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ESSENTIAL APPROXIMATE PSEUDOSPECTRA OF
MULTIVALUED LINEAR RELATIONS

AREF JERIBI1 AND KAMEL MAHFOUDHI1

Abstract. One of the fundamental ideas investigated in A. Ammar, A. Jeribi
and K. Mahfoudhi in [5] is that of providing conditions under which the essential
approximate pseudospectrum of closed, densely defined linear operators have a
relationship with Fredholm theory and perturbation theory. In this paper the
approximate pseudospectrum and the essential approximate pseudospectrum of
closed, densely defined multivalued linear relations are introduced and studied, and
work done in the aforementioned papers are extended to general multivalued linear
relations

1. Introduction

A vast number of the problems that have been investigated in the Banach algebra
setting originated in the context of bounded linear operators or multivalued linear
relations on a Banach space. Let X denote a linear vector space over K = R or C. T
multivalued linear operator on X is a mapping from a subspace D(T ) of X, called the
domain of T , into the collection of non empty subsets of X such that

T (αx1 + βx2) = αT (x1) + βT (x2),

for all non zero scalars α, β ∈ K and x1, x2 ∈ D(T ). If T maps the points of its
domain to singletons, then T is said to be a single valued linear operator or simply
an operator, which is equivalent to T (0) = {0}.

Key words and phrases. Pseudospectrum, approximate pseudospectra, essential approximate pseu-
dospectra, multivalued linear relations.
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We denote by LR(X) the class of linear relations everywhere defined. T ∈ LR(X)
is uniquely determined by its graph G(T ), which is defined by

G(T ) := {(x, y) ∈ X × X : x ∈ D(T ), y ∈ Tx},

so that we can identify T with G(T ). The closure and completion of T , denoted by T

and T̃ , respectively, is the linear relation defined by
G(T ) :=G(T ),

G(T̃ ) :=G̃(T ).

We denote by CR(X) the class of all closed linear relations from X into X. The
inverse of T is a linear relation T −1 given by

G(T −1) := {(y, x) : (x, y) ∈ G(T )}.

If G(T ) is closed, then T is said to be closed,
N(T ) :={x ∈ D(T ) : (x, 0) ∈ G(T )} and R(T ) := T (D(T ))

denote kernel structure and the range of the relation T , respectively. The linear
relation T + S is defined by

G(T + S) := {(x, y) ∈ X × X : y = u + v with (x, u) ∈ G(T ), (x, v) ∈ G(S)}.

Let T ∈ LR(X) and S ∈ LR(X) where R(T ) ∩ D(S) ̸= ∅. The product of ST is
defined by

G(ST ) := {(x, z) ∈ X × X : (x, u) ∈ G(T ) and (u, z) ∈ G(S) for some u ∈ X}.

Let QT denote the quotient map from X onto X/T (0). We shall denote QT (0) by QT .
Clearly, QT T is a single valued operator and the norm of T is defined by

∥T∥ := ∥QT T∥.

We say that T is continuous if for each neighborhood V in R(T ), T −1(V ) is a
neighborhood in D(T ) ( ∥T∥ < ∞), bounded if it is continuous with D(T ) = X, open
if T −1 is continuous, equivalently γ(T ) > 0 where γ(T ) is the minimum modulus of
T defined by

γ(T ) := sup
{

λ ≥ 0 : λd(x,N(T )) ≤ ∥Tx∥ for x ∈ D(T )
}

,

where d(x,N(T )) is the distance between x and N(T ). If D(T ) and if ∥T∥ < ∞, then
we shall say that T is bounded.

The class of such relations is denoted by LR(X) and we denote by L(X) the set of
all bounded linear operators from X. For T ∈ LR(X), we write

α(T ) := dimN(T ), β(T ) := dim X/R(T ), β(T ) := dim X/R(T ),
and the index of T is the quantity i(T ) := α(T ) − β(T ) provided that α(T ) and
β(T ) are not both infinite. We say T is upper semi-Fredholm, if there exists a finite
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codimensional subspace M of D(T ) for which T|M is injective and open. If M and N

are subspaces of X and of the dual space X
′ respectively, then

M⊥ :=
{

x
′ ∈ X

′ : x
′(x) = 0 for all x ∈ M

}
and

N⊤ :=
{

x ∈ X : x
′(x) = 0 for all x

′ ∈ N
}

.

The conjugate of T ∈ LR(X) is the linear relation T
′ defined by

G(T ′) := G(−T −1)⊥ ⊂ Y
′ × X

′
,

so that (y′
, x

′) ∈ G(T ′) if, and only if, y
′(y) = x

′(x) for all (x, y) ∈ G(T ).
A closed linear relation T acts from X into X.

Definition 1.1. Let T ∈ LR(X).
(i) T is said to be upper semi-Fredholm, if there exists a closed, finite, codimensional

subspace M of X, such that the restriction T |M has a single valued continuous inverse.
(ii) T is said to be lower semi-Fredholm linear relation if its conjugate T

′ is
uppersemi-Fredholm linear relation.

We denote by F+(X), the set of upper semi-Fredholm linear relations and by F−(X)
the set of lower semi-Fredholm linear relations.

In the case when X is Banach space, we extend the classes of closed single-valued
Fredholm type operators given earlier to include closed multivalued operators, and
note that the definitions of the classes F+(X) and F−(X) are consistent, respectively,
with

Φ+(X) =
{
T ∈ CR(X) : α(T ) < ∞ and R(T ) is closed in X

}
,

Φ−(X) =
{
T ∈ CR(X) : β(T ) < ∞ and R(T ) is closed in X

}
.

Φ(X) := Φ+(X)∩Φ−(X) denotes the set of Fredholm relations from X and Φ±(X) :=
Φ+(X) ∪ Φ−(X) denotes the set of semi-Fredholm relations from X.

We say that T is strictly singular, if there is no infinite dimensional subspace M of
D(T ) for which the restriction T |M has a single valued continuous inverse.

The families of all compact and strictly singular linear relations will be denoted by
KR(X) and SSR(X), respectively.

Let T ∈ LR(X), the set

ρ(T ) :=
{
λ ∈ C : λ − T is injective, open with dense range on X

}
.

Referring back to the closed theorem of linear relations (see [16,17]), when T is closed
and X is a Banach space, this coincides with the set{

λ ∈ C : (λ − T̃ )−1 is everywhere defined and single valued
}
.

Therefore, our definition of a resolvent set coincides with the standard definition for
bounded or closed operators in Banach spaces.
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The spectrum of T is the set σ(T ) := C\ρ(T ). The set ρ(T ) is open, whereas the
spectrum σ(T ) of a closed linear relation T is closed. The approximate point spectrum
of T is the set defined by

σap(T ) :=
{
λ ∈ C : λ − T is not bounded below

}
.

The defect spectrum of T is the set defined by

σδ(T ) :=
{
λ ∈ C : λ − T is not surjective

}
.

Let T ∈ LR(X) and ε > 0. We define the pseudospectra of a linear relation T by

σε(T ) := σ(T ) ∪
{

λ ∈ C : ∥(λ − T )−1∥ >
1
ε

}
.

The approximate pseudospectrum of a linear relation T by the set

σap,ε(T ) := σap(T ) ∪
{

λ ∈ C : inf
x∈D(T )\N(T ),

∥x∥=1

∥(λ − T )x∥ ≤ ε
}

,

and the defect pseudospectrum of a linear relation T by
σδ,ε(T ) = σap,ε(T

′).
Our concern in this paper is mainly the following essential pseudospectra

σe1,ε(T ) =C \ {λ ∈ C : λ − T + S ∈ Φ+(X) for all S ∈ IT (X)},

σe2,ε(T ) =C \ {λ ∈ C : λ − T + S ∈ Φ−(X) for all S ∈ IT (X)},

σe3,ε(T ) =C \ {λ ∈ C : λ − T + S ∈ Φ±(X) for all S ∈ IT (X)},

σe4,ε(T ) =C \ {λ ∈ C : λ − T + S ∈ Φ(X) for all S ∈ IT (X)},

where
IT (X) :={S ∈ LR(X) is continuous : ∥S∥ < ε,D(S) ⊃ D(T ) and S(0) ⊂ T (0)},

σw,ε(T ) =
⋂

K∈KT (X)
σε(T + K),

σeap,ε(T ) =
⋂

K∈KT (X)
σap,ε(T + K),

σeδ,ε(T ) =
⋂

K∈KT (X)
σδ,ε(T + K)

and
KT (X) := {K ∈ KR(X) : D(K) ⊃ D(T ) and K(0) ⊂ T (0)}.

We turn our attention to the following inclusions
σe1,ε(T ) ∩ σe2,ε(T ) =σe3,ε(T ) ⊂ σe4,ε(T ) ⊂ σw,ε(T ) ⊂ σε(T ),

σe1,ε(T ) ⊂σeap,ε(T ) and σe2,ε(T ) ⊂ σeδ,ε(T ),
σw,ε(T ) =σeap,ε(T ) ∪ σeδ,ε(T ).
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If ε tends to 0, we recover the usual definition of the essential spectra of a closed
operator T . The subsets σe1(.) and σe2(·) are the Gustafson and Weidmann essential
spectra, σe3(·) is the Kato essential spectrum, σe4(·) is the Wolf essential spectrum,
σw(·) is the Schechter essential spectrum, σeap(·) is the essential approximate point
spectrum and σeδ(·) is the essential defect spectrum.

Remark 1.1. Let T ∈ LR(T ).
(i) If ε1 < ε2, then σj,ε1(T ) ⊂ σj,ε2(T ) with j = 1, 2, 3, 4, w, eap, δ.
(ii) It is clear that σj,ε(T ), with j = w, eap, δ has a remarkable stability, any

compact perturbation K ∈ KT (X) leaves the essential pseudospectrum invariant,
then we have σj,ε(T + K) = σj,ε(T ), with j = w, eap, δ.

This paper is a continuation of the research which was undertaken by A. Ammar and
A. Jeribi in works [3,5,6,13] and was devoted to special subsets of the pseudospectrum
and the essential pseudospectrum of closed, densely defined multivalued linear relations

σw,ε(T ) :=
⋂

K∈KT (X)
σε(T + K) :=

⋃
∥D∥<ε

σw(T + D),

where
σw(T ) :=

⋂
K∈KT (X)

σ(T + K).

Also, for the benefit of the reader we review an important result about pseudospectrum
from [7–10] and [11,12].

After compressing or depressing them, certain parts of pseudospectrum of an linear
relations acting between Banach space may be distinguished. Among these parts, we
are interested in two: one is the approximate pseudospectrum and the other is the
essential approximate pseudospectrum. Motivated by the approximate pseudospec-
trum versions introduced by M. P. H. Wolf [22] in the case of linear operator, it
becomes possible to extend this definition to the case of multivalued linear relations
of closed, densely defined multivalued linear relations. Recently, J. M. Varah [21], has
introduced the first idea of pseudospectra. L. N. Trefethen [18,19], not only initiated
the study of pseudospectrum for matrices and operators, but he also talked of ap-
proximate eigenvalues and pseudospectrum and used this notion to study interesting
problems in mathematical physics. In the same vein, several authors have worked on
this field. For example, we may refer to E. B. Davies [15].

The main aims of this work are the following: we introduce and study the ap-
proximate pseudospectrum and the essential approximate pseudospectrum of closed,
densely defined multivalued linear relations. We begin by the definition and we investi-
gate the characterization, the stability and some properties of these pseudospectrum.

We organize our paper in the following way. In Section 2 contains preliminary and
auxiliary properties that will be necessary in order to prove the main results of the
other sections. Some results concerning approximate pseudospectrum and essential
approximate pseudospectrum are established in Sections 3 and 4. The main focus
of this section are Theorems 3.4, 3.5 and 4.1. Subsequently, we apply the obtained
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results to study the invariance and the characterization of the essential approximate
pseudospectrum of a closed multivalued linear operator.

2. Preliminary Results

In this section we collect some results of the theory of multivalued linear operators
which will be needed in the following sections.

Definition 2.1. Let S ∈ LR(X) be continuous where, X is normed spaces.
(i) S is called a Fredholm perturbation if T + S ∈ Φ(X), whenever T ∈ Φ(X).
(ii) S is called an upper semi-Fredholm perturbation if T + S ∈ Φ+(X), whenever

T ∈ Φ+(X).
(iii) S is called a lower semi-Fredholm perturbation if T + S ∈ Φ−(X), whenever

T ∈ Φ−(X).

The sets of Fredholm, upper and lower semi-Fredholm perturbations are denoted
by P(Φ(X)), P(Φ+(X)), and P(Φ−(X)), respectively.

We denote also the set
PT (Φ(X)) := {S ∈ P(Φ(X)) : S(0) ⊂ T (0) and D(S) ⊃ D(T )},

PT (Φ+(X)) := {S ∈ P(Φ+(X)) : S(0) ⊂ T (0) and D(S) ⊃ D(T )}
and

PT (Φ−(X)) := {S ∈ P(Φ−(X)) : S(0) ⊂ T (0) and D(S) ⊃ D(T )}.

In general by [2] we have
KT (X) ⊂ PT (Φ+(X)) ⊂ PT (Φ(X)) and KT (X) ⊂ PT (Φ−(X)) ⊂ PT (Φ(X)).

Lemma 2.1 ([2]). Let T ∈ CR(X), where X is Banach spaces. Then the following
hold.

(i) If T ∈ Φ+(X) and S ∈ PT (Φ+(X)), then T + S ∈ Φ+(X) and i(T + S) = i(T ).
(ii) If T ∈ Φ−(X, Y ) and S ∈ PT (Φ−(X)), then T +S ∈ Φ−(X) and i(T +S) = i(T ).

Lemma 2.2 ([16]). Let T ∈ LR(X). Then for x ∈ D(T ), we have the following
equivalence:

(i) y ∈ Tx ⇔ Tx = y + T (0).
In particular,
(ii) 0 ∈ Tx ⇔ Tx = T (0).

Lemma 2.3 ([16, Corollary I.2.11]). Let T ∈ LR(X). Then
(i) T −1Tx = x + T −1(0) for all x ∈ D(T );
(ii) TT −1y = y + T (0) for all y ∈ R(T ).

Lemma 2.4 ([16, Proposition II.1.4 and II.1.6]). Let X is normed spaces and T ∈
LR(X). Then

(i) ∥Tx∥ = d(y, T (0)) for any y ∈ Tx;
(ii) ∥Tx∥ = d(Tx, T (0)) = d(Tx, 0) (x ∈ D(T ));
(iii) ∥T∥ = supx∈BX

∥Tx∥ with BX := {x ∈ X : ∥x∥ ≤ 1}.
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Lemma 2.5 ([12, Proposition 3.1]). Let S, T ∈ LR(X) such that S(0) ⊂ T (0),
D(T ) ⊂ D(S). If T ∈ CR(X) and S is continuous, then S + T ∈ CR(X).

Theorem 2.1 ([16, Theorem III.4.2]). Let T ∈ CR(X), then
(i) T is continuous if and only if D(T ) is closed;
(ii) T is open if and only if R(T ) is closed.

Lemma 2.6 ([16, Proposition II.3.20]). Let T be open and injective and let S ∈ LR(X)
be a linear operator satisfying ∥S∥ < γ(T ). Then T + S is open and injective.

Proposition 2.1 ([16, Proposition I.4.2], [14, Lemma 2.4]). Let R, S, T ∈ LR(X).
Then

(i) (R + S)T ⊂ RT + ST with equality if T is single valued.
(ii) Let T ∈ LR(X) and S, R ∈ LR(Y, Z). If T (0) ⊂ N(S) or T (0) ⊂ N(R), then

(R + S)T = RT + ST.

Theorem 2.2 ([16, Theorem III.5.3]). Let X, Y be Banach spaces and let T ∈ CR(X).
Then T is open if and only if R(T ) is closed.

Theorem 2.3 ([12, Theorem 2.2]). Let S, T ∈ LR(X) be closed. We have the follow-
ing.

(i) If S, T ∈ Φ+(X), then ST ∈ Φ+(X) and TS ∈ Φ+(X).
(ii) If S, T ∈ Φ−(X), with TS (resp. ST ) closed, then TS ∈ Φ−(X) (resp. ST ∈

Φ−(X)).
(iii) If S, T ∈ Φ(X), then TS ∈ Φ(X) and i(TS) = i(T ) + i(S) + dim X

/
(R(S) +

D(T )) − dim[S(0) ∩ N(T )].
(iv) If S and T are everywhere defined and TS ∈ Φ+(X), then S ∈ Φ+(X).
(v) If S and T are everywhere defined such that TS ∈ Φ(X) and ST ∈ Φ(X), then

S ∈ Φ(X) and T ∈ Φ(X).

3. The Approximate Pseudospectrum of Linear Relations

The goal of this section is to study the approximate of pseudospectrum of closed,
densely defined multivalued linear relations.

Proposition 3.1. Let T ∈ LR(X) where X is a normed space. Then
σap,ε(T ) ⊂ σε(T ).

Proof. Let λ /∈ σε(T ), then ∥(λ − T )−1∥ ≤ 1
ε
. Moreover,

1
inf

x∈D(T )\N(T ),
∥x∥=1

∥(λ − T )x∥
= sup

x∈D(T )\N(T ),
∥x∥=1

∥x∥
∥(λ − T̃ )x∥

= sup
0 ̸=x∈D(T )\N(T )

∥x∥
∥(λ − T̃ )x∥

.(3.1)
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Putting x := (λ − T )−1y we have

(λ − T )x = (λ − T )(λ − T )−1y (by Lemma 2.3)
= y + (λ − T )(0).

Using Lemma 2.2, we obtain that y ∈ (λ − T )x. On the other hand, (λ − T )(0) =
λ(0) − T (0) = 0 − T (0) = T (0). Also by Lemma 2.2, 0 ∈ T (0) and from Lemma 2.4
we have

(3.2) ∥(λ − T )x∥ = d(y, (λ − T )(0)) = d(y, T (0)) ≤ d(y, 0) = ∥y∥.

Combining (3.1) and (3.2) that

sup
y∈X\{0}

∥(λ − T̃ )−1y∥
∥y∥

= ∥(λ − T̃ )−1∥ ≤ 1
ε

.

Consequently,

inf
x∈D(T )\N(T ),

∥x∥=1

∥(λ − T )x∥ > ε.

Hence,
λ /∈ σap,ε(T ). □

Example 3.1. Let X = Cn and let T be the single-valued linear operator on L(Cn)
given for all n ≥ 2 with the infinity norm by{

T : Cn → Cn,
ei 7→ Tei, where Tei = e(n+1)−i.

It is easily checked that 
T = T −1,
∥T∥ = 1,
σ(T ) ∪ {∞} = {−1, 1}.

Therefore, T is everywhere defined closed linear relation. We will check that if

∥(λ − T )ei∥ = λei − e(n+1)−i,

then
inf

ei∈D(T )\N(T ),
∥ei∥=1

∥(λ − T )ei∥ = |λ| + 1,

and if
∥(λ − T )−1ei∥ = λei − e(n+1)−i

λ2 − 1 ,

then
∥(λ − T )−1∥ = |λ| + 1

|λ2 − 1|
.
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Moreover, for ε > 1 we obtain

σap,ε(T ) ={λ ∈ C : |λ| ≤ ε − 1},

σε(T ) =
{

λ ∈ C : |λ| + 1
|λ2 − 1|

>
1
ε

}
.

It is easy to verify that, for all λ with 0 ≤ |λ| ≤ 1 we have

σε(T ) ̸= σap,ε(T ).

Proposition 3.2. Let T ∈ LR(X), where X is a normed space. Then⋂
ε>0

σap,ε(T ) = σap(T ).

Proof. It is clear that σap(T ) ⊂ σap,ε(T ) for all ε > 0, then

σap(T ) ⊂
⋂
ε>0

σap,ε(T ).

Conversely, let λ /∈ σap(T ). Then λ − T is bounded below, hence λ − T is injective,
open with dense range on X and (λ − T̃ )−1 is a bounded linear operator, so there
exists ε > 0 such that

∥(λ − T̃ )−1∥ ≤ 1
ε

.

Therefore,
λ /∈ σε(T ),

and we conclude from Proposition 3.1 that λ /∈ σap,ε(T ). So, λ /∈ ⋂
ε>0 σap,ε(T ). □

Theorem 3.1. Let T ∈ LR(X) and ε > 0. Then, for any α, β ∈ C with β ̸= 0 we
have the following.

(i) If α ∈ C and ε > 0, then σap,ε(T + αI) = α + σap,ε(T ).
(ii) If β ∈ C\{0} and ε > 0, then σap,|β|ε(βT ) = βσap,ε(T ).

Proof. (i) Let λ ∈ σap,ε(T + αI), then

λ ∈ σap(T + αI) or inf
x∈D(T )\N(T ),

∥x∥=1

∥(λ − αI − T )x∥ ≤ ε.

Hence, (λ − α)I − T is not bounded below (not injective) or

inf
x∈D(T )\N(T ),

∥x∥=1

∥((λ − α)I − T )x∥ ≤ ε.

This yields to λ ∈ α + σap,ε(T ). For the second inclusion it is the same reasoning.
(ii) Let λ ∈ σap,|α|ε(αT ), then λ ∈ σap(αT ) or

inf
x∈D(T )\N(T ),

∥x∥=1

∥(λ − αT )x∥ ≤ |α|ε.
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It follows that λ − αT is not bounded below (not injective) or

inf
x∈D(T )\N(T ),

∥x∥=1

∥∥∥∥∥α
(

λ

α
− T

)
x

∥∥∥∥∥ ≤ |α|ε.

Hence, α( λ
α

− T ) is not bounded below (not injective) or

inf
x∈D(T )\N(T ),

∥x∥=1

∥∥∥∥∥α
(

λ

α
− T

)
x

∥∥∥∥∥ = |α| inf
x∈D(T )\N(T ),

∥x∥=1

∥∥∥∥∥
(

λ

α
− T

)
x

∥∥∥∥∥ ≤ |α|ε.

Thus, λ
α

∈ σap(T ) or

inf
x∈D(T )\N(T ),

∥x∥=1

∥∥∥∥∥
(

λ

α
− T

)
x

∥∥∥∥∥ ≤ ε.

So, σap,|α|ε(αT ) ⊆ ασap,ε(T ). However, the reverse inclusion is similar. □

Corollary 3.1. Let T ∈ LR(X) and ε > 0. Then, for any α, β ∈ C with β ̸= 0 we
have

σap,ε(αI + βT ) = α + βσap,ε|β|(T ).

Definition 3.1. Given a polynomial P (z) = ∑n
k=0 αkzk with coefficients αk ∈ C, we

define the polynomial in T by P (T ) = ∑n
k=0 αkT k.

Theorem 3.2. Let T be closed relation and assume that V is closed single valued
bounded relation such that 0 ∈ ρ(V ). Let S = V TV −1. Then, for all polynomial P (T )
of degree n we have P (S) is closed and

P (S) = V P (T )V −1.

Proof. We need to show that P (S) is closed. Let T is closed relation, then from [1,
Lemma 2.7] we obtain that P (T ) is closed. On the other hand, V is closed single
valued bounded relation such that 0 ∈ ρ(V ), then V has a closed range (R(V ) = X).
By the fact that V injective and open we have

α(V ) = 0 < ∞ and γ(V ) > 0.

By using [16, Proposition II.5.17], we deduce that V P (T ) is closed. Moreover,
since V −1 is single valued and bounded, then from [16, Exercise II.5.18] we obtain
V P (T )V −1 is closed. Hence, P (S) is closed. Now, let

P (S) =
n∑

k=0
αkSk =

n∑
k=0

αk(V TV −1)k.

Since, V is single valued injective we infer that

P (S) =
n∑

k=0
αk(V TV −1)k = V

(
n∑

k=0
αkT k

)
V −1 = V P (T ))V −1. □
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Theorem 3.3. Let T ∈ CR(X) where X is a complete space and assume that V as
in Theorem 3.2. Let k = ∥V ∥∥V −1∥ and P (S) = V P (T )V −1. Then

σap(P (S)) = σap(P (T )).

Proof. We have

λ − P (S) =λ − V P (T )V −1,

(λ − P (S))V =(λ − V P (T )V −1)V
=(λV − V P (T )V −1V ) (using [16, Proposition I.4.2 ])
=(λV − V P (T )) (as V is injective)

and

V −1(λ − P (S))V =V −1(λV − V P (T )),
V −1(λ − P (S))V =(λV −1V − V −1V P (T )) (using [16, Proposition I.4.2 ])
V −1(λ − P (S))V =(λ − P (T )) (as V is injective)

(λ − P (S)) =V (λ − P (T ))V −1 (as V is single valued).

Now, if λ /∈ σap(P (T )) then the closed relation λ−P (T ) is bounded below (injective,
open). By [16, Proposition VI.5.2])

V (λ − P (T ))V −1 = λ − P (S)

is closed, bounded below (injective, open). Hence, λ ∈/∈ σap(P (S)).
Conversely, if λ /∈ σap(P (S)) then the closed relation λ − P (S) is bounded below

(injective, open). By [16, Proposition VI.5.2])

V −1(λ − P (S))V = λ − P (T )

is also closed, bounded below (injective, open). Hence, λ /∈ σap(P (T )), which implies
the result. □

Now, we are ready to give our first main result of this section.

Theorem 3.4. Let T ∈ CR(X), λ ∈ C, and ε > 0. If λ ∈ σap,ε(T ), then there is
S ∈ LR(X) satisfying D(T ) ⊂ D(S), S(0) ⊂ T (0), ∥S∥ < ε such that λ ∈ σap(T +S).

Proof. Let λ ∈ σap,ε(T ). We will discuss these two cases.
1. case. If λ ∈ σap(T ), we may put S = 0.
2. case. If λ /∈ σap(T ), then there exists x0 ∈ X, ∥x0∥ = 1 such that

∥(λ − T )x0∥ < ε,

and by the Hahn Banach Theorem (see [20]), there exists x′ ∈ X ′ such that ∥x′∥ = 1
and x′(x0) = ∥x0∥. We define the relation S : X → X by

S(x) := x′(x)(λ − T )x0.
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It is clear that S is everywhere defined and single valued (as S(0) = 0).
∥Sx∥ = ∥x′(x)(λ − T )x0)∥ ≤ ∥x′∥∥x∥∥(λ − T )x0∥,

for x ̸= 0, we have
∥Sx∥
∥x∥

≤ ∥(λ − T )x0∥,

so,
∥S∥ ≤ ∥(λ − T )x0∥ < ε.

We can rewrite
inf

x∈D(T )\N(T ),
∥x∥=1

∥(λ − T − S)x∥ ≤∥(λ − T − S)x0∥

≤∥(λ − T )x0 − Sx0∥
≤∥(λ − T )x0 − x′(x0)(λ − T )x0∥
≤∥(λ − T )(0)∥
≤∥λ(0) − T (0)∥
≤∥T (0)∥ = d(T (0), T (0)) = 0.

Then, λ ∈ σap(T + S). □

Theorem 3.5. Let T ∈ CR(X), λ ∈ C, and ε > 0. If there is S ∈ LR(X) satisfying
D(T ) ⊂ D(S), S(0) ⊂ T (0), ∥S∥ < ε such that λ ∈ σap(T + S). Then λ ∈ σap,ε(T ).

Proof. Suppose that there exists a continuous linear relation D ∈ LR(X) satisfying
D(T ) ⊂ D(S), S(0) ⊂ T (0) and ∥S∥ < ε such that

λ ∈ σap(T + S),
which means that

inf
x∈D(T )\N(T ),

∥x∥=1

∥(λ − T − S)x∥ = 0.

In order to prove that
inf

x∈D(T )\N(T ),
∥x∥=1

∥(λ − T )x∥ < ε,

we can write
∥(λ − T )x0∥ = ∥(λ − T − S + S)x0∥ ≤∥(λ − T − S)x0∥ + ∥Sx0∥

≤∥T (0)∥ + ε

≤ε.

Then
inf

x∈D(T )\N(T ),
∥x∥=1

∥(λ − T )x∥ < ε. □
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Corollary 3.2. In summary, at the present moment we have shown that from Theo-
rems 3.5 and 3.4, that for T ∈ CR(X) and ε > 0

σap,ε(T ) =
⋃

JT (X)
σap(T + S),

where

JT (X) :=
{
S ∈ LR(X) is continuous : ∥S∥ < ε,D(T ) ⊂ D(S) and S(0) ⊂ T (0)

}
.

Theorem 3.6. Let T ∈ CR(X) where X is a complete space, then for any ε > 0 and
E ∈ LR(X) such that E(0) ⊂ T (0) and D(E) ⊃ D(T )

σap,ε−∥E∥(T ) ⊆ σap,ε(T + E) ⊆ σap,ε+∥E∥(T ).

Proof. Let λ ∈ σap,ε−∥E∥(T ). Then, by Theorem 3.4 there is S ∈ LR(X) satisfying
D(T ) ⊂ D(S), S(0) ⊂ T (0), ∥S∥ < ε − ∥E∥ such that

λ ∈ σap(T + S) = σap

(
(T + E) + (S − E)

)
.

Using [16, Proposition II.1.7 ] we get

∥S − E∥ ≤∥S∥ + ∥ − E∥
=∥S∥ + ∥E∥ < ε (using [16, Proposition II.1.7]).

Then, from Theorem 3.5, we deduce that λ ∈ σap,ε(T + E). Using a similar reasoning
to the first inclusion, we deduce that λ ∈ σap,ε+∥E∥(T ). □

4. Essential Approximate Pseudospectra of Linear Relations

We begin this section by showing that the essential approximate pseudospectra of
linear relations are closed, and then illustrate some characteristic properties.

Theorem 4.1. Let T ∈ CR(X) and ε > 0. Then the following statements are
equivalent:

(i) λ /∈ σeap,ε(T ).
(ii) For all continuous linear relations S ∈ LR(X) such that D(T ) ⊂ D(S), S(0) ⊂

T (0) and ∥S∥ < ε, we have

λ − T − S ∈ Φ+(X) and i(λ − T − S) ≤ 0.

(iii) For all continuous single valued relations D ∈ LR(X) such that D(T ) ⊂ D(D)
and ∥D∥ < ε, we have

λ − T − D ∈ Φ+(X) and i(λ − T − D) ≤ 0.

Proof. (i) ⇒ (ii) Let λ /∈ σeap,ε(T ). Then there exists K ∈ KT (X) such that

λ /∈ σap,ε(T + K).
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Using Theorems 3.5 and 3.4, for all continuous linear relations S ∈ LR(X) such that
D(T + K) =D(T ) ∩ D(K)

=D(T ) ⊂ D(S) (as D( T ) ⊂ D(K))
(T + K)(0) =T (0) ⊃ S(0) (as K(0) ⊂ T (0)),

and ∥S∥ < ε, we have λ /∈ σap(T +S +K). Then, λ−T −S −K is open, injective with
dense range. On the other hand, T is closed and K is compact then K is continuous
hence λ − S − K is continuous, furthermore (λ − S − K)(0) ⊂ T (0) , then using
Lemma 2.5, we obtain that λ − T − S − K is closed. Hence, from Theorem 2.1,
R(λ − T − S − K) is closed. We conclude that, R(λ − T − S − K) = X. Therefore

λ − T − S − K ∈ Φ+(X) and i(λ − T − S − K) ≤ 0,

for all continuous linear relations S ∈ LR(X) such that D(T ) ⊂ D(S), S(0) ⊂ T (0)
and ∥S∥ < ε. It is obvious from [1, Lemma 2.3] that for all continuous linear relations
S ∈ LR(X) such that D(T ) ⊂ D(S), S(0) ⊂ T (0) and ∥S∥ < ε we have

λ − T − S ∈ Φ+(X) and i(λ − T − S) ≤ 0.

(ii) ⇒ (iii) Is trivial.
(iii) ⇒ (i) We assume that for all D ∈ LR(X) a continuous single valued relations

such that D(T ) ⊂ D(D) and ∥D∥ < ε, then we have
λ − T − D ∈ Φ+(X) and i(λ − T − D) ≤ 0.

By virtue of [2, Theorem 3.5 (i)], λ − T − D can be expressed in the form
λ − T − D = S + K,

where K ∈ Kλ−T −D(X) = KT (X) since
K(0) ⊂T (0) = (λ − T − D)(0),

D(λ − T − D) =D(T ) ⊂ D(K),
and S is a linear relation with closed range and S is injective linear relation (i.e.,
α(S) = 0). So,

λ − T − D − K = S and α(λ − T − D − K) = 0.

Since λ − T − D − K is injective linear relation (bounded below), then there exists a
constant M > 0 such that

∥(λ − T − D − K)x∥ ≥ M∥x∥, for all x ∈ D(T ).
This proves that

inf
x∈D(T )\N(T ),

∥x∥=1

∥(λ − T − D − K)x∥ ≥ M > 0.

This is equivalent to say that
λ /∈ σap(T + D + K),
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and therefore, λ /∈ σeap,ε(T ). □

Remark 4.1. In summary, we have shown that from Theorem 4.1, that for T ∈ CR(X)
and ε > 0

σeap,ε(T ) =
⋃

∥D∥<ε

D(T )⊂D(D)

σeap(T + D) =
⋃

∥S∥<ε

S(0)⊂T (0)
D(S)⊃D(T )

σeap(T + S).

Theorem 4.2. Let T ∈ CR(X) and ε > 0. Then σeap,ε(T ) is a closed set.

Proof. Let λ /∈ σeap,ε(T ) and D be a single valued continuous linear relation such that
D(D) ⊃ D(T ) and ∥D∥ < ε. Hence, by Theorem 4.1, we have

λ − T − D ∈ Φ+(X) and i(λ − T − D) ≤ 0.

So, R(λ − T − D) is closed and from Lemma 2.5, we have λ − T − D is closed. Then
by using Theorem 2.1, λ − T − D is open and hence γ(λ − T − D) > 0. Let r > 0 such
that r < γ(λ − T − D), let µ ∈ Bf (λ, r) then |µ − λ| ≤ r < γ(λ − T − D). According
to Lemma 2.6, it is clear that

µ − T − D = λ − T − D + µ − λ

is open and injective. Since µ − T − D is closed and open, then from Theorem 2.1
we deduce R(µ − T − D) is closed. Then, µ − T − D ∈ Φ+(X). On the other hand,
using [16, Corollary V.15.7], we have

i(µ − T − D) = i(λ − T − D) ≤ 0.

Consequently, µ /∈ σeap,ε(T ) and we infer that σeap,ε(T ) is a closed. □

Observe that as a direct consequence of Theorem 4.1, we infer the following result.

Proposition 4.1. Let T ∈ CR(X).
(i) If 0 < ε1 < ε2, then σeap(T ) ⊂ σeap,ε1(T ) ⊂ σeap,ε2(T ).
(ii) If ε > 0, then σeap,ε(T ) ⊂ σap,ε(T ).
(iii)

⋂
ε>0

σeap,ε(T ) = σeap(T ).

Theorem 4.3. Let T ∈ LR(X) where X is a complete space, then the following hold.
(i) For any ε > 0 and S ∈ LR(X) such that S(0) ⊂ T (0), D(S) ⊃ D(T ) and

∥S∥ < ε we have

σeap,ε−∥S∥(T ) ⊆ σeap,ε(T + S) ⊆ σeap,ε+∥S∥(T ).
(ii) For every α, β ∈ C, with β ̸= 0

σeap,ε(αI + βT ) = α + βσeap,ε|β|(T ).

Proof. The proof of this theorem is inspired from the proof of Corollary 3.1 and
Theorem 3.6 and [4, Propositions 4.2 and 4.4]. □
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Theorem 4.4. Let T ∈ CR(X) and ε > 0. Then
(i) σeap,ε(T ) =

⋂
P ∈PT (Φ+(X))

σap,ε(T + P );

(ii) σeap,ε(T ) =
⋂

S∈SSR(X)
σap,ε(T + S).

Proof. (i) Because, KT (X) ⊂ PT (Φ+(X)), we have that⋂
P ∈PT (Φ+(X))

σap,ε(T + P ) ⊂ σeap,ε(T ).

Conversely, let λ /∈
⋂

P ∈PT (Φ+(X))
σap,ε(T + P ) then there exists P ∈ PT (Φ+(X)) such

that
λ /∈ σap,ε(T + P ).

Since, P is continuous and the use of Lemma 2.5 we infer that T + P is closed. Now,
by using of Corollary 3.2 we see that λ /∈ σap(T + S + P ) for all continuous linear
relations S ∈ LR(X) such that ∥S∥ < ε and

D(T + P ) =D(T ) ∩ D(P ) = D(T ) ⊂ D(S),
(T + P )(0) =T (0) (as P (0) ⊂ T (0))

⊃S(0).
On the other hand, (λ − S − P )(0) ⊂ T (0), D(λ − S − P ) = D(S) ∩ D(P ) ⊃ D(T )
and T is closed, by using of Lemma 2.5, λ − T − S − P is closed, and λ − T − S − P
is open as λ /∈ σap(T + P + S), then from Theorem 2.1, R(λ − T − S − P ) is closed.
Hence λ − T − S − P is injective and open. Therefore

λ − T − S − P ∈ Φ+(X) and i(λ − T − S − P ) ≤ 0.

Since
P ∈ PT (Φ+(X)), P (0) ⊂(λ − T − S − P )(0),

D(P ) ⊃ D(λ − T − S − P ) =D(T ) ∩ D(S) ∩ D(P ), P ∈ Pλ−T −D−P (Φ+(X))
Using Lemma 2.1, we obtain that for all continuous linear relations S ∈ LR(X) such
that S(0) ⊂ T (0), D(T ) ⊂ D(S), ∥S∥ < ε

λ − T − S ∈ Φ+(X) and i(λ − T − S) ≤ 0.

Finally, it follows from Theorem 4.1 that λ /∈ σeap,ε(T ).
(ii) From [2, Theorem 3.3], we have the inclusion KT (X) ⊂ SSR(X) ⊂ PT (Φ+(X)).

Then
σeap,ε(T ) =

⋂
K∈KT (X)

σap,ε(T + K) ⊂
⋂

S∈SSR(X)
σap,ε(T + S)

⊂
⋂

P ∈PT (Φ+(X))
σap,ε(T + P ) = σeap,ε(T ). □

We finally close this paper with the following theorem.
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Theorem 4.5. Let T, S ∈ LR(X) such that S(0) ⊂ T (0) and ε > 0. If D ∈ LR(X)
such that D(0) ⊂ S(0) ⊂ N(T ), ∥D∥ < ε and T (S + D) ∈ F+(X), then

σeap,ε(T + S) ⊂ σeap,ε(S) ∪ σeap(T ).

If, further, (S + D)T ∈ F+(X) and T (0) ⊂ N(S) or T (0) ⊂ N(D) we have

σeap,ε(T + S) = σeap,ε(S) ∪ σeap(T ).

Proof. Since D(T ) = X, then using Proposition 2.1, we obtain that

(λ − T )(λ − S − D) = λ(λ − S − D) − T (λ − S − D).

Also, by Proposition 2.1, we have

(λ − T )(λ − S − D) =λ2 − λS − λD − λT + TS + TD

=λ(λ − S − D − T ) + T (S + D)

Let λ ̸∈ σeap,ε(S) ∪ σeap(T ), then λ ̸∈ σeap,ε(S) and λ ̸∈ σeap(T ). Using [12, Corollary
4.1] we have

(λ − T ) ∈ Φ+(X) and i(λ − T ) ≤ 0.

According to Theorem 4.1 we obtain

λ − S − D ∈ Φ+(X) and i(λ − S − D) ≤ 0,

for all continuous linear relations D ∈ LR(X) such that D(0) ⊂ S(0) and ∥D∥ < ε.
We infer that

(λ − T )(λ − S − D) ∈ Φ+(X).

Since

T (S + D)(0) = TS(0) ⊂ TT −1(0) = T (0) = (λ − S − D − T )(0) = T (0),

and T (S + D) ∈ F+(X), then λ − S − D − T ∈ Φ+(X) for all D ∈ LR(X) such that
D(0) ⊂ S(0) and ∥D∥ < ε

i(λ − S − D − T ) =i(λ − T ) + i(λ − S − D) − dim
(
T (0) ∩ N(λ − S − D)

)
=i(λ − T ) + i(λ − S − D) ≤ 0.

Hence, from Theorem 4.1, we have λ ̸∈ σeap,ε(T +S). The second inclusion is analogous
to the previous one. □
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