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PRABHAKAR AND HILFER-PRABHAKAR FRACTIONAL
DERIVATIVES IN THE SETTING OF Ψ-FRACTIONAL CALCULUS

AND ITS APPLICATIONS

SACHIN K. MAGAR1, PRAVINKUMAR V. DOLE1, AND KIRTIWANT P. GHADLE2

Abstract. The aim of this paper is to study to fractional calculus for class of Ψ
function. The present study is designed to study generalized fractional derivatives
and find their generalized transforms called Ψ-Laplace transform and Ψ-Sumudu
transform. Moreover, find the analytical solutions of some applications in physics
the form of generalized fractional derivatives by transform technique.

1. Introduction

In recent years, many researchers investigated generalization of integration and
differentiation operators in the field of fractional calculus. In literature several different
definitions of fractional integrals and derivatives are available, like Riemann-Liouville
integral and derivative Caputo fractional derivative etc. (see [3,18,19]). In [13] defined
new fractional derivative called Hilfer fractional derivative which is generalization of
Riemann and Caputo fractional derivative. The first investigated generalized Mittage-
Leffler function by Prabhakar [17]. The so-called Prabhakar integral is defined in a
similar way Riemann-Lioville integral [12,14,17]. Roberto Garra et al. [12] introduced
fractional derivative by definition of Hilfer derivative replacing Riemann-Liouville
integral operator by Prabhakar integral operator called Hilfer-Prabhakar derivative
also defined Prabhakar and Hilfer-Prabhakar derivatives regularized version. Dorrego
defined generalization of Prabhakar integral and derivative called k-Prabhakar integral
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and k-Prabhakar derivative [7]. In [5, 6] Dorrego and Cerutti defined the kernel of k-
Mittage-Leffler function and generalized derivative called k-fractional Hilfer derivative.
Recently Dole et al. [15, 16] defined generalized fractional derivative like k-Hilfer-
Prabhakar derivative as well as defined regularized version of k-Prabhakar derivative.
Moreover, find Laplace and Sumudu transform to regularized version of k-Prabhakar
derivative also k-Hilfer-Prabhakar derivative and its regularized version. In [11] Sausa
and Oliviera introduced new fractional derivative in the setting of Ψ-fractional operator
called Ψ-Hilfer fractional derivative defined as

Dµ,ν,Ψ = Iν(m−µ),Ψ
(

1
Ψ′(t) · d

dt

)m
I(1−ν)(m−µ),Ψf(t).

The new generalized integral transform called Ψ-Laplace transform published on an
arXiv, by Fahad et al. and obtain for Ψ-Hilfer fractional derivative as follows

LΨ
{
Dµ,ν,Ψf(t)

}
= sµLΨ

{
f(t)

}
−

m−1∑
k=0

sm(1−ν)+µν−k−1(I(1−ν)(m−µ)−k,Ψf(t)).

In this paper, we define new integral transform called Ψ-Sumudu transform. Define
some generalized definitions of fractional derivatives in the setting of Ψ-fractional
calculus like Ψ-Prabhakar, Ψ-Hilfer-Prabhakar, Ψ-k-RL-fractional, Ψ-k-Hilfer, Ψ-k-
Prabhakar, Ψ-k-Hilfer-Prabhakar fractional integrals and derivatives as well as define
all these new fractional derivatives regularized versions. These results are used to
obtain the relation between Ψ-Prabhakar fractional derivative and its regularized
version and also the relation between Ψ-Hilfer-Prabhakar fractional derivative and its
regularized version involving Mittag-Leffler function. Moreover, we obtain Ψ-Laplace
transform [9] and Ψ-Sumudu transform to find solutions of fractional differential
equations.

2. Preliminaries

Definition 2.1 ([17]). Let n ∈ N, α, µ, γ ∈ C, Re (α) > 0, Re (µ) > 0. The Mittag-
Leffler function is defined as

Eγ
α,µ(z) =

∞∑
n=0

(γ)n
Γ(αn + µ) · zn

n! ,

where (γ)n = γ(γ + 1)(γ + 2) · · · (γ + (n − 1)) is the Pochhammer symbol.

Definition 2.2 ([5]). Let n ∈ N, α, µ, γ ∈ C, Re (α) > 0, Re (µ) > 0. The k-Mittag-
Leffler function is defined as

Eγ
k,α,µ(z) =

∞∑
n=0

(γ)n,k
Γk(αn + µ) · zn

n! ,

where (γ)n,k = γ(γ + k)(γ + 2k) · · · (γ + (n − 1)k) is the Pochhammer symbol.

Definition 2.3 ([8, 10]). Let µ be a real number such that µ > 0, −∞ ≤ a < b ≤ ∞,
m = µ+1, f be an integrable function defined on [a, b] and Ψ ∈ C1([a, b]) be increasing
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function such that Ψ′(t) ̸= 0 for all t ∈ [a, b]. Then, the Ψ-RL-fractional integral and
Ψ-RL fractional derivative of a function f of order µ are defined as

Iµ,Ψ0 f(t) = 1
Γ(µ)

∫ ∞

0
(Ψ(t) − Ψ(s))µ−1Ψ′(s)f(s)ds,(2.1)

Dµ,Ψ
0 =

(
1

Ψ′(t) · d

dt

)m
Im−µ,Ψ

0 f(t).(2.2)

It is to be noted that for Ψ(t) → t, Iµ,Ψ0 f(t) → Iµ0 f(t) which is the standard
Riemann- Liouville integral. Moreover for Ψ(t) → ln(t) the integral defined in equation
(2.1) towards Hadamard fractional integral.

Inspired by Caputo’s concept [2] of fractional derivative, Almeidea [1] presents the
following Caputo version of equation (2.2) and studies some important properties of
fractional calculus.

Definition 2.4 ([1]). Let µ be a real number such that µ > 0, −∞ ≤ a < b ≤ ∞,
m = µ + 1, f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing and Ψ′(t) ̸= 0
for all t ∈ [a, b]. Then, the Ψ-C-fractional derivative of a function f of order µ is
defined as

CDµ,Ψ
0 = Im−µ,Ψ

0

(
1

Ψ′(t) · d

dt

)m
f(t).

Definition 2.5 ([11]). Let µ be a real number such that µ > 0, −∞ ≤ a < b ≤ ∞,
and f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing and Ψ′(t) ̸= 0 for all
t ∈ [a, b]. Then, the Ψ-Hilfer fractional derivative of a function f of order µ and type
0 ≤ ν ≤ 1 is given by

Dµ,ν,Ψ
0 = I

ν(m−µ,Ψ)
0

(
1

Ψ′(t) · d

dt

)m
I

(1−ν)(m−µ),Ψ
0 f(t).

Definition 2.6 ([9]). Let f : [0, ∞) → R be a real valued function and Ψ be a
non-negative increasing function such that Ψ(0) = 0. Then the Ψ-Laplace transform
of f is denoted by LΨ{f} and is defined by

T (u) := LΨ{f(t)} :=
∫ ∞

0
e−uΨ(t)Ψ′(t)f(t)dt, for all u.

3. Main Result

We consider functions in the set A is defined by
A = {f(t) | exists M, τ1, τ2|f(t)| ≤ Me|t|/Tj , if tϵ(−1j) × [0, ∞)}.

Definition 3.1. Let f : [0, ∞) → R be a real valued function and Ψ be a non-negative
increasing function such that Ψ(0) = 0. Then the Ψ-ST of f is denoted by SΨ{f}
and is defined by

T (u) := SΨ{f(t)} := 1
u

∫ ∞

0
e− Ψ(t)

u Ψ′(t)f(t)dt, for all u.
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3.1. New definitions of Ψ-fractional derivatives.

Definition 3.2. Let µ be a real number such that µ > 0, −∞ ≤ a < b ≤ ∞ and
f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing and Ψ′(t) ̸= 0 for all
t ∈ [a, b]. Then, the Ψ-Prabhakar fractional integral and derivative of a function f of
order µ and type 0 ≤ ν ≤ 1 is given by(

P γ,Ψ
α,µ,ωf

)
(x) =

∫ x

0
(Ψ(x) − Ψ(t))µ−1Eγ

α,µ[ω(Ψ(x) − Ψ(t))α]Ψ′(t)f(t)dt

= (εγα,µ,ω ∗Ψ f)(x),(3.1)

where ∗Ψ denotes the convolution operation, α, µ, ω, γ ∈ C, Re (α) > 0, Re (µ) > 0
and

(3.2) εγα,µ,ωΨ(t) =
{

(Ψ(t))µ−1Eγ
α,µ(ω(Ψ(t))α), t > 0,

0, t ≤ 0.

For γ = 0,
(
P 0
α,µ,ωf

)
(x) =

(
Iµ,Ψf

)
(x) and for γ = µ = 0,

(
P 0
α,0,ωf

)
(x) = f(x),

(3.3) Dγ,Ψ
ρ,µ,ωf(t) =

(
1
Ψ′ · d

dt

)m
P −γ,Ψ
ρ,m−µ,ωf(t).

Definition 3.3. Let µ be a real number such that µ > 0, −∞ ≤ a < b ≤ ∞,
m = µ + 1, f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing and Ψ′(t) ̸= 0
for all t ∈ [a, b]. Then, the regularized version of Ψ-Prabhakar fractional derivative of
a function f of order µ is defined as

(3.4) CDγ,Ψ
ρ,µ,ωf(t) = P −γ,Ψ

ρ,m−µ,ω

(
1
Ψ′ · d

dt

)m
f(t).

Definition 3.4. Let µ be a real number such that µ > 0, −∞ ≤ a < b ≤ ∞,
m = µ + 1, f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing and Ψ′(t) ̸= 0
for all t ∈ [a, b] and type 0 ≤ ν ≤ 1 and

(
f ∗ ε

−γ(1−ν)
ρ,(1−ν)(m−µ),ω

)
Ψ(t) ∈ AC1[0, b]. Then,

the Ψ-Hilfer-Prabhakar fractional derivative of a function f of order µ defined as

(3.5) D
γ,µ,ν,Ψ
α,ω,0+ f(t) =

(
P −γν,Ψ
α,ν(m−µ),ω,0+

(
1
Ψ′ · d

dt

)m(
P

−γ(1−ν),Ψ
α,(1−ν)(m−µ,ω,0+f

))
(t).

Definition 3.5. Let µ be a real number such that µ > 0, −∞ ≤ a < b ≤ ∞,
m = µ + 1, f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing and Ψ′(t) ̸= 0
for all t ∈ [a, b]. Then, the regularized version of Ψ-Hilfer-Prabhakar fractional
derivative of a function f of order µ is defined as

(3.6) CD
γ,µ,ν,Ψ
α,ω,0+ f(t) =

(
P −γν,Ψ
α,ν(m−µ),ω,0+P

−γ(1−ν),Ψ
α,(1−ν)(m−µ,ω,0+

(
1
Ψ′ · d

dt

)m
f

)
(t).

Definition 3.6. Let µ be a real number and let k ∈ R+, such that µ > 0, −∞ ≤ a <
b ≤ ∞, m = [µ

k
]+1, f be an integrable function defined on [a, b] and Ψ ∈ C1([a, b]) be
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increasing function such that Ψ′(t) ̸= 0 for all t ∈ [a, b]. Then, the Ψ-k-RL fractional
integral and Ψ-k-RL fractional derivative of a function f of order µ are defined as

Iµ,Ψk f(t) = 1
kΓk(µ)

∫ ∞

0
(Ψ(t) − Ψ(s))

µ
k

−1Ψ′(s)f(s)ds,

Dµ,Ψ
k =

(
1

Ψ′(t)
d

dt

)m
kmIm−µ,Ψ

k f(t).

Definition 3.7. Let µ be a real number and let k ∈ R+ such that µ > 0, −∞ ≤ a <
b ≤ ∞, m = [µ

k
] + 1, f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing and

Ψ′(t) ̸= 0 for all t ∈ [a, b]. Then, the Ψ-k-Caputo fractional derivative of a function f
of order µ is defined as

C
k Dµ,Ψ

0 = kmIm−µ,Ψ
k

(
1

Ψ′(t) · d

dt

)m
f(t).

Definition 3.8. Let µ be a real number and let k ∈ R+ such that µ > 0, −∞ ≤ a <
b ≤ ∞, m = [µ

k
] + 1, f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing and

Ψ′(t) ̸= 0 for all t ∈ [a, b]. Then, the Ψ-k-Hilfer fractional derivative of a function f
of order µ and type 0 ≤ ν ≤ 1 is given by

Dµ,ν,Ψ
k = I

ν(m−µ,Ψ)
k

(
1

Ψ′(t)
d

dt

)m
I

(1−ν)(m−µ),Ψ
k f(t).

Definition 3.9. Let µ be a real number and let k ∈ R+ such that µ > 0, −∞ ≤ a <
b ≤ ∞, m = [µ

k
] + 1, f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing and

Ψ′(t) ̸= 0 for all t ∈ [a, b]. Then, the Ψ-k-Prabhakar fractional integral and derivative
of a function f of order µ and type 0 ≤ ν ≤ 1 is given by(

kP
γ,Ψ
α,µ,ωf

)
(x) =

∫ x

0

(Ψ(x) − Ψ(t))µ
k

−1

k
Eγ
k,α,µ[ω(Ψ(x) − Ψ(t))α

k ]Ψ′(t)f(t)dt

= (kεγα,µ,ω ∗Ψ f)(x),(3.7)

where ∗Ψ denotes the convolution operation, α, µ, ω, γ ∈ C, Re (α) > 0, Re (µ) > 0
and

kε
γ
α,µ,ωΨ(t) =

 (Ψ(t))
µ
k

−1

k
Eγ
k,α,µ(ω(Ψ(t))α

k , t > 0,
0, t ≤ 0,

(3.8)

for γ = 0,
(
kP

0
α,µ,ωf

)
(x) =

(
Iµ,Ψk f

)
(x) and for γ = µ = 0,

(
kP

0
α,0,ωf

)
(x) = f(x),

(3.9) kD
γ,Ψ
ρ,µ,ωf(t) =

(
1

Ψ′(t) · d

dt

)m
kmkP

−γ,Ψ
ρ,mk−µ,ωf(t).

Definition 3.10. Let µ be a real number and let k ∈ R+ such that k, µ > 0,
−∞ ≤ a < b ≤ ∞, m = [µ

k
] + 1, f, Ψ ∈ Cm([a, b]) be the functions such that
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Ψ is increasing and Ψ′(t) ̸= 0 for all t ∈ [a, b]. Then, the regularized version of
Ψ-k-Prabhakar fractional derivative of a function f of order µ is defined as

(3.10) k
CDγ,Ψ

ρ,µ,ωf(t) = kmkP
−γ,Ψ
ρ,mk−µ,ω

(
1

Ψ′(t) · d

dt

)m
f(t).

Definition 3.11. Let µ be a real number and let k ∈ R+ such that k, µ > 0, −∞ ≤
a < b ≤ ∞, m = [µ

k
] + 1, f, Ψ ∈ Cm([a, b]) be the functions such that Ψ is increasing

and Ψ′(t) ̸= 0 for all t ∈ [a, b] and type 0 ≤ ν ≤ 1 and
(
f ∗ ε

−γ(1−ν)
ρ,(1−ν)(mk−µ),ω

)
Ψ(t) ∈

AC1[0, b]. Then, the Ψ-k-Hilfer-Prabhakar fractional derivative of a function f of
order µ is defined as

(3.11) kD
γ,µ,ν,Ψ
α,ω,0+ f(t) = km

(
kP

−γν,Ψ
α,ν(mk−µ),ω,0+

(
1

Ψ′(t) · d

dt

)m(
kP

−γ(1−ν),Ψ
α,(1−ν)(mk−µ),ω,0+f

))
(t).

Definition 3.12. Let µ be a real number and let k ∈ R+ such that k, µ > 0,
−∞ ≤ a < b ≤ ∞, m = [µ

k
] + 1, f, Ψ ∈ Cm([a, b]) be the functions such that

Ψ is increasing and Ψ′(t) ̸= 0 for all t ∈ [a, b]. Then, the regularized version of
Ψ-k-Hilfer-Prabhakar fractional derivative of a function f of order µ is defined as

(3.12) C
kD

γ,µ,ν,Ψ
α,ω,0+ f(t) = km

(
kP

−γν,Ψ
α,ν(mk−µ),ω,0+kP

−γ(1−ν),Ψ
α,(1−ν)(mk−µ),ω,0+

(
1

Ψ′(t) · d

dt

)m
f

)
(t).

4. Ψ-Laplace Transform and Ψ-Sumudu Transform of Ψ-Fractional
Derivatives

Let F (s) be the Ψ-Laplace transform of f(t).

Lemma 4.1. The Ψ-Laplace transform of Ψ-Prabhakar fractional integral equation
(3.1) is

(4.1) LΨ
(
P γ
α,µ,ωf

)
(x) = s−µ(1 − ω(s)−α)−γF (s).

Lemma 4.2. The Ψ-Laplace transform of Ψ-Prabhakar fractional derivative equation
(3.3) is

LΨ
(
Dγ,Ψ
α,µ,ωf(t)

)
(s) = sµ

(
1 − ω(s)−α

)γ
F (s) −

m−1∑
k=0

sm−k−1
[
P −γ,Ψ
α,(m−µ)−k,ωf(0+)

]
.

For the case [µ] + 1 = m = 1

(4.2) LΨ
(
Dγ,Ψ
α,µ,ωf(t)

)
(s) = sµ

(
1 − ω(s)−α

)γ
F (s) −

[
P −γ,Ψ
α,(m−µ),ωf(t)

]
t=0+

,

with |ω(s)−α| < 1.

Proof. Taking Ψ-Laplace transforms of Ψ-Prabhakar fractional derivative in (3.3) and
using (3.1), (3.2), (4.1) we get

LΨ

(
Dγ,Ψ
α,µ,ωf(t)

)
(s) =L

((
1
Ψ′ · d

dt

)m
P −γ,Ψ
α,(m−µ),ωf(t)

)
(s)
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=smLΨ

((
ε−γ,Ψ
α,(m−µ),ω ∗ f

)
(t)
)

(s)

−
m−1∑
k=0

sm−k−1
[(

1
Ψ′ · d

dt

)k
P −γ,Ψ
α,(m−µ),ωf(t)

]
t=0+

=smLΨ

(
(Ψ(t))(m−µ)−1E−γ,Ψ

α,(m−µ)

(
ω(Ψ(t))α

))
F (s)

)

−
m−1∑
k=0

sm−k−1
[(

1
Ψ′ · d

dt

)k
P −γ,Ψ
α,(m−µ),ωf(0+)

]

=sµ
(
1 − ω(s)−α

)γ
F (s) −

m−1∑
k=0

sm−k−1
(
P −γ,Ψ
α,(m−µ)−k,ωf(0+)

)
.

For the case [µ] + 1 = m = 1, we have

LΨ
(
Dγ,Ψ
α,µ,ωf(t)

)
(s) = sµ

(
1 − ω(s)−α

)γ
F (s) −

[
P −γ,Ψ
α,(m−µ),ωf(t)

]
t=0+

. □

Lemma 4.3. The Ψ-Laplace transform of regularized version of Ψ-Prabhakar frac-
tional derivative equation (3.4) is

LΨ
(
CD

γ,Ψ
α,µ,ωf(t)

)
(s) =sµ

(
1 − ω(s)−α

)γ
F (s) −

m−1∑
k=0

sµ−k−1
(
1 − ω(s)−α

)γ
f (k)(0+),

(4.3)

with |ω(s)−α| < 1.

Proof. Taking Ψ-Laplace transform of regularized version of Ψ-Prabhakar fractional
derivative in (3.4) and using (3.1), (3.2), (4.1) we get

LΨ
(
CD

γ,Ψ
α,µ,ωf(t)

)
(s), = LΨ

((
ε−γ
α,(m−µ),ω ∗Ψ

(
1
Ψ′ · d

dt
f

)m
(t)
)

(s)

= s−(m−µ)
(
1 − ω(s)α

)γ{
smF (s) −

m−1∑
k=0

sm−k−1fk(0+)
}

= sµ
(
1 − ω(s)α

)γ
F (s) −

m−1∑
k=0

sµ−k−1
(
1 − ω(s)α

)γ
fk(0+). □

For absolutely continuous function f ∈ AC1[0, b],[
P −γ,Ψ
α,(m−µ),ωf(t)

]
t=0+

= 0.

Then in view of equation (4.2) and equation (4.3) (m = 1) we have

LΨ
(
CD

γ,Ψ
α,µ,ωf(t)

)
(s) = L

(
Dγ,Ψ
α,µ,ωf(t)

)
(s) − (s)µ−1

(
1 − ω(s)−α

)γ
f(0+).

Taking inverse Ψ-Laplace transform, we get
CD

γ,Ψ
α,µ,ωf(t) = Dγ,Ψ

α,µ,ωf(t) − (Ψ(t))−µE−γ
α,m−µ(ω(Ψ(t))α)f(0+),
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for f ∈ AC1[0, b]. This is the relation between Ψ-Prabhakar fractional derivative and
its regularized version.

Lemma 4.4. The Ψ-Laplace transform of Ψ-Hilfer-Prabhakar fractional derivative
equation (3.5) is

LΨ
(
D
γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(s) =sµ

(
1 − ω(s)−α

)γ
F (s) −

m−1∑
k=0

sm(1−ν)+νµ−k−1[1 − ω(s)−α]γν

×
(
P

−γ(1−ν)
α,(1−ν)(m−µ)−k,ω, Ψf(0+)

)
.

Proof. Taking Ψ-Laplace transform of Ψ-Hilfer-Prabhakar fractional derivative in (3.5)
and using (3.1), (3.2), (4.1) we have

LΨ
(
D
γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(s) =LΨ

[(
ε−γν
α,ν(m−µ),ω ∗Ψ

(
1
Ψ′ · d

dt

)m(
P

−γ(1−ν),Ψ
α,(1−ν)(m−µ),ω,0+f

))
(t)
]
(s)

=sm(s)−ν(m−µ)
(
1 − ω(s)−α

)γν
LΨ

((
ε

−γ(1−ν)
α,(1−ν)(m−µ),ω ∗ f

)
(t)
)

(s)

−
m−1∑
k=0

sm(s)−ν(m−µ)
(
1 − ω(s)−α

)γν[
P

−λ(1−ν),Ψ
α,(1−ν),(m−µ)−k,ωf(0+)

]
=sµ

(
1 − ω(s)−α

)γ
F (s)

−
m−1∑
k=0

sm(1−ν)+νµ−k−1[1 − ω(s)−α]γν
(
P

−γ(1−ν)(m−µ),ψ
α,(1−ν)(m−µ)−k,ωf(0+)

)
.□

Lemma 4.5. The Ψ-Laplace transforms of the regularized version of Ψ-Hilfer-
Prabhakar fractional derivative equation (3.6) of order µ is

LΨ
(
CD

γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(s) =sµ

(
1 − ω(s)−α

)γ
F (s) −

m−1∑
k=0

sµ−k−1
(
1 − ω(s)−α

)γ
fk(0+).

Proof. Taking Ψ-Laplace transforms of regularized version of Ψ-Hilfer-Prabhakar frac-
tional derivative in (3.6) and using (3.1), (3.2), (4.1) we have

LΨ
(
CD

γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(s) =LΨ

((
ε−γν
α,ν(m−µ),ω ∗Ψ

(
P

−γ(1−ν),Ψ
α,(1−ν)(k−µ),ω,0+

(
1
Ψ′ · d

dt

)m
f
))

(t)
)

(s)

= sµ
(
1 − ω(s)−α

)γ
F (s) −

m−1∑
k=0

sµ−k−1
(
1 − ω(s)−α

)γ
fk(0+). □

Again for absolutely continuous function f ∈ AC1[0, b]
CD

γ,µ,ν,Ψ
α,ω,0+ f(t) = D

γ,µ,ν,Ψ
α,ω,0+ f(t) − (Ψ(t))−µE−γ

α,(m−µ)(ω(Ψ(t))α)f(0+).

This is the relation between Ψ-Hilfer-Prabhakar fractional derivative and its regular-
ized version.

Let F (u) be the Ψ-Sumudu transform of f(t).
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Lemma 4.6. The Ψ-Sumudu transform of Ψ-Prabhakar integral equation (3.1) is

SΨ
(
P γ,Ψ
α,µ,ωf(t)

)
(u) = u−1(u)µ

(
1 − ω(u)α

)−γ
F (u),

provided |ω(u)α| < 1.

Lemma 4.7. The Ψ-Sumudu transform of Ψ-Prabhakar fractional derivative equation
(3.3) is

SΨ
(
Dγ,Ψ
α,µ,ωf(t)

)
(u) = u−µ

(
1 − ω(u)α

)γ
F (u) −

m−1∑
n=0

u−m+k
[
P γ,Ψ
α,(m−µ)−k,ωf(0+)

]
.

For the case [µ] + 1 = m = 1

SΨ
(
Dγ,Ψ
α,µ,ωf(t)

)
(u) = u−µ

(
1 − ω(u)α

)γ
F (u) − 1

u

[
P −γ,Ψ
α,(1−µ),ωf(t)

]
t=0+

,

with |ω(u)α| < 1.

Lemma 4.8. The Ψ-Sumudu transform of regularized version of Ψ-Prabhakar frac-
tional derivative equation (3.4) is

SΨ
(
CD

γ,Ψ
α,µ,ωf(t)

)
(u) = u−µ

(
1 − ω(u)α

)γ
F (u) −

m−1∑
n=0

u−(µ−k)
(

1 − ω

(
1
u

)α)γ
f (n)(0),

with |ω(u)α| < 1.

Lemma 4.9. The Ψ-Sumudu transform of Ψ-Hilfer-Prabhakar fractional derivative
equation (3.5) is

SΨ
(
D
γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(u) =u−µ

(
1 − ω(u)α

)γ
F (u) −

m−1∑
k=0

um(ν−1)−νµ+k
(
1 − ω(u)α

)γν
×
[
P

−γ(1−ν),Ψ
α,ν(1−ν)(m−µ)−k,ωf(0+)

]
.

Lemma 4.10. The Ψ-Sumudu transforms of the regularized version of Ψ-Hilfer-
Prabhakar fractional derivative equation (3.6) of order µ is

SΨ
(
CD

γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(u) = u−µ

(
1 − ω(u)α

)γ
F (u) −

m−1∑
k=0

u−µ+k
(
1 − ω(u)α

)γ
fk(0+).

4.1. Ψ-Laplace and Ψ-Sumudu transform of Ψ-k-fractional derivatives.

Lemma 4.11. The Ψ-Laplace transform of Ψ-k-Prabhakar fractional integral equation
(3.7) is

(4.4) LΨ
(
kP

γ,Ψ
α,µ,ωf

)
(x) = (ks)

−µ
k

(
1 − ωk(ks)

−α
k

)−γ
k F (s).

Lemma 4.12. The Ψ-Laplace transform of Ψ-k-Prabhakar fractional derivative equa-
tion (3.9) is

LΨ
(
kD

γ,Ψ
α,µ,ωf(t)

)
(s) =(ks)

µ
k

(
1 − ωk(ks)

−α
k

) γ
k F (s)
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− km
m−1∑
n=0

sm−n−1
[
kP

−γ,Ψ
α,(mk−µ)−n,ωf(0+)

]
.

For the case [µ
k
] + 1 = m = 1

(4.5) LΨ
(
kD

γ,Ψ
α,µ,ωf(t)

)
(s) = (ks)

µ
k

(
1 − ωk(ks)

−α
k

) γ
k F (s) − k

[
kP

−γ,Ψ
α,(k−µ),ωf(t)

]
t=0+

,

with |ωk(ks)−α
k | < 1.

Proof. Taking Ψ-Laplace transforms of Ψ-k-Prabhakar fractional derivative in (3.9)
and using (3.7), (3.8), (4.4) we get

LΨ
(
kD

γ,Ψ
α,µ,ωf(t)

)
(s) =L

((
1

Ψ′(t) · d

dt

)m
kmkP

−γ,Ψ
α,(mk−µ),ωf(t)

)
(s)

=kmsmLΨ
((

kε
−γ,Ψ
α,(mk−µ),ω ∗ f

)
(t)
)
(s)

− km
m−1∑
n=0

sm−n−1
[(

1
Ψ′(t) · d

dt

)n
kP

−γ,Ψ
α,(mk−µ),ωf(t)

]
t=0+

=(ks)mLΨ

(
(Ψ(t))

(mk−µ)
k

−1E−γ
k,α,(mk−µ)

(
ω(Ψ(t))α

k

))
F (s)

)

− km
m−1∑
n=0

sm−n−1
[(

1
Ψ′(t) · d

dt

)k
kP

−γ,Ψ
α,(mk−µ),ωf(0+)

]

=(ks)
µ
k

(
1 − ωk(ks)

−α
k

) γ
k F (s)

− km
m−1∑
n=0

sm−n−1
(
kP

−γ,Ψ
α,(mk−µ)−n,ωf(0+)

)
. □

For the case [µ
k
] + 1 = m = 1, we have

LΨ
(
kD

γ,Ψ
α,µ,ωf(t)

)
(s) = (ks)

µ
k

(
1 − ωk(ks)

−α
k

) γ
k F (s) − k

[
kP

−γ,Ψ
α,(k−µ),ωf(t)

]
t=0+

.

Lemma 4.13. The Ψ-Laplace transform of regularized version of Ψ-k-Prabhakar
fractional derivative equation (3.10) is

LΨ
(
k
CD

γ,Ψ
α,µ,ωf(t)

)
(s) =(ks)

µ
k

(
1 − ωk(ks)

−α
k

) γ
k F (s)(4.6)

− km
m−1∑
n=0

(ks)
µ−n−1

k

(
1 − ωk(ks)

−α
k

) γ
k f (n)(0+),

with |ωk(ks)−α
k | < 1.

Proof. Taking Ψ-Laplace transform of regularized version of Ψ-k-Prabhakar fractional
derivative in (3.10) and using (3.7), (3.8), (3.9), (4.4) we get

LΨ
(
k
CD

γ,Ψ
α,µ,ωf(t)

)
(s) =LΨ

(
kε

−γ
α,(mk−µ),ω ∗Ψ

(
1

Ψ′(t) · d

dt
f

)m
(t)
)

(s)
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=(ks)m(ks)
−(mk−µ)

k

(
1 − ωk(ks)

−α
k

) γ
k

×
{

F (s) − km
m−1∑
k=0

(ks)
µ−n−1

k fn(0+)
}

=(ks)
µ
k

(
1 − ωk(ks)

−α
k

) γ
k

− km
m−1∑
k=0

(ks)
µ−n−1

k

(
1 − ωk(ks)

−α
k

) γ
k fn(0+). □

For absolutely continuous function f ∈ AC1[0, b][
kP

−γ,Ψ
α,(k−µ),ωf(t)

]
t=0+

= 0.

Then in view of (4.5) and (4.6) (m = 1) we have

LΨ
(
k
CD

γ,Ψ
α,µ,ωf(t)

)
(s) = L

(
kD

γ,Ψ
α,µ,ωf(t)

)
(s) − k(ks)

µ−k
k

(
1 − ωk(ks)

−α
k

) γ
k f(0+).

Taking inverse Ψ-Laplace transform, we get

k
CD

γ,Ψ
α,µ,ωf(t) = kD

γ,Ψ
α,µ,ωf(t) − (Ψ(t))

−µ
k E−γ

k,α,k−µ(ω(Ψ(t))α
k )f(0+),

for f ∈ AC1[0, b]. This is the relation between Ψ-k–Prabhakar fractional derivative
and its regularized version.

Lemma 4.14. The Ψ-Laplace transform of Ψ-k-Hilfer-Prabhakar fractional derivative
(3.11) is

LΨ
(
kD

γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(s) =(ks)

µ
k

(
1 − ωk(ks)

−α
k

) γ
k F (s)(4.7)

− km
m−1∑
n=0

(ks)
m(1−ν)+νµ−n−1

k [1 − ωk(ks)
−α
k ]

γν
k

×
(
kP

−γ(1−ν),Ψ
α,(1−ν)(mk−µ)−n,ωf(0+)

)
.

Proof. Taking Ψ-Laplace transform of Ψ-k-Hilfer-Prabhakar fractional derivative in
(3.11) and using (3.7), (3.8), (3.9), (4.4) we have

LΨ
(
kD

γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(s) =LΨ

[(
kε

−γν
α,ν(mk−µ),ω ∗Ψ

(
1

Ψ′(t) · d

dt

)m

×
(
kP

−γ(1−ν),Ψ
α,(1−ν)(mk−µ),ω,0+f

))
(t)
]
(s)

=(ks)m(ks)
−ν(mk−µ)

k

(
1 − ωk(ks)

−α
k

) γν
k

sm
(
(ks)−(1−ν)(m−µ)

)

×

((1 − ωk(ks)
−α
k )

γ(1−ν)
k F (s)

)
(t)
)

(s)
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− km
m−1∑
n=0

(ks)
−ν(mk−µ)

k

(
1 − ωk(ks)

−α
k

) γν
k

×
[
kP

−γ(1−ν),Ψ
α,(1−ν),(mk−µ)−n,ωf(0+)

]
=(ks)

µ
k

(
1 − ωk(ks)

−α
k

) γ
k F (s)

− km
m−1∑
n=0

(ks)
m(1−ν)+νµ−n−1

k

(
1 − ωk(ks)

−α
k

) γν
k

×
(
kP

−γ(1−ν),ψ
α,(1−ν)(mk−µ)−n,ωf(0+)

)
. □

Lemma 4.15. The Ψ-Laplace transforms of the regularized version of Ψ-k-Hilfer-
Prabhakar fractional derivative equation (3.12) of order µ is

LΨ
(
k
CD

γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(s) =(ks)

µ
k

(
1 − ωk(ks)

−α
k

) γ
k F (s)(4.8)

− km
m−1∑
n=0

(ks)
µ−n−1

k

(
1 − ωk(ks)

−α
k

) γ
k fn(0+).

Proof. Taking Ψ-Laplace transforms of regularized version of Ψ-k-Hilfer-Prabhakar
fractional derivative in (3.12) and using (3.8), (3.9), (4.4) we have

LΨ
(
k
CD

γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(s) =kmLΨ

((
kε

−γν
α,ν(mk−µ),ω ∗Ψ

(
kP

−γ(1−ν),Ψ
α,(1−ν)(mk−µ),ω,0+

×
(

1
Ψ′(t) · d

dt

)m
f

))
(t)
)

(s)

=(ks)
µ
k

(
1 − ωk(ks)

−α
k

) γ
k F (s)

− km
m−1∑
n=0

(ks)
µ−k−1

k

(
1 − ωk(ks)

−α
k

) γ
k fn(0+). □

Again for absolutely continuous function f ∈ AC1[0, b]

k
CD

γ,µ,ν,Ψ
α,ω,0+ f(t) = kD

γ,µ,ν,Ψ
α,ω,0+ f(t) − (Ψ(t))

−µ
k E−γ

k,α,(mk−µ)(ω(Ψ(t))α
k )f(0+).

This is the relation between Ψ-k-Hilfer-Prabhakar fractional derivative and its regu-
larized version.

Let F (s) be the Ψ-Sumudu transform of f(t).

Lemma 4.16. The Ψ-Sumudu transform of Ψ-k-Prabhakar integral equation (3.7) is

SΨ
(
kP

γ,Ψ
α,µ,ωf(t)

)
(u) = u−1

(
u

k

)µ
k

(
1 − ωk

(
u

k

)α
k

)−γ
k

F (u),

provided |ωk(u
k
)α

k | < 1.
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Lemma 4.17. The Ψ-Sumudu transform of Ψ-k-Prabhakar fractional derivative equa-
tion (3.9) is

SΨ
(
kD

γ,Ψ
α,µ,ωf(t)

)
(u) =

(
u

k

)−µ
k

(
1 − ωk

(
u

k

)α
k

) γ
k

F (u)

− km
m−1∑
n=0

(
u

k

)−m+n
k [

kP
γ,Ψ
α,(mk−µ)−n,ωf(0+)

]
.

For the case [µ
k
] + 1 = m = 1

SΨ
(
kD

γ,Ψ
α,µ,ωf(t)

)
(u) =

(
u

k

)−µ
k

1 − ωk

(
k

u

)α
k


γ
k

F (u) − k

u

[
kP

−γ,Ψ
α,(k−µ),ωf(t)

]
t=0+

,

with |ωk(u
k
)α

k | < 1.

Lemma 4.18. The Ψ-Sumudu transform of regularized version of Ψ-k-Prabhakar
fractional derivative equation (3.10) is

SΨ
(
k
CD

γ,Ψ
α,µ,ωf(t)

)
(u) =

(
u

k

)−µ
k

(
1 − ωk

(
k

u

)α
k
) γ

k

F (u)

− km
m−1∑
n=0

(k

u

)−(µ−nk)
k

(
1 − ωk

(
k

u

)α
k
) γ

k

f (n)(0),

with |ωk(u
k
)α

k | < 1.

Lemma 4.19. The Ψ-Sumudu transform of Ψ-k-Hilfer-Prabhakar fractional derivative
equation (3.11) is

SΨ
(
kD

γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(u) =

(
u

k

)−µ
k

(
1 − ωk

(
u

k

)α
k

) γ
k

F (u)(4.9)

− km
m−1∑
n=0

(
u

k

)m(ν−1)−νµ+n
k

(
1 − ωk

(
u

k

)α
k

) γν
k

×
[
P

−γ(1−ν),Ψ
α,ν(1−ν)(mk−µ)−n,ωf(0+)

]
.

Lemma 4.20. The Ψ-Sumudu transforms of the regularized version of Ψ-k-Hilfer-
Prabhakar fractional derivative equation (3.12) of order µ is

SΨ

(
k
CD

γ,µ,ν,Ψ
α,ω,0+ f(t)

)
(u) =

(
u

k

)−µ
k

1 − ωk
(

u

k

)α
k


γ
k

F (u)

− km
m−1∑
n=0

(
u

k

)−µ+nk
k

1 − ωk
(

u

k

)α
k


γ
k

fn(0+).



528 S. K. MAGAR, P. V. DOLE, AND K. P. GHADLE

5. Application

In this section we find the solutions of Cauchy problems involving Ψ-k-Hilfer-
Prabhakar derivative and its regularised version.

Theorem 5.1. The solution of Cauchy problem

kD
γ,µ,ν,Ψ
α,ω,0+ y(x) = λkP

δ,Ψ
α,µ,ω,0+y(x) + f(x),(5.1) [

kP
−γ(1−ν),Ψ
α,(1−ν)(k−µ),ω,0+y(x)

]
t=0+

= C, C ≥ 0,(5.2)

where x ∈ (0, ∞), f(x) ∈ L1[0, ∞), µ ∈ (0, 1), ν ∈ [0, 1], ω, λ ∈ C, α > 0, γ, δ ≥ 0 is
given by

y(x) =C
∞∑
n=0

λn(Ψ(x))
ν(k−µ)+µ(1+2n)

k
−1E

n(δ+γ)−γ(ν−1)
k,α,ν(k−µ)+µ(1+2n)(ω(Ψ(x))α

k(5.3)

+
∞∑
n=0

λnkP
γ+n(δ+γ),Ψ
k,α,µ(1+2n),ω,0+f(x),

if the series on the right hand side of equation (5.3) are convergent.

Proof. Let Y (u) and F (u) denote the Ψ-Laplace transform of y(x) and f(x), respec-
tively. Now taking Ψ-Laplace transform of (5.1) and using (3.7), (3.8), (4.4), (4.7),
(5.2) we have

(ku)
µ
k

(
1 − ωk(ku)

−α
k

) γ
k Y (u) − k(ku)

−ν(k−µ)
k

(
1 − ωk(ku)

−α
k

) γν
k C

=λ(ku)
−µ
k

(
1 − ωk(ku)

−α
k

)−δ
k Y (u) + F (u). □

Thus, we have

Y (u) =

 Ck(ku)
−ν(k−µ)

k

(
1 − ωk(ku)−α

k

) γν
k + F (u)

(ku)µ
k

(
1 − ωk(ku)−α

k

) γ
k − λ(ku)−µ

k

(
1 − ωk(ku)−α

k

)−δ
k



=

Ck(ku)
−ν(k−µ)

k

(
1 − ωk(ku)−α

k

) γν
k + F (u)

(ku)µ
k

(
1 − ωk(ku)−α

k

) γ
k


× 11 −

λ(ku)
−µ
k

(
1−ωk(ku)

−α
k

)−δ
k

(ku)
µ
k

(
1−ωk(ku)

−α
k

) γ
k


.
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Hence, for

∣∣∣∣∣∣∣
λ(ku)

−µ
k

(
1−ωk(ku)

−α
k

)−δ
k

(ku)
µ
k

(
1−ωk(ku)

−α
k

) γ
k

∣∣∣∣∣∣∣ < 1, we get

Y (u) =Ck
∞∑
n=0

λn(ku)
−ν(k−µ)−µ(1+2n)

k

(
1 − ωk(ku)

−α
k

) γ(ν−1)−n(δ+γ)
k

+ F (u)
∞∑
n=0

λn(ku)
−µ(1+2n)

k

(
1 − ωk(ku)

−α
k

)−γ−n(δ+γ)
k .

Now using inverse Laplace transform, we get the required result.
Theorem 5.2. The solution of Cauchy problem

C
kD

γ,µ,ν,Ψ
α,ω,0+ u(x, t) = T

∂2

∂x2 u(x, t), t > 0, x ∈ R,(5.4)

u(x, 0+) = g(x),(5.5)
lim

x→±∞
u(x, t) = 0.(5.6)

with µ ∈ (0, 1), ω ∈ R, T, α > 0, γ ≥ 0 is given by

(5.7) u(x, t) = 1
2k2π

∫ ∞

−∞
dp eipxĝ(p)

∞∑
n=0

(−T )np2n(Ψ(t))
nµ
k Enγ

k,α,nµ+k(ω(Ψ(t))α
k ),

if the series on the right hand side of (5.7) is convergent.
Proof. Let u(x, q) and û(p, t) denote the Ψ-Laplace transform and Fourier transform
of u(x, t), respectively. Taking Fourier transform of equation (5.4) and using (5.6) we
get

(5.8) C
kD

γ,µ,ν,Ψ
α,ω,0+ û(p, t) = −Tp2û(p, t).

Now taking Ψ-Laplace transform of (5.8) and using (4.8), (5.5) we get

(ks)
µ
k

(
1 − ωk(ks)

−α
k

) γ
k

(
û(p, s) − g(x)

s

)
= −Tp2û(p, s),(

(ks)
µ
k

(
1 − ωk(ks)

−α
k

) γ
k + K p2

)
sû(p, s) = (ks)

µ
k

(
1 − ωk(ks)

−α
k

) γ
k ĝ(p).

Thus, we have

û(p, s) = ĝ(p)
s

1 + T p2

(ks)µ
k

(
1 − ωk(ks)−α

k

) γ
k


−1

.

Hence, for

∣∣∣∣∣∣∣ K p2

(ks)
µ
k

(
1−ωk(ks)

−α
k

) γ
k

∣∣∣∣∣∣∣ < 1, we get

û(p, s) = ĝ(p)
s

∞∑
n=0

(−T )np2n(kq)
−nµ

k

(
1 − ωk(ks)

−α
k

)−nγ
k
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= ĝ(p)
k

∞∑
n=0

(−T )np2n(ks)
−nµ−k

k

(
1 − ωk(ks)

−α
k

)−nγ
k .(5.9)

Taking inverse Laplace transform of (5.9) we get

û(x, s) = ĝ(p)
k2

∞∑
n=0

(−T )np2n(Ψ(t))
nµ
k Enγ

k,α,nµ+k(ω(Ψ(t))α
k ).

Using inverse Fourier transform, we get required result. □

The two above results can also be obtained using the Sumudu transform instead of
Laplace transform and these are the generalizations of results discussed in [12].

Theorem 5.3 ([20]). The solution of the differential equation

−hMΘ(x) = ρV cp kD
γ,µ,ν,Ψ
α,ω,0+ Θ(x) ,(5.10)

Θ(0) = β, for β ≥ 0,(5.11)

where ρ-density, V -volume, cp-specific heat of material, h-convection heat transfer
coefficient, M-surface area of the body and Θ ∈ L1[0, ∞), 0 < x < ∞, k, α > 0,
γ, ω ∈ R, µ ∈ (0, 1), ν ∈ [0, 1] is given by

(5.12) Θ(x) = β
∞∑
n=0

(
−hM

ρV cp

)n
(Ψ(x))

ν(k−µ)+µ(n+1)
k

−1E
−γ(ν−n−1)
k,α,ν(k−µ)+µ(n+1)(ω(Ψ(x))α

k ),

if the series on the right hand side of (5.12) is convergent.

Proof. Let Θ̂(u) denote the Ψ-Sumudu transform of Θ(x). Now taking Ψ-Sumudu
transform of (5.10) and using (4.9), (5.11) we have

−hMΘ̂(u) =ρV cp

(
u

k

)−µ
k
(

1 − ωk

(
u

k

)α
k
) γ

k

Θ̂(u)

− ρV cpβ

(
u

k

) ν(k−µ)
k

−1(
1 − ωk

(
u

k

)α
k
) γν

k

×
[
hM + ρV cp

(
u

k

)−µ
k
(

1 − ωk

(
u

k

)α
k
) γ

k
]
Θ̂(u),

=ρV cpβ

(
u

k

) ν(k−µ)
k

−1(
1 − ωk

(
u

k

)α
k
) γν

k

,

Θ̂(u) =

(
u
k

) ν(k−µ)
k

−1(
1 − ωk

(
u
k

)α
k
) γν

k

ρV cpβ[
hM + ρV cp

(
u
k

)−µ
k
(

1 − ωk

(
u
k

)α
k
) γ

k
]
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=

(
u
k

) ν(k−µ)
k

−1(
1 − ωk

(
u
k

)α
k
) γν

k

ρV cpβ

ρV cp

(
u
k

)−µ
k
(

1 − ωk

(
u
k

)α
k
) γ

k

×

1 + hM

ρV cp

(
u
k

)−µ
k
(

1 − ωk

(
u
k

)α
k
) γ

k



−1

=β
(u

k

) ν(k−µ)+µ
k

−1
(

1 − ωk
(u

k

)α
k

) γ(ν−1)
k

×
∞∑
n=0

(
−hM

ρV cp

)n(
u

k

)nµ
k
(

1 − ωk

(
u

k

)α
k
)−nγ

k

,

for ∣∣∣∣∣∣ρV cp

(
u

k

)−µ
k
(

1 − ωk

(
u

k

)α
k
) γ

k

∣∣∣∣∣∣ < 1,

(5.13) Θ̂(u) = β
∞∑
n=0

(
−hM

ρV cp

)n(
u

k

) ν(k−µ)+µ(n+1)
k

−1(
1 − ωk

(
u

k

)α
k
) γ(ν−n−1)

k

.

Taking inverse Sumudu transform of (5.13), we get required solution of (5.12). □

6. Conclusion.

In the present paper, we investigate new fractional derivatives in the sense of Ψ-
fractional calculus to find their generalized transforms called Ψ-Laplace and Ψ-Sumudu
transforms. These derivatives are more generalization of fractional derivatives and
effectively applicable for various applications like cauchy problems, heat transfer
problem. In order to explain the obtained results, some examples were illustrated.
It is noted that since generalized derivatives are global and contain a wide class of
fractional derivatives.
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