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WEAVING ¢g-FRAMES FOR OPERATORS
A. KHOSRAVI AND J. S. BANYARANI

ABSTRACT. Bemrose et al. introduced weaving frames and later, Deepshikha et al.
generalized them to weaving K-frames. In this note, as a generalization of these
notions, we introduce approximate K-duals and investigate the properties of K-g-
frames and weaving K-g-frames. We show that woven K-g-frames and weakly woven
K-g-frames coincide. We also study perturbation and erasure of woven K-g-frames
and we show that they are stable under small perturbations. Also we generalize
some of the known results in frame theory to K-g-frames and weaving K-g-frames.

1. INTRODUCTION AND PRELIMINARIES

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [7] in
1952 to study some problems in nonharmonic Fourier series, reintroduced in 1986
by Daubechies, Grossmann and Meyer [5] and popularized from then on. Frames
are generalizations of bases in Hilbert spaces. A frame as well as an orthonormal
basis allows that each element in the underlying Hilbert space to be written as
an unconditionally convergent series in linear combinations of the frame elements;
however, in contrast to the situation for a basis, the coefficients might not be unique.
Frames are very useful in characterization of function spaces and other fields of
applications such as filter bank theory, sigma-delta quantization, signal and image
processing and wireless communications.

Sun in [14] introduced g-frames as another generalization of frames. He showed that
frames, oblique frames, pseudo frames and fusion frames are special cases of g-frames
see also [9] and [10]. Weaving frames were introduced in [1] and investigated in [2,3,12].
In [13] we have generalized weaving frames to the Banach spaces. This concept
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is motivated on distributed signal processing, see [1]. A potentional application
of weaving frames together is dealing with wireless sensor networks which may be
subjected to distributed processing under different frames. The theory can be used
in the processing of signals using Gabor frames.

Frames for operators, which are also called K-frames are more general than ordinary
frames, where K is a bounded linear operator in a separable Hilbert space H. K-
frames were introduced by Gavruta [8] and investigated in [15]. Because of the
higher generality of K-frames, many properties for ordinary frames may not hold
for K-frames (for example, the corresponding synthesis operator for K-frames is not
surjective). Deepshikha et .al in [6] generalized weaving frames to weaving K-frames.

Throughout this paper H denotes a separable Hilbert space with inner product (-, )
and J is a finite or countable subset of Z and {H; : i € J} is a sequence of separable
Hilbert spaces. Also, for every i € 3, L(H, H;) is the set of all bounded linear operators
from H to H;, and L(H, H) is denoted by L(H). Also, GL(H) ={T € L(H) : T is
invertible }. Also throughout this paper we let K € L(H), with closed range.

A family {p;}ies C H is a frame for H, if there exist constants 0 < A < B < oo
such that

AlFIP < D2 U foen? < BILFIP,
i€J
for each f € H. A family {p;}ics C H is a K-frame for H, if there exist constants
0 < A < B < oo such that

AIIKFIP < 3K S eal” < BIFIP,
1€]

for each f € H. A sequence A = {A; € L(H, H;) : i € I} is called a g-frame for H
with respect to {H; : ¢ € I} if there exist 0 < A < B < oo such that for every f € H

AlLFIP < X IIAIP < BIFIP,

i€

A, B are called g-frame bounds. In this case we say that {A; € L(H, H;) : i € J}
is an (A, B) g-frame. We call A a tight g-frame if A = B and a Parseval g-frame if
A = B = 1. If only the right hand side inequality is required, A is called a g-Bessel
sequence see [4].

For every sequence {H, };cy, the space

(Z@M) = {(fi)ieﬂ : fi eHi;i€j7Z|’fi|’2 <OO},
i€J 02 i€J
with pointwise operations and the following inner product is a Hilbert space

<(fi>iej7 (gi>iej> = Z<fi;gi>'

1€
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If A is a g-Bessel sequence, then the synthesis operator for A is the linear operator

Ty : (Z@Hz) = H, Tr(fi)ies =Y A fi-
42

1€ €]

The adjoint of the synthesis operator is called the analysis operator and is defined by

Ty : H— (Z@%) , Trf = (Aif)ieo.
i€J 02
We call Sy = T\T} the g-frame operator of A and Syf = >,cs AfAf, f € H.
If A= (A;)ies is a g-frame with lower and upper g-frame bounds A, B, respectively,
then the g-frame operator of A is a bounded, positive and invertible operator on H
and

SO
A-T<Sy<B-I.
Let K € L(H). A sequence A = {A; € L(H, H;) : i € J} is called a K-g-frame, if
there exist constants 0 < A < B < oo such that
AT < S IASI? < BIFI. Fe
=
Remark 1.1. Plainly, every g-frame is a K-g-frame, K # 0, since

A *
iHK*HQIIK FIF < AIFIP < X IAIP < BIFI
1€

Conversly, if K* is bounded from below (equivalently if K is surjective), then every
K-g-frame is an ordinary g-frame.

Gévruta showed that every K-frame in H is a frame for R(K') and so every element
of R(K) can be reconstructed see [8,15]. We generalize this result to K-g-frames.

Lemma 1.1. Let K € L(H) with closed range R(K). Then
(a) K |p+): R(K*) = R(K) and K* |pry: R(K) — R(K™) are isomorphisms.
(b) If {\; € L(H,H;) : i € 3} is a K-g-frame with g-frame operator S, then
S | rxy: R(K) = S(R(K)) is an isomorphism, i.e., {A\; € L(R(K), H;) :i € J}
is a g-frame.

Proof. (a) Since R(K) is closed, then R(K*) is also closed and (ker(K))* = R(K*),
(ker(K*))* = R(K). Hence, K |g(x+: R(K*) — R(K) is a bounded bijective linear
map. Now, by Banach isomorphism theorem K |g(x+) is an isomorphism and similarly
K* |p(ry: R(K) — R(K*) is an isomorphism. Therefore, there exist A, B > 0 such
that for each y € R(K)

Allyll < [[K7y[l < Bllyl|



170 A. KHOSRAVI AND J. S. BANYARANI

(b) Since {A;};ey is a K-g-frame, there exist 0 < A’ < B’ < oo such that for each
reH
ANK*@)|I* < (Sz,z) < B'l|=|”,
specially for each x € H, we have
AA|K(2)|* < (SKx, Kz) < ||S(K(2))]| - | K],

so by (2.1) for each x € H, we have A’A?||K (z)| < ||S(K(z))||. Therefore, S |rr) is
one-to-one and S(R(K)) is closed. Now, again by Banach isomorphism theorem, we
have the result. O

A small modification in [14] gains the following result.
Lemma 1.2. Let for each i €3, {e;; : j € J;} be an orthonormal basis for H;. Then
{A;}ies is a K-g-frame if and only if {Af(e;;)}iesjes; is a K-frame.

In [15] the authors defined the atomic system for K and by using this idea we
introduce the following definition.
Definition 1.1. Let K € L(H). A sequence {A; € L(H, H;) : i € J} is called an
atomic g-system for K if the following conditions are satisfied:

(a) {A;}ier is a g-Bessel sequence;

(b) for any x € H, there exists g, = (g:i)i € (Xies® H;)p2 such that Kz =

>ies A (g:), where ||g.|| < C||z||, C is a positive constant.

We recall some definitions from [12].

Definition 1.2. Let A = {A; € L(H,H;) :i € 9} and I = {I; € L(H, H) : i € T}
be two g-frames for H. We call {A;}ics and {I';}ies woven g-frames if there exist
0 < A < B < oo such that for every ¢ C J and every f € H

AIFIP < D2NAFIP + D2 T fIIP < B
i€o 1€0°
In this case, for convenience we say that {A;};cg, {I'; }ics are an (A, B)-woven g-frame.
Proof of the following lemma is similar to [15, Theorem 3.5] which we reaffirm.

Lemma 1.3. Let {A;}icq be a g-Bessel sequence in H. Then {A;}icq is a K-g-frame
for H, if and only if there exists A > 0 such that S > AKK*, where S is the g-frame
operator for {A;}ics.

Remark 1.2. Since 252 = § > AKK*, by Douglas theorem, there exists C' € L(H)
such that K = 52C.

Definition 1.3. Let K € L(H) and {\; € L(H,H;) :i € J}and {I'; € L(H,H;) : i €
J} be K-g-frames. We say that {A;}ics, {I'i}ies are woven K-g-frames if there exist
constants 0 < A < B < oo such that for every ¢ C J and every f € H

AIETFIP < 3 IAFIP + D0 ITufII* < BILFI™
i€o 1€0¢

In this case we say that {A;}ies, {I'i}ies are (A, B) woven K-g-frames.
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Ezample 1.1. Let H be a Hilbert space with orthonormal basis {e, : n € N} and let
A,, T, K : H— H be defined by
An(z) = (T, esn)esn + (T, €5n-1) €501,

Fn(:E) = <l’, €5n>65n + <:U7 €5n+1>65n+17
and K(z) = X ,en(z, es5n)es, for every z € H.
Then {T',, : n € N} and {A,, : n € N} are woven K-g-frames.

Since K is the orthogonal projection of H onto M, the closed subspace of H
generated by {es, : n € N}, then K = K*. Now for every x € H and o C I we have

I @)IF = D7 W, esn)* < 32 [Aa(@) 1+ 3 [ITn ()]

neN neo neo¢
=D [ esa) P+ D0 Ko esn-1) P+ D2 Koy esa)? + D0 [, esnin)
neo neo neo¢ neoc
<3% Kz, en))? =3[z
neN

and we have the result.

As we have in [12, Remark 3.2] if {A;};e5 and {I; };eq are g-Bessel sequences with
bounds B and B’ and g-frame operators S and S’, respectively, then for every o C J,
0<S5,<S<B-Tand0< S . <S5 <B-I. Therefore, 0 < S,+S5'. < (B+DB')-1I.
Hence, {A;}ico U{Ti}icoe is a g-Bessel sequence with bound B + B’ and g-frame
operator S, + S’., where Sy f = > c, ATA;f and S/ f = > TiTL f.

In this paper we try to generalize some of the known results in K-frames, weaving
frames and weaving g-frames to K-g-frames.

2. WEAVING K-g-FRAME

In [1], the authors introduced the concept of weaving frames. In this section we
also study weaving K-g-frames.

Definition 2.1. Let K € L(H). The sequences {A,;};c3, {I'i }ics are called a woven
atomic g-system for K, if the following conditions are satisfied:
(a) {A;}ies and {I'; }ies are g-Bessel sequences;
(b) there exist positive constants C4, Cy such that for any = € H, and any o C J
there exist g, = (¢:)i, 0, = (9)i € (Zies D H,),2 such that Ka = Y, Af(g:) +
Yicoe i (g;) with [|go|| < Cif|z]| and ||’ [| < Coflz].
Theorem 2.1. Let {\; € L(H,H;) : i € I3} and {I'; € L(H, H;) : i € I} be a woven
atomic g-system for K. Then {A\; € L(H,H;) :i €3} and {I'; € L(H, H;) : 1 € I} are
woven K-g-frames.
Proof. Let x € H. For every y € H with ||y|]| = 1 and every o C J, there exist
(9i)i: (97)i € (Liey @ H;) 2, such that Ky = 3¥ic, Ajgi + Xieoe 7 gi; then

<x, S A+ Y rzg;>

i€0 i€0¢

|7 ]| = sup [(K"x,y)| = sup
lyll=1 lyll=1
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< sup <x,ZA:gi>’+ sup (= Zrzg;>‘
llyll=1 i€o llyll=1 i€0¢
= Sup Z<A2x7gl> + sSup Z<szvg;>
lyll=1 lico lyll=1 lieqe
! : 1 1
< o (Snal?) (Shal?) + sup (3 10al?)” (5 1)
llyll=1 1€o €0 llyll=1 i€0° 1€0C

lylI=1 \ijeo i€oc i€J i€d

< (Sl + ”“”””2); (Z ||gz-|l2)2 + (29;2)é

< (Cy +Ca) s [yl (ZHAW LY xw)

llyll=1 i€o 1€0c

Therefore, 3, [|Aix]|? + Xicoe

Liz|? = et 1 21?. O

Definition 2.2. We call {A;};c7 and {I';};c9 weakly woven K-g-frames, if for every
o C I, {A;}ico U{Ti }icoe is a K-g-frame.

Lemma 2.1. Let {A;}ies and {T';}ie5 be K-g-frames. Suppose that for every e > 0
and every two disjoint finite sets Iy, J; C J there exists a subset o C I\(I; U J;) such
that for 6 = I\(I; U J; U o) the lower K-g-frame bound of {A;}icryue U{Ls bicsus s
less than €. Then there exists Q C J such that {A;}ico U{Ls }ien\o s not a K-g-frame,
i.e, {A\;}ies and {T';}ies are not weakly woven K-g-frames.

Proof. Let ¢ > 0 and for each p € N, A, = [—p,p] N T where [—p,p| NZ =
{=p,...,0,1,...,p}. We prove that there exist an increasing sequence { f,}>>, C N, a
sequence {h, }>°, C H with ||h,|| = 1, and sequences {0, }, {9, } of subsets J with o, C
AS | =NA, 1, 6, = AS_ \0on, such that I,=1,1U(0,NA,), Jn = Jn1U(0,NA,)
satlsfy both

€ *
> IM)lP+ X0 Tl < [P

i€l,_1Uonp ieJn,1U6n
€
Yoo M)IP+ DD D) < =K%
i€, > fr+1 $€9,]i|> fr+1 n

We proceed by induction. By taking Iy = Jy = ), we can choose o, C J such that
for 9y = 0§ = J\oy the lower K-g-frame bound of {A;};cs, U{T; }ics, is less than e.
Therefore there is some hy € H with ||| = 1 such that

A (R)IP + D [ITs(ha)||* < el ¥
1€01 1€01

Since

D AR I+ D T (h)[* < +oo,

1€ i€
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there is f; € N such that

> M+ >0 Tl < e K71

i€d,i|> fi+1 1€7,[i| > f1+1

Let 0;,0;, h; and f; for i = 1,2,...,n — 1 with the above conditions are given. Then
Joo1NI,y =0 and I, 1 UJ,_ 1 = A,_1. By the hypothesis there is o, C I\ A,
with 6, = I\(A,—1 Ua,) such that {A;}icr, 0o, U{Li}ies,_ us, has lower K-g-frame
bound less than e. Hence, there exist h,, € H with ||h,| = 1 such that

> IMa)IP+ 3 ||Fi(hn)||2<%”K*H2'

i€lp_1Uop i€Jp_1Udp

Similar to the above argument there is f,, > f,_1 such that

> M)+ > IIFi(hn)IIQ<%IIK*IIQ'

1€9,]1]> fr+1 1€3,]4|> fr+1

By taking I,, = I, 1 U (0, N A,), Jo = J,_1 U (6, N A,) for each n, J, N1, =0 and

I, U J, = A,. Therefore,
i=1 j=1

where LI denotes a disjoint union. For
Q= UIZ- and Q° = UJj,
we have

D IAiha)[* + 3 (1T (hn)lI* = (ZIIA I+ D2 Tk IIQ)
1€Q 1€I\Q i€l JjE€JIn
+( > M)+ >0 ITu(h IIQ)
1€QNAS 1€Q°NAS

1€l _1Uop 1€Jp—1Udn

S( > )P+ > HFz-(hn)Hz>

+ ( Yoo AP+ Y ||Fi(hn)||2>
i€3,]i|> fn+1 1€7,]i|> fr+1
€1 rrn S
<[P+ [
n n
So that the lower K-g-frame bound of {A;}ico U{I"i}ieno is zero. Then, it is not a
K-g-frame and the two original K-g-frames are not weakly woven. 0

Corollary 2.1. Let {A;}icg and {T';}iey be K-g-frames. If they are weakly woven, then
there exist A > 0 and finite disjoint subsets J,QQ C J such that for each o C I\ (JUQ)
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and 6 = I\(JUQU o) the sequence {A;}iciue U{Li}icqus has lower K-g-frame bound
A.

In the proof of [2, Theorem 4.5 |, Casazza et al. dealt with frames, but their proof
also works for K-g-frames and by a modification in their proof, we can get the following
results.

Theorem 2.2. Let {A;};c5 and {T';}icq be K-g-frames. Then the following are equiv-
alent:

(a) {A;}ier and {T';}iey are woven K-g-frames;
(b) {A;}ies and {T;}ies are weakly woven K -g-frames.

Definition 2.3. Let {A;};c5 and {I";};cs be g-Bessel sequences, with bounds B, B’,
respectively. Then the operator Sy : H — H defined by

Sralf) = TwTx(f) =Y _TiA(f), feH,
i€l
is a bounded linear operator with [|Sps|| < VBB’ Also, Sty = Syr and Spr = Sr,
see [11].
The proof of [11, Lemma 2.11] also works for K-g-frames and we have the following
result.

Lemma 2.2. Let {A;}ies and {T';}ies be g-Bessel sequences. If there exists X > 0
such that ||[Sar(f)|| > M K> f]l, then {A;}ies and {T';}ies are K-g-frames.
Ezample 2.1. Let H be a Hilbert space with orthonormal basis {e, : n € N} and
let A,, I'y and K : H — H be defined by A,(z) = (z, e9,)e0n, I'yn(x) = (x, e9,)e2, +
(x, eant1)eoni1, K(x) = X en(, €an)ean, for every x € H. Then {A, : n € N} and
{T'y, : n € N} are woven K-g-frames for H with universal bounds 1 and 3. The reason
is similar to Example 1.1.
Proposition 2.1. Let A = {A, € L(H,H,;) : 1 €3}, ' ={I'; € L(H,H,) : 1 € I},
N ={A € L(H,H)) : i € 3} and I" = {I", € L(H,H!) : i € J} be g-Bessel
sequences with bounds Dy, Do, D3, Dy, respectively. If there exists X\ > 0 such that
1(ST s + SEp ) fIl = MK f|| for each o C T and f € H, then {A}}ics and {T'}}ies are
woven K-g-frames and also {A;}ics, {L';}ies are woven K-g-frames.
Proof. As we saw before, they are woven g-Bessel sequences. Suppose that A > 0 such
that for allc C Jand f € H

MK FI < 1S54 + ST I,
then,

1(STar + SEr) LI < ST A f I+ ISEr 1l = ITATR)T (I + T T) ™ ()]

< Il (Z IIAéfH2>2 i (Z ||F§f||2>2

i€0 i€0C
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<o (X HA;qu)é s (X HFZ-f!P)%

1€0 i€oc
1
< (Vi Vo) (S It + X e
1€0 i€oc
Hence,
N[ K £

/ 2 / 2
SINSIP+ ST > 5

On the other hand, since Sf, = Sar, then (S, + Sfp)* = S3 4 + SEr and we
have the result. O
Theorem 2.3. Let A = {\; € L(H,H;) :i €3} and T = {T; € L(H,H;) : i € I}
be (A, B) woven K-g-frames and A" = {A, € L(H',H]) : i € I} and I" = {I} €
L(H',H!) :i €3} be (A, B") woven K-g-frames.
(i) Then {A; ® Al}icg and {I'; &1 }ieg are (min{A, A’} max{B, B'}) woven K-g-
frames.
(ii) If H = H', H; = H] for each i € J, and for every o CJ
Sn+S3a+ S+ St >0
then {A; + Aj}ics and {Ts 4 Tj}ics are woven K-g-frames, where Sfy, =
Z’iEUC F;‘F;
Proof. (i) With a proof similar to the proof of [11, Proposition 2.16 |, {A; ® A}
and {I'; ® I", };eq are K-g-frames. For every o C J and every (f,g) € H® H'

2. 104 @ 8)(1, I + 2 1T @ T, 9)IF
= A A0 + 3 (S Tig)I
::%;UMﬁAﬁ%(&fJ%m>+E;fahﬂrw%a¥ﬁrw»
:g”Aif”Q + ([ Ajgll*) + i;c(HFifHZ +|ITgl?)

<B|IfI* + B'llgll* < max{B, B'}|(f,9)|I*,

similarly for the lower bound.
(ii) It is clear that STy, + S% 4 + SPp 4+ Sf p is a self-adjoint operator. For every
o C J we have

Sfon S8 =3 (N + A (N + A + D (D + T)*(Dy + T)

€0 €0
= AN HD NN+ D TVT + Y T
€0 €0 1€0¢ 1€0°¢

D (ASAN + AT+ D (DT 4+ T7T)

i€0 1€0¢
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=53+ SF 4+ 3 + St + S3a+ Sa+ Sh + Stp
SAKK* + AKK* = (A+ A)KK*.
Also, plainly {A; + Al}ico U{L; + I }icoe is a g-Bessel sequence. O

Definition 2.4. Let A = {A;};c5 and T’ = {T'; };c5 be g-Bessel sequences. Then
(a) I'is a K-dual of A if for each f € H, we have K f = Spa(f) = YXies TTA(f);
(b) I' is an approximate K-dual of A if there exists 0 < r < 1 such that for every
feH,
IEK(f) = SralHI < el K-
Plainly, every K-dual is an approximate K-dual, and for the converse we have the
following result.

Proposition 2.2. Let T' = {T;}icq be an approximate K-dual of A. Then A has a
K-dual and every element K(f) of R(K) can be reconstructed from {I'f o Ai(f)}ies.

Proof. Since I' is an approximate K-dual of A, there exists 0 < r < 1 such that

(2.1) 1K) = SealHI < rl[KNN, - f e H.

Now, from (2.1) it follows that Spa(f) = 0 if and only if K(f) = 0. Therefore, we
can define U : R(K) — R(Sra) by U(K(f)) = Sra(f) for every f € H. Hence U is
an injective bounded linear map and by using (2.1) we have

(2.2) IKf=UKN| <r[|Kfll, feH
So, for every f € H
(L =nKf]| < [UENHI < @+ Kf]

Hence, U has a closed range, R(U) = R(Sr ). Now by Banach isomorphism theorem
U~ R(Sra) — R(K) is a bounded linear map, which can be extended to V : H —
H, by V. =U"" o mp), where Tk is the orthogonal projection of H onto R(U). It
is clear that
K(f)=VoSea(f)=>_(VoIj)oA(f), fe€H.
i€

Therefore, {T"; 0 V*}.¢9 is a K-dual of {A;};es. O

Remark 2.1. If in the above Proposision R(Sr ) € R(K), then we can regard U :
R(K) — R(K) and from (2.2) it follows that

lg—Ugll <rllgll, g€ R(K).

Then || Iy — U]| < r < 1 and consequently U is invertible and the above inequality
is similar to the inequality for approximate K-dual.

A small modification in the proofs of [3, Proposition 15| and [12, Theorem 3.14]
shows that these properties hold for K-g-frames.
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3. PERTURBATION

In this section we study the behaviour of K-g-frames under some perturbations.
The following result shows that approximate K-duals are stable under small per-
turbation.

Theorem 3.1. Let A = {A\; € L(H, H;) : i € J} be a g-Bessel sequence and ¥ =
{1y € L(H, H;) : i € I} be an approzimate K-dual (resp. K-dual) of A with 0 < r < 1
and upper bound C. IfT' ={T'; € L(H, H;) : i € 3} is a sequence such that

(ZH )||2> S FIIEWDOIL - fed,

1€]
and VCF <1 —r (resp. CF < 1), then V is an approzimate K-dual of T.
Proof. Let B be an upper bound for A. Then for any f € H, we have

1

(ZHFJIIQ) < [{AifYieslle + IH{Tif = Aifhieslle < (VB +VEIK|IS],

i€J
(Z HwigHQ)
i€d
Hence, for every f € H

|Kf—Surfl| <IKf—Seafll+1Seaf—Serfll <+ VCOF)|Kf].

Since r + VCF < 1 we have the result. If ¥ is a K-dual of A, then Sy f = K f and
we have [|[K — Syl < VCF < 1. O

Theorem 3.2. Let {\; € L(H,H;) : i € I} and {I"; € L(H, H;) : i € I} be (A, B)
woven K-g-frames and let T € L(H) and T;,T! € L(H;) for each i € J. If there exist
0 <m < M < oo such that for each i € 3 and f; € H;, m||fi|| < | Tif], |77 fil] <
M| fill, then {A; = T;A;T}ies and {1, = T/T,T}iey are woven T*K -g-frames, with
universal bounds m*>A and M?*B||T||?>. Moreover if TK* = K*T, m||f|| < [|Tf||, then
{A; € L(H,H;) :i €3} and {I"; € L(H,H;) : i € I} are woven K-g-frames, with
universal bounds m*A and M*B||T|>.

so, I' is a g-Bessel sequence. For any f € H,

|Seaf = Serf] < sup { (Z (A Fi)fHQ)

lgll=1 i€J

(S
D=

}<\/ﬁKf|-

Proof. For every o C J and every f € H

DN+ X2 TP = D NTATFI* + > 1T )P

i€o 1€0¢ €0 i€oc
< Y NTIPIATAIR + Yo T IPITTfI?
€0 i€0¢

< (z IATFE+ S ||rin||2)

€0 i€0C
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< M2B||TIP|I £,
and similarly for every ¢ C J and every f € H we have,
DA+ YT = m*AKTf|* = m* AT K) f]]*.
€0 1€0°

The rest of the proof is obvious. 0

Corollary 3.1. Let {A; € L(H, H;)}ies be a K-g-frame for H and T € L(H) be
invertible. Then

(i) {A;T}ies is a K-g-frame, when T'K* = K*T';

(ii) {T'A;}ier is a K-g-frame, when H; C H for each i € J.

Proof. Let {A;}ies be a K-g-frame with bounds A and B.
(i) For every x € H, we have

A

T I 2|)* < AlITK z||* = Al K*(T)|*

< S IATa]? < BITsl? < BITI )
el
For (ii),
A 1
A K@ < A
TP TP =

< 2NNl < TP X0 N Al® < BITI|l=]” m

For the erasure of K-g-frames, the following result shows that it is possible to
remove some elements of a woven K-g-frame and still have a woven K-g-frame.

Proposition 3.1. Suppose that {A;}ics and {T';}icq are (A, B) woven K-g-frames. If
d CJand
Y OIASIP < DK™ f1%,

i€d
for some, 0 < D < A, then {A;}icang and {I';}ienng are (A — D, B) woven K-g-frames.

Proof. The proof is similar to the proof of [3, Proposition 16]. O

Corollary 3.2. Let {A;}ics be a K-g-frame with lower frame bound A. If for some
dJCTand0< D < A,

d_IIAifI* < DIEfIF,  f € H,

i€d
then {A;}icge is a K-g-frame with lower bound A — D.
Definition 3.1. Let {A;};c5 be a K-g-frame and let 0 < A\j, Ay < 1. We say that the
family {T';};e7 is a (A1, A\2)-perturbation of {A;};cq if we have

[Aif = Tif [l < AllAaf Il + Ao Tifll, - for all f € H.
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Theorem 3.3. Let {A;}ics and {T';}ieg be woven K-g-frames and {A,}ics, {I';}ics be
(A1, A2), (u1, p2)-perturbations of {A\;}ies and {T';}iey, respectively. Then {Al}icy and
{T"'}ieg are woven K-g-frames.

Proof. A simple calculation shows that {A’};e5 and {T"}};ey are K-g-frames. For each
f € H we have

IAGFI = AT < NIAGf = NI < Ml Aaf I+ Al Aaf

hence
1-— 1—}-)\1
< A;
— 1< T I
Similarly, we have
1— L+
I < IT < T ).

Now for every o C J and every f € H

=) (L ) :
mm{<1m> () }(ZEZ;IIAJ“II -3 Ine)
<STINIE + X I

i€o 1€0€
< max , A; + I;
{(1_A2) L) (S 3 i
and we have the result. O

Corollary 3.3. Let {A;}ics and {T';}ie5 be woven K-g-frames and {A}}icg and {I'}ies
be sequences and 0 < My, My such that for every f € H, and every 1 € J

1Asf — ALfII < My min{[JA; £l [[ALF(1},
ITof = Tifl < Momin{|[T |, 1T
then {Al}ies and {T';}ic9 are woven K-g-frames.

Proof. 1t is clear that {Al},c5 and {I'}},cy are K-g-frames. From the hypothesis it
follows that for each ¢ € J, f € H, we have

< IALF < .
VT TIAFI < IAFIF < (Mo + DAL

Lifll < T Fl < (Mo + DT fII
1 IS S T < (e + )T

Now similar to the proof of the above theorem we have the result. O
Ezample 3.1. Let {A,, : n € N}, {I', : n € N}, K and H be given as in Example

2.1 and A, = A, and I, = iT',. Then {A} : n € N}, {I', : n € N} are a woven
K-g-frame. It is enough to use Example 2.1 and Theorem 3.3.
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