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ULTIMATE BOUNDEDNESS OF SOLUTIONS OF SOME SYSTEM
OF THIRD-ORDER NONLINEAR DIFFERENTIAL EQUATIONS

AYINLA A. ABDURASID!, KEHINDE D. ADULOJU?, MUSILIU T. RAJI?,
OLUFUNKE R. VINCENT?, AND MATHEW O. OMEIKE?

ABSTRACT. This paper presents sufficient conditions for the ultimate boundedness
of solutions of some system of third-order nonlinear differential equations

X +U(X)X + (X)X + H(X)=P(t, X, X, X),

where W, @ are positive definite symmetric matrices, H, P are n—vectors continuous
in their respective arguments, X € R™ and ¢ € RT = [0, +0c). We do not necessarily
require H(X) differentiable to obtain our results. By using the Lyapunov’s direct
(second) method and constructing a complete Lyapunov function, earlier results are
generalized.

1. INTRODUCTION

Let R = (—o00, +00), RT = [0, +00) and let R" denote the real Euclidean n-dimensional

space furnished with the usual Euclidean norm denoted by || - ||. Consider the system
of third-order nonlinear differential equations
(1.1) X +U(X)X + (X)X + H(X) = P(t, X, X, X),

where t e R, X : Rt - R*" H:R" - R" P:RTxR*"xR*"xR* - R" ¥, &:
R™ — R™ ™ are continuous in their respective arguments, H is assumed to be not
necessarily differentiable and the dots indicate differentiation with respect to the
independent variable t. Thus, for any initial values X, Yy, Zy € R", there is a uniquely
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defined solution X = X(t, Xo, Yo, Zo) of (1.1), continuous in ¢, Xy, Yy, Zo satisfying
the condition X (ty) = Xo, X(to) = Yo, X(t9) = Zo [21]. Equation (1.1) is the vector
version for the systems of real third-order nonlinear differential equations of the form

B+ > (@1, @)+ > Qi@ .o, ) dg + hi(T, .., @)
k=1 k=1

:pi(twrla ey Ty L1y e e oy Ty Ty e - 75671)7
where ¢ = 1,...,n, in which the functions v, ¢, h;, p; are continuous in their

respective arguments. In the case n = 1, this system reduces to the scalar ordinary
differential equations of the form

(1.2) T ()i + o(x)t + h(x) = p(t, x, &, &),
where 1, ¢, h and p are continuous in their respective arguments, see [4-6,9,10,13,16,
17,19,23-26,28,29, 34, 35| and the references cited therein. If (&) = a and ¢(z) = b,
(1.2) reduces to

T +ai + bt + h(x) = p(t,z, &, %),
which has been investigated by Ezeilo [9] for ultimate boundedness and convergence
of solutions by assuming

5 ) )

with Iy = [d, kab] C (0, ab) the generalized Routh-Hurwitz interval, § > 0 and 0 <
k < 1. When v =0 in (1.3) we have

(1.3)

Ho = Hy() = X2 = h(3)
and
Hy = h(f) if h(0) = 0.
On the other hand, if ¥(X) = A, ®(X) = B in (1.1), we have
(1.4) X +AX +BX + H(X) = P(t, X, X, X),

where A, B are real symmetric n X n matrices. Equation (1.4) has been studied by
Afuwape [1] and Meng [12] for the ultimate boundedness and periodicity of solutions
for which H is of class C(R™), satisfying

(1.5) H(X5) = H(X,) 4+ Ch(X1, Xo)(Xo — Xy),
where Cj,(X1, Xs) is a real n x n operator for any X;, Xs in R", and having real
eigenvalues \;(Cy (X1, X3)), i = 1,2,...,n. These eigenvalues satisfy
(1.6) 0 <d. < N(Ch(X1,X3)) <A,
with d., A. as fixed constants. Further, the matrices A, B have real positive eigenvalues
Ai(A) and \;(B) respectively, satisfying

0<da < N(A) <A,
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i =1,2,...,n, and that for some constant k(< 1) the 'generalized” Routh-Hurwitz
condition
(1.7) A < kdudy

is satisfied.

In these papers mentioned above, the Lyapunov’s direct method was used to obtain
results. This entails construction of a quadratic-like function (also known as Lyapunov
function) to obtain sufficient conditions which guarantee the properties of solutions,
but the construction of this function is difficult since there is no general method to
obtaining it ([1]-[35]). Perhaps, reason (1.1) has received no attention in literature.

The present work is concerned with the ultimate boundedness of solutions of (1.1)
or its equivalent system form

X =Y,
(1.8) Y =2,
Z=-UY)Z-®X)Y -HX)+P(t,X,Y,2),

obtained as usual by setting X=Y,X=Zin (1.1). This problem was left open
by Ezeilo and Tejumola [7, page 284]. In this work, by using the Lyapunov’s direct
method and constructing a suitable complete Lyapunov function, we shall obtain
sufficient conditions which guarantee the ultimate boundedness of solutions of (1.1).

2. NOTATION

Our notations are similar to [3]. In this paper, §'s and A’s with or without suffixes
represent positive constants whose magnitudes depend on the matrix functions ¥, ®,
and the vector functions H, P. The §’s and A’s with numerical or alphabetical suffixes
shall retain fixed magnitudes while those without suffixes are not necessarily the
same at each occurrence. Finally, (X,Y’) shall represent the scalar product of any
vectors X, Y € R", with respective components (x1, z, ..., x,) and (Y1, Y2, .- .,Yn) by
S,z In particular, (X, X) = || X2

3. STATEMENT OF RESULTS
Our main result in this paper is the following.

Theorem 3.1. Suppose H(0) = 0, and that

(i) there exists n X n real continuous operator Cp(Xy, Xa) for any vectors X1, X
such that the function H is of class C(R™), satisfy (1.5), with eigenvalues
Mi(Ch(X1, X)), i=1,2,...,n, satisfying (1.6);

(ii) the matriz functions ¥(Y'), ®(X) are continuous in their respective arguments,
with eigenvalues \;(V(Y)), \i(P(X)) satisfying

(3.1) 0 <do < A(U(Y)) < A,
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(3.2) 0 < <NDP(X)) <Ay,
where i =1,2,...,n;
(iii) the matrices U, ® and the operator C}, are associative and commute pairwise;
and

(iv) the vector function P(t,X,Y,Z) satisfies
(33) IP(E, X, Y, Z)ll <64() + 0at) (JX 2+ V2 + 1 212)

1
+ 80 (IXI2 + Y12 + 121°)? |

for any X,Y,Z € R™, where §y > 0 is a constant, 01(t), 02(t) are continuous
functions int and 0 < p < 1.

Then, there exist constants Ay, Ag, Az such that every solution X (t) of (1.1) with
X(to) = Xo, X(to) = Yo, X(to) = Zo, and for any constant v, whatever in the range
% < v <1, the inequality

(|’X(t)||2 +IX0))* + HX(t)HQ)V <Ajexp{—As(t —to)}
(3.4) ey t <0$U(T) 4057 (T))
X exp{—As(t — 7)}dr
holds for all t > to, where Ay — Ay (Xo, Yo, Zo).

A number of quite important results can be deduced from Theorem 3.1. For example,
we have the following.

Corollary 3.1. If P = 0 and if all conditions of Theorem 3.1 hold, then every solution
X(t) of (1.1) satisfies

(3.5) IX@OI + IX AN+ IX@)]* — 0,
as t — +o00.
Indeed, by setting ¢; = 0 = 6 in (3.4), we have that, if dg < Ag, then
(X + IX O + 1X@)" < Arexpl-daft —to)}, 1> 1o,
from which (3.5) follows on letting ¢ — +o0.

Corollary 3.2. Assume that all conditions of Theorem 3.1 hold and let 69 < A,.
Suppose also that there are fized constants n, 1 <n <2, and pu > 0 such that

t+ n
/ g (e;?(T) s <T>> exp{—a(t — T)}dr — 0, as t — +o0.
to

Then, every solution X (t) of (1.1) satisfies (3.5).

Another interesting result which can be deduced very readily from Theorem 3.1 is
the following generalization of the boundedness results in [1,7] and [12].
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Corollary 3.3. Assume that all the conditions of Theorem 3.1 hold and let g < Ay.
Suppose further that each of the functions 6,(t), 0s(t) satisfies at least one of the
following conditions:

(1) maXp<t<+oo gl(t) < 400, m%X0§t<+oo Qg(t) < +o00;
(ii) [ 07(t)dt < +o0, [0, " (t)dt < +oo0,
for some constant n in the range 1 < n < 2. Then there exists a constant Ay > 0 such
that every solution X (t) of (1.1) ultimately satisfies
Y Y

IX @I + X @I + X O < As.

4. PRELIMINARY RESULTS

We need a few important results to prove Theorem 3.1.

Lemma 4.1. Let D be a real symmetric n X n positive definite matriz. Then, for any
X e R™,

(4.1) 8al| X|1* < (DX, X) < A X%,
where 04, Ay are respectively the least and greatest eigenvalues of D.

Proof. See [7]. O

Lemma 4.2. Let QQ, D be any two real n X n commuting symmetric matrices. Then
the eigenvalues N;(QD), i = 1,2,...,n, of the product matrizx QD are all real and
satisfy

min A\ (Q)A\x(D) < N(QD) < max X\;(Q)\e(D),

1<j,k<n T 1<5,k<n

where \;(Q) and \,(D) are respectively the eigenvalues of ) and D.
Proof. See [7]. O

The main tool in the proof of Theorem 3.1 is the scalar function W = W(X,Y, Z)
defined for arbitrary vectors X, Y, Z € R" by

(4.2) 2W = B(1—=B)02|| X |IP+0p(B+ad, )Y ||1P4+ad, | Z|P+| Z+6,.Y +(1—B)6 X |2,

where a > 0 and 0 < 5 < 1.
The following result is immediate from (4.2).

Lemma 4.3. Assume that all the conditions on V(Y), ®(X) and H(X) in Theorem
3.1 are satisfied. Then there are constants 6; > 0, 1 = 1,2, such that

3) o (IXI2+ VIR + 1Z2) < WX, Y, 2) < 6 (IXI2 + V2 + 1Z]12)
for arbitrary X,Y, Z € R".
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Proof. The proof of inequalities (4.3) follows if we use Lemma 4.1 (inequalities (4.1))
repeatedly and then choose

5 = ;min {5(1 — 5385, 00(B + 045;1)70“5;1}

and
1
52 - 5 max {:ula H2, :u3} )

where gy = (1 — B)(1 + 4 + ), pa = (B + ad; ) + 8a[1 + 0p(1 — B) + d,) and
ps =14 ad, + 61— B) + da. O

5. PROOF OF THEOREM 3.1

To prove Theorem 3.1, it suffices to show that the function W (defined in (4.2))
satisfies for any solution (X (¢),Y (t), Z(t)) of (1.8) and for any v in the range 5 <
v <1,

1
2

(1) W< =00+ 8, (02(0) + 01 1)) 0200,

for some constants §; > 0, i = 3,4, where ¥? = | X ()| + |[Y (¢)||? + || Z(¢)||*>. We note
that from Lemma 4.3, (5.1) becomes

W< —65W + 6 (e‘f’V(t) 057 (t)) W),

with 05 = 0103 and dg = 920,4. If we choose U = WY, this reduces to

U7 < —uésU + v (9%) e (t)) ,
which when solved for U yields
t o
U(E) < Ulto) exp{—vis(t — to)} + & [ (67(7) +057(7) ) exp{~vois(t — )},
to

for all t > t,.
Rewriting this with W" = U and applying Lemma 4.3, we shall get (3.4) with

Ay =6 (IX )1+ Y ()| + 1Z(t)|?) ", As = 165 and Ay = A,

It follows that the proof of Theorem 3.1 is complete as soon as inequality (5.1) is
proved.

6. DERIVATIVE OF W AND PROOF OF (5.1)

Let (X(t),Y(t),Z(t)) be any solution of (1.8). The total derivative of W, with
respect to t along the solution path after simplification is

(6.1) W=-U —Uy,—Us— Uy —Us — Usg — Uy + U,
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where

Ur =mdp(1 = B)(X, H(X)) + &0 ((P(X) — (1 = 8)0p])Y,Y)
+mad, (W(Y)Z, Z) +{(W(Y) = 6u1)Z, Z),
Uy =120,(1 = B)(X, H(X)) + 1008, (¥(Y)Z, Z) + (1 + ad, ") Z, H(X)),
Us =n30p(1 — B)(X, H(X)) + &0.((2(X) — (1 = )6 ])Y,Y) + 04(Y, H(X)),
Uy =na6p(1 — B)(X, H(X)) + 300, (¥(Y)Z, Z)
+0p(1 = B)((V(Y) — 1) X, Z),
Us =n505(1 — B)(X, H(X)) + £30.((2(X) — (1 = B)dp])Y,Y)
+0p(1 = B){(P(X) — 1) X, Y),
Us =aad, (U (Y)Z, Z) + £40.{(®(X) — (1 = B)6p])Y,Y)
+ (14 a0 H{(Q(X) = &1)Y, Z),
Uz =500, "(W(Y)Z, Z) + £56,((®(X) — (1 — B)5 )Y, Y)
+ 0 ((V(Y) — 01)Y, Z),
Us =(6(1 = B)X +6,Y + (1 +ad, )2, Pt,X,Y, 7)),

with n;, &, v, ¢ = 1,2,3,4,5, positive constants such that

5 5
Yom=1, Y &=1 and ) =1
' izl i=1

To arrive at (5.1), we prove the following.

Lemma 6.1. Subject to a conveniently chosen value of k in (1.7), we have
Ui>0, j=2,3,4,5,6,T7,

forall X,Y,7Z € R".

Proof. For some constants k; > 0, ¢ = 1,2, conveniently chosen later, we have

(1+ a8, )2, HX)) =|[ki(1+ a6, )22 + 27 %1 (1 + a8, )2 H(X))|)?
— (k1 +a0; "2, 7Z)
— (TR (L+ ad ) H(X), H(X))

and

(6., H(X)) =||kadZY + 2k 62 H(X)|?
o <k§§aya Y> o <471k2725aH(X)7 H<X>>
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On using the assumption that H(0) = 0 and the hypothesis (1.5), it follows that

Us =|k1(1+ a6, )2 Z + 27 k711 + a8, ) 2CH(X, 0) X2
+(Z, (206, (Y) — ki(1 + ad, ")) Z)
+ (Ch(X,0)X, (726 (1 — B) — 47 k1 (1 4+ a8, ) CL(X,0))X)

and
Us =||ka03Y + 2 ey 162 Ci (X, 0) X |
+ (V. (£200[P(X) — (1 = B)dp]] — k30.1)Y)
+ (Cu(X, 00X, (305(1 = B) — 47 k7 1 0,Cn (X, 0)) X).
Thus, using (1.6), (3.1), (3.2) and Lemma 4.1 repeatedly, we obtain for all X, Z € R",
Uz 20,
if

4a(l — 5)772’7252513

9 @0,
k < 72 a

L= a4+,

and, for all X,Y € R, Us > 0, if

with A, <

48(1 — 5)77277352_

ki < &6,  with A, < 5

Hence, combining these inequalities (with A.), we have, for all XY, Z € R",
U;: >0, 1=2,3,if A, < kdy0p,

with

— i da(1 — B)nay2dae 4B8(1 — B)nansdy
k = mi { CETAE ) 52 }<1.

To complete the proof of Lemma 6.1, we need to show that
U >0, 1=4,506,7,

for all X,Y,Z € R". By (1.5), the assumption that H(0) = 0 and for constants
k; >0, 7 =3,4,5,6, conveniently chosen later, we have

<5b(1 - ﬂ)Xv (kI[(Y) - 6aI)Z>

(k382 (1 = B)F(W(Y) = 6,1)3X + 27 k567 (1 — B)3 (U(Y) — 6,1)3 Z]?
(k20,1 = BY(W(Y) = 6,1)X, X) — (47 k5 26,(1 — B)(U(Y) — 6,1)Z, Z),
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(0p(1 = B)(P(X) — 0 1)X,Y)
— k162 (1 — B)3(D(X) — 6,1)* X+2*1k;155<1 — B)2(®(X) — §])2Y |
— (k30(1 = B)(D(X) — 6 1) X, X) — (47 k %65(1 = B)((X) — 6,1)Y,Y),
(14 ad, ) (@(X) = 61)Y, >
=[|ks(1 + ;)2 (D(X) — 61)2Y + 27 ks (1 + ad, )2 (B(X) — 6,1)2 Z|)?
— (B2(1 + ad, ) (P(X) = 61)Y,Y) — (47 k5 (1 + ad, ) (O(X) — 61) Z, Z),
<5a(\II(Y) - 5(1])va Z>
k662 (W(Y) — 6,1)FY + 27k 62 (W(Y) — 6.0) 2
— (k20a(U(Y) = 6, 1)Y,Y) — (4 kg 20, (W (Y) — 6,1)Z, Z).
Then it follows that
Uy =[lksd? (1 = 8)2 (W(Y) = 5,13 X + 27"k 167 (1 — B)3 (W(Y) — 5,1)2 2|
+ (X, (mady(1 = BYCA(X,0) — K3o,(1 = B)(T(Y) — 6,])) X )
+(Z, (a0, 0(Y) — 47 k5 20,(1 = B)(T(Y) — du])) Z)
Us =[|ksd7 (1 = 8)3 (B(X) = 1) X 427 1k415%( — B
+ (X, (ns0n(1 = B)Cu(X,0) = k30y(1 = BY(@(Y) = 3]

<
Y.
(

X) = 1)2Y |
) X)
(304 [®(X) — <—mabn—4—%4256(1—5)@@)—61) )Y,
Us =|lks(1+ ad, )2 (B(X) = 61)2Y + 27 ks (14 a0, ') 2 (2(X) — 6,1)2 Z||?
+ (Y2 (&46a®(X) = (1 = B)31] = K3(1+ ad, ) (@(X) = 6,1)) V)
+ (2, (a0, W(Y) = 47 k52 (14 ad, ) (®(X) = 6,1)) Z)

~—

and
Ur =|lks2 (W(Y) — 8,1)FY + 27 k5 62 (U(Y) — 8,0) 2|2
+ (Y, (&0,0(X) — (1 = B)0]] — K20, (W(Y) — 6,1)) V')
+ (2, (0758, W(Y) = 47 kg 26, (W(Y) = 6a1)) Z).

We then obtain the following using the estimates (1.6), (3.1), (3.2) and Lemma 4.1
repeatedly. For all X, Z € R",

o (1=8)0(Aa —0da) _ o m4de
> <k2< :
Uy >0, if T, <K<
For all X, Y € R",
o =B Ay—=0) _ 5 _ 150
> f <K< .
e T AR vy
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Forall Y, Z € R,
(1 + Oééa_l)(Ab — 51,)
daryy

654 5a 5b

> if .
UG_O; 1 (1+045g1)(Ab_5b)

ks

IN
IA

For all Y, Z € R,

6555a6b
5a(Aa - 5(1) ‘
The proof of Lemma 6.1 is now complete. 0

We are now left with the estimates U; and Us.
From (6.1), we clearly have

(6.2) Ui = (1= B)mode|| X" + B&10a0[[Y]* + am || Z]*
> or(IXI1* + 1Y 1* + 1211,

where 07 = min{(1 — 8)n1040¢, BE16a0p, Y1}
For the remaining part of the proof of (5.1), let us for convenience denote || X ||* +

Y]]+ || Z||* by 2. Since P(t, X,Y, Z) satisfies (3.3), Schwarz’s inequality gives Ug,
(6:3) U] < (1= B X + (1+ad ) Z] + 6llY]) | Pt X, Y, 2)]|
< V305 (00v® + 02()0 7 + 01 (£)9)

where dg = max{(1 — )8, 0a, 1 + ad;}.
Now, combining (6.1) with inequalities (6.2), (6.3), we obtain

W < —(87 — V/30560)0)” + V305 (92(t)¢1+p + 6, (t)w) :
This we can rewrite as
(6.4) W < —8o90® + by + ¥,

where

5a(Aa - 6(1)

U; >0, if
dorys

IN

k

S
IA

309 = 67 — V38500, 1 = {01061 (t) — Set}1p
and
Wy = 01002 (t)Y" P — dg1®.
If we choose dy small enough such that d9 > 0 (following [7, page 306]), with the
necessary modification, we obtain

U1 < G10p* 0 (t)
and o
thy < Syp? 03 (1),

for any constant v in the range % <v<1.
Thus, (6.4) reduces to

W < —601)® + b1 (e%) Loy (t)) $20)

with 512 = max{510, 511}.
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This is (51) with 53 = 59 and (54 = (512.
This completes the proof of Theorem 3.1.

7. EXAMPLE

Consider (1.1) of the form

(7.1) X +U(X)X + (X)X + H(X)=P(t, X, X,X), XecR?
with
(T - 3+1+$ 0 B OOOOO4+IJr s 0
X - <x2> 9 \IJ(X) ( O 1 1 ) (I)(X> - 0 1 )
~ {0.001 tan™! 21 + 0.000124 et
H(X) = ( 0.0001z, > Pl = (sint )
where 7%, sint are bounded continuous functions on [0, +00). A simple calculation

(with the earlier notations) gives A\ (¥(X)) =1, A (¥ (X)) =3 + 1+$12, AM(P(X)) =
1, A(®(X)) = 0.00004 + d Cu(x,0) = (00001+35s 0
A2 - e and Cn(X,0) = 0 0.0001
A (Cr(X,0)) = 0.0001, A(Ch(X,0)) = 0.0001 + $29 . Following Theorem 3.1,

0 =1, Ay =3, 0, = 1, Ab = 1.00004, ¢, = 00001 A = 0.0011. If we choose
a=3, B=3, 73 =12 =13 =+, we obtain k = min{0.015,0.04} = 0.015 < 1. Since
A, = 0.0011 < 0.015 = ko, (5b, then all the conditions of Theorem 3.1 are satisfied.
Thus the solutions of (7.1) are ultimately bounded.

8. CONCLUSION

This paper investigates the ultimate boundedness of solutions of some third-order
nonlinear differential equations. By constructing a quadratic-like function (also known
as Lyapunov function) and using the Lyapunov second (direct) method, sufficient
conditions which guarantee that solutions are ultimately bounded are established.
A particular example has been provided to demonstrate results obtained. Results
obtained in this paper revise and improve on those in the literature.

Acknowledgements. The authors wish to thank the anonymous reviewers for their
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