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ON THE q-BESSEL TRANSFORM OF LIPSCHITZ AND

DINI-LIPSCHITZ FUNCTIONS ON WEIGHTED SPACE Lp
q,ν(R+

q )

OTHMAN TYR1 AND RADOUAN DAHER1

Abstract. E. C. Titchmarsh proved some theorems (Theorems 84 and 85) on
the classical Fourier transform of functions satisfying conditions related to the
Cauchy-Lipschitz conditions in the one-dimensional case. In this paper, we obtain
a generalization of those theorems for the q-Bessel transform of a set of functions
satisfying the q-Bessel-Lipschitz condition of certain order in suitable weighted spaces
Lp

q,ν(R+
q ), where 1 < p ≤ 2. In addition, we introduce the q-Bessel-Dini-Lipschitz

condition and we obtain analogous of Titchmarsh’s theorems in this occurrence.

1. Introduction

By definition, a function f = f(t) on R belong to the Lipschitz class Lip(α, p;R),
0 < α ≤ 1, p ∈ [1,+∞), if f ∈ Lp(R) and

(1.1)
∫

R

♣f(t+ h) − f(t)♣pdt
1/p

= O(hα),

as h → 0. It was first considered by Lipschitz in 1864 while studying the convergence
of the Fourier series of a periodic function f . He proved that the inequality (1.1) is
sufficient to have that the Fourier series of f converges everywhere to the value of
f . A strengthening criterion was introduced by Dini in 1872 whose conclusion states
that the convergence is in addition uniform.

A first classical result of Titchmarsh [19, Theorem 84] says that if 0 < α ≤ 1,
1 < p ≤ 2, and

f ∈ Lip(α, p;R),

Key words and phrases. q-Bessel operator, q-Bessel transform, generalized q-Bessel translation,
Lipschitz class, Dini-Lipschitz class, Titchmarsh’s theorems.
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832 O. TYR AND R. DAHER

then the classical Fourier transform f̂ belongs to Lβ(R), for

p

p+ αp− 1
< β ≤ p =

p

p− 1
.

On the other hand, Younis in [21] studied the same phenomena for the wider Dini-
Lipschitz class as well as for some other allied classes of functions. More precisely, he
proved that if f ∈ Lp(R) with 1 < p ≤ 2, is such that

∫

R

♣f(t+ h) − f(t)♣pdt
1/p

= O

(
hα

(log 1
h
)γ


,

as h → 0, where 0 < α ≤ 1, then its Fourier transform f̂ belongs to Lβ(R), for

p

p+ αp− 1
< β ≤ p =

p

p− 1
and

1

β
< γ.

A second result of Titchmarch [19, Theorem 85] characterized the set of functions in
L2(R) satisfying the Cauchy Lipschitz condition by means of an asymptotic estimate
growth of the norm of their Fourier transform. He proved that if α ∈ (0, 1), then the
following statement

f ∈ Lip(α, 2;R),

is equivalent to the statement
∫

♣λ♣≥N
♣f̂(λ)♣2dλ = O(N−2α) as N → +∞.

An extension of these theorems to functions of several variables on R
n and on the

torus group T
n was studied by Younis [20,21], and has also been generalized to general

compact Lie groups [22]. Recently, it has also been extended to the case of compact
groups [3]. Later, analogous results were given, where considering generalized Fourier
transforms: Bessel, Dunkl, q-Dunkl, Jacobi, . . . One can cite [2, 4–7,11,14].

One may naturally ask what are the analogous results for the q-Bessel transform of
Titchmarsh theorems? As far as we know, this question has not been answered yet.
In this paper, we try to explore the validity of those theorems in case of the q-Bessel
transform in the space Lp

q,ν(R+
q , t

2ν+1dqt), where 1 < p ≤ 2. For this generalization,
we use a generalized q-Bessel translation operator.

This paper is arranged as follows. In Section 2, we state some basic notions and
results from q-harmonic analysis related to the q-Bessel transform Fq,ν that will be
needed throughout this paper. Section 3 is devoted to proving Titchmarsh’s theorem
[19, Theorem 84] for the q-Bessel transform for functions satisfying the q-Bessel-
Lipschitz condition in the weighted space Lp

q,ν(R+
q ), where 1 < p ≤ 2, and we extend

this theorem to functions satisfying the q-Bessel-Dini-Lipschitz condition. In the last
section, we obtain a generalization of Titchmarsh’s theorem [19, Theorem 85] on
the image under the q-Bessel transform of a class functions satisfying a generalized
Lipschitz and Dini-Lipschitz condition in the Sobolev space Wm

q,2,ν(R+
q ).
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2. Harmonic Analysis Associated with the q-Bessel Operator

Throughout this paper we consider 0 < q < 1 and ν > −1/2. We refer to [15]
and [17] for the definitions, notations and properties of the q-shifted factorials, the
q-hypergeometric functions, the Jackson’s q-derivative and the Jackson’s q-integrals.
The references [8–10,13,18] are devoted to the q-Bessel Fourier analysis.

We introduce the following set

R
+
q = ¶qn : n ∈ Z♢.

We notice that in q-calculus all functions are assumed to have R
+
q as a domain of

definition.
For a ∈ C, the q-shifted factorials are defined by:

(a; q)0 =1, (a; q)n =
n−1∏

l=0

(1 − aql), n = 1, 2, . . . ,(2.1)

(a; q)∞ = lim
n→+∞

(a; q)n =
+∞∏

l=0

(1 − aql).

We also denote

[x]q =
1 − qx

1 − q
, x ∈ C,

and

[n]q! = [1]q × [2]q × · · · × [n]q =
(q; q)n

(1 − q)n
, n = 0, 1, 2, . . .

The q-gamma function is given by (see [1])

Γq(x) =
(q, q)∞

(qx, q)∞

(1 − q)1−x, x ̸= 0,−1,−2, . . .

It satisfies the following relations

Γq(x+ 1) = [x]qΓq(x), Γq(1) = 1,

lim
q→1−

Γq(x) = Γ(x), Re(x) > 0.

The q-derivative Dqf of a function f is given by

Dqf(x) =
f(x) − f(qx)

(1 − q)x
, if x ̸= 0.

Dqf(0) = f
′

(0) provided f
′

(0) exists.
The q-Jackson integrals are defined by (see [16])

∫ a

0
f(t)dqt = (1 − q)a

+∞∑

n=0

qnf(aqn),

∫ b

a
f(t)dqt = (1 − q)

+∞∑

n=0

qn [bf(bqn) − af(aqn)] ,
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∫ +∞

0
f(t)dqt = (1 − q)

+∞∑

n=−∞

qnf(qn),

provided the sums converge absolutely. In particular, for a ∈ R
+
q ,

∫ +∞

a
f(t)dqt = (1 − q)a

−1∑

n=−∞

qnf(aqn).

Note that

(2.2) Dq

∫ a

x
f(t)dqt


= −f(x)

and ∫ b

a
Dqf(t)dqt = f(b) − f(a).

The q-integration by parts formula is given by

(2.3)
∫ b

a
g(t)Dqf(t)dqt = [f(b)g(b) − f(a)g(a)] −

∫ b

a
f(qt)Dqg(t)dqt.

The q-analogue of the integration theorem by a change of variable can be stated as
follows ∫ b

a
f

(
λ

s


λ2ν+1dqλ = s2ν+2

∫ b
s

a
s

f(t)t2ν+1dqt, for all s ∈ R
+
q .

Let ν ≥ −1/2. The normalized third Jackson q-Bessel function of order ν is defined
by (see [1])

(2.4) jν(x, q2) =
+∞∑

n=0

(−1)n Γq2(ν + 1)qn(n+1)

Γq2(ν + n+ 1)Γq2(n+ 1)

(
x

1 + q

2n

.

For λ ∈ C, the function x 7→ jν(λx, q2) is a solution of the following q-differential
equation {

∆q,νf(x) = −λ2f(x),
f(0) = 1,

where ∆q,ν is the q-Bessel operator defined by

∆q,νf(x) =
1

x2

[
f(q−1x) − (1 + q2ν)f(x) + q2νf(qx)

]
, x ∈ R

+
q .

Lemma 2.1. i) The following inequalities are valid for a q-Bessel function:

jν(t, q2) = O(1), if t ≥ 0 and t ∈ R
+
q ,(2.5)

1 − jν(t, q2) = O(1), if t ≥ 1 and t ∈ R
+
q ,

1 − jν(t, q2) = O(t2), if t ≤ 1 and t ∈ R
+
q .(2.6)

ii) The inequality

(2.7) ♣1 − jν(t, q2)♣ ≥ c

is true with t ≥ 1, t ∈ R
+
q , where c > 0 is a certain constant.
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Proof. See [12, Lemma 3.1]. □

Moreover, by the relation (2.4), a simple calculation yields

(2.8) lim
t→0

1 − jν(t, q2)

t2
=

1

[ν + 1]q2

(
q

q + 1

2

̸= 0,

hence, there exist c′ > 0 and η > 0 satisfying

(2.9) ♣t♣ < η ⇒ ♣1 − jν(t, q2)♣ ≥ c′t2.

For 1 ≤ p < +∞, we denote by Lp
q,ν(R+

q ) the set of all real functions on R
+
q for which

∥f∥q,p,ν =
∫ +∞

0
♣f(t)♣pt2ν+1dqt

1/p

< +∞,

and Cq,0(R
+
q ), for the space of functions defined on R

+
q tending to 0 as t → +∞ and

continuous at 0. The space Cq,0(R
+
q ), when equipped with the topology of uniform

convergence, is a complete normed linear space with norm

∥f∥q,∞ = sup
t∈R

+
q

♣f(t)♣.

The q-Bessel Fourier transform Fq,ν associated with the q-Bessel operator ∆q,ν is
defined for every function f in L1

q,ν(R+
q ) by

Fq,ν(f)(λ) = Cq,ν

∫ +∞

0
f(x)jν(λx, q2)x2ν+1dqx, for all λ ∈ R

+
q ,

where

Cq,ν =
(1 + q)−ν

Γq2(ν + 1)
.

Moreover, it was shown in [8, 13], that q-Bessel Fourier transform Fq,ν satisfies the
following properties.

(i) Riemann-Lebesgue lemma. Let f ∈ L1
q,ν(R+

q ), then Fq,ν(f) ∈ Cq,0(R
+
q ) and we

have

∥Fq,ν(f)∥q,∞ ≤ Bq,ν∥f∥q,1,ν ,

where

Bq,ν =
1

1 − q
·

(−q2; q2)∞(−q2ν+2; q2)∞

(q2; q2)∞

.

(ii) q-Inversion formula. If f ∈ L1
q,ν(R+

q ) such that Fq,νf ∈ L1
q,ν(R+

q ), then for all
x ∈ R

+, we have

f(x) = Cq,ν

∫ +∞

0
Fq,ν(f)(λ)jν(λx, q2)λ2ν+1dqλ, for all λ ∈ R

+
q .

(iii) q-Plancherel formula. The q-Bessel transform Fq,ν can be uniquely extended
to an isometric isomorphism on L2

q,ν(R+
q ) with

(2.10) ∥Fq,ν(f)∥q,2,ν = ∥f∥q,2,ν .
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(iv) q-Hausdorff-Young inequality. Let 1 < p ≤ 2. If f ∈ Lp
q,ν(R+

q ), then Fq,ν(f) ∈

Lp
q,ν(R+

q ) and

(2.11) ∥Fq,ν(f)∥q,p,ν ≤ B
2

p
−1

q,ν ∥f∥q,p,ν ,

where the numbers p and p above are conjugate exponents:

1

p
+

1

p
= 1.

The q-generalized translation operator associated with the q-Bessel transform T ν
q,h,

h ∈ R
+
q was introduced in [13] and rectified in [8], where it is defined by the use of

Jackson’s q-integral and the q-shifted factorial as

T ν
q,hf(x) =

∫ +∞

0
f(t)Kq,ν(h, x, t)t2ν+1dqt,

where

Kq,ν(h, x, y) = C2
q,ν

∫ +∞

0
jν(ht, q2)jν(xt, q2)jν(yt, q2)t2ν+1dqt.

In particular the product formula

T ν
q,hjν(x, q2) = jν(h, q2)jν(x, q2)

holds.

Lemma 2.2. For f ∈ Lp
q,ν(R+

q ), p ≥ 1, we have T ν
q,hf ∈ Lp

q,ν(R+
q ) and

∥T ν
q,hf∥q,p,ν ≤ ∥f∥q,p,ν .

Let Wm
q,p,ν(R+

q ), 1 < p ≤ 2, be the Sobolev space constructed by the q-Bessel
operator ∆q,ν , that is,

Wm
q,p,ν(R+

q ) := ¶f ∈ Lp
q,ν(R+

q ) : ∆j
q,νf ∈ Lp

q,ν(R+
q ), j = 1, 2, . . . ,m♢,

where

∆0
q,νf = f, ∆j

q,νf = ∆q,ν(∆j−1
q,ν f), j = 1, 2, . . . ,m.

Lemma 2.3. For Lp
q,ν(R+

q ), 1 < p ≤ 2, we have

(2.12) Fq,ν(T ν
q,hf)(λ) = jν(λh, q2)Fq,ν(f)(λ),

and if f ∈ Wm
q,p,ν(R+

q ), we get

Fq,ν(∆m
q,νf)(λ) = (−1)mλ2mFq,ν(f)(λ).

Proof. See [9]. □

For every f ∈ Lp
q,ν(R+

q ), 1 < p ≤ 2, we define the differences Zm
h f of order m,

m = 1, 2, . . ., with step h > 0, h ∈ R
+
q by:

Z1
hf(x) = Zhf(x) := T ν

q,hf(x) − f(x),

Zm
h f(x) = Zh(Zm−1

h f(x)), for m ≥ 2.
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Also, we can write that

Zm
h f(x) = (T ν

q,h − I)mf(x),

where I is the identity operator in Lp
q,ν(R+

q ).

3. Lipschitz and Dini-Lipschitz Condition in the q-Bessel Setting on
the Space Lp

q,ν(R+
q )

In this section, we prove Titchmarsh’s theorem [19, Theorem 84] for the q-Bessel
transform for functions satisfying the q-Bessel-Lipschitz condition and Younis’s theo-
rem [21, Theorem 3.3] on the image under the q-Bessel transform of a class of functions
satisfying the q-Bessel-Dini-Lipschitz condition in the space Lp

q,ν(R+
q , t

2ν+1dqt), where
1 < p ≤ 2. We begin with auxiliary results interesting in themselves.

Lemma 3.1. Let f ∈ Lp
q,ν(R+

q ), 1 < p ≤ 2 and h > 0 with h ∈ R
+
q , then

(3.1)
∫ +∞

0
♣1 − jν(λh, q2)♣mp♣Fq,ν(f)(λ)♣pλ2ν+1dqλ ≤ K∥Zm

h f∥p
q,p,ν ,

where K is a positive constant and m = 0, 1, 2, . . .

Proof. By formula (2.12), we obtain

Fq,ν(Zhf)(λ) = Fq,ν(T ν
q,hf)(λ) − Fq,ν(f)(λ)

= jν(λh, q2)Fq,ν(f)(λ) − Fq,ν(f)(λ)

= (jν(λh, q2) − 1)Fq,ν(f)(λ).

Using the proof of recurrence for m, we have

Fq,ν(Zm
h f)(λ) = (jν(λh, q2) − 1)mFq,ν(f)(λ), for all h ∈ R

+
q .

Now by q-Hausdorff-Young inequality (2.11), we have the result. □

Remark 3.1. If f ∈ Wm
q,p,ν(R+

q ), from (3.1) we get

(3.2)
∫ +∞

0
λ2kp♣1 − jν(λh, q2)♣mp♣Fq,ν(f)(λ)♣pλ2ν+1dqλ ≤ K∥Zm

h (∆k
q,νf)∥p

q,p,ν ,

where k = 0, 1, . . . ,m.

Definition 3.1. Let 0 < α < 1. A function f ∈ Lp
q,ν(R+

q ), 1 < p ≤ 2 is said to be in
the q-Bessel-Lipschitz class, denoted by q-Lip(α; p, ν), if

∥Zhf∥q,p,ν = O(hα) as h → 0.

Lipschitz classes have been constantly employed in Fourier analysis, although they
appear in the realm of trigonometric series, more than they occur in Fourier transforms.
Now, we are going to give some results associated with Lipschitz functions in the space
Lp

q,ν(R+
q ), 1 < p ≤ 2 for q-Bessel transform. We here prove the following theorem.
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Theorem 3.1. Let f belong to Lp
q,ν(R+

q ), 1 < p ≤ 2 and let f also belong to q-

Lip(α; p, ν). Then, Fq,ν(f) belongs to Lβ
q,ν(R+

q ), where

(3.3)
2pν + 2p

2p+ 2ν(p− 1) + αp− 2
< β ≤ p =

p

p− 1
.

Proof. By using the Hausdorff-Young formula (2.11), we note that the theorem is
proved in the case where β = p.

Indeed, we have Fq,ν(f) ∈ Lp
q,ν(R+

q ) and for ν > −1/2, 0 < α < 1, we get

1 +
αp

2ν + 2
> 1 ⇒

p− 1

p
·

2ν + 2 + αp

2ν + 2
>
p− 1

p

⇒
(2ν + 2)(p− 1) + αp

p(2ν + 2)
>

1

p

⇒
p(2ν + 2)

(2ν + 2)(p− 1) + αp
< β = p =

p

p− 1
.

Then, we get
2pν + 2p

2p+ 2ν(p− 1) + αp− 2
< β = p =

p

p− 1
.

Assume now that β < p. If f belong to q-Lip(α; p, ν), then we have

∥Zhf∥q,p,ν = O(hα) as h → 0.

It follows from the formula (3.1) that
∫ +∞

0
♣1 − jν(λh, q2)♣p♣Fq,ν(f)(λ)♣pλ2ν+1dqλ ≤ K∥Zhf∥p

q,p,ν ≤ K ′hαp,

where K ′ is a positive constant, being the last inequality valid for sufficiently small
values of h.

If 0 ≤ λ ≤ η
h
, then 0 ≤ λh ≤ η and inequality (2.9) imply that

♣1 − jν(λh, q2)♣ ≥ c′λ2h2.

From this, we get
∫ η/h

0
h2pλ2p♣Fq,ν(f)(λ)♣pλ2ν+1dqλ = O(hαp).

Then ∫ η/h

0
λ2p♣Fq,ν(f)(λ)♣pλ2ν+1dqλ = O(h(α−2)p) as h → 0.

Thus, ∫ ξ

0
λ2p♣Fq,ν(f)(λ)♣pλ2ν+1dqλ = O(ξ(2−α)p) as ξ → +∞.

We consider the function ψ defined by

ψ(ξ) =
∫ ξ

1
♣λ2Fq,ν(f)(λ)♣βλ(2ν+1) β

p dqλ.
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Then, by Hölder inequality we obtain

ψ(ξ) ≤

(∫ ξ

1
♣λ2Fq,ν(f)(λ)♣pλ2ν+1dqλ

β/p (∫ ξ

1
dqλ

(p−β)/p

= O


ξ(2−α)p β

p ξ
p−β

p



= O


ξ2β−αβ+1− β

p


.

Furthermore, by (2.2), we can see that

(3.4) Dqψ(λ) =
(
♣λ2Fq,ν(f)(λ)♣β


λ(2ν+1) β

p .

According to the q-integration by parts formula (2.3), we get

∫ ξ

1
♣Fq,ν(f)(λ)♣βλ2ν+1dqλ =

∫ ξ

1
λ−2β−(2ν+1) β

pλ2ν+1Dqψ(λ)dqλ

=ξ−2β−(2ν+1) β

p
+2ν+1ψ(ξ) −

∫ ξ

1
ψ(qλ)Dq(λ

−2β−(2ν+1) β

p
+2ν+1)dqλ

=O


ξ−2β−(2ν+1) β

p
+2ν+2−αβ+β( p+1

p
)


− [−2β − (2ν + 1)β/p+ 2ν + 1]q

×
∫ ξ

1
ψ(qλ)λ−2β−(2ν+1) β

p
+2νdqλ

=O


ξ−2β−(2ν+1) β

p
+2ν+2−αβ+β( p+1

p
)


+ O

(∫ ξ

1
λ1−αβ+β( p+1

p
)λ−2β−(2ν+1) β

p
+2νdqλ



=O


ξ−2β−(2ν+1) β

p
+2ν+2−αβ+β( p+1

p
)


and this is bounded as ξ → +∞ if

−2β − (2ν + 1)
β

p
+ 2ν + 2 − αβ + β

(
p+ 1

p


< 0,

that is

β >
2pν + 2p

2p+ 2ν(p− 1) + αp− 2
.

We do the same proof for the integral over (−ξ,−1), this proves Theorem 3.1. □

We now generalize Theorem 3.1 as follows.

Corollary 3.1. Let f belong to Lp
q,ν(R+

q ), 1 < p ≤ 2 and if

∥Zm
h f∥q,p,ν = O(hα), 0 < α < m as h → 0,

then Fq,ν(f) belongs to Lβ
q,ν(R+

q ), where (3.3) holds.
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Remark 3.2. The condition (3.3) can be written in a simple and easier to understand
way when it is replaced by

(
p− 1

p
+

α

2(ν + 1)

−1

< β ≤ p =
p

p− 1
.

This also shows directly that the width of the interval for β shrinks as ν increases.

In 1986, Younis studied the same phenomena ”Younis’s thoerem [21, Theorem
84]“ for the wider Dini-Lipschitz class, he replaced O(hα) by Younes Dini-Lipschitz

condition O
(
hα(log( 1

♣h♣
))−γ


, γ ≥ 0 as h → 0. We now show that Theorem 3.1 could

be extended. We begin to define the q-Bessel-Dini Lipschitz class.

Definition 3.2. Let 0 < α < 1 and γ ≥ 0, we define the q-Bessel-Dini-Lipschitz
class and we denote q-DLip((α, γ); p, ν), the set of functions f belonging to Lp

q,ν(R+
q )

satisfying

∥Zhf∥q,p,ν = O

(
hα

(log 1
h
)γ


as h → 0.

Theorem 3.2. If α > 2, γ ≥ 0 and f belong to q-DLip((α, γ); p, ν), then f is null

almost everywhere on R
+
q .

Proof. Assume that f ∈ q-DLip((α, γ); p, ν). Then we have

∥Zhf∥q,p,ν ≤ C
hα

(log 1
h
)γ
, γ ≥ 0.

where C is a positive constant, being the last inequality valid for sufficiently small
values of h.

From the relation (3.1), we get
∫ +∞

0
♣1 − jν(λh, q2)♣p♣Fq,ν(f)(λ)♣pλ2ν+1dqλ ≤ KCp hαp

(log 1
h
)γp

.

Then
1

h2p

∫ +∞

0
♣1 − jν(λh, q2)♣p♣Fq,ν(f)(λ)♣pλ2ν+1dqλ ≤ KCp h(α−2)p

(log 1
h
)γp

.

Since α > 2, we have

lim
h→0

h(α−2)p

(log 1
h
)γp

= 0.

Thus,

lim
h→0

∫ +∞

0
λ2p

(
♣1 − jα(λh, q2)♣

λ2h2

p

♣Fq,ν(f)(λ)♣pλ2ν+1dqλ = 0.

Hence, from relation (2.8), one gets

∥λ2Fq,ν(f)(λ)∥p
q,p,ν =

∫ +∞

0
λ2p♣Fq,ν(f)(λ)♣pλ2ν+1dqλ = 0.
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Hence λ2Fq,ν(f)(λ) = 0 for all λ ∈ R
+
q . The injectivity of the q-Bessel transform

yields to the wanted result. □

Remark 3.3. The same conclusion holds if we consider a function f such that

∥Zm
h f∥q,p,ν = O

(
hα

(log 1
h
)γ


as h → 0,

provided that α > 2m, γ ≥ 0 and 1 < p ≤ 2.

Since the same technics previously are available, then we remove details in the
proofs of the theorems below.

Theorem 3.3. Let f belong to q-DLip((α, γ); p, ν), 1 < p ≤ 2. Then Fq,ν(f) belongs

to Lβ
q,ν(R+

q ), where (3.3) holds.

Proof. By analogy with the proof of Theorem 3.1, we can establish the following
result: ∫ η/h

0
λ2p♣Fq,ν(f)(λ)♣pλ2ν+1dqλ = O

(
h(α−2)p

(log 1
h
)γp


,

hence ∫ ξ

0
λ2p♣Fq,ν(f)(λ)♣pλ2ν+1dqλ = O

(
ξ(2−α)p

(log ξ)γp


.

Let

ψ(ξ) =
∫ ξ

1
♣λ2Fq,ν(f)(λ)♣βλ(2ν+1) β

p dqλ.

Then, if β < p, by Hölder inequality we obtain

ψ(ξ) = O


ξ

2β−αβ+1− β

p

(log ξ)γβ


 as ξ → +∞.

By using (3.4), an q-integration by parts yields

∫ ξ

1
♣Fq,ν(f)(λ)♣βλ2ν+1dqλ = O


ξ

−2β−(2ν+1) β

p
+2ν+2−αβ+β( p+1

p
)

(log ξ)γβ




and for the right hand of this estimate to be bounded as ξ → +∞ one must have

−2β − (2ν + 1)
β

p
+ 2ν + 2 − αβ + β

(
p+ 1

p


< 0,

therefore
2pν + 2p

2p+ 2ν(p− 1) + δp− 2
< β ≤ p =

p

p− 1
,

and we do the same proof for the integral over (−ξ,−1), this ends the proof of this
theorem. □

We shall also generalize Theorem 3.3 to the following corollary.



842 O. TYR AND R. DAHER

Corollary 3.2. Let γ ≥ 0 and f belong to Lp
q,ν(R+

q ), 1 < p ≤ 2 such that

∥Zm
h f∥q,p,ν = O

(
hα

(log 1
h
)γ


, 0 < α < m as h → 0.

Then, Fq,ν(f) belongs to Lβ
q,ν(R+

q ), where (3.3) holds.

4. An Equivalence Theorem for the q-Bessel-Lipschitz Class Functions

In this section, we consider p = 2. We try to put the previous theorem, Theorem
3.1, into form in which it is reversible. More precisely, we will give a generalization of
Titchmarsh’s theorem [19, Theorem 85] on the image under the q-Bessel transform of
a class functions satisfying a generalized Lipschitz condition in the space Wm

q,2,ν(R+
q ).

The q-Hausdorff-Young inequality (2.11) will likewise be replaced by the q-Plancherel
formula (2.10).

We need first to define the q-Bessel-Lipschitz class in the space Wm
q,2,ν(R+

q ).

Definition 4.1. Let 0 < α < m, m ∈ N. A function f ∈ Wm
q,2,ν(R+

q ) is said to be in
the q-Bessel-Lipschitz class, denoted by q-Lip(α; 2,m, ν), if

∥Zm
h (∆k

q,νf)∥q,2,ν = O(hα) as h → 0.

Lemma 4.1. Let f ∈ L2
q,ν(R+

q ) and h > 0 with h ∈ R
+
q , then

(4.1) ∥Zm
h f∥2

q,2,ν =
∫ +∞

0
♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ,

where m = 0, 1, 2, . . .

Proof. The result follows easily by using the q-Plancherel formula (2.10), (2.12) and
an induction on m. □

Remark 4.1. If f ∈ Wm
q,2,ν(R+

q ), from (4.1) we get

(4.2) ∥Zm
h (∆k

q,νf)∥2
q,2,ν =

∫ +∞

0
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ,

where k = 0, 1, . . . ,m.

Theorem 4.1. Let 0 < α < m and assume that f ∈ Wm
q,2,ν(R+

q ). Then the following

statements are equivalent:

(1) f ∈ q-Lip(α; 2,m, ν).

(2)
∫ +∞

N
λ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = O(N−2α) as N → +∞.

Proof. (1) ⇒ (2) Assume that f ∈ q-Lip(α; 2,m, ν). Then we have:

∥Zm
h (∆k

q,νf)∥q,2,ν = O(hα) as h → 0.

From (4.2), we have

∥Zm
h (∆k

q,νf)∥2
q,2,ν =

∫ ∞

0
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ.
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If 1
h

≤ λ ≤ 2
h
, then λh ≥ 1 and inequality (2.7) implies that

1 ≤
1

c2m
♣1 − jν(λh, q2)♣2m.

Then
∫ 2

h

1

h

λ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ ≤
1

c2m

∫ 2

h

1

h

λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ

≤
1

c2m

∫ +∞

0
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ

=
1

c2m
∥Zm

h (∆k
q,νf)∥2

q,2,ν

= O(h2α) as h → 0.

So, we obtain
∫ 2N

N
λ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = O(N−2α) as N → +∞.

Thus there exists C > 0 such that
∫ 2N

N
λ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ ≤ CN−2α.

Furthermore, we have
∫ +∞

N
λ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ =

+∞∑

l=0

∫ 2l+1N

2lN
λ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ

≤ C
+∞∑

l=0

(2lN)−2α

= CαN
−2α,

where Cα = C(1 − 2−2α)−1. This proves that
∫ +∞

N
λ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = O(N−2α) as N → +∞.

(2) ⇒ (1) Suppose now that
∫ +∞

N
λ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = O(N−2α) as N → +∞,

we have to show that
∫ +∞

0
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = O(h2α) as h → 0.

We write ∫ +∞

0
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = J1 + J2,

where

J1 =
∫ 1/h

0
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ
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and

J2 =
∫ +∞

1/h
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ.

Let us estimate the summands J1 and J2 from above. From inequality (2.5) of Lemma
2.1, there exists a constant c1 such that

♣jν(λh, q2)♣ ≤ c1.

Hence, from this we conclude that

J2 =
∫ +∞

1/h
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ

≤ (1 + c1)
2m
∫ +∞

1/h
λ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ

= O(h2α) as h → 0.(4.3)

Now, let us estimate J1. From inequality (2.6) of Lemma 2.1, there exists a constant
c2 such that

♣1 − jν(λh, q2)♣ ≤ c2λ
2h2.

Then

J1 =
∫ 1/h

0
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ

≤ c2m
2

∫ 1/h

0
h4mλ4mλ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ

≤ c2m
2 h2m

∫ 1/h

0
λ2mλ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ.(4.4)

Now, we need to introduce the function φ defined by

φ(λ) =
∫ +∞

λ
t4k♣Fq,ν(f)(t)♣2t2ν+1dqt.

Therefore, it follows from (2.2) that

Dqφ(λ) = −λ4k♣Fq,ν(f)(λ)♣2λ2ν+1.

Now, we apply the q-integration by parts formula (2.3). We obtain
∫ 1/h

0
λ2mλ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ =

∫ 1/h

0
−λ2mDqφ(λ)dqλ

= −
1

h2m
φ


1

h


+
∫ 1/h

0
φ(qλ)Dqλ

2mdqλ

≤
∫ 1/h

0
φ(qλ)Dqλ

2mdqλ

=[2m]q

∫ 1/h

0
φ(qλ)λ2m−1dqλ

=[2m]q

∫ 1/h

0
O((qλ)−2α)λ2m−1dqλ
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=O

(∫ 1/h

0
λ2m−2α−1dqλ


.

Since
∫ 1/h

0
λ2m−2α−1dqλ =

(
(1 − q)

+∞∑

n=0

q2n(m−α)


h2(α−m).

Then, we conclude that

(4.5)
∫ 1/h

0
λ2mλ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = O(h2(α−m)).

It follows from (4.4) and (4.5) that

J1 = O

(
h2m

∫ 1/h

0
λ2mλ4k♣Fq,ν(f)(λ)♣2λ2ν+1dqλ


= O(h2α) as h → 0.

Finally, from this and (4.3), we deduce that

∫ +∞

0
λ4k♣1 − jν(λh, q2)♣2m♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = O(h2α) as h → 0,

which completes the proof of this theorem. □

Corollary 4.1. Let f ∈ Wm
q,2,ν(R+

q ) and let f ∈ q-Lip(α; 2,m, ν). Then

∫ +∞

N
♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = O(N−4k−2α) as N → +∞.

We do the same technique of the proof of Theorem 4.1. We get the following
theorem.

Theorem 4.2. Let 0 < α < m, γ ≥ 0 and assume that f ∈ Wm
q,2,ν(R+

q ). Then

∥Zm
h (∆k

q,νf)∥q,2,ν = O

(
hα

(log 1
h
)γ


as h → 0

is equivalent to

∫ +∞

N
♣Fq,ν(f)(λ)♣2λ2ν+1dqλ = O

(
N−2α−4k

(logN)2γ


as N → +∞.
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ON THE LAPLACIAN COEFFICIENTS OF TREES

ALI GHALAVAND1∗ AND ALI REZA ASHRAFI1

Abstract. Let G be a Ąnite simple graph with Laplacian polynomial ψ(G,λ) =
∑

n

k=0
(−1)n−kck(G)λk. In an earlier paper, we computed the coefficient of cn−4 for

trees with respect to some degree-based graph invariant. The aim of this paper
is to continue this work by giving an exact formula for the coefficient cn−5 in the
polynomial ψ(G,λ). As a consequence of this work, the Laplacian coefficients cn−k,
k = 2, 3, 4, 5, for some know trees were computed.

1. Definitions and Notations

Throughout this paper, our graphs will be assumed to be simple, connected and
undirected, and the standard notation for such a graphs is used. The notations n(G)
and m(G) stand for the number of elements in the vertex set V (G) and the edge set
E(G), respectively. The degree of a vertex v in G, degG(v), is the number of edges in
G with one end point v and the degree of an edge e in G, degG(e), is the degree of
vertex e in the line graph of G. It is easy to see that degG(e) = degG(u) + degG(v) − 2.
The distance between two vertices u and v is deĄned as the length of a sort path
connecting them. If Z ⊆ V (G), then the induced subgraph G[Z] is the graph with
vertex set Z and edge set ¶uv ∈ E(G) ♣ ¶u, v♢ ⊆ Z♢.

Suppose G is a graph. The subdivision graph S(G) is a graph obtained from G

by inserting a new vertex on each edge of G. It is clear from this deĄnition that
n(S(G)) = n(G) +m(G) and m(S(G)) = 2m(G).

Suppose e = xy and f are two edges of a graph G and v ∈ V (G), where v ≠ x, y.
The common vertex of e and f is denoted by e∩ f and e∩ f = ∅ means that e and f
are not incident. If e ∩ f = ∅ then e and f are said to be independent. A subset M

Key words and phrases. Laplacian coefficient, k−matching, subdivision graph, tree.
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of E(G) is called a matching if all pairs of distinct edges in M are independent. Note
that M is a matching in G if ♣¶u ♣ u is an end point of an edge in M♢♣ = 2♣M ♣.
If M is a matching of size k then we say M is a k−matching. Furthermore, the
notation p(G; k), 1 ≤ k ≤ n

2
, is used for the number of distinct k−matchings in

G. The matchings polynomial of G was Ąrst introduced by Godsil and Gutman in
[4]. This polynomial is deĄned as p(G; 0) = 1 and for other values of x, α(G, x) =
∑⌊ n

2
⌋

k=0(−1)kp(G; k)xn−2k.
Suppose G is a simple graph with vertex set ¶a1, . . . , an♢. The 0−1 matrix A(G) =

(aij) such that aij = 1 if and only if vivj ∈ E(G) is called the adjacency matrix of G.
The Laplacian matrix of G is another n× n matrix deĄned as L(G) = D(G) −A(G),
where D(G) is the diagonal matrix of G whose diagonal entry dii is the degree of ai

in G. It is well-known that the eigenvalues of L(G) are non-negative real numbers
with 0 as the smallest eigenvalue. The characteristic polynomial of L(G) is called
the Laplacian polynomial of G and its roots are Laplacian eigenvalues of G. In
this paper we write this polynomial in the form of ψ(G, x) = det(xIn − L(G)) =
∑n

k=0(−1)n−kck(G)xk.
The Ąrst and second Zagreb indices of a graph G are two important degree-based

graph invariants that was introduced by two pioneers of Chemical Graph Theory

Gutman and Trinajstić [6]. These invariants are deĄned as M1(G) =
∑

v∈V (G) degG (v)2

and M2(G) =
∑

uv∈E(G) degG (u) degG (v). We encourage the interested readers to
consult the interesting papers [7] and [14], for more information about mathematical
properties and chemical applications of these invariants.

Following Milićević et al. [11], the edge counterpart of the Ąrst and second Za-
greb indices of a graph G are deĄned as EM1(G) =

∑

e∼f (degG(e) + degG(f)) =
∑

e∈E(G) degG(e)2 and EM2(G) =
∑

e∼f degG(e) degG(f), where for e = uv, degG(e) =
degG(u) + degG(v) − 2 denotes the degree of the edge e, and e ∼ f means that the
edges e and f are incident.

Furtula and Gutman [5] studied in details the sum of cubes of degrees of vertices in
a graph G and used the name forgotten index for this invariant. They deĄned F (G)
=
∑

v∈V (G) degG(v)3 =
∑

e=uv∈E(G)(degG(u)2 + degG(v)2). The Ąrst Zagreb index and
the forgotten index can be generalized in the form of Mα

1 (G) =
∑

u∈V (G) degG(u)α,
where α ̸= 0, 1 is a real number. Zhang and Zhang [17] obtained some extremal values
of this invariant in the class of all unicyclic graphs of a given order. An interesting
survey of these degree-based indices is given in [8].

Let T be a tree with Laplacian polynomial

ψ(T, x) = det(xIn − L(T )) =
n
∑

k=0

(−1)n−kck(T )xk.

Merris [12] and Mohar [13] proved that c0(T ) = 0, c1(T ) = n, cn = 1 and cn−1(T ) =
2(n− 1). In [16], it is proved that c2(T ) = W (T ) and in the paper [15], the authors
proved that cn−2(T ) = 2n2 − 5n+ 3 − 1

2
M1(T ) and cn−3(T ) = 1

3
(4n3 − 18n2 + 24n− 10

+ F (T ) − 3(n− 2)M1(T )).
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Suppose λ is an arbitrary real number. We now deĄne three invariants which is
useful in simplifying formulas in our results. These are:

αλ(G) =
∑

uv∈E(G)

degG(u) degG(v)


degG(u)λ + degG(v)λ


,

β(G) =
∑

e∼f

degG(e ∩ f) (degG(e) + degG(f)) ,

Mλ
2 (G) =

∑

uv∈E(G)

(degG(u) degG(v))λ
.

Note that the second Zagreb index is just the case of λ = 1 in Mλ
2 (G).

The girth of a graph G, g(G), is deĄned as the length of a shortest cycle of G. In a
recent paper [3], Das et al. proved the following result.

Theorem 1.1. Let G be a graph with m edges and g(G) ≥ 5. Then

5p(G; 5) =
1

24
m(m4 + 10m3 + 43m2 + 54m− 328) +

5

4
(M1(G))2 −

1

2
α1(G)(m− 7)

−
5

6
α2(G) −

1

12
M1(G)(2m3 + 30m2 + 61m− 225) +

1

2
β(G)

+
1

12
M2(G)(6m2 + 66m− 239) +

1

24
F (G)(6m2 + 24m− 149)

+
1

12
M4

1 (G)(m+ 10) +
1

4
M2

2 (G) − EM2(G) −
5

24
M5

1 (G)

+
1

8

∑

uv∈E(G)

(M1(G− ¶u, v♢))2 +
1

3

∑

uv∈E(G)

m(G− ¶u, v♢)F (G− ¶u, v♢)

−
1

4

∑

uv∈E(G)

m2(G− ¶u, v♢)M1(G− ¶u, v♢) −
∑

uv∈E(G)

EM2(G− ¶u, v♢)

+
∑

uv∈E(G)

m(G− ¶u, v♢)M2(G− ¶u, v♢).

The present authors [1, 2] proved the following formulas for the coefficient cn−4(T ),
when T is a tree:

cn−4(T ) =(n− 1)


16

24
n3 − 4n2 +

348

24
n−

532

6



+
17

8
M1(T )2

+


4

6
n−

412

24



F (T ) +
39

2
EM1(T ) −

108

48
M4

1 (T ) − 40M2(T )

−


n2 +
7

2
n−

1920

24



M1(T ) − 16
∑

¶u,v♢⊂V (T )



degT (u)

2



degT (v)

2



=
1

6
(n− 1)(4n3 − 24n2 + 39n− 16) +

1

3
F (G)(2n− 5)

+
1

8
M1(T )(−8n2 +M1(T ) + 36n− 32) −

1

4
M4

1 (T ) −M2(T ).
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In this paper, an exact formula for computing the coefficient cn−5(T ), T is a tree,
with respect to some degree-based topological indices is presented.

2. Main Results

The aim of this section is to present a closed formula for cn−5(T ), when T is tree.
To do this, we Ąrst deĄne Ąve invariants χ1, χ2, χ3, χ4 and χ5 with respect to the
subdivision graph as follows:

χ1(S(G)) =
∑

uv∈E(S(G))

(M1(S(G) − ¶u, v♢))2,

χ2(S(G)) =
∑

uv∈E(S(G))

m(S(G) − ¶u, v♢)F (S(G) − ¶u, v♢),

χ3(S(G)) =
∑

uv∈E(S(G))

m2(S(G) − ¶u, v♢)M1(S(G) − ¶u, v♢),

χ4(S(G)) =
∑

uv∈E(S(G))

EM2(S(G) − ¶u, v♢),

χ5(S(G)) =
∑

uv∈E(S(G))

m(S(G) − ¶u, v♢)M2(S(G) − ¶u, v♢).

Lemma 2.1. Let G be a graph with m edges. Then

M1(S(G)) = M1(G) + 4m, F (S(G)) = F (G) + 8m,
M4

1 (S(G)) = M4
1 (G) + 16m, M5

1 (S(G)) = M5
1 (G) + 32m,

α1(S(G)) = 4M1(G) + 2F (G), α2(S(G)) = 8M1(G) + 2M4
1 (G),

β(S(G)) = 2M1(G) +M4
1 (G) − F (G), M2(S(G)) = 2M1(G),

EM2(S(G)) = M2(G) + 1
2
M4

1 (G) − 1
2
F (G), M2

2 (S(G)) = 4F (G).

Proof. By deĄnition of subdivision graph, we have:

M1(S(G)) =
∑

v∈V (G)

degG(v)2 +
∑

uv∈E(G)

4 = M1(G) + 4m,

F (S(G)) =
∑

v∈V (G)

degG(v)3 +
∑

uv∈E(G)

8 = F (G) + 8m,

M4
1 (S(G)) =

∑

v∈V (G)

degG(v)4 +
∑

uv∈E(G)

16 = M4
1 (G) + 16m,

M5
1 (S(G)) =

∑

v∈V (G)

degG(v)5 +
∑

uv∈E(G)

32 = M5
1 (G) + 32m,

α1(S(G)) =
∑

v∈V (G)

∑

uv∈E(G)

2 degG(v)(2 + degG(v))

=
∑

v∈V (G)

∑

uv∈E(G)

(4 degG(v) + 2 degG(v)2)

=
∑

v∈V (G)

degG(v)(4 degG(v) + 2 degG(v)2) = 4M1(G) + 2F (G),
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α2(S(G)) =
∑

v∈V (G)

∑

uv∈E(G)

2 degG(v)(4 + degG(v)2)

=
∑

v∈V (G)

∑

uv∈E(G)

(8 degG(v) + 2 degG(v)3)

=
∑

v∈V (G)

degG(v)(8 degG(v) + 2 degG(v)3) = 8M1(G) + 2M4
1 (G),

β(S(G)) =
∑

uv∈E(G)

2(degG(u) + degG(v))

+
∑

v∈V (G)



degG(v)

2



degG(v)(degG(v) + degG(v))

= 2M1(G) +
∑

v∈V (G)

degG(v)(degG(v) − 1) degG(v)2

= 2M1(G) +M4
1 (G) − F (G),

M2(S(G)) =
∑

v∈V (G)

∑

uv∈E(G)

2 degG(v) =
∑

v∈V (G)

2 degG(v)2 = 2M1(G),

M2
2 (S(G)) =

∑

v∈V (G)

∑

uv∈E(G)

4 degG(v)2 =
∑

v∈V (G)

4 degG(v)3 = 4F (G),

EM2(S(G)) =
∑

uv∈E(G)

degG(u) degG(v) +
∑

v∈V (G)



degG(v)

2



degG(v)2

= M2(G) +
1

2

∑

v∈V (G)

degG(v)(degG(v) − 1) degG(v)2

= M2(G) +
1

2
M4

1 (G) −
1

2
F (G),

proving the lemma. □

Lemma 2.2. χ1(S(G)) = (2m−10)(M1(G))2+(16m2−2F (G)−40m)M1(G) +32m3−
8mF (G) +13F (G) + 6M4

1 (G) +M5
1 (G) + 24M2(G) + 4α1(G).

Proof. By deĄnition of the graph S(G),

χ1(S(G)) =
∑

v∈V (G)

∑

uv∈E(G)

(M1(S(G)) − degG(v)2 − 3 degG(v) − 2 degG(u))2

=
∑

v∈V (G)

∑

uv∈E(G)

(degG(v)4 + 6 degG(v)3 + 9 degG(v)2)

−M1(S(G))
∑

v∈V (G)

∑

uv∈E(G)

(2 degG(v)2 + 6 degG(v))

+
∑

v∈V (G)

∑

uv∈E(G)

M1(S(G))2

+
∑

v∈V (G)

∑

uv∈E(G)

(4 degG(u) degG(v)2 + 12 degG(u) degG(v))
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+
∑

v∈V (G)

∑

uv∈E(G)

(−4M1(S(G)) degG(u) + 4 degG(u)2)

=M5
1 (G) + 6M4

1 (G) + 9F (G) − 2M1(S(G))F (G) − 6M1(S(G))M1(G)

+ 2mM1(S(G))2 +
∑

uv∈E(G)

(4 degG(u) degG(v)2 + 4 degG(u)2 degG(v)

+ 24 degG(u) degG(v)) +
∑

uv∈E(G)

(−4M1(S(G)) degG(u) + 4 degG(u)2

− 4M1(S(G)) degG(v) + 4 degG(v)2)

=M5
1 (G) + 6M4

1 (G) + 13F (G) − 2M1(S(G))F (G) − 10M1(S(G))M1(G)

+ 2mM1(S(G))2 + 4α1(G) + 24M2(G).

We now apply Lemma 2.1 to deduce that

χ1(S(G)) =(2m− 10)(M1(G))2 + (16m2 − 2F (G) − 40m)M1(G) + 32m3 − 8mF (G)

+ 13F (G) + 6M4
1 (G) +M5

1 (G) + 24M2(G) + 4α1(G),

which completes the proof. □

Lemma 2.3. χ2(S(G)) = 32m3 +(4F (G)−24)m2 − (8F (G)+16M1(G)+2M4
1 (G))m

+ 4m− (M1(G) − 10)F (G) + 6M1(G) +M4
1 (G) +M5

1 (G) − 6M2 + 3α1(G).

Proof. It is easy to see that χ2(S(G)) =
∑

v∈V (G)

∑

uv∈E(G)(2m−degG(v)−1)(F (S(G))
− degG(v)3 − 3 degG(u)2 + 3 degG(u) − 7 degG(v) − 2). If we expand the summation,
this becomes:

χ2(S(G)) =
∑

v∈V (G)

∑

uv∈E(G)

(degG(v)4 + degG(v)3 + 7 degG(v)2 + 9 degG(v) − F (S(G))

+ 2(1 −m degG(v)3−7m degG(v)−2m+mF (S(G)))−F (S(G)) degG(v))

+
∑

v∈V (G)

∑

uv∈E(G)

(−6m degG(u)2 + 6m degG(u) + 3 degG(u)2 − 3 degG(u))

+
∑

v∈V (G)

∑

uv∈E(G)

(3 degG(u)2 degG(v) − 3 degG(u) degG(v))

=M5
1 (G) +M4

1 (G) + 7F (G) + 9M1(G) + 4m− 2mM4
1 (G) − 14mM1(G)

− 8m2 + 4m2F (S(G)) − F (S(G))M1(G) − 2mF (S(G))

+
∑

uv∈E(G)

(−6m degG(u)2 + 6m degG(u) + 3 degG(u)2 − 3 degG(u)

− 6m degG(v)2 + 6m degG(v) + 3 degG(v)2 − 3 degG(v))

+
∑

uv∈E(G)

(3 degG(u)2 degG(v) − 6 degG(u) degG(v) + 3 degG(v)2 degG(u))

=M5
1 (G) +M4

1 (G) + 10F (G) + 6M1(G) + 4m− 2mM4
1 (G) − 8mM1(G)

− 8m2 + 4m2F (S(G)) − F (S(G))M1(G) − 2mF (S(G)) − 6mF (G)
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+ 3α1(G) − 6M2(G).

Now by Lemma 2.1,

χ2(S(G)) =32m3 + (4F (G) − 24)m2 − (8F (G) + 16M1(G) + 2M4
1 (G))m+ 4m

− (M1(G) − 10)F (G) + 6M1(G) +M4
1 (G) +M5

1 (G) − 6M2 + 3α1(G).

This completes the proof. □

Lemma 2.4. χ3(S(G)) = 32m4 + (8M1(G) − 32)m3 − (4F (G) + 44M1(G) − 8)m2

+(20F (G) −4(M1(G))2+30M1(G)+4M4
1 (G)+16M2(G))m+F (G)M1(G) +2(M1(G))2

− 7F (G) − 5M1(G) − 5M4
1 (G) −M5

1 (G) − 8M2(G) − 2α1(G).

Proof. The degree sequence of subdivision graph S(G) shows that χ3(S(G))
=
∑

v∈V (G)

∑

uv∈E(G)(2m−degG(v)−1)2(M1(S(G))−degG(v)2−3 degG(v)−2 degG(u)).
By expanding this summation,

χ3(S(G)) =
∑

v∈V (G)

∑

uv∈E(G)

(4 degG(v)3m− degG(v)4 − 4 degG(v)2m2

+M1(S(G)) degG(v)2 − 4M1(S(G)) degG(v)m+ 4M1(S(G))m2

− 5 degG(v)3 + 16 degG(v)2m− 12 degG(v)m2 + 2M1(S(G)) degG(v)

− 4M1(S(G))m− 7 degG(v)2 + 12 degG(v)m+M1(S(G)) − 3 degG(v))

+
∑

v∈V (G)

∑

uv∈E(G)

(8 degG(u) degG(v)m−2 degG(u) degG(v)2−8 degG(u)m2

− 4 degG(u) degG(v) + 8 degG(u)m− 2 degG(u))

=4M4
1 (G)m−M5

1 (G) − 4F (G)m2 +M1(S(G))F (G)

− 4M1(S(G))M1(G)m+ 8M1(S(G))m3 − 5M4
1 (G) + 16F (G)m

− 12M1(G)m2 + 2M1(S(G))M1(G) − 8M1(S(G))m2 − 7F (G)

+ 12M1(G)m+ 2mM1(S(G)) − 3M1(G)

+
∑

uv∈E(G)

(16 degG(u) degG(v)m−2 degG(u) degG(v)2−2 degG(v) degG(u)2

− 8 degG(u)m2 − 8 degG(v)m2 − 8 degG(u) degG(v) + 8 degG(u)m

+ 8 degG(v)m− 2 degG(u) − 2 degG(v))

=4M4
1 (G)m− 4F (G)m2 +M1(S(G))F (G) − 4M1(S(G))M1(G)m

+ 8M1(S(G))m3 + 16F (G)m− 20M1(G)m2 + 2M1(S(G))M1(G)

− 8M1(S(G))m2 − 7F (G) + 20M1(G)m+ 2mM1(S(G)) − 5M1(G)

+ 16mM2(G) − 2α1(G) − 8M2(G) −M5
1 (G) − 5M4

1 (G).

Now by Lemma 2.1,

χ3(S(G)) =32m4 + (8M1(G) − 32)m3 − (4F (G) + 44M1(G) − 8)m2

+ (20F (G) − 4(M1(G))2 + 30M1(G) + 4M4
1 (G) + 16M2(G))m
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+ F (G)M1(G) + 2(M1(G))2 − 7F (G) − 5M1(G) − 5M4
1 (G) −M5

1 (G)

− 8M2(G) − 2α1(G).

Hence, the result follows. □

Lemma 2.5. χ4(S(G)) = 1
2
m(4M2(G) − 2F (G) + 2M4

1 (G) + 4) + 11
2
F (G)

− 2α1(G) − 7
2
M1(G) − 3

2
M4

1 (G) − 1
2
M5

1 (G).

Proof. By relation between adjacencies in G and S(G), we can see that

χ4(S(G)) =2mEM2(S(G)) −
∑

v∈V (G)



degG(v)

2



degG(v)3 + (degG(v) − 1) degG(v)3

+



degG(v) − 1

2



degG(v)3 −



degG(v) − 1

2



(degG(v) − 1)2 degG(v)



−
∑

v∈V (G)

∑

uv∈E(G)

(degG(u) − 1)(degG(v)2(degG(v) − 1) − degG(v)

× (degG(v) − 1)2) −
∑

uv∈E(G)

(degG(u) degG(v)(degG(u) + degG(v))

+ degG(u) degG(v)(degG(u) + degG(v) − 2)

− (degG(u) − 1)2 degG(v) − degG(u)(degG(v) − 1)2)

=2mEM2(S(G)) −
∑

v∈V (G)



1

2
degG(v)5 +

3

2
degG(v)4 −

9

2
degG(v)3

+
7

2
degG(v)2 − degG(v)



−
∑

uv∈E(G)

(degG(u) degG(v)2 + degG(v) degG(u)2

− 2 degG(u) degG(v) − degG(u)2 − degG(v)2 + degG(u) + degG(v))

−
∑

uv∈E(G)

(degG(u)2 degG(v) + degG(u) degG(v)2 + 2 degG(u) degG(v)

− degG(u) − degG(v))

=2mEM2(S(G)) −


1

2
M5

1 (G) +
3

2
M4

1 (G) −
11

2
F (G) +

7

2
M1(G) − 2m



− 2α1(G).

Now by Lemma 2.1,

χ4(S(G)) =
1

2
m(4M2(G) − 2F (G) + 2M4

1 (G) + 4) +
11

2
F (G) − 2α1(G) −

7

2
M1(G)

−
3

2
M4

1 (G) −
1

2
M5

1 (G),

which is our goal. □

Lemma 2.6. χ5(S(G)) = (8M1(G) + 8)m2 − (4F (G) + 10M1(G) + 4M2(G) + 4)m
− 2(M1(G))2 +2F (G) +M1(G) + 2M4

1 (G) + 8M2(G) + α1(G).
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Proof. Again deĄnition of subdivision graph,

χ5(S(G)) =
∑

uv∈E(G)

((2m− degG(u) − 1)(M2(S(G)) − 2 degG(u)2 − 2 degG(v)

−
∑

wu∈E(G)

degG(w) + degG(v) − 2 degG(v)(degG(v) − 1)

+ 2(degG(v) − 1)2) + (2m− degG(v) − 1)(M2(S(G))

− 2 degG(v)2 − 2 degG(u) −
∑

vz∈E(G)

degG(z)

+ degG(u) − 2 degG(u)(degG(u) − 1) + 2(degG(u) − 1)2))

=
∑

uv∈E(G)

(2 degG(u)3 + 2 degG(v)3 − 4 degG(u)2m− 4 degG(v)2m

−M2(S(G)) degG(u) −M2(S(G)) degG(v) + 4M2(S(G))m− 2M2(S(G))

+ 8m− 4 + 2 degG(u)2 + 2 degG(v)2 + 6 degG(u) degG(v) − 6 degG(u)m

− 6 degG(v)m+ degG(u) + degG(v)) −
∑

uv∈E(G)

((2m− degG(u) − 1)

∑

wu∈E(G)

degG(w) − (2m− degG(v) − 1)
∑

vz∈E(G)

degG(z))

=2M4
1 (G) − 4mF (G) −M2(S(G))M1(G) + 4M2(S(G))m2 − 2mM2(S(G))

+ 8m2 − 4m+ 2F (G) + 6M2(G) − 6mM1(G) +M1(G)

−
∑

uv∈E(G)

((2m− degG(u) − 1) degG(v) degG(u)

+ (2m− degG(v) − 1) degG(u) degG(v))

=2M4
1 (G) − 4mF (G) −M2(S(G))M1(G) + 4M2(S(G))m2 − 2mM2(S(G))

+ 8m2 − 4m+ 2F (G) + 8M2(G) − 6mM1(G) +M1(G) + α1(G)

− 4mM2(G),

Now, by Lemma 2.1,

χ5(S(G)) =(8M1(G) + 8)m2 − (4F (G) + 10M1(G) + 4M2(G) + 4)m− 2(M1(G))2

+ 2F (G) +M1(G) + 2M4
1 (G) + 8M2(G) + α1(G),

which proving the lemma. □

Let G be a graph. It is easy to see that g(S(G)) ≥ 6. Therefore, by Lemma 2.1,
2.2, 2.3, 2.4, 2.5, 2.6 and Theorem 1.1, we have the following theorem.

Theorem 2.1. Let G be a graph with m edges. Then

p(S(G); 5) =
1

15
m2(4m3 − 20m2 + 15m+ 15) +

1

12
m(8F (G)m− 8M1(G)m2

+ 3(M1(G))2 + 36M1(G)m− 28F (G)−24M1(G)−6M4
1 (G) − 24M2(G))
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−
1

6
M1(G)(3M1(G) + F (G) + 6) + α1(G) + 2M2(G) +

1

5
M5

1 (G)

+M4
1 (G) + F (G).

We are now ready to prove our main result. For the sake of completeness, we
mention here a useful result of Zhou and Gutman [18].

Theorem 2.2. Let G be an n-vertex tree. Then cn−k(G) = p(S(G); k), for 0 ≤ k ≤ n.

Theorem 2.3. Let G be an acyclic graph on n vertices and m edges. Then

cn−5(G) =
1

15
m2(4m3 − 20m2 + 15m+ 15) +

1

12
m(8F (G)m− 8M1(G)m2

+ 3(M1(G))2 + 36M1(G)m− 28F (G) − 24M1(G) − 6M4
1 (G) − 24M2(G))

−
1

6
M1(G)(3M1(G) + F (G) + 6) + α1(G) + 2M2(G) +

1

5
M5

1 (G)

+M4
1 (G) + F (G).

Proof. Apply Theorem 2.1 and 2.2. □

Corollary 2.1. Let T be a tree on n vertices. Then

cn−5(G) =
1

15
(n− 1)2(4n3 − 32n2 + 67n− 24) +

1

12
n(8nF (G) − 8n2M1(G)

+ 3(M1(G))2 + 60nM1(G) − 44F (G) − 120M1(G) − 6M4
1 (G) − 24M2(G))

−
1

12
M1(G)(2F (G) + 9M1(G) − 56) + α1(G) +

1

5
M5

1 (G) +
3

2
M4

1 (G)

+ 4M2(G) + 4F (G).

Proof. The result follows from Theorem 2.3 and the fact that m(T ) = n− 1. □

3. Applications

The aim of this section is to apply our results in Section 2 for computing the
Laplacian coefficients cn−k(G), k = 2, 3, 4, 5, when G is a certain tree. We Ąrst assume
that T (k, t) be a rooted tree with degree sequence k, k, . . . , k, 1, 1, . . . , 1 and t is the
distance between the center and any pendent vertex, Figure 1. Then,

cn−1(T (k, t)) =
k

k − 2
(2(k − 1)t − 1)),

cn−2(T (k, t)) =
k

2(k − 2)2
((k − 1)(k − 2)2(k − 1)t−1 − 2((k − 1)t − 1)(k2 − 2k(k − 1)t + k − 2)),

cn−3(T (k, t)) = −
k

3(k − 2)3
((k − 1)(k − 2)2(k2 − 3k(k − 1)t + 5k − 8)(k − 1)t−1

− 2k((k − 1)t − 1)(k2 − 2k(k − 1)t + 3k − 6)(k − (k − 1)t − 1)),

cn−4(T (k, t)) =
k

4(k − 2)4
((1/2)k(k − 1)2(k − 2)4((k − 1)t−1)2 + (4((k − 1)t)2k2

+ (−(14/3)k3 − (34/3)k2 + (76/3)k)(k − 1)t + k4 + (29/3)k3 − (53/3)k2



ON THE LAPLACIAN COEFFICIENTS OF TREES 857

− (52/3)k + 28)(k − 1)(k − 2)2(k − 1)t−1 − 2((k − 1)t − 1)

− (4/3)((k − 1)t)3k3 + (4k4 − 8k2)((k − 1)t)2 + (−(11/3)k5 − (10/3)k4

+ (85/3)k3 − 20k2 − 4k)(k − 1)t + (k5 + (14/3)k4 − 18k3 + 6k2

+ 16k − 8)(k − 1))),

cn−5(T (k, t)) = −
k

5(k − 2)5
((5/6)(k2 − (3/2)k(k − 1)t + (7/2)k − 8)(k − 1)2(k − 2)4k(

(k − 1)t−1)2 + (−(10/3)((k − 1)t)3k3 + (25/3)(k2 + (7/5)k − (22/5))k2

× ((k − 1)t)2 − (35/6)(k4 + 5k3 − (99/7)k2 − (32/7)k + (116/7))k(k − 1)t

+ k6 + (95/6)k5 − (223/6)k4 − (341/6)k3 + 158k2 − (118/3)k − 48)(k − 1)

(k − 2)2(k − 1)t−1 − 2((k − 1)t − 1)(k − 3/2 − (1/2)(k − 1)t)k((−(4/3)((k − 1)t)3k3

+ (4k4 + (8/3)k3 − (40/3)k2)((k − 1)t)2 + (−(11/3)k5

− 10k4 + (137/3)k3 − 20k2 − 20k)(k − 1)t + k6 + (23/3)k5 − 32k4

+ (310/3)k2 − 120k + 40)),

cn−1(T (3, t)) =6 × 2t − 6,

cn−2(T (3, t)) = −
93

2
2t + 18 × 22t + 30,

cn−3(T (3, t)) =272 × 2t − 171 × 22t + 36 × 23t − 144,

cn−4(T (3, t)) = −
5799

4
2t +

9177

8
22t − 405 × 23t + 54 × 24t + 687,

cn−5(T (3, t)) =
74427

10
2t −

26967

4
22t +

12267

4
23t − 702 × 24t +

324

5
25t − 3294,

cn−1(T (4, t)) =4 × 3t − 4,

cn−2(T (4, t)) = − 24 × 3t + 8 × 32t + 18,

cn−3(T (4, t)) =
392

3
3t − 64 × 32t +

32

3
33t − 88,

cn−4(T (4, t)) = −
2132

3
3t +

1232

3
32t −

320

3
33t +

32

3
34t + 457,

cn−5(T (4, t)) =
19644

5
3t − 2480 × 32t +

2368

3
33t − 128 × 34t +

128

15
35t − 2484.

Our second class of trees are known as Kragujevac trees. To deĄne, we assume
that B1, B2, B3, . . . , Bk are branches whose structure is depicted in Figure 2. A proper
Kragujevac tree is a tree possessing a central vertex of degree at least 3, to which
branches of the form B1 and/or B2 and/or B3 and/or . . . are attached [10].

Let Gi, for i = 1, 2, . . . , 7, be the proper Kragujevac tree on n vertices in Figure 3.
Then

cn−2(G1) =
3

98
n(65n− 231) − 3, cn−3(G1) =

8

1029
n(169n2 − 1302n+ 1127) + 60,

cn−4(G1) =
1

57624
n(37349n3 − 503594n2 + 1625575n+ 4758782) − 462,

cn−5(G1) =
3

336140
n(28561n4 − 597415n3 + 3893785n2 + 1016995n− 107579206) + 2868,
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Figure 1. The rooted tree T (3, 3).

cn−2(G2) =
15

98
(n− 1)(13n− 34), cn−3(G2) =

2

1029
(n− 1)(676n2 − 4649n+ 8481),

cn−4(G2) =
1

57624
(n− 1)(37349n3 − 478413n2 + 2146954n− 3432552),

cn−5(G2) =
1

336140
(n− 1)(85683n4 − 1750502n3 + 13991793n2 − 52528222n+ 79270320),

cn−2(G3) =
1

98
(15n− 16)(13n− 33),

cn−3(G3) =
1

1029
n(1352n2 − 10611n+ 26563) −

6480

343
,

cn−4(G3) =
1

57624
n(37349n3 − 513734n2 + 2635015n− 5871574) +

184469

2401
,

cn−5(G3) =
1

1008420
n(257049n4 − 5486585n3 + 47226105n2 − 204551395n+ 437870586)

−
5694446

16807
,

cn−2(G4) =
1

98
n(195n− 701) +

125

49
, cn−3(G4) =

4

1029
n(n− 4)(338n− 1291) +

3008

343
,

cn−4(G4) =
1

57624
n(37349n3 − 511706n2 + 2298967n− 2158546) −

291540

2401
,

cn−5(G4) =
1

1008420
n(257049n4 − 5464615n3 + 43233545n2 − 130350725n− 74554454)

+
15573272

16807
,

cn−2(G5) =
1

98
n(195n− 713) +

405

49
,

cn−3(G5) =
2

1029
n(676n2 − 5403n+ 16460) −

14418

343
,

cn−4(G5) =
1

57624
n(37349n3 − 523874n2 + 3028255n− 9178570) +

540746

2401
,

cn−2(G5) =
1

1008420
n(257049n4 − 5596435n3 + 52360845n2 − 275208485n+ 846144906)
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−
20524022

16807
,

cn−2(G6) =
1

98
(39n+ 1)(5n− 18), cn−3(G6) =

2

1029
n(676n2 − 5247n+ 7454) +

11758

343
,

cn−4(G6) =
1

57624
n(37349n3 − 507650n2 + 1965703n+ 1289150) −

709627

2401
,

cn−2(G6) =
1

1008420
n(257049n4 − 5420675n3 + 39172605n2 − 60754765n− 529616214)

+
33001040

16807
,

cn−2(G7) =
1

98
n(195n− 709) +

332

49
, cn−3(G7) =

2

1029
n(676n2 − 5364n+ 14831) −

10096

343
,

cn−4(G7) =
1

57624
n(37349n3 − 519818n2 + 2830243n− 7399558) +

340472

2401
,

cn−2(G7) =
1

1008420
n(257049n4 − 5552495n3 + 49827665n2 − 237728905n+ 619570486)

−
11978116

16807
.

B1 B2 B3 Bk

k

Figure 2. The branches of proper Kragujevac trees.

Our third class of trees are caterpillar trees. A caterpillar is a tree in which all the
vertices are within distance 1 of a central path [9]. Let Ti, for i = 1, 2, . . . , 5, be the
caterpillar tree on n ≥ 8 vertices, see Figure 4. Then,

cn−2(T1) =
1

2
(4n− 7)(n− 2), cn−3(T1) =

1

3
(n− 2)(4n2 − 25n+ 42),

cn−4(T1) =
1

24
(n− 4)(16n3 − 168n2 + 611n− 726),

cn−5(T1) =
1

60
(n− 4)(16n4 − 296n3 + 2111n2 − 6811n+ 8250),

cn−2(T2) =
1

2
n(4n− 15) +

15

2
, cn−3(T2) =

1

3
(n− 3)(4n2 − 21n+ 32),

cn−4(T2) =
1

24
n(16n3 − 232n2 + 1307n− 3404) +

1155

8
,

cn−5(T2) =
1

60
(n− 5)(16n4 − 280n3 + 1935n2 − 6270n+ 8079),

cn−2(T3) = 2(n− 2)2, cn−3(T3) =
4

3
(n− 2)(n2 − 7n+ 14),

cn−4(T3) =
2

3
n(n3 − 16n2 + 100n− 281) +

575

3
,
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B4

n−28

7B4

B4

B3

B3

B3

n−1

7

B3

B3

B3

n−9

7

B3

B3

B3

n−10

7
B4

B3

B3

B3

B4

n−11

7

B4

B3

B3

B3

B2

n−19

7

B2

B3

B3

B3

G1 G2
G3

G4 G5 G6

n−6

7B2

B3

B3

B3

G7

Figure 3. The proper Kragujevac trees that have illustrated in [10,
Conjecture 3].

cn−5(T3) =
2

15
(n− 5)(2n4 − 40n3 + 320n2 − 1170n+ 1573),

cn−2(T4) = 2(n− 2)2 + 1, cn−3(T4) =
2

3
(n− 3)(2n2 − 12n+ 23),

cn−4(T4) =
2

3
(n− 4)(n3 − 12n2 + 55n− 93),

cn−5(T4) =
4

15
n(n4 − 25n3 + 265n2 − 1480n+ 4314) − 1386,

cn−2(T5) = 2(n− 2)2 + 1, cn−3(T5) =
2

3
n(2n2 − 18n+ 59) −

140

3
,

cn−4(T5) =
2

3
n(n3 − 16n2 + 103n− 315) +

769

3
,

cn−5(T5) =
2

15
n(2n4 − 50n3 + 530n2 − 2970n+ 8773) − 1456.
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T1 T2

T3 T4

T5

Figure 4. The caterpillar trees.
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INTEGRAL INVOLVING THE PRODUCT OF MULTIVARIABLE

ALEPH-FUNCTION, GENERAL CLASS OF SRIVASTAVA

POLYNOMIALS AND ALEPH-FUNCTION OF ONE VARIABLE

DINESH KUMAR1, FRÉDÉRIC AYANT2,3, AND NARESH4

Abstract. In this paper, we derive an integral involving the multivariable Aleph-
function, the general class of Srivastva polynomials, and the Aleph-function of one
variable, all of which are sufficiently general in nature and are capable of yielding
a large number of simpler and more useful results simply by specialization of their
parameters. Moreover, we establish certain specific instances.

1. Introduction and Preliminaries

The Aleph (ℵ)-function was established by Südland et al. [30], but its notation and
complete definition are offered below in terms of the Mellin-Barnes type integral (see
also, [2, 3, 7, 13,23,25]):

ℵ (z) = ℵM,N
Pi,Qi,ci;r′

(

z

∣

∣

∣

∣

∣

(aj, Aj)1,n , [ci (aji, Aji)]
n+1,pi;r′

(bj, Bj)1,m , [ci (bji, Bji)]m+1,qi;r′

)

=
1

2πω

∫

L
ΩM,N

Pi,Qi,ci;r′ (s) z−sds,(1.1)

for all z different to 0 and

(1.2) ΩM,N
Pi,Qi,ci;r′ (s) =

∏M
j=1 Γ (bj +Bjs)

∏N
j=1 Γ (1 − aj − Ajs)

∑r′

i=1 ci

{

∏Pi

j=N+1 Γ (aji + Ajis)
∏Qi

j=M+1 Γ (1 − bji −Bjis)
} ,

Key words and phrases. Aleph-function of several variables, general class of Srivastava polynomials,
Aleph-function of one and two variables, I-function of two and several variables.
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where ♣arg z♣ < 1
2
π Ω and Ω =

∑M
j=1 Bj +

∑N
j=1 Aj −ci

(

∑Qi

j=M+1 Bji +
∑Pi

j=N+1 Aji



> 0

for i = 1, . . . , r′. For convergence conditions and other details of Aleph-function (one
variable), see Südland et al. [30] (see also, [23, 24]). The series representation of
Aleph-function is given by Chaurasia and Singh [6], defined as

(1.3) ℵM,N
Pi,Qi,ci;r′ (z) =

M
∑

G=1

+∞
∑

g=0

(−1)gΩM,N
Pi,Qi,ci,r′ (s)

BGg!
z−s,

with s = ηG,g = bG+g
BG

, Pi < Qi, ♣z♣ < 1 and ΩM,N
Pi,Qi,ci;r′ (s) is given in (1.2).

The generalized polynomials defined by Srivastava [29], and studied by many au-
thors, e.g., [5, 7, 8, 10–12,14,18,20], is given in the following manner:

SM1,...,Ms

N1,...,Ns
[y1, . . . , ys] =

[N1/M1]
∑

K1=0

· · ·
[Ns/Ms]
∑

Ks=0

(−N1)M1K1

K1!
× · · · × (−Ns)MsKs

Ks!

× A [N1, K1; . . . ;Ns, Ks] y
K1
1 · · · yKs

s ,(1.4)

where M1, . . . ,Ms are arbitrary positive integers and the coefficients A [N1, K1; . . . ;
Ns, Ks] are arbitrary constants, real or complex. In the present paper, we use the
following notation:

(1.5) a1 =
(−N1)M1K1

K1!
× · · · × (−Ns)MsKs

Ks!
A [N1, K1; . . . ;Ns, Ks] .

The Aleph-function of several variables generalizes the multivariable I-function defined
by Sharma and Ahmad [26], which is a generalization of G and H-functions [8, 21] of
multiple variables. The multiple Mellin-Barnes integral occurring in this paper will
be referred to as the multivariable Aleph-function throughout our present study and
will be defined and represented as follows (see also, [4, 15–17,19]).

ℵ (z1, . . . , zr)

=ℵ0,n:m1,n1,...,mr,nr

pi,qi,τi;R:p
i(1) ,q

i(1) ,τ
i(1) ;R(1);...;p

i(r) ,q
i(r) ;τ

i(r) ;R(r)









z1
...
zr

∣

∣

∣

∣

∣

∣

(

aj;α
(1)
j , . . . , α

(r)
j



1,n
,

. . . ,

[

τi

(

aji;α
(1)
ji , . . . , α

(r)
ji

]

n+1,pi

:
(

c
(1)
j , γ

(1)
j



1,n1

,
[

τi

(

bji; β
(1)
ji , . . . , β

(r)
ji

]

1,qi

:
(

d
(1)
j , δ

(1)
j



1,m1

,
[

τi(1)

(

c
(1)

ji(1) , γ
(1)

ji(1)

]

n1+1,p
(1)
i

; . . . ;
(

c
(r)
j , γ

(r)
j



1,nr

,
[

τi(r)

(

c
(r)

ji(r) , γ
(r)

ji(r)

]

nr+1,p
(r)
i

[

τi(1)

(

d
(1)

ji(1) , δ
(1)

ji(1)

]

m1+1,q
(1)
i

; . . . ;
(

d
(r)
j , δ

(r)
j



1,mr

,
[

τi(r)

(

d
(r)

ji(r) , δ
(r)

ji(r)

]

mr+1,q
(r)
i







=
1

(2πω)r

∫

L1

· · ·
∫

Lr

ψ (s1, . . . , sr)
r
∏

k=1

θk (sk) zsk

k ds1 · · · dsr,

(1.6)
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with ω =
√

−1. For more details, see Ayant [1]. The real numbers τi are positives
for i = 1, . . . , R, τi(k) are positives for i(k) = 1, . . . , R(k). The condition for absolute
convergence of multiple Mellin-Barnes type contour (1.6) can be obtained by extension
of the corresponding conditions for multivariable H-function given by ♣arg zk♣ <
1
2
A

(k)
i π, where

A
(k)
i =

n
∑

j=1

α
(k)
j − τi

pi
∑

j=n+1

α
(k)
ji − τi

qi
∑

j=1

β
(k)
ji +

nk
∑

j=1

γ
(k)
j − τi(k)

p
i(k)
∑

j=nk+1

γ
(k)

ji(k) +
mk
∑

j=1

δ
(k)
j

− τi(k)

q
i(k)
∑

j=mk+1

δ
(k)

ji(k) > 0, with k = 1 . . . , r, i = 1, . . . , R, i(k) = 1, . . . , R(k).(1.7)

The complex numbers zi are not zero. Throughout this paper, we assume the existence
and absolute convergence conditions of the multivariable Aleph-function. We may
establish the asymptotic expansion in the following convenient form:

ℵ (z1, . . . , zr) = 0 (♣z1♣α1 , . . . , ♣zr♣αr) , max ¶♣z1♣ , . . . , ♣zr♣♢ → 0,

ℵ (z1, . . . , zr) = 0
(

♣z1♣β1 , . . . , ♣zr♣βr


, min ¶♣z1♣ , . . . , ♣zr♣♢ → +∞,

where k = 1, . . . , r, αk = min
{

Re
(

d
(k)
j /δ

(k)
j



: j = 1, . . . ,mk

}

and βk =

max
{

Re
((

c
(k)
j − 1



/γ
(k)
j



: j = 1, . . . , nk

}

. We will use these following notations:

U =pi, qi, τi;R, V = m1, n1; . . . ;mr, nr,(1.8)

W =pi(1) , qi(1) , τi(1) ;R(1), . . . , pi(r) , qi(r) , τi(r) ;R(r),(1.9)

A =
(

aj;α
(1)
j , . . . , α

(r)
j



1,n
,
[

τi

(

aji;α
(1)
ji , . . . , α

(r)
ji

]

n+1,pi

,(1.10)

B =
[

τi

(

bji; β
(1)
ji , . . . , β

(r)
ji

]

1,qi

,(1.11)

C =
(

c
(1)
j , γ

(1)
j



1,n1

,
[

τi(1)

(

c
(1)

ji(1) , γ
(1)

ji(1)

]

n1+1,p
i(1)

, . . . ,

(

c
(r)
j , γ

(r)
j



1,nr

,
[

τi(r)

(

c
(r)

ji(r) , γ
(r)

ji(r)

]

nr+1,p
i(r)

,(1.12)

D =
(

d
(1)
j , δ

(1)
j



1,m1

,
[

τi(1)

(

d
(1)

ji(1) , δ
(1)

ji(1)

]

m1+1,q
i(1)

, . . . ,

(

d
(r)
j , δ

(r)
j



1,mr

,
[

τi(r)

(

d
(r)

ji(r) , δ
(r)

ji(r)

]

mr+1,q
i(r)

.(1.13)

We denote the multivariable Aleph-function as

(1.14) ℵ (z1, . . . , zr) = ℵ0,n:V
U :W









z1
...
zr

∣

∣

∣

∣

∣

A : C
B : D









.
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We have the following required integral [9]:
(1.15)

∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)
α+β dθ =

1

2a2βb2α
B (α, β) , Re(α) > 0,Re(β) > 0,

where a, b ∈ C\¶0♢ and B (·, ·) is the Beta function.

2. Main Integral

In this section we evaluate the integral involving multivariable Aleph-function, a
class of polynomials of several variables and a Aleph-function of one variable.

Theorem 2.1.
∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)
α+β ℵM,N

Pi,Qi,ci;r′

(

t
sin2c θ cos2d θ

(a2 cos2 θ + b2 sin2 θ)
c+d

)

× SM1,...,Ms

N1,...,Ns















t1
sin2c1 θ cos2d1 θ

(a2 cos2 θ+b2 sin2 θ)
c1+d1

...

ts
sin2cs θ cos2ds θ

(a2 cos2 θ+b2 sin2 θ)
cs+ds















ℵ0,n:V
U :W















z1
sin2h1 θ cos2l1 θ

(a2 cos2 θ+b2 sin2 θ)
h1+l1

...

zr
sin2hr θ cos2lr θ

(a2 cos2 θ+b2 sin2 θ)
hr+lr















dθ

=
1

2

M
∑

G=1

+∞
∑

g=0

[N1/M1]
∑

K1=0

· · ·
[Ns/Ms]
∑

Ks=0

a1

(−1)g ΩM,N
Pi,Qi,ci,r′ (ηG,g)

BG g!
tηG,g tK1

1 · · · tKs

s

× a−2(β+dηG,g+
∑s

i=1
Ksdi) b−2(α+cηG,g+

∑s

i=1
Ksci)

× ℵ0,n+2:V
U21:W









z1

a2l1 b2h1

...
zr

a2lr b2hr

∣

∣

∣

∣

∣

∣

∣

∣

(1 − α− cηG,g −∑s
i=1 Kici;h1, . . . , hr) ,

−
(1 − β − dηG,g −∑s

i=1 Kidi; l1, . . . , lr) , A : C

(1 − α− β − (c+ d) ηG,g −∑s
i=1 K (ci + di) ;h1 + l1, . . . , hr + lr) , B : D





 ,(2.1)

where U21 = pi + 2, qi + 1, τi, R, also satisfy the following conditions:

(a) min ¶c, ci, hj♢ ≤ 0, i = 1, . . . , s; j = 1, . . . , r (hj are not simultaneously zero);
(b) min ¶d, di, lj♢ ≤ 0, i = 1, . . . , s; j = 1, . . . , r (lj are not simultaneously zero);

(c) Re (α) + c+
∑r

i=1 ciRe (α) + c min
1⩽l⩽M

Re

(

b
(i)
j

βj

)

+
∑r

i=1 hi min
1⩽j⩽mi

Re

(

d
(i)
j

δ
(i)
j

)

> 0;

(d) Re (α) + d min
1⩽l⩽M

Re

(

b
(i)
j

βj

)

+
∑r

i=1 li min
1⩽j⩽mi

Re

(

d
(i)
j

δ
(i)
j

)

> 0;

(e) ♣arg zk♣ < 1
2
A

(k)
i π, where A

(k)
i is given in (1.7);

(f) ♣arg t♣ < 1
2
πΩ, where

Ω =
M
∑

j=1

βj +
N
∑

j=1

αj − ci





Qi
∑

j=M+1

βji +
Pi
∑

j=N+1

αji



 > 0.
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Proof. Expressing the Aleph-function of one variable in series form with the help of
(1.3), the general class of polynomials of several variables in series with the help of
(1.4), and the Aleph-function of r variables in Mellin-Barnes contour integral with the
help of (1.6). The conditions (e) and (f) are satisfied, then the integral representing
multivariable Aleph function converges uniformly, and we can invert the sums and
multiple Mellin-Barnes integrals. Next, by changing the order of integration and
summation (which is easily seen to be justified due to the absolute convergence of the
integral and summations involved in the process) and then evaluating the resulting
integral with the help of equation (1.15). Finally interpreting the result thus obtained
with the Mellin-barnes contour integral, we arrive at the desired result (2.1). □

3. Multivariable I-function

Corollary 3.1. If τi, τi(1) , . . . , τi(r) → 1, the Aleph-function of several variables reno-

vates to the I-function of several variables. The simple integral has been derived in

this section for multivariable I-functions defined by Sharma and Ahmad [26]

∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)
α+β ℵM,N

Pi,Qi,ci;r′

(

t
sin2c θ cos2d θ

(a2 cos2 θ + b2 sin2 θ)
c+d

)

× SM1,...,Ms

N1,...,Ns















t1
sin2c1 θ cos2d1 θ

(a2 cos2 θ+b2 sin2 θ)
c1+d1

...

ts
sin2cs θ cos2ds θ

(a2 cos2 θ+b2 sin2 θ)
cs+ds















I0,n:V
U :W















z1
sin2h1 θ cos2l1 θ

(a2 cos2 θ+b2 sin2 θ)
h1+l1

...

zr
sin2hr θ cos2lr θ

(a2 cos2 θ+b2 sin2 θ)
hr+lr















dθ

=
1

2

M
∑

G=1

∞
∑

g=0

[N1/M1]
∑

K1=0

· · ·
[Ns/Ms]
∑

Ks=0

a1

(−1)g ΩM,N
Pi,Qi,ci,r′ (ηG,g)

BG g!
tηG,g tK1

1 · · · tKs

s

× a−2(β+dηG,g+
∑s

i=1
Ksdi) b−2(α+cηG,g+

∑s

i=1
Ksci)

× I0,n+2:V
U21:W









z1

a2l1 b2h1

...
zr

a2lr b2hr

∣

∣

∣

∣

∣

∣

∣

∣

(1 − α− cηG,g −∑s
i=1 Kici;h1, . . . , hr) ,

−

(1 − β − dηG,g −∑s
i=1 Kidi; l1, . . . , lr) , A

′ : C ′

(1 − α− β − (c+ d) ηG,g −∑s
i=1 K (ci + di) ;h1 + l1, . . . , hr + lr) , B

′ : D′





 ,

(3.1)

where A′ =
(

aj;α
(1)
j , . . . , α

(r)
j



1,n
,
(

aji;α
(1)
ji , . . . , α

(r)
ji



n+1,pi

,B′ =
(

bji; β
(1)
ji , . . . , β

(r)
ji



1,qi

,

C ′ =
(

c
(1)
j , γ

(1)
j



1,n1

,
(

c
(1)

ji(1) , γ
(1)

ji(1)



n1+1,p
i(1)

; . . . ;
(

c
(r)
j , γ

(r)
j



1,nr

,
(

c
(r)

ji(r) , γ
(r)

ji(r)



nr+1,p
i(r)

,

D′ =
(

d
(1)
j , δ

(1)
j



1,m1

,
(

d
(1)

ji(1) , δ
(1)

ji(1)



m1+1,q
i(1)

; . . . ;
(

d
(r)
j , δ

(r)
j



1,mr

(

d
(r)

ji(r) , δ
(r)

ji(r)



mr+1,q
i(r)

,

also under the same conditions that (2.1).
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4. Aleph-function of Two Variables

Corollary 4.1. If we set r = 2 in (1.6), then we obtain the Aleph-function of two

variables defined by Sharma [28] and further generalized by Kumar [13]. We have the

following simple integral

∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)
α+β ℵM,N

Pi,Qi,ci;r′

(

t
sin2c θ cos2d θ

(a2 cos2 θ + b2 sin2 θ)
c+d

)

× SM1,...,Ms

N1,...,Ns















t1
sin2c1 θ cos2d1 θ

(a2 cos2 θ+b2 sin2 θ)
c1+d1

...

ts
sin2cs θ cos2ds θ

(a2 cos2 θ+b2 sin2 θ)
cs+ds















ℵ0,n:V
U :W







z1
sin2h1 θ cos2l1 θ

(a2 cos2 θ+b2 sin2 θ)
h1+l1

z2
sin2h2 θ cos2l2 θ

(a2 cos2 θ+b2 sin2 θ)
h2+l2





 dθ

=
1

2

M
∑

G=1

+∞
∑

g=0

[N1/M1]
∑

K1=0

· · ·
[Ns/Ms]
∑

Ks=0

a1

(−1)g ΩM,N
Pi,Qi,ci,r′ (ηG,g)

BG g!
tηG,g tK1

1 · · · tKs

s

× a−2(β+dηG,g+
∑s

i=1
Ksdi) b−2(α+cηG,g+

∑s

i=1
Ksci)

× ℵ0,n+2:V
U21:W







z1

a2l1 b2h1
z2

a2l2 b2h2

∣

∣

∣

∣

∣

(1 − α− cηG,g −∑s
i=1 Kici;h1, h2) ,

−

(1 − β − dηG,g −∑s
i=1 Kidi; l1, l2) , A

′′ : C ′′;E ′′

(1 − α− β − (c+ d) ηG,g −∑s
i=1 K (ci + di) ;h1 + l1, h2 + l2) , B

′′ : D′′;F ′′





 ,

(4.1)

where A′′ =
(

aj;α
′

j, α
′′

j



1,n
,
[

τi

(

aji;α
′

ji, α
′′

ji

]

n+1,pi

; B′′ =
[

τi

(

bji; β
′

ji, β
′′

ji

]

1,qi

,

C ′′ = (cj, γj)1,n1
, [τi′ (cji′ , γji′)]n1+1,pi′

; D′′ = (dj, δj)1,m1
, [τi′ (dji′ , δji′)]m1+1,qi′

, E ′′ =

(ej, ηj)1,n2
, [τi′′ (eji′′ , ηji′′)]n2+1,pi′′

; F ′′ = (fj, ζj)1,m2
, [τi′′ (fji′′ , ζji′′)]m2+1,qi′′

, also sat-

isfy the existence conditions provided in (2.1).

5. I-function of Two Variables

Corollary 5.1. If we set τi, τi′ , τi′′ → 1 in (4.1), the Aleph-function of two variables

reduces to the I-function of two variables defined by Sharma and Mishra [27], and we

obtain the same formula with the I-function of two variables.

∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)
α+β ℵM,N

Pi,Qi,ci;r′

(

t
sin2c θ cos2d θ

(a2 cos2 θ + b2 sin2 θ)
c+d

)

× SM1,...,Ms

N1,...,Ns















t1
sin2c1 θ cos2d1 θ

(a2 cos2 θ+b2 sin2 θ)
c1+d1

...

ts
sin2cs θ cos2ds θ

(a2 cos2 θ+b2 sin2 θ)
cs+ds















I0,n:V
U :W







z1
sin2h1 θ cos2l1 θ

(a2 cos2 θ+b2 sin2 θ)
h1+l1

z2
sin2h2 θ cos2l2 θ

(a2 cos2 θ+b2 sin2 θ)
h2+l2





 dθ
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=
1

2

M
∑

G=1

∞
∑

g=0

[N1/M1]
∑

K1=0

· · ·
[Ns/Ms]
∑

Ks=0

a1

(−1)g ΩM,N
Pi,Qi,ci,r′ (ηG,g)

BG g!
tηG,g tK1

1 · · · tKs

s

× a−2(β+dηG,g+
∑s

i=1
Ksdi) b−2(α+cηG,g+

∑s

i=1
Ksci)

× I0,n+2:V
U21:W







z1

a2l1 b2h1
z2

a2l2 b2h2

∣

∣

∣

∣

∣

(1 − α− cηG,g −∑s
i=1 Kici;h1, h2) ,

−

(1 − β − dηG,g −∑s
i=1 Kidi; l1, l2) , A

′′′ : C ′′′;E ′′′

(1 − α− β − (c+ d) ηG,g −∑s
i=1 K (ci + di) ;h1 + l1, h2 + l2) , B

′′′ : D′′′;F ′′′





 ,

(5.1)

where A′′′ =
(

aj;α
′

j, α
′′

j



1,n
,

(

aji;α
′

ji, α
′′

ji



n+1,pi

, B′′′ =
(

bji; β
′

ji, β
′′

ji



1,qi

,

C ′′′ = (cj, γj)1,n1
, (cji′ , γji′)n1+1,pi′

; D′′′ = (dj, δj)1,m1
, (dji′ , δji′)m1+1,qi′

, E ′′′ =

(ej, ηj)1,n2
, (eji′′ , ηji′′)n2+1,pi′′

, F ′′′ = (fj, ζj)1,m2
, (fji′′ , ζji′′)m2+1,qi′′

, also satisfy the

conditions stated in (2.1).

For more details of I-function of two variables reader can refer to work Kumari et
al. [22].

6. Conclusion

In this work, an integral involving the multivariable Aleph-function, a class of
polynomials with several variables (Srivastava polynomials), and an Aleph-function
with one variable was evaluated. The integral derived in this study is of a highly
broad character, since it incorporates the multivariable Aleph-function, which is a
generic function of multiple variables previously explored. Consequently, the integral
produced by this study would serve as a key formula from which, by adjusting the
parameters, as many outcomes as required involving the special functions of one and
multiple variables may be generated.

Acknowledgements. The first author (DK) would like to thank Agriculture Univer-
sity Jodhpur for supporting and encouraging this work.
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PROPERTIES OF (C, r)-HANKEL OPERATORS AND
(R, r)-HANKEL OPERATORS ON HILBERT SPACES

JYOTI BHOLA1 AND BHAWNA GUPTA2

Abstract. We introduce the operators which are generalizations of Hankel-type
operators, called the (C, r)-Hankel operator and (R, r)-Hankel operator on general
Hilbert spaces. Our main result is to obtain characterizations for a bounded operator
on general Hilbert spaces to be a (C, r)-Hankel operator (or (R, r)-Hankel operator).
We also discuss some algebraic properties like boundedness (for ♣r♣ ̸= 1) of these
operators and the relationship between them. Moreover, some characterizations for
the commutativity of these operators are explored.

1. Introduction

The notion of Hankel matrices made its first appearance in 1861 when Hankel began
the study of finite matrices with entries being a function of the sum of the coordinates
only [6], the Hilbert matrix being the most prominent example of the same [2]. Hankel,
Kronecker, Nehari and Hartman are the most celebrated names in this area for their
contribution towards the most classical results about Hankel operators. For a pivot
study on Hankel operators, one can refer [3, 5, 13].

Since inception, a lot of research has been done on this class of matrices, corre-
sponding operators and associated variants due to their high scores of applications in
the fields of perturbation theory, interpolation process, rational approximation, proba-
bility, moment problems, theory of systems and control etc. (refer [11–13]). The rapid
development of this domain has led to numerous generalizations both in terms of twists
in the operator form as well as the space of play. To adduce a few, Hankel operators,

Key words and phrases. Hilbert space, r-Hankel operator, (C, r)-Hankel operator, (R, r)-Hankel
operator, Hilbert-Schmidt operator.
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slant Hankel operators, essentially Hankel operators, λ-Hankel operators, weighted
Hankel operators, small Hankel operators, slant little-Hankel operators, essentially
slant-Hankel operators, kth-order slant Hankel operators etc. have been studied on
different spaces like Hardy spaces, Bergmann spaces, Fock spaces, weighted Fock
spaces, Harmonic Dirichlet spaces and so on [1, 3, 4, 8–10,14] and references therein.

Recently, Mirotin et al. introduced the idea of µ-Hankel operators on Hilbert spaces
in the following way and discussed this class on Hardy space in particular [10]: Let
µ be a complex number, α = (αn)n≥0 be a sequence of complex numbers, H and H ′

be separable Hilbert spaces. The operator Aµ,α : H → H ′ is called µ-Hankel operator
if for some orthonormal bases (ek)k≥0 ⊂ H and (e′

j)j≥0 ⊂ H ′, the matrix (ajk)k,j≥0 of

this operator consists of elements of the form ajk = µkαj+k. All these developments
motivated the authors to define two new classes of operators on general Hilbert spaces
that are closely related to Hankel operators in the sense that these classes result in
Hankel-type operators if alternate columns of one or alternate rows of the other are
deleted. Interesting results are established to derive the connection between these
classes, over and above the discussion of their algebraic properties. Characterizations
are obtained for which these operators commute. It is also proved that these classes
neither contain any Fredholm operator nor unitary operator.

We begin with the following preliminaries.
A bounded linear operator T on a Hilbert space H is said to be Hilbert-Schmidt

operator if the Hilbert-Schmidt norm ∥T∥2
HS =

∑

n ∥T (un)∥2 < + for an orthonormal
basis (un)n∈N0

of H, where ∥ · ∥ represents the norm of H. A bounded operator T on
H is said to be a Fredholm operator if Range of T is closed, dimension of kernel T
and dimension of kernel T ∗ are finite. In this case, index of T is defined as

index T = dim ker T − dim ker T ∗.

A bounded operator T on H is said to be isometry if T ∗T = IH , and unitary if T
is bijective and T ∗T = TT ∗ = IH , where IH denotes the identity operator on H.
Throughout the paper, we restrict the symbols H1 and H2 for any separable Hilbert
spaces. If H1 = H2, then it is denoted by H. We denote by (ui)i∈N0

and (vi)i∈N0
, the

orthonormal bases for H1 and H2, respectively. The symbols U1 and U2 denote the
right shift operators on H1 and H2, respectively and are defined as U1(ui) = ui+1 and
U2(vi) = vi+1 for all i ∈ N0. The symbols C, Z and N0 denote the set of all complex
numbers, integers and non-negative integers, respectively.

2. The (C, r)-Hankel Operator and (R, r)-Hankel Operator

We now introduce (C, r)-Hankel operators and (R, r)-Hankel operators on general
Hilbert spaces as under.

Definition 2.1. Let r be a non-zero complex number and (αn)n∈N0
be a sequence

of complex numbers. Then the operator (C, r)-Hankel operator, Cr,α from a Hilbert
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space H1 to Hilbert space H2 is defined as

Cr,α(ui) =
+∞
∑

j=0

riαi+2jvj, for all i ∈ N0,

where (ui)i∈N0
and (vi)i∈N0

are orthonormal bases for H1 and H2, respectively.

For i, j ∈ N0, the (i, j)th-entry of the matrix representation of Cr,α with respect to
the orthonormal bases is Ci,j, where

Ci,j = ⟨Cr,α(uj), vi⟩ =

〈

+∞
∑

l=0

rjαj+2lvl, vi

〉

=
+∞
∑

l=0

rjαj+2l⟨vl, vi⟩ = rjαj+2i,

and hence, the corresponding matrix is given as:

[Cr,α] =























α0 rα1 r2α2 r3α3 r4α4 · · ·
α2 rα3 r2α4 r3α5 r4α6 · · ·
α4 rα5 r2α6 r3α7 r4α8 · · ·
α6 rα7 r2α8 r3α9 r4α10 · · ·
α8 rα9 r2α10 r3α11 r4α12 · · ·
...

...
...

...
...

. . .























.

Definition 2.2. Let r be a non-zero complex number and (αn)n∈N0
be a sequence

of complex numbers. Then the operator (R, r)-Hankel operator, Rr,α from a Hilbert
space H1 to Hilbert space H2 is defined as

Rr,α(ui) =
+∞
∑

j=0

riα2i+jvj, for all i ∈ N0,

where (ui)i∈N0
and (vi)i∈N0

are orthonormal bases for H1 and H2, respectively.

Observe that for i, j ∈ N0, if Ri,j is the (i, j)th-entry of the matrix representation
of Rr,α with respect to the orthonormal bases, then

Ri,j = ⟨Rr,α(uj), vi⟩ = rjα2j+i,

and the corresponding matrix is given as:

[Rr,α] =























α0 rα2 r2α4 r3α6 r4α8 · · ·
α1 rα3 r2α5 r3α7 r4α9 · · ·
α2 rα4 r2α6 r3α8 r4α10 · · ·
α3 rα5 r2α7 r3α9 r4α11 · · ·
α4 rα6 r2α8 r3α10 r4α12 · · ·
...

...
...

...
...

. . .























.

Note 2.1. (A) A (C, r)-Hankel operator becomes r2-Hankel operator if its alternate
columns are deleted and a (R, r)-Hankel operator becomes r-Hankel operator if its
alternate rows are deleted.
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(B) For every non-zero complex number r and complex sequence (αn)n∈N0
, the

(C, r)-Hankel operator, Cr,α and (R, r)-Hankel operator, Rr,α may not correspond to
bounded linear operators.

Example 2.1. Take r = 1 + i, αn = 1√
n+1

, for all n ∈ N0, and x =
∑+∞

n=0
1

(1+i)n
un ∈ H.

Then,

∥x∥2 =
+∞
∑

n=0

♣xn♣2 =
+∞
∑

n=0

∣

∣

∣

∣

∣

1

(1 + i)n

∣

∣

∣

∣

∣

2

is finite whereas

∥Cr,α(x)∥2 =
+∞
∑

j=0

∣

∣

∣

∣

∣

+∞
∑

n=0

1

(1 + i)n
rnαn+2j

∣

∣

∣

∣

∣

2

=
+∞
∑

j=0

∣

∣

∣

∣

∣

+∞
∑

n=0

1√
n + 2j + 1

∣

∣

∣

∣

∣

2

→ +∞

and

∥Rr,α(x)∥2 =
+∞
∑

j=0

∣

∣

∣

∣

∣

+∞
∑

n=0

1

(1 + i)n
rnα2n+j

∣

∣

∣

∣

∣

2

=
+∞
∑

j=0

∣

∣

∣

∣

∣

+∞
∑

n=0

1√
2n + j + 1

∣

∣

∣

∣

∣

2

→ +∞.

3. Boundedness of (C, r)-Hankel Operators and (R, r)-Hankel
Operators

In this section, we study conditions under which these operators become bounded.
Characterizations of these operators are also derived.

Theorem 3.1. Let r be a non-zero complex number such that ♣r♣ < 1 and (αn)n∈N0

be a complex sequence. Then the following hold.

(A) The operator Cr,α : H1 → H2 is bounded if and only if
∑

n∈N0
♣βn♣2 < +∞

where

(3.1) βn =







αn, if n is even,

rαn, if n is odd.

(B) The operator Rr,α : H1 → H2 is bounded if and only if
∑+∞

n=0 ♣αn♣2 < +∞.

Proof. (A) Let ♣r♣ < 1. If Cr,α is bounded, then there exists a positive constant
C such that ∥Cr,α(x)∥2 ≤ C∥x∥2 for every x ∈ H1. Take in particular x = u0, we
get

∑

n∈N0
♣α2n♣2 = ∥Cr,α(u0)∥2 ≤ C∥u0∥2 = C. Again, taking x = u1, it follows

that ♣r♣2∑n∈N0
♣α2n+1♣2 = ∥Cr,α(u1)∥2 ≤ C∥u1∥2 = C. Therefore,

∑

n∈N0
♣βn♣2 =

∑

n∈N0
♣α2n♣2 + ♣r♣2∑n∈N0

♣α2n+1♣2 is finite.
Conversely, suppose that (3.1) holds. Consider

+∞
∑

i=0

+∞
∑

j=0

♣Ci,j♣2 =
+∞
∑

n=0

♣α2n♣2
(

1 + ♣r2♣2 + ♣r4♣2 + · · · + ♣r2n♣2
)

+
+∞
∑

n=0

♣α2n+1♣2

×
(

♣r♣2 + ♣r3♣2 + ♣r5♣2 + · · · + ♣r2n+1♣2
)

=
+∞
∑

n=0

♣α2n♣2
(

1 + ♣r♣4 + ♣r♣8 + · · · + ♣r♣4n
)

+
+∞
∑

n=0

♣α2n+1♣2
(

♣r♣2 + ♣r♣6
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+ ♣r♣10 + · · · + ♣r♣2(2n+1)
)

=
+∞
∑

n=0

♣α2n♣2
(

1 + ♣r♣4 + (♣r♣4)2 + · · · + (♣r♣4)n
)

+ ♣r♣2
+∞
∑

n=0

♣α2n+1♣2
(

1 + ♣r♣4

+ (♣r♣4)2 + · · · + (♣r♣4)n
)

=

(

+∞
∑

n=0

♣α2n♣2 + ♣r♣2
+∞
∑

n=0

♣α2n+1♣2


(1 + ♣r♣4 +
(

♣r♣4)2 + · · · + (♣r♣4)n
)

=

(

+∞
∑

n=0

♣α2n♣2 + ♣r♣2
+∞
∑

n=0

♣α2n+1♣2
(

1 − ♣r♣4n

1 − ♣r♣4


≤
(

1

1 − ♣r♣4
(

+∞
∑

n=0

♣α2n♣2 + ♣r♣2
+∞
∑

n=0

♣α2n+1♣2


=

(

1

1 − ♣r♣4
(

+∞
∑

n=0

♣βn♣2


.

Using (3.1), it follows that
∑+∞

i=0

∑+∞
j=0 ♣Ci,j♣2 < +∞. Therefore, the operator Cr,α is

Hilbert-Schmidt and hence bounded.
(B) Let ♣r♣ < 1 and Rr,α be bounded, then there exists a positive constant C such

that ∥Rr,α(x)∥2 ≤ C∥x∥2 for every x ∈ H1. Taking in particular x = u0, we get
∑

n∈N0
♣αn♣2 = ∥Cr,α(u0)∥2 ≤ C∥u0∥2 = C.

Conversely, suppose that
∑+∞

n=0 ♣αn♣2 < +∞. Consider

+∞
∑

i=0

+∞
∑

j=0

♣Ri,j♣2 =
+∞
∑

n=0

♣α2n♣2
(

1 + ♣r♣2 + ♣r2♣2 + · · · + ♣rn♣2
)

+
+∞
∑

n=0

♣α2n+1♣2

×
(

1 + ♣r♣2 + ♣r2♣2 + · · · + ♣rn♣2
)

=

(

+∞
∑

n=0

♣α2n♣2 +
+∞
∑

n=0

♣α2n+1♣2


(

1 + ♣r♣2 + ♣r♣4 + · · · + ♣r♣2n
)

=

(

+∞
∑

n=0

♣α2n♣2 +
+∞
∑

n=0

♣α2n+1♣2


(

1 + ♣r♣2 + (♣r♣2)2 + · · · + (♣r♣2)n
)

=

(

+∞
∑

n=0

♣α2n♣2 +
+∞
∑

n=0

♣α2n+1♣2
(

1 − ♣r♣2n

1 − ♣r♣2


≤
(

1

1 − ♣r♣2
(

+∞
∑

n=0

♣α2n♣2 +
+∞
∑

n=0

♣α2n+1♣2


=

(

1

1 − ♣r♣2
(

+∞
∑

n=0

♣αn♣2


.

Using
∑+∞

n=0 ♣αn♣2 < +∞, it follows that
∑+∞

i=0

∑+∞
j=0 ♣Ri,j♣2 < +∞. Therefore, the

operator Rr,α is Hilbert-Schmidt and hence bounded. □
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The next theorem gives characterizations of bounded linear (C, r)-Hankel and (R, r)-
Hankel operators in terms of operator equations involving shift operator.

Theorem 3.2. Let U1 and U2 be the right shift operators on H1 and H2, respectively.

Let r be a non-zero complex number. Then the following hold.

(A) A bounded operator T : H1 → H2 is a (C, r)-Hankel operator for some complex

sequence (αn)n∈N0
if and only if TU2

1 = r2U∗
2 T .

(B) A bounded operator T : H1 → H2 is a (R, r)-Hankel operator for some complex

sequence (αn)n∈N0
if and only if TU2

1 = r2(U4
2 )∗T and Ti,1 = rTi+2,0 for all

i ∈ N0, where (Ti,j) represents matrix representation of T with respect to

orthonormal bases of H1 and H2, respectively.

Proof. (A) Suppose T : H1 → H2 is a (C, r)-Hankel operator for some complex
sequence (αn)n∈N0

. For each i, j ∈ N0,

⟨TU2
1 (ui), vj⟩ = ⟨T (ui+2), vj⟩ = ri+2αi+2+2j

and

⟨r2U∗
2 T (ui), vj⟩ = r2⟨T (ui), U2(vj)⟩ = r2⟨T (ui), vj+1⟩ = r2riαi+2+2j = ri+2αi+2+2j.

Using the boundedness of T , it follows that TU2
1 = r2U∗

2 T .
Conversely, let TU2

1 = r2U∗
2 T . We define a complex sequence (αn)n∈N0

as follows:

(3.2) αn =







⟨T (u0), vn/2⟩, if n is even,

(1/r)⟨T (u1), v(n−1)/2⟩, elsewhere.

Then, for all non-negative integers i, j such that i ≥ 2,

⟨T (ui), vj⟩ = ⟨TU2
1 (ui−2), vj⟩ = ⟨r2U∗

2 T (ui−2), vj⟩ = r2⟨T (ui−2), U2(vj)⟩
= r2⟨T (ui−2), vj+1⟩ = · · · = r4⟨T (ui−4), vj+2⟩ = · · · =

=







ri⟨T (u0), vj+i/2⟩, if i is even,

ri−1⟨T (u1), vj+(i−1)/2⟩, if i is odd,

=







riα2j+i, if i is even,

ri−1rα2j+i, if i is odd,

= riα2j+i.

Hence, T = Cr,α for the sequence (αn)n∈N0
defined in (3.2).

(B) Suppose T : H1 → H2 is a (R, r)-Hankel operator for some complex sequence
(αn)n∈N0

. Clearly, Ti,1 = rTi+2,0 for all i ∈ N0. Now, for each i, j ∈ N0,

⟨TU2
1 (ui), vj⟩ = ⟨T (ui+2), vj⟩ = ri+2α2i+4+j

and

⟨r2(U4
2 )∗T (ui), vj⟩ = r2⟨T (ui), U4

2 (vj)⟩ = r2⟨T (ui), vj+4⟩ = r2riα2i+j+4 = ri+2α2i+4+j.

Using the boundedness of T , it follows that TU2
1 = r2(U4

2 )∗T .
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Conversely, suppose that TU2
1 = r2(U4

2 )∗T and

(3.3) Ti,1 = rTi+2,0, for all i ∈ N0,

where (Ti,j) represents matrix representation of the operator T . For each n ∈ N0, let

(3.4) αn =















⟨T (u0), vn⟩, if n is even,

⟨T (u0), v1⟩, if n = 1,

(1/r)⟨T (u1), vn−2⟩, elsewhere.

Then (αn)n∈N0
is a sequence in the complex plane. Using (3.3) and (3.4), for all

non-negative integers i, j such that i ≥ 2, evaluating

⟨T (ui), vj⟩ = ⟨TU2
1 (ui−2), vj⟩ = ⟨r2(U4

2 )∗T (ui−2), vj⟩ = r2⟨T (ui−2), U4
2 (vj)⟩

= r2⟨T (ui−2), vj+4⟩ = · · · = r4⟨T (ui−4), vj+8⟩ = · · · =

=







ri⟨T (u0), vj+2i⟩, if i is even,

ri−1⟨T (u1), vj+2(i−1)⟩, if i is odd,

=



























riαj+2i, if i, j both are even,

ri−1⟨T (u1), vj+2i−2)⟩, if i is even and j is odd,

ri−1rαj+2i, and i, j both are odd,

ri−1r⟨T (u0), vj+2i⟩, if i is odd and j is even,

= riαj+2i.

Hence, T = Rr,α for complex sequence (αn)n∈N0
. □

Proposition 3.1. Let r be a non-zero complex number and (αn)n∈N0
⊂ C be a

sequence. Then the adjoint of bounded (C, r)-Hankel operator, Cr,α : H1 → H2 is the

(R, s)-Hankel operator, Rs,β from H2 to H1, where s = 1

r2
and βn = rnαn for each

n ∈ N0.

Proof. Let i, j ∈ N0. Evaluating

⟨C∗
r,α(vj), ui⟩ = ⟨vj, Cr,α(ui)⟩ = ⟨Cr,α(ui), vj⟩ = riαi+2j = riαi+2j

and

⟨Rs,β(vj), ui⟩ = sjβi+2j =
(

1

r2

)j

ri+2jαi+2j = riαi+2j.

Hence, C∗
r,α = Rs,β, where s = 1

r2
and βn = rnαn for each n ∈ N0. □

Theorem 3.3. Let U1 and U2 be the right shift operators on H1 and H2, respectively.

Let r be a non-zero complex number. Then a bounded operator T : H1 → H2 is a (R, r)-
Hankel operator for some complex sequence (αn)n∈N0

if and only if TU1 = r(U∗
2 )2T .

Proof. Suppose that T is a (R, r)-Hankel operator for some complex sequence (αn)n∈N0
.

Using Proposition 3.1, it follows that T = Rr,α = C∗
s,β, where Cs,β : H2 → H1

is (C, s)-Hankel operator, s =
(

1
r

)
1

2 and βn =
(

1
rn

)
1

2 αn for each n ∈ N0. Now,
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Theorem 3.2 gives Cs,βU2
2 = s2U∗

1 Cs,β. Taking adjoint on both sides, it follows that
(U∗

2 )2C∗
s,β = s2C∗

s,βU1. That is, TU1 = r(U∗
2 )2T .

Conversely, if an operator T is such that TU1 = r(U∗
2 )2T , then, by reversing the

steps above and by using Theorem 3.2 and Proposition 3.1, we can conclude that T
is a (R, r)-Hankel operator for some complex sequence (αn)n∈N0

. □

Corollary 3.1. The kernel of (R, r)-Hankel operator is an invariant subspace of shift

operator.

Proposition 3.2. For a non-zero complex number r ∈ C, if an operator T is a (C, r)-
Hankel operator as well as (R, r)-Hankel operator on H for some complex sequence

(αn)n∈N0
, then U∗T is r-Toeplitz operator on H, where U is the right shift operator

on H.

Proof. Suppose that T is a (C, r)-Hankel operator as well as (R, r)-Hankel operator on
H for some complex sequence (αn)n∈N0

. Since T is (C, r)-Hankel operator, therefore,
by using Theorem 3.2, it follows that

(3.5) TU2 = r2U∗T.

Also, T is (R, r)-Hankel operator, therefore, Proposition 3.3 gives

(3.6) TU = r(U∗)2T.

Using (3.5) and (3.6), we obtain that

r2U∗T = TU2 = (TU)U = r(U∗)2TU = rU∗(U∗T )U.

This implies that U∗(U∗T )U = r(U∗T ) which means that U∗T is r-Toeplitz operator
[7] on H. □

In Theorem 3.1, boundedness conditions of these operators for the case ♣r♣ < 1 have
been discussed. We discuss boundedness of these operators for ♣r♣ > 1 in the next
result.

Theorem 3.4. Let r be a non-zero complex number such that ♣r♣ > 1 and (αn)n∈N0

be a complex sequence. Then the following hold.

(A) The operator Cr,α : H1 → H2 is bounded if and only if

+∞
∑

n=0

♣r♣2n♣αn♣2 < +∞.

(B) Then the operator Rr,α : H1 → H2 is bounded if and only if

+∞
∑

n=0

♣γn♣2 < +∞,

where

γn =











(

1
rn

)
1

2 αn, if n is even,
(

1

rn+1

)
1

2 αn, if n is odd.



PROPERTIES OF (C, r)-HANKEL OPERATORS AND (R, r)-HANKEL OPERATORS 881

Proof. Let ♣r♣ > 1 and (αn)n∈N0
be a complex sequence.

(A) Let s = 1

r2
and (βn)n∈N0

be a sequence, where βn = rnαn for each n ∈ N0.
The operator Cr,α is bounded if and only if C∗

r,α is bounded. Using Proposition 3.1, it
follows that the operator C∗

r,α is bounded if and only if Rs,β is bounded. Since ♣s♣ < 1,
therefore, using Theorem 3.1 (B), it is concluded that Rs,β is bounded if and only if
∑+∞

n=0 ♣βn♣2 < +∞, that is,
∑+∞

n=0 ♣r♣2n♣αn♣2 < +∞.

(B) Let s =
(

1
r

)
1

2 and βn =
(

1
rn

)
1

2 αn for each n ∈ N0. Since ♣r♣ > 1, so ♣s♣ < 1.

The operator Rr,α is bounded if and only if R∗
r,α is bounded. Using Proposition 3.1,

it follows that the operator R∗
r,α is bounded if and only if Cs,β is bounded. Since

♣s♣ < 1, therefore, using Theorem 3.1 (A), it gives Cs,β is bounded if and only if
∑+∞

n=0 ♣γn♣2 < +∞, where

γn =







βn, if n is even,

sβn, if n is odd.

That is,

γn =











(

1
rn

)
1

2 αn, if n is even,
(

1

rn+1

)
1

2 αn, if n is odd.
□

For r ∈ C\¶0♢, let Cr(H1, H2) and Rr(H1, H2) denote the classes of all bounded
(C, r)-Hankel operators and (R, r)-Hankel operators, respectively defined from H1 to
H2. They are denoted by Cr(H) and Rr(H) if H1 = H2. It can easily be seen that
the classes Cr(H1, H2) and Rr(H1, H2) are weakly closed and hence strongly closed,
vector subspaces of the space B(H1, H2), where B(H1, H2) is the class of all bounded
linear operators from H1 to H2.

Proposition 3.3. Let r ∈ C\¶0♢. Then there does not exist any Fredholm operator

in the classes Cr(H1, H2) and Rr(H1, H2).

Proof. Suppose that there exist a Fredholm (C, r)-Hankel operator, Cr,α in Cr(H1, H2)
for some complex sequence (αn)n∈N0

, whose index is n. Using Theorem 3.2 (A), it
follows that Cr,αU2

1 = r2U∗
2 Cr,α, where U1 and U2 are right shift operators on H1

and H2, respectively. Since Cr,α is Fredholm of index n, this implies that Cr,αU2
1 is

Fredholm of index n − 2. On the other hand, r2U∗
2 Cr,α is Fredholm of index n + 1.

This means that n − 2 = n + 1 which is a contradiction. Hence, there does not exist
any Fredholm operator in the class Cr(H1, H2).

Similarly, using Theorem 3.2 (B), one can obtain that there does not exist any
Fredholm operator in the class Rr(H1, H2). □

4. Commutativity of (C, r)-Hankel Operators and (R, r)-Hankel
Operators

This section is devoted to explore the characterizations for commutativity of oper-
ators in Cr(H) and Rr(H).
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Theorem 4.1. Let r and s be non-zero complex numbers and (αn)n∈N0
and (βn)n∈N0

be two complex sequences. Then the following hold.

(A) The bounded operators Cr,α and Cs,β on Hilbert space H commute if and only

if
+∞
∑

j=0

siβi+2jr
jαj+2k =

+∞
∑

j=0

riαi+2js
jβj+2k,

for all i, k ∈ N0, provided the series converge.

(B) The bounded operators Cr,α and Rs,β on H commute if and only if

+∞
∑

j=0

siβ2i+jr
jαj+2k =

+∞
∑

j=0

riαi+2js
jβ2j+k,

for all i, k ∈ N0, provided the series converge.

Proof. (A) For each i ∈ N0, consider

Cr,αCs,β(ui) = Cr,α





+∞
∑

j=0

siβi+2juj



 =





+∞
∑

j=0

siβi+2jCr,α(uj)





=





+∞
∑

j=0

siβi+2j

(

+∞
∑

k=0

rjαj+2kuk







=





+∞
∑

k=0





+∞
∑

j=0

siβi+2jr
jαj+2k



uk



 .(4.1)

Similarly, we obtain that

(4.2) Cs,βCr,α(ui) =





+∞
∑

k=0





+∞
∑

j=0

riαi+2js
jβj+2k



uk



 .

Since (ui)i∈N0
is an orthonormal basis for H, therefore, using (4.1) and (4.2), it follows

that the bounded operators Cr,α and Cs,β commute if and only if

+∞
∑

j=0

siβi+2jr
jαj+2k =

+∞
∑

j=0

riαi+2js
jβj+2k,

for all i, k ∈ N0.
(B) For each i ∈ N0, evaluate

Cr,αRs,β(ui) = Cr,α





+∞
∑

j=0

siβ2i+juj



 =





+∞
∑

j=0

siβ2i+jCr,α(uj)





=





+∞
∑

j=0

siβ2i+j

(

+∞
∑

k=0

rjαj+2kuk







=





+∞
∑

k=0





+∞
∑

j=0

siβ2i+jr
jαj+2k



uk



 .(4.3)
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Similarly, it is obtained that

(4.4) Rs,βCr,α(ui) =





+∞
∑

k=0





+∞
∑

j=0

riαi+2js
jβ2j+k



uk



 .

Using (4.3) and (4.4), it follows that the bounded operators Cr,α and Rs,β commute
if and only if

+∞
∑

j=0

siβ2i+jr
jαj+2k =

+∞
∑

j=0

riαi+2js
jβ2j+k,

for all i, k ∈ N0. □

The following example demonstrates commuting operators in Cr(H).

Example 4.1. If r = s = i
2
, α(n) = ( i

2
)n and β(n) = in

2n+1 for all n ∈ N0, then one can
easily see that the operators Cr,α and Cs,β are bounded (using Theorem 3.1) and they
satisfy the following expression:

+∞
∑

j=0

siβi+2jr
jαj+2k =

+∞
∑

j=0

riαi+2js
jβj+2k,

for all i, k ∈ N0. Hence, the operators Cr,α and Cs,β commute on H.

Let C0,0 denote the set of all complex sequences whose only finitely many terms are
non-zero.

Theorem 4.2. Let r, s ∈ C\¶0♢ and α, β ∈ C0,0 be non-zero sequences, where α =
(αj)j∈N0

and β = (βj)j∈N0
. Let n and m be the largest non-negative integers such that

αn ̸= 0 and βm ̸= 0.

Then the operators Rr,α and Rs,β on Hilbert space H commute if and only if n = m,

r = s and there exists λ ∈ C such that βj = λαj for all j ∈ N0.

Proof. Let the operators Rr,α and Rs,β commute. That is,

(4.5) Rr,αRs,β(x) = Rs,βRr,α(x),

for all x ∈ H. Two cases arise.
Case 1. If n = m. Let n = 2p + r1 where p ∈ N0 and r1 = 0 or 1. In particular,

take x = up in (4.5), we have

(4.6) Rr,αRs,β(up) = Rs,βRr,α(up).

Subcase 1. If r1 = 0. Consider

Rr,αRs,β(up) = Rr,α





+∞
∑

j=0

spβ2p+juj



 = spβ2pRr,α(u0) = spβ2p





+∞
∑

j=0

αjuj





= spβ2p





n
∑

j=0

αjuj



 =
n
∑

j=0

(spβ2pαj)uj.(4.7)
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Similarly, we can obtain that

(4.8) Rs,βRr,α(up) =
n
∑

j=0

(rpα2pβj)uj.

Since (uj)j∈N0
is an orthonormal basis of H, therefore, using (4.6), (4.7) and (4.8), we

get spβ2pαj = rpα2pβj for all 0 ≤ j ≤ n. Let λ = βn

αn

. This implies that rp = sp and
βj = λαj for all 0 ≤ j ≤ n.

Subcase 2. If r1 = 1. Consider

Rr,αRs,β(up) = Rr,α





+∞
∑

j=0

spβ2p+juj



 = Rr,α





1
∑

j=0

spβ2p+juj





= spβ2p





+∞
∑

j=0

αjuj



+ spβ2p+1





+∞
∑

j=0

rα2+juj





= spβ2p





n
∑

j=0

αjuj



+ spβ2p+1





n−2
∑

j=0

rα2+juj





=





n−2
∑

j=0

sp (β2pαj + β2p+1rα2+j) uj



+ spβ2pαn−1un−1 + spβ2pαnun.(4.9)

Similarly, we can obtain that

(4.10) Rs,βRr,α(up) =





n−2
∑

j=0

rp (α2pβj + α2p+1sβ2+j) uj



+rpα2pβn−1un−1+rpα2pβnun.

Again using the fact that the set (uj)j∈N0
is an orthonormal basis of H, therefore,

using (4.6), (4.9) and (4.10), we get spβ2pαn = rpα2pβn, spβ2pαn−1 = rpα2pβn−1 and

sp (β2pαj + β2p+1rα2+j) = rp (α2pβj + α2p+1sβ2+j) for each 0 ≤ j ≤ n − 2. Let λ = βn

αn

.
On solving successively, it follows that sp = rp and βj = λαj for all 0 ≤ j ≤ n.

Using (4.5) at x = u1, together with sp = rp and βj = βn

αn

αj for all 0 ≤ j ≤ n, one
can obtain s = r in both the subcases.

Case 2. If n ̸= m. Without loss of generality, we can assume that n > m. Let
n = 2p + r1 and m = 2q + r2, where p, q ∈ N0 and r1, r2 ∈ ¶0, 1♢. In this case, we
claim that the operators Rr,α and Rs,β do not commute. Assume on the contrary that
Rr,α and Rs,β commute.

Subcase 1. If m = 0. Using (4.5), we get Rr,αRs,β(u0) = Rs,βRr,α(u0) which

gives β0

(

∑n
j=0 αjuj

)

= β0α0u0. On comparing the coefficients of un, it follows that

β0αn = 0, which is not possible as β0 ̸= 0 and αn ̸= 0.

Subcase 2. If m = 1. Again using (4.5) for x = u0, we get β0

(

∑n
j=0 αjuj

)

+

β1

(

∑n−2
j=0 rαj+2uj

)

=
∑1

j=0 α0βjuj. On comparing the coefficients of un and un−2, we

get β0αn = 0 and β0αn−2 + β1rαn = 0, which is not possible as β1 ̸= 0 and αn ̸= 0.
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Subcase 3. If m = 2q. Take x = uq in (4.5), we get

sqβ2q

n
∑

j=0

αjuj =
min(n−m,q)

∑

j=0

m−2j
∑

k=0

rqsjαm+jβ2j+kuk.

On comparing the coefficients of un, it follows that sqβ2qαn = 0. It follows that αn = 0,
which is not true.

Subcase 4. If m = 2q + 1. Take x = uq in (4.5), we get sqβ2q
∑n

j=0 αjuj +

sqβ2q+1
∑n−2

j=0 αj+2uj =
∑min(n−2q,q)

j=0

∑m−2j
k=0 rqsjα2q+jβ2j+kuk. On comparing the coef-

ficients of un, it follows that sqβ2qαn = 0. It follows that αn = 0, which is not
true.

Hence, from all the subcases, it follows that the operators Rr,α and Rs,β can not
commute. □

As a consequence of this result and by using Proposition 3.1, we get the following
result.

Corollary 4.1. Let r, s ∈ C\¶0♢ and α, β ∈ C0,0 be non-zero sequences, where

α = (αj)j∈N0
and β = (βj)j∈N0

. Let n and m be the largest non-negative integers such

that

αn ̸= 0 and βm ̸= 0.

Then the operators Cr,α and Cs,β on Hilbert space H commute if and only if n = m,

r2 = s2 and there exists λ ∈ C such that sjβj = λrjαj for all j ∈ N0.

Now, we show that the class Cr(H) and hence, Rr(H) does not contain any unitary
operator.

Proposition 4.1. The class Cr(H) does not contain any unitary operator for any

non-zero r ∈ C.

Proof. Suppose there exists unitary operator Cr,α in Cr(H) for some complex sequence
(αn)n∈N0

. This implies that

(4.11) ∥Cr,α(x)∥2 = ∥x∥2 = ∥C∗
r,α(x)∥2,

for all x ∈ H.
Case 1. If ♣r♣ < 1. For x = u0 in (4.11), we get

(4.12)
+∞
∑

j=0

♣α2j♣2 = 1.

Now take x = u2 in (4.11), we get

(4.13)
+∞
∑

j=0

♣r♣4♣α2j+2♣2 = 1.

On solving (4.12) and (4.13), we obtain that ♣α0♣2 = 1 − 1
♣r♣4 < 0, a contradiction.
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Case 2. If ♣r♣ > 1. Using Proposition 3.1, it follows that C∗
r,α = Rs,β, where s = 1

r2

and βn = rnαn for each n ∈ N0. For x = u0 in (4.11), we get

(4.14)
+∞
∑

j=0

♣βj♣2 = 1.

Now take x = u1 in (4.11), we get

(4.15)
+∞
∑

j=0

♣s♣2♣βj+2♣2 = 1.

On solving (4.14) and (4.15), it follows that ♣β0♣2+♣β1♣2 = 1− 1
♣s♣2 < 0 (a contradiction),

since ♣r♣ > 1 implies ♣s♣ < 1.
Case 3. If ♣r♣ = 1. For each i ∈ N0, take x = ui in (4.11), we get

∑+∞
j=0 ♣α2j♣2 =

1,
∑+∞

j=0 ♣r♣2♣α2j+1♣2 = 1,
∑+∞

j=0 ♣r♣4♣α2j+2♣2 = 1, . . . On solving these equations, we get
αi = 0 for all i ∈ N0, a contradiction.

Hence, there does not exist any unitary operator in the class Cr(H) for any non-zero
complex number r. □

As a consequence of this result, we get the following result.

Corollary 4.2. Let r be a non-zero complex number, then the following hold.

(A) If ♣r♣ < 1, then the class Cr(H) does not contain any isometry.

(B) If ♣r♣ > 1, then the class Rr(H) does not contain any isometry.
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ON SOME COMBINATORIAL PROPERTIES OF GENERALIZED

COMMUTATIVE PELL AND PELL-LUCAS QUATERNIONS

DOROTA BRÓD AND ANETTA SZYNAL-LIANA

Abstract. Generalized commutative quaternions generalize elliptic, parabolic and
hyperbolic quaternions, bicomplex numbers, complex hyperbolic numbers and hy-
perbolic complex numbers. In this paper, we study generalized commutative Pell
quaternions and generalized commutative Pell-Lucas quaternions. We present some
properties of these numbers and relations between them.

1. Introduction

Let n ≥ 0 be an integer. The nth Pell number Pn is defined in the following way
Pn = 2Pn−1 + Pn−2, for n ≥ 2 with P0 = 0, P1 = 1. Solving the above recurrence
equation we obtain the direct formula of the form

Pn =
(1 +

√
2)n − (1 −

√
2)n

2
√

2
,

named also as the Binet formula for Pell numbers.
The nth Pell-Lucas number Qn is defined by Qn = 2Qn−1 + Qn−2, for n ≥ 2, with

Q0 = Q1 = 2. The Binet formula for Pell-Lucas numbers has the form

Qn = (1 +
√

2)n + (1 −
√

2)n.

The first six terms of the Pell sequence and Pell-Lucas sequence are 0, 1, 2, 5, 12, 29
and 2, 2, 6, 14, 34, 82, respectively.

The Pell and Pell-Lucas numbers belong to the class of numbers of the Fibonacci
type and have applications also in the theory of hypercomplex numbers (see [1–3,9–12]).
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In this paper, we use the Pell and Pell-Lucas numbers in the theory of generalized
commutative quaternions.

Let H
c
αβ be the set of generalized commutative quaternions x of the form

x = x0 + x1e1 + x2e2 + x3e3,

where quaternionic units e1, e2, e3 satisfy the equalities

(1.1) e2

1 = α, e2

2 = β, e2

3 = αβ,

(1.2) e1e2 = e2e1 = e3, e2e3 = e3e2 = βe1 and e3e1 = e1e3 = αe2,

and x0, x1, x2, x3, α, β ∈ R.

The generalized commutative quaternions generalize elliptic quaternions (α < 0,

β = 1), parabolic quaternions (α = 0, β = 1), hyperbolic quaternions (α > 0, β = 1),
bicomplex numbers (α = −1, β = −1), complex hyperbolic numbers (α = −1, β = 1)
and hyperbolic complex numbers (α = 1, β = −1).

Generalized commutative quaternions were introduced in [8]. The authors defined
generalized commutative quaternions of the Fibonacci type – generalized commutative
Horadam quaternions.

For integers p, q, n and n ≥ 0 Horadam defined the numbers Wn = Wn(W0, W1; p, q)
by the recursive equation Wn = p ·Wn−1 − q ·Wn−2, for n ≥ 2, with fixed real numbers
W0, W1. Let t1, t2 be the two distinct real roots of the equation t2 − pt + q = 0. Then,
the Binet type formula for the Horadam numbers has the form Wn = Atn

1 + Btn
2 ,

where t1 =
p−

√
p2

−4q

2
, t2 =

p+

√
p2

−4q

2
, A = W1−W0t2

t1−t2

, B = W0t1−W1

t1−t2

. We have Pn =

Wn(0, 1; 2, −1) and Qn = Wn(2, 2; 2, −1), so the Pell and Pell-Lucas numbers are
special cases of Horadam numbers.

The nth generalized commutative Horadam quaternion gcHn is defined as

gcHn = Wn + Wn+1e1 + Wn+2e2 + Wn+3e3.

In [8], it was presented the following result.

Theorem 1.1 (Binet type formula for generalized commutative Horadam quaternions
[8]). Let n ≥ 0 be an integer. Then

gcHn = Atn
1



1 + t1e1 + t2

1e2 + t3

1e3



+ Btn
2



1 + t2e1 + t2

2e2 + t3

2e3



.

2. Main Results

Let n ≥ 0 be an integer. The nth generalized commutative Pell quaternion gcPn

and the nth generalized commutative Pell-Lucas quaternion gcQn are defined as

gcPn =Pn + Pn+1e1 + Pn+2e2 + Pn+3e3,

gcQn =Qn + Qn+1e1 + Qn+2e2 + Qn+3e3,

respectively, where Pn is the nth Pell number, Qn is the nth Pell-Lucas number and
e1, e2, e3 are units which satisfy (1.1) and (1.2).
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Using the above definitions we can give initial generalized commutative Pell and
Pell-Lucas quaternions, i.e.,

gcP0 = e1 + 2e2 + 5e3,

gcP1 = 1 + 2e1 + 5e2 + 12e3,

gcP2 = 2 + 5e1 + 12e2 + 29e3,

gcQ0 = 2 + 2e1 + 6e2 + 14e3,

gcQ1 = 2 + 6e1 + 14e2 + 34e3,

gcQ2 = 6 + 14e1 + 34e2 + 82e3.

Proposition 2.1. Let n ≥ 0 be an integer. Then the generalized commutative Pell

quaternions satisfy the recurrence relation

(2.1) gcPn = 2gcPn−1 + gcPn−2, for n ≥ 2,

with initial conditions

gcP0 = e1 + 2e2 + 5e3, gcP1 = 1 + 2e1 + 5e2 + 12e3.

Proposition 2.2. Let n ≥ 0 be an integer. The generalized commutative Pell-Lucas

quaternions satisfy

gcQn = 2gcQn−1 + gcQn−2, for n ≥ 2,

with gcQ0 = 2 + 2e1 + 6e2 + 14e3, gcQ1 = 2 + 6e1 + 14e2 + 34e3.

In this paper, we will focus on properties of generalized commutative Pell-Lucas
quaternions and we will show some dependencies between generalized commutative
Pell quaternions and generalized commutative Pell-Lucas quaternions. As a special
case of Theorem 1.1 we get the following remark.

Remark 2.1. Let n ≥ 0 be an integer. Then

gcPn =



1 +
√

2
n

2
√

2



1 + (1 +
√

2)e1 + (3 + 2
√

2)e2 + (7 + 5
√

2)e3



(2.2)

−


1 −
√

2
n

2
√

2



1 + (1 −
√

2)e1 + (3 − 2
√

2)e2 + (7 − 5
√

2)e3



and

gcQn =


1 +
√

2
n 

1 + (1 +
√

2)e1 + (3 + 2
√

2)e2 + (7 + 5
√

2)e3



(2.3)

+


1 −
√

2
n 

1 + (1 −
√

2)e1 + (3 − 2
√

2)e2 + (7 − 5
√

2)e3



.
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For simplicity of notation let

t1 = 1 −
√

2, t2 = 1 +
√

2, A = − 1

2
√

2
, B =

1

2
√

2
,

t̂1 = 1 + (1 −
√

2)e1 + (3 − 2
√

2)e2 + (7 − 5
√

2)e3,(2.4)

t̂2 = 1 + (1 +
√

2)e1 + (3 + 2
√

2)e2 + (7 + 5
√

2)e3.

Then we can write (2.2) and (2.3) as

(2.5) gcPn = Atn
1 t̂1 + Btn

2 t̂2

and

(2.6) gcQn = tn
1 t̂1 + tn

2 t̂2,

respectively, where t1, t2, A, B, t̂1, t̂2 are given by (2.4).

Theorem 2.1 (General bilinear index-reduction formula for generalized commutative
Pell-Lucas quaternions). Let a ≥ 0, b ≥ 0, c ≥ 0, d ≥ 0 be integers such that

a + b = c + d. Then

gcQa · gcQb − gcQc · gcQd =


ta
1tb

2 + ta
2tb

1 − tc
1t

d
2 − tc

2t
d
1



t̂1t̂2,

where t1, t2, t̂1, t̂2 are given by (2.4).

Proof. Using (2.6) we have

gcQa · gcQb − gcQc · gcQd

=


ta
1 t̂1 + ta

2 t̂2

 

tb
1t̂1 + tb

2t̂2



−


tc
1t̂1 + tc

2t̂2

 

td
1t̂1 + td

2t̂2



=ta
1 t̂1t

b
2t̂2 + ta

2 t̂2t
b
1t̂1 − tc

1t̂1t
d
2t̂2 − tc

2t̂2t
d
1t̂1

=


ta
1tb

2 + ta
2tb

1 − tc
1t

d
2 − tc

2t
d
1



t̂1t̂2,

which ends the proof. □

Moreover, t1t2 = −1 and

(2.7) t̂1t̂2 = t̂2t̂1 = 1 − α + β − αβ + (2 + 2β)e1 + (6 − 6α)e2 + 12e3.

For special values of a, b, c, d we obtain Catalan, Cassini, Halton, Vajda and
d’Ocagne type identities.

Corollary 2.1 (Catalan type identity for generalized commutative Pell-Lucas quater-
nions). Let n ≥ 0, k ≥ 0 be integers such that n ≥ k. Then

gcQn+k · gcQn−k − (gcQn)2 = (−1)n





t1

t2

k

+


t2

t1

k

− 2



t̂1t̂2,

where t1, t2 and t̂1t̂2 are given by (2.4) and (2.7), respectively.
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Corollary 2.2 (Cassini type identity for generalized commutative Pell-Lucas quater-
nions). Let n ≥ 1 be an integer. Then

gcQn+1 · gcQn−1 − (gcQn)2 = 8(−1)n+1t̂1t̂2,

where t̂1t̂2 is given by (2.7).

Corollary 2.3 (The first Halton type identity for generalized commutative Pell-Lucas
quaternions). Let n ≥ 0, m ≥ 0, r ≥ 0 be integers such that n ≥ r. Then

gcQm+r · gcQn − gcQr · gcQm+n = (−1)r


tn−r
2 − tn−r

1



(tm
1 − tm

2 ) t̂1t̂2,

where t1, t2 and t̂1t̂2 are given by (2.4) and (2.7), respectively.

Corollary 2.4 (The second Halton type identity for generalized commutative Pel-
l-Lucas quaternions). Let n ≥ 0, k ≥ 0, s ≥ 0 be integers such that n ≥ k, n ≥ s.

Then

gcQn+k · gcQn−k − gcQn+s · gcQn−s = (−1)n





t1

t2

k

+


t2

t1

k

−


t1

t2

s

−


t2

t1

s


t̂1t̂2,

where t1, t2 and t̂1t̂2 are given by (2.4) and (2.7), respectively.

Corollary 2.5 (Vajda type identity for generalized commutative Pell-Lucas quater-
nions). Let n ≥ 0, m ≥ 0, k ≥ 0 be integers such that n ≥ k, n ≥ m. Then

gcQm+k · gcQn−k − gcQm · gcQn

=(−1)m



tn−m
2





t1

t2

k

− 1



+ tn−m
1





t2

t1

k

− 1



t̂1t̂2,

where t1, t2 and t̂1t̂2 are given by (2.4) and (2.7), respectively.

Corollary 2.6 (d’Ocagne type identity for generalized commutative Pell-Lucas quater-
nions). Let n ≥ 0, m ≥ 0 be integers such that n ≥ m. Then

gcQn · gcQm+1 − gcQn+1 · gcQm = 2
√

2(−1)m


tn−m
1 − tn−m

2



t̂1t̂2,

where t1, t2 and t̂1t̂2 are given by (2.4) and (2.7), respectively.

Theorem 2.2 (General bilinear index-reduction formula for generalized commutative
Pell and Pell-Lucas quaternions). Let a ≥ 0, b ≥ 0, c ≥ 0, d ≥ 0 be integers such that

a + b = c + d. Then

gcPa · gcQb − gcPc · gcQd =


Ata
1tb

2 + Bta
2tb

1 − Atc
1t

d
2 − Btc

2t
d
1



t̂1t̂2,

where t1, t2, A, B and t̂1t̂2 are given by (2.4) and (2.7), respectively.
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Proof. Using (2.5) and (2.6) we have

gcPa · gcQb − gcPc · gcQd

=


Ata
1 t̂1 + Bta

2 t̂2



·


tb
1t̂1 + tb

2t̂2



−


Atc
1t̂1 + Btc

2t̂2



·


td
1t̂1 + td

2t̂2



=Ata
1 t̂1t

b
2t̂2 + Bta

2 t̂2t
b
1t̂1 − Atc

1t̂1t
d
2t̂2 − Btc

2t̂2t
d
1t̂1

=


Ata
1tb

2 + Bta
2tb

1 − Atc
1t

d
2 − Btc

2t
d
1



t̂1t̂2,

which ends the proof. □

For special values of a, b, c, d we can obtain another dependencies between gener-
alized commutative Pell quaternions and generalized commutative Pell-Lucas quater-
nions, for example a dependency similar to PkQn+j − PjQn+k of Pell and Pell-Lucas
numbers from [7].

Corollary 2.7. Let n ≥ 0, j ≥ 0, k ≥ 0 be integers. Then

gcPk · gcQn+j − gcPj · gcQn+k = (Atn
2 − Btn

1 )


tk
1t

j
2 − t

j
1t

k
2



t̂1t̂2,

where t1, t2, A, B and t̂1t̂2 are given by (2.4) and (2.7), respectively.

We recall some well-known properties of Pell and Pell-Lucas numbers which can be
found in [5, 6]

Pn+1 + Pn−1 = Qn,(2.8)

Pn+1 − Pn−1 =2Pn,(2.9)

Qn+1 + Qn−1 =8Pn,(2.10)

Qn+1 − Qn−1 =2Qn,(2.11)

Pn + Pn−1 =
Qn

2
,(2.12)

Qn + Qn−1 =4Pn,(2.13)
n
∑

l=0

Pl =
Qn+1 − 2

4
,(2.14)

n
∑

l=0

Ql =2Pn+1.(2.15)

Using (2.8)–(2.13) it immediately follows

Theorem 2.3. Let n ≥ 0. Then

(i) gcPn+1 + gcPn−1 = gcQn;
(ii) gcPn+1 − gcPn−1 = 2gcPn;
(iii) gcQn+1 + gcQn−1 = 8gcPn;
(iv) gcQn+1 − gcQn−1 = 2gcQn;
(v) gcPn + gcPn−1 = gcQn

2
;

(vi) gcQn + gcQn−1 = 4gcPn.
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Now we give formulae for the sum of generalized commutative Pell and Pell-Lucas
quaternions.

Theorem 2.4. Let n ≥ 0. Then

n
∑

l=0

gcPl =
gcQn+1 − gcQ0

4
.

Proof. Using (2.14), we have

n
∑

l=0

gcPl = gcP0 + gcP1 + · · · + gcPn

=(P0 + P1e1 + P2e2 + P3e3) + (P1 + P2e1 + P3e2 + P4e3)

+ · · · + (Pn + Pn+1e1 + Pn+2e2 + Pn+3e3)

=(P0 + P1 + · · · + Pn)

+ (P1 + P2 + · · · + Pn+1 + P0 − P0)e1

+ (P2 + P3 + · · · + Pn+2 + P0 + P1 − P0 − P1)e2

+ (P3 + P4 + · · · + Pn+3 + P0 + P1 + P2 − P0 − P1 − P2)e3

=
Qn+1 − 2

4
+


Qn+2 − 2

4
− 0



e1

+


Qn+3 − 2

4
− 1



e2 +


Qn+4 − 2

4
− 3



e3

=
Qn+1 + Qn+2e1 + Qn+3e2 + Qn+4e3

4
− 2 + 2e1 + 6e2 + 14e3

4

=
gcQn+1 − gcQ0

4
,

which ends the proof. □

In the same way, using (2.15), we can prove the following result.

Theorem 2.5. Let n ≥ 0. Then

n
∑

l=0

gcQl = 2 (gcPn+1 − gcP0) .

Now, we give a matrix representation of the generalized commutative Pell and
Pell-Lucas quaternions. In [4], Ercolano gave a matrix representation of the Pell

sequence defining the matrix generator M =



2 1
1 0

]

. Then Mn =



Pn+1 Pn

Pn Pn−1

]

,

for integer n ≥ 1.

Let R(n) =



gcPn gcPn−1

gcPn−1 gcPn−2

]

be a matrix of order 2 with entries being general-

ized commutative Pell quaternions.
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Theorem 2.6. Let n ≥ 2 be an integer. Then


gcPn gcPn−1

gcPn−1 gcPn−2

]

=



gcP2 gcP1

gcP1 gcP0

]

· Mn−2.

Proof. If n = 2 then by simple calculations the result immediately follows. Assume
that the equality holds for all integers 2, 3, . . . , n. We shall prove that the equation is
true for integer n + 1. Using our assumption and formula (2.1) we obtain



gcP2 gcP1

gcP1 gcP0

]

· Mn−2 · M =



gcP2 gcP1

gcP1 gcP0

]

·


2 1
1 0

]n−2

·


2 1
1 0

]

=



gcPn gcPn−1

gcPn−1 gcPn−2

]

·


2 1
1 0

]

=



2gcPn + gcPn−1 gcPn

2gcPn−1 + gcPn−2 gcPn−1

]

=



gcPn+1 gcPn

gcPn gcPn−1

]

,

which ends the proof. □

In the same way we can obtain the matrix generator for the generalized commutative
Pell-Lucas quaternions.

Let S(n) =



gcQn gcQn−1

gcQn−1 gcQn−2

]

be a matrix with entries being the generalized

commutative Pell-Lucas quaternions.

Theorem 2.7. Let n ≥ 2 be an integer. Then


gcQn gcQn−1

gcQn−1 gcQn−2

]

=



gcQ2 gcQ1

gcQ1 gcQ0

]

· Mn−2.

At the end, we give the generating functions for gcPn and gcQn.

Theorem 2.8. The generating function for the generalized commutative Pell quater-

nion gcPn is

g(t) =
gcP0 + (gcP1 − 2gcP0)t

1 − 2t − t2
=

e1 + 2e2 + 5e3 + (1 + e2 + 2e3)t

1 − 2t − t2
.

Proof. Assuming that the generating function of the generalized commutative Pell

quaternion sequence {gcPn} has the form g(t) =
∞
∑

n=0

gcPntn, we obtain

(1 − 2t − t2)g(t) =(1 − 2t − t2)(gcP0 + gcP1t + gcP2t
2 + · · · )

=gcP0 + gcP1t + gcP2t
2 + · · ·

− 2gcP0t − gcP1t
2 − 2gcP2t

3 − · · ·
− gcP0t

2 − gcP1t
3 − gcP2t

4 − · · ·
=gcP0 + (gcP1 − 2gcP0)t,
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since gcPn = 2gcPn−1 + gcPn−2 and the coefficients of tn, for n ≥ 2, are equal to
zero. □

Theorem 2.9. The generating function for the generalized commutative Pell-Lucas

quaternion gcQn is

g(t) =
gcQ0 + (gcQ1 − 2gcQ0)t

1 − 2t − t2

=
(2 + 2e1 + 6e2 + 14e3) + (−2 + 2e1 + 2e2 + 6e3)t

1 − 2t − t2
.
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DISCRETE LOCAL FRACTIONAL HILBERT-TYPE INEQUALITIES

PREDRAG VUKOVIĆ1 AND WENGUI YANG2

Abstract. The main objective of this paper is a study of some new discrete local
fractional Hilbert-type inequalities. We apply our general results to homogeneous
kernels. Also, the obtained results have the best possible constants.

1. Introduction

If f(x), g(x) ≥ 0, such that 0 <
∫+∞

0 f 2(x)dx < +∞ and 0 <
∫+∞

0 g2(x)dx < +∞,
then we have (see [1]):

(1.1)
∫ +∞

0

∫ +∞

0

f(x)g(y)
x + y

dxdy ≤ π
∫ +∞

0
f 2(x)dx

∫ +∞

0
g2(y)dy

 1
2

,

where the constant π is the best possible. The inequality (1.1) is well known as
HilbertŠs integral inequality, which is important in mathematical analysis and its
applications.

Over the last ten years, by using the kinds of generalized fractional integral operators,
a great deal of fractional integral inequalities have been presented [2Ű5]. Recently, local
fractional calculus has caused widespread attention from many scholars, we give basic
deĄnitions and results of the local fractional calculus (see [6Ű13]). Based on the local
fractal identity and the generalized p-convexity, some novel NewtonŠs type variants
for the local differentiable functions were obtained in the paper [14]. Sarikaya et al.
[15] established the generalized Grüss type inequality and some generalized Čebyšev
type inequalities for local fractional integrals on fractal sets. Acorrding to the identity

Key words and phrases. Hilbert inequality, conjugate parameters, homogeneous function, local
fractional calculus.
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involving local fractional integrals, Iftikhar et al. [16] presented some new Newton-
type inequalities for functions with the local fractional derivatives. By employing the
local fractional integrals, Akkurt et al. [17] investigated the generalized Ostrowski
type integral inequalities involving moments of continuous random variables. Sarikaya
and Budak [18] gave a generalized Ostrowski inequality and some new inequalities
using the generalized convex function for local fractional integrals on fractal sets.
Based on two local fractional integral operators with Mittag-Leffler kernel, Sun [19]
obtained some Hermite-Hadamard and Hermite-Hadamard-Fejér-type local fractional
integral inequalities for generalized preinvex functions on YangŠs fractal sets.

For the sake of convenience, we recall YangŠs fractal set Ωα, where the set Ω is
called base set of fractional set, and α denotes the dimension of cantor set, 0 < α ≤ 1.
The α-type set of integers Zα is deĄned by (see [6Ű8])

Zα := ¶0α♢ ∪ ¶±mα : m ∈ N♢.

The α-type set of rational numbers Qα is deĄned by

Qα := ¶qα : q ∈ Q♢ =


m

n

α

: m ∈ Z, n ∈ N


.

The α-type set of irrational numbers Jα is deĄned by

Jα := ¶rα : r ∈ J♢ =


rα ̸=


m

n

α

: m ∈ Z, n ∈ N


.

The α-type set of real line numbers Rα is deĄned by

Rα = Qα ∪ Jα.

Some basic operation rules on Rα are presented as follows: If aα, bα, cα ∈ Rα, then

(a1) aα + bα ∈ Rα, aαbα ∈ Rα;
(a2) aα + bα = bα + aα = (a + b)α = (b + a)α;
(a3) aα + (bα + cα) = (a + b)α + cα;
(a4) aαbα = bαaα = (ab)α = (ba)α;
(a5) aα(bαcα) = (aαbα)cα;
(a6) aα(bα + cα) = aαbα + aαcα;
(a7) aα + 0α = 0α + aα = aα and aα1α = 1αaα = aα;
(a8) for each aα ∈ Rα, its inverse element (−aα) may be written as −aα; for each

bα ∈ Rα \ ¶0α♢, its inverse element (1/b)α may be written as 1α/bα but not as
1/bα;

(a9) aα < bα if and only if a < b;
(a10) aα = bα if and only if a = b.

Further, we deĄne the local fractional derivative and integral.

Definition 1.1. A non-differentiable function f(x) is said to be local fractional
continuous at x = x0 if for each ε > 0, there exists for δ > 0 such that

♣f(x) − f(x0)♣ < εα,
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holds for 0 < ♣x − x0♣ < δ. If a function f is local continuous on the interval (a, b), we
denote f ∈ Cα(a, b).

Definition 1.2. Let f(x) ∈ Cα[a, b]. Local fractional derivative of the function f(x)
at x = x0 is given by

f (α)(x0) =
dαf(x)

dxα

∣∣∣∣∣
x=x0

= lim
x→x0

Γ(1 + α)(f(x) − f(x0))
(x − x0)α

.

Definition 1.3. Let f(x) ∈ Cα[a, b] and let P = ¶t0, t1, . . . , tN♢, N ∈ N, be a partition
of interval [a, b] such that a = t0 < t1 < · · · < tN−1 < tN = b. Further, for this
partition P , let ∆tj = tj+1−tj, j = 0, . . . , N −1, and ∆t = max¶∆t1, ∆t2, . . . , ∆tN−1♢.
Then the local fractional integral of f on the interval [a, b] of order α (denoted by
aIα

b f(x)) is deĄned by

aI
(α)
b f(x) =

1
Γ(1 + α)

∫ b

a
f(t)(dt)α =

1
Γ(1 + α)

lim
∆t→0

N−1∑

j=0

f(tj)(∆tj)
α.

The above deĄnition implies that aI
(α)
b f(x) = 0 if a = b, and aI

(α)
b f(x) = −bI

(α)
a f(x) if

a < b. If for any x ∈ [a, b], there exists aI(α)
x f(x), then we denote by f(x) ∈ I(α)

x [a, b].

At the end of this summary, we give some useful formulas:

(b1) dαxkα

dxα = Γ(1+kα)
Γ(1+(k−1)α)

x(k−1)α, k > 0;

(b2) dαEα((cx)α)
dxα = cαEα((cx)α), where Eα(·) denotes the Mittag-Leffler function

given by Eα(xα) =
∑+∞

k=0
xkα

Γ(1+kα)
;

(b3) If y(x) = (f ◦ g)(x), then dαy(x)
dxα = f (α)(g(x))(g′(x))α;

(b4) 1
Γ(1+α)

∫ b
a Eα(xα)(dx)α = Eα(bα) − Eα(aα);

(b5) 1
Γ(1+α)

∫ b
a xkα(dx)α = Γ(1+kα)

Γ(1+(k+1)α)


b(k+1)α − a(k+1)α


, k > 0;

(b6) Bα(a, b) = 1
Γ(1+α)

∫+∞

0
xα(b−1)

(1α+xα)a+b (dx)α, where Bα(a, b) denotes local fractional
Beta function.

In this paper, by using the way of weight functions and the technique of local
fractional calculus, a new Hilbert-type discrete inequality with homogeneous kernel
and a best constant is built. As applications, the equivalent form and some particular
cases are obtained.

2. Main Results

The starting point in the researching Hilbert-type inequalities is the well-known
HölderŠs inequality. A fractal version of HölderŠs inequality is presented in the following
lemma.
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Lemma 2.1 ([8]). Let 1/p + 1/q = 1, p > 1, and let (am)m∈N and (bn)n∈N be non-

negative real sequences. Then

n∑

i=1

aα
i bα

i ≤


n∑

i=1

aαp
i

 1
p


n∑

i=1

bαq
i

 1
q

.

If
∑+∞

i=1 aαp
i < +∞ and

∑+∞

i=1 bαq
i < +∞, then the following inequalitiy holds

+∞∑

i=1

aα
i bα

i ≤


+∞∑

i=1

aαp
i

 1
p


+∞∑

i=1

bαq
i

 1
q

.

In particular, a two-variable version of the fractal HölderŠs inequality is given in
the next lemma.

Lemma 2.2. Let 1/p + 1/q = 1, p > 1, and let h, F, G ∈ Cα(R2
+) be non-negative

functions. If

0 <
+∞∑

m=1

+∞∑

n=1

h(m, n)F p(m, n) < +∞, 0 <
+∞∑

m=1

+∞∑

n=1

h(m, n)Gq(m, n) < +∞,

then the following inequality holds

+∞∑

m=1

+∞∑

n=1

h(m, n)F (m, n)G(m, n) ≤


+∞∑

m=1

+∞∑

n=1

h(m, n)F p(m, n)

 1
p

(2.1)

×


+∞∑

m=1

+∞∑

n=1

h(m, n)Gq(m, n)

 1
p

.

Proof. The inequality (2.1) is trivially true in the case when h or F or G is identically
zero. Suppose that


+∞∑

m=1

+∞∑

n=1

h(m, n)F p(m, n)


+∞∑

m=1

+∞∑

n=1

h(m, n)Gq(m, n)


̸= 0.

Applying the following α-YoungŠs inequality

x
α
p

i y
α
q

i ≤
xα

i

pα
+

yα
i

qα
, xi, yi ≥ 0, and

1
p

+
1
q

= 1, p > 1,

to

xα :=
h(m, n)F p(m, n)

∑+∞

m=1

∑+∞

n=1 h(m, n)F p(m, n)

and

yα :=
h(m, n)Gq(m, n)

∑+∞

m=1

∑+∞

n=1 h(m, n)Gq(m, n)
,
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we can obtain

[h(m, n)]
1
p F (m, n) [h(m, n)]

1
q G(m, n)

∑+∞

m=1

∑+∞

n=1 h(m, n)F p(m, n)
 1

p
∑+∞

m=1

∑+∞

n=1 h(m, n)Gq(m, n)
 1

p

≤
1
pα

·
h(m, n)F p(m, n)

∑+∞

m=1

∑+∞

n=1 h(m, n)F p(m, n)
+

1
qα

·
h(m, n)Gq(m, n)

∑+∞

m=1

∑+∞

n=1 h(m, n)Gq(m, n)
.

Summarizing both side of the obtained inequality, we have
∑+∞

m=1

∑+∞

n=1 h(m, n)F (m, n)G(m, n)
∑+∞

m=1

∑+∞

n=1 h(m, n)F p(m, n)
 1

p
∑+∞

m=1

∑+∞

n=1 h(m, n)Gq(m, n)
 1

p

≤
1
pα

·

∑+∞

m=1

∑+∞

n=1 h(m, n)F p(m, n)
∑+∞

m=1

∑+∞

n=1 h(m, n)F p(m, n)
+

1
qα

·

∑+∞

m=1

∑+∞

n=1 h(m, n)Gq(m, n)
∑+∞

m=1

∑+∞

n=1 h(m, n)Gq(m, n)

=
1
pα

+
1
qα

= 1α.

This directly gives the desired inequality (2.1). The proof is completed. □

Besides, we introduce the following notation and deĄnition (see [21]).

Definition 2.1. Let f : I ⊆ R → Rα. If the following inequality

(2.2) f(λx1 + (1 − λ)x2) ≤ λαf(x1) + (1 − λ)αf(x2)

holds, for any x1, x2 ∈ I and λ ∈ [0, 1], then f is said to be a generalized convex
function on I.

Mo et al. [21] proved the following generalized Hermite-Hadamard inequality for
local fractional integral. Let f ∈ I(α)

x [a, b] be a generalized convex function on [a, b]
with a < b. Then

(2.3) f


a + b

2


≤

Γ(1 + α)
(b − a)α aI

(α)
b f ≤

f(a) + f(b)
2α

.

Applying above inequality we can prove next lemma.

Lemma 2.3. If f ∈ I(α)
x (R+), f (α)(t) < 0, f (2α)(t) > 0, t ∈ (1/2, +∞), then we have

(2.4)
1

Γ(1 + α)

∫ +∞

1
f(t)(dt)α ≤

1
Γ(1 + α)

+∞∑

n=1

f(n) ≤
1

Γ(1 + α)

∫ +∞

1
2

f(t)(dt)α.

Proof. Setting a = n − 1
2
, b = n + 1

2
, the generalized Hermite-Hadamard inequality

(2.3) yields

(2.5)
f(n)

Γ(1 + α)
≤

1
Γ(1 + α)

∫ n+ 1
2

n−
1
2

f(t)(dt)α.

Similarly, for a = n, b = n + 1, from (2.3) we get

(2.6)
1

Γ(1 + α)

∫ n+1

n
f(t)(dt)α ≤

f(n)
Γ(1 + α)

.
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Now, from (2.5) and (2.6) we obtain

1
Γ(1 + α)

∫ n+1

n
f(t)(dt)α ≤

f(n)
Γ(1 + α)

≤
1

Γ(1 + α)

∫ n+ 1
2

n−
1
2

f(t)(dt)α.

Furthermore, we can obtain

+∞∑

n=1

1
Γ(1 + α)

∫ n+1

n
f(t)(dt)α =

1
Γ(1 + α)

∫ +∞

1
f(t)(dt)α

≤
1

Γ(1 + α)

+∞∑

n=1

f(t) ≤
+∞∑

n=1

1
Γ(1 + α)

∫ n+ 1
2

n−
1
2

f(t)(dt)α =
1

Γ(1 + α)

∫ +∞

1
2

f(t)(dt)α,

which implies (2.4) holds. This completes the proof. □

Suppose that r > 0 and K(x, y) is strictly decreasing and generalized convex
function in both variables on R+. Using chain rule for local fractional derivative (the
formula (b3) from Introduction) yields

∂α

∂xα
K(x, n)x−αr =

1
xαr

·
∂α

∂xα
[K(x, n)] −

Γ(1 + rα)
Γ(1 + (r − 1)α)

·
K(x, n)
xα(r+1)

< 0

and

∂2α

∂x2α
K(x, n)x−αr =

1
xαr

·
∂2α

∂x2α
[K(x, n)] −

Γ(1 + rα)
Γ(1 + (r − 1)α)

·
K(x, n)
xα(r+1)

×
∂α

∂xα
[K(x, n)] > 0,

for x > 0 and n ∈ N. In this way (see also [22], Corollary 1) we obtain the following
result.

Lemma 2.4. Let r > 0, m, n ∈ N, and K(x, y) be strictly decreasing and generalized

convex function in both variables on R+. Then

K(m, y)y−αr and K(x, n)x−αr

are strictly decreasing and generalized convex function on R+.

In what follows we suppose that K ∈ Cα(R2
+) is a non-negative homogeneous

function of degree −αs, s > 0. Further, we deĄne

(2.7) k(β) =
1

Γ(1 + α)

∫ +∞

1
K(1, t)t−αβ(dt)α,

under assumption k(β) < +∞.
To prove our main results we need some technical lemma.

Lemma 2.5. Let 1/p + 1/q = 1, p > 1, and let K ∈ Cα(R2
+) be a non-negative

homogeneous function of degree −αs, s > 0. If K is strictly decreasing and generalized
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convex function in both variables on R+, then

ωm(pA2) :=
+∞∑

n=1

K(m, n)


m

n

αpA2

≤ Γ(1 + α)mα(1−s)k(pA2)(2.8)

and

ωn(qA1) :=
+∞∑

n=1

K(m, n)


n

m

αqA1

≤ Γ(1 + α)nα(1−s)k(2 − s − qA1),(2.9)

where A1 ∈ (max¶(1 − s)/q, 0♢, 1/q) and A2 ∈ (max¶(1 − s)/p, 0♢, 1/p).

Proof. Applying Lemma 2.2 and Lemma 2.4 we get

ωm(pA2) ≤ Γ(1 + α)
1

Γ(1 + α)

∫ +∞

0
K(m, x)


x

m


−αpA2

(dx)α.

Further, using homogeneity of function K and substituting u = x/m, we have

ωm(pA2) ≤ Γ(1 + α)mα(1−s) 1
Γ(1 + α)

∫ +∞

0
K(1, u)u−αpA2(du)α

= Γ(1 + α)mα(1−s)k(pA2),

which implies (2.8), where we used the deĄnition of k(β) in equation (2.7). Similarly,
we obtain (2.9). □

The main results are stated below.

Theorem A. Let 1/p + 1/q = 1, p > 1, and let (am)m∈N and (bn)n∈N be non-negative

real sequences. If K(x, y), A1, A2 are defined as in Lemma 2.5, then the following

inequalities hold and are equivalent

I :=
+∞∑

m=1

+∞∑

n=1

K(m, n)aα
mbα

n ≤L


+∞∑

m=1

mα(1−s)+αp(A1−A2)aαp
m

 1
p

(2.10)

×


+∞∑

n=1

nα(1−s)+αq(A2−A1)bαq
n

 1
q

and

J :=


+∞∑

n=1

nα(s−1)(p−1)+αp(A1−A2)


+∞∑

m=1

K(m, n)aα
m

p 1
p

(2.11)

≤L


+∞∑

m=1

mα(1−s)+αp(A1−A2)aαp
m

 1
p

,

where L = Γ(1 + α)k(pA2)1/pk(2 − s − qA1)1/q.



906 P. VUKOVIĆ AND W. YANG

Proof. By using the local fractional HölderŠs inequality (2.1), we have

I =
+∞∑

m=1

+∞∑

n=1

K(m, n) aα
m

mαA1

nαA2
bα

n

nαA2

mαA1

≤


+∞∑

m=1

+∞∑

n=1

K(m, n)
mαpA1

nαpA2
aαp

m

 1
p


+∞∑

m=1

+∞∑

n=1

K(m, n)
nαqA2

mαqA1
bαq

n

 1
q

=


+∞∑

m=1


+∞∑

n=1

K(m, n)


m

n

αpA2


mαp(A1−A2)aαp
m

 1
p

=


+∞∑

n=1


+∞∑

m=1

K(m, n)


n

m

αqA1


nαq(A2−A1)bαq
n

 1
q

.

Now, from Lemma 2.5, we get the inequality (2.10).
We suppose that the inequality (2.10) is valid. To obtain (2.11), we set

bα
n := nα(s−1)(p−1)+αp(A1−A2)


+∞∑

m=1

K(m, n)aα
m

p−1

.

It follows that

Jp =
+∞∑

n=1

nα(1−s)+αq(A2−A1)bαq
n .

By using the inequality (2.10), we have

+∞∑

n=1

nα(s−1)(p−1)+αp(A1−A2)


+∞∑

m=1

K(m, n)aα
m

p

= Jp = I

≤L


+∞∑

m=1

mα(1−s)+αp(A1−A2)aαp
m

 1
p


+∞∑

n=1

nα(1−s)+αq(A2−A1)bαq
n

 1
q

,

which implies the inequality (2.11) holds. By using the two dimensional HölderŠs
inequality in Lemma 2.1, we have

I =
+∞∑

n=1


nα(s−1) 1

q
+α(A1−A2)


+∞∑

m=1

K(m, n)aα
m


nα(1−s) 1

q
+α(A2−A1)bα

n

≤J


+∞∑

n=1

nα(1−s)+αq(A2−A1)bαq
n

 1
q

.

From (2.11) and the above inequality, we have (2.10). Therefore, the inequalities
(2.11) and (2.10) are equivalent. □

Now, we consider some special choises of the parameters A1 and A2. More precisely,
let the parameters A1 and A2 satisfy condition

(2.12) pA2 + qA1 = 2 − s.
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Then, the constant L from Theorem A becomes

(2.13) L∗ = Γ(1 + α)k(pA2).

Further, the inequalities (2.10) and (2.11) take form

+∞∑

m=1

+∞∑

n=1

K(m, n)aα
mbα

n ≤ L∗


+∞∑

m=1

m−α+αpqA1aαp
m

 1
p


+∞∑

n=1

n−α+αpqA2bαq
n

 1
q

(2.14)

and


+∞∑

n=1

nα(p−1)(1−pqA2)


+∞∑

m=1

K(m, n)aα
m

p 1
p

≤ L∗


+∞∑

m=1

m−α+αpqA1aαp
m

 1
p

.(2.15)

In the following theorem we show that, if the parameters A1 and A2 satisfy condition
(2.12), then one obtains the best possible constant.

Theorem B. Let s, A1, A2 and K(x, y) be defined as in Theorem A. If the parameters

A1 and A2 satisfy condition pA2 +qA1 = 2−s, then the constant L∗ = Γ(1+α)k(pA2)
in inequalities (2.14) and (2.15) is the best possible.

Proof. For this purpose, set ãα
m = m−αqA1−

αε
p and b̃α

n = n−αpA2−
αε
q where 0 < ε <

1−pA2

q
. Now, let us suppose that the inequality (2.14) is valid. By using Lemma 2.2,

we have

1
Γ(1 + α)εα

=
1

Γ(1 + α)

∫ +∞

1
u−α−αε(du)α ≤

1
Γ(1 + α)

+∞∑

m=1

m−α−αε

=
1

Γ(1 + α)

+∞∑

m=1

m−α+αpqA1 ãαp
m

≤
1

Γ(1 + α)

∫ +∞

1
2

u−α−αε(du)α +
1

Γ(1 + α)

∫ +∞

1
u−α−αε(du)α.

Hence, we obtain

(2.16)
1

Γ(1 + α)

+∞∑

m=1

m−α+αpqA1 ãαp
m ≤

1
εαΓ(1 + α)

+ O(1),

and similarly

(2.17)
1

Γ(1 + α)

+∞∑

m=1

n−α+αpqA2 b̃αq
n ≤

1
εαΓ(1 + α)

+ O(1).

Suppose that the constant L∗, deĄned by (2.13), is not the best possible in inequality
(2.14). That implies that there exits constant M, smaller than L∗, such that the
inequality (2.14) is still valid if we replace L∗ with M. Hence, if we insert relations
(2.16) and (2.17) in inequality (2.14), with the constant M instead of L∗, we have

(2.18)
+∞∑

m=1

+∞∑

n=1

K(m, n)ãα
mb̃α

n ≤
1
εα

(M + o(1)).
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Further, we estimate the left-hand side of inequality (2.14). Namely, if we insert the
above deĄned sequences (ãα

m)m∈N and (b̃α
n)n∈N in the left-hand side of (2.14), we easily

obtain the inequality

Jε :=
1

Γ2(1 + α)

+∞∑

m=1

+∞∑

n=1

K(m, n)ãα
mb̃α

n

(2.19)

≥
1

Γ(1 + α)

∫ +∞

1
x−αqA1−

αε
p


1

Γ(1 + α)

∫ +∞

1
K(x, y)y−αpA2−

αε
q (dy)α


(dx)α,

where we used Lemma 2.2. By using the substitution u = y/x, we obtain

(2.20) Jε ≥
1

Γ(1 + α)

∫ +∞

1
x−α−αε


1

Γ(1 + α)

∫ +∞

1
x

K(1, u)u−αpA2−
αε
q (du)α


(dx)α.

Further, since the kernel K is strictly decreasing in both variables, it follows that
K(1, 0) > K(1, t), for t > 0, so we have

1
Γ(1 + α)

∫ +∞

1
x

K(1, u)u−αpA2−
αε
q (du)α

>
1

Γ(1 + α)

∫ +∞

0
K(1, u)u−αpA2−

αε
q (du)α −

K(1, 0)
Γ(1 + α)

∫ 1
x

0
K(1, u)u−αpA2−

αε
q (du)α

=k


pA2 +

ε

q


−

K(1, 0)
Γ(1 + α)(1 − pA2 − ε

q
)α

xαpA2+ αε
q

−α

and, consequently,

(2.21) Jε ≥
1
εα

·
k

pA2 + ε

q



Γ(1 + α)
+

K(1, 0)
Γ2(1 + α)

·
1

(1 − pA2 − ε
q
)α(pA2 − ε

p
− 1)α

.

Now, the relations (2.19), (2.20) and (2.21) yield the estimate for the left-hand side
of inequality (2.14):

(2.22)
+∞∑

m=1

+∞∑

n=1

K(m, n)ãα
mb̃α

n >
1
εα

(L∗ + o(1)).

Finally, by comparing (2.18) and (2.22), and by letting ε −→ 0+, we get that L∗ ≤ M,
which contradicts with the assumption that the constant M is smaller than L∗.

The equivalence of inequalities (2.14) and (2.15) means that the constant L∗ is the
best possible in the inequality (2.15). The proof is now completed. □

As corollaries of Theorem B we have the following results. We processed with the
kernel K1(x, y) = (x + y)−αs, s > 0. By using local fractional calculus, we have

∂α

∂xα
·

1
(m + x)αs

= −
Γ(1 + sα)

Γ(1 + (s − 1)α)
·

1
(m + x)α(s+1)

< 0, x > 0,
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and similarly

∂2α

∂x2α
·

1
(m + x)αs

=
Γ(1 + (s + 1)α)
Γ(1 + (s − 1)α)

·
1

(m + x)α(s+2)
> 0, x > 0.

Now, by applying Lemma 2.4 we obtain

∂α

∂xα
K1(x, y)x−αr < 0 and

∂2α

∂x2α
K1(x, y)x−αr > 0

and
∂α

∂yα
K1(x, y)y−αr < 0 and

∂2α

∂y2α
K1(x, y)y−αr > 0,

for r > 0.
In what follows we suppose that

(2.23) A1 =
2 − s

2q
, A2 =

2 − s

2p
.

Then, based on equation (2.23), the constant L∗ from Theorem B becomes

L∗ =Γ(1 + α)k(pA2) = Γ(1 + α)k


1 −
s

2



=Γ(1 + α)
1

Γ(1 + α)

∫ +∞

0

u−α−
αs
2

(1 + u)αs
(du)α = Γ(1 + α)Bα


s

2
,
s

2


.

Now, from Theorem B, we get the following result.

Corollary 2.1. Let 1/p + 1/q = 1, p > 1, 0 < s < 2, and (am)m∈N and (bn)n∈N be

non-negative real sequences. Then the following inequalities hold and are equivalent

+∞∑

m=1

+∞∑

n=1

aα
mbα

n

(m + n)αs
≤Γ(1 + α)Bα


s

2
,
s

2



×


+∞∑

m=1

mαp(1−
s
2

)−αaαp
m

 1
p


+∞∑

n=1

nαp(1−
s
2

)−αbαq
n

 1
q

and


+∞∑

n=1

n
αps

2
−α


+∞∑

m=1

aα
m

(m + n)αs

p 1
p

≤Γ(1 + α)Bα


s

2
,
s

2

+∞∑

m=1

mαp(1−
s
2

)−αaαp
m

 1
p

,

where the constant Γ(1 + α)Bα(s/2, s/2) is the best possible.

3. Conclusion

In this paper, we have Ąrstly obtained a fractal HölderŠs inequality and some related
inequalities. According to the basic results, some new discrete local fractional Hilbert-
type inequalities have been investigated. At the same time, some new fractional
Hilbert-type inequalities with homogeneous kernels have been given.
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THE PERFECT CODES OF NON-COPRIME AND COPRIME

GRAPHS

BEHNAZ TOLUE1 AND AHMAD ERFANIAN2

Abstract. In this paper, we focus on the perfect and total perfect codes of the
non-coprime and coprime graphs associated to the dihedral groups and finite Abelian
groups. We used the advantage of independent sets and tried to present the inde-
pendent polynomial for them.

1. Introduction

The birth of coding theory was established by Claude Shannon in 1948 (see [10]).
In his paper, he showed for a noisy communication channel, there is a number, called
the capacity of the channel. If proper encoding and decoding techniques are used, the
reliable communication can be achieved at any rate below the channel capacity. Coding
theory is concerned with successfully transmitting data through a noisy channel and
correcting errors in corrupted messages [5]. Let Γ be a graph with vertex and edge
set V (Γ) and E(Γ), repectively. Suppose r ≥ 1 is an integer. The ball with center
v ∈ V (Γ) and radius r is the set of vertices of Γ with distance at most r to v in Γ.
A code in Γ is simply a subset of V (Γ). A code C ⊆ V (Γ) is called a perfect r-code
in Γ if the balls with centers in C and radius r form a partition of V (Γ), that is,
every vertex of Γ is at distance no more than r to exactly one vertex of C [4]. If
r = 1, then we call perfect r-code, perfect code, for abbreviation. Consequently, in
order to find a perfect code, we should search among all independent sets and check
if every vertex of V (Γ) \ C is adjacent to exactly one vertex of C. A code C is said
to be a total perfect code in Γ if every vertex of Γ has exactly one neighbor in C [3].
The existence of perfect codes is a classical problem which was started in a vector

Key words and phrases. Coprime graph, non-coprime graph, perfect code, total perfect code.
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space. One can replace the vector space by a graph, whose vertices are vectors and
whose edges join vectors which differ in precisely one coordinate. It is clear that
we may pose the perfect code question for any graph [1]. There are several papers
in this area we refer the readers to [6, 7]. The non-coprime graph associated to the
group G was introduced in [9]. Suppose G is a group and e its identity element. The
non-coprime graph of G is a graph with vertex set G\¶e♢ and if gcd(♣x♣, ♣y♣) ̸= 1, then
two distinct vertices x, y are adjacent. Denote this graph by ΠG. The authors verified
some numerical invariants like diameter, girth, dominating number, independence and
chromatic numbers of non-coprime graph. Moreover, they characterized its planarity.
X. Ma et al. defined the coprime graph of a finite group [8]. The coprime graph ΓG

which is associated to the finite group G is a graph with G as the vertex set and join
two distinct vertices x and y if gcd(♣x♣, ♣y♣) = 1. They gave some properties of coprime
graph on diameter, planarity, partition, clique number, etc. Moreover, some groups
whose coprime graphs are complete, planar, a star, or regular were characterized.
There are other papers about the properties of coprime graph, see for instance [2]. In
this research, we investigate the existence of the perfect and total perfect code for
non-coprime and coprime graph of certain groups beside to present the independent
polynomials for them.

2. The Perfect and Total Perfect Codes of Non-coprime Graph of
Certain Groups

In this section we verify the perfect and total perfect codes of non-coprime graph of
dihedral groups and finite Abelian groups. Let D2n = ⟨a, b : an = b2 = 1, ab = a−1⟩
be the dihedral group of order 2n and n ≥ 4.

(i) Suppose n =
∏k

i=1 p
αi

i , where pi’s are odd prime numbers and αi’s are positive
integers. It is clear that the independence number for this graph is k + 1. For
instance, a set I contain an element of order two and k elements of order pβi

i , form an
independent set of the largest size, 1 ≤ i ≤ k, 1 ≤ αi ≤ βi. The number of singleton
independent sets is 2

∏k
i=1 p

αi

i − 1. The number of two-element independent sets is,

(2.1)

(

k
∏

i=1

pαi

i

)





k
∑

i=1

∑

1≤βi≤αi

φ(pβi

i )



+
k
∑

i=1





∑

1≤βi≤αi

φ(pβi

i )





k
∑

j=i+1

∑

1≤βj≤αj

φ(p
βj

j )







 ,

where φ is the Euler function. Consequently, the number of independent sets with ℓ

elements is equal to the sum of all possible ℓ-multiplications of elements in the set

A =







αi
∑

βi=1

φ(pβi

i ) : 1 ≤ i ≤ k







∪

{

k
∏

i=1

pαi

i

}

,

which are arranged similar to the equation (2.1), where 1 ≤ ℓ ≤ k + 1. Note that
ℓ-multiplications of elements in A means choosing ℓ elements of the set A randomly
and compute their multiplications. Inside the set A are the numbers of elements of
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order 2 and p
βi

i in the group D2n, 1 ≤ i ≤ k, 1 ≤ βi ≤ αi. Obviously, the number of
independent sets with k + 1 elements is

(

k
∏

i=1

pαi

i

)





k
∏

i=1

∑

1≤βi≤αi

φ(pβi

i )



 .

(ii) Let n = 2s∏k
i=1 p

αi

i , where pi is an odd prime. Then similar to the first case
the number of independent sets of different sizes can be computed. The number of
singleton independent sets is 2s+1∏k

i=1 p
αi

i − 1. The number of independent sets with
ℓ elements is equal to the sum of all possible suitable ℓ-multiplications of elements in
the set

A =







αi
∑

βi=1

φ(pβi

i ) : 1 ≤ i ≤ k







∪







2s
k
∏

i=1

pαi

i + 1 +
s
∑

β=2

φ(2β)







,

where 1 ≤ ℓ ≤ k + 1 (similar to (2.1)). Note that inside the set A are the numbers of

elements of order 2β and p
βi

i in the group D2n, 1 ≤ i ≤ k, 1 ≤ βi ≤ αi and 1 ≤ β ≤ s.
(iii) Assume n = 2s. Then the independence number is one and the number of

independent sets of size one is 2s+1 − 1.
It is not hard to write the independent polynomial for the non-coprime graph of

D2n by use of the above results.

Theorem 2.1. For the perfect codes of the non-coprime graph of D2n, we have the

following cases.

(i) If n =
∏k

i=1 p
αi

i , then the perfect codes of non-coprime graph of D2n are sets of

two-elements, they contained one element of order 2 and an element of order
∏k

i=1 p
βi

i ,

where pi are odd prime numbers, αi, βi are positive integers and 1 ≤ βi ≤ αi. Moreover,

the number of these codes is
(

∏k
i=1 p

αi

i

)

(

n
∑

t=1

ψ(at)

)

, where

ψ(at) =















1,
k
∏

i=1

pi ♣ ♣at♣, 1 ≤ t ≤
k
∏

i=1

pαi

i ,

0, otherwise.

More practical formula for the number of perfect codes is

(

k
∏

i=1

pαi

i

)(

⌜M⌝

⌞ k ⌟

)

,

where M ′ is the set of all prime numbers which divides
∏k

i=1 p
αi

i , M is the set of all

prime power numbers which are chosen from M ′ and their powers are more or equal

than one and less or equal than αi and the notation

⌜M⌝

⌞ j ⌟,
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means the sum of Euler functions of multiply of j prime power numbers which are

chosen randomly from M and these multiplications are multiplying of distinct prime

numbers.

(ii) If n = 2s∏k
i=1 p

αi

i , then the perfect codes of non-coprime graph of D2n are sets

of singletons. The singletons contain elements of order 2β ∏k
i=1 p

βi

i , where 1 ≤ β ≤ s

and 1 ≤ βi ≤ αi. Further, the number of singleton perfect codes is

⌜ M ⌝

⌞k + 1⌟,

where the notation is the same as part (i) with the difference that M contains the

possible powers of 2.

(iii) If n = 2s, then singleton subsets of whole vertices are perfect codes and the

number of them is 2s+1 − 1.

Proof. (i) By definition, for a perfect code of a graph, we must search among its
independent subsets of vertices. Secondly, every vertex out of the perfect code is
adjacent to exactly one vertex in the code. By these tools, and the way that two
vertices are adjacent in the non-coprime graph it is clear that a perfect codes for
the ΠD2n

are sets of two-elements, they contained one element of order 2 and an

element of order
∏k

i=1 p
βi

i , 1 ≤ βi ≤ αi. Furthermore, the number of elements of order
2 in dihedral group of order 2n is n =

∏k
i=1 p

αi

i . It is enough to count the number

of elements of order
∏k

i=1 p
βi

i , 1 ≤ βi ≤ αi. It is obvious that all the elements atb

are of order 2, 1 ≤ t ≤
∏k

i=1 p
αi

i . Thus, for a fixed βi, ♣at♣ =
∏k

i=1 p
βi

i whenever

gcd(t,
∏k

i=1 p
αi

i ) =
∏k

i=1 p
α′

i

i , where 0 ≤ α′
i ≤ αi − 1, 1 ≤ t ≤

∏k
i=1 p

αi

i and βi = αi − α′
i.

Count the number of such t’s. Consequently, there are φ(
∏k

i=1 p
βi

i ), at of order
∏k

i=1 p
βi

i ,
where φ is the Euler function. Now, when the power βi changed through the possible
cases we require the sum of such Euler functions which described in the statement of
proposition.

The proof of (ii) is very similar to (i) so we omit it and the third part is straight-
forward. □

Proposition 2.1. The non-coprime graph of D2n does not have any total perfect code.

Proof. By definition of total perfect code and the fact that all the n vertices of order
2 in dihedral group of order 2n are adjacent in ΠD2n

, we deduce that n ≤ 2 and a
contradiction. □

Theorem 2.2. Let Zn be the cyclic group of order n.

(i) The non-coprime graph ΠZs
p

has ps − 1 singleton subsets of the vertices which

are perfect codes, where p is a prime number and s a positive integer.

(ii) The non-coprime graph ΠZpq
has φ(pq) singleton perfect codes, where p, q are

prime numbers and φ is the Euler function.

(iii) The non-coprime graph of cyclic group Z∏k

i=1
p

αi
i

has φ(
∏k

i=1 p
αi

i )+ ⌜M⌝

⌞ k ⌟,
sin-

gleton perfect codes, where M is a set which is defined the same as in Theorem 2.1 (i),
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pi’s are prime numbers and αi’s are positive integers, 1 ≤ i ≤ k. The independence

number of ΠZ∏k

i=1
p

αi
i

is k and independent sets with more than 2 elements are not

perfect codes. Furthermore, the number of independent sets with s elements is equal

to the sum of all possible s-multiplications of elements in the set

A =







αi
∑

βi=1

φ(pβi

i ) : 1 ≤ i ≤ k







,

which are arranged similar to the equation (2.2), where 1 ≤ s ≤ k. Note that s-

multiplications of elements in A means choosing s elements of the set A randomly

and compute their multiplications. In particular, the number of two-element and k

element independent sets are

(2.2)
k
∑

i=1









αi
∑

βi=1

φ(pβi

i )









k
∑

j=i+1

αj
∑

βj=1

φ(p
βj

j )









and
k
∏

i=1





αi
∑

βi=1

φ(pβi

i )



 ,

respectively.

(iv) Every singleton subset of vertices of the non-coprime graph of the group Zpα1 ×
Zpα2 × · · · × Zpαk is a perfect code, where p is a prime number.

Proof. (i) The independence number for this graph is one and all the possible subsets
of the vertices with one element are perfect codes.

(ii) This graph has pq − 1, φ(p)φ(q) independent sets with one and two elements,
respectively. Clearly, singleton subsets which contains an element of order p (or q)
are not perfect codes because there exists an element out of it which does not join to
the vertex inside that singleton. If we consider singletons which contains generators
of order pq, they clearly are perfect codes. The independent sets with two elements
are not perfect codes, since the generators join to both vertices inside them.

(iii) It is clear that this graph has
∏k

i=1 p
αi

i −1 independent sets with one element. It
is obvious among these independent sets, the only singletons which contain a generator
element or an element of order

∏k
i=1 p

ωi

i are perfect codes, where 1 ≤ ωi ≤ αi. Moreover,
for an independent set with more than one element, there is a generator out of it
which joins to both of it and so it is not a perfect code. □

By considering the third part of Theorem 2.2, one can present independent polyno-
mial for that graph.

Proposition 2.2. The non-coprime of the cyclic group Zn admits a total perfect code

if and only if n = 3.

Proof. Suppose n =
∏k

i=1 p
αi

i , where there exists an index i ∈ ¶1, 2, . . . , k♢ such that
αi ≥ 2 and pi is a prime number. Clearly, there are vertices v1, v2 of order pαi

i . Let
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C be a total perfect code which contain v1, then by definition v1 has exactly one
neighborhood inside C. This neighborhood can be v2 or an element of order pi. If
each of them is inside C, then the other one is outside of C has two neighborhood
in C and it is a contradiction. Thus, all αi are equal to 1. Clearly all pi are greater
than 2, because otherwise an element of order 2 does not have any neighborhood.
Again by definition for each vertex of order pi, there is a unique neighborhood in C.
Therefore for every vertex of order pi out of C, there are two neighborhood. Hence the
number of elements of order of pi must be 2, i.e., φ(pi) = 2, pi = 3 and the assertion
is clear. □

3. The Perfect and Total Perfect Codes of Coprime Graph of
Certain Groups

In this section, we present perfect and total perfect codes of coprime graph of
dihedral groups and finite Abelian groups. For coprime graphs, if we consider the
identity element of the group as a vertex, then it is meaningless. Thus, it is nature to
consider the induced subgraph by non-trivial elements. Let us consider the coprime
graph of the group G, with vertex set G \ ¶e♢ and denote it by Γ∗

G. We refer the
readers to see [6] for its interesting results. Consider the dihedral group D2n.

(i) Let n =
∏k

i=1 p
αi

i , where pi’s are odd prime numbers. Consider A0 which is the

set of all elements of order two and Aj’s are the sets of elements of order p
βj

j , and
elements of order

∏q
i=1 p

ωi

i , where pj surly exists in the multiplication, 1 ≤ β ≤ αj,
1 ≤ j ≤ k, 1 ≤ q ≤ k and 0 ≤ ωi ≤ αi. Then A0 and Aj’s are the samples of
independent sets for ΓD2n

. For 1 < t ≤ k, construct At somehow it does not have any
common elements with all the sets As, with s < t. The number of elements in A0 and
Aj are

∏k
i=1 p

αi

i and
∑

1≤β≤αj
φ(pβ

j ) +
∑k

u=2
⌜Mj⌝

⌞ uj ⌟
, respectively. The notations were

defined in Theorem 2.1, note that Mj is the set of all prime powers in M ′ such that
powers of pz ̸= pj is more or equal than zero and less or equal than αz, and the powers
of the prime pj must be at least one and less or equal than αj, where 1 ≤ z ≤ k.
In computing of Euler function of multiplication, the prime number pj always must
be selected and it is possible that the power of the other prime numbers be zero, in
other words it is possible that some prime numbers distinct from pj do not appear
in the multiplication. Moreover, this is very significant to obtain the independent
polynomial, in order to compute ⌜Mt⌝

⌞ut⌟,
the sum of Euler function on ut-multiplication

of elements in Mt is somehow that it does not have any common summands with all
the summands in ⌜Ms⌝

⌞us⌟,
for 1 < t ≤ k, for all s < t. Suppose α(ΓD2n

) is independence
number of the graph. The independent polynomial is,

f(x) =

(

2
k
∏

i=1

pαi

i

)

x+

α(ΓD2n
)

∑

ω=2











(

k
∏

i=1

pαi

i

ω

)

+
k
∑

j=1











∑

1≤β≤αj

φ(pβ
j ) +

k
∑

u=2

⌜Mj⌝

⌞uj⌟

ω





















xω,
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and if ω >
∑

1≤βj≤αj
φ(pβ

j ) +
∑k

u=2
⌜Mj⌝

⌞uj⌟
, or ω >

∏k
i=1 p

αi

i , then put zero instead of

(

∑

1≤β≤αj
φ(pβ

j ) +
∑k

u=2
⌜Mj⌝

⌞uj⌟

ω

)

or

(

∏k
i=1 p

αi

i

ω

)

in f(x).
(ii) For n = 2s∏k

i=1 p
αi

i , suppose

A0j =¶All the elements of order power of 2♢

∪

{

All the elements of order 2β
q
∏

i=1

p
ηi

i , where 0 ≤ ηi ≤ αi, 1 ≤ β ≤ s,

q ≤ k − 1, certainly pj exists in the multiplication

}

∪

{

All the elements of order 2β
q
∏

i=1

p
ηi

i , where 0 ≤ ηi ≤ αi, 1 ≤ β ≤ s,

q ≤ k − 1, certainly pj does not exist in the multiplication

}

∪

{

All the elements of order 2β
k
∏

i=1

p
ηi

i , where 1 ≤ ηi ≤ αi, 1 ≤ β ≤ s

}

,

with a1, a2j, a3j and a4 as first, second, third and forth set sizes which constructed
A0j, respectively. Moreover, assume

Aj =¶All the elements of order power of pj, 1 ≤ j ≤ k♢

∪

{

All the elements of order
q
∏

i=1

p
ηi

i , where 0 ≤ ηi ≤ αi, q ≤ k,

certainly pj exists in the multiplication

}

∪

{

All the elements of order 2β
k
∏

i=1

p
ηi

i , where 1 ≤ ηi ≤ αi, 1 ≤ β ≤ s

}

∪

{

All the elements of order 2β
q
∏

i=1

p
ηi

i , where 0 ≤ ηi ≤ αi, 1 ≤ β ≤ s,

q ≤ k − 1 certainly pj exists in the multiplication

}

,

with b1j, b2j, b3j = a4 and bj4 = aj2 as first, second, third, forth set sizes which
constructed Aj, respectively. Obviously A0j and Aj’s are independent sets 1 ≤ j ≤ k.
For 1 < t ≤ k, construct A0t and At somehow they do not have any common elements
with all the sets A0s and As, with s < t. The value of ai and bij can be obtained
similar to the previous parts. Since replacing of them by their values makes the



920 B. TOLUE AND A. ERFANIAN

appearance of the computations more complicated so we work with ai and bij. By
these hypothesis, the independent polynomial is

f(x) =2s+1
k
∏

i=1

pαi

i x+

α(ΓD2n
)

∑

ω=2





(

a1

ω

)

+

(

a4

ω

)

+
k
∑

j=1

3
∑

i=2

(

aij

ω

)

+

(

a1 + a4

ω

)

+
k
∑

j=1

3
∑

i=2

(

aij + a1

ω

)

+
k
∑

j=1

3
∑

i=2

(

aij + a4

ω

)

+
k
∑

j=1





(

a1 + a2j + a3j

ω

)

+

(

a4 + a2j + a3j

ω

)

+

(

a1 + a4 + aij

ω

)





+
k
∑

j=1

(

a1 + a4 + a2j + a3j

ω

)

+
k
∑

j=1





2
∑

i=1

(

bij

ω

)

+
3
∑

i=1

4
∑

ℓ=i+1

(

bij + blj

ω

)

−

(

b3j + b4j

ω

)

+
2
∑

i=1

3
∑

ℓ=i+1

4
∑

k=ℓ+1

(

bij + blj + bkj

ω

)

+

(

b1j + b2j + b3j + b4j

ω

)







xω,

such that in the selection
(
∑

yi

ω

)

at least one element choose from each sets with sizes

yi. Moreover, if ω >
(
∑

yi

ω

)

, then put zero for
(
∑

yi

ω

)

.

(iii) Assume n = 2s. In this case, the largest independent set for ΓD2n
is D2n \ ¶1♢.

The independent polynomial is,

f(x) = 2s+1x+
2s+1−1
∑

ℓ=2

(

2s+1 − 1

ℓ

)

xℓ.

It is clear that the singleton contains the identity element is a perfect code for ΓD2n

and independent sets with more than one elements are not perfect codes.

Proposition 3.1. Γ∗
D2n

does not have any perfect code.

Proof. Initially, let n =
∏k

i=1 p
αi

i , where pi’s are odd prime numbers. Consider the

singleton subset of vertices X = ¶x♢. If the vertex x is of order p
βj

j (or 2), where

1 ≤ j ≤ k and 1 ≤ βj ≤ αj. Thus, elements of order p
β′

j

j (or 2) outside of X, are not
adjacent to x, 1 ≤ β′

j ≤ αj. Note that the existence of such elements outside of X

is clear, as n ≥ 4. Suppose ♣x♣ =
∏q

i=1 p
βi

i , q ≤ k. If pj appear in the multiplication
of prime numbers in the order of x, then there is an element of order p

ωj

j does not
join to x. Therefore, the independent sets with one element are not perfect codes.
According to the first part of argument before the proposition, if an independent set
have more than one element, then it contains just elements of order 2 or just elements
of order power of pj and multiplication of prime powers that include pj. In both cases,
there is a vertex that join to more than one vertex inside them not exactly one. Thus,
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independent set with more than one element is not a perfect code. If n = 2s∏k
i=1 p

αi

i

or 2s, the assertion follows similarly. □

Proposition 3.2. For the total perfect code of Γ∗
D2n

, we have the following cases.

(i) If n =
∏k

i=1 p
αi

i , then two-element subset of vertices which contain an element

of order 2 and an element of order
∏k

i=1 p
βi

i is a total perfect code, where pi’s are

odd prime numbers and 1 ≤ βi ≤ αi. The number of such total perfect codes are
∏k

i=1 p
αi

i

(

⌜M⌝

⌞k⌟

)

, where notations were defined in Theorem 2.1 (i).

(ii) If n = 2s∏k
i=1 p

αi

i , then Γ∗
D2n

does not have any total perfect code.

(iii) For n = 2s, Γ∗
D2n

does not have any total perfect code.

Proof. The proof of first and third part is clear, let us prove the second part.
(ii) Let T ⊆ V (ΓG) be a total perfect code for the graph. If x ∈ T and the order

of x is power of 2, then it has a unique neighborhood y ∈ T , by definition of total
perfect code. Thus the order of y is the multiplication of prime numbers which divide
∏k

i=1 p
αi

i . All the vertices outside T have a unique neighborhood inside T except a

vertex v of order 2β ∏k
i=1 p

βi

i , 1 ≤ β ≤ s and 1 ≤ βi ≤ αi. We can not consider v inside
T , since there is no neighborhood for it inside T . Let us construct T , by use of other

vertices. If x ∈ T of order
∏q

i=1 p
ωi

i and y ∈ T is its neighborhood, then ♣y♣ =
∏q′

i=1 p
′ω′

i

i

or 2β ∏q′

i=1 p
′ω′

i

i , where pωi

i and p
′ω′

i

i divides
∏k

i=1 p
αi

i and gcd(
∏q

i=1 p
ωi

i ,
∏q′

i=1 p
′ω′

i

i ) = 1,
q, q′ ≤ k. An element of order

∏k
i=1 p

αi

i outside T does not join to any vertex inside
T . □

Consider the coprime graph of the cyclic group Zn.
(i) If n = ps, then ΓZn

has ps singleton independent sets. Clearly, its independence

number is ps − 1 and it has
(

ps−1
ℓ

)

independent sets with ℓ elements.

(ii) Let n =
∏k

i=1 p
αi

i . The coprime graph of Z∏k

i=1
p

αi
i

has
∏k

i=1 p
αi

i singleton inde-

pendent sets. Moreover, every subsets of the following sets are samples of independent
sets of ΓZ∏k

i=1
p

αi
i

. Let

A0j =
{

All the elements of order p
βj

j

}

,

A1j =

{

All the elements of order
k
∏

i=1

pαi

i

}

∪
{

All the elements of order p
βj

j

}

,

A2 =

{

All the elements of order
k
∏

i=1

pαi

i

}

∪

{

All the elements of order
q
∏

i=1

p
βi

i

}

,

where 1 ≤ j ≤ k, 1 ≤ βj ≤ αj, 2 ≤ q ≤ k − 1 and in A2,
∏q

i=1 p
βi

i , it is possible
that some βi be zero and the order of elements in the set ¶All the elements of order
∏q

i=1 p
βi

i ♢ include at least one prime number pi in its multiplication.
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Now, let 2 ≤ ℓ ≤ α

(

ΓZ∏k

i=1
p

αi
i

)

,

A0 =
k
∑

j=1











αj
∑

βj=1

φ(p
βj

j )

ℓ











, A1 =
k
∑

j=1

(

φ(
∏k

i=1 p
αi

i )

w1

)(

αj
∑

βj=1

φ(p
βj

j )

w2

)

,

where w1 ≥ 1, 2 ≤ w1 + w2 ≤ ℓ and A2 =
k
∑

r=1

(

φ(
∏k

i=1 p
αi

i )

u1

)(

k−1
∑

j=2

⌜Mpr
⌝

⌞ j ⌟

u2

)

, where

u2 ≥ 1, 2 ≤ u1 + u2 ≤ ℓ. Furthermore, the notation ⌜Mpr⌝

⌞ j ⌟
is defined similar to

Theorem 2.1(i), such that in choosing the prime power numbers from the set M , some
power of pr is selected. By this hypothesis, the number of independent sets with ℓ

elements is more than A0 + A1 + A2.
Suppose ΓZn

has a total perfect code T . Since the greatest common divisor of order
of identity element (zero) with respect to all other element orders is one so 0 ∈ T .
By definition 0 has a unique neighborhood inside T , say x. As every vertex of total
perfect codes cover exactly one vertex of the graph, there is just one other vertex
outside of T . Hence, n = 2, 3. The coprime graph of Z∏k

i=1
p

αi
i

does not have any

perfect and total perfect code. Clearly ΓZ2 has a singleton perfect code and ΓZps does
not have any perfect code, where p is a prime and s a positive integer (p ≥ 3 and
s ≥ 1 or p = 2 and s ≥ 2). Note that if we consider the induces subgraph of ΓZps by
omitting the identity, then the set of all vertices, largest independent set, is a perfect

code. There are
(

p(α1+···+αk)

ℓ

)

independent sets of size ℓ for the coprime graph of the

group Zpα1 × Zpα2 × · · · × Zpαk , where 1 ≤ ℓ ≤ α(ΓZpα1 ×Zpα2 ×···×Zp
αk

). Clearly, the
coprime graph of Zpα1 ×Zpα2 × · · · ×Zpαk does not have any perfect and total perfect
code.

Theorem 3.1. Suppose Γ∗
G has a total perfect code with two elements T = ¶g1, g2♢

such that ♣g1♣ =
∏k

i=1 p
αi

i , ♣g2♣ =
∏k′

j=1 q
βj

j , where pi and qj’s are distinct prime numbers.

Then G is non-cyclic and the set of prime divisor of order of G is Π(♣G♣) = ¶pi, qj :
1 ≤ i ≤ k, 1 ≤ j ≤ k′♢. Moreover, G does not contain an element of order
∏s

i=1 p
α′

i

i

∏s′

j=1 q
β′

j

j , where 0 ≤ α′
i ≤ αi, 0 ≤ β′

i ≤ βi and note that α′
i (and also β′

i ) are

not all zero, simultaneously.

Proof. Let x ∈ G, ♣x♣ = r, where r is a prime number distinct from pi, qj’s. Then x

join to both g1 and g2 which is a contradiction. Therefore, the only prime numbers
that divide the order of G are the prime numbers that divide the order of gi’s, i = 1, 2.

Now, if the group G contain an element of order
∏k

i=1 p
αi

i

∏k′

j=1 q
βj

j , then this element is
not in the neighborhood of gi’s and again this is against the definition of total perfect
code. Hence G is a non-cyclic group. □
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The definition of total perfect code and coprime graph signify that the coprime
graph does not have any singleton total perfect codes. Moreover, if Γ∗

G has a total
perfect code with more than two elements, then similar result as Theorem 3.1 will be
obtained.

Acknowledgements. We would like to thank the reviewers for their useful com-
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A NEW CHARACTERIZATION OF PROJECTIVE SPECIAL
LINEAR GROUPS L2(q)

BEHNAM EBRAHIMZADEH1 AND AHMAD KHAKSARI2

Abstract. In this paper, we prove that projective special linear groups L2(q),
where q ≡ ±2 (mod 5) (q is an odd prime) can be uniquely determined by ♣L2(q)♣
and nse(L2(q)).

1. Introduction

Let G be a finite group, π(G) be the set of prime divisors of the order of G and
πe(G) be the set of the order of elements in G. If k ∈ πe(G), then we denote the
number of elements of order k in G by mk(G) and the set of the numbers of elements
with the same order in G by nse(G). In other words, nse(G) = ¶mk(G) ♣ k ∈ πe(G)♢.
Also we denote a sylow p-subgroup of G by Gp and the number of sylow p-subgroups
of G by np(G). The prime graph Γ(G) of group G is a graph whose vertex set is π(G),
and two vertices u and v are adjacent if and only if uv ∈ πe(G). Moreover, assume
that Γ(G) has t(G) connected components πi, for i = 1, 2, . . . , t(G). In the case where
G is of even order, we always assume that 2 ∈ π1.

One of the important problems in finite groups theory is, group characterization by
specific property. Properties such as, elements order, set of elements with the same
order, the largest elements order, etc. One of this methods is group characterization
by using the order of group and nse(G). In other words, we say the group G is
characterizable by using the order of G and nse(G), if there exists the group H, so that
nse(G) = nse(H) and ♣G♣ = ♣H♣, then G ∼= H. Next, in [1, 2, 4–8,11,12,16,17,20–22]
was proved the groups such as, PGL2(q), suzuki groups, sporadic groups, PSL(3, q),

Key words and phrases. Element orders, the number of elements with same order, prime graph,
projective special linear group.
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Symmetric group, U4(2), PSU(3, 3) and projective special linear group PSL(3, 3),
L2(p) with p ∈ ¶19, 23♢, L2(q) where q ∈ ¶17, 27, 29♢, the projective special linear
group L2(2

a), where either 2a − 1 or 2a + 1 is a prime number, symplectic groups
C2(3

n), projective special linear group l3(q), projective special unitary groups U3(3
n)

and 2G2(q), where q ±√
3q +1 are prime numbers are characterizable by using nse(G)

and the order of G. In this paper, we prove that projective special linear groups L2(q),
where q is an odd prime can be uniquely determined by ♣L2(q)♣ and nse(L2(q)). In
fact, we prove the following main theorem.

Theorem 1.1 (Main Theorem). Let L2(q) be projective special linear groups, where

q ≡ ±2 (mod 5) (q is an odd prime) and G be a group with nse(G) = nse(L2(q)),
♣G♣ = ♣L2(q)♣. Then G ∼= L2(q).

2. Notation and Preliminaries

Lemma 2.1 ([13]). Let H be a finite soluble group all of whose elements are of a

power prime order. Then ♣π(H)♣ ≤ 2.

Lemma 2.2 ([10]). Let G be a Frobenius group of even order with kernel K and

complement H. Then

(a) t(G) = 2, π(H) and π(K) are vertex sets of the connected components of Γ(G);
(b) ♣H♣ divides ♣K♣ − 1;

(c) K is nilpotent.

Definition 2.1. A group G is called a 2-Frobenius group if there is a normal series
1 ⊴ H ⊴ K ⊴ G such that G

H
and K are Frobenius groups with kernels K

H
and H,

respectively.

Lemma 2.3 ([14]). Let G be a 2-Frobenius group of even order. Then

(a) t(G) = 2, π(H) ∪ π( G
K

) = π1 and π(K
H

) = π2;

(b) G
K

and K
H

are cyclic groups satisfying ♣ G
K

♣ divides ♣Aut(K
H

)♣. In particular, every

2-Frobenius group is soluble group.

Lemma 2.4 ([25]). Let G be a finite group with t(G) ≥ 2. Then one of the following

statements holds:

(a) G is a Frobenius group;

(b) G is a 2-Frobenius group;

(c) G has a normal series 1⊴H ⊴K ⊴G such that H and G
K

are π1-groups, K/H

is a non-abelian simple group, H is a nilpotent group and ♣ G
K

♣ divides ♣Out(K
H

)♣.

Lemma 2.5 ([9]). Let G be a finite group and m be a positive integer dividing ♣G♣.
If Lm(G) = ¶g ∈ G ♣ gm = 1♢, then m ♣ ♣Lm(G)♣.

Lemma 2.6. Let G be a finite group. Then, for every i ∈ πe(G), φ(i) divides mi(G),
and i divides

∑

j♣i mj(G). Moreover, if i > 2, then mi(G) is even.
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Proof. By Lemma 2.5, the proof is straightforward. □

Lemma 2.7 ([24]). Let G be a non-abelian simple group such that (5, ♣G♣) = 1. Then

G is isomorphic to one of the following groups:

(a) Ln(q), n = 2, 3, q ≡ ±2 (mod 5);
(b) G2(q), q ≡ ±2 (mod 5);
(c) 2A2(q), q ≡ ±2 (mod 5);
(d) 3D4(q), q ≡ ±2 (mod 5);
(e) 2G2(q), q = 32m+1, m ≥ 1.

Remark 2.1. In previous lemma, we consider the projective special linear groups by
An(q) ∼= Ln+1(q) and the projective special unitary groups by 2An−1(q) ∼= Un(q).

Lemma 2.8 ([26]). Let q, k, l be natural numbers. Then

(a) (qk − 1, ql − 1) = q(k,l) − 1;

(b) (qk + 1, ql + 1) =







q(k,l) + 1, if both k
(k,l)

and l
(k,l)

are odd,

(2, q + 1, ) otherwise;

(c) (qk − 1, ql + 1) =







q(k,l) + 1, if k
(k,l)

is even and l
(k,l)

is odd,

(2, q + 1), otherwise.

In particular, for every q ≥ 2 and k ≥ 1, the inequality (qk − 1, qk + 1) ≤ 2 holds.

Lemma 2.9. Let L be projective special linear group L2(q), where q is an odd prime

number and p is an isolated vertex in Γ(G). Then mp(G) = (p−1)♣G♣
(4p)

and for every

i ∈ πe(G) − ¶1, p♢, p divides mi(G).

Proof. Since that ♣Gp♣ = p, it follows that Gp is a cyclic group of order p. Thus

mp(G) = ϕ(G)np(G). Now, it is enough to show np(G) = ♣G♣
(4p).

By [25], p is an isolated

vertex of Γ(G). Hence, ♣CG(Gp)♣ = p and ♣NG(Gp)♣ = xp for a natural number x.

On the other hand, we know that NG(Gp)
CG(Gp)

embed in Aut(Gp), which implies x ♣ p − 1.

Furthermore, by Sylow’s theorem, np(G) = ♣G : NG(Gp)♣ and np(G) ≡ 1 (mod p).

Thus, p divides ♣G♣
xp

− 1 thus q±1
2

divides q(q2−1)
xp

− 1. It follows that q±1
2

divides

q2 ± q − x so we have p ♣ 4 − x and since x ♣ p − 1 we deduce that x = 4, and the
proof is finished. We prove that p is an isolated vertex of Γ(G). Opposite there is
t ∈ π(G) − ¶p♢ such that tp ∈ πe(G). So mtp(G) = ϕ(tp)np(G)k, where k is the
number of cyclic subgroups of order t in CG(Gp) and since np(G) = np(L), it follows

that mtp(G) = (t−1)(p−1)♣L♣k
(4p)

. If mtp(G) = mp(L), then t = 2 and k = 1. Furthermore

lemma 2.6 yields p ♣ m2(G) + m2p(G) and since m2(G) = m2(L) and p ♣ m2(L),
we deduce that p ♣ m2p(G), which is a contradiction. So Lemma 2.5 implies that
p ♣ mtp(G). Hence p ♣ t − 1 and since mtp(G) < ♣G♣ we deduce t − 1 ≤ 6. As a result
t ∈ ¶2, 3, 5, 7♢, where this is a contradiction. Let r ∈ πe(G) − ¶1, p♢. Since p is an
isolated vertex of Γ(G), it follows that p ∤ r and pr ̸∈ πe(G). Thus, Gp acts fixed point
freely on the set of elements of order r by conjugation and hence ♣Gp♣ ♣ mr(G). So,
we conclude that p ♣ mr(G). □
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3. Proof of the Main Theorem

In this section, we prove the main theorem in the following lemmas. We denote the
Projective specialy unitary group L2(q), where q is an prime number by L and prime
number q±1

2
by p. Recall that G is a group with ♣G♣ = ♣L♣ and nse(G) = nse(L).

Lemma 3.1. m2(G) = m2(L), mp(G) = mp(L), np(G) = np(L), and p ♣ mk(G) for

every k ∈ πe(G) − ¶1, p♢.

Proof. By Lemma 2.6, for every 1 ̸= r ∈ πe(G), r = 2 if and only if mr(G) is odd.
Thus it follows that m2(G) = m2(L). According to Lemma 2.6, (mp(G), p) = 1.
Thus p ∤ mp(G) and hence Lemma 2.9 implies that mp(G) ∈ ¶m1(L), m2(L), mp(L)♢.
Moreover, mp(G) is even, so we deduce that mp(G) = mp(L). Since Gp and Lp are
cyclic groups of order p and mp(G) = mp(L), we deduce that mp(G) = φ(p)np(G) =
φ(p)np(L) = mp(L), so np(G) = np(L). Let k ∈ πe(G) − ¶1, p♢. Since p is an isolated
vertex of Γ(G), p ∤ k and pk /∈ πe(G). Thus, Gp acts fixed point freely on the set of
elements of order k by conjugation and hence ♣Gp♣ ♣ mk(G). So, we conclude that
p ♣ mk(G). □

Lemma 3.2. The group G is not a Frobenius group.

Proof. Let G be a Frobenius group with kernel K and complement H. Then by
Lemma 3.2, t(G) = 2 and π(H) and π(K) are vertex sets of the connected components
of Γ(G) and ♣H♣ divides ♣K♣ − 1. Now, by Lemma 3.1, p is an isolated vertex of Γ(G).

It follows that (i) ♣H♣ = p and ♣K♣ = ♣G♣
p

or (ii) ♣H♣ = ♣G♣
p

and ♣K♣ = p. Since ♣H♣
divides ♣K♣ − 1, we deduce that the case (ii) cannot occur. So, ♣H♣ = p and ♣K♣ = ♣G♣

p
.

Hence, q±1
2

♣ q(q2−1)
q±1

− 1. So, we have q ± 1 ♣ 2q2 ± 2q − 2. It follows that p ♣ 2. Thus,

p ♣ 2, which is impossible. □

Lemma 3.3. The group G is not soluble group.

Proof. Let r ̸= 2 and s be a prime divisor of q+1
2

and let t be a prime divosor q−1
2

. If
G were soluble, then there would exist a ¶2, r, s♢-Hall subgroup H of G. Since H does
not contain any elements of orders 2r, 2s, rs. Thus, all of elements of H would be of
prime power order. But this contradicts Lemma 2.1. So, G is not soluble group. □

Lemma 3.4. The group G is not a 2-Frobenius group.

Proof. By previous lemma, we have that G is not soluble group. On the other hand
by Lemma 2.3 since that every 2-Frobenius group is soluble group, so G is not a
2-Frobenius group. □

Lemma 3.5. The group G is isomorphic to the group L.

Proof. By Lemma 2.9, p is an isolated vertex of Γ(G). Thus, t(G) > 1 and G satisfies
one of the cases of Lemma 2.4. Now, Lemma 3.2 and Lemma 3.4 imply that G is
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neither a Frobenius group nor a 2-Frobenius group. Thus only the case (c) of Lemma
2.4 occurs. So, G has a normal series 1 ⊴ H ⊴ K ⊴ G such that H and G/K are
π1-groups, K/H is a non-abelian simple group. Since p is an isolated vertex of Γ(G),
we have p ♣ ♣K

H
♣. On the other hand, we know that 5 ∤ ♣G♣. Thus, K

H
is isomorphic to

one of the groups in Lemma 2.7. Hence, we consider the following isomorphisms.
(1) If K

H
∼= G2(q

′), where q′ ≡ ±2 (mod 5), then by [25], p = q′2 ± q′ + 1. On the
other hand, we know ♣G2(q′)♣ divides ♣G♣, in other words q′6(q′6 − 1)(q′ − 1) ♣ q(q2 − 1).
Thus, q±1

2
= q′2 ±q′ +1 as a result q±1 = 2q′2 +2q′ +2. So, we deduce q = 2q′2 +2q′ +1

and q = 2q′2 + 2q′ + 3.

(2) If K
H

∼= 2A2(q
′), where q′ ≡ ±2 (mod 5), then by [25], p = q′2−q′+1

(3,q′+1)
. On the

other hand, we know ♣2A2(q
′)♣ ♣ ♣G♣, in other words q′3(q′3+1)(q′2−1)

(3,q′+1)
♣ q(q2−1)

2
. First, if

(3, q′+1) = 1, then similar to part (1) we deduce a contradiction. Now let (3, q′+1) = 3.

Then, q±1
2

= q′2−q′+1
3

. Thus 3q ± 3 = 2q′2 − 2q′ + 2. As a result q = 2q′2−2q′−1
3

and

q = 2q′2−2q′+5
3

. Since that ♣2A2(q
′)♣ ∤ ♣G♣, so we have a contradiction.

(3) If K
H

∼= 2G2(q
′), where q′ ≡ ±2 (mod 5), then by [25] p = q′ ± √

3q′ + 1. On

the other hand, we know ♣2G2(q
′)♣ ♣ ♣G♣, in other words q′3(q′3 + 1)(q′ − 1) ♣ q(q2−1)

2
.

Now, we consider q±1
2

= q′ ± √
3q′ + 1 as a result q = 2(32m+1) + 2(3m+1 + 1) and

q = 2(32m+1) − 2(3m+1) + 3. Since that ♣2G2(q
′)♣ ∤ ♣G♣, so we have a contradiction.

(4) If K
H

∼= L3(q′), where q′ ≡ ±2 (mod 5), then by [25], p = q′2+q′+1
(3,q′−1)

. On the other

hand, we know ♣L3(q′)♣ ♣ ♣G♣, in other words q′2+q′+1
(3,q′−1)

♣ q(q2−1)
2

. First if q±1
2

= q′2 +q′ +1,

then q±1 = 2q′2+2q′+2. So, we deduce q = 2q′2+2q′+1and q = 2q′2+2q′+3. Now since

♣L3(q
′)♣ ∤ ♣G♣, which is a contradiction. Now, if (3; q′ − 1) = 3, then q±1

2
= q′2+q′+1

3
,

so 3q ± 3 = 2q′2 + 2q′ + 2. It follows that q = 2q′2+2q′−1
3

and q = 2q′2+2q′+5
3

. But
♣L3(q

′)♣ ∤ ♣G♣, which is a contradiction.

Now, let (3; q′ + 1) = 3. So, 3q ± 3 = 2q′2 − 2q′ + 2. As a result q = 2q′2−2q′−1
3

and

q = 2q′2−2q′+5
3

. But ♣L3(q
′)♣ ∤ ♣G♣, which is a contradiction.

(5) If K
H

∼= 3D4(q
′), where q′ ≡ ±2 (mod 5), then by [25], p = q′4 − q′2 + 1. On the

other hand, we know ♣3D4(q′)♣ ♣ ♣G♣, in other words q′12(q′8 + q′4 + 1)(q′6 − 1)(q′2 − 1) ♣
q(q2−1)

2
. As a result q±1

2
= q′4 − q′2 + 1, so q = 2q′4 − 2q′2 + 1 and q = 2q′4 − 2q′2 + 3.

Since ♣3D4(q
′)♣ ∤ ♣G♣, which is a contradiction.

(6) Hence, K
H

∼= L2(q
′). As a result ♣K

H
♣ = ♣L2(q

′)♣. On the other hand, we have

p ♣ π(K
H

), so q±1
2

= q′±1
2

. It follows that q = q′. Now, on the other hand, G has a

normal series 1 ⊴ H ⊴ K ⊴ G such that H and G
K

are π1-groups, so ♣H♣ = 1 and
K = L2(q

′) ∼= G. □
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INEQUALITIES FOR STRONGLY r-CONVEX FUNCTIONS ON

TIME SCALES

S. G. GEORGIEV1, V. DARVISH2,3, M. RAZEGHI4, AND B. KAYMAKÇALAN5

Abstract. In this paper, Ąrst we establish the Hermite-Hadamard type inequality
based on diamond-α integral for a subset of strongly r-convex functions. Then
we prove several new inequalities for n-times continuously differentiable strongly
r-convex functions on time scales by virtue of some techniques and introducing new
quantities.

1. Introduction

The analysis on time scales is a relatively new area of mathematics that unifies and
generalizes discrete and continuous theories. Moreover, it is a crucial tool in many
computational and numerical applications.

The differential calculus on time scales generalizes classical both continuous and
discrete differential calculus depending on the structure of the time scale under con-
sideration. There are several common generalizations of classical derivative to time
scales. For example, one of them is the so-called ∆-derivative, which simultaneously
generalizes the forward divided difference of the first order, while the first-order back-
ward divided difference is generalized by the ∇-derivative. There is also the so-called
diamond-α dynamic derivative or, shortly, ♢α -derivative being, in turn, the linear
combination of ∆ and ∇-derivatives with the coefficients α and 1 − α, respectively,
for some α ∈ [0, 1]. For each type of derivatives on time scales there is its own notion
of the integral. Thus, the diamond-α integral corresponds to the ♢α-derivative.

Key words and phrases. Time scales, strongly r-convex functions, Hermite-Hadamard inequality,
delta differentiable function, diamond integral.
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The main purpose of this discussions is to reflect some certain inequalities for
strongly r-convex functions and it is inspired by the papers [3,7–10] where the authors
focused on to obtain several new integral inequalities for different class of convex
functions which are n-times differentiable on an interval in R. Since many continuous
models in biology, physics, chemistry and etc. have discrete analogues, our aim in this
paper is to unify these inequalities in the discrete and continuous case.

This paper is organized as follows. In the next section, we briefly recall key notions
and notations on time scales and then we introduce diamond-α derivatives by recalling
the basic property of this combined dynamic derivatives. We also present definition of
diamond-α integral and several theorems concerning the properties of it. In Section 3,
which is devoted to our main results, we deduce some integral inequalities by applying
the definition of strongly r-convexity and the integral identity which we prove in the
sequel. We also introduce some new quantities and use well-known inequalities to
present our results.

2. Time Scales Revisited

A time scale T is an arbitrary nonempty closed subset of the real numbers. The
forward jump and backward jump operators σ and ρ can be defined respectively by

σ(t) = inf¶s ∈ T : s > t♢, ρ(t) = sup¶s ∈ T : s < t♢.

Note that for any t ∈ T, σ(t) ≥ t and ρ(t) ≤ t. Moreover, for t ∈ T, we say the
graininess function µ : T → [0, +∞) to be as follows

µ(t) = σ(t) − t.

We define the interval [a, b]T in T as follows

[a, b]T = ¶t ∈ T : a ≤ t ≤ b♢.

Open intervals and half open intervals etc. are defined accordingly.
For t ∈ T, we have the following cases.

• If σ(t) > t, then we say that t is right-scattered.
• If t < supT and σ(t) = t, then we say that t is right-dense.
• If ρ(t) < t, then we say that t is left-scattered.
• If t > inf T and ρ(t) = t, then we say that t is left-dense.

We define Tk = T if supT is left-dense and T
k = T\¶supT♢ if supT is left-scattered.

Similarly, we define Tk = T if inf T is right-dense and Tk = T \ ¶inf T♢ if inf T is
right-scattered. We denote T

k ∩ Tk = T
k
k.

Assume that f : T → R is a function and let t ∈ T
k. We define f∆(t) to be a

number, provided it exists, as follows: for any ϵ > 0 there is a neighbourhood U of t,

U = (t − δ, t + δ) ∩ T for some δ > 0, such that

♣f(σ(t)) − f(s) − f∆(t)(σ(t) − s)♣ ≤ ε♣σ(t) − s♣,

for all s ∈ U . We say f∆(t) is the delta or Hilger derivative of f at t. Also, we
say f is delta differentiable on T

k if f∆(t) exists for all t ∈ T
k. Similarly, we say
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that a function f defined on T is ∇ differentiable at t ∈ Tk if for ε > 0 there is a
neighborhood V of t such that for some γ the following inequality holds:

♣f(ρ(t)) − f(s) − γ(ρ(t) − s)♣ ≤ ε♣ρ(t) − s♣,

for all s ∈ V and in this case, we write f∇(t) = γ. We say that f is ∇ differentiable
on Tk if f∇(t) exists for any t ∈ Tk.

Definition 2.1 ([12, 13]). Let α ∈ [0, 1] and f : T → R be ∆ and ∇ differentiable at
t ∈ T. Define the diamond-α dynamic derivative f♢α of f at t as follows

f♢α(t) = αf∆(t) + (1 − α)f∇(t).

Thus, f is diamond-α-differentiable at t ∈ T if and only if f is ∆ and ∇ differentiable
at t. When α = 1, we have

f♢α(t) = f∆(t)

and for α = 0, we have

f♢α(t) = f∇(t).

In [12], they proved the following criteria for ⋄α-differentiability of a function.

Theorem 2.1 ([12]). Let α ∈ [0, 1].

(a) If t ∈ T is dense and f ′(t) exists, then

f ⋄α(t) = f∆(t) = f∇(t) = f ′(t).

(b) If t ∈ T is isolated, then f ⋄α(t) exists and

f ⋄α(t) =
fσ(t) − f(t)

σ(t) − t
+ (1 − α)

fρ(t) − f(t)

ρ(t) − t
.

(c) If t ∈ T is left-scattered and right-dense, and

f ′(t+) = lim
h→0+

f(t + h) − f(t)

h

exists, then f ⋄α(t) exists and

f ⋄α(t) = αf ′(t+) + (1 − α)
fρ(t) − f(t)

ρ(t) − t
.

(d) If t ∈ I is right-scattered and left-dense, and

f ′(t−) = lim
h→0−

f(t + h) − f(t)

h

exists, then f ⋄α(t) exists and

f ⋄α(t) = α
fσ(t) − f(t)

σ(t) − t
+ (1 − α)f ′(t−).

Below we will list some of the properties of the diamond-α derivative. Let f, g :
T → R be diamond-α differentiable at t ∈ T.
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Theorem 2.2 ([12,13]). f + g is diamond-α differentiable at t and

(f + g)♢α(t) = f♢α(t) + g♢α(t).

Theorem 2.3 ([12,13]). For any c ∈ C, we have cf is diamond-α differentiable at t

and

(cf)♢α(t) = cf♢α(t).

Theorem 2.4 ([12,13]). fg is diamond-α differentiable at t and

(fg)♢α(t) = f♢α(t)g(t) + αfσ(t)g∆(t) + (1 − α)fρ(t)g∇(t)

= f(t)g♢α(t) + αf∆(t)gσ(t) + (1 − α)f∇(t)gρ(t).

Definition 2.2 ([2]). Let a, t ∈ T and f : T → R. A function F : T → R is called
a ∆ derivative of f provided that F ∆(t) = f(t) holds for t ∈ T. We define the ∆
integral of f by

∫ t

a
f(s)∆s = F (t) − F (a), t ∈ T.

Let g : T → R. A function G : T → R is called a ∇ derivative of g provided that
G∇(t) = g(t) holds for t ∈ T. We define the ∇ integral of g by

∫ t

a
g(s)∇s = G(t) − G(a), t ∈ T.

Definition 2.3 ([12, 13]). Let α ∈ [0, 1], a, t ∈ T and h : T → R. Define diamond-α
integral of h as follows

∫ t

a
h(s)♢αs = α

∫ t

a
h(s)∆s + (1 − α)

∫ t

a
h(s)∇s.

Remark 2.1. Note that
∫ t

a
f(s)♢αs

♢α

=α

∫ t

a
f(s)♢αs

∆

+ (1 − α)
∫ t

a
f(s)♢αs

∇

=α



α

∫ t

a
f(s)∆s + (1 − α)

∫ t

a
f(s)∇s

∆

+ (1 − α)


α

∫ t

a
f(s)∆s + (1 − α)

∫ t

a
f(s)∇s

∇

=α2f(t) + α(1 − α)f(σ(t)) + α(1 − α)f(ρ(t)) + (1 − α)2f(t)

=
(

2α2 − 2α + 1


f(t) + α(1 − α)(f(σ(t)) + f(ρ(t))), t ∈ T.

Thus, in the general case we do not have
∫ t

a
f(s)♢αs

♢α

= f(t).

In [11], they proved the following criteria for ⋄α-integrability of a function.
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Theorem 2.5 ([11]). (a) Every monotone function f : T → R on [a, b]T is ⋄α-

integrable on [a, b]T.

(b) Every continuous function f : T → R on [a, b]T is ⋄α-integrable on [a, b]T.

(c) Every regulated function f : T → R on [a, b]T is ⋄α-integrable on [a, b]T.

Below we suppose that f, g : T → R are diamond-α integrable over [a, b]T.

Theorem 2.6 ([12,13]). For any c ∈ C, the function cf is diamond-α integrable over

[a, b]T and
∫ b

a
(cf)(s)♢αs = c

∫ b

a
f(s)♢αs.

Theorem 2.7 ([12,13]). f + g is diamond-α integrable over [a, b]T and
∫ b

a
(f + g)(s)♢αs =

∫ b

a
f(s)♢αs +

∫ b

a
g(s)♢αs.

Theorem 2.8 ([12,13]). We have
∫ b

a
f(s)♢αs =

∫ t

a
f(s)♢αs +

∫ b

t
f(s)♢αs,

for any t ∈ [a, b]T.

For a, b ∈ T, a < b, denote

xα =
1

b − a

∫ b

a
t ⋄α t,

xα,α =
1

b − a

∫ b

a
t2 ⋄α t,

xα,r,− =

(

1

b − a

∫ b

a
(b − t)

1

r ⋄α t

)r

,

xα,r,+ =

(

1

b − a

∫ b

a
(t − a)

1

r ⋄α t

)r

,

h0(x, a) = 1,

hk(x, a) =
∫ x

a
hk−1(τ, a)∆τ, k ∈ N, x ∈ [a, b]T.

We have

hn(x, a) ≤
(x − a)n

n!
, n ∈ N, x ∈ [a, b]T.

Definition 2.4 ([2]). A function f : T → R is called rd-continuous provided it is
continuous at right-dense points in T and its left-sided limits exist (finite) at left-dense
points in T. The set of rd-continuous functions f : T → R will be denoted by Crd(T).

The set of functions f : [a, b]T → R that are n-times rd-continuously ∆-differentiable
on [a, b] is denoted by C

n
rd([a, b]T).

For some of our main results we will use Taylor’s formula.
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Theorem 2.9 ([2], Taylor’s formula). Let f ∈ C
n+1
rd ([a, b]T). Then

f(x) =
n
∑

k=0

hk(x, a)f∆k

(a) +
∫ ρn(x)

a
hn(x, σ(τ))f∆n+1

(τ)∆τ, x ∈ [a, b]T.

We also need the following well-known inequality for proving our results.

Theorem 2.10 ([4], Hölder’s inequality). Let a, b ∈ T, a < b. For rd-continuous

functions f, g : [a, b]T → R we have

∫ b

a
♣f(t)g(t)♣∆τ ≤

(

∫ b

a
♣f(t)♣p∆t

)
1

p
(

∫ b

a
♣g(t)♣q∆t

)
1

q

,

where p, q ≥ 1 and 1
p

+ 1
q

= 1.

3. Main Results

In this section, we attempt to establish several new inequalities for strongly r-convex
functions on time scales by virtue of some notions and results and by introducing new
quantities.

A function f : I ⊆ R → R is said to be convex if the inequality

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

holds, for all x, y ∈ I and λ ∈ [0, 1]. Also, for the convex function f : [a, b] → R the
following inequality is known as Hermite-Hadamard inequality:

f

(

a + b

2

)

≤
1

b − a

∫ b

a
f(x)dx ≤

f(a) + f(b)

2
.

Definition 3.1. Let I ⊂ R be an interval and c be a positive number. A function
f : I → R is called strongly r-convex function with modulus c, if

f(λx + (1 − λ)y) ≤ (λ(f(x))r + (1 − λ)(f(y))r)
1

r − cλ(1 − λ)(x − y)2,

for any pair of x, y ∈ I, t ∈ [0, 1] and r ≠ 0. If we take c = 0, we have the definition
of r-convexity of the function f .

We can extend the above definition on any time scale T. From now on, we suppose
that [a, b]T is an interval in T. Note that, if f : [a, b]T → R is positive strongly r-convex
function with modulus c, we have

(3.1) f(t) ≤

(

b − t

b − a
(f(a))r +

t − a

b − a
(f(b))r

)
1

r

− c(b − t)(t − a), t ∈ [a, b]T.

Now we are in a position to present our first result.

Theorem 3.1. Suppose that 0 < r ≤ 1 and f : [a, b]T → R is a positive strongly

r-convex function and ⋄α-integrable on [a, b]T. Then

1

b − a

∫ b

a
f(t) ⋄α t ≤

1

(b − a)
1

r

(

xα,r,−(f(a)
r

+ xα,r,+(f(b))r)
1

r
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+ c (ab − (a + b)xα + xα,α) .

Proof. By taking the diamond-α integral side by side in (3.1), we have

∫ b

a
f(t) ⋄α t ≤

∫ b

a

(

b − t

b − a
(f(a))r +

t − a

b − a
(f(b))r

)
1

r

⋄α t

− c

∫ b

a
(b − t)(t − a) ⋄α t

=







∫ b

a









(

b − t

b − a

)
1

r

f(a)





r

+

(



t − a

b − a


1

r

f(b)

)r




1

r

⋄α t







1

r

− c

∫ b

a
(b − t)(t − a) ⋄α t.

Now, by applying Minkowski’s inequality, we find

∫ b

a
f(t) ⋄α t ≤









∫ b

a

(

b − t

b − a

)
1

r

f(a) ⋄α t





r

+

(

∫ b

a



t − a

b − a


1

r

f(b) ⋄α t

)r




1

r

− c

∫ b

a
(b − t)(t − a) ⋄α t

=



(f(a))r





∫ b

a

(

b − t

b − a

)
1

r

⋄α t





r

+ (f(b))r

(

∫ b

a



t − a

b − a


1

r

⋄α t

)r




1

r

− c

∫ b

a
(b − t)(t − a) ⋄α t

=
1

(b − a)
1

r

(

(f(a))r

(

∫ b

a
(b − t)

1

r ⋄α t

)r

+ (f(b))r

(

∫ b

a
(t − a)

1

r ⋄α t

)r) 1

r

− c

∫ b

a
(b − t)(t − a) ⋄α t

=
b − a

(b − a)
1

r

(

xα,r,−(f(a))r + xα,r,+(f(b))r


1

r − c

∫ b

a

(

bt − ab − t2 + at


⋄α t

=
b − a

(b − a)
1

r

(xα,r,−(f(a))r + xα,r,+(f(b))r)
1

r

− (b − a)c (−ab + (a + b)xα − xα,α) ,

whereupon we obtain the desired inequality. This completes the proof. □

Before we establish the next result, we provide the following integral identity.

Lemma 3.1. Let f ∈ C
n
rd([a, b]T). Then

(3.2)
∫ b

a
f(s)∆s =

n
∑

k=1

hk(b, a)f∆k−1

(a) +
∫ ρn(b)

a
hn(b, σ(τ))f∆n

(τ)∆τ.
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Proof. Let

g(x) =
∫ x

a
f(s)∆s, x ∈ [a, b]T.

By Taylor’s formula, we have

g(x) =
n
∑

k=0

hk(x, a)g∆k

(a) +
∫ ρn(x)

a
hn(x, σ(τ))g∆n+1

(τ)∆τ,

for x ∈ [a, b]T. Hence,
∫ x

a
f(s)∆s =

n
∑

k=1

hk(x, a)f∆k−1

(a) +
∫ ρn(x)

a
hn(x, σ(τ))f∆n

(τ)∆τ,

for x ∈ [a, b]T. By the last equality, for x = b, we find (3.2). This completes the
proof. □

Set

I(a, b, n, f) =
∫ b

a
f(s)∆s −

n
∑

k=1

hk(b, a)f∆k−1

(a),

yα =
1

b − a

∫ b

a
t∆t,

yα,α =
1

b − a

∫ b

a
t2∆t,

yα,r,− =

(

1

b − a

∫ b

a
(b − t)

1

r ∆t

)r

,

yα,r,+ =

(

1

b − a

∫ b

a
(t − a)

1

r ∆t

)r

.

Theorem 3.2. Let f ∈ C
n
rd([a, b]T), r > 0, q > 1 and

∣

∣

∣f∆n
∣

∣

∣

q
is a strongly r-convex

function with modulus c on [a, b]T. Then

1

b − a
♣I(a, b, n, f)♣ ≤

(b − a)n−
1

rq

n!
2

1

q

(

2
1

rq ♣f∆n

(b)♣y
1

rq

α,r,+ + 2
1

rq ♣f∆n

(a)♣y
1

rq

α,r,−

+ c
1

q (b − a)
1

rq ♣yα,α − (a + b)yα + ab♣
1

q

)

.

Proof. Since
∣

∣

∣f∆n
∣

∣

∣

q
is a strongly r-convex function with modulus c on [a, b]T, applying

(3.1), we have

∣

∣

∣f∆n

(x)
∣

∣

∣

q
≤

(

b − x

b − a

∣

∣

∣f∆n

(a)
∣

∣

∣

qr
+

x − a

b − a

∣

∣

∣f∆n

(b)
∣

∣

∣

qr
)

1

r

− c(b − x)(x − a), x ∈ [a, b]T.

(3.3)

Hence, by Lemma 3.1 and the inequality

(x + y)k ≤ 2k(xk + yk), x, y, k > 0,
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we get

♣I(a, b, n, f)♣ =

∣

∣

∣

∣

∣

∫ ρn(b)

a
hn(b, σ(τ))f∆n

(τ)∆τ

∣

∣

∣

∣

∣

≤
∫ ρn(b)

a
♣hn(b, σ(τ))♣

∣

∣

∣f∆n

(τ)
∣

∣

∣∆τ (By Hölder’s inequality)

≤

(

∫ ρn(b)

a
♣hn(b, σ(τ))♣p∆τ

)
1

p
(

∫ ρn(b)

a

∣

∣

∣f∆n

(τ)
∣

∣

∣

q
∆τ

)
1

q

≤

(

∫ ρn(b)

a

(

(b − σ(τ))n

n!

)p

∆τ

)
1

p
(

∫ ρn(b)

a

∣

∣

∣f∆n

(τ)
∣

∣

∣

q
∆τ

)
1

q

≤(b − a)
1

p

(

(b − a)n

n!

)(

∫ b

a

∣

∣

∣f∆n

(τ)
∣

∣

∣

q
∆τ

)
1

q

≤(b − a)
1

p

(

(b − a)n

n!

)(

∫ b

a

((

τ − a

b − a

∣

∣

∣f∆n

(b)
∣

∣

∣

qr

+
b − τ

b − a

∣

∣

∣f∆n

(a)
∣

∣

∣

qr
)

1

r

− c(b − τ)(τ − a)

)

∆τ

)
1

q

=(b − a)
1

p

(

(b − a)n

n!

)(

∫ b

a

((

τ − a

b − a

∣

∣

∣f∆n

(b)
∣

∣

∣

qr

+
b − τ

b − a

∣

∣

∣f∆n

(a)
∣

∣

∣

qr
)

1

r

− c(bτ − ab − τ 2 + aτ)

)

∆τ

)
1

q

≤(b − a)
1

p
(b − a)n

n!

(

2
1

r

∣

∣

∣f∆n

(b)
∣

∣

∣

q

(b − a)
1

r

∫ b

a
(τ − a)

1

r ∆τ

+
2

1

r

∣

∣

∣f∆n

(a)
∣

∣

∣

q

(b − a)
1

r

∫ b

a
(b − τ)

1

r ∆τ

)
1

q

+ c

∫ b

a
τ 2∆τ − c(a + b)

∫ b

a
τ∆τ + abc(b − a)

)
1

q

=(b − a)
1

q
(b − a)n

n!

(

2
1

r

∣

∣

∣f∆n

(b)
∣

∣

∣

q

(b − a)
1

r

(b − a)y
1

r
α,r,+

+
2

1

r

∣

∣

∣f∆n

(a)
∣

∣

∣

q

(b − a)
1

r

(b − a)y
1

r
α,r,− + c(b − a)(yα,α − (a + b)yα + ab)

)
1

q

≤(b − a)
1

p
+ 1

q
(b − a)n

n!
2

1

q

(

2
1

rq ♣f∆n

(b)♣

(b − a)
1

rq

y
1

rq

α,r,+
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+
2

1

rq ♣f∆n

(a)♣

(b − a)
1

rq

y
1

rq

α,r,− + c
1

q ♣yα,α − (a + b)yα + ab♣
1

q

)

,

whereupon we get the desired result. This completes the proof. □

The next result reads as follows.

Theorem 3.3. Let r > 0, q ≥ 1, f ∈ C
n
rd([a, b]T),

∣

∣

∣f∆n
∣

∣

∣ ≥ 1 on [a, b]T and
∣

∣

∣f∆n
∣

∣

∣

q
is a

strongly r-convex function with modulus c on [a, b]T. Then

1

b − a
♣I(a, b, n, f)♣ ≤

(b − a)n

n!

(

2
1

r

(b − a)
1

r

(

∣

∣

∣f∆n

(b)
∣

∣

∣

q
y

1

r
α,r,+ +

∣

∣

∣f∆n

(a)
∣

∣

∣

q
y

1

r
α,r,−

)

+ c (yα,α − (a + b)yα + ab)

)

.

Proof. Because
∣

∣

∣f∆n
∣

∣

∣

q
is a strongly r-convex function with modulus c on [a, b]T, the

inequality (3.3) holds. Hence,

♣I(a, b, n, f)♣ =

∣

∣

∣

∣

∣

∫ ρn(b)

a
hn(b, σ(τ))f∆n

(τ)∆τ

∣

∣

∣

∣

∣

≤
∫ ρn(b)

a
hn(b, σ(τ))

∣

∣

∣f∆n

(τ)
∣

∣

∣∆τ ≤
∫ ρn(b)

a
hn(b, σ(τ))

∣

∣

∣f∆n

(τ)
∣

∣

∣

q
∆τ

≤
∫ b

a
hn(b, τ)

∣

∣

∣f∆n

(τ)
∣

∣

∣

q
∆τ ≤ hn(b, a)

∫ b

a

∣

∣

∣f∆n

(τ)
∣

∣

∣

q
∆τ

≤
(b − a)n

n!

∫ b

a

∣

∣

∣f∆n

(τ)
∣

∣

∣

q
∆τ

≤
(b − a)n

n!

(

∫ b

a

(

b − τ

b − a

∣

∣

∣f∆n

(a)
∣

∣

∣

qr
+

τ − a

b − a

∣

∣

∣f∆n

(b)
∣

∣

∣

qr
)

1

r

∆τ

− c

∫ b

a
(b − τ)(τ − a)∆τ

)

.

Now, using the inequality

(x + y)k ≤ 2k
(

xk + yk


, x, y > 0, k > 0,

we have

♣I(a, b, n, f)♣ ≤
(b − a)n

n!

(

2
1

r

∣

∣

∣f∆n

(a)
∣

∣

∣

q

(b − a)
1

r

∫ b

a
(b − τ)

1

r ∆τ + 2
1

r

∣

∣

∣f∆n

(b)
∣

∣

∣

q

(b − a)
1

r

∫ b

a
(τ − a)

1

r ∆τ

− c

∫ b

a

(

−ab + (a + b)τ − τ 2


∆τ

)

=
(b − a)n

n!

(

2
1

r

∣

∣

∣f∆n

(a)
∣

∣

∣

q

(b − a)
1

r

(b − a)y
1

r
α,r,− + 2

1

r

∣

∣

∣f∆n

(b)
∣

∣

∣

q

(b − a)
1

r

(b − a)y
1

r
α,r,+



INEQUALITIES FOR STRONGLY r-CONVEX FUNCTIONS ON TIME SCALES 943

+ (b − a)c (yα,α − (a + b)yα + ab)

)

.

From here,

1

b − a
♣I(a, b, n, f)♣ ≤

(b − a)n

n!

(

2
1

r

∣

∣

∣f∆n

(a)
∣

∣

∣

q

(b − a)
1

r

y
1

r
α,r,− + 2

1

r

∣

∣

∣f∆n

(b)
∣

∣

∣

q

(b − a)
1

r

y
1

r
α,r,+

+ c (yα,α − (a + b)yα + ab)

)

.

This completes the proof. □

Now we present another inequality for this class of functions by different approach.

Theorem 3.4. Let p, q > 1 such that 1
p

+ 1
q

= 1, r > 0, f ∈ C
n
rd([a, b]T) and

∣

∣

∣f∆n
∣

∣

∣

q
is

a strongly r-convex function with modulus c on [a, b]T. Then

1

b − a
♣I(a, b, n, f)♣ ≤

(

1

p
− r0

)(

(b − a)n

n!

)p

+

(

1

q
− r0

)(

2
1

r

(

♣f∆n

(a)♣q

(b − a)
1

r

y
1

r
α,r,−

+
♣f∆n

(b)♣q

(b − a)
1

r

y
1

r
α,r,+

)

+ c(yα,α − (a + b)yα + ab)

)

+ 2
3

2

(b − a)
np

2

(n!)
p

2

(

2
1

2r

(b − a)
1

2r

(

♣f∆n

(a)♣qy
1

r
α,r,− + ♣f∆n

(b)♣qy
1

r
α,r,+

)
1

2

+ c
1

2 ♣yα,α − (a + b)yα + ab♣
1

2

)

,

where r0 = min
{

1
p
, 1

q

}

.

Proof. Since
∣

∣

∣f∆n
∣

∣

∣

q
is strongly r-convex with modulus c on [a, b]T, we have (3.3). Now,

using the refinement of Young inequality

xy ≤
xp

p
+

yq

q
− r0(x

p

2 − y
q

2 )2, x, y ≥ 0,

we have

♣I(a, b, n, f)♣ =

∣

∣

∣

∣

∣

∫ ρn(b)

a
hn(b, σ(τ))f∆n

(τ)∆τ

∣

∣

∣

∣

∣

≤
∫ ρn(b)

a
hn(b, σ(τ))

∣

∣

∣f∆n

(τ)
∣

∣

∣∆τ

≤
∫ b

a
hn(b, τ)

∣

∣

∣f∆n

(τ)
∣

∣

∣∆τ

≤
1

p

∫ b

a
(hn(b, τ))p ∆τ +

1

q

∫ b

a

∣

∣

∣f∆n

(τ)
∣

∣

∣

q
∆τ

− r0

∫ b

a



((hn(b, τ))
p

2 −
∣

∣

∣f∆n

(τ)
∣

∣

∣

q

2

2

∆τ
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≤

(

1

p
− r0

)

(b − a)

(

(b − a)n

n!

)p

+

(

1

q
− r0

)

∫ b

a

(

b − τ

b − a

∣

∣

∣f∆n

(a)
∣

∣

∣

qr
+

τ − a

b − a

∣

∣

∣f∆n

(b)
∣

∣

∣

qr
)

1

r

∆τ

− c

(

1

q
− r0

)

∫ b

a
(b − τ)(τ − a)∆τ + 2r0

∫ b

a
(hn(b, τ))

p

2 ♣f∆n

(τ)♣
q

2 ∆τ

≤

(

1

p
− r0

)

(b − a)

(

(b − a)n

n!

)p

+

(

1

q
− r0

)

2
1

r

(

♣f∆n

(a)♣q

(b − a)
1

r

∫ b

a
(b − τ)

1

r ∆τ

+
♣f∆n

(b)♣q

(b − a)
1

r

∫ b

a
(τ − a)

1

r ∆τ

)

+

(

1

q
− r0

)

c(b − a)(yα,α − (a + b)yα + ab)

+ 2r0

(

∫ b

a
(hn(b, τ))p∆τ

)
1

2
(

∫ b

a
♣f∆n

(τ)♣q∆τ

)
1

2

≤

(

1

p
− r0

)

(b − a)

(

(b − a)n

n!

)p

+

(

1

q
− r0

)

2
1

r (b − a)

(

♣f∆n

(a)♣q

(b − a)
1

r

y
1

r
α,r,− +

♣f∆n

(b)♣q

(b − a)
1

r

y
1

r
α,r,+

)

+

(

1

q
− r0

)

c(b − a)(yα,α − (a + b)yα + ab)

+ 2r0
(b − a)

np+1

2

(n!)
p

2

(

∫ b

a

(

b − τ

b − a
♣f∆n

(a)♣qr +
τ − a

b − a
♣f∆n

(b)♣qr

)
1

r

− c

∫ b

a
(b − τ)(τ − a)∆τ

)
1

2

≤

(

1

p
− r0

)

(b − a)

(

(b − a)n

n!

)p

+

(

1

q
− r0

)

2
1

r (b − a)

(

♣f∆n

(a)♣q

(b − a)
1

r

y
1

r
α,r,− +

♣f∆n

(b)♣q

(b − a)
1

r

y
1

r
α,r,+

)

+

(

1

q
− r0

)

c(b − a)(yα,α − (a + b)yα + ab)

+ 2r0
(b − a)

np+1

2

(n!)
p

2

(

2
1

r

(b − a)
1

r

(

♣f∆n

(a)♣q
∫ b

a
(b − τ)

1

r ∆τ
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+ ♣f∆n

(b)♣q
∫ b

a
(τ − a)

1

r ∆τ

)

+ c(b − a)♣yα,α − (a + b)yα + ab♣

)
1

2

=

(

1

p
− r0

)

(b − a)

(

(b − a)n

n!

)p

+

(

1

q
− r0

)

2
1

r (b − a)

(

♣f∆n

(a)♣q

(b − a)
1

r

y
1

r
α,r,− +

♣f∆n

(b)♣q

(b − a)
1

r

y
1

r
α,r,+

)

+

(

1

q
− r0

)

c(b − a)(yα,α − (a + b)yα + ab)

+ 2r0
(b − a)

np+1

2

(n!)
p

2

(

2
1

r

(b − a)
1

r

(

♣f∆n

(a)♣q(b − a)y
1

r
α,r,−

+ ♣f∆n

(b)♣q(b − a)y
1

r
α,r,+

)

+ c(b − a)♣yα,α − (a + b)yα + ab♣

)
1

r

=

(

1

p
− r0

)

(b − a)

(

(b − a)n

n!

)p

+

(

1

q
− r0

)

(b − a)

(

2
1

r

(

♣f∆n

(a)♣q

(b − a)
1

r

y
1

r
α,r,− +

♣f∆n

(b)♣q

(b − a)
1

r

y
1

r
α,r,+

)

+ c(yα,α − (a + b)yα + ab)

)

+ 2r0
(b − a)

np+1

2

(n!)
p

2

(

2
1

r

(b − a)
1

r

(

♣f∆n

(a)♣q(b − a)y
1

r
α,r,−

+ ♣f∆n

(b)♣q(b − a)y
1

r
α,r,+

)

+ c(b − a)♣yα,α − (a + b)yα + ab♣

)
1

2

≤

(

1

p
− r0

)

(b − a)

(

(b − a)n

n!

)p

+

(

1

q
− r0

)

(b − a)

(

2
1

r

(

♣f∆n

(a)♣q

(b − a)
1

r

y
1

r
α,r,− +

♣f∆n

(b)♣q

(b − a)
1

r

y
1

r
α,r,+

)

+ c(yα,α − (a + b)yα + ab)

)
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+ 2
3

2 r0
(b − a)

np+1

2

(n!)
p

2

(

2
1

2r

(b − a)
1

2r

(

♣f∆n

(a)♣q(b − a)y
1

r
α,r,−

+ ♣f∆n

(b)♣q(b − a)y
1

r
α,r,+

)
1

2

+ c
1

2 (b − a)
1

2 ♣yα,α − (a + b)yα + ab♣
1

2

)

.

This completes the proof. □

Remark 3.1. According to Theorem 3.4 we conclude that:

• If p > q, then we have

1

b − a
♣I(a, b, n, f)♣ ≤

p − q

pq

(

2
1

r

(

♣f∆n

(a)♣q

(b − a)
1

r

y
1

r
α,r,−

+
♣f∆n

(b)♣q

(b − a)
1

r

y
1

r
α,r,+

)

+ c(yα,α − (a + b)yα + ab)

)

+ 2
3

2

(b − a)
np

2

(n!)
p

2

(

2
1

2r

(b − a)
1

2r

(

♣f∆n

(a)♣qy
1

r
α,r,− + ♣f∆n

(b)♣qy
1

r
α,r,+

)
1

2

+ c
1

2 ♣yα,α − (a + b)yα + ab♣
1

2

)

.

• If p < q, then we obtain

1

b − a
♣I(a, b, n, f)♣ ≤

q − p

pq

(

(b − a)n

n!

)p

+ 2
3

2

(b − a)
np

2

(n!)
p

2

(

2
1

2r

(b − a)
1

2r

(

♣f∆n

(a)♣qy
1

r
α,r,− + ♣f∆n

(b)♣qy
1

r
α,r,+

)
1

2

+ c
1

2 ♣yα,α − (a + b)yα + ab♣
1

2

)

.

• If p = q = 2, then we have

1

b − a
♣I(a, b, n, f)♣ ≤2

3

2

(b − a)
np

2

(n!)
p

2

(

2
1

2r

(b − a)
1

2r

(

♣f∆n

(a)♣qy
1

r
α,r,− + ♣f∆n

(b)♣qy
1

r
α,r,+

)
1

2

+ c
1

2 ♣yα,α − (a + b)yα + ab♣
1

2

)

.

Remark 3.2. If T = R, then the delta and nabla derivatives coincide with the classical
derivative. Hence, diamond-α integral from a to t of f will be reduced to classical
integral.
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ON THE EXISTENCE AND UNIQUENESS OF FUZZY MILD

SOLUTION OF FRACTIONAL EVOLUTION EQUATIONS

AZIZ EL GHAZOUANI1, FOUAD IBRAHIM ABDOU AMIR1, M’HAMED ELOMARI1,
AND SAID MELLIANI1

Abstract. In this paper, the nonlocal Cauchy problem is discussed for the fuzzy
fractional evolution equations in an arbitrary Banach space for order q ∈ (1, 2) and
the criteria on the existence and uniqueness of mild fuzzy solutions are obtained by
using Schauder’s fixed point theorem. An example to illustrate the applications of
main results is also given.

1. introduction

Fuzzy set theory has been attracting increasing interest in recent years as it is widely
used in several fields such as mechanics, electrical engineering, signal processing, etc.
As a result, in recent decades, fuzzy set theory has become a hot and current topic
and has received much attention from researchers (see for instance [16,17]).

Note that Kaleva [11] discussed the properties of differentiable fuzzy set-valued
mappings by means of the concept of H-differentiability due to Puri and Ralescu
[12], gave the existence and uniqueness theorem for a solution of the fuzzy differential
equation

(1.1) u′(t) = f(t, u(t)), u(0) = u0,

when f : I × En → En satisfies the Lipschitz condition.

Key words and phrases. Fuzzy fractional evolution equations, mild fuzzy solutions, Banach space,
Schauder fixed point theorem.
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In [13] Bhaskar Dubey and Raju K. George studied the linear time-invariant systems
with fuzzy initial condition

(1.2) u′(t) = Au(t) +Bc(t), u (t0) = u0,

where c(t) ∈ (E1)
m

a control and A,B, are n × n, n × m real matrices, respectively,
t0 ≥ 0.

In [14] Nguyen Thi Kim Son demonstrate the efficiency of theoretical results by
studying the existence of fuzzy mild solutions of nonlinear fuzzy fractional evolution
equations

(1.3)







C
gHDqx(t) = Ax(t) + f(t, x(t)), t ∈ [0, a],

x(0) = φ0,

where C
gHDq is the fuzzy Caputo fractional derivative of order q ∈ (0, 1), and A is the

infinitesimal generator of a strongly continuous semigroup ¶T (t)♢t≥0 on T the set of
all triangular fuzzy numbers.

Building on this work, we have opted for the fuzzy Caputo derivative to prove the
existence and uniqueness of the soft solution of the fuzzy initial value problem of the
fractional evolution equation of order q ∈ (1, 2)

(1.4)















C
gHDqx(t) = Ax(t) + f



t, x(t), C
gHDq−1x(t)



, t ∈ [0, a], 1 < q < 2,

x(0) = x0,
C
gHDq−ix(0) = xi, i = 1, . . . , ♣q♣,

where A is a linear operator and f is a continuous function.
The purpose of this study is to develop an original kind of fuzzy initial value

problem of the fractional evolution equation of order q ∈ (1, 2) utilizing fuzzy Caputo
derivative of order q ∈ (1, 2), and also to show the existence and uniqueness of its
mild solutions.

The following is a breakdown of the paper’s structure. After this Introduction
we give Preliminaries which will be used throughout this paper, Fractional Integral
Equation can be found in Section 3, The existence of mild solutions of the Cauchy
problem for fractional evolution equations is studied in Section 4. In Section 5,we
provide an example to present the applications of the results obtained in the abstract.

2. Preliminaries

In this part we recall some basic notions that will be useful in the rest of our article.

2.1. The metric space E1.

Definition 2.1. A fuzzy number is a fuzzy set x : R → [0, 1] that satisfies the
following conditions:

1. x is normal, i.e., there is a t0 ∈ R such that x (t0) = 1;
2. x is a fuzzy convex set;
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3. x is upper semi-continuous;
4. x closure of ¶t ∈ R : x(t) > 0♢ is compact.

We denote by E1 the space of all fuzzy numbers on R.

E1 = ¶x : R → [0, 1] : x satisfies 1–4. below♢.

For all α ∈ (0, 1] the α-cut of an element of E1 is defined by

xα = ¶t ∈ R : x(t) ≥ α♢.

By the former parcels we can write

(2.1) xα = [x(α), x̄(α)].

The distance between two element of E1 is given by (see [1])

(2.2) d(x, y) = sup
α∈(0,1]

max¶♣x̄(α) − ȳ(α)♣, ♣x(α) − y(α)♣♢.

And the following properties are valid:

1. d(x+ z, y + z) = d(x, y);
2. d(λx, λy) = ♣λ♣d(x, y);
3. d(x+ y, w + z) ≤ d(x,w) + d(y, z).

The operations of addition and scalar multiplication of fuzzy numbers on RF have
the form

(2.3) [x⊕ y]α = [x]α + [y]α and [λ⊙ x]α = λ[x]α, λ ∈ R,

where

(2.4) [x]α + [y]α = ¶a+ b : a ∈ [x]α, b ∈ [y]α♢

is the Minkowski sum of [x]α and [y]α and

(2.5) λ[x]α = ¶λa : a ∈ [x]α♢ .

For x, y ∈ RF, the gH difference [2] of x and y, denoted by x⊖gH y, is defined as the
element z ∈ RF such that

(2.6) x⊖gH y = z ⇔ ¶(i) x = y + z or (ii) y = x+ (−1)z♢.

In terms of α-levels we have

(x⊖gH y)α = [min¶x(α) − y(α), x̄(α) − ȳ(α)♢,max¶x(α) − y(α), x̄(α) − ȳ(α)♢].

And the conditions for the existence of z = x⊖g y ∈ E1 are:
case (i):







z(α) = x(α) − y(α) and z(α) = x(α) − y(α),

with z(α) increasing, z(α) decreasing, z(α) ≤ z(α);
(2.7)

case (ii):






z(α) = x(α) − y(α) and z(α) = x(α) − y(α),

with z(α) increasing, z(α) decreasing, z(α) ≤ z(α),
(2.8)
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for all α ∈ [0, 1].
In general, with x ∈ RF, there does not exist y ∈ RF such that x ⊕ y = 0.

Then, unfortunately, RF is not a linear space with addition and scalar multiplication.
Consequently, (RF, ∥ · ∥) is not a Banach space, where ∥x∥ = d∞(x, 0̂), x ∈ RF.

Denote T by the set of all triangular fuzzy numbers in RF. (T, d∞) is a subspace of the
metric space (RF, d∞). It is a complete metric space. Moreover, Bede [3] showed that if
x, y ∈ T, then the difference x⊖gH y always exists in T and x⊖gH y = (−1)⊙(y ⊖gH x).

Let X be a subset of RF, J ⊂ R, and denote C(J,X) by the set of all continuous
mappings f : J → X.

2.2. Hukuhara’s derivative. Let f : [a, b] ⊂ R → E1 a fuzzy-valued function. The
α-level of f is given by

f(t, α) =


f(t, α), f(t, α)


, for all t ∈ [a, b], α ∈ [0, 1].

Definition 2.2 ([4]). Let t0 ∈ (a, b) and h be such that t0 + h ∈ (a, b), then the
generalized Hukuhara derivative of a fuzzy value function f : (a, b) → E1 at t0 is
defined as

(2.9) lim
h→0

∥

∥

∥

∥

∥

f (t0 + h) −g f (t0)

h
−g f

′
gH (t0)

∥

∥

∥

∥

∥

1

= 0.

If fgH (t0) ∈ E1 satisfying (3.4) exists, we say that f is generalized Hukuhara differ-
entiable (gH-differentiable for short) at t0.

Definition 2.3 ([4]). Let f : [a, b] → E1 and t0 ∈ (a, b), with f(t, α) and f̄(t, α) both
differentiable at t0.

We say that

1. f is [(i) − gH]-differentiable at t0 if

(2.10) f ′
i,gH (t0) =

[

f ′(t, α), f̄ ′(t, α)
]

;

2. f is [(ii) − gH]-differentiable at t0 if

(2.11) f ′
ii,gH (t0) =

[

f̄ ′(t, α), f ′(t, α)
]

.

Theorem 2.1 ([6]). Let f : J ⊂ R → E1 and ϕ : J → R and t ∈ J . Suppose that ϕ(t)
is differentiable function at t and the fuzzy-valued function f(t) is gH-differentiable

at t. So,

(2.12) (fϕ)′
g(t) = (f ′ϕ)g (t) + (fϕ′)g (t).

Definition 2.4 ([5]). Let f : [a, b] → E1 and f ′
gH(t) be gH-differentiable at t0 ∈

(a, b), moreover there isn’t any switching point on (a, b) and f(t, α) and f(t, α) both
differentiable at t0. We say that

• f ′ is [(i) − gH]-differentiable at t0, if

f ′′
i,gH(t0) =



f ′′(t, α), f
′′
(x, α)



;
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• f ′ is [(ii) − gH]-differentiable at t0, if

f ′′
ii,gH(t0) =



f
′′
(t, α), f ′′(t, α)



.

2.3. Fuzzy fractional derivative. We present generalized fuzzy fractional derivative
and their properties.

Definition 2.5 ([9]). Let f ∈ LE1

([a, b]). The fuzzy Riemann-Liouville integral of
fuzzy-valued function f is defined as following:

I
q
RLf(t) =

1

Γ(q)
⊙
∫ t

a
(t− s)q−1 ⊙ f(s)ds, a < s < t, 0 < q < 1.(2.13)

Definition 2.6 ([6], Riemann-Liouville fractional derivative-RL). Let us consider

f ∈ LE1

([a, b]) is a fuzzy number valued function,

D
q
RLgH

f(s) =







1
Γ(n−q)

⊙


d
ds

n ∫ s
a (s− t)n−q−1 ⊙ f(t)dt, n− 1 < q < n,



d
ds

n−1
f(s), q = n− 1.

(2.14)

Definition 2.7 ([6]). In the definition of RL fractional derivative, suppose the integer
order of the derivative is an operator inside of the integral and operating on operand
function f(t) ∈ E1, t ∈ [a, b] . We get the definition of Caputo gH derivative of f(t)

C
gHD

qf(s) =







1
Γ(n−q)

⊙
∫ s

a (s− t)n−q−1 ⊙ f
(n)
gH (t)dt, n− 1 < q < n,



d
ds

n−1
f(s), q = n− 1.

(2.15)

Also we say that f is [(i) − gH]-differentiable at t0, if

(2.16) gHD
q
t f(x, t;α) =

[

Dqf(x, t;α), Dqf̄(x, t;α)
]

, for all q ∈ (0, 1),

and f is [(ii) − gH]-differentiable at t0, if

(2.17) gHD
q
t f(x, t;α) =

[

Dqf̄(x, t;α), f(x, t;α)
]

, for all q ∈ (0, 1).

Definition 2.8 ([10]). Let f : [0,+∞) → X ⊂ RF be a continuous function such that
e−st ⊙ f(t) is integrable. Then the fuzzy Laplace transform of f , denoted by L[f(t)],
is

(2.18) L[f(t)] := F (s) =
∫ +∞

0
e−st ⊙ f(t)dt, s > 0.

A fuzzy-valued function f is exponent bounded of order β if there exists M > 0
similar that

(∃t0 > 0) d+∞(f(t), 0̂) ≤ Meβt, for all t ≥ t0.

Proposition 2.1. If x(t) is a fuzzy peace-wise continuous function on [0,+∞] and

of exponential order a, then

(2.19) L((x ⋆ y)(t)) = L(x(t)) ⊙ L(y(t)),

where y(t) is a peace-wise continuous real function on [0,+∞).
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Proof. We have

L(x(t)) ⊙ L(y(t)) =

∫ +∞

0
e−sτ ⊙ x(τ)dτ



⊙

∫ +∞

0
e−sσ ⊙ y(σ)dσ



=
∫ +∞

0


∫ +∞

0
e−s(τ+σ) ⊙ x(τ)dτ



⊙ y(σ)dσ.

Let us to hold τ fixed in the interior integral, substituting t = τ + σ and dσ = dt, we
obtain

L(x(t)) ⊙ L(y(t)) =
∫ +∞

0


∫ +∞

σ
e−st ⊙ x(τ) ⊙ y(t− τ)dt



dτ

=
∫ +∞

0

∫ ∞

σ
e−st ⊙ x(τ) ⊙ y(t− τ)dtdτ

=
∫ +∞

0
e−st ⊙


∫ t

0
x(t− σ) ⊙ y(σ)dτ



dσ

= L((x ⋆ y)(t)). □

Definition 2.9 ([15]). 1. The Gamma function is given by

(2.20) Γ(x) =
∫ +∞

0
tx−1e−tdt, for all x > 0.

2. The B function is defined by

(2.21) B(x, y) =
∫ 1

0
tx−1(1 − t)y−1, for all x, y > 0.

Proposition 2.2 ([15]). 1. For all x, y ∈ R
∗
+, B(x, y) = Γ(x)Γ(y)

Γ(x+y)
.

2. For all x > 0, Γ(x+ 1) = xΓ(x). It is easy to show the following lemma.

Proposition 2.3. For all α > 0, we get the following result

(2.22)
∫ t

0
Eα,1 (Asα) ds = tEα,2 (Atα) .

Proof.

∫ t

0
Eα,1 (Asα) ds =

∫ t

0

+∞
∑

n=0

snα

Γ(nα + 1)
Ands

=
+∞
∑

n=0

∫ t
0 s

nαds

Γ(nα + 1)
An

=
+∞
∑

n=0

tnα+1

(nα + 1)Γ(nα + 1)
An

=
+∞
∑

n=0

tnα+1

Γ(nα + 2)
An

= tEα,2 (Atα) . □
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Lemma 2.1. For all α ∈ [1, 2] and s > 0, we have

1. sα−1 (sα − A)−1 = L (Eα,1 (Atα)) (s);

2. sα−2 (sα − A)−1 = L (tEα,2 (Atα)) (s);

3. (sα − A)−1 = 1
Γ(α−1)

L



∫ t
0(t− s)α−2Eα,1 (Asα) ds



.

Proof. 1. For s > 0,

L (Eα,1 (Atα)) (s) = L



+∞
∑

n=0

tαnAn

Γ(αn+ 1)



=
+∞
∑

n=0

L (tαn)
An

Γ(αn+ 1)

=
+∞
∑

n=0

1

snα+1
An

= sα−1 (sα − A)−1
.

2. For s > 0, sα−1 (sα − A)−1 = L (Eα,1 (Atα)) (s), then

sα−2 (sα − A)−1 = s−1sα−1 (sα − A)−1

= L (1)(s)L (Eα,1 (Atα)) (s)

= L (1 ∗ Eα,1 (Atα)) (s)

= L


∫ t

0
Eα,1 (Atα)



(s)

= L (tEα,2 (tαA)) (s).

3. From (1), we get

(sα − A)−1 = s1−α
L (Eα,1 (Atα)) (s)

= L



tα−2

Γ(α− 1)



L (Eα,1 (Atα)) (s)

= L



tα−2

Γ(α− 1)
∗ Eα,1 (Atα)



(s)

= L



∫ t

0

(t− δ)α−2

Γ(α− 1)
Eα,1 (Aδα) dδ



(s),

hence the desired result. □

Lemma 2.2 ([10]). (1) Let f, g : [0,+∞) → X be continuous functions, c1, c2 ∈ R
+.

Then

L [c1 ⊙ f(t) + c2 ⊙ g(t)] = c1 ⊙ L[f(t)] + c2 ⊙ L[g(t)].

(2) Let f : [0,+∞) → X be a continuous function. Then

L

[

eat ⊙ f(t)
]

= F (s− a), s− a > 0.

(3) Let f ∈ C1([0,+∞), X) be exponent bounded of order β. Then
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(i) if f is [(i) − gH] differentiable, then L

[

Di
gHf(t)

]

= s⊙ L[f(t)] ⊖ f(0);

(ii) if f is [(ii)−gH] differentiable, then L

[

Dii
gHf(t)

]

= (−1)⊙f(0)⊖(−s)⊙L[f(t)].

Now, we recall Schauder’s fixed point theorem and the Ascoli-Arzela theorem as
follows.

Theorem 2.2 (Schauder fixed point theorem). Let Y be a nonempty, closed, bounded

and convex subset of a Banach space X, and suppose that P : Y → Y is a compact

operator. Then P has at least one fixed point in Y .

Theorem 2.3 (Ascoli-Arzela). Let ϕn(t) be a sequence of functions from [a, b] to

R which is uniformly bounded and equicontinuous. Then, ϕn(t) has a uniformly

convergent subsequence.

3. Fuzzy Fractional Integral Equation

In this section, we have performed the Cauchy problem for fuzzy fractional evolution
equations involving Caputo gH derivatives

(3.1)















C
gHDqx(t) = Ax(t) + f



t, x(t), C
gHDq−1x(t)



, t ∈ [0, a],

x(0) = x0, 1 < q < 2,
C
gHDq−ix(0) = xi, i = 1, . . . , ♣q♣,

where C
gHDq is the fuzzy Caputo fractional derivative of order q ∈ (1, 2), and A is the

infinitesimal generator of a strongly continuous semigroup ¶T (t)♢t≥0 on T.
Using Caputo’s fuzzy fractional derivative definition, applying the Riemann-Liouvi-

lle mixed fractional integral operator RLI
q

0+ member to member in (3.1) and using the
Newton-Leibnitz formula for the gH derivative [3], we get

(3.2) x(t) ⊖gH x(0) ⊖gH t⊙ x′(0) = RL
I

q

0+(Ax(t) + f


t, x(t), C
gHD

q−1x(t)


.

From the definition of gH difference and (3.1), we get the following assertions.
(i) If x is Caputo [(i) − gH] differentiable, then

x(t) = x(0) + t⊙ x′(0) + RL
I

q

0+



Ax(t) + f


t, x(t), C
gHD

q−1x(t)


.(3.3)

(ii) If x is Caputo [(ii) − gH] differentiable, then

x(t) = x(0) + t⊙ x′(0) ⊖ (−1) ⊙ RL
I

q

0+



Ax(t) + f


t, x(t), C
gHD

q−1x(t)


.(3.4)

By applying the fuzzy Laplace transform in [10], we obtain the precise integral
formula of the Cauchy problem (3.1) as follows.

Lemma 3.1. (i) If x is Caputo [(i)−gH] differentiable satisfying the Cauchy problem

(3.1), then

x(t) =Eq,1 (Atq) ⊙ x0 + t⊙ Eq,2 (Atq) ⊙ x1(3.5)

+
∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds.(3.6)
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(ii) If x is Caputo [(ii) − gH] differentiable satisfying the Cauchy problem (3.1), then

x(t) =Eq,1 (Atq) ⊙ x0 + t⊙ Eq,2 (Atq) ⊙ x1

(3.7)

⊖ (−1) ⊙
∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds.(3.8)

Here, Eq,1 (Atq) is the Mittag-Leffler function.

Proof. Set

(3.9) X(s) = L[x(t)] =
∫ ∞

0
e−st ⊙ x(t)dt

and

(3.10) F (s) = L[f(t)] =
∫ ∞

0
e−st ⊙ f



t, x(t), C
gHD

q−1x(t)


dt.

Case 1. Assume that x is Caputo [(i) − gH] differentiable on [0,+∞). Then from
(3.3) and [10] we have

x(t) = x(0) + t⊙ x′(0) + RL
I

q

0+



Ax(t) + f


t, x(t), C
gHD

q−1x(t)


,

X(s) = L(x(0)) + L(t⊙ x′(0)) + L



RL
I

q

0+



Ax(t) + f


t, x(t), C
gHD

q−1x(t)


,

=
1

s
⊙ x0 +

1

s2
⊙ x1 +

1

sq
⊙ AX(s) +

1

sq
⊙ F (s),

which implies

sq ⊙X(s) =sq−1 ⊙ x0 + sq−2 ⊙ x1 + AX(s) + F (s),

(sq ⊙ Id⊖ A) ⊙X(s) =sq−1 ⊙ x0 + sq−2 ⊙ x1 + F (s),

X(s) =(sq ⊙ Id⊖ A)−1 ⊙ sq−1 ⊙ x0 + (sq ⊙ Id⊖ A)−1 ⊙ sq−2 ⊙ x1

+ (sq ⊙ Id⊖ A)−1 ⊙ F (s)

or

(sq ⊙ Id⊖ A)−1 ⊙ sq−1 = L (Eq,1 (Atq)) (s),

(sq ⊙ Id⊖ A)−1 ⊙ sq−2 = L (t⊙ Eq,2 (Atq)) (s),

(sq ⊙ Id⊖ A)−1 =
1

Γ(q − 1)
⊙ L


∫ t

0
(t− τ)q−2Eq,1 (Aτ q) dτ



,

which give

(3.11) X(s) = L (Eq,1 (Atq)) ⊙ x0 + L (t⊙ Eq,2 (Atq)) ⊙ x1 + L (g ∗ f) ,

with g(t) =
t
∫

0

(t−τ)q−2

Γ(q−1)
⊙ Eq,1 (Aτ q) dτ.

Applying the inverse Laplace transformation, we get:

x(t) =Eq,1 (Atq) ⊙ x0 + t⊙ Eq,2 (Atq) ⊙ x1(3.12)
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+
∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds.(3.13)

Case 2. Assume that x is Caputo [(ii) − gH] differentiable on [0,+∞). Then from
(3.4) we have in the same way

x(t) =Eq,1 (Atq) ⊙ x0 + t⊙ Eq,2 (Atq) ⊙ x1

(3.14)

⊖ (−1)
∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds.(3.15)

This completes the proof. □

4. Existence and Uniqueness of Mild Solutions

Definition 4.1. By a mild fuzzy solution in type 1 of the Cauchy problem (3.1), we
mean a function x ∈ C([0, a],T) that satisfies (3.5). By a mild fuzzy solution in type
2 of the Cauchy problem (3.1), we mean a function x ∈ C([0, a],T) that satisfies (3.7).

The following hypotheses will be used in the next results.

(H1) For almost all t ∈ [0, a], the function f ∈ C([0, a] × T × T,T) is continuous and
for each z ∈ C([0, a],T), the function f(·, z, C

gHDq−1z) : [0, a] → T is strongly
measurable.

(H2) There exist q2 ∈ [0, q), Br :=
{

x ∈ T : d∞(x, 0̂) ≤ r
}

⊂ T, r > 0, and ρ(·) ∈

L
1

q2 ([0, a],R+) such that for any x, y ∈ C ([0, a], Br) we have
(4.1)
d∞(f(t, x(t), C

gHD
q−1x(t)), f(t, y(t), C

gHD
q−1y(t))) ≤ ρ(t)d∞(x(t), y(t)), t ∈ [0, a].

(H3) There exists a constant q1 ∈ [0, q) and m ∈ L
1

q1 ([0, a],R+) such that

(4.2) d∞(f(t, z(t), C
gHD

q−1z(t)), 0̂) ≤ m(t),

for all z ∈ C([0, a],T) and for almost all t ∈ [0, a].
(H4) Eq,n (Atq) is a compact operator for every t > 0 and n ∈ N.

Theorem 4.1. Under hypotheses (H1)-(H4) the Cauchy problem (3.1) has a mild

fuzzy solution in type 1 in space C([0, a],T).

Proof. Let x ∈ C([0, a],T). Since x is continuous with respect to t and hypothesis
(H1), f(s, x(s), C

gHDq−1x(s)) is a measurable function on [0, a]. Let

(4.3) b =
q − 1

1 − q1

, M1 = ∥m∥
L

1
q1 [0,a]

.

For t ∈ [0, a], by applying Holder’s inequality and (H3), we have

d∞


∫ t

0
(t− s)q−1 ⊙ f(s, x(s), C

gHD
q−1x(s))ds, 0̂


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≤
∫ t

0
(t− s)q−1 ⊙ d∞(f(s, x(s), C

gHD
q−1x(s)), 0̂)ds

≤

∫ t

0
(t− s)

q−1

1−q1 ds

1−q1

∥m∥
L

1
q1

[0, t]

≤
M1a

(1+b)(1−q1)

(1 + b)1−q1
.

Therefore, we obtain

d∞


∫ t

0

∫ t

s



(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



≤
∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ d∞



Eq,1 (A(δ − s)q) ⊙ f


s, x(s), C
gHD

q−1x(s)


, 0̂


dδds

≤
M

Γ(q)
⊙
∫ t

0
(t− s)q−1d∞(f



s, x(s), C
gHD

q−1x(s)


, 0̂)ds

≤
M1Ma(1+b)(1−q1)

Γ(q)(1 + b)1−q1
, for all t ∈ [0, a].

Then
t
∫

0

t
∫

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds

is bounded for all t ∈ [0, a].
For x ∈ C([0, a],T), we define

(F1x) (t) = Eq,1 (Atq) ⊙ x0 + t⊙ Eq,2 (Atq) ⊙ x1, t ∈ [0, a],

(F2x) (t) =
∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds.

Set

k0 = M (∥x0∥ + a∥x1∥) +
M1Ma(1+b)(1−q1)

Γ(q)(1 + b)1−q1

and Bk0
:=
{

x(·) ∈ C([0, a],T) : d∞(x(t), 0̂) ≤ k0 for all t ∈ [0, a]♢. We will prove that

F1x+ F2x has a fixed point on Bk0
.

Step 1. We show for every x ∈ Bk0
, F1x+F2x ∈ Bk0

. Indeed, with 0 ≤ t1 ≤ t2 ≤ a

we have

d∞ ((F2x) (t2) , (F2x) (t1))

=d∞



∫ t2

0

∫ t2

s

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds,

∫ t1

0

∫ t1

s

(t1 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds


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=d∞



∫ t2

t1

∫ t2

s

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds

+
∫ t1

0

∫ t2

s

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds

−
∫ t1

0

∫ t1

s

(t1 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



=d∞



∫ t2

t1

∫ t2

s

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds

+
∫ t1

0

∫ t1

s

[(t2 − δ)q−2 − (t1 − δ)q−2]

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q)

⊙ f


s, x(s), C
gHD

q−1x(s)


dδds

+
∫ t1

0

∫ t2

t1

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



≤d∞



∫ t2

t1

∫ t2

s

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



+ d∞



∫ t1

0

∫ t1

s

[(t2 − δ)q−2 − (t1 − δ)q−2]

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q)

⊙ f


s, x(s), C
gHD

q−1x(s)


dδds, 0̂



+ d∞



∫ t1

0

∫ t2

t1

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



=I1 + I2 + I3,

where

I1 =d∞



∫ t2

t1

∫ t2

s

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



I2 =d∞



∫ t1

0

∫ t1

s

[(t2 − δ)q−2 − (t1 − δ)q−2]

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q)

⊙ f


s, x(s), C
gHD

q−1x(s)


dδds, 0̂



I3 =d∞



∫ t1

0

∫ t2

t1

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



.

We have:

I1 = d∞



∫ t2

t1

∫ t2

s

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂


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≤
MM1

Γ(q)


∫ t2

t1

(t2 − s)1−q1



≤
MM1

(1 + b)1−q1Γ(q)
(t2 − t1)

(b+1)(1−q1),

also

I2 =d∞



∫ t1

0

∫ t1

s

[(t2 − δ)q−2 − (t1 − δ)q−2]

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q)

⊙ f


s, x(s), C
gHD

q−1x(s)


dδds, 0̂



≤
M

Γ(q)



∫ t1

0

[

(t2 − s)q−1 − (t1 − s)q−1 − (t2 − t1)
q−1
]

⊙ d∞



f


s, x(s), C
gHD

q−1x(s)


ds, 0̂




≤
M

Γ(q)


∫ t1

0

[

(t2 − s)q−1 − (t1 − s)q−1
]

⊙ d∞



f


s, x(s), C
gHD

q−1x(s)


ds, 0̂


−
∫ t1

0
(t2 − t1)

q−1 ⊙ d∞



f


s, x(s), C
gHD

q−1x(s)


ds, 0̂




≤
M

Γ(q)


∫ t1

0

[

(t2 − s)b − (t1 − s)b
]1−q1

⊙M1 − (t2 − t1)
q−1 ⊙ t

1−q1

1 M1



≤
MM1

(b+ 1)1−q1Γ(q)



−(t2 − t1)
b+1 + tb+1

2 − tb+1
1 − (t2 − t1)

q−1(b+ 1)1−q1



.

Likewise

I3 = d∞



∫ t1

0

∫ t2

t1

(t2 − δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



≤
M

Γ(q)


∫ t1

0
(t2 − t1)

q−1 ⊙ d∞



f


s, x(s), C
gHD

q−1x(s)


ds, 0̂




≤
MM1(t2 − t1)

q−1

Γ(q)
t
1−q1

1 .

Then it is straightforward that I1, I2 and I3 tend to 0 as t2 − t1 → 0. So, (F2x) (t) is
continuous in t ∈ [0, a]. It is easy to see that (F1x) (t) is also continuous in t ∈ [0, a].
Now, for any x ∈ Bk0

and t ∈ [0, a], we have

(4.4) d∞



(F1x) (t) + (F2x) (t), 0̂


≤ M (∥x0∥ + a∥x1∥) +
M1Ma(1+b)(1−q1)

Γ(q)(1 + b)1−q1
≤ k0.

Then F1 + F2 is an operator from Bk0
into Bk0

.
Step 2. We prove that F2 is a fully continuous operator that can be decomposed

into several small steps.
First, we show that F2 is continuous in Bk0

.
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Let ¶xn♢ ⊆ Bk0
with xn → x on Bk0

. Applying hypothesis (H2), we get

(4.5) f


s, xn(s), C
gHD

q−1xn(s)


→ f


s, x(s), C
gHD

q−1x(s)


, as n → +∞,

almost everywhere t ∈ [0, a].
From the hypothesis (H3),

d∞



f


s, xn(s), C
gHD

q−1xn(s)


, f


s, x(s), C
gHD

q−1x(s)


≤ 2m(s).

Therefore, by the domination convergence theorem, we get

d∞ ((F2xn) (t), (F2x) (t))

≤
∫ t

0

∫ t

s

M(t− δ)q−2

Γ(q − 1)
⊙ d∞



f


s, xn(s), C
gHD

q−1xn(s)


, f


s, x(s), C
gHD

q−1x(s)


dδds

≤
∫ t

0
(t− s)q−1 qM

Γ(1 + q)
⊙ d∞



f


s, xn(s), C
gHD

q−1xn(s)


, f


s, x(s), C
gHD

q−1x(s)


ds

→0,

when n → +∞, This means F2 is continuous.
Next, we show that F2 (Bk0

) is relatively compact. This is the family of functions
¶F2x : x ∈ Bk0

♢ and ¶(F2x) (t)♢ relative compactness: x ∈ Bk0
, where t ∈ [0, a].

We proved this for all x ∈ Bk0
and 0 ≤ t1 ≤ t2 ≤ a

d∞ ((F2x) (t2) , (F2x) (t1)) ≤ I1 + I2 + I3.

We now have

I1 ≤
MM1

(1 + b)1−q1Γ(q)
(t2 − t1)

(b+1)(1−q1),

I2 ≤
MM1

(b+ 1)1−q1Γ(q)



−(t2 − t1)
b+1 + tb+1

2 − tb+1
1 − (t2 − t1)

q−1(b+ 1)1−q1



,

I3 ≤
MM1(t2 − t1)

q−1

Γ(q)
t
1−q1

1 .

From Step 1, it is easy to see that F2 (Bk0
) is equicontinuous.

Proving this is enough for each t ∈ [0, a], V (t) = ¶(F2x) (t) : x ∈ Bk0
♢ is relatively

compact. For any fixed 0 < t ≤ a, for all ϵ ∈ (0, t) and for all δ > 0, let the operator
Fϵ,δ be define as

(Fϵ,δx) (t)

=
∫ t−ϵ

0

∫ t

s+η

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds

=
∫ t−ϵ

0

∫ t

s+η

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q − A(η − ϵ) + A(η − ϵ))

⊙ f


s, x(s), C
gHD

q−1x(s)


dδds
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=Eq,1 (A(η − ϵ))
∫ t−ϵ

0

∫ t

s+η

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q − A(η − ϵ))

⊙ f


s, x(s), C
gHD

q−1x(s)


dδds,

where x ∈ Bk0
. From hypothesis (H4) , Eq,1 (A(η − ϵ)) is the compact operator, then

Vϵ,δ(t) = ¶(Fϵ,δx) (t) : x ∈ Bk0
♢ is relatively compact. Moreover, for all x ∈ Bk0

, and
we have

d∞ ((F2x) (t), (Fϵ,δx) (t))

=d∞



∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds

−
∫ t−ϵ

0

∫ t

s+η

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds



=d∞



∫ t

0

∫ s+η

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds

+
∫ t

0

∫ t

s+η

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds

−
∫ t−ϵ

0

∫ t

s+η

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



≤d∞



∫ t

0

∫ s+η

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



+ d∞



∫ t

t−ϵ

∫ t

s+η

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q) ⊙ f



s, x(s), C
gHD

q−1x(s)


dδds, 0̂



≤
M1M

(b+ 1)Γ(q)





(−η)b+1 − (a− η)b+1 + ab+1
1−q1



−(−η)b+1 + (−ϵ− η)b+1
1−q1



→0,

when η, ϵ → 0. Then we have a relatively compact set arbitrarily close to V (t), t > 0,
which means that V (t), t > 0, is also relatively compact.

Applying the Ascoli-Arzela theorem shows that F2 (Bk0
) is relatively compact. Since

F2 is continuous and F2 (Bk0
) is relatively compact, F2 is a fully continuous operator.

According to Schauder’s fixed point theorem, F1 + F2 has a fixed point at Bk0
. So

the nonlocal Cauchy problem (3.1) has a mild fuzzy solution of type 1. □

Set

F̂ [x](t) =Eq,1 (Atq) ⊙ x0 + tEq,2 (Atq) ⊙ x1

⊖ (−1) ⊙
∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1 (A(δ − s)q)

⊙ f


s, x(s), C
gHD

q−1x(s)


dδds
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and

(4.6) Ĉ([0, a],T) =
{

x ∈ C([0, a],T) : F̂ [x](t) exists for all t ∈ [0, a]
}

.

The following results show that there exists a mild fuzzy solution for type 2 in the
space C([0, a],T).

Theorem 4.2. The hypothesises (H1)-(H4) are true and

(Q2) Ĉ([0, a],T) ̸= ∅;

(Q3) if x ∈ Ĉ([0, a],T), hence F̂ [x] ∈ Ĉ([0, a],T).
In this case the Cauchy problem (3.1) has a mild fuzzy solution of type 2 in space

C([0, a],T).

Proof. For x ∈ Ĉ([0, a],T), F̂ [x](t) = (F1x) (t) ⊖ (−1) ⊙ (F2x) (t).
Set

k0 = M (∥x0∥ + a∥x1∥) +
M1Ma(1+b)(1−q1)

Γ(q)(1 + b)1−q1
.

Using a similar method as before with the Caputo [(i) − gH] derivative, we get:

F1x ⊖ (−1) ⊙ F2y ∈ Bk0
for any pair x, y ∈ Bk0

⊂ Ĉ([0, a],T), where (F1x) (t) and
(F2x) (t) are continuous in t ∈ [0, a].

Now for any x, y ∈ Bk0
, we have

d∞



(F1x) (t) ⊖ (−1) ⊙ (F2x) (t), 0̂


≤ d∞



(F1x) (t), 0̂


+ d∞



(F2x) (t), 0̂


≤ M (∥x0∥ + a∥x1∥) +
M1Ma(1+b)(1−q1)

Γ(q)(1 + b)1−q1

= k0,

which means that F1 ⊖ (−1) ⊙ F2 is an operator from Bk0
into Bk0

.
Since F2 is a fully continuous operator, according to the Schauder fixed point

theorem F1 ⊖ (−1)⊙F2 has a fixed point on Bk0
, this means that the Cauchy problem

(3.1) has a mild fuzzy solution of type 2. □

5. An Example

Consider the following equations
(5.1)































CD
3

2

0+u(t, x) =
∂

∂t
u(t, x) +

e−t

9 + et



♣u(t, x)♣

1 + ♣u(t, x)♣



, (t, x) ∈]0, 1[×]0, 1[,

u(t, 0) = u(t, 1) = 0, t ∈]0, 1[,
u(0, x) = ψ(x), x ∈]0, 1[,
CD

1

2

0+u(0, x) = ϕ(x), x ∈]0, 1[.

We choose X = C([0, 1] ×T,T) and we do not forget the operator A : D(A) ⊂ X → X

defined by

D(A) =

{

u ∈ X :
∂

∂t
u ∈ X and u(0, 0) = u(0, 1) = 0

}

, Au =
∂

∂t
u.
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Then, we get

(5.2) D(A) = ¶u ∈ X : u(t, 0) = u(t, 1) = 0♢ .

This implies that A satisfies (H4).
As is well known that A generates a compact C0-semigroup Eq,n (Atq) on D(A).

Let’s pose X(t) = u(t, ·), that is X(t)(x) = u(t, x), for all (t, x) ∈]0, 1[×]0, 1[.
In this example, we have the function f :]0, 1[×T −→ T is given by

f(t,X(t)) =
e−t

9 + et



♣X(t)♣

1 + ♣X(t)♣



.

It is clear that for all X, Y ∈ C ([0, 1], Br) we have

d∞ (f(t,X(t), f(t, Y (t)) ≤ ρ(t)d∞(X(t), Y (t)), with ρ(t) =
e−t

9 + et
∈ L1,

for all t ∈]0, 1[, and that

d∞



f(t,X(t), 0̃


≤ m(t), with m(t) =
1

9 + et
∈ L1, for all t ∈]0, 1[.

Moreover, f is continuos, therefore it is strongly measurable. Hence, according to
Theorem 4.1 and Definition 4.1, problem (5.1) admits two types of solutions expressed
as follow

X(t) =Eq,1



∂

∂t
tq


⊙ x0 + t⊙ Eq,2



∂

∂t
tq


⊙ x1

+
∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1



∂

∂s
(δ − s)q



⊙
e−s

9 + es



♣X(s)♣

1 + ♣X(s)♣



dδds

and

X(t) =Eq,1



∂

∂t
tq


⊙ x0 + t⊙ Eq,2



∂

∂t
tq


⊙ x1

⊖ (−1)
∫ t

0

∫ t

s

(t− δ)q−2

Γ(q − 1)
⊙ Eq,1



∂

∂s
(δ − s)q



⊙
e−s

9 + es



♣X(s)♣

1 + ♣X(s)♣



dδds.

6. Conclusion

In this work, the nonlocal Cauchy problem of fuzzy evolutionary equations in arbi-
trary Banach spaces of order q ∈ (1, 2) is discussed, and the existence and uniqueness
criteria for mild fuzzy solutions are determined utilizing the Schauder fixed point
theorem. An example illustrating the application of the main results is also provided.
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ON SPECTRAL RADIUS ALGEBRAS AND CONDITIONAL TYPE

OPERATORS

MOHAMMAD REZA JABBARZADEH AND BAHMAN MINAYI

Abstract. In this note, we study both the spectral radius and Deddens algebras
associated to the normal weighted conditional type operators on L

2(Σ). Also, in
this setting, some other special properties of these algebras will be investigated.

1. Introduction and Preliminaries

Let (X, Σ, µ) be a complete σ-Ąnite measure space. All comparisons between two
functions or two sets are to be interpreted as holding up to a µ-null set. If B ⊂ X,
let AB = A ∩ B denote the relative completion of the sigma-algebra generated by
¶A ∩ B : A ∈ A♢. We denote the linear spaces of all complex-valued Σ-measurable
functions on X by L0(Σ). The support of f ∈ L0(Σ) is deĄned by σ(f) = ¶x ∈
X : f(x) ̸= 0♢. Let A be a sub-σ-Ąnite algebra of Σ and let f be a non-negative
Σ-measurable function on X. By the Radon-Nikodym theorem, there exists a unique
A-measurable function EA(f) such that

∫

A fdµ =
∫

A EA(f)dµ, where A is any A-
measurable set for which

∫

A fdµ exists. Note that E(f) depends both on µ and
A. A real-valued measurable function f = f+ − f− is said to be conditionable if
µ(¶x ∈ X : E(f+)(x) = E(f−)(x) = +∞♢) = 0. If f is complex-valued, then
f ∈ D(E) = ¶f ∈ L0(Σ) : f is conditionable♢ if the real and imaginary parts of f are
conditionable and their respective expectations are not both inĄnite on the same set
of positive measure. For 1 ≤ p ≤ +∞, one can show that every Lp(Σ) function is
conditionable. We use the notation Lp(A) for Lp(X,A, µ♣A) and henceforth we write
µ in place µ♣A .

Key words and phrases. Deddens algebra, spectral radius algebra, conditional expectation, invari-
ant subspace.
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The mapping EA : Lp(Σ) → Lp(A) deĄned by f 7→ EA(f), is called the conditional
expectation operator with respect to A. In the case of p = 2, it is the orthogonal
projection of L2(Σ) onto L2(A). For further discussion of the conditional expectation
operator see [13].

From now on we assume that u and w are conditionable. Operators of the form
MwEMu(f) = wE(uf) acting in L2(Σ) with D(MwEMu) = ¶f ∈ L2(Σ) : wE(uf) ∈
L2(Σ)♢ are called weighted conditional type (or weighted Lambert type) operators.
Several aspects of this operator were studied in [4, 6Ű8]. Put K = E(♣u♣2)E(♣w♣2).
Estaremi in [3] proved that MwEMu : D(T ) → L2(Σ) is densely deĄned if and only
if K − 1 is Ąnite valued (a.e.). Moreover, T := MwEMu is bounded if and only if
D(T ) = L2(Σ). In this case T ∗ = MūEMw̄ and ∥T∥2 = ∥K∥∞. For a bounded linear
operator T , spec(T ) denote its spectrum. We say that λ ∈ C belongs to the essential
range of a measurable function f if for each neighborhood G of λ, µ(f−1(G)) > 0.
Positive, self-adjoint and normal bounded weighted conditional type operators and
their spectrum have recently been characterized in [7] as follows.

Lemma 1.1 ([7]). Let T = MwEMu ∈ B(L2(Σ)). Then the followings hold.

(a) T is positive if and only if T = MgūEMu for some 0 ≤ g ∈ L0(A).
(b) T is self-adjoint if and only if T = MgūEMu for some ḡ = g ∈ L0(A).
(c) T is normal if and only if T = MgūEMu for some g ∈ L0(A).
(d) spec(T ) \ ¶0♢ = ess range(E(uw)) \ ¶0♢.

Let H be a Hilbert space with inner product ⟨·, ·⟩ and let B(H) denote the algebra
of all bounded linear operators on H. We use A∗, r(A), R(A) and N(A), respectively,
to denote the adjoint, the spectral radius, the range and the null space of A ∈ B(H).
A is normal if A∗A = AA∗ and A is positive if ⟨Ax, x⟩ ≥ 0 holds for each x ∈ H in
which case we write A ≥ 0. Let H = H1 ⊕ H2, A ∈ B(H) and let Pj : H → H

be an orthogonal projection onto Hj for j = 1, 2. Then A =

(

A11 A12

A21 A22

)

, where

Aij : Hj → Hi is the operator given by Aij = PiAPj ♣Hj
. In particular, A(H1) ⊆ H1 if

and only if A21 = 0. Also, H1 reduces A if and only if A12 = 0 = A21. Let A ∈ B(H)
with r(A) ̸= 0 and let 0 < a < r(A)−1 be an arbitrary but Ąxed number. DeĄne
Ka(A) =

∑+∞
n=0 a2nA∗nAn. Since for all n ∈ N, ∥a2nA∗nAn∥ = a2n∥An∥2, then we have

limn→+∞∥a2nA∗nAn∥ 1
n = a2

(

limn→+∞∥An∥ 1
n

)2
= a2r(A)2 < 1. This implies that

the series
∑+∞

n=0 a2nA∗nAn is convergent in the norm topology of B(H), and hence
Ka(A) ∈ B(H). Thus, the map fA of (0, r(A)−1) to B(H) deĄned by fA(a) = Ka(A)
is well-deĄne, increasing and continuous. Also, for any x ∈ H we have that

∥x∥2 ≤
+∞
∑

n=0

a2n∥An(x)∥2 = ⟨Ka(A)x, x⟩ =
∥

∥

∥

∥

√

Ka(A)x
∥

∥

∥

∥

2

≤ ∥Ka(A)∥ · ∥x∥2.(1.1)

So, Ka(A) ≥ I and hence Ka(A) is positive and invertible with ∥Ka(A)∥ ≥ 1. Set

Ra(A) = K−1
a (A) and Sa(A) =

√

Ra(A). Replacing x by (Ka(A))
−1
2 (x) in (1.1) we
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obtain that ∥Sa(A)∥ ≤ 1 and ∥Ra(A)∥ = ∥S2
a(A)∥ ≤ 1. Consequently, Ra(A) and

Sa(A) are positive and invertible elements of B(H) and

(1.2) ∥Ka(A)∥ = sup
∥x∥=1

⟨Ka(A)x, x⟩ =
+∞
∑

n=0

a2n∥An∥2 ≤
+∞
∑

n=0

(

∥aA∥2
)n

=
1

1 − ∥aA∥2
·

Let ¶Am♢ ⊆ ¶T ∈ B(H) : r(T ) ≤ r(A)♢. If ∥Am − A∥ → 0, then for each n ∈ N

and 0 < a < r(A)−1, a2nA∗n
m An

m → a2nA∗nAn, and so ∥Ka(Am) − Ka(A)∥ → 0 as
m → +∞. But the converse is not true. Indeed, if A1 and A2 are distinct unitary
operators on H, then Ka(A1) = Ka(A2) = (1 − a2)−1I for all 0 < a < 1. In [9]
A. Lambert and S. Petrović deĄne the spectral radius algebra of a bounded linear
operator A with Sa = Sa(A) and 0 < a < r(A)−1 to be the unital subalgebra

BA = ¶T ∈ B(H) : sup
a

∥S−1
a TSa∥ < +∞♢.

Lastly, deĄne

QA = ¶T ∈ B(H) : lim
a→r(A)−1

∥S−1
a TSa∥ = 0♢.

In [9] it is shown that, ∥Ka(A)∥ → +∞ as a → ∥A∥−1 and for any A, QA ⊆ BA is a
two-sided ideal consisting entirely of quasinilpotent operators. Furthermore, if A is
quasinilpotent, then A ∈ QA.

We now consider the Deddens algebra DA associated with A ∈ B(H), that is, the
family of those operators T ∈ B(H) for which there is a constant M > 0 such that
for every n ∈ N and for every x ∈ H, ∥AnTx∥ ≤ M∥Anx∥. DA is indeed a unital
subalgebra of B(H) with the property that ¶A♢′ ⊆ DA ⊆ BA, where ¶A♢′ is the
commutant of A (see [11]).

Let A ∈ B(H) be normal and 0 < a < ∥A∥−1. Then An and A∗n commute with
Ka(A), Ra(A), Sa(A) and Ka(A∗) = Ka(A) = Ka(♣A♣), where ♣A♣2 = A∗A. Moreover,

Ka(A) =
+∞
∑

n=0

a2n(A∗A)n = (I − a2A∗A)−1,(1.3)

Ra(A) = I − a2A∗A,

Sa(A) =
√

I − a2A∗A,

PA : = lim
a→∥A∥−1

Sa(A) =
√

I − ∥A∥−2A∗A.

For more details on the Deddens and spectral radius algebras see [1,5,11,12]. In the
next section, we investigate the spectral radius and the Deddens algebras related to
the bounded weighted conditional type operators on L2(Σ). All of these are basically
discussed using the conditional expectation properties.

2. BT and DT Associated with T = MwEMu

From now on we assume that E(♣u♣2) ∈ L∞(A), i.e., T1 := MūEMu ∈ B(L2(Σ)).
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Lemma 2.1. For 0 ≤ b ∈ L0(A), let MbT1 ∈ B(L2(Σ)). Then the followings hold.

(a) If 1 /∈ spec(MbT1), then (I − MbT1)
−1 = I + M b

1−bE(|u|2)
T1.

(b) If −1 /∈ spec(MbT1), then (I + MbT1)
−1 = I − M b

1+bE(|u|2)
T1.

Proof. We only proof (a), since (b) follows similarly.
Let 1 ∈ spec(MbT1). Using Lemma 1.1 (d), 1 /∈ ess range E(b♣u♣2) and so (1 −

bE(♣u♣2))−1 ∈ L∞(A). Put S = I + Mb(1−bE(♣u♣2))−1T1. Then ∥S∥ ≤ 1 + ∥(1 −
bE(♣u♣2))−1∥∞∥MbT1∥ < +∞. Also, direct computations show that S(I − MbT1) =
(I − MbT1)S = I. Now, the desired conclusion holds. □

Set N = ¶MwEMu ∈ B(L2(Σ)) : MwEMu is normal♢. By Lemma 1.1 (c) we have
N = ¶MgT1 ∈ B(L2(Σ)) : g ∈ L0(A), T1 = MūEMu, u ∈ L0(Σ)♢.

Corollary 2.1. Let T = MwEMu ∈ N and let 0 < a < r(T )−1. Then Ka(T ) = I +
MvT1 and Ra(T ) = I − MkT1 for some k, v ∈ L0(A) and ∥Ka(T )∥ = 1 + ∥vE(♣u♣2)∥∞.

Proof. By Lemma 1.1 (c), T = MgT1 for some g ∈ L0(A). Since T ∗T = M♣g♣2E(♣u♣2)T1,
then by (1.3) we get that Ka(T ) = (I − MkT1)

−1, where k = a2♣g♣2E(♣u♣2). Thus,
Ra(T ) = (Ka(T ))−1 = I − MkT1. Also, since 1/a2 > (r(T ))2 = r(T ∗T ), then
1/a2 /∈ spec(T ∗T ) = ess range ♣g♣2(E(♣u♣2))2. Therefore,

1

1 − kE(♣u♣2) =
1

a2¶ 1
a2 − ♣g♣2(E(♣u♣2))2♢ ∈ L∞(A)

and 1 /∈ spec(MkT1). Now, by Lemma 2.1, Ka(T ) = I + MvT1, where v = k
1−kE(♣u♣2)

.

Moreover, since MvT1 is positive, then ∥Ka(T )∥ = 1 + ∥MvT1∥ = 1 + ∥vE(♣u♣2)∥∞.
This completes the proof. □

Corollary 2.2. Under the assumption of above corollary, Sa(T ) = I − MsT1 and

S−1
a (T ) = I + M s

1−sE(|u|2)
T1 for some s ∈ L0(A).

Proof. Set s =
1−

√
1−kE(♣u♣2)

E(♣u♣2)
χσ(E(♣u♣2)). Then, for f ∈ L2(Σ) we have

(I − MsūEMu)2(f) = (I − MsūEMu)(f − sūE(uf))

= f − sūE(uf) − sūE(uf − s♣u♣2E(uf))

= f − ū(−2s + E(♣u♣2)s2)E(uf)

= f − ūkE(uf)

= (I − MkūEMu)(f).

It follows that Sa(T ) = (Ra(T ))1/2 = (I + MkT1)1/2 = I − MsT1. Now, the inverse of
Sa(T ) follows from Lemma 2.1 (a). □

For T ∈ N and v ∈ L0(A), it is easy to check that MvT1 commutes with Sa(T ). It
follows that ¶MvT1 ∈ B(L2(Σ)) : v ∈ L0(A)♢ ⊆ BT .

Lemma 2.2. Let T = MwEMu ∈ B(L2(Σ)). Then N(T ) =
{

ū
√

E(♣w♣2)L2(A)
}⊥

.
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Proof. Let f ∈ L2(Σ). Since R(E) = L2(A), then we have

f ∈ N(T ) ⇔ ∥Tf∥2 = 0 ⇔
∫

X
E(♣w♣2)♣E(uf)♣2dµ = 0

⇔
∫

X

∣

∣

∣

∣

E(u
√

E(♣w♣2)f)
∣

∣

∣

∣

2

dµ = 0

⇔ u
√

E(♣w♣2)f ∈ N(E) = L2(A)⊥

⇔


u
√

E(♣w♣2)f, g


= 0, for all g ∈ L2(A)

⇔


f, ū
√

E(♣w♣2)g


= 0, for all g ∈ L2(A)

⇔ f ∈


ū
√

E(♣w♣2)L2(A)
⊥

. □

Corollary 2.3. R(MūEMu) = ū
√

E(♣u♣2)L2(A) = c.l.s.
{

ū
√

E(♣u♣2)χA : A ∈ Aσ(u)

}

,

where c.l.s. stands for closed linear span. In particular, R(EMu) = ūL2(A).

Let P be an orthogonal projection of L2(Σ) onto M = R(P ) and let Q = I − P .
Direct computations show that

(I − αP )−1 = I +
α

1 − α
P, α ̸= 1,(2.1)

(I − αP )
1
2 = I − (1 −

√
1 − α)P, α ≤ 1.(2.2)

Let 0 < a < 1. Then Ka(P ) =
∑+∞

n=0 a2nP ∗nP n = I + a2

1−a2 P . Using (2.1) and (2.2)
we obtain that

Ra(P ) = (Ka(P ))−1 = I − a2P,

Sa(P ) = (Ra(P ))
1
2 = I − (1 −

√
1 − a2)P,

S−1
a (P ) = I +

1 −
√

1 − a2

√
1 − a2

P.

Note that if we take P = MūE(♣u♣2)−1EMu, then P 2 = P = P ∗, with R(P ) =

ūE(♣u♣2)−1/2L2(A). Now, let S =

(

X Y
Z W

)

be the block matrix representation

of S ∈ B(L2(Σ)) with respect the decomposition L2(Σ) = M ⊕ M⊥. Since

Sa(P ) =

(

I 0
0 I

)

−
(

M1−
√

1−a2 0
0 0

)

=

(

M√
1−a2 0
0 I

)

,

then we have

Pa(S) := (S−1
a (P ))S(Sa(P )) =





M 1√
1−a2

0

0 I





(

X Y
Z W

)(

M√
1−a2 0
0 I

)
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=





X Y M 1√
1−a2

ZM√
1−a2 W



 .

It follows that sup¶∥Pa(S)∥ : 0 < a < 1♢ < +∞ if and only if Y = 0. For some
0 < a < 1, Pa(S) = S if and only if Y = Z = 0. Also, lima→1 ∥Pa(S)∥ = 0 if and only
if X = Y = W = 0. Moreover, we have

Pa(SP )=





M 1√
1−a2

0

0 I





(

X Y
Z W

)(

I 0
0 0

)(

M√
1−a2 0
0 I

)

=

(

X 0
ZM√

1−a2 0

)

.

Thus, SP ∈ BP for all S ∈ B(L2(Σ)). Also if X = 0, then SP ∈ QP . Similar
computations show that

Pa(QS) =

(

0 0
ZM√

1−a2 W

)

, Pa(QSP ) =

(

0 0
ZM√

1−a2 0

)

.

Let ¶Sn♢ ⊆ BP and let Sn :=

(

Xn 0
Zn Wn

)

→ S as n → +∞. Then

∥Y ∥ ≤ ∥Sn − S∥ =

∥

∥

∥

∥

∥

(

Xn − X Y
Zn − Z Wn − W

)∥

∥

∥

∥

∥

→ 0.

It follows that Y = 0 and hence BP is closed in the norm operator topology on
B(L2(Σ)). Moreover, by deĄnition, S ∈ DP if and only if there exists M > 0 such
that

∥PSf∥ =

∥

∥

∥

∥

∥

(

I 0
0 0

)(

X Y
Z W

)(

Pf
Qf

)∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

(

XPf + Y Qf
0

)∥

∥

∥

∥

∥

≤ M

∥

∥

∥

∥

∥

(

Pf
0

)∥

∥

∥

∥

∥

,

for all f ∈ L2(Σ). Replacing f by Qf in the above and taking M = M(S) = ∥X∥, we
obtain that S ∈ DP if and only if Y = 0 on N(P ). As an easy consequence of these
observations, we have the following result.

Proposition 2.1. Let P be an orthogonal projection of L2(Σ) onto M = R(P ),
0 < a < 1 and let Q = I − P . Set

Q1 = ¶SP : S ∈ B(L2(Σ)), PSP = 0♢,

Q2 = ¶QS : S ∈ B(L2(Σ)), QSQ = 0♢,

Q3 = ¶QSP : S ∈ B(L2(Σ))♢.

Then

BP = ¶S ∈ B(L2(Σ)) : S(N(P )) ⊆ N(P )♢ = DP ,

QP = ¶S ∈ B(L2(Σ)) : QSP = T♢ ⊇ Q1 ∪ Q2 ∪ Q3.

Moreover, Pa(S) = S if and only if M reduces S.
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Set P = EA = E, 0 < a < 1 and Pa = Ea. Let S = MwEMu ∈ B(L2(Σ)). Using
Proposition 2.1 and [7, Proposition 2.30] with respect the decomposition L2(Σ) =
L2(A) ⊕ N(E), we have

ESE = 0 ⇔ ME(u)E(w)♣L2(A) = 0,

ESQ = 0 ⇔ uχσ(E(w)) ∈ L0(A),

QSE = 0 ⇔ wχσ(E(u)) ∈ L0(A),

QSQ = 0 ⇔ L2(A)⊥ = R(Q) ⊆ N(S) =


ū
√

E(♣w♣2)L2(A)
⊥

.

So we have the following corollary.

Corollary 2.4. Let S = MwEMu ∈ B(L2(Σ)) and 0 < a < 1. Then,

(a) S ∈ BE if and only if uχσ(E(w)) ∈ L0(A);

(b) S ∈ QE if and only if S ∈ BE, ME(uE(w))♣L2(A) = 0 and R(S) ⊆ L2(A);
(c) Ea(S) = S if and only if ¶uχσ(E(w)), wχσ(E(u))♢ ⊆ L0(A).

Let M(A) = ¶Mϑ : ϑ ∈ L∞(A)♢ and let M′(A) be its commutant. It is known
that M(Σ) is a maximal abelian subalgebra of B(L2(Σ)). But it is invalid if Σ is
replaced by A ̸= Σ. Indeed, for any A ⊂ B, EB ∈ M′(A) \ M(A). Alan Lambert
in [10, Theorem 3.2] proved that S ∈ M′(A) if and only if there exists C > 0 such
that E(♣Sf ♣2) ≤ CE(♣f ♣2) for all f ∈ L2(Σ). Consequently, if S ∈ B(L2(Σ)) and
¶ϑn, ϑ−1

n ♢ ⊆ L∞(A), then supn ∥Mϑ−1
n

SMϑn∥ < +∞ whenever S ∈ M′(A).

For a Ąxed T = MgT1 ∈ N and 0 < a < ∥T∥−1, put A := S−1
a (T ). Then by

Corollary 2.2, A = I + MθT1 for some 0 ≤ θ ∈ L0(A). Since A is bounded, then so
is MθT1. Thus, θE(♣u♣2) ∈ L∞(A) and hence θE(♣u♣2)g ∈ L2(A) for all f ∈ L2(A).
Relative to the direct sum decomposition L2(Σ) = R(T1) ⊕N(T1), the matrix form of
A is (Aij)1≤i,j≤2. Set P = P

R(T1) and Q = I − P . Let f ∈ L2(Σ). Then without loss

of generality, we can assume that Pf = ū
√

E(♣u♣2)g, for some g ∈ L2(A). Then

A11f = P (A(Pf)) = P (Pf + θūE(uPf))

= P (Pf + ū
√

E(♣u♣2)
(

θE(♣u♣2)g)
)

= Pf + θE(♣u♣2)Pf

= M1+θE(♣u♣2)Pf,

where θ = 1+ s
1−sE(♣u♣2)

. By Corollary 2.2, 1+θE(♣u♣2) = 1
1−sE(♣u♣2)

= 1√
1−kE(♣u♣2)

where

k = a2♣g♣2E(♣u♣2). Thus, A11 = PAP = M(1−kE(♣u♣2))−1/2P . Similar computations

show that A12 = A21 = 0 and A22 = I♣N(T1)
. Let S =

(

X Y
Z W

)

be the block

matrix representation of S ∈ B(L2(Σ)) with respect the decomposition L2(Σ) =

R(T1) ⊕ N(T1). Set La(S) := (S−1
a (T ))S(Sa(T )) and ϑ :=

√

1 − kE(♣u♣2). Then
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ϑ → 0 as a → ∥T∥−1 and

La(S) =

(

M 1
ϑ

0

0 I

)(

X Y
Z W

)(

Mϑ 0
0 I

)

=

(

M 1
ϑ
XMϑ M 1

ϑ
Y

ZMϑ W

)

.

Since Mϑ → 0 as a → ∥T∥−1, so sup¶∥Mϑ−1∥; 0 < a < ∥T∥−1♢ = +∞. Let
M := sup¶∥Mϑ−1Y ∥ < +∞, 0 < a < ∥T∥−1♢. Then for all unit vector f ∈ N(T1),
∥Y (f)∥ = ∥MϑMϑ−1Y (f)∥ ≤ M∥Mϑ∥. It follows that ∥Y (f)∥ = 0 and hence Y♣N(T1)

=

0. In particular, if PSP ∈ M′(A), then S ∈ BT if and only if S(N(T1)) ⊆ N(T1). In
this case, BMg1T1

= BMg2T1
for all ¶Mg1T1 , Mg1T1♢ ⊆ N. Note that

La(T ) = S−1
a (T )

(

MgE(♣u♣2) 0
0 0

)

Sa(T ) =

(

MgE(♣u♣2) 0
0 0

)

.

It follows that ∥La(T )∥ = ∥gE(♣u♣2)∥∞ = ∥T∥ = r(T ). In view of these observations
we have the following results.

Theorem 2.1. Let T = MgT1 ∈ N and let ϑ =
√

1 − a2♣g♣2(E(♣u♣2))2. Then the

followings hold.

(a) S ∈ BT if and only if Y = 0 and sup¶∥Mϑ−1XMϑ∥ : 0 < a < ∥T∥−1♢ < +∞.

In particular, if XMϑ = MϑX, then S ∈ BT if and only if ¶ū
√

E(♣u♣2)L2(A)♢⊥ is an

invariant subspace for S.

(b) S ∈ QT if and only if Y = W = 0 and ∥Mϑ−1XMϑ∥ → 0, as a → ∥T∥−1.

Moreover, if XMϑ = MϑX, then S ∈ QT if and only if X = Y = W = 0.

Let T = MgT1 ∈ N and S ∈ B(L2(Σ)). Then, for all n ∈ N and f ∈ L2(Σ),
T n = Mgn(E(♣u♣2))n−1T1 and

T nSf =

(

Mωn 0
0 0

)(

X Y
Z W

)(

Pf
Qf

)

=

(

MωnXPf + MωnY Qf
0

)

,

where ω = gE(♣u♣2). It follows that S ∈ DT if and only if there exists M > 0 such
that ∥MωnXPf + MωnY Qf∥ ≤ M∥MωnPf∥. If we set f = Qg, for some g ∈ L2(Σ),
then we get ∥Mωn♣σ(ω)

Y Qg∥ ≤ ∥MωnY Qg∥ = 0 and hence Y ♣N(T1)= 0. Now, if

MωX = XMω, then ∥MωnXPf∥ ≤ ∥X∥ · ∥MωnPf∥. Note that the commutativity of
Mω and X implies that MϑX = XMϑ. So we have the following result.

Theorem 2.2. Let T = MgT1 ∈ N, ω = gE(♣u♣2) and let S ∈ B(L2(Σ)). Then S ∈
DT if and only if PSP ∈ DT and PSQ = 0. Moreover, if (PSP )Mω = Mω(PSP ),
then DT = BT .

Corollary 2.5. Let ¶T, S♢ ⊆ N. Then S ∈ BT if and only if PSQ = 0.

Proof. Let S = Mg1v̄EMv ∈ BT , with g1 ∈ L0(A). Then PSP = Mγ, where
γ = g1E(u)E(v̄)E(ūv) ∈ L0(A). Since PSP commutes with Mγ, then the desired
conclusion follows from Theorem 2.2. □
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Example 2.1. Let X = ¶1, 2, 3♢, Σ = 2X , µ(¶n♢) = 1/3 and let A be the σ-algebra
generated by the partition ¶¶1, 3♢, ¶2♢♢. Then L2(Σ) ∼= C

3 and

E(f) =

(

1

µ(A1)

∫

A1

fdµ

)

χA1 +

(

1

µ(A2)

∫

A2

fdµ

)

χA2 =
f1 + f3

2
χA1 + f2χA2 ,

where A1 = ¶1, 3♢ and A2 = ¶2♢. Then matrix representation of E with respect to

the standard orthonormal basis is E =







1
2

0 1
2

0 1 0
1
2

0 1
2





 . It can be easily checked that

E2 = E = E∗, N2(E) = ⟨(a, 0, −a) : a ∈ C⟩, R(E) = ⟨(a, b, a) : a, b ∈ C⟩. For
1 < a < 1 we have

Ka(E) =







1 0 1
0 1 0
1 0 1





+
a2

1 − a2







1
2

0 1
2

0 1 0
1
2

0 1
2





 =









2−a2

2(1−a2)
0 a2

2(1−a2)

0 1
1−a2 0

a2

2(1−a2)
0 2−a2

2(1−a2)









,

Sa(E) = I − (1 −
√

1 − a2)E =









1+
√

1−a2

2
0

√
1−a2−1

2

0
√

1 − a2 0√
1−a2−1

2
0 1+

√
1−a2

2









,

PE =
√

I − P = Q =







1
2

0 −1
2

0 1 0
−1

2
0 1

2





 .

Set u = (1, i, −1), g = (1, 2, 1), 0 < a < 1
2

and let T1 = MūEMu. Then

k = a2♣g♣2E(♣u♣2) = a2(1, 4, 1)E(1, 1, 1) = (a2, 4a2, a2),

v =
k

1 − kE(♣u♣2) =

(

a2

1 − a2
,

4a2

1 − 4a2
,

a2

1 − a2

)

,

s =
1 −

√

1 − kE(♣u♣2)
E(♣u♣2) =

(

1 −
√

1 − a2, 1 −
√

1 − 4a2, 1 −
√

1 − a2
)

,

T1 =







1 0 0
0 i 0
0 0 −1













1
2

0 1
2

0 1 0
1
2

0 1
2













1 0 0
0 −i 0
0 0 −1





 =







1
2

0 −1
2

0 1 0
−1

2
0 1

2





 .

Take T = MgT1. Since Ka(T ) = I + MvT1 and Ra(T ) = I − MkT1, then we have

T =







1 0 0
0 2 0
0 0 1













1
2

0 −1
2

0 1 0
−1

2
0 1

2





 =







1
2

0 −1
2

0 2 0
−1

2
0 1

2





 ,

Ra(T ) =I − diag(a2, 4a2, a2)T1 =







2−a2

2
0 a2

2
0 1 − 4a2 0
a2

2
0 2−a2

2





 ,
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Ka(T ) =I + diag

(

a2

1 − a2
,

4a2

1 − a2
,

a2

1 − a2

)

T1 =









2−a2

2(1−a2)
0 −a2

2(1−a2)

0 1
2(1−4a2)

0
−a2

2(1−a2)
0 2−a2

2(1−a2)









,

Sa(T ) =I − MsT1 =









1+
√

1−a2

2
0 1−

√
1−a2

2

0 −1 +
√

1 − 4a2 0
1−

√
1−a2

2
0 1+

√
1−a2

2









,

S−1
a (T ) =I − M s

1−s
T1 =









√
1−a2+1

2
√

1−a2 0
√

1−a2−1
2
√

1−a2

0 1√
1−4a2 0

√
1−a2−1

2
√

1−a2 0
√

1−a2+1
2
√

1−a2









.

Since ∥T∥ = ∥gE(♣u♣2)∥∞ = ∥(1, 2, 1)∥∞ = 2 and T ∗T = M♣g♣2E(♣u♣2)T1, then P 2
T =

I − ∥T∥−2T ∗T = I − MzT1, where z = ♣g♣2E(♣u♣2)
4

= (1
4
, 1, 1

4
). It follows that

PT = I − M(1−
√

1−z)T1 = I − diag

(

2 −
√

3

2
, 1,

2 −
√

3

2

)

T1 =







2+
√

3
4

0 2−
√

3
4

0 0 0
2−

√
3

4
0 2+

√
3

4





 .

Note that, r(T ) = 2 > 0 but PT ≠ 0 (see [2]). Also, R(T ) = ū♣g♣
√

E(♣u♣2)L2(A) =

¶(1, −i, −1)(1, 2, 1)(1, 1, 1)(a, b, a) : a, b ∈ C♢ = ¶(a, c, −a) : a, c ∈ C♢. Now set
u = (1, 0, 1) and v = (2, −i, −2). Consider the rank-one operator u ⊗ v deĄned by

(u ⊗ v)w = ⟨w, v⟩u, for all w ∈ C
3. Then u ⊗ v =







2 i −2
0 0 0
2 i −2





 and (u ⊗ v)T ̸=

T (u ⊗ v). However, since

sup
0<a< 1

2

∥S−1
a (T )u∥ · ∥Sa(T )v∥ ≤ sup

0<a< 1
2

∥S−1
a (T )u∥ · ∥v∥ = ∥u∥ · ∥v∥ = 3

√
2,

then by [9, Lemma 3.9], u ⊗ v ∈ BT . Thus, BT properly contains ¶T♢′. In the Ąnite
dimensional case, if A ̸= Σ, then T is not injective and hence the spectral radius
algebra BT always properly contains the commutant of T .

Acknowledgements. The authors would like to sincerely thank the anonymous
referee for carefully reading the paper and for very useful comments.

References

[1] A. Biswas, A. Lambert and S. Petrović, On spectral radius algebras and normal operators, Indiana
Univ. Math. J. 56(4) (2007), 1661Ű1674. https://doi.org/10.1512/iumj.2007.56.2907

[2] A. Biswas, A. Lambert, S. Petrović and B. Weinstock, On spectral radius algebras, Oper. Matrices
2(2) (2008), 167Ű176. https://doi.org/10.7153/oam-02-11

[3] Y. Estaremi, Unbounded weighted conditional expectation operators, Complex Anal. Oper. Theory
10(3) (2016), 567Ű580. https://doi.org/10.1007/s11785-015-0499-y

https://doi.org/10.1512/iumj.2007.56.2907 
https://doi.org/10.7153/oam-02-11 
https://doi.org/10.1007/s11785-015-0499-y 


ON SPECTRAL RADIUS ALGEBRAS 977

[4] Y. Estaremi and M. R. Jabbarzadeh, Spectral radius algebras of WCE operators, Oper. Matrices
11(2) (2017), 337Ű346. https://doi.org/10.7153/oam-2017-11-21

[5] J. D. Herron, Spectral radius algebras of idempotents, Integral Equations Operator Theory 64(2)
(2009), 193Ű201. https://doi.org/10.1007/s00020-009-1684-z

[6] M. R. Jabbarzadeh and S. Khalil Sarbaz, Lambert multipliers between L
p spaces, Czechoslovak

Math. J. 60(1) (2010), 31Ű43. https://doi.org/10.1007/s10587-010-0012-8

[7] M. R. Jabbarzadeh and M. H. ShariĄ, Lambert conditional type operators on L
2(Σ), Linear Multi-

linear Algebra 67(10) (2019), 2030Ű2047. https://doi.org/10.1080/03081087.2018.1479372

[8] M. R. Jabbarzadeh and M. H. ShariĄ, Operators whose ranges are contained in the null space of

conditional expectations, Math. Nachrichten 292(11) (2019), 2427Ű2440. https://doi.org/10.

1002/mana.201800066

[9] A. Lambert and S. Petrović, Beyond hyperinvariance for compact operators, J. Funct. Anal.
219(1) (2005), 93Ű108. https://doi.org/10.1016/j.jfa.2004.06.001

[10] A. Lambert, Conditional expectation related characterizations of the commutant of an abelian

W
∗-algebra, Far East J. Math. Sci. 2(1) (1994), 1Ű8.

[11] S. Petrović, Spectral radius algebras, Deddens algebras, and weighted shifts, Bull. Lond. Math.
Soc. 43(3) (2011), 513Ű522. https://doi.org/10.1112/blms/bdq118

[12] S. Petrović, On the structure of the spectral radius algebras, J. Operator Theory 60(1) (2008),
137Ű148.

[13] M. M. Rao, Conditional Measure and Applications, Marcel Dekker, New York, 1993.

Faculty of Mathematical Sciences,
University of Tabriz,
P. O. Box: 5166615648, Tabriz, Iran
Email address: mjabbar@tabrizu.ac.ir

Email address: b.minayi@tabrizu.ac.ir

https://doi.org/10.7153/oam-2017-11-21 
https://doi.org/10.1007/s00020-009-1684-z 
https://doi.org/10.1007/s10587-010-0012-8 
https://doi.org/10.1080/03081087.2018.1479372 
https://doi.org/10.1002/mana.201800066 
https://doi.org/10.1002/mana.201800066 
https://doi.org/10.1016/j.jfa.2004.06.001 
https://doi.org/10.1112/blms/bdq118 




KRAGUJEVAC JOURNAL

OF MATHEMATICS

About this Journal

The Kragujevac Journal of Mathematics (KJM) is an international journal devoted
to research concerning all aspects of mathematics. The journal’s policy is to motivate
authors to publish original research that represents a significant contribution and is
of broad interest to the fields of pure and applied mathematics. All published papers
are reviewed and final versions are freely available online upon receipt. Volumes are
compiled and published and hard copies are available for purchase. From 2018 the
journal appears in one volume and four issues per annum: in March, June, September
and December. From 2021 the journal appears in one volume and six issues per
annum: in February, April, June, August, October and December.

During the period 1980–1999 (volumes 1–21) the journal appeared under the name
Zbornik radova PrirodnoŰmatematičkog fakulteta Kragujevac (Collection of Scientific
Papers from the Faculty of Science, Kragujevac), after which two separate journals—
the Kragujevac Journal of Mathematics and the Kragujevac Journal of Science—were
formed.

Instructions for Authors

The journal’s acceptance criteria are originality, significance, and clarity of presen-
tation. The submitted contributions must be written in English and be typeset in
TEX or LATEX using the journal’s defined style (please refer to the Information for
Authors section of the journal’s website http://kjm.pmf.kg.ac.rs). Papers should
be submitted using the online system located on the journal’s website by creating
an account and following the submission instructions (the same account allows the
paper’s progress to be monitored). For additional information please contact the
Editorial Board via e-mail (krag_j_math@kg.ac.rs).

http://kjm.pmf.kg.ac.rs
mailto:krag_j_math@kg.ac.rs

	1. Introduction
	2. Harmonic Analysis Associated with the  q -Bessel Operator
	3. Lipschitz and Dini-Lipschitz Condition in the  q -Bessel Setting on the Space Lpq,(Rq+)
	4. An Equivalence Theorem for the  q -Bessel-Lipschitz Class Functions
	Acknowledgements
	References
	1. Definitions and Notations
	2. Main Results
	3. Applications
	Acknowledgements.

	References
	1. Introduction and Preliminaries
	2. Main Integral
	3. Multivariable I-function
	4. Aleph-function of Two Variables
	5. I-function of Two Variables
	6. Conclusion
	Acknowledgements.

	References
	1. Introduction
	2. The (C, r)-Hankel Operator and (R, r)-Hankel Operator
	3. Boundedness of (C, r)-Hankel Operators and (R, r)-Hankel Operators
	4. Commutativity of (C, r)-Hankel Operators and (R, r)-Hankel Operators
	References
	1. Introduction
	2. Main Results
	References
	1. Introduction
	2. Main Results
	3. Conclusion
	4. Acknowledgments
	References
	1. Introduction
	2. The Perfect and Total Perfect Codes of Non-coprime Graph of Certain Groups
	3. The Perfect and Total Perfect Codes of Coprime Graph of Certain Groups
	Acknowledgements.

	References
	1. Introduction
	2. Notation and Preliminaries
	3. Proof of the Main Theorem
	References
	1. Introduction
	2. Time Scales Revisited
	3. Main Results
	References
	1. introduction
	2. Preliminaries
	2.1. The metric space E1
	2.2. Hukuhara's derivative
	2.3. Fuzzy fractional derivative

	3. Fuzzy Fractional Integral Equation
	4. Existence and Uniqueness of Mild Solutions
	5. An Example
	6. Conclusion
	References
	1. Introduction and Preliminaries
	2. BT and DT Associated with T=MwEMu
	Acknowledgements.

	References

