Union Soft Hyperideals

In this section, we introduce the notions of(M ; N)-union soft hyperideal of ordered
semihypergroups and investigate some related properties. From now on,; � M �
N � U:

For any soft setsf A and gB ; we de�ne an order relation e� [M;N ] by putting

f A
e� [M;N ]gB , (f A (x) [ M ) \ N e� (gB (x) [ M ) \ N;

for all x 2 S:
In casef A

e� [M;N ]gB and gB
e� [M;N ]f A then f A = [M;N ] gB .

Theorem 4.1. Let (S;� ; � ) be an ordered semihypergroup. Then the set
�
S(U); e� ; e� [M;N ]

�

forms an ordered semihypergroup.

Proof. Obviously, the operation �e� � is well-de�ned.
Let f A ; gB ; and hC 2 S(U) and x be any element ofS. If Ax = ; , then, clearly,

(((( f A e� gB ) e� hC ) (x)) [ M ) \ N = ((( f A e� (gB e� hC )) ( x)) [ M ) \ N: Let Ax 6= ; , then
we have

(((( f A e� gB ) e� hC ) (x)) [ M ) \ N

=

0

@

0

@
\

x� y� z

f (f A e� gB ) (y) [ hC (z)g

1

A [ M

1

A \ N

=

0

@

0

@
\

x� y� z

8
<

:

\

y� u� v

f f A (u) [ gB (v)g [ hC (z)

9
=

;

1

A [ M

1

A \ N
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=

0

@

0

@
\

x� (u� v)� z

f f A (u) [ gB (v) [ hC (z)g

1

A [ M

1

A \ N

=

0

@

0

@
\

x� u� (v� z)

f f A (u) [ (gB (v) [ hC (z))g

1

A [ M

1

A \ N

�

0

@

0

@
\

x� u� (v� z)

8
<

:
f A (u) [

8
<

:

\

y� v� z

(gB (v) [ hC (z))

9
=

;

9
=

;

1

A [ M

1

A \ N

=

0

@

0

@
\

x� u� (v� z)

f f A (u) [ (gB e� hC ) (v � z)g

1

A [ M

1

A \ N

= ((( f A e� (gB e� hC )) ( x)) [ M ) \ N:

It follows that (( f A e� gB ) e� hC ) e� [M;N ] (f A e� (gB e� hC )) : Similarly, we can prove that
(f A e� (gB e� hC )) e� [M;N ] (( f A e� gB ) e� hC ). Thus we have proved that(( f A e� gB ) e� hC ) = [M;N ]

(f A e� (gB e� hC )) :
Assume that f A

e� [M;N ]gB and let Ax = ; . Then obviously, (f A e� hC ) e� [M;N ] (gB e� hC )
and (hC e� f A ) e� [M;N ] (hC e� gB ) : If Ax 6= ; ; then

((( f A e� hC ) (x)) [ M ) \ N =

0

@

0

@
\

(y;z)2 A x

f f A (y) [ hC (z)g

1

A [ M

1

A \ N

=

0

@

0

@
\

(y;z)2 A x

f f A (y) [ hC (z) [ M g

1

A [ M

1

A \ N

�

0

@

0

@
\

(y;z)2 A x

f gB (y) [ hC (z) \ N g

1

A [ M

1

A \ N

=

0

@
\

(y;z)2 A x

f gB (y) [ hC (z) \ N g

1

A [ (M \ N )

=

0

@

0

@
\

(y;z)2 A x

f gB (y) [ hC (z)g

1

A \ N

1

A [ M

=

0

@

0

@
\

(y;z)2 A x

f gB (y) [ hC (z)g

1

A [ M

1

A \ N

= ( gB e� hC ) (x) :

In a similar way, we can show that(hC e� f A ) e� [M;N ] (hC e� gB ) : Thus,
�
S(U); e� ; e� [M;N ]

�

is an ordered semihypergroup.
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De�nition 4.1. A soft set f A of an ordered semihypergroupS over U is called an
(M ; N)-union subsemihypergroup ofS over U if

(8x; y 2 S)

0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (x) \ f A (y) [ M:

Example4.1. Let (S;� ; � ) be an ordered semihypergroup where the hyperoperation
and the order relation are de�ned by:

� p q r s
p f pg f pg f pg f pg
q f pg f pg f pg f pg
r f pg f pg f p; qg f pg
s f pg f pg f p; qg f p; qg

;

� := f (p; p); (q; q); (r; r ); (s; s); (p; q)g:
SupposeU = f 1; 2; 3g; A = f q; r; sg; M = f 2g and N = f 1; 2g: Let us de�ne

f A (p) = ; ; f A (q) = f 2g; f A (r ) = f 1; 2; 3g and f A (s) = f 2; 3g: Then f A is an
(M ; N)-union soft subsemihypergroup ofS over U:

Theorem 4.2. A non-empty subsetA of an ordered semihypergroup(S;� ; � ) is a
subsemihypergroup ofS if and only if the soft setf A ; de�ned by

f A (x) =

(
� 1; if x 2 A;
� 2; if x =2 A;

is an (M ; N)-union soft subsemihypergroup ofS over U, where � 1; � 2 � U such that
M � � 1 � � 2 � N � U:

Proof. SupposeA is a subsemihypergroup ofS: Supposex; y 2 S: If x; y 2 A, then
x� y � A: We have to show that

[

� 2 x� y

f A (� )\ N � f A (x)\ f A (y)[ M: Let � 2 x� y � A:

Then f A (� ) = � 1: Also f A (x) = � 1 = f A (y) : So f A (� ) = � 1 = f A (x) [ f A (y) : Hence[

� 2 x� y

f A (� ) \ N = � 1 \ N = � 1 = f A (x) [ f A (y) [ M: If x or y is not in A; then x � y � A

or x � y * A: If x � y � A; then for � 2 x � y � A; we havef A (� ) \ N = � 1 \ N = � 1:
If x � y * A; then for � 2 x � y * A; we havef A (� ) \ N = � 2 \ N = � 2: But
f A (x) [ f A (y) [ M = � 2 [ M = � 2: Thus,

[

� 2 x� y

f A (� ) \ N � f A (x) [ f A (y) [ M:

Conversely, assume thatf A is an (M ; N)-union soft subsemihypergroup ofS over
U: Let x; y 2 A: Then f A (x) = � 1 = f A (y) : By our supposition

[

� 2 x� y

f A (� ) \ N �

f A (x) [ f A (y) [ M = � 1 [ M = � 1: But M � � 1 � � 2 � N: So, f A (� ) � � 1 for every
� 2 x � y: Thus, � 2 A: This implies that x � y � A: Hence,A is subsemihypergroup
of S: �

Theorem 4.3. If f A and gB are two (M ; N)-union soft subsemihypergroup ofS over
U; then their union f A [ gB is an (M ; N)-union soft subsemihypergroup ofS over U:
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Proof. Let x; y 2 S: Sincef A and gB are two (M ; N)-union soft subsemihypergroup
of S over U: Then for every � 2 x � y, we have

(f A [ gB ) ( � ) \ N = ( f A (� ) [ gB (� )) \ N

= ( f A (� ) \ N ) [ (gB (� ) \ N )

� (f A (x) [ f A (y) [ M ) [ (gB (x) [ gB (y) [ M )

= (( f A (x) [ gB (x)) [ (f A (y) [ gB (y))) [ M

= ( f A [ gB ) (x) [ (f A [ gB ) (y) [ M:

Hence,
[

� 2 x� y
(f A [ gB ) ( � ) \ N � (f A [ gB ) (x) [ (f A [ gB ) (y) [ M: Therefore,f A [ gB

is an (M ; N)-union soft subsemihypergroup ofS over U: �

De�nition 4.2. A soft set f A of an ordered semihypergroupS over U is called an
(M ; N)-union soft left (resp. right) hyperideal ofS over U if it satis�es the following
conditions:

(1)

0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (y) [ M

0

@resp.
[

� 2 x� y
f A (� )) \ N � f A (x) [ M

1

A ;

(2) x � y ) f A (x) \ N � f A (y) [ M ,
for all x; y 2 S:

A soft set f A of an ordered semihypergroupS over U is called an(M ; N)-union
soft hyperideal ofS over U if it is both an (M ; N)-union soft left hyperideal and an
(M ; N)-union soft right hyperideal of S over U:

Example4.2. Let (S;� ; � ) be an ordered semihypergroup where the hyperoperation
and the order relation are de�ned by:

� 1 2 3 4
1 f 1g f 1g f 1g f 1g
2 f 1g f 1g f 1g f 1g
3 f 1g f 1g f 1g f 1; 2g
4 f 1g f 1g f 1; 2g f 1; 2; 3g

;

� := f (1; 1); (2; 2); (3; 3); (4; 4); (1; 2); (1; 3); (1; 4); (2; 4); (3; 4)g:
SupposeU = f h1; h2; h3g; A = f 1; 3; 4g; M = f h1g and N = f h1; h3g: Let us

de�ne f A (1) = ; ; f A (2) = f h1g; f A (3) = f h1; h2g and f A (4) = f h1; h2; h3g: Then
f A is an (M ; N)-union soft hyperideal ofS over U:

Theorem 4.4. Let (S;� ; � ) be an ordered semihypergroup and; 6= A � S: Then A is
a left (resp. right) hyperideal ofS if and only if the soft set� c

A of A is an (M ; N)-union
soft left (resp. right) hyperideal ofS over U:

Proof. Suppose thatA is a left hyperideal ofS: Let x; y 2 S: Then
0

@
[

� 2 x� y
� c

A (� )

1

A \ N � � c
A (y) [ M:
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Indeed, ify =2 A then � c
A (y) = U: Since� c

A (x) � U for all x 2 S and ; � M � N � U;
we have 0

@
[

� 2 x� y
� c

A (� )

1

A \ N � U = � c
A (y) [ M:

Let y 2 A: SinceA is a left hyperideal ofS and x 2 S; we havex � y � S � A � A:
Thus, in this case� c

A (� ) = ; for any � 2 x � y: Hence,
0

@
[

� 2 x� y
� c

A (� )

1

A \ N = ; � � c
A (y) [ M:

Let now x; y 2 S; x � y: Then � c
A (x) \ N � � c

A (y) [ M: In fact, if y 2 A; then
� c

A (y) = ; : SinceS 3 x � y 2 A; by hypothesis we havex 2 A; then � c
A (x) = ; :

Thus � c
A (x) \ N = ; � M = � c

A (y) [ M: If y =2 A; then � c
A (y) = U: Sincex 2 S;

; � M � N � U; we have� c
A (x) \ N � U = � c

A (y) [ M: Consequently,� c
A is an

(M ; N)-union soft left hyperideal ofS over U:
Conversely, letA be a non-empty subset ofS such that � c

A is an (M ; N)-union soft
left hyperideal of S over U: We claim that S � A � A: To prove our claim, let x 2 S
and y 2 A: By hypothesis,

0

@
[

� 2 x� y
� c

A (� )

1

A \ N � � c
A (y) [ M = ; [ M = M:

Thus, by ; � M � N � U;
[

� 2 x� y
� c

A (� ) \ N � M: Hence for any� 2 x � y; � c
A (� ) = ; ,

i.e., � 2 A: It thus follows that S � A � A: Furthermore, let x 2 A; S 3 y � x: Then
y 2 A: Indeed, it is enough to prove that� c

A (y) = ; : By x 2 A; we have� c
A (x) = ; :

Since � c
A is an (M ; N)-union soft left hyperideal ofS over U and y � x; we have

� c
A (y) \ N � � c

A (x) [ M = ; [ M = M: Notice that ; � M � N � U; we conclude
that � c

A (y) = ; : Therefore,A is a left hyperideal ofS:
Similarly we can show that� c

A is an (M ; N)-union soft right hyperideal ofS over
U; if and only if A is a right hyperideal ofS. �

Corollary 4.1. Let (S;� ; � ) be an ordered semihypergroup and; 6= A � S: Then
A is a hyperideal ofS if and only if the soft set� c

A of A is an (M ; N)-union soft
hyperideal ofS over U:

Theorem 4.5. Let f A be a soft set of an ordered semihypergroupS over U and
� 2 P (U) : Then f A is an (M ; N)-union soft hyperideal ofS over U if and only if the
nonempty � -exclusive seteA (f A ; � ) of f A is a hyperideal ofS and M � � � N:

Proof. Assume that f A is an (M ; N)-union soft hyperideal ofS over U: Let x 2
eA (f A ; � ) for M � � � N and y 2 S: Then f A (x) � �: It follows from De�nition 4.2,
that 0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (x) [ M � � [ M = �
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and 0

@
[

� 2 y� x
f A (� )

1

A \ N � f A (x) [ M � � [ M = �:

Notice that � � N we can deduce that
[

� 2 x� y
f A (� ) � � and

[

� 2 y� x
f A (� ) � �: Thus

it can be easily shown thatx � y � eA (f A ; � ) and y � x � eA (f A ; � ): Furthermore,
let x 2 eA (f A ; � ); S 3 y � x: Then y 2 eA (f A ; � ): Indeed, sincex 2 eA (f A ; � );
f A (x) � � and f A is an(M ; N)-union soft hyperideal ofS overU; we havef A (y) \ N �
f A (x) [ M � � [ M = �: By � � N; we havef A (y) � �; i.e., y 2 eA (f A ; � ): Therefore,
eA (f A ; � ) is a hyperideal ofS:

Conversely, leteA (f A ; � ) 6= ; be a hyperideal ofS for all M � � � N: If there exist
x1; y1 2 S such that

0

@
[

� 2 x1 � y1

f A (� )

1

A \ N � f A (y1) [ M;

then there existsM � � � N such that
0

@
[

� 2 x1 � y1

f A (� )

1

A \ N � � � f A (y1) [ M

and we havef A (y1) � � and
[

� 2 x1 � y1

f A (� ) � �: Thus, y1 2 eA (f A ; � ) and x1 � y1 *

eA (f A ; � ); which is a contradiction: Hence,
0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (y) [ M;

for all x; y 2 S: Moreover if x � y then f A (x) \ N � f A (y) [ M: Indeed, if there
exist x1; y1 2 S such that x1 � y1 and f A (x1) \ N � f A (y1) [ M then there exists
M � � � N such that f A (x1) \ N � � � f A (y1) [ M and we havef A (y1) � �
and f A (x1) � �: Then y1 2 eA (f A ; � ) and x1 =2 eA (f A ; � ): This is a contradiction that
eA (f A ; � ) is a hyperideal ofS: Thereforef A is an(M ; N)-union soft left hyperideal ofS
over U: In a similar way we can show thatf A is an (M ; N)-union soft right hyperideal
of S over U and thus f A is an (M ; N)-union soft hyperideal ofS over U: �

Theorem 4.6. Let (S;� ; � ) be an ordered semihypergroup andf A be a soft set ofS
over U: Then f A is an (M ; N)-union soft left hyperideal ofS over U if and only if f A

satis�es the following conditions:
(1) ; Se� f A

e� [M;N ]f A ;
(2) (8x; y 2 S) x � y ) f A (x) \ N � f A (y) [ M:

Proof. Suppose thatf A is an (M ; N)-union soft left hyperideal ofS over U. Then by
De�nition 4.2, condition (2) holds. To prove the condition(1) holds, it is enough to
prove that (; Se� f A ) (x) [ M � f A (x) \ N for any x 2 S: Indeed, let x 2 S: If Ax = ; ;
then (; Se� f A ) (x) [ M � f A (x) \ N: Let Ax 6= ; : Then there existy; z 2 S such that
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x � y � z and there existsv 2 y � z such that x � v: Sincef A is an (M ; N)-union soft
left hyperideal of S over U, we have for anyx � y � z: Thus,

(( ; Se� f A ) (x) [ M ) \ N =

0

@

0

@
\

(y;z)2 A x

f; S (y) [ f A (z)g

1

A [ M

1

A \ N

=

0

@

0

@
\

(y;z)2 A x

f; [ f A (z) [ M g

1

A [ M

1

A \ N

=

0

@

0

@
\

(y;z)2 A x

f f A (z) [ M g

1

A [ M

1

A \ N

�

0

@

0

@
\

(y;z)2 A x

f f A (x) \ N g

1

A [ M

1

A \ N

= [ f f A (x) \ N g [ M ] \ N

= ( f A (x) \ N ) [ (M \ N )

= ( f A (x) \ N ) [ M

= ( f A (x) [ M ) \ N:

Thus, ; Se� f A
e� [M;N ]f A for all x 2 S:

Conversely, assume that the conditions(1) and (2) hold. Let y; z 2 S: Then we can
prove that

[

x2 y�z
f A (x) \ N � f A (z) [ M for any x 2 y � z: In fact, since x 2 y � z;

x � x; we havex � y � z: Thus by hypothesis, we have

f A (x) \ N � (f A (x) \ N ) [ M

� (( ; Se� f A ) (x) \ N ) [ M

=

0

@

0

@
\

(p;q)2 A x

f; S (p) [ f A (q)g

1

A \ N

1

A [ M

� (f; S (y) [ f A (z)g \ N ) [ M

= ( f; [ f A (z)g \ N ) [ M

= ( f A (z) \ N ) [ M

= ( f A (z) [ M ) \ (N [ M )

= ( f A (z) [ M ) \ N

� f A (z) [ M:

Hence,
[

x2 y�z
f A (x) \ N � f A (z) [ M for any x 2 y � z: Hence,f A is an (M ; N)-union

soft left hyperideal ofS over U �

Similarly we can prove the following theorem.
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Theorem 4.7. Let (S;� ; � ) be an ordered semihypergroup andf A be a soft set ofS
over U: Then f A is an (M ; N)-union soft right hyperideal ofS over U if and only if
f A satis�es the following conditions:

(1) f A e�; S
e� [M;N ]f A ;

(2) (8x; y 2 S) x � y ) f A (x) \ N � f A (y) [ M:

5. (M; N )-Union Soft Interior Hyperideals

In this section, we introduce the notion of(M ; N)-union soft interior hyperideal of
ordered semihypergroups and will study some related properties.

De�nition 5.1. Let f A be a soft set of an ordered semihypergroupS over U: Then
f A is called an(M ; N)-union soft interior hyperideal of S over U if it satis�es the
following conditions:

(1) (8x; y 2 S)

0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (x) [ f A (y) [ M ;

(2) (8x; a; y 2 S)

0

@
[

� 2 x� a� y
f A (� )

1

A \ N � f A (a) [ M ;

(3) (8x; y 2 S) x � y ) f A (x) \ N � f A (y) [ M:

Example5.1. Let (S;� ; � ) be an ordered semihypergroup where the hyperoperation
and the order relation are de�ned by:

� a b c d e
a f a; bg f a; bg f a; bg f a; bg f a; bg
b f a; bg f a; bg f a; bg f a; bg f a; bg
c f a; bg f a; bg f cg f cg f eg
d f a; bg f a; bg f cg f dg f eg
e f a; bg f a; bg f cg f cg f eg

;

� := f (a; a); (b; b); (c; c); (d; d); (e; e) ; (a; c); (a; d); (a; e) ; (b; c) ; (b; d); (b; e) ;

(c; d); (c; e)g:

Let U = f 1; 2; 3g, A = f c; d; eg; M = f 2g and N = f 1; 2g: The soft set f A is
de�ned by

f A =

(
; ; if x 2 f a; bg;
U; if x 2 f c; d; eg:

Then f A is an (M ; N)-union soft interior hyperideal ofS over U:

Theorem 5.1. Let (S;� ; � ) be an ordered semihypergroup andA be a nonempty
subset ofS: Then A is an interior hyperideal of S if and only if the soft set� c

A of A
is an (M ; N)-union soft interior hyperideal of S over U:
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Proof. Suppose thatA is an interior hyperideal ofS: Let x; y and a be any elements

of S: Then

0

@
[

� 2 x� a� y
� c

A (� )

1

A \ N � � c
A (a) [ M: Indeed, if a 2 A; then � c

A (a) = ; :

SinceA is an interior hyperideal ofS; we have� 2 x � a � y � S � A � S � A we have

� c
A (� ) = ; and ; � M � N � U: Thus,

0

@
[

� 2 x� a� y
� c

A (� )

1

A \ N = ; � � c
A (a) [ M: If

a =2 A, then � c
A (a) = U: Since� c

A (x) � U for all x 2 S; thus,

0

@
[

� 2 x� a� y
� c

A (� )

1

A \ N �

U = � c
A (a) [ M: Let x; y 2 S with x � y: Then � c

A (x) \ N � � c
A (y) [ M: Indeed, if

y =2 A, then � c
A (y) = U and ; � M � N � U so � c

A (x) \ N � U = � c
A (y) [ M: If

y 2 A then � c
A (y) = ; : Sincex � y and A is an interior hyperideal ofS; we havex 2 A

and thus � c
A (x) \ N = ; � � c

A (y) [ M: SinceA is an interior hyperideal ofS:, we have,

A is a subsemihypergroup ofS: Let x; y 2 S: Then we have

0

@
[

� 2 x� y
� c

A (� )

1

A \ N �

� c
A (x) [ � c

A (y) [ M: Indeed, if x � y * A, then there exists� 2 x � y such that � =2 A;
and we have

[

� 2 x� y
� c

A (� ) = U: Besides thatx� y * A implies that x =2 A or y =2 A: Then

� c
A (x) = U or � c

A (y) = U and hence

0

@
[

� 2 x� y
� c

A (� )

1

A \ N � U = � c
A (x)[ � c

A (y)[ M: Let

x � y � A: Then � c
A (� ) = ; for any � 2 x � y. It implies that

[

� 2 x� y
� c

A (� ) = ; : Since we

have� c
A (x) � ; for any x 2 A, it follows,

0

@
[

� 2 x� y
� c

A (� )

1

A \ N = ; � � c
A (x)[ � c

A (y)[ M:

Therefore,� c
A is an (M ; N)-union soft interior hyperideal ofS over U:

Conversely, let; 6= A � S such that � c
A is an (M ; N)-union soft interior hyperideal

of S over U: We claim that A � A � A: To prove the claim, letx; y 2 A: By hypothesis,0

@
[

� 2 x� y
� c

A (� )

1

A \ N � � c
A (x) [ � c

A (y) [ M; which implies that

0

@
[

� 2 x� y
� c

A (� )

1

A \ N �

; \ ; [ M = M: Thus by ; � M � N � U;
[

� 2 x� y
� c

A (� ) \ N � M: Thus for

any � 2 x � y; � c
A (� ) = ; implies that � 2 A: It thus follows that A � A � A:

Let � 2 S � A � S; then there exist x; y 2 S and a 2 A such that � 2 x � a � y:

Since

0

@
[

� 2 x� a� y
� c

A (� )

1

A \ N � � c
A (a) [ M; and a 2 A we have� c

A (a) = ; : Hence

for each � 2 S � A � S; we have

0

@
[

� 2 x� a� y
� c

A (� )

1

A \ N � ; [ M = M: Thus, by

; � M � N � U;
[

� 2 x� a� y
� c

A (� ) \ N � M: Thus, for any � 2 x � a � y; � c
A (� ) = ;
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implies that � 2 A. Thus S � A � S � A: Furthermore, let x 2 A; S 3 y � x: Then
y 2 A: Indeed, it is enough to prove that� c

A (y) = ; : By x 2 A we have� c
A (x) = ; :

Since� c
A is an (MN )-union soft interior hyperideal ofS over U and y � x; we have

� c
A (y) \ N � � c

A (x) [ M = ; [ M = M: Notice that ; � M � N � U; we conclude
that � c

A (y) = ; : Hencey 2 A: ThereforeA is a interior hyperideal ofS: �

Theorem 5.2. Let f A be a soft set of an ordered semihypergroupS over U and
� 2 P (U) : Then f A is an (M ; N)-union soft interior hyperideal of S over U if and
only if each nonempty� -exclusive seteA (f A ; � ) of f A is an interior hyperideal of S
and M � � � N:

Proof. Assume that f A is an (M ; N)-union soft interior hyperideal ofS over U: Let
M � � � N and eA (f A ; � ) 6= ; : Let x; y 2 eA (f A ; � ): Then f A (x) � � and f A (y) � �:

By hypothesis, we have

0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (x) [ f A (y) [ M � � [ � [ M = �:

Since M � � � N; we can write as
[

� 2 x� y
f A (� ) � �: Thus for any � 2 x � y;

we havef A (� ) � �; implies that � 2 eA (f A ; � ): It follows that x � y � eA (f A ; � ):
HenceeA (f A ; � ) is a subsemihypergroup ofS: Let y 2 eA (f A ; � ) and x; z 2 S: Then
f A (y) � �: Sincef A is an (M ; N)-union soft interior hyperideal ofS over U: Thus,0

@
[

w2 x� y� z
f A (w)

1

A \ N � f A (y) [ M � � [ M = �: Since; � M � � � N � U; we

can write as
[

w2 x� y� z
f A (w) � �: Hence,f A (w) � � for any w 2 x � y � z implies that

w 2 eA (f A ; � ): Thus, S � eA (f A ; � ) � S � eA (f A ; � ): Furthermore, let x 2 eA (f A ; � );
S 3 y � x: Then y 2 eA (f A ; � ): Indeed, sincex 2 eA (f A ; � ); f A (x) � � and f A is an
(M ; N)-union soft interior hyperideal ofS over U; we havef A (y) \ N � f A (x) [ M �
� [ M = �: By M � � � N; we havef A (y) � �; i.e., y 2 eA (f A ; � ): Therefore,eA (f A ; � )
is an interior hyperideal ofS:

Conversely, suppose thateA (f A ; � ) 6= ; is an interior hyperideal ofS for all M � � �

N . If there exist x1; y1 2 S such that

0

@
[

� 2 x1 � y1

f A (� )

1

A \ N � f A (x1) [ f A (y1) [ M; then

there existsM � � � N such that

0

@
[

� 2 x1 � y1

f A (� )

1

A \ N � � � f A (x1) [ f A (y1) [ M;

and we havef A (x1) � �; f A (y1) � � and
[

� 2 x1 � y1

f A (� ) � � which implies that x1; y1 2

eA (f A ; � ) and x1 � y1 * eA (f A ; � ): It contradicts the fact that eA (f A ; � ) is an interior

hyperideal ofS. Consequently,

0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (x)[ f A (y)[ M for all x; y 2 S:

Next we show that

0

@
[

� 2 x� a� y
f A (� )

1

A \ N � f A (a) [ M for all x; a; y 2 S: If there exist
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x1; a1; y1 such that

0

@
[

� 2 x1 � a1 � y1

f A (� )

1

A \ N � f A (a1) [ M; and M � � � N such that
0

@
[

� 2 x1 � a1 � y1

f A (� )

1

A \ N � � � f A (a1) [ M; so f A (a1) � � and
[

� 2 x1 � a1 � y1

f A (� ) � �

then a1 2 eA (f A ; � ) and x1 � a1 � y1 * eA (f A ; � ): This is a contradiction that eA (f A ; � )
is an interior hyperideal ofS: Moreover if x � y, then f A (x) \ N � f A (y) [ M: Indeed,
if there exist x1; y1 2 S such that x1 � y1 and f A (x1) \ N � f A (y1) [ M , then there
exists M � � � N such that f A (x1) \ N � � � f A (y1) [ M and we havef A (y1) � �
and f A (x1) � �: Then y1 2 eA (f A ; � ) and x1 =2 eA (f A ; � ): This is a contradiction that
eA (f A ; � ) is an interior hyperideal ofS: Thus if x � y then f A (x) \ N � f A (y) [ M: �

Theorem 5.3. Let (S;� ; � ) be an ordered semihypergroup andf A be an(M ; N)-union
soft hyperideal ofS over U: Then f A is an (M ; N)-union soft interior hyperideal of S
over U:

Proof. Suppose thatf A is an (M ; N)-union soft hyperideal ofS over U: Let x; y 2 S:

Then by hypothesis

0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (x) [ M � f A (x) [ f A (y) [ M: Let

x; a; y 2 S: Since f A is an (M ; N)-union soft hyperideal ofS over U, then for any
� 2 x � a � y, and ; � M � N � U we have

0

@
[

� 2 x� a� y
f A (� )

1

A \ N =

0

@

0

@
[

� 2 x� a� y
f A (� )

1

A \ N

1

A \ N

=

0

B
B
@

0

B
B
@

[

� 2 x� �
� 2 a� y

f A (� )

1

C
C
A \ N

1

C
C
A \ N

� (f A (� ) [ M ) \ N

=( f A (� ) \ N ) [ (N \ M ) = ( f A (� ) \ N ) [ M

�

0

@

0

@
[

� 2 a� y

f A (� )

1

A \ N

1

A [ M

� (f A (a) [ M ) [ M

= f A (a) [ M:

Thus, 0

@
[

� 2 x� a� y
f A (� )

1

A \ N � f A (a) [ M:

Therefore,f A is an (M ; N)-union soft interior hyperideal ofS over U: �

The converse of above theorem is not true in general. We can illustrate it by the
following example.
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Example5.2. Let (S;� ; � ) be an ordered semihypergroup where the hyperoperation
and the order relation are de�ned by:

� v1 v2 v3 v4

v1 f v1g f v1g f v1g f v1g
v2 f v1g f v1g f v1g f v1g
v3 f v1g f v1g f v1; v2g f v1; v2g
v4 f v1g f v1g f v1; v2g f v1g

;

� := f (v1; v1); (v2; v2); (v3; v3) ; (v4; v4); (v1; v2); (v1; v3); (v1; v4); (v4; v2); (v4; v3)g:
SupposeU = f x; y; zg, A = f v2; v3g; M = f yg and N = f y; zg: Let us de�ne

f A (v1) = ; ; f A (v2) = f x; zg; f A (v3) = f x; y; zg and f A (v4) = ; : Then f A is an
(M ; N)-union soft interior hyperideal ofS over U: This is not an (M ; N)-union soft
left hyperideal as

[

� 2 v3 � v4= f v1 ;v2g

f A (� ) \ N = f A (v1) [ f A (v2) \ N = f zg * ; [ f yg = f yg = f A (v4) [ M:

Theorem 5.4. Let (S;� ; � ) be a regular ordered semihypergroup andf A is an (M ; N)-
union soft interior hyperideal ofS over U: Then f A is an (M ; N)-union soft hyperideal
of S over U:

Proof. Let x; y 2 S: Sincef A is an (M ; N)-union soft interior hyperideal ofS over U,

then

0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (x) [ M: Indeed, sinceS is regular andx 2 S; then

there existsz 2 S such that x � x � z � x: Then we havex � y � (x � z � x) � y =
(x � z) � (x � y) : So, there exist� 2 x � y; v 2 x � z and � 2 v � x � y such that � � �:
So f A (� ) \ N � f A (� ) [ M: Sincef A is an (M ; N)-union soft interior hyperideal of
S over U; and ; � M � N � U; we have

f A (� ) \ N =( f A (� ) \ N ) \ N

� (f A (� ) [ M ) \ N

=( f A (� ) \ N ) [ (N \ M ) = ( f A (� ) \ N ) [ M

�

0

@

0

@
[

� 2 v� x� y

f A (� )

1

A \ N

1

A [ M � (f A (x) [ M ) [ M

= f A (x) [ M:

Thus, 0

@
[

� 2 x� y
f A (� )

1

A \ N � f A (x) [ M:

Therefore f A is an (M ; N)-union soft right hyperideal ofS over U: In a similar way
we prove that f A is an (M ; N)-union soft left hyperideal ofS over U: �

By Theorem 5.3 and 5.4 we have the following.
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Theorem 5.5. In regular ordered semihypergroups the concepts of(M ; N)-union soft
hyperideals and(M ; N)-union soft interior hyperideals coincide.

Theorem 5.6. Let (S;� ; � ) be an intra-regular ordered semihypergroup andf A is an
(M ; N)-union soft interior hyperideal of S over U: Then f A is an (M ; N)-union soft
hyperideal ofS over U:

Proof. Let a; b2 S: Then

0

@
[

u2 a� b

f A (u)

1

A \ N � f A (a) [ M: Indeed, sinceS is intra-

regular and a 2 S; there exist x; y 2 S such that a � x � a � a � y: Then a � b �
(x � a � a � y) � b= x � a� (a� y � b): So there existu 2 a� b; v 2 a� y � band � 2 x � a� v
such that u � �: Sof A (u) \ N � f A (� ) [ M: Sincef A is an (M ; N)-union soft interior
hyperideal ofS over U; we have

f A (u) \ N =( f A (u) \ N ) \ N

� (f A (� ) [ M ) \ N

=( f A (� ) \ N ) [ (N \ M ) = ( f A (� ) \ N ) [ M

�

  
[

� 2 x� a� v
f A (� )

!

\ N

!

[ M � (f A (a) [ M ) [ M

= f A (a) [ M:

Thus,
0

@
[

u2 a� b

f A (u)

1

A \ N � f A (a) [ M:

Hence, f A is an (M ; N)-union soft right hyperideal of S over U: Similarly we can
prove that f A is an (M ; N)-union soft left hyperideal ofS over U: Therefore,f A is an
(M ; N)-union soft hyperideal ofS over U: �

By Theorem 5.3 and 5.6, we have the following.

Theorem 5.7. In intra-regular ordered semihypergroups the concepts of(M ; N)-union
soft hyperideals and(M ; N)-union soft interior hyperideals coincide.

6. Characterizations of (M; N )-Union Soft Simple Ordered
Semihypergroups in Terms of (M; N )-Union Soft Hyperideals and

(M; N )-Union Soft Interior Hyperideals

In this section, we introduce the concept of(M ; N)-union soft simple ordered
semihypergroups and characterize this type of ordered semihypergroups in terms
of (M ; N)-union soft hyperideals and (M ; N)-union soft interior hyperideals.

De�nition 6.1 (see [16]). An ordered semihypergroup(S;� ; � ) is called simple if it
has no a proper hyperideal, that is for any hyperidealA 6= ; of S we haveA = S.



304 M. FAROOQ, M. KHALAF, AND A. KHAN

Lemma 6.1 (see [16]). An ordered semihypergroup(S;� ; � ) is a simple ordered
semihypergroup if and only if for everya 2 S; (S � a � S] = S:

De�nition 6.2. An ordered semihypergroup(S;� ; � ) is called (M ; N)-union soft
simple if for any (M ; N)-union soft hyperidealf A of S over U; we havef A (a) \ N �
f A (b) [ M for all a; b2 S:

Theorem 6.1. Let be (S;� ; � ) an ordered semihypergroup. ThenS is (M ; N)-union
soft simple if and only if for any(M ; N)-union soft hyperidealf A of S over U; we
haveeA (f A ; � ) = S for all ; � M � � � N � U if eA (f A ; � ) 6= ; :

Proof. Suppose thatS is an (M ; N)-union soft simple ordered semihypergroup and
f A is an (M ; N)-union soft hyperideal ofS over U. Let M � � � N be such that
eA (f A ; � ) 6= ; : We need to prove thatx 2 eA (f A ; � ) for all x 2 S: SinceeA (f A ; � ) 6= ; ;
we can suppose that there exitsy 2 eA (f A ; � ), i.e., f A (y) � �: Hencef A (x) \ N �
f A (y) [ M � � [ M = �: SinceM � �; we can conclude thatf A (x) � �; which implies
that x 2 eA (f A ; � ).

Conversely, for any(M ; N)-union soft hyperideal f A of S over U; suppose that
eA (f A ; � ) = S for all ; � M � � � N � U if eA (f A ; � ) 6= ; : We claim that f A (a) \ N �
f A (b) [ M for all a; b2 S: If there exist x; y 2 S such that f A (x) \ N � f A (y) [ M;
then we havef A (x) \ N � � � f A (y) [ M for someM � � � N: Thus, f A (x) � �;
i.e., x =2 eA (f A ; � ) = S; which is a contradiction. Thereforef A (a) \ N � f A (b) [ M
holds for all a; b2 S: Thus, S is (M ; N)-union soft simple. �

Let (S;� ; � ) be an ordered semihypergroup anda 2 S; and f A be a soft set ofS
over U we denote byI a the subset ofS de�nes as follows:

I a = f b2 S j f A (b) \ N � f A (a) [ M g:

Clearly I a 6= ; ; sincea 2 I a:

Theorem 6.2. Let (S;� ; � ) be an ordered semihypergroup andf A is an (M ; N)-union
soft left hyperideals ofS over U: Then the setI a is a left hyperideal ofS for every
a 2 S:

Proof. Suppose thatf A is an(M ; N)-union soft left hyperideals ofS over U: Let b2 I a

and s 2 S: Then s � b � I a: Indeed, sincef A is an (M ; N)-union soft left hyperideal

of S over U and b; s2 S; we have

0

@
[

� 2 s� b

f A (� )

1

A \ N � f A (b) [ M: Sinceb 2 I a; we

have f A (b) \ N � f A (a) [ M: Thus,

f A (� ) \ N =( f A (� ) \ N ) \ N

�

0

@

0

@
[

� 2 s� b

f A (� )

1

A \ N

1

A \ N � (f A (b) [ M ) \ N

=( f A (b) \ N ) [ (M \ N )
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� (f A (a) [ M ) [ M

= f A (a) [ M:

Thus, � 2 I a and hences � b � I a: Let b 2 I a and S 3 s � b: Then s 2 I a: Indeed,
sincef A is an (M ; N)-union soft left hyperideals ofS over U, b; s2 S and s � b; we
have f A (s) \ N � f A (b) [ M: Sinceb 2 I a; we havef A (b) \ N � f A (a) [ M: Then
f A (s) \ N � f A (a) [ M; so s 2 I a: �

In a similar way we prove the following.

Theorem 6.3. Let (S;� ; � ) be an ordered semihypergroup andf A is an (M ; N)-union
soft right hyperideals ofS over U: Then the setI a is a right hyperideal ofS for every
a 2 S:

By Theorem 6.2 and 6.3 we have the following.

Theorem 6.4. Let (S;� ; � ) be an ordered semihypergroup andf A is an (M ; N)-union
soft hyperideals ofS over U: Then the setI a is a hyperideal ofS for every a 2 S:

Theorem 6.5. Let (S;� ; � ) be an ordered semihypergroup. ThenS is simple if and
only if it is (M ; N)-union soft simple.

Proof. Assume thatS is a simple ordered semihypergroup. Letf A is an (M ; N)-union
soft hyperideal ofS over U and a; b2 S: By Theorem 6.4, we obtainI a is a hyperideal
of S: SinceS is simple,I a = S: Then b2 I a; that is f A (b) \ N � f A (a) [ M: Therefore,
S is (M ; N)-union soft simple.

Conversely, suppose thatS is (M ; N)-union soft simple. LetI be a hyperideal of
S: By Corollary 4.1, we obtain the characteristic function� c

I is an (M ; N)-union soft
hyperideal of S over U: We claim that I = S: To prove our claim, let x 2 S: Since
S is (M ; N)-union soft simple,� c

I (x) \ N � � c
I (y) [ M for all y 2 S: SinceI 6= ; ;

let a 2 I: Then � c
I (x) \ N � � c

I (a) [ M = ; [ M = M: So, � c
I (x) \ N � M: Since

M � N; we conclude that� c
I (x) = ; ; i.e., x 2 I: Thus, we have shown thatS � I;

and so,S = I: Hence,S is simple. �

Theorem 6.6. Let (S;� ; � ) be an ordered semihypergroup. ThenS is a simple if
and only if for every (M ; N)-union soft interior hyperideal f A of S over U; we have
f A (a) \ N � f A (b) [ M for all a; b2 S.

Proof. Suppose thatS is a simple ordered semihypergroup. Letf A be an (M ; N)-
union soft interior hyperideal of S over U and a; b 2 S. By Lemma 6.1, we have
S = (S � b� S] : Thus by a 2 S; we havea 2 (S � b� S] : Then there exist x; y 2 S
such that a � x � b� y: Then a � � for some� 2 x � b� y: Sincef A is an (M ; N)-union
soft interior hyperideal of S over U; we havef A (a) \ N � f A (� ) [ M: Also since0

@
[

� 2 x� b� y

f A (� )

1

A \ N � f A (b) [ M: Thus,

f A (a) \ N =( f A (a) \ N ) \ N
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� (f A (� ) [ M ) \ N

=( f A (� ) \ N ) [ (M \ N ) = ( f A (� ) \ N ) [ M

�

0

@

0

@
[

� 2 x� b� y

f A (� )

1

A \ N

1

A [ M � (f A (b) [ M ) [ M

= f A (b) [ M:

Conversely, assume that for every(M ; N)-union soft interior hyperideal f A of S over
U; we havef A (a) \ N � f A (b) [ M for all a; b2 S. Let f A be any(M ; N)-union soft
hyperideal of S over U: Then by Theorem 5.3,f A is an (M ; N)-union soft interior
hyperideal ofS over U: HenceS is (M ; N)-union soft simple by De�nition 6.2. It thus
follows from Theorem 6.5 thatS is a simple ordered semihypergroup. �

As a consequence of Lemma 6.1, Theorem 6.5, and Theorem 6.6, we present char-
acterizations of a simple ordered semihypergroup as the following theorem.

Theorem 6.7. Let (S;� ; � ) be an ordered semihypergroup. Then the following state-
ments are equivalent:

(1) S is a simple ordered semihypergroup;
(2) S = ( S � a � S] for every a 2 S;
(3) S is (M ; N)-union soft simple;
(4) for every(M ; N)-union soft interior hyperideal ofS overU; we havef A (a)\ N �

f A (b) [ M for all a; b2 S.

7. Conclusion

Ideal theory play a vital role in hyperstructures, in this paper, we introduced the
notions of (M ; N)-union soft hyperideals and(M ; N)-union soft interior hyperideals
of ordered semihypergroups and studied them. WhenM = ; and N = U; we meet
union soft hyperideals and union soft interior hyperideals. From this view, we say that
(M ; N)-union soft hyperideals and(M ; N)-union soft interior hyperideals are more
general concepts than ordinary union soft ones. Moreover we introduced the notion
of (M ; N)-union soft simple ordered semihypergroup. We characterized(M ; N)-union
soft simple ordered semihypergroups by means of (M ; N)-union soft hyperideals and
(M ; N)-union soft interior hyperideals. Hopefully that the obtained new character-
izations of ordered semihypergroup in terms of(M ; N)-union soft hyperideals will
be very useful for future study of ordered semihypergroups. In future we will de�ne
other (M ; N)-union soft hyperideals of ordered semihypergroups and will study their
applications.
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POSITIVE SOLUTIONS FOR A FRACTIONAL BOUNDARY
VALUE PROBLEM WITH LIDSTONE LIKE BOUNDARY

CONDITIONS

JEFFREY T. NEUGEBAUER 1 AND AARON G. WINGO 2

Abstract. We consider a higher order fractional boundary value problem with
Lidstone like boundary conditions, where the nonlinearity is an L 1-Carathèodory
function. We �rst consider the lower order problem. Then, by using a convolution to
construct the Green's function for the higher order problem, we are able to apply a
recent �xed point theorem to show the existence of positive solutions of the boundary
value problem.

1. Introduction

Let n 2 N, n � 3, n � 1 < � � n and 1 � � � n � 1. We study existence and
nonexistence of solutions of the fractional di�erential equation

(1.1) D �
0+ u + f (t; u) = 0 ; t 2 (0; 1);

satisfying the boundary conditions

(1.2) u(i )(0) = 0 ; i = 0; 1; : : : ; n � 2; D �
0+ u(1) = 0 ;

whereD �
0+ and D �

0+ are the standard Riemann-Liouville derivatives. Heref : (0; 1) �
[0; 1 ) ! [0; 1 ) is an L1-Carathèodory function, i.e.,f satis�es the following proper-
ties:

(a) f (�; u) is a measurable function for allu � 0;
(b) f (t; �) is continuous for a.e.t 2 (0; 1) and
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(c) for all r > 0 there exists a r 2 L1[0; 1] such that jf (t; u)j �  r (t) for a.e. t 2
(0; 1) and for all juj � r .

We then consider a higher order problem with boundary conditions inspired by
Lidstone boundary conditions. Letm 2 N, m � 3, n 2 N, 2n � 1 + m < 
 � 2n + m,
1 � � � n � 1 and consider the boundary value problem

(1.3) D 

0+ u(t) + ( � 1)ng(t; u) = 0 ; 0 < t < 1;

satisfying the boundary conditions

u(i )(0) = 0 ; i = 0; 1; : : : ; m � 2; D �
0+ u(1) = 0 ;(1.4)

D 
 � 2l
0+ u(0) = D 
 � 2l

0+ u(1) = 0 ; l = 1; : : : ; n � 1;

where g : (0; 1) � [0; 1 ) ! [0; 1 ) is an L1-Carathèodory function. To construct
the Green's function for this problem, we use a convolution. The Green's function
for the higher order problem therefore inherits properties of the Green's function
corresponding to(1.1), (1.2) and similar arguments can be made to show the existence
of positive solutions of the boundary value problem.

Fixed point theory has been used extensively to study the existence of positive
solutions of fractional boundary value problems [2,7,8,10� 12,20,23,25] and singular
fractional boundary value problems [1,9,14,16,18,21,22,24,26] where the nonlinearity
may be singular att = 0 or t = 1. Of particular interest to this work is the recent
paper by Benmezaï, Chentout and Henderson [3], where the authors prove a new �xed
point theorem using strongly positive-like operators and then apply their �xed point
theorem to a fractional boundary value problem. The use of convolution to construct
Green's functions for higher order problems can be found �rst in [6]. In [15], the
authors used convolution to study positive solutions of some di�erent higher order
fractional boundary value problems.

2. Preliminaries

We start with the de�nition of the Riemann-Liouville fractional integral and frac-
tional derivative.

De�nition 2.1. Let � > 0. The Riemann-Liouville fractional integral of a function
u of order � , denotedI �

0+ u, is de�ned as

I �
0+ u(t) =

1
�( � )

Z t

0
(t � s)� � 1u(s)ds;

provided the right-hand side exists. Moreover, letn denote a positive integer and
assumen � 1 < � � n. The Riemann-Liouville fractional derivative of order� of the
function u : [0; 1] ! R, denotedD �

0+ u, is de�ned as

D �
0+ u(t) =

1
�( n � � )

dn

dtn

Z t

0
(t � s)n� � � 1u(s)ds = D n I n� �

0+ u(t);



FRACTIONAL BVP WITH LIDSTONE LIKE BOUNDARY CONDITIONS 311

provided the right-hand side exists. We refer to [4,13,17,19] for a more in depth study
of fractional calculus and fractional di�erential equations.

Let B be a Banach space overR. A closed nonempty subsetP of B is said to be a
cone provided

(i) �u + �v 2 P for all u; v 2 P and all �; � � 0 and
(ii) u 2 P and � u 2 P implies u = 0.
Cones generate a natural partial ordering on a Banach space. LetP be a cone in a

real Banach spaceB. If u; v 2 B, u � v if v � u 2 P, u � v if v � u 2 P, u 6= v, and
u 6� v if v � u =2 P. If both M; N : B ! B are continuous mappings,M � N if for
all u 2 P, Mu � Nu. The relations N � M and N 6� M are de�ned similarly. The
notation � , � and 6� de�ne the reverse situations.

De�nition 2.2. An operator L 2 LC (B), whereLC (B) is the set of all linear compact
self-mappings ofB , is said to be positive ifL : P ! P and strongly positive if P� 6= ;
and L : P n f 0g ! P� .

De�nition 2.3. Let L 2 LC (B) be positive. L is said to be lower bounded if
inf fk Luk : u 2 P \ @B(0; 1)g > 0.

For all positive operatorsL 2 LC (B), de�ne the subsets

� L = f � � 0 : there existsu � 0B such that Lu � �u g

and
� L = f � � 0 : there existsu � 0B such that Lu � �u g:

The proof of the following lemma can be found in [3].

Lemma 2.1. Let L 2 LC (B) be strongly positive. Then

r (L) = sup � L = inf � L :

De�nition 2.4. A positive operator L 2 LC (B) is said to be a strong positive-like
operator if r (L) = sup � L = inf � L > 0.

The following two theorems are the model for which our main result is based. The
proofs can be found in the work of Benmezai, Chentout, and Henderson [3]. The
�rst deals with nonexistence of positive �xed points and the second with existence of
positive �xed points.

Theorem 2.1. Let T : P ! P be a continuous mapping and letL 2 LC (B ) be a
strongly positive-like operator. If either

r (L) > 1 and Tu � Lu; for all u 2 P;

or
r (L) < 1 and Tu � Lu; for all u 2 P;

then T has no �xed points in P.
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Theorem 2.2. Let T : P ! P be a completely continuous mapping and assume
that there exist two strongly positive-like operatorsL1; L2 2 L c(B) and two functions
F1; F2 : P ! P such thatL1 is lower bounded onP, r (L2) < 1 < r (L1), and for all
u 2 P

L1u � F1u � Tu � L2u + F2u:

If either

F1u = o(kuk) as u ! 1 and F2u = o(kuk) as u ! 0;

or
F1u = o(kuk) as u ! 0 and F2u = o(kuk) as u ! 1 ;

then T has a �xed point in P.

3. Eigenvalue Criteria

Let E = C[0; 1] be the Banach space of continuous functions with the usual supre-
mum norm kuk = max t2 [0;1] ju(t)j. De�ne the Banach spaceX as

X =

(

u 2 C[0; 1] : lim
t ! 0

u(t)
t � � 1

exists

)

endowed with the norm

kukX = sup
t2 [0;1]

�
�
�
�
�
u(t)
t � � 1

�
�
�
�
�
:

Fix � 2 (0; 1). De�ne the cones

E + = f u 2 E : u(t) � 0 for all t 2 [0; 1]g;

P = f u 2 E + : u(t) � � � � 1kuk0 for all t 2 [�; 1]g

and
X + = f u 2 X : u(t) � 0 for all t 2 [0; 1]g:

De�ne the sets
L1

+ = f m 2 L1(0; 1) : m(t) � 0 a.e. t 2 [0; 1]g

and
L1

++ = f m 2 L1
+ : m > 0 on a subset of positive measureg:

We also introduce the subsetS � X by

S =

(

u 2 X : u(t) > 0 for all t 2 (0; 1] and lim
t ! 0

u(t)
t � � 1

> 0

)

:

The following theorem is given in [3].

Lemma 3.1. S is open in X .
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The Green's function for� D �
0+ u = 0 satisfying the boundary conditions(1.2) is

given by (see, for example, [5])

(3.1) G(t; s) =

8
<

:

t � � 1 (1� s) � � 1� �

�( � ) � (t � s) � � 1

�( � ) ; 0 � s < t � 1;
t � � 1 (1� s) � � 1� �

�( � ) ; 0 � t � s < 1:

Therefore,u is a solution of (1.1), (1.2) if and only if

u(t) =
Z 1

0
G(t; s)f (s; u(s))ds; 0 � t � 1:

De�ne v(t; s) by

v(t; s) =

8
><

>:

(1� s) � � 1� �

�( � ) � (1� s
t )

� � 1

�( � ) ; 0 � s < t � 1;
(1� s) � � 1� �

�( � ) ; 0 � t � s < 1:

Notice G(t; s) = t � � 1v(t; s). The following lemma gives sign properties ofG and v.
The proof of (1)�(3) of the following lemma can be found in [15]. The proof of (4)

is trivial.

Lemma 3.2. Let G be de�ned as in(3.1).

(1) G(t; s) 2 C ([0; 1] � [0; 1)) with G(t; s) > 0 for (t; s) 2 (0; 1] � (0; 1).
(2) t � � 1G(1; s) � G(t; s) � G(1; s) for (t; s) 2 [0; 1] � [0; 1).
(3) G(t; s) � � � � 1G(1; s) for all t 2 [�; 1] and all s 2 [0; 1).
(4) v(0; s) > 0 for all s 2 [0; 1).

Let m 2 L1
++ . De�ne Lm : E ! E by

Lmu(t) =
Z 1

0
G(t; s)m(s)u(s)ds:

For u 2 X , de�ne LX
x : X ! E by LX

m u = Lmu.

Lemma 3.3. For m 2 L1
++ , the operator Lm is compact and positive. Moreover,

Lm : E + ! P.

Proof. The proof that Lm is compact is standard. Letu 2 E + . Then u(t) � 0 for
t 2 [0; 1]. Sincem > 0 for a.e.t 2 [0; 1], then by Lemma 3.2 (1),

Lmu(t) =
Z 1

0
G(t; s)m(s)u(s)ds � 0:

SoLmu 2 E + and Lm : E + ! E + . Furthermore, Lemma 3.2 (3) gives that

kLmuk = jLmu(1)j0

and

Lmu(t) =
Z 1

0
G(t; s)m(s)u(s)ds � � � � 1

Z 1

0
G(1; s)m(s)u(s)ds = � � � 1kLmuk:

SoLmu 2 P and Lm : E + ! P. �
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Lemma 3.4. For m 2 L1
++ , Lm is a strongly positive-like operator which is lower

bounded on the coneP.

Proof. We start by proving that for m 2 L1
+ [0; 1] \ C[0; 1], LX

m is a strongly positive
operator. Using the Arzelà-Ascoli theorem, similar to the argument in [3], we have
that LX

m compact. Next, let u 2 X + n f 0g. For all t 2 (0; 1], by Lemma 3.2,

LX
m u(t) =

Z 1

0
G(t; s)m(s)u(s)ds > 0:

Also,

lim
t ! 0

LX
m u(t)
t � � 1

=
Z 1

0
v(0; s)m(s)u(s)ds > 0:

SoLX
m : X n f 0g ! S � X + � . SoLX

m is strongly positive, and by Lemma 2.1,

r (LX
m ) = sup � L X

m
= inf � L X

m
:

SinceLX
m is an embedding of the operatorLm into X , � L X

m
� � L m and � L X

m
� � L m .

Next, let � � 0 and u 2 E + n f 0g be such thatLmu � �u . Then, from an argument
similar to that above, U = Lmu 2 X + n f 0g. Now

LX
m U = LX

m (Lmu) = Lm (Lmu) � �L mU:

So, � 2 � L X
m

, and � L X
m

= � L m . Similarly, � L X
m

= � L m . So,

r (Lm ) = sup � L m = inf � L m :

So,Lm is a strongly positive-like operator.
Finally, for u 2 P,

kLmuk = Lmu(1) =
Z 1

0
G(1; s)m(s)u(s)ds � � � � 1

Z 1

0
G(1; s)m(s)� � � 1dskuk:

SoLm is lower bounded on the coneP.
�

4. Existence and Nonexistence Results

De�ne the operator T : E + ! E by

Tu(t) =
Z 1

0
G(t; s)f (s; u(s))ds:

Notice that u is a solution of the boundary value problem(1.1), (1.2) if and only if u
is a �xed point of T.

We have the following lemma.

Lemma 4.1. T : E + ! E is compact andT : E + ! P.

Proof. The fact that T is compact is a standard application of the Arzela-Ascoli
theorem. Next, let u 2 E + . Then by Lemmma 3.2 (1) and (3),

Tu(t) =
Z 1

0
G(t; s)f (s; u(s))ds � 0;
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and, sincekTuk = Tu(1),

Tu(t) =
Z 1

0
G(t; s)f (s; u(s))ds � � � � 1

Z 1

0
G(1; s)f (s; u(s))ds = � � � 1kuk:

So,T : E + ! P. �

Let m 2 L1
++ . Consider the linear boundary value problem

(4.1) D �
0+ u(t) + �m (t)u(t) = 0 ; a.e. t 2 (0; 1);

satisfying the boundary conditions (1.2), where� is a real parameter.

Lemma 4.2. For all m 2 L1
++ , (4.1), (1.2) admit a unique positive eigenvalue� � (m).

Proof. Now (�; u ) is a solution of (4.1), (1.2) if and only if Lmu = � � 1u. Lemma
3.4 gives that� � 1 = r (Lm ) is the unique positive eigenvalue ofLm . Thus, � � (m) =
1=r(Lm ) is the unique positive eigenvalue of (4.1), (1.2). �

Theorem 4.1. Assume that there existsm 2 L1
+ such that one of the following

hypotheses is satis�ed:

(4.2) � � (m) < 1 and f (t; u) � m(t)u; for all u � 0 and a.e. t 2 (0; 1);

(4.3) � � (m) > 1 and f (t; u) � m(t)u; for all u � 0 and a.e. t 2 (0; 1);

Then (1.1), (1.2) has no positive solutions.

Proof. Let u 2 P, and suppose(4.2) holds. Then f (t; u) � m(t)u, which implies
Tu � Lmu. But Lm is a strongly positive-like operator withr (Lm ) = 1 =� � (m) > 1.
Theorem 2.1 is therefore satis�ed andT has no positive �xed points. A similar
argument can be made if (4.3) holds. �

Theorem 4.2. Assume that there existm1; m2 2 L1
++ , q1; q2 2 L1

+ , and two functions
� 1; � 2 : [0; 1 ) ! [0; 1 ) such that � � (m1) < 1 < � � (m2) and for all u � 0 and a.e.
t 2 (0; 1),

(4.4) m1(t)u � q1(t)� 1(u) � f (t; u) � m2(t)u + q2(t)� 2(u):

If either
(H1) � 1(u) = o(kuk) as u ! 1 , � 2(u) = o(kuk) as u ! 0, � 1 is nondecreasing, and

� 2 is nondecreasing near0 or
(H2) � 1(u) = o(kuk) as u ! 0, � 2(u) = o(kuk) as u ! 1 , � 1 is nondecreasing near

0, and � 2 is nondecreasing,
then (1.1), (1.2) has at least one positive solution.

Proof. For i = 1; 2, let Fi : P ! P be de�ned by

Fi u(t) =
Z 1

0
G(t; s)� i (u(s))ds:

From (4.4), we have that for allu 2 P,

Lm1 u � F1u � Tu � Lm2 u + F2u;
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with

r (Lm2 ) =
1

� � (m2)
< 1 < r (Lm1 ) =

1
� � (m1)

:

Suppose (H1) holds. Then, we have,

kFi uk1

kuk1
= sup

t2 [0;1]

Fi u(t)
kuk1

�
Z 1

0
G(1; s)qi (s)

� i (u(s))
kuk1

ds �
Z 1

0
G(1; s)qi (s)ds;

which progresses to our conclusion,

F1u = o(kuk) as u ! 1 and F2u = o(kuk) as u ! 0:

We therefore have from Theorem 2.2 thatT has a �xed point, which �nally is a
positive solution to (1.1), (1.2). The case for (H2) is similar. �

5. An Extension to a Higher Order Problem

In this section, we consider the fractional boundary value problem(1.3), (1.4),
motivated by the two-point Lidstone boundary value problem for ordinary di�erential
equations. De�neG0(t; s) = G(t; s) from (3.1) to be the Green's function for� D �

0+ u =
0, u(i )(0) = 0, i = 0; 1; : : : ; m � 2, D �

0+ u(1) = 0. Denote by Gn(t; s) the Green's
function for the BVP � D 


0+ u = 0, (1.4).
The construction for Gn (t; s) is similar to the construction in [6] and is given here

for completeness. De�neGk(t; s) by

(5.1) Gk(t; s) = �
Z 1

0
Gk� 1(t; r )Gconj (r; s)dr;

k = 2; : : : ; n � 1; where

(5.2) Gconj (t; s) =

(
t(1 � s); 0 � t < s � 1;
s(1 � t); 0 � s < t � 1;

is the Green's function for� u00= 0, u(0) = u(1) = 0. Thus the Green's function
Gn (t; s) for (1.3), (1.4) is of the form

Gn (t; s) = �
Z 1

0
Gn� 1(t; r )Gconj (r; s)dr;

whereGn� 1(t; s) is the Green's function for

D 
 � 2
0+ u(t) + h(t) = 0 ; 0 < t < 1;

u(i )(0) = 0 ; i = 0; 1; : : : ; m � 2; D �
0+ u(1) = 0 ;

D 
 � 2l
0+ u(0) = D 
 � 2l

0+ u(1) = 0 ; l = 1; : : : ; n � 2:

To see this, for the base case, �rst consider the linear di�erential equation

D � +2
0+ u(t) + h(t) = 0 ;

satisfying the boundary conditions

u(i )(0) = 0 ; i = 0; 1; : : : ; m � 2; D �
0+ u(1) = 0 ;
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D 
 � 2(n� 1)
0+ u(0) = 0 ; D 
 � 2(n� 1)

0+ u(1) = 0 :

Make the change of variablev(t) = D � +2 � 2
0+ u(t). Then D 2v(t) = D 2D � +2

0+ u(t) =
D �

0+ u(t) = � h(t). Since� = 
 � 2n + 2, v(0) = D �
0+ u(0) = 0 and v(1) = D �

0+ u(1) = 0.
Thus v satis�es the Dirichlet boundary value problem

v00+ h(t) = 0 ; 0 < t < 1;

v(0) = 0 ; v(1) = 0 :

Also, u now satis�es a lower order boundary value problem,

D �
0+ u(t) = v(t); 0 < t < 1;

u(i )(0) = 0 ; i = 0; 1; : : : ; m � 2; D �
0+ u(1) = 0 ;

and so,

u(t) =
Z 1

0
G0(t; s)( � v(s))ds

=
Z 1

0

�

�
Z 1

0
G0(t; s)Gconj (s; r)ds

�

h(r )dr

=
Z 1

0
G1(t; s)h(s)ds;

whereG1(t; s) = �
R1

0 G0(t; r )Gconj (r; s)dr.
For the inductive step, consider

D 

0+ u(t) + k(t) = 0 ;

satisfying (1.4). The argument here is similar to above. Make the change of variable
v(t) = D 
 � 2

0+ u(t). Thus D 2v(t) = D 2D 
 � 2
0+ u(t) = D 


0+ u(t) = � k(t). Since v(0) =
D 
 � 2

0+ u(0) = 0 and v(1) = D 
 � 2
0+ u(1) = 0, then v satis�es the Dirichlet boundary value

problem

v00+ k(t) = 0 ; 0 < t < 1;

v(0) = 0 ; v(1) = 0 :

Here u now satis�es a lower order boundary value problem,

D 
 � 2
0+ u(t) = v(t); 0 < t < 1;

u(i )(0) = 0 ; i = 0; 1; : : : ; m � 2; D �
0+ u(1) = 0 ;

D 
 � 2l
0+ u(0) = 0 ; D 
 � 2l

0+ u(1) = 0 ; l = 2; : : : ; k;

and by the induction hypothesis,

u(t) =
Z 1

0
Gn� 1(t; s)( � v(s))ds

=
Z 1

0

�

�
Z 1

0
Gn� 1(t; s)Gconj (s; r)ds

�

k(r )dr
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=
Z 1

0
Gn (t; s)k(s)ds;

whereGn (t; s) = �
R1

0 Gn� 1(t; r )Gconj (r; s)dr.
De�ne vn(t; s) so that t � � 1vn(t; s) = Gn(t; s). The following lemma follows from

Lemma 3.2.

Lemma 5.1. Let Gn be de�ned inductively as above.

(1) Gn (t; s) 2 C ([0; 1] � [0; 1)) with (� 1)nGn (t; s) > 0 for (t; s) 2 (0; 1] � (0; 1).
(2) t � � 1(� 1)nG(1; s) � (� 1)nG(t; s) � (� 1)nG(1; s) for (t; s) 2 [0; 1] � [0; 1).
(3) (� 1)nG(t; s) � (� 1)n � � � 1G(1; s) for all t 2 [�; 1] and all s 2 [0; 1).
(4) (� 1)nv(0; s) � 0 for all s 2 [0; 1).

Proof. We start by showing (1) holds. For the base case, consider thatG0(t; s) =
G(t; s) from Lemma 3.2 which does belong toC ([0; 1] � [0; 1]) and is positive. Since

G1(t; s) = �
Z 1

0
G0(t; r )Gconj (r; s)ds;

and Gconj (r; s) 2 C([0; 1] � [0; 1]) and Gconj (t; s) > 0, it follows that G1(t; s) 2
C([0; 1] � [0; 1]) and � G1(t; s) > 0. For the inductive step, assumeGn� 1(t; s) 2
C([0; 1] � [0; 1)) and (� 1)n� 1Gn� 1(t; s) > 0 for (t; s) 2 (0; 1] � (0; 1). Then by
de�nition

(� 1)nGn (t; s) = �
Z 1

0
(� 1)n� 1Gn� 1(t; r )Gconj (r; s)dr;

we see that sinceGconj (t; s) 2 C([0; 1] � [0; 1]) and Gconj (t; s) > 0 for (t; s) 2 (0; 1) �
(0; 1), then (� 1)nGn (t; s) > 0 for (t; s) 2 (0; 1] � (0; 1) and Gn (t; s) 2 C([0; 1] � [0; 1)).

For (2), similar to the �rst item, the base case follows from Lemma 3.2. Since for
G0(t; s) = G(t; s), we have

t � � 1G0(1; s) � G0(t; s) � G0(1; s);

and by the de�nition of G1(t; s) we have

� t � � 1G1(1; s) =
Z 1

0
t � � 1G0(1; r )Gconj (r; s)dr

�
Z 1

0
G0(t; r )Gconj (r; s)dr

= � G1(t; s)

�
Z 1

0
G0(1; r )Gconj (r; s)dr

= � G1(1; s):

For the inductive step, in a similar fashion, assume

t � � 1(� 1)n� 1Gn� 1(1; s) � (� 1)n� 1Gn� 1(t; s) � (� 1)n� 1Gn� 1(1; s):
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Then by the de�nition of Gn (t; s), we have

t � � 1(� 1)nGn (1; s) = ( � 1)n+1 t � � 1
Z 1

0
Gn� 1(1; r )Gconj (r; s)dr

� (� 1)n+1
Z 1

0
Gn� 1(t; r )Gconj (r; s)dr

= ( � 1)nGn (t; s)

� (� 1)n+1
Z 1

0
Gn� 1(1; r )Gconj (r; s)dr

= ( � 1)nGn (1; s):

Notice that (3) is a direct result of (2), and a proof of (4) can similarly be obtained
using induction. �

De�ne the sets

Ln
1
+ = f m 2 L1(0; 1) : (� 1)nm(t) � 0 a.e.t 2 [0; 1]g

and

Ln
1
++ = f m 2 Ln

1
+ : (� 1)nm(t) > 0 on a subset of positive measureg:

Let m 2 Ln
1
++ . De�ne Ln m : E ! E by

Ln mu(t) =
Z 1

0
Gn (t; s)m(s)u(s)ds:

De�ne Ln
X
m : X ! E by, for u 2 X , Ln

X
m u = Ln mu.

Lemma 5.2. For m 2 Ln
1
+ , the operator Ln m is compact and positive. Moreover,

Ln m : E + ! P.

Proof. Let u 2 E + . Then

Ln mu(t) =
Z 1

0
Gn (t; s)m(s)u(s)ds

=
Z 1

0
(� 1)nGn (t; s)jm(s)ju(s)ds > 0;

and, sincekLn muk = jLn mu(1)j0,

Ln mu(t) =
Z 1

0
Gn (t; s)m(s)u(s)ds

=
Z 1

0
(� 1)nGn (t; s)jm(s)ju(s)ds

� � � � 1
Z 1

0
(� 1)nGn (1; s)jm(s)ju(s)ds

= � � � 1kLn muk;

concluding the proof. �
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Lemma 5.3. For m 2 Ln
1
++ , Ln m is a strongly positive-like operator which is lower

bounded on the coneP.

Proof. As in the proof of Lemma 3.4, if we can showLn
X
m : X + n f 0g ! S � X + � , the

result follows. Let u 2 X + . First, notice for t 2 (0; 1],

Ln
X
m u(t) =

Z 1

0
(� 1)nGn (t; s)jm(s)ju(s)ds > 0:

Again, sincem and vn (0; s) have the same sign,

lim
t ! 0

Lm
X
n u(t)

t � � 1
=

Z 1

0
(� 1)nvn (0; s)jm(s)ju(s)ds > 0:

SoLX
m : X n f 0g ! S � X + � , and the result follows. �

De�ne the operator Tn : E + ! E by

Tnu(t) =
Z 1

0
Gn (t; s)( � 1)ng(s; u(s))ds:

Notice that u is a solution of the boundary value problem(1.3), (1.4) if and only if u
is a �xed point of Tn .

The following lemma is a direct result of the Arzelà-Ascoli theorem and Lemma
5.1.

Lemma 5.4. Tn : E + ! E is compact andTn : E + ! P.

The proofs of the main results are similar to the proofs from Section 4 and are
therefore omitted.

Let m 2 Ln
1
++ . Consider the linear boundary value problem

(5.3) D 

0+ u(t) + �m (t)u(t) = 0 ; a.e. t 2 (0; 1);

satisfying the boundary conditions (1.4), where� is a real parameter.

Lemma 5.5. For all m 2 Ln
1
++ , (5.3), (1.4) admits a unique positive eigenvalue

� � (m).

Theorem 5.1. Assume that there existsm 2 Ln
1
+ such that one of the following

hypotheses is satis�ed.

� � (m) < 1 and (� 1)ng(t; u) � m(t)u; for all u � 0 and a.e. t 2 (0; 1);(5.4)

� � (m) > 1 and (� 1)ng(t; u) � m(t)u; for all u � 0 and a.e. t 2 (0; 1);(5.5)

then (1.3), (1.4) has no positive solutions.

Theorem 5.2. Assume that there existm1; m2 2 Ln
1
++ , q1; q2 2 Ln

1
+ , and two func-

tions � 1; � 2 : [0; 1 ) ! [0; 1 ) such that� � (m1) < 1 < � � (m2) and, for all u � 0 and
a.e. t 2 (0; 1)

(5.6) m1(t)u � q1(t)� 1(u) � (� 1)ng(t; u) � m2(t)u + q2(t)� 2(u):

If either
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(H1) � 1(u) = o(kuk) as u ! 1 , � 2(u) = o(kuk) as u ! 0, � 1 is nondecreasing, and
� 2 is nondecreasing near0 or

(H2) � 1(u) = o(kuk) as u ! 0, � 2(u) = o(kuk) as u ! 1 , � 1 is nondecreasing near
0, and � 2 is nondecreasing,

then (1.3), (1.4) has at least one positive solution.

We conclude the paper by remarking that the hypotheses of Theorems 4.2 and 5.2
are similar to the hypotheses of the main theorem in [3]. Therefore, the examples of
nonlinearities provided in that work could be easily modi�ed for the problems given
in this paper.

References

[1] R. P. Agarwal, D. O'Regan and S. Stan¥k,Positive solutions for Dirichlet problems of singular
nonlinear fractional di�erential equations , J. Math. Anal. Appl. 371 (2010), 57�68. http://dx.
doi.org/10.1016/j.jmaa.2010.04.034

[2] Z. Bai and H. Lü, Positive solutions for boundary value problem of nonlinear fractional di�er-
ential equation, J. Math. Anal. Appl. 311 (2005), 495�505. http://dx.doi.org/10.1016/j.
jmaa.2005.02.052

[3] A. Benmezai, S. Chentout and J. Henderson,Strongly positive-like operators and eigenvalue
criteria for existence and nonexistence of positive solutions for a-order fractional boundary value
problems, J. Nonlinear Funct. Anal. (2019), Article ID 24, 1�14. https://doi.org/10.23952/
jnfa.2019.24

[4] K. Diethelm, The Analysis of Fractional Di�erential Equations: An Application-Oriented Expo-
sition Using Di�erential Operators of Caputo Type , Springer, 2010.

[5] P. Eloe, J. W. Lyons and J. T. Neugebauer,An ordering on Green's functions for a family of
two-point boundary value problems for fractional di�erential equations, Commun. Appl. Anal.
19 (2015), 453�462.

[6] P. W. Eloe and J. T. Neugebauer, Convolutions and Green's functions for two families of
boundary value problems for fractional di�erential equations, Electron. J. Di�erential Equations
2016 (2016), 1�13.

[7] J. R. Graef, L. Kong, M. Wang and B. Yang, Uniqueness and parameter dependence of positive
solutions of a discrete fourth-order problem, J. Di�erence Equ. Appl. 19 (2013), 1133�1146.
http://dx.doi.org/10.1080/10236198.2012.719502

[8] J. R. Graef and B. Yang, Positive solutions to a three point fourth order focal boundary
value problem, Rocky Mountain J. Math. 44 (2014), 937�951. http://dx.doi.org/10.1216/
RMJ-2014-44-3-937

[9] J. Henderson and R. Luca,Existence of positive solutions for a singular fraction boundary value
problem, Nonlinear Anal. Model. Control 22 (2017), 99�114.

[10] J. Ji and B. Yang, Computing the positive solutions of the discrete third-order three-point right
focal boundary-value problems, Int. J. Comput. Math. 91 (2014), 996�1004. http://dx.doi.
org/10.1080/00207160.2013.816690

[11] D. Jiang and C. Yuan, The positive properties of the Green function for Dirichlet-type boundary
value problems of nonlinear fractional di�erential equations and its application, Nonlinear Anal.
72 (2010), 710�719.http://dx.doi.org/10.1016/j.na.2009.07.012

[12] E. R. Kaufmann and E. Mboumi, Positive solutions of a boundary value problem for a nonlinear
fractional di�erential equation , Electron. J. Qual. Theory Di�er. Equ. (2008), Article ID 3, 11
pages.



322 J. T. NEUGEBAUER AND A. G. WINGO

[13] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Di�er-
ential Equations, North-Holland Mathematics Studies 204, Elsevier Science B.V., Amsterdam,
2006.

[14] J. W. Lyons and J. T. Neugebauer,Positive solutions of a singular fractional boundary value
problem with a fractional boundary condition, Opuscula Math. 37 (2017), 421�434.

[15] J. W. Lyons and J. T. Neugebauer, Two point fractional boundary value problems with a
fractional boundary condition, Fract. Calc. Appl. Anal. 21 (2018), 442�461.https://doi.org/
10.1515/fca-2018-0025

[16] H. Mâagli, N. Mhadhebi and N. Zeddini, Existence and estimates of positive solutions for some
singular fractional boundary value problems, Abstr. Appl. Anal. (2014), Article ID 120781, 7
pages.http://dx.doi.org/10.1155/2014/120781

[17] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Di�erential
Equations, A Wiley-Interscience Publication, John Wiley & Sons, Inc., New York, 1993.

[18] J. T. Neugebauer,Existence of positive solutions of a singular fractional boundary value problem,
Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal. 25 (2018), 257�266.https://doi.org/
10.1515/fca-2018-0025

[19] I. Podlubny, Fractional Di�erential Equations , Academic Press, Inc., San Diego, CA, 1999.
[20] M. U. Rehman, R. A. Khan and P. W. Eloe, Positive solutions of nonlocal boundary value problem

for higher order fractional di�erential system , Dynam. Systems Appl. 20 (2011), 169�182.
[21] S. Stan¥k, The existence of positive solutions of singular fractional boundary value problems,

Comput. Math. Appl. 62 (2011), 1379�1388.http://dx.doi.org/10.1016/j.camwa.2011.04.
048

[22] X. Xu, D. Jiang and C. Yuan, Multiple positive solutions for the boundary value problem
of a nonlinear fractional di�erential equation , Nonlinear Anal. 71 (2009), 4676�4688.http:
//dx.doi.org/10.1016/j.na.2009.03.030

[23] B. Yang, Upper estimate for positive solutions of the(p; n� p) conjugate boundary value problem,
J. Math. Anal. Appl. 390 (2012), 535�548.http://dx.doi.org/10.1016/j.jmaa.2012.01.054

[24] C. Yuan, D. Jiang and X. Xu, Singular positone and semipositone boundary value problems
of nonlinear fractional di�erential equations , Math. Probl. Eng. (2009), Article ID 535209, 17
pages.http://dx.doi.org/10.1155/2009/535209

[25] S. Zhang, Positive solutions for boundary-value problems of nonlinear fractional di�erential
equations, Electron. J. Di�erential Equations (2006), Article ID 36, 12 pages.

[26] X. Zhang, C. Mao, Y. Wu and H. Su, Positive solutions of a singular nonlocal fractional order
di�erential system via Schauder's �xed point theorem, Abstr. Appl. Anal. (2014), Article ID
457965, 8 pages.http://dx.doi.org/10.1155/2014/457965

1Department of Mathematics and Statistics,
Eastern Kentucky University,
Richmond, Kentucky 40475 USA
Email address: jeffrey.neugebauer@eku.edu

2Independent Researcher,
Marietta, Georgia 30060 USA
Email address: aaron.wingo@yahoo.com



KRAGUJEVAC JOURNAL
OF MATHEMATICS

About this Journal

The Kragujevac Journal of Mathematics(KJM) is an international journal devoted
to research concerning all aspects of mathematics. The journal's policy is to motivate
authors to publish original research that represents a signi�cant contribution and is
of broad interest to the �elds of pure and applied mathematics. All published papers
are reviewed and �nal versions are freely available online upon receipt. Volumes are
compiled and published and hard copies are available for purchase. From 2018 the
journal appears in one volume and four issues per annum: in March, June, September
and December. From 2021 the journal appears in one volume and six issues per
annum: in February, April, June, August, October and December.

During the period 1980�1999 (volumes 1�21) the journal appeared under the name
Zbornik radova Prirodno�matemati£kog fakulteta Kragujevac(Collection of Scienti�c
Papers from the Faculty of Science, Kragujevac), after which two separate journals�
the Kragujevac Journal of Mathematicsand the Kragujevac Journal of Science�were
formed.

Instructions for Authors

The journal's acceptance criteria are originality, signi�cance, and clarity of presen-
tation. The submitted contributions must be written in English and be typeset in
TEX or LATEX using the journal's de�ned style (please refer to the Information for
Authors section of the journal's websitehttp://kjm.pmf.kg.ac.rs ). Papers should
be submitted using the online system located on the journal's website by creating
an account and following the submission instructions (the same account allows the
paper's progress to be monitored). For additional information please contact the
Editorial Board via e-mail (krag_j_math@kg.ac.rs ).


	1. Introduction
	2. Preliminaries
	3. Lorentzian Para-Sasakian Manifolds Admitting *-Ricci Solitons
	4. Gradient *-Ricci Solitons on -Einstein Lorentzian Para-Sasakian Manifolds
	5. Example
	Acknowledgements.

	References
	1. Introduction
	2. Frames and Woven Frames in Hilbert Spaces
	2.1. Discrete frame in Hilbert spaces
	2.2. Woven Frame in Hilbert spaces

	3. Woven Frames in Banach Space
	3.1. Frames in Banach Space
	3.2. Woven in Banach spaces
	Acknowledgements.

	References
	1. introduction
	2. preliminaries
	3. Main Result
	4. Numerical Examples
	Acknowledgements.

	References
	1. Basic Definitions and Notations
	2. Main Results
	3. Examples
	4. Concluding Remarks
	Acknowledgements.

	References
	1. Introduction
	2. Lower Bounds for the Zagreb Index M(T)
	3. Upper Bounds for the Zagreb Index M(T)
	Acknowledgements.

	References
	1. Motivations
	2. A Double Inequality for the Norm of Sine Along a Circle
	3. A Double Inequality for the Norm of Cosine Along a Circle
	4. Remarks

