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ON THE EXISTENCE AND ASYMPTOTIC BEHAVIOR FOR A
STRONGLY DAMPED NONLINEAR COUPLED
PETROVSKY-WAVE SYSTEM

MOHAMED SAADAOUT', MOUNIR BAHLIL?*?, AND MAMA ABDELLI?

ABSTRACT. In this paper, we consider the initial-boundary value problem for a class
of nonlinear coupled wave equation and Petrovesky system in a bounded domain.
The strong damping is nonlinear. First, we prove the existence of global weak
solutions by using the energy method combined with Faedo-Galarkin method and
the multiplier method.

In addition, under suitable conditions on functions g;(-), ¢ = 1,2 and a(-), we
obtain both exponential and polynomial decay estimates. The method of proofs is
direct and based on the energy method combined with the multipliers technique, on
some integral inequalities due to Haraux and Komornik.

1. INTRODUCTION

The study of nonlinear wave phenomena was performed by certain eminent scientists.
The theory of nonlinear waves, on the other hand, emerged as a coherent science in
the late 1960s and early 1970s, which were the years of its rapid growth. While study
in this area was undertaken only recently, the theory of nonlinear damped waves is
still an emerging theme. In this paper, we study the existence and decay properties
of solutions for the initial boundary value problem of the Petrovsky-wave system of
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the type
Y+ A%y —a(2)Ays — i(Ay;) =0, xeQt>0,
1) Yy — Ayp — a(x)Ayr — g2(Aysy) =0, zeNt>0,

yi(IL‘,O) :y?(l’), yg(I,O) :yil(x)7 reQ,i=12
where (2 is a bounded domain of R" with regular boundary I and ¢; : R — R is a
nondecreasing continuous function with g;(0) =0, i = 1,2.
When a(x) = 0, the Petrovsky equation has been investigated in [7] by Komornik.
The author has used the semigroup approach to present the existence and uniqueness
of a global solution y; for (1.1). Then, using a multiplier technique, he directly proved

exponential and polynomial decay estimates for the associated energy.
Bahlil et al. [4], studied the system:

y! + a(z)ys + A%y — g1 (v (2, 1)) = fi(yr,92), in Q@ x RY,
(1.2) ys + a(x)yr — Aya — g2(y5(2, 1)) = fa(y1,92),  in Q x RY,
Oy =y1 =v =1y =0, on I x R*,

under suitable assumptions on the weight of the damping, they proved the global
existence of solutions by use of the potential well method due to Payne and Sattinger
[13] and Sattinger [14] combined with the Faedo-Galerkin method.

Also they proved general stability estimates using some properties of convex func-
tions and the multiplier method.

In [5] Guesmia studied problem (1.2) with f;(y1,y2) = 0. He proved the existence
of a global weak solution and uniform decay of solutions.

Motivated by previous works, it is interesting to investigate the global existence and
decay of solutions to problem (1.1). Firstly, we show that, under suitable conditions
on the functions ¢g; and a, the solutions are global in time. After that, we establish
the rate of decay of solutions by the multiplier method. Precisely, we show that the
decay rate of energy function is exponential or polynomial.

This article is organized as follows: in the next section, we give some preliminaries.
In Section 3, we study the existence of global solutions of the problem (1.1). Then in
Section 4, we are devoted to the proof of decay estimate.

2. PRELIMINARIES AND MAIN RESULTS

In this section, we present some material for the proof of our result.
We first introduce the following spaces: H = L* (Q)x L* (Q), W = H} (Q) x Hj (),
HX(Q)={ve H*(Q): v=Av=0o0nT} and Hu”zi(ﬂ) = J, [IVAv|* dz, and
V= (HA(QNH*(Q) x H*(Q), V= (HX(QnH"(Q))x (HX(QnNH(Q)).
Let H', V', V', W’ the dual spaces of H, V,V, W, respectively. We have
VcCVcWCcH=HcCcW cV cV.
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For the relaxation function g and a we assume the following.
(HO) Let a : Q© — R be non-increasing differentiable function bounded such that

. 1
2.) 3(2) €W (), ol iy = min { 51},

where ¢ > 0 is the constant ||[VAwv| < ||Av||.

(H1) ¢; : R — R, ¢=1,2, are non-increasing differentiable functions such that g;
is a C'! and globally lipschitz with g; (0) = 0 and there exists p > 1, ¢;, j = 1,...,4,
To, T1 are strictly positive constants for all s € R satisfying

(2.2) cilsPP < gi(s) < cals|r, if |s| < 1,
(2.3) csls| < gi(s) < cls|, if =|s| > 1,
(2.4) exists 19, T >0, 79 <gi(s) <7, forallseR.

Now inspired by Komornik [7], we define the energy associated with the solution of
system (1.1).

Lemma 2.1. The energy associated with the solution of the problem (1.1) by the
following formula

1
25)  BO)= [ (VP + IV + 1980+ |AusP) do+ [ a(e)dp Ay
is a nonnegative function and satisfies E'(t) <0 .

Proof. Multiplying the first equation in (1.1) by —Agy; and the second equation by
—Avy), integrating over ) using integration by part and Green’s formula, we get

1d 112 112 2 2
55 L (V04 IV 4 19801+ [Agaf?) do+2 [ o)Ay da]
= [ Avigr(Au) + Aybga(Agp) da
Using Holder’s inequality, Sobolev embedding and condition (2.1), we get
1 Ve
Ja) A Agde > Sl [ 180 Age]da

1 1 9 9
> ~Slallmo) [, (G180 +¢|ApP) do

Y]

1 c” 2, 2
—Sllalli=@ [ ( SIVARPE +¢lAp ) do

Cl

_§||a||Loo(Q)/Q(|VAy1|2+|Ay2|2) dz.

v

Then
E(t) > 1 /
-2

(V0 + 952 + (1 = ¢ all ) (V Aua + | Apel?)) d 2 0.
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Now, FE is a nonnegative function

(2.6) E(t) = — [ (Athor(Ash) + Ayhoa(Agh)) da 0

3. GLOBAL EXISTENCE

In this section, we use the Faedo-Galerkin approximation to construct an approxi-
mate solutions of (1.1). We are now in the position to state our results.

Theorem 3.1. Let (°,49) € V and (y},y}) € V, arbitrarily. Assume that (2.1) and
(2.2)~(2.4) hold. Then system (1.1) has a unique weak solution satisfying

(y1,92) € LRy, V), (41, 95) € LRy, V)
and
(1, 42) € L= (R, W),
Proof. We use the Faedo-Galerkin method to prove the existence of global solutions.
Let T > 0 be fixed and denoted by V* the space generated by {w}, w?,...,wF}, where

the set {wf, k € N} is a basis of V.
We construct approximate solution y*, k = 1,2,3,..., in the form

v (2,1) = Z_; M (tyw] (),

where ¢/*, j = 1,2,...,k, are determined by the following ordinary differential equa-
tions

(ylf + A%Ag — a(x)Ay§ — gl(Ag)lf),w{) =0, forall w{ e vk,
)

(3.1) (i — Auk — a(x) Ayt — go(AgE),w)) =0,  for all w) € V¥,
b (0) =y, 9 (0) =y, TEQi=12,
with initial conditions
k
(3:2) v (0) =" =), whwl — o, in HY(Q) N HA(Q) as k — +oo,
j=1
k . .
(3.3) y5(0) =y9* = > (18, whwh — y3, in HA(Q) N H*(Q) as k — +o,
j=1
k . .
(34)  GH0) =y = Sl el oy, in HL(Q) 0 Q) as k - +oo,
j=1
k . .
(3.5) U5 (0) =yak = Z(y%,w%)w% — ys, in H*(Q) as k — +oo,

J=1
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and

(3.6)

— A% + a(2) A" + g1(Ayi*) = =A%) + a(z) Ay + 1(Ay), in Hy(Q) as k — +oo,
(3.7)

Ay + a(@) Ay + g2 (Ays") = Ays + a(2)Ay) + g2(Ayy), in Hy($) as k — +oc.

By using some a priori estimates to show that ¢ = co. Then, we show that the sequence of

solutions to (3.1) converges to a solution of (1.1) with the claimed smoothness.
The first estimate. Taking w] = —2AgF in (3.1), we obtain

d
dt

2 /Q Agk gy (Agh) d + 2 /Q Aghga(Agh) dz = 0.

| (V2 + 1935 + [VAGEE + |Au5) do + 2a(@) Ayt A do
(3.8)

Integrating it over (0,t), we obtain
/ (Ivgk@)? + \vy§<t>|2) dz + (1= ¢lall (o)) / (IVAGE@®[ + | Agh(0)?) da

(3.9) —|—2/ /Ayl s)g1(A dmds+2/ /Ay2 $)g2(Agh(s)) dx ds
<A*0) < 0y,

where
AK(0) = /Q (VI O] + V5 ©)2) dz+ (1 + |l (0 /Q (IVAGEDP + 1Ag5 (1)) da,

for some C; independent of k. These estimates imply that the solutions 3¥ exist globally in
10, 4+00[. Estimate (3.9) yields

(3.10) y¥ is bounded in L>(0,T; Hx(Q)),
(3.11) y% is bounded in L>(0,T; H%()),
(3.12) ¥ is bounded in L (0, T; HE (1)),
(3.13) % is bounded in L°°(0,T; Ha (1)),
(3.14) AyFgi(AgF) is bounded in L'(A),

where A = Q x (0,7). 4
The second estimate. Taking w! = A2y¥ in (3.1), implies

d .
p / (1AGE2 + |AG5 2 + |A%E[ + VAR + 2a(x) VAYEVAY) da
(3.15) + 2/ Va(z)AysV AgY da + 2/ Va(x)AyFV Ay dx
Q Q

+2 /Q VA2 (AGE) do + 2 /Q IV AGE gy (AgE) dz = 0
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By Using Holder’s inequality and Sobolev embedding, (3.10) and condition (2.2), we have

‘ / (2)VAYYVAyS dx

< 2lall [ [VAYHITAYS | da
(3.16) <2l [ VAP dr+ 5 [ (VAP de
Q Q

1
< 2al*C’ + 5 [ VAU da

and

/Va Ay VAyl dx

< 2/ V(@) | Ayl [VAGH| do

T [ IVl T A5 (A7) do

(3.17)
/|mylr Ay1>dw+fHVaH2/|Ay2 o

< [ IVAUPg(Adt) o+~ |Val*C

Similarly, we have

/Va Ay VAy2 dx

. 1
< [ VABPGAAE e+ S IVal? [ 1Ak de
(3.18) < [ IVAGG(AG) do + fuwu 198wk do
< [ VAP dr + ValC
Combining (3.16)—(3.18), into (3.15) and integrating over (0,t), we obtain

t t
+ [ [ vaierG @) drdt+ [ 1VAGG) (AT () det
<B¥(0) < Cy, forall t € [0,t),

where Cs independent of k and
1
P = [ (1808F + 18G5 + 8% do + 5 [ [V AP da,
Q 2 Ja
1
BE0) = [ (A0 + Ay + A% 2) do +20alC + 5 [ 19882 o
/
+ (\Va||20’ + CIIVaHZC”) T
T0 T0

Therefore, we conclude that

(3.19) y¥ is bounded in L*°(0,T; H*(2)),
(3.20) y% is bounded in L*(0,T; HX (),
(3.21) ¥ is bounded in L (0, T; H%(12)),
(3.22) % is bounded in L°°(0,T; H*()).
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The third estimate. Assume that t < T and let 0 < £ < T — ¢t and
yit(z,t) = yf(x,t +6), i=12.
So, Uf’g (z,t) = y¥(x,t + &) — y¥(x, 1), solves the differential equation
(3.23) (U{“’f + A2UPE — a(z) Ays® — (g1 (AGF) — g1 (AGF)), w{) =0, forall w eV

and the set i
Uy (2,t) = yh(x,t + &) — yh (z,1).

Uf £ solves the differential equation
(3:24) (UF° = AUSS — a(@)AUP = (ga(Ag5°) — g2(Ag5)), wh) =0, for all wh € VE.

Choosing w{ = —Ay1* in (3.23) and wg = AUQké in (3.24), and using the fact that g; is
nondecreasing, we obtain

d . '

+ 2% /Q a(a:)AUfg(:r,t)AUfg(w,t) dx <0, forallt>0.
Integrating over [0, t], we get
[ (905 @F + 900 R) da+ = dllal) [ (IPAUF @ + AU (1)) do
<y [ (VU0 + [V O + AU O + |AUSO)F) d,

where Oy is a positive constant depending only on ||a|| and ¢/. By dividing by ¢2, and pass
to the limit when £ — 0, we have

| (3@ + VIO + [VAKOF + A5 (0)) do
<4 [ (IV3HOF + [Vi5 ) + VAP +[Agh ) da.
Now we estimate ||V3%(0)||. Choosing v = —Agj¥ in (3.1) and substitute ¢ = 0 , we obtain
IVHOI? = [ TV (~A%8" — a@)s" +01(A0}")) do
and

IVEOI? = [ OV (A5 = al)sf* + g2(Aut)) da.
By Cauchy-Schwarz inequality, we obtain

Vi) < ( /Q 7 (2% — ala)* + gu(Ath))[ dw)

N[

and )

V5O < ([ 7 (408" - ale)st” + g2(8049) [ do)’
(3.6) and (3.7) yields
(3.25) (515(0), 75(0)) are bounded in W x W.
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And by (3.4), (3.5) and (3.25) we deduce
| (VIR + [V5OF +[TAG©F + [Aj5(0)) do < Cs. forall t >0,
Q

where Cj is a positive constant independent of £ € N. Therefore, we deduce

(3.26) ¥ is bounded in L*°(0,T; HX (Q)),
(3.27) % is bounded in L*°(0,T; H*(2)),
(3.28) it is bounded in L>(0,T; H3 (),
(3.29) i is bounded in L*°(0,T; Hi()).

Applying Dunford-Pettis and Banach-Alaoglu-Bourbaki theorems, we conclude from (3.10)—
(3.14), (3.19)-(3.22) and (3.26)(3.29) that there exists a subsequence {y™} of {y¥} such
that

(3.30) (7 y8) —(y1,y2), weak-star in L>®(0,T;V),

(3.31) (07", 95") —(y,vh),  weak-star in L*°(0,T;V),

(3.32) (G775 — (v, v5), weak-star in L>(0,T; W),

(3.33) (07", 95") = (v, vh),  almost everywhere in Q x [0, +00),
(3.34) gi(AY™) —xi,  weak-star in L*(A).

As (y", y5) is bounded in L*®(0,T;V) by (3.30) and the injection of V in H is compact,
we have

(335) (y{nayén) — (y17y2)7 strong in LQ(OaT, H)
On the other hand, using (3.30), (3.32) and (3.35), we obtain

T
[ .0+ 8200 — a0 0) w i

(3.36)
—)/ / y1 x, t + Ale(x,t) — a(:p)Ayz(gg7t)) w drdt
and
/ / A (at) — ala) Aol o)t
(3.37)
_>/ / — Aya(2,t) — a(z )Ayl(x,t))w dxdt,

for all w € L2(0,T; L*(Q
It remains to prove the convergence

T T
[ o wazat— [ [ gag)) wade,
0 JQ 0 JQ

when m — +o00. To finish the proof we shall use the following lemma.

Lemma 3.1. Let gi(Ay;) € L'(A) and [|g:(Ay;)||11a) < K, where K is a constant inde-
pendent of t. Then g;(Ay™) — g;(Ayl) in L'(A).
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Proof. Let g(Ay') € L'(A). Since g; is continuous, we deduce from (3.33)
(3.38) gi(A7F) —g;(Ayl), almost everywhere in A,

Ay gi(AY") —Aylgi(Ayl),  almost everywhere in A.
Also, by (3.13) and Fatou’s lemma, we have

T
(3.39) / / Ayi(x,t)gi(Ayi(z,t)) dedt < Ky, for T > 0.
0o Jo

Now, we can estimate fOT Jo lgi(Ayi(z,t))| dzdt. By using Cauchy-Schwarz inequality and
(2.3), we have the following.
1. If |Ayj| > 1, then

T T 1/2
| oA, ) dod < a2 (/0 /. rgimy;(x,t))r?d:cdt)

T 1/2
< A2 ( | [ Avigyita.0) do dt)
0 JQ
< K.
2. If |Ay}] < 1, then

T T 1/2
[ [ loavito, )l dode < a2 (/ / |gi<Ay;<x,t>>|2dxdt)
0 JQ 0 JQ
1/2
1/2 T AL 2
< A |9i(Ay;(w, 1)) [7+7 da dt
0 JQ

T 1/(p+1)
< c|A|BrtD/2(p 1) (/0 /QAyggi(Ayg(a;,t))d:c dt)

< Ks, forT > 0.
Then -
/ / 19:(Agl (2, 8))| dedt < K, for T > 0.
And let E C Q x [0,T] agld |%] is the measure of £ and the set

FE = {(.%',t) cF: ’gz(AyZn([B,t))‘ < |1E|}7 Ey = E\El

If M(r) =inf{|s| : s € R and |g;(s)| > r}, then

-
i(Ay)| dedt < e/ |E|+ | M | —= / Ay gi(Ay™)| dxdt.
[, los(ai) | dadt < /|8 ( ( |E|)) [ 1aiai)
By applying (3.13), we deduce
sup / gi(Ag) dadt — 0, when |E| — 0.
m JE

From Vitali’s convergence theory, we deduce
9i(Ag) = gi(Ay;), i L'(A).
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Proof of lemma is completed. O
End of proof of Theorem 3.1. Now (3.34) implies that
Gi(AF) = gi(Ayl),  wealestar in L2([0, T x ).
We deduce, for all v € L2([0,T] x L?(£2), that

T T
| [ astaimywdzdc— [ [ gy dod
0 Q 0 Q

Finally, for all w € L2([0,T] x L?(Q2)):

/ / Y (x,t) + Ay (x,t) — a(x)Aya(z,t) — g1 (A, (m,t))) wdzdt =0
and
/ / — Ays(x,t) — a(z) Ay (x,t) — gQ(Ayé(aﬁ,t))>w dxdt = 0.
Therefore, (y1,y2) are a solutions for the problem (1.1).
This concludes the proof of Theorem 3.1. U
4. ASYMPTOTIC BEHAVIOR

In this section, we prove stability result for the energy of the solution of system
(1.1), by using the multiplier technique.

Theorem 4.1. Let (10,19) € V and (y!,y) € V. Assume that (2.1)-(2.4) hold. The
energy of system (1.1), given by (2.5) decay estimate:

(4.1) E(t) <Ct™® Y forallt >0 ifp>1,
and
(4.2) E(t) < C'E(0)e™™, forallt>0ifp=1,

where C' is a positive constant only depending on E(0) and C', w are positive constants
independent of the initial data.

Proof. This proof is established in two steps.
Step 1. Multiplying the first equation of (1.1) by —E*Ay;, we obtain

T
O:/s —EM/QAyl (y{/+A2y1 _a(x)AZD‘i‘gl(Ayi))dzdt
T T
Q S S Q
T T
—2 [ B [ \VyiPdedt+ [ B [ (VG + VAR E) dodt

+ / o / 2) Ay Ays ddt + / o / Ayig1(Ay)) dedt.
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Step 2. Multiplying the second equation of (1.1) by —E*Ays, we obtain

T
0= /s —E* /Q Ay, (yg’ + Ay — a(x)Ay; + gz(Ay§)> dxdt
T T
__ {E“ / Ay, dx} + / Jod o0 / N
Q s s 0
o T “w /12 r o /2 2
2 [ B[ |VyslPdwdt+ [ E" | (VY51 + [Agel)) dadt
s Q s Q
T T
+/S E“/ﬂa(x)AygAyl dxdt+/s E"/QAyggg(Ayé)dxdt.

By their sum, we obtain

T

T
/S B gt < [E“ /Q (3801 + oy ) da|

T

— / E'E! / (Aury) + Ayoys ) dadt
S Q
TEN' \v4 /12 /2

2/ / Vb |?) dadt
+2 Q(! yi? + |Vyh[?) d

T
—/S E“/Q (Aylgl(Ayi) —|—Ay292(Ay;))dxdt.

Since F is non-increasing, we find that

T
{E“/ (y1Ay1 + yhAys) dx} <cE"(8S),
Q S

T
u’ [ e[ (Ayly’l—l—Amy;)dagdt‘ <cEM(S).

Using these estimates, we conclude from (4.3) that

T T
/ EF Lt <CERL(S) +2/ E“/ (V412 + V55 [2) dvat

T
+ [ B [ (180llgr (Ayh)| + | Ayallgx(Agh)] ) dadt

889

Now, we estimate the terms of the right-hand side of the inequality (4.4), see Komornik

[7].
We consider the following partition of €2

O ={reQ:|Ay|>1), O ={recQ:|Ay|<1}
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By using Sobolev embedding and Young’s inequality, we obtain
(4.5)

T T
o / “w /12
Lo [l Ayl dade+ [ B [ [0y, dedt
T T T
" 2 o ANV “w /12
gg/s E /Q+|Ay1| dxdt+C(€)/S E /mygl(Ayl)y dxdt+c/s E /Q+|Ay1|
T T
§€c'/ E“/ |V Ay, |* dedt + (C’(s)cz+c>/ E“/ Ayig1(Ayy) dzdt
s Q e/ Js Q

T T
gec/ E““dtJrCl(g)/ EM(—E') dt
S S

T
<eC [ Bt 4 Cule, ) E(S).

Similarly, we have

T T
14 / " /12
LB [l Syl dade+ [ B [ 992 duds

(4.6) .
350/ EFLdt 4+ Co(e, ) E*TH(S).
s

Summing (4.5) and (4.6), we obtain
T

(1.7) LB [ (180lla (A1 + 1Al lga(Ayh)] ) dode

" Vi |> + [Vys|?) ded

/ / t
+/5 /QJF(’ ™+ yﬂ)x
T
<eC [ B*dt+ Cle,p) B(S)
S

and
T / /12
LB [ (18ulla Sy + Vi) dads

T T

<e'd /S B /Q IV Ay ? dadt + C(') /S B /Q (|Ay’1|2+|gl(Ay’1)|2>d:pdt
T T 2

§5’c’/ Erl dt+C(5’)/ E“/(Ay’lgl(Ayi))ﬁ dxdt
S S Q

T T 25
S&t’C/S Ertl dt—l—C(e’,p)/S E" (/Q Ayi91(Ayy) dx) Tt

Similarly, we have

T
/s B /Q_ ('A?ﬂ”gz(ﬁyé)l + IVy;|2) dxdt
(4.9)

T T 2
SE’C/ ERL gt 4+ C(e’,p)/ EH* (/ Ay go(Aysy) dx) T at.
s s 0
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Summing (4.8) and (4.9), we obtain
T
LB [ (18wllan(An)] + 180sllga g ) dods
T
+/S Jol% /Q, (|vy;|2+ |vy;|2>dxdt

(4.10) . ) 2
gsoc/ foles dt+C’(50,p)/ EF (—E')5 dt
S S

T T,
< goc/ B dt +51/ EM5 dt + C (21, p) E(S).
S S
Comblining (4.7) and (4.10) in (4.4), we find

T T N
/ EMhdt < CE(S) + C"E"(S) +sC/ B dt+61/ EFRT dt.
Q p .

ptl

We choose p such that pog = Bt 1, s0, u = %, and choosing € and ; small enough,

we obtain
/Q EFLdt < C'E(S) + C'E*(0)E(S),

where C" is positive constant independent of E(0). Hence, the estimates (4.1) and
(4.2) follow by applying the following result of Martinez.

Lemma 4.1. Let E : RT — RT be a non-increasing function and assume that there
are two constants p > 0, w > 0 such that

+00
/ E(s)**'ds < wE(OYE(t), for allt > 0.
t

Then, we have for every t > 0

1+ p _% .
E(t) < E(0) (1 +w”t> , ifu>0,
E(t) < E(0)e! ™, if u=0.

For a short proof of this lemma we refer to [12].
This completes the proof of Theorem 4.1. O
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