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ON THE ¢-BESSEL TRANSFORM OF LIPSCHITZ AND
DINI-LIPSCHITZ FUNCTIONS ON WEIGHTED SPACE £? (R)

OTHMAN TYR! AND RADOUAN DAHER!

ABsTrRACT. E. C. Titchmarsh proved some theorems (Theorems 84 and 85) on
the classical Fourier transform of functions satisfying conditions related to the
Cauchy-Lipschitz conditions in the one-dimensional case. In this paper, we obtain
a generalization of those theorems for the g-Bessel transform of a set of functions
satisfying the g-Bessel-Lipschitz condition of certain order in suitable weighted spaces
qu’y(R;r), where 1 < p < 2. In addition, we introduce the g-Bessel-Dini-Lipschitz
condition and we obtain analogous of Titchmarsh’s theorems in this occurrence.

1. INTRODUCTION

By definition, a function f = f(t) on R belong to the Lipschitz class Lip(«a, p; R),
0<a<l1 pell,+o00),if f e LP(R) and

(1) (L1r+m = spar)” = o),

as h — 0. It was first considered by Lipschitz in 1864 while studying the convergence
of the Fourier series of a periodic function f. He proved that the inequality (1.1) is
sufficient to have that the Fourier series of f converges everywhere to the value of
f. A strengthening criterion was introduced by Dini in 1872 whose conclusion states
that the convergence is in addition uniform.

A first classical result of Titchmarsh [19, Theorem 84| says that if 0 < o < 1,
1 <p<2 and

f € Lip(a, p; R),

Key words and phrases. g-Bessel operator, g-Bessel transform, generalized g-Bessel translation,
Lipschitz class, Dini-Lipschitz class, Titchmarsh’s theorems.
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832 O. TYR AND R. DAHER

then the classical Fourier transform f belongs to L?(R), for

p — p
— <[ <p=—.
p+ap—1 f=p p—1
On the other hand, Younis in [21] studied the same phenomena for the wider Dini-
Lipschitz class as well as for some other allied classes of functions. More precisely, he

proved that if f € LP(R) with 1 < p <2, is such that

(4uu+m-¢uwﬁfm:o<&gbﬁ7

as h — 0, where 0 < a < 1, then its Fourier transform f belongs to L#(R), for

p __ P 1
<B<p= and — <.
p+ap—1 p=p p—1 57
A second result of Titchmarch [19, Theorem 85| characterized the set of functions in
L?(R) satisfying the Cauchy Lipschitz condition by means of an asymptotic estimate
growth of the norm of their Fourier transform. He proved that if a € (0, 1), then the

following statement
f € Lip(e, 2;R),

is equivalent to the statement
/ IFO)2dA = O(N"29) as N — +oo.
[AI>N

An extension of these theorems to functions of several variables on R” and on the
torus group T™ was studied by Younis [20,21], and has also been generalized to general
compact Lie groups [22]. Recently, it has also been extended to the case of compact
groups [3]. Later, analogous results were given, where considering generalized Fourier
transforms: Bessel, Dunkl, ¢g-Dunkl, Jacobi, ... One can cite [2,4-7,11, 14].

One may naturally ask what are the analogous results for the ¢-Bessel transform of
Titchmarsh theorems? As far as we know, this question has not been answered yet.
In this paper, we try to explore the validity of those theorems in case of the ¢-Bessel
transform in the space £? (R7, t**1d,t), where 1 < p < 2. For this generalization,
we use a generalized g-Bessel translation operator.

This paper is arranged as follows. In Section 2, we state some basic notions and
results from g-harmonic analysis related to the g-Bessel transform F,, that will be
needed throughout this paper. Section 3 is devoted to proving Titchmarsh’s theorem
[19, Theorem 84] for the ¢-Bessel transform for functions satisfying the ¢-Bessel-
Lipschitz condition in the weighted space L§7V(R;r), where 1 < p < 2, and we extend
this theorem to functions satisfying the g-Bessel-Dini-Lipschitz condition. In the last
section, we obtain a generalization of Titchmarsh’s theorem [19, Theorem 85] on
the image under the ¢-Bessel transform of a class functions satisfying a generalized

Lipschitz and Dini-Lipschitz condition in the Sobolev space Wi, ,(RF).
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2. HARMONIC ANALYSIS ASSOCIATED WITH THE ¢-BESSEL OPERATOR

Throughout this paper we consider 0 < ¢ < 1 and v > —1/2. We refer to [15]
and [17] for the definitions, notations and properties of the g-shifted factorials, the
g-hypergeometric functions, the Jackson’s ¢-derivative and the Jackson’s ¢g-integrals.
The references [8-10,13, 18] are devoted to the g-Bessel Fourier analysis.

We introduce the following set

RS ={¢" :neZ}

We notice that in ¢-calculus all functions are assumed to have R; as a domain of
definition.
For a € C, the g-shifted factorials are defined by:

n—1

(2.1) (a;q)o =1, (a;¢)n=[[(1 —ad), n=1,2,...,
1=0
+o0o .
(; @)oo = lim (a;q)n = E)(l —aq).
We also denote
W, == Lec
x q 1 . q 9 x 9
and @
q:9)n
nl,! = [1], x [2], x X [n], = , n=20,1,2,
[n]! = [1]g x [2], [nq =g

The g-gamma function is given by (see [1])

It satisfies the following relations
Lg(z +1) = [z]lg(x), Ty(1) =1,
lim I'y(z) =['(x), Re(z) > 0.

q—1-

The g-derivative D, f of a function f is given by

Dof(z) = W if 2 # 0.

D, f(0) = f'(0) provided f'(0) exists.
The ¢-Jackson integrals are defined by (see [16])

/Oaf( )dgt = (1 = q)a Zq"faq

[ 1t = (1= ) S " 5 00") — afaa”)].
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[T rwat=0-0 3 s

n=—oo

provided the sums converge absolutely. In particular, for a € R;r,

[ it =090 T s

Note that S
(2.2 D, ([ rat) = s
and

b
| Daf®)d,t = £0) - fla).
The g-integration by parts formula is given by
b

03) [ oDy f (0t = [F0)g0) ~ Fa)g(@)] [ FlatDyg(r)d,t

The g-analogue of the integration theorem by a change of variable can be stated as

follows ,

b A S
/ f <5> AL\ = S2V+2ﬁ )t dgt,  for all s € R

Let v > —1/2. The normalized third Jackson ¢-Bessel function of order v is defined
by (see [1])

+o00 r 2(1/ + 1>qn(n+1) T 2n
2.4 i (z, %) = —1)" g

For A € C, the function z + j,(\r,¢?) is a solution of the following g-differential

equation
{ Ngufla) = =N f(2),

f(0) =1,
where A, is the ¢g-Bessel operator defined by
1
Dgof(a) = — [Fla™2) = L+ ) f (@) + 4% flar)] . = €R].

Lemma 2.1. i) The followz'ng inequalities are valid for a q-Bessel function:
(2.5) gt ¢®) =0(1), ift>0andteR},

1—5,(t,¢*)=0(1), ift>1andtc R;,
(2.6) 1—4,(t.¢*) =0(t?), ift<1landteR]}.

1) The inequality
(2.7) 11— 3,(tq%)| >c

s true witht > 1, t € R*, where ¢ > 0 is a certain constant.
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Proof. See [12, Lemma 3.1]. O
Moreover, by the relation (2.4), a simple calculation yields
1=t ¢?) 1 g \*
2.8 | = 0
(2:8) 550 t2 v+1],2 \g+1 70,

hence, there exist ¢ > 0 and n > 0 satisfying
(2.9) it <n = [1—4,(t¢°)] >t
For 1 < p < +o00, we denote by £ (R¥) the set of all real functions on R} for which

+00 _— 1/p
W llagwr = ([ 17O ) < 400,
0

and Cyo(R7), for the space of functions defined on R tending to 0 as ¢ — +o0 and
continuous at 0. The space C,o(R ), when equlpped with the topology of uniform
convergence, is a complete normed hnear space with norm

1l = sup|f(2)]-

te]R

The ¢-Bessel Fourier transform JF,, associated with the g-Bessel operator A, is
defined for every function f in £ ,(R}) by

+oo
Fo )N = Cow [ @)z, ¢)a* My, for all A € R,

where
(1+q)7

qu (l/ + 1) '
Moreover, it was shown in [8,13], that ¢g-Bessel Fourier transform F,, satisfies the
following properties.

(i) Riemann-Lebesgue lemma. Let f € £, (RYF), then Ty, (f) € Cgo(R]) and we
have

Cq,v =

||£Fq,V(f)||q700 < quﬂ/Hf”q,Lw

where
1 (D)% )
1-gq (4% ¢%)oc
(ii) g-Inversion formula. If f € £, ,(R¥) such that F,, f € £} ,(R7), then for all

x € RT, we have

3q,u -

—q,, / Fow (N Az, ¢)AZ1d,\,  for all A € RY.

(iii) g-Plancherel formula. The ¢-Bessel transform F,, can be uniquely extended
to an isometric isomorphism on £7 (RY) with

(2.10) 1F g (Pllg.20 = [1fllg.2.0
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(iv) g-Hausdorff-Young inequality. Let 1 <p < 2. If f € Lr(RF), then T, (f) €
LZW(R(‘;) and

2
(2'11) H?q,u(f)”q,ﬁv < 35# ||f||q,p7w
where the numbers p and p above are conjugate exponents:

11
S+ =1
p D

The g-generalized translation operator associated with the g-Bessel transform T,
h € R was introduced in [13] and rectified in [8], where it is defined by the use of
Jackson’s g-integral and the g-shifted factorial as

+oo
Tyf @) = [ FOKy b, )yt
where .
K (b, y) ==(7§¢,/£ du(ht, ¢)ju(t, ¢*) g (yt, @) dgt
In particular the product formula
T2 iv(, ) = ju(h, ¢*)ju(x, ¢%)
holds.
Lemma 2.2. For f € L2 (RF), p > 1, we have T}, f € £ (RF) and

q
1T llapr < 1 Fllgpo-

Let Wi, ,(RF), 1 < p < 2, be the Sobolev space constructed by the g-Bessel

operator A, ,, that is,
Wi LR ={fe Ll (RN): A}, felh (R),j=1,2,...,m},
where

Ag,uf = f7 Aé,yf = Aq,u(Aéil ), 7 =1, 2,...,m.

Lemma 2.3. For £ (RY¥), 1 <p <2, we have
(2.12) T (TN = (M, ) F g (F)(N),
and if f € W (RE), we get
Faw(Dg )N = (=1)"N"F 0, (f)(N).
Proof. See [9]. O

For every f € LZV(R;), 1 < p < 2, we define the differences Z}'f of order m,
m=1,2,..., with step h >0, h € RY by:
2y f(2) = Znf(2) =Ty f(2) — f(2),
2 f(x) = Zp(Z 1 f(x)), for m > 2.
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Also, we can write that
2y f(x) = (T =)™ f (=),
where J is the identity operator in £ ,(RF).

3. LipscHITZ AND DINI-LiPSCHITZ CONDITION IN THE ¢-BESSEL SETTING ON
THE SPACE L? (RT)

In this section, we prove Titchmarsh’s theorem [19, Theorem 84] for the ¢-Bessel
transform for functions satisfying the ¢-Bessel-Lipschitz condition and Younis’s theo-
rem [21, Theorem 3.3] on the image under the g-Bessel transform of a class of functions
satisfying the g-Bessel-Dini-Lipschitz condition in the space £? (R}, t211d,t), where
1 < p < 2. We begin with auxiliary results interesting in themselves.

Lemma 3.1. Let f € £F (RF), 1 <p <2 and h >0 with h € R}, then

q’p?lj7

B [T = RO AT WP < K27
where K is a positive constant and m =0,1,2, ...
Proof. By formula (2.12), we obtain
Fow(Znf)A) = Fou (T N)A) = Fou ()N

= Jju (M, )T (F)N) = T (F)(N)

= (Ju(Ah, ¢*) = DT (F) (V).
Using the proof of recurrence for m, we have

Faw(Zi [YA) = (oAb, ¢°) = 1)"Fgu (F)(N),  for all h € Ry

Now by ¢-Hausdorff-Young inequality (2.11), we have the result. 0
Remark 3.1. 1f f € Wi, (RY), from (3.1) we get

q?p?l/

+00 _ _ _ _
(32) [ NI N @) TIF (PN < K2 (AL DI

q,p,V?
where £ =0,1,...,m.

Definition 3.1. Let 0 < a < 1. A function f € £ (RY), 1 < p < 2 is said to be in
the ¢-Bessel-Lipschitz class, denoted by ¢-Lip(«; p, v), if

WZnfllgpy =O(R*) as h—0.

Lipschitz classes have been constantly employed in Fourier analysis, although they
appear in the realm of trigonometric series, more than they occur in Fourier transforms.
Now, we are going to give some results associated with Lipschitz functions in the space
Lg}l,(]R;r), 1 < p <2 for g-Bessel transform. We here prove the following theorem.
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Theorem 3.1. Let f belong to L0 (RF), 1 < p < 2 and let f also belong to q-
Lip(o; p,v). Then, F4,(f) belongs to L8 (RF), where
2pv + 2p P

<pB<p=—0o
2p+2v(p—1)+ap—2 f=p p—1

(3.3)

Proof. By using the Hausdorff-Young formula (2.11), we note that the theorem is
proved in the case where g = p.
Indeed, we have F,,(f) € £2 (R}) and for v > —1/2, 0 < a < 1, we get

ap p—1 2v4+24+ap p—1
1 >1 = . >
+2y+2 P 2v+4 2 P
(21/+2)(p—1)—|—ap>1
p(2v + 2) D
p(2v +2) _ D
< — = —
2u+2)(p—1)+ap f=bp p—1
Then, we get
2pv + 2p _ p
<pB=p= )
2p+2v(p—1)+ap—2 p—1

Assume now that 5 < p. If f belong to ¢-Lip(«; p,v), then we have
Znfllgpy = O(RY) as h—0.
It follows from the formula (3.1) that

+o0 _ _
/o 11— 5 (M, @) PIT 0 (FYNPA* TN < K(|Zn £, < K'R°P,

q,p,V

where K’ is a positive constant, being the last inequality valid for sufficiently small
values of h.
If 0 <A<, then 0 < Ak <7 and inequality (2.9) imply that

1= oA, )] = AR,
From this, we get
[ BN PX A = 0,

Then

/ "B, (HOPAZ N = O(RCDP) a5 - 0.
Thus, ’

/0 XTI, (O)PAZ A = O(€2P) as € +oo.
We consider the function ¢ defined by

0(€) = [ T NNPASEd
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Then, by Holder inequality we obtain

- RPN T
0@ < ([ emunmmnan) - ( [fa)
—0 <g<2—a>pf§§p )

Furthermore, by (2.2), we can see that

(3.4) D(N) = (INF, (V) AEHDE,

According to the g-integration by parts formula (2.3), we get

iy

/ T (f |B}\21/+1d N — / \~26- (2v+1)2 )\ZVHQDW( )d,
257257(2u+1)§+2y+1¢(5) _ /lfw(qA)Dq()\M(QVH)"HVH)dq)\
—0 <g—2ﬁ—<2”+1>5””*2-“5*5(”?)) — =28 - (2w + )B/p+ 2w+ 1],
y /151p(q)\))\_2ﬁ_(2y+l)§+2ydq/\
0 (5—2/3—(2V+1)§+2u+2—aﬁ+ﬂ(p;1)> ) (/ \L—aB+B(EE) y ~28-(2v+1) S 42w A)
1
_ (5—25—(2u+1)§+2y+2—aﬁ+ﬂ(pzl))

and this is bounded as £ — o0 if

p

_25—(2u+1)p+2y+2—a6+5<p;1> <0,

that is
2pv + 2p
2p+2v(p—1)+ap—2

b >
We do the same proof for the integral over (=, —1), this proves Theorem 3.1. OJ
We now generalize Theorem 3.1 as follows.
Corollary 3.1. Let f belong to £F (RF), 1 <p <2 and if
123 fllgpw = O(RY), 0<a<m as h—0,

then Fq,(f) belongs to L5 (RY), where (3.3) holds.
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Remark 3.2. The condition (3.3) can be written in a simple and easier to understand
way when it is replaced by

p—1 a \ cn_ P
+ D <p<p=——

P 2(v + p—1

This also shows directly that the width of the interval for 8 shrinks as v increases.

In 1986, Younis studied the same phenomena ”Younis’s thoerem [21, Theorem
84]“ for the wider Dini-Lipschitz class, he replaced O(h*) by Younes Dini-Lipschitz

condition O (h“(log(ﬁ))”), v >0as h — 0. We now show that Theorem 3.1 could
be extended. We begin to define the ¢-Bessel-Dini Lipschitz class.

Definition 3.2. Let 0 < a < 1 and v > 0, we define the ¢-Bessel-Dini-Lipschitz
class and we denote ¢-D Lip((a,7); p, v), the set of functions f belonging to £ ,(RY)
satisfying

hCl{
12 lape = O (
i = O\ og T

Theorem 3.2. Ifa > 2, v >0 and f belong to q¢-D Lip((«,7); p,v), then f is null
almost everywhere on R;.

> as h — 0.

Proof. Assume that f € ¢-D Lip((a,y); p,v). Then we have

Z y <O, > 0.
I wfllgpr < (10g%)7 =
where C' is a positive constant, being the last inequality valid for sufficiently small
values of h.
From the relation (3.1), we get

+oo _ _ _ hop
1 — 5,(Ah, @) P|1F 0 (V) PAZ AN < KCOP————.
| = 5O @) PIF, (HAPA* A < (g I77
Then
[ = B AT, (PN, < KO
hQﬁ 0 ]V Y q q,V q -~ (log %)’Yﬁ

Since a > 2, we have
hla—2)p
h—0 (log 7)7P

Thus,

o (11— (A )\ o2
i [ (2R s —o.

Hence, from relation (2.8), one gets

VT (NN = [ AT, (AP = 0

q,p,v
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Hence A?Fy,(f)(A) = 0 for all A € Rf. The injectivity of the g-Bessel transform

yields to the wanted result. 0
Remark 3.3. The same conclusion holds if we consider a function f such that
hOé
NZ3! fllgpw = O () as h—0,
o= O Glog 17

provided that a > 2m, vy >0 and 1 <p < 2.

Since the same technics previously are available, then we remove details in the
proofs of the theorems below.

Theorem 3.3. Let f belong to ¢-D Lip((a,v);p,v), 1 <p <2. Then F,,(f) belongs
to LF (RY), where (3.3) holds.

Proof. By analogy with the proof of Theorem 3.1, we can establish the following

result:
n/h o 2041 hla—2)p
| AT HOPA AN = 0 (7

(log )P
hence
/ NI (YA = 0 S0
o (log&)? )
Let

A T

Then, if 5 < p, by Holder 1nequahty we obtain

52/37@3“7%
P(E) =0 () as & — +o0.

(log £)77
By using (3.4), an g-integration by parts yields
B - 5—25—(2u+1)%+2u+2—a5+5(%1)
Foul AN =0
IR (log €7
and for the right hand of this estimate to be bounded as & — +o00 one must have
1
—25—(2y+1)5+2y+2—045+5<p+ ) <0,
p p
therefore
2pv + 2p <B< P
2p+2v(p—1)+dp—2 p—l’
and we do the same proof for the integral over (—¢, —1), this ends the proof of this
theorem. 0

We shall also generalize Theorem 3.3 to the following corollary.
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Corollary 3.2. Let v > 0 and f belong to LF (RF), 1 < p <2 such that
ha
P ,=0—7F—], O<ax< h — 0.
H h f||q7p1 ((log }11)’Y> a m.as
Then, Fq.(f) belongs to L (RY), where (3.3) holds.
4. AN EQUIVALENCE THEOREM FOR THE ¢-BESSEL-LIPSCHITZ CLASS FUNCTIONS

In this section, we consider p = 2. We try to put the previous theorem, Theorem
3.1, into form in which it is reversible. More precisely, we will give a generalization of
Titchmarsh’s theorem [19, Theorem 85] on the image under the g-Bessel transform of
a class functions satisfying a generalized Lipschitz condition in the space Wiy ,(RY).
The g-Hausdorff-Young inequality (2.11) will likewise be replaced by the ¢g-Plancherel
formula (2.10).

We need first to define the ¢-Bessel-Lipschitz class in the space W, ,(RF).

Definition 4.1. Let 0 < o <m, m € N. A function f € W, (R7) is said to be in
the g-Bessel-Lipschitz class, denoted by ¢-Lip(«; 2, m,v), if

||Z?(A§,yf)Hq,2,y =0(h*) as h—0.
Lemma 4.1. Let f € L2 (R}) and h > 0 with h € R}, then

m teo . 2\ [2m 24\ 2v+1
(4.1) 125 17 20 :/0 1= G (A, ) [ [Fu (F) AN ATT dg A,
where m =0,1,2,...

Proof. The result follows easily by using the ¢g-Plancherel formula (2.10), (2.12) and
an induction on m. 0

Remark 4.1. 1f f € Wi, (RF), from (4.1) we get

(12 IO = [ XL = @) P ITu ()N PA A,
where £ =0,1,...,m

Theorem 4.1. Let 0 < a < m and assume that f € Wi, (RF). Then the following
statements are equivalent:

(1) f € ¢Lip(a;2,m,v).
(2) /N+oo AEIF, L (F) V) PA A = O(N %) as N — 400,
Proof. (1) = (2) Assume that f € ¢-Lip(a;2,m,v). Then we have:

127 (A P lg2w = O() as h — 0.

From (4.2), we have

|z Ak, qQV_/ AL =, (O, @) 27| F o (F) )AL
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If + <A< 2 then Ah > 1 and inequality (2.7) implies that
1< CTmH — Ju(Ah, )P,
Then
/ AT (HPA* A < 1/ AL = 5, (A, @)™ F 0 (F) V) PA A
2 R
< [T )T (VN
o A

=0O(h*) as h—0.
So, we obtain
/N2 CABF L (DO PAZ AN = O(N2) as N — +oo.
Thus there exists C' > 0 such that
/N2 " AT (N PA N < ON72,

Furthermore, we have

ol+1 N

+o0o
[ AT N = Z / NI (YO PXZ 1 d,

<Oy (2N
=0
= C, N>,

where C,, = C'(1 —272%)~1. This proves that
/N TENF L (OPA A = O(N2) as N — +oc.
(2) = (1) Suppose now that
/N o MRF L (HNPAZ TN = O(N72) as N — +oo,
we have to show that
/ TNy O )P IF (PO PAP A = O(h%) as h — 0.

We write .
/0 /\4k|1 - jl/(/\ha q2)|2m|§q,u(f)(A)|2A2y+lqu - 31 + 327
where

1/h ] m y
Gi= [ A= GO P IT, (DDA
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and N
32 = // >\4k|1 _ jv<)\h;q2)|2m‘3rq,y(f)<)\)|2)\2V+1dq)\.
1/h

Let us estimate the summands J; and g, from above. From inequality (2.5) of Lemma
2.1, there exists a constant c; such that

|Ju(/\ha q2)| <.

Hence, from this we conclude that
+00
B= [, XL o )P (DA™
1

+0o0
< (ke [ TXHT (AN

(4.3) = O(h*) as h—0.

Now, let us estimate J;. From inequality (2.6) of Lemma 2.1, there exists a constant
¢y such that
11— 5, (A\h, ¢*)| < caN?h>.

Then
= [N )P (VPN
<" /Ol/h BN | T (F) A AP A
(4.4) < Zmpm /0 . 2PN T L () () PAZ LN,

Now, we need to introduce the function ¢ defined by

+0o0
o) = [T DO
Therefore, it follows from (2.2) that
Dyo(N) = —NHIF,, (H[2AZ .
Now, we apply the g-integration by parts formula (2.3). We obtain

1/h 2m \ 4k 2y2v+1 1/h 2m
L RAHT (DR = [ =N DN d,A
1 /1 1/h
= am? <h> +/0 P(gA) DA dg\
1/h
< / P(gA) DA™ dy A
0
1/h
=[2m], [ @)
0

~foml, [ 0((g0) 2
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1/h
:O (/ /\2m—2a—1dq)\> )
0

Since

1/h /\2m—20¢—1d A\ = (1 . ) Jio 2n(m—a) h?(a—m)
0 qN = q q .

n=0

Then, we conclude that
Y om yak 2\ 2041 2
(45) L RNET, L (DA dh = 0(R27).
It follows from (4.4) and (4.5) that
om [\ om 4k 2\ 20+1 2
9 =0 (h m/o AZmAR|F L (F) (V) AZ qu> — O(h2) as h—0.
Finally, from this and (4.3), we deduce that

+oo
/ MEIT = 5, (M, ) 2™ F g (N PAZ AN = O(h*) as h— 0,
0

which completes the proof of this theorem. O]

Corollary 4.1. Let f € W™, (RY) and let f € g-Lip(c; 2, m,v). Then

q,2,v\"q

—+o00
/ F oo (F)O)PAZ LN = O(N~H20) 45 N - +oc.
N

We do the same technique of the proof of Theorem 4.1. We get the following
theorem.

Theorem 4.2. Let 0 < a <m, v >0 and assume that f € Wi, (RF). Then

4,20
I s =0 (g ) a5 0
(log E)W
is equivalent to
+oo N-20—4k
j;rﬁxnuwv”wﬁ:o(&gm%> a5 N - +oo.
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ON THE LAPLACIAN COEFFICIENTS OF TREES
ALI GHALAVAND! AND ALI REZA ASHRAFT!

ABSTRACT. Let G be a finite simple graph with Laplacian polynomial (G, )\) =
S ho(—1)"Fcp(G)AF. In an earlier paper, we computed the coefficient of ¢,,_4 for
trees with respect to some degree-based graph invariant. The aim of this paper
is to continue this work by giving an exact formula for the coefficient ¢,,_5 in the
polynomial ¢¥/(G, A). As a consequence of this work, the Laplacian coefficients ¢, _,
k =2,3,4,5, for some know trees were computed.

1. DEFINITIONS AND NOTATIONS

Throughout this paper, our graphs will be assumed to be simple, connected and
undirected, and the standard notation for such a graphs is used. The notations n(G)
and m(G) stand for the number of elements in the vertex set V(G) and the edge set
E(G), respectively. The degree of a vertex v in G, degq(v), is the number of edges in
G with one end point v and the degree of an edge e in G, degs(e), is the degree of
vertex e in the line graph of G. It is easy to see that degq(e) = deg(u) 4+ degy(v) — 2.
The distance between two vertices u and v is defined as the length of a sort path
connecting them. If Z C V(G), then the induced subgraph G[Z] is the graph with
vertex set Z and edge set {uv € E(G) | {u,v} C Z}.

Suppose G is a graph. The subdivision graph S(G) is a graph obtained from G
by inserting a new vertex on each edge of GG. It is clear from this definition that
n(S(G)) = n(G) + m(G) and m(S(G)) = 2m(G).

Suppose e = zy and f are two edges of a graph G and v € V(G), where v # z,v.
The common vertex of e and f is denoted by eN f and eN f = () means that e and f
are not incident. If eN f = () then e and f are said to be independent. A subset M

Key words and phrases. Laplacian coefficient, k—matching, subdivision graph, tree.
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of E(G) is called a matching if all pairs of distinct edges in M are independent. Note
that M is a matching in G if [{u | u is an end point of an edge in M}| = 2|M].
If M is a matching of size k then we say M is a k—matching. Furthermore, the
notation p(G;k), 1 < k < 4, is used for the number of distinct k—matchings in
G. The matchings polynomial of G was first introduced by Godsil and Gutman in
[4]. This polynomial is defined as p(G;0) = 1 and for other values of z, (G, x) =
S (— (G k)25,

Suppose G is a simple graph with vertex set {ai,...,a,}. The 0—1 matrix A(G) =
(a;j) such that a;; = 1 if and only if v;v; € E(G) is called the adjacency matrix of G.
The Laplacian matrix of G is another n x n matrix defined as L(G) = D(G) — A(G),
where D(G) is the diagonal matrix of G whose diagonal entry dii is the degree of q;
in G. It is well-known that the eigenvalues of L(G) are non-negative real numbers
with 0 as the smallest eigenvalue. The characteristic polynomial of L(G) is called
the Laplacian polynomial of G and its roots are Laplacian eigenvalues of G. In
this paper we write this polynomial in the form of ¥(G,z) = det(zl, — L(G)) =
Shoo(=1)"Fer(G)at.

The first and second Zagreb indices of a graph G are two important degree-based
graph invariants that was introduced by two pioneers of Chemical Graph Theory
Gutman and Trinajstic¢ [6]. These invariants are defined as M;(G) = ¥,y () degg (v)?
and My(G) = Y,epq) degq (u) degg (v). We encourage the interested readers to
consult the interesting papers [7] and [14], for more information about mathematical
properties and chemical applications of these invariants.

Following Mili¢evi¢ et al. [11], the edge counterpart of the first and second Za-
greb indices of a graph G are defined as EM(G) = X, ;(degg(e) + degs(f)) =
Yeen() degg(e)? and EMy(G) = Yo, ; degg(e) degg(f), where for e = uv, degg(e) =
dege(u) + degg(v) — 2 denotes the degree of the edge e, and e ~ f means that the
edges e and f are incident.

Furtula and Gutman [5] studied in details the sum of cubes of degrees of vertices in
a graph G and used the name forgotten indez for this invariant. They defined F(G)
= Yevie) degg(v)? = Yemiver(c) (degg(u)® + degy(v)?). The first Zagreb index and
the forgotten index can be generalized in the form of MY (G) = X ,cv () degg(u)?,
where o # 0, 1 is a real number. Zhang and Zhang [17] obtained some extremal values
of this invariant in the class of all unicyclic graphs of a given order. An interesting
survey of these degree-based indices is given in [§].

Let T be a tree with Laplacian polynomial

(T, z) = det(zl, — L(T)) = > (—=1)" ey (T)a".
k=0
Merris [12] and Mohar [13] proved that ¢o(T) =0, ¢1(T) =n, ¢, =1 and ¢,_1(T) =
2(n —1). In [16], it is proved that co(7) = W(T') and in the paper [15], the authors
proved that ¢,—o(T) = 2n* —5n+3— M (T) and c,_3(T) = 5(4n® — 18n* +24n — 10
+ F(T) — 3(n —2)My(T)).
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Suppose A is an arbitrary real number. We now define three invariants which is
useful in simplifying formulas in our results. These are:

an(G) = Y degg(u) degg(v) (degg(u) + degg(v)*)

weE(G)

B(G) = degg(en f) (degg(e) + degg(f)) .
e~f

M} (G)= Y (degg(u)dega(v))™.

weE(G)

Note that the second Zagreb index is just the case of A = 1 in My(G).

The girth of a graph G, g(G), is defined as the length of a shortest cycle of G. In a
recent paper [3], Das et al. proved the following result.

Theorem 1.1. Let G be a graph with m edges and g(G) > 5. Then

1 1
5p(G;5) =—m(m* + 10m> + 43m? + 54m — 328) + i(]%l(G))2 — 5041(G)(m -17)

24
_ ZO‘Q(G) - 112M1(G)(2m3 + 30m” + 61m — 225) + ;B(G)
1 9 1 2
+ 15 Ma(G)(6m” + 66m — 239) + - F(G)(6m” + 24m — 149)
1 4 1 2 5 5
+ MG (m +10) + L M3(G) = EMo(G) = o MP(G)
1Y LG {ue))P s Y m(G - {u ) PG~ {uo})
8 weE(G) 3 weE(G)
_ i > m*G = {u, v )M (G — {u,v}) = Y EMy(G — {u,v})
weE(G) weE(G)
+ > m(G — {u,v})Ma(G — {u,v}).
weE(G)

The present authors [1,2] proved the following formulas for the coefficient ¢, _4(T"),
when T' is a tree:

B 16 , 348 532\ 17
ena(T) =(n 1)<24n wn?+ = 2n 6) < M(T)?
4 412 39 108
—n——\F(T EM,(T MH(T) — 40My(T
(6" 24>()+2 1(T) = g Mi(T) = 40M(T)
1
(e )y e () (5 0)
{u,0}CV(T)

1 1
= 6(n — 1)(4n® — 24n* + 39n — 16) + gF(G)(Qn —5)

+ ;MI(T)(—&”LQ + My(T) + 36n — 32) — iM{‘(T) — My(T).
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In this paper, an exact formula for computing the coefficient ¢, _5(T"), T is a tree,
with respect to some degree-based topological indices is presented.

2. MAIN RESULTS

The aim of this section is to present a closed formula for ¢, _5(7"), when T is tree.
To do this, we first define five invariants x1, x2, X3, x4 and x5 with respect to the
subdivision graph as follows:

xi(S(@) = > (M(S(G) —{u,v})),

weE(S(G))

x2(S(G) = > m(S(G) = {u, v} F(S(G) — {u,v}),

weE(S(G))

xs(8(G) = > mAS(G) — {u, v} Mi(S(G) — {u,v}),

uweE(S(G))

xa(S(@) = > EMy(S(G)—{u,v}),

weFE(S(G))

(S(G) = > m(S(G) = {u,v})My(S(G) — {u,v}).

weE(S(G))

Lemma 2.1. Let G be a graph with m edges. Then

Mi(S(G)) = My(G) + 4m, ( (G)) = F(G) + 8m,
MA(S(G)) = MH(G) + 16m, MP(S(G)) = MY(G) + 32m,
a1(5(G)) = 4M(G) + 2F(G), ( (G)) = 8Mi(G) + 2M{(G),
B(S(G)) = 2M\(G) + M{(G) — F(G), My(S(G) = Ml( );
EM,(S(G)) = Mz(G) + 3 M{(G) — 3F(G), M3(S(G)) = 4F(G).
Proof. By definition of subdivision graph, we have:
M, (S = > degg(v)’+ > 4=DM(G)+4m,
veV(Q) weE(G)
= > degs(v)’+ > 8=F(G)+8m,
veV(G) weE(G)
ME(S = Y degg(v)'+ Y. 16 = M(G)+ 16m,
veV(Q) weE(G)
M2>(S = > degg(v)’+ > 32=M}(G)+ 32m,
veV(G) weE(G)

a(S(G) = > D 2degg(v)(2+degg(v))

veV(G) weE(Q)

= > > (4degg(v) +2degg(v)?)

veV(G) weE(Q)

Z degs(v)(4degg(v) + 2degs(v)?) = 4M1(G) + 2F(G),
veV(G)
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a = Y > 2degg(v)(4 + degg(v)?)

veV(G) weE(Q)

= > > (8degy(v) +2degy(v)?)

veV(G) weE(Q)

=S doga(v)(8 degg(v) + 2dega(v)?) = SML(G) + 20 (G),
veV(G)

B(S(G) = > 2(degg(u) + degs(v))

uweE(G)
£y (15617) des(0)deno) + dogo(0)

=2Mi(G)+ ) degg(v)(degg(v) — 1) degg(v)”
veV(Q)

= 2M,(G) + M{(G) - F(G),
My(S(G)) = Z Z 2degq(v) = Z 2deg.(v)? = 2M,(G),

VeV (G) weB(G) VeV (@)
MSE) = Y Y ddesglo) = Y ddenglv)? = 4F(C).
veV(G) weE(Q) veV(Q)
degq (v
EM(S(C) = 3 dogglu)deso(0) + 3 (M54 ) degto
weE(G) veV(G)

= My(G) + 5 " degglv)dog(s) — 1) deel)’
veV(Q)
= M(G) + 5 MI(E) ~ S F(G),

proving the lemma. U

Lemma 2.2. x;(S(GQ)) = (2m—10)(M,(G))*+(16m? —2F (G) —40m) M, (G) +32m?—
8mF(G) +13F(G) + 6MA(G) + M (G) + 24My(G) + 4041(G).
Proof. By definition of the graph S(G),

xi(S(@G) = > > (Mi(S(G)) — degg(v)® — 3degg(v) — 2degg(u))

veV(G) weE(G)

= Y. > (degg(v)' + 6dega(v)’ + 9dega(v)?)
veV(Q) quE(G)

CM(SE) Y Y (2degg(v)’ + 6degg(v))
UEV(G) quE(G’)
+ 2 2 M
veV(G) weE(G)

+ Z Y (4degq(u) degg(v)® + 12 degg(u) degg(v))
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+ > X (HAM(S(G)) degg(u) + 4 degg(u)’)

veV(G) weE(G)
=M;(G) + 6M4(G) +9F(G) = 2My(S(G)) F(G) — 6My(S(G)) M (G)

+2mMi(S(G))* + D (4degg(u) degy(v)? + 4 deg(u)? degg(v)
weE(G)

+24degg(u) degg(v)) + D (—4Mi(S(G)) degg(u) + 4 degg (u)?

weFE(G)
— AMy(S(G)) degg(v) + 4 degg (v)?)
=M (G) +6M(G) + 13F(G) — 2M,(S(G))F(G) — 10M1(S(G)) M, (G)
+2mM; (S(G))? + 4oy (G) + 24My(G).
We now apply Lemma 2.1 to deduce that
1(S(@)) =(2m — 10)(M,(G))? 4 (16m?* — 2F(G) — 40m)M,(G) + 32m> — 8mF(G)
+13F(G) + 6M(G) + M} (G) + 24My(G) + 4oy (G),
which completes the proof. 0

Lemma 2.3. x2(S(G)) = 32m3 + (4F(G) — 24)m?* — (8F(G) + 16 M, (G) +2M}(G))m
+4m — (My(G) — 10)F(G) + 6 My (G) + M} (G) + MP(G) — 6My + 3041 (G).

Proof. Tt is easy to see that x2(S(G)) = Xiev(a) Luwverc) (2m—degg(v) —1)(F(S(G))

— deg(v)? — 3degy,(u)? + 3degg (u) — 7degG( ) — 2). If we expand the summation,
this becomes:

x2(S(G)= > > (degg(v)* + degg(v)® + Tdegg(v)® + 9degy(v) — F(S(G))
veV(G) weE(G)
+2(1 — mdeg(v)* —Tm degy(v) —2m + mEF(S(G)))— F(S(G)) degs (v))

+ Z Z (—6m degg(u)® 4+ 6m degs(u) + 3degs(u)? — 3degs(u))
veV(G) weE(G)

+ Z Z (3 degG(u)2 degg(v) — 3degg(u) degq(v))

veV(G) weE(G)
=M?(G) + M} (G) + TF(G) + IM,(G) + 4m — 2mM(G) — 14mM,;(G)
—8m? +4m*F(S(Q)) — F(S(Q))M,(G) — 2mF(S(Q))

+ Y (—6mdegg(u)® + 6mdegs(u) + 3degs(u)® — 3degq(u)
weE(QG)

— 6mdegs(v)? + 6mdegs(v) + 3degs(v)? — 3degs(v))

+ Y (3degg(u)’ degg(v) — 6degg(u) degg(v) + 3degg(v)® degg(u))
weE(G)

=M (G) + M} (G) + 10F(G) 4 6 M, (G) + 4m — 2mM(G) — 8mM,(G)
— 8m? + 4m*F(S(Q)) — F(S(G))My(G) — 2mF(S(G)) — 6mF(G)
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+ 3041 (G) — 6Ms(G).
Now by Lemma 2.1,
x2(S(Q)) =32m> + (4F(G) — 24)m* — (8F(G) + 16 M (G) + 2M}G))m + 4m
— (My(G) = 10)F(G) + 6M;(G) + M} (G) + MY (G) — 6My + 31 (G).
This completes the proof. O
Lemma 2.4. x3(S(G)) = 32m* + (8M,(G) — 32)m> — (4F(G) + 44M,(G) — 8)m?

F(20F(G) —4(M,(G))?+30M, (G)+4MNG) + 16 M (G))m-+F(G)M; (G) +2(M;(G))?
CTF(G) — 5My(G) — BMA(G) — MY(G) — 8Ma(G) — 201(G).

Proof. The degree sequence of subdivision graph S(G) shows that x3(S(G))

= Yoev(6) Luver(c)(2m—degg(v) =1)(Mi(S(G)) —degg (v)* —3 degg(v) =2 degg (u).-
By expanding this summation,

= > Y (4ddegg(v)’m — degs(v)* — ddegs(v)*m?
veV(G) weE(G)

+ My (S(G)) degs(v)? — 4M(S(Q)) dege(v)m + 4M; (S(G))m?
— 5degs(v)? + 16 degy(v)?m — 12degs (v)m? + 2M1(S(G)) degs (v)
— AM(S(G))m — Tdegg(v)* + 12degg(v)m + Mi(S(G)) — 3degq(v))

+ > Y (8degg(u) degg(v)m—2degq(u) deggy(v)® —8 degg (u)m®
veV(GQ) weE(G)

— 4 degg(u) degg(v) + 8degg(u ) — 2degg(u))

=AM} (G)m — M; (G) — 4F(G)m* + M(S(G)) F(G)
— 4M,(S(G)) M, (GYm + 8M(S(G))m?® — 5M}(G) + 16F(G)m
— 12M,(GYm? 4 2M,(S(G)) M1 (G) — 8M1(S(G))m?* — TF(G)
+ 12M(G)m + 2mM; (S(G)) — 3M;(G)

+ > (16degg(u) degg(v)m—2degq(u) degs(v)* —2 degq(v) dege(u)?
weFE(G)

— 8degq(u)m? — 8degy(v)m? — 8degy (u) degs(v) + 8 degy(u)m
+ 8deg(v)m — 2degqs(u) — 2degq(v))

—AM}(G)m — 4F(G)m® + My(S(G))F(G) — 4My(S(G) My(@)m
+ 8M(S(G))m* + 16 F(G)m — 20M,(G)m? + 2M,(S(G)) M, (G)
— 8M(S(G))m? — TF(G) 4+ 20M(G)m + 2mM,(S(G)) — 5M,(G)
+ 16mMy(G) — 2041 (G) — 8My(G) — MY (G) — 5M(G).

Now by Lemma 2.1,

x3(S(G)) =32m* + (8M(G) — 32)m® — (4F(G) + 44M,(G) — 8)m?

+ (20F(G) — 4(M1(G))? + 30M1(G) 4+ 4M}G) + 16Ma(G))m
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+ F(G)M\(G) + 2(Mi(G))* = TF(G) — 5M(G) — 5M{(G) — M7(G)
— 8My(G) — 204 (G).
Hence, the result follows. O

Lemma 2.5. x4(S(G)) = im(4My(G) — 2F(G) + 2M{(G) + 4) + SF(G)
=204 (G) — IM(G) = 3M}G) — SMP(G).

Proof. By relation between adjacencies in G and S(G), we can see that

(510 =2mat(s(6)) ~ 52 ({55 demate) + demlo) — 1) degoe’
veV (G

#(15) demor - (“EG ) encto) - 172 dencto))

— 2. > (degg(u) — 1)(degg(v)*(degg(v) — 1) — degg(v)

veV(G) weE(Q)
x (degg(v) —1)%) = > (degg(u) degg(v)(degg(u) + dega(v))

weFE(G)
+ degg(u) degg(v)(degg(u) + degg(v) — 2)
— (degg(u) —1)* degg(v) — degg(u)(degg(v) —1)%)

1 3 9
=2mEM,(S(G)) — > (2 degq(v)° + 2 degq(v)* — 2 degq(v)?
veV(Q)

b1 dogg(v)! —degglv) ) = Y (desg(u) dogg(v)? + degg(v) degg(u)?
weE(G)
— 2deg(u) degio(v) — deg(u)? — degi(0)? + degg (u) + degi(v)

- > (degg(u)? degg(v) + degq(u) degq(v)? + 2 degg(u) degg(v)
weE(G)

— degg(u) — degg(v))
—omEM(S(G)) — (;Mf(G) + 2M{‘(G) - 121F(G) + ;Ml(G) ~2m)
— 201 (G).

Now by Lemma 2.1,

Xa(S(G)) :;m(4M2(G’) — 2F(G) + 2MH(G) +4) + 121F(G) —204(G) — ;Ml(G)
3 1

- SMHG) - SMEG),

which is our goal. O

Lemma 2.6. x5(S(GQ)) = (8M1(G) + 8)m? — (4F(G) + 10M,(G) + 4M5(G) + 4)m
—2(M,(G))? +2F(G) + My (G) + 2MY(G) + 8M3(G) + a1 (G).
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Proof. Again definition of subdivision graph,
Xs(S(G)) = > ((2m —degg(u) — 1)(M2(S(G)) — 2degg(u)” — 2 degg(v)

weER(Q)

— Y degg(w) + degg(v) — 2 degg(v)(dega(v) — 1)
wu€E(Q)

+2(degg(v) — 1)*) + (2m — degg(v) — 1)(Ma(S(G))

— 2degg(v)* — 2degg(u) — Z degq(2)
vzEE(G)

+ degg(u) — 2 degg(u)(degq (u) — 1) 4 2(degg(u) — 1)%))

= Y (2degg(u)’ + 2degy(v)? — 4degs(u)*m — 4 degq(v)*m
weE(G)

— My(5(G)) degg(u) — Ma(S(G)) degg(v) + 4Ma(S(G))m — 2My(S(G))
+ 8m — 4 + 2deg(u)? + 2 deg (v)? + 6 degq(u) deg (v) — 6 degq (u)m
— 6degg(v)m + degg(u) + degg(v)) — > ((2m — degg(u) — 1)

weE(G)
Y. degg(w) — (2m —degg(v) —1) Y degg(2))
wu€E(G) vz€E(Q)

=2M}(G) — 4mF(G) — My(S(G)) My (G) + 4My(S(G))m? — 2mM,(S(G))
+ 8m? — 4m + 2F(G) + 6My(G) — 6mM,(G) + M1 (G)

- Z ((2m — degg(u) — 1) degq(v) degg(u)
weE(G)

+ (2m — degg(v) — 1) degg(u) degg(v))
=2M;(G) — 4mF(G) — My(S(G)) My (G) + 4My(S(G))ym* — 2mM,(S(G))
+ 8m? — 4m + 2F(G) + 8My(G) — 6mM,(G) + M1 (G) + a1 (G)
— 4mM,y(G),
Now, by Lemma 2.1,
x5(S(Q)) =(8My(G) + 8)m* — (4F(G) + 10M,(G) + 4My(G) + 4)m — 2(M,(G))?
+2F(G) + My(G) + 2MH(G) + 8Ms(G) + a1 (G),
which proving the lemma. 0

Let G be a graph. It is easy to see that g(S(G)) > 6. Therefore, by Lemma 2.1,
2.2,2.3,24, 2.5, 2.6 and Theorem 1.1, we have the following theorem.

Theorem 2.1. Let G be a graph with m edges. Then

p(S(Q):5) :115m2(4m3 — 20m? + 15m + 15) + 112m(8F(G)m — 8M(G)m?

+ 3(My(G))? + 36 M, (G)m — 28F (G) —24M,(G) —6 M (G) — 24M>(G))
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_ éMl(G)(SMl(G) +F(G) + 6) + n(G) + 2M(C) + ;‘)Mf(G)

+ M} G) + F(G).

We are now ready to prove our main result. For the sake of completeness, we
mention here a useful result of Zhou and Gutman [18].

Theorem 2.2. Let G be an n-vertez tree. Then c,_(G) = p(S(G); k), for 0 < k <n.

Theorem 2.3. Let G be an acyclic graph on n vertices and m edges. Then

cns(G) :115m2(4m3 —20m? 4+ 15m + 15) + 112m(8F(G)m — 8M;(G)m?
+ 3(M1(G))* + 36 M, (G)m — 28 F(G) — 24M,(G) — 6 M} (G) — 24My(G))

1 1
— ¢ MUG)BMUG) + F(G) +6) + on(G) + 2My(G) + 5M15(G)
+ M}NG) + F(G).
Proof. Apply Theorem 2.1 and 2.2. O

Corollary 2.1. Let T be a tree on n vertices. Then

cns(G) :115(n — 1)?(4n® — 32n® 4+ 67n — 24) + 112n(8nF(G) — 8n* M, (G)
+ 3(M1(G))* + 60nM,(G) — 44F (G) — 120M,(G) — 6M}(G) — 24My(G))
— 112M1(G)(2F(G) + 9M;(G) — 56) + o (G) + ;ME(G) + ;’M;*(G)
+ 4M5(G) + 4F(G).

Proof. The result follows from Theorem 2.3 and the fact that m(7) =n — 1. U

3. APPLICATIONS

The aim of this section is to apply our results in Section 2 for computing the
Laplacian coefficients ¢, _(G), k = 2,3,4,5, when G is a certain tree. We first assume
that T'(k,t) be a rooted tree with degree sequence k, k, ..., k,1,1,...,1 and ¢ is the
distance between the center and any pendent vertex, Figure 1. Then,

k ¢
cn-1(T(k, 1)) =7— (2(k = 1)" = 1)),
k
2(k — 2)?
k

en-s(T(k, 1) =~ 3353

—2k((k—1)" = 1)(k* — 2k(k — 1)* + 3k — 6)(k — (k — 1)" — 1)),
Guma(T (k) =g
+ (—(14/3)k3 — (34/3)K* + (76/3)k)(k — 1) + k* 4 (29/3)k® — (53/3)k?

ea(T (k1)) = ((k = 1)k = 2)°(k = 1) = 2((k — 1)! = )(K* — 2k(k — )" + k - 2)),

(k—1)(k —2)*(k* — 3k(k — 1)" + 5k — 8)(k — 1) *

((1/2)k(k = 1)*(k = 2)*((k = )" + (4((k — 1))
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—(52/3)k +28)(k — 1)(k — 2)%(k — 1) ' —2((k — 1)" — 1)

—(4/3)((k — D)13k3 + (4k* — 8E*)((k — 1))? 4+ (—(11/3)k° — (10/3)k*
+ (85/3)k® — 20k% — 4k)(k — 1)" + (K® + (14/3)k* — 18k® + 6k
+ 16k — 8)(k — 1)),

n—s(T (k1)) = 50— u 5k —2) ((5/6)(k* = (3/2)k(k — 1)" + (7/2)k — 8)(k — 1)*(k — 2)*k(

(k=112 + (=(10/3)((k — 1)")°k* + (25/3) (K* + (7/5)k — (22/5))k°
x ((k—1)H)% — (35/6)(k* + 5k — (99/7)k* — (32/7)k + (116/7))k(k — 1)*
+ kS + (95/6)k° — (223/6)k* — (341/6)k® + 158k* — (118/3)k — 48)(k — 1)
(k=2)%(k = 1) =2((k = 1)" = 1)(k — 3/2 = (1/2)(k = 1)")k((—(4/3)((k — 1))°k°
+ (4k* + (8/3)k® — (40/3)k*)((k — 1))% 4+ (—(11/3)k®
— 10k* + (137/3)k> — 20k* — 20k)(k — 1)* + kS + (23/3)k5 — 32k*
+ (310/3)k* — 120k + 40)),
cn_1(T(3,t)) =6 x 2" — 6,

93
cn—2(T(3,t)) = 5 22t 118 x 2% 4 30,

cn3(T(3,1)) =272 x 28 — 171 x 2% 36 x 2% — 144,

5799 9177
cna(T(3,1)) = — TT + 72% — 405 x 2% 4 54 x 2% 1 687,

74427, 26967 12267 5 324
cns(T(3,1)) = 22t 4 — 702 x 2% + “2-25" — 3294,
10 4 4 5
cn1(T(4,1)) =4 x 3° —
cno(T(4,1)) = — 24 x 3t +8 x 3% + 18,

392 32
cn_3(T(4,1)) =?3t — 64 x 3% + 33?“ — 88,

2132 1232, 320
cn_4(T(4,t)):——3t 3 3% 3%y

19644 368 128
cnos(T(4,1)) :TSt — 2480 x 3% + Ts — 128 x 3% + ﬁgﬁ — 2484,

32
3‘“ + 457,

Our second class of trees are known as Kragujevac trees. To define, we assume
that By, By, Bs, ..., By are branches whose structure is depicted in Figure 2. A proper
Kragujevac tree is a tree possessing a central vertex of degree at least 3, to which
branches of the form B, and/or B, and/or B; and/or ... are attached [10].

Let G;, for i = 1,2,...,7, be the proper Kragujevac tree on n vertices in Figure 3.
Then

169n2 — 1302n + 112
Togg7(169n% — 13020 + 1127) + 60,

n(37349n3 — 503594n? + 16255750 + 4758782) — 462,

cn,z(Gl)Z%n(%n—zm) 3, en_s(Gh) =
Cn— 4(G1)

cn—5(G1) -

57624
n(28561n* — 5974151 + 3893785n2 + 10169951 — 107579206) + 2868

3
336140
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FI1GURE 1. The rooted tree 7(3,3).

15

. =—(n—1)(13n—34), ¢, =—(n— 2_4 1),
cn—2(G2) 98(n )(13n — 34), ¢,—3(G2) 1029(n 1)(676n 649n + 8481)
1
cn_4«?2)::57624(n47]J(37349n34—478413n24—2146954n473432552%
1
cn_50§2)::33614O(n~—])(85683n4——1750502n3—k13991793n2——52528222n—k79270320)
1
cn,zﬂ?g)::§§(15n——16ﬂ13n——33)
1 ) 6480
cn_gayg)_.16§§441352n 4—10611n—%26563)4—?;£;,
184469
. = 4903 — 513734n2 + 2 15n — 5871574
cn—4(G3) 57624n(373 9n® — 513734n? + 26350150 — 5871574) + 5101
1
cn,5«;3)::166§Z§6n(257049n4-—5486585n3+-47226105n2-—204551395n-r437870586)
5694446
16807 ’
1 125 4 3008
n2(Gy) = —n(195n — 701) + —, ¢p_3(G4) = ——n(n —4)(338n — 1291) + ——,
cn-2(G) = ggn(195n )+ g en8(Ga) = qgzgn(n = 4)(338n Ve
f 291540
_ 3 _ 2 _ _
cn_4«?4)4—576247437349n 51170602 4 22989671 — 2158546) Si0L
cn_5ﬂ§4)::i66§156n(257049n4——5464615n3—%43233545n2——130350725n——74554454)
15573272
16807
1 405
Cn_Q(G5) = %n(195n - 713) + Tg,
2 ) 14418
- = — 54 16460) — ——,
cn—3(Gs) 102971(67671 5403n + 16460) 313
540746
_ 3 _ 2 _
cn,40?5)4757624n(37349n 523874n? + 3028255n — 9178570) + 101
Cn_2(G5) = n(257049n* — 55964351 + 52360845n2 — 2752084851 + 846144906)

1008420
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20524022
16807
1 2 11758
_ = 1 —18), ¢p_s = 2 _524 7454) + ——,
cn—2(Ge) 98(39n+ )(5n —18), cn—_3(Gs) 1029n(676n 5247Tn + 7454) + 313
) 709627
- = 49n3 — 241 1289150) — —————
cn_4(Gg) 5762474373 In® — 507650n + 1965703n + 1289150) SYTIRE
1
cn,2«§6)::166§Z§6n(257049n4——5420675n3—%39172605n2——60754765n——529616214)
33001040
16807
1 332 2 10096
n_2(G7) = —n(195n — 709) + =—, ¢,_3(G7) = ——n(676n> — 5364n + 14831) — ——,
en-2(Gr) = ggn(195n )+ g en-s(Gr) = 15 (676n nt )~ 313
340472
_a(Gr) = ———n(37349n — 519818n2 + 2830243n — 7399558) + ———
en-a(Gr) = oo " ne " )+ S
1 [
cn_2«?7)::166§Z§6n(257049n44—5552495n34#49827665n24—237728905n4k619570486)
11978116
16807

< -6

F1GURE 2. The branches of proper Kragujevac trees.

Our third class of trees are caterpillar trees. A caterpillar is a tree in which all the
vertices are within distance 1 of a central path [9]. Let T;, for i = 1,2,...,5, be the
caterpillar tree on n > 8 vertices, see Figure 4. Then,

1 1
QFﬂﬂ)ziﬂn—ﬂWfQL Q%gﬂ):gm—2mm?—%n+uy
1 f
cnﬂdi})::51(n——4)06n§—7168n24—611n4—726%
1
cn_5(7})::66(n-—£9(16n4——296n3—%2111n2——6811n—%8250%
1 15 1 )
en—2(To) = 5n(4n —15) + e cn—3(To) = g(n —3)(4n” — 21n + 32),

1 1155
thn):gzumﬁi—%mﬁ+qaﬁn—&m®+4@—,

1
cn45(7§)::66(n——5)(16n4——280n3—k1935n2——6270n—%8079%

Cn2(T3) = 2(n — 2)?, qun):gm—2mﬁ—7n+my

2 575
cn_4(Y§)::gn(ng——16n2%—100n——281)+—4§f,
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n—28

n—19

FIGURE 3. The proper Kragujevac trees that have illustrated in [10,
Conjecture 3|.

2
Cn5(T3) = B(n —5)(2n* — 400> 4 32002 — 1170n + 1573),

2
Cno(Ty) =2(n —2)> +1, ¢, 3(Ty) = (- 3)(2n* — 12n + 23),

2
ena(Ty) = =(n — 4)(n® — 12n% 4 551 — 93),

3
Cn_s5(Ty) = %n(n4 — 25n3 4 26512 — 1480n 4 4314) — 1386,
Cno(Ts) =2(n —2)> +1, ¢, 3(T5) = gn(2n2 —18n+59) — ?,
Cnu(T5) = %n(ng — 1612 +103n — 315) + ?,

Cns5(Ts) = zn(2n4 — 50n® + 530n% — 29700 4 8773) — 1456.

15
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FIGURE 4. The caterpillar trees.

REFERENCES

[1] A. R. Ashrafi, M. Eliasi and A. Ghalavand, Laplacian coefficients and Zagreb indices of trees, Lin-
ear Multilinear Algebra 67(9) (2019), 1736-1749. https://doi.org/10.1080/03081087.2018.
1469599

[2] A. Ghalavand and A. R. Ashrafi, Laplacian coefficients of trees, Rad Hrvat. Akad. Znan. Umjet.
Mat. Znan. 24(542) (2020), 1-14. https://doi.org/10.21857/m16wjcev89

[3] K. C. Das, A. Ghalavand and A. R. Ashrafi, On the number of k-matchings in graphs, Proceedings
of the National Academy of Sciences, India Section A: Physical Sciences 92(4) (2022), 563-570.
https://doi.org/10.1007/s40010-022-00771-2.

[4] C. D. Godsil and I. Gutman, On the theory of the matching polynomial, J. Graph Theory 5
(1981), 137-144. https://doi.org/10.1002/jgt .3190050203

[5] B. Furtula and I. Gutman, A forgotten topological index, J. Math. Chem. 53 (2015), 1184-1190.
https://doi.org/10.1007/s10910-015-0480-2

[6] I. Gutman and N. Trinajsti¢, Graph theory and molecular orbitals. Total w-electron energy of
alternant hydrocarbons, Chem. Phys. Lett. 17 (1972), 535-538. https://doi.org/10.1016/
0009-2614(72)85099-1

[7] I. Gutman and K. C. Das, The first Zagreb index 30 years after, MATCH Commun. Math.
Comput. Chem. 50 (2004), 83-92.

[8] 1. Gutman, E. Milovanovi¢ and I. Milovanovié¢, Beyond the Zagreb indices, AKCE Int. J. Graphs
Comb. 17(1) (2020), 74-85. https://doi.org/10.1016/j.akcej.2018.05.002

[9] F. Harary and A. J. Schwenk, The number of caterpillars, Discrete Mathematics 6(4) (1973),
359-365. https://doi.org/10.1016/0012-365X(73)90067-8

[10] S. A. Hosseini, M. B. Ahmadi and I. Gutman, Kragujevac trees with minimal atom-bond con-
nectivity index, MATCH Commun. Math. Comput. Chem. 71 (2014), 5-20.

[11] A. Miliéevi¢, S. Nikoli¢ and N. Trinajsti¢, On reformulated Zagreb indices, Molecular Diversity
8 (2004), 393-399. https://doi.org/10.1023/B:MODI.0000047504.14261.2a

[12] R. Merris, A survey of graph Laplacians, Linear Multilinear Algebra 39 (1995), 19-31. https:
//doi.org/10.1080/03081089508818377

[13] B. Mohar, The Laplacian spectrum of graphs, in: Y. Alavi, G. Chartrand, O. R. Ollermann,
A. J. Schwenk (Eds.), Graph Theory, Combinatorics, and Applications, Wiley, New York, 1991,
871-898.


https://doi.org/10.1080/03081087.2018.1469599
https://doi.org/10.1080/03081087.2018.1469599
https://doi.org/10.21857/m16wjcev89
https://doi.org/10.1007/s40010-022-00771-2
https://doi.org/10.1002/jgt.3190050203
https://doi.org/10.1007/s10910-015-0480-z
https://doi.org/10.1016/0009-2614(72)85099-1
https://doi.org/10.1016/0009-2614(72)85099-1
https://doi.org/10.1016/j.akcej.2018.05.002
https://doi.org/10.1016/0012-365X(73)90067-8
https://doi.org/10.1023/B:MODI.0000047504.14261.2a
https://doi.org/10.1080/03081089508818377
https://doi.org/10.1080/03081089508818377

862 A. GHALAVAND AND A. R. ASHRAFI

[14] S. Nikoli¢, G. Kovacevié, A. Miliéevié and N. Trinajsti¢, The Zagreb indices 30 years after,
Croat. Chem. Acta 76(2) (2003), 113-124.

[15] C. S. Oliveira, N. M. M. de Abreu and S. Jurkewicz, The characteristic polynomial of the
Laplacian of graphs in (a,b)-linear classes, Linear Algebra Appl. 356 (2002), 113-121. https:
//doi.org/10.1016/50024-3795(02)00357-9

[16] W. Yan and Y.-N. Yeh, Connections between Wiener index and matchings, J. Math. Chem. 39
(2006),3897399.httpS://doi.org/lo.1007/810910—005—9026—0

[17] S. Zhang and H. Zhang, Unicyclic graphs with the first three smallest and largest first general
Zagreb index, MATCH Commun. Math. Comput. Chem. 55(2) (2006), 427-438.

[18] B. Zhou and I. Gutman, A connection between ordinary and Laplacian spectra of bipar-

tite graphs, Linear Multilinear Algebra 56(3) (2008), 305-310. https://doi.org/10.1080/
03081080601002254

!DEPARTMENT OF PURE MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES,
UNIVERSITY OF KASHAN, KASHAN, I. R. IRAN

Email address: alighalavand@grad.kashanu.ac.ir

Email address: ashrafi@kashanu.ac.ir

*CORRESPONDING AUTHOR


https://doi.org/10.1016/S0024-3795(02)00357-9
https://doi.org/10.1016/S0024-3795(02)00357-9
https://doi.org/10.1007/s10910-005-9026-0
https://doi.org/10.1080/03081080601002254
https://doi.org/10.1080/03081080601002254

KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 49(6) (2025), PAGES 863—-871.

INTEGRAL INVOLVING THE PRODUCT OF MULTIVARIABLE
ALEPH-FUNCTION, GENERAL CLASS OF SRIVASTAVA
POLYNOMIALS AND ALEPH-FUNCTION OF ONE VARIABLE

DINESH KUMAR!, FREDERIC AYANT?23, AND NARESH*

ABSTRACT. In this paper, we derive an integral involving the multivariable Aleph-
function, the general class of Srivastva polynomials, and the Aleph-function of one
variable, all of which are sufficiently general in nature and are capable of yielding
a large number of simpler and more useful results simply by specialization of their
parameters. Moreover, we establish certain specific instances.

1. INTRODUCTION AND PRELIMINARIES

The Aleph (R)-function was established by Siidland et al. [30], but its notation and
complete definition are offered below in terms of the Mellin-Barnes type integral (see
also, [2,3,7,13,23,25]):

M,N
N (2) = NPnQi,Ci;T' (Z

1 M,N —s
(1.1) =5 | Orgue (5) 2705,

(aj, Aj)l,n s [ei (agi, Aji)]nJrl,pi;T’ )
(05, Bj)1 - i (Bjis Bji)lir gur

for all z different to 0 and
: Pi,Qisci5m’ -

e { T T (agi + Ais) T T (1= bji — Bjis) |

Key words and phrases. Aleph-function of several variables, general class of Srivastava polynomials,
Aleph-function of one and two variables, I-function of two and several variables.
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where |arg z| < %71’ Qand Q = Zj]\il Bj+Z§V:1 Aji—¢ (Z]Q:"MH Bji + Zf;NH Aji) >0
fori=1,...,7". For convergence conditions and other details of Aleph-function (one
variable), see Studland et al. [30] (see also, [23,24]). The series representation of
Aleph-function is given by Chaurasia and Singh [6], defined as

M too (—1)90MN (s)
(1.3) NES, e pQucir’ L,
P17Q17 75 ;;) BGg‘

with s = ng,, = bG+g , P < Qi |2] < 1and Qg .. (s) is given in (1.2).
The generalized polynomlals defined by Srivastava [29], and studied by many au-
thors, e.g., [5,7,8,10-12,14,18,20], is given in the following manner:

[Ny/MG] - [N /M (Y (—N,)
Sl L DD B e
Loves K1=0 K.=0 Kl' KS'
(1.4) X ANy, Kis.o5 No, K]yt yl,

where M, ..., M, are arbitrary positive integers and the coefficients A [Ny, K7;. . .;
N, K] are arbitrary constants, real or complex. In the present paper, we use the
following notation:

(_Nl)MlKl TR, (_N )M K A
Ki! K,!

The Aleph-function of several variables generalizes the multivariable I-function defined
by Sharma and Ahmad [26], which is a generalization of G and H-functions [8,21] of
multiple variables. The multiple Mellin-Barnes integral occurring in this paper will
be referred to as the multivariable Aleph-function throughout our present study and
will be defined and represented as follows (see also, [4,15-17,19]).

N(Zl,...,zr)

(15) ap = [N17K1;°";NS7KS]‘

1 N (Y (r)
__\Nommy,ng,..me,ny . aj’ aj PR 7aj 1n’
Pisdis TR, (1)54, (1) (1) ;BN 505D, (1) 58, () 37, () 5 R

[ (osseld o] (60580,
7 (bss - B, (d§ 5

o (8t (63) [ (0], e

1
T;() (d(lm , 5]11()1)>]m1+1 o . (dy)’ (5](.T)>1 o [Ti(r) (dg()r) , 5;:()r)):|mr+1,q£r)

)

ey

—

(1.6)

1 T
=— | | ¥(s1,...,8) Ok (sk) zi* dsy -~ - ds,,
(27w) /Ll /T kl;[l F
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with w = /—1. For more details, see Ayant [1]. The real numbers 7; are positives
fori = 1,..., R, T,a are positives for i*) = 1,... R®). The condition for absolute
convergence of multiple Mellin-Barnes type contour (1.6) can be obtained by extension
of the corresponding conditions for multivariable H-function given by |argz;| <
%Agk)w, where

n Di D;(k)
k k k)
:ZQE)_E Z a§-i)—TiZ —I—Z’VJ — Ti(k) Z ’Yﬂ(k)—l-Z(s(
7=1 j=n+1 7j=1 J=nr+1
4q;(k)
7 —me Y 5(<k) >0, withk=1...,r,i=1,....R, i® =1,... R,

Jj=mg+1

The complex numbers z; are not zero. Throughout this paper, we assume the existence
and absolute convergence conditions of the multivariable Aleph-function. We may
establish the asymptotic expansion in the following convenient form:

N(z1,..052) =0(|z1|" 0 )2]"), max{|z],..., |z} =0,
N(z1,...,2,)=0 (|zl|ﬁ1,...,|2r|ﬁr) , min{|z|,..., |z} = +oo,

where &k = 1,...,r, a = min {Re (dg-k)/dj(k)) i=1,... ,mk} and (3, =
max {Re ((cyC ) /% ) g=1,... ,nk}. We will use these following notations:
(1.8) U=pi,q;,7i; B,V =mq,n;...5my,ny,
(1.9) W =p,0), ¢, T R(l), sy D) Qi) T R(T)v
(1.10) A= (aj, w- ,ay))l n’ [Ti (aﬂ, ﬁz), o ‘§:)>:|n+17pi )
(1.11) B = {Ti (bji7 ji "' B )] ’

C = (cﬁl),vj(l))l’m , [Tiu) (cﬁgn,73(331))}”1“%(1) .
(1.12) (7, 47) L (i (55 750 oty

D= (dg'l)’ 5J('1))1,m1 ’ [Ti(l) (dﬁ()”’53('2()1>)}m1+1,q-<1> 7
(1.13) (dg-r), 5;74))17% ; {Tm (dﬁ»’;?ma53(»:&))]%“7%(7,) :

We denote the multivariable Aleph-function as

21

: A:C
(1.14) N(z1,...,2) =R B.D

Zr
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We have the following required integral [9]:

(1.15)
/”/ 2 gin?* 10 cos?# 14 1
o

a? cos? 0 + b2 sin? 9)a+/3 9282

where a,b € C\{0} and B (-, -) is the Beta function.

B(a,B), Re(a)>0,Re(8) >0,

2. MAIN INTEGRAL

In this section we evaluate the integral involving multivariable Aleph-function, a
class of polynomials of several variables and a Aleph-function of one variable.
Theorem 2.1.

/2 sin®* 1@ cos?1 4 MN sin® 6 cos>? 0
/0 9 o 9 2 myatB NPi,Qi,Ci;T’ 9 .9 5 i 2 p\ctd
(a? cos? 6 + b2 sin” 0) (a? cos? 6 + b2 sin” 0)

sin2c1 @ cos291 ¢ sin2"1 0 cos?!1 9

1 1
(a2 cos? 6+b2 sin? 9)cl+d1 <a2 cos2 0-+b2 sin? G)hl +q
My,...,Ms o,n:V
X SNTN, : Ny : do
sin?¢s @ cos2%s ¢ . sin2hr 0 cos2lr @
5 (a2 cos? 0+b2 sin? 0)63+ds " (a2 cos2 O-4b2 sin? G)hr+lr
NI/MI} [NS/MS] g M,N
1 SRRE ( 1) QPQCT’(nGg)
— i,%¢1,C0, ’ nG,g Ky . K
=522 2 - Z a oo RN
G=1 g 0 Kl: G N

X a72(ﬁ+dnG,g+Zi:1 stl) b~ (a+c”G’9+Z;1Ksci)

A s .
21 p2h1 (1 —a—=0aG,g — Zizl K’icia hh ) hT) )
NO n+2:V .
X Us1:W :

Py N
(1 —B —d’l']G’g _ZleKidi;lla--wlr) ,A . C
(2.1) ;
l-—a—-F—(c+d)ngy—>i 1 K(c;i+di);hi+h,...,h+1,),B:D

where Uyy = p; + 2, q; + 1, 7;, R, also satisfy the following conditions:

(a) min{c,¢;, h;} <0,i=1,...,s; j=1,...,7 (h; are not simultaneously zero);

(b) min{d,d;,l;} <0, i=1,...,s; j=1,...,r (I; are not simultaneously zero);

(1) (3)
(c) Re(a) + ¢+ X1 c;Re(a) + ¢ Hlu%Re (b ) + >0, h; min Re (:Z)> > 0;

\_]\ i j

() (%)
(d) Re (« )—I—d m1n Re(b >+ZZ i min Re(dm) > 0,

\]\ 1 7
(e) |arg zx| < %AZ( 7, where AZ- is given in (1.7);
(f) largt| < 379, where

QZ%@'"‘%O‘J—C@( Z Bji + Z O‘ﬂ)

Jj=1 Jj=1 Jj=M+1 j=N+1
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Proof. Expressing the Aleph-function of one variable in series form with the help of
(1.3), the general class of polynomials of several variables in series with the help of
(1.4), and the Aleph-function of r variables in Mellin-Barnes contour integral with the
help of (1.6). The conditions (e) and (f) are satisfied, then the integral representing
multivariable Aleph function converges uniformly, and we can invert the sums and
multiple Mellin-Barnes integrals. Next, by changing the order of integration and
summation (which is easily seen to be justified due to the absolute convergence of the
integral and summations involved in the process) and then evaluating the resulting
integral with the help of equation (1.15). Finally interpreting the result thus obtained
with the Mellin-barnes contour integral, we arrive at the desired result (2.1). O

3. MULTIVARIABLE /-FUNCTION

Corollary 3.1. If 7, 7, ..., T;00 — 1, the Aleph-function of several variables reno-
vates to the I-function of several variables. The simple integral has been derived in
this section for multivariable I-functions defined by Sharma and Ahmad [26]

/Tr/ 2 sin?* 1 cos? 1o QMY ( sin% @ cos*? 0 )
. Py, Qicisr’ .
0 (aZcos?f + b?sin2 §)* 1’ Quesr (a2 cos? f + b2 sin? §)“

sin2°1 @ cos291 ¢ sin2"1 0 cos?!1 9

1 21
(a? cos? 62 sin? ) "1 (a? cos? 0452 sin? )"+ L
My,....Ms : 0,n:V ,
X SN1,~~~,NS : IU:W : do
sin?¢s 0 cos?ds ¢ sin?"r § cos?r 0
® (a2 cos2 0+b2 sin? 6) cotds T (a2 cos2 §+b2 sin? 0)’W+lr‘
Nl/Ml] [NS/MS g M,N
1 ! ( ) Q ci (nG g)
—— 151+,Ciy naG,g K1 . K,
=5 2. >y Z a o 160 £
G=1g=0 K;=0 G9:

% a_2(6+d770v9+2i:1 sti) b (a—i—cngyg—i-z;.g:l Ksci)

2 s .

o211 p2h1 (1 —Q—=0ag,g — Zizl Kici7 hl: ) h?") )
X IOH-‘F?V .

Us1:W :

(3.1)
(1 — 6 — d’f]G’g — Zle szz, ll, e 7l7") ,A/ . C,

(1—Oé—ﬂ—(C+d)7]G7g—ZleK(Ci—i—di);hl+ll,...,hr—|—lr),B/ZD/

where A! — (CL]7 )7"'7a§r)>1’n (aﬁ-;aﬁ),...,oz§?)n+17pi, B = (bji; ]('il)’,.., g(‘;))lmz

(1
]
C, = ( ] 77] ) ) ( ]Z(l)a J(Zl()l>)n1+1,pi<1) Yo (C§T)7 /YJ('T))L”T ) (CE'Z()TN/y('f()r)>nr+1’pi<” )
D = (), 0D o (80, (05
m m 4,01 My

i gt i >)m,«+1,q-<r>’
7
also under the same conditions that (2.1).
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4. ALEPH-FUNCTION OF TwWO VARIABLES

Corollary 4.1. If we set r = 2 in (1.6), then we obtain the Aleph-function of two
variables defined by Sharma [28] and further generalized by Kumar [13]. We have the
following simple integral

/W/2 sin?*=1 0 cos?#~10 QM.N ( sin? @ cos?@ 6 )
. P;,Qisci5r’ .
0 (a2cos?f + b2sin? 9)°T7 O (a2 cos? 0 + b2 sin? §)“**

sin¢1 @ cos?91 ¢

1 d .
(a2 cos? 0+b2 sin? 9)61Jr 1 > sin?"1 0 cos?!1 0h1+l1
% SMl ----- M No,n,V a2 cos? 6+b2 sin? 0 a9
N1, Ns . Uw 2 sin2"2 9 cos?!2 0
. sin2¢s @ cos?ds 9C - 2 (a2 cos? 0+b2 sin? 9)h2+12
(a2 cos? 0+b2 sin? 9) s

too [N1/Mi]  [Ne/M] (—1) QM

M
; Z Z Z Z aq };Qi‘;iiﬂ'/ (nG,g) 111G g tfl . 'tfs
ag!

G=1 g= 0 K1 0
« a—2(6+dnc,g+zi:1 sti) b (a+cnc,g+Zf:1KSC¢)

21 | (1—a- NG,y — 2i-1 Kicis by, hs),

NO n+2:V a2l b2h1

Ua1:W __z2
2l2 b2h2

(4.1)
(1—-8—dngg—>iq Kidi;ly, 1), A" : C"; E”

(1—04—6—(C+d)7]G,g—ZleK(Ci—l-di);hl—|—ll,h2—|—12),B”ID”;F”

where A" = (a],a o )1,n’ { (aﬂ,aﬂ,a Z)}n—l-l,pi; B — [Tz (b]“ i //)Lq

C" = (Cj7’7j)1,n17 [T (Cji’/yji’)]m-s-l,piﬂ D" = (d;, 6; )lm ke (dﬂ"éﬂl)]m1+1,qi/ B =
(€5, Mj) 1y + [T (eji”777ji”)]n2+1’pi” P FT = (5 G) 1y o [T (fji’/,Cji//)]mQ_i_l’qi”, also sat-
isfy the existence conditions provided in (2.1).

5. I-FUNCTION OF TwWO VARIABLES

Corollary 5.1. If we set 7;, 7y, 7v — 1 in (4.1), the Aleph-function of two variables
reduces to the I-function of two variables defined by Sharma and Mishra [27], and we
obtain the same formula with the I-function of two variables.

/W/ 2 sin?*71g cos?P1 4 M.N (t sin? @ cos*@ 6 )
. Fi,Qicisr’ .
0 (a2cos2 + b2sin20)* 7 Y\ T (42 cos2 0 + b2 sin2 0)°

sin2¢1 @ cos291 ¢

! (a2 cos2 0+b2 sin? 9)61+d1 2% sin2h1 0 cos?!1 6]'1 -
SM1, ,Ms . oV (a2 cos2 0+b2 sin? 0) 1 a9
""" : u-w sin?h2 @ cos?!2 ¢
t sin2¢s @ cos2ds BC — 2 (a2 cos? 0+b2 sin? 9)h2+l2
S S

s (a2 cos? 04b2 sin? 9)
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L P 10 Y )
:522 Z Z a1 -B’ "’ tnG’gtll.__tSS
G=19=0 K;=0 Ks=0 GY:

X a_Q(ﬁ+dnG’9+Z::1 sti) b_2<a+cncv9+25:1 Ksc")

s .
2 (1—a—cngy —2i—; Kici;hi, ha)
< IO,n-i—Z:V a2l p2h1
Uz W z2
a2[2 b2h2

(5.1)
(1—-5—dngy, —>i 1 Kidi; 1y, lo) A" - C" B

(1 —a—=F=(c+d)neg = Xim K (i +di) s hn + 1l he + 1), B - D" F™

" _ P ] o) " mo_ Y "
where A = (a], aj, aj)m, (aﬂ, iy Oéji)n-‘rl,pi’ B = (bﬂ, i ji)17Qi7
OES (CJVVJ)an (Cﬂ’v'yﬂ/)nﬁl,pi,f D" = <dJ7(5J)1,m1’ (dﬂ/’(sﬂl)ml—i—l,qiﬂ E" =

" __ .
(ej, 77]')17”2 s (eji”7 nji//)ng-i-l,pi//’ F = (f], Cj)17m2 R (fji”) Cji”)mg—&-l,qi//’ QZSO Sa/tZSfy the
conditions stated in (2.1).

For more details of /-function of two variables reader can refer to work Kumari et
al. [22].

6. CONCLUSION

In this work, an integral involving the multivariable Aleph-function, a class of
polynomials with several variables (Srivastava polynomials), and an Aleph-function
with one variable was evaluated. The integral derived in this study is of a highly
broad character, since it incorporates the multivariable Aleph-function, which is a
generic function of multiple variables previously explored. Consequently, the integral
produced by this study would serve as a key formula from which, by adjusting the
parameters, as many outcomes as required involving the special functions of one and
multiple variables may be generated.
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PROPERTIES OF (C,r)-HANKEL OPERATORS AND
(R,7)-HANKEL OPERATORS ON HILBERT SPACES

JYOTI BHOLA! AND BHAWNA GUPTA?

ABSTRACT. We introduce the operators which are generalizations of Hankel-type
operators, called the (C,r)-Hankel operator and (R, r)-Hankel operator on general
Hilbert spaces. Our main result is to obtain characterizations for a bounded operator
on general Hilbert spaces to be a (C, r)-Hankel operator (or (R, r)-Hankel operator).
We also discuss some algebraic properties like boundedness (for |r| # 1) of these
operators and the relationship between them. Moreover, some characterizations for
the commutativity of these operators are explored.

1. INTRODUCTION

The notion of Hankel matrices made its first appearance in 1861 when Hankel began
the study of finite matrices with entries being a function of the sum of the coordinates
only [6], the Hilbert matrix being the most prominent example of the same [2]. Hankel,
Kronecker, Nehari and Hartman are the most celebrated names in this area for their
contribution towards the most classical results about Hankel operators. For a pivot
study on Hankel operators, one can refer [3,5,13].

Since inception, a lot of research has been done on this class of matrices, corre-
sponding operators and associated variants due to their high scores of applications in
the fields of perturbation theory, interpolation process, rational approximation, proba-
bility, moment problems, theory of systems and control etc. (refer [11-13]). The rapid
development of this domain has led to numerous generalizations both in terms of twists
in the operator form as well as the space of play. To adduce a few, Hankel operators,

Key words and phrases. Hilbert space, r-Hankel operator, (C,r)-Hankel operator, (R, r)-Hankel
operator, Hilbert-Schmidt operator.
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slant Hankel operators, essentially Hankel operators, A-Hankel operators, weighted
Hankel operators, small Hankel operators, slant little-Hankel operators, essentially
slant-Hankel operators, kth-order slant Hankel operators etc. have been studied on
different spaces like Hardy spaces, Bergmann spaces, Fock spaces, weighted Fock
spaces, Harmonic Dirichlet spaces and so on [1,3,4,8-10, 14] and references therein.

Recently, Mirotin et al. introduced the idea of u-Hankel operators on Hilbert spaces
in the following way and discussed this class on Hardy space in particular [10]: Let
w be a complex number, a = (a,)n>0 be a sequence of complex numbers, H and H’
be separable Hilbert spaces. The operator A, , : H — H’ is called p-Hankel operator
if for some orthonormal bases (ex)r>0 C H and (e€});>0 C H', the matrix (ajx)r,j>0 of
this operator consists of elements of the form a;;, = u*a;, 1. All these developments
motivated the authors to define two new classes of operators on general Hilbert spaces
that are closely related to Hankel operators in the sense that these classes result in
Hankel-type operators if alternate columns of one or alternate rows of the other are
deleted. Interesting results are established to derive the connection between these
classes, over and above the discussion of their algebraic properties. Characterizations
are obtained for which these operators commute. It is also proved that these classes
neither contain any Fredholm operator nor unitary operator.

We begin with the following preliminaries.

A bounded linear operator 7" on a Hilbert space H is said to be Hilbert-Schmidt
operator if the Hilbert-Schmidt norm ||T||%¢ = 3=, |7 (u,)||* < + for an orthonormal
basis (uy)nen, of H, where || - || represents the norm of H. A bounded operator T' on
H is said to be a Fredholm operator if Range of T is closed, dimension of kernel T'
and dimension of kernel 7% are finite. In this case, index of 7" is defined as

indexT = dimker T' — dim ker T™*.

A bounded operator T" on H is said to be isometry if T*T = Iy, and unitary if T’
is bijective and T*T = TT* = Iy, where Iy denotes the identity operator on H.
Throughout the paper, we restrict the symbols H; and Hs for any separable Hilbert
spaces. If H; = Ho, then it is denoted by H. We denote by (u;);en, and (v;)ien,, the
orthonormal bases for H; and Hs, respectively. The symbols U; and U, denote the
right shift operators on H; and Hj, respectively and are defined as U (u;) = u;41 and
Us(v;) = v;41 for all i € Ny. The symbols C, Z and Ny denote the set of all complex
numbers, integers and non-negative integers, respectively.

2. THE (C,r)-HANKEL OPERATOR AND (R, r)-HANKEL OPERATOR

We now introduce (C,r)-Hankel operators and (R, r)-Hankel operators on general
Hilbert spaces as under.

Definition 2.1. Let r be a non-zero complex number and (a,)nen, be a sequence
of complex numbers. Then the operator (C,r)-Hankel operator, C, , from a Hilbert
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space Hi to Hilbert space H is defined as

+00
Cr,a(”i) = Z TZOCZ'+2]'U]', for all 7 € No,
j=0

where (u;);en, and (v;);en, are orthonormal bases for H; and Hs, respectively.

For i, j € Ny, the (i, j)™-entry of the matrix representation of C, ., with respect to
the orthonormal bases is C; j, where

+m . +m . .
Cij = (Craluy),vi) = <Z Wozj+2zvz,vi> = rlajia(v, v) =17 a0,

=0 =0

and hence, the corresponding matrix is given as:

apg rag 0 rdag rtay
ay ras rlas ras  rlog
a4 Ty 7’2056 7’30[7 7’4Oé8
[Cral = ag rar rlag  rmag rioagg

ag  T'Og T'Q(){lo T3O{11 T40412

Definition 2.2. Let r be a non-zero complex number and (a,),en, be a sequence
of complex numbers. Then the operator (R, r)-Hankel operator, R, , from a Hilbert
space H; to Hilbert space Hs is defined as

+o0
Rna(ui) = Z T’zOégi+jUj, for all 2 € No,
j=0

where (u;);en, and (v;);en, are orthonormal bases for H; and Hs, respectively.

Observe that for 4,5 € Ny, if R;; is the (i,7)™-entry of the matrix representation
of R, , with respect to the orthonormal bases, then

Rij = (Rraluj), v;) =l aajy,

and the corresponding matrix is given as:

ag ros Ty oy rosg 1

ar ras rlas riar riag

Qo TOy 7“2@6 TSOég T4Oélo
[Rra] = as ras rlar; riag rlag

a4 TOg T2048 7’30410 7”40412

Note 2.1. (A) A (C,r)-Hankel operator becomes r?-Hankel operator if its alternate
columns are deleted and a (R, r)-Hankel operator becomes r-Hankel operator if its
alternate rows are deleted.
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(B) For every non-zero complex number r and complex sequence (av,)nen,, the
(C,r)-Hankel operator, C,, and (R, r)-Hankel operator, R, , may not correspond to
bounded linear operators.

Example 2.1. Take r =141, oy, = \/%H, for all n € Ny, and =z = 3129 (Hli)nun € H.

Then,

+oo +oo 1 2
||IH2 = Z |xn|2 = —
n=0 n=0 (1 + Z)n
is finite whereas
||Or, (@” = "0 =
¢ j:0n:0(1+2)n = =0 ln=0 n+2]+
and
) 400 |00 1 2 +00 | 400 2
[ R (2)]|” = T | = — +00.
3 e R M o

3. BOUNDEDNESS OF (C,r)-HANKEL OPERATORS AND (R, 7)-HANKEL
OPERATORS

In this section, we study conditions under which these operators become bounded.
Characterizations of these operators are also derived.

Theorem 3.1. Let r be a non-zero complex number such that |r| < 1 and (au,)nen,
be a complex sequence. Then the following hold.
(A) The operator Cyo : Hi — Hy is bounded if and only if ¥ ,en, |Bn]? < +00
where

(3.1) 5, = {an, if n is even,

N ran,  ifnis odd.
(B) The operator R, : Hi — Hy is bounded if and only if 3% |ay,|? < +oo.

Proof. (A) Let |r| < 1. If C,, is bounded, then there exists a positive constant
C such that ||C,,(2)|> < C||z|* for every x € H;. Take in particular z = ug, we
get Ynen, [a2n]? = [|Cralug)||? < Cllug||* = C. Again, taking x = w4, it follows
that |r|> Y ,en, [@oni1]? = [|[Cra(un)]|* < Cllw||* = C. Therefore, 3 ,cn, |5al> =
Sneno laznl* + [r[* Zpen, lznr1? is finite.

Conversely, suppose that (3.1) holds. Consider

“+o00 +00 “+o00

+oo
SN ICHP =Y Jaza? (T4 2P+ [P 4+ P) + Y Jozn
n=0

i=0 j=0 =0
% (‘7"|2 + |7“3|2 4 ’T‘5|2 bt ‘T2n+1’2)

“+o00 +oo
=3 famal? (T+ [l + 1+ 1) + 3 lagara P (I + I1[°
n=0 n=0
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+ |r|10 4t |T|2(2n+1))

“+o00 “+00
=3 JanaP (L4 [+ (192 4 -+ (1r19") + 1P X vz P (1 + I
n=0

+ (4 + (|r|4>”)

—+o00
3 a4 113 e (1 4 (1 oo+ )
n=0

n=0

¥
(St ) (47)
A

) (o4 12 X )
:< !

=) (5

Using (3.1), it follows that >>7% 3°7% |Ci;|* < +o0o. Therefore, the operator C,.q is
Hilbert-Schmidt and hence bounded.

(B) Let |r| < 1 and R, , be bounded, then there exists a positive constant C' such
that [|R,..(2)]|*> < C||z|?* for every =z E H,. Taking in particular x = ug, we get
Sneno |omf? = [|Cra(uo)[* < Clluo|* =

Conversely, suppose that Y129 |ozn|2 < +oo Consider

400 +o0 +00
Z Z |Rz]|2 Z |042n| (1 + |7"|2 + |7“2|2 -4 |7’n|2) + Z |Oégn+1|2
=0 7=0 n=0 n=0

< (L [P+ 1P+ + P)

+o0
(Z o+ > ’042n+1|2> (1 12l e )

n=0 n=0

+oo
3= am 3 amen ) (L I (2 4 1))
=0 n=0

+o0 ) +oo ) 1 — |r|2n
= |aon]® + D |osna| T
n=0 n=0 1— |7“

1

“+o0o +oo
n=0

) (Z l?)

Using 32,720 |an|* < +oo, it follows that >2;°% >0 |R; ;> < +oo. Therefore, the
operator R, , is Hilbert-Schmidt and hence bounded O
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The next theorem gives characterizations of bounded linear (C, r)-Hankel and (R, r)-
Hankel operators in terms of operator equations involving shift operator.

Theorem 3.2. Let Uy and U, be the right shift operators on Hy and Hs, respectively.
Let r be a non-zero complex number. Then the following hold.

(A) A bounded operator T : Hy — Hy is a (C,r)-Hankel operator for some complex
sequence (o )nen, if and only if TU? = r?U3T.

(B) A bounded operator T : Hy — Hy is a (R, r)-Hankel operator for some complex
sequence (v )nen, if and only if TU? = r?>(UH*T and T;y = rT;1a0 for all
i € Ny, where (T;;) represents matriz representation of T with respect to
orthonormal bases of Hy and Hs, respectively.

Proof. (A) Suppose T' : Hi — H, is a (C,r)-Hankel operator for some complex
sequence (u,)nen,. For each i, 7 € Ny,

<TU12(U1'>7UJ’> = (T(uit2),vj) = ri+2ai+2+2j

and

<7’2U2*T(Uz’>v Uj) = T2<T(Uz‘)a U2(Uj)> = T2<T(Uz‘)7 Uj+1> = 7’27’i06i+2+2j = Ti+2ai+2+2j-
Using the boundedness of T, it follows that TU? = r2U;T.

Conversely, let TU? = r?U;T. We define a complex sequence (o, )nen, as follows:
(3.2) o — (T(uo), vns2), if n is even,

. ! (1/r)(T(u1), v(n-1y/2), elsewhere.
Then, for all non-negative integers ¢, 7 such that ¢ > 2,

(T(ui), v5) = (TUF (ui—2), v;) = (rPUsT (ui—s), v5) = r*(T(ui—z), Ua(v;))

= 7"2<T(’LLZ-72), vj+1> == T4<T<ui74)7 vj+2> — . =
_ (T (o), Vjtij2), if 7 is even,
T (), Vjy(i-1)/2), if 7 is odd,

) o, if ¢ is even,
rtrag .y, if 4 is odd,
i
=T Q54
Hence, T' = C,, for the sequence (ay,)nen, defined in (3.2).
) . €Np

(B) Suppose T : H — H, is a (R, r)-Hankel operator for some complex sequence
(an)nen,- Clearly, T; 1 = rT; 0, for all i € Ny. Now, for each 4, j € Ny,

<TU12(“1'>7UJ'> = <T<Ui+2)avj> = Ti+2042¢+4+j
and
(rQ(Uf)*T(ui), Uj> = T2<T(Uz‘)7 U§<Uj>> = T2<T(ui)7 Uj+4> = T2Ti052i+j+4 = Ti+2a2i+4+j~

Using the boundedness of T it follows that TU? = r?(U3)*T.
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Conversely, suppose that TU? = r?(U3)*T and
(3.3) T;1 =1Tii00, forall i € Ny,
where (7} ;) represents matrix representation of the operator 7'. For each n € Ny, let
(T'(ug), vp), if n is even,
(3.4) a, =4 (T(ug),v1), if n=1,
(1/r){(T(u1),v,_2), elsewhere.

Then (an)nen, is a sequence in the complex plane. Using (3.3) and (3.4), for all
non-negative integers 7, j such that ¢ > 2, evaluating

(T(ui),v5) = (TUF (ui-2),v5) = (r*(Uz) T (ui2),v5) = r*(T(ui-2), Uz (v)))

= 13T (ui-2), vjya) = -+ = 1T (Us-1), vj15) = -+ =

(T (uo), vjg2i), if 4 is even,

N T’i_1<T<U1), Uj+2(i—1)>7 if 7 is Odd,
oo if 7,7 both are even,

)N T (u), vj42i-2)), if i is even and j is odd,

i rag g, and 7, j both are odd,
(T (uo), vjga:), if 7 is odd and j is even,

= Tiaj+2i.

Hence, T' = R, for complex sequence (a,)nen,- O

Proposition 3.1. Let r be a non-zero complex number and (a,)nen, C C be a
sequence. Then the adjoint of bounded (C,r)-Hankel operator, Cy o : Hi — Hy is the
(R, s)-Hankel operator, Ryg from Hy to Hy, where s = %2 and (3, = r*a, for each
n e No.

Proof. Let 1,7 € Ny. Evaluating

(Cr o (v)),wi) = (v, Cra(w)) = (Cralw;), v;) = r'tire; =0t

and

, 1\ —— ,
o
(Rs,5(v), ui) = 87 Birgy = (72> rtA ) = T Wit
Hence, C} , = R, p, where s = %2 and [, = r"a,, for each n € Nj. O

Theorem 3.3. Let Uy and Uy be the right shift operators on Hy and Hs, respectively.
Let r be a non-zero complex number. Then a bounded operatorT : Hy — Hy is a (R, r)-
Hankel operator for some complex sequence (au,)nen, of and only if TU; = r(U3)*T.

Proof. Suppose that T is a (R, r)-Hankel operator for some complex sequence (v, )nen, -
Using Proposition 3.1, it follows that T = R,, = <5, where Csp + Hy — Hy

1 1

is (C,s)-Hankel operator, s = (%)5 and (3, = (%)507“ for each n € Ny. Now,

T
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Theorem 3.2 gives C, gUZ = s*U;C; 3. Taking adjoint on both sides, it follows that
(U3)?Ci 5 =5°C5 3Ur. That is, TUy = r(U3)*T.

Conversely, if an operator T is such that TU; = r(U;)?T, then, by reversing the
steps above and by using Theorem 3.2 and Proposition 3.1, we can conclude that T’
is a (R, r)-Hankel operator for some complex sequence (o, )nen,- O

Corollary 3.1. The kernel of (R, r)-Hankel operator is an invariant subspace of shift
operator.

Proposition 3.2. For a non-zero complex number r € C, if an operator T is a (C,r)-
Hankel operator as well as (R,r)-Hankel operator on H for some complex sequence
(n)neny, then U*T is r-Toeplitz operator on H, where U is the right shift operator
on H.

Proof. Suppose that T'is a (C, r)-Hankel operator as well as (R, r)-Hankel operator on
H for some complex sequence (o, )nen,. Since T is (C,r)-Hankel operator, therefore,
by using Theorem 3.2, it follows that

(3.5) TU? = r*U*T.
Also, T is (R, r)-Hankel operator, therefore, Proposition 3.3 gives
(3.6) TU = r(U*)*T.

Using (3.5) and (3.6), we obtain that
r?U*T = TU? = (TU)U = r(U*)*TU = rU*(U*T)U.

This implies that U*(U*T)U = r(U*T') which means that U*T is r-Toeplitz operator
[7] on H. O

In Theorem 3.1, boundedness conditions of these operators for the case |r| < 1 have
been discussed. We discuss boundedness of these operators for |r| > 1 in the next
result.

Theorem 3.4. Let r be a non-zero complex number such that |r| > 1 and (o, )nen,
be a complex sequence. Then the following hold.

(A) The operator C,.,, : Hi — Hj is bounded if and only if

“+oo
Z |7“|2"|ozn|2 < +400.

n=0
(B) Then the operator R, : Hy — Hy is bounded if and only if
+o0o
> [ml? < +oo,
n=0
where )
(%) > a0, if n is even,
Tn =

( L )%OTR, if n is odd.
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Proof. Let |r| > 1 and (ay,)nen, be a complex sequence.

(A) Let s = £ and (B.)nen, be a sequence, where 3, = 7@, for each n € Ny.
The operator C’r,; is bounded if and only if C7, is bounded. Using Proposition 3.1, it
follows that the operator C , is bounded if and only if R, g is bounded. Since [s| < 1,
therefore, using Theorem 3.1 (B), it is concluded that R, s is bounded if and only if

S Bal? < o0, t}lat is, 39 |7’\2”\1an]2 < 400.
(B) Let s = (%)5 and 3, = (%)E(Tn for each n € Ny. Since |r| > 1, so |s| < 1.

The operator R, , is bounded if and only if R; , is bounded. Using Proposition 3.1,
it follows that the operator R; , is bounded if and only if Cs s is bounded. Since

|s|] < 1, therefore, using Theorem 3.1 (A), it gives C; g is bounded if and only if

o |7ml? < +oo, where
B if n is even,
Tn sB,, if nis odd.
That is,
1
1\2 — . .
=) @ if n is even
" ETl))énol ifnisodd7 -
rn+l n :

For r € C\{0}, let C,(Hy, Hy) and R,(H,, Hy) denote the classes of all bounded
(C,r)-Hankel operators and (R, r)-Hankel operators, respectively defined from H; to
H,. They are denoted by C.(H) and R,(H) if H; = H,. It can easily be seen that
the classes C.(Hi, Hy) and R,(Hy, Hy) are weakly closed and hence strongly closed,
vector subspaces of the space B(Hy, Hy), where B(H;, Hy) is the class of all bounded
linear operators from H; to Hs.

Proposition 3.3. Let r € C\{0}. Then there does not exist any Fredholm operator
in the classes C.(Hy, Hy) and R,.(Hy, Hs).

Proof. Suppose that there exist a Fredholm (C, r)-Hankel operator, C,,, in C,.(Hy, Hs)
for some complex sequence (o, )nen,, Whose index is n. Using Theorem 3.2 (A), it
follows that C,.,U? = r*U;C,,, where U; and U, are right shift operators on H;
and H,, respectively. Since C,, is Fredholm of index n, this implies that C,,U? is
Fredholm of index n — 2. On the other hand, 7’2U2* Cyo is Fredholm of index n + 1.
This means that n — 2 = n + 1 which is a contradiction. Hence, there does not exist
any Fredholm operator in the class C.(Hy, Hs).

Similarly, using Theorem 3.2 (B), one can obtain that there does not exist any
Fredholm operator in the class R,.(Hy, Hs). O

4. COMMUTATIVITY OF (C,7)-HANKEL OPERATORS AND (R, 7)-HANKEL
OPERATORS

This section is devoted to explore the characterizations for commutativity of oper-
ators in C,.(H) and R, (H).
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Theorem 4.1. Let r and s be non-zero complex numbers and (a,)nen, and (Bn)nen,
be two complex sequences. Then the following hold.

(A) The bounded operators C.. ., and Csz on Hilbert space H commute if and only
if
> 8 Bivojr! atjyor = > r' oS! Bitor,
j=0 j=0
for all i, k € Ny, provided the series converge.
(B) The bounded operators C,., and Rsz on H commute if and only if

Z S BoiyiT! tjyor = Z ' ig2;8” Bajrk,
Jj=0 Jj=0

for all i,k € Ny, provided the series converge.

Proof. (A) For each i € Ny, consider

+oo +oo
Or,acs,ﬂ(ui) = Cr,a (Z Szﬁz’—ﬂjuj) = (Z 326i+2j0r,a(uj))

J=0 J=0

+oo +oo
= (Z s'Bito; (Z Tjaj—f—zkulc))
3=0 k=0
+oo f4o0 )
(4.1) = (Z (Z slﬁngrjaH%) Uk;) .

k=0 \j=0

Similarly, we obtain that

+oo [ +oo
(42) CS,/gC’w(ui) = (Z (Z Tiai+2j8jﬁj+2k) Uk) .

k=0 \j=0
Since (u;);en, is an orthonormal basis for H, therefore, using (4.1) and (4.2), it follows
that the bounded operators C, , and Cs 3 commute if and only if

Z 3151’+2j7"304j+2k = Z Tzai+2j5]5j+2ka
=0 §=0

for all i, k € Nj.
(B) For each i € Ny, evaluate

“+o0o ) +0o0 )
Cr,aRs,ﬂ(ui) = Cr,a (Z 52627}&-]'“']') = (Z Szﬂ2i+jcr,o¢(uj))

J=0 J=0

+oo +oo
= (Z 51521'+j <Z 7°]04j+2kuk>)

j=0 k=0

(4.3) = (ZO:O (ZO:O Si621+]’7"j0{j+2k) uk) .

k=0 \j=0
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Similarly, it is obtained that

+oo f+4oo ]
(4.4) R, 5C, 0 (u;) = (Z (Z Tlai+2j5jﬁ2j+k> uk) -
k=0 \j=0

Using (4.3) and (4.4), it follows that the bounded operators C, , and R, 3 commute
if and only if

(2 2
Z 8" Bai 17 Qo = Z T iy258” Bojik,
=0 J=0
for all 7, k € Ny. O

The following example demonstrates commuting operators in C,.(H).

Ezample 4.1. If r = s = £, a(n) = ()" and (n) = 55 for all n € Ny, then one can

easily see that the operators C,, and C; 5 are bounded (using Theorem 3.1) and they
satisfy the following expression:

Z §" Bita; 17 0tjyon = Z ' Qiy2;8? Bivok,
j=0 j=0

for all ¢, k € Ny. Hence, the operators C,, and Cs 3 commute on H.

Let 60,0 denote the set of all complex sequences whose only finitely many terms are
non-zero.

Theorem 4.2. Let r,s € C\{0} and a, 3 € €y be non-zero sequences, where o =
() jen, and B = (5;)jen,- Let n and m be the largest non-negative integers such that

a, #0  and B, #0.

Then the operators R, and Rsg on Hilbert space H commute if and only if n = m,
r = s and there exists A € C such that B; = Ao for all j € Ny.

Proof. Let the operators R, , and Rsg commute. That is,
(45) RT@RSﬁ(ZE) = Rs,,@Rr,a(I)y

for all z € H. Two cases arise.
Case 1. If n = m. Let n = 2p + r; where p € Ny and r; = 0 or 1. In particular,
take © = u, in (4.5), we have

(4.6) Rr,aRs,g(up) = Rs,ng(up).
Subcase 1. If r; = 0. Consider

—+00 “+o00
Ry R p(up) = Riq (Z s 52p+juj) = 5" BapRra(uo) = 5*fop (Z %‘%‘)
7=0 7=0

n

(4.7) = "o (En% Oéjuj) = (8" Bapej)u;.

J=0
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Similarly, we can obtain that
(4.8) R, R, o(uy) = Z rPag,B5)u

Since (u;)jen, is an orthonormal basis of H, therefore, using (4.6), (4.7) and (4.8), we
get sPBapa; = 1Pag,B; for all 0 < j < n. Let A = 5—" This implies that 7 = s? and
Bj = Ay for all 0 < 7 < n. !

Subcase 2. If r; = 1. Consider

+00 1
Rr,aRs,ﬁ<up) - Rr,a (Z 8p62p+juj) = Rr,a (Z Sp62p+juj>

j=0 7=0

+oo +oo
Spﬁ?p (Z OéjUj) + Sp62p+1 (Z ’I“Oég+jUj)

j=0 Jj=0

n—2
= 5" By (Z a]u]) + 5P Bopi1 (Z 7"0[2_|_JUJ>

n—2
(4.9) = (Z " (Bpaij + PBopr1rtay ) Uj) + 8P Bopatn_1Un_1 + ¥ Bopuntty,.
§=0
Similarly, we can obtain that
n—2
(410) Rs ,BRra(up Z 7ﬂ a?pﬁj + a2p+18ﬂ2+]) j +Tpa2p5n—lun—l+rpa2p5nun'
j=0

Again using the fact that the set (u;);en, is an orthonormal basis of H, therefore,
using (4.6), (4.9) and (4.10), we get s”Pop0t, = 1Py, P Popn_1 = 1709, 0,1 and
sP (BQPOZJ‘ -+ 62p+17”042+j) =rP (Oégpﬁj + a2p+13ﬁ2+j) for each 0 S ] S n—2. Let A = gi.
On solving successively, it follows that s? = r? and 3; = Aa; for all 0 < j < n. !

Using (4.5) at = uy, together with s” = r? and j; = 2= 2q; for all 0 < j <n, one
can obtain s = r in both the subcases.

Case 2. If n # m. Without loss of generality, we can assume that n > m. Let
n = 2p +r; and m = 2q + 1o, where p,q € Ny and r1,ry € {0,1}. In this case, we
claim that the operators R, , and R g do not commute. Assume on the contrary that
R, . and R, 3 commute.

Subcase 1. If m = 0. Using (4.5), we get R, oRs3(ug) = Rs Ry o(up) which
gives [y (Z?:o OéjUj) = [oapug. On comparing the coefficients of u,, it follows that
Boc, = 0, which is not possible as 5y # 0 and «,, # 0.

Subcase 2. If m = 1. Again using (4.5) for = = ug, we get [y (Z?:o ajuj) +

o3 (2;?;3 Taj+2uj) = Z}zo apBju;. On comparing the coefficients of w, and u, s, we
get By, = 0 and By, 9 + Sira, = 0, which is not possible as 81 # 0 and «,, # 0.
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Subcase 3. If m = 2¢. Take x = u, in (4.5), we get

n min(n—m,q) m—2;
SEIDBEHTE D DR D TS
7=0 j=0 k=0
On comparing the coefficients of w,,, it follows that s785,0, = 0. It follows that a,, = 0,
which is not true.

Subcase 4. If m = 2¢ + 1. Take z = u, in (4.5), we get s >0 o aju; +
5959441 Z?;g Qjal; = Z?:i%(n_zq’q) ZZ:O% rqua2q+j62j+kuk. On comparing the coef-
ficients of u,, it follows that s?8y,c,, = 0. It follows that a,, = 0, which is not
true.

Hence, from all the subcases, it follows that the operators R, , and R;g can not
commute. [

As a consequence of this result and by using Proposition 3.1, we get the following
result.

Corollary 4.1. Let r,s € C\{0} and o, € %o be non-zero sequences, where
a = (aj)jen, and B = (B))jen,- Let n and m be the largest non-negative integers such
that

a, #0  and B, #0.

Then the operators C,., and Csp on Hilbert space H commute if and only if n = m,
r? = s* and there exists \ € C such that s73; = Ariay; for all j € No.

Now, we show that the class €, (H) and hence, Z,.(H) does not contain any unitary
operator.

Proposition 4.1. The class 6,.(H) does not contain any unitary operator for any
non-zero r € C.

Proof. Suppose there exists unitary operator C, , in 6, (H) for some complex sequence
(n)neng- This implies that

(4.11) ICra(@)|* = llz]|* = 1Yo ()%,
for all x € H.
Case 1. If |r| < 1. For x = up in (4.11), we get
400
(4.12) > ag; P = 1.
=0

Now take = uy in (4.11), we get
+00

(4.13) Y IrHagjpel® = 1.
7=0

On solving (4.12) and (4.13), we obtain that |ag|*> =1 — ‘# < 0, a contradiction.
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Case 2. If |r| > 1. Using Proposition 3.1, it follows that C;, = Ry, where s = T%
and f3, = r"a, for each n € Ny. For x = g in (4.11), we get

“+oo
(4.14) S Igk =1
=0
Now take z = uy in (4.11), we get
=2 2
(4.15) S IsP18y4af? = 1
=0

On solving (4.14) and (4.15), it follows that |5y|*+|5:1]* = 1—# < 0 (a contradiction),
since |r| > 1 implies |s| < 1.

Case 3. If |r| = 1. For each i € Ny, take x = u; in (4.11), we get 375 |ag;|* =
13056 [rPlagja|* = 1, 2755 [7|*|agjya|> = 1,. .. On solving these equations, we get
a; = 0 for all 7 € Ny, a contradiction.

Hence, there does not exist any unitary operator in the class %, (H) for any non-zero
complex number 7. 0

As a consequence of this result, we get the following result.

Corollary 4.2. Let r be a non-zero complex number, then the following hold.

(A) If|r] <1, then the class 6,(H) does not contain any isometry.
(B) If |r| > 1, then the class Z,.(H) does not contain any isometry.
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ON SOME COMBINATORIAL PROPERTIES OF GENERALIZED
COMMUTATIVE PELL AND PELL-LUCAS QUATERNIONS

DOROTA BROD AND ANETTA SZYNAL-LIANA

ABSTRACT. Generalized commutative quaternions generalize elliptic, parabolic and
hyperbolic quaternions, bicomplex numbers, complex hyperbolic numbers and hy-
perbolic complex numbers. In this paper, we study generalized commutative Pell
quaternions and generalized commutative Pell-Lucas quaternions. We present some
properties of these numbers and relations between them.

1. INTRODUCTION

Let n > 0 be an integer. The nth Pell number P, is defined in the following way
P, =2P, 1+ P, 5, for n > 2 with P, = 0, P, = 1. Solving the above recurrence
equation we obtain the direct formula of the form

(1+vV2)" = (1—v2)"
2v/2 ’
named also as the Binet formula for Pell numbers.

The nth Pell-Lucas number @), is defined by Q,, = 2Q,_1 + Q,_2, for n > 2, with
Qo = Q1 = 2. The Binet formula for Pell-Lucas numbers has the form

Qn = (1+\/§)n+ (1 - \/ﬁ)n

The first six terms of the Pell sequence and Pell-Lucas sequence are 0,1,2,5,12,29
and 2, 2,6, 14, 34, 82, respectively.

The Pell and Pell-Lucas numbers belong to the class of numbers of the Fibonacci
type and have applications also in the theory of hypercomplex numbers (see [1-3,9-12]).

P, =
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In this paper, we use the Pell and Pell-Lucas numbers in the theory of generalized
commutative quaternions.
Let Hf 4 be the set of generalized commutative quaternions x of the form

X =g+ x161 + 1260 + TI3egz,
where quaternionic units ey, es, ez satisfy the equalities
2 _ 2 _ 2 _
(1.1) e;=a, e=p, e;=af,
(1.2) €16y = €961 = €3, e9e3 = e3ey = fe;  and  eze; = ejez = aes,

and Lo, T1,T9,T3, X, 5 € R.

The generalized commutative quaternions generalize elliptic quaternions (a < 0,
p = 1), parabolic quaternions (« = 0, § = 1), hyperbolic quaternions (a > 0, 5 = 1),
bicomplex numbers (a« = —1, f = —1), complex hyperbolic numbers (o« = —1, 8 = 1)
and hyperbolic complex numbers (o« =1, = —1).

Generalized commutative quaternions were introduced in [8]. The authors defined
generalized commutative quaternions of the Fibonacci type — generalized commutative
Horadam quaternions.

For integers p, ¢,n and n > 0 Horadam defined the numbers W,, = W,,(Wy, Wi;p, q)
by the recursive equation W,, = p-W,,_; —q-W,,_o, for n > 2, with fixed real numbers
Wy, Wi. Let ty, to be the two distinct real roots of the equation t2 — pt + ¢ = 0. Then,
the Binet type formula for the Horadam numbers has the form W, = At} + Bty,

where t; = 22— PP —dq by = pJ”p —lA = MWk, p o Woh ZVI We have P,

t1—ta
W, (0, 1; 2, —1) and Qn = W (2,2,27 1), so the Pell and Péll Lucas numbers are
special cases of Horadam numbers.

The nth generalized commutative Horadam quaternion gcH,, is defined as
gcHy, =Wy, + Wipier + Wioeo + Wi gses.
In [8], it was presented the following result.

Theorem 1.1 (Binet type formula for generalized commutative Horadam quaternions
8]). Let n >0 be an integer. Then

gcH,, = At} (1 + tie1 + tfeg + ti’eg) + Bty (1 + toer + t%eg + tg’eg,) )

2. MAIN RESULTS

Let n > 0 be an integer. The nth generalized commutative Pell quaternion gc®P,
and the nth generalized commutative Pell-Lucas quaternion gcQ,, are defined as

gcj)n :Pn + Pn+161 + Pn+262 + Pn+3€37
gCQn :Qn + QnJrlel + Qn+2€2 + Qn+3€37

respectively, where P, is the nth Pell number, @),, is the nth Pell-Lucas number and
€1, ea, ez are units which satisfy (1.1) and (1.2).
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Using the above definitions we can give initial generalized commutative Pell and
Pell-Lucas quaternions, i.e.,

gcPy = e1 + 2e5 + Segs,

gcPr =14 2eq + Heg + 12e3,
gcPy = 2 + bey + 12e5 + 29e3,
gcQy = 2 + 2eq + b6ey + 14es,
gcQy = 2 + 6ey + 14ey + 3des,
gcQy = 6 + 14e; + 3deq + 82e3.

Proposition 2.1. Let n > 0 be an integer. Then the generalized commutative Pell
quaternions satisfy the recurrence relation

(2.1) gcP, =29cP, 1 + gcP, o, forn > 2,
with initial conditions
gcPo =e1 + 2e9 + bes,  gcPy =1+ 2e; + beg + 12e3.

Proposition 2.2. Let n > 0 be an integer. The generalized commutative Pell-Lucas
quaternions satisfy

gcQ, =29c9, 1+ gcQ, o, formn>2,
with gcQp = 2 + 2e1 + b6ey + 1des, gcQy = 2 + 6ey + 14es + 34es.

In this paper, we will focus on properties of generalized commutative Pell-Lucas
quaternions and we will show some dependencies between generalized commutative
Pell quaternions and generalized commutative Pell-Lucas quaternions. As a special
case of Theorem 1.1 we get the following remark.

Remark 2.1. Let n > 0 be an integer. Then

(1;/\?) (1+ 1+ V2)er + (3+2v2)ea + (7 + 5V2)es)

_ (1;\/?) (14 (1= V2)er + (3= 2v2)ea + (7 — 5V2)e3)

(2.2) gcP, =

and

(23)  geQu =(1+v2)" (1+(1+V2er + (3+2v2)ez + (T+5v2)es)
+(1-v2)" (14 (1= v2)er + (3—2v2)er + (7 — 5v2)es)
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For simplicity of notation let

1 1
ti=1-v2, ta=1+V2, A:_ﬁy BZﬁ’
1+ (1= v2)er + (3 —2V2)ea + (7 — 5v2)es,
14+ (1+v2)er + (3 +2v2)es + (T4 5v2)es.

Then we can write (2.2) and (2.3) as

(2.4)

> S

ta

(2.5) gcP, = At + Btity
and
(2.6) 9cQ,, =ty + 5,

respectively, where 1, ty, A, B, t, {5 are given by (2.4).

Theorem 2.1 (General bilinear index-reduction formula for generalized commutative
Pell-Lucas quaternions). Let a > 0, b > 0, ¢ > 0, d > 0 be integers such that
a+b=c+d. Then

9¢Qq - geQy — geQe - geQq = (t5th + 15t} — 515 — t5¢) 165,
where ty, ta, 1, ty are given by (2.4).
Proof. Using (2.6) we have
9¢Qq - gcQy — gcQ. - geQq
= (t56y + t5ta) (61 + thty) — (t560 + t52) (HF1 + t562)
=t90 1065 + tatat5E) — t5E1t3ts — t5Eatdty
= (52 + 15t} — 1524 — #51) ufa,

which ends the proof. 0
Moreover, tito = —1 and
(27) tAltAQ = tAQtAl =1—« + 6 — 066 —+ (2 + 25)61 -+ (6 — 60()62 + 1263.

For special values of a, b, ¢, d we obtain Catalan, Cassini, Halton, Vajda and
d’Ocagne type identities.

Corollary 2.1 (Catalan type identity for generalized commutative Pell-Lucas quater-
nions). Let n >0, k > 0 be integers such that n > k. Then

2 n tl K tg k NN
9cQnik - ek — (9¢Q,)" = (—1) () + () — 2| tits,

to t1

where t1, ty and Lty are given by (2.4) and (2.7), respectively.
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Corollary 2.2 (Cassini type identity for generalized commutative Pell-Lucas quater-
nions). Let n > 1 be an integer. Then
9cQni1 - 96Qn_1 — (9¢Q,)* = 8(—1)" "1 111,
where 1ty is given by (2.7).

Corollary 2.3 (The first Halton type identity for generalized commutative Pell-Lucas
quaternions). Let n >0, m >0, r > 0 be integers such that n > r. Then

gCQerr ’ gCQn - gCQr ’ gCQern = <_1)T (tgir - t;h?q) (tgn o tgl) flf?a
where t1, ty and Gty are given by (2.4) and (2.7), respectively.

Corollary 2.4 (The second Halton type identity for generalized commutative Pel-
l-Lucas quaternions). Let n > 0, k > 0, s > 0 be integers such that n > k, n > s.
Then

o (t\F ta\ " t1\* ta\*\ ~
gCQn+k : gCank - gch+S . gCans = (_1) <t2) + <tl> - (tg) - (tl) t1t27

where t1, ty and Gty are given by (2.4) and (2.7), respectively.

Corollary 2.5 (Vajda type identity for generalized commutative Pell-Lucas quater-
nions). Let n >0, m >0, k > 0 be integers such that n > k, n > m. Then

9CQmik - 9cQpn_ — 9cQyy, - gcQ,,

=(=1)" (t”z“’” <<2>k - 1) +i" ((Z)k - 1)) tata,

where t1, ty and Gty are given by (2.4) and (2.7), respectively.

Corollary 2.6 (d’Ocagne type identity for generalized commutative Pell-Lucas quater-
nions). Let n >0, m > 0 be integers such that n > m. Then

969y - 9eQuni1 — gQui1 - geQu = 2V2(=1)" (7™ — 157™) i1y,
where t1, ty and Lty are given by (2.4) and (2.7), respectively.

Theorem 2.2 (General bilinear index-reduction formula for generalized commutative
Pell and Pell-Lucas quaternions). Let a >0, b >0, ¢ >0, d > 0 be integers such that
a+b=c+d. Then

9Pa - 9o = gelPe - geQa = (Atits + Bisty — Atits — Btst)) it

where t1, ty, A, B and {115 are given by (2.4) and (2.7), respectively.
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Proof. Using (2.5) and (2.6) we have
gcPq - gcQy — gcP. - gcQq
_ afl af bl bl cf cf ey ey
= (At + Btsty) - (86 + tty) — (At + Btsty) - (t161 + t362)
=AtSi1t58y + BtStytht, — AtSHt3, — Bt5iytit
= (Atith + Btgt) — Atst] — Bt5t]) fufo,
which ends the proof. 0

For special values of a, b, ¢, d we can obtain another dependencies between gener-
alized commutative Pell quaternions and generalized commutative Pell-Lucas quater-
nions, for example a dependency similar to PyQp1; — PjQn i of Pell and Pell-Lucas
numbers from [7].

Corollary 2.7. Let n >0, j > 0, k > 0 be integers. Then
9cPr - 9cQptj — gcPj - gcQpiy = (At — BtY) (tlft% — t{t’;) s,
where ty, ta, A, B and ity are given by (2.4) and (2.7), respectively.

We recall some well-known properties of Pell and Pell-Lucas numbers which can be
found in [5, 6]

(28) Pn+1 + Pnfl - QTU
(29) Pn+1 - Pn—l :2Pn7
(2.11) Qn1 — Qn-1 =2Qn,
(212) Pn+Pn—1 :%la
(2.13) O, + Q1 =4AP,,

n n _ 2
(2.14) SR
=0 4

(2.15) > Qi =2P, 1.
=0

Using (2.8)—(2.13) it immediately follows

Theorem 2.3. Let n > 0. Then

(i) gcPpi1 + gcPp_1 = gcQp;
(i) gcPpy1 — gcPn1 = 29cPy;
(iil) gcQni1 + geQ, 1 = 8gcPy;
(iv) gcQni1 — gcQ, 1 = 2gcQ,;
(V) gcPy + gcPp1 = %;
(vi) gcQ, + gcQ,_1 = 4gcP,,.
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Now we give formulae for the sum of generalized commutative Pell and Pell-Lucas
quaternions.

Theorem 2.4. Let n > 0. Then

zn:gcfpl _ 9cQn11 — gcQ
1=0 4

Proof. Using (2.14), we have

n

> 9P = gePy + gePr + -+ + gcP,
1=0

=(Py + Prey + Pyey + Paes) + (Pr + Paey + Psey + Pyes)

+ -+ (Py+ Pojie1 + Prioes + Pyises)
=Po+P+-+F)

+ (Pt Pt + P+ By — Roe

+(P+ P+ + P+ P+ P —FPy— Pres

+(Ps+ Pyt + Pzt o+ Pi+P— Py — P — P)es
:Qn+1_2_|_ <Qn+2—2 —O) e

4 4
Qn —2 Qn -2
() e (B -
:Qn+1 + Qni2e1 + Qnizes + Qnyaes 2+ 2e; + Geo + 14es
4 4
ZQCQnH — gcQ
4 9
which ends the proof. O

In the same way, using (2.15), we can prove the following result.

Theorem 2.5. Let n > 0. Then

n

> gcQ = 2(gcPpiq — gcPo) -
1=0

Now, we give a matrix representation of the generalized commutative Pell and
Pell-Lucas quaternions. In [4], Ercolano gave a matrix representation of the Pell
sequence defining the matrix generator M = [ ? (1) ] . Then M"™ = l P]gﬂ PP" 1 ,

n n—1
for integer n > 1.
Let R(n) = 9P 9P be a matrix of order 2 with entries being general-
gc?n—l ng)n—Q
ized commutative Pell quaternions.
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Theorem 2.6. Let n > 2 be an integer. Then

lgcﬂ’n gcPn ] [ gePy gePy

a [ gcPr gcPy
Proof. If n = 2 then by simple calculations the result immediately follows. Assume
that the equality holds for all integers 2,3, ..., n. We shall prove that the equation is
true for integer n + 1. Using our assumption and formula (2.1) we obtain

gcPy  gcPy .Mn_Q.M__gcng gePr | [ 21 n_Q. 2 1
gcPy gcPy - | 9cPr gcPo 10 10

- _gc’Pn gcP, 121
__gCﬂ)nfl gC?nf2 10

[ 2g¢P, + Py gcP,
L 2gcg)n—1 + gC:Pn—2 gC:Pn—l

n—2
gdpn—l gcg)n—2 ] M .

B [ gcPni1 gcP,
9P gcPn |

which ends the proof. U
In the same way we can obtain the matrix generator for the generalized commutative

Pell-Lucas quaternions.

Let S(n) = 96 96Qn-y be a matrix with entries being the generalized
gcgn—l gCQn—Q

commutative Pell-Lucas quaternions.

Theorem 2.7. Let n > 2 be an integer. Then

9c9n g1 | _ | 9c92 gcQi | 5 ino
9cQn1 gcQn 2 | | 9cQ1 gcQp '

At the end, we give the generating functions for gc®P,, and gcQ,,.

Theorem 2.8. The generating function for the generalized commutative Pell quater-

nion gcP, is

o(t) = 9ePo + (9ePr — 2gcPo)t _ €1+ 265+ Seg + (L + €5 + 2e3)t.
1—2t—1¢? 1—2t—1¢?

Proof. Assuming that the generating function of the generalized commutative Pell

quaternion sequence {gcP,} has the form g(t) = > gcP,t", we obtain

n=0
(1 —2t — %) g(t) =(1 — 2t — t*)(gcPy + gePit + gePot* + -+ )
=gcPy + gcPit + gePot? + - -
— 2gcPot — gePt? — 2gcPot — - -
— gcPot? — gePit® — gePot® — - -
=gcPo + (gcP1 — 29c¢Po)t,
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since gcP,, = 2gcP,,_1 + gcP,_o and the coefficients of t", for n > 2, are equal to
Z€ero. ]

Theorem 2.9. The generating function for the generalized commutative Pell-Lucas
quaternion gcQ,, is

~gcQo + (9cQy — 2gcQo)t

t
9(t) 1— 2t — 2
. (2 + 261 + 662 + 1463) + (—2 + 261 + 262 + 663)t
N 1— 2t —¢t2 '
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DISCRETE LOCAL FRACTIONAL HILBERT-TYPE INEQUALITIES

PREDRAG VUKOVIC! AND WENGUI YANG?

ABSTRACT. The main objective of this paper is a study of some new discrete local
fractional Hilbert-type inequalities. We apply our general results to homogeneous
kernels. Also, the obtained results have the best possible constants.

1. INTRODUCTION

If f(x), g(z) > 0, such that 0 < [;F* f3(z)dr < 4+o0 and 0 < [;" ¢*(x)dzx < +oo,
then we have (see [1]):

(1.1) /OJFOO 0+OO Mdmdy < (/OJFOO P (z)dx /()+Oo gZ(y)aly>é ,

r+vy

where the constant 7 is the best possible. The inequality (1.1) is well known as
Hilbert’s integral inequality, which is important in mathematical analysis and its
applications.

Over the last ten years, by using the kinds of generalized fractional integral operators,
a great deal of fractional integral inequalities have been presented [2-5]. Recently, local
fractional calculus has caused widespread attention from many scholars, we give basic
definitions and results of the local fractional calculus (see [6-13]). Based on the local
fractal identity and the generalized p-convexity, some novel Newton’s type variants
for the local differentiable functions were obtained in the paper [14]. Sarikaya et al.
[15] established the generalized Griiss type inequality and some generalized Cebysev
type inequalities for local fractional integrals on fractal sets. Acorrding to the identity

Key words and phrases. Hilbert inequality, conjugate parameters, homogeneous function, local
fractional calculus.
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involving local fractional integrals, Iftikhar et al. [16] presented some new Newton-
type inequalities for functions with the local fractional derivatives. By employing the
local fractional integrals, Akkurt et al. [17] investigated the generalized Ostrowski
type integral inequalities involving moments of continuous random variables. Sarikaya
and Budak [18] gave a generalized Ostrowski inequality and some new inequalities
using the generalized convex function for local fractional integrals on fractal sets.
Based on two local fractional integral operators with Mittag-LefHler kernel, Sun [19]
obtained some Hermite-Hadamard and Hermite-Hadamard-Fejér-type local fractional
integral inequalities for generalized preinvex functions on Yang’s fractal sets.

For the sake of convenience, we recall Yang’s fractal set Q% where the set € is
called base set of fractional set, and « denotes the dimension of cantor set, 0 < a < 1.
The a-type set of integers Z* is defined by (see [6-8])

2% = {0} U {£m*:m € N}.
The a-type set of rational numbers Q% is defined by

Q“:—{q”‘:qe(@}—{(T:)a:mEZ,nEN}.

The a-type set of irrational numbers J* is defined by

Ja::{r“:revﬂ}:{r“# (m) :mEZ,nEN}.
n
The a-type set of real line numbers R is defined by
R® — Qa U Je.
Some basic operation rules on R* are presented as follows: If a®, b%, ¢ € R®, then
( )CL _|_bo¢eRoc abaeRa;
(a2) a*+0*=b"+a*= (a+b)* = (b+a);
(a3) a®+ (b* +c¢*) = (a+b)* +¢
(ad) a®b™ = b*a® = (ab)* = (ba)®,;
(ab) a®(b*c*) = (a“b™)c™
(a6) a®(b™ + ¢*) = a®b™ + a“c®;
(a7) a® 4+ 0% = 0% + a® = a® and a*1* = 1%a® = a%;
(a8) for each a® € R?, its inverse element (—a®) may be written as —a®; for each
b* € R\ {0%}, its inverse element (1/b)* may be written as 1*/b% but not as
1/b%;
(a9) a® < b* if and only if a < b;
(al0) a® = b* if and only if a = b.

Further, we define the local fractional derivative and integral.

Definition 1.1. A non-differentiable function f(x) is said to be local fractional
continuous at x = xg if for each € > 0, there exists for 4 > 0 such that

|f (@) = f ()| <&,
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holds for 0 < |z — x| < 6. If a function f is local continuous on the interval (a,b), we
denote f € Cy(a,b).

Definition 1.2. Let f(x) € C,[a,b]. Local fractional derivative of the function f(z)
at © = xq is given by

@ T+ a)(f) = fw)

dz* T=x0 oo (SC - 'r0>a

Definition 1.3. Let f(z) € Cy,[a,b] and let P = {to,t1,...,tn}, N € N, be a partition
of interval [a,b] such that a =ty < t; < -+ < ty_1 < ty = b. Further, for this
partition P, let At] = tj+1—tj, j = 0, “e ,N—l, and At = maX{Atl, Atg, cos 7AtN_1}.
Then the local fractional integral of f on the interval [a,b] of order a (denoted by
I f(z)) is defined by

f(a) (z0) =

1 N-1

1 @) = o [ 100" = ol Y () (AL
b CT(1+a) e T4 a) Ao =g 7T

The above definition implies that o/\% f(z) = 0 if a = b, and I\* f(x) = —I®) f(z) if
a < b. If for any x € [a, b], there exists ,[(*) f(x), then we denote by f(x) € I{[a,b].

At the end of this summary, we give some useful formulas:

4o zhe I'(1+ka Da ,
(b1) da® :aF(lJ(r(kflga)x(k Ve k> 0;
(b2) % = " Ey((cx)®), Where E.(-) denotes the Mittag-Leffler function

given by F,(x%) = 3128 Om’
) (@) = (fo9)(@), then “2 = ) (g(a))(g'(x))*;
b4) r1+a Ja Ba(a®)(do)® = Ba(b%) — Ba(a®);
)
)

b, ka I(1+ka) k+1)a k+1)a .
F(1+a f (dz)™ = = TO+(k+1)a )(b( e — gl )7 k> 0;

o(a,b) = F(11+a) o &(dx)“, where B, (a,b) denotes local fractional

Beta function.

Sy

(1a+xo¢)a+b

In this paper, by using the way of weight functions and the technique of local
fractional calculus, a new Hilbert-type discrete inequality with homogeneous kernel
and a best constant is built. As applications, the equivalent form and some particular
cases are obtained.

2. MAIN RESULTS

The starting point in the researching Hilbert-type inequalities is the well-known
Holder’s inequality. A fractal version of Holder’s inequality is presented in the following
lemma.
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Lemma 2.1 ([8]). Let 1/p+1/q =1, p > 1, and let (@) men and (by)nen be non-
negative real sequences. Then

Z aob < (z @p) p (Z b?q> g
i=1 =1

If 5% ai? < +oo and 310 b3 < 400, then the following inequalitiy holds

=1 "1
+oo 7 +0oo 7
Za"‘ba_<2af‘p> (Zb?q> |
1=1 =1

In particular, a two-variable version of the fractal Holder’s inequality is given in
the next lemma.

Lemma 2.2. Let 1/p+1/g =1, p > 1, and let h, F, G € C,(R2) be non-negative
functions. If

+00 400 100 +oo
0< Y > h(m,n)FP(m,n) <+4oo, 0< > Y h(m,n)G%m,n) < +oo,
m=1n=1 m=1n=1

then the following inequality holds

400 +00 +00 400 %
(2.1) 2—31 2—31 h(m,n)F(m,n)G(m,n) < (Z_:l 2—:1 h(m,n)F?(m, n))

(ffhmnaqm))?

m=1n=1

Proof. The inequality (2.1) is trivially true in the case when h or F or G is identically
zero. Suppose that

(£ S smmrmn) (£ Emacinn) 4o

m=1n=1 m=1n=1

Applying the following a-Young’s inequality

S5 T Y 11
x;y; §7+7 sz‘,yz‘ZO, and 7+7_]-7 p>]-7
P q“ p q
to
a h(m,n)F?(m,n)
X =
S 302 h(m, n)FP(m,n)

and

h(m,n)GI(m,n)
T Y S i (m, n) G4 (m, n)

a
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we can obtain

[h(m, n)]% F(m, nl) [h(m, n)ﬁ G(m,n)
(b2 225 hlm, n) Fe(m, ) ) ” (S 52425 h(m, n)Ge(m, n))
1 h(m,n)FP(m,n) 1 h(m,n)G9(m,n)
o

B =

<

w5 Sy h(m ) Fr(mon) S0 05 hlm,n)Ga(m, )’
Summarizing both side of the obtained inequality, we have

1
(k2 25 hm, n) Fe(m, n) )" (52 S5 h(m, n)Ge(m, n))
i . Z;’;O:ol Z;tgi h(m7 n)Fp(m7 n) + 1 . Ejnozol Zi;g h(m’ n)Gq(m7 n)

B =

< J—
Tt EnE S h(mon)Fr(myn) g X0 05 h(m, n)Ga(m, n)
T S
P q*
This directly gives the desired inequality (2.1). The proof is completed. O

Besides, we introduce the following notation and definition (see [21]).
Definition 2.1. Let f: I C R — R®. If the following inequality
(2:2) FQAzr 4+ (1= Naz) <A f (1) + (1= A)*f(22)

holds, for any z;,2o € I and A € [0,1], then f is said to be a generalized convex
function on I.

Mo et al. [21] proved the following generalized Hermite-Hadamard inequality for
local fractional integral. Let f € I{®)[a,b] be a generalized convex function on [a, b]
with a < b. Then

(2.3) f<a;b>SWaféa)f§W

Applying above inequality we can prove next lemma.

Lemma 2.3. If f € I(D(Ry), f@(t) <0, f2)(t) >0, t € (1/2,+00), then we have
1 +oo 1 = 1 +oo

—_— t)(dt)* < —— <7/ t)(dt)“.

frea 0@ S p s RS0 S s [ @)

Proof. Setting a = n — %, b=mn+ %, the generalized Hermite-Hadamard inequality
(2.3) yields

(2.4)

(2.5) r£$L>§ruiay£:3“”W”*

Similarly, for a =n, b =n + 1, from (2.3) we get

(2.6) mia) [ reane < e
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Now, from (2.5) and (2.6) we obtain

r(11+a) :Hf(t)(dt)a = F({(Z)a) = r(11+a) /f: UQICOM
Furthermore, we can obtain
+o00 1 n+1 1 +o00
S rira SO0 = s [ s
+00 +00 nt i o0
<t 2O ey L S0 = s [ s
which implies (2.4) holds. This completes the proof. O

Suppose that » > 0 and K(x,y) is strictly decreasing and generalized convex
function in both variables on R, . Using chain rule for local fractional derivative (the
formula (b3) from Introduction) yields

0* 1o I'(l+ra) K(z,n)

K —ar _ K _ .
e (z,n)e xor Oz K (@,n)] I+ (r—1)a) aot+D) <0
and
0% 1 o0 (14 ra) K(z,n)
K —Qar — . K _ . Y
Ox2 (z,n)2 xor Qe [K(z,n)] F(1+(r—1)a) aot+h
X o [K(z,n)] >0,

for x > 0 and n € N. In this way (see also [22], Corollary 1) we obtain the following
result.

Lemma 2.4. Let r > 0, m,n € N, and K(z,y) be strictly decreasing and generalized
convex function in both variables on Ry. Then

K(m,y)y™*" and K(x,n)x™"
are strictly decreasing and generalized convex function on R, .

In what follows we suppose that K € CQ(R%F) is a non-negative homogeneous
function of degree —as, s > 0. Further, we define

1 +oo
2.7 k(B) = 7/ K(1,t)t~*%(dt)~,
(27) B =tra ) FOO
under assumption k(5) < 4o0.
To prove our main results we need some technical lemma.

Lemma 2.5. Let 1/p+1/q = 1, p > 1, and let K € C,(R%) be a non-negative
homogeneous function of degree —as, s > 0. If K is strictly decreasing and generalized
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convex function in both variables on R, then
m apAsz
(2.8) m(pAs2) : ZK m,n ( ) < T+ a)m*=k(pA,)
n
and
+o00 n agqAq
(2.9) wn(gdr) == > K(m,n) () <D+ a)n® k(2 — s — q4y),
- m

where Ay € (max{(1 —s)/q,0},1/q) and Ay € (max{(1 —s)/p,0},1/p).

Proof. Applying Lemma 2.2 and Lemma 2.4 we get

wm(pAs) <T(1 + O‘)F(11+a) /D " K (m, 2) (x) e

m

Further, using homogeneity of function K and substituting u = z/m, we have

fra

=T(1+ a)mo‘(l_s)k(pAg),

wm(pA2) <T'(1+ a)m“(lfs)

which implies (2.8), where we used the definition of k() in equation (2.7). Similarly,
we obtain (2.9). O

The main results are stated below.

Theorem A. Let 1/p+1/qg=1, p> 1, and let (ap)men and (by)nen be non-negative
real sequences. If K(x,y), Ay, As are defined as in Lemma 2.5, then the following
inequalities hold and are equivalent

S =

+o00 +00 +o0
(2.10) I := Z Z K(m,n)a®b® <L (Z ma(l—s)+ap(A1—A2)aglp>
m=1n=1 m=1
1
—+00 q
% <Z na(18)+aq(A2A1)bzq>
n=1
and
N
(2.11) J _(Znas 1)(p—1)+ap(A1—As) (ZKm na ) )
n=1

1
P

+o0
SL (Z moa(l—s)—l—ap(Al—Ag)a;xnp) ’
m=1

where L = T'(1 4 a)k(pAy)/Pk(2 — s — qA;)'/1.
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Proof. By using the local fractional Holder’s inequality (2.1), we have

+oo 400 aAq naAg

o m
— «
I = ZZKmn vE bnmaA1
m=1n=1
1 1
+oo +oo apA1 p [ +oo +oo ang q
aq
ZZKTI’L” oszg ZZKTI’L” anlb
m=1n=1 m=1n=1

1
00 0 apAz P
<Z (ZK m,n) (m> ’ )map(“‘l‘“)a?np>
n

m=1

(B (o ()7 )

n=1

Now, from Lemma 2.5, we get the inequality (2.10).
We suppose that the inequality (2.10) is valid. To obtain (2.11), we set

p—1
b = D= Dap(i- (Z K(m,n)a ) .

It follows that
“+oo
JP = Z na(l—s)-{-aq(Ag—Aﬂbaq.

n=1

By using the inequality (2.10), we have

+o0 +oo p
3 pelsme=htap(di=42) (Z K(m, n)a;g> =Jr=1

n=1 m=1
1 1
—+00 D —+00 q
<L <Z ma(l—s)-‘-aP(Al—Az)a?nP) (Z na(1—8)+aq(A2—A1)ng> :
m=1 n=1

which implies the inequality (2.11) holds. By using the two dimensional Hoélder’s
inequality in Lemma 2.1, we have

[ Z ( O( S— 1 +Oz(A1 AQ) <Z K m n) >> na(l—s)%—‘ra(AQ—Al)bg

m=1

too ‘
(Z a(l—s)+agq(A2—Aq) baq)

From (2.11) and the above inequality, we have (2.10). Therefore, the inequalities
(2.11) and (2.10) are equivalent. O

Now, we consider some special choises of the parameters A; and Ay. More precisely,
let the parameters A; and A, satisfy condition

(2.12) pAs +qA; =2 — s,
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Then, the constant L from Theorem A becomes
(2.13) L* =T(1+4 a)k(pA,).
Further, the inequalities (2.10) and (2.11) take form

1 1
+o00o 400 +oo p /400 q
(2.14) Z Z K(m,n)a®b® < L* (Z m—a+aqu1a%p> <Z n—a+aqu2bzq>

m=1n=1 m=1 n=1
and
+oo +oo p % +oo %
(2.15) (Z no(P~1)(1-peA2) <Z K(m,n)a%) ) <L* (Z m_a+aqu1an>
n=1 m=1 m=1

In the following theorem we show that, if the parameters A; and A, satisfy condition
(2.12), then one obtains the best possible constant.

Theorem B. Let s, Ay, Ay and K(x,y) be defined as in Theorem A. If the parameters
Ay and Ay satisfy condition pAs+qA; = 2—s, then the constant L* = T'(1+ «a)k(pAs)
in inequalities (2.14) and (2.15) is the best possible.

. ~ —agAq — Qe ~ —apA,—QE
Proof. For this purpose, set a® = m """ % and b* = n” P« where 0 < ¢ <

%. Now, let us suppose that the inequality (2.14) is valid. By using Lemma 2.2,
we have

1 1 /+Oo —a—aa(d )Oé < 1 J’_ZOO —a—Qg
= u u —— m
I'l+a)er T'(1+a) ) “I'l+a) 5
1 = +apgA
— —a+apgAi zap
TP I i

< 1 Foo —Q—Qg d « 1 Foo —Q—Qg d o

_F(l—i—a)/; u (du) +F(1+a)/1 u (du)?.
Hence, we obtain
(2.16) ! io —otapgdigap < ! +O0(1)

. T Y m a —_—
IF'l+a) = " T e (14 ) ’

and similarly

1
I'l+a«)

Suppose that the constant L*, defined by (2.13), is not the best possible in inequality
(2.14). That implies that there exits constant M, smaller than L*, such that the
inequality (2.14) is still valid if we replace L* with M. Hence, if we insert relations
(2.16) and (2.17) in inequality (2.14), with the constant M instead of L*, we have

+o00 _ 1
S preterdzen < — L O(1),

(2.17) ~ e T(1+ )

m=1

(2.18) Y5 K(m,n)asie < ;a(M +o(1)).

m=1n=1
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Further, we estimate the left-hand side of inequality (2.14). Namely, if we insert the
above defined sequences (a2 )men and (b2),en in the left-hand side of (2.14), we easily
obtain the inequality

(2.19)
Je 1= K(m,n)asbs
1+O{ m=1n=1

>71 / T eam-g (L / K (2, )y P27 (dy)® | (dz)®
“I(1+a)h rl+a) )t ’ ’

where we used Lemma 2.2. By using the substitution u = y/z, we obtain

L o o 1 e Capdr—et o) (e
(2.20) J. > r(1+a)/1 . (F(1+a)/ K (1, w)u P42~ (du) )(dx) .

Further, since the kernel K is strictly decreasing in both variables, it follows that
K(1,0) > K(1,t), for t > 0, so we have

e / R (L ()
F(1+a) : , W)U U
1 +oo _ _ae K(l 0) : —apA,_ aE
e [ R ) - S [ R (L e ()
it K (@) = F oy ) KL (du)

£ K(l 0) Ag Qe _
=k | pAy+— | — ! pOPA2+E—o
(p i 61> P+ a)(1 =pA; =9

and, consequently,

1 klpAa+0)  K(1 1
(221) Js > . ( 2 ‘J> ( 70)

e P(l + Oé) F2(1 + Oé) (1 — pA2 — *) (pAg - - — ].)
Now, the relations (2.19), (2.20) and (2.21) yield the estimate for the left-hand side
of inequality (2.14):

“+0o0o +00 1
(2.22) > > K(m,n)a, P > —(L* +o0(1)).
m=1n=1
Finally, by comparing (2.18) and (2.22), and by letting ¢ — 0", we get that L* < M,
which contradicts with the assumption that the constant M is smaller than L*.
The equivalence of inequalities (2.14) and (2.15) means that the constant L* is the
best possible in the inequality (2.15). The proof is now completed. O

As corollaries of Theorem B we have the following results. We processed with the
kernel K (z,y) = (z +y)~**, s > 0. By using local fractional calculus, we have
0“ 1 ['(1 4+ sa) 1

. = — . <0 >0
dze (mtz)e D1+ (s—1)a) (mtapen 0 7%
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and similarly
o 1 T+ (s+1)a) 1

: = : >0 > 0.
922 (m+a)s T+ (s—Da) (mtapea o F
Now, by applying Lemma 2.4 we obtain
« 200
axQKl(x,y)x’o” <0 and (9?[( 1z, )™ >0
and
le' 20
ﬁKl(x Y)y " <0 and @K 1z, y)y™ " >0,
for r > 0.
In what follows we suppose that
2 — 2 —
(2.23) A= gy =27
2q 2p

Then, based on equation (2.23), the constant L* from Theorem B becomes

L* =I(1 + a)k(pAs) = T(1 + a)k (1 _ ;)

as

F(11+a) /[:Oo (;L::;a (du)* =T(1+a)B, (; ;) ,

Now, from Theorem B, we get the following result.

=I'(1+«)

Corollary 2.1. Let 1/p+1/g=1,p > 1,0 < s < 2, and (amm)men and (by)nen be
non-negative real sequences. Then the following inequalities hold and are equivalent

+0o0 00 a ba

> mth ST+ a)B, (; ;)

m1n1m+n

=

1

(G ) (G

n=1

and

E (S wte))

m=1

=

1
<I'(1+4 «)B ( )(Zm —2) a?f) ;
where the constant T'(1 + «)B,(s/2,s/2) is the best possible.

3. CONCLUSION

In this paper, we have firstly obtained a fractal Holder’s inequality and some related
inequalities. According to the basic results, some new discrete local fractional Hilbert-
type inequalities have been investigated. At the same time, some new fractional
Hilbert-type inequalities with homogeneous kernels have been given.
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THE PERFECT CODES OF NON-COPRIME AND COPRIME
GRAPHS

BEHNAZ TOLUE! AND AHMAD ERFANIAN?

ABSTRACT. In this paper, we focus on the perfect and total perfect codes of the
non-coprime and coprime graphs associated to the dihedral groups and finite Abelian
groups. We used the advantage of independent sets and tried to present the inde-
pendent polynomial for them.

1. INTRODUCTION

The birth of coding theory was established by Claude Shannon in 1948 (see [10]).
In his paper, he showed for a noisy communication channel, there is a number, called
the capacity of the channel. If proper encoding and decoding techniques are used, the
reliable communication can be achieved at any rate below the channel capacity. Coding
theory is concerned with successfully transmitting data through a noisy channel and
correcting errors in corrupted messages [5]. Let I be a graph with vertex and edge
set V(I') and E(I"), repectively. Suppose r > 1 is an integer. The ball with center
v € V(I') and radius r is the set of vertices of I' with distance at most r to v in T'.
A code in T is simply a subset of V(I'). A code C' C V(I') is called a perfect r-code
in I" if the balls with centers in C' and radius r form a partition of V(I'), that is,
every vertex of I' is at distance no more than r to exactly one vertex of C' [4]. If
r = 1, then we call perfect r-code, perfect code, for abbreviation. Consequently, in
order to find a perfect code, we should search among all independent sets and check
if every vertex of V(I') \ C' is adjacent to exactly one vertex of C. A code C' is said
to be a total perfect code in I' if every vertex of I' has exactly one neighbor in C' [3].
The existence of perfect codes is a classical problem which was started in a vector

Key words and phrases. Coprime graph, non-coprime graph, perfect code, total perfect code.
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914 B. TOLUE AND A. ERFANIAN

space. One can replace the vector space by a graph, whose vertices are vectors and
whose edges join vectors which differ in precisely one coordinate. It is clear that
we may pose the perfect code question for any graph [1]. There are several papers
in this area we refer the readers to [6,7]. The non-coprime graph associated to the
group G was introduced in [9]. Suppose G is a group and e its identity element. The
non-coprime graph of G is a graph with vertex set G\ {e} and if ged(|z|, |y|) # 1, then
two distinct vertices x, y are adjacent. Denote this graph by II5. The authors verified
some numerical invariants like diameter, girth, dominating number, independence and
chromatic numbers of non-coprime graph. Moreover, they characterized its planarity.
X. Ma et al. defined the coprime graph of a finite group [8]. The coprime graph I'g
which is associated to the finite group G is a graph with G as the vertex set and join
two distinct vertices z and y if ged(|z|, |y|) = 1. They gave some properties of coprime
graph on diameter, planarity, partition, clique number, etc. Moreover, some groups
whose coprime graphs are complete, planar, a star, or regular were characterized.
There are other papers about the properties of coprime graph, see for instance [2]. In
this research, we investigate the existence of the perfect and total perfect code for
non-coprime and coprime graph of certain groups beside to present the independent
polynomials for them.

2. THE PERFECT AND TOTAL PERFECT CODES OF NON-COPRIME GRAPH OF
CERTAIN GROUPS

In this section we verify the perfect and total perfect codes of non-coprime graph of
dihedral groups and finite Abelian groups. Let D, = {(a,b:a" = b* =1, a® = a™ )
be the dihedral group of order 2n and n > 4.

(i) Suppose n = [T, pf*, where p;’s are odd prime numbers and «;’s are positive
integers. It is clear that the independence number for this graph is £ + 1. For
instance, a set J contain an element of order two and k elements of order piﬁ ¢, form an
independent set of the largest size, 1 <i <k, 1 < a; < ;. The number of singleton
independent sets is 2 Hle p;" — 1. The number of two-element independent sets is,

(2.1) (]E[lp“> (Ek: > @(pfi))Jrf:( > @(pfi)(i > @(pfj))),

i=11<B;<a; =1 \1<B;<a; J=i+11<B;<a;

where ¢ is the Euler function. Consequently, the number of independent sets with ¢
elements is equal to the sum of all possible /-multiplications of elements in the set

m—{iso(pfi):léiﬁk}u{iﬁlp?i}’

Bi=1

which are arranged similar to the equation (2.1), where 1 < ¢ < k£ + 1. Note that
(-multiplications of elements in 2 means choosing ¢ elements of the set 2 randomly
and compute their multiplications. Inside the set 2 are the numbers of elements of
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order 2 and p;* in the group Dy,, 1 <i <k, 1 < 5; < a;. Obviously, the number of
independent sets with k£ + 1 elements is

(i_ﬁlp?i> (ﬁ > w(pf"))-

i=11<B<a;

(ii) Let n = 251", pf, where p; is an odd prime. Then similar to the first case
the number of independent sets of different sizes can be computed. The number of
singleton independent sets is 251 Hle p;* — 1. The number of independent sets with
¢ elements is equal to the sum of all possible suitable /-multiplications of elements in
the set

a; k s
A= {Z p(pi") : 1 Siék}u{2sﬂp§”+1+2<ﬁ(25)},
Bi=1 i=1 5=2
where 1 < ¢ < k+1 (similar to (2.1)). Note that inside the set 2( are the numbers of
elements of order 27 and p;" in the group Dy,, 1 <1<k, 1 <[, <a;and 1 < 3 <s.
(iii) Assume n = 2°. Then the independence number is one and the number of
independent sets of size one is 257! — 1.
It is not hard to write the independent polynomial for the non-coprime graph of
Ds,, by use of the above results.

Theorem 2.1. For the perfect codes of the non-coprime graph of Ds,, we have the
following cases.

(1) If n = TI¥_, pS, then the perfect codes of non-coprime graph of Da, are sets of
two-elements, they contained one element of order 2 and an element of order Hlepf",
where p; are odd prime numbers, «;, B; are positive integers and 1 < 3; < «;. Moreover,

the number of these codes is ( T p?l) (Z w(at)>, where
t=1

k k
Lo IIpillal, 1<t<]Ip"
way =1 11 1
0, otherwise.

More practical formula for the number of perfect codes is

(1) (50

where M’ is the set of all prime numbers which divides Hle pit, M is the set of all
prime power numbers which are chosen from M' and their powers are more or equal
than one and less or equal than «; and the notation

I_M—I

L7 g,
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means the sum of Fuler functions of multiply of 7 prime power numbers which are
chosen randomly from M and these multiplications are multiplying of distinct prime
numbers.

(ii) If n = 2°TI*_, pS, then the perfect codes of non-coprime gmph of Ds,, are sets
of singletons. The singletons contain elements of order 2° ]_[Z_lpZ , where 1 < < s
and 1 < 8; < «y. Further, the number of singleton perfect codes is

r M A
Lk 4+ 14,

where the notation is the same as part (i) with the difference that M contains the
possible powers of 2.

(iii) If n = 2%, then singleton subsets of whole vertices are perfect codes and the
number of them is 2571 — 1.

Proof. (i) By definition, for a perfect code of a graph, we must search among its
independent subsets of vertices. Secondly, every vertex out of the perfect code is
adjacent to exactly one vertex in the code. By these tools, and the way that two
vertices are adjacent in the non-coprime graph it is clear that a perfect codes for
the IIp,, are sets of two elements, they contained one element of order 2 and an
element of order [T%_, pz , 1< 6 < . Furtherrnore, the number of elements of order
2 in dihedral group of order 2n is n = [I¥, pf*. It is enough to count the number
of elements of order [T, pY", 1 < B < a;. It is obvious that all the elements atb
are of order 2, 1 <t < 15, p%. Thus, for a fixed §;, |a!| = [1", p/* whenever
ged(t, IV, pf) = 1%, i ,Where0<a <a;—1,1<t<IE 1pl andﬂl—al—a
Count the number of such #’s. Consequently, there are ¢([TF_, Jis "), a* of order TT¥_, e
where ¢ is the Euler function. Now, when the power 3; changed through the possible
cases we require the sum of such Euler functions which described in the statement of
proposition.

The proof of (ii) is very similar to (i) so we omit it and the third part is straight-
forward. U

Proposition 2.1. The non-coprime graph of Ds, does not have any total perfect code.

Proof. By definition of total perfect code and the fact that all the n vertices of order
2 in dihedral group of order 2n are adjacent in IIp, , we deduce that n < 2 and a
contradiction. O

Theorem 2.2. Let Z,, be the cyclic group of order n.

(i) The non-coprime graph Hzs has p* — 1 singleton subsets of the vertices which
are perfect codes, where p is a prime number and s a positive integer.

(ii) The non-coprime graph Ilz, has ¢(pq) singleton perfect codes, where p,q are
prime numbers and ¢ is the Euler function.

(iii) The non-coprime graph of cyclic group ZH o has o(TTF, pS*)+ Lr],yz sin-

gleton perfect codes, where M is a set which is deﬁned the same as in Theorem 2.1 (i),
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pi’s are prime numbers and «;’s are positive integers, 1 <1 < k. The independence
number of 1z, is k and independent sets with more than 2 elements are not

i=1 p?i
perfect codes. Furthermore, the number of independent sets with s elements is equal

to the sum of all possible s-multiplications of elements in the set

a;

ﬂz{Zso(pfi):ls@'Sk},
Bi=1

which are arranged similar to the equation (2.2), where 1 < s < k. Note that s-

multiplications of elements in A means choosing s elements of the set 2 randomly

and compute their multiplications. In particular, the number of two-element and k

element independent sets are

(2:2) Zk: { (i @(pfi)) ( Xk: > w(pfj)) ]

i=1 Bi=1 j=i+1B;=1

and

11 (Z sﬁ(p?")) |

i=1 \Bi=1
respectively.
(iv) Every singleton subset of vertices of the non-coprime graph of the group Zye: X
Lpor X -+ X Lper 15 a perfect code, where p is a prime number.

Proof. (i) The independence number for this graph is one and all the possible subsets
of the vertices with one element are perfect codes.

(ii) This graph has pg — 1, ¢(p)¢(q) independent sets with one and two elements,
respectively. Clearly, singleton subsets which contains an element of order p (or q)
are not perfect codes because there exists an element out of it which does not join to
the vertex inside that singleton. If we consider singletons which contains generators
of order pq, they clearly are perfect codes. The independent sets with two elements
are not perfect codes, since the generators join to both vertices inside them.

(iii) It is clear that this graph has [T%_, pf* — 1 independent sets with one element. It
is obvious among these independent sets, the only singletons which contain a generator
element or an element of order Hle p;* are perfect codes, where 1 < w; < a;. Moreover,
for an independent set with more than one element, there is a generator out of it
which joins to both of it and so it is not a perfect code. 0J

By considering the third part of Theorem 2.2, one can present independent polyno-
mial for that graph.

Proposition 2.2. The non-coprime of the cyclic group Z, admits a total perfect code
if and only if n = 3.

Proof. Suppose n = [1%_, p*, where there exists an index i € {1,2,...,k} such that
a; > 2 and p; is a prime number. Clearly, there are vertices vy, vy of order p;“. Let
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C be a total perfect code which contain vy, then by definition v; has exactly one
neighborhood inside C'. This neighborhood can be vy or an element of order p;. If
each of them is inside C, then the other one is outside of C' has two neighborhood
in C' and it is a contradiction. Thus, all a; are equal to 1. Clearly all p; are greater
than 2, because otherwise an element of order 2 does not have any neighborhood.
Again by definition for each vertex of order p;, there is a unique neighborhood in C.
Therefore for every vertex of order p; out of C', there are two neighborhood. Hence the
number of elements of order of p; must be 2, i.e., p(p;) = 2, p; = 3 and the assertion
is clear. U

3. THE PERFECT AND TOTAL PERFECT CODES OF COPRIME GRAPH OF
CERTAIN GROUPS

In this section, we present perfect and total perfect codes of coprime graph of
dihedral groups and finite Abelian groups. For coprime graphs, if we consider the
identity element of the group as a vertex, then it is meaningless. Thus, it is nature to
consider the induced subgraph by non-trivial elements. Let us consider the coprime
graph of the group G, with vertex set G'\ {e} and denote it by I'j;. We refer the
readers to see [6] for its interesting results. Consider the dihedral group Ds,,.

(i) Let n = [T%_, p&*, where p;’s are odd prime numbers. Consider Ay which is the
set of all elements of order two and A;’s are the sets of elements of order pfj , and
elements of order []{_, p;", where p; surly exists in the multiplication, 1 < 3 < «;,
1<j<k 1<q¢g<kandO < w < ao. Then Ay and A,’s are the samples of
independent sets for I'p,,. For 1 <t <k, construct A; somehow it does not have any
common elements with all the sets A, with s < t. The number of elements in Ay and
A; are [TE, p and Y1<p<a, P(D; ) + 3k, L“ufﬂ respectively. The notations were
defined in Theorem 2.1, note that M; is the set of all prime powers in M’ such that
powers of p, # p; is more or equal than zero and less or equal than «a,, and the powers
of the prime p; must be at least one and less or equal than «;, where 1 < z < k.
In computing of Euler function of multiplication, the prime number p; always must
be selected and it is possible that the power of the other prime numbers be zero, in
other words it is possible that some prime numbers distinct from p; do not appear
in the multiplication. Moreover, this is very significant to obtain the independent
polynomial, in order to compute [ﬁ{tj the sum of Euler function on u;-multiplication
of elements in M, is somehow that it does not have any common summands with all
the summands in M for 1 <t <k, for all s < t. Suppose a(T'p,,) is independence
number of the graph "The independent polynomial is,

k
k a(T'py,,) i k © p )+
= (2 pr”) EY <¢:1_[1pZ ) +> 1<%;a3 ’ uE:Q L ¥,
i=1 w=2 w j=1 w
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and if w > 314 <q, (D) D SN rujj or w > [1%_, p%, then put zero instead of

(Zlgﬁga] ( )+Zu 2?3]) or <H§1P?i>

w w

in f(x).
(ii) For n = 2°[T%_, %, suppose

Apj ={All the elements of order power of 2}

q
U {All the elements of order 2° [ pJ, where 0 <, < o, 1 < B < s,
i=1

q < k—1, certainly p; exists in the multiplication}
q

U {All the elements of order 2° Hpi", where 0 <n; <y, 1 <3 <s,
i=1

q < k —1, certainly p; does not exist in the multiplication}

=1

k

U {All the elements of order 2° Hp;”, where 1 <n; <y, 1 <5< 3},
with aq, asj, as; and a4 as first, second, third and forth set sizes which constructed
Ayj, respectively. Moreover, assume

A; ={All the elements of order power of p;, 1 <j <k}

q
U {All the elements of order [[p}", where 0 <n; < oy, ¢ <k,
i=1

certainly p; exists in the multiplication}

k
U {All the elements of order 2° Hp?i, where 1 <n; <a;, 1 <5< s}

i=1

q
U {All the elements of order 2° Hp;”, where 0 <1, < q;, 1 << s,
i=1

q < k — 1 certainly p; exists in the multiplication},

with by, bgj, bs; = a4 and bjy = a;y as first, second, third, forth set sizes which
constructed A;, respectively. Obviously Ag; and A;’s are independent sets 1 < j < k.
For 1 <t <k, construct Ay and A; somehow they do not have any common elements
with all the sets Ags and A,, with s < ¢. The value of a; and b;; can be obtained
similar to the previous parts. Since replacing of them by their values makes the
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appearance of the computations more complicated so we work with a; and b;;. By
these hypothesis, the independent polynomial is
a(FDQn)

D=l 3| (0)+ () - ()« (")
i (Gij : CL1> n zk: <CLU + a4>

+

j=1i=2 Jj=11=2
k
I Z <CL1 + a2, + CL3J> n (CL4 + A2, + CL3J> I (CL1 + C(Lj + aij>
7=1

+
Ng i

aq + ay + a2j —|—CL3j
w

B E5 0 (1)
1 =1 /{=i+1

24: (bz] + by + bk]) n (blj + boj + b3 + b4j>
=t+1

1 k=t w

<.
Il
—

_l’_
™=
Mm

7

<.
Il
—

_l’_
M)~
[M]

+

such that in the selection (Z ) at least one element choose from each sets with sizes

y;. Moreover, if w > (Zwyl), then put zero for (%y’)
(iii) Assume n = 25, In this case, the largest independent set for T'p, is Do, \ {1}.
The independent polynomial is,

xTr) = s X .
=2 l

It is clear that the singleton contains the identity element is a perfect code for I'p,,
and independent sets with more than one elements are not perfect codes.

1¢

.
Il

%

Proposition 3.1. I'y,,  does not have any perfect code.

Proof. Initially, let n = []7_; p;"*, where p;’s are odd prime numbers Consider the
singleton subset of vertices X = {z}. If the vertex x 1s of order pj (or 2), where

1 <j<kand1<p; <a;. Thus, elements of order p] " (or 2) outside of X, are not
adjacent to z, 1 < 87 < a;. Note that the existence of such elements outside of X
is clear, as n > 4. Suppose |z| = 1%, p”, ¢ < k. If p; appear in the multiplication
of prime numbers in the order of x, then there is an element of order p‘;)j does not
join to x. Therefore, the independent sets with one element are not perfect codes.
According to the first part of argument before the proposition, if an independent set
have more than one element, then it contains just elements of order 2 or just elements
of order power of p; and multiplication of prime powers that include p;. In both cases,
there is a vertex that join to more than one vertex inside them not exactly one. Thus,
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independent set with more than one element is not a perfect code. If n = 2° Hle pi
or 2%, the assertion follows similarly. O

Proposition 3.2. For the total perfect code of I'y,, , we have the following cases.

(i) If n = 1", p, then two-element subset of vertices which contain an element
of order 2 and an element of order [[F_ lpl is a total perfect code, where p;’s are
odd pmme numbers and 1 < B; < «;. The number of such total perfect codes are
[, p ( LMJ), where notations were defined in Theorem 2.1 (i).

(ii) If n = 251, pS, then I'p,, does not have any total perfect code.
(iii) Forn =2°, 'y, does not have any total perfect code.

Proof. The proof of first and third part is clear, let us prove the second part.

(ii) Let T'C V(I'¢) be a total perfect code for the graph. If x € T and the order
of x is power of 2, then it has a unique neighborhood y € T, by definition of total
perfect code. Thus the order of y is the multiplication of prime numbers which divide

k  pf. All the vertices outside 7" have a unique neighborhood inside 7' except a
vertex v of order 27 Hle pf 1< <sand 1< fB; < ;. We can not consider v inside
T, since there is no neighborhood for it inside 7. Let us construct 7', by use of other
vertices. If T € T of order JTL lpl ‘and y € T is its nelghborhood then |y| Z 1 pz

or 2°TIL 1pZ , where p; and pZ " divides 1%, p and ged([T, pi7, Z-lez- ) =1,
q,¢ < k. An element of order [[¥_, p outside T does not join to any vertex inside

T. 0

Consider the coprime graph of the cyclic group Z,.

(i) If n = p°, then I'z, has p® singleton independent sets. Clearly, its independence
number is p® — 1 and it has (p 5;1) independent sets with ¢ elements.

(ii) Let n = [1*_, p. The coprime graph of ZH P has TF_, p$ singleton inde-
pendent sets. Moreover, every subsets of the followmg Sets are samples of independent
sets of I'z_, . Let

a;
i
i=1P4

Ay

{All the elements of order p } ,

Ay = {AH the elements of order H pf‘l} U {AH the elements of order p?j} ,
i=1

k q
Ay = {All the elements of order H pf‘} U {AH the elements of order H pl} ,

i=1 i=1

where 1 < j <k, 1 <6 <oy, 2<q<k—1andin Ay, [T, p}", it is possible
that some Bi be zero and the order of elements in the set {All the elements of order
9, p7} include at least one prime number p; in its multiplication.
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Now, 1et2§€§oz(rz ai>7

z:l Py

j=1 l w1 w
k—1r a
k k a; .Pr
where wy > 1, 2 < wy +wy < £ and Ay = Z (Qp(nilpl )> (;22 LJ4 ), where
r=1 Uy U2

Uy > 1, 2 < up + up < £. Furthermore, the notation FLMJ?”'j is defined similar to
Theorem 2.1(i), such that in choosing the prime power numbers from the set M, some
power of p, is selected. By this hypothesis, the number of independent sets with /¢
elements is more than Aqg + Ay + As.

Suppose 'z, has a total perfect code T'. Since the greatest common divisor of order
of identity element (zero) with respect to all other element orders is one so 0 € T.
By definition 0 has a unique neighborhood inside T', say z. As every vertex of total
perfect codes cover exactly one vertex of the graph, there is just one other vertex
outside of T'. Hence, n = 2,3. The coprime graph of ZH;‘c o does not have any

perfect and total perfect code. Clearly 'z, has a singleton pé}lfeét code and I'z , does
not have any perfect code, where p is a prime and s a positive integer (p > 3 and
s>1orp=2and s> 2). Note that if we consider the induces subgraph of I'z,. by
omitting the identity, then the set of all vertices, largest independent set, is a perfect
P (aﬁzmk)) independent sets of size ¢ for the coprime graph of the
group Zpew X ZLpoz X -+ X Lper, where 1 < £ < a(szalxzp%X...szak). Clearly, the
coprime graph of Z,a, X Zpaz X -+ X Zyer does not have any perfect and total perfect
code.

code. There are (

Theorem 3.1. Suppose I't, has a total perfect code with two elements T = {g1, g2}
such that |gi| = TIF_, p5°, |ga| = HJ 1 qJ , where p; and q;’s are distinct prime numbers.
Then G is non-cyclic and the set of prime divisor of order of G is II(|G|) = {ps, ¢; :
1 <i < k 1 < j < K'}. Moreover, G does not contain an element of order

o 1pl' 1qj , where 0 < o) < o, 0 < 1 < B; and note that o (and also 5. ) are
not all zero stmultaneously.

Proof. Let © € G, |x| = r, where r is a prime number distinct from p;, ¢;’s. Then x
join to both ¢g; and g which is a contradiction. Therefore, the only prime numbers
that divide the order of GG are the prime numbers that divide the order of g;’s, i = 1, 2.
Now, if the group G contain an element of order [T%_, pf Hé?/:l q? 7 then this element is
not in the neighborhood of g;’s and again this is against the definition of total perfect
code. Hence G is a non-cyclic group. O
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The definition of total perfect code and coprime graph signify that the coprime
graph does not have any singleton total perfect codes. Moreover, if I';, has a total
perfect code with more than two elements, then similar result as Theorem 3.1 will be
obtained.

Acknowledgements. We would like to thank the reviewers for their useful com-
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A NEW CHARACTERIZATION OF PROJECTIVE SPECIAL
LINEAR GROUPS L;(q)

BEHNAM EBRAHIMZADEH! AND AHMAD KHAKSARI?

ABSTRACT. In this paper, we prove that projective special linear groups Ls(q),
where ¢ = £2 (mod 5) (g is an odd prime) can be uniquely determined by |L2(q)|
and nse(La(q)).

1. INTRODUCTION

Let G be a finite group, 7(G) be the set of prime divisors of the order of G and
7e(G) be the set of the order of elements in G. If k € 7.(G), then we denote the
number of elements of order k in G by my(G) and the set of the numbers of elements
with the same order in G by nse(G). In other words, nse(G) = {m(G) | k € m.(G)}.
Also we denote a sylow p-subgroup of G' by G, and the number of sylow p-subgroups
of G by n,(G). The prime graph I'(G) of group G is a graph whose vertex set is 7(G),
and two vertices u and v are adjacent if and only if uv € 7.(G). Moreover, assume
that I'(G) has ¢(G) connected components 7;, for i = 1,2,...,#(G). In the case where
G is of even order, we always assume that 2 € 7.

One of the important problems in finite groups theory is, group characterization by
specific property. Properties such as, elements order, set of elements with the same
order, the largest elements order, etc. One of this methods is group characterization
by using the order of group and nse(G). In other words, we say the group G is
characterizable by using the order of G and nse(G), if there exists the group H, so that
nse(G) = nse(H) and |G| = |H|, then G = H. Next, in [1,2,4-8,11,12,16,17,20-22]
was proved the groups such as, PG Ls(q), suzuki groups, sporadic groups, PSL(3,q),

Key words and phrases. Element orders, the number of elements with same order, prime graph,
projective special linear group.
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Symmetric group, Uy(2), PSU(3,3) and projective special linear group PSL(3,3),
Lo(p) with p € {19,23}, Lay(q) where ¢ € {17,27,29}, the projective special linear
group Ly(2%), where either 2* — 1 or 2* + 1 is a prime number, symplectic groups
C5(3™), projective special linear group l3(q), projective special unitary groups Us(3™)
and ?Go(q), where ¢+ /3¢ + 1 are prime numbers are characterizable by using nse(G)
and the order of G. In this paper, we prove that projective special linear groups Ls(q),
where ¢ is an odd prime can be uniquely determined by |Ls(q)| and nse(Ls(q)). In
fact, we prove the following main theorem.

Theorem 1.1 (Main Theorem). Let Ly(q) be projective special linear groups, where
g = +2 (mod 5) (q is an odd prime) and G be a group with nse(G) = nse(Ls(q)),
G| = [La(q)|. Then G = Ly(q).

2. NOTATION AND PRELIMINARIES

Lemma 2.1 ([13]). Let H be a finite soluble group all of whose elements are of a
power prime order. Then |m(H)| < 2.

Lemma 2.2 ([10]). Let G be a Frobenius group of even order with kernel K and
complement H. Then
(a) t(G) =2, m(H) and n(K) are vertex sets of the connected components of I'(G);
(b) |H| divides | K| —1;
(¢) K is nilpotent.

Definition 2.1. A group G is called a 2-Frobenius group if there is a normal series
1< H < K <G such that % and K are Frobenius groups with kernels % and H,
respectively.

Lemma 2.3 ([14]). Let G be a 2-Frobenius group of even order. Then
(a) t(G) =2, r(H)Un(£) =m and n(£) = my;
(b) % and % are cyclic groups satisfying \%\ divides ]Aut(%ﬂ In particular, every
2-Frobenius group is soluble group.

Lemma 2.4 ([25]). Let G be a finite group with t(G) > 2. Then one of the following
statements holds:

(a) G is a Frobenius group;

(b) G is a 2-Frobenius group;

(¢) G has a normal series 1 9H <K 4G such that H and & are m-groups, K/H
is a non-abelian simple group, H is a nilpotent group and ]%] divides \Out(%)]

Lemma 2.5 ([9]). Let G be a finite group and m be a positive integer dividing |G)|.
If L, (G)={g€ G| g™ =1}, then m | |L,,(G)|.

Lemma 2.6. Let G be a finite group. Then, for every i € m.(G), v(i) divides m;(G),
and i divides Y- ;; m;(G). Moreover, if i > 2, then m;(G) is even.
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Proof. By Lemma 2.5, the proof is straightforward. O
Lemma 2.7 ([24]). Let G be a non-abelian simple group such that (5,|G|) = 1. Then
G s isomorphic to one of the following groups:
(a) Ln(q), n=2,3, ¢ = %2 (mod 5);
(b) Ga(q), ¢ = £2 (mod 5);
(c) 2As(q), g = +2 (mod 5);
(d) ®Da(q), ¢ = £2 (mod 5);
(e) 2Go(q), ¢ = 3™ m > 1.
Remark 2.1. In previous lemma, we consider the projective special linear groups by
A,(q) & L,,1(q) and the projective special unitary groups by 24, _1(q) = U,(q).

Lemma 2.8 ([26]). Let ¢, k,l be natural numbers. Then
(a) (qk - 17 ql - 1) = q(kJ) - 17.

kel . k !
DY (% 4+ 1t 1) — q®V +1, szoth@ and@ are odd,
(b) (" +1,¢+1)= .
(2,9g+1,) otherwise;

g*D 41, if ﬁ is even and ﬁ is odd,
(2,q+1), otherwise.

(c) (qk—17ql+1)={

In particular, for every q > 2 and k > 1, the inequality (¢" — 1,¢* + 1) < 2 holds.

Lemma 2.9. Let L be projective special linear group Lo(q), where q is an odd prime

number and p is an isolated vertex in T'(G). Then my(G) = @=L and for every

(4p)
i € m(G) —A{1,p}, p divides m;(G).
Proof. Since that |G,| = p, it follows that G, is a cyclic group of order p. Thus

my(G) = ¢(G)n,(G). Now, it is enough to show n,(G) = % By [25], p is an isolated

vertex of I'(G). Hence, |C¢(G,)| = p and |[Ng(G,)| = p for a natural number z.

On the other hand, we know that gg((gz)) embed in Aut(G,), which implies z | p — 1.
Furthermore, by Sylow’s theorem, n,(G) = |G : Ng(G,)| and n,(G) = 1 (mod p).

Thus, p divides % — 1 thus %1 divides %p_l) — 1. It follows that qiTl divides

q*> £ q— x so we have p | 4 — z and since x | p — 1 we deduce that x = 4, and the
proof is finished. We prove that p is an isolated vertex of ['(G). Opposite there is
t € m(G) — {p} such that tp € 7.(G). So m(G) = ¢(tp)n,(G)k, where k is the
number of cyclic subgroups of order ¢ in C(G,) and since n,(G) = n,(L), it follows

that my,(G) = %. If my,(G) = my,(L), then t = 2 and k = 1. Furthermore
lemma 2.6 yields p | ma(G) + moy(G) and since mo(G) = mo(L) and p | me(L),
we deduce that p | mg,(G), which is a contradiction. So Lemma 2.5 implies that
p | my(G). Hence p | t — 1 and since my,(G) < |G| we deduce t — 1 < 6. As a result
t € {2,3,5,7}, where this is a contradiction. Let r € 7.(G) — {1,p}. Since p is an
isolated vertex of I'(G), it follows that p { r and pr & 7.(G). Thus, G, acts fixed point
freely on the set of elements of order r by conjugation and hence |G| | m,(G). So,

we conclude that p | m,.(G). O
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3. PROOF OF THE MAIN THEOREM

In this section, we prove the main theorem in the following lemmas. We denote the
Projective specialy unitary group Ls(q), where ¢ is an prime number by L and prime
number £F by p. Recall that G is a group with |G| = |L| and nse(G) = nse(L).

Lemma 3.1. my(G) = ma(L), my(G) = my(L), n,(G) = n,(L), and p | mk(G) for
every k € m.(G) — {1,p}.

Proof. By Lemma 2.6, for every 1 # r € 7 .(G), r = 2 if and only if m,(G) is odd.
Thus it follows that mo(G) = mo(L). According to Lemma 2.6, (m,(G),p) = 1.
Thus p 1 m,(G) and hence Lemma 2.9 implies that m,(G) € {m;(L), ma(L), m,(L)}.
Moreover, m,(G) is even, so we deduce that m,(G) = m,(L). Since G, and L, are
cyclic groups of order p and m,(G) = m,(L), we deduce that m,(G) = ¢(p)n,(G) =
w(p)ny(L) = my,(L), so ny(G) = n,(L). Let k € m.(G) — {1, p}. Since p is an isolated
vertex of I'(G), p { k and pk ¢ 7.(G). Thus, G, acts fixed point freely on the set of
elements of order k by conjugation and hence |G,| | mi(G). So, we conclude that
p | mi(G). O

Lemma 3.2. The group G is not a Frobenius group.

Proof. Let G be a Frobenius group with kernel K and complement H. Then by
Lemma 3.2, t(G) = 2 and 7(H) and 7(K) are vertex sets of the connected components
of I'(G) and |H| divides | K| — 1. Now, by Lemma 3.1, p is an isolated vertex of I'(G).
It follows that (i) [H| = p and |K| = L or (i) |H| = ¢l and |K| = p. Since |H|
divides | K| — 1, we deduce that the case (ii) cannot occur. So, |H| = p and |K| = |%|.

Hence, %1 | Q(g:ll) — 1. So, we have ¢ + 1 | 2¢*> + 2q — 2. Tt follows that p | 2. Thus,

p | 2, which is impossible. O

Lemma 3.3. The group G is not soluble group.

Proof. Let r # 2 and s be a prime divisor of % and let ¢ be a prime divosor q;—l. It
G were soluble, then there would exist a {2, r, s}-Hall subgroup H of G. Since H does
not contain any elements of orders 2r, 2s, rs. Thus, all of elements of H would be of
prime power order. But this contradicts Lemma 2.1. So, G is not soluble group. [

Lemma 3.4. The group G is not a 2-Frobenius group.

Proof. By previous lemma, we have that G is not soluble group. On the other hand
by Lemma 2.3 since that every 2-Frobenius group is soluble group, so G is not a
2-Frobenius group. U

Lemma 3.5. The group G is isomorphic to the group L.

Proof. By Lemma 2.9, p is an isolated vertex of I'(G). Thus, ¢(G)) > 1 and G satisfies
one of the cases of Lemma 2.4. Now, Lemma 3.2 and Lemma 3.4 imply that G is
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neither a Frobenius group nor a 2-Frobenius group. Thus only the case (c¢) of Lemma
2.4 occurs. So, G has a normal series 1 I H < K < G such that H and G/K are
mi-groups, K/H is a non-abelian simple group. Since p is an isolated vertex of I'(G),
we have p | [£|. On the other hand, we know that 5 { |G|. Thus, £ is isomorphic to
one of the groups in Lemma 2.7. Hence, we consider the following isomorphisms.

(1) If £ = Gy(¢'), where ¢ = +2 (mod 5), then by [25], p = ¢* £ ¢ + 1. On the
other hand, we know |G+ (¢')| divides |G|, in other words ¢’%(¢’* —1)(¢' — 1) | q(¢* —1).
Thus, &4 = ¢?+¢' +1 as aresult g1 = 2¢">+2¢'+2. So, we deduce ¢ = 2¢”>+2¢'+1
and g = 2¢"% + 2¢’ + 3.

21
(2) If £ = 24,(¢), where ¢ = £2 (mod 5), then by [25], p = q(37q,‘i:{)1. On the

other hand, we know |[*?45(¢')| | |G|, in other words q/?’(qg?l(ff_l) | q(q22—1)‘ First, if
(3,¢'+1) = 1, then similar to part (1) we deduce a contradiction. Now let (3,¢'+1) = 3.
Then, 521 = %. Thus 3¢ £ 3 = 2¢” — 2¢' + 2. As a result ¢ = 2‘7/2_3¢ and
q= 2‘1073&. Since that [2A5(¢’)| |G|, so we have a contradiction.

(3) If £ =2G5(¢), where ¢ = £2 (mod 5), then by [25] p = ¢ + /3¢ + 1. On
the other hand, we know [*G2(¢)| | |G|, in other words ¢”(¢"* + 1)(¢' — 1) | @.
Now, we consider &1 = ¢ £ /3¢ + 1 as a result ¢ = 2(3*™*1) 4+ 2(3™*+ + 1) and
q = 2(3*™*1) — 2(3™*1) + 3. Since that |*G2(¢')| 1 |G], so we have a contradiction.

(4) If £ = L;(¢), where ¢ = £2 (mod 5), then by [25], p = q(/;;qj)l. On the other

hand, we know |L3(¢')| | |G/, in other words q(/;;,‘f{)l | Q(qz_l). First if &4 = ¢ +¢' +1,
then g1 = 2¢/*4+2¢'+2. So, we deduce ¢ = 2¢">+2¢'+1and ¢ = 2¢">+2¢'+3. Now since
|L3(¢')| 1 |G|, which is a contradiction. Now, if (3;¢' — 1) = 3, then & = ‘1,24'3&,
so 3¢ £ 3 = 2¢"* + 2¢' + 2. 1t follows that ¢ = % and ¢ = %. But
|Ls(q')| 1 |G|, which is a contradiction.

Now, let (3;¢' + 1) = 3. So, 3¢ + 3 = 2¢"* — 2¢' + 2. As a result ¢ = 2‘1/2_% and
q= 2‘1/2_3&. But |L3(¢")| 1 |G|, which is a contradiction.

(5) If £ =3Dy(¢'), where ¢ = £2 (mod 5), then by [25], p = ¢"* — ¢? + 1. On the
other hand, we know [3D,(¢')| | |G|, in other words ¢'**(¢"® + ¢* +1)(¢/° — 1)(¢* = 1) |
@ Sl g2+ 1,50 q=2¢" —2¢%>+ 1 and ¢ = 2¢* — 2¢"> + 3.

) As a result 5
Since [>Dy4(q')| 1 |G|, which is a contradiction.

(6) Hence, £ = Ly(q'). As a result |£] = [Ls(¢)|. On the other hand, we have

P | W(%), SO Ezl = q,%. It follows that ¢ = ¢’. Now, on the other hand, G has a

normal series 1 < H < K < G such that H and % are m-groups, so |[H| = 1 and
K = Ly(¢) = G. O
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INEQUALITIES FOR STRONGLY »-CONVEX FUNCTIONS ON
TIME SCALES

S. G. GEORGIEV!, V. DARVISH?3 M. RAZEGHI*, AND B. KAYMAKCALAN?

ABSTRACT. In this paper, first we establish the Hermite-Hadamard type inequality
based on diamond-« integral for a subset of strongly r-convex functions. Then
we prove several new inequalities for n-times continuously differentiable strongly
r-convex functions on time scales by virtue of some techniques and introducing new
quantities.

1. INTRODUCTION

The analysis on time scales is a relatively new area of mathematics that unifies and
generalizes discrete and continuous theories. Moreover, it is a crucial tool in many
computational and numerical applications.

The differential calculus on time scales generalizes classical both continuous and
discrete differential calculus depending on the structure of the time scale under con-
sideration. There are several common generalizations of classical derivative to time
scales. For example, one of them is the so-called A-derivative, which simultaneously
generalizes the forward divided difference of the first order, while the first-order back-
ward divided difference is generalized by the V-derivative. There is also the so-called
diamond-a dynamic derivative or, shortly, ¢, -derivative being, in turn, the linear
combination of A and V-derivatives with the coefficients o and 1 — «, respectively,
for some « € [0, 1]. For each type of derivatives on time scales there is its own notion
of the integral. Thus, the diamond-« integral corresponds to the ,-derivative.

Key words and phrases. Time scales, strongly r-convex functions, Hermite-Hadamard inequality,
delta differentiable function, diamond integral.
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The main purpose of this discussions is to reflect some certain inequalities for
strongly r-convex functions and it is inspired by the papers [3,7-10] where the authors
focused on to obtain several new integral inequalities for different class of convex
functions which are n-times differentiable on an interval in R. Since many continuous
models in biology, physics, chemistry and etc. have discrete analogues, our aim in this
paper is to unify these inequalities in the discrete and continuous case.

This paper is organized as follows. In the next section, we briefly recall key notions
and notations on time scales and then we introduce diamond-a derivatives by recalling
the basic property of this combined dynamic derivatives. We also present definition of
diamond-« integral and several theorems concerning the properties of it. In Section 3,
which is devoted to our main results, we deduce some integral inequalities by applying
the definition of strongly r-convexity and the integral identity which we prove in the
sequel. We also introduce some new quantities and use well-known inequalities to
present our results.

2. TIME SCALES REVISITED

A time scale T is an arbitrary nonempty closed subset of the real numbers. The
forward jump and backward jump operators o and p can be defined respectively by

o(t)=inf{s € T:s>t}, p(t)=sup{seT:s<t}.

Note that for any ¢ € T, o(t) > t and p(t) < t. Moreover, for t € T, we say the
graininess function p: T — [0, +00) to be as follows

u(t) =o(t) —t.
We define the interval [a,b]r in T as follows
[a,blr ={t€T:a<t<b}.

Open intervals and half open intervals etc. are defined accordingly.
For t € T, we have the following cases.

o If o(t) > t, then we say that t is right-scattered.

o Ift <supT and o(t) = t, then we say that ¢ is right-dense.
o If p(t) < t, then we say that t is left-scattered.

o If t > inf T and p(t) = t, then we say that t is left-dense.

We define T* = T if sup T is left-dense and T* = T\ {sup T} if sup T is left-scattered.
Similarly, we define T = T if inf T is right-dense and T, = T \ {inf T} if inf T is
right-scattered. We denote T 0T}, = T¥.

Assume that f : T — R is a function and let t € T*. We define f2(¢) to be a
number, provided it exists, as follows: for any € > 0 there is a neighbourhood U of t,
U= (t—46,t+0)NT for some § > 0, such that

[f(o()) = f(s) = fFAt)(a(t) = 5)| < elo(t) — ],
for all s € U. We say f2(t) is the delta or Hilger derivative of f at t. Also, we
say f is delta differentiable on T* if f2(¢) exists for all t+ € T*. Similarly, we say
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that a function f defined on T is V differentiable at ¢t € Ty if for ¢ > 0 there is a
neighborhood V' of ¢ such that for some v the following inequality holds:

£ (p(t) = f(s) = 7(p(t) — s)| < elp(t) — 5],
for all s € V and in this case, we write f¥(t) = . We say that f is V differentiable
on Ty, if fV(t) exists for any t € T}.

Definition 2.1 ([12,13]). Let a € [0,1] and f : T — R be A and V differentiable at
t € T. Define the diamond-a dynamic derivative fO of f at ¢ as follows
For(t) = af2 () + (L= a) fY ().

Thus, f is diamond-a-differentiable at ¢ € T if and only if f is A and V differentiable
at t. When a = 1, we have

FOalt) = f2(1)
and for a = 0, we have
FOalt) = FY(2).
In [12], they proved the following criteria for o,-differentiability of a function.
Theorem 2.1 ([12]). Let a € [0, 1].
(a) Ift € T is dense and f'(t) exists, then
feet) =20 = ) = ).
(b) Ift € T is isolated, then f°*(t) ezists and
o fo) = f(t)
@ t —
(c) Ift € T is left-scattered and right-dense, and
iy e JEER) — f()
Fr) = hlg& h

exists, then f°(t) exists and

) =af )+ 1 -a)=—7Z——.
(d) Ift € I is right-scattered and left-dense, and
) = i L0510
exists, then f°(t) exists and
oarpy - S7() = f(2)

+ (1 —a)—~r——=

+ (1 —a)f'(t7).

Below we will list some of the properties of the diamond-a derivative. Let f,g :
T — R be diamond-« differentiable at t € T.
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Theorem 2.2 ([12,13]). f + g is diamond-« differentiable at t and
(f +9)0(t) = fo (1) + g% (t).

Theorem 2.3 ([12,13]). For any c € C, we have cf is diamond-« differentiable at t
and

(cf)7(t) = cf*(b).
Theorem 2.4 ([12,13]). fg is diamond-« differentiable at t and
(fg)?(t) = fO(t)g(t) + af(t)g™ (1) + (1 — @) f/()g" (¢)
= f(t)g% (1) + af2(£)g” () + (1 — a) f¥ (£)g" (D).

Definition 2.2 ([2]). Let a,t € T and f: T — R. A function F': T — R is called
a A derivative of f provided that F2(t) = f(t) holds for t € T. We define the A
integral of f by

/atf(S)AS:F(t)—F(a), teT.

Let g : T — R. A function G : T — R is called a V derivative of g provided that
GV (t) = g(t) holds for t € T. We define the V integral of g by

/:g(s)Vs _G(t)—Gla), teT.

Definition 2.3 ([12,13]). Let a € [0,1], a,t € T and h : T — R. Define diamond-«
integral of h as follows
t

/at h(s)Qas = a/t h(s)As + (1 — a)/ h(s)Vs.

a a

Remark 2.1. Note that

([ 1610u8) " = ([ 161008) "+ 1 =) ([ 1(51005)

=« <a/atf(s)As+ (1—a) /:f(s)Vs>A

+(1-a) <@ /:f(s)As +(1—a) /atf(s)Vs)
=a’f(t) + a(l —a)f(o(t) + a(l = a) f(p(t)) + (1 — @)’ f(t)
= (20" = 20 + 1) f(t) + (1 — a)(f(o(t)) + f(p(1))), teT.

Thus, in the general case we do not have

([ 161005) " = 1)

In [11], they proved the following criteria for ¢,-integrability of a function.

v
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Theorem 2.5 ([11]). (a) Every monotone function f : T — R on [a,b]y is o4-
integrable on [a, b]T.

(b) Every continuous function f: T — R on [a,b|r is o4-integrable on [a, b]t.

(c) Every regulated function f: T — R on [a,blr is o-integrable on |a, b]t.

Below we suppose that f,g: T — R are diamond-« integrable over [a, b].

Theorem 2.6 ([12,13]). For any ¢ € C, the function cf is diamond-« integrable over
la,b]T and

b b
L) )0as = ¢ [ F()0us.
Theorem 2.7 ([12,13]). f + g is diamond-« integrable over [a,b]r and

[+ 0000 = [ F5)0as+ [ 5100
Theorem 2.8 ([12,13]). We have

[ 1600 = [ 1600+ [ $5)00s
for any t € [a,b]r.

For a,b € T, a < b, denote
1 b
a = 10 t,
v b—a/a
1 b
a,a — t2<>at7
T, b—(l/zz
1 b 1 "
a,r,— — b—t;Oat,
tun- = (g [[0= 07 out)
1 b \ "
a,r+ — t— ;Oata
runs = (g [[(0= o)

ho(z,a) =1,

ha(z, a) = / hir(r,a)A7, k €N,z € [a,blr.

We have
(x —a)"

hn(z,a) < —

, neNzé€lablr.

Definition 2.4 ([2]). A function f : T — R is called rd-continuous provided it is
continuous at right-dense points in T and its left-sided limits exist (finite) at left-dense
points in T. The set of rd-continuous functions f : T — R will be denoted by €,4(T).

The set of functions f : [a, bl — R that are n-times rd-continuously A-differentiable
on [a, b] is denoted by C([a, b]T).

For some of our main results we will use Taylor’s formula.
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Theorem 2.9 ([2], Taylor’s formula). Let f € €"*([a,b]r). Then
n e -
flx)=> hi(z, a) f2" (a) + /p holz, o (7)) 2" (1)AT,  x € [a, bl
k=0 e

We also need the following well-known inequality for proving our results.

Theorem 2.10 ([4], Holder’s inequality). Let a,b € T, a < b. For rd-continuous
functions f, g : [a,blr — R we have

[ vstonne = ([ i) ([ o)

where p,q > 1 and%%—%:l.

3. MAIN RESULTS

In this section, we attempt to establish several new inequalities for strongly r-convex
functions on time scales by virtue of some notions and results and by introducing new
quantities.

A function f: I C R — R is said to be convex if the inequality

fOz+ (1= Ny) <Af(2) + (1= f(y)
holds, for all z,y € I and X € [0, 1]. Also, for the convex function f : [a,b] — R the
following inequality is known as Hermite-Hadamard inequality:

() o < o520

Definition 3.1. Let I C R be an interval and ¢ be a positive number. A function
f I — R is called strongly r-convex function with modulus ¢, if

FOz+ (1= Ny) < Af@)" + Q= X(f))" = Al =Nz —y)?,
for any pair of x,y € I, ¢t € [0,1] and r # 0. If we take ¢ = 0, we have the definition
of r-convexity of the function f.

We can extend the above definition on any time scale T. From now on, we suppose
that [a, b]r is an interval in T. Note that, if f : [a, b]r — R is positive strongly r-convex
function with modulus ¢, we have

B 10 = (LU + ) ) - 0i-0), el

Now we are in a position to present our first result.

Theorem 3.1. Suppose that 0 < r < 1 and f : [a,blr — R is a positive strongly
r-convex function and o-integrable on [a,bly. Then

o ) et <Gyt (o V(@) + ar s (FO))

3=
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+c(ab—(a+b)xg + Taa)-
Proof. By taking the diamond-« integral side by side in (3.1), we have

/abf(t> oats/ab (Z:SL(f(a))w z:Z(f(b))T>r ou t
_c/ab(b—t)(t—a)oat

1

: (/: ((@:fb)iﬂa))r " <(23)if<b>)r)i<>a t)r

—c/ab(b—t)(t—a)oat.

Now, by applying Minkowski’s inequality, we find

b (</ G:i)im ” t)r+ i (=2) sye. t>r>*
_c/ab(b—t)(t—a) on t
= (v (£ 55) ) w0 ([ G2) )
—C/ab(b_t)(t—a)oat

— o (Ut ([o-0tout)

—c/ab(b—t)(t—a)oat

, 1
T

+ oy ([ -t ent) )

b—a 1 b
=gyt (o @) 0 (FOF) = [ (b= b= ar) 0
b—a . 1
==t G- (@) +2ars(FO)))
— (b= a)e(—ab+ (a -+ B)o — Tug).
whereupon we obtain the desired inequality. This completes the proof. O

Before we establish the next result, we provide the following integral identity.

Lemma 3.1. Let f € C([a,b]r). Then

B2 [ Feds= S mba)f> )+ [

k=1 a

o b (b, O'(T))fAn(T)AT.
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Proof. Let
g(x) :/a f(s)As, =z € [a,blr.

By Taylor’s formula, we have

0 = 3 el @+ [ bl o) (1)
k=0 a

for x € [a, b]r. Hence,
P (z)

[ rens =S e @ [T o) nar

a

for x € [a,blr. By the last equality, for x = b, we find (3.2). This completes the
proof. O

Set

I(a,b,n, f /f AS—thbafAk 1()

tAt,
b—a/
o t2At,
Yo b—a/

= 1 bb— A '
a,r,— — t)r At )
Yoor, (b—a/a( ) )

1 b A "
et = t—a)rAt] .
e = (52 [0 - 0 ar)

Theorem 3.2. Let f € C([a,b]T), 7 > 0, ¢ > 1 and ‘fAn’q is a strongly r-convex
function with modulus ¢ on |a,blr. Then

1
1 b—a)" e _1f_ 1 1
p—ql(@bm ) S(J%(?ﬂfﬁ )y + 2717 @)y

Ya =

+ei(b—a) i |yan — (a+b)ya + abyé>.

Proof. Since ‘ A" ‘q is a strongly r-convex function with modulus ¢ on [a, b|T, applying
(3.1), we have

(3.3)

AT q b i An .1' —Qa AT
@l = (T @
Hence, by Lemma 3.1 and the inequality
(+y)* <28+ ), @y k>0,

qr>r —cb—2x)(x—a), x€]la,b]r.
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we get

Habn Dl =| [ b, o (o) (r)Ar

" (b) "
< /p |hn (b, 0 (7)) ‘fA (7')’ A7 (By Holder’s inequality)

<t-ap (ST ([l ar)
<(b—a) <<b ;L!aw) </ ((Z:Z P
e )qr>i—0(b—7)(7—a)>Ar>;
=0t () ([ (e bor
Z:T 72 (a) ) = e(br —ab— 7 + m)>AT>;
<o- S (ML o aper
Ol i)

+c/b72AT —c(a+0) /bTAT—i-abc(b— a))
s

a2
=(b—a) ] ( b—a) (b—a)ys, .+
o | FA" ()| ) .
+ (I)JC_Q();‘(b — a)y;,r,— + C(b - CL) (yma — (a + b)ya + ab))

(b—a) <2fq|f“<b>\ “

1,1
S(b - a)p a nl (b _ a)r Yo,r,+

m"_‘
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L2
(b—a)w

whereupon we get the desired result. This completes the proof. U

1
Yo — +Cq|yaa — (a+b)ya+ab|;>,

The next result reads as follows.

Theorem 3.3. Letr >0, g > 1, f € C%([a,b]T), fm‘ > 1 on [a, bl and ‘fm !
strongly r-convex function with modulus ¢ on [a,bly. Then

5 a

1 (b—a)" "l NI
m![(a, b, n, f)‘ S nl <(b % ( ‘fA ) ya,r,—‘r + ‘fA (a)’ ya,r,)
+ ¢ (Yoo — (@ + b)Yy + ab) >

Proof. Because ‘ fAn‘q is a strongly r-convex function with modulus ¢ on [a, b]T, the
inequality (3.3) holds. Hence,

Habm £ =| [ halh,0(r) £ ()7
g/apn(b)h N @lar< [ " b, o) |12 ()] A7
g/ab ]fA" |'A7 < habea) [ |£2" () A7
<t ;!‘”" [ 17 @ ar
<0 ;ﬂa)”(/a (b_T\f“ b) ‘")’{AT

- c/ab(b ) — @m).

Now, using the inequality

(w+y)" <2"(F+¢"), 2y>0k>0,

we have
b-a) @[ Jrmf e
T(a,bn, )] < ( ! /a(b—r) FAT 4 2F b_a)i/a(f )t AT
_C/b<—ab+(a+b)T—T2>AT>
MUl O gt ot PTOL
Y ( (b—a)% (b —a)ys,— +2 (b—a)% (b—a)ya,+
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+ (b —a)c (Yoo — (a + D)ya + ab) )

From here,
n n q
1 (b—)< A @) s O 1
7](1,()77% S 1 ozr’r— 2r (;7“
et DS (2 2t
el (0 D b))
This completes the proof. O

Now we present another inequality for this class of functions by different approach.

Theorem 3.4. Let p,q > 1 such that % + % =1,r>0, f € C([a,b]r) and ‘fAn !
a strongly r-convez function with modulus ¢ on [a,bly. Then

1 1 b—a)\" (1 /2 (@) s
gt 015 (5 =) (557) -+ (G =) (# (o

+ mly; , +> + (Yoo — (@ + b)ya + ab))

=

3 % 2 ; n 1 n
# ot O (2 (1 @+ 2 0O
+ C%|ya,a —(a+b)ya + ab|5>,

where ro = mln{; (11}

Proof. Since ’ A" ’ is strongly r-convex with modulus ¢ on [a, b|t, we have (3.3). Now,

using the refinement of Young inequality
P a
my<7+y7_7ﬂ0(x2_yg) xayzov
p q

we have
p"(b)

|I(CL, b7n7f)| - h (b U( ))fAn(T>AT

</""“’ (b, (r)) 2" ()] A7
/ (b, T ‘fA ‘ T
< [ttt 7)

p

—To/ab (((h )E — ‘fA"
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ool

n!

) [ (bl o)
~eb o) [0 - @ar s [0 (a7
-efo-n5)

oo o

|(J;M(a;|q /ab(r—a)lm>

4 (; _ m) (b — @) (Yaa — (@ + )y + ab)

+2r (/ab(h (b, pAr) (/ A (r |qm>1
-ofo-n(t5]

nl
()0t
+ (; - m) (b = @) (Yoo — (0 + b)ye + ab)

np+1

et (L=

. T—a A\
@I+ e o)

- c/ab(b ) — a)m>2
(a5

n!

LN @l S o) )
+ <q TO) 2 (b a)( (b—a)% ya,r,f + (b— CL)% ya,r,+
+ <611 — r0> c(b— a)(Ya,a — (a4 b)yq + ab)

+2T0(b_a)

<n!>52< . (M o=
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Hleor [ - o)

a

1
2

+¢(b— a)|Yae — (@ +D)ys + ab|>

r)eon(t5)

L e ny (L GOl S i Ol )
+ (q 0)2 (b ><(b—a)i Yor— T (b—a)%y rt

1=

L

o <(b Ei@i (UA"(G)‘Q(Z) — a)yir,,

P )b a>yi~,r,+)

1
P

+c(b = a)|Yaa — (@ +b)ya + ab|>

)

Lo N a(or (2@l 2 )l )
+ (q o) (b )(2 ((b—a)vl- Yaur— T b0 Ve

1=

R

+ (Yoo — (@ +b)Ya + ab))

(b—a%H 2% A™ qa(t _ %
T et U N

I ) a>y£,;,n+)

[NJ4S]

N[

b b — @) an — (a4 D)ya+ ab|)

)

+ <; - m) (b—a) (21 (‘{:i(z))fyir, + |(J;Aj<2;|;y’“,r,+>

|=

R

+ (Yoo — (@ + b)ya + ab))
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s (b—a)" ( 22
(

+ 227 >
0 (n')i b—a)zr

(W( JJ1(b— )yt

P )b a>yi~,r,+) 2

+e2(b—a)2|yan — (a+b)ya+ab|é>.

This completes the proof. O

Remark 3.1. According to Theorem 3.4 we conclude that:
e If p > ¢, then we have

RN q (o (12 (@) 2
(@, b, Pl <= (2 ((b—a)i Yar
‘(J; _(G;qu;H) + (Yoo — (@ + b)Ya +ab)>
# 2 Ot (2 (1 @+ 1 O )

+ €7 |Yan — (@ + b)ya + abli)

e If p < ¢, then we obtain

1 g—p ((b—a)")"
mu(aabﬂ%fﬂé g < )

n!

M=

4oplb—a)®
(n!)z

42 Yoo — (@ + b)ya + ab|§>.

2 Dl
<<b—a> ('f (@) "yer- +1f <>|ym+)

o If p =g =2, then we have

o (G (i @ 17 i)

+ ¢ Yan — (a4 b)ya + ab|;>-

Remark 3.2. If T = R, then the delta and nabla derivatives coincide with the classical
derivative. Hence, diamond-« integral from a to ¢t of f will be reduced to classical
integral.
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ON THE EXISTENCE AND UNIQUENESS OF FUZZY MILD
SOLUTION OF FRACTIONAL EVOLUTION EQUATIONS

AZIZ EL GHAZOUANI!, FOUAD IBRAHIM ABDOU AMIR!, M'THAMED ELOMARI!,
AND SAID MELLIANT!

ABSTRACT. In this paper, the nonlocal Cauchy problem is discussed for the fuzzy
fractional evolution equations in an arbitrary Banach space for order ¢ € (1,2) and
the criteria on the existence and uniqueness of mild fuzzy solutions are obtained by
using Schauder’s fixed point theorem. An example to illustrate the applications of
main results is also given.

1. INTRODUCTION

Fuzzy set theory has been attracting increasing interest in recent years as it is widely
used in several fields such as mechanics, electrical engineering, signal processing, etc.
As a result, in recent decades, fuzzy set theory has become a hot and current topic
and has received much attention from researchers (see for instance [16,17]).

Note that Kaleva [11] discussed the properties of differentiable fuzzy set-valued
mappings by means of the concept of H-differentiability due to Puri and Ralescu
[12], gave the existence and uniqueness theorem for a solution of the fuzzy differential
equation

(1.1) u'(t) = f(tu(®),  u(0) = uo,

when f: [ x E" — E" satisfies the Lipschitz condition.

Key words and phrases. Fuzzy fractional evolution equations, mild fuzzy solutions, Banach space,
Schauder fixed point theorem.
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In [13] Bhaskar Dubey and Raju K. George studied the linear time-invariant systems
with fuzzy initial condition

(1.2) u'(t) = Au(t) + Be(t), u(to) = uo,

where c(t) € (E*)™ a control and A, B, are n x n,n x m real matrices, respectively,
ty > 0.

In [14] Nguyen Thi Kim Son demonstrate the efficiency of theoretical results by
studying the existence of fuzzy mild solutions of nonlinear fuzzy fractional evolution
equations

(1.3)

CyDlx(t) = Ax(t) + f(t,x(t)), te](0,al,
2(0) = o,

where gCHﬂq is the fuzzy Caputo fractional derivative of order ¢ € (0,1), and A is the
infinitesimal generator of a strongly continuous semigroup {7'(¢) };>0 on T the set of
all triangular fuzzy numbers.

Building on this work, we have opted for the fuzzy Caputo derivative to prove the
existence and uniqueness of the soft solution of the fuzzy initial value problem of the
fractional evolution equation of order ¢ € (1,2)

CyDx(t) = Ax(t) + f (t, x(t),SH‘qula:(tD , tel0,a],1 <qg<2,
14) {0 =
§H®‘1_ix(0) =z, 1=1,...,]q|,

where A is a linear operator and f is a continuous function.

The purpose of this study is to develop an original kind of fuzzy initial value
problem of the fractional evolution equation of order ¢ € (1,2) utilizing fuzzy Caputo
derivative of order ¢ € (1,2), and also to show the existence and uniqueness of its
mild solutions.

The following is a breakdown of the paper’s structure. After this Introduction
we give Preliminaries which will be used throughout this paper, Fractional Integral
Equation can be found in Section 3, The existence of mild solutions of the Cauchy
problem for fractional evolution equations is studied in Section 4. In Section 5,we
provide an example to present the applications of the results obtained in the abstract.

2. PRELIMINARIES
In this part we recall some basic notions that will be useful in the rest of our article.
2.1. The metric space E'.

Definition 2.1. A fuzzy number is a fuzzy set x : R — [0,1] that satisfies the
following conditions:

1. z is normal, i.e., there is a tg € R such that z (¢y) = 1;
2. x is a fuzzy convex set;
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3. x is upper semi-continuous;
4. x closure of {t € R: z(t) > 0} is compact.

We denote by E' the space of all fuzzy numbers on R.
E'={x:R —[0,1] : = satisfies 1-4. below}.
For all @ € (0,1] the a-cut of an element of E' is defined by
z*={teR:a(t) > a}.

By the former parcels we can write

(2.1) % = [z(a), z(a)].

The distance between two element of £ is given by (see [1])

(2.2) d(z,y) = sup max{[Z(a) —y(a)], |z(a) = y(a)l}-
ac(0,

And the following properties are valid:
l.dx+ 2,y + 2z) = d(z,y);
2. d(Az, \y) = |Ald(z, y);
3. dx+y,w+z) <d(x,w)+d(y, z).
The operations of addition and scalar multiplication of fuzzy numbers on Rs have
the form

(2.3) [Tdyl* =[z]"+[y]* and [NoOz]*=Az]*, NER,
where

(2.4 27+ [y) = {a+b: a € [2]7,b e 4]}

is the Minkowski sum of [z]* and [y]* and

(2.5) AMz]*={)Xa:a€ [z]}.

For z,y € Ry, the gH difference 2] of z and y, denoted by = ©,p vy, is defined as the
element z € Rs such that

(2.6) ropy=ze{(i)z=y+z or (ii)y=z+(-1)z}.
In terms of a-levels we have
(z ©gr y)* = [min{z(a) —y(a), #(a) — y(a)}, max{z(a) — y(a), () — y() }].
And the conditions for the existence of z =z &,y € E' are:
case (i):
o [EO) = o)~ (o) and =) = 7(e) - 30)
' with z(«) increasing, z(«) decreasing, z(a) < z(«);
case (ii):

2.8 {z(a) = 7(a) — g(a) and Z(a) = z(a) — y(a),

with z(«) increasing, z(«) decreasing, z(a) < z(«),
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for all « € [0, 1].

In general, with € Ry, there does not exist y € Ry such that x & y = 0.
Then, unfortunately, R4 is not a linear space with addition and scalar multiplication.
Consequently, (Rg, || - ||) is not a Banach space, where ||z|| = dy(z,0), = € Ry.

Denote T by the set of all triangular fuzzy numbers in Ry. (T, dy,) is a subspace of the
metric space (Ry, d). It is a complete metric space. Moreover, Bede [3] showed that if
x,y € T, then the difference 26,5y always exists in T and 26,5y = (—1) O (y Sy ).

Let X be a subset of Ry, J C R, and denote C(J, X) by the set of all continuous
mappings f: J — X.

2.2. Hukuhara’s derivative. Let f : [a,b] C R — E' a fuzzy-valued function. The
a-level of f is given by

£t a) = {f(t,a),f(t,a)}, for all £ € [a,],a € [0, 1].

Definition 2.2 ([4]). Let ¢, € (a,b) and h be such that ¢, + h € (a,b), then the
generalized Hukuhara derivative of a fuzzy value function f : (a,b) — E' at t; is
defined as

f (tO + h)h_g f (tO) —y ;H (tO)

(2.9) lim

h—0

=0.
1
If fou (to) € E' satisfying (3.4) exists, we say that f is generalized Hukuhara differ-
entiable (gH-differentiable for short) at .

Definition 2.3 ([4]). Let f : [a,b] — E* and ¢, € (a,b), with f(¢, ) and f(t, @) both
differentiable at tg.

We say that
1. fis [(i) — gH|-differentiable at ¢, if
(2.10) Flon (to) = |£/(t,0), (£, 0)] ;
2. f is [(11) — gH]-differentiable at t if
(2.11) Fligrr (to) = [F(t,0), (£, 0)].

Theorem 2.1 ([6]). Let f: JCR — E' and ¢ : J — R and t € J. Suppose that ¢(t)
is differentiable function at t and the fuzzy-valued function f(t) is gH -differentiable
at t. So,

(2.12) (fo)g(t) = (f'd), (t) + (f&'), (1)

Definition 2.4 ([5]). Let f : [a,b] — E' and f/H(t) be gH-differentiable at to €
(a,b), moreover there isn’t any switching point on (a,b) and f(¢,«) and f(¢, «) both
differentiable at t5. We say that

o f'is [(i) — gH]-differentiable at to, if

floato) = £t a), T (z,0)|;



ON THE EXISTENCE AND UNIQUENESS OF FUZZY MILD SOLUTION 953

o f'is [(11) — gH|-differentiable at t¢, if
figu(to) = [ F'(t,), f(t, ) |.

2.3. Fuzzy fractional derivative. We present generalized fuzzy fractional derivative
and their properties.

Definition 2.5 ([9]). Let f € L? ([a,b]). The fuzzy Riemann-Liouville integral of
fuzzy-valued function f is defined as following:

(2.13) Ih f(t) = F(lq) ©) /at(t —8)7 ® f(s)ds, a<s<t,0<qg<]l.

Definition 2.6 ([6], Riemann-Liouville fractional derivative-RL). Let us consider
f e LP'([a,b]) is a fuzzy number valued function,

1 d\" s n—q—1
. B m®(3> P(s—=t)" 7 e f(t)dt, n—1<q<n,
(214) DRLng(S) - {(i)nl f(5)7 d=n—1.

Definition 2.7 ([6]). In the definition of RL fractional derivative, suppose the integer
order of the derivative is an operator inside of the integral and operating on operand
function f(t) € E',t € [a,b] . We get the definition of Caputo gH derivative of f(t)

2.15) ., D1 f(s) = {FZ O ( — et o f@dt, n—1<q<n,
(I) qg=mn-—1.
Also we say that f is [(i) —
(2.16) o1 Dif(z,t;0) = [D"f(x,t;0), D'f(x,t;0)|, forall g € (0,1),
and f is [(it) — gH]|-differentiable at to, if

(2.17) Dl f(x,ta) = [qu(x,t;a),i(x,t; a)} , forall ¢ €(0,1).

gH]-differentiable at to, if

Definition 2.8 ([10]). Let f : [0,400) — X C Ry be a continuous function such that
e~**' @ f(t) is integrable. Then the fuzzy Laplace transform of f, denoted by L[f(t)],
is
+00
(2.18) LIf(1)] == F(s) :/ et © f(t)dt, s> 0.
0
A fuzzy-valued function f is exponent bounded of order 3 if there exists M > 0

similar that
(3to > 0)d 1o (f(1),0) < MeP',  for all t > t,.

Proposition 2.1. If z(t) is a fuzzy peace-wise continuous function on [0, 4+00] and
of exponential order a, then

(2.19) L((zxy)(t)) = L(x(t)) © L(y(t)),

where y(t) is a peace-wise continuous real function on [0, +00).
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Proof. We have

L) o L) = ([ e oumir) o ([ e oyo))

= /0+oo (/04'00 e~5(T+0) :U(T)d7-> ® y(o)do.

Let us to hold 7 fixed in the interior integral, substituting t = 7 4+ ¢ and do = dt, we
obtain

L(z(t)) © Ly(t)) = /+°° (/m & o(r) © y(t — T)dt> ir
= /+Oo/ O a(r) Oyt — T)dtdr

_/ et & (/ (t—a)@y(a)dT)da

= L((z *y)(t)). B
Definition 2.9 ([15]). 1. The Gamma function is given by
+oo
(2.20) D(z) = / o= Le~tdt, for all z > 0.
0
2. The B function is defined by

1
(2.21) B(z,y) = / 11— 9L for all 2,y > 0.
0

Proposition 2.2 ([15]). 1. For all z,y € R%, B(z,y) = Fégi;?

2. Forallz >0, I'(x + 1) = 2I'(z). It is easy to show the following lemma.

Proposition 2.3. For all a > 0, we get the following result
t

(2.22) / By (As®)ds = tE, 5 (At9).
0

Proof.

tE As)d t+<><> — A"
/o ar (45%) S—/ na+1) i

_ Jio fo s"ds

= I'(na+1)
+oo tna+1

z:: (na+ DN(na + 1)A

n

n

n=0
Z na+2)
E
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Lemma 2.1. For all o € [1,2] and s > 0, we have

1os* (s — )_ = L (Eaa (At?)) (s);
2. 5972 (s — A) " = L (tEa2 (At*)) (s);
B (50— A= i 2 (2 (457 )
Proof. 1. For s > 0,
400 tan An
L (Ban (A7) (s) = Z (Zﬁ W)

400 A"
- nz::()g@ ) I'(an+1)

+oo 1
- Z Sna+1A
n=0
=527 (s*— A)7".
2. For s > 0, %' (s* — A)™' = 2 (E, (At*)) (s), then
Soa—Z(Soz_A)* s 18a 1(8 _A)fl

= Z(1)(s)Z (Eaa (At%)) (s)
Eaa (At%)) (s)

=2 (1%
$</Ea1Ata> 5)
=2

tEas (174)) (s).

3. From (1), we get
(8¢ — A)_l =gl (B (AtY)) (s)

:g@éfnyzmﬂmmﬂﬁ

toz—Q N
=Y (F(a—l) * B, (At )) (s)

:z<[$&T:mAM%wyw

hence the desired result.

955

O

Lemma 2.2 ([10]). (1) Let f,g:[0,+00) — X be continuous functions, ci,co € RT.

Then
Lla© f(t) +co0g(t)] =a ©L[f(t)] +c © Lg(t)].
(2) Let f :[0,400) = X be a continuous function. Then

Lle" @ f(t)] =F(s—a), s—a>0.
(3) Let f € C'([0,+00), X) be exponent bounded of order 3. Then
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(i) if [ is [(i) — gH| differentiable, then L [D;Hf(t)} =soL[f(t)] e f(0);
(ii) if f is [(ii)—gH) differentiable, then £ [Diy f(t)] = (1)@ f(0)S(—s)OL[f(1)].

Now, we recall Schauder’s fixed point theorem and the Ascoli-Arzela theorem as
follows.

Theorem 2.2 (Schauder fixed point theorem). Let Y be a nonempty, closed, bounded
and convex subset of a Banach space X, and suppose that P 1Y — Y is a compact
operator. Then P has at least one fized point in 'Y .

Theorem 2.3 (Ascoli-Arzela). Let ¢,(t) be a sequence of functions from [a,b] to
R which is uniformly bounded and equicontinuous. Then, ¢,(t) has a uniformly
convergent subsequence.

3. Fuzzy FRACTIONAL INTEGRAL EQUATION

In this section, we have performed the Cauchy problem for fuzzy fractional evolution
equations involving Caputo gH derivatives

CuDix(t) = Ax(t) + f (t,x(t), 5D a(t)), t€[0,al,
(3.1) 2(0) =2, 1<g<2,
gHDq_ix(O) =z, i=1,...,]q|

where 5H®q is the fuzzy Caputo fractional derivative of order g € (1,2), and A is the
infinitesimal generator of a strongly continuous semigroup {7(t) };>0 on 7.

Using Caputo’s fuzzy fractional derivative definition, applying the Riemann-Liouvi-
lle mixed fractional integral operator #~J, member to member in (3.1) and using the
Newton-Leibnitz formula for the gH derivative [3], we get

(32 w(t) Oyn 2(0) Spn t ©2'(0) = I (Aa(t) +  (ta(t), Sy D a(r)).

From the definition of gH difference and (3.1), we get the following assertions.
(i) If z is Caputo [(i) — gH] differentiable, then

(33)  2(t) =x(0) +t ©2'(0) + *IL (Ax(t) + f (t,2(1), 5D a(1))) .
(ii) If x is Caputo [(i7) — gH] differentiable, then
(34)  a(t) = 2(0) +t©2'(0) © (~1) © "IL, (Ax(t) + f (t,2(1), 5D (1)) .

By applying the fuzzy Laplace transform in [10], we obtain the precise integral
formula of the Cauchy problem (3.1) as follows.

Lemma 3.1. (i) If x is Caputo [(1) — gH| differentiable satisfying the Cauchy problem
(3.1), then

(35) l‘(t) :EqJ (Atq) ® i +t0O Eq’Q (Atq) ® x

(3.6) + /Ot /st (;(—qé_)ql_; OFE 1 (A6—9)) 0 f (S,x(s),gHDq_lx(s)) dods.
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(1) If x is Caputo [(ii) — gH| differentiable satisfying the Cauchy problem (3.1), then
(3.7)

x(t) :Eq,l (Atq) ® o +t0O Eq72 (Atq) ® T

3.8) ©(-1)o /Ot /: (;(_6)(1_; OFE (A —9)) o f (S, z(s), gHDq_lx(sD dods.

—1
Here, E,1 (At1) is the Mz’ttZg—Leﬁ‘ler function.
Proof. Set
(3.9) X(s) = Ofz(t)] = /0 T et o z(t)dt
and
(3.10) F(s) = L[f(1)] = /J Tet o f (1), GyDT (b)) d.

Case 1. Assume that x is Caputo [(i) — gH| differentiable on [0, +0c0). Then from
(3.3) and [10] we have
(1) = (0) + 1 © (0) + 7495 (Ax(t) + F (1.2(0), D" 0(1)),

X(s) = L(x(0)) + £t © 2/ (0) + £ (98, (Ax(t) + f (t,2(t), SuD"2(1)))) ,
:i@xg—l—;@a:l—l—;@AX(s)—i—;@F(s),
which implies
10 X(s) =" Oxg+ 5T Ox + AX(s) + F(s),
(570 Ido A)® X(s) =s" O xg + 572 + F(s),
X6)=s10Idc AT os™ 0ry+ (s10Ido A 05?0

+(s70Ido A ® F(s)

or
(s Ide A 0 s = £ (B, (At?) (s),
(320 Ido AT ©sT?=L(te E,o (At)) (s),
(7@ Ido A)" = F(ql_ 5oL (/Ot(t )2, (ArY) dT) |
which give
(3.11) X(s) =L (B (At) O xo+ Lt O Eo(At) 0 a1+ L (g* f),

t q—
with () = | S © By (Art) dr.

Applying the inverse Laplace transformation, we get:

(312) .CE(t) :Eq,l (Atq) ® xg + t® Eq72 (A#]) © 2
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(3.13) + / / fre 1 OB, (AG— s J (s,2(5), Gy D (s)) dods.

Case 2. Assume that z is Caputo [(i7) — gH| differentiable on [0, 4+0c). Then from
(3.4) we have in the same way

(3.14)

iL'(t) :Eq 1 (Atq) ® To + t® Eq 2 (Atq) ®x
(3.15) / / o 1 © B, (A(S — )) © f (s,2(s), 5D a(s)) ddds.
This completes the proof. 0

4. EXISTENCE AND UNIQUENESS OF MILD SOLUTIONS

Definition 4.1. By a mild fuzzy solution in type 1 of the Cauchy problem (3.1), we
mean a function z € €([0, a],T) that satisfies (3.5). By a mild fuzzy solution in type
2 of the Cauchy problem (3.1), we mean a function z € C([0, a], T) that satisfies (3.7).

The following hypotheses will be used in the next results.

(H1) For almost all ¢ € [0, a, the function f € C(]0,a] x T x T, T) is continuous and
for each z € €([0,al, T), the function f(-,z,55 D7 '2) : [0,a] — T is strongly
measurable.

(H2) There exist g2 € [0,q), B, := {93 €T dy(x,0) < r} CcT,r>0,and p(-) €
L ([0,a], RT) such that for any x,y € C ([0, a], B,) we have

(4.1)

doo (f(t,2(t), gy DT (1)), f(t,y(1), g DT 'y (1)) < plt)doo((t), y(t)), t € [0,a].

(H3) There exists a constant ¢; € [0,q) and m € Lar ([0,a], RT) such that

(4.2) doo(f (£, (1), gu D" 2(1)),0) < m(t),
for all z € €([0,a],T) and for almost all t € [0, al.
(H4) E, . (At9) is a compact operator for every ¢ > 0 and n € N.

Theorem 4.1. Under hypotheses (Hy)-(Hy) the Cauchy problem (3.1) has a mild
fuzzy solution in type 1 in space C([0,al,T).

Proof. Let x € €(]0,a],T). Since z is continuous with respect to ¢ and hypothesis
(Hy), f(s,2(s), 55D x(s)) is a measurable function on [0, a]. Let

qg—1
My = ||ml|

4.3 b= .
( ) 1— ql’ Li[o,a]

For t € [0, a], by applying Holder’s inequality and (H3), we have

doo (/Ot(t —5)171® f(s,2(s), Sy DT (s))ds, 6)
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< (=) © dal (5. 2(5), Gu D (), 0)ds
<([-stvas) "l 40,1

M, a1+ (1=aq)
— (14b)te

Therefore, we obtain

() ( q—1 © Eyt (A = 57) © 1 (s,0(6). 607 () s 0
</ / I'(q - 1 doo (Eq1 (A(G = 9)1) © £ (5,2(5), S5 D" 'a(s)) , 0) dods

SW @/0 (t —s)1 o (f (s, x(s),gCH@q_lx(s)> ,0)ds

My M q+0)(=a)
~ I(g)(L+ )’
Then

for all t € [0, a].

/ / & B (A 57) &  (5,0(6), G a(5) s

is bounded for all ¢ € [0, al.
For z € ©(]0,a],7), we define

(Fi) (1) = ql(Atq)®$0+t®Eq,2 (At) © z1, te€[0,a],
(Fhx) ( / / g — 1 @ Eq (A6 —s)) O f (8, :U(s),gCHqulx(s)) ddds.
Set

My M q(+0)(1=a1)
L(g)(L+b)t-a

and By, := {2(-) € C([0,a],T) : doo(x(t),0) < ko for all ¢ € [0,a]}. We will prove that
Fix 4+ Fyx has a fixed point on By, .

Step 1. We show for every x € By, Fioz+ Fhx € By,. Indeed, with 0 <, <ty < a
we have

doo ((F2) (t2) (le‘) ( 1))
(/152 /t2 t2 q — 1 @ Eq,l (A((S — 3)‘1) ® f (S7$(S),§H®q_lx(s)) d(5d8,

ko = M ([lzoll + all[]) +

/tl /t1 1 ;E 1) © Eg1 (A0 =5)1) O f <S7x(3)a§H®q_1!E(S)) d5ds>
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=d (/:2 /Stz (to ;f)iQ ® By (A(6 —s))) O f (371‘(3),5]{@(1_11’(8)) dSds

+ / ! / " t2;_ O Fur (A6 =5 © £ (s,2(5), Sy D" (s)) déds

[ 1;: W (A0 = 8)1) © f(s,x(s),gH@q1x(s))d5ds,©>
i (/tt /:2 (=0 (A6~ )) @ f (s,2(s), D" (s)) dods

+/ ! / "l t2_ q__ 3 —" & B, (AG - 5)1)

®© f (s,a(s), 5D (s )) déds

[ tz;_l w1 (A6 = 5)1) © f (s,0(s), G4 D" a(s)) d5d3,6>

<d. (/tt /:2 (t2 = t 1) Ey1 (AG = 8)) © f (s,2(s), 54D a(s) d5ds,ﬁ>

4 (/tl/tl (8 = 0)° q_?_(s)q 1 o By (A — 8

 f (s,a(s), 5D (s ))déds o)

( / " /tt (2 = o 1 w1 (A= 8)) © f (5,2(5), Gy D" a(s)) d5ds,6>

“L+ I+ I,

where

I —d.. ( /tt / “ t2;_ 7 © Bt (A0 = 5)%) @ f (s.2(6). 50" (5) d5d3,6>
Iy =ds < / " /“ (tz — 0 q— —9)17] ® B, (A(5 — 5)7)

- 1)

O f (s x(s), gHDq 2 d6ds O)

I3 =dy (/tl /: (L2 ;_ 0 (A0 —9)) o f (s,x(s),gHDq_lz(s)) dods, O) :

We have:

I =dy (/: /:2 <tr2‘(; i); OFE 1 (A6—9)) 0 f (s, x(s), ?Hﬁq_lx(s)) dods, ﬁ)
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T (=)
MM,

(1+0b)t-1T(q)

IN

IN

(t2 _ tl)(b-&-l)(l—tll)7

also
ot (B —0)72 — (8 — 0)77 g
I :doo</0 / =1 ® Eg1 (A(6 — 5)7)
of (s,x(s),gHDq_lx(s)) déds,f))
<o ([ =90 = =9 = -]
® dy (f (s, x(s),gH”Dq’lx(s)) ds, 6) )
SFJZ) (/Otl [(tg —8) 4t —(t; — s)q_l} © doo (f (s, x(s),?HDq_lx(s)) ds, f))
- /0t1 (ty — )T ' O do (f <s,m(s),§H®q_1x(s)> ds, @))
SFJZ) (/Otl [(t2 —8)" = (t2 — S)b}liql OM —(t2—t)"" © 75}q1M1)
S fl—]\illr(q) (<t = )"+ 85— 0 — (b — )" (b 1))
Likewise
ot (ty —0)77? q g-1 0
I3 =dw (/0 /t1 Ta-1 OFE 1 (A6—9)1)0Of (s,x(s),gHﬂ x(s)) dods, 0)
M /ot B - .
< @ </0 (ty — )T ' O dy (f (s,x(s),gCHﬂ x(s)) ds,O))
MMt — tl)q_ltl—ql

I(q) '
Then it is straightforward that I, Iy and I3 tend to 0 as ty — t; — 0. So, (Fyx) (t) is
continuous in t € [0, al. It is easy to see that (Fix) () is also continuous in t € [0, a).
Now, for any x € By, and t € [0, a], we have
My M a0 (-a1)
< ky.
I(g)(L+b)t-a

(4.4)  doo (Faz) (t) + (Fox) (£),0) < M ([lao| + al| 2 |)) +

Then F} + F5 is an operator from By, into By, .

Step 2. We prove that Fj is a fully continuous operator that can be decomposed
into several small steps.

First, we show that F} is continuous in By, .
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Let {x,} C By, with z,, — x on By,. Applying hypothesis (Hz), we get

(4.5) f (s,xn(s),gHqulxn(SD — f (s,x(s),gH@q’lx(s)) , asn — +o0,

almost everywhere ¢ € [0, a].
From the hypothesis (H3),

doo (f (S,xn(s),gCHDq_lxn(s)) f (s,x(s),gCHﬂq_lx(s)» < 2m(s).

Therefore, by the domination convergence theorem, we get

Ao ((Fﬁn)() (sz)())
< [ R @ (1 (s D ()  f (5 2(6), 4D a() ) b

</ (t—s) qu) ©® doo (f (s,mn(s),gHQq_lmn(s)) f (s,m(s),?Hﬂq_lm(s))) ds

when n — +00, This means Fj is continuous.

Next, we show that F; (By,) is relatively compact. This is the family of functions
{For:x € By, } and {(Fyx) (t)} relative compactness: x € By,, where ¢ € [0, al.

We proved this for all x € By, and 0 <t; <ty <a

doo ((Fgﬂ?) (tQ) N (FQZL’) (tl)) S [1 + IQ + 13.

We now have

M M,y
I; < to — ;)T A—a1)
= +b)1—‘11F(q)( >~ h) ’
MM
I < : (—(752 — )" T T = (t — )T (0 + 1)1““) ,

(b+1)1=(q)
MM, (ts — 2fl)q_lt1
I(q) '
From Step 1, it is easy to see that F; (By,) is equicontinuous.
Proving this is enough for each t € [0,a], V(t) = {(F2x) (t) : @ € By, } is relatively
compact. For any fixed 0 < t < a, for all € € (0,¢) and for all 6 > 0, let the operator
F. s be define as

(Fes) (t)

_/ ) / i q_1 © Egy (A0 = 5)") © f (5,2(s), 54D "a(s)) dods

I3 < B

‘/te/ﬂ q—1 " © By (A5 — )1 — Al — ) + Al — )

o f (s,x(s),gHDq 1x(s)) dods
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B /t€/+n Fq—l © Eq1 (A(6 — )" — A(n —€))

of <s,x(s),gHDq 196(3)) ddds,

Where x € By,. From hypothesis (H4), E,1 (A(n — €)) is the compact operator, then
Ves(t) = {(Fesz) (t) : @ € By, } is relatively compact. Moreover, for all z € By, and
we have

=doo /Ot ' F(q — 1 @ E, 1 (A0 —s)Y) o f (s, z(s), SHﬂq_lx(sD dods

( e
/Ot e/st (t—20)" OFE (A0 —9)) o f (S,w(S),gH@q_lx(s)) d6d3>

+n I'(¢g—1)
dos ( /Of /s+n (t q<5_ iy © Bar (A0 =) © f (s.2(s), Sy DT a(s) ) dods
b 0 B (4G = 97 0 (5,091, Do) i
- L;Iw_if@&me—@%@f@ﬂ@»;@ww@»@@ﬁ>

<d < Ot /S+’7 (t qd_ 0 OE (A6 —9)) O f (3,93(3),51{9(1_1:17(3)) d5d$,0>

+ duo </tt6 S:n g - 1 O E (A—9))0of (s, x(s),gCHﬂq’lx(sD ddds, 0)
MM b+1 b1 |, b1\ D b+1 b1\ 10
< i (07 = @ ) T () e
—0,

when 7, ¢ — 0. Then we have a relatively compact set arbitrarily close to V' (¢), t > 0,
which means that V' (¢), t > 0, is also relatively compact.
Applying the Ascoli-Arzela theorem shows that F; (By, ) is relatively compact. Since
F, is continuous and Fy (By,) is relatively compact, F» is a fully continuous operator.
According to Schauder’s fixed point theorem, F; + F; has a fixed point at By,. So
the nonlocal Cauchy problem (3.1) has a mild fuzzy solution of type 1. O

Set
F[x] (t) =E,1 (At?) ® o + tEq 9 (Atq) ®

@// q—1 @Eq,l(A(5_S)q)

of <s,x(s),gHDq 135(3)) ddds
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and
(4.6) C([0,a],T) = {m € €([0,a],T) : Flz](t) exists for all t [O,GL}} :
The following results show that there exists a mild fuzzy solution for type 2 in the
space C([0,al, T).
Theorem 4.2. The hypothesises (H1)-(H4) are true and
(Q2) C([0,a),T) £ 0; S
(Q3) if x € C([0,a],T), hence Flz] € C([0,al,T).
In this case the Cauchy problem (3.1) has a mild fuzzy solution of type 2 in space
C([0,a], 7).
Proof. For = € C([0,a],T), Flz](t) = (Fiz) (t) © (—1) ® (Fyz) (¢).

Set
My Ma00-a)

[(g)(1 +b)t—a
Using a similar method as before with the Caputo [(i) — gH] derivative, we get:
Fiz & (—1) © Fyy € By, for any pair z,y € By, C C([0,a],T), where (Fiz) (t) and
(Fyx) (t) are continuous in ¢ € [0, a.

Now for any z,y € By,, we have

doo ((F17) (1) © (=1) © (Fy2) (£),0) < do ((Fi2) (1),0) + do ((F2) (1), 0)
My Ma00-a)
L(g)(1+0)t-

ko = M ([[zoll + allz[]) +

< M (|[zoll + allz1]]) +

= kOa

which means that F} © (—1) ® Fy is an operator from By, into By, .

Since Fy is a fully continuous operator, according to the Schauder fixed point
theorem F} © (—1) ® F; has a fixed point on By,, this means that the Cauchy problem
(3.1) has a mild fuzzy solution of type 2. O

5. AN EXAMPLE

Consider the following equations

(5.1)
0 et lu(t, x)
Dhatt) = gute, o)+ o () () oo
u(t,0) =u(t,1) =0, t€Jo,1],
( r) =(x), = €0,1],
0+u( ) ) ¢( )7 x 6]0 1[

We choose X = C([0, 1] x T,T) and we do not forget the operator A : D(A) C X —» X
defined by

0
D(A) = {UGX.(%UEXaHd u(0,0):u((),l):()}’ Au:au.
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Then, we get
(5.2) D(A) ={u e X:u(t,0)=ut1)=0}.

This implies that A satisfies (H4).

As is well known that A generates a compact Cy-semigroup E,, (At?) on D(A).
Let’s pose X (t) = u(t,-), that is X(¢)(z) = u(t,x), for all (¢,x) €]0,1[x]0,1].

In this example, we have the function f :]0,1[xT — T is given by

et (_1X@)
t, X(t .
J(t:X(®) = 9—|—et<1+]X(t)\

It is clear that for all X,Y € €([0, 1], B,) we have

—t

9+ et

doo (f (8, X (), f(1,Y (1)) < p(t)doo (X (¢), Y (£)),  with p(t) = e Lt

for all ¢ €]0, 1], and that

doo (F(£, X (1),0) <m(t),  with m(t) = 5 €L, forall £ €]0,1]

Moreover, f is continuos, therefore it is strongly measurable. Hence, according to
Theorem 4.1 and Definition 4.1, problem (5.1) admits two types of solutions expressed
as follow

0 0
X(t) E <8t )@Io—Ft@qu(@t )@l’l

0 q e’ [ X (s)]
// q—l QEq’l<as(5_3)>®9+es<1+|X(s)|>d5d8
and

0 0
X(t) :Eq,l <attq> @ Zo + t @ Eq72 (attq> @ I

/ / g - 1 ® E,, (aas(é — s)q> ® 96;6 <1 LX’;E’SM) déds.

6. CONCLUSION

In this work, the nonlocal Cauchy problem of fuzzy evolutionary equations in arbi-
trary Banach spaces of order ¢ € (1,2) is discussed, and the existence and uniqueness
criteria for mild fuzzy solutions are determined utilizing the Schauder fixed point
theorem. An example illustrating the application of the main results is also provided.
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ON SPECTRAL RADIUS ALGEBRAS AND CONDITIONAL TYPE
OPERATORS

MOHAMMAD REZA JABBARZADEH AND BAHMAN MINAYI

ABSTRACT. In this note, we study both the spectral radius and Deddens algebras
associated to the normal weighted conditional type operators on L?(X). Also, in
this setting, some other special properties of these algebras will be investigated.

1. INTRODUCTION AND PRELIMINARIES

Let (X, 3, 1) be a complete o-finite measure space. All comparisons between two
functions or two sets are to be interpreted as holding up to a py-null set. If B C X,
let Ag = A N B denote the relative completion of the sigma-algebra generated by
{ANB: A€ A}. We denote the linear spaces of all complex-valued ¥-measurable
functions on X by L°(X). The support of f € LX) is defined by o(f) = {z €
X : f(x) # 0}. Let A be a sub-o-finite algebra of ¥ and let f be a non-negative
Y-measurable function on X. By the Radon-Nikodym theorem, there exists a unique
A-measurable function E(f) such that [, fdu = [4 E*(f)du, where A is any A-
measurable set for which [, fdu exists. Note that E(f) depends both on p and
A. A real-valued measurable function f = f* — f~ is said to be conditionable if
p{z € X : E(ff)(z) = E(f7)(z) = 400}) = 0. If f is complex-valued, then
f€D(E)={f€ LX) : fis conditionable} if the real and imaginary parts of f are
conditionable and their respective expectations are not both infinite on the same set
of positive measure. For 1 < p < +00, one can show that every LP(X) function is
conditionable. We use the notation LP(A) for LP(X, A, ) and henceforth we write

p in place p,.

Key words and phrases. Deddens algebra, spectral radius algebra, conditional expectation, invari-
ant subspace.
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The mapping E* : LP(X) — LP(A) defined by f — EA(f), is called the conditional
expectation operator with respect to A. In the case of p = 2, it is the orthogonal
projection of L*(X) onto L?*(A). For further discussion of the conditional expectation
operator see [13].

From now on we assume that v and w are conditionable. Operators of the form
MyEM,(f) = wE(uf) acting in L*(X) with D(M,EM,) = {f € L*(X) : wE(uf) €
L?(X)} are called weighted conditional type (or weighted Lambert type) operators.
Several aspects of this operator were studied in [4,6-8]. Put K = E(|ul?)E(|w]?).
Estaremi in [3] proved that M,EM, : D(T) — L?(X) is densely defined if and only
if K — 1 is finite valued (a.e.). Moreover, T' := M,EM, is bounded if and only if
D(T) = L*(X). In this case T* = MzEMy and ||T||? = ||K||s. For a bounded linear
operator T', spec(T') denote its spectrum. We say that A € C belongs to the essential
range of a measurable function f if for each neighborhood G of A\, u(f~(G)) > 0.
Positive, self-adjoint and normal bounded weighted conditional type operators and
their spectrum have recently been characterized in [7] as follows.

Lemma 1.1 ([7]). Let T = M,EM, € B(L*(X)). Then the followings hold.
(a) T is positive if and only if T = MyzEM, for some 0 < g € L°(A).
(b) T is self-adjoint if and only if T = MyzEM, for some g =g € L°(A).
(¢) T is normal if and only if T = MyzEM,, for some g € L°(A).
(d) spec(T) \ {0} = essrange(F(uw)) \ {0}.

Let H be a Hilbert space with inner product (-, ) and let B(JH) denote the algebra
of all bounded linear operators on H. We use A*, r(A), R(A) and N(A), respectively,
to denote the adjoint, the spectral radius, the range and the null space of A € B(H).
A is normal if A*A = AA* and A is positive if (Az, ) > 0 holds for each x € H in
which case we write A > 0. Let H = H; & Hy, A € B(H) and let Pj : H — H
be an orthogonal projection onto }; for j = 1,2. Then A = ( ﬁ; ﬁ;z ), where
Ajj » H; — H; is the operator given by A;; = P;AP; |5;. In particular, A(H,) C H; if
and only if Ay = 0. Also, H; reduces A if and only if Ajp=0= Ay;. Let A€ B(%H)
with 7(A) # 0 and let 0 < a < r(A)”" be an arbitrary but fixed number. Define
K. (A) =320 a* A A", Since for all n € N, [[a®* A*™ A"|| = a*"||A"||?, then we have
T oo |2 A AR |5 = a2 (mn_)+oo|’14n||%)2 = a’r(A)? < 1. This implies that
the series 320 a? A*™ A" is convergent in the norm topology of B(JH), and hence
K,(A) € B(H). Thus, the map f4 of (0,7(A)™1) to B(H) defined by fa(a) = K,(A)
is well-define, increasing and continuous. Also, for any x € H we have that

(L) el € 3 o | @) = (), 2) = |\

So, K,(A) > I and hence K,(A) is positive and invertible with ||K,(A)|| > 1. Set
R,(A) = K7'(A) and S,(A) = /R4(A). Replacing z by (K,(4)) 7 (z) in (1.1) we

2
< (A - [l
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obtain that [|S,(A)|| < 1 and ||R.(A)| = ||S%(A)|| < 1. Consequently, R,(A) and
Sa(A) are positive and invertible elements of B(H) and

+o00 +o00
(12) (KA = swp (Ka(A)z ) = 3 a4 < 3 (Jadl?)" = -1
Jall=1 =0 =0 1= [laAl
Let {A,} C{T € B(H) : n(T) < r(A)}. If ||A,, — A|| — 0, then for ecach n € N
and 0 < a < r(A)7 a®AMATY — a® A A" and so ||K,.(A,) — K (A)]| — 0 as
m — +o00. But the converse is not true. Indeed, if A; and A, are distinct unitary
operators on H, then K,(A;) = K,(A2) = (1 —a?)™'T for all 0 < a < 1. In [9]
A. Lambert and S. Petrovi¢ define the spectral radius algebra of a bounded linear
operator A with S, = S,(A) and 0 < a < 7(A)~" to be the unital subalgebra

Ba={T € B(K) :sup ||S;'TS,| < +oo}.

Lastly, define
Q4 ={T € B(H): hm IS TS| = 03,
a—r

In [9] it is shown that, |K,(A)|| = +o00 as a — ||A]|"! and for any A, Q4 C B, is a
two-sided ideal consisting entirely of quasinilpotent operators. Furthermore, if A is
quasinilpotent, then A € Q4.

We now consider the Deddens algebra D 4 associated with A € B(H), that is, the
family of those operators T" € B(H) for which there is a constant M > 0 such that
for every n € N and for every x € H, ||A"Tz|| < M||A™z||. D, is indeed a unital
subalgebra of B(H) with the property that {A} C D, C By, where {A} is the
commutant of A (see [11]).

Let A € B(H) be normal and 0 < a < ||A||™'. Then A" and A*" commute with
K.(A), R,(A), Su(A) and K,(A*) = K,(A) = K,(]4]), where |A]* = A*A. Moreover,

(1.3) Ko Z a2(A*A)" = (I — a?A"A) 7,
Ru(A) = T — a>A*A,
Sa(A) = \/1 —a2A"A,

Py:= lim  S,(A)=/I—|A|24"A

a— [ Al

For more details on the Deddens and spectral radius algebras see [1,5,11,12]. In the
next section, we investigate the spectral radius and the Deddens algebras related to
the bounded weighted conditional type operators on L?(X). All of these are basically
discussed using the conditional expectation properties.

2. By AND Dy ASSOCIATED WITH T = M,E M,

From now on we assume that E(|u|?) € L*(A), i.e., Ty := MzEM, € B(L*(%)).
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Lemma 2.1. For 0 <be L°(A), let MyTy € B(L*(X)). Then the followings hold.
(a) If 1 ¢ spec(MyTy), then (I — MyT\) ™ =T+ M__» _T.

1—bE(|ul?)

(b) If —1 ¢ spec(MyTy), then (I + MyTy) ' =T1T—M__» Ty,

14+bE(Jul?)

Proof. We only proof (a), since (b) follows similarly.

Let 1 € spec(MyT}). Using Lemma 1.1 (d), 1 ¢ essrange E(bu|?) and so (1 —
bE(]u|2))_1 S LOO(.A) Put S =1 + Mb(l—bE(\uP))—lTl- Then HS” <1+ H(l —
bE([ul?)) ™Y s |MpT:|| < +o00. Also, direct computations show that S(I — M,T) =
(I — M,T1)S = I. Now, the desired conclusion holds. O

Set N = {M,EM, € B(L*(X)) : M,EM, is normal}. By Lemma 1.1 (c) we have
N = {M,T) € B(L(X)) : g € LY(A), T, = MyEM,,u € L°(2)}.

Corollary 2.1. Let T = M,EM, € N and let 0 < a < r(T)™'. Then K,(T) =1+
M, Ty and R,(T) = I — MyT, for some k,v € LY(A) and ||K,(T)|| = 1+ [[vE(|u|*)]|so-

Proof. By Lemma 1.1 (¢), T = M,T; for some g € L°(A). Since T*T = Mg2pju2) 11,
then by (1.3) we get that K,(T) = (I — M,T,)™, where k = a?|g|?E(Ju|*). Thus,
R.(T) = (K (T))™' = I — M,T,. Also, since 1/a*> > (r(T))* = r(T*T), then
1/a* ¢ spec(T*T) = essrange |g|*(E(|u]?))?. Therefore,

1 1
= € LA
T RE(P) @k P ©
and 1 ¢ spec(M;T1). Now, by Lemma 2.1, K,(T') = I + M, T}, where v = ﬁ(w)
Moreover, since M,T; is positive, then ||K,(T)|| = 1+ [|M,T1|| = 1 + ||[vE(|u]?)] co-
This completes the proof. 0

Corollary 2.2. Under the assumption of above corollary, S,(T) = I — M1 and
S TY=IT+M )Tl for some s € L°(A).

- s
a 1—sE(|u|?

1—+/1-kE(|u|?
W;'”XU(E(MP»- Then, for f € L*(X) we have

Proof. Set s =
(I = MaEM,)*(f) = (I — MaEM,)(f — suE(uf))
— [ = suB(uf) - siB(uf — sluE(uf))
= f —u(=2s+ E(|jul*)s*) E(uf)
— [ — GkE(uf)
= (I = Mya EM,)(f).

It follows that S,(T) = (R.(T))Y? = (I + M} T})"/? = I — M,T}. Now, the inverse of
Sa(T) follows from Lemma 2.1 (a). O

For T € N and v € L°(A), it is easy to check that M,T; commutes with S, (7). It
follows that {M, T} € B(L*(X)) : v € L°(A)} C Br.

Lemma 2.2. Let T = M,EM, € B(L*(S)). Then N(T) = {uy/E(wP)L(A)} .
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Proof. Let f € L*(X). Since R(E) = L?(A), then we have
fEND) & ITf2 =0 [ BluP)|E@f)Pd=0
& [ BB
& uyE(lwf2)f € N(E) = L*(A)*
o <u\/mf,g> —0, forall g€ L2(A)
N <f,u\/mg> —0, forall g€ L*(A)
o fe {a\/WLZ(A)}L. 0

Corollary 2.3. R(MzEM,) = u\/E(|u]?)L?(A) = c.l.s. {a\/E(|u|2)XA A€ Ag(u)},

where c.l.s. stands for closed linear span. In particular, R(EM,) = uL?(A).

2
dp =0

Let P be an orthogonal projection of L*(X) onto M = R(P) and let Q = I — P.
Direct computations show that

(2.1) (I — aP)™! :I+%P, a1,
(2.2) (I-aP)2=1-(1-yI—a)P, a<l.

Let 0 < a < 1. Then K,(P) = 1% a>P*P" = [ + {2, P. Using (2.1) and (2.2)
we obtain that

Ro(P) = (K,(P))™ = I — ®P,
Sa(P) = (R,(P))F =1 — (1 V1—a?)P,

1-VI—a?
SHP) =1+ HP.
—a
Note that if we take P = Mp,p2-1 EM,, then P> = P = P* with R(P) =
aB(Ju?) ™2 L2(A). Now, let § = )Z( 3‘// be the block matrix representation

of S € B(L*(X)) with respect the decomposition L*(¥) = M & ML, Since

_ I o o ]\41—\/1—(12 _ ‘]\4\/1—a2 0
Sa(P)‘(o I) ( 0 o)‘( 0" 1)

then we have

Pa(S) = <sa1<P>>S<sa<P>>=(M¢f7 0)(? %)(Mé“” ?>
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( X YM )
— Vi | .
IMy— W

It follows that sup{||P.(5)|| : 0 < a < 1} < +oo if and only if Y = 0. For some
0<a<l1, P(S)=Sifand only if Y = Z = 0. Also, lim,,; [|P,(S5)| = 0 if and only
if X =Y =W = 0. Moreover, we have

M+ 0N/X Y\(IO0\({Mj= 0 X 0
=M= ) (3 8)(5 ) ("5 )i )

Thus, SP € Bp for all S € B(L*(X)). Also if X = 0, then SP € Qp. Similar
computations show that

0 0 0
P, (QS) = ( 20— ) P,(QSP) = (ZM 0 )
0
W,

Let {S,} € Bp and let S, := ( )Z("

X, — X Y
mi<is.-si=|( 203 W )| e

n

)—)Sasn—>—|—oo Then

It follows that ¥ = 0 and hence Bp is closed in the norm operator topology on
B(L?*(X)). Moreover, by definition, S € Dp if and only if there exists M > 0 such

that
=[5 8) (3 0 ) (50)]

AT =)

for all f € L?(X). Replacing f by Qf in the above and taking M = M(S) = || X]|, we
obtain that S € Dp if and only if Y = 0 on N(P). As an easy consequence of these
observations, we have the following result.

Y

Proposition 2.1. Let P be an orthogonal projection of L*(¥) onto M = R(P),
O<a<landlet@Q=1—P. Set

={SP:S e B(L*X)),PSP =0},
9, ={QS: S € B(L*(%)),QSQ = 0},
Qs = {QSP: S e B(L*%))}.
Then
Bp = {5 € B(L*(¥)) : S(N(P)) S N(P)} = Dp,
Qp={S€B(L*%)):QSP=T} 2 Q UQ UQs.
Moreover, P,(S) =S if and only if M reduces S.
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Set P=F*=F 0<a<1land P, =&, Let S= M,EM, € B(L*(X)). Using
Proposition 2.1 and [7, Proposition 2.30] with respect the decomposition L*(X) =
L*(A) @ N(E), we have

ESE =04 Mpuwew)l|2m =0,
ESQ =0 & uxopw) € L(A),
QSE =0 < wxs(Bw) € L°(A),

L
QSQ =0 & L2(A)* = R(Q) C N(S) = {z‘m/E(\w\?)ﬁ(A)} .
So we have the following corollary.

Corollary 2.4. Let S = M,EM, € B(L*(X)) and 0 < a < 1. Then,
(a) S € Bg if and only if uXe(pw) € L°(A);
(b) S € Qg zf and only if S € Br, Mpupw)|r2wm = 0 and R(S) C L*(A);
(¢) €a(S) = S if and only if {uXo(Ew), WXo(Ew)} C L°(A).

Let M(A) = {My : ¥ € L>®(A)} and let M'(A) be its commutant. It is known
that M(X) is a maximal abelian subalgebra of B(L*(3)). But it is invalid if ¥ is
replaced by A # ¥. Indeed, for any A C B, E® € M/(A) \ M(A). Alan Lambert
in [10, Theorem 3.2] proved that S € M'(A) if and only if there exists C' > 0 such
that E(|Sf|]?) < CE(|f|?) for all f € L*(X). Consequently, if S € B(L*(X)) and
{0, 0,1} € L®(A), then sup,, [[My-1SMy, || < 400 whenever S € M'(A).

For a fixed T = M,T} € N and 0 < a < ||T|"!, put A := S;*(T). Then by
Corollary 2.2, A = I + M,T, for some 0 < 6 € L°(A). Since A is bounded, then so
is MyTy. Thus, 0E(|ul?) € L>(A) and hence 0E(|u|?)g € L*(A) for all f € L*(A).
Relative to the direct sum decomposition L?(X) = R(T;) @ N(T}), the matrix form of
A'is (Aij)i<ij<o. Set P = Py and Q =1 — P. Let f € L*(X). Then without loss

of generality, we can assume that Pf = u\/E(|u|?)g, for some g € L*(A). Then
Anf = P(A(Pf)) = P(Pf + 0uE(uPf))

= P(Pf +ay/E(jul?) (0E(jul)g))
= Pf+0E(jul*)Pf
= Misor(u Pf,

where § = 1+ 7oy By Corollary 2.2, 1+0E(|Jul?) =

where

L 1
I=sBE(lul?) "\ /1-kE(ju?)
k = a?lgPE(Jul*). Thus, Ay = PAP = M_jp(jup2)-12P. Similar computations
X Y

show that Ay, = Ay = 0 and Ay = I|N(T1). Let S = < 7 W ) be the block

matrix representation of S € B(L?*(X)) with respect the decomposition L*(X) =
R(Ty) ® N(Ty). Set L,(S) := (S;NT))S(S.(T)) and ¥ := /1 — kE(Ju|?). Then

a
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Y — 0asa—||T]"! and
csy— (M ON (X Y\ (My 0 _(MXMy MY
0 I z W 0 I Z My 14
Since My — 0 as a — ||T||7', so sup{||[My-1]|; 0 < a < ||[T||7'} = +oo. Let
M := sup{||My-Y| < 400, 0 < a < ||T||7'}. Then for all unit vector f € N(Ty),
1Y (DIl = [MyMy-Y (f)|| < M| Mp]|. Tt follows that [[Y'(f)[| = 0 and hence Y, ., =

0. In particular, if PSP € M'(A), then S € Br if and only if S(N(7})) € N(7}). In
this case, Buy, ,, = B, for all {My, 7, My, } € N. Note that

eu(m) = ) (Mo 0 ) smy = (Mo ),

It follows that ||[L.(T)|| = |9E(Ju|*)||ec = ||T|| = 7(T). In view of these observations
we have the following results.

Theorem 2.1. Let T = M1y € N and let ¥ = \/1 —a?|g|?(E(|ul?))?. Then the
followings hold.

(a) S € By if and only if Y = 0 and sup{||[My—1 X My|| : 0 <a < |T| '} < +o0.
In particular, if X My = MyX, then S € By if and only if {u\/E(|u|?)L*(A)}* is an
invariant subspace for S.

(b) S € Qr if and only if Y = W = 0 and ||My-1 XMyl — 0, as a — ||T| 7"
Moreover, if XMy = MyX, then S € Qp if and only if X =Y =W = 0.

Let T = M,Ty € N and S € B(L*X)). Then, for all n € N and f € L*(X),
T = Mgn(E(|u|2))n—1T1 and

nar (Mo ON( X Y \[(Pf\ [ MauXPf+M.YQf
rsr= (N 0 ) (7w ) (af ) = (")

where w = gF(|u|?). It follows that S € Dr if and only if there exists M > 0 such
that |M« XPf + M2 YQFf|| < M||MyPf]|. If we set f = Qg, for some g € L*(%),
then we get |[Myn,,YQq| < [[MnYQg| = 0 and hence Y |xy)= 0. Now, if
M,X = XM,, then [|[M XPf| < ||X]| | MyPf|. Note that the commutativity of
M, and X implies that MyX = X My. So we have the following result.

Theorem 2.2. Let T = M,Ty € N, w = gE(|u|*) and let S € B(L*(X)). Then S €
Dy if and only if PSP € Dy and PSQ = 0. Moreover, if (PSP)M, = M,(PSP),
then DT = BT.

Corollary 2.5. Let {T,S} CN. Then S € Br if and only if PSQ = 0.

Proof. Let S = M, ;EM, € By, with gy € L°(A). Then PSP = M,, where
v = g1 E(u)E(v)E(uw) € L°(A). Since PSP commutes with M., then the desired
conclusion follows from Theorem 2.2. O
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Ezample 2.1. Let X = {1,2,3}, ¥ = 2%, u({n}) = 1/3 and let A be the o-algebra

generated by the partition {{1,3},{2}}. Then L*(¥) = C? and
_ fi+ /s

1 1
E(f) = (/UL(AH)//M fdu) XA, T </W/A2 fdﬁb> X Ag 9 XA, + faXa,,

where A; = {1,3} and Ay = {2}. Then matrix representation of E with respect to

For

1 1
1 g 1
2 2
the standard orthonormal basisis £ = | 0 1 0 |. It can be easily checked that
1 1
L g 1
2 2
E? = FE = E*, No(F) = ((a,0,—a) : a € C), R(E) = {(a,b,a) : a,b € C).
1 < a <1 we have
2—a? a?
101 a2 : 0 3 3(1—a?) ? 2(1—a2)
K, E)y=101 0|+ 01 0]|= 0 —— 0 ,
1 0 1 l—a®| 1 0 1 a? s 2—a?
2 2 2(1—a?) 0 2(1—a?)
1+v1—a? 0 1—a?-1
2 2
So(E)=1—-(1—-V1—-a?)E = 0 V1—a? 0 ,
1—a?-1 0 1+v1—a?
2 2
1L 9 -1
2 2
Pe=vI-P=Q=| 0 1 0
1 1
1L g 1
2 2

Set u=(1,i,—1), g =(1,2,1),0<a < % and let T} = MzEM,. Then
k= a®|g|*E(|u?) = a*(1,4,1)E(1,1,1) = (a?, 4a?, a?),

k a? 4a? a?
v = g
1 —kE(Jul?) 1—a?’1—4a2"1—a?)’
1—/1—kE(Jul?)

s = Eia) =(1-Vi-a1-vVi—4a®1-Vi-a),
u
10 07[Lo0i][1 0 o0 5 003
Ty={0 i 0 01 0[]0 — 0]=]0 1 0
00 -1][45035][0 0 -1 -3 0 3
Take T'= M,T;. Since K,(T') = I + M, Ty and R,(T) = I — M, T}, then we have
100 0 -1 1o -1
T=|020 01 0 |=|0 2 01,
00 1 -0 1 -5 0 1
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2—a? 0 —a?
. a2 4a2 a2 2(1—a?) X 2(1—a?)
Kq(T) —I+dlag<1_a2’1_a2’1_a2>T1_ _([)LQ 2(1—44?) 2_()a2 ’
2(1—a?) 0 2(1—a?)
1+v1—a? O 1—v1—a?
2 2
So(T) =I — M, T} = 0 —1+vi—4daz 0 |,
1—v1—a? 0 1++v/1—a?
2 2
Vi—a?41 0 Vi—a?-1
2v/1—a? 2v/1—a2
SN T) =I—M T = 0 <= 0
’ V1—a?-—1 0 V1—a?+1
2v/1—a? 2v/1—a2

Since [|T]| = 9E([u®)]le = [I(1,2,1)]lec = 2 and T*T = M2 pqu2Ti, then P2 =
[ —||T||>T*T = I — M. Ty, where z = WEEIE) — (179 1y "1t follows that

477 4

23 2—\/§>T1

243 0 2—/3
4 4
0 0 0
2—v3 0 243
4 4

PT:I—M(lm)lef—dlag< 9 ,1, 9

Note that, 7(T) =2 > 0 but Pr # 0 (see [2]). Also, R(T) = u|g|\/E(|ul?)L*(A) =
{(1,—4,-1)(1,2,1)(1,1,1)(a,b,a) : a,b € C} = {(a,¢c,—a) : a,c € C}. Now set
u=(1,0,1) and v = (2, —i,—2). Consider the rank-one operator u ® v defined by

2 1 =2
(u @ v)w = (w,v)u, for allw € C3>. Thenu®@v = 0 0 0 | and (u®v)T #
2 1 =2

T(u® v). However, since

sup 1S5 (T)ull - [1Sa(T)oll < sup (1571 (T)ull - (ol = [full - [lo]] = 3v2,
0<a<i 0<a<3
then by [9, Lemma 3.9], u ® v € By. Thus, By properly contains {T'}’. In the finite
dimensional case, if A # X, then T is not injective and hence the spectral radius
algebra Br always properly contains the commutant of 7.
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