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RELATION BETWEEN CONVERGENCE AND ALMOST
CONVERGENCE OF COMPLEX UNCERTAIN SEQUENCES

BIROJIT DAS1, BABY BHATTACHARYA1, AND BINOD CHANDRA TRIPATHY2

Abstract. In this paper, we introduce a new type of almost convergent complex
uncertain sequence with respect to uniformly almost surely. We characterize the
notion of almost convergence of sequences of complex uncertain variables further.
We establish the interconnection between convergent complex uncertain sequence,
bounded complex uncertain sequence and almost convergent complex uncertain
sequence in all five aspects of uncertainty.

1. Introduction and Preliminaries

In the real world, often we face various types of indeterminacy. Frequency gener-
ated by samples plays important role in the study to deal with those indeterminate
situations. Probability theory is an efficient tool to study the frequency. However,
sometimes it is difficult to collect observed data when some unexpected events occur.
In this case, decision maker have to invite experts to estimate the belief degree of each
events occurrence. For dealing with belief degree legitimately, an axiomatic system
named uncertainty theory satisfied normality, duality, and subadditivity was proposed
by Liu [9]. As a fundamental concept in uncertainty theory, the uncertain variable was
presented by Liu [9]. In order to describe an uncertain variable, Liu [9] introduced the
concepts of uncertain measure, uncertain distribution and expected value of uncertain
variable. The uncertain measure follows the axioms of normality, duality, subadditiv-
ity and product. In the year 2007, the notion of uncertain sequences and their four
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types of convergences, namely convergence in mean, measure, distribution, almost
surely was introduced by Liu [9]. Then the same was extended by You [12] while he
introduced a new type of convergent uncertain sequence with respect to uniformly
almost surely. Thereafter, to describe the complex uncertain quantities, the notions
of uncertain variable and uncertain distribution are presented by Peng [10] in that
direction. Chen et al. [1] explored the work considering the sequence of complex un-
certain variables due to Peng [10]. They reported five types of convergence concepts of
uncertain sequences in complex environment by establishing interrelationships among
them. Since its initiation, the study of complex uncertain sequences got the full at-
tention of the researchers. These convergence concept of complex uncertain sequence
has also been generalised by Datta and Tripathy [8], Das et al. [2–7]. Recently, Saha
et al. [11] introduced the concept almost convergent complex uncertain sequence in
a given uncertainty space. They have initiated almost convergence in four directions
of uncertainty, namely almost convergence in mean, in measure, in distribution and
in almost surely. Also, they established the interrelationships between each types of
almost convergences upto some extent. In this article, at first we extend the study by
introducing the fifth direction of uncertainty, i.e., almost convergent complex uncer-
tain sequence with respect to uniformly almost surely. We show that every almost
convergent complex uncertain sequence with respect to uniformly almost surely is
almost convergent in almost surely. We further establish the interconnection between
almost convergent, bounded and convergent sequences of complex uncertain variable.

We now present few concepts and related results in the following, which will be
playing an important role in the whole study.

Definition 1.1 ([12]). Let us consider an uncertainty space (Γ,L,M). Then a
function ζ from Γ to the set of complex numbers which is measurable in the aspect
of uncertainty is called a complex uncertain variable.

Definition 1.2 ([10]). Let us consider a sequence (ζn) of complex uncertain variables.
Then (ζn) is said to be almost convergent to ζ in almost surely if there is such an
uncertain event Λ with unit uncertain measure that

lim
m→∞

||un,m(γ) − ζ(γ)|| = 0,

uniformly in n and for all γ ∈ Λ, where un,m = 1
m

∑m
i=1 ζn+i−1.

Definition 1.3 ([10]). A sequence (ζn) of complex uncertain variables is called almost
convergent in respect of measure to some finite limit ζ if the following condition is
satisfied: for all positive integer n and a positive real ε

lim
m→∞

M{||un,m − ζ|| ≥ ε} = 0, where un,m = 1
m

m∑
i=1

ζn+i−1.



CONVERGENCE AND ALMOST CONVERGENCE OF COMPLEX UNCERTAIN SEQUENCES315

Definition 1.4 ([10]). Let us consider a sequence (ζn) of complex uncertain variables.
The sequence is said to be almost convergent in respect of mean to a finite ζ if

lim
l→∞

E[||tn,l − ζ||] = 0, where tn,l = 1
l

l∑
i=1

ζn+i−1.

Here n runs uniformly over N.

Definition 1.5 ([10]). Let us consider infinite numbers of complex uncertain variables
given by ξ, ξ1, ξ2, . . . , and suppose Φ, Φ1,m, Φ2,m, . . . , are the distribution functions
in respect of the complex uncertain variables ξ, ξ1+ξ2+···+ξm

m
, ξ2+ξ3+···+ξm+1

m
, . . . , respec-

tively. Then the sequence (ξn) is said to be almost convergent to ξ in respect of
distribution if

lim
m→∞

Φn,m(c) = Φ(c),

for all n ∈ N, c being the complex point of continuity of the function Φ.

Theorem 1.1 ([10]). If the real and imaginary part (ξn) and (ηn) of a sequence (ζn)
almost converges to the finite limits ξ and η respectively with respect to measure, then
(ζn) = (ξn + iηn) almost converges in distribution to ξ + iη.

Theorem 1.2 ([10]). If (ζn) is an almost convergent sequence of complex uncertain
variables in mean to some finite limit ζ, then it almost converges in respect of measure
by preserving the limit.

2. Main Results

At first our intend is to define almost convergent sequence of complex uncertain
variables with respect to uniformly almost surely. We show existence of such sequence
and establish the interrelationship with the almost convergent complex uncertain
sequence in almost surely. Then, we initiate boundedness property of sequences
of complex uncertain variables and prove the interconnection between convergent,
bounded and almost convergent sequences of complex uncertain variables in all five
aspects of uncertainty.

Definition 2.1. A complex uncertain sequence (ζn) is called almost convergent to a
finite limit ζ in uniformly almost surely if there exists events {Ex} with M{Ex} → 0
such that (ζn) almost converges to the same ζ uniformly in the domain Γ − Ex, where
x ∈ N, i.e.,

lim
p→∞

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ = 0,

for all γ ∈ Γ − Ex and uniformly for all n.

Example 2.1. Let Γ = {γ1, γ2, . . . } be an infinite set of uncertain events and L be the
power set of Γ. Then L becomes σ-algebra on Γ.
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Let the measurable set function M be defined as follows

M{β} =
∑

γj∈β

1
2j

.

Obviously, ∑
γj∈β

1
2j is unity and M holds the other axioms of uncertain measure. So M

becomes uncertain measure and thus, (Γ,L,M) is an uncertainty space.
Now, for a given ε > 0 (however small) exists p ∈ N such that 1

2p < ε.
Let (ζn) be a complex uncertain sequence, where the complex uncertain variable ζn

is given by

ζn(γ) =
{

1
2i, if n ≥ p,
0, otherwise,

for all γ ∈ Γ. Also, let ζ be the complex uncertain variable such that ζ(γ) = 0 for all
γ ∈ Γ. We have, ||ζn(γ)−ζ(γ)|| =

∣∣∣∣∣∣1
2i

∣∣∣∣∣∣ = 1
2 , whenever n > N and ||ζn(γ)−ζ(γ)|| = 0,

for the remaining cases. Moreover, M{γj} → 0, as j > p. Then, from the above, one
can see that (ζn(γ)) almost converges uniformly to ζ(γ) = 0, for all γ ∈ Γ − γj, j > p.
Hence, (ζn) is almost convergent to ζ in uniformly almost surely.

The following theorem is due to Saha et al. [10].
Theorem 2.1 ([10]). Suppose (ζn) = (ξn + iηn) be a complex uncertain sequence. If
the real uncertain sequences (ξn) and (ηn) almost converges to ξ and η respectively in
respect of measure, then (ζn) is almost convergent to ξ + iη in the same direction.

We now establish the converse part of the same in the same context. This one result
produces few more interrelationships between the other almost convergence concepts.
Theorem 2.2. If a complex uncertain sequence (ζn), which is given by ζn = ξn + iηn,
almost converges in measure to the finite limit ξ + iη, then the real part (ξn) and
imaginary part (ηn) also almost converges to ξ and η in measure.
Proof. Let (ζn), where ζn = ξn + iηn is almost convergent to ζ = ξ + iη in measure.
Then, for any δ > 0, we have

M


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ

 → 0, as n → ∞

⇒M


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

(ξn+k + iηn+k) − (ξ + iη)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ

 → 0, as n → ∞

⇒M


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

(ξn+k − ξ) + i
1
p

p−1∑
k=0

(ηn+k − η)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ

 → 0, as n → ∞.

This implies that there exists 0 < δ
′
< δ

2 such that

M

γ :

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ξn+k(γ) − ξ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ

′

 → 0, as n → ∞,
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and

M

γ :

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ηn+k(γ) − η(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ

′

 → 0, as n → ∞.

Evidently, the uncertain sequences (ξn) and (ηn) are almost convergent in measure
to ξ and η. □

In view of the above Theorem 2.2 and Theorem 1.1, we can deduce the following
result.

Corollary 2.1. Almost convergence in measure implies almost convergence in distri-
bution.

From Theorem 1.2 and Corollary 2.1, we can give the following.

Corollary 2.2. An almost convergent sequence in mean almost converges with respect
of distribution therein.

Remark 2.1. The notion of almost convergence in almost surely and almost convergence
in measure are the concepts no way related.

In the following two examples, we demonstrates the validity of the statement.

Example 2.2. We consider the space (Γ,L,M), with Γ = {γ1, γ2, γ3, γ4} and L = P (Γ).
Define M as follows:

M{∆} =


0, if ∆ = ϕ,

1, if ∆ = Γ,

0.6, if γ1 ∈ ∆,

0.4, if γ1 /∈ ∆.

We define ζn and ζ as follows:

ζn(α) =



i, if α = γ1,

2i, if α = γ2,

3i, if α = γ3,

4i, if α = γ4,

0, otherwise,

for n ∈ N and ζ(γ) = 0 for all γ ∈ Γ.
Observe that ζn → ζ, except only for γ = γ1, γ2, γ3, γ4 and so (ζn) is almost

convergent to ζ in almost surely. However, for some δ > 0, we have

M{||ζn − ζ|| ≥ δ} = M{γ : ||ζn(γ) − ζ(γ)|| ≥ δ} = M{γ1, γ2, γ3, γ4} = M{Γ} = 1.

Consequently, the complex uncertain sequence (ζn) is not almost convergent in mea-
sure.
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Example 2.3. Let us consider the space (Γ,L,M), with Γ = [0, 1], L = P [0, 1]. Here
the uncertain measure is the Lebesgue measure.

Suppose ζn and ζ be given by

ζn(α) =
{

i, if p
2t ≤ α ≤ 1+p

2t ,
0, elsewhere,

and ζ(α) = 0 for all γ ∈ Γ, n = 2t + p ∈ N, where p, t are integers. Then,

M


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ

 =M

γ :

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ


=1 + p

2t
− p

2t
= 1

2t

and hence,

lim
n→∞

M

{
γ :

∣∣∣∣∣
∣∣∣∣∣1

p

p−1∑
k=0

ζn+k(γ) − ζ(γ)
∣∣∣∣∣
∣∣∣∣∣ ≥ δ

}
= lim

t→∞
1
2t = 0.

Thus, the complex uncertain sequence (ζn) almost converges to ζ in measure.
On the other hand, let γ ∈ [0, 1]. Then, there are intervals of the form [ p

2t ,
p+1
2t ]

containing γ, for different values of p. Therefore, (ζn) does not converges to ζ in
almost surely and hence (ζn) is not almost convergent to ζ in almost surely.

Remark 2.2. An almost convergent complex uncertain sequence in almost surely may
not be almost convergent in distribution. The following example satisfies the same.

Example 2.4. Consider the uncertainty space and sequence taken in example 2.2.
Let Φn(z) and Φ(z) be the uncertainty distribution functions of ζn and ζ, respectively.
Then

Φn(z) = Φn(p + iq) =



0, if p < 0, q ∈ (−∞, ∞),
0, if p ≥ 0, q < 1,

0.6, if p ≥ 0, 1 ≤ q < 2,

0.6, if p ≥ 0, 2 ≤ q < 3,

0.6, if p ≥ 0, 3 ≤ q < 4,

1, if p ≥ 0, q ≥ 4,

and

Φ(z = p + iq) =


0, if p < 0, q ∈ (−∞, ∞),
0, if p ≥ 0, q < 0,

1, if p ≥ 0, q ≥ 0.

Thus, (ζn) is not almost convergent in distribution to ζ.

Remark 2.3. An almost convergent complex uncertain sequence in mean may not be
almost convergent in almost surely.
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Example 2.5. From the Example 2.3,

E

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣
 = 1

2t
,

which tends to 0, as n → ∞. Then, the sequence almost converges to ζ in mean also.
But it was already proved that (ζn) is not almost convergent in almost surely.

Remark 2.4. A sequence (ζn) which is almost convergent in almost surely may not be
almost convergent in mean. Explanation is provided in the following example.

Example 2.6. Consider the space (Γ,L,M) with Γ = {γ1, γ2, γ3, . . . }, L = P (Γ) and

M{Λ} =
∑

γj∈Λ

2
3 · 1

3(j−1) .

Define ζn and ζ respectively by

ζn(α) =
{

3ni, if α = γn,
0, elsewhere,

for n ∈ N and ζ ≡ 0.
One can easily observe that the sequence (ζn) almost converges to ζ in almost

surely.
Now, for the uncertain variable ||ζn||, its uncertainty distribution function is given

by

Φn(p) =


0, if p < 0,
1 − 1

3n , if 0 ≤ p < 3n,
1, elsewhere,

for n ∈ N.

Now, integration to the above distribution function for expected value gives us

E

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣
 = 1.

Therefore, the complex uncertain sequence (ζn) is not almost convergent in mean to ζ.

Theorem 2.3. The sequence (ζn) is almost convergent in almost surely to ζ if and
only if for any ε > 0 exists N ∈ N in such a way that

M


∞⋂

N=1

∞⋃
n=N


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ ε


 = 0.

Proof. The definition of almost convergence in almost surely leads us to the existence
of such uncertain event ∆ with M{∆} = 1, such that

lim
n→∞

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
r=0

ζn+r(α) − ζ(α)

∣∣∣∣∣∣
∣∣∣∣∣∣ = 0, for all α ∈ ∆.
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Let ε be a preassigned positive number. Then, there exists N ∈ N such that for any
α ∈ ∆, we have

M


∞⋂

N=1

∞⋃
n=N


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x(α) − ζ(α)

∣∣∣∣∣∣
∣∣∣∣∣∣ < ε


 = 1,

where n > N.
Applying the duality axiom of uncertain measure to the above, we get

M


∞⋂

N=1

∞⋃
n=N


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x(α) − ζ(α)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ ε


 = 0, for all α ∈ ∆.

Hence, the theorem is proved. □

Theorem 2.4. The necessary and sufficient condition for a complex uncertain se-
quence (ζn) to almost converges in uniformly almost surely to ζ is that for any ε > 0,
there exist δ > 0 and N ∈ N such that

M


∞⋃

n=N


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ


 < ε.

Proof. Let the sequence (ζn) of complex uncertain variable almost converges to ζ in
uniformly almost surely. Then for ε > 0, there exists δ > 0 and an event B with
measure less than ν, ν → 0+, such that the sequence (ζn) converges uniformly to ζ
on Γ − B. That means, there exists n0 ∈ N so that∣∣∣∣∣∣

∣∣∣∣∣∣1p
p−1∑
x=0

ζn+x(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ < ε, for all n ≥ n0 and all γ ∈ Γ − B.

Also, ν < ε. Thus, we have
∞⋃

n=N


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ

 ⊆ B.

Applying the subadditivity axiom of uncertain measure, we get

M


∞⋃

n=N


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ


 ≤ M{B} < ν < ε.

Conversely, let

M


∞⋃

n=N


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ


 < ε.

We take δ > 0. Then for any ν > 0, a ≥ 1, there exists a positive integer as such that

M


∞⋃

n=as


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ 1

a


 <

ν

2a
.
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Consider B =
∞⋃

a=1

∞⋃
n=as

{∣∣∣∣∣
∣∣∣∣∣1

p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣
∣∣∣∣∣ ≥ 1

a

}
. Then

M{B} ≤
∞∑

a=1
M


∞⋃

n=as


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ 1

a


 ≤

∞∑
a=1

ν

2a
= ν.

Moreover, supγ∈Γ−B
1
p

p−1∑
x=0

||ζn+x(γ) − ζ(γ)|| < 1
n
, where m = 1, 2, 3, . . . , and n > as.

Therefore, the result is established. □

Theorem 2.5. Let the sequence (ζn) be almost convergent in uniformly almost surely
to ζ. Then, the sequence (ζn) is almost convergent in almost surely to ζ.

Proof. Taking Theorem 2.3 into consideration, we have if the complex uncertain
sequence (ζn) almost converges to ζ in uniformly almost surely, then

M

{
∞⋃

n=N

{∣∣∣∣∣
∣∣∣∣∣1

p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣
∣∣∣∣∣ ≥ δ

}}
< ε.

Now, since

M


∞⋂

N=1

∞⋃
n=N


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ


 ≤ M


∞⋃

n=N


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ


 < ε,

hence, (ζn) almost converges in almost surely to ζ. □

Theorem 2.6. A complex uncertain sequence (ζn), which almost converges with respect
to uniformly almost surely to ζ is also almost convergent in measure therein.

Proof. Let (ζn) be almost convergent in uniformly almost surely to ζ. Then, for ε > 0
and δ > 0 there exists n0 ∈ N so that

M


∞⋃

n=n0


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ


 < ε, for all n ≥ n0.

Then

M

γ :

∣∣∣∣∣∣
∣∣∣∣∣∣ 1
pq

p−1∑
x=0

q−1∑
y=0

ζm+x,n+y(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ


≤M


∞⋃

n=n0

γ :

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ δ


 < ε.

Hence, the sequence (ζn) almost converges in measure to ζ. □

Theorem 2.7. Almost convergence in uniformly almost surely of a complex uncertain
sequence implies its almost convergence in distribution with preservation of limit.

Proof. It is straightforward from the Theorem 2.6 and Corollary 2.1. □
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Remark 2.5. From the above discussion, a more complete version of interrelationships
between different almost convergence in an uncertainty space can be depicted in the
Figure 1 given in the top of the following page.

Figure 1. Interrelationships among five types of almost convergence

Saha et al. in [10] stated that in a given uncertainty space every convergent complex
uncertain sequence is almost convergent to the same limit therein. The statement
holds true for all the four aspects (in mean, measure, almost surely, distribution)
introduced in [10] and in the fifth direction of uncertainty in uniformly almost surely,
also. In this context, we give the detailed proof of the same below.

Theorem 2.8. A convergent complex uncertain sequence which converges in uniformly
almost surely to a finite limit, is also almost convergent to the same limit therein.

Proof. Let (Γ,L,M) be an uncertainty space and (ζn) be a complex uncertain sequence
which converges to ζ in uniformly almost surely. That means for any given ε > 0
there exist n0 ∈ N and a sequence (Ex) of uncertain events with uncertain measure
of each of the events tending to zero such that

||ζn(γ) − ζ(γ)|| < ε, for all n ≥ n0.

Now, for every positive integer p, n ≥ n0, γ ∈ Γ − Ex and any ε > 0, we have∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣

=
∣∣∣∣∣
∣∣∣∣∣ζn(γ) + ζn+1(γ) + · · · + ζn+p−1(γ)

p
− ζ(γ)

∣∣∣∣∣
∣∣∣∣∣
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=
∣∣∣∣∣
∣∣∣∣∣ζn(γ) + ζn+1(γ) + · · · + ζn+p−1(γ) − pζ(γ)

p

∣∣∣∣∣
∣∣∣∣∣

=
∣∣∣∣∣
∣∣∣∣∣{ζn(γ) − ζ(γ)} + {ζn+1(γ) − ζ(γ)} + · · · + {ζn+p−1(γ) − ζ(γ)}

p

∣∣∣∣∣
∣∣∣∣∣

≤
{

||ζn(γ) − ζ(γ)||
p

+ ||ζn+1(γ) − ζ(γ)||
p

+ · · · + ||ζn+p−1(γ) − ζ(γ)||
p

}

<
ε

p
+ ε

p
+ · · · + ε

p
= pε

p
= ε,

uniformly for all n.
Since ε is chosen arbitrary, the obvious conclusion is that

lim
p→∞

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k(γ) − ζ(γ)

∣∣∣∣∣∣
∣∣∣∣∣∣ = 0.

Hence, (ζn) is an almost convergent complex uncertain sequence in uniformly almost
surely to ζ. □

Remark 2.6. In the above theorem if we replace the sub-collection Γ−Ex, by Λ, which
is a subset of Γ with M{Λ} = 1, then we can easily prove that every convergent almost
surely complex uncertain sequence is almost convergent in the same direction.

Theorem 2.9. A convergent complex uncertain sequence in mean almost converges
in the same aspect. Also, limits of the both cases are identical.

Proof. Suppose (ζn) converges to ζ in mean. Then limn→∞ E[||ζn − ζ||] = 0. This
implies, for a preassigned ε > 0 there exists n0 ∈ N such that

(2.1) E[||ζn − ζ||] < ε, for all n ≥ n0.

Suppose p ∈ N be given. Then∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ =

∣∣∣∣∣
∣∣∣∣∣ζn + ζn+1 + · · · + ζn+p−1

p
− ζ

∣∣∣∣∣
∣∣∣∣∣

=
∣∣∣∣∣
∣∣∣∣∣ζn + ζn+1 + · · · + ζn+p−1 − pζ

p

∣∣∣∣∣
∣∣∣∣∣

=
∣∣∣∣∣
∣∣∣∣∣{ζn − ζ} + {ζn+1 − ζ} + · · · + {ζn+p−1 − ζ}

p

∣∣∣∣∣
∣∣∣∣∣

≤
∣∣∣∣∣
∣∣∣∣∣ζn − ζ

p

∣∣∣∣∣
∣∣∣∣∣ +

∣∣∣∣∣
∣∣∣∣∣ζn+1 − ζ

p

∣∣∣∣∣
∣∣∣∣∣ + · · · +

∣∣∣∣∣
∣∣∣∣∣ζn+p−1 − ζ

p

∣∣∣∣∣
∣∣∣∣∣ .

Applying the expected value operator to both sides, we get for any n ≥ n0

E

[∣∣∣∣∣
∣∣∣∣∣{ζn − ζ} + {ζn+1 − ζ} + · · · + {ζn+p−1 − ζ}

p

∣∣∣∣∣
∣∣∣∣∣
]
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≤1
p

E [||ζn − ζ|| + ||ζn+1 − ζ|| + · · · + ||ζn+p−1 − ζ||]

=1
p

{E[||ζn − ζ||] + E[||ζn+1 − ζ||] + · · · + E[||ζn+p−1 − ζ||]}

<
1
p

(ε + ε + · · · + ε) = pε

p
= ε.

Consequently, (ζn) is an almost convergent complex uncertain sequence in mean
to ζ. □

Remark 2.7. Using the complex uncertainty distribution operator, instead of expected
value operator in the above Theorem 2.9, one can verify that convergence in distribu-
tion of a complex uncertain sequence implies its almost convergence.

Theorem 2.10. For a complex uncertain sequence
convergence in measure ⇒ almost convergence in measure.

Proof. Let (ζn) converges to ζ in measure. Then for any given ε > 0
lim

n→∞
M{||ζn − ζ|| > ε} = 0.

Then for any p ∈ N

M


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ > ε


=M

{∣∣∣∣∣
∣∣∣∣∣ζn + ζn+1 + · · · + ζn+p−1

p
− ζ

∣∣∣∣∣
∣∣∣∣∣ > ε

}

=M

{∣∣∣∣∣
∣∣∣∣∣ζn + ζn+1 + · · · + ζn+p−1 − pζ

p

∣∣∣∣∣
∣∣∣∣∣ > ε

}

=M

{∣∣∣∣∣
∣∣∣∣∣{ζn − ζ} + {ζn+1 − ζ} + · · · + {ζn+p−1 − ζ}

p

∣∣∣∣∣
∣∣∣∣∣ > ε

}

≤M

{∣∣∣∣∣
∣∣∣∣∣ζn − ζ

p

∣∣∣∣∣
∣∣∣∣∣ > ε′

}
+ M

{∣∣∣∣∣
∣∣∣∣∣ζn+1 − ζ

p

∣∣∣∣∣
∣∣∣∣∣ > ε′

}
+ · · · + M

{∣∣∣∣∣
∣∣∣∣∣ζn+p−1 − ζ

p

∣∣∣∣∣
∣∣∣∣∣ > ε′

}
=M{||ζn − ζ|| > pε′} + M{||ζn+1 − ζ|| > pε′} + · · · + M{∥ζn+p−1 − ζ|| > pε′},

for some ε′ < ε
p
. Taking limiting case of n ≥ n0 to infinity, we get

lim
n→∞

M


∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
k=0

ζn+k − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣ > ε

 = 0.

Consequently, (ζn) is an almost convergent complex uncertain sequence in measure to
ζ. □

Theorem 2.11. If a complex uncertain sequence (ζn) is almost convergent in mean
then (ζn) is bounded in mean also.
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Proof. Since (ζn) converges to ζ in mean for every ε > 0, there exists n0 ∈ N such
that

E

∣∣∣∣∣∣
∣∣∣∣∣∣1p

p−1∑
x=0

ζn+x − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣
 < ε, for all p > n0 and uniformly for all n ∈ N

⇒E

∣∣∣∣∣∣
∣∣∣∣∣∣1p

n+p−1∑
k=n

ζk − ζ

∣∣∣∣∣∣
∣∣∣∣∣∣
 < ε, for all p > n0 and uniformly for all n ∈ N.

This holds valid for p = p + 1 and so E
[∣∣∣∣∣∣∑n+p−1

k=n ζk

∣∣∣∣∣∣] is finite. Thus, there exists a
finite real number M such that

E

∣∣∣∣∣∣
∣∣∣∣∣∣
n+p−1∑

k=n

ζk

∣∣∣∣∣∣
∣∣∣∣∣∣
 ≤ M

2 .

The above inequality can be established if we take p = p + 1 and q = q + 1. Now,

E[||ζn||] = E

∣∣∣∣∣∣
∣∣∣∣∣∣
n+p∑
k=n

ζk −
n+p∑

k=n+1
ζk

∣∣∣∣∣∣
∣∣∣∣∣∣
 ≤ E

[∣∣∣∣∣
∣∣∣∣∣
n+p∑
k=n

ζk

∣∣∣∣∣
∣∣∣∣∣
]
+E

∣∣∣∣∣∣
∣∣∣∣∣∣

n+p∑
k=n+1

ζk

∣∣∣∣∣∣
∣∣∣∣∣∣
 ≤ M

2 + M

2 = M.

Therefore, supn E[||ζn||] ≤ M and hence the complex uncertain sequence is bounded
in mean. □

Remark 2.8. The above theorem holds good for the remaining cases of uncertainty.
That is, almost convergence of complex uncertain sequences implies its boundedness
in measure, distribution, almost surely and uniformly almost surely too.
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