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LOCAL EXISTENCE AND BLOW UP FOR A NONLINEAR
VISCOELASTIC KIRCHHOFF-TYPE EQUATION WITH
LOGARITHMIC NONLINEARITY

ERHAN PISKIN!, SALAH BOULAARAS?, AND NAZLI IRKIL?

ABSTRACT. The aim of this paper is to consider the initial boundary value prob-
lem of nonlinear viscoelastic Kirchhoff-type equation with logarithmic source term.
Firstly, we prove the local existence of weak solution by applying Banach fixed the-
orem. Later, we derive the blow-up results by the combination of the perturbation
energy method, concavity method and differential-integral inequality technique.

1. INTRODUCTION

In this article, we study the following viscolelastic Kirchhoff type problem

t
Uy — M(HVUH2> Au—i—g’g(t— s)Au(s)ds=uln|ul, (z,t)€ QxR",

(1.1) u(x,0) =uo(z), w(zr,0)=u(z), ze€,
u(xz,t) =0, x€0Q xR,

where 2 is a bounded domain in R?® with smooth boundary 9Q, M (s) = 31 + B257,
v,s > 0. Specially, we take 3; = 82 = 1. We impose some conditions to be specified
on the kernel function g (t).

The equation with the logarithmic source term is related with many branches of
physics. Cause of this is interest in it occures naturally in inflation cosmology, nuclear
physics, supersymmetric field theories and quantum mechanics (see [3,5,10]). Later,

Key words and phrases. Existence, blow up, viscoelastic equation, Kirchhoff-type equation, loga-
rithmic nonlinearity.
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336 E. PISKIN, S. BOULAARAS, AND N. IRKIL

by the motivation of this work, some authors gave necessary and sufficient conditions
for the hyperbolic equation with logarithmic source term (see [6,12,15,16]).

The Kirchhoff-type problem without the viscoelastic term has been extensively
studied and many results for the existence, blow up and asymptotic behaviour of
solutions have been established. For example, the following equation

g — M ([|Vul®) Au+ Jue'~ g — Ay = 0 ful,

has been considered by Yang et al. [19], where M (s) = a+ s, 7 >0, a > 1, 5 > 0.
They studied the local existence, asymptotic behavior and finite time blow up of
solutions in cases subcritical energy and critical energy. And also, they proved the
finite time blow up solutions in case arbitrary high energy.

In 2019, Pigkin and Irkil [9] considered the global existence for the following equation

uy + M (HAuH2> A2 u+ g (ug)ug = |ul’ o ful®.

In recent years, when by g # 0 and M is a constant function, problem have been
offered by many authors. Al-Gharabli et al. [2] considered the following equation

t
(1.2) || w4+ A%uyy + AP — /g (t — s) A*uds +u = uln |u]k .
0

They investigated the local existence, global existence and stability for the problem
(1.2). Later, they [11] proved the existence and decay results of problem (1.2) for
p = 0 and absence A%uy term. Pigkin and Irkil [18] studied the exponential growth
of solutions of problem (1.2) for p = 0 and higher order viscoelastic term. In [17], the
same authors studied the following equation

¢
utt+[Putt—i—Put]+Pu+u—/g(t—s)Puds+ut:uln|u]k,
0

where P = (—A)™, m > 1, and m € N. They obtained local existence by using Faedo-
Galerkin method and a logaritmic Sobolev inequality. Later, they proved general
decay results of solutions.

In [13], Peyravi considered

t
(1.3) Uy —Au+u+/g(t—s)Au ds + R (ug) wg + |ul> v = wln |ul*,
0

in Q € R? with & (s) = ko + k1 |s|™ " . He studied the decay estimate and exponential
growth of solutions for the problem (1.3).
In [20], Ye studied the logarithmic viscoelastic wave equation

t
utt—Au—i-/g(t—s)Au(s)d:s:ulnM,
0
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in three-dimensional space. The local and global existence for this problem are proved
and the blow up of solutions is obtained.

In 2019, Boulaaras et al. [4] studied viscoleastic Kirchhoff equation with Balakris-
hnan-Taylor damping and logarithmic nonlinearity. They obtained an arbitrary rate
of decay, which is not necessarily of polynomial or exponential decay.

In wiev of the articles mentioned above, much less effort has been devoted to initial
boundary value problem for viscoelastic Kirchhoff type equation with logarithmic
nonlinearity to our knowledge. Our purposes of this paper are to prove the local
existence and blow up result by combining of Banach fixed point theorem, potential
well theory and Logarithmic Sobolev inequality.

The structure of the work is as follows. To facilitate the description, firstly we give
some definitions, notations, energy functional and some lemmas which will be used in
our proof in Section 1. In Section 2 and in Section 3, respectively, we pove the local
existence and blow up results for the solution of problem (1.1).

2. PRELIMINARIES

In this part, we will present some notations and lemmas which will be used through-
out this paper. We will write [-||, and |||, for the usual L?(Q) norm and L” ()
norm, respectively. We will use the Standart Lebesque Space L? () with the inner
product and the norm. The inner product can take as

(w,v) = [u(@)(a)d,
and the norm is defined as

1
[l = (u, w2

Let us begin with defining the following total energy functional

B(t) =g el + 5 (1—/@ )|VMI+HM

1 1 1
2.1 _— (v+1) _ t _7\/ 21 dx.
(2.1) +2(7+1)||Vu|| +5 (g0 V) (1) 29“ n|ul| de
The potential energy functional
(1—/9 )IVMI+HH
1 1 1
- v (’Y"Fl) - v t) — 7/ 21 d
Ty Vel A g lge V() 2/ " ol de,

and the Nehari functional

(22) I(u) = (1—/9(5) ds) IVl + [Vl + (g0 V) (t)—/u21n|u|dx,

Q
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for u € HJ (Q), where
t
(g0 Vu)(t) = /9 (t=8) [[Vu(s) = Vu(t)]* ds.
0

Then, it is easy to show that for u € HJ (),

1 1 2 i 2(y+1)
2. :7[ — - Y
(2.3 T) = 1) 5 ol = 7w,
1
(2.4) B(t) = lull* + J (w).

The potential well depth is defined as
W ={ueH)(Q)|J(u) <dI(u)>0}u{0},
and the outer space of the potential well
V={ueHy(Q]J(u)<dI(u)<0}.
The depth of potential well is defined as
(2.5) d=inf J (u).

ueN

Now, we present following assumptions and some useful lemmas.
(A1) g : Rt — R is a C! nonincreasing function satisfying

g(O)ZO,l—/g(s)ds:lo>0,
0

where

Vul|> + (g o Vu) (1) —!{UQ In |u| dx

/g (s)ds >
’ IVul?
(A2) There exists positive constant ¥ such that

g (t)<dg(t), t=0.

Lemma 2.1 ([7,8] Logarithmic Sobolev Inequality). Let u be any function u € H} (),
Q C R? be a bounded smooth domain and a > 0 be any number. Then

2
3

/ln |u| udr < % ||VuH2 + In ||ul| ||u||2 —5 (1+Ina) ||u||§ )

Q

Lemma 2.2 ([1,14]). Let n = 3. Then Hg(Q2) < L° (Q) and there exists a constant
cp, the smallest positive number, satisfying

lullg < e [[Vully,  for allu € Hy(€).
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Lemma 2.3. Suppose that (A1) and (A2) hold. Then the enerqy functional E (t) is
decresing with respect to t and

1

E'(t) =3 (g 0 Vu) (t) — g (1) [I[Vu (®)[P] <0,
where
(2.6) (¢ o V) (t) = / g (t—s) / IV (s) — Vu (£)[ dadt.

Proof. Multiplyingboth sides of (1.1) by w; and then integrating from 0 to t, we have

1 /
Et) = [5[(6e V) @) - g ) IVu®)’] + £(0),
0
which yields (2.6) by a simple calculation. O

Lemma 2.4. For any u € H} (), |lul| # 0, we have
i) limJ (Au) =0, lim J (Au) = —oo;
A—=0 A—r00
i1) for 0 < A < oo there exists a unique Ay such that

d
aj()\u) |,\:)\1: 0,

where A1 is the unique root of equation
o ||Vu|® + (g o V) (t) — /u2 In |u| dz = ln/\/uzdx A |V
) )
iii) J (M) is strictly decreasing on Ay < A\ < oo, strictly increasing on 0 < X\ < A\
and attains the maximum at A = A\{;
i) T (Au) >0 for0 < A< Ay, I(Au) >0 for Ay < X< o0, and I (Mu) =0
J >0, 0< A< )y,
I(A\u) = )\aJ()\u) =0, A=A,
<0, M<A

Proof. i) By the definition of J (u), we get

2

J (\u) :2 (1 — /g (s) ds) ||Vu||2 - ); (g o Vu) (t)

Az 21y N[
A? A?In A
(2.7) — ?/UQ In |u| dz — 2n /u2da:.
Q Q

Considering ||u|| # 0, so limJ (Au) = 0 and lim J (M) = —oo hold.
A—=0 A—00
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i1) Taking derivative of J (Au) with respect to A, (2.7) yields

dd>\J ) (1—/9 )HWHQH@WUW)

LA ||VU|| () _ )\/UQ In |u| dz — )xln)\/Ude
5 o)

=\ (zo IVl + (g o V) () + A7 || V[P0 — /u2 In |u| dz

Q
—lnA/ude) ,
Q

which means that there is a unique A; such that -&J (M) [y_y,= 0, where \; is the
unique root of equation

o [Vull* + (g0 Vu) (8) = [ u?Infulde = In [ ulde = 327 Vul 0+,
Q Q

where Iy || Vul|* 4+ (g o Vu) (t) — [ u?In |u| dz < 0.
Q
i7i) A simple corollary of the ii) we get
d

aJ()\u) 0, for0< X<\,
and

d

aJ(Au) 0, for <A< oo.

iv) From (2.2), we get

t
(1 [96 ) [7ul + [ Vul + 32 (g 0 Vu) ()
0

/ (Au)* In | \u| de

)
=\? (l IVul® + (g o V) () + A2V ||Vl 20T — /u2 In|u|dex — ln)\/qu:L’)
0
=\

Q
d
J (A
dA
which implies I (Aju) = 0, then I (Au) > 0 for 0 < A < Ay, I (Au) > 0 for Ay < A <
0. O

M\w

Lemma 2.5. Assume that u € H} (). Then d = § (27ly)2 e
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Proof. Combining Logarithmic Sobolev inequality and (A1) yields that

I(u) = (1—/9(5) ds) [Vull® + 9?7 + (g0 Tu) (1) = [ w?In ful do

Q

(2.8)

> (1= 5 Il 4+ 19l (g0 90 )+ 5 0+ ) =] P
for any a > 0. Taking a = /27ly, by (2.8) and (A1), we arrive that
(2.9) I(u) > 2(1 +na)—In ||u||] lull.
From Lemma 2.4 and (2.3), we conclude that

sup J () = JOw) = 31+ sl = 5 2wl
(2.10) > ;](Alu) + i [ Aulf?
It follows from (2.9) and Lemma 2.4 that
0= I(\u) > ;)(14—11104) o Pl [aul?,

which implies that
(2.11) A > (27l) % €.
We gain from (2.10) and (2.11) that
(2.12) SAgI(?J (Au) > le (27Tl0)% e
By (2.5) and (2.12), d = 1 (27ly)% €8 > 0. O

3. LocAL EXISTENCE

In this part, we state and prove the local existence result for the problem (1.1).
Firstly, we consider linear problem
(3.1)

t
uy — M (||Vul) Au+t[g(t—s)Du(s) ds+u=vhnfo], (2,t)€Qx(0,T),

u(x,()) = Ug ($), Ut (iL‘,O) = U (1‘), er?
u(x,t) =0, x€dQ xR,

in which T > 0.
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Lemma 3.1. Assume that (A1) and (A2) hold. Then for every (ug,u;) € Hy () X
L*(Q) and v € C([0,T); H} (Q)), problem (3.1) has a unique local solution for some
T7>0
we C([0,7); Hy (), ueC([0,7);L%(Q)).
Proof. Suppose that {w; };’;1 be the eigenfunctions of the Laplace operator with the
Dirichlet boundary condition
—ij = )\jU)j, w; |@Q: 0.

Then, we choose an orthogonal basis {wj}j.il in Hj (Q) which is orthonormal in

L?*(Q) . Let V,, be the subspace of Hj () generated by {wy,wy, ..., w,}, m € N. We
search for an approximate solution

:ih;”(t)w

j=1
which satisfies the following Cauchy problem in V,,

(ufp (£),wj) = M ([[V™ul®) (A™u (t), wy) + Ofg (t = s) (A™u(s) ,w;) ds

=@wlnp|,w;), j=1,2,....,meV,,

u™(0) = ug* = i (up,wj)w;, in Hy (Q),m — oo,
j=1

(3.2)

U;n (0) = ’U,in = ji::l ('LLL’LUJ'> Wy, in L? (Q) , M — OQ.

This leads to the initial value problem for a system second-order differantial equations
for unknown functions A7 (t)

(3.3) {hﬁt(HM(W”) Gy (hr (@), j=12...m

) =
Jwwide, j=1,2,...,m,
)

ihj (¢
hy (0) = guo’wjdfl?, (0) =

where
/g /\hm()d8+/vln|v|wj, j=12,....m
Q

Multiplying (3.3) by A% (f) and sum over j from 1 to m, and later integrating over
[0,t], we obtain

t
1
g (O + (1 —0/9( ) IV |* + —— o [V |20+ (g o Vu) (1)

1
m 2 m 2 m 2 1
=t O + V1P + 7 17 PO

+2// VIn [o(s)| u (s )d:cds+/[(g'ovu) (s) — g () |V ()] ds
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1
(34 <l (I + 190+ IV P+ -2 / / ) In fos)| g (s) dads.

We estimate the last term in the right-hand side as follows. By Hélder’s and Young’s
inequalities, we have

2/t/v(s) In |v(s)| u)* (s) dxds §2/t/|v(s) ln|v(s)||2dxds/t/|u;n (s)|* dxds

(3.5) g/t/ ) no(s)|| dxder/H]ut )12 ds.

For v € H} (), by direct calculation and using of Lemma 2.2, we obtain
/\mn (|2 de = / 02 (In o)) dz + / V2 (In[o])? de
o {re|o(@)|<1} (e o(@)|>1}

1
<e@ley [ Blde<eio)s g ol
{zeQs|v(z)[>1}

1
(3.6) <[+ 16 [IVo|°’ =C
since
<%, Ju(@)]> 1
ulnlu| <e ™, Ju(z)| <1

It follows from (A1), (3.4), (3.5) and (3.6) that

m 2 m 2 1 m 2 1
s @ +lo [Ve™[" + —== IV’ .

m 2 m 2 ]‘ m 2 1
Sl O + IVegl + —— [Vl oy +CT+/IHut I ds

a1 <C+ / G+ 10 90+ a2 s

. 2 | 27+2
where C, = [[u (t)||* + I || Vu||* + ﬁ Vg

inequality and (3.7), we get

+ C'T. By using of Gronwall

1
(3.8) g™ (N + b [Vu™” + P V™[0 < Coe

We obtain from (3.8) that

u™ is a bounded sequence in L* ([0,T]; H} (),
ul is a bounded sequence in L ([0,T]; L* (Q)) .
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Hence, there exists a subsequence of {u} | still denoted by {u™}, such that

Uy — u, weakly star in L (0,7; H} (),
(3.9) Ui — Uz, weakly star in L™ (0,T; L* (Q2)),
Ut — Uz, Weakly in L2 <O,T; Hy? (Q)) )

Setting up m — oo and passing to the limit in (3.2), and combining by (3.9), we
obtain
t

(ua (8) w5) = M ([ Vul?) (B () wy) + [ g(t = s) (Du(s),wy)ds = wInfo] wy),

for j =1,2,... Since {wj}]o.il is a base in the corresponding space, we deduce that u

satisfies the equation in (3.1). We finished this section by proving a local existence
result of the problem (1.1). O

Theorem 3.1. Suppose that (A1) holds. Assume further that ug € Hg (Q) and
uy € L*(Q). Then problem (1.1) has a unique local solution

we C (0,7 Hy (), wel([0T];L%(%).
Proof. We define the following set
Xppr ={u € | Ju(®)ly <rdt €[0T},
here the space
= {u|ueC((0,T];H (Q),u € C([0,T];L*(Q)},

equipped with the norm
1
m (2 m|2 m2(y+1
lu (W)l = sup | [l (17 +lo [|Vu™|* + —— [V [0V ).
0<t<T v+1

Then X, r is a complete metric space with the distance

d (u1,up) = |Jur — ualy; -

By Lemma 3.1, we define the nonlinear mapping ¥ : v — u = Ywv in the following
way. For v € X,, 1, v = Vv is the unique solution of problem (3.1). We claim that W
is a contraction mapping from X, r into itself for ro > 0 and 7" > 0.

Let v € X,, 1, for t € [0, T], we get from (A1) and (3.4) that

1
2 2 2 1
el + 1o |Vl + 5 70

t
1
< el + 190 + 7 [V + 2 [ [ () Infu(s)] v (s) dads
0 Q
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(3.10)

t t
2 2 1 2 1 2 2
<l [|” + [[Vuol| +ﬁHVUOII (7+)+/HU(S) I Ju(s)]] d8+/ll\ut ()" ds.
0 0

Next we estimate the ft |v(s)In |v(s)|||* ds term in (3.10), by using of Hélder ineqality,
Lemma 2.2, the deﬁniotion of ||u(t)||; and the inequality Inz < x as « > 1 such that
we obtain
[v(s)In |o(s)|||* = / v? (In |v|)? dz + / v? (In |v|)* dz
{ze|v(z)|<1} {zejo(z)|>1}
< / lo[* de

{zelv()|>1}

(3.11) < VQ|lls < Ve [[Vo]|* < \/_C

0

By combining of (3.10) and (3.11) and using of the definition of |[u (¢)||, we have

1 =
el + o [Vl + 5 19l < = g, 70, T + [ e ()P s
0

(3.12)

IN

= (o, w0, T) + [ () .
0

— Qctrs
where = (ug, uy, ro,T) = ||u1|| + ||Vu0|| + 7+1 ||vu0||2(7+1) + l(g)prOT.

We get from (3.12) and Gronwall’s inequality that
(3.13) lelly < = (g, s, 7o, T)

Choosing

1
2 2 2(y+1)
> + ||V + —— ||V
To \/HulH V| 5 1“ uoll

and
2 2 2 1
= (lall + 19wl + 5 [ Vel 7)1
mcgré ?

such that = (ug, u1,70,T) < r3, we see that u € X,, 7 by (3.13). This shows that ¥
maps X,, r into itself.

Next, we shall show that ¥ is a contraction mapping. Let vi,v, € X, 7 and u; =
Uv;, up = Yoy, be the corresponding solution for problem (3.1). Taking U = uy — ua,

T <
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V = vy — vy, then U satisfies the following problem

Uy — M (|VU]*) AU + Fa(t—s) AU (s)ds
0

(3.14) =uviIn|v| —voln|vs|, (x,t) € 2x(0,7),
U(z,0) =U;(z,0) =0, =z,

%:0, J=0,12...,m—1,(x,t) € 02 x (0,T).

Multiplying (3.14) by U; and then integrate it over Q2 x (0,7"), we obtain

t
1
1UI* + (1 - /g (s) ds) VU ()|* + P VU ()] 20Y
0

+(goVU) (1) = [ [(¢ o VU) (5) = g (5) VU (5)]*] s

t

(3.15) =2 // (vyIn vy | — va In |vg|) Uy (x, s) dxds.
0 Q

Thanks to Lagrange mean value Theorem, we get vy In |v1| —vg In|vy| = V (1 + In|B]),
where |B| = |v1 + 6 (v2 —v1)| = |(1 — 0) v1 + Ova|, 0 < 6 < 1. Thus, by applying the
same process as (3.11), we estimate the last term in (3.15) as follows

t

// (viIn|vy| — vaIn|va]) Uy (x, s) dzds

t
/VUt T, s dafds—l—//V |v1| + |v2]) Ut (x, s) dzds
0 0O

IA
- o\W o

< [IVIlwlids + / IVl o] + fealll T2l ds

[e=]

<c, / IVVI [Tl ds + / IV (Vo] + [Veal) U] ds

o\“

_1
N (1 Lol 2cpr0> YV U] ds

t t
1 -1 2 1
(3.16) <5 Jeo (1420 en) | [I9VIP+ 5 [0 6)1P ds.
0 0
We have from (A1), (3.15) and (3.16) that

2 2 1 2(y+1)
[ t —_ A1
|U” + 1o VU (0] +7+1 VU ()]
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-3 2 | 2 / 2
<o (120 o) | [IVVIZ+ [0 ds
0 0

which implies that

t
; 2
(317 Ul < 15" [e (1420 Pepro) | TVl + [ 10 ds.
0
By the Gronwall inequality and (3.17), we have

10 < 5" e (14 205 Fers )| TV g™
By choosing
T <l {cp <1 + QZOéCpT‘O)} - e T,
such that 1 )
I [cp (1 4 210‘2cpr0>} TVl e” <1,

then W is a contraction mapping.
In summary, when we choose

1
2 2 2(y+1)
To \/HUlH ” UOH 1 “ UOH

and

2 2 2 1 2(v+1)\ 72
T<mm{r0—(uulu + [ Vuoll? + =5 1 Vuo|[*7V) 2

\B/ﬁc;‘;ré

—2
lo [cp (1 + 2l0_écpro>} e_T},

VU is a contraction mapping from X, r to itself. According to Banach fixed point
theorem, we have the local existence result. The proof is completed. [l

4. BLow Up

In this part, we prove the blow up result of solution for the problem (1.1). We give
some lemmas which will e used in our proof.

Lemma 4.1. If a solution u of the problem (1.1) meets u € V, then
I(u(t)) <2(J(u)—d).

Proof. By uw € V and Lemma 2.4, there exists a A\; such that 0 < A\ < 1 and
I(A\u) = 0. By taking of I(Aju) = 0, definition of d in (2.5) and (2.3), we get

1 1
d < J0wm) = 510w + 3 e = AVl
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1 g 2(v+1
< )\2 - 2 _ v (’Y+ )
1(4 JulP = =5 9
1 2 Y 2(y+1)
4.1 < - — —— || V|7
(4.1) el = 19l

Combining (4.1) and (2.3) yields that
d< J(w)~ 1),

which implies that
(4.2) I(u) < 2(J(u) —d). O
Lemma 4.2. Assume that u(t) is a solution of the problem (1.1). If ug € V and
E(0) <d, then E (t) <d for allt > 0.
Proof. By Lemma 2.3 and (2.1), we get

J(u) < E(t)<E(0)<d, forallt>0.

Suppose that there exists t* € [0,00) such that u (t*) ¢ V, then by continuity of
I(u(t)), we obtain I(u (t*)) = 0. This means that u (t*) € N. Thus, from definition
of d, we get that J(u(t*)) > d, which is a contradiction with (4.2). Consequently,
Lemma 4.1 is valid. O

Theorem 4.1. Assume that ug € V, uy € L? (), [uouidz > 0 and E (0) < d. Then
0

the solution w (t) in Theorem 3.1 of the problem (1.1) blows up as time t goes to
infinity.

Proof. We set
(4.3) G (1) = / wldz,

Q

for all t € [0,00). It is obvious that G (¢) > 0. Moreover, by using of (4.3) and (1.1),
we get

(4.4) G (t) = Z/Utuda:
Q
and
G" (1) =2 ||uy||* + 2/uttudx
Q
=2 ull* =2 [ M (I Vul?) | Vul do
Q
t

+2/g(t—s)Vu(s)Vu(t)dsdx+2/u21n|u|
0 Q
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t
=2 [lu|* = 2| Vul]* = 2| Vul 0T + 2/9 (t — s) ds || Vul|”
0
t

(4.5) n 2/g (t — s) /Vu (t) (Vu (s) — Vu (£)) dads + 2/u2 In|u|.

By using Young inequality, we have
(4.6)

/g(t—s)/]Vu O]V (s) — Vu (t)| deds < /g(s) ds|yw|y2+i(govu) (1).

Combining (4.5) and (4.6) yields that
G" (1) 22 |wsll” = 2| Vul|* — 2|V 0

t
1
20/g(s)d$ |V —|—2(lu Inful - 5 (g0 V) (1

(4.7) >2 ||ug|)® — 21 (u).
From (4.4) and (4.3) and using of the Cauchy inequality, we have

(4.8) G (1) < 4/ s 2 dx/ uf dz = 4G (1) |Jus)?.
Q Q

Combining (4.7), (4.8) and (2.4), we arrive at
G (1) G (1) — (G' (1) = G (1) (2 }w]]* — 20(w)) — 4G (8)
= —2G (8) (lluell® + T(u (1))
(4.9) > =2G (t) 2E (t) —2J (u (t)) + I(u(t))).

Combining ug € V', E(0) < d with Lemma 4.2 obtain v € V', E (t) < d. By Lemma
4.1, we have

(4.10) 2E(t) —2J (u(t))+ I(u) <2d—2J (u(t)) +2(J(u(t)) —d) =0.
It follows from (4.9) and (4.10) that
G" ()G () — (G () >0.

By directly calculation, we have

GO = G
and
(4.11) (G (o)) = SOEH (@@

(G (1))



350 E. PISKIN, S. BOULAARAS, AND N. IRKIL

By (4.11), we know that (In |G (¢)|)" is increasing with respect to t. Integrating both
sides of (4.11) over [0,t], we get

t t
(1) G’ (0)
|G (1) — In |G (0)] = / (In|G (7 — / 7> t,
]G (1)) ~n ol Har = G
0 0
which implies that
G'(0)
G(t)>G(0 —=t].
0> 60w (G)
G (t) tends to infinity as time goes to infinity. This completed our proof. O
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PERMUTING TRI-DERIVATIONS ON POSETS
AHMED Y. ABDELWANIS! AND ABDUL RAUF KHAN?

ABSTRACT. Let P be a partially ordered set (poset). The main objective of the
present paper is to introduce and study the idea of permuting tri-derivations of
posets. Several characterization theorems involving permuting tri-derivations are
given. In particular, we prove that if d; and dy are two permuting tri-derivations
of P with traces ¢1 and ¢g, then ¢ < ¢ if and only if ¢o(¢1(x)) = ¢1(x) for all
x e P.

1. INTRODUCTION

Motivated by the ideas of derivations and related maps in rings and algebras (see
[1,2,7,9] and references therein), the notions of derivation on lattices were introduced
and studied in [10] and [11], respectively. Recently, several authors have studied and
verified a lot of meaningful conclusions by applying derivations and its generalized
forms to lattices (see [3] for more details). In see of over mentioned development, it
is very common to exchange the idea of derivations to partially ordered sets. In this
direction some progress have already been made (see [14]). In the year 2009, Oztiirk et
al. [8] brought about the idea of permuting tri-derivations to lattices and investigated
some related properties (for more information see also [4] and [13]).

In the present paper, the notion of permuting tri-derivation of a partially ordered
sets is introduced and some related properties are investigated. Precisely, in Section
2, the notion of permuting tri-derivations of partially ordered sets is presented and
concentrate their essential properties. Further, the fixed sets (for more information
about fixed sets see [12]) are examined in light of the permuting tri-derivations. Finally,

Key words and phrases. Derivation, fixed points, partially ordered set (poset), permuting tri-
derivation.
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Section 3 is devoted to the study of the properties of ideals and the operations related
with the permuting tri-derivations.

Throughout this paper, (P, <) always denotes a partially ordered set (poset). We
additionally utilize the shorthand P to indicate a poset. According to [14], for
z € P,we write, | z={pe P:p<ztandt z={pe P:z<p} For
W C P, we denote (W) ={p € P:p < w, for allw € W} the lower cone of W and
u(W)={p € P:w<p, for allw € W} the upper cone of W dually. It is quickly clear
that both are antitone and their compositions [(u(+)) and u(l(-)) are monotone. Also,
we have [(u(l(+))) = 1(+), u(l(u(-))) = u(:) from [5]. If W = {wy,ws,...,w,} is a finite
subset, then we write [(W) = l(wy, we, ..., w,) and u(W) = u(wy, we, . .., w,) simply.
Moreover, for W; C P and Wy C P, we will denote (W7, W) for [(W; U Ws) and
u(Wy, Way) for u(W,UWs,). For A C P, wewrite ] A= {p € P:p <afor somea € A}.
From [6], we find that if A =] A, then A is said to be a lower set. A is directed if it is
nonempty and every finite subset of A has an upper bound in A. From nonemptiness,
it is ample to expect each combine of components in A has an upper bound in A. A
subset J of P is called an ideal if it is a directed lower set.

2. PERMUTING TRI-DERIVATIONS ON POSETS
The following notions are essential in our discussions.

Definition 2.1. ([14, Definition 2.1]) Let (P, <) be a poset and d : P — P be a
function. We call d a derivation on P if it satisfies the following conditions:

(i) d(l(x, y)) = l(u(l(d(x),y), (2, d(y)))) for all 2,y € P;
(ii) I(d(u(z,y))) = l(u(d(x),d(y))) for all z,y € P.

Let (P, <) be a poset. A mapping f : P x P x P — P is called permuting
if f(r,y,2) = f(z,2,y) = fy,2,2) = fly,2,7) = f(z,2,y) = f(z,y,7) for all
x,y,z € P. A mapping d : P — P defined by d(z) = f(x,z,z) for all z € P, is called
the trace of f where f is a permuting mapping.

Inspired by the notion permuting tri-derivations on rings [2,7] and lattices [8,13]
the following notion on posets is introduced.

Definition 2.2. Let (P, <) be a poset and d : P x P x P — P be a permuting
mapping. Nextly, d is called a permuting tri-derivation on P if for all z,y, z,w € P
the following conditions hold:

(i) d(I((z,w),y, z) = W(u(l(d(x,y, z),w),l(x,d(w,y, 2)))) for all z,y,z,w € P;
(ii) I(d(u(z, ),y, 2))) = l(u(d(x,y, z),d(w,y, 2)) for all z,y,z,w € P.

Remark 2.1. Note that, a permuting tri-derivation on P satisfies the following condi-
tions:

(u(l(d(z, y, 2),w), Uy d(ﬂf w,z)))) for all z,y,z,w € P;
l( (d (93 y, )),d( 2)) for all 2y, z,w € P;

w), (= d(:v y,w)))) for all z,y,z,w € P;
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(iv) U(d(z,y,u(z,w)))) = lu(d(x,y, 2)),d(z,y,w))) for all z,y,z,w € P.

Ezample 2.1. Let (P,<) = (N,<). Define the function d : N x N x N — N by
d(x,y,z) = min{z,y, z} for all x,y,z € P. It is straightforward to check that d is a
permuting tri-derivation on P.

Proposition 2.1. Let P be a poset and d be a permuting tri-derivation on P with
trace ¢. Then the followings hold:

1) d(z,y,2) <z, d(z,y,2) <y and d(z,y,z) < z for all x,y,z € P;
d(x,y,z2) € l(x,y,2), for all x,y,z € P,

if 11 < x9 and y,z € P, then d(xy,y, ) < d(z2,y, 2);

if 1 <wyp and x,z € P, then d(x,y1,2) < d(x,ys, 2);

if 21 < z9 and x,y € P, then d(x,y, z1) < d(z,y, 29);

o(x) <z, for all x € P;

6(U(2)) € U(6(x)), for allz € P:

if x <y, then ¢(z) < ¢(y);

¢*(z) = ¢(x), for all v € P.

Proof. (1) Let d be a permuting tri-derivation on P. Then
= l( (l(z,d(z,y,2))))
=(z,d(z,y,2)),
for all x,y,z € P. Since d(z,y, z) € d(I(x, z),y, z), the above relation gives d(x,y, z) €
l(x,d(z,y,z)) for all x,y,z € P. In this way, we conclude that d(x,y,z) < x for
all z,y,z € P. Similarly, we can prove d(z,y,2) < y and d(z,y,z) < z. Hence,
d(z,y,2) <z, d(x,y,2) <yand d(z,y,z) < z for all x,y,z € P.
(2) It is obvious from (1).
(3) Let 21 < x5 and y, z € P. Then

d(u(zy,22)), 9, 2) = Wd(u(z2), 9, 2)) = Uuld(z1,9, 2), d(22, ¥, 2))),
for all zy,29,y,2 € P. Smce d(x1,y,2) € Wu(d(zy,y,2),d(z2,y,2))), we find that
d(z1,y, 2) € l(d(u(z2),y, 2)) for all 1, x9,y, 2z € P. Hence, d(z1,y, z) < d(xq,y, z) for
all x1,x9,y,2 € P.
(4), (5) Proofs run on comparable lines as in (3).
(6) By the definition,
d(l(z, x), z, )

lu(l(d(x,z, ), z),l(x,d(z,z,x))))
Lu(l (l’ d(z,z,z))))
Iz,

for all z € P. Since d(z,z,x) € d(z, ( ) x)) the last relation gives
o(z) =d(z,z,z) € l(z,d(z,z,z)), forallze P.
Consequently, we get ¢(z) = d(z,xz,z) < x for all z € P.
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(7) Let © € P. Then
¢(l(x))

{d(y,y,y) -y € Pand y < z},
d

Uy 9),9,9)

N

(

(Ud(y, v,9).y). Uy, d(y,y,v))))
u(l(d(y,y,v),9)))
(
(
(y

(u

( :
(u(l(d(y,y,v))))
(d(y,y,9))
(
(

l
l
l
l
l

o(y)), forally e Pandy <.

This implies that ¢(I(x)) C I(¢((x))) for all z € P.

(8) Let z,y € P such that x < y. Then, applications of part (7) we get ¢(I(y)) C
l(¢(y)). Since ¢(z) € ¢(l(y)), we find that ¢(x) € I(¢(y)) for all z,y € P. Hence, we
conclude that ¢(x) < ¢(y) for all z,y € P.

(9) In view of part (5), we get ¢?(x) = ¢(d(x)) < ¢(x) <z for all z € P. Then for
allz € P

lz,2),y,9)
T,Y,Y),
,9,9))
,Y,Y))

), d(z,y,y)),x))
ld(z,y,v))))

~—~~ —~
QU
—~~ o~

)

y), forallye Pandy <.

Then for all x € P we have ¢(l(x)) C I(y) for all y € P such that y < . Since
¢*(x) < z for all z € P, we observe that ¢(I(x)) C I(¢*(z)) for all z € P. Since
é(x) € ¢(l(x)) for all x € P, so ¢(x) € l(¢*(x)) for all z € P. This implies that
o(x) < ¢*(z) for all x € P. Hence, finally, ¢*(z) = ¢(z) for all x € P. O

Ezample 2.2. Let (P,<) = (N,<). Define the function d : N x N x N — N by
d(x,y,z) = max{x,y, z} for all z,y,z € P. Then, d is not a permuting tri-derivation
on P.

Corollary 2.1. Let P be a poset with the least element 0 and let d be a permuting
tri-derivation on P. Then d(0,y,z) =0 for all y,z € P.

Lemma 2.1. Let P be a poset and I be an ideal of P. Neat, let d be a permuting
tri-derivation on P. Then d(x,y,z) € I for all x,y,z € 1.
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Proof. Let x,y,z € I. Then in view of Proposition 2.1 (1), we get d(z,y,z) < z for
all z,y,z € I. The last expression yields d(z,y, z) € I, since z € I. Hence, the result
holds. 0

Lemma 2.2. Let d be a permuting tri-derivation on P with trace ¢. Then the following
statements hold:

(1) If d(i(x),z,z) = l(y), then ¢(x) =y for all x,y € P;

(2) If d(u(zx), x,x) = uly), then ¢(x) =y for all x,y € P.

Proof. (1) Let x,y € P such that d(I(x),z,x) = I(y). Then, by the definition of I(-),
we get y € [(y) for all y € P. This gives y € d(I(x), z, ). Hence, there exists z € I(x)
such that d(z,z,z) = y. Application of Proposition 2.1(3) yields y = d(z,z,x) <
d(z,z,x) = ¢(z) for © € P. Therefore, the above relation forces that y < ¢(x) for all
x,y € P. On the other hand if ¢(x) € d(I(x),x,x) = l(y), then we obtain ¢(z) < y.
Hence ¢(z) =y for all x,y € P.

(2) By using comparable approach with fundamental variety, we can prove (2). O

Theorem 2.1. Let P be a poset with a greatest element 1 and d be a permuting
tri-derivation on P with trace ¢. Then ¢(1) = 1 if and only if d(z,1,1) = x for all
x e P

Proof. By the assumption, ¢(1) = d(1,1,1) = 1. In view of Proposition 2.1(1), it is
easy to see that d(z,1,1) <z for all z € P. Secondly, to prove that x < d(z,1,1) for
all x € P. Let x € P. Then, we have

d(l(x),1,1) =d(I(z,1),1,1)
= l(u(l(d(x,1,1),1),l(x,d(1,1,1)))
= l(u(l(d(z,1,1),1),l(z, 1))
= l(u(l(d(z, 1,1)),1(z))
=l(u(l(x))) (since d(z,1,1) < x)
= (z).

By another way, observe that

d(l(z), 1,1) = d(I(z,z), 1,1)
= l(u(l(d(z,1,1),z),l(x,d(z,1,1)))
= (u(l(d(z,1,1))), [(d(z, 1,1)))
= l(u(l(d(z,1,1))))
=(d(x,1,1).
On comparing the above two expressions, we get [(x) = [(d(x,1,1)) for all x € P.
Hence d(x,1,1) = x for all x € P. The converse part is clear. O]

Theorem 2.2. Let P be a poset with a least element 0 and a greatest element 1.
Next, let d be a permuting tri-derivation on P. Then d(1,0,0) = 0 if and only if
d(x,0,0) =0 for all x € P.
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Proof. Suppose that d(1,0,0) = 0 and = € P. Then
d(1(1),0,0) = d(I(1,1),0,0)

= 1(u(l(d(1,0,0),1),1(1,d(1,0,0))))

= 1(u(1(0,1),1(1,0))
[(u(1(0),1(0)) = I(u(1(0)))
1(0) = {0}.
But /(1) = P and z € P, the above relation gives d(x,0,0) € d(I(1),0) = 1(0) = {0}.
Hence, d(z,0,0) = 0 for all x € P. For the converse part, proof is obvious. O

Theorem 2.3. Let P be a poset with a greatest element 1 and d be a permuting

tri-derivation on P with trace ¢. If © < ¢(1), then d(x,1,1) =z for all z € P.

Proof. Let x < ¢(1) = d(1,1,1) for all x € P. Then for all x € P, we have
d(l(x),1,1) = d(l(z,1),1,1)

(u(l(d(x,1,1),1),1(z,d(1,1,1))))

(u(l(d(z,1,1)),1(z)))

(u(l(x))) (since d(z,1,1) < x)

(z)

d(l(z),1,1) = d(i(z, x),1,1)
= l(u(l(d(z,1,1)),1(d(x,1,1))))
= I(u(l(d(z,1,1))))
= I(d(,1,1)).
By comparing the above two expressions, we infer that [(d(x,1,1)) = I(x). Hence,
d(z,1,1) = x for all z € P. This proves the theorem completely. O

Corollary 2.2. Let P be a poset with a greatest element 1 and d be a permuting
tri-derivation on P with trace ¢. Then ¢(1) =1 if and only if ¢ = idp (identity map
on P).

Proof. Assume that ¢(1) = d(1,1,1) = 1. Now we prove that © = ¢(x) = d(z,z, z)
for all z € P. Let x € P. Then, we have
d(l(z),xz,z) = d(l(z,1),z,x)

x,x, 1), 1

T, T,1))

)

1,z,x)

J(x,d(1,x,x)))
1(d(1, 2, 1))
) (since d(z,z,x) < d(1,x,x))

)
l

—~~ T~
U
/N TN TN
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By another way, observe that
d(i(x), x,x) = d(i(z,2),z,)

On comparing the above two expressions, we get [(d(x,z,z)) = I(d(1,z,x)) for all
x € P. Hence d(z,z,x) = d(1,z,x) for all z € P. Again

d(l(z), z,1) = d(l(z,1),2,1)
= l(u(l(d(z,z,1),1),l(x,d(1,z,1)))
= l(u(l(d(z, x,1)),1(d(1,z,1))

= l(u(l(d(1, z,1))
= I(d(

)
N
) (since d(z,z,1) < d(1,z,1))

u(l(d(1,z,1)
d(1,z,1)).
Similarly we observe that
dl(z),z,1) =d(l(z,z),x,1)

(u(l(d(x,z,1),x),l(z,d(x,x,1)))
(u(l(d(z,2,1))), l(d(x, z,1)))
(u(l(d(
(d(

u(l(d(z,x,1))))
d(z,x,1).

l
l
l
l

From the above two expressions, we get [(d(1,z,1)) = I(d(z,x,1)) for all z € P.
So d(1,x,1) = d(x,z,1) for all x € P. Since d is permuting map then d(1,z,1) =
d(z,1,1) = d(1,z,2) = d(x,x,1) for all € P. Hence, ¢(z) = d(z,z,z) = d(z,1,1)
for all x € P. Applications of Theorem 2.3 gives ¢(z) = z for all z € P, i.e., ¢ = idp.
The converse part is obvious. O

Theorem 2.4. Let P be a poset and d: P x P x P — P be a permuting map. Then,
d is a permuting tri-derivation on P if and only if

(1) d(l(z,y), z,w)) = l(d(z, z,w),y)) = l(z,d(y, z,w)) for all x,y,z,w € P;
(2) l(d(u(z,y), z,w))) = lu(d(z, z,w),d(y, z,w))) for all z,y,z,w € P,

Proof. Essentially ought to appear that the condition (1) in Definition 2.1 is identical
to the one (1) in this hypothesis. First, we suppose that the condition in this hypothesis
holds. Then

d(I(z,y), z,w) = U(d(x, 2,w),y)
= l(u(l(d(z, z,w),y)))
= lu(l(d(z, z,w),y), l(z, d(y, z,w)))),
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for all z,y,z,w € P. Secondly, suppose that d is a permuting tri-derivation on P.
Then

ld(z,y, 2), w) = l(u(l(d(z,y, 2), w)))
C l(u(l(d(z,y, 2), w), Iz, d(y, 2,w))))
= d(l(z, w),y, 2)),

for allz,y, z,w € P. On the other hand, suppose that v € d(I(z,y), z,w)), then there
exists t € I(z,y) satisfying the relation d(¢, z, w) = v. By using Proposition 2.1 (1) and
(3), it is easy to see that d(t, z,w) < d(z, z,w), d(t, z,w) < d(y, z,w) < y. This shows
that v = d(t, z,w) € l(d(x, z,w),y). Thus d(l(z,y), z,w)) C I(d(z, z,w),y). Hence,

d(l(z,y),z,w)) = l(d(z, z,w),y), forall z,y,z,w e P.

Similarly, the case d(I(z,y), z,w)) = l(x,d(y, z,w)) for all z,y, z,w € P. This proves
the theorem. ]

Let P be a poset and d be a permuting tri-derivation on P with trace ¢. Put
Fizg(P) ={x € P: ¢(x) = x}. If P has a least element 0, then 0 € Fiz,(P). In view
of Proposition 2.1, it is easy to get Flixg(P) # 0.

Proposition 2.2. Let d,t be two permuting tri-derivations on P with traces ¢1, ¢,
respectively. Then ¢1 = ¢o if and only if Fizy, (P) = Fizy,(P).

Proof. 1t is clear that if ¢ = ¢o, then Fizy, (P) = Fizy,(P). Conversely, assume
that Fizy, (P) = Fixg,(P), and x € P. Then by Proposition 2.1 (9), obtain ¢;(z) €
Fizy (P) = Fizg,(P). This implies that ¢o(¢1(z)) = ¢1(x). By a similar way we get
d1(p2(x)) = ¢Po(x) for all z € P. Application of Proposition 2.1 (6), (8) yields that
d1(z) < go(x) and ¢o(z) < ¢1(x) for all z € P. Consequently, ¢ = ¢o. O

Proposition 2.3. Let P be a poset with a least element 0 and d be a permuting
tri-derivation on P with trace ¢. Then the followings hold.

(1) Fixyg(P) # 0.

(2) If x € Fizy(P), and y < x then y € Fiz,(P).

(3) If P is directed, then, for any x,y € Fizy(P), there exists z € Fixy(P)
satisfying x < z, y < z.

Proof. (1) Since ¢(0) = d(0,0,0) = 0, then 0 € Fizy(P). Thus, Fizy(P) # 0.

(2) Assume that z € Fizy(P), and y < z then ¢(z) = d(x,z,2) = x. Then using
Proposition 2.1 (6) implies that ¢(y) < y. Now prove that y < ¢(y). Using Theorem
2.4 (1), to get d(l(y),z,x) = d(l(z,y),x,z) = l(d(z,x,z),y) = l(z,y) = l(y). Since
y € l(y), soy € d(l(y),x,z) and this leads to y < d(y,x,z). Hence d(y,z,z) = y.
Again by using Theorem 2.4 (1) get d(l(y),y,y) = d(l(x,y),y,y) = l(d(x,y,y),y) =
l(d(z,y,y))). Application of Lemma 2.2 (1) yields that ¢(y) = d(z,y,y). Thus, using
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Theorem 2.4 (2) implies that

(d(u(y),y, =) =

Since d(y,y,x) = d(z, ) dly,z,x) = d(z,y ZB) l(d(u(y),y,x)), and this leads
t0 d(y,2.2) € L(uld(z,g,))). This, y = d(y. 2.2) < d(z.3.3) = 6(y). Hence, y €

(3) Assume that P is directed. Then for any x,y € P, there exists v € P such
that + < v and y < v. Since z,y € Fixg(P), then ¢(x) = = and ¢(y) = y. Since
o(z) =2 < ¢(v) and ¢(y) =y < ¢(v). Put z = ¢(v), hence by Proposition 2.1 (7) we
get z € Fixy(P). O

Corollary 2.3. Let P be a directed poset with the least element 0. Then Fixy(P) is
an ideal of P.

3. STRUCTURAL PROPERTIES OF POSETS INCLUDING PERMUTING
TRI-DERIVATIONS

In this section, P is a poset with the least element 0.

Theorem 3.1. Let P be a poset with the least element O and d be a permuting tri-
derivation on P with trace ¢. Then ker ¢ = {x € P : ¢(x) = 0} is a nonempty lower
set of P.

Proof. In view of Proposition 2.1, ¢(0) = d(0,0,0) = 0. Thus, 0 € ker ¢, and hence
ker ¢ # (). Suppose that z € kergf) and y € P such that y < z. Then ¢(z) = 0 and
y < z. Using Proposition 2.1 (8) to get qb( ) < ¢(x) = 0. Thus, ¢(y) =0 for ally € P.
This shows that y € ker ¢. Hence, ker ¢ = {z € P : ¢(x) = 0} is a nonempty lower set
of P. U

Proposition 3.1. Let P be a poset with the least element 0. Next, let d be a permuting
tri-derivation on P with trace ¢ and I be an ideal of P. Then, (1) is an ideal of
P such that ker ¢ C ¢~ 1(I).

Proof. Since ¢(0) =0, 0 € ¢~*(I). Then, ¢$~'(I) # (). Suppose = € ¢~ '(I) and y < z.
Then ¢(x) € I. Thus, using Proposition 2.1 (8), to obtain ¢(y) < ¢(z) € I. Since [ is
an ideal, hence ¢(y) € I, and this leads to y € ¢~*(I). Hence, ¢~ (1) is an ideal of P.
On the other hand, note that ker ¢ = ¢=*({0}) C ¢~ (I). O

Proposition 3.2. Let P be a poset and d be a permuting tri-derivation on P with
trace ¢. If I, J are two ideals of P such that I C J, then ¢(I) C ¢(J).

Proof. Assume that x € ¢([), then there exists y € I C J such that x = ¢(y). Hence,
x € ¢(J). This implies that ¢(I) C ¢(J). O
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Theorem 3.2. Let P be a poset and dy, ds be two permuting tri-derivations on P
with traces ¢1, @9, respectively. Then ¢1(x) < ¢o(x) for all x € P if and only if

¢o(o1(x)) = ¢1(x) for all x € P.

Proof. Let dy, ds be two permuting tri-derivations on P, with traces ¢1, ¢9, respectively,
such that ¢; < ¢o. Then, for any x € P, ¢1(x) € Fizy, (P), i.e., ¢1(x) = ¢1(f1(x)) <

®2(p1(x)). Proposition 2.1 (6) gives that ¢o(¢1(z)) < ¢1(x). Thus, ¢o(d1(x)) = ¢1(2)
for all x € P. This shows that ¢o(¢1(z)) = ¢1(x) for all z € P. On the other hand
we find that ¢1(x) = ¢a(p1(x)) < ¢o(z), for any = € P, from Proposition 2.1 (6),
(8). This implies that ¢(z) < ¢o(z) for all € P. This completes the proof of the
theorem. O
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_ POLYNOMIAL WEIGHTED APPROXIMATION BY
SZASZ-MIRAKYAN OPERATORS OF MAX-PRODUCT TYPE

ECEM ACAR!, ADRIAN HOLHOS?, AND SEVILAY KIRCI SERENBAY?

ABSTRACT. In this paper, we study approximation of Szdsz-Mirakyan operators of
max-product type in polynomial weighted spaces. We reckon the rate of approx-
imation in terms of some exponential weighted spaces for obtain a better rate of
approximation than the corresponding positive linear operators.

1. INTRODUCTION

In [9], the Szdsz-Mirakjan operators were defined as below

> (N k
(1.1) Sp(fix)=e z_: ( k!> f (i) , x€|0,00),n>1.

Many studies have been done about the approximation results for this operators and
estimates of the rate of convergence. These studies are mainly using positive linear
operators. However, nonlinear operators of max-product type were studied in the
papers [2-4] and the conclusion is that they have the same order of approximation as
in the case of positive linear operators and even better for some subclasses of functions.
In [3], the authors investigated the nonlinear operators of Favard-Szasz-Mirakjan of
max-product type defined by

Vi s (8)

oo (nx)k
Vizo O

(1.2) F.(f, x)

, x€[0,00),

Key words and phrases. Szasz-Mirakyan operators, weighted modulus of continuity, weighted
approximation
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where \/ indicates the supremum. Moreover, they studied these operators for con-
tinuous and bounded functions defined on = > 0 in [3,4]. In [5], A. Holhos studied
the approximation properties of F), in weighted spaces with the weight w(z) = e,
where ¢(x) = /z and o > 0 is constant independent of x (see [1]). In [8], he
introduced a new modulus of continuity. In [5], the author estimated the rate of
convergence of these operators to the identity operator . Firstly, he introduce some
general notations to obtain the results.

The function ¢ : I — J is defined on a noncompact interval I C R. The interval
J C R is just ¢(I). The space of continuous functions is defined as

|f(2)]

60“»0(95)

(1.3) Cupo= {f € C(I) there is M > 0 such that < M for every z € ]} :

This space can be endowed with the norm
(1.4 17l = st =7 (2]

The modulus of continuity wy o (f;-) is given for every f € C,, and § > 0 as follows

[f(t) = f(2)]

max (eo«p(t)’ eO“P(z)) ’

(1.5) We.a (f50) =

which the supremum is taken for all z,¢ € I such that ¢(t) € (¢(x) — 0, 0(x) + )N
@©(I). For a = 0 and () = z, we obtain the usual modulus of continuity w(f;J).

In this paper, our main problem is that the operators F;, can be used for approxi-
mation with polynomial weight w(z) = (1 + z)* by taking ¢(z) = In(1 + z) and we
estimate the rate of convergence of these operators to the identity operator. Hence, we
show approximation of Szasz-Mirakyan operators of max-product type in polynomial
weighted spaces.

2. POLYNOMIAL WEIGHTED BY SZASZ-MIRAKYAN OPERATORS

In this section, we prove some auxiliary results to obtain some estimates of the rate
of approximation of functions given by (1.1) and (1.2).

Remark 2.1. For n € N take the intervals
n \¢ n+k—1\" n+k \°
2.1 Iy =10 Iy = |k|——— k+1) | ——— .
@b b {(n+1>> * [( n+k )’(+)<n+k+1>]
The intervals are nonempty, disjoint and their union is the positive half line. Indeed,
n+k \° n+k—1\"
k=k+1)|————| —-k|———] >0.
o=kt )<n+k—|—1> ( n+k ) =

Lemma 2.1. If nz € I;, then \/}2, ("If!)k ("—Jrk)a = () (w)a

n 7! n
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Proof. Let us denote aj = (",f!)k (”T*k)a We get
n+k \°
0,(k+1)( —— )
w0 () )

a1 < ag if and only if nx € |0, ( " )
_ 1
2

0 < ags1 < ag if and only if nz €

Let us take £k =0,1,... We obtain

as < ay if and only if nx € |0,

az < as if and only if nx € |0,3

and so on. From all these inequalities, we get
if nx € Iy, then ap < ag, forall k=0,1,...,
if nw € I, then a;, < ay, forallk=0,1,...,
if nx € Iy, then ap < ay, forall k=0,1,...,

and so on. Generally, if nx € [;, then a; < aj, for all £ = 0,1,..., that proves the
lemma. 0

Lemma 2.2. For every x > 0 we obtain F, (14 t)*,x) < (14 x)* (1 + %)a

Proof. Let us take nx € I;. By using Lemma 2.1, we obtain
e’} nx)k n o nx)l (n+ji\%
vl ()t (2

oo (nx)k - nx)m
Vizo U =

F,(1+t)% )

Let us take m = |nz|. So, we have m < nx < (j + 1) (nf]g_’il)a < j+1 and we

can say that nx < [nz] 4+ 1 =m + 1, hence we obtain -7 < 1. By using Bernoulli

inequality, we have

—1\“ 1 \“ 1
jenr<j—j () (- (1 ——) ) <jo——<a.
n-+7 n-+7 n-+7

Hence, we get

B aCO)
(14t o

!

j—m . « .«

<< nx) n+y <(n+])
“\m+1 n(l+z)) ~— \n+nx

_(n—l—j—l—n:c—m:)o‘_ <1+j—n:c)a
N n +nx N n—+ nx

§@+a). 0
n

e~ P (1 41), 2) =
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Remark 2.2. For every x > 0, we have

[0

F, (max {(1+ )%, (1 + 2)*},2) < (1 +2)° (1 + Z‘)
Indeed,
Fy (max {(1 4 1), (14 2)°},2) =max {F, (1 + )%, 2), Fy (1 + 2)%,2)}
Smax{(l +a)® (1 + Z)a,(l +x)a}
—=(1+2)° <1+ z)a

Remark 2.3. For p(x) = In(1+x), for every function f belonging to C,, o the functions
F, f also belonging to Cy .. Indeed,

B (£,2)] < B (1f]2) <Fn (Il (14 2)%2)
Ul B (U4 2%, 2) = I (14 5) (1)

Lemma 2.3. For every x > 0 and n € N, the following inequality is obtained

Vicne B (In(1 + (n2)) — In(1+ k) _ 1
oo (nz)k = 9"
ViZo 2
Proof. For x = 0, we obtain equality. By taking m = |nz|, we proved that
Vi (n;c!)’“ — (”i)!m, Let us consider the inequality In(1 4+ z) < z, then we get

In(1 + (nz)) — In(1+ k) = In (1 i WC)) <=k

1+ Ek 1+ k
Let us take b, = (”,f!)k . % Firstly, to evaluate the maximum of b, we observe
that
by, ne nr —k

— ) <1
b1 kE+1 nr—k+1—

if and only if (nz)? — (2k + 1)(nz) + (k* — 1) < 0. This inequality’s solution is
equivalent to nx € [pg, qx] which is

(2k+1) —v4k+5 (2k+1)+V4k+5

9 ) qk = .

2
We can write the following inequality

P =

2k +1 - 2k +3
2 2

0 <pr <pri1 < <qr < qry1 <1, forall k>0.
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After some computations, we get nx € [27”2 2m_1 2m+1) We deduce that if nx € I;, then
bi < b; for every k > 1. We obtain

b 27+ 1 1
\/1§k§7;a;k§ ]+ _ i) =2 0
(nw)' 2 2
Lemma 2.4. For x > 0, the following inequality holds true
k
V m(m) R (In(1 + k) — In(1 + nx 200\ @
k> k'(n>(((m ) —In(1 >)§<1+a)(1+x)a
vk =0 k! n
Proof. For x = (0 we have equality. Let us take x > 0. Consider m > 0 the integer
with the property that nx € [Qm m-l 2’”“) Using the inequality we get
k—nx
In(1+ k) —In(1 <
n(L+ k)~ In(1 +na) < T
and denoting
k
. (n:,) n+k k —nx
g o™ \n(l+z)) 1+na’
m!
it remains to prove that
oo 2a «
k=m+1

Let us take the inequality

Chy1 NI <n+k+1>ak‘+1—m€

= >1
CL. kE+1 n+k

k —nx
if and only if
ar(nr)* — (ap(k+ 1)+ k+1) (nz) +k(k+1) <0,

where o} = (%’“Zl)a Hence, cxy1 > ¢ is true if and only if nx € [ry, si], where
k+1 k+1 k+1 k41
_rr- —\/E e ML E
e A T YT ol
and )
P (ap(k+ 1)+ k+1)" —dagk(k + 1)
g 4o '
Now, we prove below that
k42
(2.2) 0<r, < Ter1 < i < Sg.

2
By using (2.2) we deduce that 7, < % < nz. Let us take the unique j > m such that
x € [rj,rj41). For every k > j + 1, we get nx € [rg, si), S0 cxr1 < ¢ We obtain that
cx < cjpq for every k > j+ 1. Now consider k € {m,...,j}. Using (2.2) again, we
get rp <rj <na < ™2 < B2 < g Since na € [ry, s3], we obtain cgq > ¢ and so
cjt1 > ¢, for every k 6 {m,. ..,j}
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Now, we need some estimates to evaluate the maximum of ¢, for £ > m + 1. We

have
. . |+ 1 '
jHl-r=j+1-to = 4B,
J
:O‘j(j +1)—j n (ap(k +1) + k)* — dagk?
2a5 4o
<n2 + 17
- 2n
because
1
i 4D =G+ (705) < 5 Dol <
Consequently,

o
\/ Ck =Cj+1

k=m-+1
(nx)Itl . o/
_(j+1)!<”+]+1> (j+1—nx)
o 7(”:1)"" n -+ nx 14+ nx

< n+j+1 j+1—rj<<1+2a> '
- n—+r; I+r; = n
Let us consider the inequality (2.2). The most difficult to prove is the inequality
Tk+1 > Tk, other statuses as in [6]. We have

Tkl — Tk Ik ;— ’ + 504—;21 —\/Ery1 — k;Ll + 22:: - \/ETC
1 (k+2)ag — (k+ 1)(ags1) N Er — Er1
2 200,041 VEr — VEi1
_Oék(k? +2) (\/E_k: + \/Ek:—l-l) — (k+ Dagsa (\/E_k: + \/Ek+1>
B 4o
. (Ey — Epg1) 400y '
4o Qg 41 (\/E_k + \/WH)

This equality’s first half is positive, it is clear. For positivity of the second part of the

equality, let us take £2 < g and rpyq < %22 from (2.2), then we get

ak—k’ k?+1
Ey, > Yy \ Eri1 >

20041

Hence, we proved the lemma. O
Lemma 2.5. For every x > 0 and n € N, we get
200\“ 1
F, (max {(1+ 0% (1 + 2)°} [In(1 + ) — In(1 + 2)| ,2) < max{(l + O‘) ,2} (1+a)".
n
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Proof. We have
F, (max{(1+t)*, (1 +2)*} |In(1 +¢t) —In(1 +2)|,2) = max{A,, B,},

where
4 Vi U (55) (001 4+ B) — (1 4 na))
' Vizo O |
5 Vi< 5= (14 )" (In(1 4 nw) —In(1 4 k)
! Vico (n;fg)k
By Lemma 2.4 we have (1 + %“)a and by Lemma 2.3, 3 (14 2)". O

Theorem 2.1. For p(x), for every f € C, o the estimation of the error of uniform
approximation by F, is bounded by

17 = o< (14 2) 00+ 040w (1),

for every n € N.

Proof. Because F,,(1,z) = 1, using ([3], Lemma 2.1) we get
[En(f52) = f@)] <E, (IF(t) = f(2)],2)

<F, |max {(1+t)* (1 +x)*} (1 + W) ,x) We.alf,0n)
< (e 28w (r.00),

which

Cn(x) =F, (max {(1+1)%, (1 +2)"}, ),

Dy () =F, (max {(1+ )%, (1 +2)%} |o(t) — p(2)], 7).
Using Remark 2.2 and Lemma 2.5 and choosing 9, f’ we have

1 20\ 1 1
—— | Fulf52) — <{|1+— 5 alfs—7=1>
(1+x) [Fu(f52) = f(2)] (( + n ) * 2) e (f \/ﬁ>
which proves the theorem. 0]

Remark 2.4. Let us take consideration that for polynomial weighted of the operator
given in (1.2) the order of approximation is better that \} From [3], we deduce that

the estimate v

is true for a positive, increasing, concave and Lipschitz function f, which is not
necessarily bounded.
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Theorem 2.2. For f € C,, we have

1
HSnf - fH%a S Coc *Wo.a <fa ﬁ) 5
for every n € N, where C' > 0 is a constant.

Proof. We know that S, (e*V?, 2) < M, -e*V®, which M, > 0 is a constant depending
only on « in [1], Lemma 3.1 and in [7], snmlar inequality given for a = 0. We get

1Su(f, @) = f(2)] <Su ([f() = fl2)],2)

<s, (o aea) (14 2022 s,

< (oo + 25 w100
where
Co(z) =S, (1+t)*+ (1+2)%2) < (M+1)(1+x),
D) =Sn (L + 1) + (L4 2)%) [(t) — (@), 7)

Su (L+ ) o) = p(@)],2) + (1 +2)*S, ([p(t) — p(2)], 7).

Using the Cauchy-Schwarz inequality |S,(fg,x)| < \/Sn(fQ, x) - \/Sn(gQ,w) and the
estimation S, (]go(t) — p(z)? ,x) < 1 (see the proof of Corollary 3.2 and Remark 3.3
from [1]) we get

x>s¢sn<<1+t>2a,x>¢sn(|¢< — (@), 2) + (1 +2)S, (Jo(t) — (@), 2)
1

<y (Maa(1+1))? 7+(1+x) ;_ < M2a+1) (1+x)a;ﬁ.
Choosing 6,, = ﬁ
(g lSl0) = S0 < Cus (£ 72
1+ v
which proves the theorem. 0
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CRITICAL EXPONENTS CURVE FOR SEMILINEAR SYSTEM OF
WEAKLY COUPLED EFFECTIVELY DAMPED WAVES WITH
DIFFERENT POWER NONLINEARITIES

A. MOHAMMED DJAOUTI

ABSTRACT. In this paper we prove a blow-up result for the semi linear system of
weakly coupled effectively damped waves with different power nonlinearities

uge — Au+ b(t)uy = [v|P,  ve — Av + b(t)vy = |u]?,

U(O,l’) = uO(x)v ut<07‘r) = Ul(l'), U(va) = UO(I')v Ut(ovx) = Ul(x)v
where b(t) will be explained in detail in the next sections. We apply the so called
“test function method” to determine the range for the exponents p,q > 0 in the
nonlinear terms in which local in time existence may not globally prolonged with
respect to the t variable under suitable integral sign assumptions for the Cauchy
data wug, u1,vg,v1. Since we prove the blow-up in a complementary range for powers
of the nonlinear terms to that for the global existence of small data solutions (see
[7]), the main blow-up of this paper is optimal.

1. INTRODUCTION

The sharpness of the results for the global (in time) existence of small data solutions
or the notion of “blow-up of local (in time) solutions” means that if the pivotal
condition for the global (in time) existence is not satisfied, then the solution does, in
general, not exist globally (in time) regardless of the size of the data. Among several
methods to prove blow-up results, the test function method is an important method
which was introduced in the paper [19] and applied by Zhang for damped waves in
28].

Key words and phrases. Weakly coupled hyperbolic systems, damped wave equations, Cauchy
problem, blow up, effective dissipation.
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A fundamental step to use this method consists in the modification of the choice of
a suitable scaling for the test function with respect to the time and space variables.
In particular, the scaling with respect to t is given by the function F(R), introduced
in [3, Definition 2.2] which is strongly related to the coefficient b(t).

Let us consider the Cauchy problem for the classical damped wave equation with
power nonlinearity

(1.1) uy — Au+ug = |ul?,  w(0,2) = up(z), u(0,2) =ui(x),

where (t,z) € [0,00) x R™.

The nonexistence result for p = pp,;(n) has been established in [28]. Todorova and
Yordanov proved in [26] that pp,;(n) =1+ 2 is critical.

In the following we recall an important result which the reader can find in the
book of Ebert and Reissig [8]. The proof of Theorem 1.1 explains the basics and the
philosophy of the test function method.

Theorem 1.1. Let (ug,uy) € A1y = (H' N LY) x (L? N L") satisfy the assumption

(1.2) /n (uo(a:) + uﬂx))dx > 0,

withn > 1 and p € (1,14 2]. Then there exists a unique locally (in time) defined
energy solution u to (1.1) in C([0,T),H') N CY([0,T), L?) for some T > 0. This
solution cannot be continued to the interval [0,00) in time.

The Cauchy problem (1.1) has also been investigated by many authors [9-17, 20—
23,28,29].
Let us now consider the weakly coupled system of semilinear classical damped waves
Uy — Au+uy = |v|P; vy — Av + v = |ul?,

(13) w(0,2) = ug(x), uw(0,2) =wui(z), v(0,2)=1ro(z), v:(0,2)=1v1(x),

where (¢,z) € [0,00) x R", p,q > 1 and pq > 1. Motivated by some previous papers
concerned with the case of the Cauchy problem for a semilinear single equation, the
authors in [24] and [25] studied the blow-up behavior of solutions of the system (1.3).
In the following theorem we will recall the result of F. Sun and M. Wang published
in [25].

n +1 .
Theorem 1.2. Let n > 1. Assume that ¢ >p > 1 and § < ;?(;771' If the data satisfy
(u;,v5) € [WHHHR™) NWIER(R™)P, - fori = 0,1,

and
/ w;(z)dz > 0, / vi(z)dz >0, fori=0,1,
n Rn

then the Sobolev solution (u,v) of the Cauchy problem (1.3) does not exist globally (in
time).
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2. BLow-UP RESULT FOR WEAKLY COUPLED SYSTEMS OF SEMILINEAR DAMPED
WAVES WITH DIFFERENT COEFFICIENTS IN THE DISSIPATION TERMS

Firstly, let us consider the Cauchy problem for a semilinear classical damped wave
equation, namely

(2.1) u — Au+b(t)uy = [ul?,  w(0,z) = up(x), w(0,2)=u(x),

where the dissipation term b(t)u, is supposed to be effective in the sense of Wirth [27].
The damping term b(t)w, is called effective in the model (2.1) if b = b(t) satisfies the
following properties:

e b is a positive and monotonic function with ¢b(t) — oo as t — oo;

o ((L+1)%(t)"" € L'(0, 00);

o beC0,00) and p®) (1) S 7 for k =1,2,3;

e 1 ¢ L'(0,00) and there exists a constant a € [0, 1) such that tV'(¢) < ab(t).

Typical examples are

U 2 y - K
b(t) = a+or b(t) = m(log(e ), b = (1+ 1) (log(e+1t))’

for some ¢ >0,y > 0 and r € (—1,1).
We introduce for m € [1,2) the function space

Ay = (H' N L™) x (L*NL™),

with the norm

(s )y = Ml + [lullzm + fvllzz + [0l

We denote by B(t,0) the primitive of 1/b(t) which vanishes at ¢ = 0, that is,

B(t,0) := /Ot b(lr)dr'

In [2] the authors determined the critical exponent p = ppy;(n) =1+ % That means
after proving the global existence for some admissible range p > ppy;(n), the authors
proved also that, in general, the solution cannot be globally defined for 1 < p < ppy,;(n)
under suitable sign assumptions for the Cauchy data. In other words, we have, in
general, only local solutions (in time). The case b(t) = iy with g >0 and r >0
was studied in [18].

Let us consider now the Cauchy problem for the following system:
(2 2) Ut — Au + b(t)ut = ‘U’p, Vg — Av + b(t)Ut = |U|q,

' uw(0,2) = ug(x), uw(0,2) =ui(z), v(0,2)="1ro(z), v:(0,2)=1v1(x),

where (t,z) € [0,00) x R". As we already remarked during the treatment of the
models (1.3) and (1.1) the test function method is not influenced by higher regularity
of the data. We restrict ourselves to prove the sharpness of our results for the
Cauchy problem (2.2), where the data are supposed to belong to the energy space
A= (H'NLY) x (L*NLY).
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In [7] the authors proved the global (in time) existence of small data solution to
(2.2), which means that the solution exists globally for

n _ max{pig} +1
2 pg—1

Theorem 2.1 ([7]). Let n < % and n < 2% The data (ug,u), (vo,v1) are

supposed to belong to A1 X Apa with m € [1,2). Finally, the exponents p and q
satisfy the assumptions

2
(2.3) — <min{p; ¢} < pryjm(n) <max{p;q}, ifn <2,
m
2 .
(2.4) — <min{p;q} < prujm(n) < max{pi¢} < pen(n), ifn>2,
and

. (max{p;q} + 1> _n
pg—1 2
Then there exists a small constant €y such that if

||<u07u1>||f1m,1 + ||(/U07U1>H'Am,l < €0,

then there ezists a uniquely determined globally (in time) energy solution to (2.2) in
(€([0,00), H') N €1([0, 00), L*))".

In the following we will prove the optimality of our results from Theorem 2.1. That
means, if
n o max{p;q} + 1
2~ pg—1
then, under suitable integral sign assumptions on the initial data, the local (in time)
energy solution cannot be extended globally. The ideas of the proof of the following
theorem are based on the paper [3] which is devoted to study a general case of model
(2.1).

Theorem 2.2. Let b = b(t) such that b(t)u;, b(t)v, are effective dissipation terms.
Moreover, let

L U() ) tv'(t)
ity > —1 lmsup 5o < 1,
and let p,q such that
n _ max{p g} +1
2 pg—1 ’

where pqg > 1. Then there exists no global classical solution (u,v) € (€([0, 00) x R”))2
to (2.2) with initial data ((ug,u1), (vo,v1)) € A1q X A1 such that

(2.5) / uo(z) + byt (z)da >0,
Rn

/ vo(z) + by toy (z)dx >0,



CRITICAL EXPONENTS CURVE FOR SEMILINEAR SYSTEM 379

where by is defined in (2.6).

Before proving this theorem we show the following lemma which will be used later
in the proof.

Lemma 2.1. Let g = g(t) € C([0,00)) be a solution of the following initial value
problem for an ordinary differential equation

1
(2.6) —g'(6) +9(®b(t) =1, g(0) = 5
1
If b = b(t) satisfies the assumptions of Theorem 2.2, then it holds g(t) ~ ﬁ and
2.7) gt -1<c

The proof of Lemma 2.1 can be concluded from [3] and [18].

Proof. For the sake of brevity we assume that ¢ > p. We multiply (2.2) by the positive
function g = ¢(t) which is defined in Lemma 2.1. In this way we obtain

(9w — Alg(H)u) = (¢'(O)w): + (=g’ () + g(t)b(t))ur =g(t)|v]",
(g(t)v)e — Alg(t)v) — (g'(t)v)s + (—g'(t) + g()b(t) v =g(t)]ul®.
From the definition of ¢ = g(t) we may conclude
(g(®)w)ee — Alg(t)u) — (¢'(O)u)e + ur = g(t)[v]",
(9(t)v)ee — Alg(t)v) = (¢'(O)v)e + ve = g(t)[ul”.
We introduce the test functions n € €5°[0, co) with 0 < n(t) < 1, where

1
(1) = I, for 0 <t <3,
0, fort>1,

¢ € CF(R™) with 0 < ¢(z) < 1, where

|1, for0< |z <
o) = { 0, for |z| > 1.

Moreover, one can choose test functions 7, ¢ and 1 < «, 5,a/, 8’ < p such that

’ B 1" o'
max{m(m (1) }SC, for J < <1,
n(t) " ) 2

1
2

and

o { L2 [0l
plx) T d(x)
where we choose 1 < a, 3,d/, 8" < min{p;q}. Let R be a large parameter in [0, 00)
and

1
}SC’, for§<]:c|<1,

Qr:=[0,F(R)] X B, Bgr:={xeR":|z| <R}.
We define the test function

n(t ) =m0 () = n{ 50 )93 )
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where F(R) = B™'(R?0) and B7'(¢,0) is the inverse function of B(t,0). It fol-
lows that F' : [0,00) — [0,00) is a strictly increasing function with F'(0) = 0 and
I%im F(R) = co. Moreover, we have R < F(R) as a result of b(t) = (1+¢)~".

—00

We have after integrating by parts

[ alelird(t.a) = = [ (uo+ b w)vda
+ / (Hyudipr + (9 (1) — udetb + g(t)uldg)d(t, )
and
| atlulted(t2) =~ [ (4B on)pd
+ [ (900} + (g'(1) = odbn + g(t)oAdr)d(t, ).

Qr
For sufficiently large R, thanks to (2.5), this implies

[, alePvnd(t.) < [ Joudien + (o) ~ Dudin + g(yudvs|dt. 2
and

[ sl vnda) S [ |o@vobin -+ (o(1)  1wdin + g(tywiin d(t,2)

Using Lemma 2.1, Holder’s inequality with % + ; =1 and (2.7) we get

(2.8) /Q Jug(t)3F . 2)
<( [, 1ot )" ([ va*otjotvattat. )"
(2.9) [ (o) = Donsld(t. )

U=

<( [, oot ))" ([, apter v daselt )
(210) [ Juglt)Avgld(t, )

U=

<( [, 1ot )’ ([ va* oisealia, )’
We apply a change of variables t = F(R)7 and # = Ry. Then we have
d(t,z) = F(R)R"d(7,y), Owr = F(R) '0:r, 0} = F(R)0X)g,

and
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With this change of variables we get for (2.8) the chain of inequalities

([, wn*aiotunl?ac.2))"

- /11 ;1 w;qg(t)(F(R)T)F(R)_MWﬂiF(R)R"dey)q

< cagpn [P NG
s(FrRy R [, b(t)dt)

2

S(F(R)™ R"B(F(R),0))"

n+2—2q/
!

SF(R)
Consequently, we arrive at

1 /
v n+2—2q

1) ([ vatsiepvnttatta)” < Fp)™%

In the same way we can prove for (2.10) the estimate

n+272q/

(212 ([, éa*stidvattat,n)" s riry™

Finally, let us turn to (2.9). We have

(] o@my i lowelat.z) )" 5 (PR [ o0 op" el dt2))”
L PR, N
< <F(R)“1 R [ D1 ‘1dt> .
Since F'(0) = 0 and
2R
B'(F(R))
) and B(t,0) — B(%,0) ~ B(t,0) from [2, Remark 4.1], we get

29

F'(R) = (B/(R*,0)) = = 2Rb(F(R)),

using b(t) ~ b(

/Fii}f) b(t)" " dt ~ (b(F(R)))" /Fi? b(t)"'dt ~ (b(F(R)))* R*.

2 2

Moreover, we have

Finally, we obtain

L /
7 n+2—2q

213) ([, stomr s snltate.2))” < Fim)™3
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Consequently, from (2.11) to (2.13) we get

e [ gt PR [ v )"

Analogously, one can get also

(2.15)
n+272p/ % 1 1
/ g()|ul"rd(t,z) S F(R) ¥ (/ |U|p9@/}Rd(t,$)> ,  where — + — = 1.
Qr Qr p p
From (2.14) and (2.15) we obtain
pq—1
([ s@lervndt.a) ™ < FR)™,
Qr
(2.16) ([ s®lulnd.a)) ™ < PR
R
where
2 2 1 2 2 1
sy = n—i: -2+ (njL/ —2> and sy = n—i; -2+ (n—i; —2>.
q p q p q p

The assumption 5 < q“ implies that so < (0. We consider two cases.

o If 55 <0, then lettmg R — oo in the inequality (2.16) we obtain

/ Ll 1)|ul?d(t, z) = 0.

This implies v = 0. This is a contradiction to the assumptions.
e If s, =0, then there exists a positive number Rj such that

| 9®lulvrd(t,z) < Ro,

where Q = {(t,z) € [0,00) x R" : @ <t < F(R),% < |z| < R}. From
O = Ouvg = Ayr = 0 for (¢, ) € Qr\ L2, one can prove similarly to (2.14)

and (2.15) the following estimates:

/ /o M%Mtw+/ (o + b7 "y Yhpd < F(R) QMQ/Mdemﬂﬂ

n 272;7/ %

L7 L s vndta) + [ o+ btoinde 5 PR ( [ olgvnda))
Last estimates for sy = 0 leads to

/'/ thx+/ (o + b7 o0 orde <

for R — oo. This is also a contradiction. The proof is completed. O
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3. CONCLUDING REMARKS

Recently, in [1] the author proved the blow-up of solutions for a model with constant
coefficients considering the additional regularity L™ by taking a lower bound for the

initial data ug(x) € L}, and ug(x) > e|z|~m log |z|. Assuming a similar condition in

our case by mixing additional regularities, we get from [p (uo + El_lul)wR(O,a:)da:
and [5_ (v + b7 v1)YR(0, z)dz a lower bound with respect to R < F(R) after using
Ygr(0,x) = ¢g(x). This generated R cannot leads to the requested contraction. Finally,
this means that the mentioned approach is not suitable for our model.

Assuming the weakly coupled system of semilinear damped waves (2.2) with different
coefficients in the dissipation terms by (¢)u, and bo(t)u;.

(3.1) Uy — Au+ by (t)uy = |v|P, vy — Av + ba(t)vy = |ul9,
' w(0,2) = ug(x), uw(0,2) =ui(z), v(0,2)=1re(x), v(0,2)=1v1(z),

The global existence (in time) of solutions of this Cauchy problem was treated in [4-7],
where the data are defined in different classes of regularity which are the followings:
low regular data, data from energy space, data from Sobolev spaces with suitable

regularity and, finally, large regular data. The blow-up of (3.1) where b,(t) = (H#’

bo(t) = ﬁ, r1,7e € (—1,1), with data from energy space can be treated in a

separated forthcoming project.
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INVESTIGATIONS ON A RIEMANNIAN MANIFOLD WITH A
SEMI-SYMMETRIC NON-METRIC CONNECTION AND
GRADIENT SOLITONS

KRISHNENDU DE!, UDAY CHAND DE?, AND AYDIN GEZER3

ABSTRACT. This article carries out the investigation of a three-dimensional Rie-
mannian manifold N3 endowed with a semi-symmetric type non-metric connection.
Firstly, we construct a non-trivial example to prove the existence of a semi-symmetric
type non-metric connection on N3. It is established that a N3 with the semi-
symmetric type non-metric connection, whose metric is a gradient Ricci soliton, is
a manifold of constant sectional curvature with respect to the semi-symmetric type
non-metric connection. Moreover, we prove that if the Riemannian metric of N3
with the semi-symmetric type non-metric connection is a gradient Yamabe soliton,
then either N3 is a manifold of constant scalar curvature or the gradient Yamabe
soliton is trivial with respect to the semi-symmetric type non-metric connection. We
also characterize the manifold N3 with a semi-symmetric type non-metric connec-
tion whose metrics are Einstein solitons and m-quasi Einstein solitons of gradient
type, respectively.

1. INTRODUCTION

In this paper, on a Riemannian manifold N3, we carry out an investigation of gra-
dient solitons with a semi-symmetric type non-metric connection (briefly, SSNMC).
Many years ago, on a differentiable manifold, Friedman and Schouten [11] presented
the concept of semi-symmetric linear connection. After that in 1932, on a Riemannian
manifold, Hayden [15] introduced the notion of metric connection with torsion. In
1970, a systematic investigation of semi-symmetric metric connection which plays a

Key words and phrases. Riemannian manifolds, gradient Ricci solitons, gradient Yamabe solitons,
gradient Einstein solitons, m-quasi Einstein solitons.
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significant role in the study of Riemannian manifolds, was conducted by Yano [23].
In this connection, we may mention the work of Zengin et al. [24,25].
On N3, a linear connection V is named semi- symmetric if T the torsion tensor

defined by

(1.1) T(U,V)=VyV =VyU —[U,V]
obeys
(1.2) T(U,V) = ¢p(V)U = (U)V,

where 1 is a 1-form defined by ¢(U) = g(U, &), for a fixed vector field £ (the associated

vector field of V). If in the right side of the equation (1.2) we substitute the inde-

pendent vector fields U and V| respectively, by ¢U and ¢V, where ¢ is a (1, 1)-tensor

field [12], then the connection V transforms into a quarter-symmetric connection.
Again, if a semi-symmetric connection V on N3 obeys

(1.3) (Vug)(V,Y) =0,

then V is called metric [23]. If Vg # 0, then it is called non-metric [15]. Here, we
choose the SSNMC, that is, Vg # 0 and the connection V obeys the equation (1.2).
The concept of the SSNMC' on a Riemannian manifold was investigated in [1]. After
that, several researchers investigated the properties of SSNMC on manifolds with
different structures (see [6,10,18,19]).

Hamilton [14] introduced the concept of Ricci flow as a solution to the challenge of
obtaining a canonical metric on a smooth manifold. Ricci flow occurs when the metric
of a Riemannian manifold N? is fulfilled by the evolution equation 2 g;;(t) = —28,;,
where §8;; and g;; are the components of the Ricci tensor and the metric tensor,
respectively. Ricci solitons were created via self-similar solutions to the Ricci flow.

A metric of N? is named a Ricci soliton [13] if it fulfills

(1.4) L+ 2\g + 28 =0,

for some A € R, the set of real numbers. Here, £ being the Lie derivative operator and
S is the Ricci tensor with respect to the non-metric connection V. Wisa complete
vector field known as a potential vector field. The Ricci soliton is considered to be
shrinking, expanding or steady depending on whether \ is negative, positive, or zero.
If W is Killing or zero, the Ricci soliton is trivial and N? is Einstein. Also, if W = D f
for some smooth function f, then equation (1.4) turns into

(1.5) V2f+8+XAg=0,

where V2 and D indicate the Hessian and the gradient operator of g, respectively.
The metric obeying the equation (1.5) is called a gradient Ricci soliton. Here, f is
said to be the potential function of the gradient Ricci soliton.

On a complete Riemannian manifold N3, Hamilton [14] proposed the idea of Yamabe
flow, which was inspired by Yamabe’s conjecture (“metric of a complete Riemannian
manifold is conformally connected to a metric with constant scalar curvature”). A
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Riemannian manifold N3 equipped with a Riemannian metric g is called a Yamabe
flow if it obeys:

(1.6 20(t)+rot) =0, g0 =g(t),

where t indicates the time and r being the scalar curvature of N®. A Riemannian
manifold N3 equipped with a Riemannian metric ¢ is named a Yamabe soliton if it
fulfills

(1.7) Lwg —2(F = A)g=0,

for real constant A : M — R and 7 is the scalar curvature with respect to the non-
metric connection V. Here, W is called the potential vector field. In N3, with the
condition W = D f, the Yamabe soliton reduces to the gradient Yamabe soliton. Thus,
(1.7) takes the form

(1.8) V2f—(F—A)g = 0.

If f is constant (or, W is Killing) on M, then the soliton becomes trivial. The 3-
Kenmotsu manifolds and almost co-Kéhler manifolds with Yamabe solitons have been
characterized by Wang [21] and Suh and De [20], respectively. Chen and Deshmukh [5,
9] studied the Yamabe solitons on Riemannian manifolds. Some interesting outcomes

on this solitons have been investigated in [2,3,7,8,17] and also by others.
The notion of gradient Einstein soliton was presented in [4] and obeys

-1 —
(1.9) 8—§?g+v2f+>\g:0,

where A € R is a constant and f indicates a smooth function.

A Riemannian manifold N3 endowed with the Riemannian metric ¢ is named a
gradient m-quasi Einstein metric [4] if there exists a constant A, a smooth function
f: N® — R and obeys

~ —~ 1
(1.10) S—Ag+V2f—Edf®df:0,

where ® indicate the tensor product and m is an integer. In this case f being the
m-quasi Einstein potential function [4]. Here, the gradient m-quasi Einstein soliton
is expanding for A > 0, steady for A\ = 0 and shrinking when A\ < 0. If m = oo, the
foregoing equation represents a gradient Ricci soliton and the metric represents almost
gradient Ricci soliton if it obeys the condition m = oo and A is a smooth function.
Few characterizations of the above metrics were characterized by He et al. [16].

The foregoing investigations motivate us to study the Riemannian manifold N3
endowed with a SSNMC.

The content of the paper is laid out as: In Section 2, we produce the preliminary
ideas of SSNMC'. The existence of a SSNMC on a Riemannian manifold are
established in Section 3. The gradient Ricci soliton on N3 equipped with a SSNMC
is investigated in Section 4. Section 5 concerns with gradient Yamabe soliton on N3
with a SSNMC. We study the properties of N3 with a SSNMC whose metrics are



390 K. DE, U. C. DE, AND A. GEZER
gradient Einstein solitons and gradient m-quasi Einstein solitons, in Section 6 and
Section 7, respectively.

2. SEMI-SYMMETRIC NON-METRIC CONNECTION

A linear connection V on N , defined by

(2.1) VoV =VyV + (V)
V being the Levi-Civita connection, is a SSNMC. It also obeys
(2.2) (Vug)(V,Y) = =p(V)g(U,Y) = (Y )g(U, V).

Then é, the curvature tensor with respect to the SSNMC, /75, and R, the Riemannian
curvature tensor are related by [1]

~

(2.3) RU, V)Y =R(U, V)Y —a*(V,Y)U + o*(U,Y)V,
for all U, V,Y on N3, where o* is a (0, 2)-tensor field defined by
(2.4) o (U, V) = (Vu)(V) = U)g(V).

Throughout this article, we choose that the vector field £ is a unit parallel vector field
with respect to the Levi-Civita connection V. Then V¢ = 0, which immediately
implies

(2.5) R(U V=0

and

(2.6) S(U, &) = 0.

Also, using V& = 0, we obtain

(2.7) (Vup)V = 0.

Hence, by the preceding equation, we get from (2.3)

(2.8) R(U, V)Y = R(U, V)Y + (Y (V)U — p(U)V].
From the foregoing equation, we can easily have

(2.9) S(U, V) =8(U, V) + 2(U)p(V).
Contracting the above equation, we lead

(2.10) F=r—2

since (€) = g(&,&) = 1. Making use of (2.5), we infer from (2.8)
(2.11) R(U,V)§ = v(V)U = $(U)V.
Therefore, we obtain the subsequent relations

(2.12) W(R(U,V)Y) =0,

(2.13) S(U,&) =20(U), Q& =2¢.

We first establish the subsequent lemma.
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Lemma 2.1. Let N3 be a Riemannian manifold with a SSNMC, V. Then we have
(2.14) &r =0.
Proof. In N3, the Riemannian curvature tensor is expressed by
(2.15) R(U, V)Y =¢g(V,Y)QU — g(U,Y)QV + 8(V,Y)U — 8(U,Y)V
- g[g(V, Y)U - g(U,Y)V].

Making use of (2.8) and (2.9), we acquire

~

(2.16) R(U, V)Y —y(Y)[Y(V)U —y(U)V]
=g(V.Y)[QU — 26¢(U)] — g(U,Y)[QV — 26(V)] + [S(V,Y) — 20(V)0(Y)]U

~

~BU.Y) = 20UV ~ Jlg(V.Y)U = g(U.Y)V].

Putting V =Y = £, the foregoing equation yields

(2.17) QU = (; + 1) U— (; - 1) U)E.
Taking covariant derivative along V', we write
~ Vr
(2.18) v = 2w - v
Contracting the foregoing equation we acquire the desired result. 0

The projective curvature tensor P of N3 with respect to V is defined by
. N 1 ~ N
(2.19) PU, V)Y =R(U, V)Y — 5[8(\/, YU - 8(U,Y)V].

Making use of (2.8) and (2.9), (2.19) reduces to

~

(2.20) P(U V)Y = P(U, V)Y,

where P represents the projective curvature tensor with respect to the Levi-Civita
connection V defined by

(2.21) PUV)Y = R(U,V)Y — ;[S(V, VYU — S(U,Y)V].

Theorem 2.1. If N3 is endowed with a SSNMC /VS, then the projective curvature
tensor with respect to V and ¥V, respectively, coincide on N3.

In differential geometry, the investigation of conformal curvature tensor performs
a significant role. Also, it has various applications in applied physics and the other
branches of modern sciences. Motivated by the above facts we investigate the proper-
ties of the conformal curvature tensor C'. With respect to /75, the conformal curvature
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tensor C is defined by

C(U, V)Y =R(U, V)Y — [S(V,Y)U = S(U,Y)V + g(V,Y)QU

~

~ 7
for all U, V and Y on N? [22]. Utilizing (2.8) and (2.9) in (2.22), we obtain

C(U V)Y =C(U, V)Y = (V)O(Y)U +$(U)d(Y)V

(2.23) +289(V.Y)(U) = 269(U, Y )b (V) + g(V,Y)U — g(U,Y)V,

where C' represents the conformal curvature tensor with respect to the Levi-Civita
connection V defined by

CU, V)Y =R(U, V)Y — [8(V,Y)U = 8(U,Y)V + g(V,Y)QU — g(U,Y)QV]
(2.24) + 59V YU = g(U.Y)V]

Putting Y = £ in (2.23), we get
(2.25) C(U, V)¢ = C(UV)E.
Hence, we have the subsequent theorem.

Theorem 2.2. If N3 is equipped with a SSNMC /V\, then the the conformal curvature
tensor with respect to V and V, satisfy the relation (2.25).

3. EXISTENCE OF A SEMI-SYMMETRIC TYPE NON-METRIC CONNECTION

Here we construct a non-trivial example of semi-symmetric type non-metric con-
nection on a Riemannian manifold.

Ezample 3.1. Let us consider a three-dimensional differentiable manifold N3 =
{(u,v,w) € R¥ w # 0}, where (u,v,w) indicates the standard coordinate of R?.
Let us choose

w O L0 0
(31) kl—e %’ /{:2—6 %, ks_%

At each point of N3 the preceding vector fields are linearly independent. Here we
define the Riemannian metric g as

g(kla kjS) :g(kh kQ) -
g(k1,ky) =g(ka, ko) =

(K2, k3)
(K3, k3)

0,
1

g
g

Y
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1 indicates a 1-form defined by ¥(U) = g(U, &), where £ = k3. Hence, (N3, g) is a
three-dimensional Riemannian manifold. The Lie brackets are calculated as

k1, ks] = kiks — ksks

=3 on) = (a) ()

» 02 » O w O
~ Buwow  © Bwou  © ou
(3.2) = —ky.
Similarly,
(3.3) [k1, ko) =0 and  [ky, k3] = —ko.

V, the Levi-Civita connection with respect to g, is obtained by
29(VuV.Y) =Ug(V,Y) +Vg(Y,U) = Yg(U,V)
(3.4) — g, [V.Y]) = g(V.[UY]) + g(Y, [U, V]),

which is termed as Koszul’s formula.
Making use of (3.4) we have

(3.5) 29(Vi, ks, k1) = —2g(kq, k).
Again by (3.4)

(3.6) 29(Vi ks, ko) = 0= —2g(ky, k)
and

(3.7) 29(Vi, ks, k3) = 0 = —2g(kq, k3).

From (3.5), (3.6) and (3.7) we get
29(vk1k37 U) = _2g(k1a U)a

for all U € X(N).
Thus, Vi, ks = —k1. Therefore, (3.4) further gives

Vigka =0, Vi, ki = ks,
Vk2k3 - _k27 vk‘sz - k37 vkgkl - 07

(38) VkSkg == 0, VkSkQ == 0, ngkl - O
We know that
(3.9) RU VY =VyVyY =V VY — VoY,

where R is the Riemann curvature tensor. Utilizing the foregoing results and with
the help of (3.9), we acquire

R(ky, ko)ks =0,  R(ki, k3)ks = —ku,
R(klv kZ)kQ - _kla R(k27 k3>k2 = k?n R(k17 k3)k2 = 07
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R(ky, ko)ky = ko, R(ka,k3)ki =0, R(ki, k3)k1 = ks.

Using the above expressions, the Ricci tensor can be obtained as

(3.10) Sk, k1) = g(R(k1, ko)ka, k1) + g(R(ky, k3)ks, k1) = —2.
Similarly, we get

(3.11) S(ka, ko) = 8(ks, k3) = —2.

Therefore, the scalar curvature r is calculated as

(3.12) r = 8(ki, k1) + S(ka, ko) + S(ks, k3) = —6.

Making use of the above expressions and using the equation (2.1), we have
Vinks =0, Viks=0, Vik = ks,
Vieks =0, Vigks = ks, Vi,ki =0,

(3.13) Visks = ks, Vika =0, Viki =0.

From the last equation and using (1.2), we obtain T'(ky, ks) = ki and (ks)k, —
(k1)ks = ky. Similarly, other components can be verified. Therefore, the linear
connection V defined on (N3, g) as (2.1), is a semi-symmetric connection. Also, we
have

(3.14) (Ving)(ky, ks) = —1 # 0.

Thus, the linear connection V is non-metric on (N3, g).

4. GRADIENT Riccl SOLITONS ON N? WITH A SSNMC

This section carries out the study of gradient Ricci solitons in N? with a SSNMC.
Let us choose that the soliton vector W of the Ricci soliton (g, W, \) in N* with a
SSNMC is a gradient of some smooth function f. Then using (1.5), we infer

(4.1) VuDf =—-QU — \U,
for all U € X(V). Making use of the above equation, the subsequent relation
(4.2) R(U,V)Df =VyVyDf =Ny VuDf — Vg Df
yields
(4.3) R(U.V)Df = (VuQ)(V) = (VvQ)(U).
The contraction of the preceding equation gives
N 1
(4.4) S(U,Df) = —§(U?).

Again, from (2.17) we obtain

~

(15) 8w.nf) = (5+1) W - (1) v@)EN.

DN | 3)



RIEMANNIAN MANIFOLD 395

Comparing the equations (4.4) and (4.5)

1 . .
(1.6) 50 = (S+1) W) - (5 -1) eO)Eh:
Now, putting U = £ in (4.6), we find
(4.7) {f =0,
since &7 = 0.
Equation (4.3) gives
(4.8) g(R(U, V)¢, Df) = 0.
Again, from equation (2.11) we infer that
(4.9) g(R(U, V)&, Df) = w(V)(Uf) = & (U)(V ).
Comparing last two equations and putting V' = ¢ and using £f = 0, we lead
(4.10) Uf =0,

which shows that f = constant. Making use of the fact that f is constant, equation
(4.1) infers that the manifold is an Einstein manifold. Hence, the Riemannian manifold
N3 is of constant sectional curvature.

Theorem 4.1. Let the soliton vector field W of the Ricci soliton (g, W, \) in N3 with
a SSNMC be a gradient Ricci soliton. Then N3 is a manifold of constant sectional
curvature with respect to the SSNMC'.

5. GRADIENT YAMABE SOLITONS ON N3 WITH A SSNMC

From equation (1.8), we find

(5.1) VvDf = (F= V.
Differentiating (5.1) covariantly along the vector field U, we obtain
(5.2) VuVyDf = (URV + (F = NV V.

Interchanging U and V' in the above equation and then utilizing the preceding equation
in RQU,V)Df =VyVyDf =VyVyDf =V Df, we lead

(5.3) R(U,V)Df = (UF)V — (VF)U.

Contracting the previous equation over U, we get

(5.4) S(V,Df) = =2(V7).

Combining the last equation and (4.5), we infer
(55 27 = (5+1) WH - (5 -1) vONED:

Putting U = £ in the foregoing equation, we have

(5.6) £&f =0,
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since &7 = 0. Thus, from (5.5), we obtain

~

(5.7) —o(UF) = (; + 1) (Uf).

Now, from equation (5.3) we find that

(58) g(RU.V)E, Df) = p(U)(VT) = p(V)(UT).
Combining equation (4.9) and (5.8), we have

(5.9) (V)Uf) =U)V f) = U)(VT) = o(V)(UT).
Setting V' = £ in the previous equation gives

(5.10) (Ur)=—=(Uf).

Utilizing (5.10) in (5.7) we infer that

~

(5.11) (g - 1) (Uf) =0,

which entails that either 7 = 2 or 7 # 2.

If 7 = 2, then from (2.10) we infer that r = 4. Therefore, N? is of constant scalar
curvature.

Next, we suppose that 7 # 2, that is, (Uf) = 0, which implies f is a constant.
Therefore, the gradient Yamabe soliton is trivial.

Hence, we state the result.

Theorem 5.1. Let the Riemannian metric of N3 with a SSNMC' be the gradient
Yamabe soliton. Then, either N3 is a manifold of constant scalar curvature or the
gradient Yamabe soliton is trivial with respect to the SSNMC.

Also, if 7 = 2, then using the equation (2.17) we acquires that the manifold is
an Einstein manifold. Hence, the Riemannian manifold N? is of constant sectional
curvature.

Corollary 5.1. Let the Riemannian metric of N® with a SSNMC' be the gradient
Yamabe soliton. Then, either N3 is a manifold of constant sectional curvature or the
gradient Yamabe soliton is trivial with respect to the SSNMC.

6. GRADIENT EINSTEIN SOLITONS ON N? WITH A SSNMC

Making use of (1.9), we have
(6.1) VyDf = -QV + gv —V

Differentiating (6.1) covariantly along U, we find

~

o o~ 1 _
(6.2) VuVyDf = —VuQV + S(UR)V + (; - )\) V.
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Interchanging U and V' and then making use of the above equation in I%(U, V)Df =
VUVVDf - V\/VUDf - V[UJ/]D]C, we infer

63)  ROVIDf = J(UAV ~ (VU] - (FuQ)(V) + (Tv@)(U).
Contracting the foregoing equation over U, we obtain
(6.4) S(V,Df) = —;(V?).
Combining the last equation and (4.5), we get
1 A A

(65) 50 = (S+1) ) - (5 -1) eO)en:
Setting U = £ in (6.5), we have
(6.6) (&f) =0,
since {7 = 0. Thus, from (6.5), we acquire

1 A
(6.7) —5(U7) = (g 4 1) ).
Now, from equation (6.3) we obtain that
(63) G(R(WU,V)E D) = 5[ (V) — (V) (U7)].
Combining equation (4.9) and (6.8), we lead

1

(6.9) YV)US) = d(U)V ) = =5 [ (U)VT) = d(V)(UT)].
Putting V = £ in the last equation yields
(6.10) Uf) = ().
Using (6.10) in (6.7) we find that
(6.11) ;(Uf) — 0.

Hence, either 7 =0 or 7 # 0.

If 7 = 0, then from (2.10) we acquire that r = 2. Therefore, N? is of constant scalar
curvature.

Next, we suppose that 7 # 0, that is, (Uf) = 0, which implies f is a constant.
Then, equation (6.1) reveals that N3 is an Einstein manifold. Hence, N? is of constant
sectional curvature, since the manifold is of dimension 3.

Thus, we state the subsequent.

Theorem 6.1. If the Riemannian metric of N with a SSNMC' is a gradient Einstein
soliton, then N3 is either a manifold of constant scalar curvature or a manifold of
constant sectional curvature with respect to the SSNMC.
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. GRADIENT m-QUASI EINSTEIN SOLITONS ON WITH
7. GRA ASI EINS SOLITONS ON N3 A SSNMC

Here, we investigate the m-quasi Einstein metric on N3 with a SSNMC'. Initially,
we prove the following lemma.

Lemma 7.1. In N3, we have the following:

RUV)DS =0 QU — (TuQV + (VU ~ UV}

(7.) F{UAHQV — (VQUY,
for all U,V € X(M).

Proof. Let the Riemannian metric of N3 with a SSNMC be a m-quasi Einstein
metric. Therefore, the equation (1.10) can be represented as

(7.2) VuDf =-QU + ;g(U, Df)Df + \U.

Covariant derivative of (7.2) along V' yields

(7.3) VyVuDf =-VyQU + T}ﬁvg(U, Df)Df + nllg(U, D)Wy Df + AV U.
Exchanging U and V in (7.3), we obtain

(74)  VuVyDf=-VyQV + ;/V\Ug(‘/? Df)Df + ;9(‘/7 Df)NuDf + \VyV
and

(7.5) VwwvDf = -QU, V] + ;g([U, V],Df)Df + AU, V].

Utilizing (7.2)(7.5) and the relation R(U,V)Df = VyNyDf =Ny Ny Df =V DY,

we have

R(UV)DS =T QU — (ToQV + (VAU - UV}

F{UNQY - (VAQUY 0

Now contracting the equation (7.1) over U, we obtain

(16) 80v.0n =50+ 2w - {(T+3) v+ (5-1) e}
Combining (7.6) and (4.5), we have

S+ 2wn - {(G+s)vp+ (5 -1) v}
an =5+ wn-(5-1)eren.
Setting V' = ¢ in (7.7), we obtain
(7.8) (2m + 7 — 2\ + 2)(f) = 0,
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since &7 = 0.
Now, from equation (7.1) we have

19 aBUVIEDN = (2= 2) W) - v
Combining equations (4.9) and (7.9), we find that
110 N0 = (5= 2w - v )

Putting V' = ¢ in the foregoing equation yields
(7.11) A=m=2)(Uf) =0,

where we have used &f = 0.

Hence, either (A —m —2) =0 or (A —m —2) # 0.

If (A\—m —2) =0, then we get A = m + 2 = positive integer. Hence, the gradient
m-quasi Einstein soliton is expanding.

If we suppose that (A —m — 2) # 0, then (U f) = 0, which implies f is a constant.
Then, equation (7.1) reveals that N3 is an Einstein manifold. Hence, N? is of constant
sectional curvature, since the manifold is of dimension 3,.

Hence, we state the following.

Theorem 7.1. If the Riemannian metric of N3 with a SSNMC' is a gradient m-quasi
FEinstein soliton, then either the soliton is expanding or it is a manifold of constant
sectional curvature with respect to the SSNMC, provided (2m + 7 — 2XA 4+ 2) # 0.
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NOTE ON HAMILTONIAN GRAPHS IN ABELIAN 2-GROUPS
KRISTIJAN TABAK!

ABSTRACT. We analyze a graph G whose vertices are subgroups of Z& isomorphic
to Zo X Zs. Two vertices are joined if their respective subgroups have nontrivial
intersection. We prove that such a graph is 6(2*~2 — 1)-regular. If a graph is
regular, a classical theorem by Ore claims that a graph is Hamiltonian if the degree
of any vertex is at least one half of the number of vertices. Using Ore’s theorem, we
show that G is Hamiltonian for k € {3,4}. Ore’s theorem cannot be applied when
k > 5. Nevertheless, we manage to construct a Hamiltonian cycle for £ = 5. Our
construction uses orbits of one Z3 group under an action of an automorphism of
order 31. It is highly likely that this approach could be generalized for k > 5.

1. INTRODUCTION AND NOTATION

Many algebraic structures, including groups, have nice interpretations in graph
theory (see for example [1,3] and [4]). Readers can find more on groups and graphs in
[5]. If there is a cycle in a graph that visits every vertex, then the graph is Hamiltonian.
In this paper we are interested in Hamiltonian graphs defined on Abelian groups of
exponent 2. For some classical results on Hamiltonian graphs see [5]. The main
tool in our analysis will be the application of various group rings, for example see
[2]. An elementary Abelian group of order 2* is denoted by Ey. If 21,9, ..., 2}, are
generators, then we can write Fox = (21) X {x9) X -++ X (). Additionally, z? = 1
forall i € [k] ={1,2,...,k}. With Exu[H] we denote a collection of all subgroups of
order 2! that are contained in H < Eyy.

We introduce a set Eos[T, H7! = {S | T < S < H, S FEy} of all Eys-subgroups
that contain 7" and that are also contained in H. One can see that if t < s < m,

Key words and phrases. Hamiltonian graph, graph, elementary Abelian group, subgroup, group
ring.
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H = Eyn, and T & Ey, then | Eys [T, H|™'| = | Eyet[H/T)| = | Byt [Eand]| = 7]
where H/T is a quotient group isomorphic to Eom-: and {Z]Z is a Gaussian coefficient.
Let (Ea2[FEqx], &) be a graph with vertices T < Eax, where T' = Ey2 = Zgy X Zs.
Edges &, are defined as follows:
{1, Tr} € & & TINTy = Zs.

This means that two Fy2 groups are joined if and only if they have a common in-
volution (nontrivial intersection). Our main goal is to see when such graphs are
Hamiltonian. We will show that Ore’s Theorem immediately yields that (Eq2[Egs], €3)
and (Fa2[FEs4], €4) are Hamiltonian.

We will use deg(u) to denote the degree of a vertex.

?

Theorem 1.1 (Ore). Let G be a connected graph with n > 3 wvertices. If deg(z) +
deg(y) > n for all non-adjacent vertices x and y, then G is Hamiltonian.

A graph G = (V| E) is a r-regular graph if deg(z) = r for all vertices z € V. As an
immediate consequence of Theorem 1.1 we have the following.

Corollary 1.1. If G = (V, E) is r-reqular graph and if deg(x) > %|V!, then G is
Hamiltonian.

2. REGULARITY

In this section we will prove that (Ea2[Es], E) is a regular graph. This means that
we need to show that for any 7' € Fy2[Ey] there is a constant number of S € Fg2[Fyx]
such that [N S| = 2.

From this point on, we will assume that k£ > 2. Furthermore, we will show that if
k € {3,4}, then a graph (Ey[Fyx], &) is Hamiltonian.

Theorem 2.1. A graph (Eq2[Eqx], &) is 6(2872 — 1)-regular. The inequality

1
holds for all V' € Ey[Eyx| if any only if k < 5.
Proof. Let V' be a vertex of (Egz[FEy], ). Put V¥ =V \ {1}. Let us denote with
n(V') the collection of all vertices adjacent to V. If P € n(V), then P = FE,: and
PNV = (g) for some g € Ej,. Also, P € Ex[(g), Eo]~'. Hence,

n(V)=| U Exzlg), Ex]™"

gev*

V)

On the other hand, we have

|Ex2[(g), Ext] | = |Ea[Egr /(9)]] = | Ba[Egen]| = 2871 — 1.
If g,h € V* and g # h, then

|Ex2[(g), Bor] ™' N B2 [(R), Bor] | = |Eg2 [Eo] N {V}] = 1.
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Also, for three mutually different g, h, k € T we get
|Ex2[(g), Exx] ™' 0 Ex[(h), Ex] ™" N Ex[(k), Ex] ™' = 1.

Using the inclusion-exclusion formula, the following holds

deg(V) = XVI | Ex[{g), Bye] 7| = #Zh . |E[(9), B] ' 1 B [(h), Exe] |
+ > | B [(9), Ear] ™1 0 Exe[(h), Exe] ™ 0 Exa[(K), Bye] Y| = 1

g#h#k#g, g,h,keV*

:G’)(z’f—l—n— (g) 1411

=6(2F2 — 1).

Notice that |Eo[Eyx]| = {];]2 = 3(2F = 1)(2" = 1). Put t = 2¥72. Therefore,

;\Ezz [Ey]| — deg(V) = é(u —1)(2t— 1) —6(t — 1) = é(sﬂ — 42t + 37).

For k = 3 and k = 4 we get 82 — 42t + 37 < 0. For k > 5 we have 8t? — 42t + 37 > 0.
This proves our claim. 0

Now, using Corollary 1.1, we see that the following holds.

Corollary 2.1. Graphs (Ey:[Egs),E3) and (Ey2[Esl, E4) are Hamiltonian. Further-
more, necessary conditions for application of Ore’s theorem are not satisfied for k > 5.

3. HAMILTONIAN CYCLE IN (FEs2[Ess], E5)

Let Fys = (a) x (b) x (¢) x (d) x (e) = (a,b,c,d,e), where a,b, c,d, e are generators
of Fys. Any automorphism « € Aut(FEsys) is represented by its action on generators.
We can denote any « € Aut(FEys) by

o — (a b ¢ d e)
91 92 g3 g1 G5)’
for some ¢g; € Ej;. This means a(a) = g1, a(b) = g2 and so on. The order of an
automorphism o(«a) is the smallest nonnegative integer n such that o™ is an identity
map. If X C Ey and o € Aut(Eys), then with X(* we will denote one a-orbit of X.
If o is of order n, then an orbit X(* can be represented in a group ring Z[Es] like
this:
X@ =X 4 X4 X

The following lemma will be crucial for a construction of a Hamiltonian cycle in

<E22 [EQS], 85)
Lemma 3.1. Let Eys = (a,b,c,d,e) and let a € Aut(FEys) be given by

_fa b ¢ d e
Y= \be cd bed de a)’
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then o(a) = 31 and H') = E[Es), where H = (a,b,c,d). If T = (a,b,c) and
AN, =TNTY fori € Zsy, then

(b,c), ifi=1,14,

(a,bc), if i = 13,30,

(ab,c), ifi=17,18,

= Zs,  otherwise.

A, =

Proof. We can rewrite an automorphism « in a simplified form like this: o =
(be, cd, bed, de,a). For the purpose of finding o’ we represent o in a matrix form
over Zs

00 0O01
1 0100
a=|1 1100
01110
00010

Rows and columns are indexed by a,b,c,d,e. After calculating powers of o over
Zy, we get that o3 is an identity matrix. Furthermore, o' is not an identity
matrix for all ¢ < 31. Therefore, o(ar) = 31. For example, using the same ap-
proach, we get a'® = (de, abede, be, abde, d) and o't = (ade, acde, b, abe, de). Hence,
T = (de,abcde,bc) = (de,abe,bc) = (de,a,bc) and Ay = T NT*" = (a,be).
Furthermore, 7" = (ade,acde,b) = (ade,c,b) and Ay = (b,c). Also, a'” =
(ae, c,ab, acd,acde), a'® = (abc,bed, bd, e, ae) and o® = (e, be, abe, ac, acd). For all
other cases A; is a group of order 2. In the Appendix, one can find all powers o
together with the images T

Assume that H* = H for some power ¢ < 31. Then A; = T = FEy. This is a
contradiction with |A;] < 4, hence H* # H. Since the number of all Fy: subgroups
of Eogs is |Eg1[Eas]| = Hz = 25 — 1 = 31, this means that an a-orbit of H contains all

4
FEy subgroups of Eys. Therefore, H'® = Eyi[Eys). O

Throughout the rest of the paper the subgroup (a,b,c) < Eys = (a, b, c,d, e) shall
be denoted by T" and « shall be the automorphism defined in the Lemma 3.1. We
are now ready to sketch the main idea for a construction of a Hamiltonian cycle in
(E92[E9s], €5). A main building block will be an a-orbit of T. There are 7 vertices
or subgroups of order 4 in T, i € Zs,. We will show, in Theorem 3.4, that a
collection of all vertices from (UL, Fy2[T] is in fact the set of all vertices Ey[Eys).
Also TNT™ = FEs is a vertex. The same holds for all other T AT As we will
see from Theorem 3.5, vertices T NT* " are all mutually different. As a final step,
we will introduce a recursive procedure that will enable us to choose vertices from
each Eyp[T*] so that they all together form a Hamiltonian cycle.

Motivated by the previous lemma we introduce slightly different notation:

AQI :<b7 C>> Q1 = {1? 14}7
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Agq, =(a,bc), Qs ={13,30},
Agq, =(ab,c), Q3= {17,18}.

Lemma 3.2. Groups A?z}j and Ag, are distinct for all i € [3] and k € [30].

Proof. Assume the opposite. Let ¢ € [3] and k € [30] such that A?: = Ag,. Since
o(a) = 31 is a prime, then af generate entire (o). Hence (a) = (a*). Let H =
(a,b,¢,d). Lemma 3.1 implies that H'®") = Eyi[Ey]. There is s € Zs such that
Ag, < H@"". Since Ag’; = Ag,, then Ag, = Agjk)t < (HEDY D" = F@)™ for a]l
t € Z3,. A mapping t — s + t is one-to-one map on Zs;. Hence, we can write in a
group ring Z[Ey:[Fys]| the following:

30

SOHOT = 3 (H)) = Bx[Ex)
t=0 teZs31

From Ag, < HE™ for all t € Zs, it follows |Eyi[Aq,, Eys]™!| > 31. This is a

contradiction with

|E24 [AQN EQS]_1| - ‘EQZ [EQS/AQZ]

3
= |Exp[Ex]| = H =2°—1="1. O
22

Corollary 3.1. If Ag’j = Aq,, then o is a unique element from (o).

Proof. Suppose that k; and ks, are integers such that A%’:l = A?{;Q = Ag,. Tt follows

that Ag’f"” = Ag,. By Lemma 3.2, a map o~ is an identity map. Thus k; =
ko. O

Lemma 3.3. Subgroups Agq,, i € [3], satisfy the following: A?{io = Aq,, A?zlzs =
Ag,, A = Aqg,.

Proof. From Lemma 3.1 we have A?‘io = (TNTY)* =T NT = Ag,. Hence
A?;;O = Ag,. Furthermore, Aglj = (T NT*")*" =T NT = Aq,. Now we have
Ag? = Agq,. Moreover Agf = Agq, and A?;QS = Agq,. This proves our claim. U

Theorem 3.1. For T and « the following holds
S |Ex[T])N Ep[T]| = 31-3.

0<i<j<30

Proof. Take some i and j such that 7 NT% = Ey. Then

T AT = (T AT = (850" = (Aig)® = By
This means that A;_; = A;_; = Ey. Thus, by Lemma 3.1, we get {i — j,j — i} €
{{1,30}, {13,18},{14,17}}. Since i € Zz, each {i,j} contributes 31 to the sum
So<icj<so [Eo2[T] N Ey2[T*]]. Therefore, the final number is 31 - 3. This proves our
assertion. U
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Theorem 3.2. For T and « the following holds
S |ER[T¥] N Ep[T¥] N Ex[T*"]] = 31.

0<i<j<k<30

Proof. Let A = T NT* NT* = Eyp for some 0 < i < j < k < 31. Then A =
(T NT)N(T*' NT*"). This means A = (TNT* ) N(TAT* ) = (A;_iNAp_;)™.
Hence A;_;NAy_; = Es. Since |A;| < 4dweget Aj_; = Ay_; = Ep. Since j—i # k—i,
we get {j — i,k — i} = Q for some s € [3].

If s =1, then {j —i,k —i} = {1,14}. This implies that {¢, 7, k} can be represented
as {i,1 + 1,7+ 14} where i € Zs;.

The case s = 2 gives us {j — i,k —i} = {13,30}. Hence, {1, j, k} can be represented
as {i,7+ 13,7+ 30} where ¢ € Z3;. However, we get

{{i,i+13,i+30} | i € Zg1} = {{(i—1)+1,(i—1)+1+13, (i—1)+1+30} | i € Zs, },
and this set is equal to = {{j,j+1,j+14} | j € Z3,} where j = i—1 in Z3;. Therefore,
the previous two cases are in fact the same.

If s =3, then {j — i,k —i} = {17,18}. Now we get {i,j,k} is of the form {7,i +
17,4+ 18} where i € Z3;. Notice that

(Li,i+ 17,0+ 18} | i € Zy} = {{(i + 17) — 17,4 + 17, (i + 17) + 1} | i € Zg;}.
It follows

W17+ 1} [j€Za}={{j+ 14,5, +1} | j € Za},
where j = ¢+ 17 in Z3;. Thus, all the three cases are the same and so we have one
representative.
This means that we have one representative of a triple {i, 7, k} such that T o' N
T NT = F, where i € Zs;. This proves the claim of the theorem. O

Theorem 3.3. For T and « the following holds
S |ER[TY]N Ex[TY] N Ep[T] N Ex[T*]

0<i<j<k<s<30

Proof. Assume that A = T NT NT" NTe = FEy forsome 0 <i < j < k < s < 30.
It implies that

=0.

3

A=(TNT ) (AT ) N (TAT ) = (AN A N A

This means that A;_; = Ay_; = A,_; = Ex. Since T T Tak, T are mutually
different, we get |[{j — i,k —i,s —i}| = 3. Also, A;_; = Ay_; = A;_; = Ey implies
{j—ik—i,s—1i} CQ; for some i. That is a contradiction since ;| = 2. O

The next result finally shows that orbit 7 contains all Fy2 subgroups of Fas.
Theorem 3.4. For T and « the following holds

30 ;
U EQZ [Ta ] == E22 [EQS].
=0
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Proof. The total number of all Ey2 subgroups of Fys is |Eg2[Egs]| = B]Q = 31-5. Using
the inclusion-exclusion formula and Theorems 3.1, 3.2 and 3.3 we get

U Ex [T \Ezz '] | B [T°] 0 B[]
i=0 0<i<j<30
+ Y | BTN BTN Ep[T) + - +
0<i<j<k<30
=31-7-31-3+31—0+0—---
=31-5.
Therefore, every group from Fye[Ess] is contained in U2, Fo2[T*']. 0

Theorem 3.5. A graph (Ey2[Eys), E5) is Hamiltonian.

Proof. Since T = Eys and AB = T, where A, B € Ex[T®], it follows that |A N B| =
@'ﬁ' = 2. Hence, A and B are adjacent. Therefore, the vertices in Eo [T%] = K
induce a complete graph on 7 vertices denoted by K. Thus, if we delete some vertices
together with the edges incident to them from FEj2 [T"‘i], there will be a path in a
remaining graph that Visits each remaining vertex.

The subgraphs Ep2 [T "1, Ex[T*] and Ey[T*""] have common vertices 7' NT*
and T NT*". Let L(T*) = {T* NnT* ", 7% NnT*"}. Notice that L(T*) =
{AY A¥Y (since TNT* = Ay). We may look at vertices L(T®) as links between
neighboring graphs Ea [T '], Ey[T] and Ey [T*].

Suppose that there are at least two equal vertices in 2, L(T a) Let T NT~"" =
T NT*"" for some i # 5. Thus, (T NT*)* = (T NT*)*". Hence, AY = AY and
Aaifs = A for alTs # id. This is a contradiction with Lemma 3.2. Therefore, all

vertices in U2, L(T") are mutually different.
As the 1n1t1a1 step of a recursive construction of a Hamiltonian cycle, we define
BTy = Ex[T*] for all i € Zj. Assume that we have formed a sequence

(EQz [T“i]mi)i€Z31 , where m; is a sequence of integers that count number of steps

(deletions) that we have done in the recursive procedure within Ey[T].

If there is a vertex A and j # i such that A € (E22 [T“i]mi\L(To‘i)) NE52 [Taj]mj, then
A is not a link, but it is a vertex in graphs Fg2[T*'],,, and Ey [T O‘j]mj. Then, we delete a
vertex A and the edges incident to it. In this case let Eo [T ], 41 = Egp [T, \ {A}.

If such a vertex A does not exist, we leave Ey[T* ], unchanged and denote that
by Ep2[T],,,. Now, continue the same procedure with Ey[T%"],,.. . Following this
process, after finite number of steps, we will construct a sequence (E22 [T ]ml)iGZg;l
Using a notation in a group ring Z[FEy2[Eys]|, we have the following:

U U A= EpEs

1€Z31 AEEQQ [Tai]'rni
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Note that by Theorem 3.4, [J, E» [T“i] contains all edges in Fys. From |Es: [T‘“i] =7
and the fact that we do not delete links in this procedure, we get m; < 5 and
B [T, = Kqp..

Therefore, there is always a path through each vertex of Es: [T“i]mi, where endver-
tices belong to L(T‘”‘i). Since all links are preserved, the mentioned paths, after being
joined together, make a Hamiltonian cycle in (Eg2[Eas], E5). O

4. APPENDIX

We list here all the powers o/ together with the images 7%

be, cd, bed, de,a), T = (be, cd, bed),

b, bee, bde, ade, bc), T = (b, bee, bde),
be, ab, ace, abede, b), T = (be, ab, ace),
bee, bd, ad, acde, cd), T = (bee, bd, ad),

(

(

(

(

(ab, ce, bede, ae, bee), T = (ab, ce, bede, ae, bee),
(bd, abed, abde, abe, ab), T = (bd, abed, abde),
(ce, cde, abe, ¢, bd), T = (ce, cde, abe),

(abed, abee, abd, abe, ce), T = (abed, abee, abd),
(cde, ac, be, bde, abed), T = (cde, ac, be),
(abce, d, acd, ace, cde), T = (abce, d, acd),
(ac,de, e, ad, abce), T = (ac,de,e),
(
(
(
(
(
(
(
(
(
(
(

d,ade, a,bede, ad), T = (d,ade, a),

de, abede, be, abde, d), T = (de, abcde, be),
ade, acde, b, abe, de), 7" = (ade, acde, b),
abcde, ae, cd, abd, ade), T = (abede, ae, cd),

acde, abc, bee, be, abede), T = (acde, abe, bee),

17
ae,c,ab,acd, acde), T = {ae,c,ab),

abe,bed, bd, e, ae), T = (abe,bed, bd),

¢, bde, ce, a, abc), T = (¢, bde, ce),

bed, ace, abed, be, c), T = (bed, ace, abed)
bde, ad, cde, b, bed), T = (bde, ad, cde),

ace, bede, abee, cd, bde), T = (ace, bede, abee),

(0%
042
a3
Oé4
a5
066
a?
Oé8
069

alO
0411
a12
0613
0414
0415
0416
0417
0418
a19
0420
OAQI
Oé22
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o®* =(ad, abde, ac, be, ace), T = (ad, abde, ac),
o** =(bede, abe, d, ab, ad), T = (bede, abe, d),
a® =(abde, abd, de, bd, bede), T = (abde, abd, de),
(abe, be, ade, ce, abde), T = (abe, be, ade),
o’ =(abd, acd, abcde, abed, abe), T = (abd, acd, abcde),
(
(
(

026 —

o®® =(be, e, acde, cde, abd), T = (be, e, acde),

29
o® =(ace, a,ae,abce, be), T = (ace,a,ae),

o =(e, be, abe, ac, acd), 7" = (e, be, abc),
a31 :(bC, Cd, de7 de7 CL), Ta31 = <bC, Cd, de)
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NEW RESULTS PARAMETRIC APOSTOL-TYPE
FROBENIUS-EULER POLYNOMIALS AND THEIR MATRIX
APPROACH
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ABSTRACT. The new algebraic properties of the parametric Apostol-type Frobenius-
Euler polynomials and parametric type Frobenius-Euler polynomial have been ex-
plained in this research. The researchers have studied the series of the Taylor
type and established the relation between the classic Apostol Frobenius-Euler and
Frobenius-Euler polynomials. This work has also addressed the generalized para-
metric Apostol-type Frobenius-Euler polynomials matrices and has shown some of
their properties. Finally, this research provided some factorizations of Apostol-type
Frobenius-Euler matrix that involves the generalized Pascal matrix, Fibonacci and

Lucas matrices, respectively.

1. INTRODUCTION

The Apostol type polynomials and numbers, have been used extensively in mathe-
matical analysis and practical applications. For this reason, they have been studied
as reported in [1-4,6,7,9,11,13-15,17,18|.

Let IP be the vector space of the polynomials with coefficients in C. Let {A,(z)},>0 be
the sequence of polynomials known in the literature as the sequence Appell polynomials
if the polynomials A, (z) are defined by the following generating function: (see, [9, p.

L (1):
(L) FEe = 3 Aula)

Key words and phrases. Appell polynomials, Frobenius-Euler polynomials, Apostol Frobenius-
Euler polynomials, Apostol Frobenius-Euler numbers, parametric generalization.
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where f is a formal power series in z, these polynomials have found remarkable
applications in different branches of mathematics, theoretical physics, and chemistry
[1,14]. On the other hand, for a particular case, we have the Apostol Frobenius-Euler
polynomials that are generated by choosing in (1.1) the following value of f(z) (see,
[5, p. 1, (1))]):

1—u

[ =5

from which you get the Apostol Frobenius-Euler polynomials H,,(x; A; u) in variable
x, is defined through the generating function (see, [2, p. 2, Definition 2|):

s 3)

where H, (\;u) denotes the Apostol Frobenius-Euler number. Thus, the Apostol
Frobenius-Euler polynomials fulfill the following identities respectively (see, [2, p. 4,
Proposition 1 and Proposition 2]):

ZTZ

n!’

1—u

e =Y Hy(z; \u)

n=0

2] <

Y

Ae? —

AH,(z+ 1, 5 u) — uHy (2 A u) = (1 — uw)a™

and
d
dx
Furthermore, if n € N, then (see, [2, p. 4, Proposition 3]):

1 _ .
/ Hy(as huy = 22 i)
0 A n+1

In this paper, the authors will study new properties of the polynomials that are
introduced in [10]. The author will also define the generalized parametric Apostol-type
Frobenius-Euler polynomials matrices and will show some of their properties. This
paper is organized as follows. In Section 2, will be giving some definitions of previ-
ous results of parametric type Apostol Frobenius-Euler H¢(x; \;u) and HE(x; \;u)
polynomials. Section 3, will be obtaining several properties of the parametric Apos-
tol Frobenius-Euler and Frobenius-Euler polynomials. Section 4, will be presenting
some new series of the Taylor type involving the Apostol Frobenius-Euler numbers
H,(X\;u) and Frobenius-Euler numbers H,,(u). Finally, Section 5 will be addressing
the generalized parametric Apostol-type Frobenius-Euler polynomials matrices and
show some of their properties.

[H,(x; \;u)] = nH,_1(x; \; u).

2. BACKGROUND AN PREVIOUS RESULTS

The following standard notions will be used: N = {1,2,...}, Ny = NU {0}, Z
denotes the set of integers, R denotes the set of real numbers and C denotes the set
of complex numbers.
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For real parameters, p and ¢ in [8] was obtained that the Taylor series representation
of the following functions eP* cos(¢qz) and eP? sin(qz) is given by

“ cos(qz) Z Cr(p, q

k" ’
Lk
“sin(qz) ZSk D, q k:"
where Cj(p, q) and Sk(p, q) is given by
4 (F\ k-2 2
1) i) =X (-1 (o )4,
j=0 J
k— 1} k
2.2 S —1y k—2j-1,2j+1
22) = 3 7y,
Also it is fulfilled (see, [13, p. 944])
k
Ci(p, p) =2p" cos f,
k
Sk(p.p) =2p" sin Zﬂ,
k
(2.3) Ci(0,9) =q* cos g
k
(2.4) Sk(0,49) =q sm?ﬂ

Using the definitions of C,,(p; q), Sn(p; ¢) and the Apostol Frobenius-Euler numbers
H, (\;u) we have, two parametric of Apostol-type Frobenius-Euler polynomials

Hyo(py @3 A u) = Ho(A, u)Cr(p, q),
Hy,o(p,g; A u) = u)Sn(p, q),

Hy (A,
which exponential generating of H, .(p; ¢; A; u) and H, s(p; ¢; X\; u) functions are given
respectively, by (see, [10, p. 5, (14) and (15))]):

1—u (a) [a on

(2.5) [/\62 - u] “cos(qz) Z H(p, q; A u) ok
1—u 1@ 2"

[a fall

(2.6) [/\ez — u} “sin(gz) Z H! (p, q; A, u) oy

Thus, according to the Cauchy series product, we obtain

(2.7) Hy, o(p, q; M) = Enj (Z) Hy, (X u)Cr(p, q),
k=0
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(2.8) H, o(p, q; \ju) = Enj (Z) Hy, (X u)Sk(p, q)-
k=0

Therefore, from equation (2.5) it is observed that when the parameter ¢ takes the value
0 one has H,, .(p;¢; \;u) = H,(p; A\;u) and the Apostol Frobenius-Euler polynomials
are obtained. On the other hand from (2.5) and (2.6) it is easy to obtain the following
statement

n n o
(29  HYMp+q.q u) =) <k> H 0, g, X0 HY (0,0, M),
k=0

n a
H[OH_’B](p—{—q q,>\ U) Z <k>Hl~[c,i(p7Q7>\7u)H1[wﬂ]ks< q, )\ U)

k=0

Below, a list of the first parametric Apostol Frobenius-Euler polynomials for H,, .(p, q;
Asu) and H, 5(p, ¢; A\; u) are shown:

1—u
Hoo(p, 45 Ay u) =5—,

1—u A1 —u)
Hl,C<p7Q;)\;u) :)\_Up_ ()\_u)27

Hs (p,q; \;u) = [(AQ—)\U)?’ - (A—)\u)Q] (1—u)— P + (/\—u)Qp

el

2)\2 A 1—u 2 1 U 9
Hs (p,qg; \su) = [(/\ )P — O _u)2] p—3——pq +3)\—7u)2q

A—u (A
63 62 A
+ (1 —w) l—()\_u)4 + O — )P — ()\—u)2] ;
Hayo(p, q; A u) Z}\:ZPA‘ B 4(1(1_;;)193 +6(1—w) [(Azj\u)?’ (A —Au)2] v
—6A3 62 A 6(1—u) 5,
+4(1 — u) [()\_u)ll-l- <)\_u)3+ (A—u)Q]p_ N, P
Py
+ (A_u)qu
2)\2 A l—u 4
— 6A(L —u) [()\—u)i‘ Ty ]q T,

-0 [~ it B B
HD,s(pa q; )\; u) :Ov

24\ 363 14)2 A ]
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1—u
H s(p,¢: Aju) = ;
Ls(P @ A u) =34

1—u 1—u
Hyo(p, q; A u) = — 2f\mq + 25— P4,
1—u 1—u 1—u

Hs (p,q; \iu) = — X P49’ — 6A——
3,5(D, 3 A ) T, 2 P GA T pa

1o [ 2 - i o

Let p be any nonzero real number. The generalized Pascal matrix of first kind P[x],
is an (n+ 1) x (n + 1) matrix whose entries are given by (see, [16, Definition 1]):

pij(p) = (j-)(p)”, i > 7,

0, otherwise.

Let {F,,},>1 be the Fibonacci sequence, i.e., F,, = F,,_1+ F,,_5 for n > 2 with initial
conditions Fy = 0 and F; = 1. The Fibonacci matrix .% € M, 1(R) is the matrix
whose entries are given by (see, [19]):

f: E—j—i—b lfl_]+1207
= 0, if i —j+1<0.
Let {L,},>1 be the Lucas numbers sequence, i.e., Ly = Lyi1 + Ly, for n > 1 with

initial conditions L; = 1 and Ly = 3. The Lucas matrix . € M, 1(R) is the matrix
whose entries are given by (see, [20]):

b Liga, ifi—5 >0,

B 0, if1—7 <0.

3. THE PARAMETRIC OF APOSTOL-TYPE FROBENIUS-EULER POLYNOMIALS AND
THEIR PROPERTIES OF HS(p,q; A\;u) AND HE(p, q; \;u)

In this section, some properties of the parametric Apostol-type Frobenius-Euler
polynomials H,, .(p, ¢; \;u) and H, s(p, ¢; A\; u), will be presented.

Proposition 3.1. For every n € N, the parametric Apostol-type Frobenius-FEuler
H, .(p;q; \;u) and H,, 5(p; q; X\;w) polynomials meet the following identity

(3.1) A, (1 +p, g N u) — uH, o(p;g; A u) =(1 —u)Cr(p, q),
(3.2) AN, (1 +p,q; \u) — uH, 5 (p; ¢; A u) =(1 — u)Su(p, q).
Proof.

2" 1—u

A 1 H,.(1 NN =
At u+1) > Huoll+p,g; Xu)— =——

n=0

eI )% cos(qz) (A +u + 1)

1—u

=eP* (Ne” + ue” + €* — u + u) cos(qz) 3
e —u
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1—u
—(1 — )eP? pz
(1 —u)eP? cos(qz) + ue Cos(qz))\ez_u
1—u
1 (p+1)z
+ (14 u)e cos(qz))\ E—
=(1+u) Zan 14+ p,q; X u)
n=0 nl
o0 ZTL
+ ]_—U ZCn b, q
n=0
ZTL
+uz%an(p,q,A U)n,- m

So, the first statement given in (3.1) was demonstrated. The proof of (3.2) is obtained
analogously.

Corollary 3.1. If in Proposition 3.1 the relationships (3.1) and (3.2) take a value of
p =0, then it is true
NHon,o(1, 05 A u) — ullon,o(g; Ay u) = (1 — u)(=1)"¢™"

and
AHopo1s(1, ¢ N u) — uHop i1 o(q; A u) = (1 — u)(—=1)"¢*" .

Proposition 3.2. For every n € Z*, the parametric Apostol-type Frobenius-Euler
H, (p;q; A\su) and Hy, 5(p; ¢; A\ w) polynomials meet the following identity

n

(3.3) Hyo(p+1,qMu)=> ( >Hk (p, @ A )™,

k=0

M:

(3.4) Hys(p+1,q;\u) = ( )Hks poa; N u)l" .

k=0
Proof. Using (2.5) one obtained

2" 1—u
Hn . l : A pz > lz
nz% (p+1,q; u) ()\GZ —¢ cos(qz) ) e
n=0 !
5 ( )ch P
n=0 k=0
The first affirmation obtained in (3.3) has been proven. The other result (3.4) can be
demonstrated similarly. ([l

Corollary 3.2. The following statements are valid

n—1

n
H,.(p+1,¢;u) — Hyo(p,g; Nsu) = <k> Hy o(p, q; A\ u)
k=0
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and

n—1 n
H,s(p+ 1, g;\u) — Hys(p,g; Nyu) = > <k> Hy, o(p, q; \s ).
k=0

Using the Corollary 3.2 and the Proposition 3.1, the following recurrence formulas
are obtained:

(3.5) H, . (p,q; A\ w)

—)\iulu—u AZ( >chp7Qa>‘ U)],
l(l—u)Sn 1(p, q AZ( )Hksp,q,A u)l,

H,«(p,qg; \ju) =

—Uu

where Ho(p,q; \;u) = — % and Hos(p,q; X;u) =0.
—u

Proposition 3.3. For every n € N, the following partial derivative identities are

correct

(3~6) 87[ nC(pvc.Zv)‘ U)] :an—l,c(paC]; Asu),
(3.7) aa [H, s (p, ¢; Ay u)] =nHyp 5(p, q; As u),
3:9) 5 el 50)) = = (.05 50),
(3.9 O (Hpo(p, 5 X5 0)] =0y 1o, 5 0)

dq
It will be shown (3.6), the proof of (3.7), (3.8) and (3.9) are similar.

Proof.
0 2"
o Zanp,q,Au Z [Huop @ As )] —
n=0 =
1
)\ez_uzep cos(qz)
Zn+1
:Zan qua/\ U)
nl
n=0
= Hn— c\V a)\7
nzl 1e(P, q “)(n—1)!
- Zan 1c(p7 Q7>\ U) 1’
n=1 ( )

by comparing the coefficients of the series, one has the result. O
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Proposition 3.4. The polynomials H, .(p, q; \;w) and Hy, s(p, ¢; \; w) are, respectively,
of degrees n and n — 1 in the variable p, it is also asserted that
1—u 1—u

(3.10) ne(P3 g3 M) =3——p "oap? t

n(l—wu)q ,4 nn—11—-urg ,
311 H, (p g hu) =~ -1 n2
(3.11) sPr @A u) =——=p 0= u)? +

Proof. First, the result given in (3.10) is shown using the method of mathematical
induction on n. On the other hand of (3.5) it has

1—u
Hoo(p, 45 Ay u) =3—,
l—u)p A1—u
and
1—wp* _(A1—wrp 1—u, 2221 —u)—A\—u)
Hc 7?)‘7 = -2 -
2P iAW) = A — 2 T T T O — )

Therefore, the statement given in (3.10) is valid for n = 0,1,2. It will be assumed
that it is correct for n — 1. Using (3.6), we get

0 1—u 1—u
7an y 7)‘a = nel _1771_2
8p[ B Au)] =ns—p n(n )(A_U)QP +
To obtain the final result given in (3.10) it is necessary to integrate with respect to
variable p. The results (3.9) and (3.11) are obtained analogously. O
Proposition 3.5. If n € N, A > 0, u # X and m is an odd positive integer, then
k
1 1 mel (AT kE q
3.12 Hiyo(mp, ¢; Amsum ) = m” (=] Hae — A
(3.12) o(mp, g A um) mg;ou <u> ,<p+mm U>
and
m—1 A X k
11 m—1 m q
3.13 H, , ’ 7)\7”7 m)=m" m - H, s 7777)‘7 .
(3.13) S(mp, q; A um) mkgu <u> ,<p+mm U>

k

0 1 — m
£ () oo £ o) = 12 (2) b (),
U ’ m’ m e —u \u m

k=0
qz
eP? cos (
m

1—
(1 — w)e™m cos (%> o
. m

Proof. To prove (3.12), it avails to consider the following relation:
k.

take a sum over k£ from 0 to m — 1, one has

mol oo /y\w kg l—u (A
— an 7777)\7 = -
ZZ(U) ’ <p+m m u) )\ez—u<u>

k=0 n=0

3=

1 z 1

Amem — um
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= Y m Hye (mp, g A um )
n=0 nt
To the test (3.13) the proof is similarly. O

New results are presented below for parametric Frobenius-Euler polynomials.

Proposition 3.6. For every n € N, the parametric Frobenius-Euler HS(p; ¢;u) and
H, s(p; q;u) polynomials meet the following identity

(3.14) H,.(1+p,qu)—uH,.=(1—u)C,(p,q),
(3.15) Hys(1+p, q;u) — uly,s =(1 — u)S,(p. q).
Proof.
oo 1 _
(L+u+1) Y Hyoll+p,giu) =% cos(g2)(1 +u + 1)
n=0 e*—u
1—u
=eP? (e* +ue® + € — u+ u) cos(qz)
e —u
1—
=(1 — u)eP® cos(qz) + (1 4+ u)e®tH? cos(qz) “
eF —u
1—
+ ueP? cos(qz) 4
eF —u
o0 ZTL
=(1—u) ) Culp,a)—
—= n!
oo ZTL
+(1+u) ;}Hn,c(l +pgu)—
o0 Zn
+u Z Hn,c(p> q; u)ﬁ)
n=0 '

which proves the first assertion (3.14). The proof of the second assertion (3.15) is
similar. U

Corollary 3.3. For every n € N, the following identities hold true

H, (1+p,qu) —uH,(p,q,u) =1 —u)Cy(p,q),
H, (1 +p,qu) —uH, (p;q;u) =(1 —u)S,(p,q)-

Corollary 3.4. If in Proposition 3.6 the relationships (3.14) and (3.15) take a value
of p =0, then it is true

HQn,c(L q; u) - UHQn,c<Q; u) = (1 - u)(_1>nq2n
and

H2n+1,s(1a q; )\;U) - UH2n+1,s(Q§ U) = (1 - U)(—l)nQQnH-
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Proposition 3.7. For every n € Z*, the following identities hold true

n

n _
Hoolp+1lLgu) =Y <k> Hy,o(p, g;u)l"*

k=0

and
n

n
H,(p+1lqgu)=>_ <k) Hy. s(p, ¢; u)l" .

k=0

Corollary 3.5. The following statements are valid

H,.(p+1,qu)— Hy,.(p,qu) Z( >chp,q, w)

and
n—1

n
H,s(p+1,q;u) — Hys(p, g; Xsu) = > <k> Hps(p,q; A ).

k=0

Using Corollary 3.5 and Proposition 3.6, the following recurrences are obtained:

[(1 —u)Cu(p,q) — nf <Z> Hy.e(ps ¢; U)]

k=0

Hn,c(p7 q; U) T

and

H, o(p,qsu) = 11u [(1 —u)Su—1(p, q) — ni: <n> Hys(p, q; U)] 7

k=0 k
where Ho.(p,q;u) =1 and Hy4(p, q;u) = 0.

Proposition 3.8. For every n € N, the following identities hold true

0
(316) a [ nc<p7Qa )] :an—l,c(pa(J;u)a
0
(3.17) o [H,s(p, q;u)] =nHy 1 s(p, g5 u)
and
0
(318> 8761 [Hn,c(p7q7u)] = an—l,s(p7 q; U),
0
(319> a [ ns(p7Q7 )] :an—l,c(p)Q;u)'
It will be shown (3.16), the demonstrations of (3.17), (3.18) and (3.19) are similar.
Proof.
0 2" > 0 2"
an & W) —  [Hne ) 4 -
apﬂz; PQ)! kgoap[ elp,g;u)] —

1—wu
e uze cos(qz)
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00 Zn+1
- an » 45 0
nZ:% elpyg;u)—

© z
= an c\D, q; 7\

S nHo o o(p g 1) O
- Nilnp—1.\pP,q;u .

= (n)!

Proposition 3.9. The polynomials H, .(p,q;w) and H, s(p, q;u) are, respectively, of
degrees n and n — 1 in the variable p it is also asserted that

1
an ;45 = — 1 cee
(g u) =p 1_up +
no1_ M —1)g
H,, (p; ¢; u) =ngp 1—(1_u)p 24

4. TAYLOR TYPE SERIES INVOLVING THE APOSTOL-TYPE FROBENIUS-EULER
NUMBERS AND FROBENIUS-EULER NUMBERS H,,(\;u) AND H,(u)

An important fact of relationships (2.5) and (2.6) is that one can trace them as
the expansion in Taylor series of some functions on the point z = 0 and relate it to
Apostol-Frobenius-Euler and Frobenius-Euler numbers. So, replacing (2.7) and (2.8)
in (2.5) and (2.6), one has

(4.1)  faau(zp9)

n

eP* cos(qz) = 3 lzn: (Z) Hy k(A u)C(p, Q)] i,

B 1—wu
e —u

s . _ l—wu 2 . > " [(n ) "
fH,A;u(Z’p7 Q) _)\62 _ uep Slﬂ((]Z) = HZ:O |J;) (k)) Hn—k<)\a U)Sk(pv q)] H)
1—u 00 n n o
f]q—l7U(Z’p’ q) — e’ COS(QZ) = Z [Z <k> Hn—k(u)ck(pa q)‘| K
€ n=0 Lk=0
s . . 1 — U s . o 0 n n Zn
fialzp ) = — € sin(qz) = ngo LX% <k> Hy () Sk(p, Q)] L

where Cy(p, q) and Sk(p, q) are defined in (2.1) and (2.2). Some particular cases will
be shown using result previously known in Section 6 of [13].

Ezxample 4.1. In (4.1), taking p = 0 and ¢ = 1, and using (2.3) and (2.4), one obtain

flc{,)\;u<z; 07 1) =

SV cos(z)

co [

vy (Z)Hn_k(m)cosm”

n=0 Lk

i)y e (Z)Hn_k()\;u) =

n=0 | k=0




422 W. RAMIREZ, M. J. ORTEGA, D. BEDOYA, AND A. URIELES

Therefore, one has

1 e 1 n "
= —1) H
Ae? —u cos(2) nz:% k:O( ) u <2k> n-ar(Aiu) | T
as well as
i = —1 H, o 1(\: —
) =3 | S U (i | 5
L cos )—i%(—l)’“ L () )| 2
e —u © el P 1—ul\2k) 2
and
! sin(z 22: " g (u) 2"
¢ —u “ 0 ~ 2k 1) "

Ezxample 4.2. Putting p = ¢ =1 1in (4.1), one gets

o0

e? n. 95 [n 7| z
)\ez_ucos(z)—z Zl () Hnr(Asw) 4]n

n=0 | k=0

4
e* > | 28 (n 2"
— cos(z) =>_ | ) H, r(u) cos —| =

k
62 ) oo n 5
)\ez—usul(Z):Z Zl () Hy k(N u)

n=0 | k=0

3‘1\2

z _ |
e n=0 | =0 1—u n!
and

62

62’_

(o) n E n

22 . km| z
sm _k sin — | —-.
5. PARAMETRIC APOSTOL-TYPE FROBENIUS-EULER POLYNOMIALS MATRIX

Inspired by [11,12,16], this section will address the generalized parametric Apostol-
type Frobenius-Euler polynomials matrices and will show some of their properties.

Definition 5.1. The generalized (n+ 1) x (n+ 1) parametric Apostol-type Frobenius-
Euler polynomials matrices 2 (p, ¢; A\;u) and 2% (p, ¢; \; u) are defined by

1\ @ o
[e} . Hz’—'c ) ,)\,U ) [/ 2 )
A5 g N w) = (g) 1elPr 4 A ) /

%,7,C
0, otherwise,
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and

>
%( p,q,AU ] H p’qa/\u> Z_.]7

1,7,
otherwise.

Since, H) (p; 0; \;u) = p™ and H") ( p;—; A u> = p", we obtain

v
A (p;0; X\ u) = Plp], A (p; Pt A;U) = P[p].

Theorem 5.1. The generalized parametric Apostol-type Frobenius-Fuler polynomials
matrices ) (p, q¢; \;u) and HY(p, q; )\;u) satisfies the following product formulae

(5.1) AL (p+ g q; M) = HY (py s A w) %@(q;o- Asu)

O (05 q3 N u) A (q; 0, X5 )

q; 0; Ay w) AP (ps g3 N ),
)

@
(5.2) AL 0+ 503 X 0) = AL (D5 A u %”(5 (q;zz;k;u>
m
= A0 (p; 4; A w) AP (q; o A;U)
™
= A (q; SRS U> A (pias M)

Proof. Let D[aﬁ(k,u)(p,q) be the (i,7)-th entry of the matrix product

1,5,¢

) (p; q; X u) AP (q;0; \; u), then by the addition formula (2.9) we have
(0% - (8% k
D20 0) =3 () Hhetsan () 1 0
_ ~ (1 H[a] Y k H[ﬁ] 200 \:
_Z k i—k:,c(p7Q7 U) j k— ]c(q’ ) ,U)
AVESFARNS
() (Z 3 k) H (s M) (a50; 5 0)
J
AN AR
()2 () et s s
J) k=0

which implies (5.1). The second and third equalities of the theorem and (5.2), can be
derived in a similar way. O
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Corollary 5.1. The generalized parametric Apostol-type Frobenius-Euler polynomials
matrices ) (p, q; A\;u) and Y (p, q; \;u) satisfy the following relations

AN+ a5¢: A u) = S (s X w) Pla) = Plpl o2 (a5 ¢; A w)
= HNq; q; Ayu) Plp,
A+ ¢ ¢ N u) = AL p; ¢ \su) Pla] = Ppl 21 (¢; ¢ M\ w)
= PN (q; ¢; A; u) Plp).
In particular,

F(p + ¢, ¢; N u) = Pp|lAi(q; ¢; Ny w) = PlglA(p; ¢, A w).

Fxample 5.1. For o = 1 the first three polynomials ,%’jc[z] (p;q; A u), k=0,1,2, are

1—u
Hy(p, ¢ Xiw) =5—,
. 1—u A1 —u
Hi(p, ¢ Au) =v—p — (i_u)z,

HS(p,q; \;u) = l(/\Q—)\u)3 - ()\—)\U)Q] (1 —wu)— )\—uq +mp

Hence, for n = 2 we have
H(p, g; A\ u) 0 0
A8 (g, \u) = [He(p,q; \u)  HS(p, g3\ w) 0
HS(p,q; \yu) 2H{(p, q; \u)  HE(p, q; A )

For a,u, A € C, 0 < 4,5 < n, let KI*!(p; ¢; A\, u) and KI*/(p; ¢; A\, u) be the matrices
whose entries are defined by

~la Z @ Z - 1 @
A (9 g A ) =<j> H®, (93 ¢; M) — ( j )Hi[_]j_l,c(p;q; A u)

i —2\ e
—( j )H}_]j_a,c(p;q;k;w,

~|a Z « Z - 1 o
A (0 @ A ) =<j> HY (0305 M u) — ( j )H}}jl,s(p;q;A;U)

i—2\
—( ; )H}_]j_z,s(p;q;A;U)-

On the other hand, /C[a] (p; q; A\;u) and /S[O‘] (p; q; \; u) are the matrices whose entries
are given by

o i\ e i )
5 (g A ) =<j> HY (g D) — (J. N 1) H L (pygs h )
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i o]

m i\ e i a
S As ) :<j>Hf hs (P A ) — <j N 1>Hz[ 15 3 1)

{ o
- <j+2>HZ[ ]] 0505 @3 A5 ).

Using the definitions of KM(pig; Aw), K(pigsAu), 2% (pig;Au) and
. 1o)(p; g; \; u), it is observed that

%&(%Am—mu<mxw—%wm%AM—ihm%Aw HEY(p, g, M),
Pt (D5 @ Xw) =560 (s Aw) =0, j > 1,

ﬁa@%Aw—ﬁo@%Am Hi% (0 A w) — Hed(pi g3 A w),

AL 0s s X w) =30 (05 ¢ M) = 0, ]>2

Pbep @ A w) =H S (¢ ) — HIY (s g ) — H (pi g M), 6> 2,
Sielpigs \su) =H L@%Aw—mzu@wwwwﬁﬁammxw i>2,

T (03 @ M) =1 (0 s A ) = Soos(p, g hiu) = 3% (g hw) = HY(p, g, \ ),
Fon (P Au) =36 (i Au) =0, j > 1,

P00 @i A u) =550 (0 s A ) = H{as](p,q, Xw) — HES(py g3 \s ),

A Au) =500 (g Au) =0, j > 2,

A0 Nu) =HS (g \u) — HY (0503 M u) — H (i ), 0> 2,
S0 M) =H D (prgs hu) — 2H ((prgs hw) — H ((prgs M), 0> 2.

For a,\,u e C, 0 <1i,7 <n, let X (p,q, A;u) and 313 (p; ¢; A\;u) be the matrices
whose entries are given by

« o 2_] @
1) o0s a5 M) = (j)Hz[ L hu) =3[ )Hi[—]j—l,c(p; ¢ A u)
k=)

« o i_j e
1 (s ) = ()wanmxm—3 .>HH14M%MM

Y (pigs ).

(

+5 ii(—l)"”“?”“2 <k) Y (s 5 X ),
[
)

1—2 ) ) k
4 5 Z(_l)z—sz—k—Q (]

k=j
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Similarly, let .,2”2 g (p, q; \;u) and .,%[O;] (p;q; A;u), (n+1) x (n+ 1) be the matrices
whose entries are given by

+5Z 1)k—igh=i=2
k=j+1

) — [ 1) gyl o] )
lz]?c(p7Q7>\7u)_<j>Hz —j,c p7Q7)‘ u _3<]+1>HZ —Jj— 1c(p7qa)\au)
! H (p; q; \;u),
k i—k,c\I") 1
[0 /L [0 (0%
1), (05 s M) =<j>HHs PG A u —3< )Hf 1,505 @ A u)

+5 Y (—1)F2k <;>Hf‘_k,s(p;q; A u).

k=j+1

Next we will show factorizations of the matrices 20 (p; ¢; A; u) and S0 (p; ¢; \; w)
involving the Fibonacci and Lucas matrices, respectively.

Theorem 5.2. The parametric Apostol-type Frobenius-Euler polynomials matriz
A0 (p; ; My u) and S (p; q; X;u) can be factored in terms of the Fibonacci matriz
F as follows

(5.3) A ;g A w) =F K (p; 5 A w),
(5.4) AL (p; g3 hu) =FK (p; ¢; A ),
(5.5) AN (p; s N u) = 21 (py s M u)F
(5.6) AN p; g3 Au) = 71 (pr gy \u) 7.

Proof. The relation (5.3) is equivalent to
F A (505 M) = K (p ¢ As ),

following the ideas of [11] or [19, Theorem 4.1], and making the corresponding modi-
fications, (5.3) is obtained. O

In addition, the relations (5.3), (5.4), (5.5) and (5.6) allow us to deduce the following
identities:
K (pigs hsu) =771 20 (059, 0 0) F
K (p; g; A u) =F ' 71 (p;q, A u) F
An analogous reasoning used in the proof of Theorem 5.2, allows us to prove the
results below.
FExample 5.2. For a = 1, the matrices, for n = 2, K (p, q,\;u) and ¥ are
a 0 0

KM (p;q, Au)=| b—a a 0],
( ) c—b—a 2b—a a
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where a = Hy.(p,q; A u), b= Hy (p,q; \;u) and ¢ = Hy o(p, q; A\ u),

1 00
F =111 0f.
2 11
Hence,
a 0 O a 0 0
ﬁKLI]: b a 0| and ji”cm(p,q,)\;u): b a 0f.
c 2b a c 2b a

This is a particular case of Theorem 5.2 affirmation (5.3).

Ezample 5.3. For a = 1, the matrices, for n =2, ZM(p;¢; \;u) and & are
a 0 0 100
IWpgnw) =] b—a a0, F=|11 0
c—2b—a 2b—a a 2 1 1
Then
a 00 a 0 0
SUpghu)Z =1b a 0 and A(pigAu)=1b a 0.
c 2b a c 20 a

This is a particular case of Theorem 5.2 affirmation (5.5).

Theorem 5.3. The parametric Apostol-type Frobenius-Euler polynomials matrix
A (p; g; M u) and A (p; q; \;u) can be factored in terms of the Lucas matriz £
of the following form

(5.7) AN g \u) = L2 (w13 a)
or
AL py g A ) =L (045 M 1) 2L,
A p g \u) =L L% (05 M)

or

A g\ uw) = L0 (py g A ) L.
Proof. The relation (5.7) is equivalent to
LA g N = L (w5 y50),

following the ideas of [11, Theorem 9], and making the corresponding modifications,

(5.7) is obtained. O
FExample 5.4. For a = 1, the matrices, for n = 2, ,,5,”1[710] (p;q; A, u) and & are
a 0 0 100
%[}J(p;q,A,u)z b—3a a 0], =131 0],
c—3b+5a 2b—3a a 4 31
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a 0 O a 0 O
2B (wysa)= b a 0| and AV(pgAuw)=[b a 0
c 2b a c 2b a

This is a particular case of Theorem 5.3 affirmation (5.7).

6. CONCLUSIONS

The paper aims to present the study of new properties of the polynomials that are
introduced in [10]. Certain expressions, representations, and summations of these
polynomials are derived in terms of well-known classical special functions. The results
we have considered in this paper indicate the usefulness of the series rearrangement
technique used to deal with the theory of special functions. we have obtained new series
of the Taylor type involving the Apostol Frobenius-Euler numbers and Frobenius-Euler
numbers. Finally, they addressed the generalized parametric Apostol-type Frobenius-
Euler polynomials matrices and show some of their properties.
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GIELIS TRANSFORMATION OF THE ARCHIMEDEAN SPIRAL
LUDEK SPICHAL

ABSTRACT. The article shows that the Archimedean spiral, usually described as
a smooth spiral, can be transformed in many different shapes. The main part of
the article concentrates on the curvature of the transformed spirals. It will also be
shown that the shape some of them is an approximation of spiral antennas.

1. INTRODUCTION

Gielis transformations of curves were originally introduced in connection with the
modelling of shapes of various biological objects, e.g., flowers, fruits, an arrangement of
leaves, shapes of shells, and so on [1-4]. Gradually, studies have appeared pointing to
the possibility of using transformed curves also in technical applications, e.g., [7—12].

This article aims to continue in theoretical studies in the area of the so-called Gielis’
superformula and Gielis curves. In the early 19th century, a French mathematician
Gabriel Lamé introduced a generalized equation of the ellipse

(1.1)

where a,b,n € Q. The equation (1.1) can generate different types of curves, such as
asteroids (n = 2/3), parallelograms (n = 1), circles and ellipses (n = 2), squares and
rectangles (n — 00). All these curves are called Lamé curves or superellipses (Figure
1), e.g., [1-4].
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12
273
for other cases are obtained by changing the scale on the axes)

FIGURE 1. Lamé curves for n = 1,2, 6,50, whereas a = b (curves

The curve (1.1) can also be expressed in polar coordinates (p, )

(1.2) p=z<‘”sﬂn+$29r>_;

In the late 20th century, Belgium botanist Johan Gielis generalized (1.2) to the form

1

n 1

2) q
)

where a, b, m,ny,ny, ¢ € RT. As can be seen from the equation (1.3), Gielis replaced
the exponent n by three independent exponents ni, ns, ¢ and inserted an extra param-
eter 7 into the argument of both trigonometric functions. The Gielis transformation
consists in replacing the plane curve expressed in polar coordinates (p, f) with a curve

1
1 mo |1 mb m)_q
—COoS —| + |-sn— .

(14) p=f(9)<a il L

Gielis called the transformation (1.3) and (1.4) as a superformula. Without loss of
generality, in (1.3), we focus on the case a = b =1 and ny = ny = p and put [13]

9p>3

a

" 1 . mb
+ |—=sm —

b 4

1 mo
1. =1 |- —
( 3) p <|a CoS 1

ni

p

+ |sin —

4

(1.5) Gmpqa(0) = ( cos — =
The curve defined by the equation p = gy, ,.4(#) can be interpreted as the Gielis trans-
formation of a unit circle centered at the origin for various choices of the parameters
m, p,q. Figure 2 shows that Gielis curves can provide far more complicated shapes
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than Lamé curves. There are plenty of examples of natural shapes similar to Gielis
curves [2,3,15,16].

In this article, the properties of the curves generated by the Gielis transformation
of the Archimedean spirals will be investigated. There are two available approaches
to what the Archimedean spirals are. The first one considers the general equation in
polar coordinates (p, #) of the form

(1.6) p=ab"" +b,

where a, b and n are real constants. Several special cases can be described, depending
on the value of n: the arithmetic spiral (n = 1), the hyperbolic spiral (n = —1),
the Fermat spiral (n = 2), and lituus (n = —2) [4,5,14]. The second approach
considers the terms the arithmetic spiral and the Archimedean spiral as synonyms
(Archimedean spiral, Wikipedia, The Free Encyclopedia, Available from: https://en.
wikipedia.org/w/index.php?title=Archimedean_spiral&oldid=949421005). In
the next parts of this article, the second approach will be followed, and the equation
(1.6) will be of the form

(1.7) p=a+b.

The equation (1.7) describes the trajectory of a point moving at a constant speed
along a ray spinning around the origin at a constant angular velocity. Changing the
parameter b moves the center of the spiral outward from the origin (for the option
b > 0 toward 6 = 0 and for the option b < 0 toward § = 7). The parameter a changes
the distance between loops of the spiral.

Without loss of generality, in the equation (1.7), we focus on the case b = 0 and
put

(1.8) p=ab.

The Archimedean spirals have a variety of real-world applications. Scroll compres-
sors, made from two members (one of them fixed and the other rotating), each
of them in the shape of an Archimedean spiral, are used for compressing gases (H.
Sakata, O. Masayuki, Fluid compressing device having coaxial spiral members, United
States Patent 5603614. http://www.freepatentsonline.com/5603614.html). The
Archimedean spirals have a constant distance between successive coils and they ap-
pear naturally in such systems as a roll of paper, the grooves of a gramophone record,
and so on [4,5]. In food microbiology, the Archimedean spirals are used to quantify
bacterial concentration through a spiral platter [6].

There are also plenty of types of Archimedean spiral shaped antennas. Some of
them are in the shape of the smooth Archimedean spiral [11] and the others, as it will
be shown latter, are in the shape of transformed Archimedean spirals, e.g., [7-10].

In the article [13], Matsuura discusses the mathematical structure of the curves
given by the equation p = gy, ,,(f). Matsuura also introduces the concept of Gielis
regular polygons, which he further compares with regular polygons. The substantial
part of the article deals with the curvature of Gielis curves. In the article [15], the


https://en.wikipedia.org/w/index.php?title=Archimedean_spiral&oldid=949421005
https://en.wikipedia.org/w/index.php?title=Archimedean_spiral&oldid=949421005
http://www.freepatentsonline.com/5603614.html
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FIGURE 2. Gielis curves defined by the equation p = gy, ,,4(6) (m = 5):
first row ¢ = 0,5 (p = 0,5, p = 1,5, p = 2,5); second row ¢ =5 (p = 0,5,
p =2, p=10); third row ¢ = 50 (p = 5, p = 20, p = 100); fourth row
g =500 (p = 100, p = 300, p = 500)
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properties of the transformed logarithmic spirals were investigated and compared with
similarly shaped objects.

The rest of this paper is organized as follows. Firstly, we summarize the known facts
about the transformations of Gielis curves [13] and the logarithmic spirals [15] and
compare them with the Gielis transformation of the Archimedean spiral. Subsequently,
we investigate the curvature of the subspiral (p < 2) and superspiral (p > 2) at the
anchor points and the vertices of the curves. We also discuss the influence of the value
of the parameter m (integer or non-integer) on the shape of spirals. Finally, we point
out objects and shapes, which could be modelled with transformed spirals.

Using equations (1.5) and (1.8) we obtain the equation

p

+

2. GIELIS TRANSFORMATION OF THE ARCHIMEDEAN SPIRAL
- mb
sin —

’
(2.1) gam’p,q(e):aQ( 1 ) ,

which determines Gielis transformation of the Archimedean spiral. Throughout the
rest of this paper we will be using the following notation and terms.

COS —
4

(i) We denote the planar curves obtain according to the equation (2.1) by the symbol
Gampas 1€ Gampg(0) = Gamp,q(0)(cosb,sinf), the Archimedean spiral by the
symbol G, i.e., G,(0) = af(cosd,sinf). Figures 3, 5 and 6 show some examples
of transformations of the Archimedean spiral. In Figure 3 one can see that the
coils of the spiral intersect only for rational values of m.

(ii) The pole of the spiral is the point which spiral approaches for § — —oo. In
the case of the non-shifted spiral, this point lies at the origin of the Cartesian
coordinate system.

(iii) The anchor point of G, p,, means such a point of G,, whose position does not
change during the transformation, i.e., G p4(0) = Go(0).

(iv) The vertex of Gy p, means the point of G4 corresponding to the value of
¢ (Fig. 4), where g,,,, has a local maximum (later we will show that for p < 2
the vertices are identical with anchor points).

(v) The coil of the spiral means the part of the curve where 6 € [2km, 2(k + 1)) for
given k € Z.

The following statements summarize some properties of transformed spirals, the proofs
are routine.

Lemma 2.1. The parameter m determines the number of anchor points in one spiral
cotl of Ggmpq as follows.

(1) For m € N, the spiral has exactly m anchor points in one coil.
(1i) For m ¢ N, the number of anchor points in one coil corresponds to [m], i.e.,
the next higher integer.

Lemma 2.2. The function g, satisfies the following properties (k € Z).
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FIGURE 3. Gielis transformation of the Archimedean spiral (6 €
[0,67]): first row m = 2,5,q =3 (p = 0,5, p = 4, p = 10); second row
m=4,q=10 (p =2, p= 10, p = 20); third row m = 6,¢ = 20 (p = 30,
p =50, p = 100)
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(1) For p < 2 it is increasing on [ ] and decreasing on [ - pen

)
(13) For p =2 it is constant on the whole real axis.

(1i1) For p > 2 it is increasing on [2"’—” w] and decreasing on [M, M]

)

m m m m

(iv) For all 0 = 2% (k € Z) it is gy pq(0) = 6.
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FIGURE 4. Gielis transformation of the Archimedean spiral (6 > 0, left
p < 2, right p > 2)

Corollary 2.1. (i) If p = 2, then G, p4 is the Archimedean spiral G,.
Let the points X, Y lie on the same coils of Gy, and G,, and at the same time on
the same half-line starting from the pole P of the spiral. If

e p <2, then |PX| <|PY];

e p > 2 then |PX| > |PY|.

(i7) If p < 2, then the anchor points and vertices of Gy, , correspond to the choice

0= %WW (k € Z). If p > 2, then the anchor points of G, 4 correspond to the choice
0 = 2% (k € Z), and the vertices to the choice 6 = G () € 7).

Theorem 2.2. The function gampq Satisfies the following properties

(Z) ga,m,Pﬂl(e + %) - %Waganm’paq(Q);
(17) imy 00 Ga,mp,q(0) = ab.

Proof. The claims (i) and (i7) follow directly from the definition of the function
ga,m,p,Q' D

Remark 2.1. For p < 2 we call the curve G, a subspiral of the Archimedean spiral,
for p > 2 is the curve Gy, 4 @ superspiral of the Archimedean spiral.

3. CURVATURE OF SUBSPIRAL AND SUPERSPIRAL

The aim of this section is to examine the curvature of subspiral and superspiral.
The curvature can generally be characterized as an amount by which a curve deviates
from being a straight line whose curvature is zero. If we consider, that spirals are
given with (2.1), and we use the relation for the curvature of the curve given in polar
coordinates, then we obtain

(3.1) fomna(6) = Gampa(0)® + 200 g (0) — gajmjpg(eﬁ)gg’m’p,q(e)
{ga,m»ILQ(Q)Q _'_ gé,m,p,q(Q)Q} ’

Y
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FIGURE 5. Curvature at the anchor points (vertices) of the subspiral
(upper row: p = 1 and successively ¢ = 1, ¢ = (m/4)?p, ¢ = 8), and at
the vertices of the superspiral (lower row: p=¢ =8), m =8

where Kgmpq(0) denotes the curvatute of Gy mpq. For p < 2 the function z — |z|?
does not have the second derivative in zero, therefore g(6) does not have the second
derivative at the points %ﬁ (k € Z) and the curvature is not defined there. If we
substitute in (3.1) the formula afg¢,, p,(0) for gomp(0), then after simplifying we
obtain

82 rupy() = L IO 2060 +050) —050)(200) +050))

’ {22007 + (500) + 090))"}

3
2

where g(6) is a shortcut for gy, p4(6).

Since the second fraction in formula (3.2) represents 2Z-periodic function is sufficient
to examine the curvature on the interval [0, %) When investigating the curvature of
transformed spirals we focus on the anchor points, i.e., we determine the curvature for
0 = W (k € Z), and the vertices of the spirals, i.e., we determine the curvature
for § = 2% (k € Z). Because of the above, it will be sufficient to do the calculations

s

in case of anchor points for § = ™ and in the case of vertices for 6 = 0.

Theorem 3.1. The curvature kqmpq(=) satisfies the following properties.

m

: Ty 1 ) 1 T\2 . ™p(p=2)
(2) /fa,m,p,q(m) = ampa(Z) {14_(1)2}% {2 + (m) + 16¢ }

(17) Let p < 2. Then
2 (m/4)*p(2—p)

® Kampa(sy) <0 if ¢ <5050,
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FIGURE 6. Curvature at the anchor points of the superspiral (p = 10
and successively ¢ = 15, ¢ = (m/4)?p, ¢ = 75), m = 8

° /iampq(ﬂ) =01ifqg= = T;Lﬁ2)+7r(22_p);

.’iampq( >>0qu>ﬂ—(m/4) p(2_p)'

2m2+m?2
(49i) If p > 2, then Kampq(Z) > 0.

Proof. To prove (i), it is sufficient to substitute into formula (3.2)

o) =27 ()0 o (5) -

The claims (4i) and (iii) follow directly from (7). O

In the claim (i7) of the previous theorem is for the choice p < 2 mentioned the
dependence of curvature on the value of the parameter ¢q. Examples of the curves
with the negative, zero and positive curvature at points that are “halfway” between
the anchor points are shown in Figure 5.

Theorem 3.2. Let p > 2. The curvature kq mp4(0) satisfies the following properties.
; 1 s w2
(1) Kampq(0) =1 {1+( E — {4 (2)2- 12}
(@) If

o ¢ < DU then by mpg(0) <0,

2m24m2
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° g = %ﬁ?g, then Kampq(0) =0,
° g > ifn@iﬂ, then Kgmpq(0) > 0.

Proof. To prove (i), it is sufficient to substitute into formula (3.2)

(m/ 4)219_

g(0)=1, ¢'(0)=0, ¢"(0)= ;

The claim (i) follows directly from (7). O

Examples of the curves with the negative, zero and positive curvature at the anchor
points of the superspirals are shown in Figure 6.

Remark 3.1. Forp=0or p=2is

P 24 6°
Ha,m,P#]( )— ga(e) ) (1 +92)3/2

the curvature of the Archimedean spiral G,,.

4. TRANSFORMED ARCHIMEDEAN SPIRALS AS APPROXIMATIONS OF SPIRAL
ANTENNAS

The requirement for miniaturizing the antennas led to looking for specific trans-
formed shapes. There are many types of planar spiral antennas whose design is based
mainly on the use of the Archimedean or logarithmic geometry. The antennas operate
in different configurations, e.g., the circular, the rectangular, the polygonal, sinuous
meander or log-periodic. The mentioned configurations have their advantages and
disadvantages but generally allow to reach frequency independent antennas.

Although there are different types of antennas with a different configuration, it
can be shown that it is possible to approximate many of them in terms of Gielis
transformation (Figure 7).

On the other hand, relative simplicity and flexibility of transformation might be
used when looking for an advance or novel construction of the antennas.

5. CONCLUSION

In this paper, some properties of the Gielis transformation of the Archimedean
spiral were analyzed. We focused in particular on the curvature in anchor points
and the vertices of the transformed curves. In the end, we showed that the Gielis
transformation might be handy when one looks for the appropriate shape of the
Archimedean spiral-like antennas.
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F1GURE 7. Models of spiral antennas with different configuration ap-
proximated via Gielis transformation of the Archimedean and logarith-
mic spiral
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GROBNER LATTICE-POINT ENUMERATORS AND SIGNED
TILING BY k-IN-LINE POLYOMINOES

MANUELA MUZIKA DIZDAREVIC!, MARINKO TIMOTIJEVIC?,
AND RADE T. ZIVALJEVIC?

ABSTRACT. Conway and Lagarias observed that a triangular region T3(n) in a
hexagonal lattice admits a signed tiling by 3-in-line polyominoes (tribones) if and
only if n € {3%2d —1,32%d}4en. We apply the theory of Grébner bases over integers to
show that T3(n), a three dimensional lattice tetrahedron of edge-length n, admits a
signed tiling by tribones if and only if n € {33d —2,33d —1,33d}4en. More generally
we study Grébner lattice-point enumerators of lattice polytopes and show that they
are (modular) quasipolynomials in the case of k-in-line polyominoes. As an example
of the “unusual cancelation phenomenon”, arising only in signed tilings, we exhibit
a configuration of 15 tribones in the 3-space such that exactly one lattice point is
covered by an odd number of tiles.

1. INTRODUCTION

Following Conway and Lagarias [6], Reid [12], and other authors, we say that a
finite region (polyomino) R, in a (hexagonal) lattice tiling of the plane, has a signed
tiling (Z-tiling), by prototiles from a given set ¥, if there exists a (possibly overlapping)
placement of a finite number of copies of prototiles in the plane such that:

e the total covering multiplicity of elementary cells (hexagons) in R is +1;
e the total covering multiplicity of elementary cells outside of R is 0.

Figures 1 and 2 nicely illustrate these concepts. The set R, depicted in Figure 1 on
the left, is a triangular region in the hexagonal tiling of the plane. The prototiles,
also exhibited in Figure 1 on the left, are 3-in-line polyominoes, called 3-bones. The
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objective is to cover or more precisely to distribute copies of these prototiles over R,
so that they (counted with positive or negative multiplicity) form a covering of R.

FIGURE 3. A signed tiling of a triangular region by 3-bones

We see (Figure 1) how 3-bones are initially added in an attempt to cover R without
overlaps. We continue (Figure 2) by allowing overlaps, until R is completely covered
with 3-bones. In the rightmost image depicted in Figure 2 we see that each cell
(hexagon) has multiplicity +1 or 42, where precisely three hexagons have multiplicity
+2. Finally, these three cells can be subtracted by adding a 3-bone of multiplicity —1
(the shaded region depicted in Figure 3).

1.1. Algebraic method. In an algebraic reformulation of the problem each cell
(lattice point) is associated a monomial (p, q) = pe; +qes — xPy? and the signed tiling
can be interpreted as an algebraic identity in the ring Z[z, y].

More explicitly the basic 3-bones are interpreted as quadratic polynomials b; =
>+ x+1,by = y* +y+ 1,05 = 2* + zy + y?, the region R is represented by the
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polynomial 75(8), where

(1.1) Ty(n) = > a'y,

0<i,j<n—1

i+j<n—1
the shaded region in Figure 3 is recorded as the polynomial x%y%b; and the algebraic
equivalent of the signed tiling described in Figures 1, 2, 3 is the identity

T5(8) = (1+y+a° —2?y?)by + (2® +2* + oy + 2%y + oy’ +1° )by + (:c5y—|—x6y+x3y4)b3 )

1.2. Ideal membership problem and Grébner bases. As demonstrated in the
previous section, the existence of a signed tiling in general can be reduced to the Ideal
membership problem [7, Chapter 2|, which can be often successfully treated by the
method of Groébner basis [7, 8].

The approach to signed polyomino tilings via Grobner bases was originally proposed
by Bodini and Nouvel [5]. We independently discovered this idea and, inspired by
[12], applied it in [10] to the calculation of tile homology groups (originally introduced
in [12]) and in [9] for the study of Z-tilings with symmetries [9].

Since we apply the general theory to polynomials with integer coefficients, we work
with strong Grébner bases [1,11] (called a D-Grobner base in [4]), see also [10, Section
5] or our Section 6 for a brief introduction.

1.3. Summary of new results. Conway and Lagarias proved [6, Theorem 1.4] that
a triangular region T5(n) in a hexagonal lattice admits a signed tiling by 3-in-line
polyominoes (called tribones in [15]) if and only if n € {9d — 1,9d}4en. In particular
the Z-tiling exhibited in Figure 3 is discovered by these authors.

By applying the theory of Grobner bases over integers, we extended in [10] this
result to k-bones (k-in-line polyominoes) for all k£ > 2. More explicitly we showed that
the triangular region in the hexagonal tiling of the plane associated to the polynomial
T>(n) admits a signed tiling by k-bones if and only if

n e {]de -1, de}dEN .

In this paper we address the general problem of Z-tiling by k-bones in d-dimensional

lattices, with the emphasis on the tiling of three dimensional polytopes with 3-bones.
We proved (Theorem 2.1) that the lattice tetrahedron associated to the polynomial

T3(n) admits a Z-tiling by all six tribones in the 3-dimensional lattice if and only if

n € {3%d—2,3%d — 1,3’d} gen -

A new phenomenon, characteristic for Z-tiling with tribones in dimension 3, is the
appearance of a constant polynomial 9 in the associated Grobner basis. As a conse-
quence we construct in Section 3 a “tribone star”, that is a configuration of tribones
with integer weights such that the total weight is non-zero only at the center of the
star.
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We call this a “cancelation phenomenon” and, as another consequence, we exhibit
(Corollary 3.1) a configuration of 15 tribones in the 3-space where exactly one lattice
point (the center of the star) is covered by an odd number of tiles.

Motivated by the ideas used in the proof of Theorem 2.1, we introduce Grébner
lattice-point enumerators in Section 4.1, as a proper setting for studying general d-
dimensional, Z-polyomino tilings. We demonstrate how the general theory can be
considerably simplified in the case of k-in-line prototiles (k-bones) by introducing
cyclotomic ideals (Section 4.4).

As a first step in developing the associated “Ehrhart theory”, we show in Section
5 (Theorem 5.2) that Grobner lattice-point enumerators for k-bones are (modular)
quasipolynomials. In other words they behave similarly as the classical lattice-point
enumerators of rational polytopes, a fact that considerably simplifies their calculation.

2. SIGNED TILING OF THE LATTICE TETRAHEDRON T3(n)

2.1. The tribone ideal I} in variables z,y,z. A three-in-line polyomino or a
tribone, in a cubical integer lattice, is a translate of one of the six types of trominoes,
associated with the following quadratic polynomials:

by =2 +x+1, by=vy>+y+1, by = 2 + 2y + %,
by = 2° + 12 + 2%, bs =y +yz + 22, be = 2° + 2+ 1.

FIGURE 4. Tribones bl, bg, b3, b4, b5, b6.

Let I3 = (by, by, b3, by, bs, bg) be the ideal generated by tribones and GBI the strong
Grobner bases of the ideal I with respect to the lexicographical term order,

GBI ={a*+ax+1l,oy—y—a—2,02—2—2—2,30 — 3,
v 4+y+lyz—y—2—23y—vy, 22 +2+1,32—3,9}.
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= IdealTr = {1+ X+ X222, 1+y+yr2,1+2z4+2z72,

XA24X*xy+yh"2, yA24y*xz2+zZ7N2, XN2+X%xZ2+2M2}

outf+ = Tax+x2,1ley+y?, 1+z+2%, xX24+xy+y? 2iyz+z?, X2 exz+2Z?
) ’ ) ) ’

- GroebnerBasis[IdealTr, {x, y, z}, CoefficientDomain - Integers]
our-- {9, -3+3 2, l+z+2%,-3+3y, -2-y-z+yz,

1+y+y?, -3+3X, -2-X-2+X2Z, -2-X-y+Xy, L+x+x*}

FIGURE 5. The tribone ideal and its Grobner basis (Wolfram Mathe-
matica 12.3.1).

Denote the polynomials of the Grobner bases GBI by:

912562—1—3:—1—1, Go=1ay—T—Y—2,
gs=x2—T—2—2, g4=3r—3,

g5 =y>+y+1, go=yzr—y—z-2,
g7 =3y — 3, gg=22+2z+1,

go = 3z — 3, gio =9.

2.2. Signed tiling of the tetrahedron 73(n). The 3-dimensional analogue of (1.1)
is the tetrahedron T3(n) in the 3-dimensional integer lattice, associated with the
polynomial:

0<i,5,k<n—1
itjt+k<n—1

FIGURE 6. The tetrahedron T3(5).

The goal is to determine for which values of n the tetrahedron 75(n) admits a Z-tiling
by tribones. Following [5] and [10] (see also Section 4) we need to determine when
the remainder, obtained by dividing the polynomial T3(n) by GBI, is equal to zero.
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The polynomials 75(1) = 1 and 73(2) = 1 4+ = + y + 2 are already reduced (cannot
be further divided by the basis GBI). It follows that they do not admit a Z-tiling
with tribones.

3 I+z+y+2z

F1GURE 7. Tetrahedron T3(n) for n =1 and n =2

The remainder on division of the polynomial 7'(3) by the set GBI is equal to the
remainder on division of the region described by the grey cubes (see Figure 8). It
follows,

Ty(3) Zcnr (1+2)(z +y).
Indeed, the region determined by grey cubes is formed by subtracting 1 + z + 22
(2-tribone) and 2% + zy + y? (zy-tribone) from the region T3(3).

If n =4, then the remainder on division of the polynomial T5(4) is congruent with

y3 + 23. Here, y® + 22 is a polynomial described by the region of grey cubes formed
after subtracting the region determined by the polynomial

(4 2+ DA +x+y) + (z+y)(@® +zy + 7).
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As a consequence we obtain
T3(4) =gpr y* + 2°.

I+ 2)(z+y)

FIGURE 8. Tetrahedron T3(n) for n = 3 and n = 4.

The same reasoning applies to the cases n = 5 and n = 6, which leads to T3(5) =g
(I+2+y+2)(y’ +2°) (Figure 9), T5(6) =gpr (z +y)(1 + 2)(y° + 2°).

If we proceed with the decomposition of the region T3(n) in the same manner, we
finally conclude

(z+y)(1+2)frly,2), n =23k,
(2.1) T5(n) =gpr { fr(y,2), n=3k+1,

(1+z+y+2)fely,2), n=3k+2,
where

k
Fuly, 2) = o 4 y3(k—1)z3 NI y3z3(k—1) 4k Zy3(k—z)z3z‘
i=0
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Ptz tyra)

FIGURE 9. Decomposition of the tetrahedron 75(5).

Lemma 2.1. For everyn € N
(22)  Ph+th+t ot fa)=fothtotfo— (P41,
Proof. This is proved by induction on n. The identity is valid for n = 1 since,
Vh=y'=1+y’+2°) = (P +1)=fo+ fi— (" +1)
Let us assume that (2.2) is true for n = k. Since
v (fo+ it 4 fior + fi)
=y* (fo+ fr+- + fomr) + 0 S
=fott fi— (4 S P (S )
=fot et i — (Z:al~c+_”+z3+ 1) +y3(k+1) +y3kz3+'_.+y323k+z3(k+l)
(k)
=fot+ ot fot fopr = (PE 42 1),

we conclude that (2.2) holds for n = k+1. It follows, by the Principle of mathematical
induction, that (2.2) is true for all n € N. O

Lemma 2.2. For everyn € N
(2.3)

fo= (=D (ot frt -+ fo) + (=1 (20D 4 (0= 12 4 n) + (n+ 1),

The remainders of the division of polynomial f, by elements of the basis GBI are
periodic, with the period 9.

Proof. If n =0 then fy =1. Forn =1
h=y+2 =@ -Dfi+(°-1)+2,
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which is in agreement with (2.3). Suppose that the identity (2.3) is valid for some
k € N. Since

Fori(y, 2) = g2 EFD 4353 33k 4 3G

_ y3 (y3k + y3(k71)23 4t yszg(kq) + sz) + 30k+1)

=g (P = Do+ fe) + (P = DEED 4 (b= )2 4 k)
+(k + 1)) + 23D

= (' =D (Yot i) + 07 (0= DEED oot
+(k —1)2° + k)) + P (k+1) + 2% (by Lemma 2.1)

== 1) ((fo+- -+ firt+fi) = (P 4+ 22 +1))
SR 2 k) Pk 1) + 3D

= =D (fot -+ fimr+ fi) + 22 22 4 42841

=" =D (fot+fiat i)+ (=D (o (k1))
+ (k+2),

we conclude that (2.3) holds for n = k+1. Therefore, by the Principle of mathematical
induction, (2.3) is true for all n € N.
Since y* — 1= (y— 1)ba i 2> — 1 = (2 — 1)bs, we see that

W =1) (fo+ fit 4 fa)+ (1) (PO 425070 4o (= 1) 4 n) € 1.

From this and (2.3), we conclude that the remainder of the division of f,, by elements
of the set GBI equals the remainder of the division n + 1 by g19. Therefore,

%GBI 1, EGBI _9,
EGBI _3 EGBI 4,
e D
EGBI = _27 f7 = _17
f8 = 07
and we see that the remainders are periodic, with period of length 9. For this reason,
for—1 =¢Br 0, k € N. O

Theorem 2.1. The tetrahedron Ts(n) admits a signed tiling by tribones by, bs, . .., bg
if and only ifn =3%% —2, n =3’k —1 orn = 3% for k € N.

Proof. The tetrahedron T3(n) admits a signed tiling by tribones by, ..., bg if and only
if the remainder of the polynomial T3(n), on division by the Grébner bases GBI of
the ideal I3, is equal to zero.

Since the remainder on division of the polynomial f,, by GBI is periodic with the
period 32, from (2.1), (2.4) and Table 1, follows that the remainder on division of the
polynomial T3(n) by GBI is periodic with the period 33.
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TABLE 1

k| T3k —2) 0 | TBk—1) | Tk
1 1 X+y—+7 4-x-y-7
2 2 2-X-y-7, -14x4y+2
3 3 3 3

4 4 44+x+y+z -2-X-y-2
) -4 -4-x-y-7 2+x+y+7z
6 -3 -3 -3

7 -2 -2x+y+z -1-x-y-z
8 -1 -1-x-y-z “A4x+y+z
9 0 0 0

From here we finally conclude that the region 73(n) admits a signed tiling by
tribones if and only if n = 3%k — 2, n = 3%k — 1 or n = 3%k for some k € N. 0

3. THE ROLE OF NUMBER 9 IN Z-TILING BY TRIBONES

Let I3 C Z|x,y, z| be the tribone ideal, generated by polynomials

A, =2+ 2 +1, A, =9y +y+1, A, =22+ 241,

(3.1) Ay =22 +ay+y? A =a+az+2% A, =y*+yz+ 2%

renamed to emphasize the symmetry w.r.t. permutations of variables. The Grobner
basis of I = I3, with respect to the lexicographic order (Lex) of monomials arising
from the order = > y > z, is the following:

A, =22+ +1, A, =y +y+1, A, =224y +1,
By=2y—x—y—2, By,=2x2—v—-2-2, A, =yz—y—2-2,

(3.2) C, =3z — 3, Cy =3y — 3, C,=3z—3,
D =09.

It follows that there exists a relation

(33) 9= ale + CLQAy + asA, + bley + bQAIZ + bgAyz,

for some polynomials a;,b; € Z[x,y, z]. In other words the relation (3.3) guarantees
the existence of a signed tiling where the tribones “cancel out” everywhere in the
3-dimensional lattice, except at one point.

Our objective is to make relation (3.3) explicit, for as simple as possible choice of
polynomials a;, b;.

We essentially apply Buchberger’s Algorithm (over integers) by iterating the calcu-
lation of S-polynomials, beginning with the polynomials from the basis (3.1). Note
that, in light of the symmetry of the ideals (3.1) and (3.2), the expression for 3z — 3 in
the following proposition can be easily turned in the expression for 3z — 3 (respectively
3y — 3).
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Proposition 3.1.
0 =2[6A, — »RHS(3.9) + 2:RHS(3.6)] — [RHS(3.9) — 2RHS(3.6)] ,
3z —3=[RHS(3.9) —2RHS(3.6)] — [6A, — 2zRHS(3.9) + 22RHS(3.6)] .
Proof. The first row of (3.2) coincides with the first row of (3.1). The second row of

(3.2) is obtained by adding and subtracting the polynomials from the first two rows
of (3.1), for example

(3.4) By = Ay — Ay, — Ay
We continue by computing the S-polynomial of A, and A,,, and its subsequent
reduction

S[A;, Ag) =y(@® + 2+ 1) —z(ry —z —y —2) = 2° + 22y + 22 + v,
2?4+ 20y + 22 +y=A, +22y+ar+y—1=A, + 2By, + 3z +y+1).
From here we obtain the relation
(3.5) 3(x+y+1)=yA, — 2By — Ay — 2B,y = (y — 1) Ay — (2 4 2) Bay,

which in light of (3.4) produces the relation
(3.6)
ety +1) = (=D A= (24+2)(Any = Ae = Ay) = (z+y+1) A+ (2 +2) Ay — (2 4+2) Ay -

Similarly, we have the relations

(3.7) 3z+z+1l)=(z4+x+ DA, + (2 +2)A, — (2 +2)A, .,
(3.8) 3y+z+1)=(y+z+1DA,+(y+2)A, — (y+2)A,.,
and by adding up all three of them we have

(3.9)

9+6(z+y+z)=(r+y+2+3)(Ae+A,+A)— (z+2)Asy — (y+2)A, . — (2 +2) A, ..
Let us multiply both sides of (3.6) by 2 and subtract from (3.9). We obtain
(3.10) 62 + 3 = RHS(3.9) — 2RHS(3.6).
Note that
(3.11) S(A.,62+3) = 64, — 2(62+3) = 3246 = 6A, — 2RHS(3.9) + 22 RHS(3.6).
From (3.10) and (3.11) we finally have

9=2(32+46) — (62 +3)

=2[6A, — zRHS(3.9) + 22RHS(3.6)] — [RHS(3.9) — 2RHS(3.6)] .

Note that in passing we obtain an explicit expression for the third row of (3.2) in
terms of (3.1). For example
32 —3=(62+3)— (32 +6)
= [RHS(3.9) —2RHS(3.6)] — [6A, — zRHS(3.9) +2zRHS(3.6)]. O



454 M. M. DIZDAREVIC, M. TIMOTILJEVIC, AND R. T. ZIVALJEVIC

The following corollary is an immediate consequence of the “cancelation phenome-
non”, exhibited in Proposition 3.1.

Corollary 3.1. There exists a configuration of 15 tribones in the 3-space where exactly
one lattice point (the center of the star) is covered by an odd number of tiles.

Proof. As a consequence of the first relation proved in Proposition 3.1, by reducing
modulo 2 we obtain the identity 1 = RHS(3.9). By further simplification we obtain
the identity

l=(z+y+z+1)(As+A,+A,) +zA,, + YA, .+ 2A, .,

which completes the proof. O

4. Z-TILING BY k-BONES IN d VARIABLES

In this section we address the general problem of the existence of Z-tiling by k-bones
in the d-dimensional lattice Z¢ C R?. We use standard abbreviations for monomials
(power products) 2% = x{'z5? ... z5* and rely on standard concepts and terminology

used in the theory of lattice-point enumeration in polyhedra, see [2] or [3].

In particular each set R C R? is associated the integer-point transform or =
Sacrnzd ® € Z[[xE', ..., 2+, which is a Laurent polynomial if and only if R is
bounded. Typically R is a convex polytope @) C Ri with vertices in N in which case
0 € Z[ry,...,x4) is simply the sum of all monomials “covered” by Q.

Conversely, for each polynomial p = 3 cne oz € Z[x1, X2, . .., 4] the associated
Newton polytope is the convex polytope Newton(p) = Conv{a | ¢, # 0}.

Let A = Conv{e;}%, be the standard simplex in R?, where ey = 0 and {e;}L, is
the standard orthonormal basis of R which generates the lattice Z.

Given an integer k > 1, the k-bones in the d-dimensional lattice are the prototiles
associated to the edges E;; = [ke;, ke;] (i # j) of the k™ dilate kA = Conv{ke;}¢_, of
the simplex A.

More explicitly, the polynomials (integer-point transforms) of the k-bones are

b =aF b 1, =1, 4,
bsj :xf_l + xf‘zxj + .- +x§_2, 1< <y <d.
The associated ideal
I¢ = (b, bi ;) C Zwy, ... 24

is referred to as the k-bone ideal in d-dimensions, or simply as the k-bone ideal.
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4.1. Grobner lattice-point enumerators. Our general objective is to study the
geometry and combinatorics of Z-tilings of different shapes (convex polytopes) in R?
by k-bones (or more general prototiles), by methods of combinatorial commutative
algebra and Grobner basis.

The Grobner basis of the ideal I with respect to some term order (usually the
lexicographic order) is denoted by GBI (occasionally by GBI or G). We work
with Z-coefficients so the Abelian group of all remainders may have torsion and
its generators are reduced monomials z® ¢ (LM (I{)), not contained in the ideal of
leading monomials of I¢. (The reader is referred to the Appendix (Section 6) for a

brief introduction into Grobner basis theory and a guide to the literature.)

As in Section 2.2 the remainder on division of f by GBI is TGBI = > o CaT®, where

x® are reduced monomials. For improved legibility we sometimes write Redg(f)

instead of 7G. The coefficient ¢,, which takes values in Z or some quotient Z/vZ, is
denoted by

(4.1) ] (7977,

Table 1 (Section 2.2) provides examples of the calculation and illustrates the impor-
tance of numerical functions (4.1) for the general polyomino tiling problem.

4.2. Motivating example. Here is another point of view which explains why (4.1)
are called Grébner lattice-point enumerators (Definition 4.1).

Let @ be a convex polytope with vertices in N and let og(z) = > aconnd T be its
“Newton polynomial” (integer-point transform). The usual “discrete volume” (lattice-
point enumerator) of @, defined in [2,3] as the number of integer points inside @, is
clearly equal to the value of og at x = (1,1,...,1) € R

Moreover, for each polynomial f(xy,...,24) € Z[z1,..., x4 there is a relation

(4.2) fl@e,oma) = filen — 1) + -+ falza — 1) + C,
where C' = f(1,...,1) is the remainder obtained on division of f by the ideal
I={(xy—1,z0—1,...,24—1).

It follows that the number of lattice points in a lattice convex polytope ) can be
interpreted as the remainder of oy on division by the ideal 1.

4.3. General research problem. Division of multivariate polynomials by ideals is
in general not unique and in particular the corresponding remainders (such as C' in the
expression (4.2)) are not uniquely defined. However, the division by the Grébner basis
of an ideal yields a unique remainder (in general a polynomial) which, in agreement
with motivating example from Section 4.2, leads to the following research problem.
Let J C Z[zy, ..., z4) be an ideal, say the ideal associated to a set R of prototiles
in N¢. Let G = G be the Grobner basis of J with respect to some term order. It
is interesting to ask (for some carefully chosen ideals J) what is the geometric and
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combinatorial significance of the remainder fg of the integer-point transform og on
division by the Grobner basis G.

Definition 4.1. The polynomial valued function ) — 78 is referred to as Grobner
or G-discrete volume of @) with respect to the Grébner basis G. The coefficients (4.1)
are called Grobner lattice-point enumerators of ().

4.4. Cyclotomic ideals. A cyclotomic ideal in the ring Z[z,xs, ..., x4] is an ideal
of the following form
(4.3) Wi = (ab — 1,25 —1,... 2% — 1),

where d and k are positive integers. In light of the obvious identities

wp =1 = (o= 1) (@} i D), af—a) = (w—ay) () e e,
W¢ is contained in the ideal I generated by k-in-line polyominoes (k-bones) in the
d-dimensional lattice.

Proposition 4.1. The set S¢ = {a¥ — 1,25 —1,... 2% — 1} is a (strong) Grébner
basis of the ideal W in the sense of [11].

Proof. Indeed, the S-polynomial

Slef — Loy — 1] = aj(af — 1) — (2§ — 1) = (af — 1) — (a7 — 1)

is trivially reducible by the basis S¢. O

The following criterion for the existence Z-tilings is formulated in [10, Proposi-
tion 3.1].

Proposition 4.2. A polyomino P admits a signed tiling by translates of prototiles
Py, P, ..., P if and only if for some monomial x* = z7* - - - x5 with a non-negative
exponent o € N? the polynomial x®cp is in the ideal generated by polynomials
UP17--~7UPk;

(4.4) x%op € (0p,,0py,...,0p,).

Note that z%op € J implies 2% op € J in any ideal J, provided z® is divisible by
x®, which allows us to formulate the following simplified criterion for k-bone ideals
I

Proposition 4.3. A polyomino P admits a signed tiling by translates of k-bones E;,
0<i<yj<d, if and only if

(4'5) O'pE[g.

Proof. If op € I then obviously P admits a signed tiling by translates of k-bones
E;;. Conversely, suppose P admits a signed tiling by translates of k-bones E;;. By
Proposition 4.2 there exists a monomial z® such that x%cp € IZ. Since for some
B € N? the vector a + 3 = kv € kN is divisible by k we conclude that z*7op € I{.
Since W C I we know that %" =1 (mod I), which in turn implies op € IZ. [
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4.5. Reduction of monomials ¢ modulo W¢ and I{. Let 2 = x{'2§? ... 25

be the monomial with multi-index a € Z%. Given z € Z,, let Z = r(z) be the
remainder on division of z by k, r(z) € Z;, = {0,1,...,k — 1}. The reduced version
of the monomial #® with respect to the ideal W is the monomial Redwg (%) = 2% =

R N

Note that Redysq(z*) is obtained from z by successive division (in any order) by

elements of the ideal W¢.

Our objective is to compute the W-reduced version of the polynomial T} (n)

(4.6) Redyya (T (n)) = Redyya >zt =)D x|
0<a 0<a
jal<n—1 la<n—1

Proposition 4.4. Let

(4.7) Redwg(Tg(n)):Rede Nooatl= Y tlnyr)a”
|a|0<§na71 T€(Zy)?

be the reduction of the polynomial T (n) with respect to the ideal W. Then

o) = ("7 57),

where .
(nlr) == V p |T|1J
and |r|y = |(r1,7re, .. .,Ta)|l1 =11+ -+ g
Proof. Given a W¢-reduced monomial 2", where r = (r1,7,...,74) € (Z)¢, we want
to calculate the number of solutions of the inequality
(4.8) (kxy+ 7)) + (krg +7a) + -+ (kxg +rg) <n—1
in non-negative integer variables x1,...,z4. Equivalently, we need to calculate the

number of non-negative integer solutions of

(49) $1+I2+"'—|—l’d§

n—1—|r|

k Y
where | z] is the integer part of x. Recall the lattice point enumerator [3, Theorem 2.2]
of the standard simplex in the positive hyperorthant R‘i bounded by the hyperplane
T+ -+ Tg =m,

d+m
By substitution m = (n|r) we complete the proof of the proposition. O

As a corollary we obtain the following proposition.
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Proposition 4.5. Let GBI = GBI{ be a Grébner basis of the ideal I$ with respect
to some term order. Then the remainder

Ti(n)

of the polynomial TZ(n) on division by GBI = GBI, expressed in terms basic mono-
mials z, admits a decomposition

(4.10) i) =Y can,

GBI

——— GBI
where ¢, = [x°)(T(n) ) is some (finite) Z-linear combination of functions t3(n,r).
More explicitly,
o1 (rdr NCBI r4d
Ca = [l’ ] (Tk (’I’L) > - Z eatk<nvr)a
r€(Zy)?
for some integers el,.

Proof. As a consequence of (4.7) we obtain

(4.11) T,f(n)GBI = Redlg(T,f(n)) = > thn,r) Yz Pt = > ti(n,r Z

TE(Zk) TE(Zk

5. EHRHART THEORY AND GROBNER BASES

Quasipolynomials play a fundamental role in the Ehrhart theory of lattice-point
enumerators of polytopes with rational vertices. We demonstrate that they play a
similar role in Grébner lattice-point enumeration with respect to ideals W and I{.

5.1. Quasipolynomials. A quasipolynomial [13, Section 4.4] of degree d is a function
f N — C of the form

f(n) = ca(n)n® + co_1(n)n™ "t + -+ + co(n),

where each ¢;(n) is a periodic function and c4(n) is not identically equal to zero.
It is not difficult to show that f is a quasipolynomial if and only if there exists an
integer N > 1 and polynomials fy, f1,..., fyv_1 such that

f(n)= fi(n), ifn=i (mod N).

Quasipolynomials play an exceptionally important role in enumerative combina-
torics. For example the Ehrhart polynomial Lo(n), defined as the lattice point enu-
merator of the n'* dilate nQ of a convex polytope @ with rational vertices, is always
a quasipolynomial.

It is an easy exercise to check that the function t¢(n,r), introduced in Proposition
4.4, is a quasipolynomial in the variable n. In turn, the coefficients ¢, (that appear

in Proposition 4.5) are also quasipolynomials, being linear combinations of functions
td(n,r).
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The functions ¢, = c,(T¢(n)), being defined essentially as summands of the re-
mainder on division by the ideal I{, are extended in a straightforward way to all
convex rational convex polytopes (). They are referred to as Grébner lattice-point
enumerators.

5.2. Quasipolynomials and generalizations of Pick’s theorem. Here we remind
the reader why (quasi)polynomials are important in lattice-point enumeration prob-
lems (Ehrhart theory). In the planar case the Ehrhart polynomial is a polynomial
Lg(n) = agn? + ain + ay where ag = Area(Q) and ay = Lg(0) = 1. Moreover,
Lg(1) = ap+ a1 + ag is the number of lattice points in @) and, by Ehrhart-Macdonald
reciprocity (see [3, Theorem 4.1)),

Lo(1) + Lo(=1)

is the number of lattice points on the boundary of Q.

The four quantities ag, Lo(0), Lo(1) and Lg(1)+Lg(—1) can be interpreted as linear
forms on the 3-dimensional vector space of all quadratic polynomials and classical
Pick’s theorem is nothing but a non-trivial linear relation

(51) Aiag + )\QLQ(O) -+ )\3LQ(1) -+ )\4(LQ(1) + LQ(—l)) =0.

Once we know that such a relation exists, the coefficients \; are easily evaluated by
choosing special polygons Q.

The importance of this proof of Pick’s theorem is that it can be easily generalized.
For example Reeve’s theorem (a 3-dimensional analogue of Pick’s theorem) says that
in addition to linear forms listed in (5.1) it suffices to take one more, the form Lg(2)
evaluating the number of lattice points in the second dilate of Q).

Similar scheme can be applied to quasipolynomials as well and the following sec-
tions should provide a theoretical basis for studying analogues of Pick’s theorem for
Grobner basis enumerators of lattice polytopes. (This is the subject of a subsequent
publication.)

5.3. Ehrhart quasipolynomial for Grébner Wi-enumerators. In this section
we prove that Grobner lattice-point enumerators of lattice polytopes, with respect
to the ideal W, are quasipolynomials. We have already calculated (Section 4.5) the
W-reduction of the tetrahedron associated to the polynomial Tg(n) and showed
(Proposition 4.4) that the result is a quasipolynomial in the variable n. Here we
extend this result to the case of a general rational polytope.

Theorem 5.1. Let og be the integer-point transform of a rational convex polytope

d
Q C (Ry)? and co b (Q) = [z°](Redya(oq)) the Grobner lattice-point enumerator with
respect to the ideal W, associated to a W-reduced monomial x®. Then the function

fo'E (n) = e (nQ) = [¢°](Redyya(omq)),
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d
computing the Grébner basis enumerator cg/ * of the n' dilate of the convex polytope

Q, is a quasipolynomial in the variable n.

As usual in Ehrhart theory [3, Chapter 3], the case of a general rational polytope is
reduced to the case of a rational simplex. Moreover the case of general rational simplex
(simplicial cone) is treated similarly as the case of a simplex with integral vertices. So
the proof of Theorem 5.1 follows from the proof of the following proposition.

Proposition 5.1. Let A C (R,)? be a simplex with integral vertices and let r =
(r1,...,7q) € (Zy)%. Then a mod-k lattice-point enumerator L' (n) of A, defined as
the number of lattice points a = (ay,...,aq) € Z4 N nA such that a; = r; mod k for
each i € [d], is a quasipolynomial in d.

Proof. Since L% (n) = LSI A(n) for each v € Z? we assume, without loss of generality,
that —% + A C (R;)% Let A = Conv{v;}{*].

By [3, Theorem 3.5] it is known that the integer-point transform o,k of a shifted
simplicial cone

(5.2) K = {\w; + Awy + - + Aqwg | \; > 0} C R
is the rational function
UerH(Z)
53 v == )
( ) 0-+K(Z) (1—Zw1)(1—2w2)"'(1—2’wd)
where

H:{)\lw1+)\2w2+---+)\dwd\Og)\i<1}

is the associated fundamental half-open parallelepiped. Let w; = (v;,1) € REFL
i € [d+1], and let K C R¥*! be the associated simplicial cone defined by (5.2), with
the associated fundamental parallelepiped II.

It follows that the integer-point transform ok (z,t) of K is given by the formula
(5.3), where d is replaced by d + 1 and the new (vertical) variable is t. Moreover [3,
Section 3.3], the n'" dilate of A is essentially the intersection of K with the horizontal
hyperplane H,, := {(z,t) € R¥* | t = n}, and the generating function for the Ehrhart
polynomial La(n), calculating the number of lattice points in nA, is given by the
formula

> La(n)t" =ok(1,t),
n>0
where the RHS is evaluated at z = 1 = (1,1,...,1) € R<.

We want to describe the generating function calculating the lattice points a € K
such that a = ka’+r for some @’ € Z4*!. In other words we need a generating function
for the set of lattice points a’ in the shifted cone

K'=——+-K.

r
ko k
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Again by (5.3), taking into account that K’ is scaled down by the factor k, we
obtain

" 9(t)
LB ()" = o (1,1) = — 2
n2>0 A( ) K( ) (1_tk)d+1
where ¢(t) = o(1,t) and II' = —r/k + 11 is the shifted fundamental parallelepiped
of K'.
By assumption —% + A C (R, )? which implies that

(—r/k+11)NZ* C TNz c N

It follows that deg(g) < k(d + 1) and, as a consequence of Proposition 4.4.1 [13,
Proposition 4.4.1], we conclude that Lgr(n) is a quasipolynomial. O

5.4. Ehrhart theory for Grébner Il-enumerators. Here we show that Grob-
ner lattice-point enumerators of lattice polytopes, with respect to the ideal I¢, are
(modular reductions of) quasipolynomials. Since quasipolynomials naturally appear
as lattice points enumerators (Ehrhart theory) for convex polytopes with rational
vertices, see [3, Section 3.7], the following result can be interpreted as a first step in
the direction of developing Ehrhart theory for Grobner basis enumerators of rational
convex polytopes.

We say that a function f : N — Z, (where v € Z; U {oco} and by convention

Lo = Z) is a modular quasipolynomial, if there exists and integer valued function
f': N — Z such that f(n) is the mod v reduction of f’(n) for each n € N.

Theorem 5.2. Let og be the integer-point transform of a rational convex polytope
d

Q in (Ry)? and cg = céf‘ (Q) = [z*](Reda(0q)) the Grobner lattice-point enumerator

associated to a I¢-reduced monomial x°. Then the function

15 (n) = ¢ (nQ) = [¢°)(Redya(0,q)),

computing the Grébner lattice-point enumerator cg of the n'™ dilate of the convex
polytope Q, is a modular quasipolynomial in the variable n.

Proof. Since W C I¢,

Redja(0nq) = Redja(Redya(ong)) = Redja (Z caxo‘> 7

where on the right is an expression involving We-reduced monomials . Since for
each IZ-reduced monomial z”

) Redyona)) = 7] (S coltedy(a®) ) = ale®)(Redyta)),

the result is an immediate consequence of Theorem 5.1. O
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Remark 5.1. We have shown (Theorems 5.1 and 5.2) that Grobner lattice-point enu-
merators of ideals W and I¢ are (modular) quasipolynomials. Is this a general
phenomenon? In other words is it true that G-enumerators of (polyomino) ideals are
(modular) quasipolynomials for any choice of prototiles. We suspect that the answer
is negative in general but we don’t have an example at hand.

6. APPENDIX: GROBNER BASES

The reader not familiar with the fundamental concepts and results of Grobner bases
theory is encouraged to use it as black box, after consulting a two page introduction in
[14]. Since [14] deals only with polynomials with coefficients in the field here we briefly
outline, following [11], how the theory is modified if we work with integer coefficients.

A term is a product t = cx® where c¢ is the coefficient and z* = z{" - - - a2} is the
associated monomial (power product). For a given polynomial f € Z[zy,zs, ..., x|
the associated remainder on division by a Grébner basis G is fG and f reduces to
zero f L 0if fG =0. LM(f) and LC(f) are respectively the leading monomial and
the leading coefficient with respect to the chosen term order <. We write lem(a,b)
and gcd(a, b) respectively for the least common multiple and the greatest common
divisor of a and b.

For other basic notions of Grébner basis theory (over integers), such as S-polynomial,
standard representation, etc. the reader is referred to [11] (see also [1,4] for a more
complete exposition of the theory).

6.1. Grobner bases over principal ideal domains. Let A = R[x,..., x| be the
ring of polynomials with coefficients in a principal ideal domain R. For a given ideal
I C A the associated strong Grébner basis, called also the D bases in [4], may be
introduced as follows (see [1, p. 251] and [4, p. 455]).

Definition 6.1. A finite set G C [ is a strong Grobner basis of I (with respect to
the chosen term order =) if for each f € I\ {0} there exists g € G such that the
leading term of f is divisible by the leading term of g, LT (g)|LT(f), meaning that
LT(f) =tLT(g) for some term ¢.

The following theorem provides a useful criterion for testing whether a finite set
of polynomials is a Grobner basis of the ideal generated by them, see [4, Chapter 10,
Corollary 10.12].

Theorem 6.1. Let G be a finite collection of non-zero polynomials which generate
an ideal 1. Suppose that,

(1) for each pair gi,g> € G there exists h € G such that,
LM (h)[lem(LM (g1), LM(g2)) and LC(h)|ged(LC(g1), LC(g2));

(2) for each pair gi,g2 € G the associated S-polynomial reduces to zero,

S(g1, g2) < 0.
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Then G is a strong Grébner basis of I¢.

6.2. Grobner bases over Euclidean domains. The general theory is further sim-
plified if one works with Euclidean domains. Aside from standard references [1,4] a
self-contained account can be found in [11]. In the case of integers one usually chooses
the linear ordering,

(6.1) <0< HI < -I <2< 2< 3 <3< H <A HI <

which allows us to define unambiguously remainders, S-polynomials etc.

Recall that the constant g;o = 9 is an element of the Grobner basis GBI of the
tribone ideal (Section 2.1). The ordering (6.1) explains why —4 (rather than +5)
appears in reduced expressions f¢B!, for example in Table 1.
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CONCERNING MULTIVARIATE BERNSTEIN POLYNOMIALS
AND STOCHASTIC LOGIC

YAMILET QUINTANA®2

ABSTRACT. Among the applications of the Bernstein polynomials in one variable
is their use in solving problems associated with stochastic computing. Taking as a
starting point the notion of stochastic logic in the sense of Qian-Riedel-Rosenberg,
the aim of this paper is to investigate some necessary and sufficient conditions
for guaranteeing whether polynomial operations can be implemented with stochas-
tic logic based on multivariate Bernstein polynomials with coefficients in the unit
interval.

1. INTRODUCTION

Stochastic computing (SC) arises as a collection of techniques to represent analog
quantities by probabilities of discrete events, or represent continuous values by means
of random bit-streams, so that complex operations can be performed by simple bitwise
operations on random pulse trains [1,7-10,27]. The analogy between probability
algebras and Boolean algebras [12,13,25] is used to obtain very simple processing
units and an adequate arithmetic. The basic operations described in the literature
are the addition and the multiplication since these are the fundamental operations
involved in neural networks and in the design of stochastic circuitry (fields in which
fertile ground has been found for applications of SC). Also, SC has been applied to
division and square-rooting [10, 33], matrix operations and decoding of low-density
parity check (LDPC) codes [11,21,23], and polynomial arithmetic [28,29].

A stochastic number can be defined as a pair (z,p,), where = is a finite binary
sequence, i.e., z € {0,1}", for some N € N and p, € [0,1] is the probability of

Key words and phrases. Stochastic computing, stochastic logic, multivariate Bernstein polynomials,
uniform approximation.
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observing a 1 at an arbitrary position of = [1,9,10,24]. So, a stochastic number
is represented by a finite binary sequence (or bit-stream) in such a way that the
probability (ratio) of ‘1" in the binary sequence is interpreted as the number itself.
The probability p, is sometimes called value of the stochastic number (see, e.g., [24]).

For instance, if (x,p,) is a stochastic number whose binary sequence x has N
components, of which m are equal to 1 and N —m are equal to 0, then p, = %
and, clearly, the representation of the pair (x,p,) is not unique. SC uses a redundant
number system in which there are (% ) possible representations for each value p, = %.
Furthermore, a binary sequence x can only has associated probabilities in the set
{0, %, N, . T’l, 1}, so only a small subset of the real numbers in [0,1] can be
expressed exactly in SC.

The main idea behind the combinational circuits design with polynomial arithmetic

of Qian et al. [28,29] consist of the following.

(1) Take advantage -in a suitable way- of the redundancy provided by SC for
choosing binary sequences x € {0,1}" corresponding to the value p,, in or-
der to make an association between z and a certain N-tuple of independent
random variables X = (X7, ..., Xy), where each component X} has Bernoulli
distribution with some parameter p; € [0, 1].

(2) Given a Boolean function y = f(z1,...,zy) implementing a combinational
circuit, use the association aforementioned for inducing a stochastic circuit
implemented by a function of the form Y = F(Xy,..., Xy) (see for instance,
[25]).

The passage of the Boolean function y = f(z1,...,2x) to the function ¥ =
F(Xy,...,Xy) is called stochastic logic or stochastic logic in the sense of Qian-
Riedel-Rosenberg [28,29] and the following property holds.

Theorem 1.1. ([28, Theorem 1]). Given a Boolean function f : {0,1}¥ — {0,1}.
Stochastic logic yields a polynomial in N wvariables F' given by

F(ay,...,an Z Z(au ZNHa),
11=0 in=0

where the coefficients o, are integers. Moreover, for each y = f(xy,...,xN) we

have

pY:F(pXNpXQ""apXN Z Z (Oézl AN Hp >

11=0 in=0

It is worth pointing out that to the best of our knowledge, the treatment or imple-
mentation by use of some stochastic logic of Qian-Riedel-Rosenberg type has not been
considered for Boolean maps of the form f: {0,1}" — {0,1}". Thus, the following
questions related to Theorem 1.1 arise: Can Theorem 1.1 be extended in this setting?
In negative case, what is the difficult for finding such an extension? In affirmative
case, how do we characterize such an extension? In this paper, we are interested



CONCERNING MULTIVARIATE BERNSTEIN POLYNOMIALS AND STOCHASTIC LOGIC 467

in the theoretical issues concern stochastic logic of Qian-Riedel-Rosenberg type. In
particular, we focus our attention on the theoretical connection between a stochastic
logic of Qian-Riedel-Rosenberg type and certain class of multivariate Bernstein poly-
nomials related with combinational circuits. So, some of aforementioned questions
will be answer in the present paper.

The outline of the paper is as follows. Section 2 contains some relevant properties of
the induced multivariate Bernstein polynomials. In Section 3 the notion of stochastic
logic of Qian-Riedel-Rosenberg type is introduced, its connection with induced mul-
tivariate Bernstein polynomials is given and our main results are stated and proved.
Finally, Section 4 is devoted to a brief additional remark on a model of stochastic logic
based on the so-called degenerate Bernstein polynomials. Throughout this paper, we
only consider combinational circuitry.

2. MULTIVARIATE BERNSTEIN POLYNOMIALS

This section is devoted to introduce a class of multivariate Bernstein polynomials
and recall some of their structural properties. We adopt the way of writing multivariate
Bernstein polynomials used in [3]. For more details the reader can see [3], [22, § 2.9, p.
51] and the references thereof. However, before we look at this class we will recall the
definition and some algebraic and analytic properties of the Bernstein polynomials in
one variable (cf., [22,29]).

Given n € N, for f : [0,1] — R a continuous function and t € [0, 1], the nth
Bernstein polynomial of f is given by

1) B.(0) = Bu(fit) = Y] (fj) (Z)t'f(l ek,

The polynomials B, (t) converge uniformly to f on [0, 1] and this fact is the key piece
for the Bernstein constructive demonstration of Weierstrass approximation theorem
22, 26].

The polynomials appearing in the formula on the right hand side of (2.1), namely;

bi(t) = bon(t) = <Z>tk<1 ok k=0,...,n,

form a basis for the space of polynomials of degree at most n with real coefficients
and the set {bg,(t) : £ =0,...,n} and it is usually called Bernstein basis [5,30]. Also,
it is clear that deg(bg,(t)) = n, for each k =0,...,n.

We call Bernstein polynomial to the representation in terms of the Bernstein basis
of any polynomial P(t) of degree at most n and real coefficients. So, there exists a
unique vector (80,0, Bims - - - Bnn) € R™ such that

(2.2) P = 3 Bunbun(t)

Bernstein polynomial
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The name Bernstein polynomial for the expression on the right hand side of (2.2)
was coined by Qian et al. (cf., [28,29]), although Farouki and Goodman [5] have
preferred to use the term Bernstein form of P(t) to refer to the same expression. By
(2.2) we have that the nth Bernstein polynomial of the function f € C|0, 1] given by
(2.1) becomes in a particular case of Bernstein polynomial, for which gy, =
kE=0,1,...,n.

The following results show some pertinent properties of the Bernstein basis and
polynomials.

n)

Proposition 2.1. The Bernstein basis {by,,(t) : k = 0,...,n} satisfies the following
algebraic and analytic properties [6,29].
(i) Partition of unity property.

Y bpa(t)=1, forallteR.
k=0

(ii) Non-negativity property.
ben(t) >0,  forallt e 0,1].
(iii) Symmetry property.
bin(t) = bpkn(1—1),  foralltel0,1].
(iv) Recurrence formula.
bint1(t) = thg—1,(t) + (1 — )b n(t),  for allt € [0,1].

(v) Unimodality or extremal property. For n > 1, by, (t) attains a relative maxi-

mumattzs,k:(),...,n.
(vi) Degree elevation property. For k =0,...,n, we have
n+1—k E+1
bin(t) = —————bpps1(t bri1ni1(t),
k(1) n 1 k’+l<)+n+1k+1’+l()

for all t € [0,1].
(vil) Representation in terms of the canonical basis of the space of polynomials of
degree at most n with real coefficients.

o= ()

Proposition 2.2. Let P(t) = > 1_o Benben(t) be a Bernstein polynomial. Then the
following properties hold [6,29].

(i) P(0) = Bon and P(1) = By

(ii) Inversion formula. For each 0 < j < n, we have

t = kzn: Ej%bk,n(t).
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(iii) Change of basis. If P(t) has the following representation in terms of the cano-
nical basis of the space of polynomials of degree at most N with real coefficients:

Pt) =Y apnt",
k=0

then

(iv) Lower and upper bounds.

i < < .
Juin Brn < P(t) < ax. Bre.n

(v) Degree elevation procedure. For any m > n, it is always possible to represent
P(t) in terms of the Bernstein basis {bgm+1(t) : k=0,...,m+ 1} as follows
m—+1

P(t) =" Brmr1bems(t),
k=0

where the Bernstein coefficients By m+1 are given by

ﬁo,m fOT k= Oa
Bk,erl = miﬂﬁkfl,m + (1 - miﬂ) ﬁkm”m fOT k = 17 e,y
Brn,ms fork=m+1.

(vi) (¢f. [29, Theorem 1]) Uniform approxzimation of the Bernstein coefficients. Let
g(t) be a polynomial of degree n > 0. For any € > 0, there exists a positive
integer M > n such that for all integer m > M and k = 0,1, ..., m, we have

k
ﬂk,m —4g <>

m
where Bom, Brm, - - - s Bmm Satisfy that g(t) = Y7 Brmbrm(t).

Given N € N and Ny = NU{0}, to deal with multivariate polynomials we recall the
standard multi-index notation. A multi-index is denoted by v = (v,...,vy) € N.
For two given multi-indices a,v € N} we write a < v if and only if a; < v,
j=1,...,N. The multi-index o + v is defined by a + v = (a; + v1,...,an + vy).

< €,

If @ < v, the multi-index v — « is defined by v —a = (v, — aq,...,vy —an). We
write (2) for the multiplication (211) e (ZJ; ), whenever o < v. For v € N} and
1= (z1,...,75) € RY a monomial in variables zy,...,zy of index v is defined by

=t iy
We denote by PV = R[zy,...,xy] the space of all polynomials of N variables with
real coefficients. Let p(z) = p(x1,...,2x) € PY. We say that a multi-index x =

(K1,...,kn) is the multi-index of maximum degree of p(z) if x; is the maximum
degree of x; in p(x), j =1,..., N (cf. [3]).
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So, the set S = {v € N}/ : v < k} contains all the combinations from N} which are
smaller than or equal to the multi-index s of maximum degree. Hence, p(z) can be
expressed as

(2.3) p(x) =p(er, .. an) = D ay e,
ves
where a,,, € R. The multivariate polynomial appearing on the right hand side of
(2.3) is called the power form of p(z).
An N-dimensional generalization of the Bernstein polynomials can be defined as
follows. Let f :[0,1]Y — R be a bounded function. The N-dimensional Bernstein of
f is given by

(24) Bnl,...,nN(f; (xla ce 73:N)) = Z f <lea SR VN) BV7N(x1> ce 71:N)7

ves* nN

where S* = {r € N) : 0 < v < N}, N = (ny,...,ny) and B,n(71,...,2x) =

N
[ by, n; (25)-

It is well known that the N-dimensional Bernstein By, .. (f;(z1,...,2n)) con-
verges to f((z1,...,zxN)) at any point of continuity of this function, as all ny — oo

(cf., [4,14]), and from (2.4) it is possible to induce a multivariate Bernstein polynomial
as follows:

(2.5) P(z) = P(z1,...,2N) := Z cooNBuN(T1, ... xN) = Z aNBun(2),
ves* ves*
z €[0,1]V, ¢, n € R. We call to the polynomial P(z1,...,zy) induced multivariate
Bernstein polynomial.
Furthermore, if x € [0,1]Y and p(x) is a multivariate polynomial which is written
by means of a power form (2.3), then p(z) can be expressed in terms of an induced
multivariate Bernstein polynomial as follows.

(2.6) p(x) = cvuByk(z),
ves
where the Bernstein coefficients ¢, are given by

(2)

(2.7) Cor = Cé:y (2) Ao, VES.

The multivariate polynomial appearing on the right hand side of (2.6) is called Bern-
stein form of p(x).

3. MAIN RESULTS

Given N € N and (z,p,) a stochastic number with z € {0,1}". For each
k =1,2,...,N we choose p, € [0,1] and consider discrete and independent ran-
dom variables X} having Bernoulli distribution with parameter py, i.e., X ~ Be(py)
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(cf. [25,31]). Since xy € {0, 1}, each probability density function is given by

(3.1) P{X), = xr} = ppt(1 — pe)' "

We define

px, =P{Xy=1}=p, and 1—-px, =P{Xy=0}=1—p,, k=12,....N.

Assume that a combinational circuit implements the Boolean map f : {0, 1} —
{0,1}". Let (f1,..., fy) be the component functions of f. Thus, each Boolean
function f; : {0,1}" — {0,1} can be assumed as a subcircuit associated to f, j =
1,2,....N.

Given (x,p,) a stochastic number with = (z1,...,2x) € {0,1}¥, choose an
N-tuple of discrete and independent random variables X = (X,..., Xy) such that
Xi ~ Be(pg) for some p; € [0,1] and satisfying (3.1). We can associate to each
component function f; : {0,1}¥ — {0,1}, a discrete random variable Y; using that
its probability density function is uniquely determined by the given N-tuple X =
(X1,...,Xn). More precisely, for determining py, := P{Y; =1}, j =1,..., N, we
proceed as follows (cf. [25]). Since each y; = f;j(z) = fij(z1,...,2n) € {0,1}, for
j=1,..., N, we have

py] :P{Y; :]_}ZZ P{Xl :I‘l,XQZI‘Q,...,XN:l‘N}

T1,...,TN:
fi(@i,.xzn)=1

=Y <;£[1 P{X}, = xk}> :

T1,0 N
Ji(@1,..xN)=1

(3.2)

The identity (3.2) is consequence of the independence of X}, and since P{X} = x4}
is either py, or 1 — pyx,, depending on the value of x; in the given combination.
Thus, the Boolean function f; : {0,1}" — {0,1} induces a function F} acting on
the discrete and independent random variables X1, ..., Xy such that for each Y; =
F;(Xy,...,Xn) the identity (3.2) holds. Furthermore, the random variable Y; has
Bernoulli distribution with parameter py;.

It is easily seen that py, is a multivariate polynomial with arguments px,, ..., pxy,
and if we expand (3.2) into a power form, each product term has an integer coefficient
and the degree of each variable in that term is less than or equal to 1. Hence, applying
Theorem 1.1 we have that the stochastic logic yields a polynomial in N variables FJ
given by

A 1 1 N
Fi(ay,...,an) = > -+ > (ail...z'N;j 11 aZ’“) :
i1=0  iny=0 k=1
where the coefficients «;, ;,,; are integers. Moreover, for each y; = f;(z1,...,2n),
7=1,...,N, we have

1 1 N
Py; = Fj(pX17pX27 cet 7pXN) - Z o Z (ailmiN;j H pg]gk> '
; . k=1

11=0 iny=0
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We call stochastic logic of Qian-Riedel-Rosenberg type to the passage of the Boolean
map f : {0,1}¥ — {0,1}" to the map F = (F},..., Fy) acting on the discrete and
independent random variables Xi,..., Xy such that for each Y; = F;(Xy,...,Xn)
the identity (3.2) holds.

We summarize the previous ideas in the following theorem.

Theorem 3.1. Given a Boolean map f : {O 1}N — {0 1}V, The stochastic logic of
Qian-Riedel-Rosenberg type yields a map F= (Fl, .. FN) acting on the discrete and
independent random variables X1, ..., Xy, whose component functions are multiva-
riate polynomials of the form

Biarn . ay) = 3 - Z(a“ WHa>,

i1=0 in=0
where the coefficients oy, ;y.; are integers. Moreover, for each y; = fj(x1,...,2N),

7=1,...,N, we have

A

1 1
(3.3) Py; = Fj(0x, Pxor 0 Dxy) = D 0 Y (azl i Hp )
i1=0 ZN_O
Example 3.1. Consider the Boolean map f : {0,1}® — {0,1}3 given by
flxy, z0,23) = (1 A3) V (22 A (—3)), 1 A X3, 29 A (1)),

where A means logical AND, V means logical OR, and — means logical negation.
Choose p1, p2, p3 € [0, 1] and let X7, Xo, X3 be three discrete and independent random
variables such that X; ~ Be(p1), Xo ~ Be(ps), X3 ~ Be(ps) whose probability
density functions satisfy (3.1). It is clear that

fi(z1, 22, w3) = (21 A23) V (12 A (—23)),

fo(x1, 22, 03) = 21 A 23,

f3(x1, 2, 23) = 2 A (—11).

By the definition of py;, j = 1,2,3, we have

Y1 :P{Xl — 1,X2 :O,Xg — 1}+P{X1 — 1,X2 — 1,X3 - 1}
+P{X;=0,Xo=1,X3=0}+P{X;=1,Xo=1,X3 =0}
= pX1<1 - sz)ng +pX1pX2pX3 + (1 _pX1>pX2(1 _ng,) +pX1pX2(1 _ng)
= Pxo T Px1PX5 — PXaPXs)
pY2 :P{X1 = 1,X2 :O,Xg = 1}+P{X1 = 1,X2 = 1,X3 = 1}

= px; (1 = px,)Pxs + PxiPXPXs = DXy DX

Y3:P{X1 0X2 1X3—O}+P{X1—0X2 1X3 1}
= (1 - pX1)pX2(1 - ng) + (1 - le)szng = sz - lesza
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and the random variables Y7, Y5 and Y3 are given by

Y1 = Fi(X1, Xo, X3) = Xo + X1 X3 — Xp X5,
(3.4) Yy = Fo(X1, Xy, X3) = X1 X3,

}/?3 = F3(X17X27X3) = X2 - X1X27

which confirms that (3.4) induces a map F' = (Fy, Fy, F3) acting on the discrete and
independent random variables X, X5, X3, whose component functions are polynomials
in the variables (a, b, ¢) with integer coefficients:

ﬁl(a, b,c) = b+ ac — b,
ﬁ’g(a, b,c) = ac,

A

F3(a,b,c) = b— ab.

We now come to the second part of the main results of this section: the connection
between stochastic logic of Qian-Riedel-Rosenberg type and induced multivariate Bern-

stein polynomials. Suppose that we have a combinational circuit w = g(xy, 22, ..., xN)
consisting of N combinational subcircuits y; = f;(z1,22,...,2n5), 7 =1,..., N, and
only an N-input AND gate. Each combinational subcircuit y; = f;(z1,22,...,2N)

consists of a decoding block and a multiplexing block, which transform the N inputs
{z1,...,2zn} € {0,1} as follows: If k out of the inputs {x1,...,zx} of the jth de-
coding block are logical 1, then s;; is set to 1 and the other outputs are set to 0,
(0 < k < N). So, the output of the jth decoding block is s/ = (sq;, ..., Sn;). The
outputs of the jth decoding block are fed into the jth multiplexing block, as shown
in Figure 1, and they act as the selecting signals (control inputs). The data signals
(inputs) of the jth multiplexing block consist of N + 1 inputs 2o, ..., zn; € {0,1}.

Once the jth multiplexing block is used, the Boolean function y; = f;(z1,22,...,2n)
takes the form

N
(35) yj: \/(ij/\skj), j:O,...,N,
k=0
which means that the output of the jth multiplexing block y; is set to be the input
Zkj if Skj = 1.
Next, the inputs of the N-input AND gate are yy,...,yn € {0,1} and the Boolean

function w = g(z1,x9,...,xy) can be expressed as
N N [N
(3.6) w=Ay;=/\ [\/ (2r5 A Skj)] :
j=1 j=1 Lk=0
Using the association (3.1) for (z1,...,2n), (Sojs--.,Sn;) and (2o, ..., 2Nn;) We
can choose discrete and independent random variables (Xi,...,X,), (So;,---,Sn;)

and (Z()j,...,ZNj>, SllCh that Xj ~ Be(pj), Skj ~ Be(ﬁkj) and ij ~ Be(ﬁkj),



474 Y. QUINTANA

x = (xq1,%3, ..., Xy)

//
DECODING DECODING DECODING
BLOCK nan BLOCK m BLOCK
1 J A

st = (so1. 511, Sn1) | sl — (sop.51, -, Snj) s s¥ = (som 518, - Swn) P
“IN+1 AN +1 “IN+1
MULTIPLEXING MULTIPLEXING MULTIPLEXING

z' = (291,211, -, Z1) Ny BL?CK 2= (zﬂpzu, ---;ZNj) N BL?CK 2V = (zon, Z1n, -, Zun) S BL;CK

N+1™ N+1> N+l =~

Yj

Y1

N-INPUTAND
GATE

¥

FIGURE 1. Combinational circuit associated to a multivariate Bernstein
polynomial with coefficients in [0, 1].

k=0,...,N,7=1,...,N. Similarly, we define
px, =P{Xpy=1}=pr and 1-—px, :=P{Xp;=0}=1—p,
DS = P{Sk; =1} =py; and 1 — DSy, = P{Sk; =0} =1 — pyj,
Pz, =P{Zyy =1} =py; and 1—py, = P{Z;=0}=1-p;,
fork=0,....N,j=1,....N.
Applying Theorem 3.1 to the Boolean map f : {0,1}¥ — {0,1}" given by

f(z1,...,xn) = (y1,-..,yn), we have that the stochastic logic of Qian-Riedel-Rose-
nberg type yields N multivariate polynomials as in (3.3), such that

pY] :F}(lea"'7pXN)7.j: 17"'7N'
Let W be the discrete random variable associated to Boolean function
w = g(x1, 22, ...,xy) by means of
P{W:]_}:Z P{Xl:I'l,XQ:l'Q,...,XNZZL'N}.

T1,0 N
g(x1,...,xn)=1

We define py := P{W = 1} and 1 — py := P{W = 0}. According to (3.6) and
Theorem 3.1 we have

N N
j=1 j=1
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Let us consider the polynomial g;(t) given by
qg;(t) = Ej(t,t,....t), j=0,...,N.
——

N-times
Assume that py, = --- = px, = to, since sy, is set to 1 if and only if £ out of N

inputs of the jth decoding block are 1, the probability that Sy; is 1 is (see, e.g., [1,
pp. 10-11)):

N
psk]. - P{S}w — 1} — <k>tlg(1 - to)N_k - bk,N(t0)7 k= O, ce ,N.

Now, assume that pz, . = ﬁé ~- Then

N

(33) py, = PY; =1} = 3 P{Y; = 1]y, = L}P{Si; — 1}
k=0

but from (3.5) is deduced that Si; = 1 implies Y; = Z;, so

(39) P{Y; = 1ISk; = 1} = P{Zy; = 1} = pz, = Bln-

By (3.8) and (3.9) we obtain

N
qi(to) = pv; = D Binbin(to), j=1,...,N,
k=0

and (3.7) becomes
N N
pw =[] D Binbrn(to)-

j=1k=0

Therefore, under the constrains imposed by us, each combinational subcircuit y; =
fi(x1,22,...,xx) would require that ¢;(t) be a Bernstein polynomial whose coeffi-
cients ﬁ,i ~ belong to [0, 1], (cf., [28-30]). Consequently, the combinational circuit
w = g(x1,xe,...,2y5) would require an induced multivariate Bernstein polynomial
P(z4,...,xy) such that

N N
P(zy,...,xn) =YY cnBin(z1, ..., 2n),
k=0 k=0
where ¢, N = Hj-v:l B,Z’N, Bin(z1,...,2n) = Hj.vzl ben(z;), for K = 0,...,N and
multi-index of maximum degree N = (N, ..., N). That is, the combinational circuit
w = g(x1,xs,...,2x) would require that P(z1,...,zy) be an induced multivariate

Bernstein polynomial whose coefficients c; n are expressed as a product of N real
numbers belonging to [0, 1]. Thus, we have the following theorem.

Theorem 3.2. Let P(xy,...,xx) be an induced multivariate Bernstein as in (2.5)
such that

(i) the components of its multi-index of maximum degree N are equal;
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(ii) its Bernstein coefficients satisfy that c,n = TI, ﬁi]\/ with v = (k,... k),
kE=0,...,N.
If all the factors 5%7]\, belong to [0, 1], then we can design a stochastic logic of Qian-
Riedel-Rosenberg type to compute P(x1,...,xyN).

A multivariate polynomial can be represented in a power form as (2.3). If it can be
converted into an induced multivariate Bernstein polynomial satisfying the hypothesis
of Theorem 3.2, then the preceding arguments show us how to implement it with
stochastic logic of Qian-Riedel-Rosenberg type. The following result describes such a
class of induced multivariate Bernstein polynomials.

Theorem 3.3. Let N be any fized positive integer. If q;(t) is a polynomial such that
some of the following conditions is satisfied:

(i) ¢j(t) is identically equal to 0 orto 1, j=1,...,N;

(ii) for any t € (0,1) we have 0 < ¢;(t) < 1, with ¢;(0) > 0 and ¢;(1) < 1, for all

j=1,...,N.
Then for x € [0,1]N the multivariate polynomial q(x) given by
N
(3.10) q(r) = q(ar, ..., zn) = [] ¢;(z;)
j=1

can be converted into an induced multivariate Bernstein polynomial as in Theorem
3.2 with Bernstein coefficients expressed as a product of N real numbers belonging to
[0, 1].

Reciprocally, if q(x) can be converted into an induced multivariate Bernstein polyno-
mial as in (2.5) with Bernstein coefficients expressed as a product of N real numbers
belonging to [0,1], then the polynomials q;(t) satisfy (i) or (ii), j=1,...,N.

Proof. We begin by noting if ¢;(t) = 0 for every ¢t € [0,1], j = 1,..., N then taking
Bly=0, fork=0,...,N,j=1,...,N,
CuN = ﬂﬁiw:o, with v = (k,...,k),k=0,...,N, and N = (N,..., N),
=1
it follows tjhat
q;(t) = g: B,{;va;@N(t) =0, foreveryt e [0,1],
k=0
q(z) = Z conBuon(z) =0, for every x € [0,1]".

ves*

Analogously, if ¢;(t)) = 1 for every ¢ € [0, 1] then taking
5{;’]\[:1, fork=0,...,N,j=1,...,N,

N
CV,N:HﬁiN:l, with v = (k,...,k),k=0,...,N, and N = (N,...,N),
j=1
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and using part (i) of Proposition 2.1, it follows that

N
q;(t) = Z B nben(t) =1,  for every t € [0, 1],
k=0

q(z) => e,nBun(z) =1, for every z € [0,1]V.
veS*
Now consider any polynomials ¢;(¢) such that ¢;(t) # 0 and ¢;(t) # 1 for every
t € 10,1}, and g;(t) satisfy (ii) for all j = 1,...,n. We distinguish four possible cases
according to the inequalities satisfied by ¢;(0) and ¢;(1), forall j =1,..., N:

Case I: 0 < ¢;(0) and ¢;(1) < 1, for all j = 1,..., N. For the sake of clarity and
readability, we have decided to include the details of the proof of this case. However,
one can check that it suffices to follow the reasoning in [29, Theorem 4], making the
appropriate modifications.

Since ¢;(t) is a continuous function on the compact interval [0, 1], it attains its
maximum value My, on [0,1]. Thus M, < 1, because ¢;(t) < 1 for all ¢ € [0, 1].
Let ¢; = 1 — M,, > 0, by part (vi) of Proposition 2.2 there exists a positive integer
M; > N such that for all m > M; and k = 0,...,m, we have

; k
Bl]c,m —4gj <m>

where 637,,1, . ,5fnm satisfy that ¢;(t) = >1%, B,imbk’m(t), j=1,...,N. Thus, for all
m > M; and k =0,...,m,

<€j, j:1,...,N,

; k
(311) Bi:’m < gj <m> + €5 < qu +1-— qu =1.

Denote by r; the multiplicity of 0 as root of ¢;(t) (where r; = 0 if ¢;(0) > 0) and by
s; the multiplicity of 0 as root of 1 as root of ¢;(t) (where s; = 0 if ¢;(1) # 0). We
can factorize each ¢;(t) as

(3.12) q;(t) =t (1 —t)*h;(t),
where h;(t) is a polynomial satisfying that h;(0) # 0 and h;(1) # 1, j=1,...,N.

It is clear that h;(0) > 0, since if we suppose, contrary of our claim, that h;(0) <0,
using that h;(0) # 0 we have necessarily h;(0) < 0, and by the continuity of h;(¢),
there exists ¢; € (0,1) such that h;(t;) < 0. Hence, q;(t;) = t"9(1 —t)%h;(t;) < 0.
This contradicts the fact that ¢;(¢) > 0 for all ¢t € (0,1). Similarly, we have h;(1) > 0.

Consequently, h;(t) > 0 for all ¢t € [0, 1]. Since h;(¢) is a continuous function on
the compact interval [0,1], it attains its minimum value my; on [0, 1], and clearly,
Mmp, > 0.

Let ¢; = my; > 0, by part (vi) of Proposition 2.2 there exists a positive integer
K; >N —r; —‘sj such that for all d > K; and k =0, ..., d, we have

- k
%Z;,d - hj (d)

< &5, j=1,...,N,
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where yg’d, e ,yfm satisfy that

d .
(3.13) hi(t) = S vl abea(t), G=1,...,N.
k=0

Thus, for all d > K; and k = 0,...,d, we have
- k
Yia > b (d) — g5 > my, —my, = 0.
Combining and (3.12) (3.13), we get

d ’Yli,d(i) (d +7rj+s;
)

d .
) =0 =% ol bat) = 2 )b (t

k=0 k=0 " pir, kot
d+7’j+8j )
_ J
= Z 6k,d+rj+sj bk‘,d+7"j+$j (t)7
k=0

where S g1r;+s, are the coefficients of the Bernstein polynomial of degree d + 7; + s;
of ¢;(t), and

0, for0<k<rjandd+r; <k <d+r;+sj,
J _ j (d
5k,d+rj+sj - (fojg’%) >0, forr; <k<d+r,.
k:+rj

Thus, taking r = max;<y{r;}, s = max;<y{s;} and K = max;<y{K;} when m >
d+r+s>K+r-+s, we have
(3.14) Blm>0, k=0,...m

According to (3.11) and (3.14) if we take M = max{M,;} and choose an m, >
max{M, K +r + s}, then ¢;(t) can be expressed as a Bernstein polynomial of degree
mo:

q;(t) = iﬁi,mobkmo (t),
with 0 < 8], <1, for all k = 0,...,77;0 and j =1...,N. Now, taking
CyN = ﬁﬁi,mm with v = (k,...,k),k=0,...,mg, and N = (mq, ..., mq),
=1
it follows]that
q(x) =q(z1,...,25) = lj_V[lqj(xj) =" c,nBon(z), for every x € [0,1]V.
=

ves*

Case II: ¢;(0) = 0 and ¢;(1) = 1, for all j = 1,..., N. It suffices to combine a
reasoning similar to that in the proof of Case I with the reasoning in [29, Theorem
5], making the appropriate modifications.

Case III: 0 < ¢;(0) and ¢;(1) <1, for all j =1,..., N. Consider the polynomials
gj(t)=1—g¢q;(t), forall t € [0,1], j=1,...,N. Then 0 < g;(¢t) < 1, for all £ € (0,1)
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with 0 < ¢;(0) and ¢;(1) < 1, for all j = 1,...,N. Then in view of Case I we can
choose an mg > N, then g;(t) can be expressed as a Bernstein polynomial of degree
mo:

mo )
9j (t) = Z 6i,mo bk,mo (t)’
k=0

with 0 < ﬁivmo <1,forall k=0,...,mgand j =1...,N. Hence, using part (i) of
Proposition 2.1, it follows that

mo ] mo )
qi(t) =1 = g;(t) = D (1 = Bl g Ohne (1) = D Vi Obno (1),
k=0 k=0

where vi’mo =1- ﬁimm with 0 < yi’mo <1, foral k=0,...,mpand j=1...,N.
Now, taking

mo
N =1 Womes Withv=(k,....k),k=0,...,mp, and N = (my, ..., my),
j=1

it follows that

N

q(z) = q(z1,...,2n) = [[ ¢j(zj) =D eonBun(z), for every z € [0, 1.

j=1 vES™

Case 1V: ¢;(0) =1 and ¢;(1) =0, for all j = 1,..., N. Consider the polynomials
gi(t) =1—¢q;(t), forall t € [0,1], j=1,...,N. Then 0 < g;(t) <1, for all t € (0, 1)
with 0 < ¢;(0) and g;(1) < 1, for all j = 1,..., N. Then in view of Case II we can
choose an mg > N, then g;(t) can be expressed as a Bernstein polynomial of degree
mo-

mo
G5 () =" Bl o brmo (1),
k=0

with 0 < ﬁ,]cmo <1,forall k=0,...,mgand j =1...,N. Hence, using part (i) of
Proposition 2.1, it follows that

mo ) mo )
(1) =1 = g;(t) = D (1= Bhong)Okmo () = D o bhimo (1),
k=0 k=0

where fy,];’mo =1 _ﬁi,mw with 0 < ’Yi,mo <1l,forall k=0,....mpand j=1..., N.
Therefore, if we take

mo
N =1 Womes  Withv=(k,....k),k=0,...,mg, and N = (my, ..., my),
j=1

it follows that
N
q(z) = q(z1,...,2y5) = H q;i(z;) = Z coNBun(z), for every z € [0, 1]N.
j=1 ves*

Finally, it can be shown that if ¢;(¢) is not identically equal to 0 or to 1 for some
J and there exists a ¢y, € (0, 1) such that ¢;(tp) = 0 or 1, then we cannot express the
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polynomial ¢;(t) as a Bernstein polynomial with coefficients in the unit interval (cf.
[28]). Consequently, g(z) cannot be converted into an induced multivariate Bernstein
polynomial as in (2.5) with Bernstein coefficients expressed as a product of N real
numbers belonging to [0, 1].

This completes the proof. O

Notice that the multi-index of maximum degree of the induced multivariate Bern-
stein polynomial with coefficients in the unit interval may be greater than the multi-
index of maximum degree of the original polynomial.

Ezample 3.2. Consider the polynomial ¢(z,y) = ¢i(x)q(y), where ¢;(z) = 3z — 82% +
623 and ¢o(y) = v, for all 2,y € [0,1]. The polynomial ¢(x,y) has multi-index of
maximum degree k = (3, 1), and the polynomials ¢;(z) and g2(y) satisfy the conditions

0<q(z) <1, wheneverz € (0,1), ¢(0)=0, ¢(1)=1,
0<q(y) <1, whenevery € (0,1), ¢2(0)=0, ¢1)=1.

Using (2.7) and part (v) of Proposition 2.2 we have

q(z,y) = (51,3(96) - 252,3@) + 53,3(@) 51,1(y>

= (?151,4(%) + 252,4@) - ib3,4($) + 54,4($)> b1,1(y)
= <§b1,5(I) + §52,5($) + b5,5(9€)> bi1(y)
= gB«l,l),(s,l))(ﬂ% y)+ ?B«zl),(s,l))(% y) + B, (%, 1),
and the induced multivariate Bernstein polynomial of ¢(z,y):
Pz, y) = ;)B((Ll),(m))(% y)+ §B<<2,1>,<571>)(95= y) + Bis.ea)(@,y)

has multi-index of maximum degree N = (5, 1).

The following example show a polynomial ¢(z,y) which can be converted into an
induced multivariate Bernstein polynomial, however it cannot be implemented with
stochastic logic of Qian-Riedel-Rosenberg type.

Ezample 3.3. Consider the polynomial ¢(x,y) = 3zy — 82%y? + 62%y® with multi-index
of maximum degree x = (3, 3), satisfying the conditions 0 < ¢(z,y) < 1, whenever
(z,y) € (0,1)% ¢(0,0) =0 and ¢(1,1) = 1. Since

q(z,y) = Pi(x)b13(y) + Pa(2)b23(y) + Ps(x)bs3(y) + Ps(y)bss(x),

where Pi(z) = 3bi3(z) + 3bas(x), Pa(x) = 3bis(x) + ghas(x), Ps(x) = bis(x) —
%bzg(l’) + %bg,g(x), and the coefficients of Ps3(x) do not all belong to the interval [0, 1],
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using part (v) of Proposition 2.2 we see that

3 14 21 5 25 3
Pg(ﬂf) = TSbng(x) + @bz’lg(ﬁ) + ﬁb&lg(ﬁ) + 173b4’13(.1’) + 778b5’13(.1’) + 173b6,13(.1’)

7 2 11 3 1
+ —bs13(z) + —b1113(x) + —=b1213(2) + =bi313(x).

)
+ 5pbrs(@) + 59 156 13 2

From (2.6) and (2.7) it follows that
(3.15) q(z,y) = r1(2,y) +ra(z,y) +r3(z,y) + ra(2,9),

where

1

2 5
(@, y) = 3Banas (@) + Benasan (@ y) + 55 Ben.ass(@.y)

49 50 56
Tz Blan.asan(@,y) + 1 433«5,1),(13,3))(116 v+ 43B(<6,1>,<13,3>)(93,y)

119 60 57
—or Ban,a33) (@, y) + . 433«8,1),(13,3))(93 y) + . 433«971),(1373))(33&)

7 2
+ @33((10,1),(13,3»(1‘7 y) + 5 Barn.asa(@,y) + 3 Bazn.asan (@, y),

32 155
1173«22)(133))( y) + 4293«32)(133))(56 y)

60 580 196
2B B 2B
+ 153 ((4,2>,(13,3>>(3%y)+1287 ((5,2),(13,3)) (T, y) + 199 ((6,2),(13,3)) (7, Y)

63 40 50
> B =B 2B
+ g B (@) + 55 Bs.2,a39) (@ y) + 75 Boa,ase) (@, y)

40 23

4
=B B > B
+ 13 ((10,2),(133)) (T, Y) + 17 (11,2),133)) (T, Y) + 59 502203, 3) (7, ),

7‘2(96’7 y) B((1 2) (13,3))(% y)

13

3 14 21
rs(z,y) = TSB((L?’)’(B’?’))( y) + 393((2 3),13,3) (@, Y) + = B((3,3),13,3) (T, ¥)

52
) 25 3
—B — —B
+ 3 Beaasan(@y) + 7 13 Bea.asan(@:y)
7 11
—B B
52 ((7.3),13,3)) (T, y) + 39 7(83),03 3T y) +
3 1
+ 13 Bazanasan(@,9) + 5 Bassase) (@,),
r4(x,y) :T3(y7 )
Hence, the induced multivariate Bernstein polynomial on the right hand side of
(3.15) has multi-index of maximum degree N = (13,3). However, ¢(z,y) cannot be
factorized as (3.10).

B5,3),133)(x,y) +

B((11,3),(13,3)) (% y)

As a consequence of Theorems 3.2 and 3.3 we obtain the following result.

Corollary 3.1. Let N be any fized positive integer. If q;(t) is a polynomial such that
some of the following conditions is satisfied:

(i) q;(t) is identically equal to 0 orto 1, j=1,...,N;
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(ii) for any t € (0,1) we have 0 < ¢;(t) < 1, with ¢;(0) > 0 and ¢;(1) < 1, for all
j=1,...,N,
then we can design a stochastic logic of Qian-Riedel-Rosenberg type to compute the
multivariate polynomial q(x) given by

q(z) =q(xy,...,25) = ]_:[ qj(z;), = €][0,1]".

Reciprocally, if q(x) can be implemented with stochastic logic of Qian-Riedel-Rosenberg
type, then the polynomials q;(t) satisfy (i) or (ii), j=1,..., N.

4. A FURTHER REMARK

In recent years, extensive researches have been done for various degenerate versions
of some special polynomials and numbers and have yielded many interesting arith-
metical and combinatorial results. These include the degenerate Stirling numbers of
the first and second kinds, degenerate central factorial numbers of the second kind,
degenerate Bernoulli numbers of the second kind, degenerate Bernstein polynomi-
als, degenerate Bell numbers and polynomials, degenerate central Bell numbers and
polynomials, degenerate complete Bell polynomials and numbers, and so on.

Degenerate versions of some special polynomials have been shown to play an im-
portant role in various areas. However, not much is known about the properties of
these polynomials (cf., e.g, [15-20,32] and references thereof). In particular, as a
degenerate version of Bernstein polynomials, the degenerate Bernstein polynomials
were introduced recently by Kim and Kim in [16].

In this regard, the remarkable papers [16,19] suggest that the fundamental proper-
ties and identities satisfied by the degenerate Bernoulli polynomials could be used
to define a special model of stochastic logic. Thus, one of our future projects is to
explore such a model.
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NUMERICAL METHOD FOR SOLUTION OF FOURTH-ORDER
VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS BY GREEN’S
FUNCTION

FATMA A. AKGUN! AND ZAUR RASULOV?

ABSTRACT. In this paper, we generalize Picard-Green’s Embedded method for
solving fourth-order Volterra integro-differential equations. We prove the existence
and uniqueness theorems. Moreover, we illustrate some numerical examples to
present the better approximation with a minimum error. We use MATLAB for
numerical solutions.

1. INTRODUCTION

Several authors have been interested in differential equations since they are widely
used in applications in the technical field as well as in the science and engineering
sciences. Particularly elastic theory, biomechanics, electromagnetics, fluids models in
physics and biology such as dynamics, heat transfer, population dynamics, and the
spread of infectious diseases are frequently encountered.

Studies for the solution of integral and integro-differential equations (IDEs) have
continued since Volterra [1,9,19]. Although studies on these equations include linear
equations, it is often not possible to find their analytical solutions to these equa-
tions. For this reason, numerical approaches [2] find more place in the literature.
Various algorithms for finding the approximate numerical values are introduced and
implemented to find the best results.

Some of these are Wavelet-Galerkin method [6], monotone iterative methods [5,
20], homotopy perturbation method reproducing kernel [4], Adomian decomposition

Key words and phrases. Fixed point iteration, Picard-Green’s method, convergence rate, numerical
approximation.
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method [8], Picard-Green’s method [7, 18], Tau method [11], spectral collocation

methods [12], Taylor polynomials [14], Lagrange interpolation [16], exponential spline

method [17] and the references therein. Furthermore, higher-order boundary value

problems (BVPs) for IDEs have been researched by Agarwal [3] and Morchalo [15].
Consider the following boundary value problem

Lly] = po(t)y"™" () + p1(£)y" (t) + p2(O)y"(t) + ps(O)y'(t) + pa(t)y(?)
(11) = )+ [ Kt 5)gly()ds,
with the boundary conditions

Baly] = Ozly(a) + agy'(a) + azy”(a) + auy”(a) = (i,

[
(1.2) Byly] = Bry(b) + Bay’ (b) + Bsy" (b) + Bay™ (b) = (o,
B.ly| = %y(C) + Y2y’ (c) + 139" (¢) + 7ay™ (¢) = (s,
Baly] = wiy(d) + way/ (d) + w3y (d) + way™ (d) = (4,

where t € (a,b), (;, i = 1,...,4, are constants and either ¢ = a or ¢ = b and either
d = a or d =b. The existence and uniqueness results for (1.1)—-(1.2) are given in [10].
The Green’s function G(t, s) of problem (1.1) and (1.2) is;

G(t,s) = aryr + agYs + azys + asys, a4 <t <s,
’ b1y + baya + b3ys + by, s<t<hb,

where t # s, y; are linearly independent solutions of L[y] and a;, b; are constants for
1=1,....,4.

To implement the proposed methodology, we denote the linear integral operator
(1.3)

Tly) =yt | Gt 3) ()™ (5) 4 pa()y”(5) 4oy (5) +p5)y/ () +palis)y(s) s,

where y;, is the homogeneous solution of (1.1)—(1.2). From (1.3), we get

Tly] =yn + /ab G(t,s) {po(S)y””(S) +p1(8)y"(5) + p2(s)y" (s) + p3(s)y'(s) + pa(s)y(s)

(1.4) —f@y—Aﬁquﬁymwmqﬁwifcwﬁ)( +/ de&

Let y, be the particular solution of (1.1), then

(1.5) yp=/ ( +/ dt)d

By applying y = vy, + yp, from (1.4) and (1.5), we obtain
Tlyl =y + /a b G(t,s) {po(S)y’”’(S) +pu(s)y"(s) + p2(s)y"(s) + pa(s)y'(s) + pals)y(s)

(16)  —f(s)— [ K(t.9)gyt))de]ds
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Let the starting function 3o be the homogeneous solution of L[y] = 0 and y,+1 = T'[ya],
for all n > 0, then Picard-Green’s fixed point iteration method for (1.1) is defined as

Ynt1 =Yn + / ’ G(t,s) [po(S)yn””(S) +p1(8)yn’" () + p2(8)yn” () + p3(s)yn'(5)

A7) pals)uals) = () = [ Kt 9)g(ya(0))dt|ds.

0

In this paper, we generalize Picard-Green’s Embedding method (PGEM) for the
fourth-order BVPs of Volterra IDEs. We show convergence and prove the convergence
theorem. We demonstrate that the developed method offers a better approach than
the existing methods by numerical examples.

2. CONVERGENCE ANALYSIS AND CONVERGENCE RATE

In this section, we will introduce convergence analysis using nonlinear differential
equations and the contraction principle and determine the convergence rate.
Consider the fourth-order BVP

Q1)) = ey 000" (0) + [ Kt 9)g((s)ds
with the boundary conditions
(2.2) y(0) =y'(0) = y(1) = y'(1) = 0.

The solution of the problem (2.1)—(2.2) is as follows

(2.3) Yp = /01 G(t,s) [f(&yp,y'p,y”pyy’"p) +/OtK(t, S)Q(yp(S))dS] ds

and

(2.4 Tl = [ Gt ) [pols)uy™ () + pa()” ()
+pa(8)" (5) + Pa(8)p' (5) + pals)yp(s) | ds,

where G(t, ) is

R (A Bt v (e
s (% —i—sQ(t 2;”), s<t<l.
From (2.3) and (2.4), we get
Tlyp] =yp
+ [ 00,9 [l (6) + p () ) + pal (5) + pls) () + pa()us)

- f(57 Yp, y/pa y//p7 ymp) + /0 K(t, S)Q(yp(t)dt ds.
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By applying PGEM to the problem (2.1)-(2.2), we obtain the following iterative
scheme.

Yn+1
=yn+/ab G*(t,s) {yn””(S) — f(5,un(8),ya (5), yn" (5), yn”’(S))—/os K(t,5)g(yn(t))dt| ds.

In particular, we have

(2.5)

b (=263 + 32— 1 o (1 =262+t
yn+1=yn—/ S +5° | ——F—
0 6 2

26) 5 [5"(5) = F(son(s) o (99" (5)o" () = [ Kt 5)gan(e)) ]| ds

_/1 3 —2s% +3s% — 1 L s —2s%+ s
t 6 2

o [1(5) = £ 0(8), ' (5). 0 (9), () = [ (8 )90 (1)t .

Theorem 2.1. Let X = C[0, 1] be a Banach space with the norm ||x|| = max;cjo,1) |(t)],
x € X. Assume that the function g satisfies the Lipschitz condition such that
lg(y) — g(v)| < Lly —v|, L € (0,1]. Then operator T defined in (1.6) is a Banach’s
contraction and the sequence y, converges strongly to the solution of the problem (2.1)
and (2.2) under the following conditions

1
=—])A<1
@ (98) ’
where
a t / 1 " 1
[0,1]x R4 y 2

Proof. Integrating (2.5) by parts, we get
Q1) o=+ [ G0 [ v 0 + [ K0 $)gn())ae] ds.
Let T¢ : [0,1] — [0, 1] be the right side of (2.7), then

ITatm) = Tolpm)l = [ 609 [fss0 ") + [ K@ 990000

5 s s o) + [ B8 )i ()| ds

By using the fact that
. 1
Gl = max [G°(t.s)| = .

0<t,5< 98
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we get

ITa(un) — Tolom) | <55 [

[f(s, Yns Yn» Yrms Y ) + /0 K(t,5)g(yn(t))dt

¢
(52t o)+ [ B () ()it s
Implementing Mean Value Theorem, we obtain
1
1T6(yn) — Ta(ym)|l < %A“yn — Ynll-
Therefore, we get
(2.8) 1Te(yn) = Te(ym)ll < Qllyn(t) = ym ()],
where @ € (0,1). From (2.8) we have
190 = Ymll = 1 W = Y1) + Yot = Yn—2) + -+ Y1 — Y) |

< yn = Yn-1ll + 1Yn-1 = Yn-2ll + -+ + [Ymt1 — Yl

<@ Q4+ Q™)lyn — woll

<SQTI+Q+QM+ -+ Q" Ny — wol

. 1 — Qn—m

=Q <1—Q> ly1 — woll-

Since @ € (0,1), we have
Qm

2.9 n — Ym S - )
(2.9) [Yn — Y 1_QHy1 Yol|
which converges to zero, i.e., ||yn—Ym| — 0, while m — 0. Thus, T (y) is a contraction
mapping. 0

Let y* be the solution of problem (2.1) and (2.2). Then T'(y*) = y*. From (2.8)
and (2.9), we have

=7l = 1T (a) =51 < Qllyn — "l < -+ < Q" Mlyo — 7.
Since 0 < @ < 1, it concludes that 1, converges strongly to y*. The rest proof can be
completed from the proof of [13, Proposition 1].

3. NUMERICAL EXAMPLES

In this section, we give numerical examples to confirm the applicability of the main

results.
FExample 3.1. Consider the fourth order BVP
. t
(3.) vt = £ + [ yls)ds

with the boundary conditions
(3.2) y(0)=y'(0)=1, y(1)=1+e, y'(1)=2e,
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where f(t) =

function is

—t + 5¢' — 1 and the exact solution y(t) = 1 + te' and the Green’s

3 ( —253-1-332—1;

G(t,s) = {53 (2t3+63t21

6

3 2
+12 (=) 0<t<s,

+52(t3*22ﬁ), s<t<l.

By applying PGEM, we get

el (=23 4+ 312 — 1 o (1P —2t2 + 1
yn+1=yn—/ S +s5° | ———
0 6 2

X [yflv(s)—l—s—5es+1—/syn(t)dt ds
0

_/1 3 —283 4352 — 1 4 s — 252+ s
t 6 2

yr(s) +s—5ef+1— /s yn(t)dt} ds,
0

where the starting function is yo = > + (e — 2)t* + t + 1. The absolute error of the
problem is estimated by

(3.3)

X

Err = ly(t) — yn(t)].
Table 1 gives the maximum errors of the problem (3.1)—(3.2) to demonstrate the high
accuracy of the proposed method. Considering the values in the table, the margin of
error decreases considerably and approaches zero as the number of iterations increases.

TABLE 1. The maximum errors of Example 1

10
5.13E-31

12
2.13E-37

No. of iterations 6 8
Max Error(n) | 2.96E-18 | 1.23E-24

Table 2 shows the absolute errors for the second and third iterations solved by two
different methods. The table shows that PGEM has a better convergence rate than
Adomian Decomposition Method (MADM). Meanwhile, the chart 1 represents the
line graphs of the absolute errors of both methods for the third iteration. Therefore,
it is clear that PGEM approaches 0 faster than MADM.

TABLE 2. The absolute errors (n) of Example 1

PGEM

PGEM

MADM

MADM

t Numerical Solution

Error (2)

Error(3)

Error(2)

Error(3)

0.1

1.1111924502842667426690545607791

1.68E-06

1.08E-09

4.54E-05

2.29E-08

0.3

1.4086348815636588244756957461284

1.05E-05

6.75E-09

4.23E-05

4.74E-07

0.5

1.8295725879184859388029560326160

1.70E-05

1.10E-08

6.63E-05

3.37E-07

0.7

2.4133047634097381621411544034260

1.35E-05

8.81E-09

6.92E-05

4.78E-07

0.9

3.2143183796746349483923129747728

2.74E-06

1.80E-09

7.97E-06

5.81E-08
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6.00E-07
5.00E-07
4.00E-07
3.00E-07
2.00E-07

1.00E-07

0.00E+00
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Picard MADM

F1GURE 1. The relative absolute errors of Example 1

FExample 3.2. Consider non-linear BVP

) t
(3.4) yr =1 +/ e %y?(s)ds
0
corresponding to boundary conditions
(3.5) y(0) =y (0)=1, y(1)=y(1)=

The exact solution of the problem given above is y(t) = e”, and the Green’s function
of (3.4)—(3.5) is

3 (—2s343s%2—1 2 (s3—2s2+s
G(ts)—{t G §+t( i) 0<t<s,

_ 943 2 3_
53(2t+63t 1) 4 g2 (t 22t+t)’ s<t<l,

where the starting function is yo = (—e — 3)t* + (2 — 5)t* + ¢ + 1.
By applying PGEM, we get

/t o [ —2t% 4 3t* — L 3 — 262+t
n+l =Yn — S | ——
Yn+1 =Y 0 6 9

S

x[y” —1—06 yn()dt}d

56 / l < 243 +3s _1>+t2<s3—2282+s>]

y;<>_1_/06 Y2 (t)t] ds.

Table 3 demonstrates the high accuracy of the proposed method for the problem
given in Example 2. It presents second iteration errors for PGEM, MADM, and
MDMGF (Modified Decomposition Method with Green function). The results of
recommended method PGEM converge to the exact solution faster.

Table 4 shows the third iteration errors for the methods discussed in Table 3. When
we examine these results, it is clear that the results of the PGEM method decrease
faster as the number of iterations increases and converge to zero faster than the other

X
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TABLE 3. The absolute errors (n) of Example 2

Numerical Solution Error(2)

PGEM

MADM

MDMGF

0.1

1.1051709173255609245824473770908

5.85E-07

8.48E-05

1.43E-05

0.3

1.3498588028660124806131472805192

3.66E-06

9.16E-05

9.17E-05

0.5

1.64872126302656894334 71827882745

5.93E-06

3.66E-04

1.56E-04

0.7

2.0137527013290129690745570786289

4.71E-06

4.54F-04

1.34E-04

0.9

2.4596031099034457029111001120299

9.55E-07

3.00E-05

3.00E-05

TABLE 4. The other absolute errors (n) of Example 2

t

Numerical Solution Error(3)

MADM

PGEM

MDMGF

0.1

1.1051709173255609245824473770908

2.32E-06

7.50E-10

4.32E-08

0.3

1.3498588028660124806131472805192

7.72E-05

4.71E-09

2.75E-07

0.5

1.64872126302656894334 71827882745

7.52E-05

7.67E-09

4.54E-07

0.7

2.0137527013290129690745570786289

4.72E-05

6.14E-09

3.72E-07

0.9

2.4596031099034457029111001120299

7.61E-06

1.25E-09

7.61E-08

methods, as in Table 3. These results clearly show that PGEM is more effective, as
we tried to demonstrate.

While the Figure 2 shows the comparisons of the values in the tables 3 and 4, Fig.
3 depicts the comparisons between the exact solutions and the numerical solutions
obtained in the third iteration. Overall, it is clear from the first graph that the values
obtained via PGEM tend to approach zero faster than other methods. Moreover, as
shown by the second graph, the numerical solutions got by PGEM are very close to
the exact values.

9.00E-05
8.00E-05
7.00E-05
6.00E-05
5.00E-05
4.00E-05
3.00E-05
2.00E-05

1.00E-05

0.00E+00

MDMGF MADM

F1GURE 2. The absolute errors of Example 2

4. CONCLUSION

In this study, we generalize Picard-Green’s fixed-point iteration method, one of
the most popular methods for fourth-order nonlinear and linear IVPs, by embedding



SOLUTION OF FOURTH-ORDER VOLTERRA INTEGRO-DIFFERENTIAL 493
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FIGURE 3. Exact and numerical solutions

Green’s function. We proved the convergence and got the convergence rate. We solve
some examples to show the correctness and generality of the proposed scheme. We
compared the numerical results obtained by the determined method with the results
of the methods well known in the literature. For comparison, we considered the
MADM and MDMGF methods. We used MATLAB to calculate numerical results.
We presented the obtained results with the help of tables and figures. Our method
gives better results than other methods when comparing numerical results, exact
results, and calculated values. Therefore, the aim of our study has been revealed.

There are many iteration methods in the literature to find the best approach. This
study compared the results obtained for the fourth-order Volterra integro-differential
equations with the Adomian decomposition methods. However, solving higher order
linear and nonlinear differential and integro-differential equations with a better ap-
proach than other existing methods is still a problem to be developed. We believe its
solution will lead to many studies.

Acknowledgements. The study was supported Yildiz Technical University, within
the scope of BAP projects, Project Number: FBA-2021-4231.
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