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SOME NEW INEQUALITIES FOR DIFFERENTIABLE
ARITHMETIC-HARMONICALLY CONVEX FUNCTIONS

MAHIR KADAKAL!, PRAVEEN AGARWAL?34 AND IMDAT ISCAN®

ABSTRACT. In this study, by using an integral identity together with both the
Holder and the power-mean inequalities for integrals we establish several new in-
equalities for differentiable arithmetic-harmonically-convex function. Also, we give
some applications for special means.

1. PRELIMINARIES AND FUNDAMENTALS

Throughout, we denote any real interval by I C R and any functions defined on [
by f: I CR — R. Let I° denote the interior of I. Also, we denote
b

I5(a,0) = )= fla)a~ [ f(w)da,

a

for brevity.
Definition 1.1. A function f: I C R — R is said to be convex if the inequality

flz+ 1=ty <tf(x)+(1-1)f(y)

is valid for all z,y € I and ¢ € [0, 1]. If this inequality reverses, then f is said to be
concave on interval I # (). This definition is well known in the literature.

Convexity theory has appeared as a powerful technique to study a wide class of
related problems in pure and applied sciences. The following double inequality is
known in the literature as Hermite-Hadamard integral inequality for convex functions.

Key words and phrases. Convex function, arithmetic-harmonically convex function Hermite-
Hadamard’s inequality.

2020 Mathematics Subject Classification. Primary: 26A51, 26D15.

DOIT 10.46793/KgJMat2505.669K

Received: February 03, 2022.

Accepted: November 10, 2022.

669



670 M. KADAKAL, P. AGARWAL, AND 1. ISCAN

Theorem 1.1. Let f : I CR — R be a convex function defined on the interval I of
real numbers and a,b € I with a < b. The following inequality

(1.1) f(“é”’) < bia/f(x)dxg W

holds.

See [2,4], for the results of the generalization, improvement and extention of the
famous integral inequality (1.1).

Definition 1.2 ([1,5]). A function f : I C R — (0,00) is said to be arithmetic-
harmonically (AH) convex function if for all z,y € I and ¢ € [0, 1] the equality

- f(x)f(y)
(1.2) fltr+(1=t)y) < tf(y) + (1 —t)f(x)

holds. If the inequality (1.2) is reversed, then the function f is said to be arithmetic-
harmonically (AH) concave function.

In order to establish some inequalities of Hermite-Hadamard type integral inequali-
ties for AH-convex functions, we will use the following lemma obtained in the special
case of identity given in [3].

Lemma 1.1. Let f : I CR — R be a differentiable mapping on I°and f' € L{a,?],
where a,b € I° with a < b. We have the identity

b
(1.3) I¢(a,b) = / zf'(z)dx.

a

In this study, we use Holder integral inequality, power-mean integral inequality
and the identity (1.3) in order to provide some inequalities for functions whose first
derivatives in absolute value at certain power are arithmetic-harmonically convex.

Throught this paper, we will use the following notations for special means of two
nonnegative numbers a, b with b > a:

1. the arithmetic mean

A= Aa,b) = a—2|—b’ a,b >0,

2. the geometric mean
G = G(a,b) =Vab, a,b>0,
3. the logarithmic mean

b—a
L:= L((l, b) = { Inb—Ina’ a # b7

a, a=Db,

b>0,

4. the p-logarithmic mean

1

pPtl_gPtl\p

Ly := Ly(a,b) = { (Groicm)”s a# 2’p SRELOE a0
a, a=Db,
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These means are often used in numerical approximation and in other areas. However,
the following simple relationships are known in the literature:

H<G<L<I<A.
It is also known that L, is monotonically increasing over p € R, denoting Ly = I and
L,l - L
2. MAIN RESULTS FOR LEMMA

Throughout this section we will denote K, = |f'(z)| for brevity.

Theorem 2.1. Let f : I C (0,+00) = (0,4+00) be a differentiable mapping on I°,
and a,b € I° with a < b. If |f'| is an arithmetic-harmonically convez function on the
interval [a,b], then the following inequality holds:

(b—a)G*(Ka,Kb) (bKy—aKa _ (1
(2.1) |17(a,b)| < o (ke — 0 - @), KA K,
(b — a)KbA(a, b), Ka = Kb.
Proof. Since |f’| is an arithmetic-harmonically convex function on the interval [a, b],
we have on setting ¢t = =% and 1 — ¢ = £=2% in (1.2)
b— Cl)K Kb
2.2 "(x)] < ( -
22) )l < G
for all = € [a,b]. Substituting (2.2) in
b
(2.3) @b < [ w)f @) da.
which folllows from (1.3), we have
b x
2.4 Ir(a,b <b—_mK/ dz.
(2.4 et < 0 -0k [ G e

We distinguish two cases. If K, = K}, then (2.1) follows. Suppose K, # K;. Then,
by the change of variable u = (b — z) K}, + (z — a) K, the integral in (2.4) becomes

b—a)K, K, -k (bK, — aK,
(b—a) b/( b(” a —1>du

(K — Ka)2 b—a)K, u
(b— a) K, K, In K, — In K,
D e N ) O e B Y | AR
K, - K, v a9
Substituting this in (2.4) and using the definition of the logarithmic mean, we conclude
(2.1) in this case. This completes the proof. O

Theorem 2.2. Let f : I C (0,400)— (0,+00) be a differentiable mapping on I°,
and a,b € I° with a < b. If | f'|? is an arithmetic-harmonically convex function on the
interval [a,b], then the following inequality holds:

(b_a)LP(a7b)G2(K(l7Kb)l K, # K,
(25) 1j(a,8)] < { (Bt b3 (k)
(b - a)Kpr(a, b)a Ka = Kba
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1,1 _
where;—i—a—l.

Proof. Since |f’|? is an arithmetic-harmonically convex function on the interval [a, b],
we have

1\ |4 (b — a) (K.KG)"
(26) POl K+ @ - o KT

for all z € [a,b]. By using Holder integral inequality in (2.3), we get

(2.7) I1(a,b)| < (/abmpdm>; </ab]f’(a:)|qu>;.

By combining (2.6) and (2.7) and also using the definitions of the p-logarithmic mean
and geometric mean, we obtain

b dx ‘
(2.8) |[f(a, b)| < (b — a)G2 (Ka, Kb) Lp(aa b) (/a (b _ $) Kg + (3: — a) Kg> ‘

We distinguish two cases. If K, = Kj, then (2.5) follows. Suppose K, # K;. Then,
by the change of variable u = (b — z) K} + (z — a) K4, the integral in (2.8) becomes

1

b= )G (K 1) Lyt ([ )
e @ o) Ll b-a)x? (K — Kd)u
1an—1an>3z
TRI K

=(b—a)G* (K,, K}) L,(a,b) (

Substituting this in (2.8) and using the definitions of the logarithmic mean and the
p-logarithmic mean, we conclude (2.5) in this case. This completes the proof. U

Theorem 2.3. Let [ : I C (0,+00) — (0,+00) be a differentiable mapping on I°, and
a,b € I° with a <b. If |f'|*,q > 1 is an arithmetic-harmonically convex function on
the interval [a,b], then the following inequality holds:

(2.9)
(b—a)A'~ 7 (a,0)G (K, K) ( bIf—aK{ o >q
[I(a,b)| < { (ry-K2)T Ky~ 0= @) ) Ko # K
(b — CL)K{,A(CL, b), Ka = Kb.

Proof. Since |f'|? is an arithmetic-harmonically convex function on the interval [a, b],
we have

(2.10) Pt < 0= O EK)

(b—2) Kl 4 (x —a) K&’

for all x € [a,b] . By using well known power-mean integral inequality in (2.3), we get

(2.11) |I¢(a,b)| < </abxdx> - (/abx|f’(x)|q dx>q.
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By combining (2.10) and (2.11) and also using the definitions of the arithmetic mean
and geometric mean, we obtain

b T

b—a) Kg+(x—a)Kgdx> '

We distinguish two cases. If K, = K, then (2.9) follows Suppose K, # Kj. Then,
by the change of variable u = (b — x) K] + (x — a) KZ, the integral in (2.12) becomes

212) [0 )] < (0= 04"} @062 (1 K0 |

(b— a) A7 (a,0) G2 (K, ) </ b-0)K{ KT — aK? — udu>‘11
(K¢ — K%)s (b-a) K3 u
1-1 2 q q q q i
_(b—a)A q<a,b)G (KaaKb) <(be _aKa) (anb _ana) . (b—a))q
= 1 K9 _ K4 ’
(15{ = K’ P

Substituting this in (2.12) and using the definitions of the logarithmic mean and the
p-logarithmic mean, we conclude (2.9) in this case. This completes the proof. 0

Corollary 2.1. If we take ¢ = 1 in the inequality (2.9), we get the inequality (2.1).

3. APPLICATIONS FOR SPECIAL MEANS

If p € (=1,0), then the function f(z) = 2P, x > 0, is an arithmetic harmonically-
convex [1]. Using this function we obtain following propositions.

Proposition 3.1. Let 0 < a < b and m € (—1,0). Then we have the following
inequality:

m—+1

Proof. We know that if m € (—1,0) then the function f(z) = £

i &> 0, is an
arithmetic harmonically-convex function. Therefore, the assertion follows from the

inequality (2.1), for f: (0,+00) = R, f(z) = “;::11 O

Proposition 3.2. Let a,b € (0,+00) with a < b, ¢ > 1 and m € (—1,0). Then we
have the following inequality:

Liii(a,b) < L,(a, b)G T (a,b)
/ (L (am/a, bm/q) ng (am/a, bm/q))

Qe

Proof. The assertion follows from the inequality (2.5). Let f(z) = -tz e

(0,+00). Then |f/(x)|? = 2™ is an arithmetic harmonically-convex on (0, +oc) and
the result follows directly from Theorem 2.2. O
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Proposition 3.3. Let a,b € (0,400) with a <b, ¢ > 1 and m € (—1,0). Then, we
have the following inequality:

1 2m 1
(3.2) L%H(a D) < A4 (a,b)G e (a,b) ( (m—+1)L™(a,b) B 1) a
. m 41\ = 1 m m -1 m m
q (mLﬁj(a,b))q L(a /q’b /q) LZ_1 (a /q,b /q)

Proof. The assertion follows from the inequality (2.9). Let f(z) = miﬂx%ﬂ, T €
(0,400). Then |f'(z)|? = 2™ is an arithmetic harmonically-convex on (0, 4+o00) and
the result follows directly from Theorem 2.3. U

Corollary 3.1. If we take ¢ = 1 in the inequality (3.2), we get the following inequality

. G*™(a,b) ((m+1)Lm(a,b)
(3.3) Lmil(a7 b) < mL%j(a,b) ( L(am bm) B 1) ’

which is the same as inequality (3.1).
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