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SPECTRAL EXPANSION FOR CONFORMABLE FRACTIONAL
STURM-LIOUVILLE PROBLEM ON THE WHOLE LINE

BILENDER P. ALLAHVERDIEV!, HUSEYIN TUNA2, AND YUKSEL YALCINKAYA!

ABSTRACT. In this article, we discuss a conformable fractional Sturm-Liouville
boundary-value problem on the whole line. We prove the existence of a spectral
function for the singular conformable fractional Sturm-Lioville problem. Further,
we establish a Parseval equality and spectral expansion formula by terms of the
spectral function for conformable fractional Sturm-Liouville problem on the whole
line.

1. INTRODUCTION

Fractional order differential equations first appeared towards the end of the 17th
century with a letter of L’Hospital to Leibnitz in which he asked the meaning of
“fractional order derivative”. Up to the present time, many mathematicians such as
Liouville, Riemann, Weyl, Fourier, Lagrange, Gronwald, Letnikov, Abel, and Caputo
have made research in this field [2]. Fractional differential equations are used today in
many fields such as transmission line theory, signal processing, chemical analysis, heat
transfer, hydraulics of dams, material science, temperature field problems oil strata,
diffusion problems, waves in liquids and gases, Schrodinger equation, and fractal
equation [2-7]. Recently, based on the definition of the classical derivative, a new
fractional derivative is put forward by Khalil et al. and named as conformable fractional
derivative [1]. In this study Khalil et al. provided the linearity property for his new
definition of the fractional derivative, they proved the product rule, the quotient rule,
the fractional Rolle theorem, and the fractional mean value theorem. Later in [8],

Key words and phrases. Singular conformable fractional Sturm-Liouville equation, spectral func-
tion, Parseval equality, spectral expansion.
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Abdeljawad defined the right and left conformable fractional derivatives, the fractional
chain rule, and fractional integrals of higher orders. Conformable fractional derivative
aims to expand the definition of the classical derivative by providing the natural
characteristics of the classical derivative and gain new perspectives for the theory of
differential equations [9]. Examples of these perspectives are [10-16,31,34]. In [10],
the form of the Wronskian for conformable fractional linear differential equations with
variable coefficients is discussed and Abel’s formula for fractional differential equations
with variable coefficients is proven. In [11], the exact solution of the heat conformable
fractional differential equation is given. In [12], being existent and uniqueness theories
of consecutive linear conformable fractional differential equations are demonstrated.
In [13], some of the conformable fractional partial equations including the wave
equation are solved. In [14], linear second-order conformable differential equations
using a proportional derivative are shown to be formally self-adjoint equations with
respect to a certain inner product and the associated self-adjoint boundary conditions.
Defining a Wronskian, a Lagrange identity, and Abel’s formula are established. Several
reduction-of-order theorems are given. Solutions of the conformable second-order
self-adjoint equation are then shown to be related to corresponding solutions of a
first-order Riccati equation and a related quadratic functional and a conformable
Picone identity. A Lyapunov inequality, factorizations of the second-order equation
are established. Boundary value problems and Green’s functions are studied. In
[31], a regular fractional generalization of the Sturm-Liouville eigenvalue problems is
suggested and some fundamental results of this suggested model are established. In
[34], a general notion of fractional derivative for functions defined on arbitrary time
scales is introduced. The basic tools for the time-scale fractional calculus are then
developed. In [15], a conformable fractional Dirac system with separated boundary
conditions on an arbitrary time scale is studied, some basic spectral properties of
the classical Dirac system are extended to the conformable fractional case. In [16],
a conformable fractional Sturm-Liouville equation with boundary conditions on an
arbitrary time scale is analyzed, basic spectral properties of the classical Sturm-
Liouville equation are extended to the conformable fractional case, some sufficient
conditions are established to guarantee the existence of a solution for this conformable
fractional Sturm-Liouville problem on T by using certain fixed point theorems.

Today, it is widely accepted that spectral expansion theorems are beneficial in
science and engineering. If, for example, a partial differential equation is solved by
the method of separation of variables (i.e., the Fourier method) then the problems
of expanding an arbitrary function to a series of eigenfunctions and showing that
the eigenfunctions form a complete system occur. The first study for the spectral
expansion problem is constructed by Weyl [17] (see [18-29,32,33,35, 36]).

The primary aim of this study is to prove the existence of a spectral function for
singular conformable fractional (CF) Sturm-Liouville equation of the form

—T2y(t) +v(t)y(t) = M\y(t), —oo<t< oo,
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where X is a complex parameter, v(-) is a real-valued conformable fractional locally
integrable function on (—o00,00). The article is structured as follows. In Section 2,
necessary concepts and properties are reviewed. In Section 3, we construct resolvent
in view of Green’s function. We show that the regular CF-Sturm-Liouville operator
has a compact resolvent, so it has a purely discrete spectrum. Finally, in Section 4, we
establish a Parseval equality and spectral expansion formula by terms of the spectral
function for the CF-Sturm-Liouville problem on the whole line.

2. PRELIMINARIES

In this section, our goal is to present some basic definitions and properties of
conformable fractional calculus and operator theory. For more details, the reader may
want to consult [1-8,30,37]. Throughout this paper, we will fix « € (0, 1).

Definition 2.1. Assume « be a positive number with 0 < a < 1. A function f: R —
R =(—o00, 00) the conformable fractional derivative of order a of f at t > 0 is defined
by

(2.1) T.f(t) = lim ft+et'=) — f(t)

E—0OO £

and the fractional derivative at 0 is defined by
(T.f) (0) = Tim T f (1)

Definition 2.2. The left conformable fractional derivative starting from a of a func-
tion f : [a,00) = R of order « is defined by

(7 F)(t) = i EE= T = 1 (1)

e—0 £

, O0<a<l.

Definition 2.3. The right conformable fractional derivative of order 0 < oo <1 of f
is defined by

DT — =0 — (0,

e—0 £
where f is terminating at b and (°T, f)(t) = limy_,- (*Tn f)(t).

In the next lemma, we consider some properties of conformable derivatives.

Lemma 2.1. Let f, g be conformable differentiable of order a, 0 < a < 1, at a point
t. Then
(1) To(Nf+0g) = AT, (f) + 0T, (9), A\, 6 € R;
REACRAH
(2”) = $eoll Jreldl.
(
(v

g

w) f is differentiable then T (f) (t) = (t —a) " f'(t).
) Ty (t") = nt"=* for all n € R.

Next, we present the conformable fractional integral and some of its properties.
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Definition 2.4. The conformable fractional integral starting from a of a function f
of order 0 < o < 1 is defined by

(I3h) ( /f Yda(x, a) /ta:—aalf

Similarly, in the right case, we have
b b
CLf) ( /f Vo (b, :/ )o=f () da.
t t

Lemma 2.2. Assume that f is a continuous function on (a,00) and 0 < a < 1. Then
we have

TR () = [ (1),

for allt > a.

Theorem 2.1. Let f, g : [a,b] — R be two functions such that f and g are conformable
fractional differentiable. So, we have

[ 5O 0) () dat.0) + [ (01T () (1) dart,0) = FO)g(8) ~ Fla)gla)

Let L2(—b,b), —oo < —b < b < o0, is the space of all complex-valued functions
defined on (—b,b) as

= ([rorao) = ([ rorea)” <

The space L2(—b,b) is a Hilbert space with the inner product

b
(f.9)= [, 10 g@da(t), f.g € L(=b.)
Let us define the conformable a-Wronskian of  and y by
Walz,5)(t) = () Tuy(t) — y(O)Taa(t), ¢ € (<b,b).

Definition 2.5. A function M(¢,z) in C? of two variables with —b < ¢, z < b is
called the a-Hilbert-Schmidt kernel if

b b
[ ] 1M 2)Pdu(t)da(e) < .
—bJ-b
Theorem 2.2. If

(2.2) Z |az~k|2 < 00,

ik=1
then the operator A defined by the formula

A{x;} ={yi}, 1eN:={1,2,3 ...},
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where
(23) Y; = Z ik Tk, 1 € N,
k=1

is compact in the sequence space (* [30].

Theorem 2.3 ([37]). Let (wy), oy be a uniformly bounded sequence of real non-
decreasing functions on a finite interval [c, d] . Then there exists a subsequence (W, ) ey
and a non-decreasing function w such that

lim w,, (A) =w(A),

k—o00

where \ € [c,d] .

Theorem 2.4 ([37]). Assume (wy), oy s a real, uniformly bounded, sequence of non-
decreasing functions on a finite interval [c,d], and suppose

lim w, () = w (N,

where X € [¢,d]. If f is any continuous function on [c,d], then

lim /Cdf()\)dwn(A):/df(/\)dw()\).

n—oo c

3. REGULAR CF-STURM-LIOUVILLE PROBLEM

In this part, we construct Green’s function and prove that the regular CF-Sturm-
Liouville operator has a compact resolvent, so it has a purely discrete spectrum.
We consider the regular CF-Sturm-Liouville equation defined by

(3.1) ~T2y(t) +v(t)y(t) = \y(t), —oo< —b<x<b< oo

Let v and /8 be arbitrary real numbers and let y(t, \) satisfies the boundary conditions
(3.2) y(—=b, \) cos f + Toy(—b, \) sin § =0,

(3.3) y(b, \) cosy + Tpy(b, \) siny =0,

in which X is a complex eigenvalue parameter, v(t) is a real-valued continuous function
defined on R and v € L} ;.. (R), where

a,loc

L} oo (R) := {f:R—)C:/_bb|f(t)|da(t)<ooforallb€R}.

Denote by 64(t, \), and (¢, A) the linearly independent solutions of the (3.1) subject
to the initial conditions

(3.4) 01(—=b,\) =sin 8, Tob1(—b,\) = —cosf3,

(3.5) O2(b, \) =siny, Tnba(b,\) = —cosn.
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In this way, the Green’s function of the problem is defined by (3.1)—(3.4) (see [23])

Ot NO(xA)  _p o
Wa(91762) ! - ’
(3.6) G(t T )\) = { 0
y &, (t,\)01(z,))
Wbt 0 <TSD

In the next results, without restriction of generality, we assume that A = 0 is not
an eigenvalue of the problem (3.1)—(3.3).

Theorem 3.1. G(t,z) defined by (3.6) is a a-Hilbert-Schmidt kernel.
Proof. By the upper half of the formula (3.6), we obtain

b ¢
[ da®) ] G (t2) () < o0
and by the lower half of (3.6), we have

/_bb ) | j |G(t,2) [ da(w) < 00

because the inner integral exists and is products 0; () 05 (t) , and these products belong
to L2(—b,b)x L2(—b,b) because each of the factors belongs to L2(—b,b). Then, we
obtain

(3.7) /_ bb /_ bb IG(t, 2)[2da(t)do(z) < c0. 0
Theorem 3.2. The operator S defined by the formula

1)1 = [ Gt f(x)da(a)
is compact and self-adjoint on L(—b,b).

Proof. Let ¢; = ¢;(x), i € N, is an orthonormal basis of L2(—b,b). Because G(t, z) is
a a—Hilbert-Schmidt kernel, it can be defined as

b
= (£.0) = | f(@)6,(@)dala).
b .
b= (9.6 = [ 9(@)di(a)da(a),
azk—/ / (t,2)s () pp(@)da(t)da(z), ik € N.

Then, L2(—b,b) is mapped isometrically 2. As a consequence, the integral operator
turns into the operator which is defined by the formula (2.3) in the space £? by this
mapping, and the condition (3.7) is translated into the condition (2.2). So, the original
operator is compact.

Let f,g € L2(—b,b). As G(t,z) = G(z,t) and we have

(87.9)= [ (SNWg)a(r)
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-/ bb / bb Gt 2) f(2)da(2)g(0)da(t)
= [ @) ([ 6 090)u(6) )du) = (7.59)

Thus, we have proved that the operator S is self-adjoint. O

4. PARSEVAL EQUALITY AND SPECTRAL EXPANSION IN THE CASE OF THE
WHOLE LINE

In this part, the existence of a spectral function for singular Sturm-Liouville problem
(3.1)—(3.2) will be proven. A Parseval equality and spectral expansion formula by
terms of the spectral function is set up.

Let A1, Ao, ... be the eigenvalues and v, 91, ... the corresponding eigenfunctions of
the problem (3.1)—(3.3). Let 6,(¢, \) and 5(%, A) be solutions of the problem (3.1)—(3.2)
satisfying the initial conditions

91(0, )\) - O, Toﬁl((), )\) - 1, (92(0, )\) - 1, TQHQ(O, )\) - O,
and let
Yn(t) = cp01(t, \n) + d,02(0, \y,).

Let f be a real-valued function and f € L2(—b,b). Then it follows from Theorem
3.2 and the Hilbert-Schmidt theorem that

[ roao =S [ romoan)

{ / ) {enfr (t, An) + doblt, )\n)}da(t)}Q

Saf [ soneann)

2 Z cndn{/bm)el(mn)da(t) [b
(4.1) n Z dQ{/ )0 (t, M) du(t )}2.

Now, we will define the step functions by

— > &2, for A<0,
— A<A, <0
§-0p(V) = > o2 for A >0,

0<An <A

- > cpd,, for A <0,
Cp(N)

b

Pt mda(t)}

A< <0

> oepd, for A >0,

0<An <A
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Y @, fora<o,
_ A<An <0
o= T e Ao

0<An <A

Then the Parseval equality (4.1) can be stated as

[ oo = { [ roane o} o
v2["{ [ roaneannol [ oo acw

o0 b 2
(4.2) + [ { [ b An)da(t)} ds_p(N).
In the sequel, we shall present a lemma.

Lemma 4.1. For any s > 0, there exists a positive constant M = M (S) not depending
on b such that

S
where

Qll,b()\) = f—b,b()\)a Q12,b()\) = QQl,b()\) = C—b,b()\), Q22,b<)\) = §_b,b(>\)-

Proof. To see the validity of (4.3), it suffices to put i = j, because

‘Z{le,b()\)} < ;{Qll,b(s) — 011,5(—5) + 0226(S) — 0224(5) }

The Parseval equality (4.2) then takes the form
b
(4.4) [ ot = [ S EOE (Ndess().
- i,j=1
where
b
- / FOB:(E N da(t), i=1,2.
b
If follows from (4.4) that
TU™D6,(0,\) = 6;; 4,j=1,2,

where 0, ; is the Kronecker delta. Thus, for any € > 0 and given S > 0, there exists a
r > 0 such that

(4.5) ITU=D0,(t, \) — 6,;] < e,

«

where |A| < S, t € [0,7]. O
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Let f,(t) be a non-negative twice continuously differentiable function such that f,.(¢)
vanishes outside the interval [0, 7], with

(4.6) | 50ty = 1.

Now, if we apply the Parseval equality (4.4) to the functions U=V f.(t), j = 1,2,
then we get

(4.7) [ osof an = [ S Fy() Fg ) dos(N),

z,k 1

3 = /Or TG £ (10,8 N (1) = jE/Or F(OTI7V0,(t, N do (1),

Using (4.5) and (4.6), we obtain

where

(48) |E]<)\) - 6i,j| <e ,y=12

It follows from (4.7) and ( 8) that

(49) / ’T(] 2 fr / Z i 5]6] - 8) |dQ2kb ()\)‘
1k 1

If we take j =1 in (4.8), we have
[ 7@ duty> (=2 [ ldons W] (1 +2) [ ldows ()
0 a o _s 17 _g )
S S
— 2
c(1+2) [ dens N+ [ Idens ()

s
> (1— 5)2 (0114 (S) = 011 (—=5)) —2e (1 +¢) \/ {o126 (V) }.

-S
Since

S

1

(4.10) \/ {0120 (M)} < 3 (0116 (S) = 0110 (=5) + 0225 (S) — 0226 (—9)],

-S
we obtain

P2 () dalt

0

> (22 =25+ 1) {0114 (S) — 0114 (—9)}
—e(L+¢){011p(5) — 011 (—5) + 0225 (S) — 0225 (—5)}
(4.11) = (1 =3e){onp (5) —onp (=5)} — e (1 +2) {0224 (5) — 0224 (=5)} -
Putting 7 = 2 in (4.9), we see that
Ty (O dult) = (1= 32) {220 (8) = 0220 (=)}
(4.12) —e(1+¢){o11p(S) — 011 (—=9)}.
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If we add the inequalities (4.11) and (4.12), then we deduce that

/OT JE () da(t) + /Or T f, (t)|2 da(t)
> (22 = 1)% (0114 (S) = 0116 (—S) + 0226 (S) — 0225 (—5))-

If we choose € > 0 such that 1 — 4 — &2 > 0, then we have the assertion of the lemma
for the functions g11 () and 925 (A) relying on their monotonicity. From (4.10), we
have the assertion of the lemma for the function g2 ().

Let o be any non-decreasing function on —oo < A < co. Denote by Lf) (R) the
Hilbert space of all functions f : R — R which are measurable with respect to the
Lebesque-Stieltjes measure defined by p and such that

| de) < .,

with the inner product

(£.9),= | TN g de(N).

The main results of this paper are the following three theorems.

Theorem 4.1. Let f is a real-valued function and f € L%(R). Then there exist
monotonic functions 011 (A) and o2 (N) which are bounded over every finite interval,
and a function 12 (\) which is of bounded variation over every finite interval with the

property

[ rmdn=[" 3 R0 E N de, ),

4=1

where ,

Fe) =T [ F ()0 (0 dat).

b—oo J—p

We note that the matrix-valued function o = (;;)?._; (012 = 021) is called a spectral

function for (3.1).

i,j=1

Proof. Assume that the real-valued function f, (t) satisfies the following conditions.
1) fn (t) vanishes outside the interval [—n, n], where n < b.
2) The functions f, (t) and T, f, (t) are continuous.
If we apply the Parseval equality to f, (¢), we get

(4.13) / f2 () {/ fo @) yre (¢ ()}-

Then, by integrating by parts, we obtaln
[ fumtyd, / Fal®) [<T20(8) + 0Oy (1)) du(2),
=+ [ 200 + o 50)] n(0da()
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Thus we have

Using (4.13), we conclude that

[ b {/_bbfn@)yk(t)da(t)}z
< [ -T2 @+ <>fn<>} o).

1
Furthermore, we have

2
_m{/ AOW040)

{/ Fo (1) Lenb (£, A0) + dofls (8, 0)} du(t ()}2

—M<Ak<p
= [ % ) F (o ().
Hi5=1
where ,
A) :/ Fu (D)0 (4, N) da(t), i=1,2.
—b
Consequently, we get

| s / > B () Fye () oy )

Hi5=1

(4.14)

< [ TR @+ 00 0] o)

By Lemma 4.1 and Theorems 2.3 and 2.4, we can find sequences {—0b;} and {by}
(b, — 00) such that the function g;j;, (A) converges to a monotone function g;; (A).
Passing to the limit with respect to {—bx} and {b;} in (4.14), we have

[ 00 [ X ) By 0)day ()

Hij=1
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1 2
<3 [ Frn @+ o f )] dato).
As p — oo, we get

[ 52w = [ 5 Fu ) B oy ().
-n i,j=1
Let f () € L2(R). Choose functions {f¢ (t)} satisfying the conditions 1)-2) and such
that

lim [ (f(8) = fe(t)" da(t) = 0.

§—o00J -0

Let
Fie (V) :[wfg (1)0; (1, N) da(t), i=1,2.

Then we have

[ 2 0dt = [ 5 Fe) Fede, ().
e i,j=1
Since -
| e = fe @Y dalt) 20 as 6.6 — o0,
we have

[e.e]

Y (Fie, (N) Fje, (N) = Fie, (A) e, (V) doij (V)

/ml
-

~.

(f§1 fﬁz (t))2 da(t) — 0,

as &1,& — 0o. Therefore, there is a limit function F;, ¢« = 1, 2, that satisfies

[ rman=[" 3 R0 E N de, ),

5=1

[e.e]

by the completeness of the space L2 (R) .
Now we will show that the sequence (Kj¢) defined by

3
KeO) = [ 000 da(t), =12

converges as & — 00 to F;(A), ¢ = 1,2, in the metric of space LZ (R). Let g be another
function in L2(R). By a similar argument, G;()\), i = 1,2, be defined by g. It is
obvious that

[0 =002 = [ 3 {F M) = G) (5 () — G5 (A) ey ().

00 44=1

g(t):{ é(t)v te [_€a§]7

otherwise.

Let
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Then we have

7% A ) = K () (F () = Kie ()} daiy )

0 4,5=1

Z/_OOfQ (t)da(t)Jr/;on () da(t) = 0, & — o0,

which proves that (K¢) converges to F in L? (R) as £ — oo, O

Theorem 4.2. Suppose that the real-valued functions f (-) and g () are in L2(R),
and F; (X) and G; (N\), i = 1,2, are their Fourier transforms. Then we have

["rwemamn = [T % ROG, 0oy ().

o i,j=1

which is called the generalized Parseval equality.

Proof. 1t is clear that F; F G;, @ = 1,2, are transforms of f F g. Therefore, we have

LLowra@ntan=[ Zl () (F5 () + G () doyy (V)
/_O:o(f(t)— / Zl () (F5 (\) — G5 () doi (N

Subtracting one of these equalities from the other one, we get the desired result. [

Theorem 4.3. Let f be a real-valued function and f € L%(R). Then, the integrals
| R8N oy (V). ij =12,

— 00

converge in L2(R). Consequently, we have
n-/" S B ()6, (N doy (V).
i,7=1

which is called the spectral expansion formula.
Proof. Take any function fe € L2 (R) and any positive number &, and set

/ S E(N) 0, (10 doy (V).

1]1

Let g (-) € L2(R) be a real-valued function which equals zero outside the finite interval
[—7, 7], where 7 > 0. Thus, we obtain

J 0O
(/ > RO tA)d@m)g(t)da(t)

1]1
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—$ij=1 -7
I3 2

(4.15) [ X RONG; ) des ().
=i j=1

From Theorem 4.2, we get

(4.16) [ rwgwdn = [ S F ()G, (V) day (V)

oo 52
By (4.15) and, (4.16) we have
JCEICEF IO /Mm (N) Gy () das; (V).
If we apply this equality to the function
g(t) = { 0, ‘ otherwise,

then we get

|G ® - @) datt) < Z/ Fy (A doi; (V).

—© i,7=1 IAI>€

Letting £ — oo yields the expansion result. 0
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ENERGY LANDSCAPES AND NON-ARCHIMEDEAN
PSEUDO-DIFFERENTIAL OPERATORS AS TOOLS FOR
STUDYING THE SPREADING OF INFECTIOUS DISEASES IN A
SITUATION OF EXTREME SOCIAL ISOLATION
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AND ANSELMO TORRESBLANCA-BADILLO?

ABSTRACT. In this article, we introduce a new type of pseudo-differential equations
naturally connected with non-archimedean pseudo-differential operators and whose
symbols are new classes of negative definite functions in the p-adic context and in
arbitrary dimension. These equations are proposed as a mathematical models to
study the spreading of infectious diseases (say COVID-19) through a random walk
on a complex energy landscape and taking into account social clusters in a situation
of extreme social isolation.

1. INTRODUCTION

In the archimedean setting the nonlocal evolution equations of the form

(1.1) w(z,t) = (Jxu—u)(x,t) = /n J(z —y)uly, t)dy — u(z,t)

have been widely used to model diffusion processes. Here, J : R — R be a nonnega-
tive, radial, continuous function with

/n J(2)dz = 1.

Key words and phrases. Energy landscapes, pseudo-differential operators, negative definite func-
tions, evolution equations, strong Markov processes, p-adic analysis.
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The model (1.1) can be interpreted as follows: if u(z,t) is thought of as a density at a
point z at time ¢ and J(x — y) is thought of as the probability distribution of jumping
from location y to location z, then

| = w)uly, tydy = (J 5 u)(w, )

is the rate at which individuals are arriving at position x from all other places. In
the same way, —u(x,t) = — g J(y — x)u(x, t)dy is the rate at which they are leaving
location z to travel to all other sites. This consideration, in the absence of external
or internal sources, leads immediately to the fact that the density u satisfies equation
(1.1). For further details the reader may consult [12,16], and the references therein.
In [6,7] Avetisov et al. developed a class of p-adic pseudo-differential equations in
dimension one with the aim of studying the dynamics of a large class of complex
systems such as macromolecules, glasses and proteins. In these models, the time-
evolution of the system is controlled by a master equation of the form

&Lg?t) - /ij (|x_y|p> {u(y,t) —u(x,t)}dy, t>0,

where j : Q, x Q, — R, is the probability of transition from state y to the state
x per unit time, and the function u(z,t) : Q, x Ry — Ry is a probability density
distribution.

In the latest years, p-adic nonlocal evolution equations and variations of it have
been studied extensively. For example, modeling of geological processes (such as
petroleum reservoir dynamics, fluid flows in porous media such as rock); the dynamics
of myoglobin (myoglobin is a monomeric protein that gives muscle its red color); the
relaxation of spin glasses, etc., see e.g. [1,2,5,11,21,22,24-29,37] and the references
therein. In this models the dynamics of complex systems is described by a random
walk on a complex energy landscape. An energy landscape (or simply a landscape)
is a continuous function U : X — R that assigns to each physical state of a system
its energy. The term complex landscape means that function U has many local
minima. In this case the method of interbasin kinetics is applied, in this approach,
the study of a random walk on a complex landscape is based on a description of
the kinetics generated by transitions between groups of states (basins). This concept
can be outlined as follows. A complex system is assumed to have a large number of
metastable configurations which realize local minima on the potential energy surface.
The local minima are clustered in hierarchically nested basins of minima, namely, each
large basin consists of smaller basins, each of these consisting of even smaller ones,
and so on. Minimal basins correspond to local minima of energy, and large basins
have hierarchical structure. Minimal basins correspond to local minima of energy, and
large basins have hierarchical structure. The transition rate between basins depends
on the energy barrier between these basins. By using these methods, the configuration
space of the system is approximated by an ultrametric space (a rooted tree) and by
a function on the tree which describes by stochastic motions the distribution of the
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activation energies. Procedures for constructing hierarchies of basins kinetics from
any energy landscapes have been studied extensively, see e.g. [6-8,22,27,31,32,37]
and the references therein.

In [7] an Arrhenius type relation was used, that is,

. Uz |y)

i)~ Ao { -,
where U (z | y) is the height of the activation barrier for the transition from the state
y to state x, k is the Boltzmann constant and 7' is the temperature. This formula
establishes a relation between the structure of the energy landscape U (z | y) and the
transition function j (x | y).

In this paper, we introduce new classes of p-adic pseudo-differential equations nat-
urally connected with certain types of non-archimedean pseudo-differential operators
whose symbols are associated with new classes of negative definite functions on the
p-adic numbers. This type of pseudo-differential equations may be seen as a general-
ization of the equations studied in [6,7,30,36-38] and the references therein.

We establish rigorously that such equations are ultradiffusion equations, i.e., we
show that the fundamental solutions of the Cauchy problems naturally associated to
these equations are transition density functions of some strong Markov processes X
with state space @, see Theorem 3.2, Theorem 4.2 and Theorem 5.1.

Given the non-archimedean topology of Q) we have that two balls in Q) have
nonempty intersection if and only if one is contained in the other. Moreover, any ball
can be represented as disjoint union of balls of smaller radius, each of the latter can
be represented in the same way with even smaller radius and so on, see e.g. [4,38].
The above implies that every ball in Q) can be identified with a rooted tree. For
this reason, a particular population group in a human society can be represented as
a system of hierarchically coupled disjoint clusters. Any cluster is slit into disjoint
sub-cluster, each of the latter is split into its own disjoint) sub-clusters and so on.
Therefore, the ultrametric spaces (in particular the p-adic numbers) are proposed as a
natural, necessary and essential structure to study the spreading of infectious diseases
(say COVID-19) through a random walk on a complex energy landscape and taking
into account social clusters in a situation of extreme social isolation. For more details,
the reader can consult [3,19,20,23,34].

From a mathematical, physical and computational point of view, we consider that
the spread of infectious diseases (such as the COVID-19 epidemic and new variants
with very high rates of contagion) on social clusters in a situation of extreme social
isolation, can be modeled as a random walk in an complex energy landscape. Therefore,
an interesting open problem consists in determine if our p-adic pseudo-differential
equations (in combination with the method of interbasin kinetics) can be applied,
among other things, to study the dynamics of the spread infectious diseases through
in a random walk in a complex energy landscape.
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It should also be noted that, recently in [36] and [37], the authors Torresblanca-
Badillo and Zuniga-Galindo introduce a large class of non-archimedean pseudo-diffe-
rential operators whose symbols are negative definite functions. Since then, in the
last four years, the first author and his collaborators have been studied new classes
of non-archimedean pseudo-differential operators whose symbols are associated with
negative definite functions on the p-adic numbers, see [9,13-15, 34, 35].

This article is organized as follows. In Section 2, we will collect some basic results
on the p-adic analysis and fix the notation that we will use through the article. In
Section 3, we introduce a large class of negative definite functions of the semi-smooth
and elliptic types, see Theorem 3.1 and Corollary 3.1, respectively. These functions
are the symbols of a large class of non-archimedean pseudo-differential operators (de-
noted by A) which determine certain ultradiffusion equations on Qy, see Theorem 3.2.
In Section 4 we also introduced new classes of non-archimedean pseudo-differential
operators whose symbols are new classes of negative definite functions (in the p-adic
context) associated with logarithmic functions, see Theorem 4.1 and Corollary 4.1.
This operators determine certain Lévy process X (¢, w) with state space Q}, see Theo-
rem 4.2. In Section 5 we will study a new class of non-archimedean operators (denoted
by A,) associated with a non-archimedean negative definite function 4. Imposing cer-
tain conditions to the function 1) we obtain that A, is a pseudo-differential operator
which also determine ultradiffusion equations, see Theorem 5.1.

2. FOURIER ANALYSIS ON Qg: ESSENTIAL IDEAS

2.1. The field of p-adic numbers. Along this article p will denote a prime number.
The field of p-adic numbers Q, is defined as the completion of the field of rational
numbers Q with respect to the p-adic norm | - |,, which is defined as

0, if v =0,
|x|p = _ . _ ~a
p7, itx=pry,

where a and b are integers coprime with p. The integer v := ord(z), with ord(0) :=
~+00, is called the p-adic order of x.

Any p-adic number 2 # 0 has a unique expansion of the form z = p°®) 720 TP,
where z; € {0,1,2,...,p — 1} and 2y # 0. By using this expansion, we define the
fractional part of x € Q,, denoted {z},, as the rational number

(2} 0, if x =0 or ord(x) >0,
x}, = .

P pord@) Z;’Gd‘j(m)_l z;p?, if ord(z) < 0.
We extend the p-adic norm to Q) by taking

|z, := 1112?<><7;1|x2-|p, for z = (21,...,2,) € Q.

For r € Z, denote by B'(a) = {z € Q) | |[x — all, < p"} the ball of radius p" with
center at a = (a1, ..., a,) € Q) and take B'(0) =: B}
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Note that B"(a) = B.(a1) X - - - X B.(ay), where B,(a;) :={x € Q, | |z;—a;|, < p"}
is the one-dimensional ball of radius p” with center at a; € Q,. The ball Bj equals
the product of n copies of By = Z,, the ring of p-adic integers of Q,. We also
denote by Sy'(a) = {x € Q | |[[x — al|, = p"} the sphere of radius p" with center at
a = (ai,...,a,) € Qp, and take S;'(0) =: S;'. The balls and spheres are both open
and closed subsets in Q). The group of invertible elements in Z, constitutes the set
7y ={x € Zy | |z[, = 1}. As a topological space (@g, IE ||p) is totally disconnected,
i.e. the only connected subsets of Q) are the empty set and the points. A subset of
Q} is compact if and only if it is closed and bounded in @}, see e.g. [38, Section 1.3],

or [4, Section 1.8]. The balls and spheres are compact subsets. Thus, (Qz, [ - ||p) is
a locally compact topological space.

We will use 2 (p~"||z — al|,) to denote the characteristic function of the ball B}'(a).
We will use the notation 14 for the characteristic function of a set A. Along the article
d"x will denote a Haar measure on Q) normalized such that fz;; d"z = 1.

2.2. Some function spaces. A complex-valued function ¢ defined on Qj is called
locally constant if for any z € Qj there exists an integer I(x) € Z such that

p(z+2') = p(z), for '€ By,

Denote by € (@p) the linear space of locally constant C-value functions on Qj.

A function ¢ : Q) — C is called a Bruhat-Schwartz function (or a test function) if
it is locally constant with compact support. The C-vector space of Bruhat-Schwartz
functions is denoted by D(Q)) =: D. Let D'(Q}) =: D’ denote the set of all continuous
functional (distributions) on D. The natural pairing D'(Q}) x D(Q}) — C is denoted
as (T, ¢) for T € D'(Qy) and ¢ € D(Q}), see e.g. [4, Section 4.4].

Denote by Lj,.(Qp) := Lj, the set of functions f : Q@ — C such that f € L'(K)
for any compact K C Q. Every f € L, defines a distribution f € D’ (@Z) by the
formula

1
loc

()= [ f@) @
Such distributions are called regular distributions.

Given p € [0,00), we denote by Lp< g,d'@) = Lr (Qg) := LP, the C—vector
space of all the complex valued functions g satisfying ng lg (2)|” d"z < oo, L™ :=

L (QZ) = L°°( Z,d"x) denotes the C—vector space of all the complex valued
functions ¢ such that the essential supremum of |g| is bounded.

Let denote by C/( ;‘,(C) =: C¢ the C—vector space of all the complex valued
functions which are continuous, by C(Qy, R) =: Cr the R—vector space of continuous
functions. Set

Co(Q,,C) = Co(Q}) = {f :Qy — C| fiscontinuous and  lim f(z) = O} :

M
b ||| [p—>00
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where lim|j;)|,—o0 f(2) = 0 means that for every e > 0 there exists a compact subset
B(e) such that |f(x)| < e for z € Q)\B(e). We recall that (Co(Qp,C), || - [|r~) is a
Banach space.

2.3. Fourier transform. Set x,(y) = exp(2mi{y},) for y € Q,. The map x,(-) is an
additive character on Q,, i.e. a continuous map from (Q,,+) into S (the unit circle
considered as multiplicative group) satisfying x,(zo+21) = xp(0)xp(21), o, 21 € Q).
The additive characters of Q, form an Abelian group which is isomorphic to (Q,, +),
the isomorphism is given by £ — x,(£x), see e.g. [4, Section 2.3].

Given z = (z1,...,7,), & = (&,...,8) € Qp, we set x-& = Y0 ;8. If
f e L'(Qy), its Fourier transform is defined by

(T = Tene(N =T©) = | (€ 0)f(@)d'z, for € € Q.

n
P

The inverse Fourier transform of a function f € L'(Q}) is
F 0@ =T = [ wle-Or@de, forz ey

The Fourier transform is a linear isomorphism from D(Q}) onto itself satisfying

(FENE) = F(=4),

for every f € D(Qp), see e.g. [4, Section 4.8].
The set L2(QZ) is the Hilbert space with the scalar product

(f.9)= [ J@a@ds. f.ge (@),

so that || f||2 = +/(f, f).

If f € L*(Qy), its Fourier transform is defined as

(FNHE) = kh_{go el Xp(& - @) f(x)d"z, for & € Qp,
where the limit is taken in L*(Q7). We recall that the Fourier transform is unitary on
L2(Qp), i.e., || fllze = [|Ffllz> for f € L*(Qp) and that (2.3) is also valid in L*(Q}),
see e.g. [33, Chapter III, Section 2.

3. NON-ARCHIMEDEAN PSEUDO-DIFFERENTIAL OPERATORS WITH
SEMI-SMOOTH AND ELLIPTIC SYMBOLS

In this section we introduce a large class of non-archimedean pseudo-differential
operators whose symbols are new classes of negative definite functions on p-adic
numbers. Moreover, we introduce a new class of non-archimedean ultradiffusion
equations. From now on denote by N = {1,2,...} the set of (positive) natural
numbers and by R, = {z € R | 2 > 0} the set of non-negative real numbers.
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Definition 3.1. A function ¢ : Q) — C is called negative definite, if

o (0(6) + () — (& — &) MY 20,
forallmeN, &,...,6, € Qp, A1,..., A € C

Remark 3.1. We denote by N(Q}) the set of negative definite functions on Q} and
by EN(Qy) the set of continuous negative definite functions on Q7. The following
assertions hold:

(i) N(Qp) is a convex cone which is closed in the topology of pointwise convergence
on Qp;
(ii) the non-negative constant functions belong to N(Qp);
(iii) CN(Qp) is a convex cone which is closed in the topology of compact convergence
on Q
(iv) if ¢ : Q) — R is negative definite function, then ¢(—z) = ¢(z) and ¥(z) >
¥(0) > 0 for all z € Q.

For the basic results on negative definite functions the reader may consult [10].

Remark 3.2. (i) It is relevant to mention that for any locally bounded negative definite
function ¢ € N(R™) there exists a constant Cy, > 0 such that [)(€)[g. < Cy(1+|€[2),
for all £ € R", see e.g. [17, Lemma 3.6.22]. However, in the p-adic context this is not
always the case, see e.g. [36].

(ii) Another aspect to be highlighted is the fact that the function y — ||y||* is
continuous and negative definite on R™ for all a € (0,2], see [10, 10.5, page 74].
However, in the p-adic context for all fixed o > 0 and § > 0, the function y — af|y||5

is continuous and negative definite on Qy, see [36, Example 3.5].

Definition 3.2. We say that a function a : Q) — R, is a semi-smooth symbol, if it
satisfies the following properties.

(i) ais a continuous function.
(ii) ais a increasing function with respect to || - ||,.
(iii) a is a radial function on Qp, i.e. a(z) = g(||x||,) for some g : R, — R,. To
make the radial dependence clear we use the notation a(z) = a(||z||,) for all
r € Q.
(iv) a([[z][p) = 0 & = = 0.
(v) There exist positive constants Cy := Cy(a) and d := d(a) such that

CoHZEHZ < a(||z[[p), forevery z € Q).

Ezample 3.1. (i) The simplest example of semi-smooth symbols is the elliptic polyno-
mial of degree d (in particular the p-adic norm || - ||,). For more details the reader
may consult [27].

(ii) Taking Cp = d = 1 in the above definition, we have that the function a(z) :=
elelle — 1. 2 € Qy, is a semi-smooth symbol.
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Remark 3.3. (i) For t > 0 note that

/ e—ta(llfl\p)dng — i e—ta(p™?) / d"é + i o~ ta(p’) / dne
Q = [

i §llp=p~7 j=1 [1€]lp=p7

ie,e e LY(Qp).
Consider the operator non-archimedean pseudo-differential operator A given by

Alg)) - =T, (allle]],)3(6))
= [ vl allell)pde,

where ¢ € @(Qg) and a is a semi-smooth symbol, and the Cauchy problem (or p-adic
heat equation)

(3.1) u(z,0) = ug(x) € D(QL).

Then, the fundamental solution (or heat Kernel) of the Cauchy problem (3.1) is
defined as

(3.2) Zi(x) = Z(x,t) = /@n Xp (—x - &) e tellll)gne  for x € Q) and t > 0.

P

Therefore, by [33, (1.6), page 118] we have that Z;(z) € Co(Qy}).
(i) For all ¢ > 0 we have that Z,(-) € Lj,,, i.e., Z;(+) is a regular distribution on

locy

Qp. Therefore, for ¢ € D(Q}) and [4, Section 4.9] we have that

(F(Z(x,1)), ) = (Z(x,1),0) = <€7m(”r“p)790>~
The above implies that F(Z(z,t)) = e~t(llle),

{%:(m) — Au(x,1), t€[0,00), z € QL

Lemma 3.1. The fundamental solution Zi(x) has the following properties:
(i) Zi(x) >0 for any t > 0;
(ii) ng Zy(z)d"x =1 for any t > 0;
(i) Zers(2) = Jop Ze(x — y)Zs(y)d"y for allt,s > 0;
(iv) Zy(z) < t[[z]];" for allt > 0 and x € Q) \ {0}.

Proof. (i) If x = 0, the assertion is clear. Then, for x € Q\ {0} with [|z|[, = p77,
v € Z, t > 0 and making the change of variable w = p’¢, we have that

Z@)= ¥ e[ (-9

—00<j< 00 ||§||p:pj
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- ¥ e—ta(pj)/ Xp (—2 - €) d"¢

0] <00 llp7¢llp=1
= Y pe—te) / Xp (—p_jx : w) d"w.
o< <00 l[wllp=1
By using the formula
L—p™, it j <7,
/|w||p=1 Xp (—p‘j:r : w) d'w=q-p™", ifj=v+1,

0, if j >v+2,

we have that

Zia) = (1= p™) 3yt et

==
[e.9]
> e—talp) S (A—p - Pt
Jj=—v

= p™ (efta(p”) _ efta(pw“))

> 0.

835

(ii) As a direct consequence of Remark 3.3 (ii) we have that F(Z(0,¢)) = 1. On

the other hand, F(Z(x,t)) = Jop Xp(& - x)Z(x,t)d"x and F(Z(0,t)) = Jon Z(x,t)d"x.

Therefore, [qn Z(z,t)d"x =1 for all t > 0.
(iii) For t, s > 0, we have by (3.2) that

Zys(z) = /@ (= - ) el sl gng
= Zy(x) * Zs(x)

= Jy. 2@ = y)Z:(y)d"y.

(iv) For t > 0, x = p'xy # 0 such that v € Z and ||zo||, = 1, and making the

change of variable z = p?¢, we have that

Z(z,t) = / Xp (—p7€ - m) e 0l grg
Q@
= HxH;"/ Xp (=20 - 2) e~ 2@ Izllp) gn
Q@

—1 4
=[l=f|,” > e el pJ)/ Xo(—0 - 2)d"z

7OO<_]'<OO ||pJZHP:1

—1 4 . .
= ||1‘||;n Z e~ talllzllp pj)pna/ Xp(—zop ™ - 2)d" 2.

—OO<j<OO ||ZHP:1
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By using the formula
1- p—n, lfj S 07
/ Xp (—xop‘j : Z) d"z=4-p™, ifj=1,

z||p=1
ll=Ilp 0, if > 2,

we get

Z(x,t) = ||z||;" {(1 S e talells'p ) e—tawn;lm}
=0
<|z|f>" {1 _ e—ta(llwl\;lp)} .

By applying the Mean value theorem to the real function g(v) = e~ve(llly P on 0, ],
t > 0, we have that

1 — e~tallzlly'®) — ge=ralllelly '),

for some 7 € (0,¢). So that,
Z(a,1) < dJell;" =

Theorem 3.1. If a is a semi-smooth symbol, then a is a negative definite function.

Proof. Due to Lemma 3.1 the proof of this theorem is completely similar to the proof
given in [14, Theorem 3]. O

The converse of the previous theorem generally does not hold. For example, the
non-negative constant functions are negative definite functions but they are not semi-
smooth symbol.

Definition 3.3. A function f : Q) — R, is called an elliptic symbol, if it satisfies
the following properties:

(i) f is a continuous and radial function on Qy;
(i) f([lz[lp) =0 &z =0;
(iii) f is a increasing functions with respect to || - ||, and there exist positive
constants Cy := Cy(f), C1 := C1(f) and d := d(f) such that

Collzlly < f(ll2llp) < Cullally,
for every x € Q.

Ezample 3.2. (i) For any d > 0 and 3 > 0, the function f(z) = f§||z||%, z € Q, is an
elliptic symbol.

(ii) Let h(z) € Zy[x1,...,x,] with h(0) = 0 be a non constant homogeneous
polynomial of degree d with coefficients in ZX such that h(z) is strongly elliptic
modulo p, see [30, Definition 3]. Defining f(z) = |h(x)|, with x € Q}, by [30, Lemma
15 | we have that f is a elliptic symbol.
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(iii) [27] For any n € N and p # 2, there exists an elliptic polynomial h(y, ..., &)
with coefficients in Z and degree 2d(n) := 2d such that

|h(£1""7€”>|p = ||(£177€n>HZd

Therefore, proceeding analogously to the previous case, we can obtain infinitely many
elliptic symbols.

Since every elliptic symbol is a semi-smooth symbol, then as a direct consequence
of Theorem 3.1 we obtain the following result.

Corollary 3.1. If f is an elliptic symbol, then f is a negative definite function.

Next we will show that the heat Kernel Z; associated with the non-archimedean
pseudo-differential operator A determine a transition function of some strong Markov
processes X with state space Q.

Let B(Qp) denote the o-algebra of the Borel sets of (Qp). For the basic results on
positive bounded measure and Markov processes the reader may consult, respectively,
[10] and [18].

Definition 3.4. A function p;(z, ), defined for all t > 0, z € Q) and E € B(Q}), is
called a Markov transition function on Q if it satisfies the following four conditions:

(i) pe(w,-) is a measure on B(Qy) and py(x, Qp) < 1 for all t > 0 and x € Qy;
(ii) pe(+, ) is a Borel measurable function for all £ > 0 and £ € B(Q});

) P
(iil) po(z,{z}) =1 for all z € Qy;
(iv) (The Chapman—Kolmogorov equation) for all £,5 > 0, v € Q) and E €

B(Qp), we have the equations
peaste ) = [ pie.d g B).
Definition 3.5. For E' € B(Q}), we define

(2, ) = Zi(w) ¥ 1p(z), fort >0,z € Qyp,
1p(z), fort =0,z € Qp,

where Z;(x) is the fundamental solution defined in (3.2).

Theorem 3.2. p,(z,-) is a transition function of some strong Markov processes X
with state space Q) whose paths are right continuous and have no discontinuities other
than jumps.

Proof. The result follows from Lemma 3.1 by using the argument given in the proof
of [14, Theorem 2]. O
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4. NON-ARCHIMEDEAN PSEUDO-DIFFERENTIAL OPERATORS WITH NEGATIVE
DEFINITE LOGARITHMIC SYMBOLS

In this section we introduce a large class of non-archimedean pseudo-differential
operators whose symbols are new classes of negative definite functions (in the p-adic
context) associated with logarithmic functions. Moreover, we introduce a new class
of non-archimedean ultradiffusion equations.

Definition 4.1. (i) A function ¢ : Q) — C is called positive definite, if
Zzljzl oz — z)A\A; >0,

for all m € N\{0}, zy,..., 2, € Q) and Ay,..., A, € C.
(ii)) A C*°-function f : (0,00) — R is said to be a Bernstein function, if

f>0 and (—1)"D™f <0, for all integers m > 1.

The set of positive definite functions on Q7 is denoted as P(Q}) and the subset
of P(Q}) consisting of the continuous positive definite functions on Q) is denoted as
CP(Qy). For a more detailed discussion of positive definite functions and its properties
the reader may consult [10].

Remark 4.1. The following assertions hold:

(1) P(Qp) is a convex cone which is closed in the topology of pointwise convergence
on Q7
(ii) if o1, w2 € P(Q}), then @1 € P(Q)); the non-negative constant functions
belong to P(Q});
(ii) CP(Qy) is a convex cone which is a closed subset of the set of continuous
complex-valued functions in the topology of compact convergence.

Theorem 4.1. Let ¢ : Q) — [1,00) be a continuous negative definite function. Then,
the function In(v)) : Qp — Ry is negative definite.

Proof. First, for fixed t € [0, 1] we consider the function f; : (0,00) — R, given by
fi(x) = a'. Clearly, f > 0 and by a direct calculation one verifies that

m—1

(=)mD™(f) = (=)™ [T (t = i)a""™ <0,
i=0
i.e., f; is a Bernstein function. Then, for fixed ¢ € [0, 1] and by [10, 9.20, page 69] we
have that

(4.1) (feow)(§) =¥'(€) - Q) — [1,00)
is a continuous negative definite function. Moreover, by [10, Corollary 7.9] we have

that # is a positive definite function for fixed ¢ € [0, 1].
On the other hand, for fixed t1,t, € [0,1] we have that the product w—%l -1y

P2
a continuous positive definite function on Qj, see [10, Proposition 3.6]. Therefore,
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ﬁ = ¢~ t!"(¥) i a continuous positive definite function on Qp for all t > 0, and by [10,
Theorem 7.8] we have that the function In(v) is negative definite. O

As an immediate consequence of the theorem above and Remark 3.1, the following
corollary is obtained.

Corollary 4.1. Let ¢; : Q) — Ry, j = 1,...,m, be radial, continuous, negative
definite functions such that at least one function 1; satisfies 1; : Qp — [1,00). Then

the function In (Z;«”:l wj(Hpr)) is negative definite.

Ezample 4.1. For every fixed k > 1, o, 8 > 0, the function ¢ : Q) — Ry given by
() =In (kz + aHng) is negative definite. By Remark 3.2-(ii), we have that in the
real context the function ¢’ : R” — R, given by ¢/(§) = In (k + ||§||§<n> is not a

negative definite function for g > 2.

Corollary 4.2. Let 1 : Q) — [1,00) be a continuous negative definite function. Then
the function In®(1)) : Qp — [1,00), a > 1, is negative definite.

Proof. The result follows from Theorem 4.1, (4.1) and Remark 4.1 (ii). O

Ezample 4.2. By Remark 3.1 and Remark 3.2 we have that the function f(x) =
L+ ||z[|p, z € Q}, is negative definite and f(z) > 1 for all x € Q). Then, by above
corollary we have that In®(1 + [[z[|,) : Q) — [1,00), a > 1, is a negative definite

function. Moreover, by [10, Corollary 7.9] we have that m, a > 1, is a positive

definite function.
Consider the operator non-archimedean pseudo-differential operator A given by
Ale)() =T, {In((€)P(€)}
= [, (e OmEEOROTE ¢ e D),

and the Cauchy problem (or p-adic heat equation)

{%:(x,t) = Au(x,t), tel0,00), z€ Qy,
u(z,0) = ug(z) € D(Qy),

where 1) is a continuous negative definite function satisfies hypothesis of Theorem
4.1. Then the fundamental solution (or heat Kernel) of the Cauchy problem (4.2) is
defined as

20) = 200 = [y (- O = [ g (-9

for z € Q) and ¢ > 0.

(4.2)

1 n
IR

Lemma 4.1. The family (Z)t>0 determine a convolution semigroup on Q, i.e.,

(Z)t>0 satisfies the following properties:
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(i) for allt >0, Z, is a positive bounded measure on Qy;
(ii) for allt >0, Z(Qp) < 1;

(iii) for all t,s >0, we have that Zy x Zy = Z; s,

(iv) limy o Z; = 0, where § is the Dirac delta function.

Proof. Following the proof of Theorem 4.1, we have that -, t > 0, is a continuous

positive definite function on Q. Moreover, by [10, Theorem 3.12] we have that Z,
t >0, is a positive bounded measure on Q. The desired result follows by application
of [10, Theorem 8.3]. O

Theorem 4.2. There exists a Lévy process X (t,w) with state space Q} and transition
function py(x,-) given by

(0, ) Zt(x) * 1p(r), fort>0x € Qy,
P N 1p(z), fortzo,xe(@;,

for E € B(Qy),

Proof. Due to Lemma 4.1 the proof of this Theorem is completely similar to the proof
given in [37, Theorem 2]. O

5. OTHER CLASSES OF NON-ARCHIMEDEAN PSEUDO-DIFFERENTIAL OPERATORS
ASSOCIATED WITH CERTAIN TYPES OF NEGATIVE DEFINITE FUNCTIONS

In this section we will study a new class of non-archimedean operators (denoted by
Ay ) associated with a non-archimedean negative definite function 1. Imposing certain
conditions to the function 1 we obtain that A, is a pseudo-differential operator which
also determine ultradiffusion equations.

Along this section 9 : Qp — R\ {0} will denote a radial, continuous and negative
definite function such that there exist positive real constants Cy and (3, 8 > n, such
that ¥ (||z]],) > Col|z||7 for all 2 € Q.

By Remark 3.1 (iv) note that 4(||z||,) > 1(0) > 0 for all x € Q). For examples of
this type of functions, the reader can consult [36].

We now note that

d"z d"z d"z
_— —— =1L+ L.
/" b(llell,) — Sz pllal],) /@2\Z2 Pl R

Now, since 1) is a continuous function on Z; and given the normalization of the norm
|| - ||p» we have that I; < oo.
On the other hand, note that

1 OO 1 1—p™ S
I < — / = PP < .
TG & pﬂﬁ lzllp —pﬂ 2




p-ADIC EVOLUTION EQUATIONS AND STRONG MARKOV PROCESS 841

Therefore, i € Ll(QZ) and consequently there is a positive real constant C' such that

d"z
. C EERS—
(5.1) o w(lall,)

We define the operator

_ g —y) — () n
‘Aw(QO)('I) =C Qn ¢(||y||p) d Y, pe D(Qp>7

where C'is the constant given by (5.1).
Lemma 5.1. The application
(@) ~2(T).
v = Ap(p),

s a well-defined non-archimedean pseudo-differential operator.
Proof. The condition (5.1) implies that

C
TR
- [ wte 5( Je@re - [ (a0 s

[ e (1—( el ) a¢
g ((1 - <¢>(H£Hp)> @(é)) -

i.e., Ay is a pseudo-differential operator with symbol 1 — <¥>

On the other hand, since % is a radial function, then by [34, Lemma 1] and the
n-dimensional version of [38, Example 8, page 43] we have that

/CT ~ n
(1 - <¢>(|I£|Ip)) ?(¢) €D (Q}).

Therefore, by [38, VII, Section 2] we have that Ay(p)(x) € D (QZ). O

(@) = (5 x0) (@) = ol

Due to the condition (5.1) we have that % codify the structure of the function J
given in [9] and [37]. Therefore, by Lemma 5.1 and proceeding analogous to these
references, we can prove the following theorem.
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Theorem 5.1. There exists a Lévy process X (t,w) with state space Qj and transition
function q;(z,-) given by

Zy(t,x) ¥ 1g(x), fort>0,2 € Qp,

r, F) =
Qt< ) ]-E<x)7 fOTt:07l’€Qg,

where Zy(t, x) is the fundamental solution of the Cauchy problem

5 (@) = Agu(z,1), t€[0,00), 7€ Q.
u(x,0) = uo(z) € D(Qy).

Remark 5.1. Note that the above Cauchy problem corresponds to the p-adic non local
evolution equation

For further details the reader may consult [7] and [6].
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ON THE PROXIMAL POINT ALGORITHM OF HYBRID-TYPE IN
FLAT HADAMARD SPACES WITH APPLICATIONS

LAWAL YUSUF HARUNA!, GODWIN CHIDI UGWUNNADI??, AND BASHIR ALI*

ABSTRACT. In this paper, we introduce a hybrid-type proximal point algorithm for
approximating zero of monotone operator in Hadamard-type spaces. We then prove
that a sequence generated by the algorithm involving Mann-type iteration converges
strongly to a zero of the said operator in the setting of flat Hadamard spaces. To
the best of our knowledge, this result presents the first hybrid-type proximal point
algorithm in the space. The result is applied to convex minimization and fixed point
problems.

1. INTRODUCTION

Let (X, d) be a metric space, an isometry ¢ : [0,d(x,y)] — X satisfying ¢(0) = x
and c(d(z,y)) = y is called a geodesic path joining = to y for any z,y € X. A
geodesic segment between x and y is the image of a geodesic path joining x to y and is
denoted by [z,y| when it is unique. A geodesic space is a metric space (X, d) in which
every two points of X are joined by a geodesic segment. It is said to be uniquely
geodesic space if every two points of X are joined by only one geodesic segment. Let
X be a uniquely geodesic space and (1 — t)x @ ty denote the unique point z of the
geodesic segment joining = to y for each x,y € X such that d(z,z) = td(z,y) and
d(z,y) = (1 —t)d(z,y). Set [z,y] :={(1 —t)z Dty :t €[0,1]}, then a subset C C X
is said to be convex if [x,y] C C for all z,y € C.

A geodesic triangle A(z1, x5, x3) in a geodesic space (X, d) consists of three points
in X (the vertices of A) and a geodesic segment between each pair of points (the edges

Key words and phrases. Fixed Points, monotone operators, proximal point algorithm, hybrid-type
algorithm, flat Hadamard spaces.
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of A). A comparison triangle for A(zy, z, 25) in (X, d) is a triangle A(z1, 9, 3) =
A(21, T2, 73) in the Euclidean plane R? such that dge(z;, 7;) = d(z;, x;) for all 4,5 €
{1,2,3}. A geodesic space X is called a CAT(0) space if all geodesic triangles of
appropriate size satisfy the following comparison axiom: Let A be a geodesic triangle
in X and let A be a comparison triangle in R2. Then the triangle A is said to satisfy
the CAT(0) inequality if d(x,y) < dr2(Z,y) for all z,y € A and all comparison points
z,5 € A. A complete CAT(0) space is called a Hadamard space.

Definition 1.1. Let X be a Hadamard space and ¢g : X — (—00,00) be a function
with domain dom(g) = {z € X : g(x) < +00}. Then g is said to be
(i) proper, if dom(g) # 0;
(i) convex, if g(ax® (1—a)y) < ag(z)+(1—a)g(y) forall z,y € X and a € (0, 1);
(iii) lower semicontinuous at a point z € dom(g), if for each sequence {z,} in
dom(g) with z,, — x implies g(z) < liTrLrLigfg(:vn);
(iv) lower semicontinuous on dom(g), if it is lower semicontinuouos at every point
in dom(g).

The concept of quasilinearisation was introduced by Berg and Nicolev [4] in a

complete CAT(0) space. They denote the pair (a,b) € X x X by ? and called it a
vector. A quasilinearisation is a map (-,-) : (X x X) x (X x X) — R defined by

(b, cd) = ;(Cﬂ(a, d) + (b, ¢) — (a, ¢) — B(b, d),

for every a,b,c,d € X From the definition, it is easy to see that for all a,b,c,d,e € X,
(ab.ab) = &(a,b), (bt o) = —(ab, e, (ab, cdly = (@, cdy + (eb, cd. The space X
is said to satisfy Cauchy Schwartz inequality if for all a,b,c,d € X, (ab,cd) <
d(a,b)d(c,d). Tt is known from [4] that a geodesically connected metric space is a
CAT(0) space if and only if it satisfies the Cauchy-Schwartz inequality.

Definition 1.2 ([16]). A Hadamard space is called flat if and only if for all z,y,z € X
and ¢ € [0, 1]

(1 -txdty,2) = (1 —t)d*(z,2) +td*(y, z) — t(1 — t)d*(x,y).

It is worth mentioning that every Hilbert space is flat Hadamard space but the
converse is not always true (see [16, Theorem 3.3]) for details. It is not hard to see
that in a flat Hadamard space X, for each x,y, z,w € X and t € [0, 1]

(1.1) (T, 2tz ® (1= ') = 1T, 72) + (1 — £)(T3), 7).

The necessary and sufficient conditions for nonemptyness of the subdifferential set
(see Definition 1.3 below) with respect to convexity happened to be the basis for
introducing the concept of flat Hadamard spaces. The authors [16] observed that
various important results about subdifferentials which hold under topological vector
spaces are not valid on Hadamard spaces in general. As such, they establish some
basic properties of subdifferentials under the setting of flat Hadamard spaces.
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Let {z,} be a bounded sequence in a complete CAT(0) space X and for z € X
r(z,{x,}) := limsupd(x,z,), the asymptotic radius of {x,} is given by r({z,}) =
inf{r(z, {x,}): ZL‘_>€ X} and the asymptotic center of {x,} is the set A({z,}) = {z €
X :r(z,{x,}) = r({z,})}. In a complete CAT(0) space, it is generally known that
A({x,}) consists of exactly one point, see [6] for details. A sequence {z,} is said to be
A-convergent to a point = € X if for every subsequence {z,, } of {z,}, A{z,, }) = {=}.
In this case z is called A-limit of {z,} and it is written as A — nhﬁngo Ty = T.

Kakavandi and Amini [9] introduced the concept of dual space in a complete CAT(0)
space X as follow. Let C'(X,R) be the space of all continuous real-valued functions
on X. Consider a map © : R x X x X — C(X,R) defined by

O(t,a,b)(x) = t{ab,at), teR,a,bzeX.
The Cauchy-Schwartz inequality implies O(t, a, b) is a Lipschitz function with Lipschitz
semi-norm L(O(t,a,b)) = [t|d(a,b), t € R, a,b € X, where the Lipschitz semi-norm
L(¢) of any function ¢ : X — R is given by L(¢) = sup {% cx,y € X, x # y}.
A pseudometric D on R x X x X is defined by
D((t,a,b),(s,c,d)) = L(O(t,a,b) — O(s, ¢, d)),

for t,s € R and a,b,c,d € X. In a complete CAE(O) space, it is shown [9] that
D((t,a,b), (s, ¢,d)) = 0 if and only if {(ab, 7)) = s(ed, 7)) for all ,y € X. Thus D
induces an equivalence relation on R x X x X with equivalence class defined by

(tab] == {scd : D((t,a,b), (s,¢,d)) = 0}

The pair (X*, D) is called the dual space of the metric space (X,d), where X* =
{[t%] : (t,a,b) € R x X x X} and the function D on X* is a metric.

Definition 1.3 ([9]). Let X* be a dual of a Hadamard space X and g : X —
(—00, +00] be a proper function with effective domain dom(f) = {z € X :

g(z) < +oo}. A subdifferential of g is a multi-valued mapping dg : X — 2%
defined by

dg(z) ={x" € X*: g(y) — g(x) > (a:*,@> for all y € X},
for z € dom(g) and dg(x) = (), otherwise.

Let X* be a dual of the Hadamard space X and A : X — 2% be a multivalued
operator. Let the domain and range of A be respectively denoted by D(A) := {z €
X : Az # 0} and R(A) := Ugex Az, A7 '2* := {x € X : 2* € Az}. The multivalued
operator A : X — 2% is said to be monotone if and only if, for all z,y € D(A),
z* € Az and y* € Ay, (z* —y*,y#) > 0. The monotone inclusion problem (MIP) is
to find a point

(1.2) x € D(A) such that 0 € Ax,
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where 0 is the zero element of the dual space X*. We say that A satisfies the range
condition if for every z € X and o > 0, there exists an element 2 € X such [aZ%] € Ax.
In a Hilbert space H, it is known that if A is a maximal monotone operator, then
R(I +XA) = H for A > 0. If A is monotone, then there exists a nonexpansive
single-valued mapping J5' : R(I +XA) — dom(A) defined by J{* = (I + AA)~!, which
is called the resolvent of A. A monotone operator A is said to satisfy the range
condition in H if dom(A) C R(I + AA) for all A > 0, where Dom(A) denotes the
closure of the domain of A. We know that in H, a monotone operator A which
satisfy the range condition, A7'0 = F(J{!) and every maximal monotone operator
in H has range condition. Also the subdifferential function dg satisfies the range
condition, whenever ¢ is a proper, lower semicontinuous and convex function on a
Hadamard space. However, it is not yet known whether every maximal monotone
operator in Hadamard spaces satisfy the range condition. This could be seen as one
of the significant issue of MIP in Hadamard spaces. But every maximal monotone
operator has the range condition in a flat Hadamard space see [11,18].

The said problem (MIP) is one of the most important problems in nonlinear and
convex analysis due to its application in optimization and other related mathemati-
cal problems such as variational inequality problems (VIPs), and convex feasibility
feasibility problems. Let the solution set of problem (1.2) be denoted by A~1(0). Tt
is known (see [19]) that the set A7(0) is closed and convex. The proximal point
algorithm (PPA) which was introduced by Martinet [15] and further studied by Rock-
afellar [20] in Hilbert spaces, is a well-known method for approximating solutions of
the MIPs. The said algorithm generates a sequence {z,} iteratively by

xo € H,
(13) { Tpi1 = J;‘nxn’ n > ()’

where J3 = (I + A,A)~! is the resolvent of the monotone operator A and () is a
sequence of positive real numbers. It is a fact proved by Rockafellar [20] that the
sequence generated by the PPA converges weakly to a zero of the monotone operator
A provided A\, > A > 0, for each n > 1. To get strong convergence, Solodov and
Svaiter [21] modified the proximal point algorithm with resolvent Ry, A := (I+ ), A)™!
of A and generate a sequence {x,} iteratively by

xo € H,

Yn = RAnA<xn)7
Co={2z€H:|z—yal <z —aull},
Qn={z€ H:(xg—x,,2z—x,) <0},
Tny1 = Pe,no, (20), n > 0.

In 2013, Bacak [3] proved A-convergence of the PPA in Hadamard spaces by consider-
ing the operator A to be a subdifferential of a convex, proper and lower semicontinuous.
Khatibzadeh and Ranjbar [11] studied PPA in Hadamard spaces when the operator
A is monotone.
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Remark 1.1. The well definedness of the PPA (1.3) (as a well known and most impor-
tant method for solving the MIP) requires among others, the monotone operator A to
satisfy the range condition and it is not known yet, whether every maximal monotone
operators satisfy the range condition in Hadamard spaces as in the case of Hilbert
spaces and Hadamard manifolds.

Ranjbar and Khatibzadeh [19] proved that the sequence {z,} defined by the fol-
lowing Mann-type PPA A-converges to zero of the monotone operator (see [19] for
Halpern-type PPA that converges strongly to zero of the monotone operator A).

T € X,
(1.4) { Tasr = Onin & (1 — ) JL 2y 10> 0.

For more recent and related PPA results, the reader may consult [10,12, 14, 22].

To the best of our knowledge, it appears in the literature that the only PPA that
guaranteed the strong convergence in Hadamard spaces are the one generated by
Halpern and viscosity-type algorithms (see for example,[2,5,7,17,23-25]) unlike in
the setting of Hilbert spaces where the PPA of hybrid-type is proved to be among. As
such, there arises a question: Can we establish a strong convergence of the Mann-type
PPA (1.4) by hybrid method in Hadamard spaces?

In this paper, an affirmative answer is given to such question by introducing a hybrid-
type PPA involving Mann-type iteration in the setting of flat Hadamard spaces. We
also prove that the sequence generated by the said algorithm converges strongly to
the zero of the monotone operator in the space.

Remark 1.2. The proposed method guaranteed the strong convergence of the Mann-
type PPA rather than the A-convergence of the corresponding algorithm as in [19].
Also, the method does not require monotonicity assumption on the sequence as it
can be proved. Hence, the two cases approach in proving the strong convergence is
not required unlike in the existing methods. The result established generalized the
corresponding ones in Hilbert spaces.

2. PRELIMINARIES

Throughout this section, the symbols “—” and “—” represent the strong and A-
convergence, respectively. The following results will play vital roles in establishing
our main result.

Lemma 2.1 ([6]). Let X be a CAT(0) space and z,y € X, t € [0,1]. Then
() d(z,tx @ (1 — t)y) < td(z,7) + (1 — d(z,y);
(i) d*(z,tz ® (1 — t)y) < td*(z,z) + (1 — t)dz(z,y) —t(1 = t)d*(x,y).

Lemma 2.2. Let C' be a nonempty convex subset of a CAT(0) space X. Forx € X
and u € C, then uw = Pox if and only if

(T, u) >0, forallyeC.
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Lemma 2.3 ([13]). Let X be a complete CAT(0) space. Then every bounded sequence
in X has a A-convergence subsequence.

Lemma 2.4 ([8]). Let X be a complete CAT(0) space, {z,} be a sequence in X and
z € X. Then {x,} A-converges to x if and only if lim sup(z,&, y2) < 0 for ally € X.
n—oo

Lemma 2.5 ([9]). Let X* be a dual of the Hadamard space X and g : X — (—00, 400]
be a proper, convex and lower semicontinuous function. Then
(i) g attains its minimum at x € X if and only if 0 € dg(x);
(i) dg : X — 2% is a monotone operator;
(iii) for any v € X and o > 0 there exists a unique point y € X such that
[az)] € 6g(y), that is dom(J3Y) = X for all A > 0.

Lemma 2.6 ([11]). Let [ : X — (—00,+00] be a proper, lower semicontinuous and
convex function on a Hadamard space X with dual X*. Then

) 1
JY (x) = argmin{g(y) + —~d*(y, )},
yex 2\

forall A >0 and x € X.

Lemma 2.7 ([11]). Let X be a CAT(0) space and Ji* be the resolvent of the monotone
operator A with order A\. Then
(i) for any A > 0, R(J{) C dom(A) and F(J{) = A71(0), where R(J{) is the
range of J§',
(ii) if A is monotone, then J3 is single-valued and firmly nonexpansive and hence

nonerpansive,
(iii) if A is monotone and ;> X >0, then d(x, Jiz) < d(z, Jiz).

3. MAIN RESULTS

In this section, C' is considered to be nonempty closed convex subset of a flat
Hadamard space X. We introduce a hybrid-type proximal point algorithm involving
Mann-type iteration for approximating zero of monotone operator in flat Hadamard
spaces.

Theorem 3.1. Let X be a flat Hadamard space with its dual X*. Let A be a multi-
valued monotone operator of X into 2% satisfying the range condition such that
A7H0) # 0. Let the sequence {v,} C C' be iteratively defined by,

Vo € C = D; = El,

Uy, = vy, @ (1 — an)Jj\“nvn,
(3.1) D, ={veC:dv,u,) <dv,v,)},

E, = {v e C: (vov,,v0,) < 0},

Unt1 = Pp,ap,(v0), 1 >0,
where A, € (0,00) with A\, > A >0 and {a,} C [0,1]. Then {v,} converges strongly
to u = Pa-1(0)(vo), where Pa-1(gy is the metric projection from X onto A~1(0).
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Proof. We divide the proof into the following steps.

Step 1. We show that the set D,NE,, is closed and convex. From D,, and definition of
quasilinearization, we see d(v, u,) < d(v,v,) if and only if —d2(vy, tn) + (VU Untir) <
0. Thus, it is an evident from [1] that D, N E, is closed and convex. For completeness
sake, we give the proof here. Let y,, € D,, such that 7%1_:()1[(1)o Ym = y then we show that

ye D, But
P vy ) + (T ) = P (0 1) + (g, T7)
— (v, wn) + Jim (G, )
= lim (~ (v, ) + (Gt 5012)) < 0.

Thus, D, is closed. For convexity, let y;,y2 € D,, then we show that y = ry; & (1 —
r)ys € D, for r € [0,1]. Using equation (1.1), we get

_dQ('Una un) + <y7>n7 Unun> = - dz(vna un) + <(7°y1 ¥ (1 - T)yQ)um 'Unun>
= — d*(Vn, Un) + (Y1t Uptiy) + (1 = ) (Y2t Uty
<0.

Thus, D, is convex. Therefore, D,, is closed and convex. Similarly, for the set E,,, we
take y,, € E, with li_r>n Ym = y and by continuity of quasilinearization, we get
m—00

N N . s
<U0'Un7?m> = <UOUTL7WILIL%O ymvn> = T&%Q(”O”n7ymvn> < 0.

Thus, £, is closed. Also, for y = ry; & (1 — r)y, where yy1,ys € E,,, we see that
(Govn, yom) = (Uotn, (ryn & (1= 7)y2)vn
= T<M7 ylvn> + (1 - r)<%—v>n7 y2vn>

<0.

Thus, F, is convex. Therefore, F), is closed and convex. Hence D, N E,, is closed and
convex.

Step 2. We show that the sequence {v,} is well-defined. The well-definedness of
P 4-1(g) follows from the fact that A~'(0) is closed and convex. Now let w, = J§{ v,
and A7'(0) # 0. Then, we can take u = P4-19) C A7'(0) so that J3} u = u. It follows
from (3.1) and nonexpansivity of J' that

(3.2) d(u, w,) = d(JL u, J v,) < d(u,vy,).
Also, using (3.1) and (3.2) we get

d(u, u,) = d(u, anv, ® (1 — ay)wy,)
< apd(u,vy,) + (1 — ap)d(u, wy,) < apd(u,vy) + (1 — ay)d(u, v,)
= d(u,vy).
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Thus, u € D,, and therefore A~'(0) C D,,. Next we show that A~!(0) C D, N E,,, for
all n € N. We do this by induction. Now let n = 1, we see that ¥ C D, = Ey, = C
and so A7Y(0) € Dy N E;. Suppose that A~1(0) C Dy N Ey for some k > 1. Since
Uk+1 = Pp,ng, (vo), then using Lemma 2.2, we get

(VoUk41, PUR+1) <0,
for all p € Dy, N Ey. Also, since A~1(0) C Dy, N Ej, we have
(VoUr41, uves 1) <0,

for all u € A~1(0). This implies A~(0) C D41 N Ejy1. Therefore, A~1(0) € D, NE,
for all n € N. Hence, the sequence {v,} is well defined.
Step 3. The lim d(vn,vp) exists. First we show that the sequence {v,} is bounded.

Using the property of metric projection and the fact that v, = Pg, (vp), we get
d(vn, vo) = d(Pg, (o), v0) < d(u,vo) — d(u, P, (v0)) = d(u, vo).

This implies that the sequence {d(v,,vo)} is bounded. Thus, the sequence {v,}
is bounded too. Since v, = Pg,(v9) and v,41 € F,, then using Lemma 2.2 and
quasilinearization definition, we have

0 S <m7 Unvn-i-l)
(33) = dQ(U0> Un-i—l) + d2(vn7 Un) - dz(”Oa Un) - dz(vna Un—i—l)
< dQ(UU,UnH) - dQ(Uoﬂfn)-

This implies d(vg,v,) < d(vg,vny1). Thus, the sequence {d(vg,v,)} is monotone
increasing. Since it is bounded, then lim d(vy,, vg) exists.
n—oo

Step 4. We show that Jlngod(vn, Jiv,) = 0. From equation (3.3), we see that

(3.4) d*(Vp, Upy1) < d*(Vg, Uns1) — d*(vo,vp).

Using the fact that lim d(v,, vg) exists, it follows from (3.4) that

(3.5) Jim d(vp, Upy1) = 0.

Since v,41 € D, then d(v,41,uy,) < d(vy41,v,). Thus, it follows from (3.5) that

(3.6) dim d(vyi1,un) = 0.

With the use of (3.5), (3.6) and the property of metric distance, we get

(3.7) lim d(vy, up) = 0.

On the other hand,

d*(u, up) =d?*(u, anv, ® (1 — an)wy,)

=, d*(u,v,) + (1 — an)d?(u, wy,) — (1 — a,)d* (U, wy,)
<d*(u,vn) — (1 — an)d? (v, wy).
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Thus, using quasilinearization definition, Cauchy-Schwartz inequality and (3.7) we
get
an(1 — ap)d*(vp, wy) < d*(u,v,) — d*(u, uy,)
= d*(Vn, vy) — d*(Vn, up) + 2(00;,, Un 0y,
< 2{wvy,, Unvy) < 2d(u, v,)d(tn, v,)
—0 as n — oo.

Using the fact that o, € (0,1), we get

: Aoy T _
Lim d(vy, Sy vp) = dim d(vy, wy,) = 0.

Since A, > A, then by Lemma 2.7 (iii) we get
: A - Ay
nh_}r&d(%, Jivn) < 2nh_>r£10d(vn, Jy, vn) = 0.
Since the sequence {v,} is bounded and the space X is Hadamard, then from

Lemma 2.3 there exists a subsequence {v,, } of {v,} such that A — klim Up, = w. Since
—00

Jy is nonexpansive then by demiclosedness of Jy, we get w € F(Jy) = A~1(0).

Since vpy1 = Pp,ng,(v0), then by letting ¢ = Pa-1(gy(vo) € D, N E,, we get
d(Vp41,v0) < d(g,vp). Also, v,, — w and d(-,-) is convex and lower semicontinuous
hence A-lower semicontinuous (see [3]), we get

d(w,vg) < lilgn inf d(v, , v0) < d(g,vo).
—00

From the definition of ¢, we can conclude that w = ¢ and so v,, — ¢. It follows from
Lemma 2.4 that the lim sup(q_g, qﬁ) < 0 for all s € X. Thus, it holds for vy € X, i.e.,

n—oo

(3.8) lim sup(qug, qv,) < 0.

n—oo

We now show that v,, — ¢. Using quasilinearization definition, we see that

d*(vn, q) = (d*(q, vo) + d*(vn, vo) — 2(qUh, Unvl
< (d?(q,v0) + d*(q,v0) — 2(q00, vt

= 2(d2(Q7U0) - <q7>07Unv0>> = 2( m)7m> + <q_v(>)77]0—v>n>>
(3.9) = 2(que, qun)-

Taking limsup of the inequality (3.9) as n — oo together with the use of (3.8), we
see that the limsup d?(v,,q) = 0. Thus, nh_)rgo d*(v,,q) = 0 and hence the sequence

n—oo
v, — q. This completes the prove. 0]

In view of the fact that every closed convex subset of Hilbert spaces is flat Hadamard
space, the following results can be obtained from Theorem 3.1 as corollaries.
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Corollary 3.1. Let X be a Hilbert space and A be a multi-valued monotone operator
of X into 2% satisfying the range condition such that A=1(0) # (). Let the sequence
{vn,} C C be iteratively defined by,

v€eC =D = Eq,

Uy = U, + (1 — ozn)anvn,

Dy ={veC:jv—unl <|lv—uvnll},

E,={veC: (vy—uv,,v—1v,) <0},

Uns1 = Pp,ng,(v0), n >0,
where A, € (0,00) with A\, > A >0 and {«a,} C [0,1]. Then {v,} converges strongly
to uw = Pa-1(0)(vo), where Pa-1(gy is the metric projection from X onto A~*(0).

Proof. Since every closed convex subset of a Hilbert space is flat Hadamard space
then by Theorem 3.1, we get the desired result. This completes the proof. U

Corollary 3.2 ([21]). Let X be a Hilbert space and A be a multi-valued monotone
operator of X into 2% satisfying the range condition such that A=1(0) # 0. Let the
sequence {v,} C C be iteratively defined by,

Vg € C =D, = Ey,
Up = J)ﬁvn7
Dy ={veC:|v—u,l <|v—uvl},
E,={veC:(v—uvyv—uv,) <0},
Unt1 = Pp,ng, (v0), n>0.
Then {v,} converges strongly to u = Pa-1(0)(vo), where Pa-1(0)(vo) is the metric
projection from X onto A~1(0).

4. APPLICATION TO CONVEX MINIMIZATION PROBLEM

In this section, we consider an application to convex minimization problem. Recall
that the minimization problem is a problem of finding a point

u € X such that g(u) = Irél)l(lf(v)

In view of Theorem 2.5 (i) this problem can be formulated as follow: find v € X such
that 0 € dg(u). Thus, by setting A = dg in Theorem 3.1 together with the use of
Lemma 2.6, the following result can easily be obtained.

Theorem 4.1. Let X be a flat Hadamard space with its dual X* and g : X —
(—00, +00] be proper, lower semicontinuous function such that (6g)~1(0) # 0. Let the
sequence {v,} C C be defined by
Vo € C=D,= Ey,
Uy = vy, D (1 — an)Jiiv
D, ={veC:d(v,u,
E,={veC: <m,m>
Unt1 = Pp,ng, (v0), n >0,
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where A, € (0,00) with A\, > XA >0 and {a,} C [0,1]. Then {v,} converges strongly
to u = Psg)-1(0)(v0), where Psy-1(0) is the metric projection from X onto (6g)~'(0).

5. APPLICATION TO FIXED PoINT PROBLEM

In this section, we consider application to fixed point of nonexpansive mapping.
Recall that a mapping T of a metric space X into itself is called nonexpansive if
d(Tz, Ty) < d(z,y) for all x,y € X. If X is a Hilbert space, the operator I — T is
known to be maximal monotone and hence satisfies the range condition, where I is
the identity mapping. For the operator I — T', the maximal monotonicity and the
range condition are considered in Hadamard spaces by Khatibzadeh and Ranjbar [11]
as can be seen from the following results.

Proposition 5.1 ([11]). Let X be a Hadamard space and_T>: X — X be an arbitrary
n_o_%axpansive mapping. If the monotone operator Az = [T'zz] is maximal, then Az =
[T'zz] satisfies the range condition.

Proposition 5.2 ([11]). Let X be a Hadamard space. For every nonerpansive mapping

T : X — X, the operator Az = [T'zz| satisfies the range condition if and only if for
all z,y,z € X

C(ar @ (1 — )y, 2) = ad*(x,2) + (1 — a)d*(y, 2) — a(l — a)d*(z,y).

This is equivalent to saying that, for every nonexpansive mapping T : X — X, the

operator Az = [T'zz] satisfies the range condition if and only if the Hadamard space
X is flat.

Thus, F(T) = A7'(0) (see Ranjbar and Khatibzadeh [19]), where F(T) := {z €
X : Tz =z} and Az = [Tzz] . Hence the following result follows from Theorem 3.1.

Theorem 5.1. Let X be a flat Hadamard space with its dual X™* and 7:_:_>X — X be
a nonexpansive mapping such that F(T) # O with the operator Az = [Tzz]. Let the
sequence {v,} C C be iteratively defined by

Vo € C= Dl = El,

Uy, = vy, @ (1 — an)Jf‘nvn,

D, ={veC:dv,u,) <dv,v,)},

E, ={v e C: (vuy, vv,) < 0},

Vnt1 = Pp,ng, (o), n >0,
where A, € (0,00) with A\, > A >0 and {«a,} C [0,1]. Then {v,} converges strongly
to uw = Pr-10)(vo), where Pp-1(q) is the metric projection from X onto T—1(0).

Proof. Since X is flat Hadamard space then by proposition 5.2, the operator Az =

——
[Tzz] satisfies the range condition and F(T) = A~'(0). Thus, by Theorem 3.1, we
get the desired result. O
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6. CONCLUSION

In this article, a new Mann hybrid-type proximal point algorithm for solving mono-
tone inclusion problem is presented in Hadamard-type spaces. It is shown that our
algorithm converges strongly to a zero solution of the said operator in the setting of
flat Hadamard spaces. To the best of our knowledge, this result presents the first
hybrid-type proximal point algorithm in Hadamard-type spaces.
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PSEUDO GE-ALGEBRAS AS THE EXTENSION OF
GE-ALGEBRAS

RAVIKUMAR BANDARU!, AKBAR REZAEI?, ARSHAM BORUMAND SAEID3,
AND YOUNG BAE JUN*

ABSTRACT. In this paper, the notion of a pseudo GE-algebra as an extension of
a GE-algebra is introduced. Basic properties of pseudo GE-algebras are described.
The concepts of strong pseudo BE-algebra, good pseudo BE-algebra, good pseudo
GE-algebra, and the relationship between them are established. We provide a
condition for a good pseudo BE-algebra to be a pseudo GE-algebra and for a strong
pseudo BE-algebra to be a pseudo GE-algebra.

1. INTRODUCTION

Henkin and Skolem introduced Hilbert algebras in the fifties for investigations in
intuitionistic and other non-classical logics. Diego [4] proved that Hilbert algebras form
a variety which is locally finite. Bandaru et al. introduced the notion of GE-algebras
which is a generalization of Hilbert algebras, and investigated several properties (see
[1]). In 1966, Y. Imai and K. Iseki [10,12] introduced two classes of abstract algebras:
BCK-algebras and BCl-algebras. It is known that the class of BCK-algebras is a
proper subclass of the class of BCI-algebras. Pseudo-valuations were introduced and
studied by Y. B. Jun [13]. Georgescu and lorgulescu [9] introduced an extension
of BCK-algebra called pseudo BCK-algebra. Di Nola et al. presented pseudo BL-
algebras, which are non-commutative BL-algebras [5,6]. Moreover, they gave the
connection of pseudo BCK-algebra with pseudo MV-algebra and with pseudo BL-
algebra. Pseudo BCl-algebras were introduced and studied by W. A. Dudek and Y.

Key words and phrases. GE-algebra, pseudo GE-algebra, good pseudo GE-algebra, pseudo BE-
algebra, strong pseudo BE-algebra.
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B Jun (see [7]), as generalizations of pseudo BCK-algebras and BCl-algebras, and
they form an important tool for an algebraic axiomatization of implicational fragment
of non-classical logic (see [8]). A. Walendziak [16] gave a system of axioms defining
pseudo BCK-algebras. Pseudo BCK-algebras were intensively studied in [3,11, 14].
R. A. Borzooei et al. [2] applied pseudo structure to BE-algebras and investigated
its properties. They studied the concepts of pseudo-subalgebra, pseudo-filter and
pseudo-upper-set and proved that every pseudo-filter is a union of pseudo-upper-sets.
Later on, in 2019, Rezaei et al. defined pseudo Cl-algebras, which are a generalization
of the pseudo BE-algebras, pseudo BCK-algebras and pseudo MV-algebras [15].

In this paper, we introduce the notion of pseudo GE-algebra as a non-commutative
generalization of GE-algebra and study its properties. We define the notion of (®, H)-
pseudo GE-algebra, (H, ®)-pseudo GE-algebra and investigate its properties. We
define the concept of strong pseudo BE-algebra, good pseudo GE-algebra and study
relation between them. Finally, we give a condition for a good pseudo BE-algebra to be
a pseudo GE-algebra and for a strong pseudo BE-algebra to be a pseudo GE-algebra.

2. PRELIMINARIES

Definition 2.1 ([1]). By a GE-algebra we mean a non-empty set X with a constant
1 and a binary operation * satisfying the following axioms:

(GE1) uxu=1;

(GE2) 1 xu = u;

(GE3) ux (v+w) =ux* (v*(uxw)),
for all u,v,w € X.

In a GE-algebra X, a binary relation “<” is defined by
Ve,ye X)(z<yerxy=1).
Definition 2.2 ([1]). A GE-algebra X is said to be transitive if it satisfies:
(2.1) (Vo,y,z€ X)) (xxy < (z%x)* (2 xy)).
Proposition 2.1 ([1]). Every GE-algebra X satisfies the following items
Vue X)(uxl=1),

(Vu,v € X) (ux (u*xv) =ux*xv),
(Vu,v € X) (u <wvx*u),
(Vu,v,w € X) (ux (vxw) <ovx(u*xw)),
MueX)1<u=u=1),
(Vu,v € X) (u < (vku)*u),
(Vu,v € X) (u < (u*xv)*v),
Vu,v,w e X) (u<vsxwev<uxw).
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If X s transitive, then
Vu,v,w € X) (u<v=wsu<ws*xkv,vxw < uxw),
(Vu,v,w € X) (uxv < (vkw)* (u*xw)).
Lemma 2.1 ([1]). In a GE-algebra X, the following facts are equivalent to each other
(Va,y,z € X) (wxy < (zxx)* (2 %)),
(Vz,y,2 € X) (z*y < (yx2)* (z*2)).

3. Pseunpo GE-ALGEBRAS

We consider the notion of a pseudo GE-algebra as a generalization of a GE-algebra.
Let X be a set with two binary operations “®” and “H”. Then we can consider the
following two cases:

(3.1) (Vz,y,z€ X)(z® (yBz) =28 (y® (x B 2))
and 2B (y®z) =2 ® (yB (2 ®2))),
(3.2) Vr,y,ze X)(z®(yBz)=2® (yB (z® 2))

and zH (y®z2) =B (y® (z B 2))).
Hence we can think of two types of pseudo GE-algebra so called type A and type B.

Definition 3.1. Let X be a set with a constant 1 and two binary operations “®” and
“B”. A structure (X, ®,H, 1) is called a pseudo GE-algebra of type A if it satisfies
(3.1) and the following conditions:

(3.3) Vee X)(z®zrx=1and zBzx=1),
(3.4) VeeX)(l®x=zand 1Bz =1x).

Definition 3.2. Let X be a set with a constant 1 and two binary operations “®” and
“B”. A structure (X,®,H, 1) is called a pseudo GE-algebra of type B if it satisfies
(3.2), (3.3) and (3.4).

The pseudo GE-algebra (X, ®,H, 1) of type A or type B is sometimes only shown as
X. It is clear that if a pseudo GE-algebra X of type A or type B satisfies t®y = xHy
for all z,y € X, then X is a GE-algebra.

As you can see above, we have defined two types of pseudo GE-algebra. In con-
sidering the pseudo theory as a generalization for a given algebraic system, it is not
desirable to have multiple types in the development of theory.

The following theorem shows that one of the two types has no meaning.

Theorem 3.1. If X is a pseudo GE-algebra of type A, then it is just a GE-algebra.

Proof. Let X be a pseudo GE-algebra of type A and let z,y € X. Then 1 ® (xHBy) =
1B (z® (18y)) by (3.1), and so s Hy = v ® y by (3.4). Therefore, X is a GE-
algebra. 0
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So in thinking about pseudo theory, which is the generalization of GE-algebra, we
can see that Definition 3.2 is the only definition expressed. Based on these discussions,
we can call pseudo GE-algebra of type B just pseudo GE-algebra.

Now, we give examples of a pseudo GE-algebra.

Ezxample 3.1. Let X = {1,a,b,c,d, e} and define binary operations ® and H as follows:

®|1 a b ¢ d e H|1l a b ¢ d e
111 a b ¢ d e 111 a b ¢ d e
all 1 1 d d d all 1 b1 1 1
b|1l a 1 1 d d, b1l a1 ¢ e e .
cll a1 1 1 1 c|l a 1 1 1 1
d|{l a 1 1 1 1 d|l a 1 1 11
ell a1 1 1 1 ell a 1 1 1 1

It is routine to verify that (X, ®,H, 1) is a pseudo-GE-algebra.

Definition 3.3. A (®,H)-pseudo GE-algebra is a structure (X, ®,H, 1) in which X is
set with a constant 1 and two binary operations “®” and “H” satisfying the conditions
(3.3), (3.4) and

(3.5) Vo,y,ze X)(z®(yB2) =2 (yB (z® 2))).

Example 3.2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

®[1 a b c H|il a b ¢
111 a b ¢ 111 a b ¢
all 1 b 1, ala 1 ¢ 1
bl a 1 a bl a 1 «a
cl|1l 1 1 1 cla 1 a 1

Then X is a (®, H)-pseudo GE-algebra.

Definition 3.4. A (B, ®)-pseudo GE-algebra is a structure (X, ®,H, 1) in which X is
set with a constant 1 and two binary operations “®” and “H” satisfying the conditions
(3.3), (3.4) and

(3.6) (Ve,y,ze X)(zBy®z)=cBy® (xBz))).

Ezxample 3.3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

®|1 a b ¢ Hil a b ¢
111 a b ¢ 111 a b ¢
ala 1 a 1, all 1 ¢ c
bla a 1 a b1 1 1 1
cla a a 1 c|1l 1 1 1

Then X is a (B, ®)-pseudo GE-algebra.
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It is clear that if a structure (X, ®,H, 1) is both a (®, H)-pseudo GE-algebra and
a (B, ®)-pseudo GE-algebra, then it is a pseudo GE-algebra.

Every (®,H)-pseudo GE-algebra need not be a (H, ®)-pseudo GE-algebra. In
Example 3.2, X is (®,H)-pseudo GE-algebra. But X is not a (B, ®)-pseudo GE-
algebra, since

aB(a®b)=aBHb=c#a=aB1l=aB(@®c)=aB(a® (aBYD)).

Every (H, ®)-pseudo GE-algebra need not be a (®, H)-pseudo GE-algebra. In Example
3.3, X is (B, ®)-pseudo GE-algebra. But X is not a (®, H)-pseudo GE-algebra, since

a® (aBb)=a®c=1#4a=a®1l=a®(aHa)=a® (aB (a®D)).

In a (®,H)-pseudo GE-algebra or a (H,®)-pseudo GE-algebra (X, ®,H,1), we
define two binary operations “<;” and “<g” as follows:

(Vz,ye X)z<sy o r@y=1),
Vz,ye X))z <pgy e acBy=1),

respectively. For every elements x and y of a pseudo GE-algebra X, if + <4 y and
r <g y are formed at the same time, it is represented as r < y.

Proposition 3.1. Every (®,H)-pseudo GE-algebra X satisfies:

(3.7) Vre X)(z®1=1),
(3.8) Vr,ye X)z®@ (z®y) = ®Y),
(3.9) Vz,y e X)(z < (x®y)By).

Proof. Let x,y,z € X. Then
l=z@®z=z®(1Bz)=2® (z®x)Bz)=z® (r®x)Bx®z) =01

which proves (3.7). Using (3.4) and (3.5), we have z®y = z®(1Hy) = z®(1B(z®y)) =
x ® (x ® y) which shows (3.8). Using (3.3), (3.5) and (3.7), we obtain
)

®(r@yBy) =z@(rey)BEoy)=c6l=1 0
Proposition 3.2. Fvery (B, ®)-pseudo GE-algebra X satisfies:
(3.10) (Vo e X)(z <g 1),
(3.11) (Ve,y e X)(eB (zBy) =x8y),
(3.12) Vz,ye X)(z <g (zBy) ®y).

Proof. Let x,y,z € X. Then
l=zHz=cBH(Q®z)=cB(1® @@Hz)=cB(l®l)=cHI1,
by (3.3), (3.4) and (3.6), i.e., z <@ 1. Using (3.4) and (3.6) induces
rBxBy)=cB(1®(xBy)=cB(1®y) =xBy.



864 R. K. BANDARU, A. REZAEI, A. B. SAEID, AND Y. B. JUN

Using (3.3), (3.6) and (3.10), we obtain
rB(zBy)®y)=cB(zBy)® (zBy)) =cB1=1,
and so (3.12) is valid. O
Lemma 3.1. Every (®,8)-pseudo GE-algebra or (B, ®)-pseudo GE-algebra X satis-
fies:
Vre X)(1<gx=2=1),
VeeX)(l<gr=o=1).

Proof. Straightforward. O
Proposition 3.3. Every pseudo GE-algebra X satisfies:
(3.13) VeeX)(l<r=a=1).
Proof. Lemma 3.1 induces (3.13). O

The combination of Propositions 3.1 and 3.2 induces the next proposition.

Proposition 3.4. Fvery pseudo GFE-algebra X satisfies for all x,y,z € X
(I)z®l=1andzB1=1;

Jr®(x®y)=xz®y and x B (rBy) =z By;

3) x<Ke (z®y)By and x <y (zBy) ®y;

) r<<gy®r and r < yBa;

D) x <Ky (y®z)Bzr andr <g (yBx) @2

6) 1< (z®y) Bz andr <g (zBy) @2

Ny<epyBr=r<gy® (yBHx);

y<KLagy®er = v <y yH (y ® z);

Naex®(yHz) <eyBa®z) andzB (y®2) <gy ® (zH2);

(1)) y<gz® (yBz2) =y <g (z® 2);

1) y<ezBy®2) = y <e (x B 2);

(12) s <kgy®zoy<, x Bz,

Proof. Propositions 3.1 and 3.2 prove (1), (2), (3). Now,
ctBHy®zr)=cB@y®(@HBHz)=cBy®l)=cB1=1

(2
(
(
(
(
(
(
(
1
1

and

r®(yHr)=zx® (yBr®z)=z& (yBl)=z®l=1.
Hence r <g y ® z and x <4 y B x. Hence, (4) follows. (5) and (6) follow from (4).
Assume that y < y B x. Then y ® (y B x) = 1, which implies that

cBy®yBHr)=zBy® @B ({yBz))
=rH(@y® @B (ye®(yBr)))
=cH(y®(xH1))
=rxHy®l)=cBH1l=1
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Thus t gy ® (yHBz). If y <gy® x, then y B (y ® ) = 1. Hence,

@ (yBHy®r)=r®(yH@Ee (y®r)))

—r@®(yB@EeyB{yer)))

=r®(yB(z®1))
=zr®(yHBHl)=2®l=1,

and so, * <g y B (y ® ). The combination of (3.2), (3.3) and (1) induces
(r@®(yB2)@WBHE®:2)=(eWBz))e(yBe(yBz2)) =1,

and

(rBy@z)Bye(@B2)=(Bye:)Bye@@Blye-=)) =1,

865

by (4)

by (4).

Hence, z® (yH2) <o yB(x ®2) and 2B (y ® 2) <m y ® (x B 2), that is, (9) is
true. If y <gz® (yH 2), then yB (xr ® (yHBH z)) = 1 and hence y B (z ® z) = 1.
Therefore y <g (z ® z). Thus (10) follows. (11) is similar to (10). If z <g y ® z,
then l =2B(y®2) <my® (zHz2) by (9) and so y ® (xHz) = 1 by Lemma 3.1, i.e.,

Yy Ke x B z. Similarly, if y <¢ x B z, then © <g y ® z. Therefore, (12) holds.

We consider the following four items

(3.14) Vz,y,ze X)(2®y <e z@2)B(2®y)),
(3.15) Ve,y,2€e X)(2®@y < (y®2)® (r® 2)),
(3.16) (Vz,y,z€e X)(eBy <a (zBz)® (zBy)),
(3.17) (Vz,y,z€e X) (2 By <e (yB2)B (zH2))

O

Ezample 3.4. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”

given in the following tables:

®|1 a b ¢ H|l a b ¢
111 a b ¢ 111 a b ¢
ala 1 a a, all 1 1 1.
bla a 1 a b1 1 11
cla a a 1 c|1l 1 1 1

Then X is a (B, ®)-pseudo GE-algebra. But it does not satisfy (3.14), since
e®l)®(l®a)B(I®]) =a® (ecBl)=a®1l=0a# 1.

2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the

following tables:

®[1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 ¢ c, ala 1 a a
b1 1 1 ¢ bla a 1 a
c|1l 1 1 1 cla a a 1
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Then X is a (®,H)-pseudo GE-algebra. But it does not satisfy (3.15), since
(a®l)B(1®b)®(a®d)=1B(b®c)=1Hc=c#1.

3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

0O 2 ~®
— =
— = O o
o o2 ~H
— = Q==
—Q oo

Q Q = Q|2
— = =00

SRS SN )
— =9 00

1 1
Then X is a (®, H)-pseudo GE-algebra. But it does not satisfy (3.16), since
(BB (1Be®(1B1)=aBe®l)=aB1=0a#1.

4. Let X ={1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b ¢ H|ll a b ¢
111 a b ¢ 111 a b ¢
ala 1 a a, all 1 ¢ c
bla a 1 1 b1 1 1 ¢
cla 1 11 cl|l 1 b1

Then X is a (B, ®)-pseudo GE-algebra. But it does not satisfy (3.17), since
(aB1l)® (180 B (@Bb)=1® (bHBc)=1®c=c# 1

Proposition 3.5. Let X be a (B, ®)-pseudo GE-algebra. If X meets condition (3.14),
it also meets condition (3.15).

Proof. Assume that a (B, ®)-pseudo GE-algebra X satisfies (3.14). Then (z ® y) ®
(z®zx)B(z®y)) =1forall z,y,z € X, and so

oy B(ye)e@ez) =(rey)B(ye:)e(rey) B (re:2))
=(z®y)BH1=1,
by (3.6) and (3.10). Therefore 2 ® y <m (y ® 2) ® (v ® 2) for all z,y,z € X. O

Proposition 3.6. Let X be a (®,H)-pseudo GE-algebra. If X meets condition (3.15),
it also meets condition (3.14).

Proof. Assume that a (®,H)-pseudo GE-algebra X satisfies (3.15). Then (z ® y) B
(y®2)® (z®z)) =1 for all z,y,z € X, which implies from (3.5) and (3.7) that

oy ®(zer)B(zoy) =Eey)e(zez)H(z®y)® (z@y)))
=r®y)®1l=1
Thus, z®y < (z®z) B (z ®y) for all z,y,2 € X. O
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Corollary 3.1. In a pseudo GE-algebra X, (3.14) and (3.15) are equivalent with each
other.

The following example shows that the converse of Propositions 3.5 and 3.6 is not
true in general.

Ezample 3.5. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®|1 a b c H|l a b c
111 a b c 111 a b ¢
ala 1 a a, all 1 11
bla a 1 a b1 1 11
cla a a 1 c|l 1 11
Then X is a (H, ®)-pseudo GE-algebra satisfying (3.15). But it does not satisfy (3.14),

since
e®l)®(Il®a)B(A®l)=a® (aB1)=a®1=0a#1.
2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b c Hll a b c
11 a b ¢ 111 a b ¢
all 1 b ¢, all 1 11
bl a1l a bl a1l a
cll 1 11 cll 1 11
Then X is a (®, H)-pseudo GE-algebra satisfying (3.14). But it does not satisfy (3.15),

(a®b)B(b®c)®(a®c) =bB(a®c)=bHc=a#1.

Proposition 3.7. Let X be a (®,8)-pseudo GE-algebra. If X meets condition (3.16),
it also meets condition (3.17).

Proof. If a (®, H)-pseudo GE-algebra X meets condition (3.16), then (z By) B ((z B
z)® (zBy)) =1 for all z,y,z € X. Hence,

(rBy)@(yB) B (¢HBz2)) =(HBy)® (yB2) B ((zHy) ® (zB2)))
=(zHy)®1l=1,
by (3.5) and (3.7), that is, t By <4 (yHz) B (x B 2) for all z,y,z € X. O

Proposition 3.8. Let X be a (HH, ®)-pseudo GE-algebra. If X meets condition (3.17),
it also meets condition (3.16).

Proof. Suppose that the condition (3.17) holds in a (B, ®)-pseudo GE-algebra X.
Then

(rBy)@ (yB2) B (¢HBz2)) =1,
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for all z,y,z € X. Using (3.6) and (3.10) induces

(rBy)B((zHz)® (:HBy)) =(zBy) B((zBz) @ («By) B (2 By)))
=(zHBy)HBH1=1,

that is, By <@g (: Bz) ® (2 By) for all z,y,z € X. O

Corollary 3.2. In a pseudo GE-algebra X, (3.16) and (3.17) are equivalent with each
other.

The following example shows that the converse of Propositions 3.7 and 3.8 is not
true in general.

Ezample 3.6. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®|1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 1 1, ala 1 a a
bll a 1 1 bll a 1 1
cl|l a 1 1 c|l a 1 1

Then X is a (®,H)-pseudo GE-algebra satisfying (3.17). But it does not satisfy (3.16),
since

(BB (1B ® (1B1)=acBe®1)=aB1=0a#1.

2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 1 1, a|l 1 b c
bll a 1 a bl a 1 a
cll 1 1 1 c|l 1 11

Then X is a (H, ®)-pseudo GE-algebra satisfying (3.16). But it does not satisfy (3.17),
since

(aBb)® (bHc)B(aHBc)=b® (aBc)=b®c=a# 1.

Definition 3.5. A (®, H)-pseudo GE-algebra X is said to be
e ®-transitive if it satisfies (3.15);
o H-transitive if it satisfies (3.16).

If a (®,H)-pseudo GE-algebra X is both ®-transitive and B-transitive, we say X
is a transitive (®, B)-pseudo GE-algebra.
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Ezample 3.7. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®|1 a b c H|il a b ¢
111 a b ¢ 111 a b ¢
all 1 0 1, a|l 1 a 1
b1 1 1 1 b1 1 11
cll a b 1 cll a a1

Then X is a ®-transitive (®, H)-pseudo GE-algebra. But it is not E-transitive since
(aBb)HB (18« ®(1HBb)=aB(a®b) =aBb=a+#1.

2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®[1 a b c Hil a b ¢
111 a b ¢ 111 a b ¢
all 1 1 ¢, all 1 1 c.
bl a 1 1 bl a 1 ¢
cl|l a 11 cl|l a 1 1

Then X is a (®, H)-pseudo GE-algebra which is H-transitive. But it is not ®-transitive
since
(a®b)B(b®c)®(a®c)=1B(1®c)=1Hc=c# 1.
3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®[1 a b c Hil a b ¢
111 a b c 111 a b ¢
all 1 Db, a|l 1 c b
b1l a 1 1 bl a 1 1
cl|l a 1 1 cl|l a 1 1

Then X is a transitive (®, H)-pseudo GE-algebra.

Proposition 3.9. Every ®-transitive (®,B)-pseudo GE-algebra X satisfies
(3.18) (V,y,2 € X)) < yY=9YP® 2 <K 2P 2,200 <Ly 2 DY),

(319)  (Vz,y.z e X)(@y)By) @< 2®2,202 <g 2@ (z®y)By)),
(3.20) (Vr,y,ze X)((y@x)Hr)®2<s 2 ® 2,200 <g 2 ® ((y® ) Ba)).

Proof. Let X be a ®-transitive (®, B)-pseudo GE-algebra. If r <5 y, then z ®y =1
and thus

(y@2)@®(z®2)=1H(y®2)®(2®2) =y B(y®2)® (z®2)) =1,
that is, y ® 2 <g x ® 2. Since X satisfies (3.14) by Proposition 3.6, we have
er)BEzoy) =1®(z®x)B(:zoy)=oy)®(zex)B(zay)) =1
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and so, 2 ® x <gm z ® y. This proves (3.18). The combination of (3.9) and (3.18)
induces (3.19). The combination of Proposition 3.4 (5) and (3.18) induces (3.20). O

Proposition 3.10. Fvery B-transitive (®,8)-pseudo GE-algebra X satisfies:
Ve,y,ze X)r<pgy = 2Bz < 2By, yH 2z <g x B 2).

Proof. Let X be a H-transitive (®,H)-pseudo GE-algebra. If z <g y, then x By =1
and thus

Hz)® (zBy)=1B(Hz)® (zBy))=(cBy)B(zBz)® (zBy)) =1.
Thus, z Bx <4 2z Hy. By Proposition 3.7, we know that X satisfies (3.17). Hence,
(yB2)B(xBz2) =1® (yB2)B(xHz2)=(By)®(yBz)B(xHBz2)) =1,
and so yH 2z <g zH 2. 0

Corollary 3.3. Every transitive (®,H)-pseudo GE-algebra X satisfies:

YR 2L T B2, 2P Ly 2zd®Y )

(vx,y,ZGX)<x<<y:>{ ZEBQJ<<®ZHHy7yEE|Z<<EH$EEZ

Definition 3.6. A (B, ®)-pseudo GE-algebra X is said to be
o ®-transitive if it satisfies (3.14);
e H-transitive if it satisfies (3.17).

If a (B, ®)-pseudo GE-algebra X is both ®-transitive and H-transitive, we say X
is a transitive (B, ®)-pseudo GE-algebra.

Ezample 3.8. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®|1 a b c Hll a b ¢
111 a b ¢ 111 a b ¢
all 1 a b, a|l 1 1 c.
b1 1 1 1 b1 1 1 1
cl1 1 11 cl|l 1 11

Then X is a (H, ®)-pseudo GE-algebra which is ®-transitive. But it is not B-transitive
since
(cBb)® (bBHc)B(eBe)=1® (1HBc)=1®c=c# 1.
2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 a 1, al|l 1 b 1
b1 1 1 1 b1 1 1 1
cll a a1 cll a b 1
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Then X is a (B, ®)-pseudo GE-algebra which is H-transitive. But it is not ®-transitive
since

(a®b)®(1®a)B(1®D)=a® (aBb)=a®b=a#1.

3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b ¢ H|l a b ¢

111 a b ¢ 111 a b ¢

all 1 b b, all 1 ¢ c

b1l a 1 1 b1l a 1 1

cl|l a 11 cl|l a 11
Then X is a transitive (H, ®)-pseudo GE-algebra.

Proposition 3.11. Every B-transitive (B, ®)-pseudo GE-algebra X satisfies

(3.21) (Vryy,ze X))o <py=yBHz<geBz Bz <z z8y),
(3.22)  (Vr,y,z€ X)(zHy)®y Bz<grBz, 2Bz <, 2B (xBy) ®vy)),
(3.23) (Vz,y,ze X)((yBHr)®r)Bz<grBz 2B8r < 2B (yBzr) ®a)).

Proof. Let X be a B-transitive (B, ®)-pseudo GE-algebra. Let =,y € X be such that
r <g Yy, Then x By =1 and so

(yB2)B(xBz2)=1® (yB2)B((xHz2)=(Hy)®(yB) B (xBz2)) =

) =1,
by (3.4) and (3.17). Hence, y 8 2z <g = B z. We know that X satisfies (3.16) by
Proposition 3.8. Thus,

zBz)® (zBy)=18(Hz)® (:By))=(cBy) B(zBz)® (zHBy)) =1

and so z Bz <4 z By, which proves (3.21). If we combine (3.21) and (3.12), then we
have (3.22). The result (3.23) follows from the combination of (3.21) and Proposition
3.4 (5). O

Proposition 3.12. Fvery ®-transitive (B, ®)-pseudo GE-algebra X satisfies:
Ve, y,z€ X)Ly = 20 <Lg 2@ Y,y ® 2 < T D 2).

Proof. Let X be a ®-transitive (B, ®)-pseudo GE-algebra. If z <4 y, then x ® y = 1
and so

Cer)B ey =1®(e®z)Bzoy)=Coy)®(®z)B(z®y) =1,

which shows that z ® © <g 2z ® y. Using Proposition 3.5, we know that X satisfies
condition (3.15). Thus,

(y@2)®(r®2)=1H(y®2)®(r®2)=(r®y) B(y®2)® (z® 2)) =1,
and therefore y ® z <4 = ® 2. O
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Corollary 3.4. Every transitive (B, ®)-pseudo GE-algebra X satisfies:

(nyzeX)<x<<y:>{y532<<aaxﬁﬂz,zEEx<<®z|33y )

2R r L z®Y,YBP 2z <L T D 2

4. RELATIONS BETWEEN PSEUDO BE-ALGEBRAS AND PSEUDO GE-ALGEBRAS

As an extension of BE-algebras, Borzooei et al. introduced the notion of pseudo
BE-algebras, and investigated its properties.

Definition 4.1 ([2]). Let X be a set with a constant 1 and two binary operations
“®” and “B”". A structure (X, ®,H, 1) is called a pseudo BE-algebra if it satisfies (3.3),
(3.4) and

(4.1) VreX)z®l=12H1=1),
(4.2) Vo,y,ze X)(z® (yBz2) =y B (z ® 2)),
(4.3) Ve,ye X)z®y=1<cBHy=1).

Pseudo GE-algebra and pseudo BE-algebra basically form no relationship. In other
words, the pseudo GE-algebra may not be the pseudo BE-algebra, and vice versa as
seen in the following example.

Ezample 4.1. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®[1 a b c Hil a b ¢
111 a b c 111 a b ¢
all 1 bbb, al|ll 1 ¢ ¢
b1l a 1 1 b1l a 1 1
cl|l a 1 1 cl|l a 1 1

Then X is a pseudo GE-algebra. But X is not a pseudo BE-algebra since
a® (aBb)=a®c=bFc=aBb=aB(a®D).

2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®[1 a b c Hil a b ¢
111 a b ¢ 111 a b ¢
all 1 ¢ b, al|ll 1 b ¢
b1l a 1 1 bl a 1 1
cl|l a 1 1 cl|l a 1 1

Then X is a pseudo BE-algebra. But X is not a pseudo GE-algebra since
a® (aBb)=a®b=c#b=a®c=a® (aHc)=a® (aB(a®b)).

The following example shows that when (X,®,H,1) is a pseudo BE-algebra,
(X,®,1) or (X,H, 1) does not need to be BE-algebra.
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Ezxample 4.2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

®|1 a b c Hil a b ¢
111 a b ¢ 111 a b ¢
all 1 1 a, al|l 1 1 0
bl a 1 a bl a 1 ¢
cll1 1 11 cll 1 11

Then X is a pseudo BE-algebra. But (X, ®, 1) is not a BE-algebra since
a®(b®c)=a®a=1#a=b®a=b0® (a® c).
Also, (X,H, 1) is not a BE-algebra since
aB (bBc)=aBc=b#A1=0BHb=08(aHBc¢).

Definition 4.2. A pseudo BE-algebra (X, ®,H, 1) is said to be strong if (X, ®, 1)
and (X, H, 1) are BE-algebras.

Example 4.3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

®|1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 a 1, all 1 ¢ 1
b1 1 11 b1 1 11
cl|l 1 a1 cl|l 1 a 1

Then X is a strong pseudo BE-algebra.
We have the following question.

Question 4.1. Does pseudo GE-algebra X satisfy the following conditions

r®(yHBHz)=z® (yB(xHz2))
(4.4) (Vl’,y»ZGX)(xaa(y®z):x53(y®($®z)))7

The following example shows that the answer to Question 4.1 is negative.

Example 4.4. Let X = {1,a,b,c,d} be a set with binary operations ®, B given in the
following table:

®[1 a b c d H|{l a b c d
111 a b ¢ d 111 a b c d
all 1 ¢c ¢ 1 all 1 d 1 d
b1 1111 b1l alla°
c|/l1 1 1 11 c|ll a al a
dj1 1111 d|l a a 11
Then X is a pseudo GE-algebra. But it does not satisfy (4.4) since
a® (18D =a®b=c#1l=a®d=a® (1BHd) =a® (1B (a«BD)),
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aB(1®b)=aBb=d#1=aBc=aB(1®c)=aB(1® (a®D)).

Definition 4.3. Let X be a set with a constant 1 and two binary operations “®” and
“B”. A structure (X, ®,H, 1) is called a good pseudo GE-algebra if it satisfies (3.3),
(3.4) and (4.4).

Example 4.5. Let X = {1,a,b,c,d} be a set with binary operations ®, B given in the
following table:

®|1 a b ¢ d Hll a b ¢ d
111 a b ¢ d 111 a b ¢ d
all 1 1 ¢ ¢ all 1 1 ¢ ¢
b1l a1l ¢ ¢’ b1l a 1 d d°
cll a1 11 cll a1 11
d|l a 1 1 1 d|l a1 1 1

Then X is a good pseudo GE-algebra.

Theorem 4.1. Every good pseudo GE-algebra is a pseudo GE-algebra. But the
converse 18 not true.

Proof. Example 4.4 shows that any pseudo GE-algebra may not be a good pseudo
GE-algebra. Let X be a good pseudo GE-algebra and let x,y,z € X. Then

r@y=z®(I1By)=cz® (1B (xBy)) =z® (zBy)
and
rBy=cBH(l®y) =cB(1l®(@®y)=cB(@x®Uy).
It follows from (4.4) that
r@yBrez)=reyBeB®z)=reyB@B2)=ca(yHz)
and
cBy@@Bz)=cBye@@e(@lz2)=cBye®@®:z)=cB@e:)
Therefore, X is a pseudo GE-algebra. U

The following example shows that any pseudo BE-algebra X does not satisfy the
condition

c®(yBHz)=(r®y Be:z)
4.5 \4 X
Example 4.6. Let X = {1,a,b, c,d} be a set with binary operations “®” and “H” given

in the following tables:

®[1 a b ¢ d Hll a b ¢ d
111 a b ¢ d 111 a b ¢ d
all 1 a ¢ 1 all 1 d c¢c 1
b1 1 1 1 17 b1 1 1 1 1°
c|l a a 1 1 cll a b 1 1
d|l a a ¢ 1 d|l a b ¢ 1
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Then X is a pseudo BE-algebra. But X does not satisfy (4.5) since

a® (bHce)=a®l=1#c=aBHc=(a®b)HB (a®c)
and

aB(b®c)=aBl=1#c=d®c=(aBb) ® (aHc).
Question 4.2. Does pseudo BE-algebra X satisfy the following conditions

a:@(y@z):yéB(m@z)))
cByHBz) =yHB (zHB2))

2

(4.6) (Vz,y,z € X) (

The answer to Question 4.2 is negative as seen in the following example.

Example 4.7. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

0O o2 ~®

— = = =
—Q = Qe
— = = O o
— 2 2 oo
o o9 ~H
— = = = =

Q= QR
—_ == o o

1 1

c
c
b
c
1
Then X is a pseudo BE-algebra. But it does not satisfy (4.6) since
®

a®b®c)=a®a=1#a=b®a=b® (a®c)
and
alB (bBc)=aBHc=b#1=bBb=0H(aHc).

Definition 4.4. Let X be a set with a constant 1 and two binary operations “®” and
“B”. A structure (X, ®,H, 1) is called a good pseudo BE-algebra if it satisfies (3.3),
(3.4), (4.1), (4.3) and (4.6).

Ezample 4.8. Let X = {1,a,b,c} be a set with binary operations ®, H given in the
following tables:

®‘1abc EEi‘labc
111 a b ¢ 111 a b ¢
al|l 1 a 1, al|l 1 b 1.
b1 1 1 1 b1 1 1 1
cll a b 1 cl|l a b 1

Then X is a good pseudo BE-algebra. But X is not pseudo BE-algebra since
a® (aBb)=a®b=a#1=aBa=aB(a®Db).
We now consider conditions for a pseudo BE-algebra to be a pseudo GE-algebra.

Theorem 4.2. If a good pseudo BE-algebra X satisfies the condition (4.5), then it is
a pseudo GE-algebra.
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Proof. Let X be a good pseudo BE-algebra that satisfies the conditions (4.5). It
is sufficient to show that X satisfies the condition (4.4). Let z,y,z € X. Then
x®(zHBy) = (z@x)B(z®y) = 1H(z®y) = 2®y and 2B (z®y) = (¢Bx)® (xBy) =
1®(xBy) = =By by (3.3), (3.4) and (4.5). It follows that z®(yHz) = 2@ (¢B(yHz)) =
r®(yBH(xBz)andzB (y®2)=cB(@® (y®z2)) =B (y® (r ® 2)). Hence X
is a good pseudo GE-algebra, and therefore it is a pseudo GE-algebra by Theorem
4.1. U

Corollary 4.1. Every strong pseudo BE-algebra X satisfying the condition (4.5) is a
(good) pseudo GE-algebra.

We finally pose the following question.

Question 4.3. What conditions will be required to make pseudo GE-algebra into
pseudo BE-algebra?

5. CONCLUDING REMARKS

In this paper, we generalized GE-algebras to the case of pseudo GE-algebras and
studied some basic of those properties. In the last section we investigated among
relation between pseudo BE-algebras and pseudo GE-algebras. Starting from these
notions, one can define and investigate commutative pseudo GE-algebras, involutive
pseudo-GE algebras and Smarandache pseudo GE-algebras. Another topic of research
could be to define and investigate state and monadic on pseudo GE-algebras.
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ON THE EXISTENCE AND ASYMPTOTIC BEHAVIOR FOR A
STRONGLY DAMPED NONLINEAR COUPLED
PETROVSKY-WAVE SYSTEM

MOHAMED SAADAOUT!, MOUNIR BAHLIL?*?, AND MAMA ABDELLI?

ABSTRACT. In this paper, we consider the initial-boundary value problem for a class
of nonlinear coupled wave equation and Petrovesky system in a bounded domain.
The strong damping is nonlinear. First, we prove the existence of global weak
solutions by using the energy method combined with Faedo-Galarkin method and
the multiplier method.

In addition, under suitable conditions on functions g;(-), ¢ = 1,2 and a(-), we
obtain both exponential and polynomial decay estimates. The method of proofs is
direct and based on the energy method combined with the multipliers technique, on
some integral inequalities due to Haraux and Komornik.

1. INTRODUCTION

The study of nonlinear wave phenomena was performed by certain eminent scientists.
The theory of nonlinear waves, on the other hand, emerged as a coherent science in
the late 1960s and early 1970s, which were the years of its rapid growth. While study
in this area was undertaken only recently, the theory of nonlinear damped waves is
still an emerging theme. In this paper, we study the existence and decay properties
of solutions for the initial boundary value problem of the Petrovsky-wave system of

Key words and phrases. Coupled systems, nonlinear strong damping, Well-posedness, Faedo-
Galerkin, exponential decay, multiplier method, polynomial decay.
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the type
Y+ A%y —a(2)Ays — i(Ay;) =0, xeQt>0,
1) Yy — Ayy — a(x)Ayr — g2(Aysy) =0, e Nt>0,

yi(IL‘,O) :y?(l’), yg(I,O) :yil(x)7 reQ,i=12
where (2 is a bounded domain of R" with regular boundary I and ¢; : R — R is a
nondecreasing continuous function with g;(0) =0, i = 1,2.
When a(x) = 0, the Petrovsky equation has been investigated in [7] by Komornik.
The author has used the semigroup approach to present the existence and uniqueness
of a global solution y; for (1.1). Then, using a multiplier technique, he directly proved

exponential and polynomial decay estimates for the associated energy.
Bahlil et al. [4], studied the system:

y! + a(z)ys + A%y — g1 (1 (2, 1)) = fi(yr,92), in Q@ x RY,
(1.2) ys + a(@)y — Aya — g2(y5(2, 1)) = fa(y1,92),  in Q x RY,
Oy =y1 =v =1y =0, on I x R*,

under suitable assumptions on the weight of the damping, they proved the global
existence of solutions by use of the potential well method due to Payne and Sattinger
[13] and Sattinger [14] combined with the Faedo-Galerkin method.

Also they proved general stability estimates using some properties of convex func-
tions and the multiplier method.

In [5] Guesmia studied problem (1.2) with f;(y1,72) = 0. He proved the existence
of a global weak solution and uniform decay of solutions.

Motivated by previous works, it is interesting to investigate the global existence and
decay of solutions to problem (1.1). Firstly, we show that, under suitable conditions
on the functions ¢g; and a, the solutions are global in time. After that, we establish
the rate of decay of solutions by the multiplier method. Precisely, we show that the
decay rate of energy function is exponential or polynomial.

This article is organized as follows: in the next section, we give some preliminaries.
In Section 3, we study the existence of global solutions of the problem (1.1). Then in
Section 4, we are devoted to the proof of decay estimate.

2. PRELIMINARIES AND MAIN RESULTS

In this section, we present some material for the proof of our result.
We first introduce the following spaces: H = L* (Q)x L* (Q), W = H} (Q) x Hj (2),
HX(Q)={ve H*(Q): v=Av=0o0nT} and Hu”zi(ﬂ) = J, [IVAv|* dz, and
V= (HA(QNH*(Q) x H*(Q), V= (HX(QnH"(Q))x (HX(QnNH(Q)).
Let H', V', V', W’ the dual spaces of H, V,V, W, respectively. We have
VCVCWCcH=HCcCW cV cV.
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For the relaxation function g and a we assume the following.
(HO) Let a : Q — R be non-increasing differentiable function bounded such that

. 1
2.) @(2) €W (), ol iy = min { 5.1},

where ¢ > 0 is the constant ||[VAwv| < ||Av||.

(H1) ¢; : R — R, ¢=1,2, are non-increasing differentiable functions such that g;
is a C'! and globally lipschitz with g; (0) = 0 and there exists p > 1, ¢;, j = 1,...,4,
To, T1 are strictly positive constants for all s € R satisfying

(2.2) cilsPP < gi(s) < cals|?, if |s| < 1,
(2.3) csls| < gi(s) < cls|, if =|s| > 1,
(2.4) exists 19, T >0, 79 <gi(s) <m, forallseR.

Now inspired by Komornik [7], we define the energy associated with the solution of
system (1.1).

Lemma 2.1. The energy associated with the solution of the problem (1.1) by the
following formula

1
25)  BO)= [ (VP + V57 + 1980+ |AuP) dr+ [ a(e)dp Ay
is a nonnegative function and satisfies E'(t) <0 .

Proof. Multiplying the first equation in (1.1) by —Agy; and the second equation by
—Avyj, integrating over {2 using integration by part and Green’s formula, we get

1d 112 112 2 2
55 L (V0 4 IV 19801+ [Agaf?) do+2 [ o)A da]
= [ Avigr(Au) + Ayhga(Agp) do
Using Holder’s inequality, Sobolev embedding and condition (2.1), we get
1 Ve
Ja) M Agde > Sl [ 180 Age]da

1 1 9 9
> s~ [ (5180 +¢1Apl) do

Y]

1 c” 2, 2
—Sllalli=@ [ ( SIVARP +¢lAp ) do

Cl

_§||a||Loo(Q)/Q(|VAy1|2+|Ay2|2) dz.

v

Then
E(t) > 1 /
-2

(V0 + 1952 + (1 = ¢ all ) (V Aua + | Apal?)) da 2 0.
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Now, FE is a nonnegative function

(2.6) E(t) = — [ (Athor(Ayh) + Arhoa(Agh)) da 0

3. GLOBAL EXISTENCE

In this section, we use the Faedo-Galerkin approximation to construct an approxi-
mate solutions of (1.1). We are now in the position to state our results.

Theorem 3.1. Let (°,49) € V and (y},y}) € V, arbitrarily. Assume that (2.1) and
(2.2)~(2.4) hold. Then system (1.1) has a unique weak solution satisfying

(y1,92) € LRy, V), (41, 95) € LRy, V)
and
(1, 42) € L= (R, W),
Proof. We use the Faedo-Galerkin method to prove the existence of global solutions.
Let T > 0 be fixed and denoted by V* the space generated by {w}, w?, ..., wF}, where

the set {wf, k € N} is a basis of V.
We construct approximate solution v*, k = 1,2,3,..., in the form

v (2,1) = Z_; M (tyw] (x),

where ¢/*, j = 1,2,...,k, are determined by the following ordinary differential equa-
tions

(ylf + A%Ag — a(x)Ay§ — gl(Ag)lf),w{) =0, forall w{ e vk,
)

(3.1) (i — Aub — a(x) Ayt — go(AgE),w)) =0,  for all w) € V¥,
b (0) =y, 9 (0) =y, TEQi=12,
with initial conditions
k
(3:2) v (0) =" ="}, whwl = of, in HY(Q) N HA(Q) as k — +oo,
j=1
k . .
(3.3) y5(0) =y9* = > (18, whwh — y3, in HA(Q) N H*(Q) as k — +o,
j=1
k . .
(34)  GH0) =y = Sl el oy, in HA(Q) 0 Q) as k - +oo,
j=1
k . .
(3.5) U5 (0) =yak = Z(y%,w%)w% — ys, in H*(Q) as k — +oo,

J=1
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and

(3.6)

— A% + a(2) A" + g1(Ayi*) = =A%) + a(z) Ay + 1(Ay), in Hy(Q) as k — +oo,
(3.7)

Ay + a(@) Ay + g2 (Ays") = Ays + a(2)Ay) + g2(Ayy),  in Hy($2) as k — +oc.

By using some a priori estimates to show that ¢ = co. Then, we show that the sequence of

solutions to (3.1) converges to a solution of (1.1) with the claimed smoothness.
The first estimate. Taking w] = —2AgF in (3.1), we obtain

d
dt

2 /Q Agk gy (Agh) d + 2 /Q Aghgo(Agh) dz = 0.

[ (V2 + 935 + [VAGEE + |Ay5) da + 2a(@) Ayt A do
(3.8)

Integrating it over (0,t), we obtain
/ (Ivgk@)? + \vy§<t>|2) dz + (1= ¢lal (o)) / (IVAYE@®[ + | Agh (1)) da

(3.9) —|—2/ /Ayl s)g1(A dmds+2/ /Ay2 $)ga(Agh(s)) dx ds
<A*0) < 0y,

where
AK(0) = /Q (VI O] + V5 ©)2) dz+ (1 + |l <)) /Q (IVAGEDP + 1Ag5 (1)) da,

for some C; independent of k. These estimates imply that the solutions 3¥ exist globally in
10, 4+00[. Estimate (3.9) yields

(3.10) y¥ is bounded in L>(0,T; Hx(Q)),
(3.11) y% is bounded in L>(0,T; H%()),
(3.12) ¥ is bounded in L (0, T; H (1)),
(3.13) % is bounded in L*°(0,T; Ha (1)),
(3.14) AyFgi(AyF) is bounded in L'(A),

where A =Q x (0,7). 4
The second estimate. Taking w! = A2y in (3.1), implies

d .
p / (1AGE2 + |AG5 2 + |A%E[ + VAP + 2a(x) VAYEVAY) da
(3.15) + 2/ Va(z)AysV AgY da + 2/ Va(x)AyFV Ay dx
Q Q

+2 /Q VA2 (AGE) do + 2 /Q IV AGE g (AgE) dz = 0
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By Using Holder’s inequality and Sobolev embedding, (3.10) and condition (2.2), we have

‘ / (2)VAYNV AyS dx

< 2|l [ [VAYHITAYS|da
(3.16) <2l [ VAP dr+ 5 [ (VAP de
Q Q

1
< 2al*C’ + 5 [ VAU da

and

/Va Ay VAyl dx

< 2/ V(@) | Ayl [VAG| do

T [ IVl VA5 (83 o

(3.17)
/|mylr Ay1>dw+fHVaH2/|Ay2 do

< [ IVARP (At o+~ |Val*C

Similarly, we have

/Va Ay VAy2 dx

) 1
< [ VABPGAAE e+ - I5al? [ 1Ak de
(3.18) < [ IVARG(AG) do + fuwu 198wk do
< [ VAP dr + ValC
Combining (3.16)—(3.18), into (3.15) and integrating over (0,t), we obtain

t t
+ [ [ vairG @) drdt+ [ ] 1VAGG) (AT () dedt
<B¥(0) < Cy, forall t € [0,t),

where Cs independent of k and
1
PEE) = [ (18087 + 18G5 + [8%4) do + 5 [ VA2 da,
Q 2 Ja
1
BE0) = [ (A0 + Ay + [A%2) do + 20l O+ 5 [ 1982 do
/
+ (\Va||20’ - CIIVaHZC’) T
70 70

Therefore, we conclude that

(3.19) y¥ is bounded in L*°(0,T; H*(2)),
(3.20) y% is bounded in L*(0,T; HX (Q)),
(3.21) ¥ is bounded in L (0, T; H%(12)),
(3.22) % is bounded in L°°(0,T; H*()).
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The third estimate. Assume that t < T and let 0 < £ < T — ¢t and
yit(z,t) = yf(x,t +6), i=12.
So, Uf’g (z,t) = y¥(x,t + &) — y¥(x, 1), solves the differential equation
(3.23) (U{“’f + A2UPE — a(z)Ays® — (g1 (AGFS) — g1 (AG))), w{) =0, forallw eV

and the set i
Uy (2,t) = yh(x,t +€) — yh (z,1).

Uf £ solves the differential equation
(3:24) (UF° - AUSS — a(@)AUP — (ga(Ag5°) — g2(Ag5)), wh) = 0, for all wh € VE.

Choosing w{ = —Ay1* in (3.23) and wg = AUQké in (3.24), and using the fact that g; is
nondecreasing, we obtain

d . '

+ 2% /Q a(a:)AUfg(:r,t)AUfg(w,t) dx <0, forallt>0.
Integrating over [0, t], we get
[ (905 @F + 900 R) da+ = Cllal) [ (IPAUF @ + AU (1)) do
<y [ (10O + [V O + VAU O + AU O)F) d,

where Oy is a positive constant depending only on ||a| and ¢. By dividing by £2, and pass
to the limit when £ — 0, we have

| (V5@ + VIO + [VAKOF + A5 (0)) do
<4 [ (IV3HOF + [Vi5 ) + [VAHE +[Agh ) da.
Now we estimate ||V3%(0)||. Choosing v = —Agj¥ in (3.1) and substitute ¢t = 0 , we obtain
IVHOI? = [ TV (~a%8" — a@)s" +01(A0}")) do
and

IVEOI? = [ OV (A5 — ala)sf* + g2(Aut)) da.
By Cauchy-Schwarz inequality, we obtain

Vi) < ( /Q 7 (2% — ala)l* + gu(Ath)[ dw)

N |=

and )

V5O < ([ 7 (408" - ale)st” + g2(8049) [ do)’
(3.6) and (3.7) yields
(3.25) (55(0), 75(0)) are bounded in W x W.
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And by (3.4), (3.5) and (3.25) we deduce
| (VIR + [V5OF +TAGOF + [Aj5(0)) do < Cs. forall t >0,
Q

where Cj is a positive constant independent of £ € N. Therefore, we deduce

(3.26) ¥ is bounded in L*°(0,T; HX (Q)),
(3.27) % is bounded in L (0,T; H*(2)),
(3.28) it is bounded in L>(0,T; H3 (),
(3.29) i is bounded in L*°(0,T; Hi()).

Applying Dunford-Pettis and Banach-Alaoglu-Bourbaki theorems, we conclude from (3.10)—
(3.14), (3.19)-(3.22) and (3.26)(3.29) that there exists a subsequence {y} of {y¥} such
that

(3.30) (7 8 —(y1,y2), weak-star in L>®(0,T;V),

(3.31) (07", 95") —(yi,v5),  weak-star in L*°(0,T;V),

(3.32) (G775 — (i, v5), weak-star in L>(0,T; W),

(3.33) (07", 95") = (v, vh),  almost everywhere in Q x [0, +00),
(3.34) gi(AY™) —xi,  weak-star in L*(A).

As (y", y5) is bounded in L*®(0,T;V) by (3.30) and the injection of V in H is compact,
we have

(335) (y{nayén) - (y17y2)7 strong in LQ(OaT, H)
On the other hand, using (3.30), (3.32) and (3.35), we obtain

T
[ .0+ 8200 — a9 0) w i

(3.36)
—)/ / y1 x, t + Ale(x,t) — a($)Ay2(g§7t>) w drdt
and
/ / Aot — ala) Ao o)t
(3.37)
_>/ / — Aya(2,t) — a(z )Ayl(x,t))w dxdt,

for all w € L2(0,T; L*(Q
It remains to prove the convergence

T T
[ o wazdt— [ [ g(agf) wade,
0 JQ 0 JQ

when m — +o00. To finish the proof we shall use the following lemma.

Lemma 3.1. Let gi(Ay;) € L'(A) and [|g:(Ay;)|11a) < K, where K is a constant inde-
pendent of t. Then g;(Ay™) — g;(Ayl) in L'(A).
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Proof. Let g(Ay') € L'(A). Since g; is continuous, we deduce from (3.33)
(3.38) gi(AGF) —g;(Ayl), almost everywhere in A,

Ay gi(AY) —Aylgi(Ayl),  almost everywhere in A.
Also, by (3.13) and Fatou’s lemma, we have

T
(3.39) / / Ayi(x,t)gi(Ayi(z,t)) dedt < Ky, for T > 0.
0o Jo

Now, we can estimate fOT Jo lgi(Ayi(z,t))| dzdt. By using Cauchy-Schwarz inequality and
(2.3), we have the following.
1. If |[Ayj| > 1, then

T T 1/2
| loavia. ) do de < a2 (/0 /. rgimy;(x,t))r?d:cdt)

T 1/2
< A2 ( | [ Avigyita.0) do dt)
0 JQ
< K.
2. If |Ayl] < 1, then

T T 1/2
[ [ loayita, )l dode < a2 (/ / |gi<Ay;<x,t>>|2dxdt)
0 JQ 0 JQ
1/2
1/2 T (AL 2
< A |9i(Ay;(w, 1)) [7+7 du dt
0 JQ

T 1/(p+1)
< c|A|BrtD/2(p 1) (/0 /QAyggi(Ayg(a;,t))da: dt)

< Ks, forT > 0.
Then -
/ / 19:(Agl (2, 8))| dedt < K, for T > 0.
And let E C Q x [0,T] agld |%] is the measure of £ and the set

FE = {(.%',t) cF: ’gz(AyZn([B,t))‘ < |1E|}7 Ey = E\El

If M(r) =inf{|s| : s € R and |g;(s)| > r}, then

-
i(Ay)| dedt < e/ |E|+ | M | —== / Ay gi(Ay™)| dxdt.
[, los(ai) | dadt < /|8 ( ( |E|)) [ 1aipai)
By applying (3.13), we deduce
sup / gi(Ag) dadt — 0, when |E| — 0.
m JE

From Vitali’s convergence theory, we deduce
gi(Ag) = gi(Ay;), in L'(A).
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Proof of lemma is completed. O
End of proof of Theorem 3.1. Now (3.34) implies that
Gi(AF) = gi(Ayl),  wealestar in L2([0, T x ).
We deduce, for all v € L2([0,T] x L?(£2), that

T T
| [ astairywdzdc— [ [ gy dod
0 Q 0 Q

Finally, for all w € L2([0,T] x L?(Q2)):

/ / Y (x,t) + Ayi(x,t) — a(x)Aya(z,t) — g1 (A, (m,t))) wdzdt =0
and
/ / — Ays(x,t) — a(z) Ay (x,t) — gQ(Ayé(aﬁ,t))>w dxdt = 0.
Therefore, (y1,y2) are a solutions for the problem (1.1).
This concludes the proof of Theorem 3.1. U
4. ASYMPTOTIC BEHAVIOR

In this section, we prove stability result for the energy of the solution of system
(1.1), by using the multiplier technique.

Theorem 4.1. Let (10,19) € V and (y!,y) € V. Assume that (2.1)-(2.4) hold. The
energy of system (1.1), given by (2.5) decay estimate:

(4.1) E(t) <Ct™® Y forallt >0 if p>1,
and
(4.2) E(t) < C'E(0)e™™, forallt>0ifp=1,

where C' is a positive constant only depending on E(0) and C', w are positive constants
independent of the initial data.

Proof. This proof is established in two steps.
Step 1. Multiplying the first equation of (1.1) by —E*Ay;, we obtain

T
O:/s —EM/QAyl (y{/+A2y1 _a(x)AZD‘i‘gl(Ayi))dzdt
T T
Q2 S S Q
T T
—2 [ B [ \VyiPdedt+ [ B [ (VG + VAR ) dodt

+ / o / 2) Ay Ays drdt + / o / Ay1g1(Ay)) dedt.
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Step 2. Multiplying the second equation of (1.1) by —E*Ay,, we obtain

T
0= /s —E* /Q Ay, (yg’ + Ay — a(x)Ay; + gz(Ay§)> dxdt
T T
__ {E“ / YAy, dx} + / Jod o0 / N
Q s s 0
o T “w /12 r o /12 2
2 [ B[ Vsl dwdt+ | E" | (VY57 + [Agel)) dadt
s Q s Q
T T
+/S E“/ﬂa(x)AygAyl dxdt+/s E"/QAyggg(Ayé)d:Bdt.

By their sum, we obtain

T

T
/S Erldr < [E“/Q (yiAyl —|—y§Ay2)dx .

T

— / E'Er! / (Aury) + Ayoys ) dadt
S Q
TEN' \v4 /12 /2

2/ / Vil |?)dxdt
+2 Q(! yi? + |V ?) d

T
—/S E“/Q (Aylgl(Ayi) +Ay292(Ayé))d$dt'

Since F is non-increasing, we find that

T
{E“/ (y1Ay1 + yhAys) dx} <cE"(8S),
Q S

T
u’ [ e[ (Ayly’l—l—Ag&y;)dagdt‘ <cEM(S).

Using these estimates, we conclude from (4.3) that

T T
/ EF Lt <CEFL(S) +2/ E“/ (V412 + V55 [2) dvat

T
+ [ B [ (180llgr (Ayh)| + | Ayllgx(Agh)] ) dadt

889

Now, we estimate the terms of the right-hand side of the inequality (4.4), see Komornik

[7].
We consider the following partition of €2

O ={reQ:|Ay|>1), Q ={recQ:|Ay|<1}
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By using Sobolev embedding and Young’s inequality, we obtain
(4.5)

T T
o / “w /12
Lo [l (ay)l dade+ [ B [ [0y, dedt
T T T
" 2 o ANV “w /12
gg/s E /Q+|Ay1| dxdt+C(€)/S E /mygl(Ayl)y d;z:dt+c/s E /Q+|Ay1|
T T
§€c'/ E“/ |V Ay, |? dedt + (C’(s)cz+c>/ E“/ Ayi91(Ayy) dzdt
s Q e/ Js Q

T T
gec/ E““dtJrCl(g)/ EM(—E') dt
S S

T
<eC [0 Bt 4 Cole, ) E(S).

Similarly, we have

T T
1 / " /12
LB [l dade+ [ B [ 992 duds

(4.6) .
350/ EFLdt 4+ Co(e, ) E*TH(S).
s

Summing (4.5) and (4.6), we obtain
T

(1.7) LB [ (180lla (S + 1Al lga(Ayh)] ) dode

" Vi |> + [Vyh|?) ded

/ / t
+/5 /Q+(’ nl”+1 yﬂ)x
T
<eC [ B*dt+ Cle,p) B(S)
S

and
T / /12
LB [ (18ulla Ay + Vi) dads

T T

<e'd /S B /Q IV Ay dadt + C(') /S B /Q (|Ay;|2+|gl(Ay;)|2)dxdt
T T 2

§5’c’/ Erl dt+C(5’)/ E“/(Ay’lgl(Ayi))ﬁ dxdt
S S Q

T T 25
S&t’C/S Ertl dt—l—C(e’,p)/S E* (/Q Ayi91(Ayy) dx) Tt

Similarly, we have

T
/s B /Q_ ('A?ﬂ”gz(ﬁyé)l + IVy;|2) dxdt
(4.9)

T T 2
SE’C/ ERL gt 4+ C(e’,p)/ EH* (/ Ay go(Aysy) dx) " at.
s s 0
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Summing (4.8) and (4.9), we obtain
T
LB [ (18wllan ()] + 18sllga Ay ) dods
T
+/S Jol% /Q, (|vy;|2+ |vy;|2>dxdt

(4.10) . ) 2
gsoo/ foles dt+C’(50,p)/ EF (—E')o dt
S S

T T,
< goc/ foas dt+51/ EM5 dt + C (21, p) E(S).
S S
Comblining (4.7) and (4.10) in (4.4), we find

T T i
/ EMhdt < CE(S) + C"E"(S) +sC/ B! dt+61/ EFRT dt.
Q p .

ptl

We choose p such that pog = Bt 1,80, u = %, and choosing € and £; small enough,

we obtain
/Q EFLdt < C'E(S) + C'E*(0)E(S),

where C" is positive constant independent of £(0). Hence, the estimates (4.1) and
(4.2) follow by applying the following result of Martinez.

Lemma 4.1. Let E : R™ — RT be a non-increasing function and assume that there
are two constants p > 0, w > 0 such that

+00
/ E(s)**'ds < wE(0YE(t), for allt > 0.
t

Then, we have for everyt >0

1+ p _% .
E(t) < E(0) (1 +w”t> , i u>0,
E(t) < E(0)e! ™, if u=0.

For a short proof of this lemma we refer to [12].
This completes the proof of Theorem 4.1. O
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AN APPROACH TO LAGRANGE’S THEOREM IN
PYTHAGOREAN FUZZY SUBGROUPS

SUPRIYA BHUNIA! AND GANESH GHORAT!

ABSTRACT. The Pythagorean fuzzy environment is a modern way of depicting
uncertainty. The concept of Pythagorean fuzzy semi-level subgroups of any group is
described in this paper. The Pythagorean fuzzy order of an element in a Pythagorean
fuzzy subgroup is introduced and established various algebraic attributes. The
relation between the Pythagorean fuzzy order of an element of a group and the order
of that group is established. The Pythagorean fuzzy normalizer and Pythagorean
fuzzy centralizer of Pythagorean fuzzy subgroups are discussed. Further, the concept
of Pythagorean fuzzy quotient group and the index of a Pythagorean fuzzy subgroup
are defined. Finally, a framework is developed for proving Lagrange’s theorem in
Pythagorean fuzzy subgroups.

1. INTRODUCTION

One of the most important theorems in Abstract algebra is Lagrange’s theorem.
This theorem is very crucial in case of finite groups because it provides an overview
of subgroup size. Lagrange’s theorem has various applications in number theory. For
further details, we refer to [16].

Uncertainty is an unavoidable element of our lives. This universe isn’t built on
assumptions or precise measures. It is not always feasible to make straightforward
decisions. We face a significant problem in dealing with errors in decision-making
situations. In 1965, Zadeh [19] proposed the fuzzy set as a way to deal with ambiguity
in real-world problems. Following that, fuzzy sets become a worldwide study trend.
Rosenfeld [15] was the first to examine the concept of fuzzy subgroup and its features

Key words and phrases. Pythagorean fuzzy set, Pythagorean fuzzy subgroup, Pythagorean fuzzy
order, Pythagorean fuzzy quotient group.
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in 1971. The concepts of fuzzy coset and fuzzy normal subgroup were introduced by
Ajmal and Prajapati [2]. Dixit et al. [10] addressed fuzzy level subgroups and the
union of fuzzy subgroups in 1990. Biswas[8] was the first to suggest the concept of an
anti-fuzzy subgroup. The concepts of fuzzy normal subgroup, fuzzy coset, and fuzzy
quotient subgroup were presented by Ajmal and Prajapati [2] in 1992. Chakraborty
and Khare [9] investigated a variety of fuzzy homomorphism features. Ajmal [3]
also looked into homomorphisms of fuzzy subgroups. Kim [11] established the order
of fuzzy subgroups and fuzzy p-subgroups in 1994. In 1999, Ray [14] proposed the
product of fuzzy subgroups. Many researchers have been studying the features of fuzzy
groups in recent years. In 2015, Tarnauceanu [17] developed fuzzy normal subgroups
of finite groups. Addis [1] proposed fuzzy homomorphism theorems for groups in 2018.
In 2021, Bhunia [5] and Ghorai [7] presented the concept of (o, §)-Pythagorean fuzzy
sets and characterized (o, 5)-Pythagorean fuzzy subgroups.

When it comes to decision-making, assigning membership values isn’t always ad-
equate. Atanassov [4] established the intuitionistic fuzzy set in 1986 by attributing
non-membership degrees to membership degrees. Yager [18] defined Pythagorean
fuzzy set (PFS) in 2013 using this approach. In comparison to intuitionistic fuzzy
sets, this set provides a modern technique to model vagueness and uncertainty with
high precision and accuracy. Peng [13] and Yang presented some results relating
to it. Bhunia et al. [6] started exploring Pythagorean fuzzy subgroups (PFSG) in
2021. Pythagorean fuzzy subgroup was shown to be a larger class of Intuitionistic
fuzzy subgroup. The major goal of this study is to prove Lagrange’s theorem in
Pythagorean fuzzy subgroups. This article is designed in such a way that we can
approach Lagrange’s theorem.

This paper’s outline is as follows: in Section 2, we review several key definitions
and ideas. In Section 3, we define Pythagorean fuzzy order of elements of groups
and go over some of its features. Section 4 discusses the algebraic properties of
the Pythagorean fuzzy subgroup. We introduce the concept of a Pythagorean fuzzy
quotient group and prove Lagrange’s theorem in Section 5. In Section 6, we come to
a conclusion.

2. PRELIMINARIES

This section covers some definitions and concepts that are crucial for the develop-
ment of subsequent sections.

Definition 2.1 ([18]). A PFS ¢ on a set C' is defined by v = {(m, u(m),v(m)) |
m € C} where u(m) € [0, 1] and v(m) € [0, 1] are the degree of membership and non
membership of m € C| respectively, which fulfill the condition 0 < p?(m) +v?(m) < 1
for all m € C.

PFS will be denoted as 1 = (i, v) rather than ¢ = {(m, u(m),v(m)) | m € C}.

Definition 2.2 ([6]). Let ¢ = (u,v) be a PFS on a group (C,o). Then v is a PFSG
of C'if:
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(i) p2(mon) > u*(m) A p?(n) and v?(mon) < v?(m) Vv v?(n) for all m,n € C;
(i) p?(m=1) > p?(m) and v?(m~') < v%(m) for all m € C.
Here, y%(m) = {u(m)}? and v*(m) = {v(m)}? for all m € C.

Proposition 2.1 ([6]). Let ¢ = (u,v) be a PES on a group (C,0). Then is a PFSG
of (C,0) if and only if p*(mon=1) > u?(m) A p?*(n) and v*(mon=') < v*(m)V?(n)
for allm,n € C.

Definition 2.3 ([6]). Let ¢» = (1, v) be a PFSG on a group (C, o). Then for m € C,
the PFLC of ¢ is the PFS miy = (mu, mv), defined by (mu)?(u) = p?(m="' o u),
(mv)?(u) = v*(m™! o u) and the PFRC of 1 is the PFS vym = (um, vm), defined by
(um)*(u) = p*(wom™), (vm)?*(u) = v*(uom™) for all u € C.

Definition 2.4 ([6]). Let v = (u,v) be a PFSG on a group (C,0). Then v is a
PFNSG on the group (C, o) if every PFLC of ¢ is a PFRC of ¢ on C.
Equivalently, mwy = ¢m for all m € C.

Proposition 2.2 ([6]). Let ¢ = (u,v) be a PFSG on a group (C,0). Then v is a
PFNSG on C if and only if p*(mon) = p*(nom) and v*(mon) = v*(nom) for all
m,n € C.

Proposition 2.3 ([6]). Let ¢ = (u,v) be a PFSG on a group (C,o0). Then v is a
PFNSG of C if and only if p*(kouo k™) = p?(u) and v*(kouo k™) = v2(u) for all
u, k€ C.

3. PYTHAGOREAN Fuzzy ORDER OF ELEMENTS IN PFSG

This section establishes the Pythagorean fuzzy order of elements in PFSGs and
introduce the concept of Pythagorean fuzzy semi-level subgroups of any group. We
also compare the fuzzy order of elements in fuzzy subgroups with the Pythagorean
fuzzy order of elements in PFSGs. We also go over some of the algebraic features of
Pythagorean fuzzy order of elements in PFSGs.

Theorem 3.1. Assume ¥ = (u,v) is a PFSG on a group C' and m € C. Then
L(m)={ne C|p(n) > u?(m),v*(n) < v3(m)} is a subgroup of C.

Proof. We have I'(m) = {n € C | p*(n) > p?(m),v*(n) < v*(m)}, where m € C. So,
['(m) C C asm € T'(m). Also, e € T'(m) as p?(e) > p*(m) and v2(e) < v*(m). Let
p,q € I'(m). Then
ppa ) = it (p) Apt(a) = () A (a) > 1 (m).
)

In the same way, we can prove that v?(pg~!) < v%(m).
Therefore, I'(m) is a subgroup of C'. O

Definition 3.1. Assume ¢ = (i, v) is a PFSG on a group C and m € C. Then the
subgroup I'(m) is a Pythagorean fuzzy semi-level subgroup of C' corresponding to m.
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Definition 3.2. Assume ¢ = (u,v) is a PFSG on a group C' and m € C. Then the
Pythagorean fuzzy order (PFO) of m in 1 is denoted by PFO(m), and defined by

the order of the Pythagorean fuzzy semi-level subgroup of m in C.
Therefore, PFO(m),, = O(I'(m)) for all m € C.

Ezxample 3.1. Consider the group (Z4, +4).
Assign membership and non-membership degree of the elements of Z, by

1(0) =095, (1) =0.65 u(2)=0.65 u(3)=0.5,
v(0) =0.25, v(1)=0.75, v(2)=0.75, v(3)=0.45.

Clearly, ¥ = (u,v) is a PFSG on Z4. Then PFO of the elements of Z, in ¢ is
presented by

PFO(0), = O(I'(0)) =2, PFO(1)y =O(I'(1))
PFO(2)y = O(I'(2)) =4, PFO(3)y = O(I'(3))

From above example, we see that PFO(0), # O(0) and PFO(0), = PFO(3), = 2.

4,
2

Remark 3.1. The PFO of an element in PFSG may not always be same to the element’s
order in the group.

Proposition 3.1. Assume ¢ = (u,v) is a PFSG on a group C. Then PFO(e), <
PFO(m)y for allm € C, where e is group’s identity.

Proof. Let PFO(e)y = s, where s € Z*. Assume that I'(e) = {mq,mao,...,ms},
where m; # m,; for all 4, j.

Then pi(mi1) = p(ms) = -+ = p?(m,) = p?(e) and v (my) = v¥(my) = -+ =
vi(my) = v3(e).

As ¢ = (p,v) is a PFSG on C, p?(e) > p?(m) and v%(e) < v?*(m) for allm € C. So,
my,ma,...,ms € I'(u). Then I'(e) C I'(u). Thus, O(I'(e)) < O(I'(m)) for all m € C.
Therefore, PFO(e), < PFO(m), for all m € C. O

The next result represents a relation between the order and PFO of an element in
a group.

Theorem 3.2. Assume ¢ = (u,v) is a PFSG on a group C. Then O(m) divides
PFO(m)y for allm e C.

Proof. Let m € C and O(m) = k, where k € Z*. Then m* = e. Consider D = (m)
as a subgroup of C.

Now, p*(m?) = p(m) A p?(m) = p*(m) and v*(m?) < v?(m) vV v*(m) = v*(m).
Therefore, by induction, p?(mP) > p?(m) and v*(m?) < v*(m) for all p € Z™.

So, m,m?,...,m* € I'(m). Consequently, D C I'(m). Therefore, D is a subgroup
of I'(m).

Thus, by Lagrange’s theorem, O(D)|O(I'(m)). Therefore, O(m)|PFO(m),. Since
m is a random element of C, O(m)|PFO(m) for all m € C'. O
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We will now construct a relationship between the PFO of an element of a group in
PFSG and the group’s order.

Theorem 3.3. Assume ¢p = (u,v) is a PFSG on a group C. Then PFO of each
element of C in ) divides the order of C.

Proof. According to the definition, PFO(m),, = O(I'(m)) for all m € C.

From Theorem 3.1, I'(m) is a subgroup of C. Therefore, by Lagrange’s theorem,
the order of I'(m) divides the order of C. That is O(I'(m))|O(C).

This represent that PFO(m),|O(C) for all m € C. Hence, the PFO of each element
of C' in 1 divides the order of C'. U

Theorem 3.4. Assume ¢ = (p,v) is a PFSG on a group C. Then PFO(m), =
PFO(m™), for allm € C.

Proof. Let m € C. Then PFO(m),, = (F( ).

As ¢ = (u,v) is a PFSG on C, then " 2(m) = (m‘l) and v?(m) = v¥(m™1).
Therefore, I'(m) = {n € C' | p*(n) > p*(m™1), v3(n ) vi(m™ )} =T(m™).

This proves that, O(T'(m)) = O(F(m_l)). That is PFO(m), = PFO(m™)y.
Therefore, PFO(m), = PFO(m™"), for all m € C. O

Now, we will introduce the PFO of a PFSG on a group.

Definition 3.3. Assume ¢ = (u,v) is a PFSG on a group C. Then the PFO of the
PFSG ¢ is denoted by PFO() and is defined by PFO(¢) = V{PFO(m)y | m € C}.

FExample 3.2. Consider the PFSG v on Z, in Example 3.1.
The PFO of the elements of Z4 in % is presented by PFO(0), =2, PFO(1), = 4,
PFO(2), =4 and PFO(3)y = 2. Therefore, PFO(¢) = V{PFO(m)y | m € Z,}=4.

Theorem 3.5. The PFO of each PFSG on a group is the same as the group’s order.

Proof. Assume ¢ = (u,v) is a PFSG on a group C' and m € C.

Without sacrificing generality, we assume that p?(n) > p?(m) and v%(n) < v
foralln € C. Since'(m) = {n € C' | p*(n) > p*(m),v*(n) < v?(m)}, then I'(m)
Also, |I'(m)| > |I'(n)| for all n € C. Consequently, PFO(y)) = PFO(m),.

Again PFO(m),, = O(I'(m)). Therefore, PFO(¢)) = O(C).

Hence, the PFO of an PFSG on a group is the same as group’s order. O

_( m)

Remark 3.2. For a PFSG on a group C, the PFO of an element of C' divides the PFO
of that PFSG.

Theorem 3.6. Assume 1p = (u,v) is a PFSG on a group C' and m € C such that
PFO(m)y = s. If ged(s,t) = 1, then p?(m') = p?(m) and v*(m') = v*(m).

Proof. Since PFO(m), = s, then m®* = e. Also ¢ = (u,v) is a PFSG on C, then
p(m') > p?(m) and v2(m') < v*(m).
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As ged(s,t) = 1, then there exist a and b such that as + bt = 1. Now
K2 (m) =) > 2 (m) A g2y > p(e) A () = p(m).

Therefore, p?(m) > p?(mt). Same way we can prove that v?(m) < v?(m'). Hence,
p?(m?) = p?(m) and v?*(mt) = v*(m). O
Theorem 3.7. Assume 1 = (u,v) is a PFSG on a group C and m € C. If p*(m') =
p?(e) and v*(m') = v3(e) then t|PFO(m)y, where t € Z.
Proof. Let PFO(m), = s. We can suppose that q is the smallest integer for which
p*(m?) = p*(e) and v*(m?) = v*(e) holds.

By division algorithm, there exist a,b € Z such that s = at + b where 0 < b < t.
Now

pP(m®) =p®(m*=")
> (m*) A p*((m=)")
=y (m*) A p*(m™) = p*(e) A p*((m')?)
> (e) A i (m')
=" (e).

Similarly, v2(m®) < v2(e). Thus, p?(m®) = p?(e) and v3(m®) = v2(e). This
contradicts ¢’s minimality as 0 < b < t.
Therefore, b = 0, so s = at. Hence, t|PFO(m)s. O

Theorem 3.8. Assume ¢ = (u,v) is a PFSG on a group C and m € C. If
PFO(m)y = s, then PFO(m"),, = sed(sny Where v € Z.

Proof. Let PFO(m"),, = a and ged(s,v) = g.
As PFO(m)y = s then by Theorem 3.7, m* = e. Now
iP((m")5) = p*((m*)5) = p*(ev) = p*(e).
Similarly, v2((m?)s) = v2(e). As a result of the Theorem 3.7, > divides a.
Also, ged(s,v) = g, then there exist p,q € Z such that sp + vq = g. Therefore,

Iu2 (mga) :M2 m(ps+vq)a)

As a result, the only option is p?(m9%) = p?(e). Similarly, v?(m9*) = v%(e).
Thus, by Theorem 3.7, ga|s, that is a\g. Therefore, a = 2. Hence, PFO(mM")y =

ged(s,v) [l
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Theorem 3.9. Assume ¢ = (u,v) is a PFSG on a group C and m € C. If
PFO(m)y = z and g = h (mod z), then PFO(m?), = PFO(m")y, where g, h,z € Z.

Proof. Let PFO(m?)y = l; and PFO(m"),, = l,.
As g = h (mod z), then g = wz + h, where w € Z. Then

pE((m)2) =g (') = o
> (m)) A g ("))
=p*(e) A pi?(e)
= (e).

As a result, the only option is p?((m?)"2) = p?(e). Similarly, v*((m?)"2) = v?(e).
Thus by Theorem 3.7, l5|l;. In the same manner, we can prove that [;|ly. Thus [} = l5.
Hence PFO(m?)y, = PFO(m")y, where g,h € Z. O

Theorem 3.10. Assume ¢ = (u,v) is a PFNSG on a group C and m € C. Then
PFO(m), = PFO(nmn™'),, for alln € C.

Proof. Let n be any element of C.

As ¢ is a PFNSG on the group C, then p*(m) = p*(nmn~') and v?*(m) =
vi(nmn~'). Therefore the Pythagorean fuzzy semi-level subgroup corresponding
to m is equal to nmn=1.

This implies that T'(m) = T'(nmn~!). Consequently, O(T'(m)) = O(T'(nmn™')).
Since n is a random element of C', hence PFO(m), = PFO(nmn™'), for all n €
C. O

Theorem 3.11. Assume ¢ = (u,v) is a PFNSG on a group C. Then PFO(mn)y, =
PFO(nm)y for allm,n € C.

Proof. Assume m and n are elements of C.

Then we have p*(mn) = p*((n~'n)(mn)) = p?(n~*(nm)n). Similarly, v?(mn) =
v (n~t(nm)n). Therefore, T'(mn) = T(n~'(mn)(n=1)~!). Consequently, PFO(mn),
= PFO(n™'(nm)(n=")71),.

Using Theorem 3.10, we get PFO(n(nm)n™t), = PFO(nm)y,. As m and n are
random elements of C', hence PFO(mn), = PFO(nm), for all m,n € G. O

Theorem 3.12. Assume ¢ = (u,v) is a PFSG on a commutative group C and m,n
are two elements of C' such that gcd(PFO(m)y, PFO(n)y) = 1. If p*(mn) = u?(e)
and v*(mn) = v*(e), then PFO(m)y, = PFO(n)y = 1.

Proof. Assume PFO(m), = p and PFO(n), = q. So, we get ged(p, q) = 1. Now

w2 (mnf) = p*((mn)?) > p*(mn) = p*(e).
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As a result, the only option is p?(mn?) = u?(e). Also,

p?(m) =p*

= (
2 q.,.q 2 —1\q
2~ (mn?) A p=((n=)%)
=p*(e) A p*(e)
= (e).
So, we get p?(m?) = p?(e). Similarly, anyone can verify that v?(m?) = v2(e).
Using Theorem 3.15, we get ¢|p. Again ged(p, ¢) = 1, thus ¢ = 1. Similarly, we can

present that p = 1.
Hence, PFO(m), = PFO(n)y = 1. O

miniy?)
2

Theorem 3.13. Generators of a cyclic group have same PFO in a PFSG.

Proof. Assume C'is a cyclic group of order k.

Let m,n are any two generators of C. Then m* = e = nF.

As m is a generator, then n = m? for some p € Z*. Therefore, k and p are co-prime,
so ged(k, p) = 1. Thus, by Theorem 3.6, we get PFO(m), = PFO(m?)y, = PFO(n),.
For an infinite cyclic group it has only two generator. If m is a generator of C', then m !
is the only other generator. Thus, by Theorem 3.4, we get PFO(m), = PFO(m™")y.

Hence, any generators of a cyclic group have same PFO in a PFSG. 0

4. SOME ALGEBRAIC ATTRIBUTES OF PFSG

The concepts of Pythagorean fuzzy normalizer (PFNL) and Pythagorean fuzzy
centralizer (PFCL) are developed in this section. We also look into a number of
algebraic properties of it.

Definition 4.1. Assume ¢ = (u,v) is a PFSG on a group C. Then PFNL of v is
denoted by 6(1)) and defined by 6(v0) = {m | m € C, p*(x) = p*(mxm") and v*(m) =
v (maxm™1)} for all z € G.

Ezample 4.1. Consider the group C' = (Z,+).
Assume ¢ = (u,v) is a PFS on Z, which is presented by

(m) = 0.87, where m € 27,
H ] 0.62, elsewhere,

(m) = 0.31, where m € 2Z,
vim) = 0.68, elsewhere.

We can clearly verify that ¢ = (u,v) is a PFSG on Z. Then the PFNL of ¢ is
5(0) = 2.

Theorem 4.1. Assume 1) = (u,v) is a PFSG on a finite group C. Then the PFNL
d(¢) forms a subgroup of C.
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Proof. Let m,n € 6(¢). Then

(4.1) 12 (p) = p*(mpm™"), v¥(p) = v*(mpm~'), forallpe C,
and
(4.2) 12(q) = p*(ngn™), v*(q) =v*(ngn™"), forallge C.

Clearly, e € §(¢), so 6(¢)) is a non-empty finite subset of C.
To show (1)) is a subgroup of C, we need to show mn € 6(¢)). Put p = ngn~"! in
(4.1), we get

(4.3) pr(ngn™t) = p2(mngn~'m™') and 1*(ngn') = v (mngn " tm1).

Then applying (4.2) in (4.3), we have p*(q) = p*(mngn='m™!) and v?(q) =
v (mngn=tm™1).

This shows that p%(q) = p?((mn)q(mn)=t) and v°(q) = v°((mn)q(mn)~1). There-
fore, mn € 6(¢). Hence, §(¢)) forms a subgroup of C. O

Proposition 4.1. Assume » = (u,v) is a PFSG on a group C. Then ¥ = (u,v) is
a PFNSG of C if and only if 6(¢) = C.

Proof. We have §(¢)) = {m | m € C,p?(p) = p*(mpm~") and v*(m) = v*(mpm™")
for all p € C. Therefore, §(¢) C C.

Assume ¢ = (u,v) is a PENSG on C. Then we get p*(m) = p?(nmn~!) and
v (m) = v (nmn=!) for all m,n € C.

This presents that C' C §(¢). Hence, §(¢)) = C.

Conversely, let §(¢)) = C. Then p*(m) = p*(nmn~') and v?(m) = v*(nmn=") for
all m,n € C. Hence, ¥ = (u,v) forms a PENSG on C. d

Theorem 4.2. Assume ¢ = (u,v) is a PFSG on a group C. Then 1 forms a PFNSG
on the group 0(1).

Proof. Let m,n € §(x). Then p?(w) = p?(mwm™") and v*(w) = v*(mwm™") for all
w € C. As §(¢) forms a subgroup of C, then nm € 6(¢)). Putting w = nm in above
relation we have p?(nm) = p?(mnmm™') and v?(nm) = v*(mnmm™="). This presents
that p?(nm) = p?(mn) and v*(nm) = v*(mn). Hence, ¢ forms a PFNSG on the
group d(1)). O

Definition 4.2. Assume ¢ = (u,v) is a PFSG on a group C. Then PFCL of v is
denoted by w(v) and defined by w(v)) = {m | m € C, u?*(mn) = p?(nm) and v*(mn) =
v3(nm)} for all n € C.

Example 4.2. From Example 3.1, consider the PFSG v on the group Z4. Then the
PFCL of ¢ is w(v) = Zy.

Theorem 4.3. The PFCL of a PFSG on a group forms a subgroup of the group.
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Proof. Assume ¢ = (u,v) is a PFSG on a group C. Then the PFCL of v is presented
by w(¥) = {m | m € C, p*(mn) = p?(nm) and v*(mn) = v?(nm)} for alln € C.
Let s,t € w(¢). Then for all r € C, we get

P ((st)r) = p2(s(tr)) = @ ((tr)s) = p*(t(rs)) = p*((rs)t) = p*(r(st)).
Thus, p?((st)r) = p*(r(st)) for all r € C.
Similarly, we get v2((st)r) = v2(r(st)) for all r € C. This presents that st € w(¢).
Also, for all g € C, we get

pA(s7hg) = 1P ((g 7 s)™Y) = P97 1s) = pP(sg™h) = (g5~ 1)) = (s ™).
Thus, p?(s7tg) = p*(gs~!) for all g € C.

Similarly, we get v*(s71g) = v%(gs™!) for all g € C. This presents that for s € w(1),
we have s € w(v). Hence, w(¢)) forms a subgroup of C'. O

5. LAGRANGE’S THEOREM IN PFSG

This section revolves around the development of theories for Lagrange’s theorem
fuzzification in PFSG.

Theorem 5.1. Assume ¢ = (u,v) is a PFNSG on a finite group C' and A is the set of
all PFCs of ¢ on C. Then A constructs a group with the composition mionip = (mn)p
for allm,n € C.

Proof. To prove (A, o) constructs a group with the composition mwy o ny) = (mn)y
for all m,n € C, we need to verify that o is well defined.

Let m,n,p,q € C such that my = py and ny = qip.

Therefore, mu(z) = pu(z), mv(x) = pr(z) and nu(z) = qu(x), nv(z) = qu(z) for
all x € C. This presents that for all x € C'

(5.1) pHm™e) = p*(p~le), vA(mTe) = (pTe)

and

(5.2) p(n~le) = p(g" ), vA(nTle) = v (¢ ).

We need to verify that miy o ny = pi o qip. So, (mn)y = (pg). We get (mn)u(x) =

p(n~'m™1x) and (pq)u(z) = p*(¢~'p~'x) for all z € C. Then

prntmT ) =pP(n” im T pp )
=p*(n~'m ™ pgq~'p~'x)
> (n~tm ™ pg) A pt (g pT ).
So,
(5.3) pAn~tm> ) >t (n”tm T pg) A (g p ).
Replace z with m™'pg in (5.2), then

1> (n'm ™ pg) = (¢ 'm " pg).
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As ¢ = (u,v) is a PENSG on C, then p?(¢ 'm~'pq) = p*(m~'p). Replace z with p
in (5.1), we get

p(m~'p) = 1 (p~'p) = 1*(e).
Consequently, p?(n~ pq) = p2(e).
From (5.3), we get 5 ( ;! )1> " (g p o). 1 1

Similarly, p?(q~'p~'z) > p?(n~'m~'x). Therefore, p?(n~'m™x) = p*(¢ 'p~'x),
for all x € C. Also, we can verify that v?(n"'m™z) = V(¢ p~tz) for all x € C.
This presents that (mn)u(x) = (pq)u(x) and (mn)v(x) = (pq)v(x) for all x € C.
Consequently, (mn)y = (pq)y. Hence, o is well defined on A. Clearly, A’s identity
element is ep. Also, m~11 € A is the inverse of my in A. That is (mv)o(m =) = ex.
Therefore, (A, o) constructs a group with the composition m o nip = (mn)y for all
m,n € C. O

Definition 5.1. The index of ¢ is denoted by [C : 9] and defined by [C : ¥] = O(A).

Ezample 5.1. Consider the group C' = (Z4, +4). From Example 3.1, take the PFSG
¥ on Z,. We can clearly show that v is a PFNSG on the group C = (Z4, +4). Then
the set of all PFCs of ¢ is A = {Ow, 1), 29h, 31 }.

Now (1p)*(1) = /" 2171 +41) = p2(3 +4 1) = p*(0) = 0.9025, (2p)*(1) = p*(27" +4
1) = p2(2+41) = p*(3) = 0.7225 and (3p)*(1) = p*(37 " +41) = p*(1 +41) = pi2(2) =
0.4225.

Thus, (1p)%(1) 7é( w)?(1) # (3p)* ( ). This presents that 1) # 2¢ # 3¢). Therefore,
the index of ¢ is [C': ¢] = O(A) =

Theorem 5.2. Assume ) = (u,v) is a PFNSG on a finite group C. Then a PFS
U = (s, v) on A defined by p.(mp) = p(m) and vi.(mv) = v(m) constructs a PFSG
on (A, o) for allm e C.

Proof. Let miy,niy € A, where m,n € C'. Then
p((mp) o (np)) =p2((mn)p) = p?(mn)
>p*(m) A pi?(n)
=pZ(mp) A p(np).

Therefore, pi3((mp) © (nge)) > i (mp) A pi(nps).

Similarly, we get v2((mv)o ( v)) < vi(mv)Vi2(ny). Also, p2(m=tp) = p?(m™1) =
p?(m) = p2(mp). Similarly, v2(m~'v) = v2(mv). Therefore, ¥ = (p,, v,) constructs
a PFSG on (A, o). O

Definition 5.2. The PFSG ¥ = (u.,v.) on the group (A, o) is referred to as
Pythagorean fuzzy quotient group (PFQG) on 1.

FEzample 5.2. From Example 5.1, consider the PENSG % on the group (Z4, +4). Then
the set of all PFCs of ¢ is A = {0¢, 19, 24, 310}, We create a PFS W = (., v,) on A
by p.(mpu) = p(m) and ymv) = v(m).
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Then . (0p) = p(0) = 0.95, p(1p) = p(1) = 0.65, po(2p) = p(2) = 0.65, . (3p) =
w1(3) = 0.85 and v, (0v) = v(0) = 0.25, v.(1lv) = v(1) = 0.75, v.(2v) = v(2) = 0.75,
v.(3v) = v(3) = 0.45.

We can clearly verify that W = (p., v4) is a PFSG on A. Hence, ¥ = (u., v,) is the
PFQG on .

Theorem 5.3. Assume ¢ = (u,v) is a PFNSG on a finite group C and constructs
a function k : C — AN by k(m) = my for all m € C. Then Kk forms a group
homomorphism with kernel ker(k) = {m € C' | p*(m) = p*(e), v*(m) = v?*(e)}.

Proof. Let m,n € C.
Then k(mn) = (mn)y = (my)o(my) = k(m)or(n). This presents that k : C' — A
forms a group homomorphism. The kernel of k is presented by

ker(k) ={m € C' | k(m) = e}
(€ C|mp=ep)
={m € C' | my(n) = ep(n) for all n € C'}
={m € C | mu(n) = eu(n),mv(n) = ev(n) for alln € C'}

={m € C | p*(m 'n) = p*(n),v*(m 'n) = v*(n) for all n € C}

={m € C'| p*(m) = p*(e),v*(m) = v*(e)}.
Hence, ker(k) = {m € C | p*(m) = p?(e), v*(m) = v*(e)}. O
Remark 5.1. ker(k) forms a subgroup of C.

Theorem 5.4. Assume ©» = (u,v) is a PFNSG on a finite group C. Then [C : 9]
divides O(C).

Proof. A ={my | m € C}, the set of all PFC of ¢ on C' is finite as C' is finite.
Theorem 5.3 proves that x : C' — A defined by xk(m) = mw for all m € C is a
group homomorphism.
We define H = {m € C' | my = exp} = ker(k), which is a subgroup of C. C' is now

decomposed as union of left cosets modulo p by
C=mHUmeHUmzHU---Um,H,

where m,H = H.

We need to verify that there exists a one-one relation between A’s elements and
cosets m; H of C.

We consider an element p € H and coset m; H of C. Then we get k(m;p) = m;py =
(my) o (pv) = (M) o (eh) = (mya)). This represents that x maps elements of m; H
to m;.

We now create a mapping k£ between {m;H| 1 <1i < p} and A by k(m;H) = m;1.
Let mgtp = mpp. Then m, 'my1p = ep. Therefore, my 'm, € H. This presents that
maH = mbH.
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Hence, k(m;H) = m;1 is a one-one map. As a result, we can establish that the
number of distinct cosets is same as A’s cardinality. That is [C': H| = [C : ).
Since [C' : H] divides O(C'), then [C' : 9] must divide O(C). O

6. CONCLUSION

Various fuzzy algebraic structures have significant importance in decision making
problems. This paper explores the study of PFSGs. We have arranged the sections
of this paper in such a way that we can approach Lagrange’s theorem at the end.
In this paper, we have defined Pythagorean fuzzy semi-level subgroups. We have
introduced the notion of PFO of an element in PFSG and discussed various algebraic
properties of it. Further, We have developed the concept of PFNL and PFCL of
a PFSG. Moreover, we have introduced PFQG and the index of a PFSG. Finally,
we have presented Lagrange’s theorem in the form of PFS. In future work, we will
implement direct product of groups and group actions in PFSG.
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INDECOMPOSABLE MODULES IN THE GRASSMANNIAN CLUSTER
CATEGORY CM(Bs )

DUSKO BOGDANIC!' AND IVAN-VANJA BOROJA?

ABSTRACT. In this paper, we study indecomposable rank 2 modules in the Grassmannian
cluster category CM(Bs510). This is the smallest wild case containing modules whose
profile layers are 5-interlacing. We construct all rank 2 indecomposable modules with a
specific natural filtration, classify them up to isomorphism, and parameterize all infinite
families of non-isomorphic rank 2 modules.

1. INTRODUCTION AND PRELIMINARIES

In their seminal work [7], Fomin and Zelevinsky used the homogeneous coordinate ring
C[Gr(2,n)] of the Grassmannian of 2-dimensional subspaces of C" as one of the first
examples of the theory of cluster algebras. Scott proved in [17] that this cluster structure
can be generalized to the coordinate ring C[Gr(k,n)]. These results initiated a lot of
research activities in cluster theory, e.g. [5,8,10,12-16,18]. Geiss, Leclerc, and Schroer
[9,11] gave an additive categorification of the cluster algebra structure on the homogeneous
coordinate ring of the Grassmannian variety of k-dimensional subspaces in C" in terms
of a subcategory of the category of finite dimensional modules over the preprojective
algebra of type A,_1, called the boundary algebra. Jensen, King, and Su [14] introduced a
new additive categorification of this cluster structure using the maximal Cohen-Macaulay
modules over the completion of an algebra By, which is a quotient of the preprojective
algebra of type A,_1. In the category CM(By,,) of Cohen-Macaulay modules over By,
among the indecomposable modules are the rank 1 modules which are known to be in

Key words and phrases. Cohen-Macaulay modules, Grassmannian cluster categories, Indecomposable
modules.
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bijection with k-subsets of {1,2,...,n}, and their explicit construction has been given
in [14] (a k-subset I corresponds to a rank 1 module denoted L;). Rank 1 modules are
the building blocks of the category as any module in CM(Byg,,) can be filtered by rank 1
modules (the filtration is noted in the profile of a module, [14, Corollary 6.7]). The number
of rank 1 modules appearing in the filtration of a given module is called the rank of that
module.

The aim of this paper is to explicitly construct all rank 2 indecomposable Cohen-Macaulay
By, ,-modules in the case when £ = 5 and n = 10. All indecomposable By, ,-modules of rank
2 whose rank 1 filtration layers L; and L, satisfy the condition |I N .J| > k — 4 have been
constructed in [4]. This covers all tame cases and the wild case (k,n) = (4,9). The case
(k,n) = (5,10) is the smallest wild case that contains rank 2 indecomposable modules whose
layers are 5-interlacing. In this case, the only profiles with 5-interlacing layers are of the
form {i,i4+2,i+4,i4+6,i+8} | {i+1,i+3,i+5,i+7,i4+9}, where i = 1,2. We construct all
indecomposable modules with the profile {7, i+2,i+4,i46,i+8} | {i+1,i+3,i+5,i+7,i+9},
classify them up to isomorphism, and parameterize all infinite families of non-isomorphic
rank 2 modules. It is important to remark that even though we only treat the case (5, 10)
in this paper, all arguments and results are also valid for the general case (k,n) for all rank
2 modules with tightly 5-interlacing layers.

We follow the exposition from [2,3,14] in order to introduce notation and background
results. Here, the central combinatorial notion is that of r-interlacing.

Definition 1.1 (r-interlacing). Let I and J be two k-subsets of {1,...,n}. The sets
I and J are said to be r-interlacing if there exist subsets {iy,i3,...,%9,—1} C I\ J and
{ig,44,... 12, } C J\ I such that iy < iy < i3 < --- < iy < 41 (cyclically) and if there
exist no larger subsets of I and of J with this property. We say that I and J are tightly
r-interlacing if they are r-interlacing and |I N J| =k —r.

Let T',, be the quiver of the boundary algebra, with vertices Cy = Z,, on a cycle and
arrows z; ti—1 — 1, y;, 11 = i—1, i € Cy. We write CM(By,,,) for the category of maximal
Cohen-Macaulay modules for the completed path algebra By, of I',,, with relations zy — yz
and ¥ — y"~* (at every vertex). The centre of By, is Z := C[|t|], where ¢t = 3, z;y;. For
example, in the following figure we have the quiver I';, for n = 5. We view the completed
path algebra of I'), as a topological algebra via the m-adic topology, where m is the two-
sided ideal generated by the arrows of the quiver, see [6, Section 1]. The algebra By, was
introduced in [14, Section 3]. Observe that By, is isomorphic to B, ,, so we will always
take £ < 7. Moreover, throughout this paper, we will be working with the algebra Bs 1.
For background results on algebras given by quivers and relations and their representations
we recommend [1].

The (maximal) Cohen-Macaulay By, ,-modules are precisely those which are free as Z-
modules. Such a module M is given by a representation {M; : i € Cy} of the quiver with
each M; a free Z-module of the same rank (which is the rank of M).
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FI1GURE 1. The quiver I';

Definition 1.2 ([14, Definition 3.5]). For any By ,-module M and K the field of fractions
of Z, the rank of M, denoted by rk(M), is defined to be the length of M ®, K, rk(M) :=
len(M ®z K).

Note that By ,®z K = M, (K), which is a simple algebra. It is easy to check that the rank
is additive on short exact sequences and rk(M) = 0 for any finite-dimensional By, ,-module
(because these are torsion over Z). Also, for any Cohen-Macaulay By ,-module M and
every idempotent e;, j € Cy, rkz(e; M) = rk(M), so that, in particular, rky (M) = nrk(M).

Definition 1.3 ([14, Definition 5.1]). For any k-subset I of Cp, we define a rank 1 By,-
module
L] = (U27 1€ Co; Ty Yi,s 1€ Co)
as follows. For each vertex i € Cy, set U; = C|[t]], e; acts as the identity on U; and e;U; = 0,
for i # 7. For each i € (Y, set
x;: U;_1 — U; to be multiplication by 1 if ¢ € I, and by t if i & I,
y;: U; — U;_1 to be multiplication by tif i € I, and by 1if i & I.

The module L; can be represented by a lattice diagram £; in which Uy, Uy, Us, ..., U,
are represented by columns of vertices (dots) from left to right (with Uy and U, to be
identified), going down infinitely. The vertices in each column correspond to the natural
monomial C-basis of C[t]. The column corresponding to Uy, is displaced half a step
vertically downwards (respectively, upwards) in relation to U; if i + 1 € I (respectively,
i+1 ¢ I), and the actions of x; and y; are shown as diagonal arrows. Note that the k-subset
I can then be read off as the set of labels on the arrows pointing down to the right which
are exposed to the top of the diagram. For example, the lattice diagram Ly 45} in the case
k =3, n =8, is shown in Figure 2.

We see from Figure 2 that the module L; is determined by its upper boundary, denoted
by the thick lines, which we refer to as the rim of the module L; (this is why we call the
k-subset I the rim of L;). Throughout this paper we will identify a rank 1 module L; with
its rim. Moreover, most of the time we will omit the arrows in the rim of L; and represent
it as an undirected graph.
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FIGURE 2. Lattice diagram of the module Ly; 45y

Proposition 1.1 ([14], Proposition 5.2). Every rank 1 Cohen-Macaulay By, ,-module is
isomorphic to Ly for some unique k-subset I of Cy.

Every By, ,-module has a canonical endomorphism given by multiplication by ¢ € Z. For
Ly this corresponds to shifting £; one step downwards. Since Z is central, Homgp, , (M, N)
is a Z-module for arbitrary By ,-modules M and N. If M, N are free Z-modules, then so
is Homp, , (M, N). In particular, for any two rank 1 Cohen-Macaulay By ,-modules L; and
Ly, Homp, (L, Ly) is a free module of rank 1 over Z = C[[t]], generated by the canonical
map given by placing the lattice of L; inside the lattice of L; as far up as possible so that
no part of the rim of Ly is strictly above the rim of L; [14, Section 6].

Every indecomposable module M of rank n in CM(By,,) has a filtration having factors
Ly, Ly, ..., Ly, of rank 1. A specific filtration given by the dimension vector of a module
is noted in its profile, pr(M) =1, | I | ... | I,, [14, Corollary 6.7]. In the case of a rank
2 module M with filtration L; | L; (i.e. with profile I | J), we picture the profile of this
module by drawing the rim J below the rim I, in such a way that J is placed as far up as
possible so that no part of the rim J is strictly above the rim I. Note that there is at least
one point where the rims I and J meet (see Figure 3 for an example).

Ficure 3. The profile {1,3,5,7,9} | {2,4,6,8,10} in CM(Bs5 19).

For background on the poset and dimension vector associated with an indecomposable
module or to its profile, we refer to [14, Section 6].



INDECOMPOSABLE MODULES IN THE GRASSMANNIAN CLUSTER CATEGORY 911

2. TIGHT 5-INTERLACING

In this section we construct all rank 2 indecomposable modules with the profile I | J in
the case when I and J are tightly 5-interlacing 5-subsets, i.e., when |\ J| = |J\ I| =5 and
non-common elements of I and J interlace, that is, |I N .J| = 0. Rank 2 indecomposable
modules with 3-interlacing and 4-interlacing layers have been constructed and parameterized
in [4].

In the case (5, 10), there are only two profiles with 5-interlacing layers, namely I | J and
J | I, where I = {1,3,5,7,9} and J = {2,4,6,8,10}. We will work with the profile I | J,
the arguments are the same for J | I.

In [4], we defined a rank 2 module M(7, J) with filtration L; | L; in a similar way as rank
1 modules are defined in CM(By ). We recall the construction here. Let V; := C[|t||®C[|¢|],
i=1,...,n. The module M(7, J) has V; at each vertex 1,2,...,n of I',,. In order to have
a module structure for By, for every ¢ we need to define z;: V;_y — V; and y;: V; = Vi_4
in such a way that z;3; = t - id and 2% = y"=*.

Define
g [T b2in R Y
2i+1 — O 1 ) 21 — O t )

(1 —baia [t by
y21+1_ O ¢ ) Yoi = O 1 3

fori=0,1,2,3,4. Also, we assume that Z?:o b; = 0. By construction it holds that xy = yx
and z° = y'%75 at all vertices and that M([, J) is free over the centre of Bs . Hence,
M(I, J) is in CM(B5’10).

It was shown in [4] that M(7, J) is isomorphic to L; & L if and only if ¢ | b; 4+ b; 41, for i
odd.

Our aim is to study the structure of the module M(7, J) in terms of the divisibility
conditions the coefficients b; satisfy. Since I and J are fixed, M(7, J) will be denoted by
M.

We distinguish between different cases depending on whether the sums by + by, bs + by,
bs + bg, by + bg, and by + by are divisible by ¢ or not. We will call these the five divisibility
conditions t | by 4+ ba, t | by + by, t | bs + bg, t | by + bg, and t | by + byp, and write (div) to
abbreviate. Also, we write B; = b; + b;,1 for odd 7. There are four base cases: one of the
sums B; is divisible by ¢ and four are not, two are divisible by ¢ and three are not, three
are divisible by ¢ and two are not, and none of the sums is divisible by t. Note that it is
not possible that four of the sums are divisible by ¢ and one is not because they sum up
to 0.

Theorem 2.1. The module M(I, J) is indecomposable if and only if there exist odd indices
iy, and iy, such that t | b; + b1, for i, <i <1y, i odd, t)(b,-l1 + iy 41, " biy, + by, 41, and
t1 bi,, + by 41+ by, + by 1
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Throughout the paper, in all the cases we consider, we will assume that the assumptions
of the previous theorem are fulfilled, i.e. that there are odd indices ¢;, and 7;, such that
t ‘ bi+bi+17 for ill <1< ’ilQ, 1 Odd, t )( bill +bill+17 t)[ bi12+bi12+17 and ¢ f bill +bill+1+bi12 +bi12+1-
This means that one of the base cases, the case where two of the sums B; are not divisible
by t and three are divisible by ¢, will not be considered, because in this case the assumptions
of the previous theorem are not fulfilled. More precisely, the sum of the only two B;’s that
are not divisible by ¢ is divisible by ¢, because 1%, b; = 0. Therefore, there are only three
base cases to consider.

We will show that there are infinitely many non-isomorphic modules with the same
filtration for the cases when none of the sums is divisible by ¢ and when four of the sums
are not divisible by t.

Let (ci1,cq,c3, ¢4, Cs, Cg, C7, Cs, Co, C19) be another 10-tuple such that 1%, ¢; = 0 and that
the module defined by this tuple is indecomposable. Denote this module by M' and by C;
the sum ¢; +c;1, for odd 7. We say that the modules M and M satisfy the same divisibility
conditions if the following holds: ¢ | B; if and only if ¢ | C;, and t | B; + B; if and only if
t|Ci+Cj.

For the rest of the paper, if t%v = w, for a positive integer d, then t~%w denotes v. If
there is an isomorphism ¢ = (;) between the modules M and M, then the following holds.

Let us assume that ¢y = : ? . Then from p;z; = ;0,1 we get that pg;yq is
at(cr+ - F )ty Bt—aX i b+ 65 o — (7 b)) (23 ety
ty 6 — (b1 + ... b1t 0 ’

and that ¢o; is equal to
(a + e+ ety B+t (~a Z?il b; + (52?11 cj — t_lfyz Z] 1 cj)>

Y

y o — (bl —+ -4 bgi)tfl’y
where ¢ | v and

t | —Oé(bl + bg) + 5(61 + CQ) — (bl + bg)(cl + CQ)t_l’y,

t] —a Zb +0 - ch—t ’yZb Zc“

i=1 =1
(2.1) t] —a Zb +4- ch—t ’yZb Zc“
i=1 =1
t\—aZb +5Zb—t fyzb ch
i=1 =1

Since t | v and we would like ¢ to be invertible, then it must be that ¢ { « and ¢ 1 4.

. . o - . : .
Then the inverse of g is - 5i iz <_7 f) . Thus, in order to construct an isomorphism
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between M and M, we have to make sure that the divisibility conditions (2.1) are met for
the coefficients of g. This will be used repeatedly throughout the paper.

Before considering base cases, in the next theorem we show that if the modules M and
M’ do not satisfy the same divisibility conditions, then they are not isomorphic.

Theorem 2.2. The above defined modules M and M’ are not isomorphic if they do not
satisfy the same divisibility conditions.

Proof. Let us assume that there is an odd index, say iy, such that ¢ t b;, + b;;+1 and
t| ey, +cig1- If o = (p;) is an isomorphism between M and M, let ¢;, 1 = (3 g . Then

the coefficients of ¢;, 1 have to satisfy divisibility conditions (2.1). Since ¢ | ¢;, + ¢;, 41, the
first condition from (21), t | —Oé(bil + bil—i-l) + (5(611 + Cil-‘rl) — (b“ + bi1+1)(ci1 + Cil+1)t_17,
reduces to ¢ | a(b;, + bi,+1). But ¢t { o and ¢ { b;, + b;, 41 which is a contradiction. Hence, M
and M’ are not isomorphic in this case.

Assume that, for every odd i, t ¥ b; + b;y1 if and only if ¢ 1 ¢; + ¢;11. Since M and
M’ do not satisfy the same divisibility conditions, there is an index, say i;, such that
t 1 B;, + B, and t | C;; + Cy,. Then the second divisibility condition from (2.1), ¢ |
—Oé(Bz‘l + Blz) +5(O“ + 012) - (le + BZZ)(C“ + Ciz)t_l’}/7 reduces to t | —Oé(Bil + Bzg) But,
t{—a and t 1 B;, + B;, which is a contradiction. Hence, M and M’ are not isomorphic in
this case as well. U

For the remainder of the paper, when we investigate if the modules M and M’ are
isomorphic, we will implicitly assume that they satisfy the same divisibility conditions.

2.1. Three of the sums B, are not divisible by t. Assume that ¢ { b;, +b;,11,1=1,2,3,
and t | b, + b;,1, | = 4,5, where {iy,ia,13,14,i5} = {1,3,5,7,9}. Since 3,2, b; = 0, it
follows that ¢t ¥ B;, + B, for all I,s < 3. By Theorem 2.1, the constructed module is
indecomposable. Denote this module by M, 4, ;.. Let (¢;) be another tuple giving rise to
the module My, j, j,. The following theorem says that the modules M, ;, ;, and M
are isomorphic if and only if they satisfy the same divisibility conditions.

1,J2,J3

Theorem 2.3. The above-defined modules M, ;, ;, and M, ;, i, are isomorphic if and only
if {11, 12,05} = {1, j2, Js}-

P’I"OOf. Let {il,ig,ig} = {jl,jg,jg} and Yii—1 = <3 g) The lelSlblhty conditions (21)

reduce to the following two conditions (recall that we write B; for b; + b;y1):
t | —O./Bi1 + 6011 — Biloilt_l’j/,
t | —Q(Bil + Bzz) + 6(0“ + 07,2) — (le + BZQ)(C“ + CiQ)t_l")/.

Here, we assume that we started numbering from iy, and that i; < iy < 3.
Since there are no conditions attached to 3, we set it to be 0. If we set

—Osz‘l + 507,1 — Bilcilt_l’)/ = 0,



914 D. BOGDANIC AND I.-V. BOROJA

_a(Bh + Blz) + 5(011 + sz) - (le + BZZ)(C” + Ciz)t_l’)/ = 0,
then we get
a(Bi, + By,)[C N (Ci, + Cyy) — 1]+ 6(Cy, + Cy,)[B;, (B, + By,) — 1] = 0.

Ift | C;'(Ci, +Ci,) — 1, then t | C,, which is not true. It follows that C;,'(C;, +C,) — 1
is invertible. The same holds for Bl-_ll(BZ-1 + B;,) — 1. Thus, if we set 6 = 1, then we get

o = _(Cil + Clz)<Bl1 + Biz)_l[Bi_ll(Bh + Bl2) - 1][6’1_11(021 + Clz) - 1]_1

and
v =t(—aC;,' + B; ).
Hence,
_(Cil + Ci2)<Bi1 + BiQ)il[Bi_ll(BZd + Bi2> - 1][0121(011 + 012) - 1]71 0
Yo =

t(—aC;' + B;Y) 1

The other invertible matrices y; are now determined from y;x; = x;i0;_1. Note that all of
them are invertible because their determinant is equal to ad — S which is an invertible
element.

If {iy, 42,43} # {J1, J2, j3}, then Ml and M’ do not satisfy the same divisibility conditions.

It follows by Theorem 2.2 that M and M’ are not isomorphic. U

The previous theorem tells us that the module M, ;, ;, only depends on the divisibility
conditions of the coefficients b;, so if we have two different tuples satisfying the same
divisibility conditions, then they give rise to isomorphic modules. In total, there are
(g) non-isomorphic indecomposable modules that arise this way, one for each subset of

{1,2,3,4,5} with three elements.

2.2. Four of the sums B; are not divisible by t. Assume that ¢t b;, +b;,41, [ = 1,2,3,4,
and ¢ | by +b; 11, where {iy,49,43,i4} U{j} = {1,3,5,7,9}. Since 3;°, b; = 0, it follows that
t| S, Bj,- Recall that we assume that the divisibility conditions from Theorem 2.1 hold
so that the constructed module is indecomposable. Denote this module by M. It means
that t { B;, + B;,,, for at least one index I. If t { B;, + By, ,, then t { B;,, + B;,,,. For the
remaining two sums B, + B;,,, and By, + B;,, either both of them are divisible by ¢ or
none of them is. Thus, we have to distinguish between these subcases.

Before we start considering these subcases, we recall that two modules that do not satisfy
the same divisibility conditions are not isomorphic. Let (¢;) be another tuple giving rise to
another indecomposable module M'. Here, we assume that ¢ 1 ¢, + ¢j,41, [ = 1,2, 3,4, and
t ] ¢+ cip1, where {41, J2, 73, ja} U {i} = {1,3,5,7,9}. Since 312, ¢; = 0, it follows that
t| >0, Cj. Also, we assume that ¢ { Cj, + C;,, for at least one index [.

+1
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Now we examine if the modules M and M’ are isomorphic when they satisfy the same
divisibility conditions. Let {i1,i2,13,74} = {Jj1, jo, js, ja}. Here, we can assume that these
odd numbers are consecutive.

The first subcase is when two of the sums B;, + B, are divisible by ¢, and two are not.
Thus, we assume that t { B;, + B;,, t{ By, + B;,, t | Bi, + By, and t | B;, + B;,. The same
conditions hold for M, so t 1 C;, + Cy,, t1 Ciy + Cyy, t | Ciy + Cyy, and ¢ | Cy, + Ci,. Note
that if t { By, + B;,, then t { B, + B;, because t | Y}, B;,. Analogously, if t | B;, + Bi,,
then t | By, + By,

Theorem 2.4. If M and M are such that t ¥ B;, + B,,, t | By, + Bi,, t 1 Ci, + Ci,, and
t|Ci, + Cy,, then M and M’ are isomorphic.

Proof. Keeping the same notation as before when constructing isomorphisms, the divisibility
conditions (2.1) reduce to:

t | —OéBil + (5011 — Biloilt_l'%
t| —a(Bi, + By,) +0(Cyy + Ciy) — (B, + Bi,)(Ci, + Ci, )t 1y,
because t | By, + By,, t | Ci, + Ciy, t] S B;,, and t | Y1, C;,. Now, we proceed as in the

proof of Theorem 2.3 in order to construct an isomorphism between M and M’ U

In total, this subcase gives 2(2) non-isomorphic indecomposable modules. There are two

modules for every choice of a four-element subset of {1,3,5,7,9}.
The second subcase is when none of the sums B;, + B, is divisible by ¢. Thus, we assume
that tt B;, + By, ., and t 1 C;, + C;, 41, for 1 = 1,2, 3,4.

Theorem 2.5. Iftt{ B;, + B;+1 and t { C;, + Cj,41, for 1l = 1,2,3,4, then the modules M
and M are isomorphic if and only if

t| B;,Ci,B;,Ci, — Ci, Bi,Ci, By,

141

Proof. As before, if there were an isomorphism between M and M, its coefficients would
have to satisfy the following conditions that we obtain from (2.1):

t| —aB;, +0C;, — B;, Ci t™ 1y,
t| —a(B;, + Bi,) +6(Ci, + Ci,) — (Bi, + By,)(Ci, + Ci))t ™,
t|aB;, —6C;, — B;,C;,t ™1,
because t | S}, By, and t | 331, C;,.
From these we get that
t | aCy,[Cy (Ciy + Ci) ™" = 8B4, [Biy (Biy, + Bi,)] ™!,
t | aCiy[Bi,(Cyy + Ci,)| ™" = 0By, [Bi, (Bi, + Bi,) ™"
Finally, from the last two relations we get

t | O./[Bz‘lcl‘QBi3Ci4 - CilBi20i3Bi4]~
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If t ¥ B;,Cy, B;,Ci, — C;, B;,Ci, B;,, then there is no isomorphism between M and M. If
t| B;,Ci,Bi,Ci, — Cy, By, Ci, By, then we simply set a = 1, and compute ¢ and v from the
above relations (as before, we set 5 = 0). O

Remark 2.1. To classify all non-isomorphic indecomposable modules given by the previous
theorem, we use exactly the same arguments as in Section 5 in [4]. To each § € C\{-1,0,1}
corresponds an indecomposable module Mgz defined by B;, = 1, B;, = 3, B, = —1,
B;,, = —p, and B;, = 0. Here, i; < i;41. It was proved in [4] that Mz = M, if and
only if § = 47, and that for a given indecomposable module M there exists § such that
M = M. This means that all indecomposable modules in this case are parameterized by
a single parameter 3. Obviously, there are five different families (each in bijection with C),
depending on which i; is set to be divisible by ¢.

2.3. None of the five sums B; is divisible by ¢. Since ¢ { B; + B, for at least one odd
index i, there are three subcases we have to consider. The first subcase is when ¢ | B;+ B,y
and t | Biyo + Byy4 for a unique odd index i. The second subcase is when t | B; + By, for
a unique odd index i. The third subcase is when ¢ { B; + B, for all odd i. In the last two
cases, we get infinitely many non-isomorphic indecomposable modules as we will show.

As before, let us assume that (¢;)}° is another 10-tuple giving rise to a module M’
satisfying the same divisibility conditions as the module M.

Assume that there is a unique odd index i such that ¢ | B; + By and t | B2 + Bjyy.
Recall that whenever we state the divisibility conditions for the b;’s, we assume that the

same conditions hold for the ¢;’s.

Theorem 2.6. If | is odd such that t | By + Biya, t | Biyo + Biya, t 1 B; + Biya, for
i £ 1L,1+2, and t| Cp+ Cryg, t | Crya + Crig, t1Ci+ Ciya, fori# 1,1+ 2, then M and M’
are isomorphic.
Proof. Without loss of generality we can assume that [ = 3. Keeping the same notation as
before when constructing isomorphisms, because t | By + Bs, t | By + By, the divisibility
conditions (2.1) reduce to:

t | —OéBl + 501 — Blclt_l’}/,

t ’ —CK(Bl + Bg) + 5(01 + Cg) — (Bl + Bg)(Cl -+ Cg)til"}/.

Now, we proceed as in the proof of Theorem 2.3 in order to construct an isomorphism
between M and M. O

There are five non-isomorphic indecomposable modules arising in this subcase, one for
each index [ € {1,3,5,7,9}.

Assume that there is a unique odd index 4 such that ¢ | B; + B2 and t { B; + Bj, for
J# i
Theorem 2.7. If 1 is odd such that t | B+ Bjya, t 1 B; + By, fori # 1, and t | C;+ Cpya,
t1C; + Ciya, fori#1, then M and M are isomorphic if and only if

t| (Bi—2 + B1)C1B114Cii6 — (Ci—a + C1) BiCi44 B 6.
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Proof. Without loss of generality, assume that [ = 3. As before, if there were an isomor-
phism between M and M, its coefficients would have to satisfy the following conditions
that we obtain from (2.1):

t | —OéBl + (501 - BlClt_I%

t| —a(By + B3) + 0(Cy + C3) — (By + Bs)(Cy + Ca)t ™1y,

t | Ong - (509 - BgCgt_l’}/.

Now we proceed as in the proof of Theorem 2.5. U

Let us parameterize the indecomposable modules from the previous theorem. Let g € C
and denote by M the indecomposable module whose coefficients b; satisty By = 3, Bz = 1,
Bs=—-1,B;=—p—1,and By =1. Also, 8 # 0,—1,—2.

Proposition 2.1. Let M’ be a module such that t | C; + Ciya, t 1 C; + Ciya, fori # 1.
There exists B € C\ {0,—1,—2} such that M = M.

Proof. Assume again that [ = 3. By the previous theorem, if M and My were isomorphic,
then ¢ | (C} + C3)C78 + C3Cy(B + 1)2. If +; is the constant term of C;, then we set 3 to be
a solution of the equation

(B+1)* = =3 (0 +73) 7
Since the right-hand side of the previous equation is invertible, § # —1. If 5 =0 or f = —2,

then —y379 = (71 + 73)77, and subsequently, —y379 — 7377 = 7177 From 71 + 97 + 79 =0
(this follows from t | Cy + C7 + Cy), we get v3v1 = 7177. Thus, 73 = 77. This means that
Y7 + 5 = v3 + 75 = 0, which is not possible since t 1 C5 + C7. Hence, § # 0, —1, —2. Ul

It is clear that Mg = M., if and only if (1+ 3)? = (1++)?. This means that either § = v
or § 4+~ = —2. This means that the non-isomorphic indecomposable modules given in this
subcase are parameterized by the set C \ {0, —1, —2}, where we identify two points if they
sum up to —2.

There are five different families (each in bijection with C) of indecomposable modules
arising in this subcase, one for each [ € {1,3,5,7,9}.

Assume that t 1 B; + B;42, for all odd i.

Theorem 2.8. Ift1 B; + Biio and t 1 C; + Ciyo, for all odd i, then the modules M and
M’ are isomorphic if and only if the following conditions hold:

t ‘ 0133(05 + C7)Bg — Bng(B5 + B7)C9,
t | C1B3Cs(B; + Byg) — B1C3B5(C7 4 Cy).
Proof. As before, if there were an isomorphism ¢ = (ip;) between M and M, the coefficients

of py = a p would have to satisfy the following conditions that we obtain from (2.1):
® )

t| —aB; +6C, — BiCyt™ 'y,
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t | —a(By + Bs) + 0(Cy + C3) — (B1 + Bs)(Cy + C3)t ™'y,
t | a(By + By) — 6(Cr + Cy) — (B + By)(Cr + Co)t ™',
t ’ OéBg — (509 — BgCgtil’}/.

Now, we use the same calculations as in the proof of Theorem 2.5 in order to obtain
the desired divisibility conditions. The trick is to use any three of the above divisibility
conditions and treat them as in the proof of Theorem 2.5. For example, we use the
first two and the last condition, and treat Bs + B; as By in the proof of Theorem 2.5.
This gives us that ¢t | C1Bs(Cs + C7)Bg — B1C3(Bs + B7)Cy. Analogously, use the first
three conditions and treat B; + By as B; in the proof of Theorem 2.5 to obtain t |
013305(37 + Bg) — 310335(07 + Cg)

Conversely, if the given conditions hold, by setting a = 1, one easily computes § and ~
from the above relations: § = ByC3B;'Cy ' (By + B3)(Cy + C3)7 L, v = t(=C;' + 0By ).
We set g = 0. U

We are left to parameterize the indecomposable modules from the previous theorem.

Denote by M the indecomposable module corresponding to the coefficients B; = b; + b1,
for odd 7. Since > B; = 0, we can rescale so that one of the B;’s is equal to 1, say By,
because from the previous theorem it holds that the module M is isomorphic to the module
corresponding to the coefficients C; = B;B; ", for i # 7, and C7 = 1.

Let M’ denote another indecomposable module determined by the coefficients C; = «,
Cy =p,C5 =7, C; =1, and Cy = 6, all of them being complex numbers such that
a+B+~v+1+6=0. Also, o, 5,7,0 #0, 7,0 # -1, a+ 8 #0,a+0 #0, v+ [ #0.
Under the assumption that M and M’ are isomorphic, we will express «, 3, and § as a
function of v and coefficients B;. This will help us to find an appropriate parameterization
of indecomposable modules in this subcase.

By the previous theorem, it must hold

t|a(l+v)BsBy — 36B:1(Bs + 1),
t | ayBs(1+ By) — 5(1 + 9) By Bs.
These two relations imply that
t] (1+0)(1+~)BsBy — v6(1 + By)(Bs + 1),
t | By ' By ayBs(1 + By) — (1 +7) B3 Bs By (1 + B5) '] — .
The first of the last two relations is equivalent to
t| BsBy(a+ ) — v0(B1 + Bs).
Since, a + = —1 — v — §, this yields
t | —(1+7)[1+yB5'By ' (Bi + Ba)] ™" — 4.

The last divisibility condition is under the assumption that 1 4+ vBs'Bg'(B; + Bs) is
invertible, i.e., that ¢t ¥ 1 + vBsBg(B; + B3)~'. If this condition holds, then § # 0. If
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Bs'By'(By + B3) = 1, then from B; + B3+ Bs + 1+ By = 0 we get (Bs +1)(Bg +1) = 0,
which is not possible. Thus, 1 4+ vB;'Bg*(B; + Bs) # 14+ v and § # —1. Also, from
t | BsBy(a+ 5) — v(B; + Bs) follows that a + 3 # 0 because v6(B; + Bs) is invertible.

From ¢ | BsBy(a+ 3) —v6(By+ Bs) and t | By By ! [ayBs(1+ By) — a(1+v)BsBs By(1+
Bs)™Y — B, we get t | a[(1 — By *(1 + Bs)"'BsBy) — By (1 + Bs) ' B3Bs*(B; + Bs))] —
6vB:; "Byt (By + Bs). If t { Bs By ' (By + Bs) "' (Bi(1 + Bs) — B3By) — 7, then (1 — By (1 +
Bs)"'BsBy) — By (14 Bs) "' B3 B; ' (B + Bs)) is invertible, and so a # 0. If t | a+9, then
from ¢ | a[(1—By (14 Bs) ' B3By) —vB; (14 Bs) "' B3 B ' (By+B3))| —0vB5 ' By ' (B + Bs)
direct computation yields that ¢ | 1 + vBsBy(B; + Bs)~! which we already assumed is not
true. Hence, t{ a« + d and o + ¢ # 0. It is shown in a similar fashion that g+ v # 0.

Therefore, if we define § to be the constant term of —(1 +~)[1 +vyBs "By *(B; + Bs)] ™},
a to be the constant term of —&([(1 — By *(1 4 Bs) "' BsBy) — By (1 + Bs) ' BsB; ' (B; +
Bs))|7'Bs'By ' (By + Bs), and 3 to be the constant term of —aB; (1 + Bs) ™' B3 B[l +
vB5 ' By '(B1+ Bs)], we get a parameterization of the coefficients of Ml with only one complex
parameter v involved. The other parameters, «, 5, and 9, are expressed as a function of
~v and the coefficients B;. If we want to fix a value of one of the parameters «, 3, v, and
0, then the sum of the remaining three is fixed. Thus, one of them is determined by the
remaining two, so we end up with a parameterization of the form, e.g., o, =2 —a—~,~,1,1,
with two parameters. Two such modules corresponding to different 5-tuples of parameters
are isomorphic if and only if the divisibility conditions from Theorem 2.8 are satisfied.
Thus, we identify two 5-tuples if and only if they satisfy the divisibility conditions from
Theorem 2.8.

In this subcase there is only one family of indecomposable modules.

3. CONCLUSION

We explicitly constructed all rank 2 indecomposable Cohen-Macaulay B, ,-modules in
the case when k =5 and n = 10. This is the smallest wild case containing modules whose
profile layers are 5-interlacing. In this case, the only profiles with 5-interlacing layers are
of the form {i,i + 2,9 +4,1+6,i +8} | {i + 1,0+ 3,i+ 5,0+ 7,7 + 9}, where i = 1,2.
We constructed all indecomposable modules with such a profile, classified them up to
isomorphism, and parameterized all infinite families of non-isomorphic rank 2 modules. All
arguments and results are also valid for the general case (k,n) for all rank 2 modules with
tightly 5-interlacing layers.
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SUFFICIENT CONDITIONS OF SUBCLASSES OF SPIRAL-LIKE
FUNCTIONS ASSOCIATED WITH MITTAG-LEFFLER
FUNCTIONS

GANGADHARAN MURUGUSUNDARAMOORTHY! AND TEODOR BULBOACA?

ABSTRACT. The purpose of the present paper is to find the sufficient conditions
for some subclasses of analytic functions associated with Mittag-Leffler functions
to be in subclasses of spiral-like univalent functions. Further, we discuss geometric
properties of an integral operator related to Mittag-Leffler functions.

1. INTRODUCTION AND DEFINITIONS

Let E, be the function defined by

(e 9] Zn

E.(z) = _ e C, a e C, with Rea > 0,
(2) nZ::O Tlan < 1) z o wi e

that was introduced by Mittag-Leffler [14] and commonly known as the Mittag-Leffler
function. Wiman [25] defined a more general function E, s generalizing the E,
Mittag-Leffler function, that is

[e.9] n

E,p(z) = -

, : —, 2€C, a,peC, with Reaa >0, Refg > 0.
gz:of(om—kﬁ)
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922 G. M. S. MOORTHY AND T. BULBOACA

When § = 1, it is abbreviated as E,(z) = E, 1(z). Observe that the function E, s
contains many well-known functions as its special case, for example,

Ei(2) = ¢, Epa(z) = 622— 17 o <Z2) — coshz,
By (<22) =coss, Ba (+8) = 207 Ba (1) = 71

1 1 1 3
E4(2) = 3 (cos #M/* 4 cosh 21/4) Es(z) = 3 [ 24 90372 cog <\/_Z1/3)] :

We recall the error function erf given by [1, p. 297]

(= 2 [etan 25 D
= ﬁ;n!(2n+1)z
the complement of the error function erfc defined by

erfc(z) =1 —erf(z) =1 - — Z o 2n+ ) Lt

and the normalized form of the error function erf denoted by Erf (normalized with
the condition Erf’(0) = 1) is given by
-1 n—1
) z
(n— 1 2n —1)

n

Erf(z) := ;TZ erf(v/2) = 2 + Z

It is of interest to note that by fixing & = 1/2 and = 1 we get
E%J(z) = ¢ erfc(—z),

that is

2 (="
Ei,(2) = <1+\/_Zn'(2n+1)z + )

The Mittag-Lefler function arises naturally in the solution of fractional order
differential and integral equations, and especially in the investigations of fractional ge-
neralization of kinetic equation, random walks, Lévy flights, super-diffusive transport
and in the study of complex systems. Several properties of Mittag-Leffler function
and generalized Mittag-Leffler function can be found for example in [2,3,8,9,11,12].
We note that the above generalized (Mittag-Leffler) function E, s does not belongs
to the family A, where A represents the class of functions whose members are of the
form

(1.1) f(2) :z+§:anz", z €D,
n=2

which are analytic in the open unit disk D := {z € C: |z| < 1} and normalized by
the conditions f(0) = f’(0) — 1 = 0. Let 8 be the subclass of A whose members
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are univalent in ID. Thus, it is expected to define the following normalization of
Mittag-Leffler functions as below, due to Bansal and Prajapat [3]:

(1.2) Eos(z) = 20(8) Ba s —z+§j ny%+ﬁfn

that holds for the parameters «, € C with Rea > O, Rep > 0 and z € C. In this

paper we shall confine our attention to the case of real-valued parameters o and £,
and we will consider that z € D.

For functions f € A be given by (1.1) and g € A given by g(z) = z + § b, 2",
n=2

z € D, we define the Hadamard product (or convolution) of f and g by

(f*g)(z) =2+ i anb, 2", zeD.

n=2
The two well known subclasses of & are namely the class of starlike and convex
functions (for details see Robertson [20]). Thus, a function f € A given by (1.1) is
said to be starlike of order v, 0 < v < 1, if and only if

2f'(2)
Re( ) ) >, zeD,

and this function class is denoted by 8*(v). We also write §*(0) =: 8%, where 8*
denotes the class of functions f € A such that f(D) is starlike domain with respect
to the origin.

A function f € A is said to be convex of order v, 0 <~ < 1, if and only if

z2f"(z

]{’((z)>> >y, z€D,

and this class is denoted by K(v). Further, X := K(0) represents the well-known
standard class of convex functions. By Alexander’s duality relation (see [6]), it is a
known fact that

Re <1—|—

feXezf'(z) € 8.
A function f € A is said to be spiral-like if
i Zf’(2)>
Re (e >0, zeD,
[
for some ¢ € C with |{| < 7, and the class of spiral-like functions was introduced in
[23]. Also, the function f is said to be convex spiral-like if z f/(z) is spiral-like. Due

to Murugusundramoorthy [15,16], we consider the following subclasses of spiral-like
functions as below.

Definition 1.1. For 0 < p < 1,0 <y < 1 and || < 7, let define the class 8(¢,7, p)
by

2f'(z)

f(2) + pzf'(2)

S(&,7,p) = {fG.A:Re<ei§(1_p) >>’}/COSf,Z€]D}.
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By virtue of Alexander’s relation (see [6]) we define the following subclass K (&, 7, p).

Definition 1.2. For 0 <p < 1,0 <~y <1 and [{] < 7, let define the class X(&,7, p)

by

ie 2f"(2) + ()
f'(2) + pzf"(2)

By specializing the parameter p = 0 in the above two definitions we obtain the

subclasses 8(&,7) := 8(&,7,0) and K(&,v) := K(&,,0), respectively.

Now we state a sufficient conditions for the function f to be in the above classes.

K, v, p) ::{fEA:Re<e >>’YCOS§,Z€D}.

Lemma 1.1 ([15,16]). A function f given by (1.1) is a member of S(&,~, p) if

[e.e]

S [@= )= 1sect + (=11 +np—p)|lenl <17,

n=2
where\§]<g,0§p<1,0§fy<1.

Since f € K(&,,p) if and only if zf'(z) € 8(§,, p), and from Lemma 1.1 we get
the next result.

Lemma 1.2. A function f given by (1.1) is a member of K(&,~, p) if

o0

> nl(1= p)(n = 1)sect + (1= 1)1 +np = p)lan] <1,

n=2

where [§] < 5,0<p<1,0<y <1

The next class R7 (¢, ) was introduced earlier by Swaminathan [24], and for special
cases see the references cited there in.

Definition 1.3. A function f € A is said to be in the class R™ (¢, d), where 7 € C\ {0},
0 <9 <1,and § < 1, if it satisfies the inequality

(1-9) % pof(2) -1
27(1 = &)+ (1 — )12 9 f(z) -1
Lemma 1.3 ([24]). If f € R7(V,6) is of the form (1.1), then

2|r[(1—9)
(1.3) la,| < m7

The bounds given in (1.3) is sharp for
1 z 2(1 =) ¢t
f(z) ; / v ll L 2= ] dt.
0

, ze€D.

neN\{1}.

T 93 1— 21

Now we define the following new linear operator based on convolution (Hadamard)
product.



SPIRAL-LIKE FUNCTIONS ASSOCIATED WITH MITTAG-LEFFLER FUNCTIONS 925

For real parameters «, /3, with «, 5, ¢ {0,—1,—-2,...} and E, s be given by (1.2),
we define the linear operator Ag : A — A with the aid of the convolution product

AGf(z) == f(z) * Eap(2 —z+Z n_ﬁ1)>+ﬁ)a 2", z€D.
Stimulated by prior results on relations between different subclasses of analytic and
univalent functions by using hypergeometric functions (see for example [5,10,13,21,22,
24]) and by the recent investigations related with distribution series (see for example
[4,7,17-19], we obtain sufficient condition for the function E, s to be in the classes
8(&,7, p) and K(&, 7, p), and information regarding the images of functions belonging

in R7(¢,d) by using the convolution operator Ag. Finally, we determined conditions

for the integral operator W§(z) = [ Fa B Ldt to belong to the above classes.

2. INcLUSION RESULTS

In order to prove our main results, unless otherwise stated throughout this paper,
we will use the notation (1.2), therefore

2 Bosl)=1=%, sty
AN nl'(3)
(2:2) ) =1=3 =Ty
" o _n(n —1DI(B)
(2:3) Eap(l nz_; I(a(n—1)+03)

Theorem 2.1. If

(24) [(1=p)sec& + p(1 —)]E], 5(1) + (L = p)(L — v —sec &) Eap(1) < 2(1 —7),
then Eq 5 € 8(&,7,p).

Proof. Since E, s is defined by (1.2), according to Lemma 1.1 it is sufficient to show
that

- I'(5)

25) > (1= p)(n = Dsect + (1= 1)1 +np—p) a1 <
Since the left-hand side of the inequality (2.5) could be written as
N B B B L'(s)
- nI'(8)

== p)sect+ o= s -5 8)

+ (1 =p)(1 =y —sec) 5_022 F(a(nrfﬂl)) ot
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therefore, by using (2.1) and (2.2), we get
@u€7p) =[(1 = p)secs + o1 = )] [~ 1]
+ (L= p)(1 =y —sec) [Eap(l) — 1]
:{(1 —p)secé + p(1 — )]E&,B( )+ (1 —=p)(1 =7 —secf)Eyz(1)

— (1 =)
Thus, from the assumption (2.4) it follows that Q1 (&, 7, p) < 1—-, that is (2.5) holds,
therefore E, 5 € 8(&,7, p). O
Theorem 2.2. If
26)  |(1=p)sect +p(1 = )| Es1) + (1= N 4(1) < 21— 7)

then Ea,ﬁ € j{(£777p)

Proof. Using the definition (1.2) of E, g, in view of Lemma 1.2 it is sufficient to prove
that

(2.7) i { (n—1)sec&+ (1 —v)(1+np— p)} F(a(nr—(ﬁl)) A St v.
The left-hand side of the inequality (2.7) could be written as
Q2(8,7,p) == in[(l —p)(n—1)sec§+ (1 —=7)(1+np— p)} F(@(nr_(ﬁl)) B)
_ o~ _n(n = 1DI(B)
—[(1 — p)secé + p(1 —7)} ;2 Ta(n 1)+ 5)
- nl'(5)
U S et ) vy

and from (2.2) and (2.3) we get

Qul€,7.9) = (1= p)sec + p(1 = )| Bl (1) + (1= D[EL (1) — 11

Hence, the assumption (2.6) implies that Qo(, 7, p) < 1 —+ that is (2.7) holds, and
consequently E, g € K(&,~, p). O

3. IMAGE PROPERTIES OF Ag OPERATOR

Making use of the Lemma 1.1 and Lemma 1.3 we will focus the influence of the A
operator for the functions of the class R (¢, ), and we will give sufficient conditions
such that these images are in the classes 8(&,, p) and K (&, ~, p), respectively.
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Theorem 3.1. If

2|r[(1=9) [(1 —p)secé + p(1 — 7)} [Eas(1) —1]

(3.1) —i—(l—p)(l—y—sec{)/()l(Ea’f(t)—1>dt§1—7,

then
AG (R7(0,6)) C 8(&,7,p)-

Proof. Let f € R7(1,0) be of the form (1.1). To prove that A§(f) € 8(§,7,p), in view
of Lemma 1.1 it is required to show that

> I'(5)
3 [0 o) = 1)sect + (L)1t — ) gy gl <1
Let we denote the left-hand side of the above inequality by
R _ B B I'(8)
Qu(6.7.0) 1= 3 |(1 = p)(n = 1)sec + (1= )1+ mp — )| ol
Since f € R7(¥,0), by Lemma 1.3 we have
2|r|(1—-9) neN\ {1},

|an| < T+dn—1)
and using the inequality 1 4+ J(n — 1) > Yn we obtain that

Quter) <GS 1 o= )sece s (=140 )

9 —y
L(5) }
I'(a(n—1)+3)
_2|r[(1-9) ( —9) {ZQ {(1 — p)secE + p(1 — 7)} F(a(nr_wf) =

— 1 I'(5)
1—p)(1—7y— - .
== -y L IO
From the above inequality, using (2.1), we get

@(e7:9) <2 TE=D 10— p)sece + p(1 )] (B — 1

+ (1= p)(1 —~ —secf) /01 (Eaf(t) — 1) dt,

hence, the assumption (3.1) implies then Q3(§,v, p) < 1—7, that is AG(f) € 8(,, p)-
]

Using Lemma 1.2 and following the same procedure as in the proof of Theorem 2.2,
we have the subsequent result.
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Theorem 3.2. If
2|7 (1 =9

N[ ssece -]zt
(3. £ (1= )1 = = secE) Eas(l) — (1 —7)} <1-n,

then
AG (R7(9,0)) C K(E,7,p)-

Proof. Let f € R7(¥,0) be of the form (1.1). In view of Lemma 1.2, to prove that
AG(f) € X(&, v, p) we have to show that

- I'(B)

33) 3 n[(1 = p)n = 1)secs + (1 =)L+ np = )] e Ol <1
Since f € R7(¥,0), then by Lemma 1.3 we have
2|r|(1-9) neN\ {1},

|an| < T+dn—1)
and 1+ Y(n — 1) > Yn. Denoting the left-hand side of the inequality (3.3) by

Qi€ p) = 3on[(1 = o) = 1)sec€ + (1= )1 + 19 = )| Ll

we deduce that

@uern) <2 TEZD S [0 pysee(n—1) + (1= 9)(1 +np— p)
r(s)
—1

Pla(n =1) +75)

2|r|( 5){[(1 p)sect + p(1 ]g n—%%)

- (3 }

+(1_p)<1_7_secf>gr<a(n_1)+5) :

Now, by using (2.1) and (2.2), the above inequality yields to

Quts ) HIE= [ s+ o1 =) 2,000 - 1

+ (1= )1 =~ s Eas() - 1]
=2‘T’(;_5){ [(1 — p)secE + p(1 — 7)} E, 5(1)

(1= )1 =7 = sec€) Eug(1) — (1 w}.
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Therefore, the assumption (3.2) yields to Q4(§,7,p) < 1 — ~, which implies the
inequality (3.3), that is AF(f) € K(£, 7, p). O

4. THE ALEXANDER INTEGRAL OPERATOR FOR E, g

Theorem 4.1. Let the function Vg be given by

E, (1)
¢

(4.1) P4 (2) = /O dt, zeD.
If

(1= p)sect + pl1 = )| Eop(1) + (1= p)(1 = 7 = sec€) Eas(1) < 2(1 = 9),
then W5 € K(¢,, p).

Proof. Since

4.2 U3(z) =2+ -—, z€D,
42 M= L Hao—1+5)
according to Lemma 1.2, it is sufficient to prove that
= 1 I'(5)
n|(l—p)n—1)sec+ (1 —v)(1+np— ] <1-—7,
Son[(1=pn = Dseet+ (1= +mp—p)] L gy <1
or, equivalently
- I'(5)
1—p)n—1)secé+ (1 —v)(1+np— } <1-—7.
3 [0 A = Dsece + (L)oo e <10
Now, the proof of Theorem 4.1 is parallel to that of Theorem 2.1, and so it will be
omitted. 0

Theorem 4.2. Let the function W5 be given by (4.1). If
(1= p)sect + p(L = 7)| (Eas() = 1)
(4.3) +(1—p)(1—'y—sec§)/ol<Ea’f(t)—1>dt§1—'y,

then Vg € 8(&,7,p).

Proof. Since U§ has the power series expansion (4.2), then by Lemma 1.1 it is sufficient
to prove that

> 1
> [ = p)n = Dsect + (1= 1)1 +np = p)]

n=2 n

L'(8)
[la(n—1) +f)

<1-—7.
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The left-hand side of the above inequality could be rewritten as

Qul€.7:0) =3 (1= )0 = Dsect + (L= )1+ mp— )
T
I'(a(n—1)+ B)
& )
_nz::g |:(1 o p) Sec€+p(1 _7)] F(a(n— 1) +5)

(3
n—1)+p5)

and using (2.1) we get

Qs(6.7:) <[(1 = p)sec€ + pl(1 = )] [Eua() ~ 1

+(1—p)(1—7—sec§)/01 <Ea’f(t)—1>dt.

Therefore, if the assumption (4.3) holds, then Q5(&,v,p) < 1 —~. Hence, ¥§ €
8(&:7,p)- O

Remark 4.1. By taking p = 0 in Theorems 2.1-4.2, we can easily attain the sufficient
condition for E, 3 € 8(§,7) and E, g € K(&,v). The function E, s is associated with
Mittag-Lefler functions and has not been studied sofar. We left this as an exercise
to interested readers.

For the special case &« = 1/2 and 8 = 1, that is connected with the error function
can derive some results based on the error function. Thus, a simple computation
shows that if

E(z) = E1,(2) =

il

then

(44)  L=APFGR) = f(2) % E(2) =2 + i %
45) P=0P) = /0 git)dt: i_o:lnrzzﬂ)

Using the above relations, from Theorems 2.1 and 2.2 we get, respectively.
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Example 4.1. If

[(1—p)secé+p(1—7) i +(1—p)(1 =7 —secf) i
n=1 r (T) n=1 r (T)
then € € 8(&,7, p).
Example 4.2. If

= n(n—1 > n
(1= p)seee+p01 -] T W=D 1o 3 s <o),
Sr() AR
then € € K(&,~, p).
Similarly, Theorems 4.1 and 4.2 give us the next examples.
Example 4.3. If
2|7 (1 =9) { > 1
A=A - pysece+p(1 - )] X
7 EHey
+ (1= p)(1 -~ —sec — <17,
(I=p)(1 =~ 5);MF (=21) 2l
then
L(R7(0,0)) € 8(&,7,p),
where £ is defined by (4.4).
Example 4.4. If
2 1-—
W{{(l p)secé + p(1—~v ]
=
+ (1 —p)(1 —~ —secf) Z (i }
then
L(R7(9,0)) € K (& 7, p),
where £ is defined by (4.4).
Finally, from Theorems 4.1 and 4.2 we have the following.
Example 4.5. If
(1= p)sect +p(1—7) — p)(1— 7 — secé)
SHCOM R ()

then P € K(&,~, p), where £ is defined by (4.5).

931
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FExample 4.6. If

(1—p)sec§+p(1—7)] izr(il)—i-(l—l))(l—’y—secf)izw

Sl -7,
then P € 8(&,~, p), where £ is defined by (4.5).

5. CONCLUSIONS

In this investigation we obtained sufficient conditions and inclusion results for
functions f € A to be in the classes 8(&, v, p) and K(&, v, p), and information regarding
the images of functions by applying convolution operator with Mittag-Leffler functions.

The investigation methods are based on some recent results and techniques found
in [15] and [16], and we determined sufficient conditions for the functions E, s to
belongs to the new defined classes 8(&,~, p) and K(&, v, p).

Moreover, we found sufficient conditions such that the images of the functions
belonging to the class R7(¢J,0) by the new defined convolution operator A§ are in the
classes 8(&,7, p) and K(,, p), respectively.

Finally, we determined sufficient conditions such that the functions W§ obtained as
images of E, g via the Alexander integral operator belong to the classes 8(¢,, p) and
X(&: 7, p)-

We emphasize that till now such kind of results doesn’t appeared in any previous
articles: the general classes $(&,, p) and K (&, v, p) are completely new and introduced
in [15,16], while any type of such results were not studied previously.

Acknowledgements. The authors are grateful to the reviewers for their valuable
remarks, comments, and advices that help us to improve the quality of the paper.
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SOME BORDERENERGETIC AND EQUIENERGETIC GRAPHS
SAMIR K. VAIDYA! AND KALPESH M. POPAT?

ABSTRACT. The sum of absolute values of eigenvalues of a graph G is defined as
energy of graph. If the energies of two non-isomorphic graphs are same then they
are called equienergetic. The energy of complete graph with n vertices is 2(n — 1)
and the graphs whose energy is equal to 2(n — 1) are called borderenergetic graphs.
It has been revealed that the graphs upto 12 vertices are borderenergetic. It is very
challenging and interesting as well to search for borderenergetic graphs with more
than 14 vertices. The present work is leap ahead in this direction as we have found
a family of borderenergetic graphs of arbitrarily large order. We have also obtained
three pairs of equienergetic graphs.

1. INTRODUCTION

For standard terminology and notations in graph theory we follow West [19] while
the terms related to algebra are used in sense of Lang [11].

Let G be a connected undirected simple graph with vertex set V(G) = {vy, v, ...,
vp}. The adjacency matriz denoted by A(G) of G is defined to be A(G) = [a;;], such
that, a;; = 1 if v; is adjacent with v;, and 0 otherwise.

The eigenvalues of A are called the eigenvalues of G. If A\, Ao, ..., A\, are eigenvalues
of GG then
(M A A
spec(G) = <m1 S mn> :

The energy E(G) of graph G is the sum of all absolute values of eigenvalues of
G. The concept of energy of graph was introduced by Gutman [7] in 1978. A brief
account on energy of graph can be found in Cvetkovi¢ [2] and Li [12].

Key words and phrases. Energy, equienergetic, borderenergetic.
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The graphs of order n, whose energy exceeds than the energy of the complete graph
K, are called hyperenergetic graphs otherwise graphs of order n with E(G) < E(K,),
are called non-hyperenergetic. As mentioned in Gutman [7] E(K,) = 2(n — 1). Are
there any graphs other than K, with such behaviour?

This question motivated Gong et al. [6] to introduce a new concept. According to
them, the graph G of order n satisfying F(G) = 2(n — 1) are called borderenergetic.
Obviously, the complete graph K, is borderenergetic. Gong et al. [6] have proved
that such graphs exist for n = 7,8,9. Li et al. [13] and Shao et al. [15] have obtained
the graphs with n = 10 and n = 11 respectively while Furtula and Gutman [4]
have obtained the graphs with n = 12. A family of non-regular and non-integral
borderenergetic graphs with particular behaviour were investigated by Hou and Tao
[16]. Some new families of borderenergetic graphs were obtained by Jahfar et al. [10].
Recently, a survey on borderenergetic graphs was published by Ghorbani et al. [5].

We will introduce some concepts and also state some existing results for our ready
reference.

Definition 1.1. The shadow graph Ds(G) of a connected graph G is constructed by
taking two copies of G say G' and G”. Join each vertex v’ in G’ to the neighbors of
the corresponding vertex u” in G”.

Proposition 1.1 ([17]). If A1, Aa, ..., A, be eigenvalues of G, then 2n eigenvalues of
Dy(G) are 2X1,2Xa, ..., 2\, 0 (n times).

Proposition 1.2 ([3]). Let
o

A Ay
be a symmetric block matriz. Then the spectrum of A is the union of spectra of Ag+ Ay

and A() — Al.

Definition 1.2. The extended shadow graph D3(G) of a connected graph G is con-
structed by taking two copies of G say G’ and G”. Join each vertex v’ in G’ to the
neighbours of the corresponding vertex «” and with «” in G”.

A curious question: How the energy of a given graph G can be correlated
with the larger graph obtained by means of graph operations on G?7 To
quench this thirst we have considered shadow graph and extended shadow graph as
these graphs are of same order but they are non isomorphic. Due to this specific
characteristic, the said graphs are used to construct non-co spectral equienergetic
graphs by constructing shadow graph of extended shadow graph as well as extended
shadow graph of shadow graph.

2. ENERGY OF EXTENDED SHADOW GRAPH

Theorem 2.1. Let G be a graph with eigenvalues A1, \o, . .., Ap, with |N\;| > % for all
1 <i < n, then E(D3(G)) = 2E(G) +n + 0, where 0 is the difference between the
number of positive and negative eigenvalues of G.
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Proof. Let vy, vy, ..., v, be the vertices of graph G. Then the A(G) is given by

U1 () Vg - Un

v1 [0 a2 a3z - am,
vz a1 0 a - ag,
AG)= vz |az azx 0 - ag|.
Up LAn1 An2 Aap3 e 0
Consider a second copy of graph G with vertices uy, us,us, ..., u, and join u; with

neighbors of v; and with v;, 1 < i < n, to obtain D}(G). Then the A(D;(G)) can be
written as a block matrix as follows

V1 V2 U3 s Un Ui u2 us . Un
vy [0 a2 a3z -+ ap : 1 a2 a3z -+ ap]
v2 |a21 0 a3 - ag, | a21 1 axs -+ aoy
vz |a31 azx 0 R : az1r azz 1 - az,

I :
I .
Un an1 Ap2  Ap3 te 0 : an1 An2  QAp3 te 1
* _
apseny= LT I .
Ul 1 a2 a3 -+ ain : 0 a2 a3z - aip
uz | a21 1 a3 -+ agzy | a2 0 a3 a2n
uz |azr ass 1 cee o asp : az1 azz2 0 a3sn
| )
|
Up Lapi an2  ap3 ce 1 ! an1l an2  Qp3 te 0 J

That is,

. A(G AG)+ 1
awen = s, 0

Hence, by Proposition 1.2 spectrum of Dj(G) is union of spectra of 2A(G) + I and
—1I. Therefore, if A1, Ao, ..., A\, be eigenvalues of GG, then

e (2041 -1
spec(D3(G)) = < . n ) :
Suppose that |A;| > % for all 1 <i < n, then

1 A+ 2, i A >0,
)\14—’: 1 .
2 Al — 3, if A <O
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Here,

E(D3(G)) =>_[2x + 1]+ > |-
i=1 i=1

" 1
1 1
Ai>0 Ai<0
1 1
Ai>0 Ai<0
1
=2 (Z|Az~|+ZlAi|)+2(21—21>)+n

Ai>0 Ai<0 Ai>0 Ai<0
=2E(G)+n+0. O

The following corollary proves the existence of borderenergetic graph of arbitrarily
large order.

Corollary 2.1. E(D3(K, ) = E(Ky,). That is, D3(K,, ;) is non complete borderen-
ergetic graph.

Proof. Consider complete bipartite graph K, ,, of 2n vertices then

n —-n 0
spec(Knn) = (1 1 2n—2>'

Now, D} (K, ) is a graph with 4n vertices and by Theorem 2.1 its spectrum is

. (2n+1 —2n+1 1 —1
(2.1) spec(D;(Kyp)) = ( 1 1 2n—2 2n ) '
Also,
4n —1 —1
(2.2) spec(Ky,) = ( 1 dn— 1) :

Clearly from (2.1) and (2.2) D3(K,,,) and Ky, are non co-spectral and

B(D}(I,0)) = 3
=2n+1)+2n—-1)4+(2n—2)+2n
=8n—2=2(4n—1) = E(Ky,).

Thus, E(Dj(K,,)) = E(Ky,). Hence, Dj(K,,) is non complete borderenergetic
graph. O
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3. EQUIENERGETIC GRAPHS

Definition 3.1. Two non-isomorphic graphs G; and G5 of same order are said to be
equienergetic if E(G1) = E(Ga).

In 2007 Ramane et al. have proved that there exists a pair of connected non-
cospectral, equienergetic graphs with n vertices for all n > 9.

Definition 3.2. The line graph L(G) of a graph G is the graph whose vertex set is
E(G) and two vertices are adjacent in L(G) whenever they are incident in G.

Harary [8] defined the concept of iterated line graphs. According to him if G
is graph and L'(G) = L(G) be its line graph, then L*(G) = L(L(G)), L3(G) =
L(LA(Q)), ..., L*G) = L(LF1(Q)), . ..

Ramane et al. [14] have proved that if G; and G5 are regular graphs of same order,
then for k > 2, L*(G;) and L*(Gs), L¥(G,) and L*(G,) are equienergetic.

Definition 3.3. The cartesian product of graphs G and H is a graph, denoted as
G x H, whose vertex set is V(G) x V(H). Two vertices (uy,v;) and (ug,vy) are
adjacent if u; = uy and vyve € E(H) or vy = vy and ujuy € E(G).

The following result gives the spectra of the Cartesian product of graphs.

Proposition 3.1 ([1]). Let Gy and Go are two graphs having spectra as piy, fio, . . . , fn,
and 01,09, ...,0,,, respectively. Then spectra of G = Gy x Gy is pu; + 05, where
1=1,2,...,n1 and j =1,2,...,no.

Theorem 3.1. Let A\, A, ..., \, be the eigenvalues of graph G. Then D3 (G x Ks)
and Dy(D3(G)) are noncospectral equienergetic if |\;| > 3 for 1 <i < n.

Proof. Let A1, \a, ..., A\, be eigenvalues of graph G. By Proposition 3.1

spec(G x y) = <A11+1 AQIA - )\n1+1 )\11—1 )\21—1 5 /\n1—1>'
According to Theorem 2.1,
(31) spec(D3(G x K) = (P78 BT BT T )
Moreover, by Theorem 2.1,
spec(D5(G)) = <2A11+1 2>\21+1 B 2)\n1+1 —n1>

By Proposition 1.1,

(3.2) spec(Ds(D5(G)))

AM+2 44X +2 - 4N, +2 =2 0
1 1 1 n 2n)°
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If forall 1 <i<mn, |N\|> %, then

3 A+ 3, i A >0,
Az+’: 3 .

if \; <0,

g
+

DN | —
I

f _
=
+

it \; <O0.

DN N[+ N D=

&
|
DO | —
I
0
>
+ |

From (3.1) and (3.2)

E(D3(G x K2)) =>_ 120+ 3|+ > _ 12X — 1| + 2n

=1 i=1

=2> |\ +—\+22\)\ y+2n
=1 =

2(
:2(& 0(m+ +éo(\Ay ))
3)

+2< || — +Z(|Ay+ )+2n

Ai<0
=2(2( D N+ DN+ D1=> 1| +2n
)\10 A <0 Ai>0 Ai>0
E(

i+ = ‘+Z

A >0

“3l T -

Ai<0

A+2‘+Z

;<0

D + 2n

and

E(Dy(DY(G))) = 3" |4 + 2| + 20

i=1

—42\4A +*]+2n

=1

s

1
A + ‘ +2n
Ai>0 2

:4(A§0(\A|+ >+Az<:0(|)\| )) +2n

1
)\i+2‘+z

;<0
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=4(<Z!M+Z\M) (21—21))+2n

(3.4) = 4E(G) + 260 + 2n.
Hence, from (5) and (6), D;(G x K3) and Do(D3(G)) are noncospectral equienergetic
if])\i|2%for1§i§n O

Let D3*(G) be extended shadow graph of D3(G), i.e., D3*(G) = D;(D3(G)) and
if G be a bipartite graph, then it is well-known that the spectra of G is symmetric
about the origin, so half of the non-zero eigenvalues of G lies to the left and half lies
to the right of the origin. Therefore if GG is a bipartite graph having all its eigenvalues
nonzero, the number of positive and negative eigenvalues of G' are same. Keeping this
into mind we have the following result.

Theorem 3.2. Let A\, Ay, ..., \, be eigenvalues of a bipartite graph G. Then D5 (QG)
and D3(Ds(G)) are noncospectral equienergetic if and only if |\;| > 2 for 1 <i < n.

Proof. Let A1, \a, ..., A\, be eigenvalues of bipartite graph G. By Theorem 2.1

\ 20 +1 2 +1 -0 20, +1 —1
spec(D3(G)) = ( 11 21 1 n )

and

» AN +3 4d+3 o 4N +3 -1
(3.5) spec(D3*(G)) = ( 11 21 1 3n> '
Moreover, by Proposition 1.1,

2\1 2X -+ 2), O

spec(Dy(G)) = ( 11 12 e 1 n)

By Theorem 2.1,
. AM+1 4 +1 e A+ T ]

(3.6) spec(D3(D2(G))) = ( 11 21 1 n 2n> '

Clearly, from (3.5) and (3.6), D3*(G) and D;(Dy(G)) are non-co spectral graphs. As
(G is bipartite graph we have,
> 1= 1

Ai>0 Ai<0
Assume that for all 1 <i <n, |\]| > %. Hence,

3’_{|A|+3 if \; > 0,
| =

| =3, if A <0,
From (3.5)

E(Dy (G Z|4A +3|+Z|—1|
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n

:42

=1

:42

Ai + = ‘ + 3n
i >0 4

—4 Z(MH )+Z(m ))+3n

Ai>0 Ai<0

=4 (ZWHZM) (Z1-Zl))+3n

A >0 Ai<0 Ai>0 A <0

(3.7) = 4E(G) + 3n.

3
)\i—|—4’—|—3n

A+4‘+Z

;<0

Also if for all 1 < i < n, |[N| > % > i, then

Al Il =34 ifa <o

From (3.6)

n

E(D3(Dy(@))) = > |4\ + 1| +n+2n

i=1

:4§
=4 Z

Ai>0

A—i—i‘)%—i’m
—4(Z (M) + T

<|>\ = ) +3n
Ai>0 Ai<0

=4 (Z|)\,~|+Z|Ai|) (Z 1—21))+3n

Ai>0 Ai<0 Ai>0 <0

(3.8) — 4B(G) + 3n.

1
)\i—|—4‘+3n

A+4‘+Z

Ai<0

Thus, by (3.7) and (3.8), D3*(G) and Dj(D2(G)) are equienergetic graphs.
Conversely, suppose that the graphs D3*(G) and Dj(D(G)) are noncospectral
equienergetic. We will show that |A;| > % for 1 <i<n.
Assume to the contrary that let |A;] < 2 for some . Then for the same 1, ’)\i + %‘ =

Ai + 3. Without loss of generality, suppose that the eigenvalues of G satisfy |\;| > 2,
for i = Jkand [\ < 3, fori=k+1,k+2,...,n, since the eigenvalues are
real and reorderlng does not affect the argument. We have the following cases to be
considered.



SOME BORDERENERGETIC AND EQUIENERGETIC GRAPHS

CaseIIfAi>0fori:12

4

(3.9)

Case II If \; >0 for:=1,2,---

the number of zero eigenvalues
k

EﬂﬁWGDZES
=4

=4

>4

(3.10) =4 (

e
&

= 3
Z\M+490>

=1

(3.11) :4(

(
l
(

Lkand \; > 0fori=k+1,k+2,...,n

|4)\ + 3|+ Z |4\, +3\+Z|—1|
i=k+1

i+ = ’+Z

3
i+ = ’ + 3n
=k+1 4

Zkl (|A|+ >+_§n: (|Ai|+i>) +3n

i=k+1

k

D

=1

Z\)\1|+421>+3n

=1 =1

i=1

of GG, we have

AN + 314+ > 4N+ 3]+ 3n

i=k+1
a 3
Z)\+4‘+ Ai+4D+3n
=1 i=k-+1
. 3
SCTESARED SN Y 4>) +3n
=1 i=k+1

i=1 i=k+1

Zk:<|)\i\+i)+ 3 <|Ai\—i)> 4 3n

=1

Case [[[If)\i<0forz':1,2,..

|4A + 3] + Z 4N +3]+Z\—1\
i=k+1
" 3
PR + > Ai+4‘) +3n
i=1 i=k+1

k

2 IM—f Z (|Ai|+i))+3n

=1 i—k+1

ykand \; <Ofori=k+1,k+2,---,

kEand \; >0fori=k+1,k+2,....n

943

n. If 6y is
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Case IVIt\; <Ofori=1,2,...,kand \; <Ofori=k+1,k+2,...,n

E(Dy (G Z|4>\ + 3| + Z |4\ +3|+Z]—1y
i=k+1
b 3
= ZA+ ’+Z Ai + ’ + 3n
= 4 i=k+1 4
3
Z(m—)+ > (In=3)] +an
i=k+1 4
3
i=1
While
E(D3(Dy(G))) = 4> |Ail + 3n,
i=1
which remain same in each of the above cases only if | ;| > i fori=k+1,k+2,...,n.

If [\;| < 3 fori=k+1,k+2,...,n, then we have the following.
Case[lf/\ >(0fori=1,2,. kzand)\»>0f0ri:k+1 k+2,....,n
k
E(D}(Dy(G Z|4)\ + 1] + Z |4X; + 1] + 3n

= i=k+1

~.

41X

=1

Ai + = ’+Z Ai + - ’ + 3n
4 i=k+1 4

i
(Zl <|A|+4) Z (mwi)) +3n
(

Il
S

k+1

n 1 n
Z]A@|+421>+3n

=1 =1

4

=1
Case I Tf \; >0fore=1,2,....,kand \; <Ofori=k+1,k+2,...,n, and if 4,
is the number of zero eigenvalues of GG, then we have

(3.13)

.

E(D(Ds(Q))) = zk; N1+ > 4+ 1] +3n

=1 i=k+1
i 1
:42/\+’+Z>\+‘+3n
i=1 1=k+1 4

S CEE R o O ) A

i=k+1
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>4(i(m+4)+ 3 (\Aiy—i))wn

=1 i=k+1
(3.14) - ( | — 90) + 3n.
=1

Case II If \; <O fori=1,2,... ;) kand \; >0fori=k+1,k+2,....n

E(D(Ds(Q))) = zk; N1+ > 4+ 1] +3n

=1 i=k+1
k n 1
=4 (> |\ 4’ > Ai+4‘ +3n
i=1 i=k+1
b 1
=4 Z I\i| — Z (|M+4) + 3n
=1 i=k+1

4<Z|Ay+ 90>+3n

1=

—_

Case IVIt \; <Ofori=1,2,... kand \; <Oforte=k+1,k+2,...,n,

k
E(D;(DQ(G))):ZM)\ + 1] + Z |4\ + 1| + 3n
i=k+1

Ai +— ‘+Z Ai + ’ + 3n
4 i=k+1 4

> 4 f:(|x|—)+ 3 (1A1|—i))+3n

i=k+1
i 1
i—1
Clearly, in all the cases discussed above, we have E(D3*(G)) # E(D3(D:(G))), a
contradiction. Hence, the result follows. 0]

Corollary 3.1. If Gy and G4 are two equienergetic bipartite graphs with |\;| > %
and |p;| > 1 5, where \; and p; are the eigenvalues of Gy and Gy, respectively, for all
1 <i <mn, then D3(Gy) and D;(Gs) are non cospectral equienergetic.

Proof. Let \i, Aa, ..., A\, and puq, po, . . ., i, be eigenvalues of G; and Gs, respectively.
Then by Theorem 2.1 spectrum of G; and G, are given by

spec(D;(Gh)) = <2)\i 1 _1> ., spec(D5(Gy)) = <2Mn+ . _nl> :

n n
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Suppose that |A;| > % fori=1,2,...,n. Then

N 1’ |+ 5, if A >0,
20 )N =L, if <.

29

Here,

E(D5(G1) = 12A + 1]+ > |1
=1 =1

:22 )\Z-—i-l‘—i—n
=1 2
1 1
=2 Z)\i+2’+z )\i+2')+n
Ai>0 Ai<0

=2 ¥ (Il+5)+ &

1
(w - ) tn
Ai>0 A <0 2

=2 (ZP\iHZP\H)Jr;(Z 1—Zl>)+n.

Ai>0 ;<0 Ai>0 ;<0

As (3 is bipartite graph

dYo1=> 1L

Ai>0 ;<0
for all 1 <7 <n, then

E(Dy(Ga)) = 2E(G2) + 1.
Since, G and G are equienergetic graphs D3(G,) and Dj(G,) are equienergetic. [

Hence, E(D3(G))

Similarly, if || > 3

4. EXTENDED M-SHADOW GRAPH AND GRAPH ENERGY

Definition 4.1. The m-shadow graph D,,(G) of a connected graph G is constructed
by taking m copies of G, say G1,Ga,...,G,,, then join each vertex v in G; to the
neighbors of the corresponding vertex v in G, 1 <4,j < m. Vaidya and Popat [18]
have proved that E(D,,(G)) = mE(G).

Definition 4.2. The extended m-shadow graph D}, (G) of a connected graph G is
constructed by taking m copies of G, say G1,Gbs,...,G,,, then join each vertex u in
G; to the neighbors of the corresponding vertex v and with v in G;, 1 <14,7 < m.

Definition 4.3. Let A € R™*", B € RP*?. Then the Kronecker product (or tensor
product) of A and B is defined as the matrix

anB -+ a1, B

A® B = : . : .
amiB - an.B
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Proposition 4.1 ([9]). Let A € M™ and B € M™. Furthermore, let X is an eigen-
values of matriz A with corresponding eigenvector x and p is an eigenvalue of matrix
B with corresponding eigenvector y. Then A is an eigenvalue of A ® B with corre-
sponding etgenvector x @ y.

Theorem 4.1. Let G be a graph with eigenvalues A1, Mg, ..., Ay with |A;| > mT_l, for
all1 <i <n. Then E(D!(G)) = mE(G) + (m — )n+ (m — 1)0, where 0 is the
difference between the number of positive and negative eigenvalues of G.

Proof. Let vy, vs,...,v, be the vertices of the graph G. Then its adjacency matrix
of G is same as in the proof of Theorem 2.2. Consider m copies of graph G say
Gy, Gy, ..., Gy with vertices v}, v?, ... 0", 1 < i < n, to obtain D} (G) such that
each vertex v in Gj is joined to the neighbors of the corresponding vertex v as well
as with v in Gy, 1 < j, k < m. Then the A(D}, (G)) can be written as a block matrix

as follow

[ AG)  AG)+T -+ AG)+T]
A(D;(G)) = A(G?” A@ A(G?+I |
-A(G)+[ AG)+T - A(G) |
CAG)+T AG)+T - AG)+T 7T
ADL(G) + Ly — | MO ACIHL o AGH
| AG)+T AG)+T - A(G5+1_m
(1 1 1
11 1
R | e+
|1 1 1]

=Jn ® (AG) +1).
Hence, by Proposition 4.1, if A\;, Ao, ..., A\, are eigenvalues of GG, then

spec(D;(G) + 1) = )

n mn—n
n mn—n

spec(D;,(G)) =

n mn—n

m\+(m—-1) -1 )
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Suppose that |A\;] > ™1 for all 1 <i < n. Then

m—1] N[+ 2=t 0N >0,
mo | N =2 N <O
Here,
n (m—1)n
E(D;,(G)) = 2 ImAi+ (m — 1) + Z 1]

=1

—|—71+( —1n

—1

=m ZA+’+ Ai+m— +(m—1)n

Ai>0 A;<0 m
=m| > <|/\i|+m_1>+ > (|)\z|—m_1> +(m—1)n

>\i>0 m /\i<0 m

m—1
=m [ N+ DN +—— (D 1=>D 1| ]| +(m—1)n
A >0 Ai<0 m Ai>0 Ai<0

=mE(G)+ (m —1)n+ (m — 1)6. O

5. CONCLUDING REMARKS

The energy of extended shadow graph has been obtained and using it a new family
of non complete borderenergetic graphs and new pairs of non cospectral equienergetic
graphs have been investigated.
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COMMON FIXED POINTS OF GENERALIZED o-NONEXPANSIVE
MULTIVALUED MAPPINGS VIA MODIFIED S-TYPE ITERATION

R. SADHU'2 AND C. NAHAK!

ABSTRACT. In this paper, we introduce a class of generalized a-nonexpansive mul-
tivalued mapping and study some of its important properties. In particular, this
class is a multivalued version of the single-valued nonexpansive mapping, called
generalized a-nonexpansive mapping proposed by Pant and Shukla [11]. A modi-
fied S-type iteration scheme is proposed to approximate the common fixed point
of two multivalued mappings. Our algorithm provides a multivalued extension of
the method given by Khan et al. [6]. Strong and weak convergence of the iterative
process are also proved under suitable assumptions.

1. INTRODUCTION AND PRELIMINARIES

Let (E,] - ||) be a Banach space and C' be a nonempty subset of E. In this article
CB(C) denotes the collection of all nonempty closed and bounded subsets of C,
KC(C) denotes the collection of all nonempty compact convex subsets of C' and P(C)
the collection of nonempty proximinal bounded subsets of C'. A set C' is said to be
proximinal if for any = € E, there exists an element y € C' such that ||z —y|| = d(z, C),
where d(z,C) = inf{||z — y|| : y € C}. Let A and B be two nonempty closed and
bounded subsets of C'. Then the Hausdorff distance H between A and B is defined by

(1.1) H(A, B) = max {supd(x,B),supd(x,A)}.
€A reB
A multivalued mapping 7' : C' — C'B(C) is said to have a fixed point in C, if there
exists a point p € C such that p € T'(p). The set of all fixed points of T" is denoted

Key words and phrases. Multivalued mapping, common fixed point, S-iteration.
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952 R. SADHU AND C. NAHAK

by F(T), ie., F(T) ={zx € C :x € Tz}. We define Pr(z) ={y € Tz : ||z —y| =
d(xz,Tz)}.
A mapping T': C' — CB(C) is said to be
(a) nonexpansive if
H(Tx,Ty) < ||z —vyl|, forall z,y e C;
(b) quasi nonexpansive if F(T') # () and
H(Tx,Tp) < ||z —p||, forallz e Candpe F(T);

(c) satisfying condition (C) if for z,y € C
1
gd@, Tx) < |z =yl = H(T2,Ty) < |lz - yli;
(d) a-nonexpansive if for any « € [0, 1)
H(Tz,Ty)* < ad(z,Ty)* + ad(y, Tz)* + (1 — 2a)||lz — y||?, forall z,y € C.
The following definitions and lemmas are useful in the subsequent sections.

Definition 1.1 (Opial’s property [10]). A Banach space F is said to satisfy the Opials
condition if for any sequence {x,} converging to z weakly and z # y imply that

limsup ||z, — z|| < limsup ||z, — y|.
n— o0 n—oo

Lemma 1.1 ([12]). Let E be a uniformly convex Banach space, with {\,} be a sequence
of real numbers such that A, € (0,1) for alln > 1. {x,} and {y,} be sequences of
E such that limsup,,_, . |[|z.|| < a, imsup,_, o ||y.|| < a and lim,, . [ Az, + (1 —
An)Ynll = @ for some a > 0. Then lim,_, ||z, — yn|| = 0.

Fixed point theories for multivalued contractive and nonexpansive mappings, using
the Hausdorff metric was first coined by Markin [8] and Nadler [9]. Since then several
new classes of nonexpansive multivalued mapping appeared in the literature. In 2008,
Suzuki [13] introduced the class of nonexpansive mapping, termed as generalized
nonexpansive mapping (i.e., mapping satisfying condition (C')). A multivalued analog
of [13] was proposed by Eslamian and Abkar [1] in a uniformly convex Banach space.
Several other interesting generalizations for multivalued mappings are available in
literature see for example [3-5].

In 2017, another new class of nonexpansive single-valued mapping, called generalized
a-nonexpansive mapping, which properly contains the class of Suzuki-type mapping,
was proposed in [11]. Motivated by the work of [11], in this paper we introduce the
class of generalized a-nonexpansive multivalued mapping and prove several of its
important properties in a uniformly convex Banach space.

Different iterative processes have been instrumented to approximate the fixed points
of single-valued and multi-valued nonexpansive mappings. To describe some relevant
iterative processes, let C' be a nonempty convex subset of a Banach space E and
T:C — C, then
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(a) Mann iterates

(1.2) {””1 €C

Tpr1 = (1 — o)y + 0Ty,

where {a,} is in (0,1);
(b) Ishikawa iterates
xr1 € C,
(1'3) Yn = (1 - ﬁn)xn + B, Tn,
Tpt1 = (1 — ap)xn + @, Tyn,
where {«a,} and {f,} are in (0, 1);
(c¢) Agarwal et al. [2] introduced the S-iterates
X € O,
(1'4) Yn = (1 - ﬁn)xn + BTy,
Tp+1 = (1 - an)‘Txn + an‘Tyna
where {a,} and {f,} are in (0, 1). They proved that this scheme converges at
a rate faster than both Picard iteration scheme and Mann iteration scheme for

contractions. Following their method, it was observed that S-iteration scheme
also converges faster than Ishikawa iteration scheme.

The multivalued extension of [2] was proposed by Khan and Yildirim [7]. Let
T :C — CB(C) be a multivalued mapping then, their scheme runs as follows
x, € C,
(1.5) Yn = (1 = Bn)zn + Bavn,
Tni1 = (1 — ap)v, + apiy,
where v, € Prx,, u, € Pry, and 0 < a < a,, 3, <b < 1.
A modification of [2] captures the common fixed point of two single valued mapping
8 and T was proposed by Khan et al. [6], the modified S-iteration is as follows
x| € C,
Tpi1 = (1 — a) Tz + @, Syn,
where {«,} and {3,} are in (0, 1).
We modify the iteration process which is given by (1.6) in [7] to the case of two
multivalued mapping 7" and S as follows
xr1 € C,
(17) Yn = (1 - Bn)mn + ﬁnvn:
Tpt1 = (]- - an)vn + apln,

where v, € Prx,, u, € Psy, and 0 < a < ay,, £, < b < 1.
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In this present paper we study strong and weak convergence of the iteration process
(1.7), for finding a common fixed point of a pair of generalized a-nonexpansive mul-
tivalued mapping in a uniformly convex Banach space. Our work generalizes several
convergence results in the existing literature.

2. GENERALISED a-NONEXPANSIVE MAPPING

In this section, we define a new class of multivalued mapping and study some of its
properties.

Definition 2.1. Let C be a nonempty subset of a Banach space EF. A multivalued
mapping T : C' — C'B(C) is said to satisfy condition (C' — «) if there exists o € [0, 1)
such that for any xz,y € C
1
50z, T2) < o — y]
=H(Tz,Ty) < ad(z,Ty) + ad(y, Tz) + (1 = 20|z — y|.

A multivalued mapping satisfying condition (C' — «) is termed as generalized a-
nonexpansive multivalued mapping.
Some important properties of the mapping are discussed below.

Proposition 2.1. Let T : E — CB(FE) be a multivalued mapping. Then the followings

hold.
(i) If T satisfies condition (C), then T satisfies condition (C' — «) for some o €
[0,1).
(ii) If T' satisfies condition (C' — «) and F(T') is nonempty, then T is quasi-
nonerpansive.

Proof. (i) If T satisfies condition (C'), then it is trivially seen that T satisfies condition
(C —a) for a=0.

(ii) Let p € F(T) (as F(T) is nonempty). So, p € T'p. Therefore, +d(p,Tp) =0 <
|z — pl| for all x € E. Since T satisfies condition (C' — «), there exists a € [0,1) such
that

H(Tz,Tp) < ad(z, Tp) + ad(p, Tw) + (1 = 2a) ||z — pl|
< allz —pll + o« (Tp, Tx) + (1 = 2a) ||z — pl|.
That is, (1 —a)H(Tz,Tp) < (1 — )|z —pl| for all z € E. Since 1 —a > 0, it follows

that
H(Tz,Tp) < ||z —p||, forallz € FE and pe€ F(T). O

Remark 2.1. The converse of (i) in the above proposition is not true in general, i.e., if
a multivalued mapping satisfies condition (C' — ), it does not necessarily imply that
the mapping satisfy condition (C). The following example gives a clear instance of
the above situation.
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Example 2.1. Let C' = [0,4] be a subset of R endowed with the usual norm. Define
T:C — CB(C) by
T — [0, 71, ?fw;«éél,
0,2], ifz=4.
Then, for © = 4 and y € (8/3,3], we have 3d(z,Tz) < ||z — y| but, H(Tz,Ty) >
|z — y||. Hence, T does not satisfy condition (C'). Also, for xz € (8/3,32/11] and
y = 4, we have id(z,Tz) < ||z —y|, but H(Tz,Ty) > ||z — y|. This again gives
another instant which shows that the mapping 7' does not satisfies condition (C).

But it is interesting to note that for any « with é <a< 13—1, T satisfies condition

(C'—a) and so, T is a generalized a-nonexpansive multivalued mapping. This example
confirms that the new class of nonexpansive multivalued mappings proposed in this
paper properly contains the class of Suzuki-type multivalued mappings.

We now prove some important inequalities related to the multivalued mapping

satisfying condition (C' — «).

Proposition 2.2. Let C' be a nonempty subset of a Banach space E and T : C —
CB(C) a generalized a-nonexpansive multivalued mapping. Then for each x,y € C

(i) H(Tx,Tz) < ||z — z|| for all z € Tx;
(ii) either 3d(z,Tz) < ||z — y|| or 3d(2,T=2) < ||z —y| for all z € Tx;
(iii) either H(Txz, Ty) < ad(x,Ty) + ad(y, Tx) + (1 — 2a)||x — y|| or H(Tz,Ty) <
ad(z, Ty) + ad(y, Tz) + (1 — 2a)||z — y|| for all z € Tz.
Proof. Since, 5d(z, Tx) < d(z,Tz) < ||z — z|| for all z € Tz, we have
H(Tx,Tz) < ad(z,Tx) + ad(z, Tz) + (1 — 2a)||z — z||
=ad(x,Tz) + (1 —2a)||z — ||
< alla — 2] + ad(z, T2) + (1 - 20)|)z — 1]
<aH(Tz,Tz)+ (1 —-a)l|z —z|.
Simplifying we get H(Tz,Tz) < ||z — z||.
We prove (ii) by contradiction. Suppose that $d(z,Tz) > ||z — y|| and 1d(z,Tz) >
|z — yl| for some z € Tz.
Thus, from (i) we get

d(z,Tz) < H(Tx,Tz) < ||z — 2|
< |lz =yl +lly — 2|
< ;d(x,Tx) + ;d(z, Tz)
<d(z,Tx).
Now,

1 1
A, T2) < llo = 2| < o =yl + Iy — 2 < d(z, Tx) + (= T2),
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ie., d(z,Tz) < d(z,Tx), which is a contradiction. Thus, (ii) holds.
The condition (iii) directly follows from (ii). O

Proposition 2.3. Let C' be a nonempty subset of a Banach space E. If T : C' — P(C)
satisfies the condition (C' — «), then

1
H(Tz,Ty) < zlﬂ“du,m = yll,
— X

forall x,y € C.

Proof. Let x € C. Since Tx is proximal, there exists z € Tz such that ||z — z|| =
d(z,Tz). Thus id(z,Tz) < ||z — z||. Since T satisfies condition (C' — a), we have
H(Tz,Tz) < ad(z,Tz) + ad(z,Tz) + (1 — 2a) ||z — Z||
=ad(x,Tz) + (1 —2a)||z — z||
<ad(z,Tz)+ aH(Tz,Tz) 4+ (1 — 2a)||z — z||
=aH(Tz,Tz)+ (1 — a)||lz — 2|

Simplifying we get

(2.1) H(Tz,Tz) < |z —z|.

Now, by Proposition 2.2 we get for all x,y € C, either

(2.2) H(Tz,Ty) < ad(z, Ty) + ad(y, T'z) + (1 — 2a)||z — y||
or

(2.3) H(Tz,Ty) < ad(z,Ty) + ad(y, Tz) + (1 — 2a)||z — y||.

If (2.2) holds, we have

H(Tx, Ty) < ad(z, Ty) + ad(y, Tx) + (1 - 20) |z - y]
= H(Tz,Ty) < ad(x,Tx) + aH(Tz,Ty) + ad(z, Tz) + (1 — a)||z — y||

2
= H(T'z,Ty) < 7=——d(x,Tx) + |z — y].
—

else (2.3) holds and by (2.1) we have
H(Txz,Ty) <H(Txz,Tz)+ H(Tz,Ty)
<z = z|| + ad(z, Ty) + ad(y, Tz) + (1 — 2a)||z — y|
<2(1 — a)l|lz — z|| + ad(z, Ty) + ad(y, Tz) + (1 — 2a) ||z — y||
<21 —a)l|lz — z|| + af||]z — x| + ad(x, Tz) + «H(T2z, Ty)
+allz —y|| + ad(z, Tx) + aH(Tx,Tz) + (1 — 2a) ||z — y||
2+ a)||lz—z||+aH(Tx,Ty) + aH(Tz, Tz) + (1 — )|z —y||
<2(1 + )|z — z|| + aH(Tz, Ty) + (1 — a)||lz -y
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Thus, simplifying and dividing both side of the above relation by (1 — «), we get

1
H(Tz,Ty) §21+a

lz = 2]l + |z = yll

-«
ie.,
1
H(Tx, Ty) < 2 d(a,Ta) + o =y
-«
Hence, our desired inequality is proved in either cases. 0

The following lemma will be useful in our next section.

Lemma 2.1. Let C' be a nonempty subset of a Banach space E and T : C' — CB(C)
be a generalized a-nonexpansive mapping. Then for all x,y € C

(2.4 (e, Ty) < 352w, o) 4l — |
Proof. From the Proposition 2.2, we have for all z,y € C' and z € Tz, either

H(Tz,Ty) < ad(x,Ty) + ad(y, Tx) + (1 — 2a)||x — y|
or

H(Tz,Ty) < ad(z,Ty) + ad(y, Tz) + (1 — 2a) ||z — y||.
For the first case, we have

d(z,Ty) < d(z,Tx)+ H(Tz,Ty)
<d(z,Tz) + ad(z,Ty) + ad(y, Tx) + (1 — 2a) ||z — y]|.
Hence,
(1—a)d(z,Ty) < (1 + a)d(z, Tx) + (1 — o)l — y]|

1
=, Ty) < i@, Ta) + | =y,

To prove the other case, let 2’ € Tx be such that ||z — 2'|| = d(x, Tz). So, by using
(i) and (iii) of Proposition 2.2, we obtain
d(z,Ty) <d(x,Tz) + H(Tx,T2')+ H(T,Ty)
<d(z,Tz)+ ||z — || + H(TZ,Ty)
<2d(z,Tx) 4+ ad(z', Ty) + ad(y, Tz") + (1 — 2a)||2" — v/|
<2d(x,Tz) + a||z’ — z|| + ad(z, Ty) + ad(y, Tz)
+aH(Tz, T2 )+ (1 —2a)]|2" — y]|.
This yields,
(1 —a)d(z,Ty) < 3+ a)d(z,Tx) + (1 — a)|lz =y,

3+
d(a, Ty) < T——d(x,Ta) + ||z — g

Therefore, in both the cases, we get the desired results. O
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We conclude this section with the property of demiclosedness.

Theorem 2.1 (Demiclosed principle). Let C' be a nonempty closed convex subset
of a uniformly convex Banach space E with Opial’s property. T : C — CB(C) a
multivalued mapping satisfying condition (C' — «) and {x,} be a sequence in E. If
{z,} converges weakly to some point x € C' and limsup,,_,. d(x,,Tz,) = 0, then
x € Tx, i.e, (I —T) is demiclosed at zero.

Proof. Since x € C and Tz is closed and bounded, for each n € N there exist z, € Tx
such that ||z, — z,|| = d(z,, Tz). Then by Proposition 2.3,

lxn — zn|| = (@, Tz) < d(20, Txp) + H(T2), T)
1
< d(zp, Txy) + 21+ad(xn, Txy,) + ||z, — x|
—«

Taking limsup on both side and using limsup,,_, . d(z,, Tx,) = 0, we obtain

(2.5) limsup ||z, — z,|| < limsup ||z, — z||, for all n € N.
n—oo n—oo

As the sequence {z,} converges weakly to x and E possesses Opail’s property, for any
n € N if z, # x then it follows that

limsup ||z, — x| < limsup ||z, — 2.l

which contradicts (2.5), therefore we can infer z, = x for all n € N. As a consequence
of z, € Tx we have x € Tz, i.e., (I —T) is demiclosed at zero. O

3. CONVERGENCE THEOREMS

In this section we propose a modified S-type iterative process for finding a common
fixed point of a pair of multivalued mapping satisfying condition (C' — «). We prove
strong and weak convergence of the iterated sequence under suitable assumptions. For
ths purpose let C' be a nonempty subset of a Banach space F and T': C' — CB(C)
be a multivalued mapping, our iterative scheme is defined as follows

T € C,

(3.1) Yn = (1 = Bp)xn + Byvn,
Tpi1 = (1 — ), + aun,

where v, € Prx,, u, € Psy, and 0 < a < «a,, 8, < b < 1.

It is interesting to note that the iteration process (3.1) reduces to
e (1.5) when S =T;

e (1.4) when S =T and T is single-valued;

e (1.6) when S and T are single-valued;

e (1.2) when T'= I and S is single-valued.

Thus all the results which are proved in this section, also holds for the iteration

processes (1.5), (1.4), (1.5) and (1.2). Before stating our main convergence results,
let us first prove some important lemmas.
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Lemma 3.1. Let C' be a nonempty closed convex subset of a Banach space E and
T,S:C — CB(C) be two multivalued mapping satisfying condition (C'— «). Suppose
F# & and Tw = {w} = Sw for allw € F. Let {x,} be a sequence generated by the
modified S-iteration scheme (3.1), then for any w € F, the following assertions hold:

(a) max{||zn 1 — wl], [lyn — wl[} < [lzn —wl| for alln € N;
(b) Jim |z, — w]|| exists.

Proof. By (3.1) and Proposition 2.1 we have

1y — wl| = (1 = Bp)zn + Bavy — wl|

< (1= Bo)llwn — w|| + Bullvn — wl]

= (1= Bu)llzn — w| + Bud(vn, Tw)
(1= Bz — w|| + B H (T2, Tw)
(1= Bu)llzn — wl| + Bullzn — wll

= [l —wl|

VARV

Also by using (3.1) and Proposition 2.1 we obtain

|Zni1 —w]| = [[(1 = an)vn + anu, —w||

N

(1 - O‘n)an - wH + an“un - w”

(1 — a)d(vn, Tw) + apd(uy,, Sw)

(1 —a,)H(Tx,, Tw) + a, H(Sy,, Sw)
(1 - O‘n)Hxn - wH + O‘n”yn - w”

(

1- O‘n)Hxn - wH + O‘n|’$n - w”

VAN VAN VAR VAR VAN

[ = w].

This shows that the sequence {||x,, — w||} is nonincreasing and bounded below. Thus,
we can conclude lim,,_, ||z, — w|| exist. O

Lemma 3.2. Let C be a nonempty closed convex subset of a uniformly convexr Banach
space E and T,S : C — CB(C) be two multivalued mapping satisfying condition
(C — ). Suppose F # & and Tw = {w} = Sw for allw € F. Let {x,} be a sequence
generated by the modified S-iteration scheme (3.1), then

lim d(z,,Tx,) =0= lim d(x,, Sz,).
Proof. Let w € F, then by Lemma 3.1 we have lim ||z, — w|| exists. Suppose
(3.2) dim ||z, —w| =7
Since v,, € Prz,, by Proposition 2.1 we write

[vn — w| = d(vp, Tw) < H(Twp, Ty) < [lzn —w],



960 R. SADHU AND C. NAHAK

taking lim sup and using (3.2),

(3.3) ligl_)solip v, —w]| < 7.

Again u,, € Psy,, using Proposition 2.1 and Lemma 3.1 we write

[t — w]| = d(un, Sw) < H(Syn, Su) < [lyn — wl| < |20 —w],

taking lim sup and using (3.2),

(3.4) hgl—igp |tn, — w| <.

Moreover by (3.2) we can write

r=Jm 7 )

= lim ||(1 — ay)v, + apu, — wl|

(3.5) ::IZI]ZH(I — ) (v, — W) + o (uy, — w)|.
In view of Lemma 1.1, by (3.4), (3.3) and (3.5) we can confirm
(3.6) dim [jo, —uy | = 0.
Now,

[n41 = wl| = [|(1 = an)vn + anu, — ]|

= [[(vn — w) + o (un — vn)||
< |[[(vn — w)[| + | (un — va) |-
Taking lim inf we obtain
(3.7) lim inf ||v, — wl| = r,
by (3.3) and (3.7) we conclude
35) J A
Again we can write
[on — wl| < flvn = unl| + [[un — ]|
= ||vy, — unl| + d(up, Sw)
< |vn — unl| + H(Syn, Sw)
< [Jon = | + [lyn — w]|.
Taking limit on both side and using (3.8) we get
3.9) T g — ] > 7

also by Lemma 3.1

lim g = wl) < il — wf =
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Therefore, lim,, o ||||yn — w|| = r. Alternatively, we can write

r = lim Iy —
= nh_{Iolo H(l - 6n)xn + Bnn — w”
= i (1= ) (0 — ) + Bl — )]

Hence, by Lemma 1.1 and (3.2), (3.7)

Jingod(xn,Txn) = lim |vn, — zn]] = 0.
Consequently, we have
nh_{{.lo [yn — x| = nh_{rolo (1 = Br)wn + Buvn — xul| = nh_g)lo Bullvn — znl| = 0.

Also,
[tn — Znl < [lun = vall + [Jvn — @2.
Therefore, by (3.6), lim, e ||tn — || = 0. Now, using Lemma 2.1
d(@n, Stn) < [|Tn = Yull + d(yn, Szn)

3+ «
< ||zn — ynll + 7d(yn, Syn) + |20 — |

3+«
< 2[|zn — ynl| + ”un Ynl|
5— 3
< Hycn Un || +— e Hun || >0 as n— oco.
11—«
Therefore, lim,,_,o d(z,, Sx,) = 0, with this we conclude this lemma. O

We first assert a weak convergence theorem.

Theorem 3.1. Let C' be a nonempty closed conver subset of a uniformly convex
Banach space E with opial’s property and T,S : C — CB(C) be two multivalued
mapping satisfying condition (C' — «). Suppose F # & and Tw = {w} = Sw for all
w € F. Then the sequence {x,} generated by the modified S-iteration scheme (3.1)
converges weakly to a common fixed point of T and S.

Proof. Let w € F, then by Lemma 3.1 lim ||z, — w]|| exists. We prove that {z,} has
a unique weak subsequential limit in F. Let p and ¢ be weak limits corresponding to
the subsequences {z,,} and {z,,} of the sequence {z,}, respectively. By lemma 3.2
and Lemma 2.1 we have hm d(zp,Tx,) = 0 and I — T is demiclosed with respect
to zero, which together 1mphes p € T'p. Similarly we can conclude p € Sp, therefore
p € F. Again in the same manner, we can prove that ¢ € F. Next, we prove the
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uniqueness. If possible let p and ¢ be distinct, then by Opial’s condition

dim [z, —pl| = lim ||z, — p||

< lim [z, —q||
= lim ||z, —q|| = lim [z, — q]|
< lim ||z, — pl|

= lim [lz,, — p.

n

This is a contradiction, therefore p = ¢. Hence, {x,} converges weakly to a unique
point of I and this completes the proof. O

We have the following corollaries.

Corollary 3.1. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E with opial’s property and T,S : C — CB(C) be two multivalued
mapping satisfying condition (C' — «). Suppose F # ® and Tw = {w} = Sw for all
w € F. Let {x,} be generated by

(i)
xr1 € C,

Tonr1 = (1 — apn)vp + apty,

where v, € Prx,, u, € Pry,;

(i)

(3.11) {:’31 €C,

Tpy1 = (1 - an)xn + apUy,

where u, € Psx, and {a,} and {B,} are sequence in (0,1), then the sequence {x,}
converges weakly to a fixed point of T and S, respectively.

Proof. Letting T'= S in Theorem 3.1 we can prove that the iteration (3.10) converges
weakly to a fixed point of T. On the other hand assuming 7" = I, the identity mapping
we can conclude that the iteration (3.11) converges weakly to a fixed point of S. [

We now state our main result, ensuring strong convergence of the iteration process
(3.1) to a common fixed point under suitable assumptions in a real Banach space.

Theorem 3.2. Let C' be a nonempty closed convex subset of a real Banach space F,
and let T, S : C' — CB(C) satisfy condition (C' — «). Also suppose that, F # ® and
Tw = {w} = Sw for allw € F. Let {x,} be the sequence generated by (3.1). Then
the sequence {x,} converges strongly to a common fized point of T and S if and only
if liminf, . d(z,,F) = 0.
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Proof. Let {x,} converge to a common fixed point z of T and S, i.e., x € F. Thus it
obviously follows that lim inf dist(z,,, F) = 0.

Conversely, let us suppose that liminf, . d(x,,F) = 0, then from Lemma 3.1 for
each w € F we have ||z, — w| < ||z, — wl|, which implies

d(ﬂjn+1, F) S d(l’n, F)

Hence, {d(z,,F)} is a decreasing sequence of real numbers which is bounded below and
also liminf,,_,, dist(z,,F) = 0, implying lim,, ,, d(z,,F) = 0 We claim that, {z,} is
a Cauchy sequence in C. Let € > 0 be arbitrarily chosen. Since lim,, ., d(z,,F) =0,
there exists p € N such that for all n > p, we have

d(z,,F) <

o DO | ™

In particular, inf{[|z, —w[| : w € F} < §, so there exists some w € F such that

|z, —w|| < §. Now, for m,n > p, we have
_ _ _ €
s = 2l < W — 0+ [l — 0] < 2z, — 0] < 25 =

Hence, {x,} is a Cauchy sequence. Now C being a closed subset of E and {z,} is a
Cauchy sequence in C, it must converge in C. Let lim,,_,, x,, = z. Now

d(z,Tz) < ||z — x| + d(xp, Txy) + H(Txp, T2).
Applying Proposition 2.3, we obtain

1
d(z,Tz) < |z — x| + d(xn, Tzy) + 21+ad(mn,Tmn) + ||z, — 2|
-«

3+«
1l—«

< 2|z, x| + d(xy,, Txy,).

Since lim, ;o x, = z and lim, o d(z,, Tx,) = 0 (by Lemma 3.2) we conclude
d(z,Tz) = 0 and hence we infer z € Tz. In a similar fashion we can prove z € Sz.
Therefore, we conclude z € F. This completes the proof. 0

Let C' be a subset of a normed space F, two mappings S, T : C'— CB(C') are said to
satisfy the Condition (A), if there exists a nondecreasing function f : [0, 00) — [0, 00)
with f(0) =0, f(¢t) > 0 for all £ € (0,00) such that for all z € C either, d(z,Tz) >
f(d(z,TF)) or d(x,Sx) > f(d(z,TF)).

Now we prove the strong convergence theorem by using Condition (A).

Theorem 3.3. Let C' be a nonempty closed convex subset of a real Banach space E.
Let T :C — CB(C) and S : C — CB(C) be two multivalued mappings satisfying the
condition (C' — «) along with condition(A) Assume that F # () and T'(w) = {w} = Sw
for each w € F. Let {z,} be the sequence defined as in (3.1). Then {z,} converges
strongly to a common fixed point of T and S.
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Proof. In view of Theorem 3.2 we have lim d(x,,F) exists and by Condition (A), we
have by Lemma 3.2, either

lim f(d(z,, ) < lim d(a,, ) = 0

or
Tim f(d(e,,F)) < lim d(z,, Sz,) = 0.

Thus, in any case lim, . f(d(z,,F)) = 0. Since f is nondecreasing and f(0) = 0
implies lim,, o, d(x,,F) = 0. Therefore our result follows as a direct consequence of
Theorem 3.2. 0

Corollary 3.2. Let C' be a nonempty closed convex subset of a real Banach space E.
Let T : C — CB(C) be a multivalued mappings satisfying the condition (C' — «) along
with condition(A). Assume that F # () and T(w) = {w} for each w € F(T). Let {z,}
be the sequence defined as in (3.10) and (3.11). Then {x,} converges strongly to a
fixed point of T.

Proof. The corollary can be proved as a direct consequence of Theorem 3.3, by letting

S="T. O
4. NUMERICAL ILLUSTRATIONS

In this section, the behavior of the modified S-type iteration is studied for a given
set of problems. The iteration has been performed several times with different initial
guesses. We also observe the effect on convergence speed, for different choices of
the parameters «, and (,. It is worthy to mention that the iteration took more
steps to converge when the parameters are chosen close to 0. In the table below we
enlisted our observations on the iteration process to find the common fixed points of
two multivalued mappings 7" and S. In this process, we choose the tolerance limit
10~ as stopping criteria. The actual common fixed point of 7" and S is 0, while the
approximate solutions are shown in the table.

Ty = [071]7 lfl‘%47 Sy = [07 3]7 1f=757é57
0,2], ifz=4, {1}, ifx=05.

TABLE 1. Numerical illustrations with different initial guesses

Sl. | Initial guess | a,, | B, | No. of iteration | Final solution
1 2 0.5 05 12 8.546 e-06
2 4 0.3 |0.65 14 7.669 e-06
3 23.762 0.1 {0.01 20 1.393 e-05
4 127.63 0.9 10.33 12 2.657 e-06
5 529.66 0.75 | 0.66 12 9.157 e-06
6 1000 0.8 | 0.8 12 3.214 e-06




COMMON FIXED

POINTS VIA S-ITERATION

4
\ |
181 i}
\ X0 =2 a5 -4
1.6 |
1 ar!
141 '
1 |
1 251
e 12[ i i
= =
ST £ zf
=< | =< \
0.8 \ 15 Q
® N
0.6 \ z
\ 1 \
0.4 \ \
\ &
02 o us N
~ = & .
0 = & & & 0 Loy R, o & o
0 2 4 6 8 10 12 0 2 4 6 8 10 12 14
Iteration n Iteration n
25 140
| 120 =
ok X0 = 23.762 : X0 =127.63
1 1
| 1001
| I
\
15!
2 | @ 8of |
% \ g !
> > 1
== (Li) =~ eof |
oF \
\ 1
\ 40 l\
5 5\ &
\ 20 \
e hY
0 \O\& B o & & & & o 0 o =~ & & &
0 2 4 [ 8 0 12 14 18 18 20 0 2 4 6 10
lteration n Iteration n
600 1000
|
900 H
500 X0 =529.66 A
\ 800 \\ X0 =1000
|
1 700!
400 1 !
& \ o B0 !
5 \ S )
£ 300 1 £ s00 ll
= | ol \
1 400 \
wop | i
{ 300 \
|
[} 200
100 A GE\
\
\ 100 \
[N — \9\
0 0
0 2 4 6 8 10 12 0 2 4 6
Iteration n

Iteration n

F1GURE 1. Plot of points against iteration for various initial guesses

5. CONCLUSION

The present article introduces a new class of nonexpansive multivalued mapping.
A modified S-iteration process is employed to approximate a common fixed point of
two multivalued mappings. Strong and weak convergence of the method are proved
under suitable assumptions. Apart from Corollary 3.1 and Corollary 3.2 our results
also generalize several theorems in the existing literature. In particular, if 7' =S and
T is chosen to be single-valued, then Theorems 5.8 (a), 5.9 and 5.10 of [11] follow
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from our results. Moreover, since the class of generalized a-nonexpansive mapping
properly contains the class of nonexpansive and Suzuki-type mapping, our results also
suit well in those settings.
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