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LORENTZIAN PARA-SASAKIAN MANIFOLDS AND -RICCI
SOLITONS

ABDUL HASEEB ! AND SUDHAKAR K. CHAUBEY ?

Abstract.  We study the properties of Lorentzian para-Sasakian manifolds en-
dowed with -Ricci solitons and gradient -Ricci solitons. Finally, the existence of

-Ricci soliton on a 4-dimensional Lorentzian para-Sasakian manifold is proved by
constructing a non-trivial example.

1. Introduction

A Ricci soliton (g; F; ) [12] on a semi-Riemannian manifoldMl; g) is a generaliza-
tion of Einstein metric such that

1
5¢FOY S+ g =0;

whereS is the Ricci tensor,¢ ¢ is the Lie derivative operator along the vector eldF
on M, g represents the semi-Riemannian metric & and is a real number. The
Ricci soliton is said to be shrinking, steady and expanding according tobeing less
than 0, 0 and greater than 0, respectively.

In 1959, the notion of -Ricci tensor on almost Hermitian manifolds was introduced
by Tachibana [23] and further studied by Hamada [11] on real hypersurfaces of non- at
complex space forms. A semi-Riemannian metrgcon a smooth manifoldM is called
a -Ricci soliton [16] if there exists a smooth vector eld= (called soliton vector eld)
and a real number , such that

(1.1) (Fr9+2S = 2g;

Key words and phrases.Lorentzian para-Sasakian manifolds, -Ricci solitons, gradient -Ricci
solitons, generalized -Einstein manifolds.
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168 A. HASEEB AND S. K. CHAUBEY

where
S(U;V)=9g(Q U;V)=Tracef R(U; V)g;

for all vector elds U;V on M [6]. Here, is the (1;1) tensor eld and Q is the
(1;1) -Ricci operator. If we choose as a smooth function in (1.1), then the soliton
(g;F; ) satisfying equation (1.1) is known as an almost-Ricci soliton onM . In this
connection, we recommend the papers [4,10,13,15,17,21,22,24,25] for more details
about the study of Ricci solitons, -Ricci solitons and -Ricci solitons in the context

of contact Riemannian geometry. As far as our knowledge goes, the study eRicci
solitons in the context of Lorentzian para-Sasakian manifolds is left. The main motive

of this article is to Il this gap.

In 1989, K. Matsumoto [18] introduced the notion oLP  Sasakian manifolds, while
in 1992, the same notion was independently studied by I. Mihai and R. Rosca [19]
and they obtained several results on this manifold. The Lorentzian para-Sasakian
manifolds have also been studied by various authors such as [1,3,24,26] and many
others.

We present our work as follows. In Section 2, we collect the basic results and
some basic de nitions of Lorentzian para-Sasakian manifolds. TheRicci solitons
and gradient -Ricci solitons on Lorentzian para-Sasakian manifolds are discussed in
Section 3 and Section 4, respectively. We present a 4-dimensional non-trivial example
of Lorentzian para-Sasakian manifold admitting a -Ricci soliton in Section 5.

2. Preliminaries

Let M be ann-dimensional smooth manifold equipped with a quartet{; ;g ),
where is a tensor eld of type (3, 1), is the unit timelike vector eld, is a 1-form
and a Lorentzian metricg on M such that [5, 20]

(2.1) 2=+ ()= L
which implies
(2.2) =0; (U)=0; rank( )=n 1;

forall U 2 X(M), whereX(M) denotes the collection of all smooth vector elds oM .
The manifold M is said to have an almost para-contact metric structure { ; ;g )
when it admits a Lorentzian metricg, such that

(2.3) g(U; vV )=gU;Vv)+ (U) (V); oU; )= (U);
forall U;V 2 X(M).

If moreover,
(2.4) (ru)V= (V) 2U+g(U;V );

(2.5) rv =X, (rv)v=9(UV)=g9gl; V),

wherer denotes the Levi-Civita connection of the manifold.
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An n-dimensional Lorentzian para-Sasakian manifold satis es the following relations
(see [9]):

(2.6) g(R(U;VIW; ) =g(V:W) (U) g(U;W) (V);
(2.7) R(U;V) = (VU (U)V;
(2.8) S(U; )=(n 1) (U), Q =(n 1);

for all U;V; W 2 X(M); whereR denotes the curvature tensor and S denotes the Ricci
tensor of M such that S(U; V) = g(QU; V) for all U;V 2 X(M).

A Lorentzian para-Sasakian manifoldV is said to be a generalized-Einstein [3] if
its non-vanishing Ricci tensorS is of the form

(2.9) S(U; V)= 1g(U;V)+ 2 (U) (V)+ s0(U;V);

where ;; , and 3 are smooth functions oM. If 3 =0 (resp. .= 3 =0), then
M is called an -Einstein (resp. Einstein) manifold.

Lemma 2.1. An n-dimensional Lorentzian para-Sasakian manifold satis es the fol-
lowing relations

(2.10) (rvQ) =(n YU QU
(2.11) (r QU= 2QU +2aU+2a (U);

whereQ is the Ricci operator.

Proof. Dierentiating Q = (n 1) alongU and using(2.5), we get(2.10). Next
di erentiating (2.7) then using (2.5), we nd

(2.12) r eR)(V;W) = R(VVW)E +g(E;W )V o(E;V W:

Let feg., be a local orthonormal basis oM. Putting V = E = g in (2.12) and
summing overi leads to

(213) gl oR)(&:W) :U)=S(W: U)+(n  1)g(W:U)
i=1

Zag(W;U)  2a (V) (W);
where ; = g(e;e) and a = tr : Heretr stands for trace. From Bianchi's second
identity, we can easily obtain that
X0
(2.14) i9((r ¢ R)(U; )W);e) =(r uS)(;W) (r S)U;W):
i=1
By considering (2.13) in (2.14), equation (2.11) follows.

On a Lorentzian para-Sasakian manifoldM; ; ; ;g ), we have the following lem-
mas.
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Lemma 2.2. On a Lorentzian para-Sasakian manifoldM; ; ; ;g ), we have

(2.15)  R(U;V; W; E )=R(U;V;W;E)  g(U;W)g(V;E) + g(V; W)g(U; E)
+2[g(V;W) (U) (E) g(U;W) (V) (E)
+g(U;E) (V) (W) g(V;E) (U) (W)]
+g(U; W)g(V; E)  a(V; W)g(U; E);

for any U;V; W; E on M; whereR(U;V;W; E) = g(R(U; V)W, E).

Proof. By virtue of the well-known de nition of curvature tensor, we can write

(2.16) R(U;V; W, E )=9g(r uyr vW; E ) o(rvr uW; E ) o(r uviW; E ):

By making use of (2.2), (2.4) and (2.5), (2.16) takes the form

R(U;V; W; W) =g(R(U; V)W E) + (R(U; V)W) (E)

+g(ViW)g(U; E ) o(U;W)g(V; E )
+29(U;E) (V) (W)  29(V;E) (U) (W)
+g(U; W)g(V; E)  a(V; W)g(U; E);

which in view of (2.3) and (2.6) leads to (2.15). This completes the proof.

Lemma 2.3. The -Ricci tensor of ann-dimensional Lorentzian para-Sasakian man-
ifold (M; ; ; ;g ) is given by

(2.17) S (V;W) = S(V;W)+(n 2)g(V;W) g(V; W)a+(@2n 3) (V) (W);

for any V;W 2 X(M):

Proof. Let fe gL, be an orthonormal basis of the tangent space at each point of the
manifold. By the de nition of -Ricci tensor, from (2.15), we have

X
S (V;W) = iR(e;V: W, e)

i=1

X0
= iR(e;V;W;g)+ i[g(V;W)g(e; &) g(e; W)g(V;e)l

i=1 i=1

+27 VW) (8) (8) gleiW) (V) (a)
i=1

+9g(e;e) (V) (W) g(V;e) (e) (W)]

2 loe: WHGV: e g(V; W gl e

i=1

which leads to(2.17), where ; = g(e;e),i.e.,, 1= = = n1=1 .= 1
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3. Lorentzian Para-Sasakian Manifolds Admitting -Ricci Solitons

In this section, we characterize the properties of Lorentzian para-Sasakian manifold
endowed with -Ricci solitons. Now, we prove the following.

Theorem 3.1. If an n-dimensional Lorentzian para-Sasakian manifold admits a
Ricci soliton (g; F; ), then the -Ricci soliton is steady.

Proof. By using (2.17) in (1.1), we have

(3.1  (cro)U;V)= 25(U;V) 2[ +(n 2)Jg(U;V) 2(2n 3) (U) (V)
+29(U; V)a:

Taking covariant di erentiation of (3.1) with respect to W, we get

(3.2) (rwéee@)(U;V) = 2(r wS)(U;V)  2(2n 3)g(W;U ) (V)

+g(W; V) (U)l+2[g(V;W) (U)

+g(U;W) (V)+2 (U) (V) (W)a:

Following Yano [27], the following formula

(errug 1 uverd 1 ERUIDVIW) = g((err J(U; V)W) g((err )(U;W);V)
is well-known for anyU;V;W on M. As g is parallel with respect tor , the above

relation becomes

(3.3) ruerd)(ViW)  g((err )Y VW) g((err )(U;W); V) =0;

for any U;V; W. Since¢ gr is a symmetric tensor of type (12), then from (3.3) it
follows that

(3.4)

O(et NUVIW) = (1 vera(UW)+ 0 uera(ViW) (1 werg)(U; V)
Using (3.2) in (3.4), we have
g((¢rr YUV, W) =(r wS)(U;V)  (r vS)Y(W;U)  (r uS)(V;W)
2(2n 3Yg(U;V) (W)+29(U; V) (W)a
which by putting V = reduces to
(3.5) g((err )U; JsW)=(r wS)(U; ) (ruS)(;W)  (r S)(W;U):
By considering (2.10) and (2.11) in (3.5), we obtain
(3.6) (¢rr )U; )=2QU 2aUu 2a (U):
Taking the covariant derivative of (3.6) with respect toV, we have

(rvéer JU; )=2(r vQYU  (¢rr )(U; V)+2Q(r v U
2ag(U; V) 2a (U) V:
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Again from [27], we have
(CeRIUIVIW + (1 véer JU;W) - (r yéer )(V;W) =0:
Thus the last two equations give
(3.7) (CeR)U;V) =2(r yQV 2(r vQ)U
+2Q( (V)U (VV)+2a( (U)V (V)U)
t(err )U V) (err )V U):
Setting V = in (3.7) and making use of (2.11), it follows that
(3.8) (¢eR)Y; ) =2QU+2Q (U) 2aU  (¢er)(; U )
Taking the Lie derivative of R(U; ) = U (U) alongF, we have
(3.9) (CeR)U; ) 9(Uier ) +2 (cr)U= (ér )U):
By using (3.9), (3.8) takes the form
(3.10) (cr NU) = 2QU 2Q (U) +2aU +(éer )(; U )+ 9(Uier )
2 (¢F U
Now taking the Lie derivative ofg(U; )= (U), we nd
(3.11) CrIU=0(Uer )+ (era(Y; )
By putting V = in (3.1) and using (2.1) (2.3), we nd
(3.12) Crg)(U; )= 2 (U):
Again putting U = in (3.12), we arrive
(3.13) (¢r )=
By making use of (3.11)-(3.13), we get from (3.10) that

(1 QU= au e )(;U);

which by virtue of (3.6) leads to = 0; where 2U 6 0. This shows that -Ricci
soliton on M is steady. This completes the proof.

Theorem 3.2. An n-dimensional Lorentzian para-Sasakian manifold endowed with
an almost -Ricci soliton (g; ; ) is a generalized -Einstein. Also, the soliton is
steady.

Proof. Let the Lorentzian metric of ann-dimensional Lorentzian para-Sasakian mani-
fold be an almost -Ricci soliton (g; ; ), then (1.1)) turns into

(3.14) glr u:V)+gUirv )+2S (U;V)+2 g (U;V)=0;

for all vector elds U and V on M. By making use of equationg2.5) and (2.17),
equation (3.14) transforms to

S= 9+ + 3005 )
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where 1= ( +n 2), ,= (2n 3)and 3= a 1: Also, in view of (2.1) (2.3),
(2.8) and the above equation, we can easily nd that = 0. This gives the statement
of Theorem 3.2.

Particularly, if we suppose thata= tr =1, then from Theorem 3.2, we infer that
(3.15) S= 19+ 2
Let us consider an orthonormal frame eld on a Lorentzian para-Sasakian manifold
and contracting (3.15), we lead
r=n; = n®+4n 3
Now, we state the following.

Corollary 3.1. If an n-dimensional Lorentzian para-Sasakian manifold admits an
almost -Ricci soliton (g; ; ), with tr =1, then it has constant scalar curvature.

A non- at semi-Riemannian manifold is called pseudo Ricci symmetric and denoted
by (PRS), if the non-zero Ricci tensorS of type (0; 2) of the manifold satis es the
condition [28]

(3.16) (r uS)(V; W) =2A(U)S(V; W) + A(V)S(U; W) + A(W)S(U; V);
whereA is a non-zero 1-form such thag(U; ) = A(U), for all vector elds U; being
the vector eld corresponding to the associated 1-form. In partcular, if A =0, then

the manifold is called Ricci symmetric.
Taking the covariant derivative of (3.15) leads to

(3.17) r uS)ViW) = L[g(U;V) (W)+ g(U;W) (V)I:
Now using (3.15) and (3.17), (3.16) becomes
(3.18)  2fg(U;V) (W)+ g(U;W ) (V)] =2A(U) 9(ViW)+ 2 (V) (W)]
+ AV 19U W)+ 2 (U) (W)]
+ AW)[ 19(U; V) + 2 (U) (V)]
Taking U = W = in (3.18), we getA(V) = 3A( ) (V), which by putting V =
givesA( ) =0. This implies that A(V) = 0. Thus we have the following.

Theorem 3.3. A pseudo Ricci symmetric Lorentzian para-Sasakian manifold admit-
ting an almost -Ricci soliton (g; ; ), with tr =1 is Ricci symmetric.

4. Gradient -Ricci Solitons on -Einstein Lorentzian Para-Sasakian
Manifolds

This section is concerned with the study of gradient-Ricci solitons within the
context of -Einstein Lorentzian para-Sasakian manifolds.

Let an n-dimensional Lorentzian para-Sasakian manifold be-Einstein, then it is
noticed that the equation (2.9) takes the form

(4.1) S= 19(U;V)+ 2 (U) (V)



174 A. HASEEB AND S. K. CHAUBEY

SettingV = U = g in (4.1), wheref e g, represents a set of orthonormal frame eld
of M, and taking the summation overi, 1 i n, we have

(4.2) r= an 3

On the other hand, putting U = V = in (4.1) and making use of(2.1) and (2.3),
we also have

(43) (n 1) = 1+ ol
Hence, it follows from (4.2) and (4.3) that

= 1 =
"n 1 7 *"n1
Thus, the Ricci tensorS of an -Einstein Lorentzian para-Sasakian manifold is given
by

(4.4) S(U;V) =

r
1 g(U;V)+ —— n U) (V):

1 Lauv+ —— n (L) V)

De nition 4.1. A semi-Riemannian metricg of a semi-Riemannian manifoldM is

called a gradient -Ricci soliton if it satis es

(4.5) Hes¢ + S + g =0;

for some smooth functiorf , whereHesd (Hessianf ) is de ned by Hess = rr f. It
is noticed that if we choosd= = Df in equation (1.1), whereD denotes the gradient
operator of g, then we get (4.5).

Let the -Einstein Lorentzian para-Sasakian manifoldM admit a gradient -Ricci
soliton. Then from (4.5) it follows that

(4.6) ryDf +QU+ U =0;
for all U on M. First we prove the following lemmas for later use.

Lemma 4.1. An n-dimensional -Einstein Lorentzian para-Sasakian manifold satis-

es
nrl+n 3 U+ a n“ﬁ(u+ L) ):

(47) rvQ) (r QU=

for all X on M.

Proof. By using (4.4) in (2.17), we nd
r

S (ViW) = 7t 3 (eviw)+ (V) (W) g(Vi Wa:

It yields

(4.8) QV = +n 3 (V+ (V)) Va
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Di erentiating (4.8) along U, we get
(49 (ruQ)Vv=

—Loen 3y )(V) + (V)]

(g(U;V) + (V)U+2 (U) (V) )a+ rtj(f)1

which by replacingV by and using (2.1), (2.3) and (2.5) reduces to

r

(4.10) (uvQ) =

Again replacingU by in (4.9) and using same equations, we nd
r

(4.12) QU= _—=U ()

By subtracting (4.11) from (4.10), (4.7) follows.

(V+ (V) )

+n 3 U+(U+ (U))a:

Lemma 4.2. If an -Einstein Lorentzian para-Sasakian manifold admits a gradient
-Ricci soliton, then we have

(4.12) R(U;V)Df =(r yvQ)U (r yQ)V:
Proof. Di erentiating (4.6) covariantly along Y, we have
(4.13) rvyrgDf +ryQU+ rU=0;
which by interchangingU and V becomes

(4.14) rogryDf +r yQV+ ryV =0:
Also from (4.6), we nd

(4.15) r wviPf = Q [U;V] [U; V]:

By making use of (4.13) (4.15), Lemma 4.2 follows.

Theorem 4.1. Let the metric of an -Einstein Lorentzian para-Sasakian manifold
M admit a gradient -Ricci soliton. Then the gradient of the potential function is
pointwise collinear with the potential vector eld of\M.

Proof. Putting U = in (4.12), we have
R(;V)Df =(rvQ) (r Q)V;

which by virtue of the Lemma 4.1 leads to

(4.16) g(R(;V)Df; )=0:

By using (2.8), we have

(4.17) g(R(;V)Df; )= (V) (V)(f):

From (4.16) and (4.17), we nd (Vf) = (V)( f). This implies that
Df = (f):

This completes the proof.
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Taking the covariant derivative of Df = (f ) alongU, we have
(4.18) royDf = (U(f)) (f)U;
which gives

g(r yDf; )= U(F);
where (2.1) and (2.2) are used. Using the last equation in (4.18), we obtain
(4.19) r yDf = g(r yDf; ) (f)U:
From equations (2.17) and (4.6), we conclude that
(4.20) ryDf = QU ( +n 2U (@2n 3) (U) + Ug
which implies that
(4.21) og(r yDf; )= (V):
Thus from the equations (2.1), (2.2), (2.8), and (4.19) (4.21), we obtain
QU= (+n 2Uu ( +2n 3) (U) +(a+(f))U;

which informs that the manifold M under the consideration is generalized-Einstein.
Hence, we can state the following.

Corollary 4.1. Every -Einstein Lorentzian para-Sasakian manifold of dimension
endowed with a gradient -Ricci metric is generalized -Einstein.

5. Example

In this section, we construct a non-trivial example of a Lorentzian para-Sasakian
manifold.

We consider the 4-dimensional manifolt = f(u;v;w;t) 2 R*g, where (;v;w;1)
are the standard coordinates irR*. Let ;; », 3 and , be the vector elds onM
given by

|
@ @ @, @ @
— o = — a = —a =FL = . - =
Tfei 2T %av 7% v aw' T at
Let g be the semi-Riemannian metric de ned by
8
3L 1 i=j 3
geig)=, L i=j=4
"0, 1 i6j 4
Let be the 1-form onM de ned by (U) = g(U; 4) = g(U; ) forall U2 X(M). Let
be the (1 1) tensor eld on M de ned by

1= 1, 2= 2 3= 3 2=0:
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By applying the linearity of and g, we have
()= L *U=U+ (U); (U)=0;
g(Y; )= (U); o(U; vV )= gU;V)+ (U) (V);
for all U;V 2 X(M). Then we have
[ 1 2]=[ 15 s]=1[ 25 3] =0;
[ al=1 [204l= 20 [3 4= 3
Using Koszul's formula, we can easily calculate
ry1= a4 2500 1 ,5=0; 1, 4= 4
r,170; r 2= 4 1 ,3=0; 1 ,4= 3
ro1=0; r ,2=0; r ,3= 4 [ ,4= 3
r,1=0;, r ,>,=0;, r ,3=0;, r ,4=0:
From the above values it can be easily veri ed that for, = , M is a Lorentzian

para-Sasakian manifold. We found that the non-vanishing components of curvature
tensor are given by

R(1; 2 1= 20 R(13)1= 3 R(141= 4
R(12) 2= 15 R(253) 2= 3 R(2 4) 2= 4
R(1;3 1= 1 R(2 3)3= 25 R(354)3= 4,
R(1, 4 4= 10 R(2 4 4= 20 R(3 4)3= a3
From the above expressions of curvature tensors, we obtain
S(1,1)=S(2 20=S(3 3)=3;, S(a4 4= 3
In view of 2.17, L.H.S. of (1.1) can be expressed as
(Cr(V;W)+2S (VW) +2 g (V;W) =g(r vF;W)+ g(Vir wF)
+2S(V; W) +49g(V; W)
6g(V; W)a+10 (V) (W):
Let V = P P Ve, W= P * Wig and F = P 4, Fle, whereV';W' and F' are
scalars fori = 1;2;3;4 such that
o FYVIWA+ WIV4) + F2(V2W4 + W2V4) + F3(V3W4 + W3V4)
2(VIWL + V2W2 + V3W3)

provided VIW?! + V2W?2 + V3W3 6 0. Then by the straight forward calculations, we
can notice that

2(VIWIFY + VAW2R + VAWSEY)  (VIF'W + VZR?W* + VOR3w*
+ WIFVA+ W2F2V4 + WOF3VY) + 4(VIW?! + VW2 + V3W?) = 0;

F 2;
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for a= 3 and hence we haveg,rg+2S +2 g =0, provided =0. Thus, we can
say that the Lorentzian para-Sasakian manifold of dimension 4 admits a steady type
-Ricci soliton, which proves Theorem 3.1.
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WOVEN (WEAVING) FRAMES IN BANACH SPACES
ASGHAR RAHIMI !, SARA BASATI 1, BAYAZ DARABY 1, AND FIRDOUS A. SHAH 2

Abstract.  Banach frames are de ned by the straightforward generalization of
Hilbert space frames. Woven (weaving) frames are the recent generalization of
standard frames which appeared in the applications of distributed signal processing.
In this paper, we introduce the concepts of woven (weaving) Bessel and frame
sequences in Banach spaces and characterize the woven frames in terms of bounded
operators. We also give some equivalent conditions for woveK 4-frame in Banach
spaces.

1. Introduction

The origin of frame theory can be traced back to the early 195@vith the seminal
work of Du n and Schae er [13] in nonharmonic Fourier series. Today, the theory
of frames has expanded into an independent and broad eld of research with wide-
spread applications to signal processing, image processing, data compression, pattern
matching, sampling theory, spherical codes, wavelet analysis, communication and data
transmission [4,8,11,18,19]. Inspired by a problem raised in distributed signal process-
ing, Bemrose et al. [1] introduced the concept of weaving frames in separable Hilbert
spaces and observed that the weaving frames may be applied in sensor networks which
requires distributed processing under di erent frames. In recent years, a considerable
amount of research has been conducted to extend the notion of weaving frames to
di erent settings which include weaving frames in Banach spaces, continuous weav-
ing frames, generalized weaving frames, weaving Riesz bases, weaving fusion frames,
weaving controlled frames and weaving vector-valued frames [5, 6, 20,2228} 31 34].

Key words and phrases.frame, woven frame, Banach frame, semi-inner product.
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Frames in Hilbert spaces were extended to Banach spaces by Feichtinger and
Grochenig [15] who introduced the concept of atomic decompositions in Banach
spaces. Later on, Grochenig [17] laid down the foundations for the theory of coherent
Banach frames and constructed Banach frames for a wide class of Banach spaces,
the so-called coorbit spaces. Keeping in view the fact that the weaving frames have
potential applications in wireless sensor networks and other allied areas, we are deeply
motivated to extend the concept of woven (weaving) frames to Banach spaces by
invoking certain fundamental concepts of operator theory.

This article is organized as follows. Section 2 contains basic de nitions and results
regarding frames and weaving frames in Hilbert spaces. In Section 3, we introduce
the notion of weaving frames in Banach spaces and then generalize the de nitions of
X ¢-frame andp-frame for the woven.

2. Frames and Woven Frames in Hilbert Spaces

In this section, we give a short review of the concept of frames and woven frames
in Hilbert spaces and make some preparatory observations. For a complete treatment
of frame theory, we recommend the excellent book of Christensen [8], the tutorials
of Casazza [2,3] and the memoir of Han and Larson [21]. Throughout this papkir,
denotes a separable in nite-dimensional Hilbert spacé; Y;Z the separable Banach
spaces with dualX ;Y ;Z , X4 a Banach sequence space ahdin index set which
is nite or countable. Let N be the set of all positive integers and letn 2 N be
xed. Then for this choice of m, we set m] = f1;2;:::;mgand [m]° = I n[m] =
fm+1;m+2;:::0. Let us start with the well-known notion of Hilbert space frames.

2.1. Discrete frame in Hilbert spaces. In this section, we give a short review of
the concept of frames in Hilbert spaces, and make some preparatory observations. Let
us start with the well known notion of Hilbert space frames.

De nition 2.1. A family of vectors = f';g,,, in a Hilbert spaceH is said to be a
frame if there exist constants KA B < 1 so that for all x 2 H

X

Akxk? i iij2 Bkxk?;

i21
whereA and B are lower and upper frame bounds, respectively. If onB is assumed,
then it is called B-Bessel sequence. & = B; it is said to be a tight frame and if
A =B =1, itis called a Parseval frame.

If = f'ig,, isaBessel sequence fétf; then the synthesis operator of de ned
as
X
T:I’D)! H; Tfcg:= '
i21
and the adjoint of T is the analysis operator

T :H! 12(1); T x:=fhx;" iigi:
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The frame operatorS: H! HisdenedbyS:=TT
X
Sx=TT x = h;' ;i'; forall x2 H:

i2l

The operator S is positive, self-adjoint, invertible andAl S Bl: Any x 2 H has
an expansion

X _ X _
(2.1) x= MY xi'i= H;;xiS?t;:

i21 i21
The family fS ' ;g5 is also a frame with bounds8 !; A ! and this frame is called
the canonical dual or reciprocal frame of' gi»,.

De nition 2.2. A family of vectors = f' g, in a Hilbert spaceH is said to be a
Riesz sequence if there exist constants 0OA B < 1 so that for all f¢gio, 2 12(1)

2
X X X

G' i B jGj%

i21 i21 i21
whereA and B are the lower Riesz bound and upper Riesz bound, respectively. If in
addition, is complete in H; then it is called as the Riesz basis fa:

2.2. Woven Frame in Hilbert spaces. Woven frames in Hilbert spaces were intro-
duced by Bemros et al. [1,6] in 2015. Weaving frames have potential applications in
wireless sensor networks that require distributed processing under di erent frames,
as well as preprocessing of signals using Gabor frames. In this subsection, we review
the notions of woven and weaving frames in Hilbert spaces and present certain new
examples.

De nition 2.3. A family of framesffj g», with j 2 [m] for a Hilbert spaceH is
said to be woven if there exist universal constant8 and B so that for every partition
f ;G2 Of I; the family ff;; gi> ;5j2im) is @ frame forH with lower and upper frame
bounds A and B; respectively. For everyj 2 [m]; the framesff; g , are called
weaving frames.

The following proposition shows that every weaving frame has always a universal
upper frame bound.

Proposition 2.1. If each = ' gi21;2[m] IS @ Bessel sequence fdﬂpwith bounds
B; for all j 2 [m]; then every weaving frame is a Bessel sequence witfl; B; as a
Bessel bound.

Proof. For every partition f ;g;o;m) of | and everyx 2 H, the inequality
Xn X . D )(n x . D 2 Xn
oG oGt ipc ko xk® By
j=1i2 i=1i2l j=1

yields the desired bound.
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Example2.1 There exist two Parseval frames that yield weaving frames with arbitrary
weaving bounds. For showing this, assumé > 0; set = (1+ "2) %; and let
fer; &;e3g be the standard orthonormal basis oR3: Then the sets = f' g, =
f e+ "eq; eyt "ey ezt "eggand =f gL, =1 "e,t ey "et eg; "est e30;
are Parseval frames, which are woven since any choice djives the spaning set. Since
they are Parseval, as a consequence of Propositigi, the universal frame bound for
every weaving frame can be chosen to lme For = f2;4;6g, we have

iz g i

i2 i2 ¢

=jhx; ey + "eqij?+ jhx; e+ "e,ij?
+jhx; ez + "esijl+ jhx; "e+ esij’+ jhx; "e i+ eqij’+ jhx; "es+ esij?

=2 2+ 2% jhceii®+2 P+ 2 jhendi?+2 224 2 jhxesi
n2

=2 2 1+"% kxk®= kxk?;

1+||2

which lies between 0, 3 for arbitrary choice df 2 (0;1 ):

The following proposition demonstrates that the perturbed frames are obtained as
the image of a bounded and invertible operator of a given frame.

Proposition 2.2. Let f' gi,, be a frame with boundsA;B and V be a bounded
operator. If kld Vk? £ andkVv VZ2k? £; then the framesf' igioi; fV' gz
andfV? ;gi,, are woven.

Proof. Note that by Neumann's TheoremV is invertible and thus fV' g, and

fV2' gi,; automatically constitute frames. For every partitions ; | and every
x 2 H by using Minkowski 's inequality:
0 D E o
X X X
@ jhg' Q2+ V2 X V2 A
i2 i2 i2ln( [ )
0
X X X X
=@ jhx;'ijc+ jhet i 2 jh ' G2+ v Xt i 2
i2 i2 i2 i2
D E 13
X X X
4 iV X' 2 iV X2+ V) x', A
0 i2in( [ ) i2in( [ ) i2in( [ )

X X X X
=@ jhx;'ijc+ et it jh(l - VX' ij 2+ jihv x;* jij 2
i2 i2 i2 i2in( [ )

N

1
X D E
vV (V)X A
i2in( )
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0 l% 0 l% 0 1%
X G2 X . G 2N X . g H2A
@ jh; i @ jhl  V)x'jij*A +@ AV X" i
i21 i2 i2 [(nC[))
0 11
D E, 2
@ Vv (V) x'; A

P A kk IO§k(| Y, )xk+p§kv xk IO§k(v (V?) )xk
PA PB v+ Bk TBKV KKV k kxk

Thus, f' g2 [f V'igi2 [f VZ iGain [) forms a woven frames having

X PB vik+"BRw Kk PBRV KK VK Zso

3. Woven Frames in Banach Space

3.1. Frames in Banach Space. Frames were extended to Banach spaces by Fe-
ichtinger and Grochenig [15] who introduced the notion of atomic decompositions
for Banach spaces. Later, Grochenig [17] introduced a more general concept called
Banach frame. Banach frames were further studied in [4]. An analysis pframes in
general Banach spaces rst appeared in [9]. The aim of an atomic decomposition for
a space of functions or distributions is to represent every element as a sum of simple
functions usually called atoms. If this is possible, some properties of these function
spaces, such as duality, interpolation, or operator theory for them, can be understood
better by means of the atomic decomposition. Decomposition methods have been
used for many important theoretical contributions. A Banach space of scalar valued
sequences (often calleBK -space) is a linear space of sequences equipped with a
norm under which it constitutes a Banach Space (i.e., it is complete in the norm)
and for which the coordinate functionals are continuous. In a Banach space of scalar
valued sequences, the unit vectors are the elememts dened by e (j) = j (i the
Kronechker delta).

De nition 3.1. A sequence spacX is called BK -space, if it is a Banach space
and the coordinate functionalsfaxg! ax are continuous onX; that is, the relations
Xp = f j(”)g; x="f ;g2 Xg, limys X, = X imply
lim W= j=1200
A BK -space is called solid if whenevdra,g and f b,g are sequences witlib.g 2 X4
and jagj j b¢j for eachk 2 I, then it follows that faxg 2 X4 and
kfacgkx, kf bogkx,:

A sequence spacK 4 is called anAK -space if it is a topological vector space and
fawg= Iirrp n(fakg); forall facg 2 Xg;



186 A. RAHIMI, S. BASATI, B. DARABY, AND F. A. SHAH

where , (faxg) = (ag;a;:::;8,;0;:::):
If the canonical vectors form a Schauder basis fot4; then X4 is called aCB-space

and its canonical basis is denoted bfg g~ : If X4 is re exive and a CB-space, then
X4 is called anRCB-space. Also, the dual oKX is denoted byX:

De nition 3.2. Let X be a Banach space an&Xy be a BK -space. A countable
family fgigi>, in the dual X is called anX 4-frame for X if
@) fg(f)gio 2 Xqforall f 2 X;
(b) the normskf kx andkf g (f )gi21kx, are equivalent, that is, there exist constants
A;B > 0 such that

Akfkyx ki g(f)gake, Bkfky; forallf 2 X:

A and B are calledX 4-frame bounds.

If at least (a) and the upper condition in (b) are satis ed, fgig», is called an
X 4-Bessel sequence fof . In caseXy = P, the X4-frame is calledp-frame which is
introduced by Christensen and Stoeva [9, 30].

De nition 3.3. A countable family fgig,, X isap-frameforX,l<p< 1,if
there existA; B > 0 such that
0 1
X p
Akfky @ jg(f)jPA Bkfky; forallf 2 X:

i21
The family fgigi», is a p-Bessel sequence if at least the upperframe condition is
satis ed.

Lemma 3.1 ([28]). If X is a Banach space andif,g X is total over X, then X
is linearly isometric to the Banach spacX = ff f,(x)g: x 2 X g; where the norm is
given bykff,(x)gkx = kxky for x 2 X:

De nition 3.4. Let X be a Banach space and leX4 be an associated Banach space
of scalar valued sequences indexed by Let ff,g X andS:X4! X be given.
The pair (ff,g;S) is called a Banach frame foX with respect to X if

(@) ffa(x)g 2 X4 for eachx 2 X;
(b) there exist positive constantsA and B with 0 <A B < 1 such that

(3.1) Akxkyx kf fn(x)gkx, Bkxky; forallx2 X;

(c) Sis a bounded linear operator such thas(ff,(x)g) = x for all x 2 X:

The positive constantsA and B are called the lower and upper frame bounds of
the Banach frame {f,g;S); respectively. The operatorS : X4 ! X is called the
reconstruction operator (or the pre-frame operator). The inequality (b) is called the
frame inequality. The Banach frame{f,g;S) is called tight if A = B and normalized
tightif A= B =1:
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Example 3.1 Let X = IP and fe,g be the sequence of unit vectors iXX. De ne
ffng X by

fa=fr2x=e; n2l
Then by Lemma3:1; there exists an associated Banach spake = ff f,(x)g: x 2 Xg
and a reconstruction operatorS : X4 ! X such that (ff,g;S) is a Banach frame for
X.

3.2. Woven in Banach spaces. As we mentioned earlier, Bemrose, Casazza et al.
in [1,6] proposed weaving frames in a separable Hilbert space. Weaving frames have
potential applications in wireless sensor networks that require distributed processing
under di erent frames, frames in Hilbert spaces. Improving and extending this notion
on Hilbert spaces, we generalize the concept of woven (weaving) on Banach spaces.

De nition 3.5. Let X be a Banach space anX 4 be aBK -space. The family of
Banach framesf g; gio) for j 2 [m] is woven X y-frame for dual X with universal
boundsA;B if
(@ fgj (f)gizij2m 2 Xa, f 2 X;
(b) the normskf kx and kf g; (f )gi21;j2mjkx, are equivalent, that is, there exist
constantsA, B > 0 such that

Akf kx kf Gij (f )giZI;jZ[m]kXd B kf kx, f2X:

The constantsA and B are called wovenX 4-frame bounds. If at least (a) and the
upper condition in (b) are satis ed, f gj gi21j2im] is called a wovenX 4-Bessel forX:

De nition 3.6. Let X be a Banach space and leX4 be an associated Banach space
of scalar valued sequences indexed byLet ffjj giz;jom; X andS:Xg! X be

given. The pair ffjg21j2m;; S is called a woven Banach frame foX with respect

to Xq if the pair ffj g2 ;;2im;; S is a Banach frame for each partitions ; gj2(m; of
I

The lack of an inner-product in Banach spaces led G. Lumer [23] in 1961 to intro-
ducing the theory of semi-inner product spaces. His procedure suggested the existence
of a general theory which it seemed should be useful in the study of operator (normed)
algebras by providing better insight on known facts, a more adequate language to
classify special types of operators, as well as new techniques. This notion was further
modi ed by J. R. Giles [16] and other researchers thereon, and the same is presented
below.

De nition 3.7 ([16]). Let X be a complex (real) vector space. A complex (real)
semi-inner product de ned onX is a function from[; ]: X X ! C such that for
all f;g;h 2 X; 2 C complex (real)

(@ [f +g:h= [Fh]+[g;h], [;9]= I[fig];

(b) [f;f] Oforf 2 X and [f;f ]=0 impliesf =0;

(©) ilf;gli* [f:f 1[9:d:
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We call X a complex (real) semi-inner product space, abbreviated with S.I.P.S. An
S.I.P.S need not satisfy the following properties

(@ [f;g] = [9:f];
(b) [f;g + h]=[f;g]+[f;h]:

If [; ]isaS.I.LP.S. onX then kf k := [f; f ]% is a norm onX: Conversely, ifX is a
normed vector space then it has a S.I.P.S. that induces its norm in this manner which
is called the compatible semi-inner product [23]. LeX be a Banach space. We de ne
aduality map x :X ! X asfollows. Givenf 2 X; by the Hahn-Banach theorem,
there exists anf 2 X such thatkfk = kf kandf (f)= kfk® Set x (f)=f ;
and x (f )= f ;anddene x onthe rest ofX in the same manner. In general,

x IS not unique, linear or continuous. The duality map x induces a semi-inner
product [ ; ] if we set[f;g] = g (f) [29]. We shall use this de nition forg ;g 2 X:
Note that if X is a Banach space, then the duality map is unique [29]. Recall that a
Banach spaceX is called strictly convex, if for any pair of vectors;g 6 0 in X; the
equationkf + gk = kf kx + kgky ; implies that there exists a > 0 such thatf = ¢
[12]. In these spaces, the duality mapping frorfK to X is unigque and bijective when
X is re exive [12, 14].

In 2011, H. Zhang and J. Zhang [35] introduced frames in Banach spaXevia
S.I.LP.S. that is presented in the following de nition. The extra condition in De nition
3.5 means thatS is a left-inverse ofU and thus US is a bounded linear projection of
X4 onto the rangeR (U) of the operator U.

Lemma 3.2 ([10]). If X4 is a CB-space with the canonical unit vectora i 2 J,then

the spaceXy = ff G(e) gk, : G 2 X4g with the norm kf G(e) g, ky - := kGk, is

a BK -space isometrically isomorphic toX 4: Also, every continuous I|near functional
on X4 has the form

X
(fgg)= qd;
j
wheref d;g 2 X4 is uniquely determined byl = ( g), k k= kf ( e)g, kXJ : When
X4 is a CB-space then its canonical basis is denoted by g.

Remark 3.1 It is easy to see that Lemma 3.2 holds in the following more general
case: IfY is a Banach space andy;gl, is a complete system inY; then Y~ :=

ff Gy, gilz1 : G 2 Y gnormed bykf Gy,gL, ky- := kGky is aBK -space, isometrically
isomorphic toY : Thus, the dual of every separable Banach space can be considered
as aBK -space, because every separable Banach space has a complete system [28].

In the following theorem, we will see that the Bessel woven condition can be
expressed in terms of the synthesis operatdr on X4: As a prerequisite for analysis,
synthesis and frame operators of weaving frames, we de ne the following space.
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n 0

Forj 2 [m], let (Xa); == fcjgz, @ j LikfG g2 kx, <1 :Dene the space

0 1

X n . o}
@ (Xd)jA = f¢jGajom G Gia1 2 (Xq); forallj 2 [m] ;

j2[m]

with the semi-innerrﬁ)roduct _
i X _
fci gizl:jZ[m];fq(j) Oi21j2[m] = GG
i21;j2[m]

The following proposition characterizes a woven Bessel in term of a bounded operator.

Theorem 3.1. Let f(Xq4),;(Xq),;:::0 be a sequence of Banach spacgy); and
(X4)i's are BK -spaces. Then,

(Xa)y  (Xa), Ixg = ((Xg)1  (Xg), )x,
Proof. We shall establish the result wherXy; X, are BK -space. Assume that

C=(fa19;fc20:::1) 2 (Xa);  (Xa), )X
and

C =(fG109:fG209::::) 2 (Xq),  (Xa), )X,
Then the mappingC 7! ' ¢ , where

»
"o (feig;faag;ii) = Cn (Gn);

i=1
is an isometry from (X4), (X4), )x, onto ((Xa); (Xa), )xq: Fix C 2
(Xq)1  (Xg), )x, - ForeachC = (fG19;fc2g;:::) in ((Xa);  (Xa), )Xas
the mapping ' ¢ (fci9;fcog;:::) = &, ¢, (cn) de nes a continuous linear func-
tional on ((X4); (Xa), )x, satisfyingk' ¢ k k C kyx_; since using Lemma 3.2
we have

X
K' ¢ (fci0;fcog; i)k = G (Cin)
X
sup g Gy(Cn)

92X ;kgk 1

X
sup  Gq Cin (Gin)
02X ;kgk 1

sup  kfg(cin)gkx,kf G, (Cn) gk,

g2X ;kgk 1

k gkkfcp, (Cn)gkx,:

Thus,
(3.2 kck kC kxd;

forall C 2 ((Xq); (Xg), )x,
Fix 0 <" < 1: For eachn pick somefc,g 2 (Xq4) with kcpk =1 and ¢, (Gn)
"kg, k:
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Using Lemma 3.2, we have

"kekx, =" sup  jo(c,)i=" sup jGg(cp)i
g2X ;kgk 1 g2X ;kgk 1

*
"kgkkfc, (cn)gk  "kgkk g, (Gn)k:
i=1
This implies that C = (fc,09;fc,0;:::) 2 ((Xg);  (Xyg), )x s KC Kkx_
k' ¢ k: Finally, as a consequence of3.2), we conclude thatC 7! ' ¢ is an onto
linear isometry.

Proposition 3.1. Suppose thaK 4 is a BK -space, for which the canonical unit vectors
f&j 0i21j2/m) forms a Schauder basis. Thefifj g21j2im; X is an X4-Bessel woven
for X with universal boundB if and only if the operator

X
T:f Gi g ! Gij fij
i21;j2[m]
is well de ned (hence boundedfrom P Xginto X andkTk B.

Proof. Let ffj gi21j2m) X be anX,-Bessel woven foiX with universal bound B
and let fg; gi21;2;m) be the canonical unit vector basis oK 4. De ne

X
R:X ! (X4q)
by
R(9) = ffy (9)Ti21;2[mi:
We have
kKR (g) k= kffj (Q)Gizij2mK=supjfj (9(f))j= sup jGg(fj (9(f)))]

g2X ;kgk=1
supkGgkkf; (g(f)) k:
Then kRk  B; the linear bounded operatorR :P (Xgq) ! X satises:
R (e;)(9) = & (R(9)) = fj (9); forallg2X;
and thusR e; = fj: Letting T = R jP X 41 WE have
kTk k R k= kRk B:
. P P
Finally, T fCjGizi;j2[m ET i2152m] Gj €& = i2|;j2[m]CijfijP:
Now suppose thatT : Xg! X givenbyT(fcg) = iz152m G fi is well

de ned and thus bounded by the Banach-Steinhaus theorem. Theh(g; ) = f;; and
for everyg 2 X the operator

TX 1 (X T@(e)=9(TE)=gf);

is bounded. That is,ffj (9)gi21j2im = T (9) (& )Gi21;2[m; Which is identi ed with
T (9) (by Lemma 3.2). Soffj Gi2i;2im] is aXy- Bessel sequence fot with a bound
KT k= kTk B.
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Theorem 3.2. The family f' j g21j2m; X is a Bessel woven with Bessel bound
B if and only if the operator

0 1
1 )é- ' 1 X
T 21l Qe 2my ! li" 5 forall fljgisyjom 2 @ (Xa), A
i=1;j2[m] j2[m]
is a well-de ned bounded operator fromP j2m) (Xa); into X and kTk P B:

Proof. First assume thatf' j gizi;j2(m; is a Bessel woven with boundB:
1 . .
Let f Iiz-l)gi:1 § 2[m] bein = j2m) (Xa); - Weshow thatTfl; gL, i 2m] 1S Well-de ned,

thatis, 1, ;2 li " i 1S convergent. Considen;m 2 1, n>m: Then
><1 1 Xn 1 X1 1
lij " iy = L " i
i=1;j2[m] i=1;j2[m] i=m+1;j2[m] 1
X
= sup g@ ' A =
kg k=1;92X i=m+1;j 2[m]

Using the duality mappings x and its induced semi-inner produc{f;g] = g (f) we
have

2 3
= sup 4 lj'4:0%  sup i [qdli
kgk=1  j=m+1;j2[m] kgk=1 j=m+1;j 2[m]
supkflj gkx K[ j;9lkx,  supkflj gkx,Bkgkx :
Sinceflj g ; opm 2 i j2m) (Xa); 3 we know that kf I gL, j,mikx, is @ Cauchy
sequence inC; The above calculation shows thaf ;.1 ' j Os=; is a Cauchy

sequence irX; and therefore convergent. ThusT fl;j g, , 5 is Well-de ned. Clearly

T is linear, and h i

1 _ 1 PR
TH gz jom = SUp Tflj gy jompf
kf k=1

that is, kTk p§:

Conversely, supposd well-de ned and that kTk P B; for everyf 2 X; we have
hx i
[Tl g;f]= lj fyf =[fly o f[f;fy]al;

therefore

T =f[ff§102152m
and D

jIff1i%= KT fk* k T k?kf k? Bkf k?:
i21;j2[m]

Hence, we conclude that the family* jj g,,,,,, IS Bessel woven.
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'FI:heorem 3.3. Let the sequencé’ j gi21;j2im; iN X be woven forX, and the series
L ;2 li " i converges for alffl; gL, i2m1 2 jemy  (Xa); : Then the operator
0 1
X *
T:@ (Xd)jA X Tflij gi1=1;j2[m] = lij ' ij 1

j2[m] i=1;j2[m]

de nes a bounded linear operator. The adjoint operator is given by
0 1

X
T:X ! @ Xa)jA ;T =1 419k opmy:

j2[m]
Furthermore,
R
j[l;l i ]12 k Tkav kZ:
i=1;j2[m]
Proof. Consider the sequence of bounded linear operators
0 1
X X
Tn @ (Xd)jA I X; Tnflij gi1=1;j2[m] = lij ' ij -
j2[m] i=1j2[m]

Clearly T, ! T pointwise asn!1 ,soT is bounded. In order to nd the expression
for T, letf;' 2X,flyg om2 jem (Xa); :Then
3

2
h 1 [ R .
ST G o = lj "> = FIE
i=1:2[m] i=1;j2[m]

. P . .
Alternatively, when T : j2m) (Xq); ! X is bounded, then clearlyT is a
bounded operator fromX to  j;m (Xa); : Therefore, thei-th coordinate func-
tion is bounded fromX to C; by Riesz representation theorem] has the form

T =1 519 2mmp
for somef' jj Gi21;j2im) INn X. By de nition of T ; we conclude

0 1
. . * - . 1 X
[,f ij]lij = [, ij]lij ; for all flij gizl;jz[m]Z @ (Xd)jA ,f 2 X.
i=1;j2[m] i=1;j2[m] j2[m]
It follows from here that f; = ' ;: The adjoint of a bounded operatorT is itself

bounded, andkTk = kT k: Under the assumption in Theorem 3.2, we have
KT 'k k Tk’ k% forall' 2 X;
which leads to

*®
il 1) k TKk' k% forall' 2 X:

i=13j2[m]



WOVEN (WEAVING) FRAMES IN BANACH SPACES 193

De nition 3.8. Let X be a Banach space andl 4 a sequence space. Given a bounded

linear operatorS:  jm; (Xa); ! X anda = o (Xa); -wovenfgjg X ;
we say that (g g; S) is a Banach frame forX with respectto i, (Xa); if
(3.3) S(fgj(f)gy=1f, forallf 2 X:

Note that (3.3) can be considered as some kind of generalized reconstruction formula,
in the sense that it tells how to come back td 2 X via the coe cients fg; (f)g:

The condition, however, does not imply reconstruction via an in nite series, as we
will see later. For more information on Banach frames we refer to [7,17].

The wovenX 4-frame c8ndition impliels that one can de ne the following isomorphism

U:X! @X (Xa)As Uf=fg(flg, f2X
j2[m]
The extra condition in De nition 3.8 means that S is a left-inverse ofU; and thus
US is a bounded linear projection of = ;5 (X4q); onto the rangeR(U) of the
operator U:

Proposition 3.2. Suppose thaiXy is a BK -space andf g; gi21j2m; X IS a woven
Xg-frame for X. Then, the following conditions are equivalent.
(@) R(U) is complemented inX .
(b) The operatorU !:R(U)! X can be extended to a bounded linear operator
V: Xgq! X
(c) There exists a linear bounded operato$, such that fgjgizij2m;;S is a
Banach woven forX with respect toX g:
Also, the condition P
(d) there exists a familyf fj gizi;j2m) X such thatf ¢ fjj gi21j2im IS convergent
for all fcj Gi21j2im 2 Xq and
f = X gj (fF)fy; forallf 2 X;
i21;2[m]
implies each of(a)-(c).
If we also assume that the canonical unit vectof®; gi,2;m) form a basis
for Xgq; (d) is equivalent to(a)-(c).
(e) There exists anX ;-Bessel woverffi; gizij2m; X X for X such that
f = X Gij (f)fij; forall f 2 X:
i21;j2[m]
If the canonical unit vectors form a basis for bottiXy and X ; (a)-(e) is equiv-

alent to
(f) there exists anX  -Bessel woverffj giz1j2om; X X for X such that

X
g= o(fij)g;; forallg2 X :

i21; 2[m]
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In each of the casege) and (f), ffjj gi21;2im; is actually an X -woven for
X .

Proof. For convenience, we indexfj gi21;2m) and f gj Giz2i;j2(m Dy the natural num-
bers. Suppose thaiX 4 is aBK -space. &) ! (b) is trivial. For the converse, assume
(b) and let V : X4 ! X be a linear bounded extension df) ': Now consider the
bounded operatorP : X4! R(U) dened by P = UV:Using the fact that VU = |
(on X), we getP2 = P: For everyf 2 X; we have

Uf = UVUf = P(Uf) 2 R(P):

HenceR(P) = R(U); i.e., the range ofU equals the range of a bounded projection.
Thus, R(U) is complemented (see [27, page 127]). The equivalenbef (c) is clear.
We now relate the condition (d) to (a)-(c). First, assume that (d) is satis ed. By
assumption, we can de ne an operator
X
ViXgl X5 VoifeGiargzm ! G fij
i21;j2[m]
By the Banach-Steinhaus theoremV is bounded. Letfg; (f)gi21j2im 2 R(U):
Furthermore,
X
V(g (F)) = g (F)fy =f=U 'Uf = U g (F)Gi2ijom;
i21;j2[m]

that is, V is an extension ofU !: That is, (b) holds, according to the equivalences
proved so far, this means that (a)-(c) holds.

Assume now that the canonical unit vectorsf € gizi;j2m; form a basis forXg:
Assuming that (b) is satis ed, we show that (d) holds. Letf; := Vg : SinceV is

linear and bounded, for allf ¢; gi212;m; 2 X4; We have
0 1

x
Gfj =VvV@ cigAl V(g):
i=1:j2[m] i=1;j2[m]
. P . .
Thatis, i5;2m) G fij is convergent. Also, by construction, for alf 2 X we have
X
(34) f = VUf = Gij (f)f” .
i21;2[m]
Thus, (d) holds as claimed.

Under the assumption that the canonical unit vectorg g; g;,,.; ,;,,; form a basis for
X4; we now prove the equivalence of (d) and (e). First, assume that (d) holds. Due

to the equivalence of (b) and (d), we can de né; := Lej; and (3:4) is available. By
Lemma 3.2, for everyg 2 X we have

FO(fi )21 20m = TV (€5)92121m) 2 X4
and

kfg(fij)giZI;jZ[m]kxd = kgVk k Vkkgky ;
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henceffj gi21;2m); considered as a sequence K ; is an X -Bessel sequence for
X : Thus, we have provedpthe claims in (e). On the other hand, if (e) is valid, then
Proposition 3.1 shows that ;2m; G fij is convergent for allf ¢j gi21;j2im; 2 X¢ and
hence (d) holds.

Now, assume that the canonical unit vectors form a basis for botkiy and X ; in
this case, we want to prove the equivalence of (e) and (f). L& denote a Bessel
bound for the X 4-Bessel sequendeg; 0i21j2im;- Denote the canonical basis foK 4 by
f&j gi21;2(m) and the canonical basis foX 4 by f z;j gi2i;2im): Assume that (e) is valid.
Letg2 X . Forgivenn 2 N

X X
g g(fij) o sup  g(f) a(fy) g (f)

i=12[m] x XK= i=12[m]

R X
sup g(fy)g (f) g(fy)g (f)

f 2X; kf k=1 i=1:2[m] i=1;j2[m]

R
sup a(fi)g; (f)

F2X,kfk=1 j=p+1 j2[m]

B * g(fj)z; ' 0 as n!l ;
i=n+l;2[m]
and hence (f) holds. Assume (f) and leK be anX -Bessel bound forf f i giz;j 2[m:
Foreveryg2 X ;fg(fij)gi2i;2im) belongs toX; which by Lemma 3.2 is isometrically
isomorphic to the spacef G(€j)0,,,,m1G 2 X49; and hencef g(fjj )gi2152im; can
be identi ed with fGy(€j )di2i;2im) for a unique Gy 2 X4: Then for everyf 2 X

X X
f g (F)fy = sup g(f) g(fi)g; (f)

i=1;j2[m] x 92X ikgk=l i=152[m]

R X0
= sup g(fi)g; (f) g(fi)g; (f)

92X kgk=1 j=1;j2[m] i=1

b3
= sup g(fij)g; ()
92X kgk=1 j=n+1;2[m]
0 1
R
= sup Gy@ g (F)egA
92X ikgk=1 i=n+1;j 2[m]

®
sup  kGgk g (f)e;
92X ;kgk=1 i=n+1;2[m]

R
= sup  fo(fj)g gi (f)e

g2X jkgk=1 i=n+1;j2[m]
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*
K g (f)ggT ! 0 as n!1l

i=n+l;2[m]

Hence, (f) is valid. Moreover, by a similar calculations as above, for evegy2 X we
have

) . X
kgk=sup jg(f)j= sup g(fi)g; (fF) B fg(fi)dizi;j2m Xd;

f2X kfk=1 f2X kfk=1 j21;j2[m]

and henceffj; g,y is @ wovenX y-frame for X :
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A NEW INERTIAL-PROJECTION METHOD FOR SOLVING SPLIT
GENERALIZED MIXED EQUILIBRIUM AND HIERARCHICAL
FIXED POINT PROBLEMS

OLAWALE KAZEEM OYEWOLE 2 AND OLUWATOSIN TEMITOPE MEWOMO !

Abstract.  In this paper, we introduce a new iterative algorithm of inertial form
for approximating the common solution of Split Generalized Mixed Equilibrium
Problem (SGMEP) and Hierarchical Fixed Point Problem (HFPP) in real Hilbert
spaces. Motivated by the subgradient extragradient method, we incorporate the
inertial technique to accelerate the convergence of the proposed method. Under
standard and mild assumption of monotonicity and lower semicontinuity of the
SGMEP and HFPP associated mappings, we establish the strong convergence of
the iterative algorithm. Some numerical experiments are presented to illustrate the
performance and behaviour of our method as well as comparing it with some related
methods in the literature.

1. introduction

Let C be a nonempty, closed and convex subset of a real Hilbert spadeand
T:C! C be anonlinear mapping.T is said to be:

(i) rmly nonexpansive, if for eachx;y 2 C
kKTx Tyk? hTx Ty;x vyi;
(i) a contraction, if for every x;y 2 C andc 2 (0;1)
KTx Tyk ckx yk:

If c=1; then T is called nonexpansive.

Key words and phrases.Pseudomonotone, equilibrium problem, hierachical xed point, inertial,
strong convergence, Hilbert space.
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We denote byFix(T); the set of xed points of the mappingT; that is Fix(T) =
fx 2 C:x = Txg: The mappingT is called quasi nonexpansive Fix (T) 6 ; and

kTx pk kx pk; forallp2 Fix(T);x2 C:

It is known that if T is quasinonexpansive, therrix (T) is closed and convex (see
[45]).

LetF :C C! R be a bifunction. The Equilibrium Problem (EP) in the sense
of Blum and Oetlli [9], is to nd a point x 2 C such that

(1.1) F(x;y) 0O forally2C:

We denote by EP (F; C); the set of solutions of EP(1.1). The EP unies many
important mathematical problems, such as optimization problems, complementary
problems, xed point problems, variational inequality problems, see [4,6,9, 25, 36, 37].
Let B:C! H be a nonlinear mapping. The Variational Inequality Problem (VIP)

is to obtain a point x 2 C such that

(1.2) Bx ;y xi 0 forally2C:

The set of solutions of the VIP is denoted/ IP (B; C). Solution to these class of prob-
lems, xed point problems and related optimization problems have been investigated
and iterative algorithm for approximating them have been proposed and studied by
several authors, see [2,5,10,14,15,17,19,20,27,28,32,35]. Le€ ! R be areal
valued function, then the Minimization Problem (MP), consists of nding a point
X 2 C such that

(1.3) (x) (y); forally2 C:

The set of solutions of MP(1.3) will be denoted byMP (;C ): For more on MP (see
[1,8,23,42]) and the references therein.

Let F : C C ! R be a bifunction,B : C ! H a nonlinear mapping and

: C ! R a proper, convex and lower semicontinuous function. The Generalized
Mixed Equilibrium Problem (GMEP) [10, 24,26, 33, 38, 48] is the problem of nding a
point x 2 C such that

(1.4) F(x;y)+mBx ;y xi+ (y) (x) 0, forally2C:

We useGMEP (F;B; ) to denote the set of solutions of GMER1.4). The GMEP
includes several optimization problems as special cases. The relationship with the
VIP and MP are easily observed by setting some maps to the zero map in inequality
(1.4). Numerous problems in economics, science and engineering can be reduced to
the problem of nding a solution to the GMEP (see [26, 34, 37]).

Let C and Q be nonempty, closed and convex subsets of real Hilbert spa¢esand
H, respectively andL : H; ! H, a bounded linear operator. In 1994, Censor and
Elfving [12] introduced the notion of Split Feasibility Problem (SFP), which is de ned
as follows: nd a point

(1.5) X 2 CsuchthatLx 2 Q:
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The SFP is a special case of the Split Inverse Problem (SIP) rst studied by Censor
et al. [13]. In SIP, there are two given vector spaces and Y and a linear operator

L : X ! Y:The rstInverse Problem, IPx say, is formulated in spaceX and the
second ondPy formulated in spaceY: Given this information, the SIP is formulated
as follows: nd x 2 X that solvesIPy; such thaty = Lx 2 Y solveslPy. The
SIP is used as a model for sensor networks, radiation therapy treatment planning,
color imaging and other image restoration problems, see [11].

Furthermore, SFP over EP have been studied by some authors in the literature. For
example, Mouda [30] considered a SFP over EP and called this the Split Equilibrium
Problem (SEP), see [22]. LeF :C C! RandG:Q Q! R be two bifunctions
andL : Hy ! H, be a bounded linear operator. The SEP is given as follows: nd
x 2 C such that

F(x ;x) 0; forallx2C;
and such that
y =Lx 2 QsolvesG(y ;y) 0; forally2 Q:

For more, see [37,46] and the references therein.

Since then, there have been several research in this direction where both bifunctions
have same mononotonicity property and others with di erent monotonicity properties.
Dinh et al. [16], studied the SEP involving pseudomonotone and monotone bifunctions.
Also, in 2017 Rattanaseeha et al. [40], studied a split generalized equilibrium problem
which involves both pseudomonotone bifunction and a monotone bifunction. For more
literature on this class of problems (see [16,40,43]) and the references therein.

Mouda and Mainge [31] introduced and studied the following Hierarchical Fixed
Point Problem (HFPP) for a nonexpansive mappingS with respect to another non-
expansive mappingl on C: The HFPP consists of nding a pointx 2 Fix(S) such
that

(1.6) hlI  T)x;y xi 0; forally2Fix(S):

It is easy to see that the HFPP is equivalent to the problem of nding the xed point
of a mapA = Prix(sy T:Let denote the solution set of the HFPP (1.6). Note
thatif 6 ;;then is closed and convex. The HFPP is general in the sense that it
includes as special case the monotone VIP on xed point sets, MP over equilibrium
constraints, hierarchical MP... Very recently, Alansari et al. [7], studied an hybrid
iterative scheme for approximating a common solution of a split EP involving both
monotone and pseudomonotone bi unction and a HFPP for a nonexpansive and quasi
nonexpansive mappings. They proved a weak convergence theorem for their proposed
algorithm.

Inspired by the works above and current research interest in this direction, in
particular, in order to provide a partial answer to the future research posed by Alansari
et al. [7]in conclusion of their work. We propose an iterative algorithm which combines
the inertial technique, projection method, diagonal subgradient method and viscosity
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approach [8, 24], see Section 3. We prove a strong convergence theorem using the
proposed algorithm to a solution of a SGMEP involving a pseudomonotone bifunction
and a monotone bifunction which is also a solution of a HFPP. In our proposed method,
the inertial extrapolation step was included to accelerate the rate of convergence of
the algorithm, (see [1, 3,25, 39]) for more literature on inertial algorithms. We present
some numerical examples to illustrate the behaviour and performance of our method
as well as comparing it with some related methods in the literature.

2. preliminaries

We denote byx, *v andx, ! v the weak and strong convergence respectively of
a sequencéx,gin H to a point v 2 H:
For eachx 2 H; there exists a unique nearest poing = Pcx 2 C such that

kx yk k x zk; forallz2C:

The mappingPc : H! C is called the metric projection fromH onto C: It is well
known that Pc satis es the following conditions.

(i) kPcx Pcyk? h Pcx  Pcy;x i forall x;y 2 H:
(i) For x2 H andy 2 C; y = Pcx if and only if
(2.1) bk vy;y zi 0, forallz2C:
De nition 2.1. A mapping T : C! C is said to be demiclosed at ;0if for any

sequencd x,g C which converges weakly tox 2 C with kx, Txp,k = 0; then
TX = Xx:

It is well known (see [21]) that the nonexpansive mapping is demiclosed.
De nition 2.2. A bifunction f :C C! R s said to be
(a) strongly monotone onC,; if there exists a constant > 0 such that
f(xy)+ f(y;x) kx yk? forall x;y2 C;

(b) monotone onC; if f (x;y)+ f(y;x) Oforallx;y 2 C;
(c) pseudomonotone orC; if f (x;y) O impliesf (y;x) O forall x;y 2 C:

It is obvious from above that a strongly pseudomonotone bifunction is contained
in the class of monotone bifunctions and a monotone bifunction is pseudomonotone.

De nition 2.3 ([18]). Letf : C C! R be a bifunction, wheref (x; ) is convex
for eachx 2 C: Then for 0 the -subdi erential ( -diagonal subdi erential) of f
at x; denoted by @f (x; )(x) is given by

@ (x )x)=fz2H:f(xy)+  f(x;x)+ hey xiforally2 Cg:
For solving the GMEP, we assume : Q! R is proper, convex and lower semicon-

tinuous, the nonlinear mapping,B : Q! H; is continuous and monotone and the
bifunction F : Q Q! R satis es the following restrictions:
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(R1) F(x;x)=0for all x2 Q;

(R2) F is monotone, i.e.F(x;y)+ F(y;x) 0 forall x;y 2 Q;

(R3) limuwoF(x+ t(z x);y) F(x;y)forall x;y;z2 Q;

(R4) for eachx 2 Q; the functiony 7! F(x;y) is convex and lower semicontinuous.
The following lemmas are used in the sequel.

Lemma 2.1 ([44]). In a real Hilbert spaceH; the following hold:

(i) kx yk®=kxk® 2m;yi + kyk® for all x;y 2 H;

(i) kx + yk? k xk?+2hy;x+vyi forall x;y 2 H;

(i) ktx +(1 t)yk® = tkxk?+ (1 t)kyk? t(1 t)kx yk®forall x;y 2 H and

t 2 (0;1):

Lemma 2.2 ([48]). Let B : Q! H; be a continuous and monotone mapping, :
Q! R be a proper, lower semicontinuous and convex function, akd: Q Q! R
be a bifunction satisfying the conditiongR1)-(R4). Let r > 0 be any given number
and x 2 H, be any given point. Then, the following hold.

(i) There existsw 2 Q such that

F(w;y)+ B(w);y wi+ (y) (w) + rlry w;w xi 0, forally2 Q:
(i) Dene a mappingKFB Q! QbyKI® (x) = w2 Q: F(wyy)+

By wit () W*h ww xi 0y2Q,x2Q:
The mappingK ™8 satis es the following characteristics:
(@ KFB s single valued;
(b) KF® is mrly nonexpansive, i.e., for all z;y 2 H
KKFB z KFB yk* hKF® z KFB y;z yi;
(c) Fix(KFB )= GMEP (F;B; );
(d) GMEP (F;B; ) is a closed and convex subset Qf
The following restrictions are assumed to be satis ed by the pseudomonotone
bifunctonf :C C! R:

(F1) f(x;x)=0forall x2 C;

(F2) f is pseudomonotone orC with respect x 2 EP(f;C), that is, for x 2
EP(f;C); f(x;y) Oimpliesf(y;x) Oforally2 C;

(F3) f is strict paramonotone, that is the following holds

x2EP(f;C); y2C; f(y;x) Oimpliesy2 EP(f;C);

(F4) f is jointly weakly upper semicontinuous orC C in the sense that, ifx;y 2 C
andfx,g;fyng C converges weakly tax andy; respectively, thenf (Xn;y,) !
f(x;y)asn! +1:

The following lemmas are very useful in obtaining the strong convergence of the
sequence considered in this work.
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Lemma 2.3 ([47]). Let fa,g be a sequence of nonnegative real numbers satisfying the
following inequality
an+1 (1 n)an+ nnt n; nZN;

wheref g (0;1);f ,gandf ,g satisfy the restrictions:

(1) ;:11 n=+1;limpy 41 ,=0;

(i) lim SUPnp+1 0;

i)y o O fL ,<+1:
Thenlim, +1 a, =0:

Lemma 2.4 ([29,41]) Let fa,g be a sequence of real numbers such that there exists
a subsequencén; g of fng with a, an+1 for all j 2 N: Consider the integer
f (n)gn n, de ned by

(n)=maxf] n:a a0

Thenf (n)g, n, iS @ non-decreasing sequence satisfyifigh,, +; (n)=+ 1 and for
all n  ng; the following estimates hold:

a (n) a (n)+1 and an a (n)+1 :
3. Main Result

In this section, we state and prove our main result. First, we give an explicit statement
of the proposed problem in this study. LetC and Q be nonempty, closed and convex
subsets of real Hilbert spacebl; and H, respectively andL : H; ! H, be a bounded
linear operator. Letf :C C! RandF : Q Q! R be pseudomonotone
and monotone bifunctions respectively satisfying restrictions (F1)-(F4) and (R1)-
(R4). Let B : C! H; be a nonlinear mapping and : Q! R a proper, convex
and lower semicontinuous function. LetS be a nonexpansive mapping and a
guasinonexpansive mapping such thdt T is monotone. We consider the problem
of nding a point x 2 C such that

(3.2) x 2EP(f;C)\ Fix(Prixs)y T)
and such that
(3.2) y = Lx 2 Q solvesGMEP (F;B; ):

We assume that the solution set of Problem (3.1) (3.2) denoted by is nonempty.

Remark 3.1 ([18]) If f is pseudomonotone o€ with respect to EP (f; C ), then by

restrictions (F1) and (F4), EP (f; C) is closed and convex. From Lemma 2.2 (d), we

have that GMEP (F;B; ) is closed and convex. Also, iFix(Prixsy T) 6 ;, then

the solution set of the HFPP is closed and convex see [31]. We assun ; ; hence
is well de ned.

Algorithm 3.1 Initialization.  Choosexg; X; 2 C: Take the sequence of real numbers
fagf ngfrog f o f ngf n0if g f ngandf g satisfying
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() O<r<r,;0<a< ,<b< 1l 0<a< ,<b<l0<ax< ,<b<iy
n 0 1,2 (0;2=kLk?)and ,! Oasn! +1;

(ii)P;j1 2< 41 ;

(i) 5k n=+1lime 1 0 =0;

(iv) f ng [O; J;where 2[0;1)and % ,kx, X, 1k< +1;

(V) limpy g *::01

[Step 1. Givenx, ; andXx,, n 1, compute
(3.3) Wn = Xp+ o(Xn  Xp 1):
Step 2. Take g(wn) 2 @, (f (Wn; ))(wn), N 1: Calculate , = maxf 1; kg(wn)Kg;
n= = and
(3.4) Zn = Pc(Wn  nQ(Wh)):
Step 3. If w, = z, (w, 2 EP(f;C)), then stop. Otherwise, evaluate
gtn =(1 NTzn+ nzy Yn=(1 n)Wn + 1 Sty;
(3.5) 5 Un = KB Lyp;
“Vn=VYn+ oL (u, Lyp):
Step 4. Compute
(3.6) Xnst = nh(Xn) + (1 n)Vn;

whereh is a contraction.
Step 5. Setn:= n+1 and go to step 1.

Lemma 3.1. Let fx,g be the sequence given by Algorith&l, then f x,g is bounded.
Consequently, the sequencéy,g; fz,g; fv,g and fu,g are bounded.

Proof. Let u2 ;then from Lemma 2.1 (i) and (3.3), we have
(3.7) kwn, uk®=Kkxnp+ n(Xn Xn 1) UK?
=kx, UK®+2 X, U;X, X, 1+ 2kxp, Xp 1K®
kK X, uk®+2 kx, ukkx, X, 1K+ 2kx, X, 1K?
=kxn uk®+ kxn X 1K(kx, uk+ kx, Xn 1K):
It also follows from Lemma 2.1 (iii), that
kth uk®=k(1 )Tz, u)+ o(zn uk?
=1 )kTz, uk®+ ,kz, uk® (1 )kTz, z.kK
kz, uk® (1 )kTz, z.K
(3.8) kK z, uk®
Next,
kyn uk®=k(@d )(w, u)+ ,(St, u)k?
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(1 Dkw, uk®+ ,kSt, uk® @1 kSt, w,k?
(1 kw, uk®*+ .kt, uk® (1  )kSt, w,k?
(1 kw, uk®+ .kz, uk® (1 .)kSt, wyk®
(3.9) kw, uk®+2 hw, z,;u zi (1 )KSt,  w,KZ;
but from the de nition of z,; we get
hw, z,;u 2zl ng(Wh);u zi:
Using this in (3.9), we obtain
kyn uk® k w, uk®+2 , hgWwn);u zi a1 DKSt,  w,k?
=kw, uk®+2 , o[gwn);u Wi + hg(Wn); Wy Zni]
21 nKSt,  wak?
Kw, uk®+2 , hgW,);u  wni +2 o nkg(wn)kkw, z.k
(3.10) a1 DKSt,  w,kZ:
Note that by the de nition of z, andw, 2 C; we have
kKWn  zok?  ahg(Wh)Wn  Zpi nkg(Wn)Kkw,  Zok;
thus kw, z,k nkg(w,)k and
nkg(wn)kkw,  z,k ﬁkg'(wn)k2

2 P2
= =
(3.11) 2,
which implies
(3.12) kw, z.k* 2
SinceP *1 2 < +1 ; we obtain from above inequality, that
(3.13) kw, z,k! 0 as n! +1:
Using (3.11) in (3.10), we have
(3.14)

Kyn uk® k w, uk®*+2 , hgwp);u whi+2 2 (1 )kSt,  w,kZ

By using Lemma 2.2, we have
kun Luk®=kK[ % Ly, Luk®=kK[ ® Ly, KI® Luk?
h K% Ly, K[ ® LujLy, Lui
=K% Ly, LujLy, Lui

1 . .
5 kKB Ly, Luk®+ kLy, Luk® k K% Ly, Lynk® :
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Hence,ku, Luk?® k Ly, Luk® k u, Ly,k? which implies
(3.15) 2hy, Luju, Lypi 2ku,  Lynk®:
Now, from (3.5) and (3.15), we have
kv Uuk®=ky,+ oL (un Lyn) uk®
=ky, uk®+2 .hy, u;L (un Lyn)i+ ZkL (up Lyn)k?
=ky, uk®+2 hy, Luju, Lyni+ 2kL (u, Lyn)k?
(3.16) Kyn uk® .2 okLK®ku, Ly.k%
which implies
kv, uk® k w, uk®*+2 , .hg(wp);u whi+2 , 2
(3.17) a1 DKSt, w.k? (2  okLK)ku, Ly.k%
Sincew, 2 C and g(w,) 2 @ f (Wy; )(W,), we obtain
f(wyu)+ n=Ff(wy;u) f(wawy)+ o hgw,);u wyi:
Using this in (3.17), we get
kvp,  uk® k w, uk®+2 , (f(wyu)+ )+2 , 2
a1 DKSt, w.k®* (2  okLK)ku, Ly.k*:
From the de nition of , and ,; we obtain

n
=N
n
Therefore, we get from above, that
kvo uk® k wy uk?+2 o of (Wo;u)+2 o nn+ 2)
(3.18) a1 DKSt, w.k® (2  okLK)ku, Ly,k%:

Sinceu2 and w, 2 C; we havef (u;w,) 0; then it follows from the monotonicity
of f that f (w,;u) 0 and

kv UK® kW, Uk®*+2 o( nnt 2 a(1  )KSt,  w,k?
n(2  okLkd)Kku, Lynk®

(3.19) Kw, Uuk?®+2 (nn+ 2);
which implies that
q
(3.20) kvp uk kw, uk+ (2 ,(nnt 32):

Furthermore, we have from (3.6) and som#l,; M, > 0, that
kxn+1  uk =k ph(xp)+ (1 n)Vn Uk
nkh(x,) uk+(1 kv, uk
nkh(x,) h(uk+ ,kh(u) uk+(1 nkvn,  uk
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C nkx, uk+ ,kh(u) uk+(1 n) kw, uk
q
+ 2 n( nn + %)

C nan Uk+(1 n) an Uk+ nan Xn ]_k
q
+ 2n(nnt ) + nkh(u) uk

1 (1 o]kx, uk+ (1 ,kx, X, :k+ ,kh(u) uk
q
+ 2 n( n n+ %)

=[1 (1 olkx, uk+ ,(1 n)KXn  Xn 1K

Mkh(u) uk+q2 n(nnt 2)

¢ )
+

+

_kh(u) uk
max kx, uk,ﬂ
q

+ 2n(nn+ %)
( ( )

n(l n)kxn Xn 1k

max max kx, 1 uk;kh((lu)c)le
+ 01 n D)KXy 1 Xp 2K
+q2n1(n1n1+§1)+ n(1 kX, X, 1K
I

( kh(u) uk)
max kx; uk;——— + M;+ M>

1 c
<+1;

where

xn
M, = i@ Dkxi X k< +1;

by condition (iv) and
x4 -
Mz = 2i(Cii+ D)
i=1
Hence, fx,g is bounded. Consequently, all other sequences in Algorithm 3.1 are
bounded.

Lemma 3.2. The following inequality is satis ed from(3.6) and allu 2
|

2,1 o

kXn+1 uk® 1
n+l 1 C o

kx, uk®
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[
+2n(1 ¢ h(u) Uu;Xpa ui+ nM3

1 c, 1 c 1
n(l n) 2y.
+ 1 C (an Xn 1k)(M4+ an Xn lk)+2 n( n n+ n)’
n

for someM3z; M4 > O:

Proof. Let u2 ;then from Lemma 2.1 (ii), (3.4) and someéM3; M, > 0, we have

kxps1 UK =k n(h(xp) w+@  )(vh  u)k?
(L )2%kvh uk®+2 (X)) U;Xps1 U
(1 D%kyn  uk®+2 ,m(x,) h(u);Xps Ui
+2 h(u) Uu;Xp+r U
(1 )%kw, uk®*+2 .kh(x,) h(u)kkxn,.; Uk
+2 ohth(u)  uiXper Ui +(1 )22 a(nnt 7))
(1 1)? kxn uk®+ okxn Xn 1k(2kx, uk+ okx, X, 1K)
+2 u) UXper U +2 o(nnt 2)
+C n(kXn UK®+ kXps1  UK®)

=[1 2 ,+cCalkxy UK®+ C 1KXpes UKZ+ 2kx, uk?
+2 hu) UXper U +2 o(nnt 2)
+ (1 )%kXn X 1K 2kx,  uk+ kX, X, 1K ;
which implies
(1 cp)kxpsa Uk® (1 2 ,+cCo)kx, uk®+ 2kx, uk?
+2 oth(Uu) UiXpsr Ui +2 o( nnt+ 2)

+ n(l n)an Xn lk 2an Uk+ nan Xn 1k

and l

1 2,4+
3.21)  Kkxpey U2 =T O g k2

1 c,
+kan Xn 1K 2kxn, uk+ okxn X, 1K
1 c,
+ n kx, uk®+ 2 0 hh(u) u;x ui
1 Cn n 1 Cn y An+l
2
R
2,1 o 5
1 kx uk
1 c, "
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+2n(1 ¢ h(u) u;Xpe ui+ nMj

1 c, 1 c 1
+ n(d_ n) k K)(Ms+ ok k
17”( Xn Xn 1 )( 4 n KXn Xn 1 )

2 .
+2n hnt o ¢

Theorem 3.2. Let fx,g be given by Algortihm3.1, then f x,g converges strongly to
u= P h(u); whereP is the metric projection ofH; onto

Proof. We consider the following two possible cases for the sequeficg, ukg.
Case 1. Suppose there exista 2 N such that fk x, uk?g is nonincreasing. Then
fk x, uk®g converges and

kX, UK?® K Xps1 UK?! O as n! +1:
From (3.3) and condition (iv), we get
(3.22)
kwn, Xpk=kxp+ (Xn Xn 1) Xpk nkXn X, 1k! 0 as n! +1:
Observe from (3.7) and (3.18), that
kv, Uuk® k wy, Uk®*+2 o( nnt 2)
@1 kSt wok? (2 okLkd)ku, Ly,k®
k X, uk®+ .kx, X, 1k 2kx, uk+ .kx, x, ik
(1 DKSt,  w,k?
n(2  nkLKH)ku, Lynk*+2 o( nnt+ 2);
using this in (3.21), we get
kxnsa Uk?2 (1 4) kxn  UK?+ oKXn X 1K(2kxn  uk+ okXn  Xn 1K)
+2 o(nnt ) +2 ohh(xn)  h(u);Xpe o ui
1 kSt wok? (2 nkLkd)ku, Ly.k*:
This implies
nd D@ DkSt, wok? (@ ) nkXn X 1k(2kx, uk
*oakxn  Xn 1K) *+2 o(nnt R)
+2 phh(xn)  h(u);Xner Ul
+ kx, Uk® K X1 UK . kx, uk?®
Using conditions (i)-(iv), we get
(3.23) n!Iirpl kSt, wyk=0:
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Similarly, one gets, o
n(2  okLK)kun  Lynk® (1 n) nkXn  Xp 1k 2kx,  uk
|
+ nkxn Xn lk +2 n( n n+ ﬁ)
+2 th(xn) h(u);Xps Ui + kx,  uk®
K Xne1  UK® o kx, uk?

Since , 2 0; % ;we have
(3.24) ku, Lypk! 0O as n! +1:
Recall from (3.18) that
kv, uk® k wy, uk®+2 , fWyu)+2 o(nn+ 2)
a1 DKSt, w.k? (2  okLK)ku, Ly.k%
using this in (3.21), we obtain
20 n) n o(F(C Wau) K Xn UK® K Xps1  UK?
+(1 n) nkXn X, 1k 2kx, uk+ kx, X, K
nkXn  uk?+2 M(Xn) U Xper U
+2 n( nnt ﬁ)
Taking limitas n! +1 and using (iv), we get
2n!lir+nl @ n)nn( f(wyu)=0:

SinceO<a< ,<b<l0<a< ,<b<1land f(w,;u) 0; we have that
(3.25) limsupf (w,;u) =0:

nl +1

Next we showkTz, z,k! Oasn! +1 : Observe that
kz, uk®=kz, w,+w, uk® kw, uk’®+2hz, u;z, Wyi:
It follows from this, (3.8), (3.9) and (3.16), that
kv, uk® k w, uk®+2 .hg, Uu;z, Wpi
nn(l KTz, zk® o1 2)KSth  wyK?
(3.26) n(2  nkLkH)ku, Ly,k*:
Substituting (3.26) into (3.21), we get
na@ DA KTz zok® k Xn uk® K Xpsr o Uk?
+(1 n) nkXn X, 1k 2kx, uk
+ okx, X, 1K nkxn  uk?

+2 (X)) UuU;Xp+1 Ui
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+2 kz, ukkz, wyk:
Again, since 0<a< ,<b< 1;0<a< ,< b<litfollows that
(3.27) n!Iirpl kTz, z,k=0:
Observe that
kSt, z,k* k St, wyk*+2hw, z,;St, zji
k St,  wnk*+2kw, z,kkSt, z.k;
which implies by condition, (3.13) and (3.23), that
(3.28) lim_ kSt, z,k*=0:

The following holds by triangular inequality, (3.27) and (3.28)

(3.29) kTz, Stk k Tz, z,k+kz, St,k! 0 as n! +1:
Also,

(3.30) n!Iir+nl kt, z,k= nI!ing1 (1 nkz, Tzk=0:

It follows again by triangular inequality, that

(8-31)
?imn! +1 ktn wpk o limyy sq (kty zok+ kz,  w,k)=0;

limn +1 KSt,  tok  limpy 41 (KSty,  zok+ kz,  t,K) =0;
Iimn! +1 kyn tnk Iimn! +1 (1 n)kWn tnk"'Iim n! +1 nkStn tnk:O;
Iimn! +1 kyn Wnk Iimn! +1 (kyn tnk"' ktn Wnk) :0;

“limpy 21 kyn Xpk o limpy w1 (Kyn  whk+ kx,  w,k) =0:

Again,
kSz, z,k*=kSz, St,+ St, z,k?
k Sz, St,k*+2iSt, z,;Sz, zyi
kK z, t.k?+2(kSt, z.k k Sz, z.K);
we obtain by (3.28) and (3.30), that
(3.32) kSz, z,k’! 0 as n! +1:

Finally, we show thatkx,+; Xx,k! Oasn! +1 :Indeed, we have from(3.5) and
(3.24), that

n!Iirpl kv, ynk= r]I!irgl kyhn + oL (un Lyn) Yok
(3.33) r]!Iirpl nkLkku, Lypk=0
and
KXn+1  Vnk =k ph(xn) + (1 n)Vn VoK nkh(Xn)  vnk;
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which by condition (iii), implies that

(3.34) KXns1 Vok! O as n! +1:

Hence, by (3.22), (3.31), (3.33) and (3.34), we obtain

nlIir+nl kKXpns1  Xpk nIIir+nl KXn+1  Vnk+ jvn  ynk+ kyn,  wok+ kw, x,k =0:
Sincefx,g is bounded, then there exists a subsequentg, g such that x,, * v
and limsupy, .5 f(Xq;u) = limj, 41 f (X, ;u): It follows from (3.13), (3.23), (3.30)
and (3.31), that the sequencesw,g; ft,g; fz,g and fy,g all converge weakly tov:
Consequently,Lz,, *Lv andLyy, *Lv: Itfollows from the demiclosedness df S

and (3.32), that v 2 Fix(S): Next we show thatv = (Pgix(s)y T)v: It follows from
(3.5), that

tn Sth= (I T)z,+(Tz, St,);
which implies
1 1
(3.35) —(t, St))=(l T)zz+ —(Tz, Sty);
n n

thus for all w 2 Fix (S); the monotonicity of (I  T) and (3.35), we have

t St .
n “zo w =hl Tz, ( T)w;z, wi

n

. 1 .
+hl T)w;z, wi+ —hTz, St,;z, wi
n

(3.36) h({ Tw;z, Wi+ihTZn Sth;z, Wi

n

Sincefz,gandfz, wg are bounded, it follows from (3.29), (3.31) and (3.36), that
(3.37) limsuph(l  T)w;z, wi 0; forallw2Fix(S):
nt +1

Replacingn with n; and letting j ! +1 in (3.37), we obtain
I T)w;v wi 0; forallw2 Fix(S):
Note that tw + (1 t)v2 F(S) fort 2 (0;1); sinceFix(S) is convex. Hence,
I T)(tw+(@Q tv);v wi 0 forallw2 Fix(S):
Settingt! 0. and using the continuity of (  T); we obtain
I T)v;v wi 0, forallw?2 Fix(S):

Thus v 2 F(Perix(sy T): Next, we show thatv 2 EP(f;C): Since x,, * v;
kwn,  Xp k! Oandlimsup,, ., f(ws;u) = limj, .1 f(wy;u); by the upper weakly
continuity of f (;u) and (3.25), we have

f(viu) limsupf (wp ;u) = J_Iiml f (Wn;;u) =limsup f (w,;u) =0:
il o+1 b+ nt +1
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Sinceu 2 and v 2 C; we havef (u;v) 0: By the pseudomonotone property of;

we havef (v;u) 0: Consequently, we obtairf (v;u) = 0; and by restriction F 3, we

getv 2 EP (f; C): Furthermore, we show thatLv 2 Fix (K[® )= GMEP (F;B; ):

Sincelimy, +1 Ky, Xpk=0and x,, *v; itis easy to see thaty,, *v: It therefore

follows from the continuity of L; that Ly, *Lv and by (3.24), we getu,, * Lv:
Now sinceu, = K[® Ly,; we have

. 1 .
F(un;w)+ BB (up);w uni+ (w) (up)+ r—hN Un;Uy Lyni 0O, forallw?2 Q:
n
It follows from the monotonicity of F, that

1 :
(w) (up) + B(uy);w  uyi + r—h/v Un;Un  Lyni F(w;uy); forallw?2 Q;
n
and
* +

- Lyn
(3.38)  (w) (Up, )+ B (up);w Uy i+ w un,-;u”lry”J

nj

F(W; Uy, );

for all w2 Q: This implies
B (Lyn);W Uyl (Linj) (w) + rB(Ly,}rj);W Un; i h B(Up );W Ui
Un- nj

. J
w Unj ’ r_nj
= (Un) W+ B(Lyn) B(un)iw uni
Un,  LYyn,
(3.39) WU Uny Yy
Mn,
SinceB is continuous andim,, 1 kLy, u,k=0;itfollows that lim, .; kB(Ly,)
B (u,)k = 0: From the monotonicity of B; the weakly lower semicontinuity of and
Un; * Lv; it follows from (3.39), that

(3.40) B(Lv);w Lvi (Lv) (w)+ F(w;Lv); forallw2 Q:
Foranyt 2 (0;1]andw 2 Q; setz; = tw+(1 t)Lv we havez, 2 Q and thus satis es
(3.40). Using assumptions (R1) and (R4), we get
0=F(z;z)+ (z) (z:)
tF (z;w)+ (1 t)F(z;Lv)+t (w)+(@ t) (Lv) (z)
=tF(zsw) + (w)  (@)]+ @ OF(z;Lv)+ (Lv)  (z)]

t[F (z;; W)+ (w) (z)]+ (1  t)thB(Lv);w Lvi:
This implies

F(z;w)+ (w) (z)+(1 tyB(Lv);w Lvi O
Letting t! O, ; we get

F(Lv;w)+ (w) (Lv) + B(Lv);w Lvi 0O; forallw2 C;

+ F(W1 Unj)

+ F(Wa l-'II"Ij ):
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which impliesLv 2 GMEP (F;B; ):

To end Case 1, we show thatx,g converges strongly tou = P h(u): To do this,
it su ces to show that limsup,, ,; hh(u) u;x,+; ui 0 and apply Lemma 2.3.
Indeed, choose a subsequente,, g of fx,g such thatx,, *v 2 H; and

limsuphh(u) U; X+ ui:_!irr+11kh(u) U;Xp 41 Ui:
Ik

n +1
We have that x,.; *v sincekx,.1 Xp,k! Oasn! +1 :By applying (2.1), we
have

limsuphh(u)  U;Xp+1 ui:jlimlrh(u) UjXp+1 Uil =hh(u) uv o ui O
nt +1 b+

Using (2.1), (3.21) and Lemma 2.3, we conclude th&ix,, uk! Oasn! +1:
Case 2. Assume thatfk x,, ukg is non monotone. For soma, large enough, let
:N! N be a mapping de ned for alln  ng by

(n):==maxfj 2 N:j n;kx; uk k xj+1  ukg:

By Lemma 2.4, (n) is nondecreasing sequence such thagn) ! +1 asn! +1
and 0 k X ny Uuk Kk X (1 ukforalln ng: Just by using similar argument
as in Case 1, we have

n!lirpl kw (n) X (n)k = nl!in+11 kz n W (n)k = nI!irgl ky ny W (n)k

= nliﬂll ku (n) Ly (n)k = nI!irTi-ll kTz (n) Z (n)k

n|!irE_]1 kSz m Z (n)k = n|!in_31 kx (n)+1 X (n)k =0
and
im o) uix w0
Sincefx ()0 is bounded, there exists a subsequencefof (g still denoted by fx (10

such thatx ny *v 2 C: Following similar argument as in Case 1, we obtaiu 2
From (3.21), we get

2 1 o
kx (n)+1 Uk2 1 M kx (n) Uk2
1 C (n) |
+ 2 (n)(l C) H’](U) u; X (n)+1 ui + (n)Mg
1 c (n) 1 c 1 c
(1 )
+ W kX ) Xy Kk Mgt mkx ) X @) 1K
1 C (n)
2
t2 m) ot

Sincekx (ny uk k X (n»2 ukand () > 0, we have
|

2 (n)(l C)kX Uk2 2 (n)(l C) fh(u) u; X (n)+1 ui N (n)M3-
1 c (n) (n) 1 c¢ (n) 1 c¢ 1 c
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m@ )
1 C (n)

2
+t2 o oot T t

kx (n) X (n) 1k M4+ (n)kX (n) X (n) 1k .

Hence,
|
21 ¢ 21 © MU U)X (e Ui My
( )kx o UK ( ) (u) (n)+1 L mMs
1 c (n) 1 ¢ (n) 1 c 1 c
2
+ =00 0 mt Zw)
(n)
m@ )

+

kx (n) X (n) 1k
m@ ¢ m)

Ma+ kX () X () 1K :
This implies that limsup,,, ., kx () uk® 0and
(3.41) n!Iirpl kKX (ny uk=0:

From (3.34) and (3.41), we obtain
KX (ny+1 UK K X (ny UK+ KX ny X @muk! O as n! +1:

Furthermore, forn  ng; itis obvious that kx, uk k x 5y uk: Consequently, we
get for alln  ng; that

0 k xp uk maxtkx gy UK KX nye1 UK = kX (n)s1 UK
Therefore,kx, uk! Oasn! +1 ;thatis x,! u: Thus completing the proof.

If we setB = =0in (3.1) (3.2), we obtain the following method for obtaining a
common solution of split EP and HFPP considered in [7].

Algorithm 3.3. Initialization.  Choosexg; X; 2 C: Take the sequence of real numbers
f g f ngfragf no f nof ng f ng f ngandf g satisfying

() O<r<r ,;0<a< ,<b< 1 0<a< p,<b<l0<a< ,<b<l

on 0, »2(0;2=kLk?»and ,! Oasn! +1;
(E::)) P 13 %f:iflim = 0;
n=1 n — ’ nl +1 n—1P

(iv) f ng [O; ]; where 2 [0;1) and ;;:11 nkX, X, k< +1;

(V) limpy g - =0:

Step 1. Givenx, 1 andx,, n 1; compute
(3.42) Wn = Xn + n(Xn Xn l)

Step 2. Take g(w,) 2 @, (f (Wn; ))(wn), N 1: Calculate , = maxf 1; kg(wn)Kg;
n= *: and z, = Pc(wj ng(Wn)):
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Step 3. If w, = z, (W, 2 EP(f;C)), then go to step 3. Otherwise, evaluate

th=0Q 0Tzt nZn;
Yn = (1 n)Wn + nStn;
Uy = KF Lyn;

“Vn=Ynt+ oL (Uun Lyp):

W AR OO

Step 4. Compute x,+1 = nh(xp) +(1 n)Vn, Whereh is a contraction.
Step 5. Setn:= n+1 and go to step 1.

We therefore give the following result as a consequence of our main theorem.

Corollary 3.4. Let C and Q be nonempty, closed and convex subsets of real Hilbert
spacesH; and H, respectively. LetL : H; ! H, be a bounded linear operator.
Letf :C C! RandF : Q Q! R be bifunctions satisfying restrictions
F1-F4 and R1-R4 respectively. LetS : C ! C be a nonexpansive mapping and
T:C! C be a quasinonexpansive mapping such that T is monotone. Assume
that = EP(f;C)\ EP(F;Q)\ 6 ;: Then the sequencé x,g given by Algorithm
3.3 converges strongly tar = P h(u); whereP is the metric projection ofH; onto

4. Numerical Examples

We give some numerical examples to illustrate the behaviour and performance of
our method as well as comparing it with some related methods in the literature.

Example4.1 Let H; = H, = C = Q = R with inner product hx;yi = xy for
all x;y 2 R and the induced usual normj j: Letf : C C ! R be dened by
f(xy)=2xy(y Xx)+xyjy xj,forallx;y 2 Hy: De nethe bifunction F : Q Q! R
by F(u;v) = u?+ v? forallu;v2 Q;B :Q! HpbyB(u)= §forallu2Q
and :Q! Rby (u)y=0forall u2 Q: For eachx 2 Hj; de ne the mapping
L:H;! H,bylLx = xforall x 2 H;: Also de ne the mappingsS and T respectively
by Sx = 3 and Tx = x: It is easy to see thatf;F;S and T satisfy the conditions
of Theorem 3.2 and that = fOg: From Theorem 3.2, we can conclude that the
sequence$x,g; fy,g andfz,g converge to 0. Letr, =1; foralln 1;itis easy to

nd that the resolvent KB Ly, = 2
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Figure 1. Numerical results for Example 4.1. Leftxo, = 0:8; x; = 0:5;
right: xo= 1, x,= 3.

— 1 — 1 . — . - 1. - 1. — 1. — 1
Set n= 523 n= ey n =0, n= 5 n= 3 Also, let =20 = 3
and , = +-: Then, after simpli cation Algorithm 3.1, becomes

4n2§1 :
Given xo and x; 2 Hy;
Wh = Xn+ n(Xn  Xn 1);
W, 2 Hj such that g(w,) 2 @ f (Wn; )(Wn) = [W2; 3w?];
Zn = Pc(Wn  nO(Wn));
th =(1 Tz + nZn;
Yo =(1 n)Wh +  ,Stp;

— 5Yn.
— 1 .
Vn = 72(3Un + 2Yn);

' Xn+1 = nh(Xn) + (1 n)Vn:
We test our algorithm with varying values of initial terms xo and x;; see Figure 1.
In this example, we seB = =0:

Example4.2 Let H; = H, = Q = ",(R) be the linear spaces whose elements are all
2-summable sequencd;g_; of scalars inR, that is
(

)
*)1
L(R) = x=(XuXeiinXiiil): xi2Rand  jxji< +1
i=1
with an inner product h;i : ' 2! R dened by hx;yi := i 1 Xiyi; where

x = fxigl;y = fygl and the normk k: , ! R by kxk, := (' L jxijd)z;
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wherex = fxigl:Let C = fz 2 ",(R) : ha;z bg; where 06 a 2 ", and
b2 R:Letf :C C! Rbedenedbyf(x;y)=2xy(y x)+ xyky xk for all
x = fxigl;y = fyigs 2 . Dene the blfunctlon F:Q Q! RbyF(uv)=
u(v u) for all u=fugs;v="fvg} : For eachx 2 *,; de ne the mapping
L: 2! ,bylx = (xl,xz;::"x.,. )for aII x = fxigt 2 5 Letr, =0:5 for
all n  1; then it is easy to see thatK| Ly, = % Also, de ne the mappings
S and T ,respectively by Sx = (le,xz?;:::; i) forall x = fxigt 2 °, and
TX = (X1 COSX1; X2 COSXp; : 1 X €OSX;;: 1) for all x = fxjg_; 12, tis easy to see
that f, F, Sand T satisfy the conditions of Corollary 3.4 and that = f0g: We de ne
the control parameters as in Example 4.1 above and obtain the gures for varying
initial values. Usingkx,+1  Xnk-, < 10 2 as the stopping criterion, we compare our

Algorithm 3.3 with Algorithm Theorem 3.1in [7], see Figure 2.

Case (i)xy = (3'568 5:80910;:::;0;::: )T Xo=(1 521 7:56470;:::;0,::0)":

Case (i) x; = (1:7601 2 15940 """"" 2T Xo = (0:34584 4.1031 (0
0;:::)":

Case (iii) x; = (10:56137:261Q0;:::;0;::: )T X0 =(5:1063 2:16870;:::;0;:::)T:

We then plot the graphs of errorkxn+1 xnk against the number of |terat|on in each
case.
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Figure 2. Numerical results for Example 4.2. Top left: Case (i); top
right: Case (ii); bottom: Case (iii).
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ON VERTEX-EDGE AND EDGE-VERTEX CONNECTIVITY
INDICES OF GRAPHS
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ALI REZA ASHRAFI 3, AND ALI GHALAVAND 3

Abstract.  Let G be a graph with vertex setV (G) and edge setE (G). The vertex-
edge degree of the vertex, dg(v); equals to the number of di erent edges that
are incident to any vertex from the open neighborhood ofv. Also, the edge-vertex
degree of the edgee = uv, dj (€), equals to the number of vertices of the union of
the open neighborhood ofu and v. In this paper, the vertex-edge connectivity index,
v, and the edge—vertexF;:onnectivity index, ¢, of a graph Gowere introduced. These
aredenedas (G)= ,,y ) da(V)da(v) and e(G)= o 2k (c) de(€)dg(€),
where dg (v) is the degree of a vertexv 2 V(G) and dg (€) is the number of edges
in E(G) that are adjacent to e. In this paper, we will study the main properties of
v(G), <(G) and establish some upper and lower bounds for them. The numbers
v and . for titania nanotubes are also computed.

1. Basic Definitions and Notations

In this paper we study some aspects of the vertex-edge degree of a vertex and we
are concerned only with simple graphs, i.e., nite graphs having no loops, multiple
and directed edges. LeG = (V(G); E(G)) be such a graph with vertex setV (G)
and edge setE(G). As usual, the number of vertices and edges 6 are denoted
by n = jVj and m = jEj, respectively. The distanceds(u;Vv) between two vertices
u and v of a graphG is equal to the length of (number of edges in) a shortest path
connecting them. For a vertexv 2 V(G), the open neighborhood of is denoted by
N(v;G)andisdenedasN(v;G) = fu2 V(G) juv 2 E(G)g. The degree of a vertex

Key words and phrases.Vertex-edge degree, edge-vertex degree, vertex-edge connectivity index,
edge-vertex connectivity index.
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v in G is denoted bydg(v) and is de ned as the number of neighbours of the vertex
vin G, i.e.,deg;(v) = jN(v; G)j. The minimum and maximum degree of vertices in
the graph G are denoted by (G) and ( G), respectively. For any terminology or

notation not mention here, we refer to [17].

A topological index of a graph is a graph invariant calculated from a graph
representing a molecule and applicable in chemistry. The Zagreb indices have been
introduced, more than fty years ago, by Gutman aqu Trinajesti¢ [15], in 1972,
gnd elaborated in [16]. Theypare dened adl1(G) = = y2e(g)lds(u) + ds(V)] =

V2V (G) ds(v)? and My(G) = = 2k de(u)dg (V). Furéula and Gutman [12] intro-
duced the forgotten index ofG, F(G), as F(G) = wae (e [de(u)? + dg(v)?] =

V2V (G) dg(v)3. For properties of the two Zagreb indices see [3,7,14,15,24,25,30] and
the references therein.

In recent years, some novel variants of ordinary Zagreb indices introduced and
studied, such as Zagreb coincides [1, 16], multiplicative Zagreb indices [13, 29, 30],
multiplicative sum Zagreb index [10] and multiplicative Zagreb coincides [31].

In 2017, Naji et al. [22], have introduced a new distance-degree-based topological
indices conceived depending on the second degrees of vertices (hnumber of their second
neighbours), and are so-called leap Zagreb indices of a graph For properties and
more detail on leap Zagreb indices, we refer to [2,22,23] and [26].

For a vertex v in V(G) the ve-dominates are every edge incident tg as well
as every edge adjacent to these incident edges. Also, for an edge uv in E(G),
the ev-dominates are the vertices of the sell (v;G) [ N(u;G). There is a natural
duality between ve-dominates andev-dominates for any graphG: a vertexv 2 V is
an ev-dominates for edgee 2 E if and only if the edgee is an ve-dominates for vertex
v [6].

De nition 1.1  ([4]). Let G be a connected graph and& 2 V(G). The vertex-edge
degree of the vertexv, dg(v); equals the number of di erent edges that incident to
any vertex from the open neighborhood of. Also, the edge-vertex degree of the edge
e = uv, d5(e), equals the number of vertices of the union of the open neighborhoods
of u andv.

The concepts of vertex-edge domination and edge-vertex domination were intro-
duced by Peters [21] in his Ph.D. thesis and studied further in [4,9,18,19,27]. The
following fundamental results which will be used in many of our subsequent consider-
ations are found in the earlier papers [28] and [32].

Let G be a graph. The totalev-degree,Te, total ve-degree,T,, ev-degree Zagreb
index, S, rst ve-degree Zagreb alpha index$ , rst ve-degree Zagreb beta index,
S , secondve-degree Zagreb index$ , of graph G are de ned by Chellali et al. [6]
as:

X X
Te(G) = ds(e); Tu(G) = dz(v);
e2E (G) V2V (G)



ON VERTEX-EDGE AND EDGE-VERTEX CONNECTIVITY INDICES OF GRAPHS 227

X X
S(G) = ds(e)”; S (G) = d& (V)%

e2E§<G) V2V (G) X
S (G)= [d&(v) + dg(W)]; S (G) = dg (v)dg (u):
e=uv2E(G) e=uv2E(G)

Let (G) be the number of triangles in graphG. Authors in [6] have proved that:
(1.1) T(G)=T,(G)= M(G) 3 (G); whereG is an arbitrary graph;
S(G) = F(G) +2M,(G); whereG is a triangle free connected gragh
S (T)=2My(T); whereT is an arbitrary tree:

In [8], Ediz de ned ve-degree atom-bond connectivityve-degree geometric - arith-
metic, ve-degree harmonic andre-degree sum-connectivity indices as parallel to their
corresponding classical degree versions. Moreover, the mathematical properties were
studied in it.

Titania nanotubes which have been produced fteen years ago have many appli-
cations on the very broad of science from medicine to electronics [20]. Computing
certain topological indices of titania nanotubes have been started recently. Since 2015,
there are many studies to compute the exact value of some topological indices of
titania nanotubes [5, 11].

2. Main Results

De ne the ev-degree connectivity index, ., and ve-degree connectivity index, .,
of a graphG as:

X
o(G) = de(e)dg (e);

e=uv2E(G)

X
v(G) = dg (V) dg (v);
v2V (G)

where fore= uv 2 E(G), dg(e) = dg(u) + ds(v) 2.

Proposition 2.1. Let P, C,, Sy, K, and K., be path, cycle, star, complete and
bipartite graphs onn 4 vertices, respectively. The{a+ b= n)
e(Pn)=8n 18 (Pn)=8(n 2); ¢(Ch)= (Cn)=8n;
e(Sn)=n(n 1)(n 2); (S)=2(n 1)%
(Kn)= n2(n 1N 2 (Ky) = ”2(”21)2;
e(Kap) = a(n®  2n);  (Kap) = 22%0%
Proof. By de nitions,

(P)= de, (el (€)=2(1 3)+(n 3)2 4)=8n 18

e=uv2E(Pn)
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v(Pn) = § dp, (V) (V) =2(1 2)+2(2 3)+(n 4)(2 4)=8(n 2)
V2V (Pn)

The proof of other cases are similar and we omit them.
Proposition 2.2. Let G be a triangle free graph. Then

(G)= F(G)+2M,(G) 2M(G) and (G) =2M,(G):
Proof. By de nitions, « «

(G) = ds(€)ds(€) = d(e)[ds(u) + dg (V)]

e=uv2E(G) e=uv2E(G)
X

= [de(u) + ds(v) 2][ds(u) + ds(V)]

e=uv2E(G)
= F(G)+2M3(G) 2M4(G);
X o X X
v(G) = dg(vV)dg(v) = dg (V) dg (u)
v2V (G) v2V (G) uv2E(G)
X X X
= ds (V) de(u) =2 dg (u)dg (V)
v2V (G) uv2E(G) uv2E(G)
=2M 2(G):

Hence, the result is obtained.

Let G be a graph withn vertices andm edges and leh; = jfv 2 V(G) j dg(v) = igj,
for all integersi, 1 | n 1. By de nition,

(2.1) n=ny+n,+ + N, 1

Also, it is well-known,

(2.2) 2Zm=n;+2n,+ +(n 1)n, 1:
Therefore, by (2.1), (2.2) and some simple calculations,
K 1
(2.3) np=2n 2m+ (i 2)n;:

i=3
Theorem 2.1. Let G be a triangle free graph. Then ¢(G) v(G) 2(m n)and
equality holds if and only iffdg(v) jv2 V(G)g f 1;2g.
Proof. By Proposition 2.2, «
o(G)  W(G)= F(G) 2My(G)= de(v)’[ds(v) 2]
v2V (G)

=R an= e 2 2n

and by (2.3),
X 1 X 1
(G W(G=2m 2n (i 2ni+ i2( 2)n;



ON VERTEX-EDGE AND EDGE-VERTEX CONNECTIVITY INDICES OF GRAPHS 229

K 1
=2m 2n+ (i D@ 2)(+1)n;:
i=3
Therefore, (G) (G) 2(m n) and equality holds if and only iffdg(v) j v 2
V(G)g f 1;2q.

Proposition 2.3. Let G be a triangle free connected graph with vertices andm
edges. Then ((G) mn(n 2) and equality holds if and only iIG = K., «.

Proof. By de nition of triangle free graph G, dg(u)+ dg(v) nforalle= uv 2 E(G).
Thus,

(G)=  de(U)+ do(v) do(W)+ de(v) 2
uv2xE(G)

nin 2)=mn(n 2):
uv2E(G)

Equality holds if and only if G = Ky, «.

A graph G is said to beve-regular graph if and only ifjfdg(v) jv2 V(G)gj =1
and is said to beev-regular graph if and only ifjf d(e) je2 E(G)gj = 1.

Theorem 2.2. For any graphG with n vertices andm edges
(M1(G) 3 (G))?.

(2.4) S (G) -

Equality holds if and only ifG is a ve-regular graph. Moreover,
q ——

(2.5) v(G) S (G)M4(G):

Equality holds if and only if there exists a real number such thatds(v) = cdg(v) for
allv2 V(G) and
S

(2.6) e(G) S(G) F(G)+2M,(G) 4M(G)+4m

Equality holds if and only if there exists a real numbdrsuch thatds(e) = Id§(e) for
all e2 E(G).

Proof. Let G be a graph with vertex setfvy;Vv,;:::;v,0. Nest we will use Cauchy-
Schwarz inequality
| | |
X 2o oo
(2.7) ah af K
i=1 i=1 i=1

To prove (2.4), we put in (2.7),a = dg(vi) and b =1: Then by (1.1)
|

', !

Mi(G) 3 (G)’= T(@P= © M) &W)?® 1 =S @©n

i=1 i=1 i=1
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Therefore,S (G) M€ 2 (G)° and equality holds in Cauchy-Schwartz inequality if
andonly if (ag;az;:::;ay) = c(by;by;:::; k), wherecis a real number. Hence equality
holds in (2.4) if and only if G is ave-regular graph.
To prove (2.5), we put in (2.7),a = dg(v;) and b = dg(v;): Then we obtain
0 L, ! 0 !
W(G)? = dg (vi)de (Vi) dg (vi)? ds(vi)? =S (G)M4(G):
i=1 i=1 i=1
Therefore, (G) ! S (G)M1(G) and equality holds in Cauchy-Schwartz inequality
if and only if (aj;a;:::;a,) = c(by;by;:::; k), where c is a real number. Hence
equality holds in Equation (2.5) if and only if there exists real numberc such that
ds(v) = cd(v) for all v2 V(G).
To prove (2.6), again by Cauchy-Schwartz inequality,
0

1, 0 10 1
2 — X \4 X \4 2 X 2
«(G)=@ dz(e)ds(e)pr @ dg(e)*A @ dg(€)A
e=uv2E(G) e=uv2E(G) e=uv2E(G)
X 2
= S(G) do(u) + dg(v) 2
e=uv2E(G)

S(G) F(G)+2M5(G) 4M(G)+4m :
S

Thus ¢(G) S(G) F(G)+2M,(G) 4M(G)+4m and equality holds in(2.6)
if and only if there exists real numbei such that dg(€e) = I1d§(e) for all e 2 E(G).

If G is atriangle freer-regular graph, then for allv 2 V(G), dg(v) = P w2e@G) I =
r2 and for alle 2 E(G), d4(e = uv) = dg(u) + ds(v) = 2ds(v). If G is a complete
graph thendg(v) = n(n 1)=2,v 2 V(G) and di(e = uv) = n for all e 2 E(G).
Therefore, the Equalities(2.4), (2.5) and (2.6) hold for triangle free regular graphs
and also complete graphs.

Theorem 2.3. Lr(]at G be anr-reglular graph. Then o i
W(G)=T1 My (G) 3(G) and (G)=2(r 1)My(G) 3(G):
Proof. Let G be anr-regular graph. Then (1.1) gives
(©= 1 EMewm= | dwr

v2V)((G) h v2V (G) i
=T dg(v) = r My(G) 3 (G) ;
v2V (G) X
e(G) = dg(e)ds(€) = dg(e)2(r 1)
e2E(G) e2E(G)

=2(r 1) X ds(e) =2(r 1)hM1(G) 3 (G)i;
e2E (G)
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as desired.

Theorem 2.4. Let G be graph.

(a) If G is averegular graph withdg(v) = cfor all v2 V(G); then (G) =2cm:
(b) If G is an ev-regular graph withdj(e) = k for all e 2 E(G); then (G) =
kIM1(G) 2m]:

Proof. Let G be veregular graph with dg(v) = cfor all v2 V(G): Then
X X

W(G) = d(Wds(v)= ¢ = dg(v)=2cm:
V2V (G) V2V (G)
Now, let G be ev-regular graph, with d(e) = k, for all e2 E(G): Then
X X
e(G) = ds(e)ds(e) = k [de(u) + da(v) 2] =Kk[M(G) 2m]:
e2E(G) e=uv2E(G)

This completes our argument.

Lemma 2.1. Let G be a connected graph with given verticas and v such that
uv 2E(G). If G°= G+ uv, thenT,(G) = To(G) Tu(GY = T(GY 2.

Proof. Let x = M3(G% 3 (GY andy= M,(G) 3 (G). By de nition,
X y=(deh(U)+1)2+(de(V)+1)2 -3 (G)+JN(u;G)\ N(v;G)j
do(W)? + ds()? 3 (G)
=2dg(u) +2ds(v)+2 3IN(u;G)\ N (v;G)j
AN (u;G)\ N(v;G)j+2 3ZN(u;G)\ N(v;GQ)] 2
The proof follows from (1.1).

Let G be a graph. The pathPy := vov,:::v is called a pendant path inG if
fvo;vi;iiiswg  V(G), da(vo)  3,de(vk) =1, fviviss JO k 1g E(G),
and dG(Vl) = = dG(Vk 1) =2, when k 2.

Lemma 2.2. Let G be a graph with two pendant pathBy := vgv,:::v and Q, :=
UgUo:::up. If G%= G wova + upvy, then Ty(GY = To(GY < T (G) = To(G) 2

Proof. Let x = M1(G%) 3 (GY andy= M.(G) 3 (G). By de nition,
y x=ds(Vo)’+1 (ds(vo) 1)°+4 =2ds(vo) 4 2
and (1.1) gives the result.

Lemmas 2.1 and 2.2 give the following result.

Corollary 2.1. Let G be a connected graph with vertices. Then
1
4an 6 T (G)= Te(G) énz(n 1):
Equality in left holds if and only ifG = P,, and equality in right holds if and only if
G =K.



232 S. PAWAR, A. M. NAJI, N. D. SONER, A. R. ASHRAFI, AND A. GHALAVAND

Corollary 2.2. Let G be a connected graph with vertices. Then

n?(n  1)?
(@ MY
Equalities hold if and only ifG = K.

and ¢(G) n*n 1)(n 2):

Proof. By de nitions,
X X
v(G) = dg(V)ds(v) (n 1) dg(v) =(n 1T(G);
v2)\(/(G) v2\)/((G)

(G) = dz(e)ds(e) (2n  4) dz(e) =(2n  4)T(G):
e2E (G) e2E(G)

Now, Corollary 2.1 gives the results.
For positive integern 4, let C3 := vjvovzvy and P, 3 := uju,:::u, 3 be cycle

and path graph on 3 andn 3 vertices, respectively. Then the grapic] 2 is obtained
from C3; and P, 3 by attaching verticesv; and u;. By (1.1),

(2.8) TW(C§ %) = Te(C§ ¥=4n 1L
Lemma 2.3. Let G be a graph withn 4 vertices and minimum degree at leas2.
Then T,(G) = Te(G)  4n, with equality if and only if G = C,,.

Proof. If G = C,, then T,(G) = T(G) = 4n and lemma holds. Otherwise, by using
Lemmas 2.1, 2.2 and (2.8)T,(G) = Te(G) 4n + 1 which gives the lemma.

Corollary 2.3. Let G be a graph withn 4 vertices and minimum degree at leas.
Then
v(G) 8n and G) 8n:

Equalities hold if and only ifG = C,.
Proof. By de nitions,

X X
v(G) = dg(V)ds(v) 2 dg(v) = 2Ty (G);
V2V (G) v2V(G)
e(G) = c(e)ds(e) 2 5(€) = 2Te(G):
e2E (G) e2E (G)
Now, Lemma 2.3 gives the results.

Lemma 2.4 (Diaz-Metcalf inequality). Let the real numbersa; 6 0; b; 1 i n;
satisfy
I B L:
a
Then

X0 X0 X
F+IL & (L+1) ah:
i=1 i=1 i=1
Equality holds if and only ifb = la; or i = La;:
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Theorem 2.5. Let G be a graph withn vertices, m edges, minimum degree 1 and
maximum degree . Then
B v(G) 2+ 7[2S (G)+( +1) My(G)] and equality holds if and only if
dg(v) = 1( + 1) dg(v) or dg(v) = dg(v) for all v2 V(G);
(i) «(G) 1[S(G)+2F(G)+4M,(G) 6My(G)+18 (G)] and equality holds
if and onIy if d5(e) = dg(e)+2 or 2d§(e) = ds(e) +2 for all e2 E(G).

Proof. SupposeV(G) = fvy;vy;:::;vhagandE(G) = feq;e;:::;eng. To prove (i), by

settinga = dg(vi) and b = dg(v;) forall i =1;2;:::;n, L= and |= 1( +1)in
Diaz-Metcalf inequality we get

X , . 1 X , 1 X
ds(vi)*+ 5( +1) ds (Vi) S +1)+ dg (Vi)dg (vi);
i=1 2 i=1 2 i=1
which implies that

S(G)+ 5( +1) MiG) L +D+  (O)

Therefore,

v(G) >+ +1 2S (G)+( +1) My(G);

and equality holds if and only ifdg(v) = 1( +1)dg(v) or dg(v) = dg(v) for all
v2 V(G).

To prove (ii), setting & = di(e) and
and | =1 in Diaz-Metcalf inequality we get

de(g)+2forall i=1;2:::;m, L =2

dve(a)2+2 (ds(e)+2)? 3" (ds(e) +2) dg(e);

i=1 i=1 i=1
which implies that

S(G)+2 F(G)+2M,(G) 3 «(G) +6T(G):

Therefore, by (1.1),

«(G) ;hS(G) +2F(G)+4M,(G) 6My(G)+18 (G)i ;

and equality holds if and only ifd§(e) = dg(e) + 2 or 2d§(e) = ds(e) + 2 for all
e2 E(G). This completes the proof.

If G is a triangle freer-regular graph, then for allv 2 V(G), d&(v) = r? and for
all e= uv 2 E(G), di(e) = ds(e) + 2. Therefore, by Theorem 2.5,

A(G) = 11 25 (G)+(r +1)1M(G) ;
o(G) = }hS(G)+2F(G)+4M2(G) 6M,(G) -
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Theorem 2.6. Let G be a graph withn vertices andm edges. Then
() (G) Z[My(G) 3 (O]
(i) o(G) &IMi(G) 2m]My(G) 3 (G)I:
The bounds attain on the cycl€,, n 3, and the starK,., 1, 0 2

Proof. SupposeV (G) = fvi;Vvy;:::;vhg and E(G) = fep;e;:::;en09. Chebyshev's
inequality states that, for any non-increasing sequences  a, a, and
b, b b,, we have
X XX
n ah a b
i=1 i=1 i=1

Supposes; = dg(vi) and b = dg(vi), fori =1;2;:::;n. By (1.1), we obtain
X . X X
n  dg(vi)dg(vi) do(vi)  dg(vi);
i=1 i=1 i=1
and hence, ,(G) 22[M(G) 3 (G)]. This proves ().
To prove (i), we dene a = dg(e) and b = di(e), fori =1;2;:::;m. By (1.1),
we obtain
X , xn X
m  ds(e)ds(e) ds(e) ds(e);
i=1 i=1 i=1
and hence, ¢(G) %[M 1(G) 2m]M(G) 3 (G)].
It is well-known that M;(G) 4n 6, with equality if and only if G = P,.
Therefore, Theorem 2.6, Corollary 2.1 ant1,(G) 4n 6 give the following results.

Corollary 2.4. Let G be a graph withn vertices andm edges. Then

(G) 2I:‘(4n 6) and +(G) Iri][4n om  6][4n 6]

X X X 2 n? 2
aiz lqz a;b 3 RiR,  rqr;
i=1 i=1 i=1

Theorem 2.7. rLet G be a connected graph with vertices andm edges. Then

(i) v(G) r Mi(G)S (G) % 3 ( +1) 2;

(i) e(G) F(G)+2M,(G) 4M1(G)+4m S(G) %sz ( 1) ( 1) ’

we puta = dg(vi);dc(Vvz);:::;ds(Va) , b= dg(vy);dg(v2); i, dg(vn) , ra =
Ri=, r,= +1landR,= 2. By Ozeki-lzumino-Mori-Seo type inequality we get

n2 2

MiG)S () (G T T (+1)
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which implies that

n2 2
(G M@S (@) T ° (+D

rr=2( 1),Ry=2( 1),r, =2 andR, =2. Again by Ozeki-lzumino-Mori-Seo
type inequality we get

F(G)+2My(G) 4M1(G)+4m S(G) e(G)? r;z 4 ( 1) 4( 1) 2;

which implies that
S

«(G) F(G)+2M,(G) 4M1(G)+4m S(G) 1—6m2 ( 1) ( 1) 2:

This completes our argument.

Corollary 2.5. Let G be a connected graph with vertices andm edges. Then
S
1 9(4n 6)3 2
— .

v(G) 3nZ n® 3n2+3n 3

wl

Proof. By (1.1), (2.4) and Corollary 2.1,S M Therefore, byM,(G) 4n 6
and Theorem 2.7,

S
3 2
V(G) } m 3n2 ns3 3n2 +3n 3 :
3 n
as desired.
3. Examples
Let G be a simple graph. The notatiorm;;,1 i j n 1, denote the number

of edges ofG connecting a vertex of degree with a vertex of degregj .

It is preferred to show titania nanotubes asl iO,[m;n], wherem and n denote
the number of octagons in a row and in a column, respectively. See Figure 1 for
details. TheTNTs[m;n] is the two-parametric chemical graph of three-layered titania
nanotubes, wheren and n represent the number of titanium atoms in each row and
column, respectively, Figure 2. Finally, T NTg[m;n] is the two-parametric chemical
graph of a six-layered single-walled titania nanotube, whema and n represent the
number of titanium atoms in each column and row, respectively, Figure 3.

The following proposition is a result of Table 1 and Proposition 2.2 in which thee-
degree andev-degree connectivity indices oT iO,[m; n], TNTs[m; n] and TN Tg[m; n]
are given.

Proposition 3.1. The following hold:
v TIOz[m;n] =4m(65n+31); ¢ TiOz[m;n] =4m(107n +47);
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Table 1. End point degree edges distributions ofTiO,[m;n],
TNTs[m;n] and TNTg[m; n]

‘ symbol ‘ My;2 ‘ My;3 ‘ Mo;q ‘ My;5 ‘ My;6 ‘ M3;4 ‘ M3;5 ‘ M3.6 ‘
TiOz[m;n] |0 0 6m |4mn+2m |0 2m |6mn  2m |0
TNT3[m;n] |0 0 4m |0 4m |4m | O 2m(6n 5)
TNTg[m;n]|2m |[2m |6m |8mn 0 2m |2m(n 5)|0

v TNT3[m;n] =8m(54n 13), e TNT3[m;n] =2m(378& 101),
v TNTeg[m;n] =4m(130n 29); ¢ TNTg[m;n] =4m(214n 55):

Figure 1.  The molecular graph of titania nanotubes.

4. Concluding Remarks

In this paper, two graph invariants of the vertex-edge connectivity index and the
edge-vertex connectivity index of a graptG were introduced. The main properties

Figure 2.  The graph of 3-layered titania nanotube.
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Figure 3. The graph of six-layered single walled titania nanotubes.

of these invariants were studied and we established some upper and lower bounds for
them. These numbers for titania nanotubes are also computed.
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ON THE ZAGREB INDEX OF TOURNAMENTS

TARIQ AHMAD NAIKOO 1!, BILAL AHMAD RATHER 2, UMA TUL SAMEE 3,
AND SHARIEFUDDIN PIRZADA 2

Abstract. A tournament is an orientation of a complete simple graph. The score

of a vertex in a tournament is the out degree of the vertex. The Zagreb index of

a tournament is de ned as the sum of the squares of the scores of its vertices. In
this paper, we obtain various lower and upper bounds for the Zagreb index of a
tournament.

1. Introduction

A tournament is an orientation of a complete simple graph. LeT be a tournament

with order n and having vertex setfvy;Vv,;:::;v,0. The score of a vertexv;, 1
i n, denoted bys,, (or simply by s;), is de ned as the out degree of;. Clearly,
O s n 1foralli,1 i n. The sequences;s;;:::;S,] in non-decreasing

order is called the score sequence of the tournamént A regular tournament onn
(odd) vertices is a tournament in which score of every vertex ;. Many of the
important properties of tournaments were rst investigated by Landau [5] (1953) in
order to model dominance relations in ocks of chickens. Current applications of
tournaments include the study of voting theory and social choice theory among other
things. Other unde ned notations and terminology can be seen in [8].

The following result [5], also called Landau's theorem, gives a necessary and su -
cient conditions for a sequence of non-negative integers to be the score sequence of
some tournament.

non-decreasing order is a score sequence of some tournament if and only if

Key words and phrases.Tournament, score, score sequence, Zagreb index, Landau's theorem.
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(1) e M D,

i=1
with equality whenk = n.

forl k n;

Several results for the scores in a tournament can be seen in [3,6,7,9,13]. Also,
stronger inequalities for scores in tournaments can be found in [2]. Further the
extension of scores to oriented graphs and digraphs can be seen in [10 12].

For any two distinct verticesu and v of a tournamentT, we have one of the following
possibilities:

(i) there is an arc directed fromu to v which is denoted byu(1 O)v;

(i) there is an arc directed fromv to u which is denoted byu(0  1)v.

One of the oldest graph invariants is the well-known Zagreb index rst introduced
by Gutman and Trinajsti¢ [4], where they examined the dependence of totatelectron
energy on molecular structure. Some recent work can be seen in [1]. The ( rst) Zagreb
index M1(G) of a graph G is de ned as the sum of the squares of the degrees of the
vertices of G and the second Zagreb indei,(G) is equal to the sum of the products
of the degrees of pairs of adjacent vertices. These two topological indickk, (and M)
re ect the extent of branching of the molecular carbon-atom skeleton. Determining
the extremal values or bounds of these two topological indices of graphs, as well as
characterizing the corresponding extremal graphs, has attracted the attention of many
researchers. Analogous to this, we de ne the Zagreb indM('l;) of a tournament T
as the sum of the scores of the vertices & Thatis, M(T)= [, s

The rest of the paper is organized as follows. In Section 2, we obtain the lower
bounds for the Zagreb indexM (T) of a tournament T. In Section 3, we compute the
upper bounds forM (T).

2. Lower Bounds for the Zagreb Index M(T)
The following result gives the best general lower bound fod (T).

Theorem 2.1. If [s1;S;:::;Sn] IS the score sequence of a tournameift, then

XN, n 1
(2.1) M(T) = S; 3 2m(n m 2)+n 1 ; wherem= — :

i=1
with equality if and only ifs; s;  1foralli;j,1 i;j n,wherebcdenotes the
oor function.

Proof. Let v; and v; be two vertices of the tournamentT V\gth their respective scores
ass; and s such thats; s;. Also, assume thatM (T) = = [_; s,2 is minimum.

We claimthats; s; 1foralli;j,1 1ij n. To prove the claim, we assume
to the contrary that s; s; > 1 for somei;j, 1 i;j n. Then there exists a vertex
Vi with scores, such thatvi(1 0O)vx and vi(1  0)v;. Now, reversing the orientation
of these arcs tov;(0 1)vx and w (0 1)v; respectively, we get a new tournamernt;
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with the score sequence{;ty;:::;t,], whereti = s;  1,t; =s +1,t, = s, forallr,
1 r nwithr6ij.
Thus,
X0 X1 X1 X0
t>= tP+tl+ te2+ 7+ t?
r=1 r=1 r=j+1 r=i+l
X1 X1 X0
= Sr2+(Sj +1)2+ S,—2+(Si 1)2+ s
r=1 r=j+1 r=i+l

2 2(s s 1)

r=1
Ass; s > 1, so we obtain

X X

< s

r=1 P r=1
which is a contradiction, sinceM (T) = = [_; s, is minimum. Hence,s; s; 1 for
alli;j,1 1i;j n. This means that some of the vertices of have scorem and the
remaining vertices (if any) have scoren + 1. If x vertices of T have scorem andy
vertices have scoren + 1, then

(2.2) X+y=n
and by (1.1), we have

nin 1)
—
Solving (2.2) and (2.3), we getx = 3(2m n+3)andy= 3(n 2m 1). Therefore,

(2.3) mx+(m+1l)y=

; ; X 2 ; 2 2 2
MNM(T)=min  s“=minfs{+ s+ + s.g

i=1
|~nz+m2{; +m2+ﬁm+1)2+(m+1{)22+ +(m+1)§

}

2(2m n+3) times 2(n 2m 1) times

:g(Zm n+3)m2+g(n 2m  1)(m+1)?
:ngm(n m 2)+n 1g

That is,
X n
M(T)= s? Ef2m(n m 2)+n 1g
i=1

Now, assume that equality holds in(2.1). SinceM (T) is minimal, so some of the
vertices of T have scorem and the remaining vertices (if any) have scorm + 1, where
m = b”—zlc. Therefore,s; s; 1foralli;j,1 i;j n.
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Conversely, assume thas; s; 1foralli;j,1 i;j n. Then as above, we

have
X ol 2. 2
M(T) = S“=s;+s+ +5]
i=1
:[nz+m2{-|; +m§+qm+1)2+(m+1{)22+ +(m+1)§

Z(@m n+3) times 5(n 2m 1) times

:%(Zm n+3)m2+%(n 2m  1)(m+1)?

:%me(n m 2)+n 1g:

Therefore equality holds in (2.1).
b’2candx = “2(n  2m 2). Then the following hold.
(i) For s, >x, we have

n 1

5 f@em+1)(n m) mg+s? x@2m+1):

M (T) = >@ s’

i=1
(i) Fors, X, we have

n 1

5 fem+1)(n m) mg+sZ+2x s,(2m+3):

X
M(T) = Si2
i=1

Proof. Let v, be the vertex of the tournamentT with scores,. Deleting the vertex

By Theorem 2.1, the minimum value ofM (T) is attained in terms of n if and only if
s 1foralli;j,1 i;j n. Using this result, we conclude that the value of
n ;2 (in terms of the number of vertices) will be minimum if the value oM (T)
(in terms of n and s,) is minimum. So, we have to nd the minimym value ofM (T)
in terms of n and s,. For this, rst we nd the minimum value of =~ [,t;2 in terms
of the number of vertices.
As the tournament T, hasn 1 vertices, therefore, by using Theorem 2.1, we have
X 1ti2 n 1
i=1

f2mn 1 m 2)+(n 1) 1g

n
2

1f2m(n m 3)+(n 2)g;

wherem = b® 2 1c= b 2candt; t 1foralli;j,1 i;j n 1,
If x vertices of T, have scorem + 1 and y vertices have scoren, then we have

(2.4) x+y=n L
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Also, by (1.1), we have
(n H(n 2)
5 :

Solving (2.4) and (2.5) for x, we havex = %(n 2m 2). So,T; hasx =

"A(n 2m  2) vertices of scoren+1andn 1 x vertices of scorem.

Now, we add the vertexv,, of scores, %nd join it to the other vertices of the
tournament T, by arcs, such thatM (T) = = [, s;2 is minimum. This can be done
as follows. Letv,(1 O)u to as many verticesu of scorem + 1 as possible and then
Vh(1 O)v to the remaining verticesv of scorem till the score s, is exhausted. Note
that other arcs are directed towardsv, in order to complete the tournament. Now,
we consider the following two cases.

Case (). Whens, >x, then

(2.5) (Mm+1)x+ my=

X 1
mnM(T)=min  s?=min  t?+s2+(n 1 x)2m+1);

i=1 i=1
that is,
M (T) n21f2m(n m 3)+n 2g+s+(n LEm+1) x(@m+1)
= nzlf(2m+1)(n m) mg+ sz x(2m+1);

wherem = b®2candx = X(n  2m 2).
Case (i) . Whens, x, then
: X
minM(T)=min s
i=1
K 1
=min %+ s2+(n 1 x)@2m+1)+(x s)f2m+1)+1g;
i=1
that is,
n 1

M (T) f2m(n m 3)+n 2g+s2+(n 1)2m+1) x(2m+1)

+(X sp)(@2m+3)
n 1
2
wherem = b®2candx = ZX(n  2m 2).

f@em+1)(n m) mg+s2+2x s,(2m+3);

2

Remark 2.1 The lower bounds given by Theorems 2.1 and 2.2 are best possible,

particular, these hold for a regular tournament onn (odd) vertices having score

sequence 4, 02 L - Clearly L s? is minimum and so the equality in

Theorems 2.1 and 2.2 hold for regular tournaments.
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Theorem 2.3. If [s1;S0;:::;Sn] is the score sequence of a tournameift, then
( ) 2
X 1 nin 1)
M(T)= s?2 s+ s+ ST Sy
( ) - | 1 n n 2 2 1 2

with equality if and only ifs, = s3 = =S, 1.

respectively. Since the arithmetic mean is greater than or equal to the harmonic mean,

therefore
Pl Pl
SiSi S
i=2 i=2 .
P1 Pls;’
i=2 i=2 S

with equality if and only if s, = 53 = =S, 1. Thatis,

X 1 1 X 1

i=2
with equality if and only if s, = s3 = = s, 1. After simpli cation, it is easy to see
that

|

x o, 1 X 2

si° s{ s; i :
i=1

By using (1.1), we have

X 1
M(T)= s?2 s§+sﬁ+n St Sh
i=1

equality holds if and only ifs, = s3 = =S, 1.
Theorem 2.4. If [s1;S;:::;Sn] IS the score sequence of a tournameift, then

Mm=" sz T w2

i=1

with equality if and only ifs; = s, = = S,.

Proof. Applying the Cauchy-Schwartz inequality, we have

0 x x oot o 2
Si = s 1 Siz 12 ;
i=1 i=1 i=1 i=1
with equality if and only if s; = s, = = s,. This is equivalent to
1
X0 X 2,
Si s? n’;
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which after simpli cation gives
1
N
3

Si Si;
i=1 n- i=1
with equality if and only if s; = s, = = s,. Now, by using (1.1), we have
X 1 nin 1) 2 n
2 I - _ 1 2.
L% n T2 AU
where equality occurs if and only ifs; = s, = = s,. Thus,

M(T) 00 1
with equality if and only if s; = s, = = S,.

3. Upper Bounds for the Zagreb Index M (T)

In this section, we obtain the upper bounds for the Zagreb indek (T). In a
tournament, we denote withN;" the out-neighbor set of the vertexv;.

i .
si2 be maximum. Then
i=1

(@ N f vig=N; f vigifandonlyif s = sj;

(b) N f vig) N/ f vgifandonlyifs >s;, and

(c) si<sjifvi2 Ny andv; 2 (NJ)® f wg, wheres; and s; are the scores of
the two verticesv; and v, respectively.

Proof. (a) Lets; = s;. Assume to the contrary thatN;" f vig8 N;" f vig. Since
Si = s;, therefore there exist at least two vertex/, and vy with their respective scores
Sp and sq such that vi(1  O)vp, V(1 O)vj, vi(1 O)vg and vg(1  O)vi. Now, we
consider two cases.

Case (). Whens, s, By changing the arcsvi(1 0O)v, and vy(1 O)v; to
vi(0O 1)vy, andvg(0 1)v; respectively, we get a new score sequentgth;:::;t,],
wheret, = sp+1, tg=s; landt =s forallr,1 r nwihr & p;gq Therefore,
X t2= X 2+ th+ 17 = X S+ (sp+1)2+(sq 1)
i=1 i=1 i=1

i6pig i6pq

X

siP+2(sp, Sqt+1l) > s%
i=1 i=1
sinces, sy, Which is a contradiction, sinceM (T) = P L si2 was assumed to be
maximum.

Case (ii). When s, < s4. By changing the arcsvp(1  O)v; and v;j(1 O)vq to
vp(0 1)y andv;(0 1)vg, respectively and proceeding as in case (i), we arrive at a
contradiction. Hence,N;" f vig= N/ f vg.
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Conversely, ifN;" f vig= N;” f vig, thens; = g.

(b) Lets >s;. Assume to the contrary thatN;" f vjg) N;° f vigis not true.
Then there exists a vertexv, 2 N;" f vig, but v, 2 N f v;jg. This means that
vi(1 O)vpandvp(l O)v;, and by changing these arcs to; (0 1)v, and v,(0 1)v

respectively, we get a new score sequentgf,;:::;t,], wheret; = s;+1; t; =5 1
andt, = s, forallr,1 r nwithr6ij. Then
X X X
t?= tP+ti+tt= sPH(s+1)%+(s 1)
r=1 r=1 r=1
rei) re i)

X

Se+2(si s +1) > s
r=1 r=1
sinces; > s, which is a contradiction, sinceM (T) was assumed to be maximum.
Hence,N f vig) N;° f vig.

Conversely, iftN;" f vig) N f vig, thens; >s;j.

(c) Assume to the contrary thats; s;. Then, by using parts(a) and (b) , we
haveN;” f vjg N;" f vig:Sincevi 2 N, andv; 2 (Ng)° f wg, sow(l O
andv;(1 O)vi. Therefore,

fwg N f vig N f vg;

thatis, vg 2 N f v; g: Thus, we obtainv;(1 0)vg, which is a contradiction. Hence,
the result follows.

the average of the scores of the vertices such thatvi(1 0)v;. Then

X0 2 X
M (T) = Si2 = 771(” 1) Sim;:
2
i=1 i=1

Proof. Since
1 X
sm=s— fs:vi(l Ovg= fs:vi(l O0)g;
=1 j=1
therefore, by using (1.1), we have
X XX

sSim; =
i=1 i=1j=1 j=1i=1

|
—_
W
<
—~
H
o
N
<
«
1
—
w
<
—~
|_\
(@]
o
<
«

x
sitn 1 s)=(n 1) s S:
j=1 j=1 i=1

nin 1) *X

(n 1)
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Hence,

xn 2 X
M(T)= | s2= DT
i=1 i

Theorem 3.2. If [s1;S2;:::;Sn] IS the score sequence of a tournameift, then

(3.1) M(T) = X s;° Msn;
i=1 2

with equality if and only if the tournament is regular.

Proof. Let m; be the average of the scores of the vertices such that vi(1 0O)v;.
Then, by using (1.1), we have

11X X0
smy=si— fs;:vi(1 O)vg s s (n 1 s)s,
i j=1 i=1
(3.2) MY s 1 s
with equality if and only if s; = ”Tl foralli,1 i n.
Now, by Lemma 3.1, (3.2) and (1.1), we have

Ne 12 X 12 X 1
LG S PO G Do o1 s)s,
2 i=1 2 i=1 2

nn 1% n%n 1) X X0
= ( ) ( )+ sst+n(n 1)s, Sy, S
2 2 i=1 i=1

_ n(nz 1)2 nZ(nz 1) + n(n2 1) + n(n 1)Sn Sh

Therefore,

n(n2 1)Sn2

Now suppose that equality holds in (3.1). Thens; = ”Tl foralli,1 1 n,that
is, the tournament is regular.

Conversely, suppose that the tournament is regular. Then, it can be easily checked
that equality holds in (3.1).

M (T)

setV and letm; be the average of the scores of the vertiogssuch thatv;(1  O)v;.
Then

(3.3) M (T) = Xq st n(”41)

i=1

n 1+maxfs; m;:v; 2Vg ;
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with equality if and only ifmaxfs; m; :v; 2Vg=n 1 2m;, wherel 1i;j n,
with i 6 j:

Proof. Applying Lemma 3.1, we have

X X X X nin 1) X
2 = g+ = s+ (n 3 S m;
j=1 j=1 j=1 j=1 2 1=
nin 1)2 X0 nin 1)? .
_n(n 1), s(s; m) ¥+maxfsj mj v 2Vg s
2 =1 2 j=1
nin 1
:(Z)n l+maxfs; m;:v; 2Vg:

Therefore,

X nin 1
e nn 1)

J 7] n 1+maxfs; m;:v; 2 Vg

j=1
Equality holds in (3.3) if and only if
X, n(n 12 n(n 1)

(3.4) CSE e

wherep=maxfs; m;:v; 2 Vg. By Lemma 3.1, (3.4) is equivalent to

M X0 n(n 1)2+n(n 1)p;

SsSm; =
2 o 4 4

which after simpli cation gives

nin 1 n+1 X
(2 ) P > +‘ Sjmj:O:

By (1.1), this implies that

j=1 : 2 j=1

that is,

X n+1

j P +m =0

j=1 2
Finally, after simpli cation, we have

x
(3.5) si(p n+1+2m;)=0:

j=1

Now, assume that equality holds in (3.3). Then (3.5) holds. Since each term in
this summation is non-negative and sum is equal to zero, therefore for eagleither
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ss=0or maxfts; m; :v; 2Vg=p=n 1 2m;. Buts =0 is not possible for
eachy; in any tournament (except the tournament with only one vertex), therefore

maxfs, m;:v;2Vg=n 1 2m;:

Conversely, assume thamaxfs; m; :v; 2Vg=n 1 2m;: Then, by Lemma
3.1, we have

1 1)? 1
n(n4) n 1l+maxfs; m;: v 2Vg :n(n4 ) + n(n4 )(n 1 2m;)
2 2
_n(n 1) N n(n 1) n(n 1)rni
4 4 2
12 X X
_nn 1) sm;= s
2 i=1 i=1
Therefore, equality holds in (3.3).
Theorem 3.4. |If [s1;S0;:::;Sn] IS the score sequence of a tournameift, then
X 1
(3.6) Mm=" ¢ M D is) nss,

1
. 2
i=1
with equality if and only if the tournament has only two types of scoreg and s;,.

Proof. By using (1.1), we have

X ) X 5 X
S = (st sisi+sisi))= fsi(si s1)+ sisiQ
i=1 i=1 i=1

M (T)

X0
fsn(si S1)+ SiSi0=  (ShSi  SnS1+ SiS1)
=1 i=1
X X nin 1)
= (Sn* s1)si %&:—754&+%)n&%
i=1 i=1

Equality holds if and only if

X X
fsi(si s1))g= fsu(si s1)g

i=1 i=1
or
N
fsa(si 1) si(ss 1)g=0
i=1
or
X0
(3.7) f(sn si)(si s1)g=0:

i=1
Now, assume that equality holds in (3.6). Then equality holds in (3.7). Since each
term in this summation is non-negative and sum is equal to zero, therefore either
Si=s;0rs; =s, fori=1;2:::;n. So the tournament has only two types of scores
s, and s,.
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Conversely, suppose that the tournament has only two types of scoresand s,.
Then f(sn si)(si s1)g=0. Hence, the equality holds.
i=1
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Abstract.  In the paper, the author presents lower and upper bounds for norms
of the sine and cosine functions along a circle on the complex plane.

1. Motivations

This paper is a companion of the formally published article [6].
In the theory of complex functions, the sine and cosine functiorsnz and cosz on
the complex planeC are de ned by
. eiz e iz eiz + e iz
sinz = — and cox = —
respectively, wherez = x + iy, x;y 2 R andi = P 1 is the imaginary unit. They
have the least positive periodicity 2, that is,

sinz+2k )=sinz and cosg+ 2k )=cosz;

fork 2 Z.
When restricting z = x 2 R, the sine and cosine functionsinz and cosz become
sinx and cox and satisfy

O jsinxf 1 and 0O j cosxj L

Key words and phrases.Bound, norm, sine, cosine, double inequality, circle, complex plane,
di erence, open problem.
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When restricting z = iy fory 2 R, the sine and cosine functionsinz and cosz reduce
to

sinly) = &% = isinhy! i1
and
cosfy) = © y; ¢ =coshy! +1;
asy! 1 . These imply that the sine and cosine are bounded on the realaxis,

but unbounded on the imaginaryy-axis.
In the textbook [9, page 93], Exercise 6 states that, #2 C and jzj R, then

jsinzj coshR and jcoszj coshR:

In [7], a criterion to justify a holomorphic function was discussed.

In [6], the author discussed and computed bounds of the sine and cosine functions
sinz and cosz along straight lines on the complex plan€. The main results in the
paper [6] can be recited as follows.

(a) The complex functionssinz and cosz are bounded along straight lines parallel
to the real x-axis on the complex planeC:
(i) along the horizontal straight liney = on the complex planeC

(1.2) jsinh j j sin(x+1i )j cosh
and
(1.2) jsinh j j cosk+ i )j cosh;

where 2 R is a constant andx 2 R;

(i) the equalities in the left hand side of(1.1) and in the right hand side
of (1.2) hold if and only ifx = k for k 2 Z;

(i) the equalities in the right hand side of(1.1) and in the left hand side
of (1.2) hold ifand only ifx = k + 5 fork 2 Z.

(b) The complex functionssinz and cosz are unbounded along straight lines whose
slopes are not horizontal:
(i) along the sloped straight liney = + x on the complex planeC

jsinzj j sinh( + x)j and jcoszj j sinh( + X)j;
where 2 Rand 6 0 are constants;
(i) along the vertical straight line x = on the complex planeC
jsinzj j sinhyj and jcoszj j sinhyj;
where 2 R is a constant.

In this paper, we present bounds for normgsin(re' )j and j cogre' )j of the sine
and cosine functionssinz and cosz along a circleC(0;r) centered at the originz =0
of radiusr > 0 on the complex planeC in terms of two double inequalities.
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2. A Double Inequality for the Norm of Sine Along a Circle

In this section, we present a double inequality for the normsin(re' )j of the sine
function sinz along a circleC(0;r) centered at the originz = 0 of radius r > 0 on
the complex planeC.

Theorem 2.1. Letr> 0be a constant and leC(0;r): z=re' for 2 [0;2 ) denote
a circle centered at the originz = 0 of radiusr. Then

(2.1) jsinrj j sin(re' )j sinhr; 2 [0;2 ):

The left equality is valid if and only if =0; , while the right equality is valid if and
only if = ;3.

Proof. The circle C(0;r) can be represented by

z=re'; 2][02):
It is not dicult to see that, for xed r > 0, jsin(re' )j = jsinrj for =0; |,
jsin(re’ )j = sinhr for = -;2-, and jsin(re' )j has a least positive periodicity

with respect to the argument .
Straightforward computation yields

(2.2)
sin(re' ) = sin(r cos + ir sin )
ei(r cos +ir sin ) e i(rcos +ir sin )
- 2i
e (rsin ir cos ) g sin  ir cos
- | 2i |
_ e "8 [cosf cos )+ isin(rcos )] € °" [cosfcos) isin(rcos )]
- 2i
(e "M @S )cosfcos )+ i(e " + €M )sin(r cos )]
- 2i

= cosh(r sin )sin(r cos ) + i sinh(r sin ) cos( cos )

and

jsin(re' )j = ! [coshf sin )sin(r cos )]? + [sinh(r sin ) cos( cos )]?:

In Figure 1, we plot the 3D graph ofjsin(re' )j for r 2 [0;5] and 2 [0;2 ). In
Figure 2, we plot the polarized 3D graph of the normsin(re' )j for r 2 [0;4] and

2 [0;2 ). In Figure 3, we plot the graph ofjsin( e’ )j for 2 [0;2 ). These three
gures are helpful for analyzing and understanding the behaviour of the sine function
sinz along the circleC(0; r) centered at the originz = 0 of radius r.

From Figure 3, we can see that the normsin( €' )j has only two maximums at

= 5 37 while it has only two minimums at =0; on the interval [0;2 ).
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4

Figure 1. The 3D graph ofjsin(re' )j forr 2 [0;5] and 2 [0;2 )

4 2

U

-4

-4 10

Figure 2. The polarized 3D graph ofj sin(re' )j for r 2 [0;4] and 2 [0;2 )
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Figure 3. The graph ofjsin(e' )j for 2[0;2 )

Di erentiating the square of jsin(re' )j yields

djsin(re' )j?
d

r[cos sinh(2rsin ) sin sin(2r cos )]

r[sinh(2r sin ) tan sin(2r cos )]cos
rfcot sinh(2rsin ) sin(2r cos )]sin
, sinh(2rsin ) sin(2rcos) .

=r sin(2 ):

2r sin 2r cos

From the rst three expressions above, we conclude that the derivativ&Snel i js

equalto0at =0;5; ; 37 Considering the fourth expression above on the intervals

(k3: (k+1) ) for k =0;1;2;3, in order that 45" g 0 for 2 (k; (k+1)5) and
r> 0, itis sucientto nd

sinh(2r sin )
2. ——=>1
2:3) 2r sin
and
sin(2r cos )
2.4 —— =< 1
2.4) 2r cos ’
for 2 (k5;(k+1)5)andr> 0. Then, for xed r > 0, the squarej sin(re' )j? and
the norm jsin(re' )j have only two maximums at = ; 37 while they have only two
minimums at =0; onthe interval [G;2 ). At = 5; 37 the values ofj sin(re' )j

are both sinhr; at =0; , the values ofj sin(re' )j are bothjsinrj.
Considering the odevity ofsinht and sint, we see that two inequalities in(2.3)
and (2.4) are equivalent to

sinht sint
>1 and - <1,

(2.5)
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fort 2 (0;1 ). The rstinequality in (2.5) follows from coshx > 1 for x 6 0 and the

Lazarevi¢ inequality
inh 3
(2.6) costx < X

in [2, page 270, 3.6.9]. Whent 2 (0; 5), the second inequality in(2.5) follows from
the right hand side of the Jordan inequality

sint .
(2.7) 5 " <1 0<ijt >
in [2, Section 2.3] and the papers [1,3,4,8]. Wher» -, the second inequality in(2.5)
follows from sint 1 on (0,1 ) and standard argument. The double inequality (2.1)
is thus proved. The proof of Theorem 2.1 is complete.

3. A Double Inequality for the Norm of Cosine Along a Circle

In this section, we present a double inequality for the noricogre' )j of the cosine
function cosz along a circleC(0;r) centered at the originz = 0 of radiusr > 0 on
the complex planeC.

Theorem 3.1. Letr> 0be a constant and 1eC(0;r): z=re' for 2 [0;2 ) denote
a circle centered at the originz = 0 of radiusr. Then

(3.1) jcosrj j cosfe )j coshr; 20,2 ):

The left equality is valid if and only if =0; , while the right equality is valid if and

only if = ;3.

22
Proof. It is easy to see that, for xedr > O, jcogre' )j = jcosrj for = 0; ,
jcogre' )j = coshr for = 3; 37 and jcoqre' )j has a least positive periodicity

with respect to the argument .
Direct calculation yields

(3.2)

cosfe' ) = cos(r cos + ir sin )

ei(rcos +ir sin ) 4 e i(rcos +ir sin )

2
e (rsin ircos ) 4 ersin ir cos
B 2
_ e 'S [cosf cos )+ isin(rcos )]+ €M [cosf cos ) isin(rcos )]
B 2
(e s + @S )cosfcos )+ i(e ST €SN )sin(r cos )]

2
= cosh(r sin )cos({ cos ) isinh(r sin )sin(r cos )
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and

jcoste' )j = ! [coshf sin ) cos( cos )]? + [sinh(r sin )sin(r cos )]?:

In Figure 4, we plot the 3D graph ofjcogre' )j forr 2 [0;5] and 2 [0;2 ). In

Figure 4. The 3D graph ofjcosfe' )j forr 2 [0;5] and 2 [0;2 )

Figure 5, we plot the polarized 3D graph of the nornmjcogre' )j for r 2 [0;4] and
2 [0;2 ). In Figure 6, we plot the graph ofjcogre' )j forr = and 2 [0;2 ).
These three gures are helpful for analyzing and understanding the behaviour of the
cosine function cog along the circleC(0;r) centered at the originz = 0 of radius r.
From Figure 6, we can see that the normicog e' )j has only two maximums at
= 5 37 while it has only two minimums at =0; on the interval [C;2 ).
Di erentiating the square of j cosfe' )j with respect to gives

djcosfe' )j?
d

r{sin sin(2r cos )+ cos sinh(2r sin )]

r{tan sin(2r cos )+ sinh(2r sin )] cos
r[sin(2r cos ) +cot sinh(2r sin )]sin

.2 sin(2r cos ) N smh(2r.sm ) sin(2 ):
2r cos 2r sin

From the rst three expressions above, we conclude that the derivativel<este ) jg

equalto0at =0;5; ; 37 Considering the fourth expression above on the intervals

(k5: (k +1) 5) for k =0;1;2;3, in order that 9% )% g o, it is su cient to show

sinh(2r sin ) 51

(3-3) 2r sin



262 F. QI

Figure 5. The polarized 3D graph ofj cosfe' )j for r 2 [0;4] and 2 [0;2 )

1 2 3 4 5 6

Figure 6. The graph ofjcos(e' )j for 2[0;2 )
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and
sin(2r cos )
A4 —_—> 1
(3.4) 2r cos ’
for 2 (ks;(k+1)5)andr> 0. Then, for xed r > 0, the squarej coqre' )j2 and
the norm j cogre' )j have only two maximums at = 1 37 while they have only two
minimums at =0; ontheinterval [0;2 ). At = 3; 37 the values ofj cogre' )j

are both coshr, at =0; the values ofjcosfe' )j are bothjcosrj.
Considering odevity ofsinht and sint, two inequalities in (3.3) and (3.4) are equiv-
alent to

(3.5) sinht sint

> 1 and

1;

fort 2 (0;1 ). The rst inequality in (3.5) follows from coshx > 1 for x 6 0 and
the Lazarevi¢ inequality(2.6). Whent 2 (0; 5), the second inequality in(3.5) follows
from the left hand side of the Jordan inequality(2.7). Whent > 5, the second
inequality in (3.5) follows from sint 1 on (1) and simple argument. The
double inequality (3.1) is thus proved. The proof of Theorem 3.1 is complete.

4. Remarks
In this nal section, we list several remarks on our main results in this paper.

Remark 4.1 Comparing Figure 1 and 4, it is not easy to see the di erence between
jsin(re' )j and jcogre' )j. However, the dierencejsin(re' )j j cogre' )j forr 2
[0;2 ]and 2 [0;2 ) can be showed by Figure 7.

Figure 7. The 3D graph ofjsin(re' )j j cosfe' )j forr, 2 [0;2 )

Comparing Figure 2 and 5, it is not easy to nd the di erence betweesin( e')j
and jcog e')j yet. However, the dierencejsin(e' )] j coge')jfor 2 [0;2 )
can be presented by Figure 8.
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Figure 8. The polarized 3D graph ofjsin(re' )j j cogre' )j forr 2
[0;4] and 2 [0;2 )

Comparing Figure 3 and 6, it is also not easy to see the di erence betwejesin( e)j
andjcog e')j. However, the dierencejsin(e')j j cofe')jfor 2 [0;2 ) can
be demonstrated by Figure 9.

Figure 9. The graph ofjsin(e')j j cos(e')jfor 2[0;2 )

Remark 4.2 From Figure 7, 8, and 9, we can guess that the double inequality
(4.1) 1 j sin(re' )j j cosge')j 1

is seemingly valid for allr > 0 and 2 [0;2 ). Can one verify, deny, or strengthen
this guess?
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Remark 4.3 It is standard that
(4.2) jsin(re' ) cosge' )j? = j[sin(re' ) cosfe' )]} =j1 sin(2re )j:
From (4.2), it follows that

jil j sin(2re' )jj j sin(re' ) cosfe' )j> 1+ jsin(2re' )j:
Further by virtue of the double inequality (2.1) in Theorem 2.1, we obtain

jsin(re' ) cosfe' )j> 1+jsin(2re' )j 1+ sinh(2r):

This means that q
(4.3) jsin(re' ) cosfe')j 1 +sinh(2r);

forr> 0and 2[0;2 ).

Motivated by the guess expressed in terms of the double inequali@.1) and by the
inequality (4.3), we pose an open problem: what are the nontrivial lower and upper
bounds of the normjsin(re' ) cosfe' )j forr> 0and 2 [0;2 )?

Remark 4.4. From (2.2) and (3.2), it follows that
sin(re' ) cosfe' ) = cosh(r sin )[sin(r cos ) cosf cos )]
+ i[cosf cos ) + sin(r cos )]sinh(r sin ):

Hence, we have

jsin(re' ) cosge' )j = ! sink?(r sin )  sin(2r cos ) + cosh?(r sin );
which is equivalent to
(4.4) jsin(re' ) cosfe' )j? = cosh(2r sin ) sin(2r cos ):
From (4.4), it follows that
djsin(re' ) cosfe' )j?
d

= 2r[sin cos(Z cos )+ cos sinh(2r sin )]
= 2r[cos(2 cos ) +cot sinh(2r sin )]sin
=2r[tan cos(Z cos ) +sinh(2r sir;# )] cos

a inh(2r si .
— 2 cos(2 cos ) L Sin ( .sm ) sin(2 ):
2r cos 2r sin

which is clearly equalto O at =0; forall r> 0. The function S"}ht is even and not
lessthan 1 on 1 ;1 ). The function CC;—St isodd on (1 ;1 ). By nding the set of
all zeros of the function 0
cost sinh 42 2
+ P
t 4r2 12

we can obtain sharp bounds ofsin(re' ) cogre' )j forr> 0and 2 [0;2 ). This
is a hint, clue, sketch, or approach to solve the above open problem.

: t60:r> 0;
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Remark 4.5. To the best of my knowledge, the double inequalitie€.1) and (3.1) in
Theorems 2.1 and 3.1 are fundamental and new in the literature.

Remark 4.6. This paper is a revised version of the preprint [5].
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A STUDY OF MULTI-TERM TIME-FRACTIONAL DELAY
DIFFERENTIAL SYSTEM WITH MONOTONIC CONDITIONS

VIKRAM SINGH !, RENU CHAUDHARY 2, AND DWIJENDRA N PANDEY ‘!

Abstract. In this paper, the existence and uniqueness of mild solution for a class
of multi-term time-fractional delay di erential system have been discussed in ordered
Banach space by enforcing monotone iterative technique. The generalized semigroup
theory, fractional calculus and measure of noncompactness have been implemented
to obtain the required results. A new set of su cient conditions with the coe cients

in the equations satisfying some monotonic properties has been obtained. Finally,
an application is given to illustrate the obtained results.

1. Introduction

The fractional di erential equations (in brief, FDES) including Riemann-Liouville
and Caputo fractional derivatives have been magnetizing the interest of many re-
searchers, due to demonstrating applications in widespread areas of sciences and
engineering such as mathematical modeling, thermal systems, acoustics, modeling
of materials or rheology and mechanical systems. The FDEs have been viewed as
a bene cial tool, which may describe dynamical behavior of real life phenomena
more precisely. In addition, due to the memory and hereditary properties of various
materials and processes, in many areas of science like identi cation systems, signal
processing, robotics or control theory, fractional di erential operators seem more
appropriate in modeling than the classical integer operators. One can also nd the
various applications of FDEs in models of medicine (modeling of human tissue under

Key words and phrases.Fractional di erential equation, upper and lower solutions, measure of
noncompactness, monotone iterative technique.
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mechanical loads), electrical engineering (transmission of ultrasound waves), biochem-
istry (modeling of proteins and polymers) etc. For more knowledge regarding to
fractional systems see the papers [2,8,9,11,12,28, 32], the monographs [24,31,33] and
references therein. In addition, fractional delay di erential equations have been used
frequently in various elds of science and engineering such as panorama of natural
phenomena, modeling of equations and porous media etc. For more detail, see the
cited papers [2,3,19].

Itis very di cult to obtain the exact solutions for the nonlinear fractional di erential
systems in closed forms. To overcome this di culty, many analytical and numerical
techniques have been developed for instance, the Adomian decomposition method
[21] and the homotopy analysis method [36], have been applied to investigate various
systems of fractional or non-fractional ordered. However, in recent years, considerable
work has been reported in the literature by applying monotone iterative technique,
which is a exible and very e ective mechanism to study the existence results in a
closed set governed by the lower and upper solutions, to investigate the existence of
solutions for a class of fractional di erential systems. In monotone iterative technique,
we construct two monotone sequences by choosing upper and lower solutions as two
initial iterations, which converge uniformly to a extremal mild solution of the system
between the lower and upper solutions. Due to monotone behavior, the constructed
sequences of iterations play an important role in the study of numerical solutions of
various initial value and boundary value problems.

From the last few years, multi-term time-fractional di erential equations have been
generating great interest among the mathematicians and engineers. In [23,28,34], a
two-term time-fractional di erential equation has been studied in the abstract context,
which include a concrete example of fractional di usion-wave problem. In [13] and
[29], the multi-term time-fractional di usion wave equation have been considered with
constant and variable coe cients, respectively. Moreover, in [22,27], the analytical
and numerical solutions of multi-term time-fractional di usion equation have been
discussed. In [32], Pardo and Lizama studied the existence of mild solutions of multi-
term time-fractional di erential equations with nonlocal initial conditions by using
Caratheodory type conditions and measure of noncompactness technique. In last few
years, many authors repeatedly apply the monotone iterative technique coupled with
lower and upper solutions to various functional di erential equations of integer order
as well as fractional order, see [Z,25, 26, 35] and the references therein. However, in
the best of authors' knowledge, no work is reported to the multi-term time-fractional
di erential system in the literature, by enforcing monotone iterative technique.

In this paper, monotone iterative technique coupled with method of lower and upper
solutions has been applied to analyze the existence of mild solution for the following
multi-term time-fractional delay di erential system

R
‘DY y(t)+ P}El D iy(t) = Ay(t)+ F ty; sh(tsiys)ds ; t21,

OO Jo= m28: t2(1 ;08 yA0)= ;
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where®D stands for the Caputo fractional derivative of order > 0 and operational
interval | = [0;T], T<1. A:D(A) X! Xis a closed linear operator on a
Banach space X;k k). All ;,j =1;2:::;n,n2 N, are positive real numbers such
that 0 < n 1 1. The nonlinear functionsF :1 B X! X and
h: B ! X satis es some suitable conditions, which will be mentioned later.

= f(;s):0 s t Tg. The delay functiony; : (1 ;0]! X is characterized
by yi(s) = y(t+ s)fors2 (1 ;0]

The system (:1) is a general system, which includes recent investigations in this
subject [13, 23, 28,29, 32, 34]. Anticipating a great interest in the problems modeled
as the system L:1), this paper contributes in study of the existence results for mild
solutions by applying monotone iterative technique coupled with the method of lower
and upper solutions. It should be noticed that, the semigroup theory may not be
directly used to solve problem 1:1). However, we construct a mild solution, which is
based on the theory of resolvent families [32], which will provide an e ective way to
deal such problems.

This paper is organized as follows: In Section 2, some basics of fractional calculus
and measure of noncompactness have been discussed which will be employed to obtain
mains outcomes. In Section 3, the existence and uniqueness results are obtained for
the mild solutions of the system {:1). In Section 4, an example is provided to show
the feasibility of the theory discussed in this paper.

2. Preliminaries

Let R and N denote the real and natural numbers, respectively. Let us denote
D(A), R(A) and (A) by the domain, range and resolvent of a linear operatoh
on X, respectively. De ne a partial ordering in X introduced by a positive cone
P=fy2X:y g (where symbolizes the zero element of) such that x vy if
andonlyify x2P.Ifx yandx6 vy, thenx<y. AconeP is called a normal
cone if there exists a constanN > O (called normal constant) such that x vy
implies kxk  Nkyk. A coneP X is said to be regular cone if every increasing,
bounded above sequence is convergent, i.e.f\,g be a sequence such that

W1 Wo Wh Z,

for somez 2 X, then thereisaw 2 X such thatkw, wk! Oasn!1l . Equivalently,

a coneP X is said to be regular if every bounded below and decreasing sequence
is convergent. It should be notice that a regular cone is a normal cone. For more
details regarding to the coneP, see [14]. The Banach space of all continuou&
valued functions is represented byC(l; X), on the interval | equipped with norm
kukc = sup;,, ku(t)k.

To facilitate the discussion, due to in nite delay an axiomatic de nition of the
phase spac® has been introduced by Hale and Kato [16]. Recall, the axioms of the
phase spacd , by following the terminology used by Hino et al. in [19] so, we omit
the details here.
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A linear spaceB consists of all functions de ned from (L ;0] into X equipped
with the seminormk kg satisfying the following axioms.

@ Ify:(1 ;T]! X, T > 0is continuous onl andyy 2 B, then for everyt 2 |
the accompanying conditions hold:
() y; is aB -valued continuous function;

(i) ky(t)k  Kkyikg;

(iii) kyiks  Ka(t) supgpo. ky(s)k + Ka(t)kyoks , whereK 0 is a constant
and K¢() : [0;1) ! [0;1) is continuous,K,() : [0;1) ! [0;1) is
locally bounded andK ;; K, are independent ofy( ).

(b) The spaceB is complete.

Now, recall some de nitions and basic results on fractional calculus. De ng (t)
for > 0 by

C 4
L1t 1 t>0
= () ' '
g (1) 0} t O

where denotes gamma function. The functiong has the properties ¢, g,)(t) =

Oarp(t) for a;b>0andg( )= L for > 0and Re > 0; wheref) and ( )()
denote the Laplace transformation and convolution, respectively.

De nition 2.1.  The Riemann-Liouville fractional integral of a functionf 2 L\,
([0;1 ); X) of order > 0 with lower limit zero is de ned as follows
VA t
I f(t)= g(t s)f(s)ds; t>0;
0

and 1 °F (t) = f (1).

This fractional integral satis es the propertiesl [°=1 *Pforb > 0,1 f(t) =
(@ f)t)andMf( )= L )forRe > O.

De nition 2.2. Let > 0 be given and denotan = d e. The Caputo fractional
derivative of order > 0 of a functionf :[0;1 ) ! X with lower limit zero is given

by
Zt

Df@)=1™ D™(@{)= gn (t s)D™f(s)ds;
0
and°DOf (t) = f (t), whereD™ = &= |n addition, we haveD f(t)=(gn D™f)(t)

dtm
and the Laplace transformation of Caputo fractional derivative is given by

1'¢ 1
(2.1) D f)y= ) f@o 19 > o

d=0
Remark 2.1 Letm 1< m; m 2 N, then

K 1
(2.2) (I °D)f(t)= (1) f @D(0)gger (1); t> O
d=0
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If f@@©)=0,for d=1;2;3:::;m 1 then (I <D )f(t)= f(t)and D f(t) =
).

To give a appropriate representation of mild solution in terms of certain family of
bounded and linear operators, we de ne following family of operators.

De nition 2.3 ([32]). Let A be a closed linear operator on a Banach spaiewith
the domain D(A) and let > 0, j, ; be the real positive numbers. Them is
called the generator of a (¢ j) resolvent family if there exists! > 0 and a strongly
continuous functionS_ , 1 [0;1 ) ! L(X) (the space of bounded linear operators on
X)suchthatf **+ ', ; 1:Re>! g (A)and

0 ] Z,
(2.3) g A y= . e 'S, (Hyd; Re >Ly 2X:

j=1

The following result guarantees the existence of;( ;)-resolvent family under some

suitable conditions.

Theorem 2.1 ([32]). Let 0< n 1 land ; 0O be given and leA
be a generator of a strongly continuous and bounded cosine famiy(t)g:,r: Then A
generates a boundefl; j)-resolvent familyfS, ; (t)g: o:

Let be the set de ned by
= fy2 (1 ;T[X): suchthaty, ., 2B andyj,., 2 Xg:

In order to de ne the mild solution for the system (L:1), we associate systeml{1)
with an integral equation, by comparison with the fractional di erential system given
in [32]. Consider the following de nition of mild solution for the system (il).

De nition 2.4. Let0O< n 1 land ; 0O be given and letA be a

generator of a bounded ( j)-resolvent familyfS, , (t)g: o: Then a functiony 2

is called the mild solution of the system (11) if y{0) = and satis es the equation
8

3 (t); t2 (1 ;0]
S @* (e S; )0
2.4) y(t) = P’ e
GAYOZ P, B2 s (9 O
+ 0T (t 9F (siys; gh(s; 5y )d )ds; t21;
whereT. (t)=(g S; )(1).
De nition 2.5.  The resolvent familyfS. | (t)g: o is said to be positive onX, if the
order inequality S; |, (t)y holds for ally ,y2 Xandt O.

Lemma 2.1 ([17]). (Generalized Gronwall inequality). Assume 0; > 0Oandc(t)
is a nonnegative and locally integrable function 0@ t<T < +1 and letz(t) be

nonnegative and locally integrable o t<T + 1 such that
z t
zZ(t)  co(t)+ (t s) !z(s)ds;
0
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then " #

RO
z(t) c(t)+ S22t 9" l¢gs)ds; O t<T:
0 o (N)

LetC* ((1 ;T;;X)=fy2C(1 ;T];X):°D™ y(t)exists and continuous orl
andy(t) 2 D(A)for allt 0Og. An abstract function y(t) 2 C** ((1 ;T];X) is said
to be a solution of (t1) of if y(t) satis es the system (11).

De nition 2.6.  The function y©@ 2 C** ((1 ;T];X) is said to be a lower solution
of the system (11), if it satis es the following inequalities

2 D yOm+ "L D yOm A
(25) _ +F t;yt(o);Réh(t;s;yéo))ds ; t21,

yo (1) 2B; t2 (1 ;0% y*(0)
If all the inequalities of (2:5) are reversed, then solution is called upper solution
denoted byz©.

Now, we recall some basic de nitions and properties of Kuratowski measure of
noncompactness. For more details, we refer to the monograph [14] and paper [10, 18].

De nition 2.7. Let F be a bounded subset of a Banach spa&¥e The Kuratowski
measure of noncompactness denoted by ) of F is de ned by

(F):=inff > 0:F= [, F with diam(F;) fori=1;2;3;:::;nQ:

Lemma 2.2. Let X be a Banach space, and & C([a;; a;]; X) be bounded and
equicontinuous. Then (F(t)) is continuous on[a;; a,] and
o(F)= sup (F(1)):
t2[a1;az]
Lemma 2.3. Letfy,gl,;, L(I;X) be a sequence and there exig® L(l;X) such
that ky,(t)k g(t), a.e.t 2 1, then (fy,(t)gi.,) is integrable and
( Z, )1 ! Z,
Yn(s)ds 2 (fyn(s)gi, ds:
0 n=1 0
Lemma 2.4. If Fis bounded subset o, then there existsfy,gt., F, such that
(F) 2 (fynGizr).

3. Main Results

Throughout in this section, we denoteS, = sup, .11 KS; ; (t)k. We consider the
following assumptions.

(A1) The functionsh: B! XandF:I B X! X, satisfy Carathéodory
type conditions, i.e.,
() h(t;s; ) : B ! X is continuous for ¢;s) 2 and h(;;v): ! Xis

strongly measurable for alv 2 B;;
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(i) F(t; ;):B X! Xiscontinuous foreach 2 I andF(;u;v): 1! Xis
strongly measurable for all ¢;v) 2 B X.
(A2) For lower and upper solutionsy©®;z©@ 2 C* ((1 ;T];X) of the system (1.1)
such thaty©@  z© the following conditions hold:
) F(t;vy;wy) F(tvo;wy) forall t 2 1, and vi; v, 2 B satisfying yt(o)
Mo Vo z® and wy;w, 2 X such that oh(ts;yOyds  wy  wy
o h(t;s; z0)ds;
(i) h(t:s;vi) h(t;s:vp) for all (t;s) 2 and vi:v, 2 B such that y®
V1 Vo Zt(o).
(A3) The functions F; h satisfy the followings conditions.
() ForG B andH X, whereG(r)=f"(r):r2 (1 ;0]," 2 Gg there

exists a constantL > 0 such that "

(F(tG;H)) L sup (G(r))+ (H); ae.t2l:
1 <r O

(i) For each bounded seG B, there exists an integrable function : !
[0;1 ) such that

(h(t;s;G))  (ts) Sup (G(r));

R
for a.e. ¢;s) 2 . For convenience, we denote =max , (t;s)ds.

In order to give operator theoretical approach, we dene a operatd@@ : ! by

8

% (1); t2 (1 ;0]

S ©@F (e S; )1
3.1 t) = P e
BUQIO= ,Pa B9 15 (9 s
+ 5T, (t SF(siys gh(s; ;y )d)ds; t21.
It is clear to see thatQ is well de ned.
Let us de ne a functionu(): (1 ;T]! X by

For a functionv: (1 ;T]! X such thatv(0)= 0, we de ne the function v by

0; t2(1 ;0]

v(t); t21:

If y() is a solution of (2.4), then it can be decomposg( ) as y(t) = u(t) + v(t),
t2 (1 ;T]andv() satis es

V=S, () ©+(g S )0 +
z, z,

+ T, ,(t S)F sjus+Vs; Nh(s;;u +v)d ds:
0 0

v(t) =

X0 .Zt t s)
110(1"' i)

S, (s) (O)ds
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Dene Xo=fv2 : vg=0g. Foranyv 2 X,
kvky, = sup kv(t)k + kvoks = sup kv(t)k:
|

t21 t2

Clearly, X, is a Banach space equipped with the norrk kx,. We assume that
(Xo;k kx,) stands for a ordered Banach space with partial order induced by
a positive normal conePy = fv 2 Xp : v(t) g with the normal constant No.
Evidently C((1 ;T];Xo) is also an ordered Banach space with the partial order
reduced by a positive normal con®, = fv2 Xp:v(t) ;t 2 (1 ;T]gwithnormal
constant Ng. For v;w 2 C((1 ;TJ];Xp) such thatv  w, [v;w] denotes a ordered
interval Tx2 C((1 ;T Xo):v x wginC(1 ;T];Xo) and [v(t); w(t)] denotes
the ordered intervalfx 2 C((1 ;T]; Xo) : v(t) x(t) w(t)gin Xo.

Theorem 3.1. Let Xy be an ordered Banach space with a positive normal cone
Po. Suppose that the systenfl.1l) admits lower and upper solutions denoted by
vO,w® 2 C* (1;X) such thatv®  w®, fS. (t)g o is a positive operator and
the assumptiongAl)-(A3) are satis ed. Then the system(1.1) admits maximal and
minimal mild solutions betweerw© and v(©@ .

Proof. Let D = [vO;w@] = fu 2 C(I;Xe) : VO u  wO@g. Dene a map
Q:D! Xphy
(3.2) .

0;
% S;Pj (t) (0&"'(91 S; ()
tod i oa S (9)(0)ds
+ 6T, (t SF(sius+Vs; gh(s; ;u +v)d)ds; t21.
From (A1)-(A2) for any v 2 D we have
z, ! z,
F tu+v® ht;u +vO)d  F tu+v; h(t;u +v)d
0 0

t2(1 ;0]
(Q)(t) =

t
F tu+w®: hit:u +wd
0

Now, using normality of the conePy, there exists a constant > 0 such that
z, !
f tu+v; g ;u +v)d K; v2D:
0

For convenience, we divide the proof in the following steps.

Step 1. The map Q is continuous map onD.

Let f vV g be a sequence i such thatfvi®g! v2Dasn!1l .Fort2 (1 ;0]
we get

kQvMW(t) Qv(t)k =0:

Also, from (A1) fort2 1 andasn!1 , we have
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R R

(i) oh(s;;u +vM)yd I Fh(s; ;u +v)d; .

(i) F sjus+ vW; Sh(s; ;u +vM)yd | F(s;us+ Vs; Sh(s; ;u +v)d).
Now, by applying Lebesgue Dominated Convergence Theorem a2 |, we ha\'/e

Zy Zs '
kQvW(t)  Qv(t)k T.,(t s) F sjus+9v"; h(s; ;u +vM)d
0 0
Z, !
F s;us+ Vs, Nh(s;;u +v)d ds
0

' 0 as n!1l

Thus map @ is continuous onD.

Step 2. Q is a increasing monotonic operator.

Considerx; y 2 D with x  ythenx(t) y(t) fort 2 I. Therefore,x;y; belong to
the ordered Banach spac&, such that x; vy, fort 2 I. Using (A2) and positivity
of S, | (t), we obtain

(3.3) Qx  Qy:
Now, we show thatv®  Qv©® and Qw@  w©, For this, let
X
g(t) = D™ vO(t) + D vO@)  AVO(t)
j=1
subject to the conditions v (0) = yo; vi9(0) = y;. .
Then by de nition of lower solution, we obtaing(t) F t;y:; oh(t;s;ys)ds for
t 2 1. Sincev®(t) is a lower solution of (1.1), we get

Z
=S Ot (e S 0% TS (s
Zt
£ T 9u9s
S, ) O+ S ) + jzt(ts)s. (s) (0)ds
; ; . o (1+ el
z, z, !
v T. (t SF sjus+ v?; . h(s; ;u +v@)d ds

QvO(t); t21;

and alsov©(t) (1), vi9(©0) : Therefore,vO(t) QvO(t)forallt2 (1 ;T].
Similarly, we can show thatw©(t) Qw®O(t) forallt2 (1 ;T]. Thus, Qis a
increasing monotonic operator.

Step 3. Q is an equicontinuous operator.

Foranyv?2 D andty, t;2 (1 ;0] such thatt; <t,, we have

kQv(ty) Qv(ty))k=0:
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Further for v2 D andty;t, 2 | such thatt; <t,, we have

kQu(tz) Qu(tak k S; ;(tz2) (0) S, (ta) (O)k
tk( S; )(tz) (& S; )(t)kk k

X ‘o (t, )
+ i S —= 7 ds
o1 "o (14 i)
b (ty s) !
—— 7 _ds k (0O)k
o (1+ i) sk )
Z,,
KT, (s T, (L 9k
0

7 !

S

F s;us+Vs; h(s; ;u +v)d ds
0
z yd !

to S
+ KT, (tz s)k F s;us+Vs; h(s;;u +v)d ds:
ty 0

X
= Ji:
i=1
We have
Jo = k§gl S, (t) (& S; j)%tl)kk k
to t1
= a2 )S; ;()d gt )S; ;()d kk
2 :
. kS. J.( )kd k k
Sok k(t2  t1)
I 0 as t;! t,
and
X £t (tz s) ! “u (tp s)
J i S —d ————ds k (Ok
0 t;+ i ti+ i
i S k (O)k

I 0 as t;! ty:

From the expressionsl, and J;, we can easily deduce thad, ! O andJs! O as
t; ! t, independently ofu 2 D. Therefore, kQv(t,) Qv(t))k! 0 ast; ! t;
independently ofu 2 D. Hence,Q(D) is equicontinuous onl .

Step 4. Now, we will show (fQviMgl_ ) =0.

De ne the sequences

(3.4) vl = Qv U owM = Qw" Y n=1;2::;
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It follows from monotonicity of Q that

Next, we will show that f v(Mg and f w(™g convergent uniformly inl.
We setB = fviW :n 2 Ngand By = fv(® Y : n 2 Ng. Using normality of cone
Py, we obtain that B and B, are bounded. SinceB, = B[f v©g, it follows that
(Bo()) = (B(t) fort2 (1 :T]. Let

()= (Bo(t))= (B(); t2(1 ;TI
SinceB = Q(By), we have
(B(M) = (Q(Bo)(1)):
Fort2 (1 ;0],' (t):= (Q(Bo)(t))=0. For t2 I, we have
C(t) = (Q(Bo)(1)
2 (Qfvi™ Y(t)g)

2 S () ©+(g S )b + G I (s) (0)ds
Y &S0 j:110(1+ N
Zt ZS ! #
+ T.,(t SF sius+vlh h(s;;u +v" Hd ds
0 0
"z, Z, | #
2 T, (t SF sius+vl Y h(s;;u +v" Hd ds
0 0
”Z ( Z !) #
480 t . on 1. S .. -n 1
) S)( Fosiu+veh h(siiu +v" )d  ds
Zt
1+ ) o 1 < 0
Z, N #
+ h(s; ;u +v" Hd ds
0
"z, (
AL T g s (v )
1+ ) o 0zs
Z. N #
+2 (s; ) sup (V" }( +r))d ds
0 1 <rzo
4SoL t }
———1+2 t s) sup (V" (2))ds
1+ )( ) ( )OZIDS( (2))
4SoL Z

——(1+2 t s)'(s)ds:
i 12 ) [t 9o

Now, by the Gronwall's inequality,’ (t) Oonl. So fvi™ : n 2 Ng=0. This
implies that the setfv(™ : n 2 Ng is relatively compact inD. So, we conclude
that the sequencef v("g admits a convergent subsequence . Further by (3.5),
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we observe thatf v("g itself is convergent sequence iX. So, there existsv 2 X
satisfyingv(™ ! v asn!1 . By (3.2) and (3.4), we have

(3.6)
% S t2 (1 ;0]
M(t) = S;P" (® (02("'(91 S; (1) R
v (t)_§ *oa S%S; (s) (O)ds+ ¢T. (t s

F os;us+ v(" U oh(s; ;u +v" DYd  ds; t2 1.

Asn!l | then applying Lebesgue Dominated Convergence Theorem, we have
(3.7)

8
0; t2 (1 ;0]
% S M Q* (e S; )
- P St (ts) Ry
vih= ot o S i(8) (Odst T, (ts)
R
§ F sjus+ Vg, gh(s; ;u +v)d ds; t2 1.

Thenv 2 C(lI;X)andv = Qv . Thusv is a xed point of @ and hencev will be
the solution of (3.2). Similarly, there existsw 2 C(I;X) in such a wayw™ | w
asn!l andw = Qw. If v2 D be a xed point of Q then by (3.3), we get
v Qv®  Qv=v Qw9 Qw®. Now, by induction principlev(™ v  w(M,
Inviewof (3.5)andasn!1 ,weobtainv® v v w w®, Hencew andv
are the maximal and minimal mild solutions of the system (1.1) iD, respectively.

Corollary 3.1. Let Xy be an ordered Banach space with a positive regular cone
Po. Suppose that the systenfl.1) admits lower and upper solutions denoted by
vO,w® 2 C* (1;X) such thatv®  w®, fS. (t)g o is a positive operator and
the assumptiongAl)-(A2) are satis ed. Then the system(1.1) admits maximal and
minimal mild solutions betweerw© and v©® .

Proof. By regularity of the conePy, we have that any ordered-bounded and ordered-
monotonic sequence X, is convergent. Letfy" nge an increasing or decreasing se-
quence inD. Then using assumption A2), F(t;y"; o h(t;s; Pﬁ 1)ds) is ordered-bounded
and ordered-monotonic sequence Mo and hencef F (t;y"; § h(t; s;y")ds)g is conver-
gent. Therefore, (fF(t;yf; 5 h(t;s;yM)ds)g) = 0. Hence, assumption (A3) holds.
Now, by Theorem 3.1, we conclude the assertion.

Corollary 3.2. Let Xo be a weakly sequentially complete ordered Banach space with
a positive normal conePy. Suppose that the systen(il.1) admits lower and upper
solutions denoted byw©@;w® 2 C* (I;X) such thatv®  w®, S, (t)g ois a
positive operator and the assumptionfAl)-(A2) are satis ed. Then the system(1.1)
admits maximal and minimal mild solutions betweew© and v© .

Proof. Since, in a weakly sequentially complete and ordered Banach space, the normal
conePy is regular. Therefore using Corollary 3.1, we can conclude the assertion.
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Corollary 3.3. We assume thatX, is a re exive and ordered Banach space space
with positive normal conePy. Also, consider that the systen{1.1) admits lower and
upper solutionsv®; w® 2 C* (I;X) such thatv®  w®, fS. (t)g o is positive
and the assumptiongAl)-(A2) are satis ed. Then the system(1.1) admits maximal
and minimal mild solutions betweew® and v(©@.

Proof. Since, in a re exive and ordered Banach space, the normal coRgis regular.
Now, by Corollary 3.1, we conclude the assertion.

Next, we will show the uniqueness of the mild solution for the system (1.1). For
this we consider the following assumption.

(A4) The functions h : B! XandF:1 B X! X are such that
(i) his continuous and there exists an integrable function : ! [0; T] such
that

h(t;s;uz)  h(tsiu)  (Es)[ua(r)  ua(r)l;
for any (t;s) 2 and vt(o) up U wt(o), r2(1 ;0
(i) F is continuous and there exists 0 such that
F(tuzv2) F(tugva) [(ua(r) ua(r))+(v2 vy, r2(1 ;0]
ranyt 2 1, u;;u, 2 B wi vt(o) Uy U Wt(o)
oats;v@)ds vi v, ot s;w®)ds.

and vyi;vo 2 X with

Theorem 3.2. Let X, be an ordered Banach space with normal positive coRg with
normal constantNo. Assume thatfS. | (t)g: o is positive, the system(1.1) has upper
and lower solutionsv@;w©® 2 C* (I;X) such thatv®  w© and assumptiongA2)
and (A4) hold. Then the systen(1.1) has a unique mild solution infv©® ; w©].

Theorem 3.3. Let Xy be an ordered Banach space with a positive normal cahgwith
normal constantNgy. Suppose that the syster(il.1) admits lower and upper solutions
denoted bw©@; w® 2 C(1;X) such thatv®  w®, S, (t)g o is a positive operator
and the assumptiongA2)-(A4) are satis ed. Then the system(1.1) admits a unique
mild solution in [v©; w©].

Proof. Let fx,g 2 [V ;w®] and fy,g 2 [v©®;w©] be two monotonic increasing
sequences. Fom;n =1;2;:::, with m>n, for somer;r, 2 (1 ;0] using (A4), we

have

h(t;s;xm)  9o(t;s; Xn) (tS)[Xm(r1)  Xn(ra)]
and
F(tXm:Ym)  F(tXn;yn) [(Xm(r2)  Xn(r2))+(ym Yol
Using the normality of positive conePy, we get
kh(t;s;xm) h(t;s;xn)k  Ng (t;8)kxm(r) Xn(rok
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and

kF(t;Xm;Ym) F(t;xn;yn)k I\|0 k(Xm(rz) Xn(r2))+(Ym Yn)k:
Using the property of measure of noncompactness, we have

(fh(t;s;Xxm)g)  No (t;s) sup  (fxm(r)g)
1 6r60

and "

(FF(EXmiym)9) No  sup  (fxm(r)g)+ (fymQ) :
1 6160

Now, we observed that (A4) implies (Al) and (A3). Therefore, by Theorem 3.1,
minimal and maximal mild solutionsv and w exist for the system (1.1) onD,
respectively.

By (3:2), foranyt2 (1 ;0], we have

w(t) v(t)=Qw(t) Qv (t)=0:
Using the normality of positive conePy, we getkv (t) w (tH)k 0, i.e.,v (1) = w (t)
forallt2 (1 ;0]
To abbreviate the writing, we setK, := sup, ; 1+ K1(t). Now using (A4) and the
positivity of operator fS; | (t)g: o, foranyt 2 I, we have
kv () w (Hk=kQv () Qw (t)k
Zt VA S
No T.,t s)F sjus+vg; h(s;;u +v)d
0 7 . 0 144
F s;us+wg;, h(s;;u +w)d ds
0
"7,
No KT, (t sk kvg wkg
0
Z Z, lo#
+ h(s; ;u +v)d h(s; ;u +w)d ds
0 0
"z, Z, l#
No KT, (t s)k kvy Wk + (s; )kv. w kgd ds
0 0

o (
NoSoKo_ t(t s)  sup kvy(r) w(r)k
1+ ) o 1 r o0

Z ) #
+ . (s; ) sup kv (r) w(r)kd ds

1 r 0
. (
NoSoKo t(t s) supkv(z) w(2)k
1+ ) o 0z s
) #

+ supkv(z) w(z2k ds

0z s
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Zt
I\gsto)(“ ) [t 9 kv (s) w(9kds:

Now, by Lemmaz2:1, we getv (t) = w (t) for all t 2 [0; T]. So,v (t) = w (t) for all
t2 (1 ;T]. Hence,v (t) = w (t) = z (t)(say) forallt 2 (1 ;T] is the unique
solution of (3:2). So, we gety(t) = u(t) + z (t) is the unique mild solution of the
system (11).

4. Example

The fractional order di usion wave equations have great applications in various elds
of science and engineering. These equations represent propagation of mechanical waves
through viscoelastic media, charge transport in amorphous semiconductors [15, 20, 30],
and may be used in thermodynamics and shear in uids, the ow of uid through
ssured rocks [1]. In particular, the fractional delay di usion wave equations describe
the driver reaction time, time taken for a signal traveling to the controlled object, time
consume by body to produce red blood cells and cell division time in the dynamics of
viral persistence or exhaustion.

Let ; ;> 0,] =1;2,3;:::;n be given, satisfying 0< n 1 1.
Consider the following system

(44) y
2D Ut )+ DU )= ou(G )+ L e
= R, 1Ry
: £ 9) 2R (Ju(s )dds
u(; )=uo(: )i 2(1 ;0 28lji, = z;
whereX = L%([0;1];R), t2 1 =[0;1]; T > 0; 2[0;1],L O, xi(; )= x(t+ ; ),
t21, :(1 ;0]! R*,uo:(1 ;0] [0;1]! R and is the Laplace operator

with maximal domainfv2 X :v2 H?(0;1];R)g. LetP=fv2 X:v( )> Oae. 2
[0; 1]g. Then the coneP is normal in Banach spaceX with normal constant N = 1.
Using the theory of cosine families, we can see that Laplacian generates a bounded
cosine functionf C(t)g; o on the spacel?([0; 1]; R): Moreover, by Theorem 2.1 the
operator in system ( 4:1) generates a boundedS; , (t)g: o-resolvent family. Let us
assumeSy = supy, (0.1 KS; ; (Hk.
Fort2[0;1], 2[0;1]and 2 (1 ;0], we setzop= and

y(t) =u(t; );
()=uo(; )
Zy
h(t;s;ys) =(t s) s 2 . O )d;
Z ju(; )i L2 ’

t t
Fty  h(Es;ys)ds) =L v, htsiys)ds -

1+ju(; )i
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Now, we observe that the system (4.1) has a abstract form of system (1.1). Let
v(t)=0for t 2 [0;1]. ThenF t;vy; 4h(t;s;vs)ds =0 for t 2 [0;1] and (t)  v(t)
fort 2 (1 ;0]. Let us suppose that there exists a functiow(t) 0 such that
2)
R
°D* wi(t) + Pjnzl (Diw(t) Aw(t)+ F twy; jh(ts;ws)ds ;5 t2 (0;T],
w(t) (t)2B; t2(1 ;0] wY0)
Thus the system (11) admits lower and upper solutions/, w such thatv ~ w.
Let # > O be a constant and

B= y2Q(1 ;0LR): lim e’ y( ) exists inR
The norm of B is given bykyks = sup; . o€ jy()j. Lety: (1 ;0]! R such
that yo 2 B. Then
lim e yi()= lim e yit+ )= lim el Dy()=e™ lim e yo()<1:
Hence,y; 2 B . Finally, we will show that
kytkg  Ka(t) sup jy(s)j + Ka(t)kyoks;
s2[0;t]

whereK; = Ky =1and K =1. We havejy( )j = jy(t+ )j. If t+ 0; we obtain

iye( )i sup jy(s)j:

s2(1 ;0]
If t+ 0; then we get
iyi( )i supjy(s)j:
s2[0;t]
Thus, for all (t+ ) 2 [0;1] we have
()i sup jy(s)j + sup jy(s)j:
s2(1 ;0] s2[0;t]

Then
kyiks K Yoks + sup jy(s)j:
s2[0;t]

One can easily check thaB is a Banach space equipped with the norrk kg and
hence conclude thatB is a phase space. Clearly, the functionk and h satis es
the assumptions (Al) and (A2). Fort 2 [0;1]," ;' 22 B withO '; ', and

Vi, Vo 2 X, we have
z

0 hEs'a) hEs ) (€9 PSP ()0 o) o)

and
o O8I0 |
MR € QT R QTR
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Using normality of coneP, we have
z

kh(ts;' ) h(ts;" )k (t §) s 2 10 J Ok 2() " a( )kd;
KF(6' 2;v2)  F(6" vi)k LK 2() " a()k+ kv vak]:

Now, by the property of measure of noncompactness faf C((1 ;0];X) and
V X, we have

(h(t;s;U))  (t;s) Sup (U );
(f (U;V)) L[lsglo0 U+ (V)L

where (t;s) = (t s) ¥2s 1=2R2 j()id. Let = supgyy . (ts). Thus,
assumptions (A3) and (A4) are ful lled. Now by the Theorem 3.1, the system (4.1)
admits extrimal mild solutions lying between the lower solution 0O and the upper
solution w. Further, by Theorem 3.3 the system (4.1) admits unique mild solution.

5. Conclusion

The monotone iterative technique has been employed to establish the existence and
uniqueness of mild solution for a class of multi-term time-fractional delay di erential
system in an ordered Banach space. Assuming the existence of the lower and upper
solutions of the system {:1), a new set of su cient conditions has been obtained in
which the nonlinear functions satisfy some monotonic properties. One can extend
this idea to establish the existence results for multi-term time-fractional di erential
system with impulsive conditions.

Acknowledgements. The authors would like to thank the editor and anonymous
reviewers for their valuable comments and suggestions.
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MORE GENERALIZATIONS OF UNION SOFT HYPERIDEALS OF
ORDERED SEMIHYPERGROUPS

MUHAMMAD FAROOQ !, MOHAMMAD KHALAF 2, AND ASGHAR KHAN 1!

Abstract.  In this paper, we introduce the notions of (M ; N)-union soft hyperide-
als and (M ; N)-union soft interior hyperideals of ordered semihypergroups. Some
basic operations are investigated and some related properties are also studied. We
present characterizations of ordered semihypergroups in terms dfM ; N)-union soft
hyperideals and(M ; N )-union soft interior hyperideals. We prove that every (M ; N)-
union soft hyperideal is an(M ; N)-union soft interior hyperideal but the converse
is not true which is shown with help of an example. However we show that the
notions of (M ; N)-union soft hyperideals and(M ; N )-union soft interior hyperideals
coincide in a regular as well as in intra-regular ordered semihypergroups. Moreover
we introduce the notion of (M ; N)-union soft simple ordered semihypergroups. Fi-
nally, we characterize (M ; N)-union soft simple ordered semihypergroups by means
of (M ; N)-union soft hyperideals and (M ; N)-union soft interior hyperideals.

1. Introduction

There are many examples in chemistry where the sum of two elements is a set of
elements. In this case we have a hyperstructure. Algebraic hyperstructures represent
a natural extension of classical algebraic structures and they were originally proposed
in 1934 by a French mathematician Marty [8] at the 8 Congress of Scandinavian

Mathematicians. One of the main reason which attracts researches towards hyper-
structures is its unique property that in hyperstructures composition of two elements

is a set, while in classical algebraic structures the composition of two elements is an

Key words and phrases. Regular ordered semihypergroup, intra-regular ordered semihypergroup,
(M ; N)-union soft hyperideal, (M ; N )-union soft interior hyperideal, (M ; N)-union soft simple ordered
semihypergroup.
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element. Thus algebraic hyperstructures are natural extension of classical algebraic
structures. Since then, hyperstructures are widely investigated from the theoretical
point of view and for their applications to many branches of pure and applied mathe-
matics. Especially, semihypergroups are the simplest algebraic hyperstructures which
possess the properties of closure and associativity. Nowadays many researchers have
studied di erent aspects of semihypergroups (see [9 15, 18]).

The uncertainty appeared in economics, engineering, environmental science, medical
science and social science and so many other applied sciences is too complicated to
be solved by traditional mathematical framework. Molodstov [6], introduced soft
set theory and it has received much attention since its inception. Soft set theory
emphasizes a balanced coverage of both theory and practice. Nowadays, it has
promoted a breadth of the discipline of informations sciences with intelligent systems,
approximate reasoning, expert and decision support systems, self-adaptation and self-
organizational systems, information and knowledge, modeling and computing with
words. Soft set theory has been regarded as a new mathematical tool for dealing with
uncertainties and it has seen a wide-ranging applications in the mean of algebraic
structures such as groups [1], semirings [2], ordered semigroups [4], hemirings [5, 7],
and so on. Feng et al. discussed soft relations in semigroups (see [3]) and explored
decomposition of fuzzy soft sets with nite value spaces. Khan et al. [17], applied
soft set theory to ordered semihypergroups and introduced the notions of uni-soft
subsemihypergroups and uni-soft left (resp. right) hyperideals.

In this paper, we study the concepts of union soft interior hyperideal$M ; N )-union
soft hyperideals and M ; N )-union soft interior hyperideals in ordered semihypergroups
and present some related examples of these concepts. We show Mt N)-union
soft hyperideals and M ; N )-union soft interior hyperideals coincide in regular ordered
semihypergroups and intra-regular ordered semihypergroups. We characterize ordered
semihypergroups in terms ofM; N)-union soft hyperideals and(M ; N)-union soft
interior hyperideals. We introduce the concept ofM ; N)-union soft simple ordered
semihypergroups. Moreover we characterid®1; N)-union soft simple ordered semi-
hypergroups in terms of(M ; N)-union soft hyperideals and M ; N)-union soft interior
hyperideals.

2. Preliminaries

By an ordered semihypergroup we mean a structur&( ; ) in which the following
conditions are satis ed:

(1) (S; ) is a semihypergroup;

(2) (S; ) is a poset;

(3) forall a;b;x2 Sa bimpliesx a x banda x b x.

For A S; yve denote A] :=ft2 S:t hfor someh 2 Ag: For A;B S;we
haveA B := fa b:a2A;b2Bg:

A nonempty subsetA of an ordered semihypergrouf is called a subsemihypergroup
of Sif A2 A:
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A nonempty subsetA of S is called a left (resp. right) hyperideal ofS if it satis es
the following conditions:

1) S A Af(respA S A);

(2) ifa2 A;b2 Sandb a;implying b2 A.

By a two sided hyperideal or simply a hyperideal o5 we mean a nonempty subset
of S which is both a left hyperideal and a right hyperideal ofs:

A subsemihypergroupA of S is called an interior hyperideal ofS if it satis es the
following conditions:

1)S A S A;

(2) ifa2 A;b2 Sandb a;implying b2 A.

An ordered semihypergroup$; ; ) is called regular if for everya 2 S there exists
X2 Ssuchthata a x a.

An ordered semihypergrous is called intra-regular if for everya 2 S, there exist
X;y 2 Ssuchthata x a a vy:

3. Soft Sets

In what follows, we takeE = S as the set of parameters, which is an ordered
semihypergroup, unless otherwise speci ed.

From now on, U is an initial universe set,E is a set of parametersP (U) is the
power set ofU and A;B;C;::: E.

De nition 3.1  (see [6]) A soft setf, overU is de ned as
fa:E! P(U) suchthat fa(x)=; ifx2A:
Hence,f 5 is also called arapproximation function.
A soft setf, over U can be represented by the set of ordered pairs
fa=T(Xfa(X))jx2E;fa(x)2 P(U)g:

It is clear that a soft set is aparameterized familyof subsets ofJ. Note that the set
of all soft sets overU will be denoted by S(U).

De nition 3.2 (see [6]) Let f5;fg 2 S(U): Then f, is called asoft subsetof fg;
denoted byf, €fg if fa(X) fg(x)forall x2 E.

De nition 3.3 (see [6]) Two soft setsf, and fg are said to be equal soft sets if
fa€fg andfg ©f s and is denoted byf p=fp:

De nition 3.4. (see [6]). Letfa;fg 2 S(U): Then the soft union of f5 and fg;
denoted byfaffg = fa;g; isdened by (faFfg)(X) = fa(x)[ fe(x) forall x 2 E.

De nition 3.5 (see [6]) Let f5;fg 2 S(U): Then the soft intersectionof f 5 andfg;
denoted byf,®fg = fa\g;isdened by (fA®fg)(X) = fa(X)\ fg(x) forall x 2 E.

Forx2 S,wedeneA,=1(y;2)2S Sjx y zg
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De nition 3.6  (see [17]) Let f , and gz be two soft sets of an ordered semihypergroup
S over U. Then, the uni-soft product, dengted \byfAegB; is de ned by

2 ffa(y)[ 08(2)9; if Ax 6 ;;
faegg 1S P(U); x 7! (faege)(X)= | vi2)2A
V> if Ay =3,
forall x 2 S.
De nition 3.7 (see [17]) Let A S. Then the soft characteristic function
a:S! P)
is de ned by (
(x) = U; if x 2 A;
A= i x 2 A
For the characteristic soft set » over U, the soft set % overU given as follows:
c o fx2A;
A(X) = U; ifx2A:

For an ordered semihypergroup, the soft sets s of S overU is de ned as follows:
s STHPWU);, X7, s(X)=;:

De nition 3.8 (see [17]) Let f o be a soft set of an ordered semihypergroup over
U a subset such that 2 P (U). The -exclusive set off 5 is denoted byex(fa; )
and de ned to be the set

ea(fa; )=1Tx2Sjfa(x) g:

De nition 3.9 (see [17])) A soft setf, of an ordered semihypergrou® over U is
called a union soft subsemihypergroup o6 over U if
(8x;y 2 5) faC ) fa(X)[ fa(y):
2xy
De nition 3.10 (see [17]) Let f 5 be a soft set of an ordered semihypergroup over
U: Then f 4 is called a union soft left (resp. right) hyperideal o5 over U if it satis es
the following conditions: 0 1

(1) Bxy2S) | fa() fa®)@esp. | fal) fa(OA;

2x y 2xy
(2) 8xy2S)x y) fa(x) faly):

A soft setf 5 of an ordered semihypergrou® over U is called aunion soft hyperideal
of S over U if it is both a union soft left hyperideal and a union soft right hyperideal
of S over U:

De nition 3.11. A union soft subsemihypergroud o of an ordered semihypergroup
S overU is called a union soft interior hyperideal of overU if it satis es the following
conditions:
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Q) @yia2s) | fa() faa)
2x ay

(2) Bxy2S)x y) fa(x) faly):

Example3.1 Let (S; ; ) be an ordered semihypergroup where the hyperoperation
and the order relation are de ned by:

€1 (S7) €3 €4

e | feg|feig|felg  |feg
& feg|feg|fe;eq|feq;
& |feg | feg|feg feg
e | ferg|feg|feg |feg

= f(er; e1); (€2 &); (€35 €3); (€45 €4); (E1; €4) T
Supposed = f1;2;3gandA = fey;e3;e409: Letusde nefa (e) = ;;fa () = flg;
fa(es) =11,2;3gandfa (&) = 12;3g: Then f, is a union soft interior hyperideal of
S over U:

4. (M; N )-Union Soft Hyperideals

In this section, we introduce the notions of M ; N )-union soft hyperideal of ordered
semihypergroups and investigate some related properties. From now ¢on, M
N U

For any soft setsf, and gs; we de ne an order relation €.y ; by putting

fa€mnige, (FA()[ M)\ N€(gg (X)[ M)\ N;

forall x 2 S:

In CasefA e[M;N ]gB and Os e[M;N ]fA then fA =mMN]OB-
Theorem 4.1. Let (S; ; ) be an ordered semihypergroup. Then the set

S(U);e; €

forms an ordered semihypergroup.

Proof. Obviously, the operation e is well-de ned.

Let fa;08; and hc 2 S(U) and x be any element ofS. If Ay = ;, then, clearly,

((((faege)ehc)(x)) [ M)\ N = (((fae(gsehc)) (X)) [ M)\ N: Let A, & ;, then
we have

((((faege) ehc) (x)) [ M)\ N
00 1 1

\
=@@  f(faegs)(Y)[ hc(z)gA [ MAV N
X yz
00

\
= @@

X yz yuyv

g 91 1
A g (VL e (). AT MAL N
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00 1 1
\
= @@ ffa(u)[ gs (V[ hc(z2)gA [ MAV N
00x(uv)z 1 1
\
= @@ ffa(u[ (e V[ hc (2)0A [ MAV N
00" " 7g 8 991 1
\ < <\ ==
@ A, (GMIhc(@).  AlMAVN
OOX u (v z) y vz 1 1
\
- @@ ffa(u)[ (gehc)(v z)gA [ MAV N
X u (v z)

=(((fae(gsehc)) (x)) [ M)\ N:

It follows that ((faeds)ehc) €mnj(fae(gsehc)) : Similarly, we can prove that
(fae(gsehc)) €N ((faege) ehc). Thus we have proved that((faegs) ehc) =
(fae(gsehc)):

Assume thatf, €.y 08 and let A, = ;. Then obviously, (faehc) €N (gsehc)
and (hcefa) €Ny (hcegs): If Ax 6 ;; then

00 1 1
\
(((faehc)(x)) [ M)\ N = @@ ffa(Y)[ hc (2)0A [ MA N
(y;z)2 Ax
00 1 1
\
=@  ffa(y)[ hc(@[ MGA[ MA\ N
(y;2)2Ax
00 1 1
\
@ g (y)[ hc(?)\ NGA[ MA\ N
(yiz)2Ax
1
\
=@ foe (Y)[ hc(2)\ NgA[ (M\ N)
0 g 1 1
\
= @@ fgs (Y)[ hc(2)gA\ NA[ M
(y;2)2Ax
00 1 1
\
= @@ fge (Y)[ hc (2)gA [ MA\ N
(y;2)2Ax
= (gsehc)(x):

In a similar way, we can show thathcefa) €N (hcegs) : Thus, S(U);e; €N
is an ordered semihypergroup.
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De nition 4.1. A soft setf, of an ordered semihypergroufs over U is called an
(M; N)-union subsemihypeggroup oS oi/er U if

B6y29)@ " fA(IAVN  FA(0\ fA()[ M:

2xy
Example4.1l Let (S; ; ) be an ordered semihypergroup where the hyperoperation
and the order relation are de ned by:

P g |r S
fpg|fpg | fpg |fpg
fpg|fpg | fpg | fpg
fpg | fpg | fp;ag|fpg
fpg|fpg|fp;ag|fp;ag
=f(psp;(a;9;(rr);(s;9); (p; AY:

SupposeU = f1;2;3g; A = fq;rsg; M = f2gand N = f1;2g: Let us de ne
fa(p) = ;;fa(Q = f2g9; fa(r) = 11;2,3g and fa (s) = f2;3g: Then f, is an
(M; N)-union soft subsemihypergroup of over U:

0n| =T

Theorem 4.2. A non-empty subsetA of an ordered semihypergrougS; ; ) is a
subsemihypergroup o$ if and only if the soft setf o; de ned by

if x2 A;

— 1y
fa(x)= o, ifX2A;

is an (M; N)-union soft subsemihypergroup d& over U, where ;; , U such that
M 1 2 N U:

Proof. SupposeA is a subsemipypergroup 08: Supposex;y 2 S: If x;y 2 A, then
X y A:We have to show that fACO\N  fA\fa(Y)[M:Let 2xy A
2x y

TPean( )= 1tAlsofa(X)= 1=Ffa(y):Sofa( )= 1=Ffa(X)[ fa(y): Hence
fA(C)\N= ;A\N= 1=fa(X)[fa(y)[ M:If xoryisnotinA;thenx y A

2Xy

orx y* Ailfx y A;thenfor 2x y A;wehavefa( )\ N= ;\ N= 4

If x y* A;thenfor 2 x y* A, we havefo( )\ N = ,\ N = ,: But

fA) fa()[ M= o[ M= 5 Thus, fAC)VN FAC)[ faly) [ M

2xy

Conversely, assume that 5 is an (M ; N)-union soft subsemihyp[ergroup 0§ over
U: Let x;y 2 A: Thenfa(X) = 1= fa(y): By our supposition fa()\' N
22Xy
fA(X)[ fA(y)[ M = 1[ M= :ButM 1 2 N:SO,fA( ) 1f0revery
2 X y:Thus, 2 A: Thisimpliesthatx y A: Hence,A is subsemihypergroup
of S:

Theorem 4.3. If f5o and gg are two (M ; N)-union soft subsemihypergroup db over
U; then their unionfa [ gs is an (M;N)-union soft subsemihypergroup d over U:
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Proof. Let x;y 2 S: Sincef, and gg are two (M ; N)-union soft subsemihypergroup
of S over U: Then for every 2 x vy, we have

(fal 9)()\N=(fa()[ ()N
=(faC)VN)[ (e ( )\ N)
AL fAaMWMIMIT () g8 () M)
=(fAaG)L e GNI FaM[ NI M
=(fal G)X)[ (fal g8)(Y)[ M:

Hence, [ (fal G8)( VN (FAl g8)(X)[ (fal 98)(y)[ M: Therefore,fa[ gg
2x y

is an (M; N)-union soft subsemihypergroup of over U:

De nition 4.2. A soft setf, of an ordered semihypergrouf® over U is called an
(M; N)-union soft left (resp. right) hyperideal ofS over U if it satis es the following

conditions: 1 0 1
W@ fA()AUN Ta0)[ M @resp. | fa( DN fa()[ MA;
2x y 2xy
2)x y) fax)\' N fa(W[ M,
forall x;y 2 S:

A soft setf, of an ordered semihypergrouis over U is called an(M; N)-union
soft hyperideal of S over U if it is both an (M ; N)-union soft left hyperideal and an
(M; N)-union soft right hyperideal of S over U:

Example4.2 Let (S; ; ) be an ordered semihypergroup where the hyperoperation
and the order relation are de ned by:

1 /2 |3 4
flg|flg|flg |flg
flg|flg|flg |flg ;
flg|flg|flg |f1;2g
4|flg|flg|fl;29(f1;2; 39
= 1(151):(2:2):(3:3); (4:4): (15, 2): (1;3); (1;4); (2, 4); (3: 4)g

SupposeU = fhy;hy hag; A = 11;3,49; M = fhygand N = fhy;hzg: Let us
dene fa(l) = ;;fa(2) = fhig; fa(3) = fhy;hgand fa (4) = fhy;hyhzg: Then
fa is an (M;N)-union soft hyperideal ofS over U:

W|N|

Theorem 4.4, Let (S; ; ) be an ordered semihypergroup and&= A S: ThenA is
a left (resp. right) hyperideal ofS if and only if the soft set § of A is an (M; N)-union
soft left (resp. right) hyperideal ofS over U:

Proof. Suppose thatA isoa left hypericileal ofS: Let x;y 2 S: Then
[

@ Aa(D)AVN Q[ M
2Xy
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Indeed, ify 2 Athen & (y) = U:Since §(x) Uforallx2 Sand; M N U,

we have 0 1

@' A()AVN U= Z(y[ M:

2X y
Lety 2 A: SinceA is a left hyperideal ofSandx 2 S;we havex v S A A:
Thus, in this case § ( 3: ; for an)i 2 X y: Hence,

[

@ S(OAVN=;  am M

2X y

Letnow x;y 2 S; x  y: Then §(x)\ N S [ M:In fact, if y 2 A; then
2(y) = ;:SinceS 3 x y 2 A; by hypothesis we havex 2 A; then §$(x) = ;:

Thus SOX)\ N =; M= S(yY)[ M:IfyZA; then §(y) = U:Sincex 2 S;

; M N U, wehave 5(x)\ N U= $(y)[ M: Consequently, & is an
(M; N)-union soft left hyperideal ofS over U:

Conversely, letA be a non-empty subset o6 such that § is an(M;N)-union soft
left hyperideal of S over U: We claim that S A  A: To prove our claim, letx 2 S
andy 2 A: By hy%othesis,

@' SN LmIM=:[ M=Mm
22Xy [

Thus,by; M N U; 2C)VN M:Henceforany 2x vy, 2()=;,

2X

i.e., 2 A: It thus follows thatyS A A: Furthermore, letx 2 A; S3y x: Then
y 2 A: Indeed, it is enough to prove that § (y) = ;: By x 2 A; we have § (x) = ;:
Since § is an (M;N)-union soft left hyperideal ofS overU andy x; we have

S\ N (X)) M=;[ M= M: Noticethat; M N U;we conclude
that % (y) = ;: Therefore,A is a left hyperideal ofS:

Similarly we can show that % is an(M; N)-union soft right hyperideal of S over
U; if and only if A is a right hyperideal ofS.

Corollary 4.1. Let (S; ; ) be an ordered semihypergroup andé& A S: Then
A is a hyperideal ofS if and only if the soft set § of A is an (M;N)-union soft
hyperideal ofS over U:

Theorem 4.5. Let fo be a soft set of an ordered semihypergroup over U and
2 P (U): Thenf, is an (M;N)-union soft hyperideal ofS over U if and only if the
nonempty -exclusive seea(fa; ) of f is a hyperideal ofS and M N:

Proof. Assume thatf, is an (M;N)-union soft hyperideal of S over U: Let x 2
en(fa; ) for M N andy 2 S: Thenf, (x) : It follows from De nition 4.2,
that 0 1

@' fA()A\N f([M [ M=

2xy
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and 0 1
@' fA()AVN A0 M [ M= :
o [ [
Notice that N we can deduce that fa() and fa() : Thus

2x y 2y X
it can be easily shown thatx y ex(fa; )andy x ea(fa; ): Furthermore,
let X 2 ea(fa; ); S3y x Theny 2 es(fa; ): Indeed, sincex 2 ea(fa; );
fa(X) andf , is an(M; N)-union soft hyperideal ofS over U; we havef 5 (y)\ N

fa(X)[ M [ M =: By N; we havefa (y) ; i.e,,y2 ea(fa; ): Therefore,
ean(fa; )is a hyperideal ofS:
Conversely, letea(fa; ) 6 ; be a hyperideal ofS for all M N: If there exist
X1;¥1 2 S such that L
[
@ fa()AVN  fa(yd)[ M;

2X1 Y1
then there existsM 0 N such tfiat

@l (AN faw)IM

2X1 Y1
[

and we havefA (yl) and fA( ) . ThUS, Y1 2 eA(fA; ) and X1 Y1 *
2X1 Y1
ea(fa; ); whichis a cont(r)adiction Helnce,

@' fA()AVN fa()[ M

2x y

for all x;y 2 S: Moreover ifx ythenfa(X)\ N fa(y)[ M: Indeed, if there
exist X1;y; 2 Ssuch thatx; vy, andfa(x))\ N  fa(yl)[ M then there exists
M N such that fo (x;) \ N fa(y) [ M and we havef A (y1)
andfa(X1) : Theny; 2 en(fa; ) and x; 2 ex(fa; ): This is a contradiction that
ex(fa; )is ahyperideal ofS: Thereforef 5 is an(M; N)-union soft left hyperideal ofS
over U: In a similar way we can show thaff 5 is an (M ; N)-union soft right hyperideal
of S over U and thusf, is an (M; N)-union soft hyperideal ofS over U:

Theorem 4.6. Let (S; ; ) be an ordered semihypergroup arfg, be a soft set ofS
overU: Then f, is an (M; N)-union soft left hyperideal ofS over U if and only if f 5
satis es the following conditions:

(1) ;sefa€mnifa;

(2) Bxy28)x y) fax)\ N fa(y)[ M:

Proof. Suppose thatf 5 is an (M ; N)-union soft left hyperideal ofS over U. Then by
De nition 4.2, condition (2) holds. To prove the condition(1) holds, it is enough to
prove that (;sefa)(X)[ M fa(xX)\ N forany x 2 S: Indeed, letx 2 S: If A, = ;;
then (;sefa)(X)[ M fa(X)\ N: Let A, 6 ;: Then there existy;z 2 S such that
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X 'y zandthere existsv 2 y zsuchthatx v: Sincef, is an(M;N)-union soft
left hyperideal of S over U, we have for anyx y z: Thus,

00 \ 1 1
(Gsefa)(x)[ M)\ N = @@ f,s()[ fa(@0A[ MA\ N
00(y;z)ZAx 1 1

@@ ' f[ fA()[ MGA[ MA\ N

1Z)2 Ax
00 Y? 1 1

\
- @@ ffa(z)[ MOA[ MA\ N

1Z)2Ax
0 (y;2) 1 1

e ' ffa(X)\ NGA[ MA\ N
(y;z)2Ax

[ffa(x)\ Ng[ M]\ N

=(fa()VN)[ (M\ N)

=(fAa)\VN)[ M

=(fa()[ M)\ N:

Thus, ; sefa €N ifa forall x 2 S:
Conversely, assume that the conditiongl) and (2) hold. Lety;z 2 S: Then we can

prove that faAX)\' N  fa(2)[ M foranyx 2y z:Infact, sincex 2y z;
X2y z
X X; we havex y z:Thus by hypothesis, we have

fAXN\VN (fa(X)\ N)[ M
6((;)SefA)(X)\ N)[ M

@0 ' o[ fa(@eP\ NA[ M

(Pia)2Ax
;s fa(g\ N)[ M
=(f[ fa(@9\ N)[ M
=(fa(@\ N)[ M
=(fa@[ M)\ (N[ M)
=(fa(@[ M)\ N
fa(z)[ M:

1

Hence, [ faA(X)\' N fa(2)[ M foranyx 2y z:Hence,f, isan(M;N)-union
X2y z
soft left hyperideal of S over U

Similarly we can prove the following theorem.
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Theorem 4.7. Let (S; ; ) be an ordered semihypergroup arfgh be a soft set ofS
overU: Then f, is an (M; N)-union soft right hyperideal ofS over U if and only if
f o satis es the following conditions:

(1) fas Se[M;N ]fA;

(2) Bxy2S)x y) fa(x)\ N fa(y)[ M:

5. (M; N )-Union Soft Interior Hyperideals

In this section, we introduce the notion of(M ; N)-union soft interior hyperideal of
ordered semihypergroups and will study some related properties.

De nition 5.1. Let f5 be a soft set of an ordered semihypergroup over U: Then
fa is called an(M;N)-union soft interior hyperideal of S over U if it satis es the
following conditions:

0 1
L) Exy29)@ " fa()AVN fa()[ fa)[ M;
gx 1
2) (Bxay2S)@ ' fa()AVN fa@[ M:

2x ay

B Bxy28)x y) fa(x)\ N fa(y)[ M:

Example5.1 Let (S; ; ) be an ordered semihypergroup where the hyperoperation
and the order relation are de ned by:

a b c d e
fajlg|fa;bg|fa;lg|fa;bg|fa; kg
fa;bg|fa;bg|falg|fakg|fa;ky
fajbg | fajbg|feg |feg | feg
fajbg|fa;bg|fcg |fdg |[feg
fajbg|fajby | fcg |fcg |feg

DQO|T| LD

=f(a;a);(b;B;(c;9;(d;d); (e;9;(a;0); (a;d); (a;€) ;(b;9; (b;d; (b; 9 ;
(c;d; (c;90:
Let U = f1;2;39, A = fc;d;e@; M = f2gand N = f1;29: The soft setf, is
de ned by
fo= if x2fa;ly;
AT U ifx2fcda:
Then f A is an (M; N)-union soft interior hyperideal of S over U:

Theorem 5.1. Let (S; ; ) be an ordered semihypergroup and be a nonempty
subset ofS: Then A is an interior hyperideal of S if and only if the soft set & of A
is an (M; N)-union soft interior hyperideal of S over U:
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Proof. Supppse thatA is an interior hyperideal ofS: Let x;y and a be any elements

of S:Then@ | S()A\N  S(a)[ M: Indeed, ifa2 A; then §(a) = ;:
2x ay
SinceA is an interior hyperideal ofS;weflave 2x a;y S A S A we have

¢()=;and; M N U:Thus,@[ SCHIAVN = S@[ M:If
2x ay 0 1
azA,then §(a)= U:Since §(x) U forallx2S;thus, @ [ SC)HAVN
2x ay

U= S@][ M: Letx;y 2 Swith x y:Then §(xX)\ N % () [ M: Indeed, if
yZA,then S(yy=Uand; M N Uso S(X)\' N U= S(y[ M:If
y 2 Athen § (y)=;:Sincex yandA isan interior hyperideal ofS; we havex 2 A
and thus § (X)\ N =; a (Y)[ M: SinceA is an interior hygerideal ofS:; we haveg

A is a subsemihypergroup o8: Let x;y 2 S: Then we have@ [ SCIAVN
2xy

2 () g(yP[ M: Indeed, ifx y* A, then there exists 2 x y suchthat 2 A;
and we have % ( ) = U:Besidesthatx y* A impliesthatx 2 A ory 2 A: Then

2x y 0 1
¢ (x)=Uor §(y)=Uandhence@ [ SCIAMAN U= SO)[ & (Y[ M: Let
Xy A:Then & ()= forany 22; yy. It implies that [ S ()= ;:Since we
0 1 2%y
have % (x) ; foranyx 2 A, itfoIIows,@z[ SCIAVN = ; S 2 W[ M:
Xy

Therefore, § is an (M;N)-union soft interior hyperideal of S over U:
Conversely, let; & A S such that § is an(M; N)-union soft interior hyperideal
gf S overU: We claimthat A° A A: To prove the claim, letx;y 2 A: By hypothesis,

@[ SCHAVN S (X)[ g(y)[M;Whichimpliesthat@[ SCHAVN

2x y 2xy
\;] M = M: Thus by ; M N U; [ ()N M: Thus for
2X y
any 2 x y; &()=; impliesthat 2 A: It thus follows that A A A:
Let 2 S A S;then there existx;y 2 Sanda 2 A suchthat 2 x a y:
Since @ [ SCHIAVN 2(@[ M; anda 2 A we have § (a) = ;: Hence
2x ay 0 1
foreach 2 S A S;we have@ [ SC)A\V'N ;[ M = M: Thus, by
2x ay
[
; M N U SC)\VN M: Thus, forany 2 x a vy, &()=;

2x ay
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impliesthat 2 A. ThusS A S A: Furthermore, letx 2 A; S3y x: Then
y 2 A: Indeed, it is enough to prove that % (y) = ;: By x 2 A we have § (X) = ;:
Since § is an (MN)-union soft interior hyperideal ofS overU andy x; we have

S\ N SX)[ M=;[ M=M: Noticethat; M N U;we conclude
that % (y) = ;: Hencey 2 A: ThereforeA is a interior hyperideal of S:

Theorem 5.2. Let fo be a soft set of an ordered semihypergroup over U and

2 P(U): Thenf, is an (M;N)-union soft interior hyperideal of S over U if and
only if each nonempty -exclusive setea(fa; ) of fo is an interior hyperideal of S
and M N:

Proof. Assume thatf, is an (M;N)-union soft interior hyperideal of S over U: Let
M N andea(fa; g 6 ;: Let xpy 2 ea(fa; ): Then fa (x) and f 5 (y)

By hypothesis, we have@[ fACAVN fa(X)[ fa(y)[ M [ [ M=
2x y

Since M N; we can write as [ fal) : Thus for any 2 x v,
2Xy

we havefa () ; implies that 2 ex(fa; ): It follows that x 'y ea(fa; ):

Henceen(fa; ) is a subsemihypergroup of: Let y 2 ea(fa; ) and x;z 2 S: Then

fa () : Sincefa is an (M;N)-union soft interior hyperideal of S over U: Thus,

@[ fAMANN  fa(y)[ M [ M = : Since; M N U; we

W2X y z

can write as [ fa(w) : Hence,fa (w) foranyw 2 x y z implies that
W2X Yy z
W 2 ea(fa; ): Thus, S ea(fa; ) S ea(fa; ): Furthermore, let x 2 ex(fa; );
S3y x:Theny2 ea(fa; ): Indeed, sincex 2 ex(fa; ); fa(X) andf, is an
(M; N)-union soft interior hyperideal ofS over U; we havef, (y)\ N fAo(X)[ M
[M=:ByM N; we havefa (y) ;i.e.,y2 ea(fa; ): Therefore,ea(fa; )
is an interior hyperideal ofS:
Conversely, suppose thaga(fa; ) § ; is an interior hyperideal ofS for all M

N. If there existx;;y; 2 S such that @ [ fA( AN fa(X)[ fa(y)[ M; then

0 2X1 Y1 1
there existsM N such that @ [ fa( JA\' N fa(x) [ faly)[ M;
2X1 Y1
and we havef 5 (X1) ;fa(y1) and fa() which implies that x;;y; 2
2X1 Y1

en(fa; )andx; y, * eA(fA;O): It contraqicts the fact that ex(fa; ) is an interior

hyperideal ofS. Consequently,@ [ fA()AAN  fAX)[fa(y)[ M forallx;y 2 S:
0 3y

Next we show that@ [ fA( A\ N fa(a)[ M forall x;a;y 2 S: If there exist
2x ay
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0 1
X1;a1;Y1 such that @ [ fA()AVN fa(ar)[ M; andM N such that
0 1 2X1 a1 yi
@ [ fa( )A\ N fa(a) [ M; sofa(ar) and [ fa()
2X1 a1 y1 2x1 a1 y1

thena; 2 ea(fa; )andx; a; Y1 * ea(fa; ): Thisis a contradiction that ex(fa; )
is an interior hyperideal ofS: Moreover ifx y,thenf, (X)\ N  fA (y)[ M: Indeed,
if there existXy;y; 2 Ssuchthatx; yiandfa(Xx))\ N fa(y1)[ M, then there
existsM N such thatf (x;)\ N fa(yl)[ M and we havef 5 (y1)
and f 5 (Xq) : Theny; 2 ea(fa; ) and xy 2 ea(fa; ): This is a contradiction that
ea(fa; )isaninterior hyperideal ofS: Thusif x ythenfa (X)\ N  fa (y)[ M:

Theorem 5.3. Let (S; ; ) be an ordered semihypergroup arfgh be an(M ; N)-union
soft hyperideal ofS over U: Then f 5 is an (M; N)-union soft interior hyperideal of S
over U:

Proof. Suppose thatfu is an (M ;N)-union soft hyperideal ofS over U: Let x;y 2 S:

Then by hypothesis@ [ fa( )A\ N faxX)[ M fa(X)[ fa(y)[ M: Let
2x y

x;a;y 2 S: Sincef, is an (M;N)-union soft hyperideal ofS over U, then for any
2 X % y, and; li/l N o%)Jwehave

1
@[ fA()A\N:@@[ fa( AV NAV N
2x ay 2x ay
00 1 1
2%%[ fA()§\N§\N
2X
2ay

(faC)I M)V N
=(fAC)VN)L (NVM)=(Fa( )V N)[ M
00 11

@ ' f,()A\ NA[ M

2ay
fa@[ M)[ M
=fa(@) [ M:
Thus, 0 1
@l (AN fa@M™

2x ay
Therefore,f 5 is an (M; N)-union soft interior hyperideal of S over U:

The converse of above theorem is not true in general. We can illustrate it by the
following example.
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Example5.2 Let (S; ; ) be an ordered semihypergroup where the hyperoperation
and the order relation are de ned by:

Vq \/) V3 V4
vy | fvig| fvig | fvig fvig
Vo | fvig| fvig | fvig fvig
vz | fvag | fvig | fvi;veg | fvysveg
Vg [fvig | fvag | fvi;veg | fvag
1= F(vaiva); (V2; v2); (Va5 Va) 5 (Va; Va) s (Va; V2); (Va; Va); (Va5 Va); (Va; V2); (Va; V) O
SupposeU = fx;y;zg, A = fvy;vag; M = fygand N = fy;zg: Let us de ne
fa(vi) = 55 fa(v2) = fx29; fa(vs) = fxy;zg and fa(va) = ;: Then fa is an
(M;N)-union soft interior hyperideal of S over U: This is not an (M; N)-union soft
left h¥perideal as

fa(C)VN=Ffa(v)[ fa(v2)\ N ="fzg* ;[f yg=fyg=fa(ve)[ M:

2v3 va=fvy;vog

Theorem 5.4. Let (S; ; ) be aregular ordered semihypergroup arid is an (M ;N)-
union soft interior hyperideal of S over U: Thenf 5 is an (M; N)-union soft hyperideal
of S over U:

Proofq Let x;y 2 §: Sincef 5 is an (M ; N)-union soft interior hyperideal ofS over U,

then @ [ faA()A\V N  fa(X)[ M: Indeed, sinceS is regular andx 2 S; then
2x y

there existsz 2 Ssuchthatx x z x: Thenwehavex y (X z X) y=
(x z) (x y):So,thereexist 2x y;v2x zand 2v Xx Yy suchthat
Sofa( )V N fa( )[ M: Sincef, is an(M;N)-union soft interior hyperideal of
SoverU;and; M N U;we have

fAC)VN=(fa( )V N)V N
(fa()[ M)V N
=(TAOVNIL M M)=(Fa )N N[ M

@ ' fA()AVNALM (fA00[ M)[ M

2v Xy
=fa(x)[ M:
Thus, 0 1

@l (AN fa[ M:

2x y

Thereforef 5 is an (M ;N)-union soft right hyperideal of S over U: In a similar way
we prove thatf , is an (M; N)-union soft left hyperideal of S over U:

By Theorem 5.3 and 5.4 we have the following.
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Theorem 5.5. In regular ordered semihypergroups the concepts @l ; N)-union soft
hyperideals and(M ; N )-union soft interior hyperideals coincide.

Theorem 5.6. Let (S; ; ) be an intra-regular ordered semihypergroup anid, is an
(M; N)-union soft interior hyperideal of S over U: Then f  is an (M ; N)-union soft

hyperideal ofS over U:
0 1

Proof. Let a;b2 S: Then @ [ faA(WA\N N fa(a)[ M: Indeed, sinceS is intra-
u2a b

regular anda 2 S; there existx;y 2 Ssuchthata x a a y:Thena b
(x a a y) b=x a(ay b:Sothereexisu2a b;v2a y band 2x a v
suchthatu : Sofa (U)\ N fa( )[ M: Sincef, isan(M;N)-union soft interior
hyperideal of S over U; we have
fa(U\ N=(fa(u)\ N)\' N
(faC)I M)\ N
=(FA(O)VN)L(NYM)=(TA( )V N)[ M

D) AN IM (a@[ M) M

2X a v
=fa(a)[ M:
Thus, 0 1
@' fa(UWA\ N fa(a)[ M:
u2a b

Hence,f, is an (M;N)-union soft right hyperideal of S over U: Similarly we can
prove that f o is an(M; N)-union soft left hyperideal ofS over U: Therefore,f » is an
(M; N)-union soft hyperideal ofS over U:

By Theorem 5.3 and 5.6, we have the following.

Theorem 5.7. In intra-regular ordered semihypergroups the concepts @¥; N )-union
soft hyperideals andM ; N)-union soft interior hyperideals coincide.

6. Characterizations of (M; N )-Union Soft Simple Ordered
Semihypergroups in Terms of (M; N )-Union Soft Hyperideals and
(M; N )-Union Soft Interior Hyperideals

In this section, we introduce the concept ofM;N)-union soft simple ordered
semihypergroups and characterize this type of ordered semihypergroups in terms
of (M; N)-union soft hyperideals and i ; N)-union soft interior hyperideals.

De nition 6.1  (see [16]) An ordered semihypergroudS; ; ) is called simple if it
has no a proper hyperideal, that is for any hyperideah 6 ; of S we haveA = S.



304 M. FAROOQ, M. KHALAF, AND A. KHAN

Lemma 6.1 (see [16]) An ordered semihypergroup(S; ; ) is a simple ordered
semihypergroup if and only if for everya2 S; (S a S]=S:

De nition 6.2.  An ordered semihypergroup(S; ; ) is called (M;N)-union soft
simple if for any (M ; N)-union soft hyperidealf » of S over U; we havef, (a)\ N
fa(b)[ M forall a;b2 S:

Theorem 6.1. Let be(S; ; ) an ordered semihypergroup. The® is (M;N)-union
soft simple if and only if for any(M; N)-union soft hyperidealf , of S over U; we
havees(fa; )= Sforall; M N Uifes(fa; )6 ;:

Proof. Suppose thatS is an (M; N)-union soft simple ordered semihypergroup and
fa is an(M;N)-union soft hyperideal ofS over U. Let M N be such that
ea(fa; ) 6 ;: We need to prove thatx 2 ex(fa; ) forall x 2 S: Sinceea(fa; ) 6 ;;
we can suppose that there exity 2 ex(fa; ), i.e., fa(y) : Hencefa (X)\ N
fa(y)[ M [ M = : SinceM ; we can conclude thaff 5 (X) ; which implies
that x 2 ea(fa; ).

Conversely, for any(M;N)-union soft hyperidealf, of S over U; suppose that

en(fa; )= Sforall; M N Uifes(fa; )6 ;:Weclaimthatf, (2)\ N
fa(@[ M forall a;b2 S: If there existx;y 2 S such thatfo (X)\ N fa(y)[ M;
then we havef, (x)\ N fa(y)[ M for someM N: Thus, fao (xX) ;

i.e., X 2 ex(fa; )= S; which is a contradiction. Thereforefp ()\ N fo (D[ M
holds for alla;b2 S: Thus, S is (M; N)-union soft simple.

Let (S; ; ) be an ordered semihypergroup and 2 S; and f 5 be a soft set ofS
over U we denote byl , the subset ofS de nes as follows:

la=fb2Sjfa()\ N fa(a)[ Mg:
Clearly 1,6 ;; sincea?2 I,:
Theorem 6.2. Let (S; ; ) be an ordered semihypergroup arfd, is an (M; N)-union

soft left hyperideals ofS over U: Then the setl, is a left hyperideal ofS for every
az2s:

Proof. Suppose thatf o is an(M; N)-union soft left hyperideals ofS overU: Let b2 1,
ands?2 S:Thens b I, Indeed, sincef o isjan (M; N)-union soft left hyperideal

of SoverU and b;s2 S; we have@[ fa()A\V N fa(b[ M: Sinceb2 I,; we
2s b
havefo (\ N fa(a)[ M: Thus,

fa (VN =(FaC)N NIV N
[

@@ fo( )A\ NA\N (fa(®[ M)\ N
2s b

=(fa(®@\ N)[ (M\ N)
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fa@[M)[ M
=fa(a)[ M:

Thus, 2 Il,andhences b I Letb2l1,andS3 s b:Thens?2 I, Indeed,
sincef 5 is an (M ;N)-union soft left hyperideals ofS overU, b;s2 Sands b;we
havefa (s)\ N fao (D[ M: Sinceb2 I,; we havefo (b)\ N fa(a)[ M: Then
fa(S)\' N fa(a)[ M; sos2 Iy

In a similar way we prove the following.

Theorem 6.3. Let (S; ; ) be an ordered semihypergroup arfd, is an (M; N)-union
soft right hyperideals ofS over U: Then the setl, is a right hyperideal ofS for every
az2s:

By Theorem 6.2 and 6.3 we have the following.

Theorem 6.4. Let (S; ; ) be an ordered semihypergroup arfg is an (M ; N)-union
soft hyperideals ofS over U: Then the setl, is a hyperideal ofS for everya 2 S:

Theorem 6.5. Let (S; ; ) be an ordered semihypergroup. The® is simple if and
only if it is (M;N)-union soft simple.

Proof. Assume thatS is a simple ordered semihypergroup. Lét, is an(M;N)-union
soft hyperideal ofS overU and a; b2 S: By Theorem 6.4, we obtainl , is a hyperideal
of S: SinceS is simple,l, = S: Thenb2 I,; thatis fo ()\ N A (a)[ M: Therefore,
Sis (M; N)-union soft simple.

Conversely, suppose thas is (M;N)-union soft simple. Letl be a hyperideal of
S: By Corollary 4.1, we obtain the characteristic function | is an(M; N)-union soft
hyperideal of S over U: We claim that | = S: To prove our claim, letx 2 S: Since
S is (M;N)-union soft simple, F(x)\ N T(Y)[ M forally 2 S: Sincel 6 ;;
leta2I: Then F(x)\' N r@[M=;[ M=M:So, {(x)\ N M: Since
M N, we conclude that [ (x) = ;;i.e.,x 2 |I: Thus, we have shown thatS I;
and so,S = |: Hence,S is simple.

Theorem 6.6. Let (S; ; ) be an ordered semihypergroup. The8 is a simple if
and only if for every(M; N)-union soft interior hyperideal f » of S over U; we have
fa(@\N fao([ M forall a;b2 S.

Proof. Suppose thatS is a simple ordered semihypergroup. Ldtya be an(M;N)-
union soft interior hyperideal of S over U and a;b2 S. By Lemma 6.1, we have
S=(S b S]: Thusbhya?2 S;we havea2 (S b S]: Then there existx;y 2 S
suchthata x b y:Thena forsome 2 x b y:Sincefa isan(M;N)-union
goft interior hyperideal of S over U; we havefa(2)\ N fao () [ M: Also since

@ | fa( A\ N fa(b[ M: Thus,

2x by
fa(@\ N =(fa(a\ N)\ N



306 M. FAROOQ, M. KHALAF, AND A. KHAN

(Fa( ) M)\ N

=(fa ( )V NY[ (M NY=(fa( )\ NY[ M

00 1 1

@@ ' f,()AVNALM  (fa®[ M)[ M
2x by

=fa(@[ M:

Conversely, assume that for evergM ; N)-union soft interior hyperidealf o, of S over
U; we havefa (a)\ N fAo (D[ M forall a;b2 S. Let fo be any(M; N)-union soft
hyperideal of S over U: Then by Theorem 5.3,f 5 is an (M;N)-union soft interior
hyperideal of S over U: HenceS is (M ; N)-union soft simple by De nition 6.2. It thus
follows from Theorem 6.5 thatS is a simple ordered semihypergroup.

As a consequence of Lemma 6.1, Theorem 6.5, and Theorem 6.6, we present char-
acterizations of a simple ordered semihypergroup as the following theorem.

Theorem 6.7. Let (S; ; ) be an ordered semihypergroup. Then the following state-
ments are equivalent:

(1) S is a simple ordered semihypergroup;

(2) S=(S a S]foreverya?2sS;

(3) Sis (M;N)-union soft simple;

(4) for every (M ; N)-union soft interior hyperideal ofS over U; we have 5 (a)\ N
fa(b)[ M forall a;b2 S.

7. Conclusion

Ideal theory play a vital role in hyperstructures, in this paper, we introduced the
notions of (M ; N)-union soft hyperideals and M ; N)-union soft interior hyperideals
of ordered semihypergroups and studied them. Whev = ; and N = U; we meet
union soft hyperideals and union soft interior hyperideals. From this view, we say that
(M; N)-union soft hyperideals and(M ; N)-union soft interior hyperideals are more
general concepts than ordinary union soft ones. Moreover we introduced the notion
of (M ; N)-union soft simple ordered semihypergroup. We characterizéil ; N)-union
soft simple ordered semihypergroups by means dfl (N )-union soft hyperideals and
(M; N)-union soft interior hyperideals. Hopefully that the obtained new character-
izations of ordered semihypergroup in terms dfM; N)-union soft hyperideals will
be very useful for future study of ordered semihypergroups. In future we will de ne
other (M ; N)-union soft hyperideals of ordered semihypergroups and will study their
applications.
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POSITIVE SOLUTIONS FOR A FRACTIONAL BOUNDARY
VALUE PROBLEM WITH LIDSTONE LIKE BOUNDARY
CONDITIONS

JEFFREY T. NEUGEBAUER ! AND AARON G. WINGO 2

Abstract. ~ We consider a higher order fractional boundary value problem with
Lidstone like boundary conditions, where the nonlinearity is an L !-Carathéodory

function. We rst consider the lower order problem. Then, by using a convolution to

construct the Green's function for the higher order problem, we are able to apply a
recent xed point theorem to show the existence of positive solutions of the boundary
value problem.

1. Introduction

Letn2 N,n 3,n 1< nand 1 n 1. We study existence and
nonexistence of solutions of the fractional di erential equation
(1.1) Do,u+ f(t;u)=0; t2(0;1),

satisfying the boundary conditions
(1.2) uD©)=0; i=0;L:::;n 2 Dy u(l)=0;

whereD,. and D,. are the standard Riemann-Liouville derivatives. Heré : (0;1)
[0;1)! [0;1)is anL-Carathéodory function, i.e.,f satis es the following proper-
ties:

(@) f(;u)is a measurable function for alu  O;

(b) f(t; ) is continuous for a.et 2 (0;1) and
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(c) for all r > 0 there exists a , 2 L1[0; 1] such thatjf (t; u)j +(t) fora.e.t 2
(0;1) and for all juj .

We then consider a higher order problem with boundary conditions inspired by

Lidstone boundary conditions. Letm2 N,m 3,n2N,2n 1+m< 2n + m,
1 n 1 and consider the boundary value problem
(1.3) Do u(t)+( 1)'g(t;u)=0; 0<t< 1
satisfying the boundary conditions
(1.4) u®@©)=0; i=0;L:::;m 2, Dy u(l)=0;
D - 2u(0) = D u@w=0; I=1;::;n 1

whereg : (0;1) [0;1) ! [0;1) is an L-Carathéodory function. To construct
the Green's function for this problem, we use a convolution. The Green's function
for the higher order problem therefore inherits properties of the Green's function
corresponding to(1.1), (1.2) and similar arguments can be made to show the existence
of positive solutions of the boundary value problem.

Fixed point theory has been used extensively to study the existence of positive
solutions of fractional boundary value problems [2,7,8, 102,20, 23,25] and singular
fractional boundary value problems [1,9,14,16,18,21,22,24,26] where the nonlinearity
may be singular att = 0 or t = 1. Of particular interest to this work is the recent
paper by Benmezai, Chentout and Henderson [3], where the authors prove a new xed
point theorem using strongly positive-like operators and then apply their xed point
theorem to a fractional boundary value problem. The use of convolution to construct
Green's functions for higher order problems can be found rst in [6]. In [15], the
authors used convolution to study positive solutions of some di erent higher order
fractional boundary value problems.

2. Preliminaries

We start with the de nition of the Riemann-Liouville fractional integral and frac-
tional derivative.

De nition 2.1. Let > 0. The Riemann-Liouville fractional integral of a function
u of order , denotedl . u, is de ned as

— 1 Zt 1 .
o+ u(t) = ) 0(t s) “u(s)ds;
provided the right-hand side exists. Moreover, leh denote a positive integer and
assumen 1< n. The Riemann-Liouville fractional derivative of order of the
function u: [0;1]! R, denotedD. u, is de ned as
1 d Z

Dy u(t) = t s)" ‘lu(s)ds= D" u(t);

(n )dth o
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provided the right-hand side exists. We refer to [4,13,17,19] for a more in depth study
of fractional calculus and fractional di erential equations.

Let B be a Banach space oveR. A closed nonempty subseP of B is said to be a

cone provided
() u+ v 2Pforallu;v2 P andall ; 0 and

(i) u2Pand u2 P impliesu=0.

Cones generate a natural partial ordering on a Banach space. LRetbe a cone in a
real Banach spacé8. If uy;v2B,u vifv u2P,u vifv u2P,u6 v, and
ub vifv uz2P. If both M;N :B! B are continuous mappingsM N if for
allu2 P, Mu Nu. TherelationsN M andN 6 M are de ned similarly. The
notation , and 6 de ne the reverse situations.

De nition 2.2.  An operatorL 2 Lc(B), whereLc(B) is the set of all linear compact
self-mappings o, is said to be positive ifL : P! P and strongly positive ifP 6 ;
andL :PnfOg! P.

De nition 2.3. Let L 2 Lc(B) be positive. L is said to be lower bounded if
inffk Luk:u2 P\ @RO;1)g> 0.

For all positive operatorsL 2 L¢(B), de ne the subsets
L= 0 : there existsu 0Og such that Lu ug

and
L= f 0 : there existsu 0Og such that Lu ug:

The proof of the following lemma can be found in [3].
Lemma 2.1. LetL 2 Lc(B) be strongly positive. Then
r(L)=sup L =inf :
De nition 2.4. A positive operatorL 2 Lc(B) is said to be a strong positive-like
operator ifr(L)=sup L =inf | > 0.

The following two theorems are the model for which our main result is based. The
proofs can be found in the work of Benmezai, Chentout, and Henderson [3]. The
rst deals with nonexistence of positive xed points and the second with existence of
positive xed points.

Theorem 2.1. LetT : P! P be a continuous mapping and let 2 Lo(B) be a
strongly positive-like operator. If either

r(L)>1 and Tu Lu; forallu2P;

or
r(L)<1 and Tu Lu; forallu2P;

then T has no xed points inP.
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Theorem 2.2. Let T : P! P be a completely continuous mapping and assume
that there exist two strongly positive-like operators;L, 2 L(B) and two functions
Fi;F,: P! P such thatL, is lower bounded orP, r(L;) < 1<r (L), and for all
u2 P

L.u Fu Tu Lou+ Fou
If either
Fiu=o(kuk) as u'!l and Fyu= o(kuk) as u! O;
or
Fiu=okuk) as u! 0 and Fou= o(kuk) as u'!l ;

then T has a xed point in P.

3. Eigenvalue Criteria

Let E = C[0; 1] be the Banach space of continuous functions with the usual supre-
mum norm kuk = maxizo;1ju(t)j. De ne the Banach spaceX as

( (v
X = u2C[01] tIlma—1 exists

endowed with the norm
kuky = sup ﬂ :
t2[0;1]
Fix 2 (0;1). De ne the cones
E*"=fu2 E:u(t) Oforallt2 [0;1]g;

P=fu2 E" :u(t) 'kuko forall t 2 [; 1]g

and
X*=fu2 X :u(t) O0forallt2[0;1]g:

De ne the sets

L} =fm2LY0;1):m(t) Oae.t2][0;1]g
and

L, =fm2L!:m> 0on a subset of positive measuge

We also introduce the subse6 X by

( )
S= u2X:u(t)> 0fora||t2(0;1]andtllin3:(t)l> 0 :

The following theorem is given in [3].

Lemma 3.1. SisopeninX.
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The Green's function for D,. u = 0 satisfying the boundary conditions(1.2) is
given by (see, for example, [5])

8 t as 1! (ts 1
(3.1) G = . | gy G2 osst
. 7S) = .

ot 1(1(5)) - 0 t s<1l

Therefore,u is a solution of (1.1), (1.2) if and only if
1
u(t) = G(t;s)f (s;u(s))ds; 0 t 1.
0

De ne v(t;s) by

2wyt (1 . .
v(t;s) = () , 0 s<t L

R 0 t s<l

Notice G(t;s) = t  v(t;s). The following lemma gives sign properties d& and v.
The proof of (1) (3) of the following lemma can be found in [15]. The proof of (4)
is trivial.

Lemma 3.2. Let G be de ned as in(3.1).
(1) G(t;s) 2 C([0;1] [0; 1)) with G(t;s) > O for (t;s) 2 (0;1] (O; 1).
(2t 'G(1;s) G(t;s) G(1;s) for (t;s) 2 [0;1] [0;1).
(3) G(t;s) 1G(1;s) forall t 2 [; 1] and all s 2 [0; 1).
(4) v(0;s) > O for all s2 [0;1).

letm2 Ll .DenelLy,:E! E by
z

1
Lnu(t) = G(t; s)m(s)u(s)ds:
0
Foru2 X,denelLy :X ! EbyLXu=Lnyu.

Lemma 3.3. For m 2 L1, , the operatorL, is compact and positive. Moreover,
Ln:E*! P.

Proof. The proof that L, is compact is standard. Letu 2 E*. Then u(t) 0 for

t 2 [0;1]. Sincem > O for a.e.t 2 [0; 1], then by Lemma 3.2 (1),
Z

1
Lnu(t) = G(t;s)m(s)u(s)ds O:
0
SoLhnu2 E" andL,, :E* ! E™. Furthermore, Lemma 3.2 (3) gives that
KL muk = jLnu(1)jo

and
z z

Lmu(t) = OlG(t;s)m(s)u(s)ds ! OlG(l;s)m(s)u(s)ds: KL muk:

SoLpu2 PandL,:ET! P.
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Lemma 3.4. For m 2 L1, , L, is a strongly positive-like operator which is lower
bounded on the con®.

Proof. We start by proving that for m 2 L1[0; 1]\ C[0; 1], LY is a strongly positive
operator. Using the Arzela-Ascoli theorem, similar to the argument in [3], we have
that LY compact. Next, letu2 X* nf0Og. For all t 2 (0; 1], by Lemma 3.2,
Z 1
LXu(t) = . G(t; s)m(s)u(s)ds > O:

Also,

z
lim Linu(®) _ 01 v(0; s)m(s)u(s)ds > 0:

tto t 1
SoLX :X nfOg! S X* .SoLX is strongly positive, and by Lemma 2.1,

r(Ly)=sup (x =inf |x:

SinceLX is an embedding of the operatoL, into X, LX L, and | x Lo -
Next, let Oandu?2 E* nfOg be such thatL,,u u. Then, from an argument
similar to that above, U = L,u2 X* nf0Og. Now

LXU=LX(Lmu)= Ly (Lnu) L ,U:
So, 2 . x,and  x = .. Similarly, x = . So,
r(Lm)=sup ., =inf [ :

So, L, is a strongly positive-like operator.

Finally, for u 2 P,
z Z

KLmuk = Lpu(l) = olG(l;s)m(s)u(s)ds ! OlG(l;s)m(s) tdskuk:

Sol,, is lower bounded on the con®.

4. Existence and Nonexistence Results

De ne the operatorT: E* ! E by
Z

Tu(t) = 01 G(t; s)f (s; u(s))ds:

Notice that u is a solution of the boundary value problen{1.1), (1.2) if and only if u
is a xed point of T.
We have the following lemma.

Lemma 4.1. T:E*! E iscompactandT :E* ! P.

Proof. The fact that T is compact is a standard application of the Arzela-Ascoli

theorem. Next, letu 2 E*. Then by Lemmma 3.2 (1) and (3),
z

Tu(t) = OlG(t;s)f (s;u(s))ds O
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and, sincekTuk = Tu(1),
z z

Tu(t) = 01 G(t; s)f (s; u(s))ds ! OlG(l;s)f (s;u(s))ds=  ’kuk:
So,T:E*! P.
Let m 2 L1, . Consider the linear boundary value problem
(4.2) Dy u(t)+ m (t)u(t)=0,; a.e.t2 (0;1),
satisfying the boundary conditions (1.2), where is a real parameter.
Lemma 4.2. Forallm2 L1, , (4.1), (1.2) admit a unique positive eigenvalue (m).

Proof. Now (;u) is a solution of (4.1), (1.2) if and only if L,u = !u. Lemma
3.4 gives that ! = r(Ly) is the unique positive eigenvalue of ,,. Thus, (m)=
1=r(L,) is the unique positive eigenvalue of (4.1), (1.2).

Theorem 4.1. Assume that there existsn 2 L! such that one of the following
hypotheses is satis ed:

(4.2) (m)y<1 and f(tu) m(t)u; forallu Oanda.e.t2(0;1),;

(4.3) (m)>1 and f(tu) m(t)u; forallu Oanda.e.t2 (0;1);
Then (1.1), (1.2) has no positive solutions.

Proof. Let u 2 P, and suppose&4.2) holds. Thenf (t;u)  m(t)u, which implies
Tu Lpyu. But Ly, is a strongly positive-like operator withr(L,) =1= (m) > 1.
Theorem 2.1 is therefore satis ed andl' has no positive xed points. A similar
argument can be made if (4.3) holds.

Theorem 4.2. Assume that there existn;;m, 2 L1, , q; 2 L, and two functions
1, 2:[0;12)! [0;1) suchthat (m;) <1< (my) and forallu O0and a.e.
t2 (0;1),

(4.4) my(thu  au(t) (u)  F(u) ma(hu+ g(t) 2(u):
If either
(H1) 1(u)= o(kuk) asu!l , ,(u)= o(kuk) asu! O, ;is nondecreasing, and
» IS nondecreasing neaf or
(H2) 1(u) = o(kuk) asu! 0, ,(u)= o(kuk) asu!l , ;is nondecreasing near

0, and » is nondecreasing,
then (1.1), (1.2) has at least one positive solution.

Proof. Fori=1;2,letF; : P! P be de ned by
Z 1
Fu(t)=  G(t;s) i(u(s))ds:
0

From (4.4), we have that for allu 2 P,
Lm,u Fiu Tu Lp,u+ Fou,
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with 1 1
r(Lmz) = (mz) < 1 < r (Lml) = (ml)'
Suppose (H1) holds. Then, we have,
KFiuky Fu® %1 () . o1
= 1. 1. .
ke~ o0 Rk o CERE T s GlLiga(s)ds;

which progresses to our conclusion,
Fiu= o(kuk) as u!1l and F,u= okuk) as u! O

We therefore have from Theorem 2.2 thall has a xed point, which nally is a
positive solution to (1.1), (1.2). The case for (H2) is similar.

5. An Extension to a Higher Order Problem

In this section, we consider the fractional boundary value probler(l.3), (1.4),
motivated by the two-point Lidstone boundary value problem for ordinary di erential
equations. De neGy(t;s) = G(t;s) from (3.1) to be the Green's function for D, u =
0,u”(0) =0, i =0;L:::;;m 2, Dgyu(l) =0. Denote by Gy(t;s) the Green's
function for the BVP D, u=0, (1.4).

The construction for G, (t; s) is similar to the construction in [6] and is given here
for completeness. De neGi(t; s) by

Z 1
(5.1) Gk(t;s) = . Gk 1(t; 1) Geonj (r; 8)dr,
k=2:::::n 1 where (
t(1 s); 0 t<s 1;
(5-2) Gconj (t; S) = ( )

s(1 t); 0 s<t 1,

is the Green's function for u®= 0, u(0) = u(1) = 0. Thus the Green's function
Gn(t; s) for (1.3), (1.4) is of the form

z
Gn(t;s) = 01 Gn 1(t;1)Geonj (1; S)dr;
where G, (t;s) is the Green's function for
Do, 2u(t)+ h(t)=0; O<t< I
u®(©0)=0; i=0;%:::;m 2, Dy u(l)=0;
D, 2u(0) = D, 2u@)=0; I=1;::::n 2
To see this, for the base case, rst consider the linear di erential equation
D, u(t) + h(t)=0;
satisfying the boundary conditions
u®©)=0; i=0;L:::;m 2, Dy u(l)=0;
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D, X" Pu(0)=0; Dy " Yu@)=0:

Make the change of variablev(t) = D, 2u(t). Then D2v(t) = D2Dy?u(t) =
Do, u(t) = h(t). Since = 2n+2, v(0) = Dy, u(0) =0and v(1) = Dy, u(1) =0.
Thus v satis es the Dirichlet boundary value problem

v% h(t)=0; O<t< 1
v(0)=0; v(1)=0:
Also, u now satis es a lower order boundary value problem,
Do.u(t) = v(t); O0<t< I

u®(©)=0; i=0;L::;;m 2 Dyu(l)=0;
and so,
Z 1
u(t)=  Go(t;s)( v(s))ds

GO(t; S)Gconj (S; r)ds h(l’)dl’
201 0
, Cits)h(s)ds;

R
whereG(t;s) = o Go(t; ) Geon; (1; S)dr.
For the inductive step, consider

D, u(t) + k(t) = 0;

satisfying (1.4). The argument here is similar to above. Make the change of variable
V(t) = Dy 2u(t). Thus D2v(t) = D2Dy, %u(t) = Do, u(t) = k(t). Sincev(0) =
Do. 2u(0) = 0 and v(1) = Do. u(1) = 0, then v satis es the Dirichlet boundary value
problem

v% k(t)=0; O<t< 1;
v(0)=0; v(1)=0:
Here u now satis es a lower order boundary value problem,
Do, 2u(t) = v(t); O<t< 1

u(©)=0; i=0;L::;m 2 Dy u(l) =0;
Do. ?u(0) = 0; D+ du@)=0; 1=2;:::k;
and by the induction hypothesis,
z 1
u(t) = . Gn 1(t;s)( v(s))ds
z 1 z 1

= Gn 1(t;S)Geonj (s;1)ds  k(r)dr
0 0
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Z,
= . Gn(t; s)k(s)ds;

R
whereG,(t;s) = 5 Gn 1(t;1)Geon (1; S)dr.
De ne vy(t;s) so that t v, (t;s) = Gy (t;s). The following lemma follows from
Lemma 3.2.

Lemma 5.1. Let G, be de ned inductively as above.

(1) Gn(t;s) 2 C([0;1] [0;1)) with ( 1)"Gn(t;s) > Ofor (t;s) 2 (0;1] (0;1).
)t ' )"G(Ls) ( D'G(ts) ( 1"G(L;s) for (t;s) 2 [0;1] [0;1).
3) ( D"G(t;s) ( )" G(1;s)forallt2[; 1] and alls 2 [0;1).

4 ( D"v(0;s) Oforalls2]0;1).

Proof. We start by showing (1) holds. For the base case, consider th&(t;s) =
G(t; s) from Lemma 3.2 which does belong t€ ([0; 1] [0; 1]) and is positive. Since
Z 1
Gi(t;s) = o Go(t; 1) Geon; (I; S)ds;

and Geopj (1;s) 2 C([0;1]  [0;1]) and Geonj (t;8) > O, it follows that G4(t;s) 2
C([0;1] [0;1]) and Gqy(t;s) > 0. For the inductive step, assumes, (t;s) 2
C([0;1] [0;1)) and ( 1)" G, 4(t;s) > O for (t;s) 2 (0;1] (0;1). Then by

de nition .

( D"Gn(t;s) = 01( 1)" 'Gp 1(t;1)Geonj (1; S)dr;

we see that sinceScoy (t;s) 2 C([0; 1]  [0; 1]) and Geonj (t;s) > 0 for (t;s) 2 (0;1)
(0;1), then ( 1)"Gp(t;s) > Ofor (t;s) 2 (0;1] (0;1) and Gy (t;s) 2 C([0; 1] [0;1)).

For (2), similar to the rst item, the base case follows from Lemma 3.2. Since for
Go(t; s) = G(t;s), we have

t 'Go(1;s) Go(t;s) Go(l;s);

and by the de nition of G;(t;s) we have
z 1
t 1Gi(L;s)=  t 'Go(L;r)Geoni (r;S)dr
2,
0 Go(t;1)Geon; (I;s)dr

Gy(t;s)

1
, Go(dir)Geon; (1 s)dr
= Gi(1;9):
For the inductive step, in a similar fashion, assume

t l( 1)n 1Gn 1(1;5) ( 1)n 1Gn l(t; S) ( 1)n 1Gn 1(1;5):
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Then by the de nition of G,(t;s), we have
z

1
t Y D)"G,(1;8)=( 1"t ! ; Gn 1(1;1)Geonj (r; S)dr
Z4
( 1)n+1 0 Gn 1(t;r)Geonj (1; 8)dr

= ( 1)nGn(t; S)
Z
( 1)n+l 01 Gn l(ll r)Gconj (r, S)dr
=( 1)"Gn(1;5):

Notice that (3) is a direct result of (2), and a proof of (4) can similarly be obtained
using induction.

De ne the sets
Lol =fm2LY0;1):( 1)"m(t) O a.e.t2][0;1]g
and
Lol, =fm2L,!:( 1)"m(t) > 0 on a subset of positive measuge

Letm2L,., . Denel,,:E! E by
z 1
Lamu(t) = Gn (t; s)m(s)u(s)ds:
0

Dene L,x :X ! E by foru2 X, Lysu= Lynu.

Lemma 5.2. For m 2 L,}, the operatorL,,, is compact and positive. Moreover,
Lom :ET! P,

Proof. Let u2 E*. Then
z

Lomu(t) = OlGn(t; s)m(s)u(s)ds
z
= (DG s)imE)iuE)ds > 0

and, sincekL Uk = jLnm U(L)jo,

Lomu(®) = Zolena; S)m(s)u(s)ds
Z(f( GG meu(ses
F 16, 9im)ju(E)ds

KL hmuk;

concluding the proof.
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Lemma 5.3. For m2 L.}, , L., is a strongly positive-like operator which is lower
bounded on the con®.

Proof. As in the proof of Lemma 3.4, if we can shown?; :X*nfog! S X* ,the

result follows. Letu 2 X *. First, notice for t 2 (0; 1],
z

L= 1Gy(S)im(s)ju(s)ds > 0

Again, sincem and v, (0; s) have the same sign,
z

i Ema u(® _

tto t 1 0

SoLX :X nf0g! S X* ,and the result follows.

De ne the operator T, : E* ! E by
z

U= Gy(ts)( 15 us)ds:

( 1)"n(0;s)im(s)ju(s)ds > O:

Notice that u is a solution of the boundary value problen{1.3), (1.4) if and only if u
is a xed point of T,.

The following lemma is a direct result of the Arzela-Ascoli theorem and Lemma
5.1.

Lemma 54. T,:E*! E is compact andT,:E*! P.

The proofs of the main results are similar to the proofs from Section 4 and are
therefore omitted.
Let m 2 L,1, . Consider the linear boundary value problem

(5.3) Dy-u(t)+ m (tu(t)=0; ae.t2 (0;1),
satisfying the boundary conditions (1.4), where is a real parameter.

Lemma 5.5. For all m 2 L., , (5.3), (1.4) admits a unique positive eigenvalue
(m).

Theorem 5.1. Assume that there existsn 2 L,! such that one of the following

hypotheses is satis ed.

(5.4) (m)y<1 and ( 1)"g(t;u) m(t)u; forallu Oanda.e.t2 (0;1);

(5.5) (m)>1 and ( 1)"g(t;u) m(t)u; forallu Oanda.e.t2 (0;1);

then (1.3), (1.4) has no positive solutions.

Theorem 5.2. Assume that there existn;;m, 2 L%, , ;; % 2 L1, and two func-

tions 4; ,:[0;1)! [0;1) suchthat (m;)< 1< (my) and, forallu 0and

ae. t2(0;1)

(5.6) miu () «(u) ( 1)"gtu)  ma(thu+ p(t) 2(u):

If either
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(H1) 1(u) = o(kuk) asu!l , ,(u)= o(kuk) asu! 0, ;is nondecreasing, and
» IS nondecreasing neaf or
(H2) 1(u) = o(kuk) asu! 0, ,(u)= o(kuk) asu!l , ;is nondecreasing near

0, and , is nondecreasing,
then (1.3), (1.4) has at least one positive solution.

We conclude the paper by remarking that the hypotheses of Theorems 4.2 and 5.2
are similar to the hypotheses of the main theorem in [3]. Therefore, the examples of
nonlinearities provided in that work could be easily modi ed for the problems given
in this paper.
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