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HIGHER CODERIVATIONS ON COALGEBRAS AND
CHARACTERIZATION

E. TAFAZOLI' AND M. MIRZAVAZIRI?

ABSTRACT. In this paper we define higher coderivations on a coalgebra C and then
we characterize them in terms of the coderivations on C'. Indeed, we show that each
higher coderivation is a combination of compositions of coderivations. Finally we
prove a one to one correspondence between the set of all higher coderivations on C'
and all sequences of coderivations on C.

1. INTRODUCTION

A coalgebra (C,A,e) over a field k is a k-vector space C together with the k-
linear maps A : ¢ — C ® C and ¢ : C — &, such that (I, ® A)A = (A® [,)A,
(coassociativity) and (I, ® €)A = (e ® I,)A, (counitary). The maps A and ¢ are
called, respectively, coproduct and counit of the coalgebra C'. Given an element ¢ of
the coalgebra (C, A, ¢), we know that there exist elements ¢, , and c,, in C such that
Afc) =X, c,, ®c,,. In Sweedlers notation, this is abbreviated to 22 ¢, ® ¢, . Here,
the subscripts “(1)” and “(2)” indicate the order of the factors in the tensor product.
For more about basic definitions in coalgebras notion, you can see [1] and [3].

A k-linear map f : C' — C on a k-coalgebra (C,A,¢) is called a coderivation if
Af =1 f+f®I.,)A. One can see examples and a general definition of coalgebras
and coderivations in the sense of comodules in [2,4,6]. In this paper we define
higher coderivations on a coalgebra C' and then characterize them in terms of the
coderivations on C'. Indeed, we show that each higher coderivation is a combination of
compositions of coderivations. As a corollary we characterize all higher coderivations
which are ordinary. We have some nearly same properties for higher derivations, you
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can see in [5] and [7]. Throughout the paper, all coalgebras are assumed over a field
of characteristic zero.

2. THE RESULTS

Throughout the paper, C' denotes a coalgebra over a field of characteristic zero
and [ is the identity mapping on C. A coalgebra (C, A ¢) over a field & is a k-vector
space C' together with the x-linear maps A : C — C ® C' and € : C' — &, such that
(I, @ A)A = (A®I.)A, (coassociativity), and (I, ® e)A = (¢ ® I,)A, (counitary).
The maps A and ¢ are called, respectively, coproduct and counit of the coalgebra
C. A k-linear map f : C' — C on a k-coalgebra (C, A, ¢) is called a coderivation if
Af = ([c®f+f®[c>A

Now we define a new concept, named higher coderivation and then characterize
this, but at first we prove some properties, following.

Proposition 2.1. If f is a coderivation on coalgebra (C, A, ¢), then we have

1) ar =3 ()i e rha

k=0

for each nonnegative integer n.

Proof. We use induction on n. For n =1 and a € C' we have

= _aq) 2) + flaq) ® ag),

and its true, since f is a coderivation on C . Now suppose that the equality is true for
n, then for n + 1, in the left side of equality, we have

n

A a) = AP(f(@) = > (Z) (& A ()

k=0
because of f being a coderivation, we have

ar@ =3 ()it e e r+ re DA
k=0
>

> (Z) FFlaqy) © 1 aw) + M aq) @ " aw).
0

On the other side we have
ntl (n +1

kz;) N )(fk ® fn+1fk)A<a)

-2 (1) e @ 7 e
(B2 () () e ren] e
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[i}Z( > M) ® 1 ag)
n; Z( >(fk+1( aqy) @ [ (g ))] + "M ag)) ® ap)
-5 () Hew) @ 7 Hoa) + 3 (1) ) @ ),

k=—1

and we have the result. U
We name the relation (2.1) general coLiebnitz rule for coderivations.

If we define a sequence { f,,} of linear mappings on C by fo = I and f,, = 27, where [

is the identity mapping on C, then general coLeibniz rule ensures us that f,’s satisfy
the condition

(2.2) Afy =3 (e ® fui)A
k=0

for each nonnegative integer n. This motivates us to consider the sequences {f,} of
linear mappings on a coalgebra C' satisfying (2.2). We call such a sequence a higher
coderivation.

Definition 2.1. Let C be a coalgebra. We define a sequence { f,,} of linear mappings
on C a higher coderivation if Af,(a) =>1_o(fe @ fu_r)A(a) for each a € C and each

nonnegative integer n.

Though, if A : C'— C is a coderivation then f,, = 2+ is a higher coderivation. We
name this kind of higher coderivation an ordinary hzgher coderivation.

Proposition 2.2. Let {f,} be a higher coderivation on a coalgebra C' with fo = I.
Then there is a sequence {\,} of coderivations on C' such that

(n+1 fn-‘rl an k>\k+17

for each nonnegative integer n.

Proof. We use induction on n. Because of {f,,} being a higher coderivation, for n = 0
we have

Afi(a) =[(fo® f1) + (/1 ® fo)lA(a)
= folaw)) ® filaw) + filaw) @ folaw)
=2_aq ®f1 (a@) + fileq) @ o).
Thus, if \y =1 and A\ = fl, then \; is a coderivation on A and

A(foAr)(a) = = Aolaqy) ® M(ae) + Mlaq) @ Aolae).
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Now suppose that Ay it is defined and is a coderivation for k < n. Putting \,;; =
(n+1) fri1 — X020 farAes1, we show that the well-defined mapping A, 1 is a coderiva-
tion on C. For a € C, since {f,} is a higher coderivation and Ay, ..., A, are coderiva-
tions, we have

zMMMFﬁmﬂwhmw—gﬁﬁmMMW)

—(n+ 1)A S (a)
n—1n—k

=222 (fi® fak) (au) ® Ait1(ag2) + Aegi(aqy) ® (1(2))
k=0 1=0
n+1

=(n+1) Y (fr ® fas1-k)A(a)
k=0
n—1n—=k

> > D (fi® fak (a(1)®)\k+1( 2)) + Ak (ay ))®a(2))

k=0 (=0
n+1

=(n+1) 1; > frla) ® frri—r(ag)

n—1n—~k

=22 > (fi® fuk <&(1 ® Arri(ag) + At (ag ))®a(2))

k=0 1=0
n+1

=(n+1) Zka ) @ frri-k(ag))

n—1n—~k

= > > > filaw) @ faki(wraag)) + filteia(aq))) @ farilag)-

k=0 [=0

Now, by properties of tensor product, we have

n+1
Alnyi(a Z d(k+n+1-k) (fk(a(l)) ® fn+1—k(a(2)))

n—1n—=k

> DD (Hi® fui) (au) ® Arri(ag) + Aera(an)) ® a(z))
k=0 =0

n+1

=2 > kfilaw) ® faniw(a@) + filaw) ® (n+1 k) funwlag)

k=0
n—1n—k

=222 (fi® fumk) ( ® Arri(ag) + Ari(aq)) @ ag ))
k=0 1=0

Writing
n+1 n—1n—k

K = ZZkfk 1) @ fasi-klam) = D D> feodri(aqy) @ faor—i(ag),

k=0 £=0
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n+1
L= filaw) ® (n+1—Fk)furrlaw)
k=0
n—1n—=k
= 33 felaqy) @ fa—k—edis1(ag),
k=0 (=0

we have A\, 1(a) = K+ L. Let us compute K and L. In the summation >~ Zg 0>
we have 0 < k + ¢ <n and k # n. Thus, if we put r = k + ¢ then we can erte it as
the form 377 >y o=y ktn- Putting £ = r — k we indeed have

n+1

K = szfk ) @ frri-k(ae))

- Z ST ke (aq)) ® faor(ag))

r=0 0<k<rk#n
n+1

—sz‘fk ) @ fari-k(ag))

n—1 r

B Z (Z Z fr—k)\k—H ) ® fn r CL(Q > Z fn k;>\k;+1 ) X a(2)-

r=0 k=0
Putting r + 1 instead of k in the first summation we have

n—1
K + Z > facwiri(aqy) @ ag)

n—1 r

iz Do) @ fucrlom) = T 3 freiMenala) © fcr (o)
:Z (”z: [(T-i— 1) fr1(a Zfr KAey1(a )1 ®fn—r(a(2)>

+ (n+1) frs1(aq) @ a@).

By our assumption
,

(r+ 1) frea(a) = > (frokAer1)(a),

k=0
forr =0,...,n — 1. We can therefore deduce that

K = Z [ n+ 1)f71+1 Z f’n k?Ak-i-l ‘| ® CL(Q Z )\n+1 ( )
By a similar argument we have
L=) ay® [ n+1)foii(a Z JokArr1(ag) ] > aa) ® s (ag))-

Thus,
A>\n+1(a) =K+ L= (I & )\n—i-l + )\n—i-l ® ])A(CI,),
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whence A, is a coderivation on C. ]

To illustrate the recursive relation mentioned in Proposition 2.2, let us compute
some terms of {d,}.

Ezample 2.1. Using Proposition 2.2, the first five terms of {f,} are
fo=1,
fila) = fo(M(a)) = Aia) = fr = A,
2fs(a) = fi(Mi(a)) + fo(ha(a)) = Ai%(a) + Aa(a) — 2f, = A2 + )y,

1
7)\2 —A
f 2 + 9 2

1 1
3fs = fohi + fide + fods = <2)\§ + 2)\2) AL+ A + A,

1 1 1 1
f3 == 6)\? + 6)\2)\1 ‘|— g)\l)\Q + 5/\3,

4fs= fsh1 + fada + fids + fols
= <1A3+1A At A +1A)A +<1A2+1A>A + AiAs + A
M T g T g oA J A oM T 5A2 ) A 1A3 1 A4,
fa= 214)\11 + 214)\2)\% + 112)\1>\2)\1 + 112)\3)\1 + ;)\%& + ;/\3 + le)q)\s + 118\4-
Theorem 2.1. Let {f,} be a higher coderivation on a coalgebra C' with fo = 1. Then
there is a sequence {\,} of coderivations on C' such that

n+1 7 1
(n+1)fn+1 - Z Z (H T’-’-—f—?“) /\ri-..>\,«1 ,
i J

=2 23:1 ri=n i=1
where the inner summation is taken over all positive integers r;, with 375, 1; = n.

Proof. We show that if f,, is of the above form then it satisfies the recursive relation

of Proposition 2.2. Since the solution of the recursive relation is unique, this proves

the theorem. Simplifying the notation we put a,, ., = . Note that if

7777 J=1 r;+.. +r
1+ +r; =n-+1then (n+ 1)a,, - Moreover, a, .1 = n—li-l' Now we
have

..... T1 *ar

22:2 rj=n—(r1—1)
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= Z fn—(rl—l))\rl + )\n+1

ri=1

= fa-kAri1- O
k=0

Ezample 2.2. We evaluate the coeflicients a,.,
For n = 4 we can write

4=14+3=3+1=24+2=14+142=1+2+1=24+14+1=1+1+1+1.

~ for the case n = 4.

.....

By the definition of a,, . ,, we have
1
a4—1,
1 1 1
a = — 0 = = —
BT 1433 12
11 1
BT T
111
22757937 %
B 1 1 1_1
M2 0 142 2 2
1 1 1 1
a — . - =
PP o401 241 1 12
! 11 1
L5141 141 1 &
1 1 1 1 1
airi1,1 = : : T = .
1+1+1+1 1+14+1 1+1 1 24
We can therefore deduce that
f—1)\—I—i)\)\—|—1>\)\—l—1)\)\+i)\)\)\+i)\)\)\+1)\)\)\+i)\)\)\)\
4= Mt AT A gAede oAl o AL de AL g At A o AL AL AL

Theorem 2.2. Let C' be a coalgebra, F' be the set of all higher coderivations
{fu}n=01.. on C with fo = I and A be the set of all sequences {\n}n—o1.... of coderiva-
tions on C with \g = 0. Then there is a one to one correspondence between F and
A.

Proof. Let {\,} € A. Define f,,: C' — C by fo = I and

23:1 rj=n j=1

We show that {f,} € F. By Theorem 2.1, {f,} satisfies the recursive relation

(n + 1)fn+1 = Z fn—lc/\k:—&-l‘
k=0
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To show that {f,} is a higher coderivation, we use induction on n. For n = 0 we have

Afo(a) =Y any®@ap =Y folan)) ® folae) =D _(fola)a ® (fola)) e

Let us assume that Afy(a) = S8 ((f; @ fr—i)A(a) for k < n. Thus, we have

(n+1DAfapi(a) =) AfarAeta(a)

WE

k

I
o
i
B

I
NE

(fz®fn k— )A)‘kJrl( )

bl
Il
o
IS =
Il
;y‘ (=)

Il
NE
(1]

(fz®fn —i) (I @ Apg1 + Ao @ 1)A(a)

bl
I
o
I =
Il
?y‘ (=)

I
M=
]

Z (fi ® fon (Za ® Mey1(ag@)) @ Ait1(a)) ® a(z))

bl

Il

o
7T
;TO

I
M:

Zfz a@)) ® fo—k—i(Aes1(a)))
k=0 i=

+ z'( ke1(aq) ® frr—iag))-

Using our assumption, we can write

(n+1)Afu1(a Z > filagy) @ (n—i+1)friti(ae)

+iz (1= i+ 1) (fassala) © filaw))

n

ZZ n+1—1i)fi(aw) @ fur1-i(ag)

=0

ntl
+ZZ fz ®fn+1 z( ))
ntl
1) l; > filaq) @ fari-r(a)
ntl
=(n+1) kz_:(fk ® frr1-k)A(a).

Thus, {f.} € F.
Conversely, suppose that {f,} € F. Define A, : C — C by Ay = 0 and

n—2

>\n = nfn - Z fn—l—k)\k—l—l-

k=0
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Then Proposition 2.2 ensures us that {\,} € A. Now define ¢ : A — F by p({\.}) =
{fa}, where

fn:zn: Z ﬁ; )‘ri"'>‘7"1

4 ) - T _|_ P + T,
-1 1T j
‘ 22:1 rj=n \J
Now ¢ is clearly a one to one correspondence. O

Recall that a higher coderivation {f,} is called ordinary if there is a coderivation
A such that f,, = ’;—7: for all n.

Corollary 2.1. A higher coderivation {f.} = ¢({\.}) on a coalgebra C' is ordinary
if and only if A, =0 for n > 2. In this case f, = fi

nl

3. CONCLUSION

In this paper proving an equality for a coderivation on a coalgebra C', named general
coLiebnitz rule for coderivations, we defined higher coderivations on a coalgebra C' and
then we characterized them in terms of the coderivations on C'. Indeed, we showed that
each higher coderivation is a combination of compositions of coderivations. Finally we
proved there is a one to one correspondence between the set of all higher coderivations
on C' and all sequences of coderivations on C'. As a corollary we characterize all higher
coderivations which are ordinary.
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