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WEAVING g-FRAMES FOR OPERATORS

A. KHOSRAVI AND J. S. BANYARANI

Abstract. Bemrose et al. introduced weaving frames and later, Deepshikha et al.
generalized them to weaving K-frames. In this note, as a generalization of these
notions, we introduce approximate K-duals and investigate the properties of K-g-
frames and weaving K-g-frames. We show that woven K-g-frames and weakly woven
K-g-frames coincide. We also study perturbation and erasure of woven K-g-frames
and we show that they are stable under small perturbations. Also we generalize
some of the known results in frame theory to K-g-frames and weaving K-g-frames.

1. Introduction and Preliminaries

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [7] in
1952 to study some problems in nonharmonic Fourier series, reintroduced in 1986
by Daubechies, Grossmann and Meyer [5] and popularized from then on. Frames
are generalizations of bases in Hilbert spaces. A frame as well as an orthonormal
basis allows that each element in the underlying Hilbert space to be written as
an unconditionally convergent series in linear combinations of the frame elements;
however, in contrast to the situation for a basis, the coefficients might not be unique.
Frames are very useful in characterization of function spaces and other fields of
applications such as filter bank theory, sigma-delta quantization, signal and image
processing and wireless communications.

Sun in [14] introduced g-frames as another generalization of frames. He showed that
frames, oblique frames, pseudo frames and fusion frames are special cases of g-frames
see also [9] and [10]. Weaving frames were introduced in [1] and investigated in [2,3,12].
In [13] we have generalized weaving frames to the Banach spaces. This concept
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is motivated on distributed signal processing, see [1]. A potentional application
of weaving frames together is dealing with wireless sensor networks which may be
subjected to distributed processing under different frames. The theory can be used
in the processing of signals using Gabor frames.

Frames for operators, which are also called K-frames are more general than ordinary
frames, where K is a bounded linear operator in a separable Hilbert space H. K-
frames were introduced by Gǎvruta [8] and investigated in [15]. Because of the
higher generality of K-frames, many properties for ordinary frames may not hold
for K-frames (for example, the corresponding synthesis operator for K-frames is not
surjective). Deepshikha et .al in [6] generalized weaving frames to weaving K-frames.

Throughout this paper H denotes a separable Hilbert space with inner product ⟨·, ·⟩
and I is a finite or countable subset of Z and {Hi : i ∈ I} is a sequence of separable
Hilbert spaces. Also, for every i ∈ I, L(H,Hi) is the set of all bounded linear operators
from H to Hi, and L(H,H) is denoted by L(H). Also, GL(H) = {T ∈ L(H) : T is
invertible }. Also throughout this paper we let K ∈ L(H), with closed range.

A family {φi}i∈I ⊆ H is a frame for H, if there exist constants 0 < A ≤ B < ∞
such that

A∥f∥2 ≤
∑
i∈I

|⟨f, φi⟩|2 ≤ B∥f∥2,

for each f ∈ H. A family {φi}i∈I ⊆ H is a K-frame for H, if there exist constants
0 < A ≤ B < ∞ such that

A∥K∗f∥2 ≤
∑
i∈I

|⟨f, φi⟩|2 ≤ B∥f∥2,

for each f ∈ H. A sequence Λ = {Λi ∈ L(H,Hi) : i ∈ I} is called a g-frame for H
with respect to {Hi : i ∈ I} if there exist 0 < A ≤ B < ∞ such that for every f ∈ H

A∥f∥2 ≤
∑
i∈I

∥Λif∥2 ≤ B∥f∥2,

A, B are called g-frame bounds. In this case we say that {Λi ∈ L(H,Hi) : i ∈ I}
is an (A,B) g-frame. We call Λ a tight g-frame if A = B and a Parseval g-frame if
A = B = 1. If only the right hand side inequality is required, Λ is called a g-Bessel
sequence see [4].

For every sequence {Hi}i∈I, the space∑
i∈I

⊕
Hi


ℓ2

=

(fi)i∈I : fi ∈ Hi, i ∈ I,
∑
i∈I

∥fi∥2 < ∞

 ,
with pointwise operations and the following inner product is a Hilbert space

⟨(fi)i∈I, (gi)i∈I⟩ =
∑
i∈I

⟨fi, gi⟩.
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If Λ is a g-Bessel sequence, then the synthesis operator for Λ is the linear operator

TΛ :
∑

i∈I

⊕
Hi


ℓ2

7→ H, TΛ(fi)i∈I =
∑
i∈I

Λ∗
i fi.

The adjoint of the synthesis operator is called the analysis operator and is defined by

T ∗
Λ : H 7→

∑
i∈I

⊕
Hi


ℓ2

, T ∗
Λf = (Λif)i∈I.

We call SΛ = TΛT
∗
Λ the g-frame operator of Λ and SΛf = ∑

i∈I Λ∗
i Λif , f ∈ H.

If Λ = (Λi)i∈I is a g-frame with lower and upper g-frame bounds A,B, respectively,
then the g-frame operator of Λ is a bounded, positive and invertible operator on H
and

A⟨f, f⟩ ≤ ⟨SΛf, f⟩ ≤ B⟨f, f⟩, f ∈ H,

so
A · I ≤ SΛ ≤ B · I.

Let K ∈ L(H). A sequence Λ = {Λi ∈ L(H,Hi) : i ∈ I} is called a K-g-frame, if
there exist constants 0 < A ≤ B < ∞ such that

A∥K∗f∥2 ≤
∑
i∈I

∥Λif∥2 ≤ B∥f∥2, f ∈ H.

Remark 1.1. Plainly, every g-frame is a K-g-frame, K ̸= 0, since
A

∥K∗∥2 ∥K∗f∥2 ≤ A∥f∥2 ≤
∑
i∈I

∥Λif∥2 ≤ B∥f∥2.

Conversly, if K∗ is bounded from below (equivalently if K is surjective), then every
K-g-frame is an ordinary g-frame.

Gǎvruta showed that every K-frame in H is a frame for R(K) and so every element
of R(K) can be reconstructed see [8, 15]. We generalize this result to K-g-frames.

Lemma 1.1. Let K ∈ L(H) with closed range R(K). Then
(a) K |R(K∗): R(K∗) → R(K) and K∗ |R(K): R(K) → R(K∗) are isomorphisms.
(b) If {Λi ∈ L(H,Hi) : i ∈ I} is a K-g-frame with g-frame operator S, then

S |R(K): R(K) → S(R(K)) is an isomorphism, i.e., {Λi ∈ L(R(K), Hi) : i ∈ I}
is a g-frame.

Proof. (a) Since R(K) is closed, then R(K∗) is also closed and (ker(K))⊥ = R(K∗),
(ker(K∗))⊥ = R(K). Hence, K |R(K∗): R(K∗) → R(K) is a bounded bijective linear
map. Now, by Banach isomorphism theorem K |R(K∗) is an isomorphism and similarly
K∗ |R(K): R(K) −→ R(K∗) is an isomorphism. Therefore, there exist A,B > 0 such
that for each y ∈ R(K)

A∥y∥ ≤ ∥K∗y∥ ≤ B∥y∥.
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(b) Since {Λi}i∈I is a K-g-frame, there exist 0 < A′ < B′ < ∞ such that for each
x ∈ H

A′∥K∗(x)∥2 ≤ ⟨Sx, x⟩ ≤ B′∥x∥2,

specially for each x ∈ H, we have
A′A2∥K(x)∥2 ≤ ⟨SKx,Kx⟩ ≤ ∥S(K(x))∥ · ∥Kx∥,

so by (2.1) for each x ∈ H, we have A′A2∥K(x)∥ ≤ ∥S(K(x))∥. Therefore, S |R(K) is
one-to-one and S(R(K)) is closed. Now, again by Banach isomorphism theorem, we
have the result. □

A small modification in [14] gains the following result.
Lemma 1.2. Let for each i ∈ I, {ei,j : j ∈ Ii} be an orthonormal basis for Hi. Then
{Λi}i∈I is a K-g-frame if and only if {Λ∗

i (ei,j)}i∈I,j∈Ii
is a K-frame.

In [15] the authors defined the atomic system for K and by using this idea we
introduce the following definition.
Definition 1.1. Let K ∈ L(H). A sequence {Λi ∈ L(H,Hi) : i ∈ I} is called an
atomic g-system for K, if the following conditions are satisfied:

(a) {Λi}i∈I is a g-Bessel sequence;
(b) for any x ∈ H, there exists gx = (gi)i ∈ (∑i∈I

⊕
Hi)ℓ2 such that Kx =∑

i∈I Λ∗
i (gi), where ∥gx∥ ≤ C∥x∥, C is a positive constant.

We recall some definitions from [12].
Definition 1.2. Let Λ = {Λi ∈ L(H,Hi) : i ∈ I} and Γ = {Γi ∈ L(H,Hi) : i ∈ I}
be two g-frames for H. We call {Λi}i∈I and {Γi}i∈I woven g-frames if there exist
0 < A ≤ B < ∞ such that for every σ ⊂ I and every f ∈ H

A∥f∥2 ≤
∑
i∈σ

∥Λif∥2 +
∑
i∈σc

∥Γif∥2 ≤ B∥f∥2.

In this case, for convenience we say that {Λi}i∈I, {Γi}i∈I are an (A,B)-woven g-frame.
Proof of the following lemma is similar to [15, Theorem 3.5] which we reaffirm.

Lemma 1.3. Let {Λi}i∈I be a g-Bessel sequence in H. Then {Λi}i∈I is a K-g-frame
for H, if and only if there exists A > 0 such that S ≥ AKK∗, where S is the g-frame
operator for {Λi}i∈I.
Remark 1.2. Since S 1

2S
1
2 = S ≥ AKK∗, by Douglas theorem, there exists C ∈ L(H)

such that K = S
1
2C.

Definition 1.3. Let K ∈ L(H) and {Λi ∈ L(H,Hi) : i ∈ I} and {Γi ∈ L(H,Hi) : i ∈
I} be K-g-frames. We say that {Λi}i∈I, {Γi}i∈I are woven K-g-frames if there exist
constants 0 < A ≤ B < ∞ such that for every σ ⊂ I and every f ∈ H

A∥K∗f∥2 ≤
∑
i∈σ

∥Λif∥2 +
∑
i∈σc

∥Γif∥2 ≤ B∥f∥2.

In this case we say that {Λi}i∈I, {Γi}i∈I are (A,B) woven K-g-frames.
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Example 1.1. Let H be a Hilbert space with orthonormal basis {en : n ∈ N} and let
Λn,Γn, K : H → H be defined by

Λn(x) = ⟨x, e5n⟩e5n + ⟨x, e5n−1⟩e5n−1,

Γn(x) = ⟨x, e5n⟩e5n + ⟨x, e5n+1⟩e5n+1,

and K(x) = ∑
n∈N⟨x, e5n⟩e5n for every x ∈ H.

Then {Γn : n ∈ N} and {Λn : n ∈ N} are woven K-g-frames.
Since K is the orthogonal projection of H onto M , the closed subspace of H

generated by {e5n : n ∈ N}, then K = K∗. Now for every x ∈ H and σ ⊆ I we have
∥K∗(x)∥2 =

∑
n∈N

|⟨x, e5n⟩|2 ≤
∑
n∈σ

∥Λn(x)∥2 +
∑

n∈σc

∥Γn(x)∥2

=
∑
n∈σ

|⟨x, e5n⟩|2 +
∑
n∈σ

|⟨x, e5n−1⟩|2 +
∑

n∈σc

|⟨x, e5n⟩|2 +
∑

n∈σc

|⟨x, e5n+1⟩|2

≤ 3
∑
n∈N

|⟨x, en⟩|2 = 3∥x∥2,

and we have the result.
As we have in [12, Remark 3.2] if {Λi}i∈I and {Γi}i∈I are g-Bessel sequences with

bounds B and B′ and g-frame operators S and S ′, respectively, then for every σ ⊂ I,
0 ≤ Sσ ≤ S ≤ B ·I and 0 ≤ S ′

σc ≤ S ′ ≤ B′ ·I . Therefore, 0 ≤ Sσ +S ′
σc ≤ (B+B′) ·I.

Hence, {Λi}i∈σ
⋃{Γi}i∈σc is a g-Bessel sequence with bound B + B′ and g-frame

operator Sσ + S ′
σc , where Sσf = ∑

i∈σ Λ∗
i Λif and S ′

σcf = ∑
i∈σc Γ∗

i Γif .
In this paper we try to generalize some of the known results in K-frames, weaving

frames and weaving g-frames to K-g-frames.

2. Weaving K-g-frame

In [1], the authors introduced the concept of weaving frames. In this section we
also study weaving K-g-frames.
Definition 2.1. Let K ∈ L(H). The sequences {Λi}i∈I, {Γi}i∈I are called a woven
atomic g-system for K, if the following conditions are satisfied:

(a) {Λi}i∈I and {Γi}i∈I are g-Bessel sequences;
(b) there exist positive constants C1, C2 such that for any x ∈ H, and any σ ⊂ I

there exist gx = (gi)i, g
′
x = (g′

i)i ∈ (∑i∈I

⊕
Hi)ℓ2 such that Kx = ∑

i∈σ Λ∗
i (gi) +∑

i∈σc Γ∗
i (g′

i) with ∥gx∥ ≤ C1∥x∥ and ∥g′
x∥ ≤ C2∥x∥.

Theorem 2.1. Let {Λi ∈ L(H,Hi) : i ∈ I} and {Γi ∈ L(H,Hi) : i ∈ I} be a woven
atomic g-system for K. Then {Λi ∈ L(H,Hi) : i ∈ I} and {Γi ∈ L(H,Hi) : i ∈ I} are
woven K-g-frames.
Proof. Let x ∈ H. For every y ∈ H with ∥y∥ = 1 and every σ ⊂ I, there exist
(gi)i, (g′

i)i ∈ (∑i∈I

⊕
Hi)ℓ2 , such that Ky = ∑

i∈σ Λ∗
i gi +∑

i∈σc Γ∗
i g

′
i, then

∥K∗x∥ = sup
∥y∥=1

|⟨K∗x, y⟩| = sup
∥y∥=1

∣∣∣∣∣
〈
x,
∑
i∈σ

Λ∗
i gi +

∑
i∈σc

Γ∗
i g

′
i

〉∣∣∣∣∣
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≤ sup
∥y∥=1

∣∣∣∣∣
〈
x,
∑
i∈σ

Λ∗
i gi

〉∣∣∣∣∣+ sup
∥y∥=1

∣∣∣∣∣
〈
x,
∑
i∈σc

Γ∗
i g

′
i

〉∣∣∣∣∣
= sup

∥y∥=1

∣∣∣∣∣∑
i∈σ

⟨Λix, gi⟩
∣∣∣∣∣+ sup

∥y∥=1

∣∣∣∣∣∑
i∈σc

⟨Γix, g
′
i⟩
∣∣∣∣∣

≤ sup
∥y∥=1

(∑
i∈σ

∥Λix∥2
) 1

2
(∑

i∈σ

∥gi∥2
) 1

2

+ sup
∥y∥=1

(∑
i∈σc

∥Γix∥2
) 1

2
(∑

i∈σc

∥g′
i∥2
) 1

2

≤ sup
∥y∥=1

(∑
i∈σ

∥Λix∥2 +
∑
i∈σc

∥Γix∥2
) 1

2


∑

i∈I

∥gi∥2

 1
2

+
∑

i∈I

∥g′
i∥2

 1
2


≤ (C1 + C2) sup
∥y∥=1

∥y∥
(∑

i∈σ

∥Λix∥2 +
∑
i∈σc

∥Γix∥2
) 1

2

.

Therefore, ∑i∈σ ∥Λix∥2 +∑
i∈σc ∥Γix∥2 ≥ 1

(C1+C2)2 ∥K∗x∥2. □

Definition 2.2. We call {Λi}i∈I and {Γi}i∈I weakly woven K-g-frames, if for every
σ ⊂ I, {Λi}i∈σ

⋃{Γi}i∈σc is a K-g-frame.

Lemma 2.1. Let {Λi}i∈I and {Γi}i∈I be K-g-frames. Suppose that for every ϵ > 0
and every two disjoint finite sets I1, J1 ⊂ I there exists a subset σ ⊂ I\(I1 ∪ J1) such
that for δ = I\(I1 ∪ J1 ∪ σ) the lower K-g-frame bound of {Λi}i∈I1∪σ

⋃{Γi}i∈J1∪δ is
less than ϵ. Then there exists Q ⊂ I such that {Λi}i∈Q

⋃{Γi}i∈I\Q is not a K-g-frame,
i.e, {Λi}i∈I and {Γi}i∈I are not weakly woven K-g-frames.

Proof. Let ϵ > 0 and for each p ∈ N, Ap = [−p, p] ∩ I where [−p, p] ∩ Z =
{−p, . . . , 0, 1, . . . , p}. We prove that there exist an increasing sequence {fn}∞

n=1 ⊂ N, a
sequence {hn}∞

n=1 ⊂ H with ∥hn∥ = 1, and sequences {σn}, {δn} of subsets I with σn ⊂
Ac

n−1 = I\An−1, δn = Ac
n−1\σn, such that In = In−1 ∪ (σn ∩An), Jn = Jn−1 ∪ (δn ∩An)

satisfy both ∑
i∈In−1∪σn

∥Λi(hn)∥2 +
∑

i∈Jn−1∪δn

∥Γi(hn)∥2 <
ϵ

n
∥K∗∥2,

∑
i∈I,|i|≥fn+1

∥Λi(hn)∥2 +
∑

i∈I,|i|≥fn+1
∥Γi(hn)∥2 <

ϵ

n
∥K∗∥2.

We proceed by induction. By taking I0 = J0 = ∅, we can choose σ1 ⊂ I such that
for δ1 = σc

1 = I\σ1 the lower K-g-frame bound of {Λi}i∈σ1

⋃{Γi}i∈δ1 is less than ϵ.
Therefore there is some h1 ∈ H with ∥h1∥ = 1 such that∑

i∈σ1

∥Λi(h1)∥2 +
∑
i∈δ1

∥Γi(h1)∥2 < ϵ∥K∗∥2.

Since ∑
i∈I

∥Λi(h1)∥2 +
∑
i∈I

∥Γi(h1)∥2 < +∞,
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there is f1 ∈ N such that∑
i∈I,|i|≥f1+1

∥Λi(h1)∥2 +
∑

i∈I,|i|≥f1+1
∥Γi(h1)∥2 < ϵ∥K∗∥2.

Let σi, δi, hi and fi for i = 1, 2, . . . , n− 1 with the above conditions are given. Then
Jn−1 ∩ In−1 = ∅ and In−1 ∪ Jn−1 = An−1. By the hypothesis there is σn ⊂ I\An−1
with δn = I\(An−1 ∪ σn) such that {Λi}i∈In−1∪σn

⋃{Γi}i∈Jn−1∪δn has lower K-g-frame
bound less than ϵ. Hence, there exist hn ∈ H with ∥hn∥ = 1 such that∑

i∈In−1∪σn

∥Λi(hn)∥2 +
∑

i∈Jn−1∪δn

∥Γi(hn)∥2 <
ϵ

n
∥K∗∥2.

Similar to the above argument there is fn > fn−1 such that∑
i∈I,|i|≥fn+1

∥Λi(hn)∥2 +
∑

i∈I,|i|≥fn+1
∥Γi(hn)∥2 <

ϵ

n
∥K∗∥2.

By taking In = In−1 ∪ (σn ∩ An), Jn = Jn−1 ∪ (δn ∩ An) for each n, Jn ∩ In = ∅ and
In ∪ Jn = An. Therefore, ( ∞⋃

i=1
Ii

)
⊔

 ∞⋃
j=1

Jj

 = I,

where ⊔ denotes a disjoint union. For

Q =
∞⋃

i=1
Ii and Qc =

∞⋃
j=1

Jj,

we have
∑
i∈Q

∥Λi(hn)∥2 +
∑

i∈I\Q
∥Γi(hn)∥2 =

∑
i∈In

∥Λi(hn)∥2 +
∑

j∈Jn

∥Γi(hn)∥2


+
 ∑

i∈Q∩Ac
n

∥Λi(hn)∥2 +
∑

i∈Qc∩Ac
n

∥Γi(hn)∥2


≤

 ∑
i∈In−1∪σn

∥Λi(hn)∥2 +
∑

i∈Jn−1∪δn

∥Γi(hn)∥2


+
 ∑

i∈I,|i|≥fn+1
∥Λi(hn)∥2 +

∑
i∈I,|i|≥fn+1

∥Γi(hn)∥2


<
ϵ

n
∥K∗∥2 + ϵ

n
∥K∗∥2.

So that the lower K-g-frame bound of {Λi}i∈Q

⋃{Γi}i∈I\Q is zero. Then, it is not a
K-g-frame and the two original K-g-frames are not weakly woven. □

Corollary 2.1. Let {Λi}i∈I and {Γi}i∈I be K-g-frames. If they are weakly woven, then
there exist A > 0 and finite disjoint subsets J,Q ⊂ I such that for each σ ⊂ I\ (J ∪Q)
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and δ = I\(J ∪Q∪ σ) the sequence {Λi}i∈J∪σ
⋃{Γi}i∈Q∪δ has lower K-g-frame bound

A.

In the proof of [2, Theorem 4.5 ], Casazza et al. dealt with frames, but their proof
also works for K-g-frames and by a modification in their proof, we can get the following
results.

Theorem 2.2. Let {Λi}i∈I and {Γi}i∈I be K-g-frames. Then the following are equiv-
alent:

(a) {Λi}i∈I and {Γi}i∈I are woven K-g-frames;
(b) {Λi}i∈I and {Γi}i∈I are weakly woven K-g-frames.

Definition 2.3. Let {Λi}i∈I and {Γi}i∈I be g-Bessel sequences, with bounds B,B′,
respectively. Then the operator SΓ,Λ : H → H defined by

SΓ,Λ(f) = TΓT
∗
Λ(f) =

∑
i∈I

Γ∗
i Λi(f), f ∈ H,

is a bounded linear operator with ∥SΓ,Λ∥ ≤
√
BB′. Also, S∗

Γ,Λ = SΛ,Γ and SΓ,Γ = SΓ,
see [11].

The proof of [11, Lemma 2.11] also works for K-g-frames and we have the following
result.

Lemma 2.2. Let {Λi}i∈I and {Γi}i∈I be g-Bessel sequences. If there exists λ > 0
such that ∥SΛ,Γ(f)∥ ≥ λ∥K∗f∥, then {Λi}i∈I and {Γi}i∈I are K-g-frames.

Example 2.1. Let H be a Hilbert space with orthonormal basis {en : n ∈ N} and
let Λn, Γn and K : H → H be defined by Λn(x) = ⟨x, e2n⟩e2n, Γn(x) = ⟨x, e2n⟩e2n +
⟨x, e2n+1⟩e2n+1, K(x) = ∑

n∈N⟨x, e2n⟩e2n, for every x ∈ H. Then {Λn : n ∈ N} and
{Γn : n ∈ N} are woven K-g-frames for H with universal bounds 1 and 3. The reason
is similar to Example 1.1.

Proposition 2.1. Let Λ = {Λi ∈ L(H,Hi) : i ∈ I}, Γ = {Γi ∈ L(H,Hi) : i ∈ I},
Λ′ = {Λ′

i ∈ L(H,H ′
i) : i ∈ I} and Γ′ = {Γ′

i ∈ L(H,H ′
i) : i ∈ I} be g-Bessel

sequences with bounds D1, D2, D3, D4, respectively. If there exists λ > 0 such that
∥(Sσ

Λ,Λ′ + Sσc

Γ,Γ′)f∥ ≥ λ∥K∗f∥ for each σ ⊂ I and f ∈ H, then {Λ′
i}i∈I and {Γ′

i}i∈I are
woven K-g-frames and also {Λi}i∈I, {Γi}i∈I are woven K-g-frames.

Proof. As we saw before, they are woven g-Bessel sequences. Suppose that λ > 0 such
that for all σ ⊂ I and f ∈ H

λ∥K∗f∥ ≤ ∥(Sσ
Λ,Λ′ + Sσc

Γ,Γ′)f∥,
then,

∥(Sσ
Λ,Λ′ + Sσc

Γ,Γ′)f∥ ≤ ∥Sσ
Λ,Λ′f∥ + ∥Sσc

Γ,Γ′f∥ = ∥(TΛT
∗
Λ′)σ(f)∥ + ∥(TΓT

∗
Γ′)σc(f)∥

≤ ∥TΛ∥
(∑

i∈σ

∥Λ′
if∥2

) 1
2

+ ∥TΓ∥
(∑

i∈σc

∥Γ′
if∥2

) 1
2
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≤
√
D1

(∑
i∈σ

∥Λ′
if∥2

) 1
2

+
√
D2

(∑
i∈σc

∥Γ′
if∥2

) 1
2

≤
(√

D1 +
√
D2

)(∑
i∈σ

∥Λ′
if∥2 +

∑
i∈σc

∥Γ′
if∥2

) 1
2

.

Hence, ∑
i∈σ

∥Λ′
if∥2 +

∑
i∈σc

∥Γ′
if∥2 ≥ λ2∥K∗f∥2

(
√
D1 +

√
D2)2 .

On the other hand, since S∗
Γ,Λ = SΛ,Γ, then (Sσ

Λ,Λ′ + Sσc

Γ,Γ′)∗ = Sσ
Λ′,Λ + Sσc

Γ′,Γ and we
have the result. □

Theorem 2.3. Let Λ = {Λi ∈ L(H,Hi) : i ∈ I} and Γ = {Γi ∈ L(H,Hi) : i ∈ I}
be (A,B) woven K-g-frames and Λ′ = {Λ′

i ∈ L(H ′, H ′
i) : i ∈ I} and Γ′ = {Γ′

i ∈
L(H ′, H ′

i) : i ∈ I} be (A′, B′) woven K-g-frames.
(i) Then {Λi ⊕ Λ′

i}i∈I and {Γi ⊕ Γ′
i}i∈I are (min{A,A′},max{B,B′}) woven K-g-

frames.
(ii) If H = H ′, Hi = H ′

i for each i ∈ I, and for every σ ⊂ I

Sσ
Λ,Λ′ + Sσ

Λ′,Λ + Sσc

Γ,Γ′ + Sσc

Γ′,Γ ≥ 0,
then {Λi + Λ′

i}i∈I and {Γi + Γ′
i}i∈I are woven K-g-frames, where Sσc

Γ,Γ′ =∑
i∈σc Γ∗

i Γ′
i.

Proof. (i) With a proof similar to the proof of [11, Proposition 2.16 ], {Λi ⊕ Λ′
i}i∈I

and {Γi ⊕ Γ′
i}i∈I are K-g-frames. For every σ ⊂ I and every (f, g) ∈ H ⊕H ′∑

i∈σ

∥(Λi ⊕ Λ′
i)(f, g)∥2 +

∑
i∈σc

∥(Γi ⊕ Γ′
i)(f, g)∥2

=
∑
i∈σ

∥(Λif,Λ′
ig)∥2 +

∑
i∈σc

∥(Γif,Γ′
ig)∥2

=
∑
i∈σ

⟨(Λif,Λ′
ig), (Λif,Λ′

ig)⟩ +
∑
i∈σc

⟨(Γif,Γ′
ig), (Γif,Γ′

ig)⟩

=
∑
i∈σ

(∥Λif∥2 + ∥Λ′
ig∥2) +

∑
i∈σc

(∥Γif∥2 + ∥Γ′
ig∥2)

≤B∥f∥2 +B′∥g∥2 ≤ max{B,B′}∥(f, g)∥2,

similarly for the lower bound.
(ii) It is clear that Sσ

Λ,Λ′ + Sσ
Λ′,Λ + Sσc

Γ,Γ′ + Sσc

Γ′,Γ is a self-adjoint operator. For every
σ ⊂ I we have

Sσ
Λ+Λ′ + Sσc

Γ+Γ′ =
∑
i∈σ

(Λi + Λ′
i)∗(Λi + Λ′

i) +
∑
i∈σc

(Γi + Γ′
i)∗(Γi + Γ′

i)

=
∑
i∈σ

Λi
∗Λi +

∑
i∈σ

Λ′
i
∗Λ′

i +
∑
i∈σc

Γi
∗Γi +

∑
i∈σc

Γ′
i
∗Γ′

i

+
∑
i∈σ

(Λi
∗Λ′

i + Λ′
i
∗Λi) +

∑
i∈σc

(Γi
∗Γ′

i + Γ′
i
∗Γi)
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=Sσ
Λ + Sσc

Γ + Sσ
Λ′ + Sσc

Γ′ + Sσ
Λ,Λ′ + Sσ

Λ′,Λ + Sσc

Γ,Γ′ + Sσc

Γ′,Γ

≥AKK∗ + A′KK∗ = (A+ A′)KK∗.

Also, plainly {Λi + Λ′
i}i∈σ ∪ {Γi + Γ′

i}i∈σc is a g-Bessel sequence. □

Definition 2.4. Let Λ = {Λi}i∈I and Γ = {Γi}i∈I be g-Bessel sequences. Then
(a) Γ is a K-dual of Λ if for each f ∈ H, we have Kf = SΓ,Λ(f) = ∑

i∈I Γ∗
i Λi(f);

(b) Γ is an approximate K-dual of Λ if there exists 0 < r < 1 such that for every
f ∈ H,

∥K(f) − SΓ,Λ(f)∥ ≤ r∥K(f)∥.

Plainly, every K-dual is an approximate K-dual, and for the converse we have the
following result.

Proposition 2.2. Let Γ = {Γi}i∈I be an approximate K-dual of Λ. Then Λ has a
K-dual and every element K(f) of R(K) can be reconstructed from {Γ∗

i ◦ Λi(f)}i∈I.

Proof. Since Γ is an approximate K-dual of Λ, there exists 0 < r < 1 such that
(2.1) ∥K(f) − SΓ,Λ(f)∥ ≤ r∥K(f)∥, f ∈ H.

Now, from (2.1) it follows that SΓ,Λ(f) = 0 if and only if K(f) = 0. Therefore, we
can define U : R(K) → R(SΓ,Λ) by U(K(f)) = SΓ,Λ(f) for every f ∈ H. Hence U is
an injective bounded linear map and by using (2.1) we have
(2.2) ∥Kf − U(Kf)∥ ≤ r∥Kf∥, f ∈ H.

So, for every f ∈ H

(1 − r)∥Kf∥ ≤ ∥U(Kf)∥ ≤ (1 + r)∥Kf∥.

Hence, U has a closed range, R(U) = R(SΓ,Λ). Now by Banach isomorphism theorem
U−1 : R(SΓ,Λ) → R(K) is a bounded linear map, which can be extended to V : H →
H, by V = U−1 ◦ πR(K), where πR(K) is the orthogonal projection of H onto R(U). It
is clear that

K(f) = V ◦ SΓ,Λ(f) =
∑
i∈I

(V ◦ Γ∗
i ) ◦ Λi(f), f ∈ H.

Therefore, {Γi ◦ V ∗}i∈I is a K-dual of {Λi}i∈I. □

Remark 2.1. If in the above Proposision R(SΓ,Λ) ⊆ R(K), then we can regard U :
R(K) → R(K) and from (2.2) it follows that

∥g − U(g)∥ ≤ r∥g∥, g ∈ R(K).
Then ∥IR(K) − U∥ ≤ r < 1 and consequently U is invertible and the above inequality
is similar to the inequality for approximate K-dual.

A small modification in the proofs of [3, Proposition 15] and [12, Theorem 3.14]
shows that these properties hold for K-g-frames.
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3. Perturbation

In this section we study the behaviour of K-g-frames under some perturbations.
The following result shows that approximate K-duals are stable under small per-

turbation.

Theorem 3.1. Let Λ = {Λi ∈ L(H,Hi) : i ∈ I} be a g-Bessel sequence and Ψ =
{ψi ∈ L(H,Hi) : i ∈ I} be an approximate K-dual (resp. K-dual) of Λ with 0 < r < 1
and upper bound C. If Γ = {Γi ∈ L(H,Hi) : i ∈ I} is a sequence such that∑

i∈I

∥ (Λi − Γi)(f) ∥2

 1
2

≤ F∥K(f)∥, f ∈ H,

and
√
CF < 1 − r (resp. CF < 1), then Ψ is an approximate K-dual of Γ.

Proof. Let B be an upper bound for Λ. Then for any f ∈ H, we have∑
i∈I

∥Γif∥2

 1
2

≤ ∥{Λif}i∈I∥2 + ∥{Γif − Λif}i∈I∥2 ≤ (
√
B +

√
F∥K∥)∥f∥,

so, Γ is a g-Bessel sequence. For any f ∈ H,

∥SΨ,Λf − SΨ,Γf∥ ≤ sup
∥g∥=1


∑

i∈I

∥(Λi − Γi)f∥2

 1
2
∑

i∈I

∥ψig∥2

 1
2
 ≤

√
CF∥Kf∥.

Hence, for every f ∈ H

∥Kf − SΨ,Γf∥ ≤ ∥Kf − SΨ,Λf∥ + ∥SΨ,Λf − SΨ,Γf∥ ≤ (r +
√
CF )∥Kf∥.

Since r +
√
CF < 1 we have the result. If Ψ is a K-dual of Λ, then SΨ,Λf = Kf and

we have ∥K − SΨ,Λ∥ ≤
√
CF < 1. □

Theorem 3.2. Let {Λi ∈ L(H,Hi) : i ∈ I} and {Γi ∈ L(H,Hi) : i ∈ I} be (A,B)
woven K-g-frames and let T ∈ L(H) and Ti, T

′
i ∈ L(Hi) for each i ∈ I. If there exist

0 < m < M < ∞ such that for each i ∈ I and fi ∈ Hi, m∥fi∥ ≤ ∥Tif∥, ∥T ′
ifi∥ ≤

M∥fi∥, then {Λ′
i = TiΛiT}i∈I and {Γ′

i = T ′
i ΓiT}i∈I are woven T ∗K-g-frames, with

universal bounds m2A and M2B∥T∥2. Moreover if TK∗ = K∗T , m∥f∥ ≤ ∥Tf∥, then
{Λ′

i ∈ L(H,Hi) : i ∈ I} and {Γ′
i ∈ L(H,Hi) : i ∈ I} are woven K-g-frames, with

universal bounds m4A and M2B∥T∥2.

Proof. For every σ ⊂ I and every f ∈ H∑
i∈σ

∥Λ′
if∥2 +

∑
i∈σc

∥Γ′
if∥2 =

∑
i∈σ

∥TiΛiTf∥2 +
∑
i∈σc

∥T ′
i ΓiTf∥2

≤
∑
i∈σ

∥Ti∥2∥ΛiTf∥2 +
∑
i∈σc

∥T ′
i ∥2∥ΓiTf∥2

≤ M2
(∑

i∈σ

∥ΛiTf∥2 +
∑
i∈σc

∥ΓiTf∥2
)
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≤ M2B∥T∥2∥f∥2,

and similarly for every σ ⊂ I and every f ∈ H we have,∑
i∈σ

∥Λ′
if∥2 +

∑
i∈σc

∥Γ′
if∥2 ≥ m2A∥K∗Tf∥2 = m2A∥(T ∗K)∗f∥2.

The rest of the proof is obvious. □

Corollary 3.1. Let {Λi ∈ L(H,Hi)}i∈I be a K-g-frame for H and T ∈ L(H) be
invertible. Then

(i) {ΛiT}i∈I is a K-g-frame, when ΓK∗ = K∗Γ;
(ii) {TΛi}i∈I is a K-g-frame, when Hi ⊆ H for each i ∈ I.

Proof. Let {Λi}i∈I be a K-g-frame with bounds A and B.
(i) For every x ∈ H, we have

A

∥T−1∥2 ∥K∗x∥2 ≤ A||TK∗x∥2 = A∥K∗(Tx)∥2

≤
∑
i∈I

∥ΛiTx∥2 ≤ B∥Tx∥2 ≤ B∥T∥2∥x∥2.

For (ii),
A

∥T−1∥2 ∥K∗(x)∥2 ≤ 1
∥T−1∥2

∑
∥Λix∥2

≤
∑

∥TΛix∥2 ≤ ∥T∥2∑ ∥Λix∥2 ≤ B∥T∥2∥x∥2. □

For the erasure of K-g-frames, the following result shows that it is possible to
remove some elements of a woven K-g-frame and still have a woven K-g-frame.

Proposition 3.1. Suppose that {Λi}i∈I and {Γi}i∈I are (A,B) woven K-g-frames. If
J ⊂ I and ∑

i∈J

∥Λif∥2 ≤ D∥K∗f∥2,

for some, 0 < D < A, then {Λi}i∈I\J and {Γi}i∈I\J are (A−D,B) woven K-g-frames.

Proof. The proof is similar to the proof of [3, Proposition 16]. □

Corollary 3.2. Let {Λi}i∈I be a K-g-frame with lower frame bound A. If for some
J ⊂ I and 0 < D < A, ∑

i∈J

∥Λif∥2 ≤ D∥K∗f∥2, f ∈ H,

then {Λi}i∈Jc is a K-g-frame with lower bound A−D.

Definition 3.1. Let {Λi}i∈I be a K-g-frame and let 0 ≤ λ1, λ2 < 1. We say that the
family {Γi}i∈I is a (λ1, λ2)-perturbation of {Λi}i∈I if we have

∥Λif − Γif∥ ≤ λ1∥Λif∥ + λ2∥Γif∥, for all f ∈ H.
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Theorem 3.3. Let {Λi}i∈I and {Γi}i∈I be woven K-g-frames and {Λ′
i}i∈I, {Γ′

i}i∈I be
(λ1, λ2), (µ1, µ2)-perturbations of {Λi}i∈I and {Γi}i∈I, respectively. Then {Λ′

i}i∈I and
{Γ′

i}i∈I are woven K-g-frames.

Proof. A simple calculation shows that {Λ′
i}i∈I and {Γ′

i}i∈I are K-g-frames. For each
f ∈ H we have

∥Λ′
if∥ − ∥Λif∥ ≤ ∥Λif − Λ′

if∥ ≤ λ1∥Λif∥ + λ2∥Λif∥,

hence
1 − λ1

1 + λ2
∥Λif∥ ≤ ∥Λ′

if∥ ≤ 1 + λ1

1 − λ2
∥Λif∥.

Similarly, we have
1 − µ1

1 + µ2
∥Γif∥ ≤ ∥Γ′

if∥ ≤ 1 + µ1

1 − µ2
∥Γif∥.

Now for every σ ⊂ I and every f ∈ H

min


(

1 − λ1

1 + λ2

)2

,

(
1 − µ1

1 + µ2

)2

(∑

i∈σ

∥Λif∥2 +
∑
i∈σc

∥Γif∥2
)

≤
∑
i∈σ

∥Λ′
if∥2 +

∑
i∈σc

∥Γ′
if∥2

≤ max


(

1 + λ1

1 − λ2

)2

,

(
1 + µ1

1 − µ2

)2

(∑

i∈σ

∥Λif∥2 +
∑
i∈σc

∥Γif∥2
)
,

and we have the result. □

Corollary 3.3. Let {Λi}i∈I and {Γi}i∈I be woven K-g-frames and {Λ′
i}i∈I and {Γ′

i}i∈I

be sequences and 0 ≤ M1,M2 such that for every f ∈ H, and every i ∈ I

∥Λif − Λ′
if∥ ≤ M1 min{∥Λif∥, ∥Λ′

if∥},
∥Γif − Γ′

if∥ ≤ M2 min{∥Γif∥, ∥Γ′
if∥},

then {Λ′
i}i∈I and {Γ′

i}i∈I are woven K-g-frames.

Proof. It is clear that {Λ′
i}i∈I and {Γ′

i}i∈I are K-g-frames. From the hypothesis it
follows that for each i ∈ I, f ∈ H, we have

1
M1 + 1∥Λif∥ ≤ ∥Λ′

if∥ ≤ (M1 + 1)∥Λif∥,

1
M2 + 1∥Γif∥ ≤ ∥Γ′

if∥ ≤ (M2 + 1)∥Γif∥.

Now similar to the proof of the above theorem we have the result. □

Example 3.1. Let {Λn : n ∈ N}, {Γn : n ∈ N}, K and H be given as in Example
2.1 and Λ′

n = 1
2Λn and Γ′

n = 1
3Γn. Then {Λ′

n : n ∈ N}, {Γ′
n : n ∈ N} are a woven

K-g-frame. It is enough to use Example 2.1 and Theorem 3.3.
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