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THREE-WEIGHT AND FIVE-WEIGHT LINEAR CODES OVER
FINITE FIELDS

PAVAN KUMAR1 AND NOOR MOHAMMAD KHAN1

Abstract. Recently, linear codes constructed from defining sets have been studied
extensively. For an odd prime p, let Trm

e be the trace function from Fpm onto Fpe ,
where e is a divisor of m. In this paper, for the defining set D = {x ∈ F∗

pm :
Trm

e (x2 + x) = 0} = {d1, d2, . . . , dn} (say), we define a pe-ary linear code CD by
CD = {cx =

(
Trm

e (xd1), Trm
e (xd2), . . . , Trm

e (xdn)
)

: x ∈ Fpm}
and present three-weight and five-weight linear codes with their weight distributions.

We show that each nonzero codeword of CD is minimal for m
e ≥ 5 and, thus, such

codes are applicable in secret sharing schemes.

1. Introduction

Throughout this paper, let p be an odd prime, and let Fpm be the finite field with
pm elements for any positive integer m. Denote by F∗

pm = Fpm \ {0} the multiplicative
group of Fpm .

An (n,M) code over Fpe , where e | m and m
e
> 2, is a subset of Fn

pe of size M. Since
linear codes are easier to describe, encode and decode than nonlinear codes, they have
been an interesting topic in both theory and practice for many years. A linear code C

over Fpe is a subspace of Fn
pe . An [n, k, d] linear code C is a k-dimensional subspace of

Fn
pe with minimum Hamming-distance d. The vectors in a linear code C are known as

codewords. The number of nonzero coordinates in c ∈ C is called the Hamming-weight
wt(c) of a codeword c. Let Ai denote the number of codewords with Hamming weight
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i in a linear code C of length n. The weight enumerator of C is defined by

1 + A1z + A2z
2 + · · · + Anz

n,

where (1, A1, . . . , An) is called the weight distribution of C. Throughout the paper,
#{·} denotes the cardinality of the set. If #{i : Ai ̸= 0, 1 ≤ i ≤ n} = t, then the
code C is said to be t-weight code. Several classes of linear codes with various weights
have been constructed in [3, 5, 6, 8, 19], and a lot of literature is present on the weight
distributions of some special linear codes [1, 2, 14,15].

Let D = {d1, d2, . . . , dn} ⊆ Fpm . A linear code CD of length n over Fp is defined by

CD = {
(
Trm

1 (xd1),Trm
1 (xd2), . . . ,Trm

1 (xdn)
)

: x ∈ Fpm},

where Trm
1 denotes the absolute trace function from Fpm onto Fp. The set D is known

as the defining set of this code CD. Ding et al. introduced this construction (see
[6, 7]), and many others used it to obtain linear codes with few weights [8, 17]. In
[3, 6, 11, 14, 17, 19], the authors constructed the code CD over Fp with few weights
by considering certain defining sets with absolute trace function. In particular, the
authors, in [11], give linear codes over Fp by employing Gauss sums and Pless Power
Moments [10, page 260].

In this paper, we use Gauss sums and cyclotomic numbers to find linear codes over
Fpe by considering a new defining set obtained by replacing Tr by Trm

e in the defining
set D given in [11]. Let m, s and e are positive integers with s > 2 and m = es. Now
we define the trace function Trm

e from Fpm onto Fpe as follows:

Trm
e (x) =

s−1∑
k=0

xpke

.

Now, set

D = {x ∈ F∗
pm : Trm

e (x2 + x) = 0} = {d1, d2, . . . , dn},
CD = {cx = (Trm

e (xd1),Trm
e (xd2), . . . ,Trm

e (xdn)) : x ∈ Fpm}.(1.1)

Then we present the weight distribution of the proposed linear code CD of (1.1) in
the Section 4.

2. Preliminaries

We begin with some preliminaries by introducing the concept of cyclotomic numbers.
Let a be a primitive element of Fpm and pm = Nh+ 1 for two positive integers N > 1,
h > 1. The cyclotomic classes of order N in Fpm are the cosets C

(N,pm)
i = ai⟨aN⟩

for i = 0, 1 . . . , N − 1, where ⟨aN⟩ denotes the subgroup of F∗
pm generated by aN . It

is obvious that #C
(N,pm)
i = h. For fixed i and j, we define the cyclotomic number

(i, j)(N,pm) to be the number of solutions of the equation

xi + 1 = xj, xi ∈ C
(N,pm)
i , xj ∈ C

(N,pm)
j ,
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where 1 = a0 is the multiplicative identity of Fpm . That is, (i, j)(N,pm) is the number
of ordered pairs (s, t) such that

aNs+i + 1 = aNt+j, 0 ≤ s, t ≤ h− 1.

Now, we present some notions and results about group characters and Gauss sums
for later use (see [12] for details).

An additive character χ of Fpm is a mapping from Fpm into the multiplicative
group of complex numbers of absolute value 1 with χ (g1 + g2) = χ (g1)χ(g2) for all
g1, g2 ∈ Fpm . By ([12], Theorem 5.7), for any b ∈ Fpm ,

(2.1) χb(x) = ζTrm
1 (bx)

p , for all x ∈ Fpm ,

defines an additive character of Fpm , where ζp = e
2π

√
−1

p , and every additive character
can be obtained in this way. An additive character defined by χ0(x) = 1 for all
x ∈ Fpm is called the trivial character while all other characters are called nontrivial
characters. The character χ1 in (2.1) is called the canonical additive character of Fpm .

The orthogonal property of additive characters of Fpm can be found in ([12], Theorem
5.4) and is given as

(2.2)
∑

x∈Fpm

χ(x) =

pm, if χ trivial,
0, if χ non-trivial.

Characters of the multiplicative group F∗
pm of Fpm are called multiplicative character

of Fpm . By [12, Theorem 5.8], for each j = 0, 1, . . . , pm − 2, the function ψj with

ψj(gk) = e
2π

√
−1jk

pm−1 , for k = 0, 1, . . . , pm − 2

defines a multiplicative character of Fpm , where g is a generator of F∗
pm . For j = pm−1

2 ,
we have the quadratic character η = ψ pm−1

2
defined by

η(gk) =

−1, if 2 ∤ k,
1, if 2 | k.

Moreover, we extend this quadratic character by letting η(0) = 0.
The quadratic Gauss sum G = G(η, χ1) over Fpm is defined by

G(η, χ1) =
∑

x∈F∗
pm

η(x)χ1(x).

Now, let η and χ1 denote the quadratic and canonical character of Fpe respectively.
Then we define the quadratic Gauss sum G = G(η, χ1) over Fpe by

G(η, χ1) =
∑

x∈F∗
pe

η(x)χ1(x).

The explicit values of quadratic Gauss sums are given by the following lemma.
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Lemma 2.1. ([12, Theorem 5.15]). Let the symbols be the same as before. Then

G(η, χ1) = (−1)m−1√−1
(p−1)2m

4
√
pm, G(η, χ1) = (−1)e−1√−1

(p−1)2e
4

√
pe.

Lemma 2.2. ([13, Lemma 2]). Let the symbols be the same as before. Then the
following hold.

1. If s ≥ 2 is even, then η(y) = 1 for each y ∈ F∗
pe;

2. If s is odd, then η(y) = η(y) for each y ∈ F∗
pe.

Lemma 2.3. ([16]). When N = 2, the cyclotomic numbers are given by
1. h even: (0, 0)(2,pm) = h−2

2 , (0, 1)(2,pm) = (1, 0)(2,pm) = (1, 1)(2,pm) = h
2 ;

2. h odd: (0, 0)(2,pm) = (1, 0)(2,pm) = (1, 1)(2,pm) = h−1
2 , (0, 1)(2,pm) = h+1

2 .

Lemma 2.4. ([12, Theorem 5.33]). Let χ be a non-trivial additive character of Fpm,
and let f(x) = a2x

2 + a1x+ a0 ∈ Fpm [x] with a2 ̸= 0. Then∑
x∈Fpm

χ(f(x)) = χ(a0 − a2
1(4a2)−1)η(a2)G(η, χ).

Lemma 2.5. ([12, Theorem 2.26]). Let Trm
1 and Tre

1 be absolute trace functions over
Fpm and Fpe respectively, and let Trm

e be the trace function from Fpm onto Fpe. Then

Trm
1 (x) = Tre

1(Trm
e (x)),

for all x ∈ Fpm.

3. Basic Results

In this section, we provide some important results to establish our main results.

Lemma 3.1. For each λ ∈ Fpe, set Sλ = #{x ∈ Fpm : Trm
e (x2) = λ}. If s is odd, then

Sλ =

pm−e + p−eη(−1)η(λ)GG, if λ ̸= 0,
pm−e, if λ = 0.

Proof. For each λ ∈ Fpe , we have

Sλ = 1
pe

∑
x∈Fpm

( ∑
y∈Fpe

ζTre
1(y(Trm

e (x2)−λ))
p

)

= 1
pe

∑
x∈Fpm

(
1 +

∑
y∈F∗

pe

ζTrm
e (yx2)−Tre

1(λy)
p

)

= pm−e +
∑

y∈F∗
pe

ζ−Tre
1(λy)

p

∑
x∈Fpm

χ1(yx2)

= pm−e +G
∑

y∈F∗
pe

χ1(−λy)η(y).

This completes the proof. □
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Lemma 3.2. For λ, µ ∈ Fpe, define

N(λ, µ) = #{x ∈ Fpm : Trm
e (x2) = λ and Trm

e (x) = µ}.
Then the following assertions hold.

1. If 2 | s and p | s, then

N(λ, µ) =


pm−2e + p−e(pe − 1)G, if λ = 0 and µ = 0,
pm−2e, if λ = 0 and µ ̸= 0,
pm−2e − p−eG, if λ ̸= 0 and µ = 0,
pm−2e, if λ ̸= 0 and µ ̸= 0.

2. If 2 | s and p ∤ s, then

N(λ, µ) =


pm−2e, if λ = 0 and µ = 0,
pm−2e + p−eG, if λ = 0 and µ ̸= 0,
pm−2e, if λ ̸= 0 and µ2 − sλ = 0,
pm−2e + η(µ2 − sλ)p−eG, if λ ̸= 0 and µ2 − sλ ̸= 0.

3. If 2 ∤ s and p | s, then

N(λ, µ) =


pm−2e, if λ = 0,
pm−2e + η(−λ)p−eGG, if λ ̸= 0 and µ = 0,
pm−2e, if λ ̸= 0 and µ ̸= 0.

4. If 2 ∤ s and p ∤ s, then

N(λ, µ) =

pm−2e + η(−s)p−2e(pe − 1)GG, if µ2 − sλ = 0,
pm−2e − η(−s)p−2eGG, if µ2 − sλ ̸= 0.

Proof. By the properties of additive character and Lemma 2.4, we have

N(λ, µ) = p−2e
∑

x∈Fpm

( ∑
y∈Fpe

ζTre
1(y(Trm

e (x2)−λ))
p

)( ∑
z∈Fpe

ζTre
1(z(Trm

e (x)−µ))
p

)

= p−2e
∑

x∈Fpm

(
1 +

∑
y∈F∗

pe

ζTre
1(yTrm

e (x2)−yλ)
p

)(
1 +

∑
z∈F∗

pe

ζTre
1(zTrm

e (x)−zµ)
p

)

= pm−2e + p−2e(S1 + S2 + S3),(3.1)
where

S1 =
∑

x∈Fpm

∑
z∈F∗

pe

ζTre
1(zTrm

e (x)−zµ)
p =

∑
z∈F∗

pe

χ1(−zµ)
∑

x∈Fpm

χ1(zx) = 0,

S2 =
∑

x∈Fpm

∑
y∈F∗

pe

ζTre
1(yTrm

e (x2)−yλ)
p =

∑
y∈F∗

pe

χ1(−yλ)
∑

x∈Fpm

χ1(yx2),

S3 =
∑

x∈Fpm

∑
y∈F∗

pe

ζTre
1(yTrm

e (x2)−yλ)
p

∑
z∈F∗

pe

ζTre
1(zTrm

e (x)−zµ)
p
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=
∑

y∈F∗
pe

χ1(−yλ)
∑

z∈F∗
pe

χ1(−zµ)
∑

x∈Fpm

χ1(yx2 + zx).

By Lemma 2.4, it is easy to prove that

S2 =


G(pe − 1), if λ = 0 and 2 | s,
0, if λ = 0 and 2 ∤ s,
−G, if λ ̸= 0 and 2 | s,
η(−λ)GG, if λ ̸= 0 and 2 ∤ s.

By Lemma 2.4, we have

S3 =
∑

y∈F∗
pe

χ1(−yλ)
∑

z∈F∗
pe

χ1(−zµ)
∑

x∈Fpm

χ1(yx2 + zx)

= G
∑

y∈F∗
pe

χ1(−λy)η(y)
∑

z∈F∗
pe

χ1

(
−sz2

4y − µz

)
,

and there are the following cases to consider.
Case I. Suppose that 2 | s and p | s. Then

S3 = G
∑

y∈F∗
pe

χ1(−λy)
∑

z∈F∗
pe

χ1(−µz) =


G(pe − 1)2, if λ = 0 and µ = 0,
−G(pe − 1), if λ = 0 and µ ̸= 0,
−G(pe − 1), if λ ̸= 0 and µ = 0,
G, if λ ̸= 0 and µ ̸= 0.

Case II. We consider that 2 | s and p ∤ s. Then, from Lemma 2.4, we have

S3 = G
∑

y∈F∗
pe

χ1(−λy)
∑

z∈F∗
pe

χ1

(
−sz2

4y − µz

)

= G
∑

y∈F∗
pe

χ1

(
µ2 − sλ

s
y

)
η

(
− s

4y

)
G−G

∑
y∈F∗

pe

χ1(−λy)

=


−G(pe − 1), if λ = 0 and µ = 0,
G, if λ = 0 and µ ̸= 0,
G, if λ ̸= 0 and µ2 − sλ = 0,(
η(µ2 − sλ)pe + 1

)
G, if λ ̸= 0 and µ2 − sλ ̸= 0.

Case III. Assume that 2 ∤ s and p | s. Then

S3 = G
∑

y∈F∗
pe

χ1(−λy)η(y)
∑

z∈F∗
pe

χ1(−µz) =


0, if λ = 0,
η(−λ)(pe − 1)GG, if λ ̸= 0 and µ = 0,
−η(−λ)GG, if λ ̸= 0 and µ ̸= 0.
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Case IV. Suppose that 2 ∤ s and p ∤ s. Then, by Lemma 2.4, we have

S3 = G
∑

y∈F∗
pe

χ1(−λy)η(y)
∑

z∈F∗
pe

χ1

(
−sz2

4y − µz

)

= GG
∑

y∈F∗
pe

χ1(−λy)η(y)χ1

(
µ2y

s

)
η

(
− s

4y

)
−G

∑
y∈F∗

pe

χ1(−λy)η(y)

= η(−s)GG
∑

y∈F∗
pe

χ1

(
µ2 − sλ

s
y

)
−G

∑
y∈F∗

pe

χ1(−λy)η(y)

=



η(−s)(pe − 1)GG, if λ = 0 and µ = 0,
−η(−s)GG, if λ = 0 and µ ̸= 0,(
(pe − 1)η(−s) − η(−λ)

)
GG, if λ ̸= 0 and µ2 − sλ = 0,

−
(
η(−s) + η(−λ)

)
GG, if λ ̸= 0 and µ2 − sλ ̸= 0.

Combining (3.1) and the values of S1, S2 and S3, we get the complete proof. □

Lemma 3.3. Let the symbols be the same as before, and let

Ω1 =
∑

y∈F∗
pe

∑
x∈Fpm

ζTre
1(yTrm

e (x2+x))
p .

Then

Ω1 =


(pe − 1)G, if 2 | s and p | s,
−G, if 2 | s and p ∤ s,
0, if 2 ∤ s and p | s,
η(−s)GG, if 2 ∤ s and p ∤ s.

Proof. By Lemmas 2.4 and 2.5, we have

Ω1 =
∑

y∈F∗
pe

∑
x∈Fpm

χ1(yx2 + yx) = G
∑

y∈F∗
pe

χ1

(
−y

4

)
η(y)

= G
∑

y∈F∗
pe

η(y)ζTrm
1 (− y

4 )
p = G

∑
y∈F∗

pe

η(y)ζTre
1(− y

4 Trm
e (1))

p

=


G

∑
y∈F∗

pe

η(y), if p | s,

G
∑

y∈F∗
pe

η(y)ζTre
1(− ys

4 )
p , if p ∤ s.
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=



G
∑

y∈F∗
pe

1, if 2 | s and p | s,

G
∑

y∈F∗
pe

ζ
Tre

1(− ys
4 )

p , if 2 | s and p ∤ s,

G
∑

y∈F∗
pe

η(y), if 2 ∤ s and p | s,

G
∑

y∈F∗
pe

η(y)ζTre
1(− ys

4 )
p , if 2 ∤ s and p ∤ s,

=


(pe − 1)G, if 2 | s and p | s,
−G, if 2 | s and p ∤ s,
0, if 2 ∤ s and p | s,
η(−s)GG, if 2 ∤ s and p ∤ s,

as required. □

Lemma 3.4. For b ∈ F∗
pm and c ∈ F∗

pe, let

Ω3 =
∑

z∈F∗
pe

∑
y∈F∗

pe

∑
x∈Fpm

χ1(yx2 + yx+ bzx).

Then we have the following statemets.
1. If Trm

e (b2) ̸= 0 and Trm
e (b) ̸= 0, then

Ω3 =



η(−1)GG
2 − G(pe − 1), if 2 | s and p | s,

G, if 2 | s, p ∤ s and
(
Trm

e (b)
)2 = sTrm

e (b2),
η
(
sTrm

e (b2) − (Trm
e (b) + 2c)2)GG

2 + G, if 2 | s, p ∤ s and
(
Trm

e (b)
)2 ̸= sTrm

e (b2),
−η
(

− Trm
e (b2)

)
GG, if 2 ∤ s and p | s,

η
(

− Trm
e (b2)

)
GG(pe − 1) − η(−s)GG, if 2 ∤ s, p ∤ s and

(
Trm

e (b)
)2 = sTrm

e (b2),
−η
(

− Trm
e (b2)

)
GG − η(−s)GG, if 2 ∤ s, p ∤ s and

(
Trm

e (b)
)2 ̸= sTrm

e (b2).

2. If Trm
e (b2) ̸= 0 and Trm

e (b) = 0, then

Ω3 =



−(pe − 1)G, if 2 | s and p | s,
η(sTrm

e (b2))GG2 +G, if 2 | s and p ∤ s,
η(−Trm

e (b2))(pe − 1)GG, if 2 ∤ s and p | s,
−
(
η(−Trm

e (b2)) + η(−s)
)
GG, if 2 ∤ s and p ∤ s.

3. If Trm
e (b2) = 0 and Trm

e (b) ̸= 0, then

Ω3 =


−(pe − 1)G, if 2 | s and p | s,
G, if 2 | s and p ∤ s,
0, if 2 ∤ s and p | s,
−η(−s)GG, if 2 ∤ s and p ∤ s.
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4. If Trm
e (b2) = 0 and Trm

e (b) = 0, then

Ω3 =


(pe − 1)2G, if 2 | s and p | s,
−(pe − 1)G, if 2 | s and p ∤ s,
0, if 2 ∤ s and p | s,
η(−s)(pe − 1)GG, if 2 ∤ s and p ∤ s.

Proof. By Lemma 2.4, we have

Ω3 =
∑

z∈F∗
pe

∑
y∈F∗

pe

∑
x∈Fpm

χ1(yx2 + yx+ bzx)

= G
∑

z∈F∗
pe

∑
y∈F∗

pe

η(y)χ1

(
−(y + bz)2

4y

)

= G
∑

z∈F∗
pe

∑
y∈F∗

pe

η(y)χ1

(
−y2 − 2byz − b2z2

4y

)

= G
∑

y∈F∗
pe

η(y)χ1

(
−y

4

) ∑
z∈F∗

pe

χ1

(
−bz

2 − b2z2

4y

)

= G
∑

y∈F∗
pe

η(y)χ1

(
−y

4

) ∑
z∈F∗

pe

ζ
Trm

1 (− bz
2 − b2z2

4y
)

p

= G
∑

y∈F∗
pe

η(y)χ1

(
−y

4

) ∑
z∈F∗

pe

ζ
Tre

1

(
− z

2 Trm
e (b)− z2

4y
Trm

e (b2)
)

p .

Note that, in the first part, Trm
e (b2) ̸= 0 and Trm

e (b) ̸= 0. Therefore,

Ω3 = G
∑

y∈F∗
pe

η(y)χ1(−y

4)
∑

z∈F∗
pe

χ1

(
− z2

4y
Trm

e (b2) − z

2Trm
e (b)

)

= G
∑

y∈F∗
pe

η(y)χ1

(
−y

4

) ∑
z∈Fpe

χ1

(
− z2

4y
Trm

e (b2) − z

2Trm
e (b)

)
− 1


= G

∑
y∈F∗

pe

η(y)χ1

(
−y

4

) ∑
z∈Fpe

χ1

(
− z2

4y
Trm

e (b2) − z

2Trm
e (b)

)
− G

∑
y∈F∗

pe

η(y)χ1

(
−y

4

)

= G
∑

y∈F∗
pe

η(y)χ1

(
−y

4

)
χ1

(
y (Trm

e (b))2

4Trm
e (b2)

)
η
(
−yTrm

e (b2)
)

G − G
∑

y∈F∗
pe

η(y)χ1

(
−y

4

)

= η
(
−Trm

e (b2)
)

GG
∑

y∈F∗
pe

η(y)χ1

(
(Trm

e (b))2 − sTrm
e (b2)

4Trm
e (b2) y

)
η(y) − G

∑
y∈F∗

pe

η(y)χ1

(
−y

4

)
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=



η(−1)GG
2 − G(pe − 1), if 2 | s and p | s,

G, if 2 | s, p ∤ s and
(
Trm

e (b)
)2 = sTrm

e (b2),
η
(
sTrm

e (b2) − (Trm
e (b))2)GG

2 + G, if 2 | s, p ∤ s and
(
Trm

e (b)
)2 ̸= sTrm

e (b2),
−η
(

− Trm
e (b2)

)
GG, if 2 ∤ s and p | s,

η
(

− Trm
e (b2)

)
GG(pe − 1) − η(−s)GG, if 2 ∤ s, p ∤ s and

(
Trm

e (b)
)2 = sTrm

e (b2),
−η
(

− Trm
e (b2)

)
GG − η(−s)GG, if 2 ∤ s, p ∤ s and

(
Trm

e (b)
)2 ̸= sTrm

e (b2).

This completes the proof of the first part.
Following the similar arguments used in the first part, one can easily prove the

remaining parts. □

Lemma 3.5. For µ ∈ F∗
pe, let V = #

{
x ∈ Fpm : Trm

e (x) = µ and
(
Trm

e (x)
)2 = sTrm

e (x2)
}
.

Then, for p ∤ s, we have

V =

pm−2e, if 2 | s,
pm−2e + η(−s)p−2e(pe − 1)GG, if 2 ∤ s.

Proof. We can rewrite V as

V = #
{
x ∈ Fpm : Trm

e (x) = µ and Trm
e (x2) = µ2

s

}
.

Then, by definition, we have

V = p−2e
∑

x∈Fpm

 ∑
y∈Fpe

ζ
Tre

1

(
y(Trm

e (x2)− µ2
s

)
)

p

 ∑
z∈Fpe

ζ
Tre

1

(
z(Trm

e (x)−µ)
)

p



= p−2e
∑

x∈Fpm

1 +
∑

y∈F∗
pe

ζ
Tre

1(Trm
e (yx2)− yµ2

s
)

p


1 +

∑
z∈F∗

pe

ζTre
1(Trm

e (zx)−zµ)
p


= pm−2e + p−2e(N1 +N2 +N3),

where

N1 =
∑

z∈F∗
pe

∑
x∈Fpm

ζTrm
1 (zx)−Tre

1(zµ)
p = 0, N2 =

∑
y∈F∗

pe

∑
x∈Fpm

ζ
Trm

1 (yx2)−Tre
1

(
yµ2

s

)
p ,

N3 =
∑

y∈F∗
pe

∑
z∈F∗

pe

∑
x∈Fpm

ζ
Trm

1 (yx2+zx)−Tre
1

(
yµ2

s
+zµ

)
p .

Now, by Lemma 2.4, we obtain

N2 =
∑

y∈F∗
pe

ζ
−Tre

1

(
yµ2

s

)
p χ(0)η(y)G
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=


G

∑
y∈F∗

pe

ζ
−Tre

1

(
yµ2

s

)
p , if 2 | s,

η(−s)G ∑
y∈F∗

pe

η
(
−yµ2

s

)
χ1

(
−yµ2

s

)
, if 2 ∤ s,

=

−G, if 2 | s,
η(−s)GG, if 2 ∤ s,

and

N3 =
∑

z∈F∗
pe

∑
y∈F∗

pe

ζ
−Tre

1

(
yµ2

s
+zµ

)
p

∑
x∈Fpm

χ1(yx2 + zx)

=
∑

z∈F∗
pe

∑
y∈F∗

pe

ζ
−Tre

1

(
yµ2

s
+zµ

)
p χ1

(
− z2

4y

)
η(y)G

= G
∑

y∈F∗
pe

η(y)χ1

(
−yµ2

s

) ∑
z∈F∗

pe

χ1

(
−sz2

4y − zµ

)

= G
∑

y∈F∗
pe

η(y)χ1

(
−yµ2

s

) ∑
z∈Fpe

χ1

(
−sz2

4y − zµ

)
−G

∑
y∈F∗

pe

η(y)χ1

(
−yµ2

s

)

= G
∑

y∈F∗
pe

η(y)χ1

(
−yµ2

s

)
χ1

(
µ2

s
y

)
η

(
− s

4y

)
G−G

∑
y∈F∗

pe

η(y)χ1

(
−yµ2

s

)

= η(−s)GG
∑

y∈F∗
pe

η(y)η
(
y) −G

∑
y∈F∗

pe

η(y)χ1

(
−yµ2

s

)

=

G, if 2 | s,
η(−s)(pe − 1)GG− η(−s)GG, if 2 ∤ s.

Also
V = pm−2e + p−2e(N1 +N2 +N3).

Thus, we get the desired result. □

Lemma 3.6. Suppose that λ, µ ∈ F∗
pe. For i ∈ {1,−1}, let Ki denote the number of

pairs (λ, µ) such that η(µ2 − sλ) = i. Then we have

K1 = 1
2(pe − 1)(pe − 3), K−1 = 1

2(pe − 1)2.

Proof. We can rewrite µ2 − sλ ̸= 0 as

(3.2) sλ

µ2 − sλ
+ 1 = µ2

µ2 − sλ
.
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Set pe = 2h+ 1. Now, for any fixed µ2 − sλ such that η(µ2 − sλ) = 1, the number of
the pairs (λ, µ2) satisfying (3.2) is equal to

(0, 0)(2,pe) + (1, 0)(2,pe) = h− 1 (by Lemma 2.2).

Similarly, for a fixed µ2 − sλ such that η(µ2 − sλ) = −1, the number of pairs (λ, µ2)
satisfying (4.1) is equal to

(0, 1)(2,pe) + (1, 1)(2,pe) = h (from Lemma 2.2).

Consequently, the number of the pairs (λ, µ) such that η(µ2 − sλ) = 1 (resp. η(µ2 −
sλ) = −1) is 2(h− 1) (resp. 2h). We conclude that K1 = (pe − 1)(h− 1) (resp. K−1 =
(pe − 1)h), and hence the result follows. □

Lemma 3.7. Suppose that λ, µ ∈ F∗
pe and µ2 − sλ ̸= 0. For i ∈ {1,−1}, let ψi denote

the number of the pairs (λ, µ) such that η(−λ) = i. Then we have

ψ1 =


1
2(pe − 1)(pe − 3), if η(−s) = 1,
1
2(pe − 1)2, if η(−s) = −1,

and

ψ−1 =


1
2(pe − 1)2, if η(−s) = 1,
1
2(pe − 1)(pe − 3), if η(−s) = −1.

Proof. The proof of the lemma is similar to the proof of Lemma 3.6 and is omitted
here. □

4. Main Results

Our task in this section is to prove some lemmas needed to obtain a class of 3-weight
and 5-weight linear codes over Fpe .

Now, let D be the defining set defined by

D = {x ∈ F∗
pm : Trm

e (x2 + x) = 0}.

Assume that l0 = |D| + 1. Then

l0 = 1
pe

∑
x∈Fpm

∑
y∈Fpe

ζTre
1(yTrm

e (x2+x))
p = pm−e + 1

pe

∑
x∈Fpm

∑
y∈F∗

pe

ζTre
1(yTrm

e (x2+x))
p .

Define Nb = #{x ∈ Fpm : Trm
e (x2 + x) = 0 and Trm

e (bx) = 0}. Let wt(cb) denote the
Hamming-weight of the codeword cb of the code CD. It is easy to verify that

(4.1) wt(cb) = l0 −Nb.

For b ∈ F∗
pm , we have

Nb =p−2e
∑

x∈Fpm

 ∑
y∈Fpe

ζTre
1(yTrm

e (x2+x))
p

 ∑
z∈Fpe

ζTre
1(zTrm

e (bx))
p
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=p−2e
∑

x∈Fpm

1 +
∑

y∈F∗
pe

ζTre
1(yTrm

e (x2+x))
p


1 +

∑
z∈F∗

pe

ζTre
1(zTrm

e (bx))
p


=pm−2e + p−2e

∑
y∈F∗

pe

∑
x∈Fpm

ζTre
1(Trm

e (yx2+yx))
p + p−2e

∑
y∈F∗

pe

∑
x∈Fpm

ζTre
1(Trm

e (zbx))
p

+ p−2e
∑

y∈F∗
pe

∑
z∈F∗

pe

∑
x∈Fpm

ζTre
1(Trm

e (yx2+yx+bzx))
p

=pm−2e + p−2e
∑

y∈F∗
pe

∑
x∈Fpm

ζTrm
1 (yx2+yx)

p + p−2e
∑

y∈F∗
pe

∑
z∈F∗

pe

∑
x∈Fpm

ζTrm
1 (yx2+yx+bzx)

p .(4.2)

In this section, we calculate l0, Nb and give the proofs of the main results.

4.1. The first case of three-weight linear codes. In this subsection, we consider
that 2 | s and p | s. In order to determine the weight distribution of CD of (1.1), we
need the following lemma.
Lemma 4.1. Let b ∈ F∗

pm and the symbols be the same as before. Then

Nb =


pm−2e, if Trm

e (b2) = 0 and Trm
e (b) ̸= 0,

or Trm
e (b2) ̸= 0 and Trm

e (b) = 0,
pm−2e + p−e(pe − 1)G, if Trm

e (b2) = 0 and Trm
e (b) = 0,

pm−2e + p−eG, if Trm
e (b2) ̸= 0 and Trm

e (b) ̸= 0.

Proof. The proof of the lemma directly follows from (4.2), Lemmas 3.3 and 3.4. □

Theorem 4.1. Let s be even and p | s. Then the code CD of (1.1) is a [pm−e −
1 + p−e(pe − 1)G, s] linear code with the weight distribution given in Table 1, where
G = −(−1)

m(p−1)2
8 p

m
2 .

Table 1. The weight ditribution of the codes in Theorem 4.1

Weight w Frequency Aw

0 1
(pe − 1)pm−2e pm−2e − 1 + p−e(pe − 1)G
(pe − 1)pm−2e + p−e(pe − 1)G 2(pe − 1)pm−2e − p−e(pe − 1)G
(pe − 1)pm−2e + p−e(pe − 2)G (pe − 1)2pm−2e

Proof. By Lemma 3.3, we have
l0 = pm−e + p−e(pe − 1)G.

Combining (4.1) and Lemma 4.1, we have the following distinct cases.
Case I. If Trm

e (b2) = 0 and Trm
e (b) ̸= 0 or Trm

e (b2) ̸= 0 and Trm
e (b) = 0, then we

obtain
wt(cb) = l0 −Nb = (pe − 1)pm−2e + p−e(pe − 1)G.
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By Lemma 3.2, wt(cb) = (pe −1)pm−2e +p−e(pe −1)G occurs 2(pe −1)pm−2e −p−e(pe −
1)G times.

Case II. If Trm
e (b2) = 0 and Trm

e (b) = 0, then we have wt(cb) = l0 − Nb =
(pe − 1)pm−2e. By Lemma 3.2, the frequency is pm−2e − 1 + p−e(pe − 1)G.

Case III. If Trm
e (b2) ̸= 0 and Trm

e (b) ̸= 0, then we have

wt(cb) = (pe − 1)pm−2e + p−e(pe − 2)G.

From Lemma 3.2, the frequency is (pe −1)2pm−2e. Hence, the result is established. □

Example 4.1. Let (p,m, s, e) = (3, 12, 6, 2). Then the corresponding code CD has pa-
rameters [58400, 6, 51840] and the weight enumerator 1+105624z51840 +419904z51921 +
5912z52488.

4.2. The second case of three-weight linear codes. In this subsection, suppose
2 | s and p ∤ s. By (4.2), Lemmas 3.3 and 3.4, it is easy to get the following lemma.

Lemma 4.2. Let b ∈ F∗
pm. Then

Nb =



pm−2e, if Trm
e (b2) = 0 and Trm

e (b) ̸= 0,
pm−2e + η(−sTrm

e (b2))p−eG, if Trm
e (b2) ̸= 0 and Trm

e (b) = 0,
pm−2e − p−eG, if Trm

e (b2) = 0 and Trm
e (b) = 0,

pm−2e, if Trm
e (b2) ̸= 0, Trm

e (b) ̸= 0
and

(
Trm

e (b)
)2

= sTrm
e (b2),

pm−2e + η
(
(Trm

e (b))2 − sTrm
e (b2)

)
p−eG, if Trm

e (b2) ̸= 0, Trm
e (b) ̸= 0

and
(
Trm

e (b)
)2

̸= (sTrm
e (b2)).

Theorem 4.2. Let 2 | s and p ∤ s. Then the code CD of (1.1) is a [pm−e −p−eG−1, s]
linear code with the weight distribution given in Table 2, where G = −(−1)

m(p−1)2
8 p

m
2 .

Table 2. The weight distribution for the codes in Theorem 4.2

Weight w Frequency Aw

0 1
(pe − 1)pm−2e − p−eG (pe − 1)(2pm−2e + p−eG)
(pe − 1)pm−2e 1

2(pe − 1)(pm−e −G) + pm−2e − 1
(pe − 1)pm−2e − 2p−eG 1

2(pe − 1)(pe − 2)(pm−2e + p−eG)

Proof. If 2 | s and p ∤ s, then by Lemma 3.3, we have

l0 = pm−e − p−eG.

By (4.2) and Lemma 4.2, we have following distinct cases to consider.
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Case I. If Trm
e (b2) = 0 and Trm

e (b) ̸= 0 or Trm
e (b2) ̸= 0 and

(
Trm

e (b)
)2

= sTrm
e (b2),

then we can acquire
wt(cb) = l0 −Nb = (pe − 1)pm−2e − p−eG.

By Lemmas 3.2 and 3.5, the frequency is (pe − 1)(2pm−2e + p−eG).
Case II. If Trm

e (b2) ̸= 0, Trm
e (b) = 0 and η(−sTrm

e (b2)) = 1 or Trm
e (b2) ̸=

0,Trm
e (b) ̸= 0,

(
Trm

e (b)
)2

̸= sTrm
e (b2) and η

(
(Trm

e (b))2 − sTrm
e (b2)

)
= 1, then we

have
wt(cb) = l0 −Nb = (pe − 1)pm−2e − 2p−eG.

From Lemmas 3.2 and 3.5, the frequency is 1
2(pe − 1)(pe − 2)(pm−2e + p−eG).

Case III. If Trm
e (b2) = 0 and Trm

e (b) = 0 or Trm
e (b2) ̸= 0, Trm

e (b) = 0 and
η(−sTrm

e (b2)) = −1 or Trm
e (b2) ̸= 0,

(
Trm

e (b)
)2

≠ sTrm
e (b2) and η

(
(Trm

e (b))2 −
sTrm

e (b2)
)

= −1, then

wt(cb) = l0 −Nb = (pe − 1)pm−2e.

It follows from Lemmas 3.2 and 3.5 that wt(cb) = (pe − 1)pm−2e − 2p−eG occurs
1
2(pe − 1)(pm−e −G) + pm−2e − 1 times. Thus, the proof is completed. □

Example 4.2. Let (p,m, s, e) = (3, 8, 4, 2). Then the corresponding code CD has
parameters [737, 4, 648] and the weight enumerator 1 + 3320z648 + 1224z657 + 2016z666.

4.3. The first case of 5-weight linear codes. In this subsection, we assume that
2 ∤ s and p | s. By (4.2), Lemma 3.3 and Lemma 3.4, we get the following lemma.

Lemma 4.3. For b ∈ F∗
pm and Trm

e (b2) ̸= 0, we have

Nb =



pm−2e − p−2eη(−1)GG, if Trm
e (b) ̸= 0 and η

(
Trm

e (b2)
)

= 1,
pm−2e + p−2eη(−1)GG, if Trm

e (b) ̸= 0 and η
(
Trm

e (b2)
)

= −1,
pm−2e + p−2eη(−1)(pe − 1)GG, if Trm

e (b) = 0 and η
(
Trm

e (b2)
)

= 1,
pm−2e − p−2eη(−1)(pe − 1)GG, if Trm

e (b) = 0 and η
(
Trm

e (b2)
)

= −1.

Moreover, if Trm
e (b2) = 0, then Nb = pm−2e.

Theorem 4.3. Let 2 ∤ s and p | s. Then the linear code CD of (1.1) has parameters
[pm−e − 1, s] and weight distribution in Table 3, where GG = (−1)m+e−2(−1)

(p−1)2(m+e)
8 p

(m+e)
2 .

Proof. Note that 2 ∤ s and p | s. By Lemma 3.3, we have l0 = pm−e, which gives
the length of the code CD. It follows from (4.1) and Lemma 4.3 that wt(cb) has five
distinct values under following cases.

Case I. If Trm
e (b2) = 0, then we have wt(cb) = l0 −Nb = (pe − 1)pm−2e. By Lemma

3.1, the frequency of such codewords is pm−e − 1.
Case II. If Trm

e (b2) ̸= 0, Trm
e (b) ̸= 0 and η(Trm

e (b2)) = 1, then we can acquire
wt(cb) = l0 −Nb = (pe − 1)pm−2e + p−2eη(−1)GG.
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From Lemma 3.2, the frequency is 1
2(pe − 1)2pm−2e.

Case III. If Trm
e (b2) ̸= 0, Trm

e (b) ̸= 0 and η(Trm
e (b2)) = −1, then we can obtain

wt(cb) = l0 −Nb = (pe − 1)pm−2e − p−2eη(−1)GG.
It follows from Lemma 3.2 that the frequency is 1

2(pe − 1)2pm−2e.
Case IV. If Trm

e (b2) ̸= 0, Trm
e (b) = 0 and η(Trm

e (b2)) = 1, then we can obtain
wt(cb) = l0 −Nb = (pe − 1)pm−2e − p−2eη(−1)(pe − 1)GG.

By Lemma 3.2, the frequency is 1
2(pe − 1)(pm−2e + p−eη(−1)GG).

Case V. If Trm
e (b2) ̸= 0, Trm

e (b) = 0 and η(Trm
e (b2)) = −1, then we have

wt(cb) = l0 −Nb = (pe − 1)pm−2e + p−2eη(−1)(pe − 1)GG.
From Lemma 3.2, the frequency is 1

2(pe − 1)(pm−2e − p−eη(−1)GG). Hence, the result
is established. □

Example 4.3. Let (p,m, s, e) = (3, 6, 3, 2). Then the corresponding code CD has
parameters [80, 3, 64] and the weight enumerator 1 + 72z64 + 288z71 + 80z72 + 288z73.
By Table 3, CD in Theorem 4.3 is a four-weight linear code if and only if p = s = 3.

Table 3. The weight distribution of the codes in Theorem 4.3

Weight w Frequency Aw

0 1
(pe − 1)pm−2e pm−e − 1
(pe − 1)pm−2e + p−2eη(−1)GG 1

2(pe − 1)2pm−2e

(pe − 1)pm−2e − p−2eη(−1)GG 1
2(pe − 1)2pm−2e

(pe − 1)pm−2e − p−2eη(−1)(pe − 1)GG 1
2(pe − 1)(pm−2e + p−eη(−1)GG)

(pe − 1)pm−2e + p−2eη(−1)(pe − 1)GG 1
2(pe − 1)(pm−2e − p−eη(−1)GG)

Example 4.4. Let (p,m, s, e) = (5, 10, 5, 2). Then the corresponding code CD has
parameters [58 − 1, 5, 24 × 56 − 600] and the weight enumerator 1 +Aw1z

w1 +Aw2z
w2 +

Aw3z
w3 + Aw4z

w4 + Aw5z
w5 , where the values of Awi

and wi for 1 ≤ i ≤ 5, are given
in Table 4.

Table 4. The weight distribution of the code in Theorem 4.3 for
(p,m, s, e) = (5, 10, 5, 2)

Weight Frequency
w1 = 24 × 56 − 600 Aw1 = 12(56 + 54)
w2 = 24 × 56 − 25 Aw2 = 12 × 24 × 56

w3 = 24 × 56 Aw3 = 58 − 1
w4 = 24 × 56 + 25 Aw4 = 12 × 24 × 56

w5 = 24 × 56 + 600 Aw5 = 12(56 − 54)
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4.4. The second case of five-weight linear codes. In this subsection, suppose
2 ∤ s and p ∤ s. The auxiliary result that we need is the following.

Lemma 4.4. Let b ∈ F∗
pm and the symbols be the same as before. Then

Nb =



pm−2e, if Trm
e (b2) = 0 and Trm

e (b) ̸= 0,
pm−2e + p−eη(−s)GG, if Trm

e (b2) = 0 and Trm
e (b) = 0,

pm−2e − p−2eη
(

− Trm
e (b2)

)
GG, if Trm

e (b2) ̸= 0 and Trm
e (b) = 0,

pm−2e + p−2eη(−s)(pe − 1)GG, if Trm
e (b2) ̸= 0,Trm

e (b) ̸= 0 and(
Trm

e (b)
)2

= sTrm
e (b2),

pm−2e − p−2eη
(

− Trm
e (b2)

)
GG, if Trm

e (b2) ̸= 0, Trm
e (b) ̸= 0 and(

Trm
e (b)

)2
̸= sTrm

e (b2).

Proof. The proof of the lemma follows from (4.2), Lemmas 3.3 and 3.4. □

Theorem 4.4. Let s be odd with p ∤ s. Then the linear code CD of (1.1) has
parameters [pm−e + p−eη(−s)GG − 1, s] and weight distribution in Tables 5 and 6,
where GG = (−1)m+e−2(−1)

(p−1)2(m+e)
8 p

(m+e)
2 .

Proof. Firstly, we assume that η(−s) = 1. For 2 ∤ s and p ∤ s, by Lemma 3.3, we have

l0 = pm−e + p−eGG.

It follows from (4.1) and Lemma 4.4 that wt(cb) has five distinct values under following
cases.

Case I. If Trm
e (b2) = 0 and Trm

e (b) ̸= 0, then we have

wt(cb) = l0 −Nb = (pe − 1)pm−2e + p−eGG.

By Lemma 3.2, the frequency is (pe − 1)(pm−2e − p−2eGG).
Case II. If Trm

e (b2) = 0 and Trm
e (b) = 0, then wt(cb) = l0 − Nb = (pe − 1)pm−2e.

From Lemma 3.2, the frequency is pm−2e + p−2e(pe − 1)GG− 1.
Case III. If Trm

e (b2) ̸= 0, Trm
e (b) ̸= 0 and

(
Trm

e (b)
)2

= sTrm
e (b2), then we can

obtain

wt(cb) = l0 −Nb = (pe − 1)pm−2e + p−2eGG.

It follows from Lemmas 3.2 and 3.5 that the frequency of such codewords is (pe −
1)pm−2e + p−2e(pe − 1)2GG.

Case IV. If Trm
e (b2) ̸= 0, Trm

e (b) = 0 and η(−Trm
e (b2)) = 1 or Trm

e (b2) ̸= 0,
Trm

e (b) ̸= 0,
(
Trm

e (b)
)2

̸= sTrm
e (b2) and η(−Trm

e (b2)) = 1, then we can obtain

wt(cb) = l0 −Nb = (pe − 1)pm−2e + p−2e(pe + 1)GG.

By Lemmas 3.2 and 3.7, the frequency is 1
2(pe − 1)(pm−e − p−eGG).
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Case V. If Trm
e (b2) ̸= 0, Trm

e (b) = 0 and η(−Trm
e (b2)) = −1 or Trm

e (b2) ̸= 0,
Trm

e (b) ̸= 0,
(
Trm

e (b)
)2

̸= sTrm
e (b2) and η(−Trm

e (b2)) = −1, then we have

wt(cb) = l0 −Nb = (pe − 1)pm−2e + p−2e(pe − 1)GG.

From Lemmas 3.2 and 3.7, the frequency is 1
2(pe − 1)(pe − 2)(pm−2e − p−2eGG),

which completes the Table 5. Similarly, we can complete the Table 6 by taking
η(−s) = −1. □

Table 5. The weight distribution of the codes in Theorem 4.4 with
η(−s) = 1

Weight w Frequency Aw

0 1
(pe − 1)pm−2e + p−eGG (pe − 1)(pm−2e − p−2eGG)
(pe − 1)pm−2e pm−2e + p−2e(pe − 1)GG− 1
(pe − 1)pm−2e + p−2eGG (pe − 1)pm−2e + p−2e(pe − 1)2GG
(pe − 1)pm−2e + p−2e(pe + 1)GG 1

2(pe − 1)(pm−e − p−eGG)
(pe − 1)pm−2e + p−2e(pe − 1)GG 1

2(pe −1)(pe −2)(pm−2e −p−2eGG)

Table 6. The weight distribution of the codes in Theorem 4.4 with
η(−s) = −1

Weight w Frequency Aw

0 1
(pe − 1)pm−2e − p−eGG (pe − 1)(pm−2e + p−2eGG)
(pe − 1)pm−2e pm−2e − p−2e(pe − 1)GG− 1
(pe − 1)pm−2e − p−2eGG (pe − 1)pm−2e − p−2e(pe − 1)2GG
(pe − 1)pm−2e − p−2e(pe − 1)GG 1

2(pe − 1)(pm−e + p−eGG)
(pe − 1)pm−2e − p−2e(pe + 1)GG 1

2(pe −1)(pe −2)(pm−2e +p−2eGG)

Example 4.5. Let (p,m, s, e) = (5, 6, 3, 2). Then the corresponding code CD has
parameters [649, 3, 600] and the weight enumerator as 1+48z600 +1176z601 +6624z624 +
576z625 + 7200z626.

5. Concluding Remarks

In this paper, we have presented a class of three-weight and five-weight linear codes.
A number of three-weight and five-weight codes were discussed in [1,3,4,6,9,14,19,20].

Let w0 and w∞ denote the minimum and maximum non-zero weight of a linear
code CD, respectively. The linear code CD with w0

w∞
> (pe−1)

pe can be used to construct
a secret sharing scheme with interesting access structures (see [18]).
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For the linear code CD in Theorem 4.1, we have

w0

w∞
= (pe − 1)pm−2e − (pe − 1)pm−2e

2

(pe − 1)pm−2e
or w0

w∞
= (pe − 1)pm−2e

(pe − 1)pm−2e + (pe − 1)pm−2e
2
.

Let m
e
> 4. Then by simple computation, we have

w0

w∞
= (pe − 1)pm−2e

(pe − 1)pm−2e + (pe − 1)pm−2e
2

>
(pe − 1)pm−2e − (pe − 1)pm−2e

2

(pe − 1)pm−2e
>

(pe − 1)
pe

.

For the linear code CD of Theorem 4.2, we have

w0

w∞
= (pe − 1)pm−2e − 2pm−2e

2

(pe − 1)pm−2e
or w0

w∞
= (pe − 1)pm−2e

(pe − 1)pm−2e + 2pm−2e
2
.

Then it can easily be checked that

w0

w∞
= (pe − 1)pm−2e

(pe − 1)pm−2e + 2pm−2e
2

>
(pe − 1)pm−2e − 2pm−2e

2

(pe − 1)pm−2e
>

(pe − 1)
pe

, for m
e
> 4.

For the linear code CD of Theorem 4.3, we have

w0

w∞
= (pe − 1)pm−2e − (pe − 1)pm−3e

2

(pe − 1)pm−2e + (pe − 1)pm−3e
2

>
(pe − 1)
pe

, for m
e

≥ 5.

For the linear code CD of Theorem 4.4, we have

w0

w∞
= (pe − 1)pm−2e − (pe + 1)pm−3e

2

(pe − 1)pm−2e
or w0

w∞
= (pe − 1)pm−2e

(pe − 1)pm−2e + (pe + 1)pm−3e
2
.

Let m
e

≥ 5. Then by simple calculation, we can show that

w0

w∞
= (pe − 1)pm−2e

(pe − 1)pm−2e + (pe + 1)pm−3e
2

>
(pe − 1)pm−2e − (pe + 1)pm−3e

2

(pe − 1)pm−2e
>

(pe − 1)
pe

.

Consequently, one can easily see that the codewords of the linear code CD are minimal
for m

e
≥ 5. These linear codes can be used in secret sharing schemes.
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