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DISCRETE LOCAL FRACTIONAL HILBERT-TYPE INEQUALITIES

PREDRAG VUKOVIC! AND WENGUI YANG?

ABSTRACT. The main objective of this paper is a study of some new discrete local
fractional Hilbert-type inequalities. We apply our general results to homogeneous
kernels. Also, the obtained results have the best possible constants.

1. INTRODUCTION

If f(x), g(z) > 0, such that 0 < [;F* f3(z)dr < +o0 and 0 < [;" ¢*(x)dx < +oo,
then we have (see [1]):

(1.1) /OJFOO 0+OO Mdmdy < (/OJFOO P(z)dx /()+Oo gZ(y)aly>é ,

Tr+vy

where the constant 7 is the best possible. The inequality (1.1) is well known as
Hilbert’s integral inequality, which is important in mathematical analysis and its
applications.

Over the last ten years, by using the kinds of generalized fractional integral operators,
a great deal of fractional integral inequalities have been presented [2-5]. Recently, local
fractional calculus has caused widespread attention from many scholars, we give basic
definitions and results of the local fractional calculus (see [6-13]). Based on the local
fractal identity and the generalized p-convexity, some novel Newton’s type variants
for the local differentiable functions were obtained in the paper [14]. Sarikaya et al.
[15] established the generalized Griiss type inequality and some generalized Cebysev
type inequalities for local fractional integrals on fractal sets. Acorrding to the identity
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involving local fractional integrals, Iftikhar et al. [16] presented some new Newton-
type inequalities for functions with the local fractional derivatives. By employing the
local fractional integrals, Akkurt et al. [17] investigated the generalized Ostrowski
type integral inequalities involving moments of continuous random variables. Sarikaya
and Budak [18] gave a generalized Ostrowski inequality and some new inequalities
using the generalized convex function for local fractional integrals on fractal sets.
Based on two local fractional integral operators with Mittag-Leffler kernel, Sun [19]
obtained some Hermite-Hadamard and Hermite-Hadamard-Fejér-type local fractional
integral inequalities for generalized preinvex functions on Yang’s fractal sets.

For the sake of convenience, we recall Yang’s fractal set Q, where the set € is
called base set of fractional set, and « denotes the dimension of cantor set, 0 < a < 1.
The a-type set of integers Z* is defined by (see [6-8])

2% = {0} U {£m*: m € N}.
The a-type set of rational numbers Q% is defined by
Q° :—{q”‘:qe(@}—{(T:)a:mez,nEN}.
The a-type set of irrational numbers J* is defined by

Ja::{r“:revﬂ}:{r“# (m) :mEZ,nEN}.
n
The a-type set of real line numbers R is defined by
R® — Qa U Je.
Some basic operation rules on R* are presented as follows: If a®, b%, ¢ € R®, then
( )CL _|_bo¢eRoc abaeRa;
(a2) a*+0*=b"+a*=(a+b)* = (b+a)
(a3) a®+ (b* +c¢*) = (a+b)* +¢
(ad) a®b™ = b*a® = (ab)* = (ba)®,;
(ab) a®(b*c*) = (a“b™)c™
(a6) a®(b™ + ¢*) = a®b™ + a“c®;
(a7) a® 4+ 0% = 0% + a® = a® and a*1* = 1%a® = a*;
(a8) for each a® € R?, its inverse element (—a®) may be written as —a®; for each
b* € R*\ {0%}, its inverse element (1/b)* may be written as 1*/b% but not as
1/b%;
(a9) a® < b* if and only if a < b;
(al0) a® = b* if and only if a = b.

Further, we define the local fractional derivative and integral.

Definition 1.1. A non-differentiable function f(x) is said to be local fractional
continuous at x = xg if for each € > 0, there exists for 4 > 0 such that

|f (@) = f ()| <&,
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holds for 0 < |z — x| < ¢. If a function f is local continuous on the interval (a,b), we
denote f € Cy(a,b).

Definition 1.2. Let f(x) € C,[a,b]. Local fractional derivative of the function f(z)
at © = xq is given by

@) T+ a)(f) = fw)

dz T=T0 oo (SC - 'r0>a

Definition 1.3. Let f(z) € C,[a,b] and let P = {to,t1,...,tn}, N € N, be a partition
of interval [a,b] such that a =ty < t; < -+ < ty_1 < ty = b. Further, for this
partition P, let At] = tj+1—tj, j = 0, “e ,N—l, and At = maX{Atl, Atg, cos 7AtN_1}.
Then the local fractional integral of f on the interval [a,b] of order a (denoted by
I f(z)) is defined by

f(a) (z0) =

1 N-1

@) = o [ 100" = ol Y () (AL
o CT(1+a)a T4 a) Ao =g 7T

The above definition implies that o/\% f(z) = 0 if a = b, and I\* f(x) = —I®) f () if
a < b. If for any x € [a, b], there exists ,[(*) f(x), then we denote by f(x) € I{?[a,b].

At the end of this summary, we give some useful formulas:

4o zhe I'(1+ka Da ,
(b1) da® :aF(lJ(r(kflga)x(k Ve k> 0;
(b2) % = " Ey((cx)®), Where E.(-) denotes the Mittag-Leffler function

given by F,(x%) = 3128 0 m’

(b3) Ify( ): (fog)( ), then T = ) (g(x))(g/(x));
(b4) p1+a Eo(2%)(dx)™ = Ea(b%) — Ea(a®);
b o o I'(1+ka a o .
(b5) ey Ju %2 (da)® = Froieradey (b4 0 — a+e) k> 0;
(b6) By(a,b) = F(11+a) o %(dw)“, where B,(a,b) denotes local fractional

Beta function.

In this paper, by using the way of weight functions and the technique of local
fractional calculus, a new Hilbert-type discrete inequality with homogeneous kernel
and a best constant is built. As applications, the equivalent form and some particular
cases are obtained.

2. MAIN RESULTS

The starting point in the researching Hilbert-type inequalities is the well-known
Holder’s inequality. A fractal version of Holder’s inequality is presented in the following
lemma.
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Lemma 2.1 ([8]). Let 1/p+1/q =1, p > 1, and let (ay)men and (by)nen be non-
negative real sequences. Then

Z aob < (z @p) p (Z b?q> g
i=1 =1

If 5% ai? < +oo and 310 b3 < 400, then the following inequalitiy holds

=1 "1
+oo 7 +0oo 7
Za"‘ba_<2a§"’> (Zb?q> |
1=1 =1

In particular, a two-variable version of the fractal Holder’s inequality is given in
the next lemma.

Lemma 2.2. Let 1/p+1/g =1, p > 1, and let h, F, G € C,(R2) be non-negative
functions. If

+00 400 100 +oo
0< Y > h(m,n)FP(m,n) <+4oo, 0< > > h(m,n)G%m,n) < +oo,
m=1n=1 m=1n=1

then the following inequality holds

400 +00 +00 400 %
(2.1) 2—31 2—31 h(m,n)F(m,n)G(m,n) < (Z_:l 2—:1 h(m,n)F?(m, n))

(ffhmnaqmmy

m=1n=1

Proof. The inequality (2.1) is trivially true in the case when h or F or G is identically
zero. Suppose that

(£ S smmrnn) (£ Emainn) 4o

m=1n=1 m=1n=1

Applying the following a-Young’s inequality

phas T Y 11
x;y; §7+7 sz‘,yz‘ZO, and 7+7_]-7 p>]-7
P q“ p q
to
a h(m,n)F?(m,n)
X =
S 302 h(m, n)FP(m,n)

and

h(m,n)GI(m,n)
TS S i (m, n) G4 (m, n)

a
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we can obtain

[h(m, n)]% F(m, nl) [h(m, n)ﬁ G(m,n)
(b2 2025 hlm, n) Fe(m, ) ) ” (S 52425 h(m, n)Ge(m, n))
1 h(m,n)F?(m,n) 1 h(m,n)G9(m,n)
o

B =

<

w5 Sy h(m ) Fr(mon) g S0 05 hlm, n)Ga(m, )’
Summarizing both side of the obtained inequality, we have

1
(k2 25 hm, n) Fe(m, ) )" (S5 S5 h(m, n)Ge(m, n))
i . Z;’;O:ol Z;tgi h(m7 n)Fp(m7 n) + 1 . Ejnozol ZI?E h(m’ n)Gq(m7 n)

B =

< I
TPt EpE S h(mon)Fr(myn) gt X0 05 h(m, n)G4(m, n)
T S
P q*
This directly gives the desired inequality (2.1). The proof is completed. O

Besides, we introduce the following notation and definition (see [21]).
Definition 2.1. Let f: I C R — R®. If the following inequality
(2:2) FQAz 4+ (1= Naz) <A f (1) + (1= A)*f(22)

holds, for any z;,2o € I and A € [0,1], then f is said to be a generalized convex
function on I.

Mo et al. [21] proved the following generalized Hermite-Hadamard inequality for
local fractional integral. Let f € I{*®)[a,b] be a generalized convex function on [a, b]
with a < b. Then

(2.3) f<a;b>§waféa)f§jw

Applying above inequality we can prove next lemma.

Lemma 2.3. If f € I(D(R,), f@(t) <0, f2)(t) >0, t € (1/2,+00), then we have
1 +oo 1 = 1 +oo

—_— t)(dt)* < —— <7/ t)(dt)“.

frea 0@ S p s S0 S s [ @)

Proof. Setting a = n — %, b=mn+ %, the generalized Hermite-Hadamard inequality
(2.3) yields

(2.4)

(2.5) r£$L>§raiay£:3“”W”*

Similarly, for a =n, b =n + 1, from (2.3) we get

(2.6) mia) [ feane < it
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Now, from (2.5) and (2.6) we obtain

r(11+a) :Hf(t)(dt)a = F({(Z)a) = r(11+a) /f: UOICOM
Furthermore, we can obtain
+o00 1 n+1 1 +o00
S rira SO0 = s [ sy
+00 +00 nt i o0
<t 2O ey Ly S0 = s [ s
which implies (2.4) holds. This completes the proof. O

Suppose that » > 0 and K(x,y) is strictly decreasing and generalized convex
function in both variables on R, . Using chain rule for local fractional derivative (the
formula (b3) from Introduction) yields

0* 1o I'(l+ra) K(z,n)

K —ar _ K o .
e (z,n)e xor Oz K (@,n)] Fl+(r—1)a) zot+h <0
and
0% 1 o0 (14 ra) K(z,n)
K —Qar — . K _ . Y
Ox2 (z,n)e xor Qe [K(z,n)] F(1+(r—1)a) aot+D
X o [K(z,n)] >0,

for x > 0 and n € N. In this way (see also [22], Corollary 1) we obtain the following
result.

Lemma 2.4. Let r > 0, m,n € N, and K(z,y) be strictly decreasing and generalized
convex function in both variables on Ry. Then

K(m,y)y™*" and K(x,n)x™"
are strictly decreasing and generalized convex function on R, .

In what follows we suppose that K € CQ(R%F) is a non-negative homogeneous
function of degree —as, s > 0. Further, we define

1 +oo
2.7 k(B) = 7/ K1, )t~ (dt)~,
(27) B =tra ) KOO
under assumption k(5) < +o0.
To prove our main results we need some technical lemma.

Lemma 2.5. Let 1/p+1/q = 1, p > 1, and let K € C,(R%) be a non-negative
homogeneous function of degree —as, s > 0. If K is strictly decreasing and generalized
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convex function in both variables on R, then
m apAaz
(2.8) m(pAs2) : ZK m,n ( ) < T+ a)m*=k(pA,)
n
and
+00 n agAq
(2.9) wn(gdr) = > K(m,n) () < T+ a)n® k(2 — s — q4y),
- m

where Ay € (max{(1 —s)/q,0},1/q) and Ay € (max{(1 —s)/p,0},1/p).

Proof. Applying Lemma 2.2 and Lemma 2.4 we get

wm(pAs) < T(1 + O‘)F(11+a) /D " K (m, 2) (f”) e

m

Further, using homogeneity of function K and substituting u = x/m, we have

fra

=T(1+ a)mo‘(l_s)k(pAg),

wm(pA2) <T'(1+ a)m“(lfs)

which implies (2.8), where we used the definition of k() in equation (2.7). Similarly,
we obtain (2.9). O

The main results are stated below.

Theorem A. Let 1/p+1/qg=1, p > 1, and let (ap)men and (by)nen be non-negative
real sequences. If K(x,y), A1, As are defined as in Lemma 2.5, then the following
inequalities hold and are equivalent

S =

+00 400 oo
(210) I — Z Z K(m, n)af‘nbz <L (Z ma(l—s)+aP(A1—A2)a:¥np>

m=1n=1 m=1

+o0 %
% <Z na(18)+aq(A2A1)bzq>
n=1

and

(2.11) J _<Z nos=Dp-Diap(di—4z) (Z K(m,n)a )p>

n=1

3=

1
P

+0o0
SL (Z moa(l—s)-l—ap(Al—Ag)a;xnp) ’
m=1

where L = T'(1 4 a)k(pAy)/Pk(2 — s — qA;)'/1.
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Proof. By using the local fractional Holder’s inequality (2.1), we have

+oo 400 aAq naAg

o m
— «
I = ZZKmn ve bnmaA1
m=1n=1
1 1
+oo +oo apA1 p [ +oo +oo ang q
aq
ZZKTI’L” oszg ZZKTI’L’I’L anlb
m=1n=1 m=1n=1

1
00 0 apAsz P
<Z (ZK m,n) (m> ’ )map(“‘l‘“)a?np>
n

m=1

(B (o ()7 o)

n=1

Now, from Lemma 2.5, we get the inequality (2.10).
We suppose that the inequality (2.10) is valid. To obtain (2.11), we set

p—1
b = oD Dap(i- (Z K(m,n)a ) .

It follows that
“+oo
JP = Z na(l—s)-{-aq(Ag—Aﬂbaq.

n=1

By using the inequality (2.10), we have

+o0 +oo p
3 petsme=htap(di=42) (Z K(m, n)a;g> =Jr=1

n=1 m=1
1 1
—+00 D —+00 q
<L <Z ma(l—s)-‘-aP(Al—Az)a?nP) (Z na(1—8)+aq(A2—A1)ng> :
m=1 n=1

which implies the inequality (2.11) holds. By using the two dimensional Hoélder’s
inequality in Lemma 2.1, we have

[ Z ( O( S— 1 +Oz(A1 Az) <Z K m n) >> na(l—s)%—‘ra(Ag—Al)bg

m=1

too ‘
(Z a(l—s)+agq(A2—Aq) baq)

From (2.11) and the above inequality, we have (2.10). Therefore, the inequalities
(2.11) and (2.10) are equivalent. O

Now, we consider some special choises of the parameters A; and Ay. More precisely,
let the parameters A; and A, satisfy condition

(2.12) pAs +qA; =2 — s,
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Then, the constant L from Theorem A becomes
(2.13) L* =T(1+ a)k(pAs).
Further, the inequalities (2.10) and (2.11) take form

1 1
+o00 400 +oo p /400 q
(2.14) Z Z K(m,n)a®b® < L* (Z m—a+aqu1a%p> <Z n—a+aqu2bzq>

m=1n=1 m=1 n=1
and
+oo +oo p % +oo %
(2.15) (Z n(P—1)(1-pgA2) <Z K(m,n)a%) ) <L (Z m—a+aqu1a%p>
n=1 m=1 m=1

In the following theorem we show that, if the parameters A; and A, satisfy condition
(2.12), then one obtains the best possible constant.

Theorem B. Let s, Ay, Ay and K(x,y) be defined as in Theorem A. If the parameters
Ay and Ay satisfy condition pAs+qA; = 2—s, then the constant L* = T'(1+ a)k(pAs)
in inequalities (2.14) and (2.15) is the best possible.

. ~ —agAq — Qe ~ —apA,— Q&
Proof. For this purpose, set a® = m """ % and b* = n” P« where 0 < ¢ <

%. Now, let us suppose that the inequality (2.14) is valid. By using Lemma 2.2,
we have

1 1 /+Oo —a—aa(d )Oé < 1 J’_ZOO —a—Qg
= u u —— m
I'l+a)er T'(1+a) ) “I'l+a) 2
1 = +apgA
— —a+apgAi zap
TP I (i

< 1 Foo —Q—Qg d « 1 Foo —Q—Qg d o

_F(l—i—a)/; u (du) +F(1+a)/1 u (du)?.
Hence, we obtain
(2.16) ! io —otapgdigap < ! +0(1)

. T Y m a —_—
F'l+a) = " T e (14 ) ’

and similarly

1
I'l+a«)

Suppose that the constant L*, defined by (2.13), is not the best possible in inequality
(2.14). That implies that there exits constant M, smaller than L*, such that the
inequality (2.14) is still valid if we replace L* with M. Hence, if we insert relations
(2.16) and (2.17) in inequality (2.14), with the constant M instead of L*, we have

+o00 _ 1
S preterdzen < =L O(1),

(2.17) ~ e T(1+ )

m=1

(2.18) 35 K(m,n)asie < ;a(M +o(1)).

m=1n=1
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Further, we estimate the left-hand side of inequality (2.14). Namely, if we insert the
above defined sequences (a2 )men and (b2),en in the left-hand side of (2.14), we easily
obtain the inequality

(2.19)
Je 1= K(m,n)asbs
1+O{ m=1n=1

>71 / T eam-g (L / Tk (2, )y P27 (dy)® | (dz)®
“I(1+a)h rl+a) )t ’ ’

where we used Lemma 2.2. By using the substitution u = y/z, we obtain

L o o 1 e R W
(2.20) J. > r(1+a)/1 . <F(1+a)/ K (1, w)u P42~ (du) )(dx) .

Further, since the kernel K is strictly decreasing in both variables, it follows that
K(1,0) > K(1,t), for t > 0, so we have

e / R (L ()
F(1+a) ! , W)U U
1 +oo _ _ae K(l 0) : —apA,_QE
e [ KL () = S [ R (L we (du)
i K (@) = F ey ) KL (du)

3 K(l 0) Agt Qe _
=k |pAy+— | — ! pOPA2+E—o
(p i 61> P+ a)(1 =pA; = 9

and, consequently,

1 klpAa+0)  K(1 1
(221) Js > . ( 2 ‘J> ( 70)

e P(l + Oé) F2(1 + Oé) (1 — pA2 — *) (pAg - - = ].)
Now, the relations (2.19), (2.20) and (2.21) yield the estimate for the left-hand side
of inequality (2.14):

“+0oo +00 1
(2.22) > > K(m,n)a, P > —(L* +o(1)).
m=1n=1
Finally, by comparing (2.18) and (2.22), and by letting ¢ — 0, we get that L* < M,
which contradicts with the assumption that the constant M is smaller than L*.
The equivalence of inequalities (2.14) and (2.15) means that the constant L* is the
best possible in the inequality (2.15). The proof is now completed. O

As corollaries of Theorem B we have the following results. We processed with the
kernel K (z,y) = (z +y)~**, s > 0. By using local fractional calculus, we have
0“ 1 ['(1+ sa) 1

. = — . <0 >0
dze (m+z)e D1+ (s—1)a) (mtapen 0 7%
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and similarly
o> 1 T+ (s+1)a) 1

: = : >0 > 0.
922 (m+a)es T+ (s—Da) (mtapea o F
Now, by applying Lemma 2.4 we obtain
le' 200
axQKl(x,y)x’o” <0 and a?K 1z, )z~ >0
and
le' 20
ﬁKl(x Y)y " <0 and @K Wz, y)y " >0,
for r > 0.
In what follows we suppose that
2 — 2 —
(2.23) A= gy =27
2q 2p

Then, based on equation (2.23), the constant L* from Theorem B becomes

L* =I(1 + a)k(pAs) = T(1 + a)k (1 _ ;)

s

1 /+oo u Y
Tl+a) b (I+u)e

Now, from Theorem B, we get the following result.

=I'(1+«)

(du)® = T(1 + o) B, (; ;) .

Corollary 2.1. Let 1/p+1/g=1,p > 1,0 < s < 2, and (amn)men and (by)nen be
non-negative real sequences. Then the following inequalities hold and are equivalent

+o0 +00 a ba

> s <I(l+a)B, (; ;)

m1n1m+n

=

1

(G ) (B

n=1

and

E (S wte))

m=1

=

1
<I'(1+4+ «)B ( )(Zm —2) a?f) ;
where the constant T'(1 + «)B,(s/2,s/2) is the best possible.

3. CONCLUSION

In this paper, we have firstly obtained a fractal Holder’s inequality and some related
inequalities. According to the basic results, some new discrete local fractional Hilbert-
type inequalities have been investigated. At the same time, some new fractional
Hilbert-type inequalities with homogeneous kernels have been given.
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