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PSEUDO GE-ALGEBRAS AS THE EXTENSION OF
GE-ALGEBRAS
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ABSTRACT. In this paper, the notion of a pseudo GE-algebra as an extension of
a GE-algebra is introduced. Basic properties of pseudo GE-algebras are described.
The concepts of strong pseudo BE-algebra, good pseudo BE-algebra, good pseudo
GE-algebra, and the relationship between them are established. We provide a
condition for a good pseudo BE-algebra to be a pseudo GE-algebra and for a strong
pseudo BE-algebra to be a pseudo GE-algebra.

1. INTRODUCTION

Henkin and Skolem introduced Hilbert algebras in the fifties for investigations in
intuitionistic and other non-classical logics. Diego [4] proved that Hilbert algebras form
a variety which is locally finite. Bandaru et al. introduced the notion of GE-algebras
which is a generalization of Hilbert algebras, and investigated several properties (see
[1]). In 1966, Y. Imai and K. Iseki [10,12] introduced two classes of abstract algebras:
BCK-algebras and BCl-algebras. It is known that the class of BCK-algebras is a
proper subclass of the class of BCI-algebras. Pseudo-valuations were introduced and
studied by Y. B. Jun [13]. Georgescu and lorgulescu [9] introduced an extension
of BCK-algebra called pseudo BCK-algebra. Di Nola et al. presented pseudo BL-
algebras, which are non-commutative BL-algebras [5,6]. Moreover, they gave the
connection of pseudo BCK-algebra with pseudo MV-algebra and with pseudo BL-
algebra. Pseudo BCl-algebras were introduced and studied by W. A. Dudek and Y.
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B Jun (see [7]), as generalizations of pseudo BCK-algebras and BCl-algebras, and
they form an important tool for an algebraic axiomatization of implicational fragment
of non-classical logic (see [8]). A. Walendziak [16] gave a system of axioms defining
pseudo BCK-algebras. Pseudo BCK-algebras were intensively studied in [3,11, 14].
R. A. Borzooei et al. [2] applied pseudo structure to BE-algebras and investigated
its properties. They studied the concepts of pseudo-subalgebra, pseudo-filter and
pseudo-upper-set and proved that every pseudo-filter is a union of pseudo-upper-sets.
Later on, in 2019, Rezaei et al. defined pseudo Cl-algebras, which are a generalization
of the pseudo BE-algebras, pseudo BCK-algebras and pseudo MV-algebras [15].

In this paper, we introduce the notion of pseudo GE-algebra as a non-commutative
generalization of GE-algebra and study its properties. We define the notion of (®, H)-
pseudo GE-algebra, (H, ®)-pseudo GE-algebra and investigate its properties. We
define the concept of strong pseudo BE-algebra, good pseudo GE-algebra and study
relation between them. Finally, we give a condition for a good pseudo BE-algebra to be
a pseudo GE-algebra and for a strong pseudo BE-algebra to be a pseudo GE-algebra.

2. PRELIMINARIES

Definition 2.1 ([1]). By a GE-algebra we mean a non-empty set X with a constant
1 and a binary operation * satisfying the following axioms:

(GE1) uxu =1,

(GE2) 1 *xu = u;

(GE3) ux (v+w) =ux* (v*(uxw)),
for all u,v,w € X.

In a GE-algebra X, a binary relation “<” is defined by
Ve,ye X)(z<yerxy=1).
Definition 2.2 ([1]). A GE-algebra X is said to be transitive if it satisfies:
(2.1) (Vo,y,z€ X)(xxy < (zxx)* (2 xy)).
Proposition 2.1 ([1]). Every GE-algebra X satisfies the following items
Vue X)(uxl=1),

(Vu,v € X) (ux (u*xv) =ux*xv),
(Vu,v € X) (u <wvx*u),
(Vu,v,w € X) (ux (vxw) <ovx(u*xw)),
MueX)1<u=u=1),
(Vu,v € X) (u < (vku)*u),
(Vu,v € X) (u < (u*xv)*v),
Vu,v,w e X) (u<vsxwev<uxw).
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If X is transitive, then
Vu,v,w € X) (u<v=wsru<ws*xv,vxw < uxw),
(Vu,v,w € X) (uxv < (vkw)* (u*xw)).
Lemma 2.1 ([1]). In a GE-algebra X, the following facts are equivalent to each other
(Va,y,z € X) (wxy < (zxx)* (2 %)),
(Vz,y,2 € X) (z*y < (yx2)* (z*2)).

3. Pseunpo GE-ALGEBRAS

We consider the notion of a pseudo GE-algebra as a generalization of a GE-algebra.
Let X be a set with two binary operations “®” and “H”. Then we can consider the
following two cases:

(3.1) (Vz,y,z€ X)(z® (yBz) =28 (y® (z B 2))
and 2B (y®@z) =2 ® (yB (2 ®2))),
(3.2) Vr,y,ze X)(z®(yBz)=2® (yB (z® 2))

and zH (y®z2) =B (y® (z B 2))).
Hence we can think of two types of pseudo GE-algebra so called type A and type B.

Definition 3.1. Let X be a set with a constant 1 and two binary operations “®” and
“B”. A structure (X, ®,H, 1) is called a pseudo GE-algebra of type A if it satisfies
(3.1) and the following conditions:

(3.3) Ve X)(z®zr=1and zBzr=1),
(3.4) VeeX)(l®zx=zand 1Bz =1x).

Definition 3.2. Let X be a set with a constant 1 and two binary operations “®” and
“B”. A structure (X,®,H, 1) is called a pseudo GE-algebra of type B if it satisfies
(3.2), (3.3) and (3.4).

The pseudo GE-algebra (X, ®,H, 1) of type A or type B is sometimes only shown as
X. It is clear that if a pseudo GE-algebra X of type A or type B satisfies t®y = xHy
for all z,y € X, then X is a GE-algebra.

As you can see above, we have defined two types of pseudo GE-algebra. In con-
sidering the pseudo theory as a generalization for a given algebraic system, it is not
desirable to have multiple types in the development of theory.

The following theorem shows that one of the two types has no meaning.

Theorem 3.1. If X is a pseudo GE-algebra of type A, then it is just a GE-algebra.

Proof. Let X be a pseudo GE-algebra of type A and let x,y € X. Then 1 ® (xHBy) =
1B (z® (18y)) by (3.1), and so s Hy = v ® y by (3.4). Therefore, X is a GE-
algebra. 0
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So in thinking about pseudo theory, which is the generalization of GE-algebra, we
can see that Definition 3.2 is the only definition expressed. Based on these discussions,
we can call pseudo GE-algebra of type B just pseudo GE-algebra.

Now, we give examples of a pseudo GE-algebra.

Example 3.1. Let X = {1,a,b,c,d, e} and define binary operations ® and H as follows:

®|1 a b ¢ d e H|1l a b ¢ d e
111 a b ¢ d e 111 a b ¢ d e
all 1 1 d d d all 1 b1 11
b|1l a 1 1 d d, bl a1 ¢ e e .
cll a1 1 1 1 c|l a1 1 1 1
d|{l a 1 1 1 1 d|l a 1 1 11
ell a1 1 1 1 ell a 1 1 1 1

It is routine to verify that (X, ®,H, 1) is a pseudo-GE-algebra.

Definition 3.3. A (®,H)-pseudo GE-algebra is a structure (X, ®,H, 1) in which X is
set with a constant 1 and two binary operations “®” and “H” satisfying the conditions
(3.3), (3.4) and

(3.5) Vo,y,ze X)(z® (yBz2)=2® (yB (z® 2))).

Example 3.2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

®[1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 b 1, ala 1 ¢ 1
bl a 1 a bl a 1 «a
c|1l 1 1 1 cla 1 a 1

Then X is a (®, H)-pseudo GE-algebra.

Definition 3.4. A (B, ®)-pseudo GE-algebra is a structure (X, ®,H, 1) in which X is
set with a constant 1 and two binary operations “®” and “H” satisfying the conditions
(3.3), (3.4) and

(3.6) (Ve,y,ze X)(zBy®z)=cBy® (xBz))).

Ezxample 3.3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

®|1 a b ¢ Hil a b ¢
111 a b ¢ 111 a b ¢
ala 1 a 1, all 1 ¢ c
bla a 1 a b1 1 1 1
cla a a 1 c|1l 1 1 1

Then X is a (B, ®)-pseudo GE-algebra.
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It is clear that if a structure (X, ®,H, 1) is both a (®, H)-pseudo GE-algebra and
a (B, ®)-pseudo GE-algebra, then it is a pseudo GE-algebra.

Every (®,H)-pseudo GE-algebra need not be a (H, ®)-pseudo GE-algebra. In
Example 3.2, X is (®,H)-pseudo GE-algebra. But X is not a (B, ®)-pseudo GE-
algebra, since

aB(a®b)=aBHb=c#a=aB1l=adB(@®c)=aB(a® (aBYD)).

Every (H, ®)-pseudo GE-algebra need not be a (®, H)-pseudo GE-algebra. In Example
3.3, X is (B, ®)-pseudo GE-algebra. But X is not a (®, H)-pseudo GE-algebra, since

a® (aBb)=a®c=1#4a=a®l=a®(aBHa)=a® (aB (a®D)).

In a (®,H)-pseudo GE-algebra or a (H,®)-pseudo GE-algebra (X, ®,H, 1), we
define two binary operations “<;” and “<g” as follows:

(Vr,ye X)z<sy @y =1),
Vz,ye X))z <pgy e acBy=1),

respectively. For every elements x and y of a pseudo GE-algebra X, if + <4 y and
r <g y are formed at the same time, it is represented as r < y.

Proposition 3.1. Every (®,H)-pseudo GE-algebra X satisfies:

(3.7) Vre X)(z®1=1),
(3.8) Vr,ye X)z®@ (z®y) = ®Y),
(3.9) Vz,y e X)(z < (x®y)By).

Proof. Let x,y,z € X. Then
l=z@®z=z®(1BHz)=2® (z®2x)Bz)=z® (e@®x)Bx®z) =01

which proves (3.7). Using (3.4) and (3.5), we have z®y = x®(18y) = z®(1B(z®y)) =
x ® (x ® y) which shows (3.8). Using (3.3), (3.5) and (3.7), we obtain
)

®(r@yBy) =@ (rey)BEey)=c6l=1 O
Proposition 3.2. Fvery (B, ®)-pseudo GE-algebra X satisfies:
(3.10) (Vo e X)(z <g 1),
(3.11) (Vz,y e X)(eB (zBy) =x8y),
(3.12) Vz,ye X)(z <g (zBy) ®y).

Proof. Let x,y,z € X. Then
l=zHz=cBH(Q®z)=cB(1® @@Hz)=cB(l®l)=cHI1,
by (3.3), (3.4) and (3.6), i.e., z <@ 1. Using (3.4) and (3.6) induces
rBBy)=cB(1®(xBy)=cB(1®y) =xBy.
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Using (3.3), (3.6) and (3.10), we obtain
rB(zBy)®y)=cB(zBy)® (zBy))=cB1=1,
and so (3.12) is valid. O
Lemma 3.1. Every (®,B)-pseudo GE-algebra or (B, ®)-pseudo GE-algebra X satis-
fies:
Vre X)(1<ggx=2=1),
VeeX)(l<gr=a=1).

Proof. Straightforward. O
Proposition 3.3. Every pseudo GE-algebra X satisfies:
(3.13) VreX)(l<or=a=1).
Proof. Lemma 3.1 induces (3.13). O

The combination of Propositions 3.1 and 3.2 induces the next proposition.

Proposition 3.4. Every pseudo GFE-algebra X satisfies for all x,y,z € X
(I)z®l=1andzB1=1;

Jr®(x®y)=xz®y and x B (rBy) =z By;

3) r<Ke (z®y)By and x <z (zBy) ®y;

) r<<gy®r and r < yBa;

D) x <Ky (y®z)Bzr andr <g (yBx) @2

6) 1< (z®y) Bz andr <g (zBy) @2

Ny<epyBr=r<gy® (yBx);

y<Kagy®er = <y y B (y ® z);

Naez®(yHz) <egyBx®z) andzeB (y®2) <gy ® (zH2);

(1) y<grz® (yBz2) =y <g (r® 2);

1) y<ezBy®2) =y <e (x B 2);

(12) s <kgy®z oy <, x Bz,

Proof. Propositions 3.1 and 3.2 prove (1), (2), (3). Now,
cHy®r)=cB@y®(@HBHz)=cBy®l)=cB1=1

(2
(
(
(
(
(
(
(
1
1

and

r®(yHBHr)=2® (yB@Ee®zr)=z®(yBl)=c®l=1
Hence r <g y ® z and x <4 y B x. Hence, (4) follows. (5) and (6) follow from (4).
Assume that y < y B x. Then y ® (y B x) = 1, which implies that

cBy®yBHr)=zBy® (@B ({yBz)
=rH@y® @B (y®(yBr)))
=czH(y®(xH1))
=rxHBy®l)=cBH1=1
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Thus t <gy® (yHBz). If y <gy® x, then y B (y ® ) = 1. Hence,

r®(yBHy®r)=r®(yBH@Ee (y®r)))

—r@®(yB@EeyB{Yyer))

=r®(yHB(z®1))
=r®(yHBHl)=®l1=1,

and so, * <g y B (y ® ). The combination of (3.2), (3.3) and (1) induces
(r@®yB2)@WBH@E®:2)=(reWBz))e(yBe(yB2)) =1,

and

(tBy@z)Bye(@B2)=(Ble:)Bye@@Blye:=)) =1,

865

by (4)

by (4).

Hence, z® (yH2) <o yB(x ®2) and 2B (y ® 2) <m y ® (x B 2), that is, (9) is
true. If y <gz® (yH 2), then yB (xr ® (yHBH z)) = 1 and hence y B (z ® 2) = 1.
Therefore y <g (z ® z). Thus (10) follows. (11) is similar to (10). If z <g y ® z,
then l =2B(y®2) <my® (zHz2) by (9) and so y ® (x B z) = 1 by Lemma 3.1, i.e.,

Yy Ke x B z. Similarly, if y <¢ x B z, then © <g y ® z. Therefore, (12) holds.

We consider the following four items

(3.14) Vz,y,ze X)(z®y<e z@x)B(2®y)),
(3.15) Ve,y,2€e X) 2@y < (y®2)® (r® 2)),
(3.16) (Vz,y,z€ X)(eBy <a (zBz)® (zBy)),
(3.17) (Vz,y,z€ X)(2By <e (yBz)B (zH 2))

O

Ezample 3.4. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”

given in the following tables:

®|1 a b ¢ H|l a b ¢
111 a b ¢ 111 a b ¢
ala 1 a a, all 1 1 1.
bla a 1 a b1 1 11
cla a a 1 cl|1l 1 1 1

Then X is a (H, ®)-pseudo GE-algebra. But it does not satisfy (3.14), since
e®l)®(l®a)B(Il®]l) =a®(ecBl)=a®1l=0a#1.

2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the

following tables:

®|1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 ¢ c, ala 1 a a
b1 1 1 ¢ bla a 1 a
c|1l 1 1 1 cla a a 1
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Then X is a (®,H)-pseudo GE-algebra. But it does not satisfy (3.15), since
(a®)B(1®b)®(@®d)=1B(b®c)=1Hc=c#1.

3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

0O 2 ~®
— =
— = O o
o o2 ~H
— = Q==
—Q oo

Q Q = Q|2
— = =00

ISERSEN RSN )
— =9 0|0

1 1
Then X is a (®, H)-pseudo GE-algebra. But it does not satisfy (3.16), since
(BB (1Be®(1B1)=aBe®l)=aB1=0a#1.

4. Let X ={1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b ¢ H|ll a b ¢
111 a b ¢ 111 a b ¢
ala 1 a a, all 1 ¢ c
bla a 1 1 b1 1 1 ¢
cla 1 11 cl|l 1 b1

Then X is a (B, ®)-pseudo GE-algebra. But it does not satisfy (3.17), since
(aB1l)® (180 B (@Bb)=1® (bHBc)=1®c=c# 1

Proposition 3.5. Let X be a (B, ®)-pseudo GE-algebra. If X meets condition (3.14),
it also meets condition (3.15).

Proof. Assume that a (B, ®)-pseudo GE-algebra X satisfies (3.14). Then (z ® y) ®
(z@®x)B(z®y)) =1forall z,y,z € X, and so

(rey)B(yez)®(@@:z)=(ey)B(yez)e(zey) B e:2))
=(z®y)BH1=1,
by (3.6) and (3.10). Therefore 2 ® y <m (y ® 2) ® (v ® 2) for all z,y,z € X. O

Proposition 3.6. Let X be a (®,H)-pseudo GE-algebra. If X meets condition (3.15),
it also meets condition (3.14).

Proof. Assume that a (®,H)-pseudo GE-algebra X satisfies (3.15). Then (z ® y) B
(y®2)® (z®2)) =1 for all z,y,z € X, which implies from (3.5) and (3.7) that

oy ®(zer)B(zoy) =Eey)e(zez)H(z®y)®(z@y)))
=r®y)®1l=1
Thus, z®y < (z®z) B (z ®y) for all z,y,2 € X. O
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Corollary 3.1. In a pseudo GE-algebra X, (3.14) and (3.15) are equivalent with each
other.

The following example shows that the converse of Propositions 3.5 and 3.6 is not
true in general.

Ezample 3.5. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®|1 a b c H|l a b c
111 a b c 111 a b ¢
ala 1 a a all 1 11
bla a 1 a b1 1 11
cla a a 1 c|l 1 11
Then X is a (H, ®)-pseudo GE-algebra satisfying (3.15). But it does not satisfy (3.14),

since
e®l)®(1l®a)B(A®l)=a® (aB1l)=a®1=0a#1.
2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b c Hll a b c
11 a b ¢ 111 a b ¢
all 1 b ¢, all 1 11
bl a1l a bl a1l a
cll 1 11 cl|l 1 11
Then X is a (®, H)-pseudo GE-algebra satisfying (3.14). But it does not satisfy (3.15),

(a®b)B(b®c)®(a®c) =bB(a®c)=bHc=a#1.

Proposition 3.7. Let X be a (®,8)-pseudo GE-algebra. If X meets condition (3.16),
it also meets condition (3.17).

Proof. If a (®, H)-pseudo GE-algebra X meets condition (3.16), then (z By) B ((z B
z)® (zBy)) =1 for all z,y,z € X. Hence,

(zBy)@(yB) B (¢Bz2)) =(HBy)® ((yB2) B (zHy) ® (z+B2)))
=(zHy)®1=1,
by (3.5) and (3.7), that is, t By <4 (yBz) B (x B 2) for all z,y,z € X. O

Proposition 3.8. Let X be a (HH, ®)-pseudo GE-algebra. If X meets condition (3.17),
it also meets condition (3.16).

Proof. Suppose that the condition (3.17) holds in a (B, ®)-pseudo GE-algebra X.
Then

(rBy) @ (yB2) B (¢HBz2)) =1,
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for all z,y,z € X. Using (3.6) and (3.10) induces

(rBy)B((zHz)® (:HBy)) =(zBy) B((zBz) @ («By) B (2 By)))
=(zHBy)BH1=1,

that is, By <@g (:Hz) ® (2 By) for all z,y,z € X. O

Corollary 3.2. In a pseudo GE-algebra X, (3.16) and (3.17) are equivalent with each
other.

The following example shows that the converse of Propositions 3.7 and 3.8 is not
true in general.

Ezample 3.6. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®[1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 1 1, ala 1 a a
bll a 1 1 bll a 1 1
cl|l a 1 1 c|l a 1 1

Then X is a (®,H)-pseudo GE-algebra satisfying (3.17). But it does not satisfy (3.16),
since

(BB (1B ® (1B1)=acB(e®1)=aB1=0a#1.

2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 1 1, a|l 1 b c
bll a 1 a bl a1 a
cll 1 11 cl|l 1 11

Then X is a (H, ®)-pseudo GE-algebra satisfying (3.16). But it does not satisfy (3.17),
since

(aBb)® (bHc)B(aHBc)=b® (aBc)=b®c=a# 1.

Definition 3.5. A (®, H)-pseudo GE-algebra X is said to be
o ®-transitive if it satisfies (3.15);
o H-transitive if it satisfies (3.16).

If a (®,H)-pseudo GE-algebra X is both ®-transitive and H-transitive, we say X
is a transitive (®, B)-pseudo GE-algebra.
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Ezample 3.7. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®|1 a b c H|il a b ¢
111 a b ¢ 111 a b ¢
all 1 0 1, a|l 1 a 1
b1 1 1 1 b1 1 11
cll a b 1 cll a a1

Then X is a ®-transitive (®, H)-pseudo GE-algebra. But it is not E-transitive since
(aBb)B (18« ®(18Bb)=aB(a®b) =aBb=a#1.

2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®[1 a b c Hil a b ¢
111 a b ¢ 111 a b ¢
all 1 1 ¢, all 1 1 c.
bl a 1 1 bl a 1 ¢
cl|l a 11 cl|l a 1 1

Then X is a (®, B)-pseudo GE-algebra which is H-transitive. But it is not ®-transitive
since
(a®b)B((b®c)®(a®c)=1B(1®c)=1Hc=c# 1.
3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®[1 a b c Hil a b ¢
111 a b c 111 a b ¢
all 1 0 b, a|l 1 c b
b1l a 1 1 bl a 1 1
cl|l a 11 cl|l a 1 1

Then X is a transitive (®, H)-pseudo GE-algebra.

Proposition 3.9. Fvery ®-transitive (®,B)-pseudo GE-algebra X satisfies
(3.18) (Vx,y,2 € X)(2 < yY=yYP® 2 <K 2P 2,201 <Lg 2 DY),

(319)  (Vz,y.z e X)(@y)By) @< 2@ 2,202 <p 2@ (z®y)By)),
(3.20) (Vr,y,ze X)((y@rx)Hr)®2<s 2 ® 2,202 <g 2® ((y® ) Ba)).

Proof. Let X be a ®-transitive (®, B)-pseudo GE-algebra. If r <5 y, then z ®y = 1
and thus

(y@2)@®(z®2)=1H(y®2)®(2®2) =y B(y®2)® (z®2)) =1,
that is, y ® 2 <g * ® 2. Since X satisfies (3.14) by Proposition 3.6, we have
er)B(Ezoy) =1®(z®x)B(:zoy)=oy)®(zex)B(zay)) =1
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and so, 2 ® x <gm z ® y. This proves (3.18). The combination of (3.9) and (3.18)
induces (3.19). The combination of Proposition 3.4 (5) and (3.18) induces (3.20). O

Proposition 3.10. Fvery B-transitive (®,8)-pseudo GE-algebra X satisfies:
Ve,y,ze X)r<pgy = 2Bz < 2By, yH 2z <g x B 2).

Proof. Let X be a H-transitive (®,H)-pseudo GE-algebra. If 2 <g y, then x By =1
and thus

Hz)® (zBy)=1B(:Hz)® (zBy))=(By) B(:zBx)® (:By)) =1.
Thus, z Bx <4 2z Hy. By Proposition 3.7, we know that X satisfies (3.17). Hence,
(yB2)B(xBz2) =1® (yB2)B(xHz2)=(zBy)®(yBz)B(xHBz2)) =1,
and so yH 2z <g v H 2. 0

Corollary 3.3. Every transitive (®,H)-pseudo GE-algebra X satisfies:

YR 2L T B2, 2P Ly zdY
(V2,y,2 € X) ( TY= { Hr < 2By, yBez<g e Bz )
Definition 3.6. A (B, ®)-pseudo GE-algebra X is said to be
o ®-transitive if it satisfies (3.14);
o H-transitive if it satisfies (3.17).

If a (B, ®)-pseudo GE-algebra X is both ®-transitive and H-transitive, we say X
is a transitive (B, ®)-pseudo GE-algebra.

Ezample 3.8. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®|1 a b c Hll a b ¢
111 a b ¢ 111 a b ¢
all 1 a b, a|l 1 1 c.
b1 1 1 1 b1 1 1 1
cl|1 1 1 1 cll 1 1 1

Then X is a (H, ®)-pseudo GE-algebra which is ®-transitive. But it is not B-transitive
since
(B ® (bBHc)B(eBe)=1® (1HBc)=1®c=c# 1.
2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 a 1, all 1 b 1
b1 1 1 1 b1 1 1 1
cll a a1 cll a b 1
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Then X is a (B, ®)-pseudo GE-algebra which is H-transitive. But it is not ®-transitive
since

(a®b)@®(1®a)B(I®D)=a® (aBb)=a®b=a#1.

3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®|1 a b ¢ H|l a b ¢

111 a b ¢ 111 a b ¢

all 1 b b, all 1 ¢ c

b1l a 1 1 b1l a 1 1

cl|l a 11 cl|l a 11
Then X is a transitive (H, ®)-pseudo GE-algebra.

Proposition 3.11. Every B-transitive (B, ®)-pseudo GE-algebra X satisfies

(3.21) (Vryy,ze X))o <py=yBHz<gaeBz, Bz <z z8vy),
(3.22)  (Vr,y,z€ X)(zHy)®y Bz<grBz, 2Bz <, 2B (xBy) ®vy)),
(3.23) (Vz,y,ze X)(yBr)®r)Bz<grBz 2Br < 2B (yBz) ®a)).

Proof. Let X be a HB-transitive (B, ®)-pseudo GE-algebra. Let z,y € X be such that
r <g Yy, Then x By =1 and so

(yB2)B(xBz2)=1® (yB2)B((@xHz2)=(HBy)®(yB)B(xBz2)) =

) =1,
by (3.4) and (3.17). Hence, y 8 2z <g « B z. We know that X satisfies (3.16) by
Proposition 3.8. Thus,

zBHz)® (:By)=18(Hz)® (:By))=(cBy) B(zBz)® (zHBy)) =1

and so zHx <4 z By, which proves (3.21). If we combine (3.21) and (3.12), then we
have (3.22). The result (3.23) follows from the combination of (3.21) and Proposition
3.4 (5). O

Proposition 3.12. Fvery ®-transitive (B, ®)-pseudo GE-algebra X satisfies:
Ve,y,2€ X) (<KoY = 2@ <Lg 2@ Y,y ®2 <Ke T ® 2).

Proof. Let X be a ®-transitive (B, ®)-pseudo GE-algebra. If 2 <4 y, then x ® y = 1
and so

Cer)B oy =1®(ze®z)Bzoy)=Coy)®(z®z)B(z®y)) =1,

which shows that z ® r <g 2z ® y. Using Proposition 3.5, we know that X satisfies
condition (3.15). Thus,

(y@2)®(r®2)=1H(y®2)®(z®2)=(r®y) B(y®2)® (z® 2)) =1,
and therefore y ® z <4 = ® 2. O
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Corollary 3.4. Every transitive (B, ®)-pseudo GE-algebra X satisfies:

(nyzeX)<x<<y:>{y532<<aaxﬁﬂz,zEEx<<®z|33y )

2R r L z®Y,YBP 2z <L T D 2

4. RELATIONS BETWEEN PSEUDO BE-ALGEBRAS AND PSEUDO GE-ALGEBRAS

As an extension of BE-algebras, Borzooei et al. introduced the notion of pseudo
BE-algebras, and investigated its properties.

Definition 4.1 ([2]). Let X be a set with a constant 1 and two binary operations
“®” and “B”. A structure (X, ®,H, 1) is called a pseudo BE-algebra if it satisfies (3.3),
(3.4) and

(4.1) VeeX)z®l=12H1=1),
(4.2) (Vo,y,ze X)(z® (yBz2) =y B (z ® 2)),
(4.3) Ve,ye X)z®y=1<cBHy=1).

Pseudo GE-algebra and pseudo BE-algebra basically form no relationship. In other
words, the pseudo GE-algebra may not be the pseudo BE-algebra, and vice versa as
seen in the following example.

Ezample 4.1. 1. Let X = {1,a,b,c} be a set with binary operations “®” and “H”
given in the following tables:

®[1 a b c Hil a b ¢
111 a b c 111 a b ¢
all 1 bbb, al|ll 1 ¢ ¢
b1l a 1 1 b1l a 1 1
cl|l a 11 cl|l a 1 1

Then X is a pseudo GE-algebra. But X is not a pseudo BE-algebra since
a® (aBb)=a®c=bFc=aBb=aB(a®D).

2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given in the
following tables:

®[1 a b c Hil a b ¢
111 a b ¢ 111 a b ¢
all 1 ¢ b, al|ll 1 b ¢
b1l a 1 1 bl a 1 1
cl|l a 11 cl|l a 1 1

Then X is a pseudo BE-algebra. But X is not a pseudo GE-algebra since
a® (aBb)=a®b=c#b=a®c=a® (aBHc)=a® (aB(a®b)).

The following example shows that when (X,®,H,1) is a pseudo BE-algebra,
(X,®,1) or (X,H, 1) does not need to be BE-algebra.
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Example 4.2. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

®|1 a b c Hil a b ¢
111 a b ¢ 111 a b ¢
all 1 1 a, al|l 1 1 0
bl a 1 a bl a 1 ¢
cll 1 11 cl|l 1 11

Then X is a pseudo BE-algebra. But (X, ®, 1) is not a BE-algebra since
a®(b®c)=a®a=1#a=b®a=b0® (a® c).
Also, (X,H, 1) is not a BE-algebra since
aB (bBc)=aBc=b#A1=0BHb=08(aHBc¢).

Definition 4.2. A pseudo BE-algebra (X, ®,H, 1) is said to be strong if (X, ®, 1)
and (X, H, 1) are BE-algebras.

Example 4.3. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

®|1 a b c H|ll a b ¢
111 a b ¢ 111 a b ¢
all 1 a 1, all 1 ¢ 1
b1 1 11 b1 1 11
cl|l 1 a1 cl|l 1 a 1

Then X is a strong pseudo BE-algebra.
We have the following question.

Question 4.1. Does pseudo GE-algebra X satisfy the following conditions

r®(yHBHz)=z® (yB(xHz2))
(4.4) (Vl’»ywzeX)<x53(y®z):x53(y®(l’®z)) )7

The following example shows that the answer to Question 4.1 is negative.

Example 4.4. Let X = {1,a,b,c,d} be a set with binary operations ®, B given in the
following table:

®[1 a b c d H|{l a b c d
111 a b ¢ d 111 a b c d
all 1 ¢c ¢ 1 all 1 d 1 d
b1 1 111" b1l alla-
c|/l1 1 1 11 c|ll a al a
dj1 1111 d|l a a 11
Then X is a pseudo GE-algebra. But it does not satisfy (4.4) since
a® (18D =a®b=c#1l=a®d=a® (1BdI) =a® (1H (a«BD)),
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aB(1®b)=aBb=d#1=aBc=aB(1®c)=aB(1® (a®D)).

Definition 4.3. Let X be a set with a constant 1 and two binary operations “®” and
“B”. A structure (X, ®,H, 1) is called a good pseudo GE-algebra if it satisfies (3.3),
(3.4) and (4.4).

Example 4.5. Let X = {1,a,b,c,d} be a set with binary operations ®, B given in the
following table:

®|1 a b ¢ d Hll a b ¢ d
111 a b ¢ d 111 a b ¢ d
all 1 1 ¢ ¢ all 1 1 ¢ ¢
b1l a1l ¢ ¢’ b1l a 1 d d°
cll a1 11 cll a1 11
d|l a 1 1 1 d|l a1 1 1

Then X is a good pseudo GE-algebra.

Theorem 4.1. Every good pseudo GFE-algebra is a pseudo GE-algebra. But the
converse 18 not true.

Proof. Example 4.4 shows that any pseudo GE-algebra may not be a good pseudo
GE-algebra. Let X be a good pseudo GE-algebra and let x,y, 2z € X. Then

r@y=z®(I1By)=cz® (1B (zBy))=z® (zBy)
and
rBy=cBH(l®y) =cB(l®(@®y) =cB(@x®Uy).
It follows from (4.4) that
r@yBrez)=reyBeB@E®z)=reyB@B2)=ca(yHz)
and
cBy@@Bz)=cBye@@e(@Bz2)=cBlye®@@®:z)=cB@y®:)
Therefore, X is a pseudo GE-algebra. U

The following example shows that any pseudo BE-algebra X does not satisfy the

condition
c®(yBz)=(z®y) Bz ®2)
(4.5) (W"y’ZEX)(xE(yc@z):(xEEy)@(xBﬂZ)>

Example 4.6. Let X = {1,a,b, c,d} be a set with binary operations “®” and “H” given
in the following tables:

®[1 a b ¢ d Hll a b ¢ d
111 a b ¢ d 111 a b ¢ d
all 1 a ¢ 1 all 1 d c¢c 1
b1 1 1 1 17 b1 1 1 1 1°
c|l a a 1 1 cl|ll a b 1 1
d|l a a ¢ 1 d|l a b ¢ 1
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Then X is a pseudo BE-algebra. But X does not satisfy (4.5) since

a® (bHce)=a®l=1#c=aBHc=(a®b)HB (a®c)
and

aB(b®c)=aBl=1#c=d®c=(aBb) ® (aHc).
Question 4.2. Does pseudo BE-algebra X satisfy the following conditions

a:@(y@z):yéB(m@z)))
cB(yHBz) =yHB(xHB2))

2

(4.6) (Vz,y,z € X) (

The answer to Question 4.2 is negative as seen in the following example.

Example 4.7. Let X = {1,a,b,c} be a set with binary operations “®” and “H” given
in the following tables:

® ‘ 1 a b ¢ H ‘ 1 a b ¢
111 a b ¢ 111 a b ¢
all 1 1 a, al|l 1 1 b .
bl a 1 a b1l a 1 ¢
cl1 1 11 cll 1 11
Then X is a pseudo BE-algebra. But it does not satisfy (4.6) since

a®b®c)=a®a=1#a=b®a=b® (a®c)
and

alB (bBHc)=aBHc=b#1=bBb=08(aHc).

Definition 4.4. Let X be a set with a constant 1 and two binary operations “®” and
“B”. A structure (X, ®,H, 1) is called a good pseudo BE-algebra if it satisfies (3.3),
(3.4), (4.1), (4.3) and (4.6).

Ezample 4.8. Let X = {1,a,b,c} be a set with binary operations ®, H given in the
following tables:

®‘1abc EEi‘labc
111 a b ¢ 111 a b ¢
al|l 1 a 1, al|l 1 b 1.
b1 1 1 1 b1 1 1 1
cll a b 1 cll a b 1

Then X is a good pseudo BE-algebra. But X is not pseudo BE-algebra since
a® (aBb)=a®b=a#1=aBa=aB(a®Db).
We now consider conditions for a pseudo BE-algebra to be a pseudo GE-algebra.

Theorem 4.2. If a good pseudo BE-algebra X satisfies the condition (4.5), then it is
a pseudo GE-algebra.
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Proof. Let X be a good pseudo BE-algebra that satisfies the conditions (4.5). It
is sufficient to show that X satisfies the condition (4.4). Let z,y,z € X. Then
x®(zHBy) = (z@x)B(z®y) = 1B(z®y) = 2®y and 2B (z®y) = (¢Bx)® (xBy) =
1®(xBy) = =By by (3.3), (3.4) and (4.5). It follows that z®(yHz) = 2@ (¢B(yHz)) =
r®(yBH(xBHz)andzB (y®2)=cB(@® (y®z2)) =B (y® (r ® 2)). Hence X
is a good pseudo GE-algebra, and therefore it is a pseudo GE-algebra by Theorem
4.1. U

Corollary 4.1. Every strong pseudo BE-algebra X satisfying the condition (4.5) is a
(good) pseudo GE-algebra.

We finally pose the following question.

Question 4.3. What conditions will be required to make pseudo GE-algebra into
pseudo BE-algebra?

5. CONCLUDING REMARKS

In this paper, we generalized GE-algebras to the case of pseudo GE-algebras and
studied some basic of those properties. In the last section we investigated among
relation between pseudo BE-algebras and pseudo GE-algebras. Starting from these
notions, one can define and investigate commutative pseudo GE-algebras, involutive
pseudo-GE algebras and Smarandache pseudo GE-algebras. Another topic of research
could be to define and investigate state and monadic on pseudo GE-algebras.
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