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LORENTZIAN PARA-SASAKIAN MANIFOLDS AND x-RICCI
SOLITONS

ABDUL HASEEB! AND SUDHAKAR K. CHAUBEY?

ABSTRACT. We study the properties of Lorentzian para-Sasakian manifolds en-
dowed with *-Ricci solitons and gradient *-Ricci solitons. Finally, the existence of
*-Ricci soliton on a 4-dimensional Lorentzian para-Sasakian manifold is proved by
constructing a non-trivial example.

1. INTRODUCTION

A Ricci soliton (g, F, \) [12] on a semi-Riemannian manifold (M, g) is a generaliza-
tion of Einstein metric such that

1
§£Fg+5+)\g:O,

where S is the Ricci tensor, £ is the Lie derivative operator along the vector field F
on M, g represents the semi-Riemannian metric of M and A is a real number. The
Ricci soliton is said to be shrinking, steady and expanding according to A being less
than 0, 0 and greater than 0, respectively.

In 1959, the notion of *-Ricci tensor on almost Hermitian manifolds was introduced
by Tachibana [23] and further studied by Hamada [11] on real hypersurfaces of non-flat
complex space forms. A semi-Riemannian metric g on a smooth manifold M is called
a *-Ricci soliton [16] if there exists a smooth vector field F' (called soliton vector field)
and a real number \, such that

(1.1) £rg+ 25" = —2\g,

Key words and phrases. Lorentzian para-Sasakian manifolds, #-Ricci solitons, gradient *-Ricci
solitons, generalized n-Einstein manifolds.
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168 A. HASEEB AND S. K. CHAUBEY

where
S*(U, V) =g(Q*U,V) = Trace {¢ o R(U,dV )},

for all vector fields U,V on M [6]. Here, ¢ is the (1,1) tensor field and Q* is the
(1,1) *-Ricci operator. If we choose A as a smooth function in (1.1), then the soliton
(g, F, \) satisfying equation (1.1) is known as an almost *-Ricci soliton on M. In this
connection, we recommend the papers [4,10,13,15,17,21,22,24,25| for more details
about the study of Ricci solitons, n-Ricci solitons and *-Ricci solitons in the context
of contact Riemannian geometry. As far as our knowledge goes, the study of *-Ricci
solitons in the context of Lorentzian para-Sasakian manifolds is left. The main motive
of this article is to fill this gap.

In 1989, K. Matsumoto [18] introduced the notion of L P—Sasakian manifolds, while
in 1992, the same notion was independently studied by I. Mihai and R. Rosca [19]
and they obtained several results on this manifold. The Lorentzian para-Sasakian
manifolds have also been studied by various authors such as [1,2,7-9,14,26] and many
others.

We present our work as follows. In Section 2, we collect the basic results and
some basic definitions of Lorentzian para-Sasakian manifolds. The *-Ricci solitons
and gradient *-Ricci solitons on Lorentzian para-Sasakian manifolds are discussed in
Section 3 and Section 4, respectively. We present a 4-dimensional non-trivial example
of Lorentzian para-Sasakian manifold admitting a *-Ricci soliton in Section 5.

2. PRELIMINARIES

Let M be an n-dimensional smooth manifold equipped with a quartet (¢,&,7,9),
where ¢ is a tensor field of type (1,1), £ is the unit timelike vector field, n is a 1-form
and a Lorentzian metric g on M such that [5,20]

(2.1) O’ =I1+n®¢ nE)=-1,
which implies
(2.2) ¢ =0, n(eU) =0, rank(p)=mn—1,

for all U € X(M), where X(M) denotes the collection of all smooth vector fields of M.
The manifold M is said to have an almost para-contact metric structure (¢, &, 1, g)
when it admits a Lorentzian metric g, such that

(2.3) 90U, ¢V) = g(U, V) +n(U)n(V), g(U,&) =nU),
for all U,V € X(M).

If moreover,

(2.4) (Vud)V =n(V)¢*U + g(¢U, ¢V )¢,
(2.5) V€ =9X & (Vun)V = g(oU, V) = g(U, ¢V),

where V denotes the Levi-Civita connection of the manifold.
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An n-dimensional Lorentzian para-Sasakian manifold satisfies the following relations

(see [9]):

(2.6) g(RU, V)W, &) =g(V. W)n(U) — g(U, W)n(V),
(2.7) R(U,V)§ =n(V)U —n(U)V,
(2.8) S(U,€) =(n = 1)n(U) & Q€ = (n —1)¢,

for all U, V,W € X(M), where R denotes the curvature tensor and S denotes the Ricci
tensor of M such that S(U,V) = ¢g(QU, V) for all U,V € X(M).

A Lorentzian para-Sasakian manifold M is said to be a generalized n-Einstein [3] if
its non-vanishing Ricci tensor S is of the form

(2.9) S(U,V) = p1g(U, V) + pan(U)n(V) + psg(oU, V),

where py, po and ps are smooth functions on M. If p3 = 0 (resp. ps = p3 = 0), then
M is called an n-Einstein (resp. Einstein) manifold.

Lemma 2.1. An n-dimensional Lorentzian para-Sasakian manifold satisfies the fol-
lowing relations

(2.10) (VuQ)E =(n —1)oU — Q¢U,
(2.11) (VeQ)U = —2Q¢U + 2aU + 2an(U)E,

where ) is the Ricci operator.

Proof. Differentiating Q¢ = (n — 1)§ along U and using (2.5), we get (2.10). Next
differentiating (2.7) then using (2.5), we find

(212)  (VER)(V,W)E = —R(V,W)OE + g(0E, W)V — g(6E,V)W.

Let {e;};—, be a local orthonormal basis on M. Putting V = E = ¢; in (2.12) and
summing over ¢ leads to

213) Y as((VeR)(en WEU) SOV, 00) + (n = Dg(éW, )

— 2ag(W,U) = 2an(V)n(W),

where €, = g(e;,¢;) and a = tr¢. Here tr stands for trace. From Bianchi’s second
identity, we can easily obtain that

(2.14) Zezg U,EW),e:) = (VuS)(§, W) = (VeS) (U, W).

By considering (2.13) in (2.14), equation (2.11) follows. O

On a Lorentzian para-Sasakian manifold (M, ¢, &, 7, g), we have the following lem-
mas.
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Lemma 2.2. On a Lorentzian para-Sasakian manifold (M, ¢,£,n,g), we have

(215)  R(U,V,¢W.¢E) = (UVWE) g(UW)g(V, E) + g(V,W)g(U, E)
+2[g(V, Wn(U)n(E) — g(U, W)n(V)n(E)
+9(U, E)n(V)n(W) — g(V, E)n(U)n(W)]
+9(U,oW)g(V,¢E) — g(V, oW)g(U, ¢E),
)

for any U, V,W,E on M, where R(U,V,W,E) = g(R(U, V)W, E

Proof. By virtue of the well-known definition of curvature tensor, we can write
(2.16) R(U,V,¢W,0E) =g(VuVy oW, ¢E) — g(VyVuoW, 0F) = 9(Viv1oW, 6 E).
By making use of (2.2), (2.4) and (2.5), (2.16) takes the form

R(U,V,¢W, W) =g(R(U, V)W, E) + n(R(U, V)W )n(E)

+g(V,W)g(oU, oE) — g(U,W)g(¢V, oE)
+29(U, E)n(V)n(W) — 2g9(V, E)n(U)n(W)
+g(U, oW)g(V, 9E) — g(V, oW )g(U, 9 E),

which in view of (2.3) and (2.6) leads to (2.15). This completes the proof. O

Lemma 2.3. The x-Ricci tensor of an n-dimensional Lorentzian para-Sasakian man-

ifold (M, ¢,&,m, q) is given by
(217) S*(V,W) =SV, W)+ (n—=2)g(V.W) — g(V,¢W)a + (2n — 3)n(V)n(W),
for any V,W € X(M).

Proof. Let {e;};_, be an orthonormal basis of the tangent space at each point of the
manifold. By the definition of *-Ricci tensor, from (2.15), we have

= > R(e VW, e) + 3 algVi W gler ) — gles, Wg(V, )

which leads to (2.17), where ¢; = g(e;,€;), 1€, 61 =€ =---=¢,.1=1,¢, =—1. O
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3. LORENTZIAN PARA-SASAKIAN MANIFOLDS ADMITTING *-RICCI SOLITONS

In this section, we characterize the properties of Lorentzian para-Sasakian manifold
endowed with x-Ricci solitons. Now, we prove the following.

Theorem 3.1. If an n-dimensional Lorentzian para-Sasakian manifold admits a *-
Ricci soliton (g, F, \), then the x-Ricci soliton is steady.

Proof. By using (2.17) in (1.1), we have
3.1 (£rg)(U,V) ==25U,V) = 2A + (n = 2)lg(U, V) = 2(2n = 3)n(U)n(V)
+2¢9(U, ¢V )a.
Taking covariant differentiation of (3.1) with respect to W, we get
(3.2) (Vw£rg)(U,V) = =2(VwS)(U,V) = 2(2n = 3)[g(eW, U)n(V)
+9(eW, Vn(U)] + 2[g(V,W)n(U)
+9(UW)n(V) + 2n(U)n(V)n(W)]a.
Following Yano [27], the following formula
(fFng —Vudpg — V[F,U]Q)(V7 W) = _g((£Fv)(U7 V)v W) - g((fFV)(U, W)? V)

is well-known for any U, V,W on M. As g is parallel with respect to V, the above
relation becomes

(3.3) (VoLpg)(V,W) —g(£2V)(U, V), W) = g((££V)(U, W), V) =0,

for any U, V,W. Since £V is a symmetric tensor of type (1,2), then from (3.3) it
follows that

(3.4)
G(LEV)U V), W) = LTy Lrg) (U, W) + (Vo Lrg)(V,IV) — L (Vi L2g)(U,V).
Using (3.2) in (3.4), we have
g(£rV)(U, V), W) =(VwS)(U, V) = (VyS)(W,U) = (VuS)(V, W)
= 2(2n = 3)g(oU, V)n(W) + 29(¢U, ¢V )n(W)a,
which by putting V' = & reduces to

(3:5) g(£rV)(U,£), W) = (VwS)(U,§) = (VuS)(& W) = (VeS) (W, U).
By considering (2.10) and (2.11) in (3.5), we obtain
(3.6) (£LrV)(U, &) =2QoU — 2aU — 2an(U)E.

Taking the covariant derivative of (3.6) with respect to V', we have

(Vv £pV)(U,§) =2(VvQ)oU — (£LpV)(U, ¢V) +2Q(Vye)U
— 2ag(U, ¢V )§ — 2an(U)$V.
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Again from [27], we have
(LR U, VIW + (Vy £5V) (U, W) = (VL pV)(V, W) = 0,
Thus the last two equations give
(37 (LrR)U,V)E=2VuQ)oV — 2AVyQ)oU
+2Q((V)U = n(U)V) + 2a(n(U)eV —n(V)eU)
+ (£LrV)(U,0V) = (£2V)(V, 0U).
Setting V' = ¢ in (3.7) and making use of (2.11), it follows that

(3.8) (£rR)(U, )¢ = 2QU +2Qn(U)§ — 2a9U — (££V)(&, 9U).
Taking the Lie derivative of R(U,§)¢ = —U — n(U)¢ along F', we have
(3.9) (LrR)(U, 8¢ — g(U, £r8)E + 2n(£rU = —(£Lrn)(V)E.

By using (3.9), (3.8) takes the form
(3.10) (L) (U)§ = = 2QU —2Qn(U)§ + 2a¢U + (££V)(&, 9U) + g(U, £7E)¢

— 2n(£rE)U.
Now taking the Lie derivative of g(U,§) = n(U), we find
(3.11) (LU = g(U, £L7E) + (Lrg)(U, ).
By putting V' = ¢ in (3.1) and using (2.1)—(2.3), we find
(3.12) (£Lrg)(U,€) = =2An(U).
Again putting U = ¢ in (3.12), we arrive
(3.13) n(£Lpf) = —A\.

By making use of (3.11)-(3.13), we get from (3.10) that

(= Q)U = ~agl — S(£rV)(E,0U),

which by virtue of (3.6) leads to A = 0, where ¢?U # 0. This shows that xRicci

soliton on M is steady. This completes the proof.

Theorem 3.2. An n-dimensional Lorentzian para-Sasakian manifold endowed with
an almost *-Ricci soliton (g,&, \) is a generalized n-FEinstein. Also, the soliton is

steady.

Proof. Let the Lorentzian metric of an n-dimensional Lorentzian para-Sasakian mani-

fold be an almost *-Ricci soliton (g,&, A), then (1.1)) turns into
(3.14) 9(Vu&, V) +g(U, V&) +257(U, V) + 2A9(U, V) = 0,

for all vector fields U and V on M. By making use of equations (2.5) and (2.17),

equation (3.14) transforms to

S =pig+pm@n+p3g(-,0-),
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where py = —(A+n—2), po = —(2n —3) and p3 = a — 1. Also, in view of (2.1)—(2.3),
(2.8) and the above equation, we can easily find that A = 0. This gives the statement
of Theorem 3.2. 0

Particularly, if we suppose that a = tr¢ = 1, then from Theorem 3.2, we infer that

(3.15) S =pig+pan@n.

Let us consider an orthonormal frame field on a Lorentzian para-Sasakian manifold
and contracting (3.15), we lead

r=mnp —py=—n’+4n — 3.
Now, we state the following.

Corollary 3.1. If an n-dimensional Lorentzian para-Sasakian manifold admits an
almost x-Ricci soliton (g,&, \), with tr ¢ = 1, then it has constant scalar curvature.

A non-flat semi-Riemannian manifold is called pseudo Ricci symmetric and denoted
by (PRS), if the non-zero Ricci tensor S of type (0,2) of the manifold satisfies the
condition [28]

(3.16) (VuS)(V,W) =2A(U)S(V,W) + A(V)S(U,W) + A(W)S(U, V),

where A is a non-zero 1-form such that g(U, o) = A(U), for all vector fields U; o being
the vector field corresponding to the associated 1-form A. In partcular, if A = 0, then
the manifold is called Ricci symmetric.

Taking the covariant derivative of (3.15) leads to

(3.17) (VuS) (V. W) = palg(oU, V)n(W) + g(6U, W)n(V)].

Now using (3.15) and (3.17), (3.16) becomes

(3.18)  palg(eU, V)n(W) + g(oU, W)n(V)] =2A(U)[p19(V, W) + pan(V)n(W)]
+AWV)lprg(U, W) + pan(U)n(W)]
+AW)p1g(U, V) + pan(U)n(V)]-

Taking U = W = ¢ in (3.18), we get A(V) = 3A(&)n(V), which by putting V' = ¢

gives A(§) = 0. This implies that A(V) = 0. Thus we have the following.

Theorem 3.3. A pseudo Ricci symmetric Lorentzian para-Sasakian manifold admit-
ting an almost x-Ricci soliton (g,&, \), with tr ¢ = 1 is Ricci symmetric.

4. GRADIENT %-RICCI SOLITONS ON 7)-EINSTEIN LORENTZIAN PARA-SASAKIAN
MANIFOLDS

This section is concerned with the study of gradient *-Ricci solitons within the
context of n-Einstein Lorentzian para-Sasakian manifolds.

Let an n-dimensional Lorentzian para-Sasakian manifold be n-Einstein, then it is
noticed that the equation (2.9) takes the form

(4.1) S = p1g(U, V) + pan(U) @ n(V).
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Setting V' = U = ¢; in (4.1), where {e;},_, represents a set of orthonormal frame field
of M, and taking the summation over i, 1 <14 < n, we have

(4.2) = pin — pa.

On the other hand, putting U = V = £ in (4.1) and making use of (2.1) and (2.3),
we also have

(4.3) —(n—=1) = —p1 + pa.
Hence, it follows from (4.2) and (4.3) that
r ) r
= — - — n.
] 2=

Thus, the Ricci tensor S of an n-Einstein Lorentzian para-Sasakian manifold is given
by

(4.4) S(U,V) = ( r - - 1) g(U, V) + (r - n> n(U)n(V).

n — n—1

Definition 4.1. A semi-Riemannian metric g of a semi-Riemannian manifold M is
called a gradient *-Ricci soliton if it satisfies

(4.5) Hessf 4+ 5" + Ag = 0,

for some smooth function f, where Hess f (Hessian f) is defined by Hess f = VV f. It
is noticed that if we choose F' = Df in equation (1.1), where D denotes the gradient
operator of g, then we get (4.5).

Let the n-Einstein Lorentzian para-Sasakian manifold M admit a gradient *-Ricci
soliton. Then from (4.5) it follows that

(4.6) VuDf+ QU+ AU =0,
for all U on M. First we prove the following lemmas for later use.

Lemma 4.1. An n-dimensional n-Finstein Lorentzian para-Sasakian manifold satis-

fies
(A1) (V@ - (W@ = - (g +n=3) o0+ (= L) s awe

n—1 n—1
for all X on M.
Proof. By using (4.4) in (2.17), we find

ST VW) = (g + 1= 3) (VW) +0(V)n(W)) = g(V. 6 )a.

It yields

(4.8) QV = (nil b 3) (V +5(V)€) - Va.
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Differentiating (4.8) along U, we get
(19)  (Vo@W = (=1 0= 3) [(Vom)(VIE +n(V) V]

QU VIE+n(V)U + 29U (V) + (v e,

which by replacing V' by £ and using (2.1), (2.3) and (2.5) reduces to
r

Again replacing U by ¢ in (4.9) and using same equations, we find

(4.11) (V@)U = (U~ n(0)e).

By subtracting (4.11) from (4.10), (4.7) follows. O

Lemma 4.2. If an n-Einstein Lorentzian para-Sasakian manifold admits a gradient
x-Ricci soliton, then we have

(4.12) R(U,V)Df = (VvQ")U — (VuQ")V.

Proof. Differentiating (4.6) covariantly along Y, we have

(4.13) VvVuDf 4+ VyQU + AV, U =0,

which by interchanging U and V' becomes

(4.14) VuoVyDf +VyQ'V +AVyV =0.

Also from (4.6), we find

(1.15) Vi DS = QU V]~ AU V],

By making use of (4.13)—(4.15), Lemma 4.2 follows. O

Theorem 4.1. Let the metric of an n-Einstein Lorentzian para-Sasakian manifold
M admit a gradient x-Ricci soliton. Then the gradient of the potential function is
pointwise collinear with the potential vector field of M.

Proof. Putting U = ¢ in (4.12), we have

R(EV)Df = (VvQ")E — (VeQ)V,
which by virtue of the Lemma 4.1 leads to

(4.16) 9(R(§,V)Df, &) = 0.

By using (2.8), we have

(4.17) g(R(E,V)Df,&) = =(Vf) =n(V)(£S)-

From (4.16) and (4.17), we find (V f) = —n(V)(£f). This implies that
Df=—(&f)¢

This completes the proof. O
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Taking the covariant derivative of D f = —(£f)¢ along U, we have
(4.18) VuDf =—=(U(&f))§ = (£)eU,

which gives
where (2.1) and (2.2) are used. Using the last equation in (4.18), we obtain

(4.19) VuDf =—g(VuDf,§E — (£f)oU.
From equations (2.17) and (4.6), we conclude that
(4.20) VuDf=-QU — (A+n—2)U— (2n—3)n{U)¢ + ¢Ua,

which implies that

(4.21) 9(VuDf,§) = =An(U).

Thus from the equations (2.1), (2.2), (2.8), and (4.19)—(4.21), we obtain
QU ==(A+n=2)U = (A+2n =3)n(U)¢ + (a + (£)¢U,

which informs that the manifold M under the consideration is generalized n-Einstein.

Hence, we can state the following.

Corollary 4.1. Fvery n-FEinstein Lorentzian para-Sasakian manifold of dimension n

endowed with a gradient x-Ricci metric is generalized n-Finstein.

5. EXAMPLE

In this section, we construct a non-trivial example of a Lorentzian para-Sasakian

manifold.

We consider the 4-dimensional manifold M = {(u,v,w,t) € R*}, where (u,v,w,t)
are the standard coordinates in R*. Let (i, (3, (3 and (4 be the vector fields on M

given by

0 0 0 0 0
— ot e t = t _ _— = ——
G=e ou’ G=e ov’ G =e (81} + (9w> G ot

Let g be the semi-Riemannian metric defined by
1, 1<i=j5<3,

glei,ej) =¢—1, i=j=4,
0, 1<i#75<4.

Let 1 be the 1-form on M defined by n(U) = g(U, {4) = g(U, &) for all U € X(M). Let

¢ be the (1, 1) tensor field on M defined by
PG =G, PG =G G =C3  ¢G=0.
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By applying the linearity of ¢ and g, we have

n§)=—1, ¢U=U+nU)§, n(eU)=0,
9(U,&) =n(U), g(oU, V) = g(U, V) +n(U)n(V),
for all U,V € X(M). Then we have

[C1, G2) =[C1, G3] = [C2, G3] = 0,
(G G) =G, (G G) =G, GG =G

Using Koszul’s formula, we can easily calculate

VoG =G, Vge=0, VqG=0, Vq@u=C0,
VoG =0, VoG =0, VoG=0, V,0=C_,
VG =0, VgG =0, Vg@G=0, Vah=(G,
Ve, =0, VgG=0, V,G=0, V=0
From the above values it can be easily verified that for {, = &, M is a Lorentzian

para-Sasakian manifold. We found that the non-vanishing components of curvature
tensor are given by

R(G, Q)G =—C, R(G,G)G =—G,  R(G, QG =—,
R(G,G)C =G R(C:Gs)Ce = —C3 R(C2Ca)Ce = =G,
R(C1,G)G =G, R(G,(3)C = Co,  R(C3,C4)G = =G,

R(G,G)G=—GC, R(G.G)G =G R(G )G = —Ga.

From the above expressions of curvature tensors, we obtain

S(Cl,fl) = S(C2, C2) = S(C&Cs) =3, S(C4,C4) = —3.
In view of 2.17, L.H.S. of (1.1) can be expressed as
(£rg)(V,W) +255(V,W) + 2Xg(V, W) =g(Vv F, W) + g(V,Vw F)
+2S(V, W) + 4g(V, W)
— 6g(V, ¢W)a + 10n(V)n(W).
Let V. =%1 Vie, W=7 Wi and F = ¥}, Fle;, where V¢, W and F' are
scalars for ¢ = 1,2, 3,4 such that
L FYVIW 4 W) 4 FA VI 4+ W2V 4 P33+ W3V
2(VIW! + V22 4 V3173)
provided VW1 4 V2W?2 + V3W?3 £ 0. Then by the straight forward calculations, we
can notice that

2AVIWIF + VEWPF 4+ VIWPFY) — (VIF'W* + V2EPW + VPP
+WHFWVA L W2V WPEPV) 4 4(VIWE 4 VP2 4 VEW?) = 0,

F4 — 2,
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for a = 3 and hence we have £pg + 25* + 2\g = 0, provided A = 0. Thus, we can
say that the Lorentzian para-Sasakian manifold of dimension 4 admits a steady type
x-Ricci soliton, which proves Theorem 3.1.
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WOVEN (WEAVING) FRAMES IN BANACH SPACES
ASGHAR RAHIMI', SARA BASATI!, BAYAZ DARABY!, AND FIRDOUS A. SHAH?

ABSTRACT. Banach frames are defined by the straightforward generalization of
Hilbert space frames. Woven (weaving) frames are the recent generalization of
standard frames which appeared in the applications of distributed signal processing.
In this paper, we introduce the concepts of woven (weaving) Bessel and frame
sequences in Banach spaces and characterize the woven frames in terms of bounded
operators. We also give some equivalent conditions for woven X4-frame in Banach
spaces.

1. INTRODUCTION

The origin of frame theory can be traced back to the early 1950s with the seminal
work of Duffin and Schaeffer [13] in nonharmonic Fourier series. Today, the theory
of frames has expanded into an independent and broad field of research with wide-
spread applications to signal processing, image processing, data compression, pattern
matching, sampling theory, spherical codes, wavelet analysis, communication and data
transmission [4,8,11,18,19]. Inspired by a problem raised in distributed signal process-
ing, Bemrose et al. [1] introduced the concept of weaving frames in separable Hilbert
spaces and observed that the weaving frames may be applied in sensor networks which
requires distributed processing under different frames. In recent years, a considerable
amount of research has been conducted to extend the notion of weaving frames to
different settings which include weaving frames in Banach spaces, continuous weav-
ing frames, generalized weaving frames, weaving Riesz bases, weaving fusion frames,
weaving controlled frames and weaving vector-valued frames [5, 6,20, 22,24-26, 31-34].

Key words and phrases. frame, woven frame, Banach frame, semi-inner product.
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Frames in Hilbert spaces were extended to Banach spaces by Feichtinger and
Grochenig [15] who introduced the concept of atomic decompositions in Banach
spaces. Later on, Grochenig [17] laid down the foundations for the theory of coherent
Banach frames and constructed Banach frames for a wide class of Banach spaces,
the so-called coorbit spaces. Keeping in view the fact that the weaving frames have
potential applications in wireless sensor networks and other allied areas, we are deeply
motivated to extend the concept of woven (weaving) frames to Banach spaces by
invoking certain fundamental concepts of operator theory.

This article is organized as follows. Section 2 contains basic definitions and results
regarding frames and weaving frames in Hilbert spaces. In Section 3, we introduce
the notion of weaving frames in Banach spaces and then generalize the definitions of
Xg4-frame and p-frame for the woven.

2. FRAMES AND WOVEN FRAMES IN HILBERT SPACES

In this section, we give a short review of the concept of frames and woven frames
in Hilbert spaces and make some preparatory observations. For a complete treatment
of frame theory, we recommend the excellent book of Christensen [8], the tutorials
of Casazza [2,3] and the memoir of Han and Larson [21]. Throughout this paper, H
denotes a separable infinite-dimensional Hilbert space, X, Y, Z the separable Banach
spaces with dual X*, Y™, Z*, X, a Banach sequence space and I an index set which
is finite or countable. Let N be the set of all positive integers and let m € N be
fixed. Then for this choice of m, we set [m] = {1,2,...,m} and [m]° =1\ [m] =
{m+1,m+2,...}. Let us start with the well-known notion of Hilbert space frames.

2.1. Discrete frame in Hilbert spaces. In this section, we give a short review of
the concept of frames in Hilbert spaces, and make some preparatory observations. Let
us start with the well known notion of Hilbert space frames.

Definition 2.1. A family of vectors ® = {¢;},.; in a Hilbert space H is said to be a
frame if there exist constants 0 < A < B < 0o so that for all x € H
Azl < >z i) * < Bl
i€l
where A and B are lower and upper frame bounds, respectively. If only B is assumed,

then it is called B-Bessel sequence. If A = B, it is said to be a tight frame and if
A = B =1, it is called a Parseval frame.

If ® = {¢;}, is a Bessel sequence for H, then the synthesis operator of ® defined
as
T:*1) - H, T{}:= Zcigoi,
il
and the adjoint of T" is the analysis operator

T H = (), T:={{x,0)}icr
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The frame operator S : H — H is defined by S :=TT*
Sz =TTz =) (z,¢;)p; forallzecH.
il
The operator S' is positive, self-adjoint, invertible and Al < S < BI. Any x € H has
an expansion

(2.1) =Y (ST, x)pi = > (i, )S ;.

icl icl
The family {S~1p;}ier is also a frame with bounds B!, A~! and this frame is called
the canonical dual or reciprocal frame of {; }ier.

Definition 2.2. A family of vectors ® = {(;};cr in a Hilbert space H is said to be a
Riesz sequence if there exist constants 0 < A < B < oo so that for all {¢; }ier € (D)

AZ ‘Ci|2 < ZCz‘%‘

i€l i€l

2
S BZ ’Ci’27

1€l

where A and B are the lower Riesz bound and upper Riesz bound, respectively. If in
addition, ® is complete in H, then it is called as the Riesz basis for H.

2.2. Woven Frame in Hilbert spaces. Woven frames in Hilbert spaces were intro-
duced by Bemros et al. [1,6] in 2015. Weaving frames have potential applications in
wireless sensor networks that require distributed processing under different frames,
as well as preprocessing of signals using Gabor frames. In this subsection, we review
the notions of woven and weaving frames in Hilbert spaces and present certain new
examples.

Definition 2.3. A family of frames {f;;}ier with j € [m] for a Hilbert space H is
said to be woven if there exist universal constants A and B so that for every partition
{0} jepm) of I, the family { fi;}ico; jem) is a frame for H with lower and upper frame
bounds A and B, respectively. For every j € [m], the frames {f;}ic,, are called
weaving frames.

The following proposition shows that every weaving frame has always a universal
upper frame bound.

Proposition 2.1. If each ¢ = {¢i;}icijem) 95 a Bessel sequence for H with bounds
B; for all j € [m], then every weaving frame is a Bessel sequence with YitiBjasa
Bessel bound.

Proof. For every partition {o;};cim) of I and every x € H, the inequality

355 )l < 353 e gl < el S B,

j=lico; j=1 icl

yields the desired bound. 0J
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FExample 2.1. There exist two Parseval frames that yield weaving frames with arbitrary

weaving bounds. For showing this, assume ¢ > 0, set 6 = (1 +€2)_%, and let
{e1, €2, e3} be the standard orthonormal basis of R®. Then the sets ¢ = {¢;}", =
{de1+deeq, dea+ocey, deg+ocest and ¢ = {1, = {deea+dey, deey +deq, dees+oes},
are Parseval frames, which are woven since any choice of o gives the spaning set. Since
they are Parseval, as a consequence of Proposition 2.1, the universal frame bound for
every weaving frame can be chosen to be n. For 0 = {2,4,6}, we have

Z| §01|2+Z| ¢2|2

€0 i€0C

=|(z,de1 + deer)|* + |(x, Jea + deeq) |?
+ [{z, Ses + dees)|” + |(z, dea + dea)|* + |(x, dees + Ser)|* + |(x, dees + de)|?
=2 ((52 + 52€2> |(x, el>\2 +2 (5252 + (52> [(x, e9)]? + 2 (6262 + (52) |z, e3) 2

2
2l

which lies between 0, 3 for arbitrary choice of € € (0, 00).

=26° (1 +¢°) |z]|* =

The following proposition demonstrates that the perturbed frames are obtained as
the image of a bounded and invertible operator of a given frame.

Proposition 2.2. Let {y;}icr be a frame with bounds A, B and V be a bounded
operator. If |[Id — V||* < % and ||V — V?||? < %, then the frames {@;}icr, {V @i tier
and {V?p; }ier are woven.

Proof. Note that by Neumann’s Theorem V' is invertible and thus {V¢;};er and
{V2p;}ic1 automatically constitute frames. For every partitions o, A C T and every
x € H by using Minkowski s inequality:

(Z (el + X [, Vel + X [(2,V2:)

2
2
ico €A i€\ (cUA) )

(Z|xsoz| + 3 Ko el =3 Koo + > [(Vea, @)

€0 €A €A 1EA
, 3
* 2 * 2 *
Y el Y Wmedf s Y Ve )
i€l\(cUA) i€l\(cUA) i€l\(cUA)
Z(Z\<x>%>\2+2\(%%>\2—Z|<(I—V*)II:,%>\2+ > Vel
i€o iceA €A i€l\(cUA)

D=

- Y (v =)z e

| < x x 2 )
i€\ (cUA)
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1
2

[NIE
[NIE

Z(E%I@,%HQ) - (%\ (I =V*)z, i) |2>
‘ (!<<V* ) e )
>VA|z| - VB|(I = V*)a| + VB[V z| - VBI(V* = (V*)")z|
> (VA= VBT = V|| + VBI[V*|| = VB|V|[IT = V*]|) ||z
Thus, {¢}ico U{V@itica U{V?¢;}tien oua) forms a woven frames having

(VA= VB - V[ + VB|V*| - VBIV*IT - V*]))" > 0.

+( > |<V*fv7¢i>l2)

1€AU(T\(cUA))

3. WOVEN FRAMES IN BANACH SPACE

3.1. Frames in Banach Space. Frames were extended to Banach spaces by Fe-
ichtinger and Grochenig [15] who introduced the notion of atomic decompositions
for Banach spaces. Later, Grochenig [17] introduced a more general concept called
Banach frame. Banach frames were further studied in [4]. An analysis of p-frames in
general Banach spaces first appeared in [9]. The aim of an atomic decomposition for
a space of functions or distributions is to represent every element as a sum of simple
functions usually called atoms. If this is possible, some properties of these function
spaces, such as duality, interpolation, or operator theory for them, can be understood
better by means of the atomic decomposition. Decomposition methods have been
used for many important theoretical contributions. A Banach space of scalar valued
sequences (often called BK-space) is a linear space of sequences equipped with a
norm under which it constitutes a Banach Space (i.e., it is complete in the norm)
and for which the coordinate functionals are continuous. In a Banach space of scalar
valued sequences, the unit vectors are the elements e;’s defined by e; (j) = d;; (0;; the
Kronechker delta).

Definition 3.1. A sequence space X, is called BK-space, if it is a Banach space
and the coordinate functionals {a} — a are continuous on Xy, that is, the relations

Ty = {a§n)}, r={a;} € Xy, lim,, o z,, = x imply

Ji_)rgloaj(»n):aj, 1=12,...

A BK-space is called solid if whenever {a;} and {b;} are sequences with {b;} € X,
and |ag| < |bg| for each k € I, then it follows that {ax} € X, and

IHartllx, < {0k} x,-
A sequence space Xy is called an AK-space if it is a topological vector space and

{ar} =limp, ({ax}), for all {a} € Xy,
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where p, ({ar}) = (a1, a9,...,a,,0,...).

If the canonical vectors form a Schauder basis for X, then X is called a C'B-space
and its canonical basis is denoted by {e;}3°,. If X, is reflexive and a C'B-space, then
X is called an RC B-space. Also, the dual of X is denoted by Xj.

Definition 3.2. Let X be a Banach space and X; be a BK-space. A countable
family {g;}ier in the dual X* is called an Xy-frame for X if

(a) {gi(f)}ier € Xq for all f € X;
(b) the norms || f||x and ||{g:(f) }ie1]| x, are equivalent, that is, there exist constants

A, B > 0 such that

Allflix < [Hg:(f) }ierllx, < Bl fllx, forall f e X.
A and B are called X -frame bounds.

If at least (a) and the upper condition in (b) are satisfied, {g;}icr is called an
X4-Bessel sequence for X. In case Xy = (P, the X -frame is called p-frame which is
introduced by Christensen and Stoeva [9, 30].

Definition 3.3. A countable family {g; }ie; C X* is a p-frame for X, 1 < p < oo, if
there exist A, B > 0 such that

Allfllx < (Z Igi(f)lp) < B|fllx, forall feX.

i€l
The family {g;}:c1 is a p-Bessel sequence if at least the upper p-frame condition is
satisfied.

Lemma 3.1 ([28]). If X is a Banach space and {f,} C X* is total over X, then X
is linearly isometric to the Banach space X = {{f.(x)} : x € X}, where the norm is

given by [{fa(2)}]|x = [lz]x forz € X.

Definition 3.4. Let X be a Banach space and let X; be an associated Banach space
of scalar valued sequences indexed by N. Let {f,} C X* and S : X; — X be given.
The pair ({f,},5) is called a Banach frame for X with respect to X, if

(a) {fn(x)} € X, for each z € X;

(b) there exist positive constants A and B with 0 < A < B < oo such that

(3.1) Allzllx < [{fa(@)}x, < Bllzllx, forall z € X;
(c) S is a bounded linear operator such that S({f.(z)}) = = for all z € X.

The positive constants A and B are called the lower and upper frame bounds of
the Banach frame ({f,},5), respectively. The operator S : X; — X is called the
reconstruction operator (or the pre-frame operator). The inequality (b) is called the
frame inequality. The Banach frame ({f,}, S) is called tight if A = B and normalized
tight if A= B = 1.
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Example 3.1. Let X = [? and {e,} be the sequence of unit vectors in X. Define
{fn} € X" by

fn = fn+2 = €n, n & ]I
Then by Lemma 3.1, there exists an associated Banach space X4 = {{f.(2)} : x € X}

and a reconstruction operator S : Xy — X such that ({f,},S) is a Banach frame for
X.

3.2. Woven in Banach spaces. As we mentioned earlier, Bemrose, Casazza et al.
in [1,6] proposed weaving frames in a separable Hilbert space. Weaving frames have
potential applications in wireless sensor networks that require distributed processing
under different frames, frames in Hilbert spaces. Improving and extending this notion
on Hilbert spaces, we generalize the concept of woven (weaving) on Banach spaces.

Definition 3.5. Let X be a Banach space and X, be a BK-space. The family of
Banach frames {g;;}ier for j € [m] is woven Xy-frame for dual X* with universal
bounds A, B if

(a) {gij(f)}iell,je[m] € Xy, feX;
(b) the norms || f||x and |[{g:;(f)}ictjemm) | x, are equivalent, that is, there exist
constants A, B > 0 such that

Allfllx < Hgi (N ierjemlixs < Bl fllx,  feX.

The constants A and B are called woven X -frame bounds. If at least (a) and the
upper condition in (b) are satisfied, {gi; }icr jem is called a woven X4-Bessel for X.

Definition 3.6. Let X be a Banach space and let X; be an associated Banach space
of scalar valued sequences indexed by I. Let {fi;}icrjem) € X* and S : X4 — X be

given. The pair ({ fijYietjem), S) is called a woven Banach frame for X with respect

to Xy if the pair ({fij}iegjyje[m}, S) is a Banach frame for each partitions {o;} cpm) of
I.

The lack of an inner-product in Banach spaces led G. Lumer [23] in 1961 to intro-
ducing the theory of semi-inner product spaces. His procedure suggested the existence
of a general theory which it seemed should be useful in the study of operator (normed)
algebras by providing better insight on known facts, a more adequate language to
"classify* special types of operators, as well as new techniques. This notion was further
modified by J. R. Giles [16] and other researchers thereon, and the same is presented
below.

Definition 3.7 ([16]). Let X be a complex (real) vector space. A complex (real)
semi-inner product defined on X is a function from [-,-] : X x X — C such that for
all f,g,h € X, A € C complex (real)

(a) (Af +g,h] = AIf, B] + g, h], [f; Ag] = Af, g;

(b) [f, f] = 0 for f € X and [f, f] = 0 implies f = 0;

() [[f. 91> < [f. fllg. 9]
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We call X a complex (real) semi-inner product space, abbreviated with S.I.P.S. An
S.I.P.S need not satisfy the following properties

(a) [f,9] = lg, f1;
(b) [fsg +h] =1f, 9]+ [f, h].

If [,-] is a S.I.LP.S. on X then ||f|| := [f, f]% is a norm on X. Conversely, if X is a
normed vector space then it has a S.I.P.S. that induces its norm in this manner which
is called the compatible semi-inner product [23]. Let X be a Banach space. We define
a duality map ®x : X — X* as follows. Given f € X, by the Hahn-Banach theorem,
there exists an f* € X* such that | f|| = ||f*|| and f*(f) = || f]|*. Set ®x (f) = f*,
and ®x (A\f) = Af*, and define ®x on the rest of X in the same manner. In general,
®y is not unique, linear or continuous. The duality map ®x induces a semi-inner
product [-, -] if we set [f, g] = ¢* (f) [29]. We shall use this definition for g*,¢g € X.
Note that if X is a Banach space, then the duality map is unique [29]. Recall that a
Banach space X is called strictly convex, if for any pair of vectors f, g # 0 in X, the
equation || f + ¢g|| = || fllx + |lg]|x, implies that there exists a A > 0 such that f = \g
[12]. In these spaces, the duality mapping from X to X* is unique and bijective when
X is reflexive [12,14].

In 2011, H. Zhang and J. Zhang [35] introduced frames in Banach space X via
S.I.P.S. that is presented in the following definition. The extra condition in Definition
3.5 means that S is a left-inverse of U and thus US is a bounded linear projection of
X, onto the range R (U) of the operator U.

Lemma 3.2 ([10]). If X, is a C'B-space with the canonical unit vectors e;, i € J, then
the space X3 = {{G(e;) }2, : G € X3} with the norm ||{ G(e;) ;‘ilHX? = ||G]| x; 1
a BK-space isometrically isomorphic to X. Also, every continuous linear functional
U on X4 has the form

U({eh) =Y ¢,

where {d;} € X7 is uniquely determined by d; = V(e;), | V|| = [[{¥(e;) g’il||x§. When
X is a CB-space then its canonical basis is denoted by {e}}.

Remark 3.1. It is easy to see that Lemma 3.2 holds in the following more general
case: If Y is a Banach space and {y;}5°, is a complete system in Y, then Y :=
{{Gy;};2, : G € Y*} normed by [[{Gyi}2,|lye := |G|y~ is a BK-space, isometrically
isomorphic to Y*. Thus, the dual of every separable Banach space can be considered
as a BK-space, because every separable Banach space has a complete system [28].

In the following theorem, we will see that the Bessel woven condition can be
expressed in terms of the synthesis operator T on X;. As a prerequisite for analysis,
synthesis and frame operators of weaving frames, we define the following space.
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For j € [m], let (X,); := {{Cij}iegj coj C 1 H{Cij}iegj lx, < oo} Define the space

(Z D (Xy) j) = {{cibievjepm  {ci}tier € (Xa); for all j € [m]},

j€lm]
with the semi-inner product

[{Cz‘j}ieﬂ,je[m]v{C;j}ieﬂvje[mﬂ = Z

iel,jelm]

a

The following proposition characterizes a woven Bessel in term of a bounded operator.

Theorem 3.1. Let {(X4),,(Xa)y,...} be a sequence of Banach spaces. (Xg); and
(X})i’s are BK -spaces. Then,

((Xd)1 b (Xd)z ®--- )E(d = ((X§)1 ® (X;)Q ®--- )X;‘-
Proof. We shall establish the result when X, X are BK-space. Assume that
C=({eu} {ca},...) € ((Xa), ® (Xa)y & )x,

and
C" = ({cht et ) e (Xa), ® (X3), ® -+ )x;-
Then the mapping C* +— ¢+, where

we-({cin} s {ein} .. ) = ic;'kn (Cin)

is an isometry from ((Xj), @ (Xj), ® -+ )x; onto ((Xa), ® (Xa)y ® - )x,. Fix C* €
(X7, @ (X7), @ )X; .For each C' = ({ca}, {cio},...) in (Xa); B (Xa)y @+ )xys

the mapping e ({ci1},{cin},...) = X2, ¢k, (¢in) defines a continuous linear func-
tional on ((Xa); © (Xa)y @ - - - ) x, satisfying [[pc+|| < [|C*||xs, since using Lemma 3.2
we have
e ({ead, {end, - Nl = |3 ciulem))|
= swp g (Y chlem)|
gexX*,llgll<1
= sup ’Gg (Z cfn(cm))‘
geX*,llgll<1
< sup  |{g(cin) Hixal{ch(cin) }HIx:
geX llgll<1
< |lgllll {ci(cin)} x5
Thus,
(3.2) loc|| < 1107 xz,

for all C* € ((X7), ® (X7), @+ )xs-
Fix 0 < € < 1. For each n pick some {¢;,} € (Xy) with ||¢i]| = 1 and ¢, (cin) >

elleall-
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Using Lemma 3.2, we have

*

elicinllx; = sup  g(ci)[ = sup |Gy(ci,)]

gex gt gex* lgll<1
[ee]
< ellgllli{ci, (cin) HI < ellgllll D chn(en)ll-
=1

This implies that C* = ({ch} . {ch},...) € (X3), & (X3, & - )y, €7
|oc+||. Finally, as a consequence of (3.2), we conclude that C* — ¢¢« is an onto
linear isometry. U

<
x5 <

Proposition 3.1. Suppose that X, is a BK -space, for which the canonical unit vectors
{eijYic1jepm) forms a Schauder basis. Then {fi;}icijepm C X* is an Xj-Bessel woven
for X with universal bound B if and only if the operator

T:{ci}=> > cafy
i€l,j€[m]

is well defined (hence bounded) from Y- ®Xy into X* and ||T| < B.
Proof. Let { fi;}icrjepm) C X* be an Xj-Bessel woven for X with universal bound B
and let {eij}iel[yje[m] be the canonical unit vector basis of X,;. Define
by

R(g) ={fi (9)}ieﬂ,je[m]-
We have

IR (9) | = I{fij (9) Yievjemll = sup [fi (9 (f)) [ = sup |Gy (fi; (9(f)))]

geX~ |lgl=1
< sup [|Gyll[1.fi; (9 (F)) I
Then || R|| < B, the linear bounded operator R* : - & (X,)™ — X* satisfies:
R (ei)(9) = e (R(9)) = fij (9), forallge X,
and thus R*e;; = fj;. Letting T' = R*|y~ 5, we have
1T < 18]l = |&ll < B.
Finally, T ({Cz’j}z’eﬂ,je[m]) =T (Zie]Lje[m] Cz'jeij) = Yierjelm) Cijfij-
Now suppose that 7" : 3 ®Xq — X* given by T ({cij}) = e jem) Cij fij is well

defined and thus bounded by the Banach-Steinhaus theorem. Then T (e;;) = fi; and
for every g € X the operator

77X =Y eXa), T7(g)(ey) =g(T () = g(fij)
is bounded. That is, {fi; (9) }icrjepm = {17(9) (€i5) bierjeim) Which is identified with

T* (g) (by Lemma 3.2). So, {fi; }ic1jepm) is a Xj- Bessel sequence for X with a bound
[l =T < B. O
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Theorem 3.2. The family {pi;}icijeim) C X* is a Bessel woven with Bessel bound
B if and only if the operator

T ALy jepm = > ligis  for all {li;}2 jepm) € (Z @(Xd)j) :
i=17elm] jetm)

is a well-defined bounded operator from (Zje[m} ® (Xd)j> into X and |T| < VB.

Proof. First assume that {¢;;}icrjem) is a Bessel woven with bound B.
Let {l;;}0 1jefm) D€ 0 <Zje[m} ® (Xa) ) We show that T{l;;}32; ;<[ is well-defined,

that is, 322, ;cpm lijpis 18 convergent. Consider n,m € I, n > m. Then

m]

n m n
Yo ligpii— Y lijpy Yo iy
1=1,j€[m)| i=1,j€[m] i=m+1,j€[m]
= sup g | > iy | =
llg*lI=1,9eX i=m+1,j€[m)

Using the duality mappings ®x and its induced semi-inner product [f, g] = ¢*(f) we
have

n

< sup Z |lij [0i5, 9] |
191=1 i=m+1,j€[m)]

* = sup
lgl=1

< sup ||{li; HIx,ll [i5. 9] |

[ Z lij0ij, g

i=m-+1,j€[m]

xi < sup [[{l;H x, Bllgl x-

Since {lij}2 jeim € (Zje[m] ® (Xd)j) , we know that [[{l;;}i_; ;e llx, is a Cauchy
sequence in C, The above calculation shows that {321 jepy lij9ijfoey s a Cauchy
sequence in X, and therefore convergent. Thus, T{l;;}32, ;c(,, is well-defined. Clearly
T is linear, and

i=1,7€m

740532 s = sop, |70} st 1]

that is, | 7| < v/B.
Conversely, suppose T' well-defined and that |T|| < /B, for every f € X, we have

(T{ls}. f) = [t fig: ] = Wi} AL i}
therefore
T f = {1/, fijlYierjeim)
and

S LS = 1T 1P < IT PP < VBISIP.

i€l,j€[m]

Hence, we conclude that the family {¢;;}, m) 18 Bessel woven. U

i€l jE[
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Theorem 3.3. Let the sequence {@y;}ierjeim) in X be woven for X, and the series
i1 jepm) lijpis converges for all {15} jepn € (Zje[m] ® (Xd)j) . Then the operator

T (Z ®(Xd)j) — X, T{l;}= 1,j€lm] ‘= Z lijsj,
JE[m] i=1,j€[m]

defines a bounded linear operator. The adjoint operator is given by

JEm|

T X* — ( > @(Xd)j> o T ={le, il }21 jepm-

Furthermore,
[o.¢]

> el P < TPl

i=1,j€[m]
Proof. Consider the sequence of bounded linear operators

n

T, (Z @(Xd)]) = X, TAlij}Ziem = 2 lijpi

J€[m] i=1,j€[m]

Clearly T,, — T pointwise as n — 00, so T' is bounded. In order to find the expression
for T, let £, € X, {lij}3°, ;e € (Sjepm @ (Xa);) - Then

[%T{lij}?ime[mﬂx e D lij%’i]: > le il
i=1,j€[m] i=1,j€[m)]

Alternatively, when 7' : (Zje[m] @(Xd)j) — X is bounded, then clearly 7™ is a

bounded operator from X* to (Zje[m] @ (Xa) j)* . Therefore, the i-th coordinate func-
tion is bounded from X to C; by Riesz representation theorem, 7™ has the form

T*QO = {[@7 gpij]};?il,jé[mp

for some {@;; }icr,jepm in X. By definition of 7%, we conclude

Z [%07 fU]E: Z [90 907,]] ll]’ for all {l’L]}z 1,5€[m (Z @ Xd ) 7f c X.
i=1,j€[m)] i=1,j€[m)] j€[m]

It follows from here that f;; = ¢;;. The adjoint of a bounded operator T' is itself
bounded, and ||T'|| = ||7*||. Under the assumption in Theorem 3.2, we have

1Tl < |IT|P[ll?,  forall ¢ € X,
which leads to

o0

> e el P <ITIPllel?,  forall p € X. O

i=1,j€[m]
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Definition 3.8. Let X be a Banach space and X, a sequence space. Given a bounded
linear operator S : (Zje[m] @ (Xd)j) — X and a (Zje[m} <) (Xd)j)—woven {g:j} € X,
we say that ({g;;},5) is a Banach frame for X with respect to (Zje[m] &> (Xd)j) if

(3.3) S{gi(H)}) =f forall feX.

Note that (3.3) can be considered as some kind of generalized reconstruction formula,
in the sense that it tells how to come back to f € X via the coefficients {g;;(f)}.

The condition, however, does not imply reconstruction via an infinite series, as we
will see later. For more information on Banach frames we refer to [7,17].

The woven X 4-frame condition implies that one can define the following isomorphism

U:X — (Z @(Xd)j), Uf = {g”(f)}, fGX
j€lm]

The extra condition in Definition 3.8 means that S is a left-inverse of U, and thus

US is a bounded linear projection of (Zje[m] & (Xd)j) onto the range R(U) of the

operator U.

Proposition 3.2. Suppose that Xy is a BK-space and {g;; }icrjepm) C X* is a woven
Xg-frame for X. Then, the following conditions are equivalent.
(a) R(U) is complemented in X,.
(b) The operator U™' : R(U) — X can be extended to a bounded linear operator
V. X;— X.
(c) There exists a linear bounded operator S, such that ({gij}ie]17je[m],5) is a
Banach woven for X with respect to Xg.
Also, the condition
(d) there exists a family { fi; Yictjepm) C X such that {3 cij fij bierjemm) s convergent
for all {ci;}icrjepm) € Xaq and
f= 2 gs(Hfiy, foradlfeX;
i€l,je[m]
implies each of (a)-(c).
If we also assume that the canonical unit vectors {e;;}icrjeim) form a basis
for X4, (d) is equivalent to (a)-(c).
(e) There exists an Xj-Bessel woven { fij}icijepm) C X C X** for X* such that
fF="> g9;(f)fij, forall feX.
i€l,j€[m]

If the canonical unit vectors form a basis for both X4 and X, (a)-(e) is equiv-
alent to
(f) there exists an Xj-Bessel woven { fi;}ictjepm C X C X** for X* such that

g= > 9(fij)gij, Jorallge X*.

i€l,je[m]
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In each of the cases (e) and (f), {fi;}icijepm) s actually an Xj-woven for

X
Proof. For convenience, we index { fi; }icrjeim) and {gs; }ierjepm) by the natural num-
bers. Suppose that X, is a BK-space. (a) — (b) is trivial. For the converse, assume
(b) and let V' : X; — X be a linear bounded extension of U~'. Now consider the

bounded operator P : X; — R(U) defined by P = UV. Using the fact that VU = I
(on X), we get P? = P. For every f € X, we have

Uf =UVUf = P(Uf) € R(P).

Hence R(P) = R(U), i.e., the range of U equals the range of a bounded projection.
Thus, R(U) is complemented (see [27, page 127]). The equivalence (b) <> (c) is clear.
We now relate the condition (d) to (a)-(c). First, assume that (d) is satisfied. By
assumption, we can define an operator
Vo Xd — X, Vo {Cij}ieﬂ,je[m] — Z Cijfij~
i€l je[m)]

By the Banach-Steinhaus theorem, V' is bounded. Let {g;; (f)}icijepm € R(U).
Furthermore,

4 (gij (f)) = Z gij(f)fij =f= U_lUf = U_l{gij (f)}ie]l,je[m]a
i€l,je[m]
that is, V is an extension of U~!. That is, (b) holds, according to the equivalences
proved so far, this means that (a)-(c) holds.
Assume now that the canonical unit vectors {e;;}icijefm form a basis for Xg.
Assuming that (b) is satisfied, we show that (d) holds. Let f;; := Ve;;. Since V' is
linear and bounded, for all {c;;}icrjepm € Xq, we have

n n

Y. cifii=V ( > Cz‘ﬁz‘j) — V(cij) -

i=1,j€[m) i=1,j€[m]
That is, >=er jem) Cij.fij is convergent. Also, by construction, for all f € X we have
(3.4) f=VUf= > g5(f)fiy
i€l,j€[m]

Thus, (d) holds as claimed.

Under the assumption that the canonical unit vectors {e;; } form a basis for

i€l,je[m]
Xy, we now prove the equivalence of (d) and (e). First, assume that (d) holds. Due
to the equivalence of (b) and (d), we can define f;; := Le;;, and (3.4) is available. By

Lemma 3.2, for every g € X* we have

{g<fij)}iell,je[m] = {9V (eij)}iell,je[m] € Xg

and

{9 (fij) Yiergemillxs = llgVII < IV 9]

X*
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hence {fi;}icjepm), considered as a sequence in X**, is an Xj-Bessel sequence for
X*. Thus, we have proved the claims in (e). On the other hand, if (e) is valid, then
Proposition 3.1 shows that ey jejm) ¢i; fij is convergent for all {ci; }icr jeim) € Xq and
hence (d) holds.

Now, assume that the canonical unit vectors form a basis for both X; and Xj; in
this case, we want to prove the equivalence of (e) and (f). Let B denote a Bessel
bound for the X4-Bessel sequence {g;; }icijepm)- Denote the canonical basis for X; by
{€ij}ic1jepm) and the canonical basis for X7 by {2;; }icijepm)- Assume that (e) is valid.
Let g € X*. For given n € N

g— > 9(fy)gy| = sup |g(f)— X g(fij)gij(f>|
Z‘:Lje[m} X f€X>Hf||:1 Z:L]E[m]

= sup o9 e (= > g(fij) g (f)
FEXIFI=T |i=1,5€[m] i=1,j€[m]

= sup Z 9(fi5)gi; (f)
FEXNAI=T \iznt1,j€[m]

<B Y g(fi)zi| =0 as n— oo,

i=n+1,j€|m]

and hence (f) holds. Assume (f) and let K be an Xj-Bessel bound for {f;;}icrjepm)-
For every g € X*, {g (fij) }ic1,je[m) belongs to X7, which by Lemma 3.2 is isometrically
isomorphic to the space {{G (eij)}ieﬂ,je[m] |G € X}, and hence {g(fi;)}ierjepm can
be identified with {G(e;;) }icrjepm) for a unique G, € Xj. Then for every f € X

Hf— Zn: 9ij (f) fij

i=1,j€[m]

= sup |(g(f)— zn: g(fij)gij(f)‘

X geX ™ |lgll=1 i=1,j€[m]

= sup > g (fi) 9 () =D 9 (fi3) 9i5 (f)‘
9EXHNglI=1 i=1,j€[m) i=1

[e.e]

= sup Z 9 (fi) 9ij (f)'

9eX 9= i=n+1,5€[m)

Gg( i gz‘j(f)ez‘j)

= sup
geX™, |lgll=1 i=n+1,j€[m)]

< sup G| X giu(fey
geX™ |lgll=1 i=n+1,j€[m)

= sup  Hg(fi)} Do 95 (f)ey
geEX™ |lgll=1 i=n+1,j€[m)
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<K Y g (f)eT| =0 as n— oo

i=n+1,j€[m]

Hence, (f) is valid. Moreover, by a similar calculations as above, for every g € X* we
have

lgll = sup |g(N)l= sw | X g(fi) g ()] < B|{g(fip)bievjerm)|
fex=llfl=1 FEX*ISI=1 |ieLje[m)

and hence {f;}

)
*
Xd

- is a woven X j-frame for X™*. U
i€ll,j€[m]

Acknowledgements. The authors would like to thank to the editor and reviewers
due to their helpful comments and suggestions for improving paper.

REFERENCES

[1] T. Bemrose, P. G. Casazza, K. Grochenig, M. Lammers and R. Richard, Weaving frames, Oper.
Matrices 10(4) (2016), 1093-1116.

[2] P. G. Casazza, The art of frame theory, Taiwanese J. Math. 4(2) (2000), 129-201.

[3] P. G. Casazza, Modern tools for Weyl-Heisenberg (Gabor) frame theory, Advances in Imaging
and Electron Physics 115 (2001), 1-127.

[4] P. Casazza, O. Christensen and D. T. Stoeva, Frame expansions in separable Banach spaces, J.
Math. Anal. Appl. 307(2) (2005), 710-723.

[5] P. G. Casazza, D. Freeman and R. G. Lynch, Weaving Schauder frames, J. Approx. Theory 211
(2016), 42-60. https://doi.org/10.1016/j.jat.2016.07.001

[6] P. G. Casazza and R. Lynch, Weaving properties of Hilbert space frames, 2015 International
Conference on Sampling Theory and Applications (SampTA), 2015, 110-114. https://doi.org/
10.1109/SAMPTA.2015.7148861

[7] P. G. Casazza, D. Han and D. Larson, Frames for Banach spaces, Contemp. Math. 247(4) (1999),
149-182.

[8] O. Christensen, An introduction to frames and Riesz bases, Springer, Boston, Basel, Berlin, 2016.

[9] O. Christensen and D. T. Stoeva, p-Frames in separable Banach spaces, Adv. Comput. Math.
18(2—4) (2003), 117-126.

[10] B. Dastourian and M. Janfada, Frames for operators in Banach spaces via semi-inner products,
Int. J. Wavelets Multiresolut. Inf. Process. 14(3) (2016), Article ID 1650011. https://doi.org/
10.1142/80219691316500119

[11] I. Daubechies, A. Grossmann and Y. Meyer, Painless nonorthogonal expansions, Journal of
Mathematical Physics 27(5) (1986), 1271-1283.

[12] S. S. Dragomir, Semi-Inner Products and Applications, Nova Science Publishers, Hauppauge,
2004.

[13] R. J. Duffin and A. C. Schaeffer, A class of nonharmonic Fourier series, Tran. Amer. Math.
Soc. 72(2) (1952), 341-366.

[14] G. D. Faulkner, Representation of linear functionals in a Banach space, Rocky Mountain J.
Math. 7(4) (1977), 789-792.

[15] H. Feichtinger and K. Grochenig, Banach spaces related to integrable group representations and
their atomic decompositions, J. Funct. Anal. 86(2) (1989), 307-340.

[16] J. R. Giles, Classes of semi-inner-product spaces, Tran. Amer. Math. Soc. 129(3) (1967), 436—
446.


 https://doi.org/10.1016/j.jat.2016.07.001
https://doi.org/10.1109/SAMPTA.2015.7148861
https://doi.org/10.1109/SAMPTA.2015.7148861
 https://doi.org/10.1142/S0219691316500119
 https://doi.org/10.1142/S0219691316500119

WOVEN (WEAVING) FRAMES IN BANACH SPACES 197

[17] K. Grochenig, Describing functions: Atomic decompositions versus frames, Monatsh. Math.
112(1) (1991), 1-42.

[18] E. Guariglia, Fractional derivative of the Riemann zeta function, in: C. Cattani, H. M. Srivastava
and X.-J. Yan (Eds.), Fractional Dynamics, De Gruyter, 2015, 357-368.

[19] E. Guariglia and S. Silvestrov, Fractional-wavelet analysis of positive definite distributions and
wavelets on D'(C), in: Engineering Mathematics, 11 Edition, Springer, Switzerland, 2017.

[20] M. L. Ismailov and Y. I. Nasibov, On one generalization of Banach frame, Azerbaijan J. Math.
6(2) (2016), 143-159.

[21] D. Han and D. Larson, Frames, Bases and Group Representations, American Mathematical
Society, Providence, Rhode Island, 2000.

[22] D. Li, J. Leng, T. Huang and X. Li, On weaving g-frames for Hilbert spaces, Complex Anal.
Oper. Theory 14(2) (2020), 1-25.

[23] G. Lumer, Semi-inner-product spaces, Tran. Amer. Math. Soc. 100(1) (1961), 29-43.

[24] A. Rahimi, B. Daraby, Z. Darvishi, Construction of continuous frames in Hilbert spaces, Azer-
baijan J. Math. 7(1) (2017), 49-58.

[25] A. Rahimi, Z. Samadzadeh and B. Daraby, Frame-related operators for woven frames, Int. J.
Wavelets Multiresolut. Inf. Process. 17(3) (2019), Article ID 1950010. https://doi.org/10.
1142/50219691319500103

[26] R. Rezapour, A. Rahimi, E. Osgooei and H. Dehghan, Controlled weaving frames in Hilbert
spaces, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 22(1) (2019), Artcle ID 1950003.
https://doi.org/10.1142/50219025719500036

[27) W. Rudin, Functional Analysis, McGraw-Hill Science, Singapure, 1991.

[28] 1. Singer, Bases in Banach spaces II, Springer, Berlin, 1981.

[29] J. G. Stampfli, Adjoint abelian operators on Banach space, Canad. J. Math. 21 (1969), 505-512.

[30] D. T. Stoeva, X,4-Riesz bases in separable Banach spaces, Collection of papers dedicated to the
60th Anniv. of M. Konstantinov, BAS Publ. House, 2008.

[31] L. K. Vashisht and Deepshikha, Weaving properties of generalized continuous frames generated
by an iterated function system, Journal of Geophysical Research 110 (2016), 282-295.

[32] L. K. Vashisht and Deepshikha, On continuous weaving frames, Adv. Pure Appl. Math. 8(1)
(2017), 15-31. https://doi.org/10.1515/apam-2015-0077

[33] L. K. Vashisht, S. Garg, Deepshikha and P. K. Das, On generalized weaving frames in
Hilbert spaces, Rocky Mountain J. Math. 48(2) (2018), 661-685. https://doi.org/10.1216/
RMJ-2018-48-2-661

[34] L. K. Vashisht and G. Verma, Generalized weaving frames for operators in Hilbert spaces, Results
Math. (2017), 1-23. https://doi.org/10.1007/500025-017-0704-6

[35] H. Zhang and J. Zhang, Frames, Riesz bases, and sampling expansions in Banach spaces via
semi-inner products, Appl. Comput. Harmon. Anal. 31(1) (2011), 1-25.

'DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF MARAGHEH,

P. O. Box 55136-553, MARAGHEH, IRAN
Email address: rahimi@maragheh.ac.ir
Email address: s.basatil3970@gmail.com
Email address: bdaraby@maragheh.ac.ir

2DEPARTMENT OF MATHEMATICS,

UNIVERSITY OF KASHMIR,

SOouTH CAMPUS, ANANTNAG-192 101, JAMMU AND KASHMIR, INDIA
Email address: fashah@uok.edu.in


https://doi.org/10.1142/S0219691319500103
https://doi.org/10.1142/S0219691319500103
https://doi.org/10.1142/S0219025719500036
https://doi.org/10.1515/apam-2015-0077
https://doi.org/10.1216/RMJ-2018-48-2-661
https://doi.org/10.1216/RMJ-2018-48-2-661
https://doi.org/10.1007/s00025-017-0704-6




KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 48(2) (2024), PAGEs 199-223.

A NEW INERTIAL-PROJECTION METHOD FOR SOLVING SPLIT
GENERALIZED MIXED EQUILIBRIUM AND HIERARCHICAL
FIXED POINT PROBLEMS

OLAWALE KAZEEM OYEWOLE!2 AND OLUWATOSIN TEMITOPE MEWOMO!

ABSTRACT. In this paper, we introduce a new iterative algorithm of inertial form
for approximating the common solution of Split Generalized Mixed Equilibrium
Problem (SGMEP) and Hierarchical Fixed Point Problem (HFPP) in real Hilbert
spaces. Motivated by the subgradient extragradient method, we incorporate the
inertial technique to accelerate the convergence of the proposed method. Under
standard and mild assumption of monotonicity and lower semicontinuity of the
SGMEP and HFPP associated mappings, we establish the strong convergence of
the iterative algorithm. Some numerical experiments are presented to illustrate the
performance and behaviour of our method as well as comparing it with some related
methods in the literature.

1. INTRODUCTION
Let C be a nonempty, closed and convex subset of a real Hilbert space H and
T : C — C be a nonlinear mapping. 7T is said to be:

(i) firmly nonexpansive, if for each z,y € C
1Tz — Tyl* < (Tw — Ty, x - y);
(ii) a contraction, if for every z,y € C' and ¢ € (0, 1)
[Tz =Ty < clle —yll
If ¢ =1, then T is called nonexpansive.

Key words and phrases. Pseudomonotone, equilibrium problem, hierachical fixed point, inertial,
strong convergence, Hilbert space.
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We denote by Fiz(T), the set of fixed points of the mapping 7', that is Fiz(T) =
{r € C: 2 =Tz} The mapping T is called quasi nonexpansive if Fiz(T) # () and

|Tx —p| < ||z —p||, forall pe Fiz(T), z € C.

It is known that if T" is quasinonexpansive, then Fiz(T') is closed and convex (see
[45]).

Let F': C' x C'— R be a bifunction. The Equilibrium Problem (EP) in the sense
of Blum and Oetlli [9], is to find a point 2* € C' such that

(1.1) F(z*,y) >0, forallyeC.

We denote by EP(F,C), the set of solutions of EP (1.1). The EP unifies many
important mathematical problems, such as optimization problems, complementary
problems, fixed point problems, variational inequality problems, see [4,6,9,25,36,37].
Let B : C'— H be a nonlinear mapping. The Variational Inequality Problem (VIP)
is to obtain a point x* € C' such that

(1.2) (Bx*,y—a*) >0, forallyeC.

The set of solutions of the VIP is denoted VIP(B,C'). Solution to these class of prob-
lems, fixed point problems and related optimization problems have been investigated
and iterative algorithm for approximating them have been proposed and studied by
several authors, see [2,5,10,14,15,17,19,20,27,28,32,35]. Let ¢ : C' — R be a real
valued function, then the Minimization Problem (MP), consists of finding a point
x* € C such that

(1.3) o(z*) < ¢(y), forallyeC.

The set of solutions of MP (1.3) will be denoted by M P(¢,C). For more on MP (see
[1,8,23,42]) and the references therein.

Let ' : C x C — R be a bifunction, B : ¢’ — H a nonlinear mapping and
¢ : C — R a proper, convex and lower semicontinuous function. The Generalized
Mixed Equilibrium Problem (GMEP) [10, 24,26, 33,38, 48] is the problem of finding a
point z* € C' such that

(1.4) F(z*,y)+ (Bz*,y — ") + ¢(y) — ¢(z*) > 0, forallyeC.

We use GM EP(F, B, ¢) to denote the set of solutions of GMEP (1.4). The GMEP
includes several optimization problems as special cases. The relationship with the
VIP and MP are easily observed by setting some maps to the zero map in inequality
(1.4). Numerous problems in economics, science and engineering can be reduced to
the problem of finding a solution to the GMEP (see [26,34,37]).

Let C and ) be nonempty, closed and convex subsets of real Hilbert spaces H; and
Hj respectively and L : Hy — H, a bounded linear operator. In 1994, Censor and
Elfving [12] introduced the notion of Split Feasibility Problem (SFP), which is defined
as follows: find a point

(1.5) x* € C such that Lz* € Q.
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The SEP is a special case of the Split Inverse Problem (SIP) first studied by Censor
et al. [13]. In SIP, there are two given vector spaces X and Y and a linear operator
L : X — Y. The first Inverse Problem, I Py say, is formulated in space X and the
second one [ Py formulated in space Y. Given this information, the SIP is formulated
as follows: find x* € X that solves I Px, such that y* = Lx* € Y solves I Py. The
SIP is used as a model for sensor networks, radiation therapy treatment planning,
color imaging and other image restoration problems, see [11].

Furthermore, SFP over EP have been studied by some authors in the literature. For
example, Moudafi [30] considered a SFP over EP and called this the Split Equilibrium
Problem (SEP), see [22]. Let F': C' x C — R and G : @ x @@ — R be two bifunctions
and L : Hy — H, be a bounded linear operator. The SEP is given as follows: find
x* € C such that

F(z*,2) >0, forallzeC,
and such that
y* = Lx" € Q solves G(y*,y) >0, forallye Q.

For more, see [37,46] and the references therein.

Since then, there have been several research in this direction where both bifunctions
have same mononotonicity property and others with different monotonicity properties.
Dinh et al. [16], studied the SEP involving pseudomonotone and monotone bifunctions.
Also, in 2017 Rattanaseeha et al. [40], studied a split generalized equilibrium problem
which involves both pseudomonotone bifunction and a monotone bifunction. For more
literature on this class of problems (see [16,40,43]) and the references therein.

Moudafi and Mainge [31] introduced and studied the following Hierarchical Fixed
Point Problem (HFPP) for a nonexpansive mapping S with respect to another non-
expansive mapping 7" on C. The HFPP consists of finding a point z* € Fiz(S) such
that

(1.6) (I =T)x*,y—x*)y >0, forallye Fizx(S).

It is easy to see that the HFPP is equivalent to the problem of finding the fixed point
of a map A = Ppyy(s) 0 T. Let Q denote the solution set of the HFPP (1.6). Note
that if 2 # (), then  is closed and convex. The HFPP is general in the sense that it
includes as special case the monotone VIP on fixed point sets, MP over equilibrium
constraints, hierarchical MP... Very recently, Alansari et al. [7], studied an hybrid
iterative scheme for approximating a common solution of a split EP involving both
monotone and pseudomonotone bifiunction and a HFPP for a nonexpansive and quasi
nonexpansive mappings. They proved a weak convergence theorem for their proposed
algorithm.

Inspired by the works above and current research interest in this direction, in
particular, in order to provide a partial answer to the future research posed by Alansari
et al. [7] in conclusion of their work. We propose an iterative algorithm which combines
the inertial technique, projection method, diagonal subgradient method and viscosity
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approach [8,24], see Section 3. We prove a strong convergence theorem using the
proposed algorithm to a solution of a SGMEP involving a pseudomonotone bifunction
and a monotone bifunction which is also a solution of a HFPP. In our proposed method,
the inertial extrapolation step was included to accelerate the rate of convergence of
the algorithm, (see [1,3,25,39]) for more literature on inertial algorithms. We present
some numerical examples to illustrate the behaviour and performance of our method
as well as comparing it with some related methods in the literature.

2. PRELIMINARIES

We denote by z,, — v and x,, — v the weak and strong convergence respectively of
a sequence {x,} in H to a point v € H.
For each = € H, there exists a unique nearest point y = Pox € C such that

|z =yl <|lz— 2|, forallzeC.

The mapping Po : H — C' is called the metric projection from H onto C. It is well
known that Pg satisfies the following conditions.

(i) [Pz — Poyl® < (Pex — Poy,x —y) for all w,y € H.

(ii) For x € H and y € C, y = Pcx if and only if
(2.1) (x —y,y—2) >0, forall zeC.

Definition 2.1. A mapping 7" : C' — C is said to be demiclosed at 0, if for any
sequence {z,} C C which converges weakly to x € C with ||z, — Tx,|| = 0, then
Ty =ux.

It is well known (see [21]) that the nonexpansive mapping is demiclosed.
Definition 2.2. A bifunction f : C' x C' — R is said to be
(a) strongly monotone on C, if there exists a constant v > 0 such that
flay) + fly, ) < —vlle —yl?, forallz,y € C;

(b) monotone on C, if f(z,y)+ f(y,z) <0 for all z,y € C;
(c) pseudomonotone on C, if f(x,y) > 0 implies f(y,x) <0 for all z,y € C.

It is obvious from above that a strongly pseudomonotone bifunction is contained
in the class of monotone bifunctions and a monotone bifunction is pseudomonotone.

Definition 2.3 ([18]). Let f : C'x C' — R be a bifunction, where f(z,-) is convex
for each x € C. Then for € > 0 the e-subdifferential (e-diagonal subdifferential) of f
at x, denoted by 0. f(x,-)(x) is given by

Ocf(z,-)(w) ={z€ Hy: f(x,y) + €= f(w,z) + (2,y —x) for all y € C'}.
For solving the GMEP, we assume ¢ : () — R is proper, convex and lower semicon-

tinuous, the nonlinear mapping, B : () — H, is continuous and monotone and the
bifunction F': Q) x () — R satisfies the following restrictions:
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) F(z,z) =0 for all z € Q;
) F'is monotone, i.e., F'(z,y) + F(y,z) <0 for all z,y € Q;
)hmth(a;+t(z—x) y) < F(x,y) for all z,y, 2 € Q;

(R1
(R2
(R3
(R4) for each x € @, the function y — F(z,y) is convex and lower semicontinuous.

The following lemmas are used in the sequel.

Lemma 2.1 ([44]). In a real Hilbert space H, the following hold:

() [z =yl = |zl — 2z, y) + lyl|* for all x,y € H;

(i) = +yll* < 2] + 2(y. 2z +y) for all z,y € H;

(if) [tz + (1 —t)yl* = tllz]* + (1 = Ollyl* — t(1 = t)llx — y||* for all 2,y € H and

€ (0,1).

Lemma 2.2 ([48]). Let B : Q — Hjy be a continuous and monotone mapping, ¢ :
Q — R be a proper, lower semicontinuous and convex function, and F : QQ X Q — R
be a bifunction satisfying the conditions (R1)-(R4). Let r > 0 be any given number
and x € Hy be any given point. Then, the following hold.

(i) There exists w € Q such that
1
F(w,y)+ (B(w),y — w) + ¢(y) — ¢(w) + ;(y —w,w—1x) >0, forallyéeQqQ.
(ii) Define a mapping KFP¢ . Q — Q by KFB9(x) = {w € Q : Flwy) +

1
(Bu),y = w) + 6) — o) + -y —ww—2) 2 0,y €Q}, v € Q.
The mapping KF"B? satisfies the following characteristics:
(a) KEBP9 s single valued;
(b) KEB2 is fimrly nonexpansive, i.e., for all z,y € H
K750 — KPPoy|? < (KPP92 — KPP0y, 2 —y);
(¢) Fia(KFP#) = GMEP(F, B, 6);
(d) GMEP(F, B, ) is a closed and convex subset of Q.
The following restrictions are assumed to be satisfied by the pseudomonotone
bifunction f: C x C — R :
(F1) f(xz,z) =0 for all x € C;
(F2) f is pseudomonotone on C with respect x € EP(f,C), that is, for z €
EP(f,C), f(xz,y) > 0 implies f(y,z) <0 for all y € C;
(F3) f is strict paramonotone, that is the following holds
v € EP(f,C), yeC, f(y,z) <0 impliesy € EP(f,C);

(F4) f is jointly weakly upper semicontinuous on C' x C' in the sense that, if z,y € C
and {z,,}, {y.} C C converges weakly to x and y, respectively, then f(z,,y,) —
f(z,y) as n — 4o0.

The following lemmas are very useful in obtaining the strong convergence of the
sequence considered in this work.
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Lemma 2.3 ([47]). Let {a,} be a sequence of nonnegative real numbers satisfying the
following inequality
An1 S (1_an>an+anﬁn+7na TLGN,
where {a,} C (0,1), {B.} and {v.} satisfy the restrictions:
(i) 3725 ay, = +o0, lim,, 54 o0 i = 0;

(i) Hmsup,, . Bn < 0;

(i) 7o > 0, 30 7 < 400,
Then lim,,_, a, = 0.

Lemma 2.4 ([29,41]). Let {a,} be a sequence of real numbers such that there exists
a subsequence {n;} of {n} with a,; < an,41 for all j € N. Consider the integer
{T7(n)}n>n, defined by

7(n) :=max{j <n:a; <aj}.

Then {T(n) }n>n, @ a non-decreasing sequence satisfying lim,, 1o 7(n) = +00 and for
all n > nyg, the following estimates hold:

r(n) < Ar(nyp1 ANd Gn < Arn)41-
3. MAIN RESULT

In this section, we state and prove our main result. First, we give an explicit statement
of the proposed problem in this study. Let C' and ) be nonempty, closed and convex
subsets of real Hilbert spaces H; and H, respectively and L : H; — Hs be a bounded
linear operator. Let f : C' x C — R and F : @ x Q — R be pseudomonotone
and monotone bifunctions respectively satisfying restrictions (F1)-(F4) and (R1)-
(R4). Let B : C — Hj be a nonlinear mapping and ¢ : ¢ — R a proper, convex
and lower semicontinuous function. Let S be a nonexpansive mapping and 7" a
quasinonexpansive mapping such that I — 7" is monotone. We consider the problem
of finding a point z* € C such that

and such that
(3.2) y* = La* € Q solves GMEP(F, B, ¢).

We assume that the solution set of Problem (3.1)—(3.2) denoted by I' is nonempty.

Remark 3.1 ([18]). If f is pseudomonotone on C' with respect to EP(f,C'), then by
restrictions (F1) and (F4), EP(f,C) is closed and convex. From Lemma 2.2 (d), we
have that GMEP(F, B, ¢) is closed and convex. Also, if Fix(Ppys) 0 T) # 0, then
the solution set of the HFPP is closed and convex see [31]. We assume I' # (), hence
I' is well defined.

Algorithm 3.1. Initialization. Choose xg, 1 € C. Take the sequence of real numbers

{un}, 18a}, {ra}s {00}, {1}, {00}, {en}, {an} and {\,} satisfying
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(i)O<r<rn,0<a<an<b<1,0<d<>\n<6<1,0<a<an<5<1,
Bn >0, v, € (0,2/|L||*) and €, — 0 as n — +oc;
(i) D252 py < +00;
(iv) {6,} C [0,0], where 6 € [0,1) and > 0,z — 21]] < +00;
(v) lim, 1 Z—Z =0.
[Step 1. Given x,,_; and x,, n > 1, compute
(3.3) Wy = Tp + Op (0 — Tpq).
Step 2. Take g(w,) € 0., (f(wy,-))(w,), n > 1. Calculate 7, = max{1, ||g(w,)] },

A, = 2 and
n

(3.4) zn = Po(w, — Ang(w,,)).
Step 3. If w, = z, (w, € EP(f,C)), then stop. Otherwise, evaluate
th =1 =0Tz, + 0nzn Yn = (1 — ay)w, + @, St,,
(3.5) u, = K"P2Ly,,
Un = Yn + Y L*(un — Lyy).
Step 4. Compute
(3.6) Tpt1 = Buh(zn) + (1 — Bn)vn,

where h is a contraction.
Step 5. Set n:=n+ 1 and go to step 1.

Lemma 3.1. Let {x,} be the sequence given by Algorithm 3.1, then {x,} is bounded.
Consequently, the sequences {y,}, {z}, {vn} and {u,} are bounded.

Proof. Let u € T', then from Lemma 2.1 (i) and (3.3), we have
(3.7) lwn = ull* =[lzn + On(zn — 201) — ull?
=z, — u||2 + 205 (Tn — U, Ty — Tp-1) + H?szn - xn—1||2
<||z, — UH2 + 20, )| — ull[|vn — 2na || + 93||93n - xn—1H2
=llzn = ull® + Onllzn — 2na|2llzn — ll + Onllzn — n-al))-
It also follows from Lemma 2.1 (iii), that
[t = ull® = (1 = 00) (T2 — u) + (20 — u)|”
= (1= )| T2 — ul® + onllza — ull* = 00 (1 — 0) [ T2 — 2a1?
<z = ull? = 00(1 = 00)[I T 20 — 24
(3.8) < lzn —ul®
Next,
= ull® = (1 = ) (wn — 1) + @ (Stn — w)|*
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(1 —ap)|lw, — u||2 + an||Stn — u||2 —an(l —ay)|St, — wn”2
(1 — an)l|wn, — uH2 + an||tn — UH2 —an(l — o) ||St, — wn”2
(

1 —ay)|w, — uH2 + anllzn — uH2 —an(l —ay)||St, — wnH2

INIA IA TN

(3.9)

but from the definition of z,, we get

1wy — ul]* + 200 Wy — 2, U — 25) — an(1 — @) || St — w,l?,

<wn — Zn, U — Zn) S )\n<g(wn)7 U — Zn>
Using this in (3.9), we obtain
Hyn - u||2 SHMn - u||2 + 2 (g(wn), u — 2) — an(1 — ay)||St, — wn”2
:Hwn - U||2 + 2>\nan[<g(wn)v U — wn> + <g(wn)a Wy — zn)]
—an(l —ay)|St, — wn”2
<lwn = ull® + 22X (g(wa), u — wa) + 2Xnanl|g(wn) [ lwn — 2u||
(3.10) — (1 — ) |ISt, — wa*.
Note that by the definition of z, and w, € C, we have
||wn - Zn”Z < An(Q(wn)7wn - Zn> < /\an(wn)H”wn - an,
thus ||w, — z,] < Anllg(w,)|| and
A llg(wi) llwn — 2|l <N g(wn)|1?

_ (g) o)l = 122 (max|<|f,( mn>u>>2

(3.11) <py,

which implies

(3.12) lwn = zal* < gy

Since 3729 2 < +00, we obtain from above inequality, that
(3.13) |wn — 2zp]] = 0 as n — +oc.
Using (3.11) in (3.10), we have

(3.14)

g = ull® <llwn — wll® + 2An0m(g(wn), v = wn) + 20npt, — (1 = ) | St — wal*
By using Lemma 2.2, we have
[ — Lull® = K> Ly, — Lul]® = || K727 Ly, — K>% Lul|?
<(KPP?Ly, — KFP?Lu, Ly, — Lu)
=(K"P?Ly, — Lu, Ly, — Lu)

1
=5 (1520 Lyn — Lull® + || Ly, — Lull* — | K59 Ly, — Lya|?)
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Hence, |lu, — Lu||* < || Ly, — Lul|* — ||un, — Ly,||?, which implies
(3.15) 2(Ly, — Lu,u, — Ly,) < —2||u, — Ly,||*.
Now, from (3.5) and (3.15), we have
v = ull* =[lyn + L (un — Lyn) — ul]?
=llyn = ull* + 270 (Yo — w, L (un — Lyn)) + 311" (n — Lyn) |
=llyn — ull® + 29 (Lyn — L, wn — Lyn) + 32| L7 (wn — Lyy) ||
(3.16) Ly = ull* = (2 = Wl LIP)[lun — Lynll?,
which implies
lvn = ull® <[lwn = ull® + 2X\nn(g(wn), u — wn) + 20041,
(3.17) — (1 = an)[ISty — wall* = (2 = Yl LI*)ln — Lya|*.
Since w,, € C' and g(wy,) € O, f(wy, *)(wy,), we obtain
fwn,u) + €, = fwy,u) = f(wn, w,) + €, > (g(wy), u — wy).
Using this in (3.17), we get
lvn = ull® <[lwn — ull* + 2Xn0 (f (wa, u) + €n) + 200415
— (1 — ) [ISty — wall* = 1 (2 = Yl LI*)ln — Lya|*.
From the definition of A\, and 7,,, we obtain

)\n: - Sﬂn
Tin

Therefore, we get from above, that
lvn = ull® <llwn = ull® + 2Xn00n f(wn, w) + 200 (pnen + 1)
(3.18) — (1 = a)[[Stn — wall* = % (2 = Wl LI lun — Lyal.

Since u € I and w,, € C, we have f(u,w,) > 0, then it follows from the monotonicity
of f that f(w,,u) <0 and

[on — ull? <[lwp — ull® + 205 (pnen + p17) — (1 = an)|[St, — w,|)?
—Ya(2 = Yl LI*) [t — Lynl|?
(3.19) wn = ul® + 205 (pnen + p13),
which implies that
(3.20) lon =l < llwn = ull + /(2an(nen + 12).
Furthermore, we have from (3.6) and some M, My > 0, that
||$n+1 - u” :Hﬁnh(xn) + (1 - Bn)vn - UH
<Bulll(zn) = ull + (1 = Bp)llvn — ul
<Bnllh(@n) = h(u)|| + Bul[A(w) — ull + (1 = Ba)llvn — ul|
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<cBulln — ull + Ball () — ull + (1 = Ba) (||wn — u]
+ /200 (Hnen + 12))
<cBulln — ull + (1 = Ba) (Ilwn = ull + Onllzn — 20s |
+ 20 (pmen + 1)) + Bullh(u) = u
<[1 = Ba(1 = O)lln — ull + 00 (1 = Bo)lln — s | + Bulla(w) — u]
+ \/Qan(,unen + p2)
=[1= Ba(1 = )]l = ull + On(1 = Ba) | 2n = 201 |
+ I D) e+ 12)

1
< max {Hxn — ul], Hh((lu)__c;LH

+ /200 (ptnen + 12)

<o {ma {1 - 0
+ 0”_1(1 - Bn—l)”xn—l - CUn_QH

+ 2001 (1601 + 12_1) + On(1 = Bo)|[@n — 20|
+ /200 (pn6n + 12)

}+%u—ﬁmmn—%4H

h(u) —u
SmaX{||x1—UII,H(1)_C“}+M1+M2

<+ 00,

where
29 — Bi)llwi — w1 || < +o0,
by condition (iv) and
20v; (pui€; 4 1)

Hence, {z,} is bounded. Consequently, all other sequences in Algorithm 3.1 are
bounded. 0J

Lemma 3.2. The following inequality is satisfied from (3.6) and all u € T
26,(1 —¢)
—ull2 <1 =22 —ull?
[Zn1 —ul® < ( 1—cB, ) |27 — ull
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L 280 -0 <<h(U) — U T =) BnM3>

1_Cﬁn ]_—C ]_—C
" f—cﬁ)(Hxn — T )M+ [l = 2nal]) + 20 (nen + 7).

for some Ms, M, > 0.

Proof. Let u € ', then from Lemma 2.1 (ii), (3.4) and some M3, My > 0, we have
1 = wll® =[1Bn(Plzn) — u) + (1 = Bn) (v — w)||*

<(1 = Ba)*llon — ull® + 2Ba(h(@n) — v, Tns1 — w)
<(1 = Ba)*llyn — ull® + 2B (h(
+ 260 (h(u) = u, Tni1 — u)

<(1 = Ba)*lwn — ull* + 2Bl () — (W) [ |2041 — ul]
+ 2B (h(w) =, 2pgr — u) + (1= Ba)* 0 (pinen + 417))

<(1 - B,)? (Hxn — ul* + Onllwn — 2| 2ll2n — ull + Onllzn — xnfl”))
+ 2B, (h(u) = u, Ty — ) + 200 (Hnen + 17,)
+ cBalllzn — ull® + llzner — ul®)

=[1 =26, + cBalllzn — ull® + Bullwnsr — ull* + Brllzn — ull*
+ 2B, (h(w) =, g1 — ) + 200 (e + 41y)
+0n(1 = Bo)?[l2n — o] (QHxn —ull + b |zn — fb’n—1||)a

Tn) = W), Tpa — )

which implies
(1= cBu)llznsr — ull® <(1 =280 + o) lzn — ull* + Byllzn — ul
+ 28, (h(u) =, 21 — ) + 200 (pnen + 1)
+0n(1 = Bp)llzn — 201l <2||xn —ull + b |zn — xn—IH)

and

B21) el <

L2 ) g
1—cB, "

Gn(l —Bn)
+ 1_75””3371 - l’n—lu <2H£Un - UH -+ QnH:L'n — xnflu)
2
20,
b 2o =l + 2 ) = s — )
+ 20 e+ 2)
1 _ /Bn /’LTLETL /’LTL

23, (1 —
< (1= 202D fo -
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2671(1 B C) <h(u) — Uy Tpt1 — U> 5nM3
+ 1—cB, < 1—c +1—c>
0.(1— 05,
+ PP i, — ) 41+ O — )
+ 20, (Mnen + Mi) : 0

Theorem 3.2. Let {x,} be given by Algortihm 3.1, then {x,} converges strongly to
u = Prh(u), where Pr is the metric projection of Hy onto T'.

Proof. We consider the following two possible cases for the sequence {||x,, —ul}.
Case 1. Suppose there exists n € N such that {||z,, — u||?} is nonincreasing. Then
{l|xn — u||?} converges and

|zn — ul]® = [|2p —ul|*> =0 as n — +oo.
From (3.3) and condition (iv), we get
(3.22)
lwn — zu|| =||Tn + On(Tn — Tp1) — 0| < Onllxn — zpa|| = 0 as n — +o0.
Observe from (3.7) and (3.18), that
[on = ull® <llwp = ull® + 200 (pnen + p17)
— (1 = ) [t — wal* = 302 = Ball LI 10n — Ly
<l = ull + Onllen — 2o || (2llzn — ull + Oullzn — 0]
— (1 = ay)|[ Sty — wy®
~ (2 = Wl LIP)lwn — Lyal® + 200 (pnen + 17),
using this in (3.21), we get
i1 — ull® <(1 = Bo) (lwn = ull® + Onllen — 2n | 2llen — ull + Oall2n — 2aa]])
200+ 12)) + 250 hla) — () 711 )
— (1 = )18t — wall? = (2 = | I — L
This implies
(1= ) (1 = B) | Stn — wall* <(1 = B,) (Ol — 2 al| 2|20 — ul

o Oulln — 2o l) + 200 (ttnen + 117))

+ 2B (h(wn) — h(u), Ty — u)

+ e = ull® = flener = ull® = Ballen — ul®.
Using conditions (i)-(iv), we get

(3.23) lim ||St, —w,| = 0.

n—-+0o00
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Similarly, one gets,
(2 = Al LI = Lyall? <(1 = ) B0 — 20 il (2l —
Ol — Tnall) + 200 (pmen + 412)]
+ 2B (h(2) — h(u), Tpy1 — u) + ||z, — ul)?
— Nzt = ull® = Bullzn — ull.

Since v, € (0, HL2||2> , we have

(3.24) |tun — Lyn|| =0 as n — +oo.
Recall from (3.18) that
[on = ull* <llwn — ull* + 2Xn00n f (wn, w) + 200 (pnen + 117
— an(1 = an)[|Sty — wall* = 1 (2 = Yl LIP)[Jun — Ly,
using this in (3.21), we obtain
2(1 = Ba) M (f(=wn, w) <z — ul® = l|lzper — ull®
+ (1= Bu)0nllwn — zn || (2llzn — ull + Onllzn — 201 )
= Bullwn = ull® + 28, (h(xn) — u, 201 — u)
+ 200, (pn€n + 112).
Taking limit as n — 400 and using (iv), we get

QnErJPoo(l — Bn) Anain(— f(wy, w)) = 0.

Since0<d<)\n<6<1,0<a<an<b<1and —f(wp,u) > 0, we have that
(3.25) lim sup f(wy,u) = 0.

n—-+o0o

Next we show ||T'z, — z,|| = 0 as n — +o00. Observe that
2 — ull® = |20 — wn + w, — ul)® < |Jw, — ul|® + 2(2 — u, 2 — wy).
It follows from this, (3.8), (3.9) and (3.16), that
vn — ul]? <||wp — ul|® + 2000 (20 — 1, 2, — W)
— o (1 — o) T 20 — 2a||* — an(1 — )| Stn — w, |2
(3.26) = (2 = Yl LIt — Lyl |*.
Substituting (3.26) into (3.21), we get
non(1 = Ba)(1 = an)[|Tzn — 20l <llwn — ull® = |20 — ul?
+ (1= Ba)bullzn — 2o ]| (2l — ul
+ Onlln = aal]) = Ballen — ull
+ 26, (M) — U, Tpg1 — w)
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+ 20 ||z — ul|||zn — wa]|-
Again, since 0 < a<a, <b<1,0<a<o,<b<1,it follows that
(3.27) ngrfoo | Tz, — zn|| = 0.
Observe that
1St — zn||* <||Stn — wa|* + 2(wn — 2, Sty — 2,)
<[t — wall® + 2flwn — zallll St — zall,
which implies by condition, (3.13) and (3.23), that

(3.28) Jim[|St, — z||? = 0.

The following holds by triangular inequality, (3.27) and (3.28)

(3.29) Tz, — Stoll < T2n — 2zl + |20 — Stn]] =0 as n — +o0.
Also,

(3.30) nEIEOO Itn — 2|l = ngrjpoo(l —0op)|lzn — Tz, = 0.

It follows again by triangular inequality, that
(3.31)

limy, o0 [[tn — W] <My, oo([[tn — 20l + |20 — wal]) =0,

limy, o0 [|Stn = tall < Hmp oo ([[Stn — 20l + |20 — tall) =0,

Hmy, s oo ||Yn — o] < limy, o0 (1 — @) ||wn — || + limy, 4 o0 @ || St — ta]] = 0,
iy oo [|Yn — wall < lmyyoo([[yn — tall + [[tn — wall) =0,

Again,
152, — zn|* =[|S2n — Stn + St — 2,]|?
<||Szn — Stull* + 2(St, — 2n, Szn — 2,)
<llzn = tall® + 2(1Stn = 2all X 1S20 = zal)),
we obtain by (3.28) and (3.30), that
(3.32) 1Sz, — zn|> = 0 as n — +oo.

Finally, we show that ||x,11 — x,| — 0 as n — 4o00. Indeed, we have from (3.5) and
(3.24), that
Jm o, =yl = i (g 90 L (wn = Lyn) = yn

(3.33) < lim || L||||wn — Lyn|| =0

n—-+oo

and

2011 = vl =[15nh(zn) + (1= Ba)on = vall < Bullh(zn) = onll;
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which by condition (iii), implies that
(3.34) |Zpi1 —onl] =0 as n — 4o0.
Hence, by (3.22), (3.31), (3.33) and (3.34), we obtain

dim s = 2ol € Um (s = vall £ [on = gall 4 1y = wall + [[wn — 24} = 0.

Since {z,} is bounded, then there exists a subsequence {z,,} such that z,, — v
and limsup,, ,, o, f(2,,u) = lim;_ o f(zn;, u). It follows from (3.13), (3.23), (3.30)
and (3.31), that the sequences {w,}, {t,.}, {z.} and {y,} all converge weakly to wv.
Consequently, Lz,, — Lv and Ly,, — Lv. It follows from the demiclosedness of I — S
and (3.32), that v € Fiz(S). Next we show that v = (Ppis) 0 T)v. It follows from
(3.5), that

tn, — Stp, =0,(I —T)zp + (T2, — Sty),

which implies

(3.35) Lt = St) = (I = Tz + (T — St),

On On
thus for all w € Fiz(S), the monotonicity of (I — 7') and (3.35), we have
t, — St,
<, Zn — w> =((I-T)zy— (I —Tw, z, — w)
On

1
+ (I —Tw,z, —wy + —(Tz, — Sty, 2z, — w)

On
1
(3.36) >((I —Tw, z, — w) + —(T'z, — Sty z, — w).
o
Since {z,} and {z, — w} are bounded, it follows from (3.29), (3.31) and (3.36), that
(3.37) lim sup((I — T)w, z, —w) <0, for all w € Fiz(95).

n—-+o0o

Replacing n with n; and letting j — +o00 in (3.37), we obtain
(I -—T)w,v—w) <0, forallwe Fiz(5).
Note that tw + (1 — t)v € F(S) for ¢t € (0,1), since Fiz(S) is convex. Hence,
(I-T)tw+ (1 —t)v),v —w) <0, forall we Fiz(S).
Setting t — 0, and using the continuity of (I — T), we obtain
(I —T)v,v—w) <0, forallwe Fiz(S).

Thus v € F(Ppiys) o T). Next, we show that v € EP(f,C). Since z,, — v,
|wn; =2, || — 0 and limsup,, , . f(wn, u) = lim;_ o f(wy,,u), by the upper weakly
continuity of f(-,u) and (3.25), we have

f(v,u) > lmsup f(wn,,u) = lm f(w,;,u) = limsup f(w,,u) = 0.

j—+oo Jj—oo n—+o00
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Since u € T and v € C, we have f(u,v) > 0. By the pseudomonotone property of f,

we have f(v,u) < 0. Consequently, we obtain f(v,u) = 0, and by restriction F'3, we

get v € EP(f,C). Furthermore, we show that Lv € Fiz(K}%?) = GMEP(F, B, ).

Since limy,—, oo ||Yn — 24l = 0 and x,,, — v, it is easy to see that y,, — v. It therefore

follows from the continuity of L, that Ly,, — Lv and by (3.24), we get u,, — Lv.
Now since u,, = KTFH’B’QSLyn, we have

F(un,w)—l—(B(un),w—un>+¢(w)—¢(un)+:<w—un,un—Lyn> >0, forallweQ@.

n

It follows from the monotonicity of F', that

d(w) — d(up) + (B(up), w — up) + rl(w — Up, Up — Lyn) > F(w,u,), forallwe Q,

n

and
(338) o) = olun,) + (Blun, ) )+ {10, ) > ),

for all w € Q). This implies
<B(Lyn])7 w— unj> 2¢(unj> - ¢(w> + <B(Lyn])7 w— unj> - <B<un])7 w — unj>

Uy, — Ly,
—<w—unj, ? ]>+F(w,unj)
r

nj

:¢(unj> - ¢(’LU> + <B(Lyn]) - B(unj)7 w — unj>
(3.39) - <’w—unj,unj;%> + F(w, y,; ).

Since B is continuous and lim,, 4 oo || Ly, —u, || = 0, it follows that lim,,, ;o | B(Ly,)—
B(uy)|| = 0. From the monotonicity of B, the weakly lower semicontinuity of ¢ and
Uy, — Lo, it follows from (3.39), that

(3.40) (B(Lv),w — Lv) > ¢(Lv) — ¢(w) + F(w, Lv), for all w € Q.
For any ¢t € (0,1] and w € @, set z; = tw+ (1 —t)Lv we have z € () and thus satisfies
(3.40). Using assumptions (R1) and (R4), we get
0 =F(z1, ) + ¢(21) — d(z)

<tF(z,w) + (1 —t)F(z, Lv) + to(w) + (1 — t)o(Lv) — ¢(2)

=t[F (2, w) + o(w) — ¢(z0)] + (1 = 1)[F (2, Lv) + ¢(Lv) — 6(2)]

<HF (2, w) + o(w) = ¢(z0)] + (1 = )H(B(Lv), w — Lv).
This implies

F(zy,w) + o(w) — ¢(z) + (1 — t)(B(Lw),w — Lv) > 0.
Letting t — 04, we get
F(Lv,w) 4+ ¢(w) — ¢(Lv) + (B(Lv),w — Lv) >0, for allw € C,
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which implies Lv € GMEP(F, B, ¢).
To end Case 1, we show that {z,} converges strongly to u = Prh(u). To do this,
it suffices to show that limsup,,_,, (h(u) — v, 2,41 —u) < 0 and apply Lemma 2.3.
Indeed, choose a subsequence {x,,} of {z,} such that z,, —v € H; and
lim sup(h(u) — u, Ty —u) = lim (h(u) — u, Tn; 11 — u).
n—+00 J—r4o0
We have that x,,1 — v since ||z,41 — .|| — 0 as n — +o00. By applying (2.1), we
have
limsup(h(u) — u, Tp1 —u) = lim (h(u) — u, 2n; 11 —u) = (h(u) —u,v —u) <0.
n—-+o00 J—+too
Using (2.1), (3.21) and Lemma 2.3, we conclude that ||z, — u|| — 0 as n — +o0.
Case 2. Assume that {||z, — u||} is non monotone. For some n, large enough, let
7 : N — N be a mapping defined for all n > ng by

r(n) = max{j € N: j < n, a; — ul| < [lzjo1 — ull}.

By Lemma 2.4, 7(n) is nondecreasing sequence such that 7(n) — 400 as n — +00
and 0 < ||z-(n) — u|| < || @741 — u|| for all n > ng. Just by using similar argument
as in Case 1, we have

Jm [ Wer(n) = Tr(m = lim | 2r(n) — Wr@my|| = o Yr(n) — Wr(m |
= sy = Lyrl| = Hm (T2 ) = 20|
= Jm {[Szr) = 2| = Hm(|2r )11 = T || =0
and

lim (h(u) — u, ()11 —u) < 0.

n—-+o0o

Since {(»)} is bounded, there exists a subsequence of {2} still denoted by {z,¢)}
such that z,) — v € C. Following similar argument as in Case 1, we obtain v € I'.
From (3.21), we get

2ﬁ'rn (1 _C>
H%WH—UW§<L—1)>H%W—UW

1 Cﬁ’r(n)
+ 26"'(")<1 — C) <h(u) — U Tr(n)+1 — u> + BT(H)MEI
1—057_(”) 1—c 1—c
07’ n (1 - 57’ n )
+ (1)_ 7 )( ) <||$T(n) - xT(n)—1||) <M4 + 0y ||Trn) — xT(n)_1||)

207y (Hrmyertn) + Himy)

Since ||2-(n) — u|| < ||Trm)+1 — ul| and By > 0, we have

2/87(71)(1 - C) 2 <267(n)(1 - C) <h(U) — U, xT(n)+1 - U) + 5T(n)M3
1 —cBrm) T 1B 1—c 1—c

27y — ul
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07(n)<1 - 57—(71))
1 - Cﬂ‘r(n)

X (rm) = Zrmy-1ll) (Ma + Or |27 = Try-1l)

+ 200 () (uT(mET(n) + Miw) +

Hence,

< 2(1—c¢) (h(u) — u, Tr(n)+1 — u) 5T(n)M3
+
T 1= B L—c 1-c

200 (n) 2
+ (,U’T(n)ET(n) + Ui )
/67'(71) )

This implies that limsup,, , o [|Z-x) — u[/* < 0 and

(3.41) lim ||z, —ul =0.

n—-4o00

From (3.34) and (3.41), we obtain
||$T(n)+1 — UH < ||.Z‘T(n) — UH + ||IT(n) — IT(n)_HH —+0 as n — 4o0.

Furthermore, for n > ny, it is obvious that ||z, — u|| < [|#-(») — u||. Consequently, we
get for all n > ng, that

0 < o — ull < mac{ 27y — ull, Iy = ull} = 2oguyir — .
Therefore, ||z, —u| — 0 as n — +oo, that is x,, — u. Thus completing the proof. [J

If we set B = ¢ = 0 in (3.1)-(3.2), we obtain the following method for obtaining a
common solution of split EP and HFPP considered in [7].

Algorithm 3.3. Initialization. Choose xg, x; € C. Take the sequence of real numbers

{unt, {Bu}, {rats {0n}s {m} {on}, {&}, {an} and {A,} satisfying
HO0<r<r,0<a<a,<b<l,0<d<l<b<l 0<a<o,<b<l,
Bn >0, v, € (0,2/||L]]*) and €, — 0 as n — +00;

(i) 2025 sy < +o0;

(111) Z;rgi Bn = 400, limn—H-OO Bn = 0;

(iv) {6,} C [0,0], where 6 € [0,1) and > 0, ||z, — 21| < +00;

(v) lim, 100 g—z =0.

Step 1. Given z,_; and z,, n > 1, compute

(3.42) Wy = Ty + Op (T — Tp1).

Step 2. Take g(w,) € O, (f(wn,))(w,), n > 1. Calculate n, = max{1, ||g(w,)||},
)\n - ;7;7: and Zn = PC(wn - Ang(wn))



HIERARCHICAL FIXED POINT PROBLEMS 217

Step 3. If w, = z, (w, € EP(f,C)), then go to step 3. Otherwise, evaluate

tn =1 —=0,)Tz, + 0pzn,
Yn = (1 — a)wy, + a0, Stn,
Uy = Kf:LLyn,

Un = Yn + Yo L*(un — Lyy).

Step 4. Compute z,,,1 = Bph(x,) + (1 — B,)v,, where h is a contraction.
Step 5. Set n:=n+ 1 and go to step 1.

We therefore give the following result as a consequence of our main theorem.

Corollary 3.4. Let C and ) be nonempty, closed and convex subsets of real Hilbert
spaces Hy and Hy respectively. Let L : Hy — Hy be a bounded linear operator.
Let f : CxC — Rand F : Q x Q — R be bifunctions satisfying restrictions
F1-F4 and R1-R4 respectively. Let S : C' — C' be a nonexpansive mapping and
T : C — C be a quasinonexpansive mapping such that I — 7" is monotone. Assume
that T' = EP(f,C)NEP(F,Q)NQ # (. Then the sequence {z,} given by Algorithm
3.3 converges strongly to u = Prh(u), where Pr is the metric projection of H; onto T'.

4. NUMERICAL EXAMPLES

We give some numerical examples to illustrate the behaviour and performance of
our method as well as comparing it with some related methods in the literature.

Ezample 4.1. Let Hy = Hy = C = @ = R with inner product (z,y) = zy for
all z,y € R and the induced usual norm |- |. Let f : C' x C' — R be defined by
f(z,y) = 2zy(y—x)+xyly—x|, for all x,y € H;. Define the bifunction F': @ xQ — R
by F(u,v) = —u®+v? for all u,v € Q, B : Q — Hy by B(u) = ¥ for all u € Q
and ¢ : @ — R by ¢(u) = 0 for all u € Q. For each x € Hj, define the mapping
L: Hy — Hy by Lx = x for all x € H;. Also define the mappings S and T respectively
by Sz = 5 and Twx = x. It is easy to see that f, F,S and T satisfy the conditions
of Theorem 3.2 and that I' = {0}. From Theorem 3.2, we can conclude that the
sequences {z,}, {y,} and {z,} converge to 0. Let r, = 1, for all n > 1, it is easy to

find that the resolvent K%Ly, = 5%~
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right: zg = —1, 1 = —3.

Set 0, = n§+3,an: n21+5’€” 0, Yo = 3, A = 3. Also, let p,, = +, anni+1
and 6,

4n2 —7- Then, after simplification Algorithm 3 1, becomes
Given xg and x; € Hy,

Wy, = Tp + Op (20 — Tpq),

w, € Hy such that g(w,) € O, f(wn, ) (w,) = [w?, 3w?],
zn = Po(wn — Ang(wn)),

th =1 —0,)Tz, + 0pn2n,

Yn = (1 — ap)w, + a, Sty,

_ 5y
un_Tg7

Up = %(Sun + 2y’n),
Tpy1 = Bnh($n> + (1 - ﬁn)vn

We test our algorithm with varying values of initial terms xy and x, see Figure 1.

In this example, we set B = ¢ = 0.

Example 4.2. Let Hy = Hy = Q = /5(R) be the linear spaces whose elements are all
2-summable sequences {z;};2% of scalars in R, that is

+o00
6H(R) = {x: (x1,22...,2;...), z; ERand Y |z;]> < +oo},
i=1
with an inner product (-,-) : £y x fo — R defined by (z,y) := Y1 zy;, Where

v = {2}, y = {3:}5F and the norm || - || : & — R by [|zfls = (TEF )2,
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where z = {z;};:%. Let C = {z € (,(R) : (a,2) < b}, where 0 # a € {; and
beR Let f:C xC — R be defined by f(x,y) = 2zy(y — x) + xy|ly — z|| for all
v = {x;}; %,y = {y;} 5 € ;. Define the bifunction F': Q x Q — R by F(u,v) =
u(v —u) for all u = {u;}15,v = {v;}/ 5 € ly. For each © € {5, define the mapping
L:ly — by by Ly = (1, 29,...,2;...) for all z = {x;} % € {5. Let r, = 0.5 for
all n > 1, then it is easy to see that Kfi Ly, = M% Also, define the mappings
S and T respectively by Sz = (%,%2,...,%,...) for all z = {2;};7 € {, and
Tx = (21C0Sx1,T3COS8 Ty, ..., T;CO8T;,...) for all z = {x; f;’f € ly. It is easy to see
that f, F', S and T satisfy the conditions of Corollary 3.4 and that ' = {0}. We define
the control parameters as in Example 4.1 above and obtain the figures for varying
initial values. Using ||z,11 — Zu||¢, < 1073 as the stopping criterion, we compare our
Algorithm 3.3 with Algorithm Theorem 3.1 in [7], see Figure 2.

Case (i) r; = (3.568,—5.8091,0,...,0,...)T, 2o = (1.521, —7.5647,0,...,0,...)T.
Case (ii) x; = (1.7601,—2.1594,0,...,0,...)T, zg = (0.3456,—4.1031,0,...,
N

Case (iii) x; = (10.5613,7.2610,0,...,0,...)T, 2o = (5.1063,2.1687,0,...,0,...)T.
We then plot the graphs of error ||z,4+1 — x,|s, against the number of iteration in each
case.
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ON VERTEX-EDGE AND EDGE-VERTEX CONNECTIVITY
INDICES OF GRAPHS

SHILADHAR PAWAR!, AHMED MOHSEN NAJI!, NANDAPPA D. SONER?,
ALI REZA ASHRAFI?, AND ALI GHALAVAND?*

ABSTRACT. Let G be a graph with vertex set V(G) and edge set E(G). The vertex-
edge degree of the vertex v, d&(v), equals to the number of different edges that
are incident to any vertex from the open neighborhood of v. Also, the edge-vertex
degree of the edge e = wv, d¥(e), equals to the number of vertices of the union of
the open neighborhood of u and ». In this paper, the vertex-edge connectivity index,
¢y, and the edge-vertex connectivity index, ¢., of a graph G were introduced. These
are defined as ¢,(G) = 3_,cv () 46 (v)da(v) and ¢.(G) = 3. _ e p(e) dale)dg(e),
where dg(v) is the degree of a vertex v € V(G) and dg(e) is the number of edges
in F(G) that are adjacent to e. In this paper, we will study the main properties of
0u(@), ¢e(G) and establish some upper and lower bounds for them. The numbers
¢, and ¢, for titania nanotubes are also computed.

1. BASIC DEFINITIONS AND NOTATIONS

In this paper we study some aspects of the vertex-edge degree of a vertex and we
are concerned only with simple graphs, i.e., finite graphs having no loops, multiple
and directed edges. Let G = (V(G), E(G)) be such a graph with vertex set V(G)
and edge set E(G). As usual, the number of vertices and edges in G are denoted
by n = |V| and m = |E|, respectively. The distance dg(u,v) between two vertices
uw and v of a graph G is equal to the length of (number of edges in) a shortest path
connecting them. For a vertex v € V(G), the open neighborhood of v is denoted by
N(v,G) and is defined as N(v,G) = {u € V(G) | uv € E(G)}. The degree of a vertex

Key words and phrases. Vertex-edge degree, edge-vertex degree, vertex-edge connectivity index,
edge-vertex connectivity index.
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v in G is denoted by dg(v) and is defined as the number of neighbours of the vertex
vin G, i.e., degs(v) = |N(v,G)|. The minimum and maximum degree of vertices in
the graph G are denoted by 0(G) and A(G), respectively. For any terminology or
notation not mention here, we refer to [17].

A topological index of a graph is a graph invariant calculated from a graph
representing a molecule and applicable in chemistry. The Zagreb indices have been
introduced, more than fifty years ago, by Gutman and Trinajesti¢ [15], in 1972,
and elaborated in [16]. They are defined as M;(G) = X ,cpe)lda(u) + da(v)] =
Yvevie) da(v)? and My(G) = ¥, cp da(u)de(v). Furtula and Gutman [12] intro-
duced the forgotten index of G, F(G), as F(G) = L ,epelda(u)? + da(v)?] =
> oev (@) dg(v)3. For properties of the two Zagreb indices see [3,7,14,15,24,25,30] and
the references therein.

In recent years, some novel variants of ordinary Zagreb indices introduced and
studied, such as Zagreb coincides [1, 16], multiplicative Zagreb indices [13, 29, 30],
multiplicative sum Zagreb index [10] and multiplicative Zagreb coincides [31].

In 2017, Naji et al. [22], have introduced a new distance-degree-based topological
indices conceived depending on the second degrees of vertices (number of their second
neighbours), and are so-called leap Zagreb indices of a graph G. For properties and
more detail on leap Zagreb indices, we refer to [2,22,23] and [26].

For a vertex v in V(G) the ve-dominates are every edge incident to v as well
as every edge adjacent to these incident edges. Also, for an edge e = uv in E(G),
the ev-dominates are the vertices of the set N(v,G) U N(u,G). There is a natural
duality between ve-dominates and ev-dominates for any graph G: a vertex v € V' is
an ev-dominates for edge e € E' if and only if the edge e is an ve-dominates for vertex
v [6].

Definition 1.1 ([4]). Let G be a connected graph and v € V(G). The vertex-edge
degree of the vertex v, d(v), equals the number of different edges that incident to
any vertex from the open neighborhood of v. Also, the edge-vertex degree of the edge
e = uv, dg(e), equals the number of vertices of the union of the open neighborhoods
of u and v.

The concepts of vertex-edge domination and edge-vertex domination were intro-
duced by Peters [21] in his Ph.D. thesis and studied further in [4,9,18,19,27]. The
following fundamental results which will be used in many of our subsequent consider-
ations are found in the earlier papers [28] and [32].

Let G be a graph. The total ev-degree, T,, total ve-degree, T, ev-degree Zagreb
index, S, first ve-degree Zagreb alpha index, S¢, first ve-degree Zagreb beta index,
S8, second ve-degree Zagreb index, S*, of graph G are defined by Chellali et al. [6]
as:

T(G)= > dgle), T(G)= ) dg(v),

e€E(G) veV(G)
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S(G)= > dgle)’, SUG)= > dg(v)*,

e€E(G) veV(G)
PGy = Y lde(v) +dg(w), SMG)= > dg(v)dg(u).
e=uwweE(G) e=wvE€E(Q)

Let 7(G) be the number of triangles in graph G. Authors in [6] have proved that:
(1.1)  T.(G)=T,G) = M(G) —3n(G), where G is an arbitrary graph,

S(G) = F(G) + 2M3(G), where G is a triangle free connected graph,
SP(T) = 2M,(T), where T is an arbitrary tree.

In [8], Ediz defined ve-degree atom-bond connectivity, ve-degree geometric - arith-
metic, ve-degree harmonic and ve-degree sum-connectivity indices as parallel to their
corresponding classical degree versions. Moreover, the mathematical properties were
studied in it.

Titania nanotubes which have been produced fifteen years ago have many appli-
cations on the very broad of science from medicine to electronics [20]. Computing
certain topological indices of titania nanotubes have been started recently. Since 2015,

there are many studies to compute the exact value of some topological indices of
titania nanotubes [5,11].

2. MAIN RESULTS

Define the ev-degree connectivity index, ¢., and ve-degree connectivity index, ¢,,
of a graph G as:

¢(G) = > dele)dgle),

e=weE(G)

¢(G) = > dg(v)dg(v),

veV(G)
where for e = uwv € E(G), dg(e) = dg(u) + dg(v) — 2.

Proposition 2.1. Let P,, C,, S,, K, and K, be path, cycle, star, complete and
bipartite graphs on n > 4 vertices, respectively. Then (a +b=n)

Pe(Fn) =8n =18, ¢y(F) =8(n—2),  ¢c(Cr) = ¢u(Cn) = 8n,
$e(Sn) =n(n—1)(n—2), ¢,(S,) =2(n —1)?,
6uI) =t~ Dn - 2), a,(15) ="
Ge(Kap) = ab(n® = 2n),  ¢u(Kap) = 2a°0°.
Proof. By definitions,
Pe(P)= Y dp(e)d} (e) =2(1 x3)+ (n—3)(2x4)=8n—18,

e=uwveE(P,)
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ou(Pn) = Y. dp,(v)dp (v) =2(1x2)+2(2%x3)+ (n—4)(2x4) =8(n—2).

vEV(Py)

The proof of other cases are similar and we omit them. O
Proposition 2.2. Let G be a triangle free graph. Then

6.(G) = F(G) + 2Mp(G) — 2My(G) and  6,(G) = 2Mp(G).
Proof. By definitions,

0(G)= > dgle)di(e)= > dale)lda(u) + da(v)]

e=uwweE(G) e=uwv€E(Q)
= > lde(u) +de(v) = 2)[da(u) + de(v))
e=uweE(G)

— F(G) + 2M2(G) —2ML(G),

Z dG Z dG Z dg<u)

veV(Q) veV/( ) weE(G)
Z dG Z dG =2 Z dg(u)dc (%
veV(Q) weE(G) weE(G)
= 2M5(G).
Hence, the result is obtained. 0

Let G be a graph with n vertices and m edges and let n; = |{v € V(G) | dg(v) = i}|,
for all integers 7, 1 < ¢ < n — 1. By definition,

(2.1) n=mny+ng+--+n,_1.

Also, it is well-known,

(2.2) 2m=mn1+2ng+ -+ (n—1)ny_y.
Therefore, by (2.1), (2.2) and some simple calculations,

n—1
(2.3) ni=2n-2m+ Y (i—2)n
=3

Theorem 2.1. Let G be a triangle free graph. Then ¢¢(G) — ¢,(G) > 2(m —n) and
equality holds if and only if {dg(v) | v e V(G)} C{1,2}.

Proof. By Proposition 2.2,
0(G) = 6,(G) = F(G) =2Mi(G) = 3 dg(v)*[da(v) 2]

veV(Q)

n—1
2222—2 :—nl—i—z 2)n;,
=1

and by (2.3),

(be(G)—gbU(G):Qm—Qn—nZ:lz—2nz+z (i —2)n
i=3
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n—1
=2m—2n+>» (i—1)(i —2)(i + )n,.
i=3
Therefore, ¢.(G) — ¢,(G) > 2(m — n) and equality holds if and only if {dg(v) | v €
V(G)} € {1,2}. m

Proposition 2.3. Let G be a triangle free connected graph with n vertices and m
edges. Then ¢.(G) < mn(n — 2) and equality holds if and only if G = Ky .

Proof. By definition of triangle free graph G, dg(u) +dg(v) < nfor all e = uwv € E(G).
Thus,

6@ = Y (dalw) +da(v)) (dolw) + do(v) — 2)

weE(QG)
< Y n(n—2)=mn(n-2).
weE(G)
Equality holds if and only if G = Kj, . O

A graph G is said to be ve-regular graph if and only if [{d(v) |v e V(G)}| =1
and is said to be ev-regular graph if and only if [{d&(e) | e € E(G)}| = 1.

Theorem 2.2. For any graph G with n vertices and m edges
(My(G) = 3n(G))?

(2.4) SG) > .

FEquality holds if and only if G is a ve-reqular graph. Moreover,

(2.5) 9o(G) < /S (G)M(G).

Equality holds if and only if there exists a real number ¢ such that dg(v) = cdg(v) for
allv e V(G) and

(2.6) 6.(Q) < \/S(G) (F(G) +2M,(G) — AM(G) + 4m).

Equality holds if and only if there exists a real number | such that dg(e) = ldg(e) for
all e € E(G).

Proof. Let G be a graph with vertex set {vy,vs,...,v,}. Nest we will use Cauchy-
Schwarz inequality

& (£on) = () (54)

To prove (2.4), we put in (2.7), a; = d%(v;) and b; = 1. Then by (1.1)

@) @) =107 = (S deiw)) < (St ($1) = 7@
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Therefore, S*(G) > M and equality holds in Cauchy-Schwartz inequality if

and only if (a1, as, ..., a,) = c(by, ba, ..., b,), where c is a real number. Hence equality
holds in (2.4) if and only if G is a ve-regular graph.
To prove (2.5), we put in (2.7), a; = d&(v;) and b; = dg(v;). Then we obtain

¢(G) (Zde v;)da( vz> (Zde v;) )(ch ;) ): Q)M (@).

=1

Therefore, ¢,(G) < /S*(G)M;(G) and equality holds in Cauchy-Schwartz inequality

if and only if (ay,as,...,a,) = c(by,by,...,b,), where ¢ is a real number. Hence
equality holds in Equation (2.5) if and only if there exists real number ¢ such that
da(v) = cdg(v) for all v € V(G).

To prove (2.6), again by Cauchy-Schwartz inequality,

¢§(G)=( > dé(e)dc:(e)> S( Z()dé’;(e)Q)( > da(e)z)

e=weE(Q) e=uveE e=weE(Q)

—56) Y (dG(u) + de(v) - 2)2

e=uweE(G)

— 5(G) (F(G) +2My(G) — 4My(G) + 4m>.

Thus ¢.(G) < \/S(G) <F(G) +2M5(G) — 4M4(G) + 4m> and equality holds in (2.6)
if and only if there exists real number [ such that dg(e) = ld%(e) for all e € E(G). O

If G is a triangle free r-regular graph, then for all v € V(G), d&(v) = Xypepc) ™ =
r? and for all e € E(GQ), d%(e = wv) = dg(u) + dg(v) = 2dg(v). If G is a complete
graph then d(v) = n(n —1)/2, v € V(G) and dg(e = uv) = n for all e € E(G).
Therefore, the Equalities (2.4), (2.5) and (2.6) hold for triangle free regular graphs
and also complete graphs.

Theorem 2.3. Let G be an r-regular graph. Then
60(G) =r[Mi(G) = 3n(G)] and  6.(G) =2(r — 1)[My(G) — 3n(G)].
Proof. Let G be an r-regular graph Then (1.1) gives

> dg(v)dav) = 3 dg(v

VeV (@) VeV (@)
—r Y dy(v) =r[M1<G>—3n<G>},
veV(G)
= > dyle = > di(e)2(r—1)
e€E(G) e€E(G)

—27“—1 Z d” —2T—1)[M1(G)—37](G)}7

e€E(Q)
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as desired. O

Theorem 2.4. Let G be graph.
(a) If G is a ve-reqular graph with d%(v) = ¢ for allv € V(G), then ¢,(G) = 2cm.
(b) If G is an ev-regular graph with d(e) = k for all e € E(G), then ¢.(G) =
k[M,(G) — 2m)].

Proof. Let G be ve-regular graph with d¢,(v) = ¢ for all v € V(G). Then
0u(G) = > dg(v)da(v) =c > dg(v) =2em.

veV(G) veV(G)
Now, let G be ev-regular graph, with d(e) =k, for all e € E(G). Then

0e(G) = > dgle)dale) =k > [da(u) +da(v) — 2] = k[Mi(G) — 2m].

e€E(G) e=w€EE(Q)

This completes our argument. 0

Lemma 2.1. Let G be a connected graph with given vertices uw and v such that
w ¢ E(G). If G' = G +uv, then T,(G) = T.(G) < T,(G") =T.(G') — 2.

Proof. Let © = M;(G") — 3n(G') and y = M;(G) — 3n(G). By definition,
v —y =(da(u) + 1)* + (do(v) +1)* = 3(n(G) + N (u, G) N N (v, G)|)
— [da(w)® + da(v)* = 30(G))
=2dg(u) + 2dg(v) + 2 — 3|N(u, G) N N(v,G)|
>4|N(u, G) N N(v,G)| +2 = 3|N(u,G) N N(v,G)| > 2.
The proof follows from (1.1). O

Let G be a graph. The path P, := vgvs...v; is called a pendant path in G if
{110,?11,---71)1:} - V(G), dG(UO) > 3, dG(Uk) =1, {'Uivi+1 ’ 0<i<k-— 1} - E(G)>
and dg(vy) = -+ = dg(vg—1) = 2, when k > 2.

Lemma 2.2. Let G be a graph with two pendant paths Py := vgvs ... v and @ =
Uty . ... If G' = G — vouy + wyvy, then T,(G') = T(G') < T,(G) = T.(G) — 2.

Proof. Let x = M;(G") — 3n(G") and y = M;(G) — 3n(G). By definition,
y—2=dg(v)* +1— [(dg(vo) —1)* +4| = 2dg(vy) — 4 > 2,
and (1.1) gives the result. O
Lemmas 2.1 and 2.2 give the following result.
Corollary 2.1. Let G be a connected graph with n vertices. Then
dn—6<T)(G) = TL(G) < ;n2(n ).

Equality in left holds if and only if G = P, and equality in right holds if and only if
G=2K,.
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Corollary 2.2. Let G be a connected graph with n vertices. Then

D i 6uG) < nn— 1)(n—2).

¢u(G) <
Equalities hold if and only if G = K,,.
Proof. By definitions,

= Y di(v )< (n—1) Y di(v) = (n—1)T,(G),

veV(G) veV(G)
> di(e)da( (2n—4) > dgle) = (2n — 4)T.(G).
c€E(G) eeE(G)
Now, Corollary 2.1 gives the results. 0

For positive integer n > 4, let C3 := vyvgvsv; and P,_3 := ujus ... u,_3 be cycle
and path graph on 3 and n — 3 vertices, respectively. Then the graph C%~ is obtained
from C3 and P,_3 by attaching vertices v; and u;. By (1.1),

(2.8) T,(Cy~3) = T,(C53) = 4n — 1.
Lemma 2.3. Let G be a graph with n > 4 vertices and minimum degree at least 2.
Then T,(G) = T.(G) > 4n, with equality if and only if G = C,,.

Proof. If G = C,,, then T,,(G) = T.(G) = 4n and lemma holds. Otherwise, by using
Lemmas 2.1, 2.2 and (2.8), T,(G) = T.(G) > 4n + 1 which gives the lemma. O

Corollary 2.3. Let G be a graph with n > 4 vertices and minimum degree at least 2.
Then
0,(G) > 8n and ¢.(G) > 8n.

Equalities hold if and only if G = C,,.
Proof. By definitions,

S dw)dav) =2 Y d(v) = 2T,(G),

veV(G) veV(G)
= > di(e)dale) >2 > di(e) =2T.(G).
e€E(G) e€E(G)
Now, Lemma 2.3 gives the results. 0

Lemma 2.4 (Diaz-Metcalf inequality). Let the real numbers a; # 0, b;, 1 < i < n,
satisfy

Then

=1

i=1 i=1
Equality holds if and only if b; = la; or b; = La,.
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Theorem 2.5. Let G be a graph with n vertices, m edges, minimum degree 6 > 1 and
maximum degree . Then

(i) ¢0(G) > 5x7577 25%(G) + (6 + 1)AM;(G)] and equality holds if and only if
d(v) = %((5—1— 1)dg(v) or dg(v) = Adg(v) for allv € V(G);
(i) ¢e(G) > 3 [S(G) + 2F(G) + 4M>(G) — 6My(G) 4 18n(G)] and equality holds
if and only if di(e) = dg(e) 4+ 2 or 2d%(e) = dg(e) + 2 for all e € E(G).
Proof. Suppose V(G) = {v1,vs,...,v,} and E(G) = {eq, ea,...,en}. To prove (i), by
setting a; = da(v;) and b; = d(v;) forall i =1,2,....,n, L=Aand = 3(6 + 1) in
Diaz-Metcalf inequality we get

n n

S () + (5+ DAY do(v)’ < (;(64— 1) +A> 3" des () d5 (v2).

&~ = =
which implies that
S°(G) + 5(5+ DAM(G) < (;(5 +1)+4)6,(G).
Therefore,
6,(G) 2 5= [25°(G) + 0+ DAMI(G)]

and equality holds if and only if d(v) = 3(6 + 1)dg(v) or dg(v) = Adg(v) for all
ve V(GQ).

To prove (ii), setting a; = d%(e;) and b; = dg(e;) +2 foralli =1,2,...,m, L =2
and [ = 1 in Diaz-Metcalf inequality we get

Zd” e;) +QZ (da(e;) + 2) Z )+ 2)d(e;),

=1 =1

which implies that
S(G) + 2(F(G) + 2M2(G)> < 36.(G) + 6T.(G).
Therefore, by (1.1),
6.(G) > ;[S(G) £ 2F(G) + My (G) — 6M,(G) + 187(G)],

and equality holds if and only if d%(e) = dg(e) + 2 or 2dg(e) = dg(e) + 2 for all
e € E(G). This completes the proof. O

If G is a triangle free r-regular graph, then for all v € V(G), d%(v) = r? and for
all e = uv € E(G), di(e) = dg(e) + 2. Therefore, by Theorem 2.5,

60(G) = —

3r+1
6:(G) = 5 [S(G) + 2F(G) + 4M(G) — 6M,(G)].

[25%(G) + (r+ rMy(G)),
1
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Theorem 2.6. Let G be a graph with n vertices and m edges. Then

(1) 6,(G) = 5 [My(G) = 35(G)];

(i1) ¢e(G) > 1 [M1(G) — 2m][My(G) — 3n(G)).

The bounds attain on the cycle C,, n > 3, and the star Ky ,_1, n > 2.
Proof. Suppose V(G) = {vy,vq,...,v,} and E(G) = {ej,ea,...,e,}. Chebyshev’s
inequality states that, for any non-increasing sequences a; > a, > -+ > a, and
by > by > --- > b,, we have

Suppose a; = dg(v;) and b; = dg(v;), for i =1,2,...,n. By (1.1), we obtain

n

nﬁ‘;dc:w)dz(vn > f:ld(;m) > ().

and hence, ¢,(G) > 22[M,(G) — 3n(G)]. This proves (i).
To prove (ii), we define a; = dg(e;) and b; = di(e;), for i = 1,2,...,m. By (1.1),

we obtain
m m

mZdG e;)d¢(e;) ZZdG e; Zdlé ei),
i=1 i=1 i=1

and hence, 6,(G) > £[M;(G) — 2m][My (@) — 3n(G)]. 0

It is well-known that M;(G) > 4n — 6, with equality if and only if G = P,.
Therefore, Theorem 2.6, Corollary 2.1 and M;(G) > 4n — 6 give the following results.

Corollary 2.4. Let G be a graph with n vertices and m edges. Then
2 1
60 (G) > %”(zm ~6) and ¢.(G) > —[4n — 2m — 6] 4n — 6].

Lemma 2.5 (Ozeki-Izumino-Mori-Seo type inequality). Let a = (aq,...,a,) and
b= (b,...,b,) be n-tuples of real numbers satisfying 0 <r; < a; < Ry and 0 <1y <
bi < Rg, 1= 1,...,71. Then

n n n 2 n2 2
Zabef— (Zazbz> S (RlRQ—T1T2> .
i=1 =1 i=1 3
Theorem 2.7. Let G be a connected graph with n vertices and m edges. Then
G) > \/M1(G)SO‘(G) (A% = 6(5+1) )
2
(i) ¢e(G) z\/ (F(G) +2Mp(G) — 4M(G) + 4m ) S(G) — ¥m?(A(A = 1) = 5(3— 1)) .

Proof. Suppose V(G) = {v1,va,...,v,} and E(G) = {61,62, ...yem} . To prove (i),
we put @ = (dg(v1),da(va), .., da(vn)), b = (d5(v1), d5(va), ..., de(v)), 11 = 6,
Ry =A,ry=06+1and Ry = A?. By Ozeki-Izumino-Mori-Seo type inequality we get

M(G)S(G) — 6,(6) < % (80 = 606 + 1))
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which implies that

6,(G) > \/Ml(G)Sa(G) - 7’?(& 56+ 1))2.

To prove (ii), we set a = (dg(€1>, da(es), . .. ,dg(em)), b :<dg(el), d&(es), . .. ,d%(em)>,
r=2(0—1), Ry =2(A—1),ry = 2§ and Ry = 2A. Again by Ozeki-Izumino-Mori-Seo
type inequality we get

(F(G) 1 2My(G) — AM,(G) + 4m)S(G) —6(G) < ";2 <4A(A 1) —45(5 - 1))2,

which implies that

6(G) z\/ (F(G) +2My(G) — AM,(G) + 4m)S(G) _ 3m2(A(A 1) =66 1))2.
This completes our argument. ([l

Corollary 2.5. Let G be a connected graph with n vertices and m edges. Then

o, (G) > 1\/9(4n—6)3 — 3n2<n3 —3n%2+3n — 3)2.

—§ n

Proof. By (1.1), (2.4) and Corollary 2.1, S* > @. Therefore, by M;(G) > 4n —6
and Theorem 2.7,

1 An — 6)3 2

(bv(G) > 3\/9(”6) — 3n2<n3 —3n2+3n— 3) ,
n

as desired. 0

3. EXAMPLES

Let G be a simple graph. The notation m; ;, 1 <7 < j <n—1, denote the number
of edges of GG connecting a vertex of degree ¢ with a vertex of degree j.

It is preferred to show titania nanotubes as TiOz[m,n], where m and n denote
the number of octagons in a row and in a column, respectively. See Figure 1 for
details. The T NT3[m,n] is the two-parametric chemical graph of three-layered titania
nanotubes, where m and n represent the number of titanium atoms in each row and
column, respectively, Figure 2. Finally, T NTg[m,n| is the two-parametric chemical
graph of a six-layered single-walled titania nanotube, where m and n represent the
number of titanium atoms in each column and row, respectively, Figure 3.

The following proposition is a result of Table 1 and Proposition 2.2 in which the ve-
degree and ev-degree connectivity indices of TiOy[m, n|, TNT3[m,n] and TNTg[m, n|
are given.

Proposition 3.1. The following hold:
o8 (Tz'Og [m, n]) =4m(65n + 31), ¢, (TiOg [m, n]) = 4m(107n + 47),
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TABLE 1. End point degree edges distributions of TiOy[m,n],
TNTs[m,n] and TNTg[m,n]

‘ symbol ‘ M2 ‘ M3 ‘ ma4 ‘ M5 ‘ Mg ‘ mM34 ‘ m3s ‘ m3e ‘
TiOs[m,n| |0 0 6m |4mn+2m |0 2m | 6mn—2m |0
TNTs;lm,n| |0 0 4m |0 dm |4m |0 2m(6n — 5)
TNTgm,n| | 2m |2m |6m |8mn 0 2m | 2m(6n —5) |0

6o (TNTsm, n]) = 8m(54n — 13),  ¢.(TNTs[m,n]) = 2m(378n — 101),
6y (TNTs[m, n]) = 4m(130n — 29), ¢, (TNTs[m,n]) = 4m(214n — 55).

F1GURE 1. The molecular graph of titania nanotubes.

4. CONCLUDING REMARKS

In this paper, two graph invariants of the vertex-edge connectivity index and the
edge-vertex connectivity index of a graph G were introduced. The main properties

F1GURE 2. The graph of 3-layered titania nanotube.
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NN <

“,“\‘, "

/S N\ /S N\ /S AN

\”I‘\”I‘\”I

AN /S
AN /S N\ /S

F1GURE 3. The graph of six-layered single walled titania nanotubes.

of these invariants were studied and we established some upper and lower bounds for
them. These numbers for titania nanotubes are also computed.
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ON THE ZAGREB INDEX OF TOURNAMENTS

TARIQ AHMAD NAIKOO!, BILAL AHMAD RATHER?, UMA TUL SAMEE?,
AND SHARIEFUDDIN PIRZADA?

ABSTRACT. A tournament is an orientation of a complete simple graph. The score
of a vertex in a tournament is the out degree of the vertex. The Zagreb index of
a tournament is defined as the sum of the squares of the scores of its vertices. In
this paper, we obtain various lower and upper bounds for the Zagreb index of a
tournament.

1. INTRODUCTION

A tournament is an orientation of a complete simple graph. Let T be a tournament
with order n and having vertex set {vy,vs,...,v,}. The score of a vertex v;, 1 <
i < n, denoted by s,, (or simply by s;), is defined as the out degree of v;. Clearly,
0<s; <n-—1foralli 1 <i<n. The sequence [sq,Ss,...,S,| in non-decreasing
order is called the score sequence of the tournament 7. A regular tournament on n
(odd) vertices is a tournament in which score of every vertex is "T’l Many of the
important properties of tournaments were first investigated by Landau [5] (1953) in
order to model dominance relations in flocks of chickens. Current applications of
tournaments include the study of voting theory and social choice theory among other
things. Other undefined notations and terminology can be seen in [8].

The following result [5], also called Landau’s theorem, gives a necessary and suffi-
cient conditions for a sequence of non-negative integers to be the score sequence of
some tournament.

Theorem 1.1 (Landau [5]). A sequence [s1,Sa,...,s,| of non-negative integers in
non-decreasing order is a score sequence of some tournament if and only if

Key words and phrases. Tournament, score, score sequence, Zagreb index, Landau’s theorem.
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k k(k—1
(1.1) E S > <2), forl1 <k<n,
i=1

with equality when k = n.

Several results for the scores in a tournament can be seen in [3,6,7,9,13]. Also,
stronger inequalities for scores in tournaments can be found in [2]. Further the
extension of scores to oriented graphs and digraphs can be seen in [10-12].

For any two distinct vertices u and v of a tournament 7', we have one of the following
possibilities:

(i) there is an arc directed from u to v which is denoted by u(1 — 0)v;

(ii) there is an arc directed from v to u which is denoted by u(0 — 1)v.

One of the oldest graph invariants is the well-known Zagreb index first introduced
by Gutman and Trinajsti¢ [4], where they examined the dependence of total m-electron
energy on molecular structure. Some recent work can be seen in [1]. The (first) Zagreb
index M;(G) of a graph G is defined as the sum of the squares of the degrees of the
vertices of G and the second Zagreb index Ms(G) is equal to the sum of the products
of the degrees of pairs of adjacent vertices. These two topological indices (M; and Ms)
reflect the extent of branching of the molecular carbon-atom skeleton. Determining
the extremal values or bounds of these two topological indices of graphs, as well as
characterizing the corresponding extremal graphs, has attracted the attention of many
researchers. Analogous to this, we define the Zagreb index M(T) of a tournament T
as the sum of the scores of the vertices of T. That is, M(T) = 3, s2.

The rest of the paper is organized as follows. In Section 2, we obtain the lower
bounds for the Zagreb index M(T') of a tournament 7'. In Section 3, we compute the
upper bounds for M(T).

2. LOWER BOUNDS FOR THE ZAGREB INDEX M(T)
The following result gives the best general lower bound for M (7).

Theorem 2.1. If [sq, Sa, ..., S,| is the score sequence of a tournament T, then

(2.1) M(T) :Zz:;sf > Z{Qm(n—m—2)+n—1}, where m = Ln;w,

with equality if and only if s; —s; <1 for alli,j, 1 <i,j5 <n, where |-| denotes the
floor function.

Proof. Let v; and v; be two vertices of the tournament 7" with their respective scores
as s; and s; such that s; > s;. Also, assume that M (T) = 37, s, is minimum.

We claim that s; —s; < 1 forall 7,5, 1 <4,7 <n. To prove the claim, we assume
to the contrary that s; —s; > 1 for some ¢, j, 1 <4,7 <n. Then there exists a vertex
vy, with score s; such that v;(1 — 0)v, and vg(1 — 0)v,;. Now, reversing the orientation
of these arcs to v;(0 — 1)v; and v,(0 — 1)v; respectively, we get a new tournament 7;



ON THE ZAGREB INDEX OF TOURNAMENTS 243

with the score sequence [ti,ts,...,t,], where t; =s; — 1, t; = s; + 1, ¢, = s, for all r,
1 <r<nwithr#1,j.
Thus,

n

7j—1 i—1 n
YoP= P+ 0+ > L+t 4+ Y7
r=1

r=1 r=j+1 r=i+1

j—1 i—1 n
=Y s H(s;+ 1)+ D 5P+ (si— 1)+ D> st
r=1 r=j+1 r=i+1

n
=Y 57 —2(s; —s; — 1).
r=1
As 5; — s; > 1, so we obtain
n n
2 2
Dt <D s
r=1 r=1

which is a contradiction, since M(T) = 3" ; 5,2 is minimum. Hence, s; — s; < 1 for
all 7,7, 1 <4,7 <n. This means that some of the vertices of T" have score m and the
remaining vertices (if any) have score m + 1. If = vertices of T" have score m and y
vertices have score m + 1, then

(2.2) T+y=mn
and by (1.1), we have

-1
(2.3) mx + (m+ 1)y = n(n2)

Solving (2.2) and (2.3), we get x = §(2m —n +3) and y = §(n — 2m — 1). Therefore,

2
min M (T) = min » _ s;,> = min{s] + 5+ -+ 5.}
i=1
=m’+m’+- i+ (m+ 1)+ (m+ 1)+ (m+ 1)

5 (2m—n+3)—times 2 (n—2m—1)—times

g(Qm —n+3)m? + g(n —2m — 1)(m + 1)?

:g{Qm(n—m—2)+n—1}.

That is,

M(T)=> s> g{Qm(n—m—Q)—l—n— 1}.
i=1
Now, assume that equality holds in (2.1). Since M(7) is minimal, so some of the
vertices of T" have score m and the remaining vertices (if any) have score m + 1, where

m = L%J Therefore, s; —s; <1 forall4,j,1<14,5 <n.
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Conversely, assume that s; —s; < 1 for all 4,7, 1 <4,j < n. Then as above, we
have

M(T) =Y s’=sl+s34+ - +s,
=1

=m’+m* 4 +mP+(m+1)°+ (m+1)° 4+ (m+1)°
5 (2m—n+3)—times 5 (n—2m—1)—times

= g(2m —n+3)m® + g(n —2m — 1)(m +1)?

= g{2m(n—m—2)+n—l}.
Therefore equality holds in (2.1). O

Theorem 2.2. Let [sy, So,. .., S,] be the score sequence of a tournament T and m =

|252] and x = "1 (n — 2m — 2). Then the following hold.

(i) For s, > x, we have

n—1

M(T) :Zsiz > 5 {@m+1)(n —m) —m}+s2 —x(2m +1).

(i) For s, < x, we have

n—1

M(T) :Zsf > 5 {@m+1)(n —m) —m} + s2 + 22z — s,(2m + 3).

Proof. Let v, be the vertex of the tournament 7" with score s,. Deleting the vertex
U, wWe obtain a new tournament 7} = 7' — {v, } with score sequence [t1,ta, ... 1, 1]
By Theorem 2.1, the minimum value of M(7') is attained in terms of n if and only if
s; —s; < 1foralli,j, 1 <i,j <n. Using this result, we conclude that the value of
St t:2 (in terms of the number of vertices) will be minimum if the value of M (T)

(in terms of n and s,,) is minimum. So, we have to find the minimum value of M (T)
in terms of n and s,,. For this, first we find the minimum value of >>7~'#;2 in terms
of the number of vertices.

As the tournament 77 has n — 1 vertices, therefore, by using Theorem 2.1, we have

n—1 ) n—1
> 7> 5 {2mn—-1-m—-2)+(n—1) -1}
i=1

:n;1{2m(n—m—3)+(n—2)},

Wherem:L%J:L"T_Qj and t; —t; <1lforalli,j,1<4,j<n-—1

If « vertices of T} have score m + 1 and y vertices have score m, then we have

(2.4) r+y=n-—1
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Also, by (1.1), we have

—1)(n—2
(2.5) (m+1)z+my= (n )2(n )
Solving (2.4) and (2.5) for z, we have # = “(n — 2m — 2). So, Tj has z =
n—1

2>=(n — 2m — 2) vertices of score m + 1 and n — 1 — x vertices of score m.

Now, we add the vertex v, of score s, and join it to the other vertices of the
tournament 7; by arcs, such that M(T) = > s, is minimum. This can be done
as follows. Let v,(1 — 0)u to as many vertices u of score m + 1 as possible and then
v, (1 — 0)v to the remaining vertices v of score m till the score s, is exhausted. Note
that other arcs are directed towards v,, in order to complete the tournament. Now,
we consider the following two cases.

Case (i). When s, > x, then

n n—1
min M(T) =miny_ s> =min Y ¢, +s>+ (n—1—2z)2m+1),
i=1 i=1

that is,

n—1

M(T) > {2mn—m—=3)+n—-2}+s2+(n—1)2m+1) —z(2m + 1)
= n;1{(2m+1)(n—m)—m}—i—si—x(Qm—i—l),

where m = | %52| and z = "1 (n — 2m — 2).

Case (ii). When s, < z, then

min M(T) = min Y _ s,
i=1

n—1
=min Y > +s.+(n—1—z)2m+ 1)+ (z — s,){2(m + 1) + 1},
i=1

that is,
M(T) zng1{2m(n—m—3)+n—2}+si+(n— DE2m+1) —x(2m +1)
+ (2 = 52)(2m + 3)
:ng 1{(2m+ D(n—m)—m}+ s>+ 2 — 5,(2m + 3),
where m = | %52 and z = "1 (n — 2m — 2). O

Remark 2.1. The lower bounds given by Theorems 2.1 and 2.2 are best possible,
since these bounds hold for every score sequence [sq, sg,. .., S,] of a tournament. In
particular, these hold for a regular tournament on n (odd) vertices having score

202 2 i=1%4%
Theorems 2.1 and 2.2 hold for regular tournaments.

sequence [”_1 n—l ,”—_1} Clearly ™, s? is minimum and so the equality in
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Theorem 2.3. If [sq, Sa, ..., S,| is the score sequence of a tournament T, then

" 1 n(n —1) ?
M(T):ZS}ZS%‘FS?L‘F { —81—82} ,
= n—2 2

with equality if and only if so =83 ="---=8,_1.

Proof. Consider s», s3,...,S,_1 as the weights assigned to the scores s9,53,...,8,_1,
respectively. Since the arithmetic mean is greater than or equal to the harmonic mean,
therefore

22 SiSi 22 S
1= 1=
n—1 Z n—1 Z’

Z S; -

=2 =2 S;
with equality if and only if s = s3 =---=s,_1. That is,

1 n—1 2
Z 87' = . 2 (Z Si> )

with equality if and only if s = s3 = --- = s,,_1. After simplification, it is easy to see

that

n 1 n 2
2 2 2
ESZ' — 5 n = 9 ESi—Sl—Sn .
n—2s\;:1

By using (1.1), we have

2
n 1 —1
M(T) =3 s > 142+ {”(" )—sl—sn} 7

i=1 —2 2
equality holds if and only if s =s3 ="+ = s,,_1. O
Theorem 2.4. If [sq, Sa,...,S,| is the score sequence of a tournament T, then
M(T) =3 s> gm — 12

with equality if and only if s1 = $o =+ = s,,.
Proof. Applying the Cauchy-Schwartz inequality, we have

12:;31 ZSZ 1<<Z >%<§;12>%,

=1

with equality if and only if s; = sy = --- = s,,. This is equivalent to

n 2

2

Zsz_ si') n,
1

1=

I—
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which after simplification gives

n % n
<23i2> > izsu

=1 n =1
with equality if and only if sy = s3 = --- = s,,. Now, by using (1.1), we have
L I1(nn—1)\2 n
1;2 >~ — _(p—1)?
; = n{ 2 } 4 (n=1)%,
where equality occurs if and only if sy = sy = --- = s,,. Thus,

3

M(T) > —(n—1)%,

W

with equality if and only if s =859 =+ = s,. O

3. UPPER BOUNDS FOR THE ZAGREB INDEX M (T)

In this section, we obtain the upper bounds for the Zagreb index M(T). In a
tournament, we denote with N;" the out-neighbor set of the vertex v;.

Theorem 3.1. Let sy, Sa, ..., S| be the score sequence of a tournament and M (T) =

n
S 5,2 be maximum. Then
i=1

(a) Nt —{v;} = N;r —{w;} if and only if s; = s;;

b) N — {v:} D NiF — {v;} if and only if s; > s;, and

( (3 Vi = J y ]

(c) si < sjifv; € N and v; € (NJ)° — {vr}, where s; and s; are the scores of
the two vertices v; and v; respectively.

Proof. (a) Let s; = s;. Assume to the contrary that N;* — {v;} # N;” — {v;}. Since
s; = s;, therefore there exist at least two vertex v, and v, with their respective scores
s, and s, such that v;(1 — 0)v,, v,(1 — 0)v;, v;(1 — 0)v, and v,(1 — 0)v;. Now, we
consider two cases.

Case (i). When s, > s,. By changing the arcs v;(1 — 0)v, and v,(1 — 0)v; to
v;(0 — 1)v, and v, (0 — 1)v; respectively, we get a new score sequence [t1,ta, ..., t,],
where t, =s,+ 1,1, =s,—1land t, = s, forall , 1 <r <n with r # p, q. Therefore,

Nt =Yt + = s+ (sp+1)° + (sg — 1)°
=1 =1 =1

1=
i#p,q i#p,q

= Zsﬁ +2(sp — 84+ 1) > Zsi27
i=1 i=1

since s, > s,, which is a contradiction, since M(T) = I | s;,> was assumed to be
maximum.

Case (ii). When s, < s,. By changing the arcs v,(1 — 0)v; and v;(1 — 0)v, to
v,(0 — 1)v; and v;(0 — 1)v,, respectively and proceeding as in case (i), we arrive at a
contradiction. Hence, N;” — {v;} = N;” — {uv;}.
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Conversely, if N;” — {v;} = N;- — {v;}, then s; = s;.

(b) Let s; > s;. Assume to the contrary that N;” — {v;} 2 N;* — {v;} is not true.
Then there exists a vertex v, € N;” — {v;}, but v, ¢ N;” — {v;}. This means that
vj(1 —0)v, and v,(1 — 0)v;, and by changing these arcs to v;(0 — 1)v, and v,(0 — 1)v;
respectively, we get a new score sequence [t,1s,...,t,], where t;, =s; + 1, t; =s; — 1
and t, = s, for all v, 1 <r <n with r #4,j. Then

) DUEI S NI Zsr si+1)7+ (55— 1)?
r=1 r=1
r#1,j T?fl]

= Zsr2+2(si —s;+1)> ZSTQ,
r=1 r=1

since s; > s;, which is a contradiction, since M(7") was assumed to be maximum.
Hence, N;" — {v;} 2 N;” — {v;}.

Conversely, if N;” — {v;} 2 N;¥ — {v;}, then s; > s;.

(c) Assume to the contrary that s; > s;. Then, by using parts (a) and (b), we
have N;* — {v;} 2 Ni" — {v;}. Since v; € Ny and v; € (Ny)° — {vi}, so vp(1 — 0);
and v;(1 — 0)vg. Therefore,

{un} © N —{ui} € N = {u;},

that is, vy € N;* — {v;}. Thus, we obtain v;(1 — 0)vy, which is a contradiction. Hence,
the result follows. O

Lemma 3.1. Let [s1,59,...,S,] be the score sequence of a tournament and let m; be
the average of the scores of the vertices v; such that v;(1 — 0)v;. Then

M(T):Zsizz n(n—l Zslmz
Proof. Since

= 5i— 2{53 v(1—0)v;} = il{sj ;i (1 —0)v,},

=1 j5=1 Jj=1l1:=1
=Y sin—1-s;)=(n—1)> s, s;
7j=1 7j=1 7=1
n(n —1)
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Hence,
:ns?— n—l Zslml
i=1 -
Theorem 3.2. If [s1, Sa, ..., S| is the score sequence of a tournament T, then
(3.1) M(T) = zn:sf < n(";l)sn,
i=1

with equality if and only if the tournament is reqular.

Proof. Let m; be the average of the scores of the vertices v; such that v;(1 — 0)v;.
Then, by using (1.1), we have

8;MM; :sZ Z{s] v;(1 —0)v,;} > Z —si—(n—1-—s;)s,
2] 1 j=1
—1
(3.2) :n(n2) —8;—(n—1—8;)sn,
with equality if and only if s; = "Tfl foralli, 1 <7 <n.
Now, by Lemma 3.1, (3.2) and (1.1), we have

n _ 1 -1 2 n —1
ZS (n ZS’L Z_(ql)_Z(TLO/L)_SZ_(n_]__Sl)Sn)
=1 2 =1 2
-1 2 -1 n
:n(n ) _n(n )—l—ZSZ—l—nn—l ansz
2 2 =
_n(n—1? n*(n—1) n(n-1) n(n —1)
== s Ty bl = D)sy = s
_ n(n — 1)Sn-
2
Therefore,
M(T) < n(n2_1>sn.

Now suppose that equality holds in (3.1). Then, s; = ”T_l for all 4, 1 <7 < n, that
is, the tournament is regular.

Conversely, suppose that the tournament is regular. Then, it can be easily checked
that equality holds in (3.1). O

Theorem 3.3. Let [s1, Sa,...,5,| be the score sequence of a tournament with vertex

set V and let m; be the average of the scores of the vertices v; such that v;(1 — 0)v;.
Then

(3.3) M(T):jzn:lsign(n4_1)<n—1+max{sj—mj:vj€‘/}>,
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with equality if and only if max{s; —m;:v; € V} =n—1—2m,;, where1 <i,j <n,
with i # j.

Proof. Applying Lemma 3.1, we have

2zs —zs +253—283+ Zsﬁmﬂ
J— 2 n - -
:”(n 1) +3 s5(s5 — my) SermaX{Sj—mjinGV}sz
J=1 e
n(n—l)

= 2<n—1—|—max{sj—mj L V; GV}).

Therefore,

zn:s? < n(n4—1)<n_ 14+ max{s; —m; :v; € V})
j=1

Equality holds in (3.3) if and only if

(3.4) ETL}? _ n(n; 1)? N n(n4— 1)p7

J=1

where p = max{s; —m; : v; € V}. By Lemma 3.1, (3.4) is equivalent to

n(n —1)? nn—1?% n(n-1)
ZSJ 1 TP

which after simplification gives

nin—1 —n+1 n
( )<p )+Zsjmj20.
2 2 et

By (1.1), this implies that
(p —n+1 “

5 )—FZstJ—O

7j=1
that is,

" — 1

Zsj<p”+ +mj) —o.
2

Finally, after simplification, we have

(3.5) znjsj(p—n—l—l—i—Qmj) = 0.

=1

.

Now, assume that equality holds in (3.3). Then (3.5) holds. Since each term in
this summation is non-negative and sum is equal to zero, therefore for each v; either
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s; = 0 or max{s; —m; :v; € V} =p=n—1—2m,;. Buts; =0 is not possible for
each v; in any tournament (except the tournament with only one vertex), therefore
max{s; —m;:v; €V} =n—1-2m,.

Conversely, assume that max{s; —m; : v; € V} =n — 1 — 2m,. Then, by Lemma
3.1, we have
n(n—1) < n(n —1)32 N n(n —1)
4 4 4
—1)? —1)2 —1
4 4 2
n(n —1)?

n
= Zsml—Zs?.
i=1

Therefore, equality holds in (3.3). O

n—l—l—max{sj—mj:vjEV}): (n—1-—2m,;)

Theorem 3.4. If [sq, Sa,...,S,| is the score sequence of a tournament T, then

(3.6) Zsz <= 1)

with equality if and only if the tournament has only two types of scores s; and s,,.

——— (81 + Sn) — NS1Sn,

Proof. By using (1.1), we have

n

M(T)=> s Zs — 8;51 + 8;51) Z{sl S; — 81) + 8is1}

=1

3

<D {snlsi —s1) + 881} = Z(snsi — Sn81 + 8i81)
i1 i—1
-1

= Z Sp + S1)8 Z Sp81 = (n2 )(51 + S,) — NS1Sy.
i=1

3

Equality holds if and only if

Z{S, si—s1)} = Z{Sn s; —s1)}

=1
or

Z{< 1) - s(s -1} =0

(3.7) > {(sn = si)(si —s1)} = 0.
i=1
Now, assume that equality holds in (3.6). Then equality holds in (3.7). Since each
term in this summation is non-negative and sum is equal to zero, therefore either
S; =8y 0rs; =8, fori =1,2,...,n. So the tournament has only two types of scores
s; and s,,.
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Conversely, suppose that the tournament has only two types of scores s; and s,.
Then Y {(sn — si)(s; — s1)} = 0. Hence, the equality holds. O
i=1

Acknowledgements. We are highly grateful to the anonymous referees for their
valuable suggestions which improved the presentation of the paper.

REFERENCES

[1] B. Borovi¢anin, K. C. Das, B. Furtula and I. Gutman, Bounds for Zagreb indices, MATCH
Commun. Math. Comput. Chem. 78(1) (2017), 17-100.

[2] R. A. Brualdi and J. Shen, Landau’s inequalities for tournament scores and a short proof of a
theorem on transitive sub-tournaments, J. Graph Theory 38 (2001), 244-254. https://doi.org/
10.1002/jgt.10008

[3] J. R. Griggs and K. B. Reid, Landau’s theorem revisited, Australasian J. Combin. 20 (1999),
19-24. https://ajc.maths.uq.edu.au/pdf/20/ocr-ajc-v20-p19.pdf

[4] I. Gutman and N. Trinajsti¢, Graph theory and molecular orbitals. Total f-electron energy of
alternant hydrocarbons, Chemical Physics Letters 17(4) (1972), 535-538. https://doi.org/10.
1016/0009-2614(72)85099-1

[5] H. G. Landau, On dominance relations and the structure of animal societies, III, the conditions
for a score structure, Bull. Math. Biophys 15 (1953), 143-148.

[6] J. W. Moon, Topics on Tournaments, Holt, Rinehart and Winston, New York 1968.

[7] T. A. Naikoo, On scores in tournaments, Acta Univ. Sapientiae Informatica 10(2) (2018), 257-267.
http://doi.org/10.2478/ausi-2018-0013

[8] S. Pirzada, An Introduction to Graph Theory, Universities Press, Orient BlackSwan, Hyderabad
2012.

[9] S. Pirzada U. Samee and T. A. Naikoo, Tournaments, oriented graphs and football se-
quences, Acta. Univ. Sapientiae Mathematica 9(1) (2017), 213-223. https://doi.org/10.1515/
ausm-2017-0014

[10] S. Pirzada, Merajuddin and U. Samee, On oriented graph scores, Matematicki Vesnik 60(3)
(2008), 187-191.

[11] S. Pirzada, T. A. Naikoo and N. A. Shah, Score sequences in oriented graphs, J. Appl. Math.
Comput. 23(1-2) (2007), 257-268. https://doi.org/10.1007/BF02831973

[12] S. Pirzada and U. Samee, Mark sequences in digraphs, Seminare Lotharingien de Combinatoire
55 (2006), Aricle ID B55c.

[13] K. B. Reid, Tournaments, scores, kings, generalizations and special topics, Congressus Numer-
atium 115 (1996), 171-211.


https://doi.org/10.1002/jgt.10008
https://doi.org/10.1002/jgt.10008
https://ajc.maths.uq.edu.au/pdf/20/ocr-ajc-v20-p19.pdf
https://doi.org/10.1016/0009-2614(72)85099-1
https://doi.org/10.1016/0009-2614(72)85099-1
http://doi.org/10.2478/ausi-2018-0013
https://doi.org/10.1515/ausm-2017-0014
https://doi.org/10.1515/ausm-2017-0014
https://doi.org/10.1007/BF02831973

ON THE ZAGREB INDEX OF TOURNAMENTS

IDEPARTMENT OF MATHEMATICS,

IsLAMIA COLLEGE OF SCIENCE AND COMMERCE,
SRINAGAR, KASHMIR, INDIA

Email address: tarigqnaikoo@rediffmail.com

2DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF KASHMIR,

SRINAGAR, KASHMIR, INDIA

Email address: bilalahmadrr@gmail.com

3INSTITUTE OF TECHNOLOGY,
UNIVERSITY OF KASHMIR,

SRINAGAR, KASHMIR, INDIA

Email address: drumatulsamee@gmail.com

Email address: pirzadasd@kashmiruniversity.ac.in

253






KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 48(2) (2024), PAGES 255-266.

ON BOUNDS FOR NORMS OF SINE AND COSINE ALONG A
CIRCLE ON THE COMPLEX PLANE

FENG QI!23

Dedicated to Dr. Prof. Aliakbar Montazer Haghighi at Prairie View A&M University in USA

ABSTRACT. In the paper, the author presents lower and upper bounds for norms
of the sine and cosine functions along a circle on the complex plane.

1. MOTIVATIONS

This paper is a companion of the formally published article [6].
In the theory of complex functions, the sine and cosine functions sin z and cos z on
the complex plane C are defined by
eiz _ e—iz eiz + e—iz
sing = ——— and cosz=—"7—
21 2 ’
respectively, where z = x + 1y, x,y € R and ¢ = v/—1 is the imaginary unit. They
have the least positive periodicity 2m, that is,

sin(z 4+ 2kw) =sinz  and  cos(z + 2km) = cos z,

for k € Z.
When restricting 2 = x € R, the sine and cosine functions sin z and cos z become
sin x and cosx and satisfy

0<|sinz| <1 and 0<|cosz|<I.

Key words and phrases. Bound, norm, sine, cosine, double inequality, circle, complex plane,
difference, open problem.
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When restricting z = iy for y € R, the sine and cosine functions sin z and cos z reduce
to

: = ¢sinhy — Fi00
21

sin(iy) =

and
: e
cos(1y) =
(iy) 5
as y — Fo0o. These imply that the sine and cosine are bounded on the real x-axis,
but unbounded on the imaginary y-axis.

In the textbook [9, page 93], Exercise 6 states that, if z € C and |z| < R, then

Y
= coshy — o0,

|sinz| < coshR and |cosz| < coshR.

In [7], a criterion to justify a holomorphic function was discussed.

In [6], the author discussed and computed bounds of the sine and cosine functions
sin z and cos z along straight lines on the complex plane C. The main results in the
paper [6] can be recited as follows.

(a) The complex functions sin z and cos z are bounded along straight lines parallel
to the real z-axis on the complex plane C:
(i) along the horizontal straight line y = o on the complex plane C

(1.1) |sinh a| < |sin(x + ia)| < cosha
and
(1.2) | sinh | < |cos(z + ia)| < cosh

where a € R is a constant and = € R;

(ii) the equalities in the left hand side of (1.1) and in the right hand side
of (1.2) hold if and only if x = kx for k € Z;

(iii) the equalities in the right hand side of (1.1) and in the left hand side
of (1.2) hold if and only if x = km + 7 for k € Z.

(b) The complex functions sin z and cos z are unbounded along straight lines whose
slopes are not horizontal:
(i) along the sloped straight line y = a + Sz on the complex plane C

|sin z| > |sinh(a+ fz)| and |cosz| > |sinh(a + Sz)],
where a € R and 3 # 0 are constants;
ii) along the vertical straight line = v on the complex plane C
(ii) along 8 gl plex p
|sinz| > |sinhy| and |cosz| > |sinhy],
where v € R is a constant.

In this paper, we present bounds for norms |sin(re?)| and |cos(re?)| of the sine
and cosine functions sin z and cos z along a circle C'(0,7) centered at the origin z = 0
of radius » > 0 on the complex plane C in terms of two double inequalities.
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2. A DOUBLE INEQUALITY FOR THE NORM OF SINE ALONG A CIRCLE

In this section, we present a double inequality for the norm |sin(re)| of the sine
function sin z along a circle C'(0,r) centered at the origin z = 0 of radius r > 0 on
the complex plane C.

Theorem 2.1. Let r > 0 be a constant and let C(0,7) : z = re? for § € [0,27) denote
a circle centered at the origin z = 0 of radius r. Then

(2.1) |sinr| < |sin(re”)| < sinhr, 6 € [0,27).
The left equality is valid if and only if @ = 0,7, while the right equality is valid if and
only if 0 = 7, 37”

Proof. The circle C(0,7) can be represented by

z=re?  0el0,2m).

It is not difficult to see that, for fixed r > 0, [sin(re?)| = |sinr| for § = 0, ,
|sin(re)| = sinhr for = 2,27, and |sin(re’)| has a least positive periodicity =

with respect to the argument 6.
Straightforward computation yields

(2.2)

sin(re®) = sin(r cos 0 + ir sin 0)

61’(7‘ cos O+irsinf) __ e—i(rcos 0+irsin 6)
- 2i
e—(rsin@—ircos 0) _ e’ sin @—ir cos 6
- 2
e 0 cos(r cos 0) + isin(r cos 0)] — "5 ?[cos(r cos 0) — isin(r cos )]
B 2i
(ersind — ersing) cos(r cos §) + i(e "m0 + €509 sin(r cos 0)]

21
= cosh(r sin #) sin(r cos #) + ¢ sinh (7 sin #) cos(r cos #)

and

|sin(re'?)| = \/[cosh(r sin ) sin(r cos §)]2 + [sinh(r sin @) cos(r cos 0)]? .

In Figure 1, we plot the 3D graph of |sin(re)| for r € [0,5] and 6§ € [0,27). In
Figure 2, we plot the polarized 3D graph of the norm |sin(re®)| for r € [0, 4] and
6 € [0,27). In Figure 3, we plot the graph of |sin(7re)| for § € [0, 27). These three
figures are helpful for analyzing and understanding the behaviour of the sine function
sin z along the circle C'(0,r) centered at the origin z = 0 of radius r.

From Figure 3, we can see that the norm |sin(me®)| has only two maximums at

0=73, 37”, while it has only two minimums at § = 0,7 on the interval [0, 27).
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4

FIGURE 1. The 3D graph of |sin(re?)| for r € [0,5] and 6 € [0, 27)

4 2

U

-4

-4 10

FIGURE 2. The polarized 3D graph of |sin(rei)| for r € [0,4] and 0 € [0, 27)



ON BOUNDS FOR NORMS OF SINE AND COSINE ALONG A CIRCLE 259

25

20

FIGURE 3. The graph of |sin(me®)| for 6 € [0, 27)

Differentiating the square of |sin(re)| yields
d|sin(re')|?

dé

r[cos 0 sinh(2r sin 0) — sin 0 sin(2r cos 6)]

r[sinh(2r sin @) — tan 0 sin(2r cos #)] cos 6
r[cot @ sinh(2r sin #) — sin(2r cos )] sin ¢

o |sinh(2rsind)  sin(2rcosf)| .
= — 20).
2rsin 6 2r cos sin(26)

From the first three expressions above, we conclude that the derivative %’:Wz is

equal to 0 at 6 =0, 7, 7, 37” Considering the fourth expression above on the intervals
(k%,(k+1)F) for k= 0,1,2,3, in order that %’;%P # 0for 0 € (K, (k+1)5) and
r > 0, it is sufficient to find

sinh(2r sin 6)
(2:3) 27 sin 6
and
(2.4) sin(2r cos 0) 1

2r cosf

for 0 € (k%,(k+1)Z) and r > 0. Then, for fixed r > 0, the square |sin(re?)|* and
the norm |sin(re)| have only two maximums at ¢ = Z, 2%, while they have only two
minimums at § = 0,7 on the interval [0,27). At 6§ = 2,37 the values of |sin(re®)|
are both sinhr; at @ = 0, 7, the values of |sin(re®)| are both |sinr|.
Considering the odevity of sinht and sint, we see that two inequalities in (2.3)
and (2.4) are equivalent to
sinh ¢ sint

>1 and <1

(2.5) ; , ,
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for t € (0,00). The first inequality in (2.5) follows from coshz > 1 for z # 0 and the
Lazarevi¢ inequality

b\ ?
(2.6) coshz < (sm :p)

T

in [2, page 270, 3.6.9]. When t € (0, 7), the second inequality in (2.5) follows from
the right hand side of the Jordan inequality

™ _ sint s
(2.7) 2§ ; <1, 0<|t|§2,

in [2, Section 2.3 and the papers [1,3,4,8]. When ¢ > 7, the second inequality in (2.
follows from sint < 1 on (0, c0) and standard argument. The double inequality (2.
is thus proved. The proof of Theorem 2.1 is complete. O

3. A DOUBLE INEQUALITY FOR THE NORM OF COSINE ALONG A CIRCLE

In this section, we present a double inequality for the norm | cos(re)| of the cosine
function cos z along a circle C(0,7) centered at the origin z = 0 of radius r > 0 on
the complex plane C.

Theorem 3.1. Let r > 0 be a constant and let C(0,7) : z = re for § € [0,27) denote
a circle centered at the origin z = 0 of radius r. Then

(3.1) |cosr| < |cos(re®)| < coshr, 6 €0,2n).

The left equality is valid if and only if @ = 0,7, while the right equality is valid if and

only if 0 = 7, 37”

Proof. Tt is easy to see that, for fixed r > 0, |cos(re?)] = |cosr| for § = 0,,
| cos(re)| = coshr for § = 2,37 and |cos(re’)| has a least positive periodicity 7
with respect to the argument 6.

Direct calculation yields

(3.2)

cos(re') = cos(r cos @ + irsin 6)

ei(r cos O+irsin 6) 4 e—i(r cos O+irsin 6)

2
e—(rsin@—ircos@) =+ ersind?—i'r’cos@
B 2
e mPlcos(r cos 0) + isin(r cos 0)] 4 € [cos(r cos 0) — i sin(r cos 0)]
o 2
(e7rsinb 4 ersing) cog(r cos ) 4 i(e 50 — ersin?) sin(r cos 6)]

2
= cosh(r sin #) cos(r cos #) — i sinh(r sin @) sin(r cos 0)
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and

| cos(re'?)| = \/[cosh(r sin @) cos(r cos )]2 + [sinh(r sin 0) sin(r cos 0)]? .

In Figure 4, we plot the 3D graph of | cos(re?)| for r € [0,5] and 0 € [0,27). In

FIGURE 4. The 3D graph of | cos(re?)| for r € [0,5] and @ € [0, 2m)

Figure 5, we plot the polarized 3D graph of the norm |cos(re?)| for r € [0,4] and
6 € [0,27). In Figure 6, we plot the graph of | cos(re?)| for r = m and @ € [0, 27).
These three figures are helpful for analyzing and understanding the behaviour of the
cosine function cos z along the circle C(0,7) centered at the origin z = 0 of radius r.
From Figure 6, we can see that the norm |cos(me)| has only two maximums at
0=73, 37”, while it has only two minimums at # = 0,7 on the interval [0, 27).
Differentiating the square of | cos(re®)| with respect to 8 gives
NE
W = r[sin 0 sin(2r cos #) + cos 6 sinh(2r sin 6)]

= r[tan @ sin(2r cos #) + sinh(2r sin #)] cos 6
= r[sin(2r cos #) + cot f sinh(2r sin 0)] sin 6
_ |sin(2rcosf)  sinh(2rsin6)

- in(29).
" 2r cosf + 2rsin 0 sin(20)

From the first three expressions above, we conclude that the derivative %’;W? is

equal to 0 at 6 =0, 7, 7, 37” Considering the fourth expression above on the intervals
(k%,(k+1)%) for k=0,1,2,3, in order that %’;Z%P # 0, it is sufficient to show

sinh(2r sin 6)

(3.3) 2r sin
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FIGURE 5. The polarized 3D graph of | cos(re')| for r € [0,4] and 6 € [0, 27)

127

101

1 2 3 4 5 6

FIGURE 6. The graph of | cos(me®)| for 6 € [0, 27)
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and

sin(2r cos )

(3.4) > —1

2r cos 6 ’

for 0 € (k%,(k+1)%) and r > 0. Then, for fixed r > 0, the square | cos(re?)|* and
the norm | cos(re)| have only two maximums at # = %, 2%, while they have only two
minimums at § = 0,7 on the interval [0,27). At § = Z, 2%, the values of | cos(re)]
are both coshr, at § = 0,7 the values of | cos(re?)| are both | cosr]|.

Considering odevity of sinh ¢ and sin ¢, two inequalities in (3.3) and (3.4) are equiv-
alent to

(3.5) sinh ¢ sint

> 1 and T > —1,

for t € (0,00). The first inequality in (3.5) follows from coshx > 1 for z # 0 and
the Lazarevi¢ inequality (2.6). When ¢ € (0, 7), the second inequality in (3.5) follows
from the left hand side of the Jordan inequality (2.7). When ¢ > 7, the second
inequality in (3.5) follows from sint > —1 on (0,00) and simple argument. The

double inequality (3.1) is thus proved. The proof of Theorem 3.1 is complete. 0

4. REMARKS
In this final section, we list several remarks on our main results in this paper.

Remark 4.1. Comparing Figure 1 and 4, it is not easy to see the difference between
|sin(re?)| and |cos(re?)|. However, the difference |sin(re®)| — |cos(re?)| for r €
[0,27] and 0 € [0,27) can be showed by Figure 7.

FIGURE 7. The 3D graph of |sin(re)| — | cos(re)| for r,6 € [0, 2r)

Comparing Figure 2 and 5, it is not easy to find the difference between | sin(we®)]
and | cos(me®)| yet. However, the difference |sin(me®)| — | cos(we)| for 6 € [0,27)
can be presented by Figure 8.
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FIGURE 8. The polarized 3D graph of |sin(re?)| — | cos(re)| for r €
[0,4] and 6 € [0, 27)

Comparing Figure 3 and 6, it is also not easy to see the difference between | sin(me®)|
and | cos(me)|. However, the difference |sin(me)| — | cos(me®)| for § € [0,27) can
be demonstrated by Figure 9.

FIGURE 9. The graph of |sin(me®)| — | cos(me®)| for 6 € [0, 27)

Remark 4.2. From Figure 7, 8, and 9, we can guess that the double inequality
(4.1) — 1 < |sin(re)| — | cos(re”)| < 1

is seemingly valid for all » > 0 and 6 € [0,27). Can one verify, deny, or strengthen
this guess?
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Remark 4.3. Tt is standard that
(4.2) | sin(re®) — cos(re™®)|* = |[sin(re?) — cos(re™)]?| = |1 — sin(2re™)|.
From (4.2), it follows that
11— |sin(2re?)|| < |sin(re®) — cos(re?)|* < 1+ | sin(2re™)|.
Further by virtue of the double inequality (2.1) in Theorem 2.1, we obtain
|sin(re™) — cos(re™)|? <14 |sin(2re)| < 1+ sinh(2r).
This means that
(4.3) | sin(re) — cos(re)| < /1 +sinh(2r),
for r > 0 and 6 € [0, 27).
Motivated by the guess expressed in terms of the double inequality (4.1) and by the

inequality (4.3), we pose an open problem: what are the nontrivial lower and upper
bounds of the norm |sin(re?) — cos(re®)| for r > 0 and 6 € [0, 27)?

Remark 4.4. From (2.2) and (3.2), it follows that
sin(re) — cos(re) = cosh(r sin §)[sin(r cos §) — cos(r cos )]
+ i[cos(r cos B) + sin(r cos )] sinh(r sin 6).

Hence, we have

| sin(re?) — cos(re®)| = \/sinh2(r sin #) — sin(2r cos §) + cosh?(r sin 6),
which is equivalent to
(4.4) | sin(re?) — cos(re™®)|* = cosh(2r sin §) — sin(2r cos 6).
From (4.4), it follows that
d|sin(re?) — cos(re®)|?
dé

= 2r[sin @ cos(2r cos 8) + cos @ sinh(2r sin 0)]
= 2r[cos(2r cos #) + cot O sinh(2r sin §)] sin 6
= 2r[tan 6 cos(2r cos 0) + sinh(2r sin 6)] cos 0

02 cos(2rcosf)  sinh(2rsin )
=2r

in(26
2r cos 0 2r sin sin(26),

@ is even and not

is odd on (—o00,00). By finding the set of

which is clearly equal to 0 at # = 0, 7 for all » > 0. The function
less than 1 on (—oco,00). The function
all zeros of the function

cost N sinh v/4r? — ¢2

t 4r? — 2

we can obtain sharp bounds of |sin(re®) — cos(re)| for r > 0 and @ € [0,27). This
is a hint, clue, sketch, or approach to solve the above open problem.

, t#£0,r>0,
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Remark 4.5. To the best of my knowledge, the double inequalities (2.1) and (3.1) in
Theorems 2.1 and 3.1 are fundamental and new in the literature.

Remark 4.6. This paper is a revised version of the preprint [5].

[1]
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A STUDY OF MULTI-TERM TIME-FRACTIONAL DELAY
DIFFERENTIAL SYSTEM WITH MONOTONIC CONDITIONS

VIKRAM SINGH!, RENU CHAUDHARY?, AND DWIJENDRA N PANDEY'

ABSTRACT. In this paper, the existence and uniqueness of mild solution for a class
of multi-term time-fractional delay differential system have been discussed in ordered
Banach space by enforcing monotone iterative technique. The generalized semigroup
theory, fractional calculus and measure of noncompactness have been implemented
to obtain the required results. A new set of sufficient conditions with the coefficients
in the equations satisfying some monotonic properties has been obtained. Finally,
an application is given to illustrate the obtained results.

1. INTRODUCTION

The fractional differential equations (in brief, FDEs) including Riemann-Liouville
and Caputo fractional derivatives have been magnetizing the interest of many re-
searchers, due to demonstrating applications in widespread areas of sciences and
engineering such as mathematical modeling, thermal systems, acoustics, modeling
of materials or rheology and mechanical systems. The FDEs have been viewed as
a beneficial tool, which may describe dynamical behavior of real life phenomena
more precisely. In addition, due to the memory and hereditary properties of various
materials and processes, in many areas of science like identification systems, signal
processing, robotics or control theory, fractional differential operators seem more
appropriate in modeling than the classical integer operators. One can also find the
various applications of FDEs in models of medicine (modeling of human tissue under

Key words and phrases. Fractional differential equation, upper and lower solutions, measure of
noncompactness, monotone iterative technique.
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mechanical loads), electrical engineering (transmission of ultrasound waves), biochem-
istry (modeling of proteins and polymers) etc. For more knowledge regarding to
fractional systems see the papers [2,8,9,11,12,28,32], the monographs [24,31,33] and
references therein. In addition, fractional delay differential equations have been used
frequently in various fields of science and engineering such as panorama of natural
phenomena, modeling of equations and porous media etc. For more detail, see the
cited papers [2,3,19].

It is very difficult to obtain the exact solutions for the nonlinear fractional differential
systems in closed forms. To overcome this difficulty, many analytical and numerical
techniques have been developed for instance, the Adomian decomposition method
[21] and the homotopy analysis method [36], have been applied to investigate various
systems of fractional or non-fractional ordered. However, in recent years, considerable
work has been reported in the literature by applying monotone iterative technique,
which is a flexible and very effective mechanism to study the existence results in a
closed set governed by the lower and upper solutions, to investigate the existence of
solutions for a class of fractional differential systems. In monotone iterative technique,
we construct two monotone sequences by choosing upper and lower solutions as two
initial iterations, which converge uniformly to a extremal mild solution of the system
between the lower and upper solutions. Due to monotone behavior, the constructed
sequences of iterations play an important role in the study of numerical solutions of
various initial value and boundary value problems.

From the last few years, multi-term time-fractional differential equations have been
generating great interest among the mathematicians and engineers. In [23,28,34], a
two-term time-fractional differential equation has been studied in the abstract context,
which include a concrete example of fractional diffusion-wave problem. In [13] and
[29], the multi-term time-fractional diffusion wave equation have been considered with
constant and variable coefficients, respectively. Moreover, in [22,27], the analytical
and numerical solutions of multi-term time-fractional diffusion equation have been
discussed. In [32], Pardo and Lizama studied the existence of mild solutions of multi-
term time-fractional differential equations with nonlocal initial conditions by using
Caratheodory type conditions and measure of noncompactness technique. In last few
years, many authors repeatedly apply the monotone iterative technique coupled with
lower and upper solutions to various functional differential equations of integer order
as well as fractional order, see [4-7,25,26,35] and the references therein. However, in
the best of authors’ knowledge, no work is reported to the multi-term time-fractional
differential system in the literature, by enforcing monotone iterative technique.

In this paper, monotone iterative technique coupled with method of lower and upper
solutions has been applied to analyze the existence of mild solution for the following
multi-term time-fractional delay differential system

(1.1) { DYy(t) + S0y ot DYy(t) = Ay(t) + F (tye g bt s,y.)ds), t €T,
y(t) = o(t) € B, te (00,0, y(0)=x,
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where ¢D" stands for the Caputo fractional derivative of order n > 0 and operational
interval J = [0,7], T' < oco. A: D(A) C X — X is a closed linear operator on a
Banach space (X, - ||). All v;, j =1,2,...,n, n € N, are positive real numbers such
that 0 < 8 <7, <--- <9 < 1. The nonlinear functions F' : J x B x X — X and
h : A x B — X satisfies some suitable conditions, which will be mentioned later.
A:={(t,s) :0<s<t<T} . The delay function y; : (—oo,0] — X is characterized
by y:(s) = y(t + s) for s € (—o0,0].

The system (1.1) is a general system, which includes recent investigations in this
subject [13,23,28,29,32,34]. Anticipating a great interest in the problems modeled
as the system (1.1), this paper contributes in study of the existence results for mild
solutions by applying monotone iterative technique coupled with the method of lower
and upper solutions. It should be noticed that, the semigroup theory may not be
directly used to solve problem (1.1). However, we construct a mild solution, which is
based on the theory of resolvent families [32], which will provide an effective way to
deal such problems.

This paper is organized as follows: In Section 2, some basics of fractional calculus
and measure of noncompactness have been discussed which will be employed to obtain
mains outcomes. In Section 3, the existence and uniqueness results are obtained for
the mild solutions of the system (1.1). In Section 4, an example is provided to show
the feasibility of the theory discussed in this paper.

2. PRELIMINARIES

Let R and N denote the real and natural numbers, respectively. Let us denote
D(A), R(A) and p(A) by the domain, range and resolvent of a linear operator A
on X, respectively. Define a partial ordering in X introduced by a positive cone
P={yeX:y>0} (where § symbolizes the zero element of X) such that z < y if
and only if y — 2z € P. If x <y and = # y, then x < y. A cone P is called a normal
cone if there exists a constant N > 0 (called normal constant) such that § < z <y
implies ||z|| < N||y||. A cone P C X is said to be regular cone if every increasing,
bounded above sequence is convergent, i.e., if {w,} be a sequence such that

wp Swy <o S wy Sov- S 7

for some z € X then there is a w € X such that ||w,—w|| — 0 asn — oo. Equivalently,
a cone P C X is said to be regular if every bounded below and decreasing sequence
is convergent. It should be notice that a regular cone is a normal cone. For more
details regarding to the cone P, see [14]. The Banach space of all continuous X-
valued functions is represented by C(J,X), on the interval J equipped with norm
Julle = sup,ey ()]

To facilitate the discussion, due to infinite delay an axiomatic definition of the
phase space B has been introduced by Hale and Kato [16]. Recall, the axioms of the
phase space B, by following the terminology used by Hino et al. in [19] so, we omit
the details here.
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A linear space B consists of all functions defined from (—oo, 0] into X equipped
with the seminorm || - || satisfying the following axioms.

(a) If y : (—o0,T] — X, T > 0 is continuous on J and y, € B, then for every t € J
the accompanying conditions hold:
(i) y; is a B-valued continuous function;

(i) Iy (0) < Kl
(i) lyells < Ki(t) supseppq ly(s)ll + K2(t)||yolls, where K > 0 is a constant
and K;(-) : [0,00) — [0,00) is continuous, Ks(:) : [0,00) — [0,00) is
locally bounded and K, K, are independent of y(-).
(b) The space B is complete.

Now, recall some definitions and basic results on fractional calculus. Define g,(t)
for n > 0 by

L=l >0,

where I' denotes gamma function. The function g, has the properties (g, * g5)(t) =

Jatb(t) for a,b > 0 and g,(A) = 5 for n > 0 and Re X > 0, where (-) and (- -)(-)
denote the Laplace transformation and convolution, respectively.

Definition 2.1. The Riemann-Liouville fractional integral of a function f € L},
([0,00),X) of order nn > 0 with lower limit zero is defined as follows

170 = [ anlt = 9)f(s)ds, >0,

and I°f(t) = f(¢).

This fractional 1ntegra1 satisfies the properties I" o I = " for b > 0, I"f(t) =
(g, * f)(t) and I”f( ) = M ()\) for Re A > 0.

Definition 2.2. Let n > 0 be given and denote m = [n]. The Caputo fractional
derivative of order n > 0 of a function f : [0,00) — X with lower limit zero is given
by

DIF(0) = D" F(0) = [ gyt =)D ($)ds

and °D°f(t) = f(t), where D™ = 4 In addition, we have D" f(t) = (gym—n* D™ f)(t)
and the Laplace transformation of Caputo fractional derivative is given by

(2.1) Df(t) = MF(X Z FOON N> 0.
Remark 2.1. Let m — 1 <n <m, m € N, then

(2:2) (170 D" £(1 zf< 0)gasi (), > 0.
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If f@(0) =0, ford = 1,2,3,...,m — 1, then (I 0 D" f(t) = f(t) and D7f(t) =
ATE(N).

To give a appropriate representation of mild solution in terms of certain family of
bounded and linear operators, we define following family of operators.

Definition 2.3 ([32]). Let A be a closed linear operator on a Banach space X with
the domain D(A) and let 8 > 0, 7, a; be the real positive numbers. Then A is
called the generator of a (3, 7,)— resolvent family if there exists w > 0 and a strongly
continuous function 8z, : [0,00) — L£(X) (the space of bounded linear operators on
X) such that {A\**' + 3", a;X7 : Re A > w} C p(A) and

n -1 00
(2.3) N\ ()\ﬂﬂ + > N — A) y = / e M8, (Hydt, Red>w,yeX.
=1 0

The following result guarantees the existence of (/3,~;)-resolvent family under some
suitable conditions.

Theorem 2.1 ([32]). Let 0 < f <, <--- <7 <1 and a; >0 be given and let A
be a generator of a strongly continuous and bounded cosine family {C(t)}1er. Then A
generates a bounded (3,;)-resolvent family {8z.,(t) }izo-

Let 2 be the set defined by
Q = {y € €((—00,T],X) : such that y __ , € B and y, , € X}.

In order to define the mild solution for the system (1.1), we associate system (1.1)
with an integral equation, by comparison with the fractional differential system given
in [32]. Consider the following definition of mild solution for the system (1.1).

Definition 2.4. Let 0 < f <, <--- <7 <1and a; > 0 be given and let A be a
generator of a bounded (f3,;)-resolvent family {8z, (t)}+>0. Then a function y €
is called the mild solution of the system (1.1) if ¥/(0) = x and satisfies the equation
¢(t)> te (—OO, 0],

85, (1)9(0) + (g1 * Sﬂ ) (D)X
"’Z? 1% f(f étlj)g ) 867]( 5)9(0)ds
+ Jo Ty (t = S)E (3,Ys, [ h(s, T, y-)dT) ds, t €T,
where T 5, () = (95 * S5.,)(¢)-

Definition 2.5. The resolvent family {83, (t)}:>0 is said to be positive on X, if the
order inequality 85, (t)y > 0 holds for all y > 6, y € X and ¢ > 0.

(2.4) y(t) =

Lemma 2.1 ([17]). (Generalized Gronwall inequality). Assume v > 0, 6 > 0 and c(t)
is a nonnegative and locally integrable function on 0 <t < T < +oo and let z(t) be
nonnegative and locally integrable on 0 <t < T+ oo such that

A0) < elt) +y [ (=57 (s)ds,
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then

t] & (AT(0))"™
z(t) < c(t) +/0 [Z W(t —8)" e(s)|ds, 0<t<T.

Let @ *3((—o00, T],X) = {y € C((—o0,T],X) : D' ™Py(t) exists and continuous on J
and y(t) € D(A)for allt > 0}. An abstract function y(t) € €17 ((—o0, T],X) is said
to be a solution of (1.1) of if y(¢) satisfies the system (1.1).

n=1

Definition 2.6. The function y(®) € C'*#((—o0, T],X) is said to be a lower solution
of the system (1.1), if it satisfies the following inequalities

DY O(t) + 7 e DYy O (1) < Ay©O(1)
(2.5) { +F (t,y”, fy h(t, s,y )ds) , ted,

yO(t) < o(t) € B, t € (—o00,0], ¥ (0) < x.

If all the inequalities of (2.5) are reversed, then solution is called upper solution
denoted by 2.

Now, we recall some basic definitions and properties of Kuratowski measure of
noncompactness. For more details, we refer to the monograph [14] and paper [10, 18].

Definition 2.7. Let F be a bounded subset of a Banach space X. The Kuratowski
measure of noncompactness denoted by p(-) of F is defined by

p(F) :=1inf{o > 0: F = U, F; with diam(FF;) <¢ fori=1,2,3,...,n}.

Lemma 2.2. Let X be a Banach space, and let F C C([ay, as],X) be bounded and
equicontinuous. Then p(F(t)) is continuous on [ay, as] and

pe(F) = sup u(F(t)).

telal,as)

Lemma 2.3. Let {y,}>°, C L'(J3,X) be a sequence and there exists g € L'(J,X) such
that ||y, (t)]] < g(t), a.e. t €7, then u({y,(t)}>2,) is integrable and

u({ /Ot yn(S)dS}:;) < 2/Otu({yn(8)}2°:1d8~

Lemma 2.4. If F is bounded subset of X, then there exists {y,}°>, C F, such that
p(F) < 2p({yn}Zs)-

3. MAIN RESULTS

Throughout in this section, we denote Sy = sup;cpo 7y [|8p,(t)[|. We consider the
following assumptions.
(A1) The functions h: A x B — X and F : I x B x X — X satisfy Carathéodory
type conditions, i.e.,
(i) h(t,s,:) : B — X is continuous for (¢,s) € A and A(-,-,v) : A — X is
strongly measurable for all v € B;
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(ii) F(t,-,-) : B x X — X is continuous for each t € J and F(-,u,v) : I — X is
strongly measurable for all (u,v) € B x X.
(A2) For lower and upper solutions @, 20 € C*#((—o0, T], X) of the system (1.1)
such that (@ < 2 the following conditions hold:
(i) F(t,v1,wy) < F(t,vg,ws) for all t € J, and vy, vy € B satisfying yt(o)
v < vy < z,go) and wy, wy € X such that fj h(t,s,y?)ds < w; < ws
I3 h(t, s, 29)ds;
(i) h(t,s,v1) < h(t,s,vy) for all (¢,s) € A and vy,vy € B such that yl
v < vg < Zto .
(A3) The functions F h satisfy the followings conditions.
(i) For G € B and H C X, where G(r) = {p(r) : € (—00,0], » € G} there

exists a constant L > 0 such that

<
<

IN

p(F(t,G,H)) < L| sup wp(G(r))+u(H)|, ae tel.

—oo<r<0

(ii) For each bounded set G C B, there exists an integrable function £ : A —
[0, 00) such that

p(h(t,s,G)) <&(t,s) sup  p(G(r)),

—00<r<0
for a.e. (t,s) € A. For convenience, we denote £* = max [ £(t, s)ds.
In order to give operator theoretical approach, we define a operator ) : {2 — Q by
¢(t)v te (_0070]7
(3.1)(Qy)(t) = 85,4, (t)$(0) +t(91)ﬁ* S5.4;) (L)X
+Z? 195 Jo F(ljﬁ ) 56%( 5)p(0)ds
+ 3 T, (t = 5)F (8,Ys, o h(s,T,y-)dT)ds, t €.

It is clear to see that @) is well defined.
Let us define a function u(-) : (—oo0, 7| — X by

o(t), te€ (—o0,0],
“(t):{o,( teg. |

For a function v : (—oo, 7] — X such that v(0) = 0, we define the function T by
0, t € (—o0,0],

u(t) = { o(t), ted.
If y(-) is a solution of (2.4), then it can be decompose y(-) as y(t) = u(t) + v(t),
t € (—oo,T] and v(-) satisfies

0(t) =815, (1)6(0) + (91 % 831, x+Z s

t—SB Y

1 + 6 7])‘35,7]' (8)¢(0)d8

t s
+ / T, (t— s)F(s, us + @s,/ h(s, T, u; + UT)d7'> ds.
0 0
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Define Xy = {v € Q : vy = 0}. For any v € X,,
[v]lxy = sup [[v(¢)[| + [lvolls = sup [lo()].
teg teg

Clearly, X, is a Banach space equipped with the norm || - ||x,. We assume that
(Xo, || - |lx,) stands for a ordered Banach space with partial order < induced by
a positive normal cone Py = {v € X, : v(t) > 0} with the normal constant Nj.
Evidently C((—o0,T1],Xy) is also an ordered Banach space with the partial order <
reduced by a positive normal cone Py = {v € Xy : v(t) > 0,t € (—o0, T|} with normal
constant Ny. For v,w € C((—o00,T],Xy) such that v < w, [v,w] denotes a ordered
interval {z € C((—00,T1],Xp) : v <z <w} in C((—o0,T],Xp) and [v(t), w(t)] denotes
the ordered interval {z € C((—o0,T],Xo) : v(t) < z(t) < w(t)} in X,.

Theorem 3.1. Let Xy be an ordered Banach space with a positive mormal cone
Py. Suppose that the system (1.1) admits lower and upper solutions denoted by
0@, w® e eF(1,X) such that v\ < w®, {84, (t)}is0 is a positive operator and
the assumptions (A1)-(A3) are satisfied. Then the system (1.1) admits mazimal and
minimal mild solutions between w'® and v©

Proof. Let D = [0 w®] = {u € C€(1,X) : v® < u < w®}. Define a map
Q:D — X, by
(3.2)

0, t € (—o00,0],
G | 090+ (1250

"‘Z? 1@ fg r(tljg ) Sﬁ%( 5)9(0)ds

+ Jo Ty (t = S)F (5,u5 + 0, J§ h(s, T, u; +0;)d7)ds, t €.

From (A1)-(A2) for any v € D we have

t t
: <t, w0, [ bt T ue+ viO))dT) <F (t, u + T, / h(t, 7 u, + vf)d7>
0 0

t
gFGwFH#W/h@ﬂW+meO.
0
Now, using normality of the cone Py, there exists a constant £ > 0 such that

t
Hf(t,ut +@t,/ g(t, T, u, —|—U.,-)d7'> <R wvebD.
0

For convenience, we divide the proof in the following steps.

Step 1. The map () is continuous map on D.

Let {v™} be a sequence in D such that {v™} — v € Dasn — oco. Fort € (—o0,0]
we get

QU™ (t) — Qu(t)|| = 0.

Also, from (A1) for t € J and as n — oo, we have
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(1) J5h(s, T, ur + 0 dr — [$h (s T, Uy + 0, )dT;
(17) F (s,us + oW, S h(s, T, uy + 00 )dT) — F (s,us +0s, 5 h(s, T, u; +0,)dT).
Now, by applying Lebesgue Dominated Convergence Theorem for ¢ € J, we have

~ ~ t s
1Qu™ ) = Qut) < [ | Ta, (t = 9 F(s,us+v§">, / h(smwv@)dr)

—F (s,us—i—vs,/ h(s,T, UT+UT)dT> ds
0

—0 as n — oo.

Thus map Q is continuous on D.

Step 2. @ is a increasing monotonic operator.

Consider z, y € D with x < y then z(t) < y(t) for t € J. Therefore, x;,y; belong to
the ordered Banach space Xg such that z; <y, for ¢t € 3. Using (A2) and positivity
of 85.,,(t), we obtain

(33) Qz < Qy.
Now, we show that v < Qu(©® and Quw©® < w©. For this, let
g(t) = D" P00 1) + 3 ;D00 (1) — Av (1)
j=1
subject to the conditions v (0) = yo, vV (0) = y;.
Then by definition of lower solution, we obtain g(t) < F' (t,yt, I3 h(t, s, ys)ds) for

t € J. Since v(®(¢) is a lower solution of (1.1), we get

©) B § n ‘ t t_ S)ﬂ—%
OO =10, (0 + (1% 820, + 2 [ Fr =S
+/Ot T4, (t —5)g(s)ds
_ B Vi
<831, (1)9(0) + (g1 % 85, x+2 Ry e 1ol

i S
""/ Ty (= S)F<87us +U§0)7/ h(s, T, u, + v )dT)dS
0 0
<QuO(t), ted,

and also v (t) < ¢(t), v"@(0) < x. Therefore, v (t) < Qu(®(¢t) for all t € (—o0, T].
Similarly, we can show that w(©(t) > Qu(© (¢ ( ) for all t € (—oo,T]. Thus, Q is a
increasing monotonic operator.

Step 3. Q is an equicontinuous operator.

For any v € D and ty, ty € (—00,0] such that ¢; < t5, we have

|Qu(t2) — Qu(ty)| = 0.
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Further for v € D and t4,t, € J such that t; < t, we have

1Qu(t2) = Qu(ty) || <1851, (£2)$(0) = 85, (t1)6(0)]
+ ({91 % 854, )(t2) = (g1 % S5.,) (E1) [l X

n t2 (ty — S)B—w
FRS L R ™
i1 (tl _ S)ﬁ*“fj
~ er—ﬁ_%)dS [¢(0)]l

t1
[ 1Ta0 (12 = ) = Ty (01 = 9)]

X F<s, Ug + T, /S h(s, T, u, —{—UT)dT) ds
0

ds.

to S
+/ HT/B7’Yj(t2 - S)H HF<S>US + @s:/ h<377-7 Ur + UT)d7'>
t1 0

=1
We have
Jo = |[(g1 % 85,4, (t2) — (91 % 83,4,) (L)l Il x|

to t1
= | [ 1t = D85, () = [T g1t = 7185, (P)r

t2
< [ 1850, (lldrlix]

< Sollx|I(t2 —t1)
—0 as t; — 1

Il

and
t2 (ty — S)B—w o (ty — S)ﬁ—vj

e e F(Hﬁ_%)ds||||¢<o>||

L+B—; _ fl+6-
2 U

L2+ 8 —)
—0 as t; — to.

1o(0)]

From the expressions J, and J3, we can easily deduce that J, — 0 and J; — 0 as
t; — ty independently of u € D. Therefore, ||Qu(ty) — Qu(t))|| — 0 as t; — t,
independently of u € D. Hence, Q(D) is equicontinuous on J.

Step 4. Now, we will show p({Qu™}2 ) = 0.

Define the sequences

(3.4) o™ = Qv w™ =Qu" Y, n=1,2...
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It follows from monotonicity of Q that
(3.5) @ <M <ol < < <™ < <D <O,

Next, we will show that {v(™} and {w(™} convergent uniformly in J.

We set B = {v(™ : n € N} and By = {v(»V : n € N}. Using normality of cone
Py, we obtain that B and B, are bounded. Since By = B U {v®}, it follows that
u(Bo(t)) = u(B(t)) for t € (—oo,T]. Let

p(t) == u(Bo(t)) = p(B(t)), e (—00,T].
Since B = Q(By), we have
u(B(t)) = n(Q(Bo)(t)).

For t € (—00,0], ¢(t) := pu(Q(By)(t)) = 0. For ¢t € I, we have
p(t) =u(Q(Bo)(1)
<2u(Q{v" "V ()})

20810, (0000) + (34515, ) I+ Yo TR s

(t —s)P=
(1+8—)

t s
+ / T, (= S)F<S7 us + Ug‘_l,/ h(s, T, u- +v2‘1)d7> ds]
0 0

85.,;(5)0(0)ds

t s
< Zul/ Tpy (T — s)F(s, us + @Z‘l,/ h(s, T, u; + vﬁ_l)d7> ds]
0 0

F(fffﬁ)[/o’f@_s)au{]:(s o + T 1,/Osh(s o, T 1)d7>}ds]

IN

< s | [a-orf sw ur )
+ “</o h(s, T, ur + vf‘l)d7> }ds]

ASoL [ ft o
S () [/0 (t—s)ﬁ{oggsu(v (2))

v2[Teer) swp 1<r+r>>df>}ds]

—oo<r<0

4SOL * t —n—1
Sty gD [ ) s @ (2))ds
48, L o
< m(l + 2¢ )/0 (t — 5)"(s)ds.

Now, by the Gronwall’s inequality, ¢(t) = 0 on J. So u{v™ : n € N} = 0. This
implies that the set {v(™ : n € N} is relatively compact in D. So, we conclude
that the sequence {v(™} admits a convergent subsequence in D. Further by (3.5),
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we observe that {v(™} itself is convergent sequence in X. So, there exists v* € X
satisfying v — v* as n — co. By (3.2) and (3.4), we have

(3.6)

0, t € (—00,0],
512,(06(0) + (51 + 850,

+ 21y fo r(1+5 o )Sﬁm( 5)p(0)ds + fy Tt —5)

xF (s,us + o0V [ h(s, T, u, —i—@&"‘”)ah’) ds, tel.

v™(t) =

As n — oo, then applying Lebesgue Dominated Convergence Theorem, we have
(3.7)

0, t e (—o0,0],
85.; (1)0(0) + (g1 * 55 2i) ()X

O0) = § T 5 f (i Sy (5)6(0)ds + Jy To (¢ = 5)

><F<5,uS + 0%, 5 h(s, T, ur —HJj)dT) ds, teld.

Then v* € €(J,X) and v* = Qu*. Thus v* is a fixed point of @ and hence v* will be
the solution of (3.2). Similarly, there exists w* € €(J,X) in such a way w™ — w*
as n — o0 and w* = Qu*. If veD be a fixed point of Q then by (3.3), we get

) < Qu® < Qu=1v<Quw? < QQuw™. Now, by induction principle v < v < w™.
In view of (3.5) and as n — 0o, we obtain U(O) <v* < v <w* <w®. Hence, w* and v*
are the maximal and minimal mild solutions of the system (1.1) in D, respectively. [

Corollary 3.1. Let Xy be an ordered Banach space with a positive reqular cone
Py. Suppose that the system (1.1) admits lower and upper solutions denoted by
v w® e (1, X) such that v < w®, {83, (t)}i>0 is a positive operator and
the assumptions (A1)-(A2) are satisfied. Then the system (1.1) admits mazimal and
minimal mild solutions between w® and v(®

Proof. By regularity of the cone Py, we have that any ordered-bounded and ordered-
monotonic sequence in Xg is convergent. Let {y™} be an increasing or decreasing se-
quence in D. Then using assumption (A2), F(t,y", [+ h(t, s,y")ds) is ordered-bounded
and ordered-monotonic sequence in Xo and hence {F(t,y?, Ji h(t,s,y")ds)} is conver-
gent. Therefore, u({F(t,y", s h(t,s,y")ds)}) = 0. Hence, assumption (A3) holds.
Now, by Theorem 3.1, we conclude the assertion. O

Corollary 3.2. Let Xy be a weakly sequentially complete ordered Banach space with
a positive normal cone Py. Suppose that the system (1.1) admits lower and upper
solutions denoted by v©, w® € C(J,X) such that v'% < w®, {85, (t)}=0 is a
positive operator and the assumptions (A1)-(A2) are satisfied. Then the system (1.1)
admits maximal and minimal mild solutions between w® and v©).

Proof. Since, in a weakly sequentially complete and ordered Banach space, the normal
cone Py is regular. Therefore using Corollary 3.1, we can conclude the assertion. [
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Corollary 3.3. We assume that Xy is a reflexive and ordered Banach space space
with positive normal cone Py. Also, consider that the system (1.1) admits lower and
upper solutions v\, w® € €A1, X) such that v\ < w®, {84, (t)}i>0 is positive
and the assumptions (A1)-(A2) are satisfied. Then the system (1.1) admits mazimal
and minimal mild solutions between w® and v©.

Proof. Since, in a reflexive and ordered Banach space, the normal cone Py is regular.
Now, by Corollary 3.1, we conclude the assertion. 0

Next, we will show the uniqueness of the mild solution for the system (1.1). For
this we consider the following assumption.
(A4) The functions h: A x B — X and F: J x B x X — X are such that
(i) h is continuous and there exists an integrable function ¢ : A — [0, 7] such
that

h(t7 S, Ug) - h’<t7 S, 'LL1> S ¢(t7 8)[U2(T> - u1<7,.)]7
for any (¢,s) € A and v§°) <up <y < w,ﬁo), r € (—o0,0];

(ii) F is continuous and there exists x > 0 such that
F(t,ug,v0) — F(t,ur,v1) < &[(ua(r) —ui(r)) + (va —v1)], 7 € (—00,0],

for any t € J, uy,uy € B with Ugo) <up <ug < w§0) and vy, v € X with
Jrg(t,s,9ds < v; < vy < [1g(t, s, w?)ds.
Theorem 3.2. Let Xy be an ordered Banach space with normal positive cone Py with
normal constant No. Assume that {8g.,,(t) >0 is positive, the system (1.1) has upper

and lower solutions v, w©® € @*5(7,X) such that v < w® and assumptions (A2)
and (A4) hold. Then the system (1.1) has a unique mild solution in [v(®, w®)].

Theorem 3.3. Let Xy be an ordered Banach space with a positive normal cone Py with
normal constant Ny. Suppose that the system (1.1) admits lower and upper solutions
denoted by v\, w® € €(J,X) such that v'? < w, {84,,(t)}i>0 is a positive operator
and the assumptions (A2)-(A4) are satisfied. Then the system (1.1) admits a unique
mild solution in [v(©® w(©)].

Proof. Let {z,} € [0, w”] and {y,} € [v©@,w®] be two monotonic increasing
sequences. For m,n = 1,2, ..., with m > n, for some ry,ry € (—o0, 0] using (A4), we
have

0 S h(t7 S, .Z'm) - g(t7 S, xn) S €<t7 8)[$m(7"1) - ZEn(Tl)}
and
0 < F(t, 2m, Ym) = F(t, 20, yn) < K[(2m(r2) = 2n(r2)) + Ym = yn)]-
Using the normality of positive cone Py, we get

1B (t, 5, 2m) = h(t, 5, 20) | < No&(t, 8)[|2m(r1) — za(r1)]]
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and

1E @ @, Ym) = F (2, yn) | < Nokil|(@m(r2) — @a(r2)) + (Y — ya) -

Using the property of measure of noncompactness, we have
pA(E 5. 2m)D) < NeE(t5) 5w p({m(r)})

and

PAE (W Tm, ym) 1) < Now | sup  p({@m(r)}) + p({ym})| -

—oo<r<0
Now, we observed that (A4) implies (A1) and (A3). Therefore, by Theorem 3.1,
minimal and maximal mild solutions v* and w* exist for the system (1.1) on D,

respectively.
By (3.2), for any t € (—o0, 0], we have

0 < w*(t) — v (t) = Qu*(t) — Qu*(t) = 0.
Using the normality of positive cone Py, we get |[v*(t) —w*(¢)|| < 0, i.e., v*(t) = w*(t)
for all t € (—o0, 0.

To abbreviate the writing, we set Ky := supg<,;<r K1(t). Now using (A4) and the
positivity of operator {83, (t)}i>0, for any ¢t € J, we have

l*(8) = w* ()] =[Qu*(t) — Qu*(1)]

t s
< Ny / T, (t—5) [F <s, us + s, / h(s,T,u, + vi)cﬁ)
0 0

— F<s, Us + @:,/ h(s,T,u, +wi)dr>]ds
0

t
<o [ 195,00 )l 192 = 5l

+ H/s h(s,T,u, +0-)dr — /S h(s, T,u, +w;)dr
0 0

)
t s
<N | [/ 100 = (105 = w2l + e, )10 = i s

<ol o -o{ sl - mo)

—o0o<r<0
+ [ € s lorte) — wr)lar fas
0 —o00<r<0
<Pl (e s 1) - ol

+&* sup [[v7(2) —w*(z)||}ds]

0<z<s
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N()SoK[)H

“I(1+8)

Now, by Lemma 2.1, we get v*(t) = w*(¢) for all ¢ € [0,T]. So, v*(t) = w*(¢t) for all
t e ( 00, T. Hence v*(t) = w*(t) = z*(t)(say) for all t € (—o0,T] is the unique
solution of (3.2). So, we get y(t) = u(t) + z*(t) is the unique mild solution of the
system (1.1). O

(1+€) (=57l () = w(5) s

4. EXAMPLE

The fractional order diffusion wave equations have great applications in various fields
of science and engineering. These equations represent propagation of mechanical waves
through viscoelastic media, charge transport in amorphous semiconductors [15,20,30],
and may be used in thermodynamics and shear in fluids, the flow of fluid through
fissured rocks [1]. In particular, the fractional delay diffusion wave equations describe
the driver reaction time, time taken for a signal traveling to the controlled object, time
consume by body to produce red blood cells and cell division time in the dynamics of
viral persistence or exhaustion.

Let 8,7; > 0, j = 1,2,3,...,n be given, satisfying 0 < 8 < v, <--- <y <L
Consider the following system

(4.1)

Dt ) + 3 0y Dt v) = dulh,v) + L
+ [yt = 5)72s7V2 [0 &(B)un(9, v)dbds),
U(97V> :u0(07y)7 96 (_0070]7 8UtV)|t 0 = <0,

where X = L*([0,1],R), t € I=[0,1}, T >0, v € [0,1], L > 0, 24(6,v) = x(t + 6, v),
ted & (—00,0] = RY up: (—00,0] x [0,1] = R and A is the Laplace operator
with maximal domain {v € X :v € H?([0,1],R)}. Let P={v € X:v(v) 20 ae. v €
[0,1]}. Then the cone P is normal in Banach space X with normal constant N = 1.

Using the theory of cosine families, we can see that Laplacian A generates a bounded
cosine function {C(t)}s>¢ on the space L*([0,1],R). Moreover, by Theorem 2.1 the
operator A in system (4.1) generates a bounded {84 ,,(f) };>o-resolvent family. Let us
asme S = supicp 520, 0]

For t € [0,1], v [ 1] and 0 €

00, 0], we set zy = y and

(—o0
y(t) =u(t,v),
P(0) =uo(0,v),
Wt s,ys) =(t — 5)" 2512 /0 £(0)un(6, )b,

t |ut91/
Flt, ,/ht,,sd _L /t J)ds|.
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Now, we observe that the system (4.1) has a abstract form of system (1.1). Let
v(t) =0 for t € [0,1]. Then F (t, vy, Jo h(t, s, vs)ds) =0 for t € [0, 1] and ¢(t) > v(t)
for t € (—o0,0]. Let us suppose that there exists a function w(t) > 0 such that
(4.2)

DY w(t) + X a DVw(t) > Aw(t) + F (twy, 3 b(t, s,w5)ds), ¢ € (0,T],

w(t) = ¢(t) € B, te (=000, w(0)=x.
Thus the system (1.1) admits lower and upper solutions v, w such that v < w.

Let ¥ > 0 be a constant and

B = {y € C((—o0,0],R) : elim e"y(0) exists in R} :
——00
The norm of B is given by ||ylls = sup_.cg<o€”|y(#)]. Let y : (—00,0] — R such
that yo € 8. Then

lim ey (0) = lim e®y(t+6) = lim e’@Vy@) =™ lim " yy(h) < oo.
60— —o0 60— —o0 6——o00 6——o00

Hence, y; € B. Finally, we will show that
[yl < K (2) sup, y(s)] + K2(8)[[yoll,
se|0,t

where K7 = Ky =1 and K = 1. We have |y,(0)| = |y(t + 0)|. If t +6 < 0, we obtain
y(0)] < sup [y(s)]-

$€(—00,0]

Ift+60 >0, then we get

ly:(0)] < sup |y(s)].
s€[0,t]

Thus, for all (t + 6) € [0, 1] we have
[ (0)] < sup [y(s)| + sup [y(s)|.

s€(—00,0] s€[0,t]
Then
[Yellss < llgolls + sup |y(s)]-
s€[0,t]
One can easily check that 8 is a Banach space equipped with the norm || - || and

hence conclude that B is a phase space. Clearly, the functions f and h satisfies
the assumptions (Al) and (A2). For ¢t € [0,1], p1,92 € B with 0 < ¢; < ¢y and
vy, vy € X, we have

0

0 <A, s,92) = h(t,s,01) <(t = S)_Ws_m/ £(0)(p2(0) — pa(0)d0

—0oQ
and

|p2(6)] _ lp1(6)]
L+ p2(0)] 14 |e1(0)]

OSF(t,QOQ,UQ)—F(t,QDl,Ul)EL[ + vy — V1.
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Using normality of cone P, we have

(e, 02) = Bt s, o) (= 9)72572 [ [€@)02(6) — 1(@)]ab,

[E' (¢, p2,v2) — F(t, o1, v1) || <L[[[p2(0) — 1(0) ] + [lva — val].
Now, by the property of measure of noncompactness for U C €((—o0,0],X) and
V Cc X, we have
pu(h(t,s,U)) <&(t,s) sup pu(U(0)),

—00<6<0

p(f@t,U,V)) <L[ sup p(U(0)) + p(V)],
—00<60<0
where £(t,s) = (t — s)"Y2s7 Y2 [°_|£(0)]d0. Let & = SUD se(—o01) &(F;5). Thus,
assumptions (A3) and (A4) are fulfilled. Now by the Theorem 3.1, the system (4.1)
admits extrimal mild solutions lying between the lower solution 0 and the upper
solution w. Further, by Theorem 3.3 the system (4.1) admits unique mild solution.

5. CONCLUSION

The monotone iterative technique has been employed to establish the existence and
uniqueness of mild solution for a class of multi-term time-fractional delay differential
system in an ordered Banach space. Assuming the existence of the lower and upper
solutions of the system (1.1), a new set of sufficient conditions has been obtained in
which the nonlinear functions satisfy some monotonic properties. One can extend
this idea to establish the existence results for multi-term time-fractional differential
system with impulsive conditions.

Acknowledgements. The authors would like to thank the editor and anonymous
reviewers for their valuable comments and suggestions.
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MORE GENERALIZATIONS OF UNION SOFT HYPERIDEALS OF
ORDERED SEMIHYPERGROUPS

MUHAMMAD FAROOQ!, MOHAMMAD KHALAF?, AND ASGHAR KHAN!

ABSTRACT. In this paper, we introduce the notions of (M, N)-union soft hyperide-
als and (M, N)-union soft interior hyperideals of ordered semihypergroups. Some
basic operations are investigated and some related properties are also studied. We
present characterizations of ordered semihypergroups in terms of (M, N)-union soft
hyperideals and (M, N)-union soft interior hyperideals. We prove that every (M, N)-
union soft hyperideal is an (M, N)-union soft interior hyperideal but the converse
is not true which is shown with help of an example. However we show that the
notions of (M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals
coincide in a regular as well as in intra-regular ordered semihypergroups. Moreover
we introduce the notion of (M, N)-union soft simple ordered semihypergroups. Fi-
nally, we characterize (M, N)-union soft simple ordered semihypergroups by means
of (M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals.

1. INTRODUCTION

There are many examples in chemistry where the sum of two elements is a set of
elements. In this case we have a hyperstructure. Algebraic hyperstructures represent
a natural extension of classical algebraic structures and they were originally proposed
in 1934 by a French mathematician Marty [8] at the 8" Congress of Scandinavian
Mathematicians. One of the main reason which attracts researches towards hyper-
structures is its unique property that in hyperstructures composition of two elements
is a set, while in classical algebraic structures the composition of two elements is an

Key words and phrases. Regular ordered semihypergroup, intra-regular ordered semihypergroup,
(M, N)-union soft hyperideal, (M, N)-union soft interior hyperideal, (M, N)-union soft simple ordered
semihypergroup.

2020 Mathematics Subject Classification. Primary: 03D40. Secondary: 08Q70, 47D03.

DOIT 10.46793/KgIJMat2402.287F

Received: April 23, 2020.

Accepted: April 08, 2021.

287



288 M. FAROOQ, M. KHALAF, AND A. KHAN

element. Thus algebraic hyperstructures are natural extension of classical algebraic
structures. Since then, hyperstructures are widely investigated from the theoretical
point of view and for their applications to many branches of pure and applied mathe-
matics. Especially, semihypergroups are the simplest algebraic hyperstructures which
possess the properties of closure and associativity. Nowadays many researchers have
studied different aspects of semihypergroups (see [9-15,18]).

The uncertainty appeared in economics, engineering, environmental science, medical
science and social science and so many other applied sciences is too complicated to
be solved by traditional mathematical framework. Molodstov [6], introduced soft
set theory and it has received much attention since its inception. Soft set theory
emphasizes a balanced coverage of both theory and practice. Nowadays, it has
promoted a breadth of the discipline of informations sciences with intelligent systems,
approximate reasoning, expert and decision support systems, self-adaptation and self-
organizational systems, information and knowledge, modeling and computing with
words. Soft set theory has been regarded as a new mathematical tool for dealing with
uncertainties and it has seen a wide-ranging applications in the mean of algebraic
structures such as groups [1], semirings [2], ordered semigroups [4], hemirings [5, 7],
and so on. Feng et al. discussed soft relations in semigroups (see [3]) and explored
decomposition of fuzzy soft sets with finite value spaces. Khan et al. [17], applied
soft set theory to ordered semihypergroups and introduced the notions of uni-soft
subsemihypergroups and uni-soft left (resp. right) hyperideals.

In this paper, we study the concepts of union soft interior hyperideals, (M, N)-union
soft hyperideals and (M, N)-union soft interior hyperideals in ordered semihypergroups
and present some related examples of these concepts. We show that (M, N)-union
soft hyperideals and (M, N)-union soft interior hyperideals coincide in regular ordered
semihypergroups and intra-regular ordered semihypergroups. We characterize ordered
semihypergroups in terms of (M, N)-union soft hyperideals and (M, N)-union soft
interior hyperideals. We introduce the concept of (M, N)-union soft simple ordered
semihypergroups. Moreover we characterize (M, N)-union soft simple ordered semi-
hypergroups in terms of (M, N)-union soft hyperideals and (M, N)-union soft interior
hyperideals.

2. PRELIMINARIES

By an ordered semihypergroup we mean a structure (S, o, <) in which the following
conditions are satisfied:

(1) (S, 0) is a semihypergroup;

(2) (S,<) is a poset;

(3) for all a,b,2 € S a < b implies roa < zoband aox <bou.

For A C S, we denote (4] :={t € S:t < h for some h € A}. For A,B C S, we
have Ao B :=| J{aob:a € A, be B}.

A nonempty subset A of an ordered semihypergroup S is called a subsemihypergroup
of Sif A2C A.
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A nonempty subset A of S is called a left (resp. right) hyperideal of S if it satisfies
the following conditions:

(1) So AC A (resp. Ao S C A);

(2) ifae A,be S and b < a, implying b € A.

By a two sided hyperideal or simply a hyperideal of S we mean a nonempty subset
of S which is both a left hyperideal and a right hyperideal of S.

A subsemihypergroup A of S is called an interior hyperideal of S if it satisfies the
following conditions:

(1) SoAo S C A;

(2)ifae A,b e S and b < a, implying b € A.

An ordered semihypergroup (5, o, <) is called regular if for every a € S there exists
x € S such that a < aozoa.

An ordered semihypergroup S is called intra-regular if for every a € S, there exist
x,y € S such that a < zoaoaoy.

3. SOFT SETS

In what follows, we take ' = S as the set of parameters, which is an ordered
semihypergroup, unless otherwise specified.

From now on, U is an initial universe set, E is a set of parameters, P(U) is the
power set of U and A, B,C,... C E.

Definition 3.1 (see [6]). A soft set fa over U is defined as
fa:E— P(U) suchthat fa(z)=0 ifx¢ A
Hence, f4 is also called an approximation function.
A soft set f4 over U can be represented by the set of ordered pairs

fa=A{(z, fa(x)) | x € E, fa(z) € P(U)} .

It is clear that a soft set is a parameterized family of subsets of U. Note that the set
of all soft sets over U will be denoted by S(U).

Definition 3.2 (see [6]). Let fa, fp € S(U). Then f4 is called a soft subset of fp,
denoted by f4aCfp if fa(z) C fp(zx) for all x € E.

Definition 3.3 (see [6]). Two soft sets f4 and fp are said to be equal soft sets if
faCfp and fpCfa and is denoted by f1=f5.

Definition 3.4. (see [6]). Let fa, fg € S(U). Then the soft union of fa and fg,
denoted by f4Ufp = faus, is defined by (faUfg) (z) = fa(z) U fa(z) for all z € E.

Definition 3.5 (see [6]). Let fa, fg € S(U). Then the soft intersection of f, and fg,
denoted by faNfp = fanp, is defined by (faNfg) (x) = fa(x) N fp(x) for all x € E.

For z € S, we define A, = {(y,2) € S x S|z <yoz}.
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Definition 3.6 (see [17]). Let f4 and gp be two soft sets of an ordered semihypergroup
S over U. Then, the uni-soft product, denoted by f4ogp, is defined by

. N {falw)Ugs(x)}, if As #0,
fAOgB S — P(U> T = (fAOgB) (l‘) - (y,2)€AL
U’ if Aw = ®7

forall x € S.

Definition 3.7 (see [17]). Let A C S. Then the soft characteristic function
X4:S — P(U)
is defined by

() [ U HzeA
Xalr) =1 g ifrg A

For the characteristic soft set x4 over U, the soft set x4 over U given as follows:

. 0, ifxe A,
Xal?) =\ 0 it ¢ A

For an ordered semihypergroup, the soft sets “Os” of S over U is defined as follows:
bs:S+— PU), xw0bs(z)=0.

Definition 3.8 (see [17]). Let fa be a soft set of an ordered semihypergroup S over
U a subset 0 such that 6 € P (U). The §-exclusive set of fa is denoted by e4(fa, )
and defined to be the set

ea(fa,0) ={z €S| falzx) S d}.

Definition 3.9 (see [17])). A soft set f4 of an ordered semihypergroup S over U is
called a union soft subsemihypergroup of S over U if
(Va,y € S) |J fala) C fa(z)U faly).
acxoy
Definition 3.10 (see [17]). Let fa be a soft set of an ordered semihypergroup S over

U. Then fy is called a union soft left (resp. right) hyperideal of S over U if it satisfies
the following conditions:

(1) (Vz,y € S) |J fale) C faly (reSp. U fale) QfA(iU));

aExoy aExoy

(2) (Va,y € S) x <y= fa(z) C fay).

A soft set f4 of an ordered semihypergroup S over U is called a union soft hyperideal
of S over U if it is both a union soft left hyperideal and a union soft right hyperideal
of S over U.

Definition 3.11. A union soft subsemihypergroup f4 of an ordered semihypergroup
S over U is called a union soft interior hyperideal of S over U if it satisfies the following
conditions:
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(1) (V'Tay7a S S) U fA(a) - fA<a);

acxroaoy

(2) (Vo,y € S) v <y = fa(x) C faly).

Ezample 3.1. Let (S, 0, <) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

er [ {ei} | {ei} | {er} fei}
ea [ {en) | {er} | {er ea} | {ei}
ez | {er) | {ei} | {ei} fei}
es | {er} | {er} | {ei} {e1}

<:={(e1,e1), (e2,€2), (e3,€3), (€4, €4), (e1,€4) }
Suppose U = {1,2,3} and A = {es, e3,€4} . Let us define f4 (e1) =0, fa (e2) = {1},
fa(es) ={1,2,3} and fa(eq) = {2,3}. Then f, is a union soft interior hyperideal of
S over U.

4. (M, N)-UNION SOFT HYPERIDEALS

In this section, we introduce the notions of (M, N)-union soft hyperideal of ordered
semihypergroups and investigate some related properties. From now on, ) C M C
N CU.

For any soft sets f4 and gp, we define an order relation 2y, 5 by putting

fa2nmgs € (fa(x) UM)NND (g (x) UM) NN,
forallz € S. N
In case fa2,n9s and g2y fa then fa =N 9B

Theorem 4.1. Let (S, 0, <) be an ordered semihypergroup. Then the set
(S(U).3, D)

forms an ordered semihypergroup.

Proof. Obviously, the operation “¢” is well-defined.

Let fa,9p, and hg € S(U) and z be any element of S. If A, = (), then, clearly,
((((fa®gp)She) (x))UM) NN = (((fad (ghe)) () U M) N N. Let A, # (), then

we have

((((fa8g8) She) (2)) U M) NN

(( () {(f4%9B) (y) U he (z)}) UM) NN

r<yoz

:(( N { N {fA(u)UgB(v)}Uhc(z)})UM)HN

r<yoz | y<uov
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N

x<(uov)oz

x<uo(voz)

N

)

N

x<uo(voz)

{fA (u) U {
x<uo(voz)

{fa(u) U (gsdhe) (vo z)}) U M) NN

M. FAROOQ, M. KHALAF, AND A. KHAN

{fa(w)Ugsp (v)Uhe (2)}) UM) NN

N {fa(u)U(gp(v) Uhc (z))}) UM) NN

M (95 () Uhc (2))

y<voz

) o)

= (((fa% (gBSh¢)) (x)) UM) N N.

It follows that ((fadgs)She) E[M’N] (f43 (gpShe)) . Similarly, we can prove that
(fad (98%hc)) 218 ((fadgB) She). Thus we have proved that ((f4gs) She) =[N

(fad (98Shc)) -

Assume that fAé[MvN]gB and let A, = (). Then obviously, (fadh¢) é[M,N] (98%hc)
and (hcdfa) D (hedgs) . If Ay # 0, then

(((fadhe) (x)) U M) NN

N {fay)Uhe (z)}) UM) AN

(y,2)EA

N {fA(y)UhC(Z)UM}) UM) NN

(y,2)€As

N {gB(y)Uhc(z)ﬂN}) UM) NN

(y,z)EAx

1)

N {QB(y)Uhc(Z)ﬂN}) U(MNN)

(y,2)€A,

( (N {95 @y)Uhe (z)}) mv) UM
(y,2)€A:

( (N {95 @y)Uhe (z)}) UM) NN
(y,2)€Ax
= (ggahc) (SL’) .

In a similar way, we can show that (hcSfa) é[M,N] (hcSgp) - Thus, (S(U)7 3, Q[M,N])

is an ordered semihypergroup.



MORE GENERALIZATIONS OF UNION SOFT HYPERIDEALS OF ORDERED 293

Definition 4.1. A soft set fa of an ordered semihypergroup S over U is called an
(M, N)-union subsemihypergroup of S over U if

(Vz,y € 9) ( U fA(Oé)) NN C fa(x)N faly) U M.

Ezample 4.1. Let (S, 0,<) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

P q T S
ir} [{r} [ {p} | {p}
{p} [{p} [{p} [{p} .
{r} [ {p} [ {p. ¢} [ {p}
v} [ {p} [{p, ¢} [ {p, 4}

<={(p,p),(¢.9),(r,7),(s,5), (p,q)}-
Suppose U = {1,2,3}, A = {q,r,s}, M = {2} and N = {1,2}. Let us define

fap) = 0, fala) = {2}, fa(r) = {1,2,3} and fa(s) = {2,3}. Then f4 is an
(M, N)-union soft subsemihypergroup of S over U.

w|3I|S| 0

Theorem 4.2. A non-empty subset A of an ordered semihypergroup (S,0,<) is a
subsemihypergroup of S if and only if the soft set fa, defined by

01, ifx €A,
fA($):{ 5; ifréd A,

is an (M, N)-union soft subsemihypergroup of S over U, where 61,95 C U such that
MCé Co CNCU.

Proof. Suppose A is a subsemihypergroup of S. Suppose z,y € S. If z,y € A, then
zoy C A. We have to show that | J fa (B)NN C fa (z)Nfa (y)UM. Let 8 € zoy C A.

BEzoy

Then fa(B) = 01. Also fa(x) =61 = fa(y). So fa(8) =61 = fa(zx)U fa(y). Hence
U fa(B)NN =6NN =61 = fa(x)Ufa (y)UM.If 2 or y is not in A, then zoy C A
BEToyY

orzoy € A Ifzoy C A, thenfor 3 € zoy C A, we have f4 ()NN =46 NN = d;.
If zoy € A, then for § € xoy € A, we have f4 () NN = 02NN = d,. But
fa(x)U fa(y) UM = 6, U M = §y. Thus, U fa(B)NN C fa(z)U fa(y) U M.

Bezoy
Conversely, assume that f4 is an (M, N)-union soft subsemihypergroup of S over

U. Let ,y € A. Then fa(z) = 61 = fa(y). By our supposition | fa(B) NN C
BEzoy

fa(@)Ufa(y) UM =06 UM =§;. But M C §; €y € N. So, fa(5) C 07 for every
B € xoy. Thus, € A. This implies that z oy C A. Hence, A is subsemihypergroup
of S. 0]

Theorem 4.3. If f4 and gg are two (M, N)-union soft subsemihypergroup of S over
U, then their union fa U gp is an (M, N)-union soft subsemihypergroup of S over U.
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Proof. Let x,y € S. Since f4 and gp are two (M, N)-union soft subsemihypergroup
of S over U. Then for every a € x oy, we have

(faUgg) (@) NN = (fa(a)Ugp(a)) NN
= (fala)NN)U (g5 () N N)
C (fa(x) U faly) UM)U (g5 (x) U gp (y) UM)
= ((fa(@)Ugp (2))U(faly)Uyg ()DUAJ
= (faUgs) (x) U (faUgs) (y) U

Hence, |J (faUgs)(a)NN C (faUgs) (x)U(faUgp) (y)UM. Therefore, f4Ugs

acxoy

is an (M, N)-union soft subsemihypergroup of S over U. O

Definition 4.2. A soft set f4 of an ordered semihypergroup S over U is called an
(M, N)-union soft left (resp. right) hyperideal of S over U if it satisfies the following
conditions:

U fA(Oé)) NN C faly)uM (resp. U fala)) NN C fax) UM);

acxoy aczoy
(2)z<y= fa(@)NN C faly) UM,
for all z,y € S.
A soft set fu of an ordered semihypergroup S over U is called an (M, N)-union
soft hyperideal of S over U if it is both an (M, N)-union soft left hyperideal and an
(M, N)-union soft right hyperideal of S over U.

Ezample 4.2. Let (S, 0, <) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

1 2 3 4
{1} ({13 {1y {1}
{0 [y {1y {1y,
{1 [y {1 {12}
{1 {13 {12} [{1,2,3}
={(1,1),(2,2),(3,3),(4,4),(1,2),(1,3), (1,4),(2,4), (3,4)}.

Suppose U = {hy, ha,h3}, A = {1,3,4}, M = {h1} and N = {hy,h3}. Let us
define fa (1) = 0, fa(2) = {h}, fa(3) = {h1,hy} and f4 (4) = {hy, ha, hs}. Then
fais an (M, N)-union soft hyperideal of S over U.

=W —| o

Theorem 4.4. Let (S,0,<) be an ordered semihypergroup and ) # A C S. Then A is
a left (resp. right) hyperideal of S if and only if the soft set x4 of A is an (M, N)-union
soft left (resp. right) hyperideal of S over U.

Proof. Suppose that A is a left hyperideal of S. Let z,y € S. Then

( U X%(Oé)) NN Cx4(y) U M.

aExoy



MORE GENERALIZATIONS OF UNION SOFT HYPERIDEALS OF ORDERED 295

Indeed, if y ¢ A then x4 (y) = U. Since x4 (x) C U forallz € Sand 0 C M C N C U,

we have

( U xz(a)) NN CU=x5(y)UDM.

agxoy

Let y € A. Since A is a left hyperideal of S and x € S, we have zoy C So A C A.
Thus, in this case x4 (o) = 0 for any a € x o y. Hence,

Let now z,y € S, x < y. Then x4 (z) N N C x5%(y) U M. In fact, if y € A, then
X% (y) = 0. Since S > x < y € A, by hypothesis we have € A, then x4 (z) = 0.
Thus x5(z) NN =0 C M = x5@y)UM. If y ¢ A, then x5(y) = U. Since = € S,
) C M C N CU, we have x4(z) "N C U = x5(y) U M. Consequently, x4 is an
(M, N)-union soft left hyperideal of S over U.

Conversely, let A be a non-empty subset of S such that x4 is an (M, N)-union soft
left hyperideal of S over U. We claim that S o A C A. To prove our claim, let x € S
and y € A. By hypothesis,

( U X%(&))ﬂNgxi(y)UMzmM:M.
acxroy

Thus, by ) C M Cc N C U, U X% ()N N C M. Hence for any a € zoy, x5 (o) = 0,
a€xoy

i.e., a € A. It thus follows that S o A C A. Furthermore, let x € A, S 2 y < z. Then
y € A. Indeed, it is enough to prove that x4 (y) = 0. By =z € A, we have x4 (z) = 0.
Since x4 is an (M, N)-union soft left hyperideal of S over U and y < z, we have
Xa (W) NN C x4 (x)UM =0UM = M. Notice that ) C M C N C U, we conclude
that x4 (y) = 0. Therefore, A is a left hyperideal of S.

Similarly we can show that x¢ is an (M, N)-union soft right hyperideal of S over
U, if and only if A is a right hyperideal of S. U

Corollary 4.1. Let (S,0,<) be an ordered semihypergroup and ) # A C S. Then
A is a hyperideal of S if and only if the soft set x5 of A is an (M, N)-union soft
hyperideal of S over U.

Theorem 4.5. Let fa be a soft set of an ordered semihypergroup S over U and
d€ P(U). Then fa is an (M, N)-union soft hyperideal of S over U if and only if the
nonempty d-exclusive set eo(fa,d) of fa is a hyperideal of S and M C § C N.

Proof. Assume that f4 is an (M, N)-union soft hyperideal of S over U. Let = €
ea(fa,0) for M C 0 C N and y € S. Then fa (x) C 6. It follows from Definition 4.2,
that

(U fA(a))ﬂNQfA(x)UMg(SuM:(;

aEToy
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and

( U fA(O‘))mNng(IB)UMQ5UM:5,

acyox

Notice that 6 C N we can deduce that U fa(a) € 4§ and U fa(a) € 4. Thus

aczoy acyox

it can be easily shown that z oy C es(fa,0) and y o x C es(fa,d). Furthermore,
let © € ea(fa,0), S 2y < x. Then y € es(fa,0). Indeed, since z € ea(fa,?),
fa(x) Cdand faisan (M, N)-union soft hyperideal of S over U, we have f4 (y)NN C
fa(@)UM CoUM =06. By 6 C N, we have fa(y) C 0, ie., y € ea(fa,d). Therefore,
ea(fa,d) is a hyperideal of S.

Conversely, let e4(fa,9) # 0 be a hyperideal of S for all M C § C N. If there exist
r1,y1 € S such that

( U fA(a)) NN D fa(y1) UM,

acxr10y1

then there exists M C § € N such that
( U fA(Oé)> NNDOID fA(yl)UM
aExr10Yy1

and we have f4(y;) C d and U fa(a) D6 Thus, y1 € ea(fa,d) and z1 0y €

aExr10Y1
ea(fa,d), which is a contradiction. Hence,

( U fA(a)) NN C faly) UM,
aExoy

for all z,y € S. Moreover if x < y then f4 (z) NN C fa(y) U M. Indeed, if there
exist z1,y1 € S such that z; < y; and fa (x1) NN D fa(y1) U M then there exists
M C 6 C N such that fa(z1) "N D 3§ D fa(y1) UM and we have fa(y1) C 0
and fa (x1) D 6. Then y; € ea(fa,d) and 21 ¢ ea(fa,d). This is a contradiction that
ea(fa,0) is a hyperideal of S. Therefore f4 is an (M, N)-union soft left hyperideal of S
over U. In a similar way we can show that f4 is an (M, N)-union soft right hyperideal
of S over U and thus f4 is an (M, N)-union soft hyperideal of S over U. O

Theorem 4.6. Let (S,0,<) be an ordered semihypergroup and fa be a soft set of S
over U. Then fa is an (M, N)-union soft left hyperideal of S over U if and only if fa
satisfies the following conditions:

(1) DsSfa2men fai

(2) (Vo,y € S) z<y= fa(x) NN C faly) UM.

Proof. Suppose that f4 is an (M, N)-union soft left hyperideal of S over U. Then by
Definition 4.2, condition (2) holds. To prove the condition (1) holds, it is enough to
prove that (0sSfa) (x) UM D fa(z) NN for any x € S. Indeed, let x € S. If A, = 0,
then (0sSfa) (x) UM O fa(x) N N. Let A, # (). Then there exist y, z € S such that
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x < yoz and there exists v € y o z such that z < v. Since f4 is an (M, N)-union soft
left hyperideal of S over U, we have for any < y o z. Thus,

((Ds3fa) (1) UM)N N = M {0s(y) U fa (z)}) UM) nN

(y,2)€AL

= N {Q)UfA(z)UM})UM>ﬂN

(y:z)EAa:

= N {fA(z)uM})uM)ﬂN

(y,2)€A,

U

N {fA(:c)mN}> UM) NN

(y,2)€A
=[{fa(x)NN}UM]NN

Thus, 053 faD N fa for all 2 € S.
Conversely, assume that the conditions (1) and (2) hold. Let y, z € S. Then we can
prove that | J fa(z) NN C fa(2) UM for any z € y o z. In fact, since z € y o z,

reyaz

xr < x, we have x < y o z. Thus by hypothesis, we have

fa(x)O N C (fa(zx)NN)UM
C ((0s5fa) () NN)UM

= (( N {@S(P)UfA(Q)}) ﬂN) UM
(

D,q)EA
bs () U fa(z)}NN)UM
Ufa(z)}NN)UM

-

S
=({

C fa (Z) U M.
Hence, |J fa(z)NN C fa(z)UM for any x € yo z. Hence, f4 is an (M, N)-union
reYyaz

soft left hyperideal of S over U U

Similarly we can prove the following theorem.
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Theorem 4.7. Let (S,0,<) be an ordered semihypergroup and fa be a soft set of S
over U. Then fa is an (M, N)-union soft right hyperideal of S over U if and only if
fa satisfies the following conditions:

(1) fad0s2asn fas

(2) (Vo,y € S) a <y = falz) NN C faly) U M.

5. (M, N)-UNION SOFT INTERIOR HYPERIDEALS

In this section, we introduce the notion of (M, N)-union soft interior hyperideal of
ordered semihypergroups and will study some related properties.

Definition 5.1. Let f4 be a soft set of an ordered semihypergroup S over U. Then
fa is called an (M, N)-union soft interior hyperideal of S over U if it satisfies the
following conditions:

(1) (Vz,y € 5) ( U fA(a)) NN C fa(z)U faly) U M,

aExoy

a€xoaoy

(3) (Va,ye S)z <y = falx) NN C fa(y) U M.

2) <Vx,a7yes>( U fA<a>)mNng<a>UM;

Ezample 5.1. Let (S, 0, <) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

a b c d e
{a,b} | {a,b} | {a,b} | {a,b} | {a,b}
{a,b} | {a,b} | {a,b} | {a,b} | {a,b}
{a,b} [ {a,b} [ {c} |{c} [{e}
{a,b} | {a,b} | {c} |{d} |{e}
{a,b} | {a,0} [ {c} |{c} |{e}

<:={(a,a), (b,0),(c,¢),(d,d), (e, ¢), (a,¢),(a,d), (a,e), (b,c), (b, d), (b e),

(c,d),(c,e)}.

Let U = {1,2,3}, A = {c,d,e}, M = {2} and N = {1,2}. The soft set f4 is
defined by

DO Q | O

o= 0, ifxe{a,b},
ATV U, ifze{ede}.

Then f4 is an (M, N)-union soft interior hyperideal of S over U.

Theorem 5.1. Let (S,0,<) be an ordered semihypergroup and A be a monempty
subset of S. Then A is an interior hyperideal of S if and only if the soft set x5 of A
is an (M, N)-union soft interior hyperideal of S over U.
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Proof. Suppose that A is an interior hyperideal of S. Let x,y and a be any elements
of S. Then U xa(@) | NN C x4 (a) UM. Indeed, if a € A, then x5 (a) = 0.

acxroaoy
Since A is an interior hyperideal of S, we have a € xoaoy C So Ao S C A we have

acxroaoy

X% (@) =0and ) C M C N C U. Thus, ( U Xi‘(a)) NAN=0Cx5(a)UM.If

a ¢ A, then x4 (a) = U. Since x4 (x) C U for all x € S, thus, ( U xa(@)|nNC
aEroaoy

U=x4%(a)UM. Let z,y € S with x < y. Then x4 () "N C x4 (y) U M. Indeed, if
y¢ A then x4 (y) =Uand P C M C N CUsox4(x)NNCU = x4 (y)UM.If
y € Athen x4 (y) = 0. Since z < y and A is an interior hyperideal of S, we have 2z € A
and thus x4 (z)NN =0 C x5 (y)UM. Since A is an interior hyperideal of S., we have,

A is a subsemihypergroup of S. Let x,y € S. Then we have ( U x4 (a)) NN C

aExoy

XS (@) UxG (y) UM. Indeed, if zoy € A, then there exists o € x oy such that o ¢ A,
and we have | J x4 (o) = U. Besides that zoy ¢ A implies that x ¢ Aory ¢ A. Then

aExoy

X% (x) = U or x4 (y) = U and hence ( U x4 (a)) NN C U = x5 (z)Ux4 (y)UM. Let

aEcxoy

zoy C A. Then x5 (o) = @ for any a € zoy. It implies that [ J x4 (a) = 0. Since we

acxroy

have x4 (z) 2 () for any « € A, it follows, ( U x4 (a) |NN =0 C x4 (2)Ux4 (y)UM.
a€xoy
Therefore, x4 is an (M, N)-union soft interior hyperideal of S over U.
Conversely, let ) # A C S such that x4 is an (M, N)-union soft interior hyperideal

of S over U. We claim that Ao A C A. To prove the claim, let z,y € A. By hypothesis,

( U x4 (a)) NN C x5 (z) Ux4 (y) UM, which implies that | |J x4 (a) | NN C

aeczxoy agxoy

PNOUM = M. Thusby 0 € M c N CU, |Jx4(a)nN C M. Thus for

aeczroy

any « € x oy, x5 (a) = 0 implies that « € A. It thus follows that Ao A C A.
Let « € So Ao S, then there exist x,y € S and a € A such that @« € roaoy.

Since ( U x4 (a)) NN C x5 (a) UM, and a € A we have x4 (a) = (). Hence

aczroaoy

for each « € So Ao S, we have U Xj(a)) AN C QUM = M. Thus, by

acxoaoy

PCMcNCU |J xa(e)NN C M. Thus, for any a € zoaoy, x5 (a) =10

acxroaoy
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implies that « € A. Thus So Ao S C A. Furthermore, let x € A, S > y < x. Then
y € A. Indeed, it is enough to prove that x4 (y) = 0. By € A we have x (z) = 0.
Since x4 is an (MN)-union soft interior hyperideal of S over U and y < x, we have
X4 @W)NN C x4 (z)UM =0UM = M. Notice that 0 C M C N C U, we conclude
that x4 (y) = 0. Hence y € A. Therefore A is a interior hyperideal of S. O

Theorem 5.2. Let fa be a soft set of an ordered semihypergroup S over U and
d € P(U). Then fa is an (M, N)-union soft interior hyperideal of S over U if and
only if each nonempty d-exclusive set es(fa,d) of fa is an interior hyperideal of S
and M C 6 C N.

Proof. Assume that f4 is an (M, N)-union soft interior hyperideal of S over U. Let
M C 6 C N and es(fa,0) #0. Let z,y € ea(fa,d). Then fa(x) C 6 and fa(y) C 4.

By hypothesis, we have | | fa(a) | NN C fa(z)U fa(y) UM C6USUM = 6.

aExoy

Since M C 6 C N, we can write as | J fa(a) C 6. Thus for any a € z oy,
a€Exoy

we have fa (a) C 0, implies that o € es(fa,d). It follows that x oy C es(fa,d).
Hence e4(fa,0) is a subsemihypergroup of S. Let y € ea(fa,0) and z,z € S. Then
fa(y) C 4. Since f4 is an (M, N)-union soft interior hyperideal of S over U. Thus,

U fA(w))ﬂNng(y)UM§5UM:5. Since ) C M Cc § C N C U, we

wWETOYoz

can write as | ] fa(w) C 4. Hence, fa (w) C 4 for any w € z oy o z implies that
weEToyYoz

w € ea(fa,0). Thus, Soea(fa,d) 08 C ea(fa,d). Furthermore, let x € es(fa,d),
S >y <z Then y € es(fa,?d). Indeed, since x € e4s(fa,0), fa(x) C 0 and fa is an
(M, N)-union soft interior hyperideal of S over U, we have fa (y) NN C fa(x)UM C
UM =06.By M C § C N, we have fa (y) C 9, ie.,y € ea(fa,0). Therefore, e4(fa,?)
is an interior hyperideal of S.

Conversely, suppose that e4(fa,9) # () is an interior hyperideal of S for all M C 6 C

aExroyYy1

N. If there exist x1,y; € S such that U fa (a)) NN D fa(x1)Ufa (y1)UM, then

there exists M C § C N such that ( U /a (a)) NANDOD fa(z)U fa(yr) UM,

aExr10yY1

and we have fq (1) C 0, fa(y1) C ¢ and U fa (a) D 6 which implies that xq1,y; €
aEx10Y1

ea(fa,0) and z1 0 yy € ea(fa,9). It contradicts the fact that ea(fa,d) is an interior

hyperideal of S. Consequently, | | fa (@) |NN C fa(z)Ufa (y)UM forall z,y € S.

acxroy

Next we show that ( U /a (a)) NN C fa(a)UM for all z,a,y € S. If there exist

aczroaoy
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aExr10a10y1

21, a1, y; such that ( U fa (a)) NN D fa(a)UM, and M C § C N such that

( U fA(a))ﬂNDéQfA(al)UM,sofA(al)Qéand U fa(la) DO

QaEX10a10Y] aET10a10Y1
then ay € es(fa,0) and z10a1 0y; € ea(fa,d). This is a contradiction that es(fa,9)
is an interior hyperideal of S. Moreover if x < y, then f4 (x) NN C f4 (y) UM. Indeed,
if there exist z1,y; € S such that x; <y and fa (x1) NN D fa (y1) U M, then there
exists M C 6 C N such that fa (z1) NN D D fa(y1) UM and we have fa (y;) C 9
and fa (1) D 0. Then y; € ea(fa,d) and 21 ¢ ea(fa,d). This is a contradiction that
ea(fa,0) is an interior hyperideal of S. Thus if x < y then fa (z)NN C fa (y)UM. O

Theorem 5.3. Let (S, 0, <) be an ordered semihypergroup and fa be an (M, N)-union
soft hyperideal of S over U. Then fa is an (M, N)-union soft interior hyperideal of S
over U.

Proof. Suppose that f4 is an (M, N)-union soft hyperideal of S over U. Let z,y € S.

Then by hypothesis | () fa(a)| NN C fa(z) UM C fa(z)U fa(y) UM. Let

aExoy
x,a,y € S. Since f4 is an (M, N)-union soft hyperideal of S over U, then for any
a€zoaoy,and ) C M C N C U we have

( U fA(a))ﬂN: U fA(a))ﬁN)ﬂN

UfA(Oé) NN|NN

acxof
BEaoy

C(fa(BUM)NN
(fa(B)NN)U(NNM) = (fa(B)NN)UM

C (( U fA(ﬁ)) mN) UM
Beaoy

C(fala)UM)uM

:fA (a) U M.
Thus,
( U fm)) NN C fala)UM.
aE€xroaoy
Therefore, f4 is an (M, N)-union soft interior hyperideal of S over U. U

The converse of above theorem is not true in general. We can illustrate it by the
following example.
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Ezample 5.2. Let (S, 0,<) be an ordered semihypergroup where the hyperoperation
and the order relation are defined by:

o |n Vg U3 Uy
vr [ {vi} [{oi} | {vi} {vi}
va | {vi} [ {oi} | {vi} {vi} )
vs | {vi} [ {oi} | {vr, 02} | {vr, 00}
vg | {vi} [ {vi} | {vrs v} | {vr}
<= {(v1, 1), (v2,2), (v3,v3) , (4, v4), (V1,V2), (V1,v3), (V1,04), (Vs, V2), (V4,03) }.
Suppose U = {z,y,2}, A = {vo,u3}, M = {y} and N = {y, z}. Let us define
fA (Ul) = (2)7 fA (1)2) = {3:72}7 fA (U3) = {xaya Z} and fA (U4) = (Z) Then fA is an
(M, N)-union soft interior hyperideal of S over U. This is not an (M, N)-union soft
left hyperideal as
U fa@nN=faw)Ufa()ON ={z} £0U{y} = {y} = fa(v)) UM.

acvy OU4:{'U1 ,'U2}

Theorem 5.4. Let (S, 0, <) be a reqular ordered semihypergroup and fa is an (M, N)-
union soft interior hyperideal of S over U. Then fa is an (M, N)-union soft hyperideal
of S over U.

Proof. Let z,y € S. Since fy4 is an (M, N)-union soft interior hyperideal of S over U,

then ( U fa(a) ] NN C fa(xz) UM. Indeed, since S is regular and = € S, then

aczoy
there exists z € S such that + < x o zox. Then we have roy < (xrozox)oy =
(xoz)o(zoy). So, there exist « € xoy, v € xoz and § € vox oy such that a < .
So fa(a) NN C f4(8)U M. Since f, is an (M, N)-union soft interior hyperideal of
S over U, and ) C M C N C U, we have
fala) NN =(fala)NN)NN
Q(f (5)UM)QN
=( UNNM)=(fa(B)NN)UM

(( U fa(8 ) )UMQ(fA(x)UM)UM

Bevoxoy

=fal(

N

Thus,
( U fA(a)) NN C fa(z)UM,

acroy
Therefore f4 is an (M, N)-union soft right hyperideal of S over U. In a similar way
we prove that f4 is an (M, N)-union soft left hyperideal of S over U. O

By Theorem 5.3 and 5.4 we have the following.
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Theorem 5.5. In reqular ordered semihypergroups the concepts of (M, N)-union soft
hyperideals and (M, N)-union soft interior hyperideals coincide.

Theorem 5.6. Let (S, 0, <) be an intra-reqular ordered semihypergroup and fa is an
(M, N)-union soft interior hyperideal of S over U. Then fa is an (M, N)-union soft
hyperideal of S over U.

Proof. Let a,b € S. Then ( U fa(w) | NN C fa(a) U M. Indeed, since S is intra-

u€aob

regular and a € S, there exist x,y € S such that a < zoaoaoy. Then aob <
(xoaoaoy)ob=xoao(aoyob). So there exist u € aob, v € aoyoband a € xoaow
such that u < a. So fa (u)NN C fa(a)UM. Since f4 is an (M, N)-union soft interior
hyperideal of S over U, we have

fa(u)NN =(fa(u)NN)NN
C(fala)UM)NN
=(fa(@)NN)UNNM)=(fa(l)NN)UM

g(( U fA(a)>mN>UMg(fA(a)uM)uM

aExroaov

ZfA (CL) U M.
Thus,

( U fA(u)) ﬂNng(a)UM.
uEaob

Hence, f4 is an (M, N)-union soft right hyperideal of S over U. Similarly we can
prove that f4 is an (M, N)-union soft left hyperideal of S over U. Therefore, f, is an
(M, N)-union soft hyperideal of S over U. O

By Theorem 5.3 and 5.6, we have the following.

Theorem 5.7. In intra-reqular ordered semihypergroups the concepts of (M, N)-union
soft hyperideals and (M, N)-union soft interior hyperideals coincide.

6. CHARACTERIZATIONS OF (M, N)-UNION SOFT SIMPLE ORDERED
SEMIHYPERGROUPS IN TERMS OF (M, N)-UNION SOFT HYPERIDEALS AND
(M, N)-UNION SOFT INTERIOR HYPERIDEALS

In this section, we introduce the concept of (M, N)-union soft simple ordered
semihypergroups and characterize this type of ordered semihypergroups in terms
of (M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals.

Definition 6.1 (see [16]). An ordered semihypergroup (S, 0, <) is called simple if it
has no a proper hyperideal, that is for any hyperideal A # () of S we have A = S.
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Lemma 6.1 (see [16]). An ordered semihypergroup (S,o,<) is a simple ordered
semihypergroup if and only if for every a € S, (Soao S] = S.

Definition 6.2. An ordered semihypergroup (5,0, <) is called (M, N)-union soft
simple if for any (M, N)-union soft hyperideal f4 of S over U, we have f4 (a) N N C
fa(b)u M for all a,b € S.

Theorem 6.1. Let be (S, 0,<) an ordered semihypergroup. Then S is (M, N)-union
soft simple if and only if for any (M, N)-union soft hyperideal fa of S over U, we
have ea(fa,0) =S for allD C M C§ C N CU ifea(fa,o) #0.

Proof. Suppose that S is an (M, N)-union soft simple ordered semihypergroup and
fa is an (M, N)-union soft hyperideal of S over U. Let M C 6 C N be such that
ea(fa,d) # 0. We need to prove that x € e4(fa,0) for all z € S. Since e4(fa, ) # 0,
we can suppose that there exits y € ea(fa,d), i.e., fa(y) € 6. Hence fa(z) NN C
fa(y)UM C SUM = 4. Since M C 6, we can conclude that fa () C d, which implies
that © € e4(fa,9).

Conversely, for any (M, N)-union soft hyperideal f4 of S over U, suppose that
ea(fa,0)=Sforall C M C 0 C N CUifey(fa,d) # 0. We claim that f4 (a)NN C
fa(b)UM for all a,b € S. If there exist z,y € S such that fa (z) "N D fa(y) UM,
then we have f4 (x) "N D D fa(y) UM for some M C 6 C N. Thus, fa(z) D 0,
i.e., x & es(fa,d) =S, which is a contradiction. Therefore fa(a) NN C f4(b) UM
holds for all a,b € S. Thus, S is (M, N)-union soft simple. O

Let (S,0,<) be an ordered semihypergroup and a € S, and f4 be a soft set of S
over U we denote by I, the subset of S defines as follows:

Io={beS[fa(b)NN C fa(a)UM}.
Clearly I, # 0, since a € 1,.

Theorem 6.2. Let (S, 0, <) be an ordered semihypergroup and fa is an (M, N)-union
soft left hyperideals of S over U. Then the set I, is a left hyperideal of S for every
a€s.

Proof. Suppose that f4 is an (M, N)-union soft left hyperideals of S over U. Let b € I,
and s € S. Then sob C I,. Indeed, since f4 is an (M, N)-union soft left hyperideal

of S over U and b, s € S, we have | | J fa (a)) NN C fa(b)U M. Since b € 1,, we

a€sob

have fa (b)) NN C fa(a) U M. Thus,
fal@)NN =(fa(e)NN)NN

g(( UbfA(a)) mN) NN C(fa(b)uM)NN

=(fa(0)ANN)U (M NN)
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C(fala) UM)uM

:fA ((l) U M.
Thus, o € I, and hence sob C I,. Let b€ I, and S 3 s < b. Then s € I,. Indeed,
since f4 is an (M, N)-union soft left hyperideals of S over U, b,s € S and s < b, we

have f4(s) NN C f4(b) U M. Since b € I,, we have f4 (b)) "N C fa(a) U M. Then
fa(s)NN C fa(a)UM, sos €I, ]

In a similar way we prove the following.

Theorem 6.3. Let (S, 0, <) be an ordered semihypergroup and fa is an (M, N)-union
soft right hyperideals of S over U. Then the set I, is a right hyperideal of S for every
a€sS.

By Theorem 6.2 and 6.3 we have the following.

Theorem 6.4. Let (S, 0, <) be an ordered semihypergroup and fa is an (M, N)-union
soft hyperideals of S over U. Then the set I, is a hyperideal of S for every a € S.

Theorem 6.5. Let (S, 0,<) be an ordered semihypergroup. Then S is simple if and
only if it is (M, N)-union soft simple.

Proof. Assume that S is a simple ordered semihypergroup. Let f4 is an (M, N)-union
soft hyperideal of S over U and a,b € S. By Theorem 6.4, we obtain I, is a hyperideal
of S. Since S is simple, I, = S. Then b € 1,, that is f4 (b)NN C fa (a)UM. Therefore,
S is (M, N)-union soft simple.

Conversely, suppose that S is (M, N)-union soft simple. Let I be a hyperideal of
S. By Corollary 4.1, we obtain the characteristic function x¢ is an (M, N)-union soft
hyperideal of S over U. We claim that I = S. To prove our claim, let x € S. Since
S is (M, N)-union soft simple, x§ (x) NN C x§(y) UM for all y € S. Since I # (),
let @ € I. Then x5 () NN C x(a) UM =0 UM = M. So, x§(x) N N C M. Since
M C N, we conclude that x5 (z) = 0, i.e., x € I. Thus, we have shown that S C T,
and so, S = I. Hence, S is simple. O

Theorem 6.6. Let (S,0,<) be an ordered semihypergroup. Then S is a simple if
and only if for every (M, N)-union soft interior hyperideal f4 of S over U, we have
fa(@)NN C fa(b)UM for all a,b e S.

Proof. Suppose that S is a simple ordered semihypergroup. Let f4 be an (M, N)-
union soft interior hyperideal of S over U and a,b € S. By Lemma 6.1, we have
S = (SoboS]. Thus by a € S, we have a € (SoboS]. Then there exist z,y € S
such that @ < zoboy. Then a < « for some a € zoboy. Since f4 is an (M, N)-union
soft interior hyperideal of S over U, we have fs(a) N N C fu(a) U M. Also since

( U fA<04))ﬂN§fA(b)UM. Thus,

aEzoboy

fal@)N N =(fa(a)"N)NN
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C(fala)UM)NN
=(fa(@)NN)UMNN)=(fale)NN)UM

g(( U fA(a)) mN) UM C (fa(D)UM)UM

a€zxoboy
=fa(b) U M.

Conversely, assume that for every (M, N)-union soft interior hyperideal f4 of S over
U, we have f4 (a) NN C fa(b)UM for all a,b € S. Let fa be any (M, N)-union soft
hyperideal of S over U. Then by Theorem 5.3, f4 is an (M, N)-union soft interior
hyperideal of S over U. Hence S is (M, N)-union soft simple by Definition 6.2. It thus
follows from Theorem 6.5 that S is a simple ordered semihypergroup. 0J

As a consequence of Lemma 6.1, Theorem 6.5, and Theorem 6.6, we present char-
acterizations of a simple ordered semihypergroup as the following theorem.

Theorem 6.7. Let (S,0,<) be an ordered semihypergroup. Then the following state-
ments are equivalent:
(1) S is a simple ordered semihypergroup;
(2) S=(Soaol| for everya € S;
(3) S is (M, N)-union soft simple;
(4) for every (M, N)-union soft interior hyperideal of S over U, we have fa (a)NN C

fa(b)UM foralla,beS.

7. CONCLUSION

Ideal theory play a vital role in hyperstructures, in this paper, we introduced the
notions of (M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals
of ordered semihypergroups and studied them. When M = () and N = U, we meet
union soft hyperideals and union soft interior hyperideals. From this view, we say that
(M, N)-union soft hyperideals and (M, N)-union soft interior hyperideals are more
general concepts than ordinary union soft ones. Moreover we introduced the notion
of (M, N)-union soft simple ordered semihypergroup. We characterized (M, N)-union
soft simple ordered semihypergroups by means of (M, N)-union soft hyperideals and
(M, N)-union soft interior hyperideals. Hopefully that the obtained new character-
izations of ordered semihypergroup in terms of (M, N)-union soft hyperideals will
be very useful for future study of ordered semihypergroups. In future we will define
other (M, N)-union soft hyperideals of ordered semihypergroups and will study their
applications.
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POSITIVE SOLUTIONS FOR A FRACTIONAL BOUNDARY
VALUE PROBLEM WITH LIDSTONE LIKE BOUNDARY
CONDITIONS

JEFFREY T. NEUGEBAUER! AND AARON G. WINGO?

ABSTRACT. We consider a higher order fractional boundary value problem with
Lidstone like boundary conditions, where the nonlinearity is an L!-Carathéodory
function. We first consider the lower order problem. Then, by using a convolution to
construct the Green’s function for the higher order problem, we are able to apply a
recent fixed point theorem to show the existence of positive solutions of the boundary
value problem.

1. INTRODUCTION

LetneN,n>3n—-1<a<nand1l < p <n—1 We study existence and
nonexistence of solutions of the fractional differential equation

(L.1) Dgu+ f(tu) =0, te(0,1),
satisfying the boundary conditions
(1.2) u?(0)=0, i=0,1,...,n—2, D u(l)=0,

where Df, and Dg+ are the standard Riemann-Liouville derivatives. Here f : (0,1) x
[0,00) = [0,00) is an L'-Carathe¢odory function, i.e., f satisfies the following proper-
ties:

(a) f(-,u) is a measurable function for all u > 0;

(b) f(t,-) is continuous for a.e. t € (0,1) and

Key words and phrases. Fractional boundary value problem, Fixed point
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(c) for all r > 0 there exists a v, € L'[0, 1] such that | f(t,u)| < ¥,(t) for a.e. t €
(0,1) and for all |u| <.

We then consider a higher order problem with boundary conditions inspired by
Lidstone boundary conditions. Let me Nym >3, ne N, 2n—1+m <~y <2n+m,
1 <3 <n—1 and consider the boundary value problem

(1.3) Djiu(t) + (=1)"g(t,u) =0, 0<t<1,

satisfying the boundary conditions

(1.4) u(0)=0, i=0,1,...,m—2, D u(l)=0,
D)7u(0) = DI u(l) =0, 1=1,....,n—1,

where g : (0,1) X [0,00) — [0,00) is an L'-Carath¢odory function. To construct
the Green’s function for this problem, we use a convolution. The Green’s function
for the higher order problem therefore inherits properties of the Green’s function
corresponding to (1.1), (1.2) and similar arguments can be made to show the existence
of positive solutions of the boundary value problem.

Fixed point theory has been used extensively to study the existence of positive
solutions of fractional boundary value problems [2,7,8,10-12, 20, 23,25] and singular
fractional boundary value problems [1,9,14,16,18,21,22,24,26] where the nonlinearity
may be singular at ¢ = 0 or ¢ = 1. Of particular interest to this work is the recent
paper by Benmezai, Chentout and Henderson [3], where the authors prove a new fixed
point theorem using strongly positive-like operators and then apply their fixed point
theorem to a fractional boundary value problem. The use of convolution to construct
Green’s functions for higher order problems can be found first in [6]. In [15], the
authors used convolution to study positive solutions of some different higher order
fractional boundary value problems.

2. PRELIMINARIES

We start with the definition of the Riemann-Liouville fractional integral and frac-
tional derivative.

Definition 2.1. Let v > 0. The Riemann-Liouville fractional integral of a function
u of order v, denoted If,u, is defined as

I‘(ly) /Ot(t —5)" tu(s)ds,

provided the right-hand side exists. Moreover, let n denote a positive integer and
assume n — 1 < a < n. The Riemann-Liouville fractional derivative of order « of the
function w : [0,1] — R, denoted D§ u, is defined as

1 dr gt oy _
i t — g\« = Do
R oy Jy (9 uls)ds = D),
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provided the right-hand side exists. We refer to [4,13,17,19] for a more in depth study
of fractional calculus and fractional differential equations.

Let B be a Banach space over R. A closed nonempty subset P of B is said to be a

cone provided
(i) au+ pv € P for all u,v € P and all o, 5 > 0 and

(ii) v € P and —u € P implies u = 0.

Cones generate a natural partial ordering on a Banach space. Let P be a cone in a
real Banach space B. lf u,v € B,u Svifv—ueP, u<vifv—ue€ P, u+#wv, and
uRgvifv—u¢gP If both M, N :B — B are continuous mappings, M < N if for
all u € P, Mu < Nu. The relations N < M and N A M are defined similarly. The
notation =, > and % define the reverse situations.

Definition 2.2. An operator L € Lo(B), where Le(B) is the set of all linear compact

self-mappings of B, is said to be positive if L : P — P and strongly positive if P° £ ()
and L: P\ {0} — P°.

Definition 2.3. Let L € L¢(B) be positive. L is said to be lower bounded if
inf{||Lul| : w € PNOB(0,1)} > 0.
For all positive operators L € Lo (B), define the subsets
Ap ={A>0: there exists u > Oz such that Lu > Au}

and
'y ={\>0: there exists u > Og such that Lu < Au}.

The proof of the following lemma can be found in [3].
Lemma 2.1. Let L € Lo(B) be strongly positive. Then
r(L) =supA, =inf .
Definition 2.4. A positive operator L € La(B) is said to be a strong positive-like
operator if (L) =sup Ay, = inf 'y, > 0.

The following two theorems are the model for which our main result is based. The
proofs can be found in the work of Benmezai, Chentout, and Henderson [3]. The
first deals with nonexistence of positive fixed points and the second with existence of
positive fixed points.

Theorem 2.1. Let T : P — P be a continuous mapping and let L € Lo(B) be a
strongly positive-like operator. If either

r(L)>1 and Tu> Lu, forallue P,

or
r(L) <1 and Tu = Lu, forallueP,

then T has no fixed points in P.
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Theorem 2.2. Let T : P — P be a completely continuous mapping and assume
that there exist two strongly positive-like operators Ly, Ly € L.(B) and two functions
Fi,Fy : P — P such that Ly is lower bounded on P, r(Ly) < 1 < r(Ly), and for all
ueP

Liyu— Fiu <X Tu < Lou + Fhu.
If either

Flu=o(JJul]) as u—o00 and Fyu=o(|ul]) as u—0,

or
Fru=o(JJul]) as uw—0 and Fou=o(||ul|) as u— oo,

then T has a fized point in P.

3. EIGENVALUE CRITERIA

Let E = C]0, 1] be the Banach space of continuous functions with the usual supre-
mum norm |lu|| = maxyep [u(t)|. Define the Banach space X as

X = {u e C[0,1] : %1_r}nu<t) exists}

0 te—1

endowed with the norm

|u||x = sup il

t€(0,1]

Fix § € (0,1). Define the cones
Et ={ue€ FE:u(t) >0 forall t € [0,1]},

P={ueE":u(t)> 5" "ulo for all t € [5,1]}

and
Xt ={ue X :u(t)>0foralltel01]}

Define the sets

LY ={meLY0,1):m(t) > 0ae. t€[0,1]}
and

LY, ={meLl :m >0 on a subset of positive measure}.

We also introduce the subset S C X by

S = {uEX:u(t) > 0 for all t € (0, 1] and lim@ >O}.
t—0 -1

The following theorem is given in [3].

Lemma 3.1. S is open in X.
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The Green’s function for —D§,u = 0 satisfying the boundary conditions (1.2) is
given by (see, for example, [5])

(3.1)

tozfl(l_s)aflfﬁ

to‘_l(lfs)o‘_l_ﬁ . (tfs)o‘_l O < s < t < 1
G(t,s) = - -
T'(a) )

['(a) NI
0<t<s <.
Therefore, u is a solution of (1.1), (1.2) if and only if
/01 u(s))ds, 0<t<I1.
Define v(t, s) by

(1-s)o-1-¢ _ (1-%
U(t, S) — _F(a) IN(

Notice G(t,s) = t*1v(t,s). The following lemma gives sign properties of G and v.
The proof of (1)—(3) of the following lemma can be found in [15]. The proof of (4)
is trivial.

Lemma 3.2. Let G be defined as in (3.1).
(1) G(t,s) € C([0,1] x [0,1)) with G(t,s) > 0 for (t,s) € (0,1] x (0,1).
(2) t*71G(1,s) < G(t,s) < G(1,s) for (t,s) €]0,1] x [0,1).
(3) G(t,s) > 6°7'G(1,s) for allt € [§,1] and all s € [0,1).
(4) v(0,8) >0 for all s € [0,1).

Let m € L ,. Define L,, : E — E by

1
Loyu(t) = / G(t, sym(s)u(s)ds.
0
For u € X, define LY : X — E by LXu = L,u.

Lemma 3.3. For m € IL}FJF, the operator L, is compact and positive. Moreover,
L,:EtT —P.

Proof. The proof that L,, is compact is standard. Let v € E*. Then u(t) > 0 for
t € ]0,1]. Since m > 0 for a.e. t € [0, 1], then by Lemma 3.2 (1),

1
Loyu(t) = / G(t, sym(s)u(s)ds > 0.
0
So Lyu € ET and L, : ET — E*. Furthermore, Lemma 3.2 (3) gives that
[ Lmull = [Lmu(1)]o

and

Loyu(t) = /O LGt ym(s)u(s)ds > 5! / "G, symls)u(s)ds = 5| Lol

0
SoL,u€PandL,,: ET — P. O
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Lemma 3.4. For m € ]L}H, Ly, is a strongly positive-like operator which is lower
bounded on the cone P.

Proof. We start by proving that for m € L1 [0,1] N C[0, 1], L;y is a strongly positive
operator. Using the Arzela-Ascoli theorem, similar to the argument in [3], we have
that LX compact. Next, let u € X\ {0}. For all ¢ € (0,1], by Lemma 3.2,

Lu(t) = [ "Gt symls)u(s)ds > 0.

Also,
X 1
lim Linul) :/ v(0, s)m(s)u(s)ds > 0.
0

t—0 ta—l1
So LX : X \ {0} = S C XT° So LY is strongly positive, and by Lemma 2.1,

r(Ly) =supApx =infTx.

Since L;\ is an embedding of the operator L,, into X, Apx C Ay, and Tpx C Ty,
Next, let A > 0 and u € E* \ {0} be such that L,,u = Au. Then, from an argument
similar to that above, U = L,,u € X\ {0}. Now

LXU = L (Lyu) = Ly, (Lyyu) = AL, U.
So, A € Apx, and Apx = Ag,,. Similarly, I'yx =T, . So,
r(Ly) =supAp, =infl'y .

So, L,, is a strongly positive-like operator.
Finally, for u € P,

| Lmttl| = Lu(1) = /01 G(1, sym(s)u(s)ds > 61 /1 G(1, s)ym(s)5% Lds][ul].

0
So L,, is lower bounded on the cone P.

4. EXISTENCE AND NONEXISTENCE RESULTS

Define the operator T : ET — E by
1

Tu(t) :/ G(t,s)f(s,u(s))ds.
0

Notice that u is a solution of the boundary value problem (1.1), (1.2) if and only if u
is a fixed point of T'.
We have the following lemma.

Lemma 4.1. T : E* — E is compact and T : E* — P.

Proof. The fact that T is compact is a standard application of the Arzela-Ascoli
theorem. Next, let w € E*. Then by Lemmma 3.2 (1) and (3),

Tu(t) = /O LGt ) f(s,u(s))ds > 0,
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and, since ||Tu|| = Tu(1),
Tu(t) :/0 G(t, s)f(5,u(s))ds > 5&*1/ G(1, 8)f (5, u(s))ds = 6 |Jul).

0
So, T: ET — P. O

Let m € L} ,. Consider the linear boundary value problem
(4.1) Dgiu(t) + pm(t)u(t) =0, ae. te (0,1),
satisfying the boundary conditions (1.2), where p is a real parameter.

Lemma 4.2. For allm € L}

Lo, (4.1), (1.2) admit a unique positive eigenvalue fio(m).

Proof. Now (u,u) is a solution of (4.1), (1.2) if and only if L,,u = p~'u. Lemma
3.4 gives that ! = r(L,,) is the unique positive eigenvalue of L,,. Thus, u,(m) =
1/r(L,,) is the unique positive eigenvalue of (4.1), (1.2). O

Theorem 4.1. Assume that there exists m € L such that one of the following
hypotheses is satisfied:

(4.2) ta(m) <1 and f(t,u) >m(t)u, forallu>0 and a.e. t € (0,1),

(4.3) pa(m)>1 and f(t,u) <m(t)u, forallu>0 and a.e. t € (0,1),
Then (1.1), (1.2) has no positive solutions.

Proof. Let u € P, and suppose (4.2) holds. Then f(t,u) > m(t)u, which implies
Tu > Lyu. But L, is a strongly positive-like operator with r(L,,) = 1/pa(m) > 1.
Theorem 2.1 is therefore satisfied and T has no positive fixed points. A similar
argument can be made if (4.3) holds. O

Theorem 4.2. Assume that there exist my, my € ]L}r+, q1,q2 € ]Li, and two functions

b1, 02 1 [0,00) — [0,00) such that p,(my) < 1 < po(me) and for all w > 0 and a.e.
te(0,1),

(4.4) mi(t)u — q(t)d1(u) < f(t u) < mo(t)u+ g2(t)P2(u).

If either

(H1) ¢1(u) = o(||u]|) as u — oo, ¢a(u) = o(||u||) as u — 0, ¢y is nondecreasing, and
¢9 s nondecreasing near 0 or

(H2) ¢1(u) = o(||lu]|) asu — 0, ¢o(u) = o(||ul|) as u — 0o, ¢y is nondecreasing near
0, and ¢, is nondecreasing,

then (1.1), (1.2) has at least one positive solution.

Proof. For i = 1,2, let F; : P — P be defined by

1
Falt) = [ G(t, 5)0:(u(s))ds.
0
From (4.4), we have that for all u € P,
Lp,u — Fiu 2 Tu = Ly, u+ Fhu,
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with
1

<l<r(Lp)= PRE

7 (Limg) = ————
(Lm,) )
Suppose (H1) holds. Then, we have,

Ilee — g 780 < a1, 99 20D g < [ a1, syats)as,

lulloo terony llullee — [l oo

which progresses to our conclusion,

Fiu=o(||lul]) as u—oo and Fyu=o(||ul]) as u—0.
We therefore have from Theorem 2.2 that T" has a fixed point, which finally is a
positive solution to (1.1), (1.2). The case for (H2) is similar. O

5. AN EXTENSION TO A HIGHER ORDER PROBLEM

In this section, we consider the fractional boundary value problem (1.3), (1.4),
motivated by the two-point Lidstone boundary value problem for ordinary differential
equations. Define Gy(t,s) = G(t, s) from (3.1) to be the Green’s function for —D§, u =
0, uP(0) = 0,4 =0,1,...,m — 2, Di.u(1) = 0. Denote by G,(t,s) the Green’s
function for the BVP —Dj,u =0, (1.4).

The construction for G, (t, s) is similar to the construction in [6] and is given here
for completeness. Define Gi(t, s) by

1

(5.1) Cult,s) = — / Gt (t,7)Goon; (1, 8)dr,
0

k=2,...,n—1, where

| B ), 0<t<s<l,
(5.2) Gwﬂ@$—{su—w 0<s<t<l,

9 =

is the Green’s function for —u” = 0, u(0) = u(1) = 0. Thus the Green’s function

G, (t,s) for (1.3), (1.4) is of the form

Galt,5) = = [ Gua ()G 1)

where G,,_1(t, s) is the Green’s function for
Dy 2u(t) +h(t) =0, 0<t<l,
uP(0)=0, i=0,1,...,m—2, D u(l)=0,
DY7u(0) = DI u(l) =0, 1=1,....,n—2.

To see this, for the base case, first consider the linear differential equation
Dyu(t) + h(t) =0,
satisfying the boundary conditions

uP(0)=0, i=0,1,...,m—2, D u(l)=0,
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DI Vu0) =0, DA Mu(1) =o.

Make the change of variable v(t) = D$**u(t). Then D?v(t) = D>D§Pu(t) =
D§ u(t) = —h(t). Since o = y—2n+2, v(0) = D§, u(0) = 0 and v(1) = D0+u(1) 0.
Thus v satisfies the Dirichlet boundary value problem

V' +R(t) =0, 0<t<l,
v(0) =0, wo(l)=0.
Also, u now satisfies a lower order boundary value problem,
Dy u(t) =wv(t), 0<t<l,
uP(0)=0, i=0,1,...,m—2, D u(l)=0,

and so,
- /o1 Go(t, s)(—v(s))ds
— /01 <_ /01 Golt, s)Gconj(s,r)d8> h(r)dr

-/ "Gt $)h(s)ds

where G (t,5) = — [y Go(t,7)G eon;(r, s)dr.
For the inductive step, consider

DY ult) + k(t) = 0,

satisfying (1. 4) The argument here is similar to above. Make the change of variable

v(t) = DI7%u(t). Thus D*v(t) = D*DJ*u(t) = Di,u(t) = —k(t). Since v(0) =
Dy *u(0) = 0 and v(1) = DJ;*u(1) = 0, then v satisfies the Dirichlet boundary value
problem

V' + k() =0, 0<t<]l,
v(0) =0, wo(l)=0.
Here u now satisfies a lower order boundary value problem,
Dy u(t) =v(t), 0<t<l,
uP(0)=0, i=0,1,...,m—2, D u(l)=0,
D3u(0) =0, DIPu(l) =0, 1=2,...,k
and by the induction hypothesis,

-/ G (L 5)(—v(s))ds
— /01 <_ /01 Gr1(t, $)Geonj(s, r)ds) k(r)dr
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- /01 Gt $)k(s)ds

where G, (t,5) = — [ Gp_1(t,7)Geonj(r, 8)dr.
Define v,(t,s) so that t* 1v,(t,s) = G,(t,s). The following lemma follows from
Lemma 3.2.

Lemma 5.1. Let G, be defined inductively as above.
(1) Gp(t,s) € C([0,1] x [0,1)) with (—1)"G,(t,s) > 0 for (t,s) € (0,1] x (0,1).

(2) t*"H(=1)"G(L,5) < (=1)"G(t,s) < (=1)"G(1,s) for (t,s) € [0,1] x [0,1).
(3) (=1)"G(t,s) > (—=1)"*7'G(1,s) for allt € [§,1] and all s € [0,1).
(4) (=1)"v(0,s) >0 for all s € [0,1).

Proof. We start by showing (1) holds. For the base case, consider that Gy(t,s) =
G(t, s) from Lemma 3.2 which does belong to C ([0, 1] x [0, 1]) and is positive. Since

G1(t,s) / Go(t,7)Geonj(r, s)ds,

and Geonj(r,s) € C([0,1] x [0,1]) and Geenj(t,s) > 0, it follows that Gi(t,s) €

C([0,1] x [0,1]) and —G4(t,s) > 0. For the inductive step, assume G,_(t,s) €
C([0,1] x [0,1)) and (—1)""'G,_1(t,s) > 0 for (¢,s) € (0,1] x (0,1). Then by
definition

(1" Galt.5) = = [ (=17 Gos(6.1) G . 5}

we see that since Geonj(t, s) € C(]0, 1] x [0,1]) and Geonj(t, s) > 0 for (¢,s) € (0,1) x
(0,1), then (—1)"G,(t,s) > 0 for (¢,s) € (0,1] x (0,1) and G, (¢, s) € C([0,1] x [0,1)).

For (2), similar to the first item, the base case follows from Lemma 3.2. Since for
Go(t,s) = G(t,s), we have

t* 1Go(1,5) < Go(t,s) < Go(l,s),
and by the definition of G4 (¢, s) we have
1
G (1, ) = / 19 LGo(L, 7) Goony (7 8)dr
0
1
< / Go(t,7)Geonj(r, s)dr
0
= —G1 (t, 8)
1
< / Go(1,7)Geon;(r, s)dr
0
= —Gl(l, S).
For the inductive step, in a similar fashion, assume

N =) G (1, 8) < (D) 1Gali(t, s) < (—=1)"1GLoi (1, 5).
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Then by the definition of G, (t, s), we have
1
1971 (1) (1, 5) = (—1)+ie! / Gt (1, 7)Gloony (r, 8)dr

< (-1 / G (1, 7) Gloon (1, 5)dr
= (=1)"Ga(t, s)
< (- 1)”“/ Gn-1(1,7)Geon;(r, s)dr
= (=1)"Ga(1,5).

Notice that (3) is a direct result of (2), and a proof of (4) can similarly be obtained
using induction. 0

Define the sets
L.} = {m eL'0,1): (=1)"m(t) > 0 a.e. t € [0,1]}
and
L.\, ={meL,}: (=1)"m(t) > 0 on a subset of positive measure}.

LetmeLn++. Define L, : E — E by

= /01 Gn(t, s)m(s)u(s)ds.

Define L, : X — E by, for u € X, L, u = Ly,,u.

nm

Lemma 5.2. For m € Lni, the operator Ly, ts compact and positive. Moreover,

L,,:ET— 2.
Proof. Let u € E*. Then

t) —/lGn (t,s)m(s)u(s)ds
/ 1)"Gn(t, s)|m(s)|u(s)ds > 0,
and, since || Lynull = |Lumu(1)]o,
- /lGn (t,s)m(s)u(s)ds
_/ 1)"Go(t, 5)|m(s) u(s)ds

> 5% [{(1)Gu(L, $)m(s)u(s)ds
0
= 5| Ly
concluding the proof. O
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Lemma 5.3. For m € Ln1++7 Ly, is a strongly positive-like operator which is lower
bounded on the cone P.

Proof. As in the proof of Lemma 3.4, if we can show L, : X7\ {0} — S C X*°, the
result follows. Let u € X . First, notice for ¢ € (0, 1],

LoXu(t) = /01(—1)”Gn(t,s)|m(s)|u(s)ds > 0.

nm
Again, since m and v,(0, s) have the same sign,

lipy L 08 /01(—1)"Un(0,5)|m(5)|u(s)d5 > 0.

t—0  to—l

So LX : X \ {0} = S C XT° and the result follows. O
Define the operator T, : E* — E by

Tult) = | LGty $) (1) g(s, u(s))ds.

Notice that u is a solution of the boundary value problem (1.3), (1.4) if and only if u
is a fixed point of T,.

The following lemma is a direct result of the Arzela-Ascoli theorem and Lemma
5.1.

Lemma 5.4. T, : E* — E is compact and T,, : BT — P.

The proofs of the main results are similar to the proofs from Section 4 and are
therefore omitted.
Let m € ]Lnfr +- Consider the linear boundary value problem

(5.3) Djiu(t) + pm(t)u(t) =0, ae.te(0,1),
satisfying the boundary conditions (1.4), where p is a real parameter.

Lemma 5.5. For all m € Lniw
fa(m).

Theorem 5.1. Assume that there exists m € Lni such that one of the following
hypotheses is satisfied.

(54) pa(m) <1 and (=1)"g(t,u) >m(t)u, forallu>0 and a.e. t € (0,1),
(5.5)  pa(m)>1 and (=1)"g(t,u) < m(t)u, forallu>0 and a.e. t € (0,1),

(5.3), (1.4) admits a unique positive eigenvalue

then (1.3), (1.4) has no positive solutions.

Theorem 5.2. Assume that there exist mq,mo € ]Lnfr+, q1,q2 € ]Lni, and two func-
tions ¢y, P2 : [0,00) — [0,00) such that pi(my) <1 < pia(me) and, for allu >0 and
a.e. t €(0,1)

(5.6) mi(t)u — ¢i(t)d1(u) < (=1)"g(t,u) < ma(t)u+ qa(t)da(u).
If either
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1) ¢1(u) = o(||u||) as u — oo, ¢a(u) = o(||u||]) as u — 0, ¢y is nondecreasing, and
®2 1s nondecreasing near 0 or

(H2) ¢1(u) = o(||u]|) asu — 0, ¢o(u) = o(||ul|) as u — oo, ¢y is nondecreasing near

0, and ¢ is nondecreasing,

then (1.3), (1.4) has at least one positive solution.

We conclude the paper by remarking that the hypotheses of Theorems 4.2 and 5.2
are similar to the hypotheses of the main theorem in [3]. Therefore, the examples of
nonlinearities provided in that work could be easily modified for the problems given
in this paper.
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