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WELL-POSEDNESS AND EXPONENTIAL DECAY OF ENERGY
FOR THE SOLUTION OF A WAVE EQUATION WITH
NONLINEAR SOURCE AND LOCALIZED DAMPING TERMES

MHAMED KOUIDRI', MAMA ABDELLI!, MOUNIR BAHLIL!, AND AKRAM BEN AISSA?2

ABSTRACT. We consider the wave equation with a locally damping and a nonlinear
source term in a bounded domain. y;; — Ay +a(z)g(y:) = |y|P~2y, where p > 2. The
damping is nonlinear and is effective only in a neighborhood of a suitable subset of
the boundary. We show, for certain initial data and suitable conditions on g, a and
p that this solution is global we use the Faedo-Galerkin method. Also we established
the exponential decay of the energy when the nonlinear damping grows linearly by
introducing a suitable Lyapunov functional.

1. INTRODUCTION

Let Q be a bounded domain in R", n > 1, having a boundary I' = 99 of class C?.

We denote by v the unit normal pointing into the exterior of 2. We fix 2 € R" be
an arbitrary point of R” and we set

(1.1) (2% ={z €' : m(z)v(z) > 0}

and

(1.2) m(r) =2 — 1.

Let w be a neighborhood of T'(z°) in 2 and consider § sufficiently small such that
(1.3) My = {x € Q:d(z,I'(2") < 5} C w,

(1.4) M, = {a: € Q:d(z,I'(2") < 25} Cw.

Key words and phrases. Wave equation, localized nonlinear damping, well-posedness, Faedo-
Galerkin, multiplier method, exponential stabilization.
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If ACR” and = € R", we have
d(z; A) = Inf (|2 —y]).

and My C M; C w.
Now consider with the following initial-boundary value problem of damped wave
equation

yu — Ay +a(x)g(y) = f(y), € Qx 0,400,
(1.5) y=0, zel x]0,00],
y(SE,O) = y0<£lj'>, yt('r?O) = yl(aj)v x € X [07 +OO[7

where f(y) = |y[P"%y and ¢ : R — R is a continuous nondecreasing function with
g9(0) =0 and a : Q2 — R is a nonnegative and bounded function.

In the absence of nonlinear source term (i.e., if f = 0), Tebou [12] has used the
multipliers techniques to prove the decay estimates of global solutions for the problem
(1.5) for certain initial data (y°,y') € H(2) x L*(Q2) and ¢ having a polynomial
growth near the origin. Precisely, he showed that the rate of decay of the energy
is exponential or polynomial depending on exponents of the damping terms. This
method is based on new integral inequality that generalizes a result of Haraux [6] and
Komornik [7]. Tebou [14] studied (1.5) for a localized nonlinear strong damping. He
proved that for certain initial data the global existence by using the Fadeo-Galerkin
approximations and the semigroup methods, he used and also showed that the energy
of the system decays exponentially by introducing a multiplier method combined with
a nonlinear integral inequalities given by Martinez [9)].

When f = 0 and the feedback term depends on the velocity in a linear way, as in
the present paper, Zuazua [15] proved that the energy related to problem (1.5) decays
exponentially if the damping region contains a neighbourhood of the boundary I' or,
at least, contains a neibourhood of the particular part given by (1.5).

When g(y;) = div(a(x)Vy;), where a(z) = d1,(x),d > 0, Ammari et al. [2] consider
the problem (1.5) without the source term f(y). They obtained a logarithmic decay
of energy. Their idea is to transform the resolvent problem to a transmission system
to easily use the so-called Carleman estimate.

When g(Ay;) = |Ay[P"2Ay,; and the source term is absent, Tebou [13] investigates
the global existence of solution with initial-boundary value conditions. Meanwhile, he
proved that the rate of decay of the energy is exponential or polynomial depending
on exponents of the damping terms.

In the presence of the viscoelastic term Cavalcanti et al. [5] studied (1.5) in the pres-
ence of a linear localised frictional damping (a(x)y;). They obtained an exponential
rate of decay by assuming that the kernel term is decaying exponentially. This work
was later improved by Berrimi and Messaoudi [4] by introducing a different functional
which allowed them to weaken the conditions on viscoelastic damping.

Motivated by previous works, it is interesting to investigate the global existence and
decay of solutions to problem (1.5). Firstly, we show that, under suitable conditions
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on the functions g and a, the parameter p and certain initial data in the stable set,
the existence of regular and weak solutions to problem (1.5).

After that, we establish the rate of decay of solutions by the perturbed energy
method. Precisely, we show that the decay rate of energy function is exponential. In
this way, we can extend the results of [14] where the authors considered (1.5) without
source term and the results of [10] and [11] in the linear damping term.

This article is organized as follows. In the next section, we give some preliminaries.
In Section 3, we prove the existence and uniqueness for regular and weak solutions.
Then in Section 4, we are devoted to the proof of decay estimate.

2. PRELIMINARIES

To state and prove our result, we need some assumptions.
(A1) g: R — R is non decreasing function of class C' functions such that g(0) = 0
and

(Fr0, 71 >0) 70<¢'(s) <mn, forallseR.
(A2) The nonnegative function a : Q — [0, +00) is assumed bounded such that
(2.1) (Jap > 0) a(x) >ap >0, ae. inw,
a(z) € WH=(Q).
(A3) Let p be a number with 2 < p < 400, n=1,2,and 2 < p < 2:__22, n > 3.
Now, we define the following functionals

1(6) = 1990~ ly(0) I
T(6) = 1Ty = Iyl

We define the energy as

2:2) B(t) = @+ 51 90O = [0 = 3l +I6(0), forall ¢ > 0.

The energy E is a nonincreasing function of the time variable ¢, and its derivative
satisfies

(2.3) E'(t) = —/ a(z)yrg(y:) de <0, forallt > 0.
Q
We can define the stable set as
W={y|ye H)(Q),I(y)>0}u{0}.
For later applications, we list up some lemmas.

Lemma 2.1 ([1]). Let q be a number with 2 < q¢ < +oo, n = 1,2, or 2 < q <
2n/(n —2), n > 3, then there exists a constant Cs = C(€2,q) such that

lylly < CllVyll,  fory € Hy(%).
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Lemma 2.2 ([8]). Let Q a bounded domain of R, X Ry, v, and ¢ functions of
L1(Q), 1 < g < 400, such that

|l omllza@ < C,  ©m =@, a.e inQ.
Then,
Om — ¢ in LT weak.

Lemma 2.3. Suppose that n >3 and p < 2% Let y(t) be a local solution on [0,t,,]
with the initial data yo € W such that

p—2

cr <2pE(0)> P

p—2
Then, y(t) € W for allt € [0,t,,).
Proof. We introduce
¢ = inf{t € [0,7°] | y(t) & W} 0.
For continuity in time of y(t), y(t) € W for all 0 <t < t* and y(t*) ¢ W, then we
have y(t*) # 0.
From the continuity of y and the definition of ¢*
(2.4 1(y(t")) = 0.

Hence, we get

p—2 o 1 p—2 2 *
2.5 Jyt)) = ——|Vy@)||"+ -1(y(t)) > —||Vy(t)||", on |0,t7].
(2.5) (y(t)) o IVy@) p(()) o IVy (@) [0, 7]
By the energy identity (2.2) and (2.5), we get
2p 2p 2p

: < Jy(t) € ——=E(t) < —L_F t*].
26) IV < L5aw0) < ~LoBw) < ~FoEO). o [0.]
Hence, from the Sobolev-Poincaré inequality, we get
(2.7) ly@®15 < CEIVy @I < CEIVy@O P2 Vy ()|

9 B
<cr(25e0) T ImsR o)
Ast — t* and a < 1, we obtain
Iyl < allVy(E)II* and [[Vy(E")[* # 0.
Then
ly ()5 < 1IVy(E)]*.

As a result, we obtain I(y(¢*)) > 0, which contradicts to (2.4). Thus, we conclude
that u(t) € W, on [0,t*]. This ends the proof of Lemma 2.3. O
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3. WELL-POSEDNESS

In this section we prove the existence of regular solutions to problem (1.5) and for
this purpose we employ Galerkin method. Then, using a density argument we extend
the same result to weak solutions.

Theorem 3.1. Let yo € H*(Q)NW, y1 € Hy(Q). Assume that (A1)-(A3) hold.
Then problem (1.5) admits a unique regular solution y(x,t) in the class

y € L2([0,00); H*(Q)NW), € L2([0,00); Hy(Q)),  yue € L([0,00); L*(2)).

Theorem 3.2. Letyo € W, y; € L*(Q)). Assume that (A1)-(A3) hold. Then problem
(1.5) possesses a weak solution in the class

Yy € CO([O’ o); W) N Cl([()» 00); LQ(Q))'

Proof. We employ the Faedo-Galerkin approximation method to construct a global
solution, let {w’ | i € N} be the Hilbert basis of L?(2), H}(Q) and H?(Q) given by

{ — Aw' = X', in Q,

w' =0, on I
Set V'™ the space generated by {w!, w?, ... w'} and we construct approximate solu-
tions ¢y, m =1,2,3,..., in the form
y"(tx) =Y M (o),
j=1

where ¢»™ is determined by the ordinary differential equations
(3.1) (v (1), v) = (Ay™(t),v) + (a(x)g(yi"),v) = (ly"[P~2y™,v), forallve V™,

on some interval [0,¢,,). Let yJ* and y}* in V™ be such that

(Yo, w)w? — 5o, in H*(Q)N'W as m — +oo,

NE

(3.2) y™(0) =y =

.
Il
R

(y1, ww! — yy, in Hy(Q) as m — +o0,

NE

(33)  (0) =y =

<.
Il
—

and

(3.4)
Ay —a()g(yi") + lvo' [P vs' = Ayo—a(x)g(y1) + [yoPyo, in L*(Q) as m — +oo.
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3.1. A priori estimates.

3.1.1. The first estimate. We are going to use some a priori estimates to show that
t,, = +00.

Choosing v = 2y;" in (3.1), using Green’s formula and then integrating over (0, ?),
we find

Iy 1 + 206" @) +2 [ [ ot ' (s)) de ds = ||y + 27 ().

for all t € [0,¢,,). Using (3.2) and (3.3), we obtain

33) IO+ 2" +2 [ [ a@ur ) (s) deds < G,

where J(y™(t)) = [|Vy("t)|? — %Hym(t)”g, for some Cj independent of m. These
estimates imply that the solution y™ exists globally in [0, +o0].
Estimate (3.5) yields

(3.6) y™ is bounded in L>(0,T,'W),
y™ is bounded in L*°(0, T, L*(2)),
a(x)y"g(y™) is bounded in L*(Q x (0,T)).

We prove that a(z)g(y;"(t)) is bounded, using (A1) and (3.8), we have

/ / yt d:z:dt<7'1|]a||oo/ / )|y g(y")| de dt < K.
Then

(3.9) a(x)g(y™) is bounded in L*(Q x (0,T)).

3.1.2. The second estimate. We now proceed with further a priori estimates. In doing
so, differentiating (3.1) with respect to ¢, we get

(yie(t) — Ay (t) + alx)yitg' (yi"(t)),v) = ((p — DIy™ )Py (1), v).

Choosing v = y;7', we get

310) & [ OF + VO dr 12 [ al)i 0P G 6) dr

=20p— 1) [ ly" OF 29" ()i (8) do.
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From Hélder’s, Young’s inequalities and (3.6), we have

(3.11)
ey e do

o 500) " o 5 o)< o
([ 1) ([ [ o o) [ i ()] do
<CVy IV O [ i )] da

<OV @ [ It (9] da

CE) Ty ®)I? + el 1)

Integrating (3.10) over (0,¢) and using (3.11), we have

(3.12) Qi F + 195 OF) e+ 2m [ [ ao)lyis(s) deds

<llyiz O)II* + IV ]I® +C/0 Iyt ()1* + Vg ()] ds.

We shall estimate ||y;7(0)]|. To this end, choose v =y in (3.1) and set ¢t = 0 to derive

ly (0)]|* = /ytt Ay — alz)g(yi) + lyg' P2y da,

from which, thanks to (3.4) and Cauchy-Schwarz inequality, we find ||y} (0)| < Ci,
where (] is a positive constant independent of m.
We gain from (3.12) and Gronwall’s lemma that

(3.13) iz O+ 11Vy" (O] < Ce,

for all t € [0,77], and C} is a positive constant independent of m. We conclude from
(3.13) that

(3.14) y™ is bounded in L>(0,T, Hy(Q)),
(3.15) yi? is bounded in L>(0, T, L*(12)).

3.1.3. The third estimate. Choosing v = —Ay;" in (3.1) and then integrating over
0, ] for all ¢ € [0, T, we obtain

(3.16) /(|Vy{”(t)]2 |Ay™( dsc—2// 2)Ay"g(ym) dr ds

IV 4 IAGIE =2 [ [l )2 A () d ds.

Since ¢g(0) = 0 and y” = 0 on I', applying the Green formula, we obtain

—/Q a(x)Ay"g(y;") dw—/Va )Vyg(yi") dw+/ )| Vy g (y)") d,
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using (A1), we obtain

(3.17) [ Va@ Vg do < Conil|Val [ 1997 da
Thanks to Green’s formula, Holder’s inequality, we have
(318) = [ @P Ay () de = / V(I (O™ () Ty () do

_ 1 m
< *Hnym(t)HQ(p U SIvyr @l
Reporting estimate (3.17) and (3.18) in (3.16), we find

VG @ + 18" O + 270 [ [ ala)| Vo (s) dwds

<ITu I+ A+ [ IV P ds + (5 + Ol Valle ) [ IV0 ()P ds.
By Gronwall lemma, we obtain

(3.19) vy N7 + [Ay™(0)]]* < Cs,

where Cj is a positive constant independent of m. We conclude from (3.19) that
(3.20) y™ is bounded in L>(0, T, H*(Q)).

Furthermore, we have from (A3), Lemma (2.1) and (3.6) that

(3.21) |y [P~2y™ is bounded in L>(0,T, Hy()).

3.2. Solvability of (1.5). Applying the Dunford-Pettis theorem and the Riesz lemma

we conclude from (3.6), (3.7), (3.9), (3.14), (3.15), (3.20) and (3.21), replacing the
sequence y™ with a subsequence if needed, that

3.22) y™ — y weakly star in L°(0,T, H*(Q) N'W),
) Y — y; weakly star in L>(0,T, Hy (),
) Y — y,, weakly star in L(0, T, L*(12)),
3.25) [y [P72y™ — x weakly star in L>(0, T, Hy(52)),
) a(x)g(y!") — ¢ weakly star in L*(Q2 x (0,7)).
3.2.1. Analysis of the nonlinear terms. From (3.6), we see that
(3.27) y™ is bounded in L*(0, T, H'(2)).

Then, we have y™ is bounded in H'(Q), where Q = [0,7] x  and the injection
H'(Q) — L*(Q) is compact, and there exists a subsequence of y™ still denoted by the
same notation such that

(3.28) y" —y, ae. in L*(Q)
(3.29) Yyt =y, a.e. in L*(Q)
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We deduce from (3.28) that
[y [P~ 2y™ — |y[P%y, a.e.in Q.
From Lemma (2.2), we deduce
(3.30) [y P2y™ — |y[P"%y,  weakly star in L>°(0,T, Hy(R)).
By (3.26) and (3.30), we obtain y = |y[P~%y. It remains now to prove that

// g(y") vdwdt—>// gy )vdrdt, forallv € L*(0,T,L*(Q)).

We have a(z)g(y;) € L*(Q). Since g is continuous, we deduce from (3.29), that

(3.31) a(x)g(y") = a(x)g(y:, a.e.in Q.

a(x)y"g(y") — a(x)yg(y), ae. in Q.
Using (3.8) and Fatou’s Lemma, we deduce that

/ / 2)yeg(ye) de dt < K.

By using Cauchy-Schwarz’s inequality, we obtain

//\a yt|da:dt<c|Q|2(/ /|a 9(ye) lgdxdt>1§f€.

Let @ C [0,T] x Q. We set
Q= {tmeD.1IxQ g <l =0\

and J(r) = inf {|s| | s € R,|g(s)| > 7“}. Then, we have

/Qa(x)g(ytm) dx dt:/Q1 a(z)g(y” )dxdt+/ y") dx dt

< flallol@"* + Q1) | 2a<x>|y:”g<ym|d:c t
Applying (3.8), we find
sup/ M dxdt — 0, when |Q|— 0,

and from (3.31), we deduce thanks to Vitali’s Theorem that
a()g(y;") — alw)g(y), in L'([0,T] x Q).
Hence, (3.26) yields a(z)g(y:) = ¢ € L*(Q) and
a(z)g(y;") — a(x)g(y:), in L*(Q).
We deduce, for all v € L*([0,T] x L*(f2)), that

(3.32) / / gy vdmdt—>/ / g(y)v dx dt.

15
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Convergences (3.22)—(3.26), (3.30) and (3.32) permit us to pass to the limit in the
(3.1). As w’ is a basis of H%(Q2), then, for all T' > 0, for all § € D(0,7T) and for all
v e L*([0,T] x L*(Q)), after passing to the limit we obtain

333) [ [ oo~ [ (yl), o)) di
+ [ ale) o, o000 de — [ (ol @), o(0)6(0) de = 0.
From (3.33) and taking v € D(0, 7)), we show that
v — Ay +a(@)g(y) = [yl" %y, in D'(Qx (0, 7))

Now, since yu, a(x)g(y:), [y|P2y € L*(0,00,L*(Q)) we have Ay € L*(0, 00, L*(Q))
and therefore

Y — Ay + a(x)g(y) = lyP%y, in L®(0,00, L*(Q))

3.3. Uniqueness. Let y; and y, be solutions to problem (1.5). Then, defining z =
Y1 — Y2, We obtain

(21, 0) + (Vz, Vo) + (a(@)(9(y1e) — 9(y2,0))sv) = (11 P2y — 927" 2y2, v),

for all v € H}(€). Substituting v = z(¢) in the above equality and observing that g
is nondecreasing, it results that
(3.34)

d _ _
Szl +1v21 2 [ @) -g0m)zde =2 [ (ol ~2n-lnl ) () de.

It follows from the mean value theorem that

)P (e, 6) = el OF 2y 1)
<(p = DIy, )] + ly2(z, )" |ya (,t) — ya (2, 1)),
from (3.34) and using the monotonicity of g a hence, we conclude that

Sl + 1920} < 26— 1) [ e, 0] + ot OO l(0)]

Using analogous arguments like those used in the second estimate, we obtain

335) Al IVeI} 42 [ @) o(ona) ~ gla)zedr < Ol + VA1),

Integrating the inequality (3.35) over (0,t¢) and making use of Gronwall’s lemma we
conclude that ||z]|?> = |[|[Vz]|> = 0. This concludes the first part of the proof.
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3.4. Weak solutions. In order to obtain existence for weak solutions we use standard
arguments of density. Indeed, let us assume that {yo,y;} € W x L*(Q). So, let
{ub, i’} € W x L?(Q2) be such that

(3.36) yh — 1y, inW, and y) =y, in L*(Q).

Then, for each u € N there exists y* regular solution of (1.5) belonging to the class
of Theorem (3.1). Repeating the same arguments used in the first estimate we obtain

@37 IO + Va0l = 2l Ol +2 [ [ et (o (s) de ds < €.

where C' is a positive constant independent of p.
Defining 27 = y* — y?, p,0 € N, where y* and y? are smooth solutions of (1.5),
we obtain by the monotonicity of g that

(3.38)
1 d 14,0 (]2 1,0 [|2 n o P—2| 1,0 o
3 IR 1922 < K(p) [ (0 + by, 01722 0|24 ()] do.

Combining (3.37) and (3.38) we obtain, after integrating over (0,¢) and using Gron-
wall’s lemma, that

(3.39) [lyi' () —yf I +11Vy" (6) = Vy" (OI* < K (. T) (5 =97 I+ IVl = Vg |1*),
where K (p,T) is a positive constant independent of u, o € N.

From (3.36) and (3.39), we conclude that there exists a function y such that, for
all T' > 0, we have

(3.40) y" — y strongly in C°(0, T, W),
(3.41) yi' — y; strongly in C°(0, T, L*(Q)).
From (3.37), (3.40) and (3.41) we also have,
yit — y; weakly star in L7_(0, 00, L*(9)),
[y P2yt — |y|[P~*y weakly star in L7, (0, 0o, L*(£2)),
(3.42) a(x)g(y') — a(z)g(y:) weakly star in L*(Q x (0,T)).

The weak convergences from the estimate given by (3.37) and the convergences ob-
tained in (3.40)—(3.42) are sufficient to pass to the limit in order to obtain a weak
solution to problem (1.5). O

4. STABILITY RESULT

In this section, we state and prove the stability result for the energy of the problem
(1.5). The stability result reads as follows.

Theorem 4.1. Let yo € H*(Q)NW, y; € H} (). Assume that (A1)-(A3) hold. The
energy of the unique solution of the problem (1.5), given by (2.2), decays exponentially
to zero, there exist positive constants K and X, independent of the initial data, with

(4.1) E(t) < KE(0)e™, for allt > 0.
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We first consider ¢ € C§°(R™) such that

0<y <1,
(4.2) Y =1, in Q\M;,

Y =0, in M.
For M > 0 and p > 0, define the perturbed energy
(4.3) E(t) = M.E(t) + E*(t)p(t),
where
(4.4) p(t) =2 [ y(h.Vy)do+0 | yydr,
(4.5) h(x) =m(z)Y(z),

and 6 €]n — 2,n.

Lemma 4.1. There exist two positive constants Ay and Ao such that

(4.6) ME(t) < E(t) < ME(t),  for allt > 0.
Proof. Thanks to Cauchy-Schwarz’s inequality, we have
(4.7) ()] < 2RV yllllyell + 0/ CllVy ][y,
where
(4.8) R(2") = max |z — 2°|.

z€S)

From (4.7) we obtain

(01 < 0o+ 220D Sl + 1912

< (0y/C, + 2R(=") E(t)
Then, for M large enough, we obtain (4.6), where \; = M — E*(0)(0+/C, + 2R(z"))
and Ay = M + E*(0)(0y/Cy + 2R(2°)). O
Lemma 4.2. The functional p(t) defined in (4.4) satisfies

(4.9) p'(t):/F(h.u) (gi) dF—(n—&)/ﬂ|yt|2das—(0—n+2)/ﬂ|Vy|2d:U

B 2 B 2 B B 2
- mVy; da:+n/ (1 =)y dz + (n 2)/ 1(¢ 1)|Vy|*dx
2 O Oy Oy

+/ mV|Vyfdo 2 Z/

i =0 7 M\Mo (9xk &ck ox;

dx

0 [ ya(@)gly) dz — | 2(h.Vy)a(@)g(y,) d

+2/Qh.Vy|y|p_2ydx+9/Q [yl dx.
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Proof. Taking the derivative of p(t) with respect to ¢,

(4.10) p(t) :2/Qytt(th) d:zc—i—Q/Qyt(tht) da:—l—@/gyttydx—kg/ﬂyf dx
:2/Qyt(tht) dx++0/(2yttydx+2/gh.Vy.Aydx
—Q/Qh.Vy.a(x)g(yt)dx+2/Qh.Vy|y|pydx—1—9/9|yt|2dx.

Using (1.1)-(1.4), (4.2), (4.5) and Green formulas the first term of the right hand side
of (4.10), we have

2 /Q Y (hVy,)dz = — /Q div(h)y? do
== [ div(em)yide — | div(wm)yid
o, w(y.m)ypde = [ div(y.m)y;dz
= —n/ y2dx —/ mVy? dx — n/ Yyide.
QM M1 \Mo My
Then
(4.11) 2/ y(hVy,) = /yfdl‘-f—n/ (1 —w)yfda:—/ mVy? dz.
My M1\Mp

Using the first equation of (1.5) and applying the Green formula, the second term of
the right hand side of (4.10), we obtain

(4.12) 9/ Yuy dr = —9/ |Vy|? dx — 0/ x)yg(ye) da:—l—@/ ly|P dz.
We have 6% = %I/k, which implies
2
hVy = (h.u)gi and |Vy|* = (g‘g) on I

From the above expressions and using Green’s formulas, the third term of the right
hand side of (4.10) can be rewritten as follows

(4.13) 2 / (hVy)Ay dx

0y

dy
2 . _
_2/ (h.v)|Vy[2 dT — 2}:/ S e e Z/Qh(Vy)V(Vy)dm

B dy oy 0Oy 5
2/ (h.v) <V> dr—zz/amk e —/hV(|Vy| ) dz

oy oy [
_/ h.v) ( V) dl’ — 2 Z / 8mk 91, Or, dx+/ﬂd1v(h)|Vy| dx.
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So, by using (1.2), (4.2) and (4.5), the second term of (4.13) gives

(4.14) —2%:1 aa:k 885@ aajk dx
ZkZO e awg?;d —22;0/ gf,i gi aafkd
z/ o T
:_2/ |Vy|2dx—22/1\MO gf]i-gi ;fkd —2/ Vy[? da.

Similarly, the third term of (4.13) can be rewritten as follows
(4.15)
/(divh)|Vy|2 dr — / div(¢m)|Vy|? de +/ div(ym)|Vy|? de
Q Q\My My

:n/ |Vy|2dm—|—/ mV|Vy|? dx—i—n/ Y| Vy|* dx.
Q\Ml Ml\Mo Ml

Inserting (4.14) and (4.15) in (4.13), we arrive at

(4.16) 2/9(th)Aydx :/F(h.u) (gZ)QdFJr (n — 2)/9]Vy[2dx

+(n=2) [ @-DIVyPds

1

Y TS

im0 7V \Mo &Bk oxy,  Ox;

+ mVy|Vy|* dz.
M1 \Mo

Simple substitution of (4.11), (4.12) and (4.16) give (4.9) ends the proof of Lemma 4.2.
U

Lemma 4.3. We have
(4.17) 0 (1)] < — Ko E(1) + B/ Vyl?de + A/ | da

—9/ 2)yg(ys da:—2/ (hVy)a(z)g(y:) dx

+2/ h.Vy|y[P~2y dx + <9+ n) / ly|Pdz,
Q p ) Ja
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where

K, = min {z(n —6),2(0—n+ 2)}, A = R(2°) max |Vo(z)| + n
zeN
and

B = 3R(2") max |V (z)| + (n —2).

Proof. Next, we estimate some terms on the RHS of identity (4.9).
Taking (1.1)—(1.4), (4.2) and (4.5), we have

(4.18)
oy 2 dy 2 dy 2
. — = . — . — <
/F(h ) (m) dr /F(IO)(m V) (m) At [ (M) (ay> dr <0,
(4.19) /MI\MO mVly|? dr < R(xo)rggglvw(x)\/wwtﬁdm,
(4.20) n/Ml(l —)|yel* d < n/w el de,
- oy Oy 0Oy 0 5
: : : <
(4.21) 2 Z.7k()/3\/[1\3v[() D 8961-”%8951- dr| < 2R(z )Igrcleaéde(x)\/g\Vy\ dz,
2 < 0 2
(4.22) S, VAV dr < R(a®) max|[Ve(a)] [ [VyP da
and
. — — 2de < (n— 2 dx.
(4.23) (n-2) | (W= DIyl de < (n~2) 19yl dz

21

Taking into account (4.18)—(4.23) into (4.9) we obtain (4.17). The proof of Lemma

4.3 is completed.

O

Proof. (of Theorem 4.1) Taking the derivative of (4.3) with respective to ¢, we have

E'(t) = M E'(t) + uE' () E* " (H)p(t) + E*(£)p/(1).
Using (2.2) and (4.17), we have
(4.24) E'(t) <M E'(t) + C,E*(0)|E'(t)] — K,.EF*(t)
+AEMD) /w lye|? do + B E*(t) /Q Vy|? dz

+2B4(t) [ (hWy)a(@)gly) dx — 0B*(2) [ ya(w)gly) dz

4 2ER(t) /Q hVyly[P~2y dx + (9 + IZ“L) EH(#) /Q ly[Pda.



22 M. KOUIDRI, M. ABDELLI, M. BAHLIL, AND A. BEN AISSA

Next, we will estimate some terms on the right-hand side of identity (4.24). Using
(2.3), we get

(4.25) AE"(t) /w el do < 1AE”(t)/Qa(af)ytg(yt) dr < CE*(t)(—E'(1))

T1 Qo
<CE*(0)|E'(t)].
By (2.2), we have
(4.26) B.E"(t) /Q IVy|? dx < BEFL(1).
Using Cauchy-Schwarz inequality, we get

2.5(0) [ hala)Vyg(y) do < 2REOE OV [ a*@)g* () do )

1
2

< 2R(e")/all B3 () | ala)un(t)a(un) de)

< 2R(")llall o B4 (1) (B ().
Applying Young’s inequality, we obtain
(4.27)  2.E*(t) /Q h.a(x)Vyg(y,) dz < cR(2%)|a|l o E*# T (t) 4 cR(2°)|E' ()]
< cR(@")lalloo £ (0) E* () + cR(z") | E'(2)]

=

< B + R()E (D).

Using Cauchy-Schwarz, Young’s and Sobolev-Poincares inequalities, we get

(128)  08(1) [ yalaglu) de < 0CE @)V ([ @)t dr)
Jall
ER
< Ké"E““(t) + C’Ha2||°°|E’(t)|.

< o1 ) et 1y 4 Ve

By Cauchy-Schwarz and Young’s inequalities, we find

28°(t) [ hVylyl 2y do < 2B ORE)|Vul ([ s de )’

< 2cR(x")EFTE(t) ||y 12)(;171)

< 2eR(z°)EFHE (1) | Wy,

where
2n — 2

P
P
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we obtain

(4.29) 2. B (1) /Q WV yly[P-2y do < 2eR(z°)EF3 ()BT (1)
< 2eR(z°)EFFE (1)
< 2¢R(2°)EFTH () E"T (0).

Using Sobolev-Poincaré and Young’s inequalities, we get

K K
0+ —" | EX(t Pdex < CP [0+ —2 | EX(t P
(04 52) ) [ o < 2 0.4 52) mrow

where
< 2n
Ps——,
we obtain
(4.30) - E“(t)/ lyl? de <20? (9 + ) Br() B (1)
p Q p

<Cr (9 + K”) EMYES (1)

<cr (9 + K") E"TY(HET (0).
p

Combining (4.26), (4.29) and (4.30), we get
(4.31)

K,
2.E“(t)/ﬂh.Vy|y|p_2y dz + BE“(t)/Q|Vy|2 dz + <9 + p) 20 /Q lyl? dz

<2R(2") B () E'T(0) + BE*(t) + CF (9 + i) EM (6B (0)

B )
6

Reporting (4.25), (4.27), (4.28) and (4.31) in (4.24), we find

—~ K,

E'(t) < M.E'(t) + CE*(0)|E'(t)| + C|E'(t)] — 7Eﬂ“(t).
Choosing . = 0 and M large enough to obtain

—~ K K, ~

4.32 E'(t) < ——"E(t) < ——2FE(t).
(132) (1) < 5B <~ E()
Finally, by combining (4.6) and (4.32) we obtain (4.1), which complete the proof. [
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MULTIPLE POSITIVE SOLUTIONS OF DISCRETE FRACTIONAL
BOUNDARY VALUE PROBLEMS

N. S. GOPALY? AND JAGAN MOHAN JONNALAGADD?*

ABSTRACT. In this work, we deal with the following two-point non-linear Dirichlet
boundary value problem for a finite nabla fractional difference equation:

{— (Vawu) 0 = fu®), teN,,.
u(a) = u(b) = 0.

Here a, b € Rwithb—a € N3, 1 <a <2, f : R — RTU{0} is a continuous function,
and Vg(a) denotes the o™ order Riemann-Liouville nabla difference operator. First,
we construct an associated Green’s function and obtain some of its properties. Under
suitable conditions on the non-linear part of the difference equation, we deduce some

results for at least two and at least three positive solutions of the considered problem.
For this purpose, we use a few prominent conical shell fixed point theorems.

1. INTRODUCTION

In the year 1695, “L’Hospital inquires Leibniz on the differential operator C%: What
if the order will be %? To which Leibniz replied: It will lead to a paradox from which
one day useful consequences will be drawn”. This question gave birth to a branch of
mathematics that we know today as fractional calculus. Although it started around
the same time as differential calculus, most of the early developments of fractional
calculus were confined to the basement for a long time. Today fractional calculus has
been successfully used for mathematical modelling in medical sciences, computational

biology, economics, physics and several areas of engineering. For further applications

Key words and phrases. Nabla fractional difference, boundary value problem, Dirichlet boundary
conditions, Green’s function, cone, fixed point, positive solution.
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and historical literature, we refer here to a few classical texts on fractional calculus
[34,36,37] and [31].

On the other hand, discrete fractional calculus deals with arbitrary order differences
and sums defined on a discrete domain in either a forward (delta) or backward (nabla)
sense. The theory of discrete fractional calculus is relatively new, with the most
notable works done in the past decade. The notions of the nabla fractional difference
and sum can be traced back to the work [14] and [35]. In this line, Atici and Eloe [?]
developed the nabla fractional Riemann-Liouville difference operator, initiated the
study of nabla fractional initial value problem and established the exponential law,
product rule and nabla Laplace transform. Following their works, the contributions of
several mathematicians have made the theory of discrete fractional calculus a fruitful
field of research in science and engineering. We refer here to a recent monograph [12]
and the references therein.

The study of boundary value problems has a long past and can be followed back
to the work of Euler and Taylor on vibrating strings. On the fractional side, there is
a sudden growth in interest for the development of nabla fractional boundary value
problems. Many authors have studied nabla fractional boundary value problems re-
cently. To name a few, [2,16] and [19] worked with self-adjoint Caputo nabla boundary
value problem. Brackins [9] studied a particular class of self-adjoint Riemann-Liouville
nabla boundary value problem and derived the Green’s function associated with it
along with a few of its properties. Gholami et al. [17] obtained the Green’s function
for a non-homogeneous Riemann-Liouville nabla boundary value problem with Dirich-
let boundary conditions. Jonnalagadda [13,20,21,23-25] analysed some qualitative
properties of two-point non-linear Riemann-Liouville nabla boundary value problem
associated with various types of boundary conditions.

There has been an increasing interest in multiple fixed-point theorems and their
applications to boundary value problems for differential equations and finite difference
equations. Interest in triple solutions was born from the Leggett—Williams multiple
fixed-point theorem [33]. Following this, two triple fixed-point theorems by Avery [5],
and Avery and Peterson [7] have been developed and applied to specific boundary
value problems for ordinary differential equations as well as for their discrete analogues
[3,7]. Also, Avery and Henderson [6] have established twin fixed-point theorem by
dual application of Krasnosel’skii fixed-point theorem. The applications of the above
fixed-point theorems in discrete fractional calculus are scarce. To the best of our
knowledge, there has been no progress in this line, in the domain of nabla fractional
calculus.

Our purpose of this article is to establish sufficient conditions for the existence
of multiple positive solutions of the following standard two-point non-linear nabla
fractional boundary value problem with Dirichlet boundary conditions

(1.1) {_ (Vowu) () = f(u(h). t €Ny,
u(a) =0, wu(b) =0,
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where a,b € R, with b —a € N3, 1 < a <2 and f: R — R" U{0}, using conical shell
fixed-point theorems such as Leggett-Williams [33] and Avery-Henderson [6].

The present article is organized as follows. Section 2 contains a few preliminaries
on nabla fractional calculus. In Sections 3, we present sufficient conditions on three
and two positive solutions of (1.1) using fixed-point theorems by Leggett-Williams
[33] and Avery-Henderson [6], respectively, on a suitable cone.

2. PRELIMINARIES

Denote the set of all real numbers and positive integers by R and Z™, respectively.
We use the following notations, definitions and known results of nabla fractional
calculus [12]. Assume empty sums and products are 0 and 1, respectively.

Definition 2.1. For a € R, the sets N, and N2, where b — a € Z*, are defined by
N, ={a,a+1,a+2,...}, N={a,a+1,a+2,...,b}.
Definition 2.2. We define the backward jump operator, p: N, 1 — N, by
p(t)=t—1, t€Ngy.
Let u: N, - R and N € Ny. The first order backward (nabla) difference of u is
defined by (Vu) (t) = u(t) —u(t —1), for t € N,,q, and the N-order nabla difference
of u is defined recursively by (VNu) (t) = (V (VN_1U>)(25), for t € Ny n.

Definition 2.3 ([12]). Let t € R\ {...,—2,—1,0} and r € R such that (¢t +7r) €
R\ {...,—2,—1,0}. The generalized rising function is defined by

T I{t+r)
L) -
Here I'(-) denotes the Euler gamma function. Also, ift € {...,—2,—-1,0} and r € R
such that (t+r) e R\ {...,—2,—1,0}, then we use the convention that " = 0.

Definition 2.4 (See [12]). Let ¢, a € R and € R\ {...,—2,—1}. The p™-order
nabla fractional Taylor monomial is given by
(t —a)
H,(t,a) = ——,
provided the right-hand side exists.

We observe the following properties of the nabla fractional Taylor monomials.

Lemma 2.1 ([19,24]). Let u > —1 and s € N,. Then the following hold.

(a) Ift € Ny, then H,(t,p(s)) > 0 and if t € N, then H,(t, p(s)) > 0.
) Ift e Ny and —1 < 1 <0, then H,(t, p(s)) is an increasing function of s.
) Ift € Ngyq and —1 < 1 <0, then H,(t, p(s)) is a decreasing function of t.
) If t € Ny and pn > 0, then H,(t, p(s)) is a decreasing function of s.
e) Ift € Ny and pp > 0, then H,(t,p(s)) is a non-decreasing function of t.

(b
(c
(d
(
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(f) Ift € Ny and pp > 0, then H,(t, p(s)) is an increasing function of t.
(g) If 0 < v < p, then H,(t,a) < H,(t,a), for each fizred t € N,.

Definition 2.5 ([12]). Let u : N,;; — R and v > 0. The v*-order nabla sum of u is
given by
t
(Voru)(t) = > Hyoat,p(s)uls), € Nosr.
s=a+1

Definition 2.6 ([12]). Let v : Noy1 — R, v > 0 and choose N € N; such that
N —1 < v < N. The v'"-order Riemann-Liouville nabla difference of u is given by

(V2u)(t) = <VN(V;<N—V>u))(t), t €Ny

Now, we write the expression for the Green’s function corresponding to (1.1) and
state a few properties of the same, which will be used later.

Theorem 2.1 ([9,17,25]). Let 1 < a < 2 and f : R — RT U{0}. The equivalent
form of (1.1) is given by

(2.1) u(t) = Z G(t,s)f(u(s)), teN?,

s=a+2
where the Green’s function is given by

Gh(t,s) = F2=LE9 Ho 1 (b, p(5)), te N,
(2'2) G(ta 3) = gz 1%(3 b
Ga(t,s) = 7 e Ha1(b, p(s)) — Ho—1(t, p(s)), teN.

Theorem 2.2 ([9,17,25]). The Green’s function G(t,s) defined in (2.2) satisfies the
following properties:

(2) G(0,9) = Glb,s) =0, Jor all s € Niy;
(b G(ta+1)—0 forallteN
¢) G(t,s) >0, for all (t,s) € No7] x N,

)
()
(d) Irlilax1 G(t,s) = G(s—1,s), for all s e N°_,;
(e) 2

(2.3) A:(b_“—1><(a—1)(b—a)+1>“‘1

b a1 Gt s) <A, for all (t,s) € Nb x NP, where
al'(a+1) a

3. MULTIPLE POSITIVE SOLUTIONS

In this section, we establish sufficient conditions on the existence of at least two
and three positive solutions of (1.1) using Avery-Henderson [6] and Leggett-Williams
[33] fixed-point theorems respectively, on a suitable cone, by suitably constructing the
growth conditions on the non-linear part of the boundary value problem.

Definition 3.1 ([1]). Let B be a Banach space over R. A closed non-empty convex
set K C B is called a cone provided,
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(i) eu+iv € K, for all u,v € K and all e,i > 0;
(ii) v € K and —u € K implies u = 0.

Definition 3.2 ([28]). An operator T': B — B is called completely continuous, if it
is continuous and maps bounded sets into pre-compact sets.

Definition 3.3 ([1]). A functional a4 is said to be a non-negative continuous concave
functional on a cone K of a real Banach space B, if oy : K — [0, 400) is continuous
and

ay(te + (1 = t)y) > tay(z) + (1 =t (y),
for all z,y € K and ¢ € [0, 1].

The following theorems which are useful for the main results has appeared in [13]
and the same has been proved here for the completeness of the article.

Lemma 3.1. Let a,b be two real numbers such that 0 < a <b and 1 < a < 2. Then
(a—s)o‘*1

=t is a decreasing function of s for s € Ng‘l.

)E

Proof. 1t is enough to show that V, <(a_5

- (b—s)>~T

_—(b—s)*Na—1)(a—p(s)* "+ (a—5)""(a—=1)(b—p(s)"?

) < 0. Consider

(=)0 = pls)" B B
(0= 1) (0= 5)(a = pls)™ (b= pls)™ 2 = (b= 5)(b— pls)™ *(a— pls))*?)
(b= s) b= pls))

*(a — p(s)

p(s))

(5))" 5
b—s) b= ()"
=

(a—1)(b— a
= p(5)**(a = p(5))**(a = b)

(@ =D = p(s)*a— pls)
(b—s)o=t(b—p(s))>"
Since b > a, it follows from Lemma 2.1 that V, (((Z:z;:i) < 0. The proof is
complete. 0

Lemma 3.2. There exits a number v € (0, 1), such that

(3.1) min G(t,s) > ymax G(t,s) = vG(s — 1, s),
teNd teNd

where ¢,d € Nfljrll, such that ¢ = a + [b*?fﬂw and d=a+ 3 VHf%lJ

Proof. We make use Definition 2.4 and properties of Taylor monomials and Green’s
function from Lemma 2.1 and Theorem 2.2, respectively.
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- b
Consider, for s € N7,

_g)e-1
G(t,s) 7(8(;7)1)5, for s > t,
G(s—1,s) | _ (=t  (=s+)o(b—a)>"!
( ) (s—a—1)a=1  (b—s+1)o—I(s—a—1)a—1’ for s < ¢.

Now, for s > t and ¢ < t < d, G1(t,s) is an increasing function with respect to t.
Then, we have

min Gi(t,s) = Gi(c, s) = e ?2Ta<)llj1;&)l)a_

For ¢t > s and ¢ <t < d, G5(t, s) is a decreasing function with respect to t. Then, we
have

miHGg(t,S) :Gg(d,s) _ (d_a)ﬁ(b_s"i‘l)ﬁ (d—S-Fl)ﬁ

teNd (b —a)*T(a)  I(a)
Thus,
Go(d, s), for s € Ng_ o,
{IelIi\IIdl G(t,s) = ¢ min{Gy(d, s),G1(c,s)}, for s e N,
‘ Gi(c, s), for s € Nb,

) Ga(d,s), forse N,
| Gi(e,s), forse N©,

where ¢ < r < d. Consider

. (d—a)*~ 1 (d—s+1)*T(b—a)*~ T r
mingena G(t, 5) D ey i e ey for s € Ny,
c—a)*!

G(s —1,s) ﬁ, for s € N?.
Thus,
3.2 inG(t,s) > G(t
(3.2) min (,s)_v(S)gré%g (t,s),
where

_ a—1 d— a—1 d— 1 a—1 h— a—1
7(s) = min (c—a) — (d=a) — — ( S+L (b—a) — 5.
(s—a—1)"1t (s—a—1)"1t (b—s+1)*Hs—a—1)"1

For s € N2, denote by

(c— a)"‘fli - (c— a)o‘_li.
(s—a—1)"1 7 (b—a—1)"1

Similarly, for s € Nj,_,, we take

T(s) =

1 a1 ([d—s+1)°71(b— a)‘“)

72(8):<s—a—1>w<(d_a)a_l_ (b—st 1t
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By Lemma 3.1, we see that % is a decreasing function for s € Nj_,. Then
> _ d— a)® 1 S
S —— <( 2 (b—a—1)a1
1 a1 ([d—a—1)°"tb—a)O
S B (PR e Tt Vil Ut
(d—a)~t (b—a—1)a"1
Thus,
3.3 in G(t,s) > G(t
(3.3) min G(t, 5) 2 ymax G(t, ),
where

— i (C _ Q)ﬁ (d —a — 1)@(1) — a)ﬁ
(3.4) v_mm{(b—a—l)a—l’l_(b—a—1)a—1(d_a)a—1}'

Since G1(c,s) > 0 and Go(d,s) > 0, we have y(s) > 0 for all s € NZH,inplying

that v > 0. It would be suffice to prove that one of the terms %, 1 -
EZ:Z:;))E((S:Z;E is less than 1. It follows from Lemma 2.1 that

(c— a)m

(b—a—1)a1
Therefore, we conclude that v € (0,1). The proof is complete. 0

< 1.

Note that any solution u : N2 — R of (1.1) can be viewed as a real (b —a + 1)-tuple
vector of vector space R*7%*!. Denote by

B={u:N =R |u(a)=ub) =0} C R

Clearly, B = (B, || - ||) is a Banach space equipped with the maximum norm, i.e.,
= t)|.
lull = max u(?)

Define the operator T : B — B by
b

(3.5) (Tu) () = >_ G(t,s)f(u(s)), teN,.

s=a+2

Since T' is defined on a discrete finite domain, it is trivially completely continuous.
We also observe from (2.1) and (3.5), that w is a fixed point of 7', if and only if u is a
solution of (1.1).

Define the cone

K = {u € Blu(t) >0, fort € N’ and min u(t) > 7||u||} :
teNd
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First, we show that T : K — K. Let u € K. Clearly, (Tu) (t) > 0, for t € N.
Consider

iy (1) 0 = pin ( 3 Gt s>f<u<s>>)

> Y min(G(t, s) Z ymax (G(t,s)) f(u(s))

s=a-+2 tENg — tENb

2 S G, s>f<u<s>>) _

teNy \ 2ol
= 7| Tul].
Thus, we have T': K — K. Take
b

(3.6) D=Y G(s—1,s).

s=a+2
We define the following sets
Ko ={u€K||u|]| <},
Ka2(a’/7b/) = {U €K | a' < OQ(”)? HUH < b/}7
where ay : K — [0, 400) is a non-negative continuous concave functional. We state
here the Leggett-Williams fixed-point theorem as follows. The proof of the same
can be found in [33] and applications can be found in [3,8]. Also, we would like to

refer here to a paper by Kwong [30], which talks about the geometrical view of the
Leggett-Williams fixed point theorem.

Theorem 3.1. Let T : K, — K, be completely continuous and g be a non-negative
continuous concave functional on K, such that co(z) < ||u||, for allu € K. Suppose
there exist 0 < d' < a' <V <, such that

(a) {u € Kuy(a', V) : ag(u) > a'} #0 and as(Tu) > d', for u € K,,(a',V);
(b) 1 Tul| < d', for [lu]| < d;
(c) ao(Tu) > d, foru € K,,(d', ) with ||Tul|| > V.
Then, T has at least three fixed points uy, us, us satisfying
lur] <d’;  d' < as(uz),
|us|| >d"  and as(usz) < d.

We introduce here the growth conditions on the non-linear function f, in line

with [3].
Theorem 3.2. Suppose there exist numbers a',b',d', where 0 < d' < a <~ <V,
such that f satisﬁes the following

(a) f(u) > *, if u € ld,b];

(b) f(u) <%, if ue0,d];
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(c) There ezists ¢ such that ¢ >V and if u € [0,c] then f(u) < 5

Then, the boundary value problem (1.1) has at least three positive solutions.

Proof. Define a non-negative continuous concave functional ay : K — [0,00) with
as(u) < |lul|, for all w € K, by

= mi t).
aa(u) %};“”

Claim 1. If there exists a positive number r such that u € [0, r] implies f(u) <
then T': K, — K,. Suppose that u € K,. Then,

7l = (32 60,90t

Na s=a+2

r
D>

<Zmax (t, )] f(u(s))

b
s=a+2 teNg

— Z G(s—1,s)f(u(s))

s=a+2

b
<% Y G(s—1,8)=r.
s=a+2

Thus, T : K, — K,. Hence, we have that if condition (c) holds, then there exists
a number ¢’ such that ¢ > b and T : K, — K.. Note that with » = d’ and using
condition (b), we get that T : Ky — K.

Claim 2. {u € K,,(a',V) | azs(u) > a'} # 0 and as(Tu) > o for u € K,,(d', V).

Since u = a“’l € {u € K,,(d,V): as(u) > da'}, it is non-empty. Let u € K,,(da’,V’).
By using condltlon (a), we have

calt) =iy ( 37 609100l

teNd s—at2
b

> Z min [G(t, s)] f(u(s)) >~ Z G(s—1,s)f(u(s))

+2 tEN s=a+2
>a.

Thus, if u € K,,(a’, V), then as(Tu) > a'.
Claim 3. Ifu € K,,(a/, ') and ||Tu|| > ¥, then ao(Tu) > a’. Suppose u € K,,(a', )
and ||Tu|| > ¢'. Then,

az(Tu) = min < zb: G(t,s)f(u(s)))

d
teNg \ (= a2

(&
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> 3 Gt

teNg s=a+2
= 7| Tul]
> b >d.
Thus, ay(Azx) > a’. Hence, all the hypothesis of Theorem 3.1 are satisfied. Therefore,
the boundary value problem (1.1) has at least three positive solutions. U

It has been observed that the flexibility of suitable choice of functionals over norms
is the main advantage of Avery-type fixed-point theorems over Leggett—Williams fixed-
point theorem [7,30]. We define here the following subset of K for a positive number
q:

K(0,9) ={ue K [0(u) <q},
and the set 0K (6,q) = {u € K : 6(u) = q}, where 6 is a non-negative continuous
functional on K.
The following is a twin fixed point theorem by Avery and Henderson [6].

Theorem 3.3. Let K be a cone in a real Banach space B. Let oy and 7y, be increas-
ing, non-negative continuous functionals on K. Let 6 be a non-negative continuous
functional on K with 6(0) = 0 such that for some positive constants r and M,

ar(u) <O(u) <yi(u) and |ul] < Mon(u),

for all w € K(oy,r). Assume that there exist two positive numbers p and q with
p < q<r, such that

O(ku) < kO(u), for0<k<1anduec dK(d,q).

Suppose there exist a completely continuous operator T : m — K, satisfying
(a) a1 (Tu) > r, for allu € OK (ay,r);
(b) 8(Tu) < q, for allu € 0K (0,q);
(¢) K(71,p) # 0 and v (Tu) > p, for all u € OK (1, p).

Then, T' has at least two fized points u; and us belonging to K(aq,r), such that
p<m(u), withf(uy) < q,
and

q < 0(uz), with aq(uz) <r.

We introduce growth conditions on the non-linear function f here in line with [10].
Set l=b—a+1.

Theorem 3.4. Suppose that there exist positive constants p,q and r, such that p <
q < r and assume that function f satisfies the following conditions:

(a) f(u) > STelemw g for all u € [r, 5],

(b) £(u) < tgairsy for all u € [g, 1)

(c) f(u) > m(%l,s), for all u € [yp,p].
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Then, the operator T has at least two fized points, u; and ug, such that
p<y(up), withO(uy) < q,

and
q < 0(uz), with ayq(uz) <r.

Proof. We need to verify that the completely continuous operator T' satisfies the
hypothesis of Theorem 3.3. Denote by

cr(u) = minu(t), Ou) =maxu(t), y(u) = [lul.

For all v € K, we have a;(u) < 6(u) < v (u). Let u € K. Then,
ar(u) = minu(t) = ymaxu(t) = yy1(u) = ylu].
teNd teNd

c a

Hence, for all £ > 0 and v € K, we have
0(ku) = ?é%?f(ku(t)) = kr;relz@( u(t) = kO(u).

c (&

Claim 1. If u € OK (v, 1), then ay(Tu) > 7. Let u € 9K (ay, 1), i.e., mingeya u(t) =
r. Then, a;(u) = r > 7l|lul|, implying that

r < |lul| < z, for u € OK (aq, 7).
Y

Using condition (a), we have

a1 (Tu) = m1n< S Gt s) )))

teNg s=a+2
b b
2 5;.;2 min (G(t, 5)) f( :Z2rtr€1gg< s)) f(u(s))
>y ! max (G(t,s))!

YG(s —1,5) teNy
=r.

Thus, condition (a) of Theorem 3.3 is satisfied.
Claim 2. If u € 9K (0, q), then 0(Tu) < q. Let u € 9K(0,q), i.e., max,ens u(t) = q.
We have

O(u) = q > ai(u) > y[lul| and |[[ul] > 0(u) = q,
implying that
g < |lu|| < 3 for u € IK (6, q).

Using condition (b), for u € 0K (6, q), we have

0(Tu) = max ( > G(t,S)f(U(S))>

teNd \ (T 7o
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< max< > Gt s)f(u(s))> < Y max(G(t,s)) f(u(s))

teNg s=a+2 s=a+2 teNG
q
< G(t,s))l
IG(s—1,s) ?el%%;( (t.5))
Thus, condition (b) of Theorem 3.3 is satisfied. Now, since K(y1,p) = {u € K |

|ul]| < p} # 0, we observe that p > v(u) > ai(u) > vp, for u € K (v1,p). Using
condition (c), we have

() = a3 6ttt

b
teNg s=a+2

> G(t l
IG(s—1,s) Itreli%( (t,))
Thus, all the conditions of Theorem 3.3 are satisfied. Hence, T has at least two fixed
points. The proof is complete. O

CONCLUSION

In the present article, we have established sufficient conditions for the existence
of multiple positive solutions of the standard two-point non-linear nabla fractional
boundary value problem with Dirichlet boundary conditions using fixed-point theorems
such as Leggett—Williams and Avery—Henderson on a suitable constructed cone. To
the best of our knowledge use of above conical shell fixed point theorem in nabla
fractional calculus is unknown.
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A NOVEL SHIFTED JACOBI OPERATIONAL MATRIX METHOD
FOR LINEAR MULTI-TERMS DELAY DIFFERENTIAL
EQUATIONS OF FRACTIONAL VARIABLE-ORDER WITH
PERIODIC AND ANTI-PERIODIC CONDITIONS

HAMID REZA KHODABANDEHLO!, ELYAS SHIVANIAN!*, AND SAEID ABBASBANDY'

ABSTRACT. This paper investigates the generalized linear multi-terms delay frac-
tional differential equation of variable order with periodic and anti-periodic condi-
tions. In this work, a novel shifted Jacobi operational matrix technique is applied
to solve a class of these equations, so that the original problem becomes a system of
algebraic equations that can be solved by numerical methods. The proposed tech-
nique is successfully applied to the aforementioned problem. Sufficient and complete
numerical tests are presented to demonstrate the accuracy, generality, efficiency of
presented technique and the flexibility of this scheme. The numerical results of
this method are compared with other existing methods such as fractional backward
differential formulas (FBDF'). Comparing the outcomes of these schemes, as well as
comparing the current technique (NSJOM) with the exact solution, demonstrates
the efficiency and validity of this method. It should be noted that the implemen-
tation of current method is considered very easy and general for many numerical
techniques. Furthermore, the error and its bound are estimated.

1. INTRODUCTION

In the last three decades, analysis and applications of fractional calculus have been
the fastest growing active area of research. Currently, it has become an important
tool because of its vast applications in different scientific fields for example, physics,
chemistry, blood circulation phenomena, electrodynamics, biophysics, capacitor theory,

Key words and phrases. Periodic and anti-periodic conditions, shifted Jacobi operational matrix
technique, Caputo differential operator, multi-terms delay differential equations, fractional variable-
order.
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Complex environment, polymer rheology, experimental data fitting, dynamic systems,
ete. (see [4-7,11] and references therein). The increasing development of efficient and
suitable methods with high accuracy to solve F'DFEs has caused the interest of many
researchers to increase in this field. There are many important and popular methods
for estimating of numerical solution of FDFEs which can be implied to both linear
and nonlinear F'DEs, namely fractional linear multi-steps methods and convolution
quadrature are presented by Lubich [12]. Galeone and Garrappa presented Fractional
Adams-Molton methods for FDFEs [13]. Trapezoidal methods to solve FDEs is
proposed via Garrappa in [15]. The numerical solution to solve linear multi-term
FDEs: systems of equations have presented by Edwards et al. [16]. Ford and Diethelm
have suggested the multi-order FDE and their numerical solution in [17] and the
numerical analysis for distributed-order DFEs is given by these authors [18] and etc.

Incorporating the delay into F'DE's creates new perspectives, especially in the field
of bioengineering[10],because the realization of dynamics occurring in biological tissues
is improved in bioengineering by fractional derivatives [8,10].

In mathematical sciences, the DDFEs are a kind of DFEs in that the derivative of
an unknown function at a definite time is presented in terms of the values of the
function at prior times. The DDFESs are also called time-delay systems, systems of
deed-time or systems of aftereffect, differential-difference type equations, hereditary
systems, deviating arguments equations [21].

Fractional DD FEs differ from the ordinary type in which the derivative at any time
depends on the solution (and when the equations are neutral then related to the
derivative) at previous times. Many real-world happenings can be modeled as the
FDDEs [11]. The FDDEs have many usages in different scientific areas by modeling
different problems like electro dynamics, economy, biology, finance, control, physics,
chemistry and etc. [21-27].

In the past years, numerical solution of the F'D D FE's analyzed and approximated by
Margado et al. in [28]. Cermak et al. in [29] examined the stability areas of systems of
FDDEs. Lazarovic and Spansic in [30] analyzed the stability for systems of FDDFEs
by means of Grinwalds approach. A New Predictor-Corrector method (NPCM)
and new iteration technique have proposed in [31,32], to numerically solve FDES.
A predictor-corrector method for solving nonlinear FFDDESs in [14] have peresented
via Bhalekar and Daftardar-Gejji. In [9], the algorithm of Adams-Bashforth-moulton
which was peresented in [6, 20, 33|, is proposed for solving the FDDFEs. A new
technique to solve nonlinear FF'DDESs have presented by Varsha et al. [10]. The
Reproducing kernel Hilbert Space method to solve nonlinear F'D D E's have employed
via Ghasemi et al. [21]. In have [8] authors provided a new numerical method for
solving FDDEs and Khodabandehlo et al. in [1-3] have proposed a NSJOM technique
for nonlinear variable-order FFDDFEs.

Furthermore, the spectral techniques that depend on an orthogonal polynomials
set, are applied to solve the FDFEs. The classical Jacobi polynomials are one of the
most famous, which are as follows:
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PeAt), B>-1,a>-1,n>0.

These polynomials have been used widely in mathematical analysis and practical
applications owning to they have the benefits of getting the numeric solutions in
parameters 5 and «. Then, the systematic study of Jacobi polynomials with general
indexes o and [ will be useful and obviously, this case, in addition to extending the
time interval ¢ € [0, ], can be considered as one of the goals and novelties of this
version [19]. Moreover, in recent years interest of researchers has increased in this
area (area of variable F'DE’s) [34-38].

In this paper, generalize the orthogonal polynomials in the base of solution is the
our goal. In fact, we present a NSJOM method for the fractional derivatives to solve
a class of linear multi-terms variable F'D D E's with periodic condition which as follow:

(1.1) zn:ﬁsDCS(t)z(t) 4 Bzt —7) = f(t), 0<t<T,
() = K(t), te[-m0],
2(0) = zr,

where 2y = z(T). Also, the linear multi-terms variable FDDFEs with anti-periodic
condition is:

(12) S BDNO() + Bzt —7) = (1), 0<t<T.
S0) = k(t), te[-70]
2(0) = —z7,

where B, €R, s =1,2,...,n+ 1, Boy1 #0,0 < T and D%, s = 1,2,...,n, are the
Caputo’s derivative of variable-order fractional.

Note 1. If (5(t), s = 1,2,...,n, are constants, then (1.1) and (1.2) will be as follow:

zn:ﬁsDcsz(t) + Bzt —71)=f(t), 0<t<T,
s=1

z(t) =k(t), tel[-T0],

and
" BDS2(t) + Buprz(t —7) = f(t), 0<t<T,
z(t) = k(t), te[-7,0]
Also note that: we can use many polynomials such as Gegenbauer, Legendre,

Fibonacci, all Chebyshev, Lucas, Vieta-Lucas polynomials, and etc. in our novel
suggestion scheme.
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The numerical outcomes gained for the mentioned equation in this paper reveal
that the current technique has high efficiency and accuracy. By comparing numerical
results getted via this technique with other available methods, and focusing on them,
we find out that the suggested method capable of solving the variable-order FDDE,
playing role of a powerful effective and practical numerical technique.

2. FUNDAMENTALS AND PRELIMINARIES

In this section, some of the mos basic fractional calculus theory properties will be
mentioned. Then, some important features of Jacobi polynomials, that are relevant
for the development of the proposed technique, will be presented [39,42,43].

Definition 2.1. The left and right-sided Caputo fractional derivatives of order (,
q— 1< (¢ <gq, are determined as

)
PAO=1-g ) o pem®

() — 1 t 2'(s) .
D50 = =g | sy

that
0, for m € Ny and m < [(],
Cym _
Dit™ = th_c, for m € Ny and m > [(].
and
0, for m € Ny and m < [(],
DT —t)™ ={ (=1)™T(m + 1)

Tom—C11) (T'—t)™™", for m € Ny and m > [(].

where [-] is the ceiling function and Ny = {0,1,2,...}. And for constants 6 and =,
we will have DS(6¢ () +yn(t)) = §DL((1)) + ¥ DL (n(1)).

Definition 2.2. The Caputo derivative with fractional variable-order ((t) for z(¢) €
C™[0,T)] is as follows [35,40]:

1 t 2(s) z(0F) — 2(07) ,_

2.1 DO 5(t) = / 207) = 2(07), ¢y

21 =50y b =9 @™ A=)

At the starting point and for 0 < ((¢) < 1, we have:

1 t o 2(s)
¢(t) -
DO = 5=y o o= s
Also, for constants a and b we have D®(a 2 (t) + b 29(t)) = a DS 2, (t) + b DS 2 (¢).

Using (2.1), then: DSWK =0, K is a constant.
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On the other hand
0, for m =0,
(2.2) DO =8 Tnt1)
L(m +1-¢(t)) ’
2.1. Shifted Jacobi polynomials and their properties. Suppose P,(Laﬁ)(s), b >
—1, a > —1 as the n-th degree Jacobi orthogonal polynomial in —1 < s < 1.

As any classical orthogonal polynomials, P{*#)(s) form an orthogonal system with
respect to weight function w(®#(s) = (1 — s)*(1 + 5)”, namely [39]:

/ P (s) PP (s)w @D ds = B 6y,

form=1,2,...

where

o) _ 2T (k+a+ DI+ 5+ 1)
b Qktatr BRI (kB ra+ 1)
¢ 1, is the Kronecker function and

s ; T(a+ L+ D+ £+ 1+ 8+ j) s 1\J
23 7 z:: Lla+pB+0+1)T (a+1+j)r(j+1)r(£—j+1)< 2 )

is the analytical form of the ¢-th order Jacobi polynomial [19]. The polynomials given
n (2.3) can be obtained as follow:

UL P (s) = s P (s) = us P (s), =23,
where
iy =2l(a+ 0+ B)(a+20 -2+ B),
yod =(a+20— 1+ B)(a® — B2+ (a+ 20+ B)(a+ 2+ 8 —2)s),
sy =2(a+L—1)(B+ € — 1)(a+ 20+ B).
That start values as follow
PEs) =1 and POP(s) = [+ 6+ 2 + (0 — )]

In order to use the polynomial of (2.3) on the interval 0 < ¢ < T', we need to change

the variable s = (% — 1) Therefore, the shifted Jacobi orthogonal polynomials

Pj(a’ﬂ) (% - 1) which marked by P aﬂ )( t) will be constructed . Then P}?'B )(t) form

an orthogonal system with w(a & (t) = t°(T — t)* as the weight function for 0 <t < T
with the following orthogonal feature:

[P P 0 e = B

where

a+p+1
a,f T a,B
Wed = () we
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Also,
PR f: Jets TB+1+OT(a+j+L+1+p) ;
o Fa+l+1+8TB+1+ )G+ DI -5+ 1)T7
zf: Fl+1+a)l(a+j+l+3+1) Ty

T(a+(+1+3)C (a+1+j)F(j+1)F(£—j+1)Tj(
is the analytical form of the ¢-th order Shifted Jacobi polynomial [19] and we have

(@B) oy , T(B+0+1)
P 0 = ) G DRG T D
T(a+0+1)

P(avﬁ) T —
v (T) Do+ 1T + 1)

in the endpoint values.

Note 2. The Jacobi’s shifted orthogonal polynomials constitute infinite number of
orthogonal polynomials such as the shifted Chebyshev polynomials of the first, second,
third and fourth kinds T g( )s Ure(t), Vie(t) and Wy (t), respectively; the shifted
Gegenbauer polynomials G o0 )( t) and the shifted Legendre polynomials ¢7,,(t). These

polynomials, which are all orthogonal, are related to Pﬁ;ﬁ )(t) as follow:

r(t) = PR (1),

e ) — D0+ 1T (a+ 1) Pk
T(a+§+1)
re+unr % 11
Tro(t) = ( ( j_gg )PzgeQ 2)(t)>
T(t) = Ex 2T (§> P:%é) t),
or (g +€)
21 2 11
Veal) = P P,
2T+ 1)) (5-1)
Wr(t) = WPM (t).

3. FUNCTION APPROXIMATION BY SHIFTED JACOBI POLYNOMIALS

Consider the function z(t) to be square integrable with respect to w'™? (¢) in [0, T,
then, we have (see [19,39]):

(3.1) Za] PO,
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that the coefficients of the series (aj) are gained by

PO () 2(t)dt,  §=0,1,...

4 = ocﬁ)

So, we will obtain the approximate solution by finite number of terms from the series
n (3.1), then

(3.2) 2(t) = 2y (t) = % a; P () = AT (1),

where A = [ag, a1, ..., an]T and ®p (1) =[PP (1), PSP (1), ..., PSP (0]
We consider that

St) = [1,t,2,¢%,... M7,
By (3.2), the vector &7 5/(t) can be shown as
(3.3) P (t) = Riap)S(1),
that R(,p) is a square matrix of order (M + 1) x (M + 1), as follows

(=) (a+ 0O a+B+k+10)
Tor1 pl = { (a+ B+ O a+ k)Y — k)T
0

Y

(> k,
otherwise.

for 0 </, k<M.
Let M =4, a = =0, then

1 0 0 0 0
1 -1 2 0 0 0
Rog==| 1 =6 6 0 0
-1 12 =30 20 0
1 =20 90 —140 70
Hence, using (3.3), we get
(3.4) S(t) = R 5 Pr.u(t).

Note 3. We can caculate this matrix R, g) for other orthogonal polynomials as well.
For instance, let M =4, § = _71, o= %, then the orthogonal polynomials will be of the
fourth kind shifted Chebyshev type, hence R, gy of order 4 x 4 for these polynomials
as follows
1 0 0 0 0
-1 4 0 0 0
R( ) = 1 —12 16 0 0
-1 24 —-80 64 0
1 —40 240 —448 256
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4. NOVEL SHIFTED JACOBI POLYNOMIALS OPERATIONAL MATRIX(NSJOM)

Operational matrix, which are applied in different areas of numerical analysis and
to solve problems of different types and topics are of especial importance such as
integral equations, DESs, integro-DEs, ordinary and partial F'DFEs [36,39-41,44-52].
In this part, we investigate the (SJOM) of fractional variable-order to support the
numerical solution of (1.1), (1.2). Therefore, we convert the problem into the system
of algebraic of equations which is solved numerically in collocation points.

At first, we deduce DO dq (), £ =1,2,...,n, as follow.

According to the previous content, we have: ®p /(%)

(4.1)

DCZ(t)®T7M(t> — DQ(t)(R(a,B)S(t)) = R(a7B)DCZ(t) [17 t, e

Combining (2.2) and (4.1), gives:
DN (t) = Riays) DO(S(1))

where

0

G(t) =] 0

[ T(2) (-G
Ra,p) (0 2)
[ 0
F(g)t—Cz(t)
T'(2—Ce(t))
Ria ) 0
0
= RiapGe(t)5(1),

0 0
r(2)¢=e®) 0
T'(2—Ce(t))

0 r'(3)t—<e(®)

T'(3—Ce(t))

0 0

0

Using (3.4), we have

DD (1) = Riap) Ge(t) Rl gy Prar (1), ¢

The operational matrix of DCf(t)(I)T,M(t), (=1,2,...,n,is RapGe(t)R

TR -G0)

D(M + 1)tM=¢@®)

R(aﬁ)S(t), thus

T

0
0

[(3)t~¢e(t)

0

(=1,2,...

F(M)fiz(f)
T(M+1-Ce(t)

I'(3—Ce(1))

0

F(M)z;_cé(t)
D(M~+1-C(t))

TT(M+1—¢(t))

1,2,...,n.

(,8)"
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Here, we estimate the variable-order fractional of the calculated function that
obtained in (3.2) as follows

DO (t) ~ DYD(AT D (1) =AT DD D (1)
(4.2) =ATR0 )G R 5@ (t), €=1,2,...,n.
By using (4.2), hence (1.1) turned into

(4.3) Z B(AT Riap)Gs ()R 5y Proas (1) + By AT @ (t —7) = f(1), t€[0,T],

s=1
with periodic condition
AT @7 (0) = AT @7 (T)
or anti-periodic condition as

AT @7, (0) = —AT &7 5, (T).

Finally, we use tx, k = 0,1, 2, ..., m, where they are the roots of P}O;fll(t) Therefore,
(4.3) converted into the following form

(4.4) > 53(ATR(Q,5)GS(?5£)R(Ll,g)@T,M(té)) + a1 AT O (b — 1) = f(t0),
s=1
0(=0,1,2,....m.

So, we can solve the system in (4.4) with the conditions mentioned numerically for
determining the vector A. Therefore, the numerical solution that presented in (3.2)
can be obtained.

5. ERROR ANALYSIS

In this part, for estimating an upper bound for the absolute error, the Lagrange
interpolation polynomials is used. Namely, by using the current technique (N.SJOM)
with error approximation and the residual correction method [53,54], an effective error
estimation will be gained for the variable-order F'DESs.

5.1. Error bound. Now, let z(¢) on [0,7] be the smooth function and suppose that
zun(t) € [157 is the best approximation for it. Our aim is to obtain an analytical form
of norm of error for zy,(t) by developing it into Jacobi polynomials. assume

a,B
[ =Span {P{37(1),i=0,1,2,..., M}.
M

According to concept and definition of the best approximation, we can write

o,
for all vy (t) € [T 112(t) = 20 (B)lloo < 12(£) = v2s (8)lloc-
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Let vy (t) be the interpolating polynomials at node points t;, i = 0,1, ..., m (where
t; are the roots of Pﬁfil(t)) It is clear that vy, (t) satisfies in the above inequality.

Then by the Lagrange interpolation polynomials formula and its error formula, have

S(M+1) M
(0 = o) = T T 1)

o
that 0 < £ < T, and

M —_— .
|2(t) — var(t)||oo < max |Z(M+1)(€)| I Hj:O(t ti)lloo

0<t<T (M +1)!
Note that z(¢) on [0, 7] is smooth, therefore, there is a constant C, as
(M+1) <
(5.1) Qax [T ()] < Ch.

We want to minimize the factor || Hj]\/io(t —t;)]| as follows
One-to-one mapping t = %(w + 1) between the interval [—1, 1] and [0, 77 is used to
deduce that [39,55]

M M T
o2y ooy | 11 =01 = _min, oo T 50 =)
T M+1 M
(52 =(3)  min, pas Hew-w)
7N\ M+1 plab) i,
= () min  max M(Zlﬁ()) )
2 —lswiSl—Iswsl] 00
where ug\?’ﬁ ) = _L@MiatBtl) g the Jast factor of P]E?fl) (w) and w; are the roots of

~ 2MMIT(MtatB+1)
Pﬁfl) (w). It is clear that

o) @) DB+ M+2)
_%%él‘PMH (w)] —PM+1(1) = LB+ 1)(M+1)

Using (5.1) and (5.2), gives the following result
M+1
(£)" T@E+M+2)
i (M + D)2R(B +1)

Therefore, an upper bound for absolute error between the exact and approximate
solutions was stimated.

12(t) — 20 (t) | oo < C4

5.2. Error function estimation. In this subsection, we have introduced the error
approximation based on the error function of residual of the proposed scheme and the
approximate solution (3.2) is refined by the residual correction technique. The error
approxmation of residual was used to ontain the error of some methods for different
equations [41,54,56,57].
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At first, we mark ey (t) = zp(t) — 2z(t) be the error function for the NSJOM
approximation zys(t) to z(t), that z(¢) is the truaccurate solution of (1.1) or (1.2).
Therefore, z)/(t) satisfies the following relation

(53) 3 BD Oy (t) + Brsrear(t — 7) = F(8) + Ra(t), 0<i<T,
s=1

with periodic condition as
zu(0) = z2m(T)
or anti-periodic condition as
ZM<O) = —ZM(T),
where Ry/(t) is the residual function of (1.1) or (1.2), which is approximated by
replacing the zy/(t) with z(¢) in (1.1) or (1.2). By subtract (1.1) or (1.2) from (5.3),
the error problem is constructed in the form of

(5.4) 3" 8. D%“Wen(t) + Borien(t —7) = Ru(t), 0<t<T,
s=1

en(0) =ey(T) or epn(0)=—eyn(T),

Thus, the (5.4) can be solved like the way it was presented in the previous section
and we obtain the following estimation to ey (t)

M
en(t) = S do PP (1) = DT (1),
s=0

Note that if the accurate solution of the problem (1.1) or (1.2) is unknown, then we
can gain the estimation of maximum amount of absolute errors by

En(t) = max{eyn(t),0 <t <T}.

The above estimation of error, is influenced by the rate of expansions convergence in
Jacobi polynomials. Thus, the rates of convergence in temporal discretizations, are
provided by it [39,57].

6. NUMERICAL EXPERIENCES

In this section, several numerical examples are presented to demonstrate the appli-
cability, efficiency, accuracy, generality of this scheme. We obtain the outcomes of the
current method by Mathematica 10 software. To test our technique, we have com-
pared in terms of absolute errors of exact solution with current method and fractional
backward differential formulas (FFBDF') which defined as: |zezact(t) — 2n(t)]-

Gathering of the outcomes obtained via this method with the true solution of each
example displays that our scheme is in the best agreement compared to other methods.
As this method is easy to implement, consistent and stable, it is therefore more reliable
and applicable.
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Ezample 6.1 ([11]). Consider the below FDDE for 0 < ¢ <1

L(3)z(t)*  T(2)x(t)"
r@-¢o  T2-¢

2(t)=t*—t—1, te[-1,0],

2(0) = —=2(T).

With anti-periodic condition. The true solution is z(t) = t* —t — 1 and T = 2,
0<t<T, 7=1,(=0.2.

According to the presented concepts, we approximate the solution of this example
and observe that results of this scheme are in the best agreement with the accurate
solution compared to method (F'BDF'). From table 1, where the absolute errors (at
t = 1) of the exact solution with our scheme and method in [11] are recorded, we
find that the numerical results which getted by our method are very close to the
exact solution and we achieved an excellent estimation for the true solution by using
current technique. In figure 1 compared the exact and calculated solution which
acknowledges the utility, accuracy and validity of NSJOM scheme. Furthermore, in
figure 2 the absolute error of exact solution with our scheme for this instance has been
drawn. In this instance for M = 2 and M = 4, we have A = [—0.66667, 1, +0.66667]",
A =[-0.66667,1,+0.66667, —4.82688 x 1071%, —1.16563 x 107'6]7 respectively.

(6.1)  Dz(t)+ 2(t—71) = +t—7)}—-(t—1)—1,

TABLE 1. Comparison of absolute error of true solution with scheme in
[11] and current method with § =0, a = 0 at t = 1.0. for Example 6.1

Current method M =2 4.44089 x 10716
M=14 6.66134 x 10716

M =20 1.73817 x 1072
M =40 1.02509 x 1072
M = 200 2.87569 x 1073
Scheme in [11] M =400 ||| 1.65502 x 103
M = 2000 || 4.57442 x 10~
M = 4000 || 2.62785 x 10~
M = 20000 || 7.25263 x 10~°

Example 6.2 ([11]). Consider the below FDDE for 0 < (; < (» < 1, with periodic
condition

(6.2)
D% (t) + DClz(t) +2(t —7)
[(3)2(1)*® T2 TE2@)*" T(20)%

- rB-G)  T2-G) * r'c3—:a) I'e—-a) T =),
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Exact solution Approximate solution

051 4 05

0.0 0.0

w(t
Wi(t)

05| _os|

0.0 05 1.0 15 20 0.0 05 1.0 1.5 20
t t

(A) Accurate solution (B) Estimate solution

FIGURE 1. Comparison of accurate and estimate solution (z3) of
NSJOM scheme for Example 6.1

Error of approximate solution

15x107° - 1

1.x107° - 1

Absolute Error

5,)(10_16 L 4

0.0 05 1.0 1.5 20

FIGURE 2. The absolute error between true and estimate solution (z3)
for Example 6.1

2(t)=t>—t, te€[-1,0],
2(0) = 2(T).

In this problem the true solution is z(t) =t* —tand T =1,0 <t < T, ¢; = 0.3,
C? = 04, T=1.

Using the process mentioned in Example 6.1, we get the solution of this example
and compare the obtained results with F'BDF' scheme. The outcomes show that our
method is much better than the mentioned method. In table 2, the absolute errors of
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TABLE 2. Comparison of absolute error of true solution with method
in [11] and our scheme with 8 =0, « =0, at ¢t = 1.0. for Example 6.2

Current method M =2 2.22045 x 10°16
M=4 1.62195 x 10715

M =20 [ 1.55922 x 1073
M =40 || 5.10934 x 10~*
M =200 || 3.67922 x 10~°
Scheme in [11] || M =400 || 1.18622 x 107°
M = 2000 || 8.59612 x 10~
M = 4000 || 2.78025 x 1077

our technique and scheme in [11] (at ¢ = 1) are given and compared. In figure 3 the true
and caculated solution are compared and in figure 4 the absolute error of exact solution
with our scheme for this instance has been shown. Not that these figures and Tables
show a good agreement between accurate and approximate solution. In this problem
for M = 2 and M = 4, we have A = [-0.166667, —6.78159 x 1078, 4+0.166667]",
A = [-0.166667, —6.78159 x 10718, +-0.166667, —2.40920 x 1071¢, —6.46958 x 10~17]7,
respectively.

Exact solution Approximate solution

w(t)
Walt)

By L L L L L= I L I I L e
0.0 0.2 04 0.6 08 1.0 0.0 02 0.4 06 08 1.0
t t

(A) Accurate solution (B) Estimate solution

FIGURE 3. Comparison of accurate and estimate solution (z3) of
NSJOM scheme for Example 6.2

FExample 6.3. Consider the variable-order F'DDFE with anti-periodic condition

()2 S (£)1-¢®)
63) DS+l ) = S~ gy U 0
2(t)=t*—t—1, te[-1,0],

2(0) = —z(T).
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Error of approximate solution
T T T T T T T T T T T T T
55x 10710 |- .
5.x107 |- ]

45x107 - .

41070 |- ]

Absolute Error

35x107 - .
3x100F 1

25x107" - .

0.0 02 04 0.6 08 1.0
t

FIGURE 4. The absolute error between true and estimate solution (z5)
for Example 6.2

TABLE 3. Absolute errors of true solution and our method (z,,(¢)) with
B=0,a=0and T =2 for Example 6.2

t € [0,7T] [ Current method, M =2 || Current method, M = 3

0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0

CPU time | 0.171601s [ 3.19802s

o

DD DD DD DODDOD OO O
SO OO oD oo o oo

(@]
ja)

True solution is 2(t) =t* —t —land T'=2,0<t < T, 7 =1, ((t) = L.

In this example, we estimated the solution of (6.3) for several values of o and (3, by
our NSJOM scheme and recorded the needed consumption time (C'PU time), the
results related to the relative and absolute errors of this estimated solution with the
exact solution in tables 3-8. Moreover, we show the absolute error with a =1, g =1
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TABLE 4. Relative errors of true solution and our method (zy(t)) with
B=0,a=0and T =2 for Example 6.3

t € [0,7] | Current method, M =2 | Current method, M =3
0.2 0 0
0.4 0 0
0.6 0 0
0.8 0 0
1.0 0 0
1.2 0 0
1.4 0 0
1.6 0 0
1.8 0 0
2.0 0 0

TABLE 5. Absolute errors of true solution and our method (z,/(¢)) with
=1 a=1and T =2 for Example 6.3

t€0,7)] H Current method, M = 2 H Current method, M =3

0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0

CPU time || 0.156001s | 9.001258s

s}

DD DD DODDODO O oo
SO DODDODDODO O oo

(@)
[e)

in Figure 6 and relative errors for various value of a and ( in figures 7-9 for this
instance. In this instance, we have:
-Fora=0,3=0and M =2, have A = [-0.66667, 1, +0.66667]";
-Fora=0,3=0and M =3, have A = [-0.66667, 1, +0.66667, 0]

- For a = %, B = % and M = 2, have A = [—0.75,0.66667,0.4]

-Fora =1, =3 and M =3, have A = [—0.75,0.66667,0.4,1.94241 x 10~ '¢]";
-Fora=1,8=1and M =2, have A = [-0.8,0.5,0.26667];
-Fora=1,8=1and M =3, have A = [-0.8,0.5,0.26667, 0] .



TABLE 6. Relative errors of true solution and our method (z5(t)) with
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=1 a=1and T =2 for Example 6.3

t € [0,7] | Current method, M =2 |

Current method, M = 3

0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0

DO OO OO OO oo

e}

SO DD DD O OO

TABLE 7. Absolute errors of true solution and our method (z,/(t)) with

b= %, o= % and T = 2 for Example 6.3

t € [0,7] [ Current method, M =2 ||

Current method, M = 3

0 4.440 x 10716 1.776 x 10715
0.2 4.440 x 10716 1.554 x 10715
0.4 2.220 x 10716 1.110 x 10715
0.6 2.220 x 10716 6.661 x 10716
0.8 2.220 x 10716 2.220 x 10716
1.0 2.220 x 10716 4.440 x 10716
1.2 0 8.881 x 10716
1.4 5.551 x 10717 1.276 x 10715
1.6 4.093 x 10716 1.366 x 10~1°
1.8 1.276 x 10715 1.387 x 10~15
2.0 8.881 x 10716 1.776 x 10~15

CPU time H 0s H Os

FExample 6.4. Consider the following variable-order FDDFE

(6.4)

D2z(t) + D 2(t) + 2(t — 1)
_T(3)z(t)*¢

T(2)2(t)-¢

T(3)2(£)>¢

(2)2(t)—¢

z
z

- TB-¢)
(t) = t* —t,
(0) = 2(T).

['(2 - ()
t € [—T,0],

INGENEY

[2-a)

+ (=7 = (t—T),

55
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TABLE 8. Relative errors of true solution and our method (zy(t)) with
g = %, o= % and T = 2 for Example 6.3

t € [0,7] | Current method, M =2 | Current method, M =3
0.2 8.330 x 101° 1.776 x 10715
0.4 9.362 x 10716 2.004 x 1071
0.6 9.221 x 10716 2.551 x 1071°
0.8 1.004 x 1071 3.276 x 1071°
1.0 1.389 x 10~% 4.551 x 1071°
1.2 2.320 x 1071° 6.351 x 1071°
1.4 3.531 x 1071° 7.440 x 1071
1.6 4.089 x 1071° 8.241 x 1071
1.8 4.224 x 10715 8.878 x 1071°
2.0 5.551 x 1071° 7.983 x 1071°

Exact solution ‘ ‘ ‘ ‘ Approxima‘te solution ‘
(A) Accurate solution (B) Estimate solution

FIGURE 5. Comparison of accurate and estimate solution (z3) of
NSJOM scheme for Example 6.3 ({(t) = 0.5¢t).

This problem is the periodic conditions type and the true solution is z(t) = t* — t and
0<t<T,T=1G4{t)=35 G=17=1

We estimated the solution of (6.4) for various values of a and 3, by our NSJOM
scheme and presented the CPU time required for our scheme, the results related to
the relative and absolute errors of this estimated solution with the exact solution in
tables 9-14. Moreover, we show the absolute error with « =1, f =1 in Figure 6 and
relative errors for various value of o and S in figures 12-13 for this instance. In this
instance, we have:

-Fora=0,3=0and M =2, have A = [-0.16667, 0, +0.16667]";

-Fora=0,3=0and M =4, have A = [-0.16667,0, +0.16667, 0, 0] ;

-Fora=1% g=1%1and M =2, have A = [-0.1875,0,0.1]%;

2

2
-Fora=1, =3 and M =4, have A = [-0.1875,0,0.1,0, 0]";
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05

Error of approximate solution

Absolute Error

-05

0.0

0.0 02

04 0.6 08 1.0
t

FIGURE 6. The absolute error between true and estimate solution (2)

for Example 6.3 ({(t) = 0.5t)

0.5+

Relative Error

-1.0F

0.0

00 02

0.4 06 08 10
t

FIGURE 7. The relative error between accurate and estimate
solution(zy) with 5 =0, a =0, at T'= 2.0 for Example 6.3
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0.5+ B

0.0

Relative Error

=10+ B

0.0 0.2 04 0.6 0.8 1.0
t

FIGURE 8. The relative error between accurate and estimate solution
(29) with B =1, a =1, at T = 2.0 for Example 6.3

5.x107"

4.x107"

3.x1071

Relative Error

2.x1071

1.x1076

. e S e s s B L B
o
N
Ol v

0.2 0.4 0.6 0.8
t

FIGURE 9. The relative error between accurate and estimate solution
(20) with 8 =1, o =1, at T = 2.0 for Example 6.3
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TABLE 9. Absolute errors of true solution and our method (zy(t)) with
B=0,a=0and T =1 for Example 6.4

t € [0,7] [ Current method, M =2 || Current method, M =4
0 0 0
0.12 0 0
0.2 0 0
0.3 0 0
0.4 0 0
0.5 0 0
0.6 0 0
0.7 0 0
0.8 0 0
0.9 0 0
1 0 0
CPU time H 0.093601s H 4.007500s

TABLE 10. Relative errors of true solution and our method (z(t))
with 8 =0, « =0 and T = 1 for Example 6.4

t € [0,7] | Current method, M =2 | Current method, M = 4

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

o

OO OO OO OO oo
(sl e R e N en i en l e i e Bl e B @)

-Fora=1,8=1and M =2, have A =[-0.2,0,0.06667]";
-Fora=1,8=1and M =4, have A =[-0.2,0,0.06667,0,0]~.

Fzample 6.5. Consider the below FDDE for 0 < ( <1
(6.5)
DEx(t) — 2(t — 7) + 2(t) = g(t),

_ 2exp(t)(—1+1t) 2exp(t—T1)(—14+t—7)
"= L+exp(2) 1 + exp(2)
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TABLE 11. Absolute errors of true solution and our method (z,(t))
with 6 =1, a =1 and T =1 for Example 6.4

t € [0,7] [ Current method, M =2 || Current method, M =4

0 0 0

0.1 0 0

0.2 0 0

0.3 0 0

0.4 0 0

0.5 0 0

0.6 0 0

0.7 0 0

0.8 0 0

0.9 0 0

1 0 0
CPU time H Os H 0.062400s

TABLE 12. Relative errors of true solution and our method (zp(t))
with 6 =1, a =1 and T =1 for Example 6.4

t €[0,7] [| Current method, M =2 | Current method, M =4
0.1 0 0
0.2 0 0
0.3 0 0
0.4 0 0
0.5 0 0
0.6 0 0
0.7 0 0
0.8 0 0
0.9 0 0

1 0 0

(=24 O + exp(O)F (—1+ ¢+ OT(2 — ) — exp(t)tS(—1 + ¢ + QT (2 — (. 1))
[ = +exp(2)) |
A(t) = 2exp(t)(=14+1)  2exp(2)
1+ exp(2) 1+ exp(2)
2(0) = —z(T).
This problem is the anti-periodic conditions type and the true solution is z(t) =

2exp(t)(—1+t) 2 exp(2) . . .
15)rexp(2) — 1+efp(2) +1and 0<t<T,T=2,7=0.0lexp(—t), ( =0.2.

The solution of (6.3) for several values of a and /3, by our NSJOM scheme is
stimated and is recorded the C'PU time required for our scheme, the results related

+1, tel-7,0],
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TABLE 13. Absolute errors of true solution and our method (zp(t))
with g = %, o= % and T'= 1 for Example 6.4

t €[0,7] | Current method, M =2 | Current method, M = 4

0 0 0

0.1 0 0

0.2 0 0

0.3 0 0

0.4 0 0

0.5 0 0

0.6 0 0

0.7 0 0

0.8 0 0

0.9 0 0

1 0 0
CPU time 0.109201s 51.339929s

TABLE 14. Relative errors of true solution and our method (zp(t))
with g = %, o= % and T' =1 for Example 6.4

t €[0,7] [| Current method, M =2 | Current method, M = 4
0.1 0 0
0.2 0 0
0.3 0 0
0.4 0 0
0.5 0 0
0.6 0 0
0.7 0 0
0.8 0 0
0.9 0 0

1 0 0

to the absolute and relative errors of this estimated solution with the exact solution
in tables 15 and 16. In Figure 14 compared the exact and calculated solution which
acknowledges the utility, accuracy and validity of NSJOM technique. Furthermore,
in Figure 15 the absolute error of exact solution with our scheme for this instance has
been drawn. In this instance, we have:

-For a =0, 8 = 0and M = 10, have A = [—0.523188,0.854347,0.49638, 0.142,
0.0264148,0.00361749, 3.90992 x 1074,3.48 x 107°,2.64 x 107%,1.72 x 1077, 1.076 x
1078]T;
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Exact solution Approximate solution

w(t)
Wi(t)

0.0 0.2 04 06 08 1.0 0.0 02 0.4 06 08 1.0
t t

(A) Accurate solution (B) Estimate solution

FIGURE 10. Comparison of accurate and estimate solution (zz) of
NSJOM scheme for Example 6.4.

Error of approximate solution

05+

0.0

Absolute Error

0.0 0.2 0.4 0.6 0.8 1.0
t

FIGURE 11. The absolute error between true and estimate solution (z3)
for Example 6.4.

- For a = %, b= % and M = 10, have A = [—0.58565,0.54580, 0.29286, 0.08042,
0.014593, 0.0019657,2.09955 x 10~4,1.885 x 107>, 1.3976 x 1075,9.0947 x 108, 5.641 x
1079)7;

-Fora=1,8=1and M = 10, have A = [-0.622464, 0.396745, 0.192682, 0.049892,
0.008714, 0.00114289, 1.1968 x 104, 1.0416x 107>, 7.75225x 10~7, 5.0021 x 1078, 3.077 x
10797,
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0.0

Relative Error

=10+

00 02 0.4 056 08 10
t

FIGURE 12. The relative errors between estimate solution (z4) and
accurate solution with 5 =0, a =0, at t = 1.0. for Example 6.4.

0.0

Relative Error

-1.0F

00 02 0.4 06 08 10
t

FIGURE 13. The relative error between exact and estimate solution
(24) with 8 =1, a =1, at t = 1.0. for Example 6.4.
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with M = 10 and T' = 2 for Example 6.5 by NSJOM.

Te0,1] Jo=13=1]a=0,3=0]a=05 =05

0 1.025 x 10710 9.479 x 10~ | 2.289 x 10~
0.2 3.779 x 1079 || 3.953 x 10~? 4.087 x 1079
0.4 9.779 x 10719 || 9.667 x 10719 || 1.100 x 10~?
0.6 6.661 x 10710 || 7.927 x 10719 || 9.265 x 1010
0.8 3.614 x 10710 || 5.863 x 1019 || 7.199 x 1010
1.0 6.661 x 10710 || 5.181 x 10719 || 6.502 x 10710
1.2 5.453 x 10710 || 4.376 x 10719 || 5.645 x 10710
14 4185 x 10719 || 4.157 x 10710 | 5.281 x 10710
1.6 3.271 x 10710 || 3.433 x 10719 || 4.215 x 1010
1.8 6.981 x 10710 || 4.248 x 10719 || 4.307 x 1010
2.0 2.003 x 10710 {[ 9.479 x 1011 || 2.288 x 1010
CPU time || 1.076407s [ 1.076407s [  1.544410s

TABLE 16. Absolute errors of true solution and our method (zp(t))

with M = 15 and T' = 2 for Example 6.5 by NSJOM.

1€0.1] [o=LB=1]a=0,3=0]a=05 3=05

0 6.661 x 107 [[8.881 x 10~ 2377 x 10~ P
0.2 7.016 x 107 |/ 3.352 x 107 || 3.907 x 10713
0.4 3.753 x 10714 || 1.487 x 10~ || 8.705 x 10~
0.6 2.775 x 10714 || 9.547 x 10~'° || 8.635 x 1013
0.8 2.442 x 107 | 7.549 x 10715 | 2.615 x 10713
1.0 2152 x 1071 || 5772 x 10715 | 6.163 x 10713
1.2 2.087 x 107 || 5.551 x 10715 | 5.394 x 10713
14 1.909 x 107 | 3.996 x 10~ || 9.005 x 10146
1.6 1.909 x 107 || 3.556 x 1071° | 2.132 x 10713
1.8 2.131 x 1074 {3.330 x 1071 | 4.916 x 10~13
2.0 1.187 x 107 || 1.110 x 10712 || 2.373 x 10°13
CPU time [| 2.552407s [ 2.558416s |  3.000810s

7. CONCLUSIONS

In this work, we have presented the (NSJOM) technique for the generalized linear
variable-order F'DDFE with anti-periodic and periodic condition by turning the main
problem to an algebraic equations system that this system is solved numerically. We
have shown that the presented method has good convergence, its concepts are simple
and it’s easy to implement. The obtained results are excellent compared to other
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Exact solution Approximate solution

051 o5l

0.0

0.0

w(t
Wi(t)

-05} _o5|

0.0 05 10 15 20 0.0 05 1.0 15 20
t t

(A) Accurate solution (B) Estimate solution
FIGURE 14. Comparison of accurate and estimate solution (z5) of
NSJOM method for Example 6.5

Error of approximate solution

15x107% -

1.x 10—13 L

Absolute Error

5 x 10—14 1

0.0

FIGURE 15. The absolute error between exact and estimate solution
(z15) for Example 6.5

method. Finally, the numerical results have been reported to clarify the validity and
efficiency of this method.

Acknowledgements. We are grateful to the anonymous reviewers for their helpful
comments, which undoubtedly led to the definite improvement in the paper.
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IMPROVED JENSEN-TYPE INEQUALITIES FOR (p,h)-CONVEX
FUNCTIONS WITH APPLICATIONS

MOHAMED AMINE IGHACHANE!, LAKHLIFA SADEK?, AND MOHAMMAD SABABHEH?

ABSTRACT. The main goal of this article is to present multiple term refinements

of the well-known Jensen’s inequality for h-convex functions for a non-negative

super-multiplicative and super-additive function h. For example, we show that
N—-1 2n

(0,1)

h(1 =) f(0) +h(v)f(1) > f(v) + Z_% h(2ra(0)) D AR (0 k)X gy (),

Pl
k=1

for the h-convex function f and certain positive summands. The significance of the
obtained results is the way they extend known results from the setting of convex
functions to other classes of functions.

1. INTRODUCTION AND PRELIMINARIES

Convex functions and their inequalities have played a major role in the study of
various topics in Mathematics; including applied Mathematics, Mathematical Analysis,
and Mathematical Physics. Recall that a function f : I — R is said to be convex on
the interval [ if

(1.1) f(I=v)a+wvb) < (1 —v)f(a) +vf(b),

forall a,b € I and v € (0,1). If this inequality is reversed, then f is said to be concave.

Recent studies of the topic have investigated possible refinements of the above
inequality, where adding a positive term to the left side becomes possible. This idea
has been treated in [4,10-13,15], where not only refinements have been investigated,
but reversed versions have been also discussed.

Key words and phrases. (p, h)-convex function, operator (p, h)-convex function, Jensen’s inequality.
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The notion of convexity has been expanded and generalized in various ways utilizing
novel and modern methods in recent years.
To motivate our work, let us recall the definitions of some special classes of functions.

Let I be a p-convex subset of R (that means, [(1 — v)a? + vb”]% €l forallabel
and v € (0,1)).

Definition 1.1 ([16]). A function f : I — R is said to be a p-convex function or
belongs to the class PC(I), if

(1.2) f<[(1—v)ap+vbp}p> < (1—wv)f(a)+vf(b),
for all a,b € I, p € R\{0} and v € (0, 1).
Definition 1.2 ([9]). Let h : (0,1) — R be a non-negative and non-zero function.

We say that f: I — R is an h-convex function or that f belongs to the class SX (1),
if f is non-negative and for all a,b € I and v € (0,1)

(1.3) f((1=v)a+vb) < h(l—v)f(a)+ h(v)f(D).
If this inequality is reversed, then f is said to be h-concave.
Definition 1.3 ([6]). Let h : (0,1) — R be a non-negative and non-zero function.

We say that f : I — R is a (p, h)-convex function or that f belongs to the class
ghx(h,p, 1), if f is non-negative and

(1) ([0 =) + b)) < (1= 0) (@) + he)S0)

for all a,b € I and v € (0,1). Similarly, if the inequality sign in (1.4) is reversed, then
f is said to be a (p, h)-concave function or belong to the class ghv(h,p, I).

Definition 1.4 ([7]). Let h: J — R. If
(1.5) h(z)h(y) < h(zy),
for all z,y € J, then h is said to be a super-multiplicative function. If (1.5) is reversed,

then h is said to be a sub-multiplicative function. If equality holds in (1.5), then A is
said to be a multiplicative function.

Definition 1.5 ([7]). Let h: J — R. If for all z,y € J
(1.6) h(w) +h(y) < Mz +y),

then h is said to be a super-additive function. If inequality (1.6) is reversed, we say
that h is a sub-additive function. If equality (1.6) holds, we say that h is an additive
function.

Ezample 1.1. Let h : (0,+00) — (0, +00) be defined by h(z) = x*. Then h is
(a) additive if k = 1;
(b) sub-additive if k € (—o0, 1);
(c) super-additive if k € (1, +00).
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This latter conclusion follows from the fact that h(x) = z*

when £ > 1.
Let h: [1,400) — RT be defined by h(z) = 2* — 2? + . We have
(a) h(zy) — h(z)h(y) = zy(z + y)(1 — z)(1 - y) 2 0;
(b) h(z+y) = h(x) = h(y) =ay(z+y+(x-1)+ ([ —1)) >0
Then h is a super-multiplicative and super-additive function.

is convex and h(0) = 0,

The following theorem is the Jensen type inequality for (p, h)-convex functions.

Theorem 1.1 ([6]). Let vy, ..., v, be positive real numbers, n > 2, such that Y}_, v, =
1. If h is a non-negative super-multiplicative function, f an (p, h)-convex function and
ai,...,a, € I, then

1) F((mat)) < o) £ (o).

If h is sub-multiplicative and f an (p, h)-concave function, then inequality (1.7) is
reversed.

The organization of the paper will be as follows. We firstly derive the refinements of
Jensen-type and a variant of Jensen-type inequalities for h-convex functions. Next, we
further refine our presented refinements and point out more or less direct consequences
of our results for (p, h)-convex functions and its reversed, and in the last section we
give the matrix versions of these inequalities studied in Section 2 and 3.

2. NEwW REFINEMENTS OF THE JENSEN’S INEQUALITY FOR h-CONVEX
FUNCTIONS

In this part of the paper, we present our main results concerning h-convex functions.
The applications of these inequalities and their relations to the literature will be done
in Remark 2.1. In order to do that, we start with some basic results which are
important in terms of proving our main results.

We will see that our results extend the results in [1,10] to the context of h-convex
functions, with the existence of multiple refining terms.

Definition 2.1. Let n be a positive integer. The sequence (r,(v)) of functions on
0,1] is defined by

ro(v) =min{v, 1 — v},
rp(v) =min{2r,_1(v),1 —2r,_1(v)}.

For all integers n, we have the following explicit formula of the function r,(v),
proved by D. Choi in [3]. We also refer the reader to [12] for similar treatment.
Lemma 2.1 ([3]). Let £ > 0 and 1 < k < 2™ be integers. [ % <v < 2%, then

() = {2"v—kz+1, il <v < Bl
T k= 2m, if 2Rl <ok

2n+1

n”
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In the following lemma, we prove an essential inequality that will be needed in the
sequel.

Lemma 2.2. Let h be a non-negative super-multiplicative and super-additive function
on [0,1], and f be a function defined on [0,1]. For a nonnegative integer N, define

Uy (v) by

(2.1) Wn(v) =h(1—0)f(0)+ h(v)f(1) - Ni::h (2rn(v Z AP )X (s 1) (),
where -

st -0 (O (52 ()] ().
for 5t <v <S5 and k=1,...,2%. Then

k—1 k
\I/N(U)>h(k—2Nv)f<2N>—|—h(2NU—k+ >f<2N>
Proof. We proceed by induction on N. For N = 1: if v € [0, 5], we have

Uy (v) = h(1 = 0)f(0) + h(v) f(1) = h(2ro(0)) Asn(0, 1)X(01)(v)
= h(L =) f(0) + h(v) f(1) = h(20)A7n(0,1)

- (h(v) — h(20)h (;) )f(l) + <h<1 —v) = h(2v)h (;) )f(o) +h2v)f (i)
> (h(l —v) —h(20)h (;) )f 0+ ~(20)f (;)
> h(1 —20v)f(0) + h(2v)f (;) :

If v e(i,1], then 1 —v € [0, 3]. So, bychaurlglngvby1—1;amdf()byf(l—v)7
the desired inequality for the case v € [1,1] is obtained.
Now, assume that (2.1) holds and let s S v gaer form =1, 28 If

m:2k—1,then%<v< ;kwr} < 2N and
W1 (v) =W (0) — h(2rn () AT (N, k)
k—1
>h(k’—2Nv>f( 5N >+h(2NU—k+1
= h (20 — 2k +2) ALV (N, k)

[
(N,
=h (k—2"0) f ( ) h(2Vo—k+1) f (k'
—h (20 - 2k + 2) (;)<f< ) f
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+h (2N+lv — 2k + 2) f (%_1>

>h(k;—2Nv)f<k2 1>+h(2%—k+1) ( )

—h(2V0—k+1) <f<k2N ) ( >>

2k — 1
N+1

:<h(k:—2Nv) —h(QNU—k—i-l))f(k;]Vl)
+h(2N+1U—2k+2)f<2§N:11>
>h (2k—1-2V0) f (’2}1) +h (2% =2k +2) f (%)

_h (m B 2N+lv) f (T;LN:1 ) s (2N+1 —m+ 1) f (QZZJ ;

by Lemma 2.1. Similarly, if m = 2k, then Ll ij <ov <K 2% and

U1 (v) =W (0) — h(2rx(0) AT (N, k)
>h (k= 2%v) f <k27vl> +h(2¥v—k+1) f (;)

— h(2k — 2V 0) AT (N, k)
=h (k- 2"v) f (k;Vl) +h (2% —k+1) (;X)

)1
a0 )1 (52) ()
+h (2k = 2VH0) £ <2§N:11>
>h(k—2Nv)f<k2N1> +h(2V u—k+1)f<2’fv>

—h (k—2"0) (f (lCQ_N1> + f <2]fv>> +h (2% = 2V¥0) £ (2;:11) .

Thus, we have shown that

Uy (v) = (h (2Yv =k +1) = h(k—2") ) i (;) +h (26— 2V ) f ( 2§N:11>
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>h (2N+1v — 2k + 1) f (2];,) +h (Qk: 2N+lv) f (22/<?N:11>

_ N+1 m N+1 m—1
=h(2 +v—m+1)f<2N+1>+h( 2+“)f<21v+1>'
This completes the proof. O

Now we show the first result concerning h-convex functions, when h is super-
multiplicative and super-additive.

Theorem 2.1. Let h be a non-negative super-multiplicative and super-additive func-
tion on [0,1] and f be an h-convexr function on [0,1]. If N is a positive integer,
then

(22) W= 00+ R > 1)+ 3 1) 3 A 0k s 40
and -

(1= 0)£(0) + h() (1) <F0) + F(1) — £(1—v)
(2.3) —NZ_::h (21, (v ZA“” (0, 2" =k + Dx (s 1 y(0),

where v € [0,1] and

ston =1 (52) (0] ()

Proof. By Lemma 2.2 and the h-convexity of the function f, we get
kE—1 k
Wy(v) = h(k—2Y0) f <2N> +h(2Y—k+1) f (2N>

> f ((kz —2V) kzjvl (2Yv —k+1) ;)
= f(v).

This end the proof of (2.2).
Replacing v by 1 — v in (2.2) and noting that r,(v) = r,(1 — v), we have

(h(1 =) + h(v)) (f(0) + f(1)) = h(v) f(0) = A(1 = v) f(1)
< - (1—v) (h(l—v)+h( ) (f(0) + f(1))

—Zh 21, (v ZA (kznl’Qin)(l—'U).

So,
h(L = 0) f(0) + h(v) f(1) < (A(1 —v) + h(v)) (f(0) + f(1)) = f(L — )
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- NZ A(2ra(v)) Z AT (kx5 4y (1 =)
<h()(F0) + F(1) = f(1 - 0)

- 3, Mo S A g )0 -
<0+ F(1) = (1 =)

- NZ h(2ra(v)) Z AT (. B)x (552, (1 = 0):

Now, replacing k by 2" — k + 1 in the inner summation and noting that

k—1 k k kE—1
o <1—v<2—n if and only if 1—2—n<v<1— o

we obtain (2.3) and the proof is completed. O

Remark 2.1. Before proceeding to further results, we explain a little about Theorem
2.6. Notice that for h(z) = x, we recapture Theorem 2.1 in [4].

Corollary 2.1. Let h be a non-negative super-multiplicative and super-additive func-

tion on [0,1] and f be a h-convex function on [a,b]. Then for all positive integers
N

Y

h(1—0)f(a)+h(0)f(b) > f(vat (1 —v)b)+ z A2 (©)) 32 AR (1 k)X (10 1) ()

where v € [0,1] and

sen-1) b5 o(5)] (5
and g(t) == f((1 — t)a + tb).

Proof. For the h-convex function f, define g : [0,1] — R by g(t) := f((1 — t)a + tb).
Then, g is h-convex on [0,1]. Applying Theorem 2.1 on the function g implies the
result. 0J

The following result provides a two-parameter refined version of the basic inequality
for h-convex functions. We encourage the reader to see the main results in [1,10],
where this type was treated for convex functions, without any refining terms.

Theorem 2.2. Let h be a non-negative super-multiplicative and super-additive func-
tion on [0,1] and let f be an h-convex function on [a,b]. If 0 < v < 7 < 1, then for
all positive integers N

h(1 —wv)f(a) + h(v)f(b) Zf((1 —v)a + vb)
+h (:) [h(1 = 7)f(a) + h(7) £(B) = F((1 = 7)a + 7b)]
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N-1

277.
B (a,b) v

n=

stn ) bE) rE)] ()

and g(t) := f((1 — tT)a + t1b).

where

Proof. Since, h is super-multiplicative and super-additive, we have

(%

AL = v (@) + h(@)FB) = b (2) (1 = 7)f (@) + BTV F(B) = F(1 = T)a+ 7b)
= (n(t =)=k (2) b =) f@) + (h@) —n (2) () £0)
+h <“) F((1 = 7)a+ b)

T

>h (1 i) fa)+h (j) F(1 = 7)a+ )

f Kl - i) a+ (:) (1—=7)a+ Tb)}
S () S a0 s

=F((1 — v)a+ vb) + Z (2 (2 ))Z DX ) ()

This completes the proof. [l

\%

Notice that in Theorem 2.2, if we ignore the sum, we can rewrite the result in the
simpler form

h(1 —v)f(a) + h(v) f(b) = f(1 —v)a+vb) _ (U)
h(1—7)f(a) +h(T)f(b) — f(1—T)a+7b) = \7/°
This form is easier to view for comparison purpose with the main results in [1,10].
Thus, Theorem 2.2 presents the h-convex version with multiple term refinements of
the main results in these references.
On the other hand, a reverse of Theorem 2.2 can be stated as follows. We, once
again, refer the reader to [1,10] where this type of inequalities was treated in its
simplest form for convex functions.

Theorem 2.3. Let h be a non-negative multiplicative and super-additive function on
[0,4+00). If f is h-convex on [a,b] and 0 < v < 7 < 1 then for all positive integer N

(24)  h(l—v)f(a)+h(v)f(b)
<f((L—=v)a+vb)+h (1

— v

) [0 = 7)1 (@) + BV FB) = 51 =T+ 7b)]
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=l 1—7 1—7 2 b 1—7
~ S n(2 . AW (0 By ( >
nz::(] ( (1 —U>T (1 —v>> k; pi (1 )X(anzin) 1—v/’

where

o =n(3) o (85) +5 ()] - (5)
and g(t) == f((1 —t(1 —v))a+t(1 —v)b).

Proof. Since, h is multiplicative and super-additive, we have

AL = 7)f(@) + h(7)F(B) - mf(a) - hféﬁ”l) )+ (}U) F(1 = v)a + vb)

~(h(1=7) == ) o)+ (w0 - (T2 ) 0

+h< T) F((1 = v)a + vb)

1_
>h<1— i:;)f(b)+h<1:;)f((1—v)a+vb)
O e
# 3 (2n (1)) 3 A6 (1)

=f((1 —T1)a+ 7b)

*Zh@"n( - ))ZA Oxgsa ) (1=2)-

%::), the desired inequality is obtained. U

Multiplying the last inequality by A (

While the above results treat the values 0 < v < 1, it has been of interest in the
literature to deal with the cases v ¢ [0,1]. We refer the reader to [2,13] for related
discussion when v > 1 or v < 0. In the following two results, this is treated for
h-convex functions, where multiple-term refinements are provided.

Theorem 2.4. Let h be a non-negative super-multiplicative and super-additive func-
tion on [0, +00), f be h-convex on R and v > 0. If N is a positive integer, then

h(v+1)f(b) = h(v)f(a)

N—-1

+ 3 h(v+ 1)h(2rn( )) Z A(ab (Tnl%n) <v Jlr 1)

n=0

<f((L+0)b—va),
where g(t) := f((1 = (t +v)a+ t(1 + v)b).
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Proof. Notice first that for v > 0, one has
v 1
= 1 — .
b U+1a+v+1(( + v)b — va)

h-convexity of f and Theorem 2.1, implies

£(6) <h( " )f(a)+h<1>f((1+v)b—va)

v+1 v+1
- S 0)) S s ) ()
< h{;@l)f(a) g (o=
- 5 e 0o (7)) X s (1)
This completes the proof. 0]

A more straightforward form of Theorem 2.4 can be stated as follows.

Theorem 2.5. Let h be a non-negative super-multiplicative and super-additive func-
tion on [0,400), and f : R — R be h-convex. If N is a positive integer and a < b,
then

h(1 +v)f(a) = h(v) f(b)

4 g h(2*0) {h (;) (f(a) +f ( G 2;_11)(1 i b)) —f <(2k _212& i b)

(2.5) <f((1+wv)a—vb),
where v > 0.

Proof. We proceed by induction on N. So, assume that f is h-convex, a < b and
v > 0. We have

AL+ 0)f(@) — () () + h(20) [h (3) U@ + o)~ s ( . b)]

~(h(1-40)+ 8(0) fla) + (2o (3) = ) 70) - iezoys (5

<h(1+20)f(a) — h(20) f (“ ‘; b)

<f ((1 +2v)a — 2va;b>
=f((1+v)a — vb),
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where we have applied Theorem 2.4, with v and b replaced by 2v and “T“’, respectively.
We emphasize here that when a < b we have a < %£°.
2v > 0, justifying the application of Theorem 2.4.

Now assume that, for some N € N, (2.5) holds whenever a < b and v > 0. We assert
the truth of the inequality for N 4+ 1. Observe that

A =h(1+v)f(a) = h(v)f(b)

+§h(2%) [h (;) (f(a) +f ((ZH Q_k_ll) “+b>) y ((zk_;)a*b)

Moreover, when v > 0 we have

2
(2.6)
N+1 1 28 —1)a+b R
+ kX::lh(QkHU) {h <2) (f( )+ f ((2,6)> —f (< 2k+2 )
For simplicity, let 2v = r, “t2 = /. Then (2.6) becomes
A=h(L+r)f(a) = h(r)f (V)

h
+Zh2k [h@) fa ((2’“_1;:2(%1—1)’))_f((Zk—;ZcH—b’)
)

\f((l +r)a —7rb
=f((1 +v)a —vb),

where we have used the inductive step to obtain (2.6). Observe that when a < b we
have a < I/, which justifies the application of the inductive step. O

Other generalized external forms for h-convex functions can be stated as follows.
We remark that these results extend known results for convex functions, as one can
see in [14,18].

Theorem 2.6. Let f : R — R be h-convex, b € R and let {vy} be such that v, > 0
fork=1,2,...,n. If {bx} C R, and h is a non-negative super-multiplicative function

on [0, +00), then

n

M1+ B)h(a) — SO R (o) £ (b) < f (<1 Ba-y b) |

k=1
where Y5 v, = B.
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Proof. Notice first that for s > 0 and z,y € R one has

S 1
= 1 — .
y S+1x+s+1(( + 8)y — sx)

h-Convexity of f implies

s+1 s+1
h(s) 1
e @)+ s (9= se)

which implies

(2.7) h(s+1)f(y) = f (L + s)y — sx) < h(s) f(z).
Now, applying (2.7), we have

h(1+ B)h(a) — f ((1 + fp)a — zi:vkbk>
a1+ i) = (14 5)a - 53 %)
<h(1+ B)h(a) = h(L + B)h(a) + h(B) (k; ngk)
) 2 (?) 7
<3 h(v
This completes the ];:rloof. 0

In the following result, we present a one-term refinement of Theorem 2.6.

Theorem 2.7. Let f : R — RT be h-convez, b € R and let {v} be such that vy > 0
for k =1,2,... n. If {b} C R, and h is a non-negative super-multiplicative and
super-additive function on [0,400), then we have

h (v

M:

h(1+ B)h

1

<f ( (14 B)a—) Ukbk>
k=1

~ il ) |1 () (7l + X ) - 1 (EE

where Y p_y v = B and ro = min{vy, va, ..., v, }.

3 =
Il
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Proof. Since h is super—multiplicative and super-additive, we have

Fh((n+ D) [h <ni1 (f<a> £3 ) - (T Zim))

< (h(l +B8)+ h((n+ 1)re)h (71_1”)) f(a)
+ Z h(vk) + h(ro)) f (bk) — h((n + 1)ro) f (W)
<h(L+B+10) f Zn) h(vx — o) f (k) — h((n+ 1)ro) f (W) '

Let yp41 = (n+ 1)rg and for 1 <k <n,let v, = vy — rg. Further, denote 8 + ry by
A. Then

S Yk + Vg1 =B+10= A

k=1
Therefore, we may apply Theorem 2.6, we obtain
3 a+> b
P (00 S o )
k=1 n+1

—f<(1+6)a—kz:vkbk>. O

3. REFINEMENT AND REVERSE OF JENSEN’S INEQUALITY FOR (p, h)-CONVEX
FuNCTION

In this part of the paper, we present our main results concerning (p, h)-convex
functions. The applications of these inequalities and their relations to the literature
will be done in Remark 3.1 and in the last section.

In the following result, we present a one-term refinement of Jensen’s type inequality
for (p, h)-convex function and its reverse.

Before we state our first result, we remind the reader of the following lemma, which
was shown in [8].

Lemma 3.1. Let f : I — R be convex, {xy,...,2,} C I and {p1,...,pn} C (0,1) be
such that 37" p; = 1. Then

(3'1) / (sz$z> + NPmin (:L zn:f(%) —f (i i:%)) < Zn:pzf(%)
and

(3.2) f (i}px) + NPmax (i an fla) — f (i 2:;96>> > é pif(x

i=1 i=1
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where Pmin = min{py, ..., pu} and pupax = max{py,...,pn}
The following result presents the (p, h)-convex version of the above lemma.

Theorem 3.1. Let vy,...,v, be positive real numbers, n > 2, such that Y ;_, vi, = 1.
Let f be a (p, h)-convex functzon, and xy,...,x, € I.

(a) If h is a non-negative super-multiplicative and super-additive function on [0, 1],
then

H{(Get)onona (1 () E 601 (GE2))) < E ot

where ro = min{vy, vg, ..., Uy}
(b) If h is a mon-negative multiplicative and super-additive function on [0, 400),
then

((ka%) >+h nRy) (h (711>§:1f<xk) - f ((i]ilﬁf)))éh(vk)f(xk)

where Ry = max{vy, va, ..., 0, }.

Proof. We prove the first inequality. Since, h is a super-multiplicative and super-
additive function, we have

Sy -se o G) e -1 ()

>3 o= o) £ o)+ ko) (33 22)°
>f [ ’1’]

where the last inequality follows by the Jensen’s inequality for the (p,h)-convex
function f. The second inequality is equivalent to the following inequality

B () et ()

Since, h is a multiplicative and super-additive function, we have

n(h(nRo)h (L) = h (vg) 1 N
Z( W (nRo) )f ) kg <<Z> )
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where the last inequality follows by the Jensen’s inequality for the (p,h)-convex
function f. U

For further generalisation of Theorem 3.1, we need the following lemma.

Lemma 3.2 ([5]). Let ¢ be a strictly increasing convex function defined on an interval
1. If x,y,z and w are points in I such that z —w < x — vy, where w < z < x and
y < x, then

0 < ¢(2) — d(w) < ¢(x) — d(y).
This lemma will be simply used to prove the following generalization of Theorem 3.1.

Theorem 3.2. Let vy,...,v, be positive real numbers, n = 2, such that > ) _, vp = 1.
Let f be a (p, h)-convez function, x1,...,x, € I and A > 1.
(a) If h is a non-negative super-multiplicative and super-additive function on [0, 1],

then

P(x :c)) + 1) ((h ()% m))A - (Gx )))
39 < (L s <xk>)k,
where 1o = min{vy, v, - .., vn}

(b) If h is a mon-negative multiplicative and super-additive function on [0, 400),
then

<k§2 h (vr) f (xk)>A
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1

< ((kgvkxkﬂ + W (nFy) ((h ;) éf(u))A e ((i;@)) ,

where Ry = max{vy,vq, ..., v, }.
Proof. Let
x Zk;h(vk)f(:rk), y=1r ((évkﬂ);> :
z =h(nro) (h () kzzjl f (Ik)> . w=h(nrg)f <(1 ’éxi);)
and . . A
2" = h(nRy) (h (i) kgl f (:L'k)> . w' =h(nRy)f ((le kglxﬁ) p) :

Then based on Theorem 3.1, we have
r—w<Lr—y<Zd —w.

The first and the second inequalities in Theorem 3.2 follow directly by applying
Lemma 3.2, with ¢(z) = 2*, where A > 1 to the inequalities 2 — w < x — y, with
w<z<r,y<randr —y < 2 —w withy < <2/, w <72, respectively. This
completes the proof. O

Remark 3.1. Before proceeding to further results, we explain a little about Theorem
3.2. Notice that if we take f(x) = €®, h(x) = x and z; = Ina; for a; > 0 we recapture
Theorems 2.2 and 2.4 in [17].

4. REFINEMENT AND REVERSE OF JENSEN’S INEQUALITY FOR (p,h) OPERATOR
CoNVEX FuncTION

Let M, be the algebra of all complex matrices of order ¢ x . A matrix A € My is
called Hermitian if A = A*, where A* is the adjoint of A. The notation A > 0 (A4 > 0)
is used to mean that A is positive semi-definite (positive definite). If A and B are
Hermitian and A — B is positive semi-definite, then we write A > B.

In this section, we extend some results from the context of real functions and real
numbers to that of matrices. In the following we suppose that I € Rt and p > 0.

Definition 4.1. Let A : [0,1] — R be a non-negative and non-zero function. We say
that f : I — R is operator (p, h)-convex or that f belongs to the class opgx(h,p, I), if
(4.1) £ (100 =) A7 +vB?)7) < h(1 = v)F(A) + h(v) f(B),

for all A, B € M with o(A),0(B) C I, and v € (0,1). Similarly, if the inequality
sign in (4.1) is reversed, then f is said to be a (p, h)-concave function or belong to
the class ghv(h,p, I).
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The matrix version of Jensen type inequality for operator (p, h)-convex functions
is as follows.

Theorem 4.1. Let h be a non-negative super-multiplicative function on [0,1] and
assume f € opgx(p,h,I). For k =1,...,n, let Ay be a positive semi-definite matriz
with spectrum in I and let vy, ..., v, be positive real numbers, such that > }_, v = 1.

Then 1
/ ((2 A)) < z hw) f (Ay)

Theorem 4.2. Let f € opgz(p, h,I), Ay,..., A, be positive semi-definite matrices in
M, with spectra in I and vy, ..., v, be positive real numbers, such that Y, v, = 1.
(a) If h is a non-negative super-multiplicative and super-additive function on [0, 1],

then
n 1 n 1 %
((kaAp> >+hm~0 ( (D)3 ra ((ZAI;) >>
=1 k=1 noy
gZh )
k=1
where 1o = min{vy, va, ..., Uy}

(b) If h is a non-negative multiplicative and super-additive function on [0,400),
then

ki: (o) f (Ax) <f<<kaA)>
+ h(nRy) (h <n> kzi:lf(Ak) _f ((;ké/li);)) ,

where Ry = max{vy,vq, ..., v, }.

Proof. We prove the first inequality. Since, h is a super-multiplicative and super-
additive function, we have

Evom st o) £ 1005 (G E )

:g:l <h (v) — h(nro)h CL)) f (Ak) + hlnro) f (CA ;Aﬁ);>

>3 h (v — 7o) £ (A) + hinro) f ((nZlA)>
(i(vk—ro)Az+nro<n;AZ>>;]
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=f<(ész%9;>,

where the last inequality follows by the Jensen’s inequality for the (p,h) operator
convex function f. This proves the first desired inequality.
To prove the second desired inequality, we have

h(nRo)h (L) = h(vy) 1 n NV
( B (nko) ) F(A) + s (nRD)f ((}; UkAk> )

NE

B
Il

1

NE

3 () g ((S0) )

>Zn:h(}W)f(Ak)+h anO)f<

n 1/p
5
k=1 k=1
R n 1/p
>f (Z L T R— va§>
- o Ro 1=
n /p
}i)——vk Vk ) !
— AP
f <;§; ( 71}%0 %_71}%0 k
n 1/p
1
A(5°)
k=1
where the last inequality follows by the Jensen’s inequality for the (p,h) operator
convex function f. 0
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DIRECT LIMIT FF (m,n)-ARY HYPERMODULES
NAJMEH JAFARZADEH! AND REZA AMERI?

ABSTRACT. The purpose of this paper is the study of direct limit in the category
of (m,n)-ary hypermodules over (m,n)-hyperring R. In this regards, we introduce
and study R, ) — Hmod, the category of R, ,y — Hmod, and direct limit in this
category. In particular, we study a direct limit of morphisms, direct systems of
kernels, and cokernels. Finally, we investigate the relationship between the functor
home and direct limit and prove that the functor hom preserves direct limit in
category R(m,,n) — Hmod.

1. INTRODUCTION

The notion of n-ary groups (also called n-group or multi-ary group) is a generaliza-
tion of groups. An n-ary group (G, f)isa pairofaset Gandamap f : GX---xG — G,
which is called an n-ary operation. The earliest work on these structures was done
in 1904 by Krasner [23] and in 1928 by Dérnet [20]. Such n-ary groups have many
applications in computer science, coding theory, topology, combinatorics, and quan-
tum physic (for more details see [16-19,30,31]). One of the applications in algebraic
hyperstructures theory was defined by Marty [28]. Many researchers developed this
theory of view point of theory and application(for more see [5,11,12,14,15,36]).

Ameri et al. [3] introduced and studied the notion of hyperalgebraic, a framework
to formulate algebraic hyperstructures in a general manner, also R. Ameri and I.
G. Rosenberg [2]. Davvaz and Vougiouklis [15] studied n-ary hypergroups. After
that, a generalization of it, such as (m,n)-hyperrings and (m, n)-hypermodules were
introduced and studied in different contexts(some of the studies can be found in [4,6,
7,9,24-26,29]). On the other hand, fundamental relations, as the smallest equivalence

Key words and phrases. Category, (m,n)-hypermodules, product, coproduct, direct limit.
2020 Mathematics Subject Classification. Primary: 20N20. Secondary: 16Y99.
https://doi.org/10.46793/KgJMat2601.091J

Received: November 13, 2018.

Accepted: June 07, 2023.

91


https://doi.org/10.46793/KgJMat2601.091J

92 N. JAFARZADEH AND R. AMERI

relation on an algebraic hyperstructure such as a hypergroup, hyperring, hypermodules
or in general a hyperalgebra such that its quotient is a group, ring, module, or algebra
respectively, play an important role to study the theory of algebraic hyperstructure.
In fact, the fundamental relation on an algebraic hyperstructure induces a functor
from a category of algebraic hyperstructures such as a category of hypergroups and
hypermodules to its related classical algebraic structure such as the category of group
and modules. R. Ameri in [1] introduced and studied the category of hypergroups
and hypermodules. Recently, various kinds of categories of hyperstructures have been
studied in numerous papers(for instance see [1,21,22,27,32-35]). In this paper, we
follow [21] and introduce and study direct limit in the category of (m, n)-hypermodules.
This work is a generalization of the paper A. Asadi, R. Ameri, Direct Limit of Krasner
(m,n)-Hyperrings [8], with more details of categorical properties related to direct
limit. In Section 2, we give some basic preliminaries about (m,n)-rings and (m,n)-
hypermodules. In Section 3, we introduce a direct system of (m, n)-ary hypermodules
and use it to introduce direct limit in category (m,n)-hypermodules. In Section
4, the properties of direct limit of a direct system of (m,n)-ary hypermodules are
investigated. In Section 5, the direct limit of morphisms is studied and some basic
properties of the are obtained. In section 6, direct systems of kernels and cokernels
of a direct system of (m, n)-ary hypermodules are studied. Finally, in section 7, the
behavior of direct limits under home representable functors is studied, and it is shown
that these functors preserve limits.

2. PRELIMINARIES

In this section, we give some definitions and results of n-array hyperstructures
which we need in what follows.

A mapping f : Hx---x H — P*(H) is called an n-ary hyperoperation, where
| ——

P*(H) is the set of all nonempty subsets of H. An algebraic system (H, f), where f
is an n-ary hyperoperation defined on H, is called an n-ary hypergroupoid.
We shall use the following abbreviated notation.

The sequence x;, 1, ...,x; will be denoted by a:i For j < i,2] is the empty
set. Using this notation, f(z1,...,%:, Yit1,---sYjs Zj+1,-- -, 2n) Will be written as
f (:E’i,ygﬂ, 2?4-1) . In the case when y;41 = -+ = y; = y the last expression will be

written f (m’i,y(j_i), Z}Zrl) .
If f is an n-array hyperoperation and ¢ = {(n — 1) + 1, for some [ > 0, then t-array
hyperoperation f; is given by
l(n—1)+1Y\ __ n on— l(n—1)+1
fi(@ ) = S FUGR) i) ) 2 e e)-
—_— ——
l

For nonempty subsets A;, A, ..., A, of H, define
f(A?) = f(Al,AQ, C 7An) = U{f ((L’T) | x; € AZ,Z = ]_,2, e ,TL}.
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An n-array hyperoperation f is called associative if

i—1 n-+i—1 2n—1Y\ __ Jj—1 n+j—1 2n—1
f(xl Jf(xz )7xn+i)_f<m1 7f<$j )7xn+j)7

hold for every 1 < ¢ < j < n and all x1,...,2,_1 € H. An n-array hypergroupoid
with the associative n-array hyperoperation is called an n-ary semihypergroup.

An n-ary hypergroupoid (H, f) in which the equation b € f(aj ", z;,a?,) has a
solution, x; € H for every a}™', ap,1,0€ Hand 1 < ¢ < n, is called an n-ary quasihy-
pergroup. If (H, f) is an n-ary semihypergroup and n-array quasihypergroup, then
(H, f) is called an n-ary hypergroup. An n-ary hypergroupoid (H, f) is commutative
if for all ¢ € S,, and for every af € H, we have f(ay,...,an) = f(Goq),-- -, 0om))- If

a? € H, then we denote (ag(1), - - -, o)) by aZE?))

Definition 2.1 ([15]). Let (H, f) be an n-array hypergroup and B be a non-empty
subset of H. B is called an n-ary subhypergroup of (H, f), if f(z}) C B for all 2} € B,
and the equation b € f (bifl7 Xy, blf‘ﬂ) has a solution, z; € B for every bi ™, b, be B
and 1 <7 <n.

Definition 2.2 ([15]). Let (H, f) be a commutative n-ary hypergroup. (H, f) is
called canonical n-ary hypergroup if the following statements are satisfied:
(1) there exists unique e € H, such that for every z € H, f(z,e,...,e) = z;
———
(n—1)
(2) for all z € H there exists unique ! € H, such that e € f(z, 27 'e,..., ¢);
———

(n—2)

(3) if z € f(x¥), then for all 4, we have z; € f (m,x_l, T s, ,x;l) .

We say that e is the scaler identity of (H, f) and ™! is the inverse of x. Notice the
inverse of e is e.

Definition 2.3 ([29]). A (Krasner) (m,n)-hyperring is algebraic hyperstructure
(R, h, k) which satisfies the following axioms:

(1) (R, h) is a canonical m-ary hypergroup;

(2) (R, k) is an n-ary semigroup;

(3) the n-ary operation k is distributive to the m-array hyperoperation h, i.e., for
all ai™!,al,, 27 € R,and 1 <i <n,

k (ail_lv h(IT)v a?—&-l) =h (k(ai_lv L1, a?—i—l)? o k(ai_la Lm, a?+1)) )

(4) 0 is a zero element (absorbing element), of the n-ary operation k, i.e., for 2 € R
we have k(0,2%) = k(x9,0,2%) = --- = k(273,0).

A nonempty subset S of R is called a subhyperring of R if (R, h, k) is a Krasner
(m,n)-hyperring. Let I be a non-empty subset of R. We say that [ is a hyperideal of
(R, h, k) if (I,h) is a canonical m-ary hypergroup of (R,h) and k(z{™', I,27,,) C I,
for every zf € Rand 1 <1 < n.
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Definition 2.4. Let M be a nonempty set. Then (M, f, g) is an (m,n)-hypermodule
over an (m,n)-hyperring (R, h, k), if (M, f) is an m-ary hypergroup and the map
g:Rx- - X RxM — P*(M) satisfies the following conditions:

—,_/

) xl ) = f(g(r?iaxl)v"wg('r?ll 1,Q3m)>;
,h(s1 , fﬂl 91;) =7 (g(ri’l sl,riﬂl,x),...,g(ri sm,rfﬂl,x),
(ii k( e w) = g (11 g2 ) );

(V g( Ovrz-i-lv )

If g is an n-ary hyperoperation, 51, ..., S,_1 are subsets of R and M; C M, we set
g8t~ My) = Hg(ri " a) [ € Siyi=1,...,n— Lo € Mi}.

(i) g
(i) ¢
) g(r
) 0 €

(r
(r

If n = m = 2 then an (m,n)-ary hypermodule M is hypermodule.

Let (M, f,g) be an (m, n)-hypermodule over an (m,n)-hyperring (R, h, k). A non-
empty subset N of M is called an (m,n)-ary sub-hypermodule of M if (N, f) is
m-array subhypergroup of (M, f) and g(R™ Y, N) € P*(N).

Definition 2.5. A canonical (m,n)-hypermodule (M, f, g) is an (m,n)-hypermodule
with a canonical m-array hypergroup (M, f) over a Krasner (m, n)-hyperring (R, h, k).

A Krasner (m,n)-hyperring (R, h, k) is commutative if (R, k) is a commutative n-ary
semigroup. Also, we say that (R, h, k) is a scaler identity if there exists an element
1g, such that z = k(z, 1%71)) for all z € R. Later on, let (R, h, k) be a commutative
Krasner (m,n)-hyperring with a scaler identity 1g. For all 77! € R and x € M we
have

g7 0ar) = {0}, g(0% ' 2) ={0n} and g(1% " 2) = {x}.

Moreover, let g(ri_l, -7y, r;"ﬁr_ll,x) =—g(ry,...,mn-1,2) = g(ry" L —x).

Definition 2.6 ([29]). Let (M, f1,91) and (Ma, fa, g2) be two (m, n)-hypermodules
over an (m,n)-hyperring (R, h, k). We say that ¢ : M; — M, is a homomorphism
of (m,n)-hypermodules if for all 27,z of M; and 77" € R : ¢ (fi(z1,...,2m)) =

o (6(@1), - ¢(am)), & (77, 2)) = g0 (77", 6(2)) -

If in the above definition we consider a map ¢ : My — P*(Ms), then we obtain a
multivalued homomorphism, shortly we write m-homomorphism.

FEzxample 2.1. We shall provide an example of an m-homomorphism. Let A and B be
two canonical hypergroup as Tables 1 and 2.

Define 0 x 2z = 0 and 1 x 2z = x for all x € A, B. Then, it is easy to check that
(A, +, %) is a Krasner hyperring, and A and B are also A-hypermodule with the
external multiplication *. Let ¢ : B — A with ¢(1) = ¢(—1) = 1 and ¢(0) = 0.
Clearly, ¢ is an m-homomorphism.
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+J0] 1
00 1
1[1]{o 1}

TABLE 1. (A, +)

170 1 —1
010 1 —1
1] 1 1 [{o,1-1}
—1—1[{o, 11} -1

TABLE 2. (B,+)

Definition 2.7 ([9]). A linear combination of family A = {z; | i € I} of elements of
M is a sum of the form f (g(rﬂ"fl), T1),... ,g(rll(fhl),xl), o(m_l)) with [ < m and if
[ >m,l =1t(m—1)+ 1, a linear combination of A is the form of

PO £ (g0 wn) e g (™ ) ), g (rEt ™ )

—_— —
t

(2m—1)(n—1) ((1-1)(m—1)42))(n—1) (I(m—1)+1)(n—1)
g (T(mem 75‘%*1)7 . ')’9 (W(H)(mfl)wn ¥ (T(z(mfmm )))
where 7;; € R and set {r;;,7;; # 0} is finite.
A linear combination of family {z; | i € I} of elements of M is a sum of the form

(e 2, g (Y @) Vi e 1)

is linear dependent if there exists a linear combination

f(g(rﬁ"il), xl), . ,g(rﬁ"fl), xl>)

containing 0, without being all r;; equal to 0. Otherwise, {z; | ¢ € I'} is called linear
independent.

Definition 2.8 ([9]). A subset X of M generates M if every element of M belongs
to linear combination of elements from X.

Definition 2.9 ([21]). The category R(mn) — Hmod of (m,n)-ary hypermodules
defined as follows:

(i) the objects of Ry, ) — Hmod are (m,n)-hypermodules,
(ii) for the objects M and K, the set of all morphisms from M to K is defined as
follows:

Homp(M,K)={f|f: M — P*(K) is an m-homomorphism};
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(iii) the composition ¢gf of morphisms f: M — P*(K) and g : K — P*(L) defined
as follows:
gf +H— P(K), gf(x)= U g(t);
tef(x)
(iv) for any object H, the morphism 1y : H — P*(H), defined by 14(z) = {x}, is
the identity morphism.

Remark 2.1. Consider a category whose objects are all (m,n)-hypermodules and
whose morphisms are all R-homomorphisms denoted by R, .y — hmod. The class
of all R-homomorphisms from A into B is denoted by homg(A, B). In addition,
Ry(mn) — hmod is the category of all (m,n)-hypermodules whose morphisms are all
strong R-homomorphisms. The class of all strong R-homomorphisms from A into B
is denoted by homp, (A, B). It is easy to observe that Ry, ») —hmod is a subcategory
of R ny — hmod.

Definition 2.10 ([21]). Let {M; | i € I} be a family of (m, n)-hypermodules. We

define a hyperoperation on [[ M; as follows:
icl

Plaiyy = ({ti} e i), (ol € HMi) |
el
For r € R and a; € [[ M;, define
el

G (T%nil){@i}(iel)) = {gi (rinil)’ ai)}

then [] M;, together with m-array hyperoperation F' and n-array operation G is called
iel
direct hyper product {M; | i € I}.

iel

Theorem 2.1 ([21]). Let {M; | i € I} be a family of (m,n)-hypermodules, and
{i : M — p*(M;) | i € I} be a family of m-homomorphisms. Then there exists a

unique m-homomorphism
({or =0 (1))}

i€l
such that, 11;0 = ¢; for allv € I, and this property determines [] M; uniquely up to
iel
isomorphism. In other words, [] M; is a product in the category of Ry ) — Hmod.
i€l
Definition 2.11 ([21]). The direct hypersum of a family {M; | i € I} of (m,n)-

hypermodules, denoted by [I M; is the set of all {a;};cs, where a; can be non-zero
el
only for a finite number of indices.

Proposition 2.1 ([21]). If {M; | i € I} is a family of (m,n)-hypermodules, then

(i) II M; is an (m,n)-hypermodule.
i€l
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(ii) for each k € I, the map Cy : My, — 11 M;, given by l(a) = {a;}icr, where
el
a; =0, for1 # k, and ap = a, is m-homomorphism.
(iii) for eachi € I, 0;(M;) is a subhypermodule of 11 M;. The map ly is called the
i€l
canonical injection.

Theorem 2.2 ([21]). Let {M; | i € I} be a family of (m,n)-hypermodules and
{¢i : M; — M | i € I} be a family of m-homomorphisms of (m,n)-hypermodules.
Then, there is a unique m-homomorphism ¢ : |1 M; — M such that ¢l; = ¢;, for all

i€l
1 € I and this property determines [ M; uniquely up to isomorphism. In the other
iel
words [ M; is a coproduct in the category of Ry n) — Hmod.

iel
Remark 2.2. In the following sections of this paper, we consider the category of all
(m,n)-hypermodules over a (m,n)-hyperring R, in the sense of Canonical (m,n)-
hypermodules over Krasner (m, n)-hyperring R with a scaler identity. We denote this
category by R, n) — Khmod. Hence the objects of R, ) — Khmod are Canonical
(m, n)-hypermodules over Krasner (m,n)-herringbone.

3. THE DIRECT LiMIT

Definition 3.1 ([37]). Let (A, A) be a quasi-ordered directed(to the right) set, i.e.
for the two elements i, 7 € A there exists (at least one) k € A with ¢ < K and j < K.
A direct system of (m,n)-ary hypermodules (M;, ¢;;)a consists of
(1) a family of (m,n)-ary hypermodules (M;),) and
(2) a family of morphisms ¢;; : M; — M; for all pairs (4, j) with ¢ < j, satisfying

Gy = idy,  and Qi = Gig, fori < j < k.

A direct system of morphisms from (M;, ¢;;)a into an R — (m, n)-hypermodules L is
a a family of morphisms {U; : M; — L} with U;¢;; = U; whenever ¢ < j.

Definition 3.2. Let (M;, ¢;;)a be a direct system of R — (m,n)-hypermodules and
M an R — (m,n)-hypermodule.

A direct system of morphisms {¢; : M; — M}, is said to be a direct limit of
(M;, ¢i)a if, for every direct system of morphisms {U; : M; — L}a, L € Rpnpn) —
hmod, there is a unique morphism U : M — L which makes the following diagram
commutative for every ¢ € A

o

N, A

If {¢; : M; — M'}, is another direct limit of (M;, ¢;;)a, then by definition there is an
isomorphism H : M; — M’ with Hp; = ¢} for i € A. Hence M is uniquely determined
up to isomorphism.

M; M
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We write M = lim M; and (¢;,lim M;) for the direct limit.
iy =

Example 3.1. A collection of subsets M, of a set M can be partially ordered by
inclusion. If the collection is directed, its direct limit is the union UM;. The same is
true for a directed collection of subgroups of a given group.

Theorem 3.1. Let (M;, ¢ij)a be a direct system of R — (m,n)-hypermodules. For
every pair i < j we put M; ; = M; and obtain with canonical embedding ¢; the following
mappings:

M;; 25 My 5 T M,

A
idyg, .

M ; =5 M; 5 T M.

A
The difference yields morphisms F{—{;, {;¢;;, 0™ 2}« M; ; — 11 My, and with the
A

coproduct we obtain a morphism ¢ : 11 M;; — 11 Mj.

i<j A

Coko together with the morphisms
¢; = Cokgl; : M; — [ My — Cok¢
A

form a direct limit of (M;, ¢i;)a-
Proof. Let {U; : M; — L}, be a direct limit of morphisms and U : [[ M — L with
A

Ul = Uy. We have 0 € U(F(—{;, 40,0 2)) = fi(=Us, Ujdij, 0™ ) for i < j.
Hence, U¢ = 0 and the diagram

A

i<j
lv

L

can be extended to a commutative diagram by a unique U : Coke¢ — L (definition
of cokernel). O

Remark 3.1 ([37]). Regarding the quasi-ordered set A as a (directed) category, a
directed system of (m,n)-hypermodules corresponds to a functor ¢ : A = Ry, ) —
hmod. Then direct system of morphisms is functorial morphisms between ¢ and
constant functor A — R, ) — hmod. Then the direct limit is called the colimit of
the functor ¢. Instead of A, more general categories can serve as source and Instead
of Rimn) — hmod, other categories may be used as target.

4. PROPERTIES OF THE DIRECT LiMIT

Theorem 4.1. Let (M;, ¢;;)a be a direct system of R — (m,n)-hypermodules with
direct limit (¢;, lim M;).
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(1) For mj € M;,j € A, we have 0 € ¢;(m;) if and only if, for some k > j,
0 € ¢ju(my).
(2) For m,n € li_II)l M;, there exist k € A and elements my,n, € M, with m €

or(my) and n € ¢r(nyg).
(3) If N is a finitely generated submodules of h_r}n M;, then there exist k € A with

N C op(my) (= Im @p).
_> A

Proof. (1) If 0 € ¢jx(m;), then also 0 € ¢;(m;) = drpjpm;.
Assume on the other hand 0 € ¢;(m;), i.e., within Theorem 3.1

lim; e ImF, {mj= Y F(—Lis L, 0" Nymy, my € My,
(i,l)eE

where F is a finite set of pairs ¢ <.
Choose any k € A bigger than all the indices occurring in F and j < k.
For i < k the ¢y : M; — My, yield a morphism ¢y, : [[ M; — M, with ¢l; = ¢

i<k
and

Gjwm; =plm; = f (%51%, —Lliy, 0("”“2)) mi
B
=>_f (@k(bu, @ik, 0("“2)) my 3 0.
B

(2) For m € lim M;, let (myy,...,my, ) be a preimage of m in [] M (under Coke F).
Y
For k > 4q,...,1, we get

m € fz ((bll (mi1)7 s 7¢ir<mir)) = ¢k (fz((bhk(mh)? s 7¢irk(mi—7"))) :

For m,n € liglMi, and k,l € A,my € My,n; € M; with m € ¢p(mg),n € ¢y(ny), we

choose s > k,s > [ to obtain m € ¢s(drs(mi)),n € ds(drs(n1)).
(3), (4) are consequences of (2). O

5. DIRECT LiMIT OF MORPHISMS

Theorem 5.1. Let (M;, ¢;j)n and (N;,¢;;)a be two direct systems of R — (m,n)-
hypermodules over the same set A and (gb,-,li_rr)l M), resp. (zbi,lii)n N;) their direct
limits.

For any family of morphisms {u; : M; — N;}a, with ¢;;u; = iju; for all indices
1 < j, there is unique morphism

w : lim M; — lim N,
iy iy



100 N. JAFARZADEH AND R. AMERI

such that, for every i € A, the following diagram is commutative

. s

J— J—

If all the u; are monic (epic), then u is monic (epic).
Notation: u = li_n} ;.

Proof. The mappings {¢;u; : M; — ligl N;}a form a direct system of morphisms since
for i < 7 we get Yu; = Y;¢;u; = Yu,;. Hence the existence of u follows from the
defining property of the direct limit.

Consider m € lim M; with 0 € u(m). By (4.1), there exist k € A and m; € M

with m € ¢(my) and hence 0 € u(¢r(my)) = Yr(uk(my)). Now there exists | > K
whith 0 € ¥y (ug(my)) = w(dr(my)). If w; is monic, then ¢(my) = 0 and also
m € ¢r(my) = 0. Consequently, if all {u;}, are monic, then w is monic.

For n € lii{l N; By (4.1), there exist k£ € A and ny, € N with n € ¥y (ng). If uy is

surjective, then ny € uy(my) for some my € My, and n € Yy (ur(my)) = u(pr(my)). If
all the {u;} are surjective, then u is surjective. O
6. DIRECT SYSTEMS OF KERNELS AND COKERNELS

Using Theorem 5.1, we obtain, for ¢ < j, commutative diagrams

Us

Ke U; ]\/[Z ]\[Z Coke U;
Ke u]' Mj o Nj Coke 'LL]'

which can be extended by k;; : Ke u; — Ke u; and hy; : coke u; — coke u; to
commutative diagrams.
(Ke u;, kij)a and (coke u;, hij), also form direct system of (m, n)-hypermodules.

Theorem 6.1. Consider direct systems of R — (m,n)-hypermodules

(Lis Gig)a, (Mi, ig)as (Ni, i) s
with direct limits (¢;, lim L), (¢, lim M), (i, lim N;) and families of morphism {u;}x,
{vi}a, which make the following diagrams commutative with exact rows

U
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Then, U = li_rr>1 u; and V = li_rr>1 v;, the following sequence is also exvact:
0 — lim L; — lim M; —— lim N; — 0 .
— iy —

Proof. 1t has already been shown in (5.1) that U is monic and V' is epic. ImnU C KeV
is obvious. Consider m € Ke V. There exist k € A and my, € M, with m € ¢ (my)
and 0 € V(m) € V(vr(mi)) = pue(Vie(my))-

Now by (4.1), we can find an s € A with 0 € V,(¢rs(ms)) = Yrs(Vis(ma))-

This implies ¢ys(my) = u,ls for some I; € Ly and

U(ps(ls) = ¥s(us(ls)) = s (vns(ms)) = vu(mi) > m.
Consequently, m € ImU and ImU = KeV. O

Theorem 6.2. Let M be an R — (m,n)-hypermodule, A a set, and {M;}n a family
of subhypermodules of M directed with respect to inclusion and with Uy M; = M, then
lln M; = M.

Proof. Defining 7 < j if M; C M, for i,j € A, the set A becomes quasi-ordered and
directed. With the inclusion ¢;; : M; — M; for i < j, the family {M;, p;;}a is a direct
system of (m, n)-hypermodules and lim M; = M.

In particular, every (m,n)-hypermodule is a direct limit of its finitely generated
subhypermodules. 0

7. HOME-FUNCTOR AND DIRECT LIMIT

Let (M;, ¢ij)a be a direct system of R — (m,n)-hypermodules with direct limit
(¢, li_rr} M;) and K an R — (m,n)-hypermodule. with the assignments, for ¢ < j,

hij = hom(k’, ¢w) . hom(k, Mz) — hom(k, Mj), o gzﬁijai,
we obtain a direct system of Z — (m, n)-hypermodules (hom(k, M;), h;;)a with direct
limit (h;, lim hom(k, M;)) and the assignment

w; := hom(k, ¢;) : hom(k, M;) — hom(k, li_rr>1 M;), «a; = ¢,
defines a direct system of Z-morphisms (Z is as an (m,n)-hyperring) and hence a
Z-morphism

Oy = limw; : lim hom(k, M;) — hom(k,lim M;).
— — —

These Z-morphisms may be regarded as End(K )-morphisms.
Theorem 7.1. If K is a finitely generated R— (m,n)-hypermodule, then ® g is monic.

Proof. Consider a € Ke ®k. There exist i € A and «; € hom(K, M;) with o € h;(ay)
and 0 € p;(), Since o, (K) C Key; is a finitely generated (m,n)-subhypermodule
of M;, There exists i < j € A with 0 € ¢;;(a;(K)) (by (4.1)). This implies h;;(o;) =
wij(a;) =0 and h;(ey) =0 in hom(k:,li_r)n M;). O
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Theorem 7.2. An R — (m,n)-hypermodule K is finitely generated if and only if
O : lim hom(k, M;) — hom(k,lim M;)
— —

is an isomorphism for every direct system (M;,i;)a of (m,n)-hypermodules with 1,
monomorphisms.

Proof. Let K be finitely generated. By (7.1), ®x is monic. With the ¢;; monic, the
v; are monic. For every a € hom(k, lil>n M;), the image a(K) is finitely generated. By

(4.1), a(K) C pp(My,) for some k € A., with o' 1 1 (My,) we get ;"o € hom(k, My)
and @k (¢ ) = or(pr'a) 3 a, ie., @ is surjective.

On the other hand. Assume @y, is an isomorphisms for the direct system (K, ¢;;)a
of the finitely generated (m,n)-subhypermodules K; C K, i.e.,

lim hom (K, K;) ~ hom(K,lim K;) ~ hom(K, K).
— iy

By (4.1), there exist j € A and o; € hom(K, K;) with a;p; = idg, ie, K =
ajpja; K = ¢;K;. Hence, K is finitely generated. O

8. CONCLUSIONS AND FUTURE WORKS

In this paper, the category of (m,n)-hypermodules introduced and studied, espe-
cially the subclass of canonical (m,n)-hypermodules was investigated. Also, direct
limit in category (m,n)-hypermodules was introduced and its basic properties has
been discussed. In this regards, the relationship between direct limit and functor home
in this category was investigated. The paper provided a good introduction to study
the category of (m,n)- hypermodules as a generalization of category of (m,n)-modules
as well as hypermodules. At the end, the paper provide a good introduction to study
the homology of (m,n)-hypermodules, as well as hyperstructures in general.
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GENERALIZATION OF LUPAS-KANTOROVICH OPERATORS
CONNECTED WITH POLYA DISTRIBUTION

VIJAY GUPTA! AND GUNJAN AGRAWAL!

ABSTRACT. The motive of this paper is to introduce the generalization of Lupag-
Kantorovich operators connected with Pélya distribution and establish the rate
of convergence in terms of modulus of continuity. Furthermore, a Voronovskaja
type asymptotic formula for these operators is studied. In the end, few numerical
examples with graphical representation are added to depict the effect of convergence
of the operators.

1. INTRODUCTION

About a decade ago, Gurdek et al. [20] defined the Baskakov operators for functions
of two variables and analysed the approximation degree and differential properties
of these operators. Agrawal et al. [8,9] considered the bivariate form of the Lupag
Durrmeyer operators with Pélya distribution which was considered by Gupta and
Rassias in [19]. In 2010, Gadjiev and Gorbanalizadeh [15] constructed the two dimen-
sional extension of Bernstein—Stancu type polynomials and investigated the degree
of convergence of these polynomials. The Kantrovich variants of various operators
have been intensively studied in [1-4,11,16] and [23]. Very recently, Agrawal et al. [7]
discussed the approximation features of the Kantorovich modification of the operators
proposed by Stancu [26] and introduced their bivariate extension. For more related
work, we suggest the readers (see [5,14,17,18,22,24,25,27]). Inspired by the above
work, we now introduce the bivariate form of the operators defined in [6] and given
as:

Key words and phrases. Pdlya distribution, Lupag operators, modulus of continuity, Voronovskaja
type theorem
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(1.1) (@S/”)f) (1+n) n nlj/n) /1 f(k)dk, xe[i,ﬂ,

Jj=0

00 22(2;)‘(;) <2x(n+21) — 1>j <2n(1 — g;)z— 2z + 1>n_j7

Lin = |75, flﬁ] and (nz); = [Ty (na + ).
These operators preserve the linear functions along with the constants. In [6], the
authors have provided moments and established some direct results for the operators

defined by (1.1).

where

2. PRELIMINARY RESULTS

Let J be the interval [+ e 4] Then on J% = J x J, The space of continuous func-
tions with real values is denoted by C(J?). The norm for this space is ||g]|c(2) =

sup |g(x,y)|.
(z,y)€J?

For f € C(J?) and (z,y) € J?, we define

(Gt ) () =(1 -+ m)(1 4+ 1) 3o 30 Gz, )
J1=0 j2=0

/ / (u, v)dudv,

J1 ni J2 n2

q{l/m,}/ng)(m y) 2(n1!) 2(712') ny N9 21‘(711 + 1) -1
ni,ne,ji1,52 \W (in) (2n2) J1 J2 2 J1

y <2n1(1—x)—2w+1> <2y(n2+1)—1>

where

2 2
" <2n2(1 —y)—2y+ 1)
5 :
n2—j32
The following lemmas are helpful in determining the key outcomes.
Lemma 2.1 ([6]). Forz € [},3] and n=1,2,3,..., we have

(Q(l/n) 0)(@ =1, (Qg/n)ﬁ)(ﬁ) =z,

~(1/n 1
(qu/ )62> (z) :12(1 +n)3

— 1222 + 242 — 5}.

{12n3x + 120z (x + 2) + n (—1227 + 48z — 11)
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Lemma 2.2 ([6]). Forz € [}, 3] andn=1,2,3,..., we have
(@™ (er — weo)) (x) =0,

(@53/”)(@1 — x60)2) (x) L

- T n)3{ —24n(z — )

+n (—483:2 1487 — 11) — 2422 + 241 — 5}.

Lemma 2.3. If we denote e;; = x'y’, where 1,7 =0,1,2 and i + j < 2, then
(QWmmdeg) (x,y) =1, (Qmt/ ey (z,y) =
(@t Den ) (x,y) =y,

1
(QS]Z; 1nz) 20) (2, y)

T12(1+m)?
+my (—12:[;2 + 487 — 11) — 1222 + 247 — 5},

{12n§:c + 12n3z(z + 2)

(lell/z; i/n2) )(% y) {1277/%?/2 + 12n3y(y + 2)

T12(1+np)?
+ny (—12¢ + 48y — 11) — 12y + 24y — 5}.
Lemma 2.4. The following result holds:
(@t (u— @)} (x) =0, (QUfm"™ (v = y))(@) =0,

(@ (w = 2)*) () — 24nf(z — L)z

121 +n1)3{
+m (—483:2 + 487 — 11) — 242”4 241 — 5},

1
T 12(1 4 ny)3

-y (—48y7 + 8y — 11) — 24y” 4 24y — 5}

(QU/ /) (v = y)?) (w,y) { — 24ni(y — 1)y

1
= O(), when n — 400.

n

Also,

1
(le/?é 1) (u— )4)(3371/) = O(?ﬂ)’ when n — +o00

and

n?

~ 1
(Q%/,Z;J/M)(U - y)4)(x,y) = 0(), when n — +o00.
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3. RATE OF CONVERGENCE

For f € C(J?), the full modulus of continuity with respect to z and y is given as

w(f,h) = max{|f(x17y1) — f(z2,y2)| : (x1,91) and (z2,y2) € Jz}a h >0,
with the condition that

V(@ =22 + (n —12)2 < b
And the partial moduli of continuity is given as

wl(f? h) = max{|f(x,y1) - f(x7y2>| : (xuyl) and (l’,yg) S ‘]2 with |y1 _y2| < h}

and

wo(f,h) = max{|f(x1,y) — flxa,y)| : (z1,y) and (29,7y) € J* with |z, — 25| < h},

respectively.

They meet the well-known features of the usual modulus of continuity, as defined
in [10]. Various results related to the partial moduli of continuity have been studied
by researchers (for instance, one may refer [21]).

Theorem 3.1. If f € C(J?), the operators Q (Lmd/m2) £ converge uniformly to f on
J?.

Proof. Clearly,

lim QU/ml/na) e — o,
n1—+00,n2—+00 in n2 i

for (i, 7) taking the values (0,0), (1,0) and (1,1), and

lim N\/n11/n2) (¢ €9n) = € €90.
S L Qn) s (€02 + €20) 02 T €20

Thus, on applying [12, Theorem 2.1], we obtain the desired result. O
Theorem 3.2. For f € C(J?) and (,n € J*, we have

(@) o = 1| < 2fen (1 o=g) (1 o=}

Proof. From the property of partial moduli of continuity, we get

(@22 £)(Com) = ()| <(QUm ™) flu,v) = ()]} (Com)
<(QUmAm f(u,0) = flum)])(C,m)
+ (Q ) rf<u,n> ¢m))(¢m)
<(QWmmen(f v - n|>)< 1)

T (QUm A (£, Ju — <)) (¢ )
< (14 B2 QW — ) (1)) wa( . )
+ (14 B Q™ lu = ¢)(Q)) wn(f By ),
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where Ay, hy,, > 0.
Making use of Cauchy-Schwarz inequality, we may write

[(QWmtm £)(¢m) = F(¢,m)| < (1 + bt (@™ (0 — 77)2)(77)> s (£, hn)

+<1+h;3 (@™ (u <>2)<<>> wWi(f, ny)-

Thus, by choosing h,, = \/ﬁ and h,, = \/ﬁ, we reach the required result. 0]

Theorem 3.3. For f € C(J*)and {,n € J?, we have
(QU/mt/m) £Y(¢m) = £(C,m)] <Hf<||\/ A (= €)2) (¢, m)
I (@R 0= 2) )

Proof. If (¢,n) € J?, then
) = [(C) = /C " fu(s,v)ds + / "R

Applying the operators @%11/7 nl/m2) on both sides of the sides of above inequality, we
get

QW) ) (u,v) = (G m)| <(QS/m™) / fuls, 0)ds) (C.m)
(@l [ dt)<< ).

as
[ #s.vpds| < I1Fl - lu =]
and
[ cna] <1if - =l
therefore,
[(QUmt/m) £) (u,v) = £ m)| <1 £l (QE ™ fu = ¢]) (¢, m)
+ QU™ o — [ ) (¢, m)-
We got the desired conclusion by using the Cauchy-Schwarz inequality. O

For (u,v), ((,n) € J?, we define the Lipschitz class (as defined in [13]), Lipj a, as
follows:

Libk a = {f € CL?) : |f(w,0) = (Gm)] < K{(w— ¢ + (0=} ae 0,1},
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Theorem 3.4. If f € Lip, «, then the following conclusion is correct:
(QWmm £)(¢,m) = F(¢om)| < {(@S/z; 1) (w = €)?) (¢, m)
QU =) )

[N]ls)

Proof. If f € Lipy «, then we may write
Q) 1) (Cm) = (G m)| < (@) Fuyv) = F(Cm)) (o)
gK(Qgﬁ/z;”@){w — P+ oY) ().

2

Using the Holder’s inequality and v; = = and wy = , we obtain

QU2 £)(¢,m) — F(Com)] gK{ (@53/,2;“"2><u — %) ()
QW w =) ()

Hence, the required result follows. 0

[N]])

4. VORONOVSKAJA—TYPE THEOREM

Let C?(J?) be the space containing the functions f that have the property f € C/(J?)
and f9) € O(J?),0<i+j <2
Here,

g = {9 01,
oct” ont
The space C?(J?) is equipped with the norm

i = 1,2}, Cne g2

‘
C(J2)
Theorem 4.1. Let f € C*(J?), then
tim n{ (QL™F)(Cm) = F(Cm) b = (¢ = Dfec(Cm) +1(n = 1) fan(C )

n—-+o0o

02 f
a2

f
on?

of
flle) = 1 fllows + Hac

C(J2) ||677 c(J?) | C(J2)

Proof. Let (C,n), (u,v) € J2. Applying Taylor’s expansion, we get
£(0,0) =F(Cn) + £ (G = 1)+ Fel¢mw =) + 3 { (G0 = 0)?
+ feclGmu = O + 26 (G = Qo = )}
e o{ =0+ (=n?},

where £(u,v) vanishes as (u,v) — (¢, 7).
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By the linearity of @214”1/ ™, we have

(@4 1)y 0) =(Cm) + F(€ (@ 0 = ) ) + £ m@™ (= ))(€)
45 { @ @ = 1P ) + 1@ = Q)

+ 20 (€ Q= ONO@H 0 = m)) )
+ QU e ) (=0 + (0 =m)?) .

Using Hélder’s inequality, we obtain
Qi {eu ) (=0 + 0 -n?) |

<faurmew e} (@ (w-c + o —n2) ) cn)

<V { QUM w0y o) b (G (= Q) + @G =) )

N|=

In view of Theorem 3.1, we have

lim QG € (u,v) (¢ m) = 0.

n—-+o0o

Using Lemma 2.4, we may write

tim 0 Q0 () (= O + (0= 0)?) }(Cm) = 0.

n—-+o0o

Finally, on using the values from Lemma 2.4, the proof of the theorem follows. [

5. GRAPHICAL ANALYSIS

For validating the convergence results obtained in the above sections, we provide
few numerical examples involving illustrative graphics.

Ezample 5.1. For f(z,y) = 2* — x +y? — y, we show the convergence of @,(111{2571/”2) to
f(x,y) = 2% — 2 +y? —y for ny = ny = 50 and n; = ny = 200 in Figure 1 and Figure
2, respectively.

Ezample 5.2. For f(x,y) = VT (2% + 2zy — 20 +y* — 2y + 1) + 22 — 102y, we show
the convergence of lel/’%’l/”?) to f(z,y) for ny = ny =5 and n; = ny = 50 in Figure
3 and Figure 4, respectively.
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FIGURE 1. Graphs of @%{g’g’l/m) (blue) and f(x,y) =2 —z+y* —y

(yellow).

FIGURE 2. Graphs of @%{53861/200) (blue) and f(z,y) =2*> —z+y*—vy
(yellow).

FiGure 3. Graphs of ~§5/5’1/5) (blue) and  f(x,y) =
VT (2% + 22y — 20 +y? — 2y + 1) + 22 — 102y (yellow).

Acknowledgements. The authors are extremely thankful to all the four learned
reviewers for their valuable suggestions leading to overall improvements in the paper.
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FIGURE 4. Graphs of @%{58’1/50) (blue) and f(z,y) =
VT (2% 4 22y — 22 + 3% — 2y + 1) + 2% — 102y (yellow).
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WEAVING CONTINUOUS CONTROLLED K-¢g-FUSION FRAMES
IN HILBERT SPACES

PRASENJIT GHOSH! AND TAPAS K. SAMANTA?

ABSTRACT. We introduce the notion of weaving continuous controlled K-g-fusion
frame in Hilbert space. Some characterizations of weaving continuous controlled K-
g-fusion frame have been presented. We extend some of the recent results of woven
K-g-fusion frame and controlled K-g-fusion frame to woven continuous controlled
K-g-fusion frame. Finally, a perturbation result of woven continuous controlled
K-g-fusion frame has been studied.

1. INTRODUCTION AND PRELIMINARIES

Duffin and Schaeffer [13] introduced frame for Hilbert space to study some fun-
damental problems in non-harmonic Fourier series. Later on, after some decades,
frame theory was popularized by Daubechies et al. [11]. At present, frame theory
has been widely used in signal and image processing, filter bank theory, coding and
communications, system modeling and so on.

Let H be a separable Hilbert space associated with the inner product (-,-). Frame
for Hilbert space was defined as a sequence of basis-like elements in Hilbert space.
A sequence {f; ;r:olo C H is called a frame for H, if there exist positive constants
0 < A< B < 400 such that

+00
AllFIP <N )7 < B||f||?, forall fe H.
i=1

The constants A and B are called lower and upper bounds, respectively.

Key words and phrases. Frame, g-fusion frame, continuous g-fusion frame, controlled frame, woven
frame.
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Throughout this paper, H is considered to be a separable Hilbert space with
associated inner product (-,-) and H is the collection of all closed subspaces of H.
(X, 1) denotes abstract measure space with positive measure p. Iy is the identity
operator on H. B(H;, Hy) is a collection of all bounded linear operators from H; to
Hj. In particular, B(H) denotes the space of all bounded linear operators on H. For
S € B(H), we denote N(S) and R(S) for null space and range of S, respectively. Also,
Py € B(H) is the orthonormal projection of H onto a closed subspace M C H. The
set S(H) of all self-adjoint operators on H is a partially ordered set with respect to
the partial order < which is defined as for R, S € S(H)

R< S < (Rf, f)y<(Sf, f), forall feH.

GB(H) denotes the set of all bounded linear operators which have bounded inverse.
If S, R € GB(H), then R*, R~! and SR also belongs to GB(H). An operator U € B(H)
is called positive if (Uf, f) > 0 for all f € H. In notation, we can write U > 0. If
V € B(H) is positive then there exists a unique positive U such that V2 = U. This
will be denoted by V' = U2, Moreover, if an operator V' commutes with U then V'
commutes with every operator in the C*-algebra generated by U and I, specially V'
commutes with U2, GB*(H) is the set of all positive operators in GB(H) and T, U
are invertible operators in GB(H). For each m > 1, we define [m| = {1,2,...,m}.

We present some theorems in operator theory which will be needed throughout this

paper.

Theorem 1.1 (Douglas’ factorization theorem [12]). Let S,V € B(H). Then the
following conditions are equivalent.
(i) R(S) C R(V).
(ii) SS* < N2VV* for some A > 0.
(1ii) S = VW for some bounded linear operator W on H.

Theorem 1.2 ([15]). Let M C H be a closed subspace and T' € B(H). Then PyT* =
PyT*Pryz. If T is an unitary operator (i.e., T*T = Iy), then PrT = TPyy.

Theorem 1.3 ([8]). Let Hy, Hy be two Hilbert spaces and U : Hy — Hy be a bounded
linear operator with closed range Ry. Then, there exists a bounded linear operator
U': Hy — Hy such that UUTx = x for all x € Ry.

1.1. K-g-fusion frame. Construction of K-g-fusion frames and their dual were pre-
sented by Sadri and Rahimi [1] to generalize the theory of K-frame [16], fusion frame
9], and g-frame [35].

Definition 1.1 ([1]). Let {W;},_; be a collection of closed subspaces of H and {v;},_;
be a collection of positive weights, {H; }j <, be a sequence of Hilbert spaces. Suppose
A; € B(H, Hj) for each j € J and K € B(H). Then A = {(W;, A;,v;) }jes is called a
K-g-fusion frame for H respect to {H;},_; if there exist constants 0 < A < B < +00



WEAVING CONTINUOUS CONTROLLED K-g-FUSION FRAME 117

such that
2
ANKFIP < S0 AP, (D) < BIFIP,
jeJ
for all f € H. The constants A and B are called the lower and upper bounds of

K-g-fusion frame, respectively. If K = Iy then the family is called g-fusion frame
and it has been widely studied in [18-20, 31].

Define the space
2 (1)ses) = {Uibies 1y € Hy SURIP < o0,
j
with inner product given by
{fitierdgitier) = ; {fi:9i)u, -
j

Clearly, (2 ({H j}j . J) is a Hilbert space with the pointwise operations [1].

1.2. Controlled K-g-fusion frame. Controlled frame is one of the newest gener-
alization of frame. P. Balaz et al. [6] introduced controlled frame to improve the
numerical efficiency of interactive algorithms for inverting the frame operator. In
recent times, several generalizations of controlled frame namely, controlled K-frame
[26], controlled g-frame [27], controlled fusion frame [23], controlled g-fusion frame
[34], controlled K-g-fusion frame [28] etc. have been appeared.

Definition 1.2 ([28]). Let K € B(H) and {W;},_; be a collection of closed subspaces
of H and {v;},.; be a collection of positive weights. Let {H;},_; be a sequence of
Hilbert spaces, T,U € §B (H ) and A; € B(H, H;) for each j € J. Then the family
Ary = {(Wj,Aj,v5)} ;o is a (T, U)-controlled K-g-fusion frame for H if there exist
constants 0 < A < B < +o00o such that
(1.1) A|K* £ < S0 (A Pw,UF, A P, TF) < BIIf|1%,

jeJ
for all f € H. If Ay satisfies only the right inequality of (1.1) it is called a (T, U)-
controlled g-fusion Bessel sequence in H.

Let Ary be a (T, U)-controlled g-fusion Bessel sequence in H with a bound B. The
synthesis operator T : Ky, — H is defined as

* * 1/2 2k *
T ({u; (7P 4505, U) £} ) = SRy s U,
J€ jeJ

for all f € H and the analysis operator T¢, : H — XK, is given by

Tef = {vj (T*PW].A;AJ-PWJ.U)l/2 f} . forall feH,

jeJ
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where

Ka, = {{“ﬂ' (T*PWjAjAJPWjUY/Qf} e H} CC({H}ye,)-

The frame operator S¢ : H — H is defined as follows:
Scf =TcTef =Y viT Py, NN Py, U f,

jed

jedJ

for all f € H and it is easy to verify that
(Scf, f) = v (\;Pw,Uf, APw, TF),

jeJ
for all f € H. Furthermore, if Apy is a (T, U)-controlled K-g-fusion frame with
bounds A and B, then AKK* < S¢ < Bly.

1.3. Continuous controlled g-fusion frame. In recent times, controlled frames
and their generalizations are also studied in continuous case by many researchers. P.
Ghosh and T. K. Samanta studied continuous version of controlled g-fusion frame
in [21].

Definition 1.3 ([21]). Let F': X — H be a mapping, v : X — R* be a measurable
function and {K,}, . be a collection of Hilbert spaces. For each x € X, suppose that
A, € B(F(z), K;)and T, U € GB*(H). Then Apy = {(F(x), Ay, v(x))},cx is called a
continuous (7', U)-controlled generalized fusion frame or continuous (7', U)-controlled
g-fusion frame for H with respect to (X, u) and v, if

(i) for each f € H, the mapping x +— Pp(y)(f) is measurable (i.e., is weakly
measurable);

(i7) there exist constants 0 < A < B < 400 such that

(12) AP < [ @) (MaPrU T, AePreoTF) e < BISIP
X

for all f € H, where Pp(y) is the orthogonal projection of H onto the subspace F(z).
The constants A, B are called the frame bounds. If only the right inequality of (1.2)
holds then Ay is called a continuous (7', U )-controlled g-fusion Bessel family for H.

Let Ary be a continuous (7, U)-controlled g-fusion Bessel family for H. Then the
operator S¢ : H — H defined by

(Scf.g) = / 0*(#) (T* Py A A PrnyU £, 9) dpta,
X

for all f,g € H, is called the frame operator. If Ay is a continuous (7', U)-controlled
g-fusion frame for H, then from (1.2), we get

A(f, Y <(Scf, f) < B(f, f), forall fe H.



WEAVING CONTINUOUS CONTROLLED K-g-FUSION FRAME 119

The bounded linear operator T¢ : L? (X, K) — H defined by

(To®,9) = [ v*(2) (T" Pooy Nl Priy U £, 9) dite,
X
where for all f € H, & — {U(x) (7" Pri A3 A PriyU) f} and g € H, is called

zeX
synthesis operator and its adjoint operator is called analysis operator.

1.4. Weaving frame. Woven frame is a new notion in frame theory which has been
introduced by Bemrose et al. [7]. Two frames {f;},.; and {g;},; for H are called
woven if there exist constants 0 < A < B < 400 such that for any subset o C I the
family {fi},c, U {9i}icoe is a frame for H. This frame has been generalized for the
discrete as well as the continuous case such as woven fusion frame [17], woven g-frame
[24], woven g-fusion frame [25], woven K-g-fusion frame [32], continuous weaving frame
[36], continuous weaving fusion frame [33], continuous weaving g-frames [3], weaving
continuous K-g-frames [5], controlled weaving frames [29], continuous controlled K-g-
frames [30] etc.

In this paper, woven continuous controlled K-g-fusion frame in Hilbert spaces is
presented and some of their properties are going to be established. We discuss sufficient
conditions for weaving continuous controlled K-g-fusion frame. Construction of woven
continuous controlled K-g-fusion frame by bounded linear operator is given. At the
end, we discuss a perturbation result of woven continuous controlled K-g-fusion frame.

2. WEAVING CONTINUOUS CONTROLLED K-¢g-FUSION FRAME

In this section, we first give the continuous version of controlled K-g-fusion frame
for H and then present weaving continuous controlled K-g-fusion frame for H.

Definition 2.1. Let K € B(H) and F' : X — H be a mapping, v : X — R*
be a measurable function and {K,},  be a collection of Hilbert spaces. For each
x € X, suppose that A(z) € B(F(z),K,) and T,U € GB*(H). Then Ary =
{(F(x),A(z),v(x))},cx is called a continuous (7, U)-controlled K-g-fusion frame for
H with respect to (X, u) and v, if

(i) for each f € H, the mapping x — Pp(;)(f) is measurable (i.e., is weakly
measurable);

(i7) there exist constants 0 < A < B < 400 such that

@1 ANKSI < [ @) (M) PrwU S, Aw) P TF ) daa < BISIP
X

for all f € H, where P, is the orthogonal projection of H onto the subspace F'(x).
The constants A, B are called the frame bounds.

Now, we consider the following cases.

(7) If only the right inequality of (2.1) holds, then Apy is called a continuous
(T, U)-controlled K-g-fusion Bessel family for H.
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(i1) If U = Iy, then Ay is called a continuous (7', I )-controlled K-g-fusion frame
for H.

(13i) It T = U = Iy, then Apy is called a continuous K-g-fusion frame for H (for
more details, refer to [4]).

(iv) If K = Iy, then Ary is called a continuous (7', U)-controlled g-fusion frame
for H.

Remark 2.1. If the measure space X = N and p is the counting measure then a
continuous (7, U)-controlled K-g-fusion frame will be the discrete (7', U)-controlled
K-g-fusion frame.

2.0.1. Example. Let H = R3 and {e1, €2, €3} be an standard orthonormal basis for H.
Consider

32{$ER3:H:UH§1}.

Then it is a measure space equipped with the Lebesgue measure p. Let us now
consider that {By, By, B3} is a partition of B where u(By) > u(Bs) > u(Bs) > 1.
Let H = {W;, W5, W3}, where Wi = Span{ej,es}, Wo = Span {es, e3} and Wy =
Span {e;, e3}. Define F': B — H by

Wy, if x € By,
F(x) =Wy, ifx € By,
W3, if x € Bs,
and v : B — [0,+00) by
1, if x € By,
v(x) =<2, ifx € By,
—1, ifx € B;s.

It is easy to verify that F' and v are measurable functions. For each x € B, define the

operators

A)(f) = MEB (e
k

f € H, where k is such that x € By and K : H — H by
K€1:€1, K€2:€2, K€3:O.

It is easy to verify that K*e; = e, K*es = ey, K*e3 = 0. Now, for any f € H, we

have
2

3
S (frew) Krerl| = [(f e+ [(f.e2)|* < £

i=1

Let T (f1, fa, f3) = (5.f1,4f2,5f3) and U (f1, fa, f3) = (%, %, %) be two operators on
H. Then it is easy to verify that T,U € §GB"(H) and TU = UT. Now, for any

I f|I* =
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f=(f1,fe, f3) € H, we have

[ v*(@) (M@) PryU £, A (@) Pry Tf ) di,

=3 [ 02(@) (M) PrilU . M) Prof TS ) d

16 d
=i+l
This implies that

Y 16
S fIP < / v}(2) (A@) PrU S, A@) Pro TS ) dp < I

Thus, Ary be a continuous (T, U)-controlled K-g-fusion frame for R3.
Now, we present woven continuous controlled K-g-fusion frame for H.

Definition 2.2. A family of continuous (7, U)-controlled K-g-fusion frames given by
{(Fi(z), Ai(2), vi(2)) }iepny eex for H is said to be woven continuous (7', U)-controlled
K-g-fusion frame if there exist universal positive constants 0 < A < B < 400 such
that for each partition {0}, of X, the family {(F;(z), Ai(2), vi(2)) }icpn) veo, 18 @
continuous (7', U)-controlled K-g-fusion frame for H with bounds A and B.

Each family {(F;(z), Ai(2), vi(2)) }icjm) veo, 18 called a weaving continuous (7', U)-
controlled K-g-fusion frame. For abbreviation, we use W. C. C. K. G. F. F. instead
of the statement of woven continuous (7', U)-controlled K-g-fusion frame.

In the following proposition, we will see that every woven continuous controlled
K-g-fusion frame has a universal upper bound.

Proposition 2.1. Suppose for each i € [m], {(Fi(x),Ai(x), vi(x))},cx be a con-
tinuous (T,U)-controlled K-g-fusion Bessel family for H with bound B;. Then for
any partition {0}, of X, the family {(Fi(z), Ai(x), vi(2)) }icpm veo, 8 a continuous
(T, U)-controlled K -g-fusion Bessel family for H.

Proof. Let {a,;}ie[m] be a arbitrary partition of X. For each f € H, we have

> [ @) (M) Pry U s M) Pr T ) i

i€[m]g;
<> /U?(ﬂf) (Mi(@)Prwy U f, Ail@) Pr T ) dp
i€[m] x
< (Z Bi) £,
1€[m]

This completes the proof. O
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Next, we give a characterization of W. C. C. K. G. F. F. for H in terms of an
operator.

Theorem 2.1. Let the families given by A = {(F(x),A(z),v(x))},cx and I' =
{(G(z),A(z),v(x))},cx be continuous (T, U)-controlled K -g-fusion frames for H. The
the following statements are equivalent.

(i) Aand T are W. C. C. K. G. F. F. for H.

(7i) For each partition o of X, there exist & > 0 and a bounded linear operator

O, : L2 (X,K) — H defined by
(6,0,9) = / 0*(@) (T" ProyA(w) M) Peoy U ) disa

+ / ) (T" Pa) I (2) T (x) Paw)U £, 9) dita,

g € H such that aKK* < 0,07, where

o’

2%, K) ={o=ouv: [ o2 < +ocf,
X
where for all f € H,
1/2
6= {v(:c) (7" Proy (@) A(z) Pry U) f}

rEoT

and

v = {v(m) (7" Peoy (@) D) Poy U) f}

Proof. (i) = (ii) Suppose that A and B are the universal lower and upper bounds
for A and I'. Take ©, = T2, for every partition o of X, where TZ is the synthesis
operator of

x€oc

{(F(2), M=), v(2)) }peo U{(G(2), M), 0(2)) }ege -
Thus, for each ® € L2 (X, K), we have

(0,2,9) = (122, g)
= / ) (T* PrwyA@)*A(2) Prioy U f, g) dpta

+/ ) (T PeD(2) T(@) e U f,g) dpiay g € H.

Since A and I" are woven, for each f € H, we have
* o\ * 2 *
A fIP < (T2) FIF = 103 fII*
Thus, aKK* < 0,0%, a = A.
(17) = (i) Let o be a partition of X and f € H. Now it is easy to verify that

01 ={0(@) (T Prioy M) A(w) PrayU) f}m
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. . 1/2
U {v(:v) (T* Peo) D () D) Poy U) f}
Thus, for each f € H, we have

a|K* I < |OLf1F = / v(a) <A< )PriaUf M) ProyTf ) dps

T€o¢

T / v) Pt U, (@) Py T ) dpe

Hence, A and I" are W. C. C. K. G. F. F. for H. This completes the proof. O

In the following theorem, we will construct W. C. C. K. G. F. F. for H by using a
bounded linear operator.

Theorem 2.2. Let {(Fi(x), Ai(2), vi(2)) }icpnyver, b€ @ W. C. C K. G. F. F. for H
with universal bounds A and B. If V € B(H) is invertible such that V* commutes
with T, U and V' commutes with K, then {(VE(x), Ai(:B)PFi(x)V*,vi(xD}
aW C. C. K G. F.F. forH.

i€[m],xz€0;

Proof. Since Pp)V* = Pp,)V* Py, 2 for all € 0; and i € [m], the mapping
T — Pyp () is weakly measurable For each f € H, we have

3 /vf(x) (Ai(@) Prya)V* Py U £, Aa(@) Prao) VE Py T ) dpi

i€lm] x

=D / < &) Ppyy VU f, Ni( )PFi(x)V*Tf> dys,
i€[m] x

=2 / () (Mi(x) Pry) UV £, Ai(2) Proy TV £ ) dpt
i€[m] x

<B|V*fI* < BIVI*I£I*
On the other hand, for each f € H, we have
S [ 2@) (M) PV Pon@U T, ) PV P TF )
i€lml x
SAIKVIP = ARSI > AV TR
This completes the proof. 0

Corollary 2.1. Let {(Fi(2), Ai(2), vi(2)) }igpm)weo; b€ @ W. C. C. K. G. F. F. for H
with universal bounds A and B. If V € B(H) is invertible such that V* commutes
with T,U and V' commutes with K, then {(VFZ(x), Ai(x)PFi(x)V*,vi(x))}
aW.C. C.VKV* G.F.F. for H.

i€[m],x€0;



124 P. GHOSH AND T. K. SAMANTA

Proof. According to the proof of Theorem 2.2, universal upper bounds is B||V||?. On
the other hand, for each f € H, we have

A A 2 2
I(VEV) fI* = VEV T < A KTV Fl
VI VI
<3 [ B@) (@) P UV M) Py TV ) di
ie[m] x
= Z / < )PVF Uf F( )PVFi(x)Tf> dfts,
iclm) X
where A;(x)Pp,)V* = I'i(x). This completes the proof. O

Theorem 2.3. Let V € B(H) be invertible operator such that V* (V1" commutes
with T and U. Suppose {(VFi(x),Ai(x)PFi(x)V*,vi(x))},e[ oo, isa W. C. C. K. G.

F. F. for H with universal bounds A and B. Then {(F;(), Ai(2), vi(%)) }icpm eo; V€
o« W.C.C.V'KV. G. F. F. for H.

Proof. Now, for each f € H, using Theorem 1.2, and taking A;(x)Pp,)V* = I'i(x),
we have

|V||2 H( )*fHZ - |V||2 HV*K* (v

<AHK*( Al

<3 [ (C@Pmt (V) L5 Rt (V) 1) do
<3[R rEu () T (V) ) du
_E%/ () (Tu(x) (V1) UL L) (V) T ) dps
-2 / ) (M) Pro) U f, M) Py T ) dp

On the other hand, for each f € H, it is easy to verify that
2
> [ 02@) (i) Prw U f M) Pro TS ) i < B[V 1512
’LG[m}X

This completes the proof. O

Next, we will see that the intersection of components of a W. C. C. K. G. F. F.
with a closed subspace is a W. C. C. K. G. F. F. for the smaller space.

Theorem 2.4. Let {F(z),A(x),v(7)},cx and {G(z),I'(z), w(z)},cx be W. C. C.
K. G. F. F. for H and W be a closed subspace of H. Then the families given by
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{F(x) "W, A(x),v(x)},cx and {G(x) "W, T'(x), w(x)}, .y are W. C. C. K. G. F. F.
for W.

Proof. The operators Pp)nw = Pp(z) (Pw) and Powyow = P (Pw) are orthogonal
projections of H onto F(x) N W and G(x) N W, respectively. Let o be a measurable
subset of X. Then for each f € W, we have

/ v(a) <A< ) PrioyU f, M) Prgo) T ) diis

+ /w PowyU f,T(@) Po T f ) di
—/ x) PpoyPwU f, A(z )PF(z)PWTf> dfty
+ /w (I(2) Pega P U f,T(2) P Pw T ) dipi,
- / 2) Proyow U f, A@) Prioyw T f ) diia
* / w wrwUf.T(@) Peorw T ) de
This completes the proof. 0

The following theorem states the equivalence between W. C. C. K. G. F. F. and a
bounded linear operator.

Theorem 2.5. Let V € B(H) be an invertible operator such that V* commutes with
T,U. Suppose K be a bounded linear operator on H which have closed range. Let
Ay = {(F(z), Ai(2), vi(2)) }icpn) veo, be @ W. C. C. K. G. F. F. for H with universal
bounds A and B. Then the family given by

Ay = {(Vﬂ(a:), Ai(2) Pry) V7, Uz‘(?l?)) }

i€[m],z€0;
isa W. C. C. K. G. F. F. for H if and only if there exists a 6 > 0 such that for each
f € H, we have ||[V*f|| > § || K*f||.

Proof. Suppose that Apy is a W. C. C. K. G. F. F. for H with bounds C' and D.
Then for each f € H, using the Theorem 1.2, and taking A;(z)Pp,)V* = Ti(z), w
have

CIEfIP< Y /U?(l’) <Fz‘(17)PVFi(x)Ufa Fi(x)PVFi(x)Tf> dfiy

i€[m] X

= > / v} (@) (Mi(@) Pr @)V U £, (%) Pry o) VT f ) dpte

i€[m] x

= Y [ 3@ (M@ Pr UV £ M) Pry TV ) i

i€[m] x
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< B|[V*f|*.
Thus,

IV*fll = \/C/BIK* I, forall f € H.

Conversely, suppose [|[V*f|| > § ||K*f|| for all f € H. Since K have a closed range,
by Theorem 1.3, for all f € H, we get

Verl =] (&) K

< ||t v
Now, for f € H, we have

3 /uf(g;) (@) Pryo)V* PosoU f. Ai(@) Pro) VF Py i) T ) dp

i€lm] x

= Z/ 2) (M) Proy UV f, i (@) Pro TV f ) dp

i€[m] x
> ARV = AR v > As KT e )12
This completes the proof. O

The next theorem shows that it is enough to cheek continuous weaving controlled
K-g-fusion woven on smaller measurable space than the original.

Theorem 2.6. Suppose for each i € [m], {(Fi(x), Ai(z),vi(z))},cx be a continuous
(T, U)-controlled K -g-fusion frame for H with universal bounds A; and B;. If there ex-
ists a measurable subset Y C X such that the family of continuous (T, U)-controlled K -
g-fusion frame {(Fi(x), Ai(2), vi(2)) }iepnywey s @ W. C. C. K. G. F. F. for H with uni-
versal frame bounds A and B. Then the family given by {(Fi(z), Ai(x), vi(2)) }ic i) zex
isa W. C. C. K. G. F. F. for H with universal frame bounds A and 3 ;¢ B

Proof. Let {o;}
p: X = Cbhy

icpm) b€ an arbitrary partition of X. For each f € H, we define

= > Xou(@) (Ai(@) Py U S, Mil@) Proy TF )

1€[m]
Then ¢ is measurable. Now, for each f € H, we have
> /vf(m) <Ai(x)PFl.(x)Uf, Ai(x)PFi(m)Tf> dpt,

i€[m]g;

< Z/ < ) PryyU f, Ai(2) Pr, )Tf>du$

i€[m] x

< (Z Bi) £
1€[m]
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It is easy to verify that {o; MY}, is a partitions of Y. Thus, the family given by
{(Fi(z), Ai(2), vi(2)) }icpn) weoiny 18 @ continuous (T',U)-controlled K-g-fusion frame
for H with lowest frame bound A. Therefore,

S [ v @) (Mile) P U f. M) Pro TS ) di

i€[m] g,
> >, / vi () <Ai($)PFi(x)Uf> Ai($)PFi(z)Tf> dptz
iE[m]o.imY
> A £
This completes the proof. O

In the following theorem, we show that it is possible to remove vectors from con-
tinuous controlled K-g-fusion frames and still be left with woven frames.

Theorem 2.7. Let {(Fi(x), Ai(2), vi(2)) }icpn)ves; b€ @ W. C. C. K. G. F. F. for H
with universal bounds A and B. If there exists 0 < D < A and a measurable subset
Y C X and n € [m] such that for f € H

> [ 0@ (M@ Prw UL i) Prw TF) dpe < DK I
ie[m]\{”}x\y

then the family {(Fi(z), Ai(2), vi(2)) }ipmwey 8 @ W. C. C. K. G. F. F. for H with
frame bounds A — D and B.

Proof. Suppose that {;},(,, and {7:};c,, are partitions of ¥ and X'\ Y, respectively.
For a given f € H, we define ¢ : Y — C by
P(@) = 3 Xou(2) (Ai(2) Proy U f, Ai(@) PRy T )
1€[m)|
and ¢ : X — C by
3(r) = > Xown () (M) ProyU f, Ai(2) Pro Tf ) -

1€[m]

Since {(E($)> Az<x>7 Ui(x))}ie[m},memuw

frame for H and ¢ = ¢|y, ¢ and ¢ are measurable. So, for each f € H, we have

S [ 03@) (M) Py U S, Ase) Progoy T ) die

i€[m] g,

<Y [ @) (M@)PrwUF Adw) Pro Ty dus < BIF]12

ie[m]UiU’yi

is a continuous (7, U)-controlled K-g-fusion

Now, we assume that {;},(,, such that &, = 0. Then {§ Ui},
X and so for any f € H, we have

> [ v @) (M) PraU S M) Pr T ) di

i€[m] g,

m) 18 a partition of
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= > [/Uz'2<x)<Ai(‘r)PFi(x)UfaAi<x)PFi(z)Tf>d,ulx

ielm\{n} Le, o,
_/ ) Pryo)U f, Mi(@) Proy Tf ) dpta

+ [ @) (M@ P U, M) P TS dux]
> | [ 0 (M) P UM P )

ictnl\{n} Le, o,
— [ @) (M) Proy U1 M) Prooy T ) i

= [ 03@) (M@)PrU S, Mi(@) P T ) dp

- > / v} (z) <Ai(m)PFi(a:)Ufa Ai(I)PFi(z)Tf> dfiy

icm]\{n}x\y
>(A—D)|KfII*.
This completes the proof.

Proposition 2.2. Let K € B(H) be a closed range operator, V € B(H) be a unitary

operator and {(F(x), A(x),v(x))}

wex be a continuous (T,U)-controlled K-g-fusion

frame for H with bounds A, B. If |1y — V| HKTHZ < A/B and V' commutes with

T,U, then

A= {(F(2), A@),v(@)}ex, A ={(VF(@),Ax)V,v(2)) }
are W. C. C. K. G. F. F. for Rg.

Proof. Let o be a partition of X. Since K € B(H) has a closed range, for f € Ry,

we have || f]|* < HKTHQ |K* f||°. Now, for each f € Ry, we have
/ o(2) (A@) Prio U f, A@) Py T ) it
+/ (A@)V Py 1pU f, M)V Py pioTf ) dts

- [ UL A@) P TS ) dt
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+/ ) Pra)UV f, Az )PF(:c)TVf> dps
> / @ UL, M) Pry TF) dpt
—/ (@) Py U (I = V) f, M@) ProyT (I = V) f ) dp

> AIK S = B Ia = VI* I/
>A|K P~ B[ In — VI || 511
— (A= Blta VI |5 [) 1511
Hence, the families A and A" are W. C. C. K. G. F. F. for R. 0

Next, we will see that under some sufficient conditions sum of two continuous
(T, U)-controlled K-g-fusion frames is woven with itself.

Theorem 2.8. Let K € B(H) be an invertible operator, the families given by
A ={(F(z),A(z),v(x))},ex and I' = {(G(z), A(z),v())},cx be continuous (T,U)-
controlled K -g-fusion frames for H with bounds A, B and C, D, respectively. Suppose
for each x € X

(i) F(z )CG( )t
(#4) M) PpayR(U) L A(x) P R(T);
(#i1) M) PraR(T) L A(x) Po@R(U).

If for any pa'r’tztzon o of X, (TZ)" is bounded below then

A =A{(F(z) + G(z), Ax), v(2))}pex
and A are W. C. C. K. G. F. F. for H.

Proof. Since for each z € X, F(z) C G(z)*, we have Pr(y)16(z) = Pr(x) + Pr). Now,
for each x € X, using the given conditions (¢i) and (iii), we have

@) <A< ) Prey iU f M) Py TF ) dits

:/Uz Pre) + Pow)) Uf, M) (Pry + Paw) TF ) dpta
= [ v3(2) (A@)ProyU f M@) Py T ) ds
22)  + / e ><A< )Py U S M) Pon T ) dpis

X
<(B+D)|fII*
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On the other hand, from (2.2), we get

[ @) (M) Pryo@U F M) ProraT ) dpe > (A+ O) | K
X
for all f € H. Thus, A is a continuous (7', U)-controlled K-g-fusion frame for H with
bounds (A + C) and (B + D).
Furthermore, since K is a invertible operator and for any partition o of X, (T8)*
is bounded below, for each f € H, there exists M > 0 such that

ITR) £I° = M2|£)1° =

K*

Now, for each f € H, we have

/ (@) (A@) Priay+@U f, M) PraysawTf ) i

+/ (M) PrayU f, M) Pr)Tf ) it
= [ v*(@) (M) ProyU f, M) ProyTf ) dps

- / V(@) (A@) P U f, M@) Ppeoy Tf ) dite

+ U/vz(a:) (A@) (Pr) + Pow) U, A@) (Pr + Pow) TF ) dpta
_ / 22(:13) (A(@)PeeoyU f, A(x) Py Tf ) dts

.

/v2(x) <A( #) Poa)U f, A(x) Pg Tf> dpi,

* o\ ¥ M
ALK+ ) A1 > (A4

On the other hand,

[ @) (M) PreysamU f M) Py T ) di

+ / o(2) (A@) Prioy U f, A@) Proy T ) djts
< [ 0(@) (M) Priayeo@U £, M) PreaysoTF) dis

X

+ [ v a) (M) PrayU . M@) Peo Tf) dies

X

) Tl
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<(2B+ D)| f|I*.
Thus, A and A are W. C. C. K. G. F. F. for H. Similarly, it can be shown that A
and [ are W. C. C. K. G. F. F. for H. This completes the proof. U

In the following theorem, we present a sufficient condition for weaving continuous
controlled K-g-fusion frame in terms of positive operators associated with given
continuous controlled K-g-fusion frame.

Theorem 2.9. Let the families given by A = {(F(x),A(z),v(x))},cx and I' =
{(G(x),A(z),v(x))},ex be continuous (T,U)-controlled K-g-fusion frames for H.
Suppose for each x € X, the operator U, : H — H defined by

UalF)s9) = [ 0@ (T AU, ) dp

X

f,9 € H, where A(x) = Po@)I™(2)I'(2) Po@) — Pra)AN (2)A(2) Ppy, is a positive
operator. Then A and T" are W. C. C. K. G. F. F. for H.

Proof. Let A, B and C, D be frame bounds of A and I', respectively. Take o be any
partition of X. Then for each f € H, we have

AlEfI* < / o) <A(x)PF<x>Uf, @) P Tf ) dte

_/ ) Py U f, Mx) Pr)Tf ) dpts
+/ ) (T" Pra M) M) Proy U S £ ) dpss
_/ ) Ppa)U f, A(x) PpeayTf ) dpts
_/ 2)Uf, f) dpe
+ / ) (T" Py D) () Po U f, ) di,
< [0 (NP SN Prc T
+/ UL D) P TF) di
JB+DMN?

Thus, A and I"are W. C. C. K. G. F. F. for H with universal bounds A and B+D. []

Theorem 2.10. Suppose for each i € [m], {(Fi(z), Ai(x),vi(x))},cx be a continuous
(T, U)-controlled K-g-fusion frame for H with bounds A; and B;. Suppose Y be
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measurable subset X and there exists N > 0 such that for all i,k € [m] with i # k
0< [(Tulf.TiTf) dp < Nmin{®,Q}, [ € H,
Y

where
Tip =07 (2)Ai(%) Pry () — v(2) Ak (2) Pry (2
© :/U?(x) <Ai($)PFi(z)Uf7 Ai(x)PFi(x)Tf> iz,

Y
Q= [ 3(@) (M@ Pr@U f, Ae(2) Pry oy TF ) dte
Y

Then the family {(F;(x ) (), 0i(2) e xiepm) @8 W. C. C. K. G. F. F. for H with
1 and B, where A =31, Ai and B = 3¢ B

universal bounds )(N+1)

Proof. Let {oi},c(,, be a partition of X. Then for f € H, we have
S ANKSIP < S [ o) (Ale) PreoU S, Aia) Pr Tf ) i

i€[m] i€[m] x

= ¥ /vf(m) <Ai(ac)PFi($)Uf, Ai(x)PFi(w)Tf> dpiy

i€[m] ke[m]q,,

< 5 [ [0 (Moo N0 P T

ie[m] Lg;

+ Z (iU, DT f) dpy
ke[m) kic,

+ > vi(2) <Ak(x)PFk(z)Uf7 Ak<x>PFk(x)Tf> d,um] ,
ke[ml] kg,
Lk :UE(CE)AZ‘(J/‘)PFZ.(QC) — UZ (ZL‘)Ak (I)PFk(I)
< 3 [ [0 (o) PrioU F Ao e o

ie[m] Lg;

+ 3 (V1) [ R@) (Mal@) P U S Aelw) Pri Tf>dux],

ke[m],k#i

=D 3" [ 02(@) (M) Pry U S, Mi(@) Pro TF ) it

i€lm]g,

where D = {(m — 1)(N 4+ 1) + 1}. Thus, for each f € H, we have

A
M-+ K1 ig;ﬂj ©) (i) Py U S, M) Py T f ) dpa

<B|f*
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This completes the proof. O

3. PERTURBATION OF WOVEN CONTINUOUS CONTROLLED ¢-FUSION FRAME

In frame theory, one of the most important problem is the stability of frame under
some perturbation. P. Casazza and Chirstensen [10] have been generalized the Paley-
Wiener perturbation theorem to perturbation of frame in Hilbert space. P. Ghosh
and T. K. Samanta have studied perturbation of dual g-fusion frame and continuous
controlled g-fusion frame in [18,21]. In this section, we will see that under some small
perturbations, continuous controlled K-g-fusion frames constitute woven continuous
controlled K-g-fusion frame.

Theorem 3.1. Let the families given by A = {(F(x),A(z),v(x))},cx and I' =
{(G(2),T(z),v(x))},cx be continuous (T, U)-controlled K-g-fusion frames for H with
bounds A, B and C, D, respectively. Suppose that there exist non-negative constants
A, Ay and pwith 0 < Ap < 1, p < (1 = X) A — X\oB such that for each f € H, we
have

o</ V(T AU, f) dpts

SM/U (x) <A(J;)PF(1)Uf>A('T)PF(:c)Tf> dpiz

X
+ 2z [ 03(2) (D(@) o U S, T (@) Pow Tf ) dyss + | K,

X

where A(z) = (Pp(x)A(x)*A(x)PF(I) — Po@)l'(2) T (2) Po(o ) Then, A and I" are W.
C.C. K. G. F.F. forH.

Proof. Let o be a partition of X. Now, for each f € H, we have

> / U M@) Peioy T dpts — / V(@) (T*A@)U S, f) dps
T / (a )<A( 2)PrnU f. M) PrioyTf) i
)Z ) PryU f, M) P Tf ) dit —)ZUQ(SU) (T"A@)Uf, f) dpe
> (1- ) / 2(2) (M) Pr(a) U f, M) Proy T ) dpt

%o [[v2(0) (D) P U . T () Py T ) dpe — o |1 1|

X
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>((1=A) A= B —p) ||K*f||2~
On the other hand,

/U2(1’> <A($)Pp(m)Uf, A(x)PF(x)Tf> d,ux
+ [ 02(@) (T(@) PowU £, T(&) Pogw TS )
< / o*(@) (A(2) Priy U f, M) Pego) T ) diis

X
'+‘/dﬂ(x)<I%1ﬁ}%ﬂxﬂ]faF(x)Pwajif>dﬂx
X

<(B+D)|If]*
This completes the proof. 0
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FUZZY ALMOST HYPERIDEALS AND FUZZY ALMOST
QUASI-HYPERIDEALS IN SEMIHYPERGROUPS

NAREUPANAT LEKKOKSUNG! AND THITI GAKETEM?*

ABSTRACT. Studying fuzzy hyperideals is necessary for comprehending semihyper-
groups. The idea of fuzzy hyperideals is expanded upon by several concepts. The
notion of almost fuzzy hyperideals is one of them. In this article, we first define the
notions of fuzzy almost hyperideals and fuzzy almost quasi-hyperideals in semihyper-
groups. We investigate the fundamental characteristics of fuzzy almost hyperideals
and fuzzy quasi-hyperideals. Additionally, we establish the connection between fuzzy
(resp., quasi-) hyperideals and almost (resp., quasi-) hyperideals.

1. INTRODUCTION AND PRELIMINARIES

The idea of almost left (resp., right, two-sided) ideals plays a crucial role in charac-
terizing semigroups that do not contain any proper left (resp., right, two-sided) ideals.
Grosek and Satko [6,7] took on this issue for the first time. Bogdanovié¢ [1] considered
a similar problem for almost bi-ideals in semigroups the following year. Researchers
have studied a variety of almost ideals in semigroups and applied the concept of fuzzy
sets, introduced by Zadeh [20], to several kinds of almost ideals (see [2,10,14,18]).

At the 8th International Congress of Scandinavian Mathematicians, Marty [11]
introduced the concept of algebraic hyperstructures. Semihypergroups are a gen-
eralization of semigroups in that each product of two elements is a nonempty set
rather than an element. This generalization of semihypergroups is applicable in many
scientific disciplines, including biology (see [13]). Almost hyperideals, introduced by
Suebsung et al. [17], were the ones that were first proposed the idea of almost ideals for

Key words and phrases. Fuzzy almost hyperideals, fuzzy almost quasi-hyperideals, semihyper-
groups.
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semihypergroups. They looked into some of the essential properties of almost hyper-
ideals. The concept of almost quasi-hyperideals in semihypergroups was defined, and
their characteristics were given by Suebsung et al. [19] in 2021. Later, Muangdoo et al.
[12] investigated a semihypergroup analog of the problem considered by Bogdanovié.
They introduced the idea of almost bi-hyperideals and fuzzy almost bi-hyperideals in
semihypergroups. There were several significant studies and linkages made between
these ideas.

We note that Suebsung et al. [17,19] only considered the notion of almost (resp.,
quasi-) hyperideals into account in their studies. It is intriguing to consider whether we
can use the concept of fuzzy sets in these kinds of analyses. In fact, in semihypergroups,
we introduce the idea of fuzzy almost (resp., quasi-) hyperideals. There are given
some essential properties of such introductory notions. Fuzzy almost (resp., quasi-)
hyperideals and other kinds of fuzzy almost ideals have relationships. Additionally,
the characteristic function is used to describe the relationship between fuzzy almost
(resp., quasi-) hyperideals and almost (resp., quasi-) hyperideals.

2. PRELIMINARIES

In this section we give some brief concepts and results, which will be helpful in next
sections. Firstly, the concept of semihypergroups will be recalled as follows.

Let H be a non-empty set and P*(H) := P(H) \ {@} denotes the set of all non-
empty subsets of H. The map o: H x H — P*(H) is called the hyperoperation or
the join operation on the set H. A couple (H, o) is called a hypergroupoid if o is a
hyperoperation on H. For A and B be two non-empty subsets of a hypergroupoid I,
we will denote

AoB= |J aob, aocA={a}oA and aoB={a}oB.

a€AbEB

A hypergroupoid (X, o) is called a semihypergroup if for every x,y, z € H we have
(xoy)oz=uxo(yoz). Throughout this paper, we simply denote a semihypergroup
(H, o) by H, and H is understood to be a semihypergroup. A subsemihypergroup Q of
H is a non-empty subset of H such that Qo Q C Q. A left (resp., right) hyperideal Q
of Hif HoQ C Q (resp., Qo H C Q). By a hyperideal Q of H, we mean a non-empty
set of H which is both a left and a right hyperideal of H. A subsemihypergroup Q of
H is called a quasi-ideal of H if Qo HNH o Q C Q. In [5], the readers can find more
information about the many types of hyperideals in semihypergroups From now on,
we write AB instead of A o B, for any nonempty subsets A and B of H.

A non-empty subset Q of H is said to be:

(1) an almost ideal [17] of H if h1Q N Q # () and Qhy N Q # O for all hy, hy € K;
(2) an almost quasi-hyperideal [19] of H if (hRQ N Qh) N Q # ) for all h € H.

Ezample 2.1. Let H = {a,b,¢,d}. Define a hyperoperation o on H by the following
table:
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b c d
{a,b} {a,¢} H

b {b,d} {b,d} .
{c,d} ¢ e d}

d d d
Then H is a semihypergroup (see [8]). We can carefully calculate that {a,b,d} is an
almost hyperideal of H but it is not a hyperideal of H. Furthermore, {a,d} is an
almost quasi-hyperideal of H but it is not a quasi-hyperideal of H.

QL O Q|0
QO Q|

The above example illustrates the difference between (resp., quasi-) hyperideals and
almost (resp., quasi-) hyperideals in semihypergroups. Now, we recall the concept of
fuzzy sets.

For any h; € [0,1], i € F, where F is a nonempty indexed set, we define

= supthi - and Ak i=Infihg
We observe that if F is finite, then
ié/gvhi = nile%x{hi} and ié\ffhi = Izrélétrl{hz}

Let T be a non-empty set. We call a mapping n: T — [0, 1] a fuzzy set of T (see
[20]). For any non-empty subset A of T, the characteristic function A4 of A in T is a
fuzzy set of T defined by As(z) :=1if x € Aand Ay(z) :=0if x ¢ A for all z € T.
For any « € [0, 1] can be regarded as a fuzzy set of T by assigning «a(z) := « for all
red.

For any two fuzzy sets n and v of a non-empty set T, define the symbol as follows:

(1) nCv<nh) <v(h)forall h e T,

(2) n=venCrandv oy,

(3) (nNv)(h) =min{n(h),v(h)} =n(h) Av(h) for all h € T;

(4) (nUv)(h) =max{n(h),v(h)} =n(h) VvV v(h) for all h € T,
We note here that the symbol n O v, we mean v C 7.

The concept of semihypergroups can be studied in terms of fuzzy sets by the
following setting. Let n and v be fuzzy sets of J{. Define the product n o v by

V' {n(h1) Av(ha)}, if h = hihy for some hy, hy € K,
(’r] (@] V)(h) = h=h1hs
0, otherwise,
for all h € H.
By the above definition, one can prove the following important result.

Lemma 2.1 ([12]). Let X and £ be non-empty subsets of H. Then the following
holds:

(1) X C L if and only if Ax C Az,

(2) Axc N Ag = Axere s

(3) Aic o A = Aice-
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Definition 2.1 ([15]). Let u € 3 and t € (0,1]. A fuzzy set u; of H defined by

t, ifu=u=x,
w(z) = { )

0, otherwise,
for all z € 3, is called a fuzzy point of J.

We observe that for any characteristic function of a singleton set of H can be
regarded as a fuzzy point of }. That is, for any a € H, we have A,y = a;.

3. ON Fuzzy ALMOST (RESP., QUASI-) HYPERIDEALS

The concepts of fuzzy almost hyperideals and fuzzy quasi-hyperideals in semihyper-
groups are defined in this section. This section will demonstrate how these notions
are distinct from fuzzy hyperideals and fuzzy quasi-hyperideals in semihypergroups.
The properties of the notions we defined are investigated.

Definition 3.1. A fuzzy set n of H is said to be:
(1) a fuzzy almost left (resp., right) hyperideal of H if for any fuzzy point hy of H
there exists € H such that (noh:)(z) An(x) # 0 (resp., (heon)(z) An(z) # 0);
(2) a fuzzy almost (two-sided) hyperideal of H if it is both a fuzzy left almost
hyperideal and a fuzzy right almost hyperideal of H.

Example 3.1. Let H = {a,b,c,u,v}. Define a hyperoperation o on H by the following
table:

o a b c u v

a a a {a,b,c} a {a,b,c}

b a a {a,b,c} a {a,b,c}
c a a {a,b,c} a {a,b,c} ~
ul|{a,b,u} {a,b,u} H {a,b,u} H

v | {a,b,u} {a,b,u} H {a,b,u} H
Then H is a semihypergroup (see [5]). We define a fuzzy set n of H by

n(a) =0, n(b)=0, n()=0.6, nlu) =04 and n(v)=0.
We can see that for any ¢ € (0, 1]:

(1) (aton)(c) An(c) # 0 and (n o ar)(u) A n(u)
(2) (b:om)(c) An(c) # 0 and (o b)(u) An
(3) (ceom)(c) Am(e) # 0 and (10 cy)(c) An(c) # 0;
(4) (ueom)(u) An(u) # 0 and (1 0 up)(u) An(u) # 0;

(5) (veon)(c) An(c) # 0 and (1o vi)(c) Anlc) # 0.
Therefore, 7 is a fuzzy almost hyperideal of H. Since (1 o0n)(a) = 0.6 > 0 = n(a), we
have that 7 is not a fuzzy left hyperideal of H{. That is, n is not a fuzzy hyperideal
of H.

o~~~
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It is not difficult to verify that any fuzzy left (resp., right, two-sided) hyperideal
is a fuzzy almost left (resp., right, two-sided) hyperideal. In addition, Example 3.1
illustrates that a fuzzy almost hyperideal may not be a fuzzy hyperideal. This example
demonstrates how fuzzy hyperideals in semihypergroups are generalized by the concept
of fuzzy almost hyperideals. We refer the readers to [3,4] for more information about
fuzzy left (resp., right, two-sided) hyperideals.

Definition 3.2. A fuzzy set 7 on H is said to be a fuzzy almost quasi-hyperideal of H if
for any fuzzy point h; of H there exists x € H such that (nohy)(x)A(hson)(z) An(x) #
0.

Ezample 3.2. Let H = {a,b,c,d}. Define a hyperoperation o on H by the following
table:

o ‘ a b c d
ala a a a
bla a a a
cla a a {a, b}
dla a {a,b} {a,b,c}

Then H is a semihypergroup (see [5]). We define a fuzzy set n of H by
n(a) =0.7, nb)=0, n()=02 and n(d) =0.4.

We can see that there exists a € H such that (h, on)(a) A (no h)(a) An(a) # 0 for
all fuzzy point h; of H. Therefore, 7 is a fuzzy almost quasi-hyperideal of H. Since
(Lon)(b) A(nol)(b) =0.4 > 0=n(b), we have that 7 is not a fuzzy quasi-hyperideal
of J{.

We can observe that any fuzzy quasi-hyperideal of semihypergroups is a fuzzy almost
fuzzy quasi-hyperideal. We can see from the preceding example that the converse
does not hold. For further detail on fuzzy quasi-hyperideals, we recommend readers
to [16].

Remark 3.1. Examples 3.1 and 3.2 indicate how fuzzy almost (resp., quasi-) hyperideals
extend on the idea of fuzzy (resp., quasi-) hyperideals. Verifying a relationship between
fuzzy almost hyperideals and fuzzy almost quasi-hyperideals is not complicated. In
semihypergroups, any fuzzy almost quasi-hyperideal is also a fuzzy almost hyperideal.
Example 3.1 illustrates how these concepts differ from one another. Indeed, for any
t € (0,1], we have (a; on)(x) A (noa)(z) An(x) =0 for all x € H.

In the following paper, we focus only on fuzzy almost hyperideals and fuzzy almost
quasi-hyperideals in semihypergroups. However, the verification of our subsequent
results is limited to fuzzy almost hyperideals since each fuzzy most quasi-hyperideal
is a fuzzy almost hyperideal. The following result is required to examine the features
of fuzzy almost (resp., quasi-) hyperideals in semihypergroups.

Lemma 3.1. Letn,v and 6 be fuzzy sets of H. We have that if n C v, then nof C vof
and @on Clov.
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Proof. We illustrate only that no 6 C v o#. For verifying that # on C 6 o v, it can
be done similarly. Assume that n C v. Let x € H. If there is no u,v € H such that
x € uv, then (no 9)( )< (vo 0)( ) On the other hand, we have that

(n00)(x y {n(u) AB(v)} < y {v(w) NO(v)} = (v o b)(x).

Therefore, we obtain our claim. O

Here is our initial significant conclusion. When determining if a fuzzy set is a fuzzy
almost (resp., quasi-) hyperideal, we do not always need to check with the definition.
The result examines whether there is a fuzzy almost (resp., quasi-) hyperideal less
than it, in which case it is also a fuzzy almost (resp., quasi-) hyperideal.

Theorem 3.1. Let n and v be fuzzy sets of H. We have that if n is a fuzzy almost
(resp., quasi-) hyperideal of H such that n C v, then v is a fuzzy almost (resp., quasi-)
hyperideal of J.

Proof. Suppose that 7 is a fuzzy almost hyperideal of I such that n C v. By Lemma
3.1 and the definition of fuzzy almost hyperideal of J, we obtain that there exist
x,y € H such that

07 (heom)(z) An(z) < (b ov)(z) Av(x)

and

07 (n o hy)(x) An(z) < (70 hy)(x) Av(z),
for any fuzzy points h; and hj, of . This shows that v is a fuzzy almost hyperideal

of H. For illustrating that v is a fuzzy almost quasi-hyperideal of H can be done
similarly. 0

By Theorem 3.1, we obtain the following consequence immediately.

Corollary 3.1. Let n be a fuzzy set of H and v be a fuzzy almost (quasi-) hyperideal
of H. Then nU v is a fuzzy almost (resp., quasi-) hyperideal of H.

Proof. By Theorem 3.1 and the fact that n C U v, we obtain our claim. 0
The following example shows the contrast of Corollary 3.1.

Ezample 3.3. Let H = {a,b,c}. Define a hyperoperation o on H by the following
table:
o ‘ a b c
a| {a} {bc} {c}
{b.c} {b,c} {c}
{b.c; {b,c} {c}

Then H is a semihypergroup. Define fuzzy sets n and v of H by
n(a) =0, n(b)=0, n()=0.1 v(a)=0 wvb)=06 and v(c)=0.
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We can carefully calculate that n and v are fuzzy almost hyperideals of 3, but n N v
is not a fuzzy almost hyperideal of H. Similarly, we can show that n and v are fuzzy
almost quasi-hyperideals of H, but n N v is not a fuzzy almost quasi-hyperideal of H.

In the next couple results, we study relationships between almost (resp., quasi-)
hyperideals and fuzzy almost (resp., quasi-) hyperideals in semihypergroups. Firstly,
we represent almost (resp., quasi-) hyperideals in terms of fuzzy almost (resp., quasi-)
hyperideals.

Theorem 3.2. Let Q be a non-empty subset of H. Then the following statements are
equivalent:

(1) Q is an almost (resp., quasi-) hyperideal of H;

(2) Aq is a fuzzy almost (resp., quasi-) hyperideal of H.

Proof. (1) = (2). Suppose that Q is an almost hyperideal of H. Let h; be a fuzzy
point of H. By our assumption, we have that hQ N Q # (). This means that there
exists © € Q such that x € hq, for some ¢; € Q. Therefore,
(heoXo)(z) = \/ {he(u) A Xa(v)} = 1.
reuv

Similarly, we have that Qh N Q # (). This means that there exists y € Q such that
Yy € goh for some g, € Q. Therefore,
(Mg o hy)(x \/ {Aa(u) A hy(v)} = 1.
reuv

This shows that Ag is a fuzzy almost hyperideal of K.
(2) = (1). Assume that g is a fuzzy almost hyperideal of H. Let h,h' € H. By
our presumption, for any t,¢ € (0, 1] there exist z,y € H such that

(31) (ht 9 /\Q)(ZL‘) VAN )\Q(l’) 7£ 0
and
(3.2) (Ao o hy)(y) A Xaly) # 0.

By (3.1), we have that = € hu for some u € Q and = € Q. That is, z € hQ N Q,
so hQ N Q # (. On the other hand, by (3.2), we also conclude that Qn' N Q # 0.
Therefore, Q is an almost hyperideal of H.

In showing that Q is an almost quasi-hyperideal if and only if \q is a fuzzy quasi-
hyperideal can be completed in a similar way. 0

In order to describe fuzzy almost (resp., quasi-) hyperideals using almost (resp.,
quasi-) hyperideals, we need the following notion. Let n be a fuzzy set of H. The
support of n, denoted by supp(n), is defined to be the set {h € H | n(h) # 0}.

Theorem 3.3. Letn be a fuzzy set of H. Then the following statements are equivalent:
(1) n is a fuzzy almost (resp., quasi-) hyperideal of H;
(2) supp(n) is an almost (resp., quasi-) hyperideal of .
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Proof. (1) = (2). Assume that 7 is a fuzzy almost hyperideal of H. Let h € K.
Then there exists © € 3 such that (o h)(z) An(x) # 0, where ¢ € (0,1]. Hence,
(nohy)(xz) # 0 and n(z) # 0. That is, x = wh for some u € H with n(u) # 0,
and n(z) # 0. Thus, x = uh C supp(n)h and x € supp(n). This means that
supp(n)hNsupp(n) # . By similar arguments, we have that h’ supp(n) Nsupp(n) # 0
for any h' € H. This shows that supp(n) is an almost hyperideal of 3.

(2) = (1). Assume that supp(n) is an almost hyperideal of H. Let h; be a fuzzy
point of }. By Theorem 3.2, Agupp(y) is a fuzzy almost hyperideal of H. Then, we
have that there exists x € H such that

(ht © Asupp(n)) (@) A Asupp(n) () 7 0.
This implies that = = hu for some u € supp(n) and = € supp(n). Thus, we have that

(he 0 m)(x) An(x) # 0.

Similarly, for any fuzzy point hj of H, we have that there exists y € H such that
(mohy)(y) An(y) # 0. Altogether, 7 is a fuzzy almost hyperideal of H.

[lustrating that 7 is a fuzzy almost quasi-hyperideal of H if and only if supp(n) is
an almost quasi-hyperideal of H can be done similarly. 0

The existence of proper almost (resp., quasi-) hyperideals in semihypergroups can be
described using fuzzy almost (resp., quasi-) hyperideals by the following consequence.

Corollary 3.2. The following statements are equivalent:

(1) H has no proper almost (resp., quasi-) hyperideal;
(2) supp(n) = H for every fuzzy almost (resp., quasi-) hyperideal n of H.

4. MINIMALITY AND MAXIMALITY OF FUzzy ALMOST (RESP., QUASI-)
HYPERIDEALS

We define the minimalities of almost (resp., quasi-) hyperideals and fuzzy almost
(resp., quasi-) hyperideals in semihypergroups. The relationship between minimal
almost (resp., quasi-) hyperideals and minimal fuzzy almost (resp., quasi-) hyperideals
is investigated.

Definition 4.1. An almost (resp., quasi-) hyperideal Q of H is said to be minimal if
for any almost (resp., quasi-) hyperideal M of H, we have M = Q whenever M C Q.

Definition 4.2. A fuzzy almost (resp., quasi-) hyperideal 1 of H is said to be minimal
if for any fuzzy almost (resp., quasi-) hyperideal v of H, we have supp(v) = supp(n)
whenever v C 7.

Ezample 4.1. (a) By Example 3.1, we see that {a} and {u} are minimal almost
hyperideals of H. Moreover, for any ¢ € (0, 1], a fuzzy set n of H defined by n(z) =0
if x € {a,b,v} and n(z) =t if v € {c,u}, is a minimal fuzzy almost hyperideal of J.
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(b) By Example 3.2, we see that {a} is a minimal almost quasi-hyperideal of .
Moreover, for any t € (0,1], a fuzzy set n of H defined by n(z) = t if x = a and
n(x) = 0if x € {b, ¢,d}, is a minimal fuzzy almost quasi-hyperideal of .

Minimal almost (resp., quasi-) hyperideals are represented using fuzzy almost (resp.,
quasi-) hyperideals as follows.

Theorem 4.1. Let Q be a non-empty subset of J. Then the following statements are
equivalent:

(1) Q is a minimal almost (resp., quasi-) hyperideal of H;
(2) A is a minimal fuzzy almost (resp., quasi-) hyperideal of H.

Proof. (1) = (2). Assume that Q is a minimal almost hyperideal of 3. By Theorem
3.2, Ag is a fuzzy almost hyperideal of H. Let v be a fuzzy almost hyperideal of
H such that v C Ag. Now, we know, by Theorem 3.3, that supp(v) is an almost
hyperideal of H. Since supp(r) C supp(Aq) = Q, by the minimality of Q, we have
supp(v) = supp(Ag). This shows that supp(Ag) is a minimal fuzzy almost hyperideal
of H.

(2) = (1). Assume that \g is a minimal fuzzy almost hyperideal of H. By Theorem
3.2, Q is an almost hyperideal of H. Let M be an almost hyperideal of H such that
M C Q. Then, by Lemma 2.1 and Theorem 3.2, Ay is a fuzzy almost hyperideal of
H such that A\y¢ € Ag. This implies that supp(Ay) C supp(Ag). By the minimality of
Ao, we have supp(Ay) = supp(Aq). That is, M = Q. Therefore, Q is minimal.

We can demonstrate that Q is a minimal almost quasi-hyperideal if and only if g
is a minimal fuzzy almost quasi-hyperideal by the same technique. 0

Next, we define the maximalists of almost (resp., quasi-) hyperideals and fuzzy
almost (resp., quasi-) hyperideals in semihypergroups. The relationship between
maximal almost (resp., quasi-) hyperideals and maximal fuzzy almost (resp., quasi-)
hyperideals is investigated.

Definition 4.3. An almost (resp., quasi-) hyperideal M of H is said to be mazimal
if for all almost (resp., quasi-) hyperideal £ of H such that M C £ implies M = £.

Definition 4.4. A fuzzy almost (resp., quasi-) hyperideal 1 of H is said to be mazimal
if for all fuzzy almost (resp., quasi-) hyperideal v of H such that n C v implies

supp(n) = supp(v).

Maximal almost (resp., quasi-) hyperideals are represented using fuzzy almost (resp.,
quasi-) hyperideals as follows.

Theorem 4.2. Let M be a non-empty subset of H. Then the following statements
are equivalent:

(1) M is a mazimal almost (resp., quasi-) hyperideal of H;
(2) A is a mazimal fuzzy almost (resp., quasi-) hyperideal of H.
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Proof. (1) = (2). Assume that M is a maximal almost hyperideal of H. By Theorem
3.2, Ay is a fuzzy almost hyperideal of H. Let v be a fuzzy almost hyperideal of
H such that Ay € v. Now, we know, by Theorem 3.3, that supp(v) is an almost
hyperideal of H. Since supp(Ay) C supp(r) = M, by the maximality of M, we have
supp(v) = supp(Ayr). This shows that supp(Ay) is a maximal fuzzy almost hyperideal
of K.

(2) = (1). Assume that Ay is a maximal fuzzy almost hyperideal of 3. By Theorem
3.2, M is an almost hyperideal of H. Let £ be an almost hyperideal of H such that
M C L. Then, by Lemma 2.1 and Theorem 3.2, \; is a fuzzy almost hyperideal of H
such that Ay € Ag. This implies that supp(Ay) C supp(Ag). By the of Ay, we have
supp(Aye) = supp(Ag). That is, M = L. Therefore, M is maximal.

We can demonstrate that M is a maximal almost quasi-hyperideal if and only if
At is a maximal fuzzy almost quasi-hyperideal by the same technique. 0

5. PRIME OF (FUZZY) ALMOST (RESP., QUASI-) HYPERIDEALS

We introduce various notions of prime almost (resp., quasi-) hyperideals and prime
fuzzy almost (resp., quasi-) hyperideals in semihypergroups. Their fundamental re-
lated property is provided.

First of all the primes of almost (reps., quasi-) hyperideals are defined.

Definition 5.1. Let Q be an almost (resp., quasi-) hyperideal of 3. Then Q is said
to be:

(1) prime if for any almost (resp., quasi-) hyperideals M and £ of H, we have
M C Qor L C9Q whenever ML C Q;

(2) semiprime if for any almost (resp., quasi-) hyperideal M of H, we have M C Q
whenever M? C Q;

(3) strongly prime if for any almost (resp., quasi-) hyperideals M and £ of H, we
have M C Q or £ C Q whenever ML N LM C Q.

The following definition, we provide the primes of fuzzy almost (resp., quasi-)
hyperideals.

Definition 5.2. Let 1 be a fuzzy almost (resp., quasi-) hyperideal of H. Then 7 is
said to be:

(1) prime if for any two fuzzy almost hyperideals v and 9 of H, we have v C 7 or
¥ C 1 whenever v o v C n;

(2) semiprime if for any fuzzy almost (resp., quasi-) hyperideal v of H, we have
v C n whenever vorv Cn;

(3) strongly prime if for any two fuzzy almost (resp., quasi-) hyperideals v and o
of H, we have v C 7 or ¢ C 7 whenever (vod) N (Jov) Cn.

It is clear that every fuzzy strongly prime almost (resp., quasi-) hyperideal is a
fuzzy prime almost (resp., quasi-) hyperideal, and every fuzzy prime almost (resp.,
quasi-) hyperideal is a fuzzy semiprime almost (resp., quasi-) hyperideal.



FUZZY ALMOST HYPERIDEALS AND FUZZY ALMOST QUASI-HYPERIDEALS 147

A necessary auxiliary result should be presented without proof before we can start
our theorem.

Lemma 5.1. Let n and v be fuzzy sets of . Then the following statements hold:

(a) supp(n) Nsupp(v) C supp(n N v);
(b) supp(n) supp(r) C supp(nov).

Theorem 5.1. Let Q be a non-empty subset of H. Then the following statements are
equivalent:
(1) Q is a strongly prime (resp., prime, semiprime) almost (resp., quasi-) hyperideal
of H;
(2) A is a strongly prime (resp., prime, semiprime) fuzzy almost (resp., quasi-)
hyperideal of H.

Proof. (1) = (2). Assume that Q is an almost hyperideal of 3. Then, by Theorem
3.2, \g is a fuzzy almost hyperideals of J{. Let n and v be fuzzy almost hyperideals
of 3 such that (nov)N(ron) C A\g. By Lemma 5.1, we have that

supp(n) supp(v) N supp(v) supp(n) S supp(n o v) Nsupp(v on)
Csupp((nov)N(von)) C supp(Ao).

By Theorem 3.3, we have supp(n) and supp(v) are almost hyperideals of H. Thus, by
our presumption, we have supp(n) C supp(Ag) or supp(v) C supp(Ag). This implies
that n C A\g or v C A\g. Therefore, \q is strongly prime.

(2) = (1). Assume that g is a strongly prime fuzzy almost hyperideal of . Then,
by Theorem 3.2, Q is an almost hyperideal of H{. Let £ and M be almost hyperideals
of I such that ML N LM C Q. By Lemma 2.1 and 5.1, we have that

(Ao Ag) N (Az o An) = Avee N Az = Aveenen € Ao

By Theorem 3.2, we have Ay and A\ are fuzzy almost hyperideals of . Thus, by our
assumption, we have Ay C A\g or Ay C A\g. According to Lemma 2.1, it implies that
M C Qor £ C Q. This shows that Q is strongly prime.

Using a similar methodology, we can show the connection between prime almost
hyperideals and prime fuzzy almost hyperideals. We may demonstrate this for the
semiprime property by applying M = £ in the proof. Since the hyperideality and
fuzzy hyperideality do not act in the proof, we do not present the evidence of almost
quasi-hyperideals and fuzzy almost quasi-hyperideals. 0

6. CONCLUSION

We introduce concepts that we introduce in this study, fuzzy almost hyperideals
and fuzzy almost quasi-hyperideals in semihypergroups. We investigate the properties
of fuzzy almost (resp., quasi-) hyperideals. Additionally, we establish the connection
between almost (resp., quasi-) hyperideals and fuzzy almost (resp., quasi-) hyper-
ideals. Investigated are the minimality, maximality and primes properties of the
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concepts we defined. Future research will expand this study to include some fuzzy set
generalizations.
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EXISTENCE OF SOLUTIONS FOR INHOMOGENEOUS
BIHARMONIC PROBLEM INVOLVING CRITICAL
HARDY-SOBOLEV EXPONENTS

ABDELAZIZ BENNOUR!, SOFTANE MESSIRDI!, AND ATIKA MATALLAH?

ABSTRACT. This paper is devoted to the study of biharmonic problems. More
precisely, we consider the following inhomogeneous problem

[ ()= (52) A=) 0. <o
U:%:O, x € 08,

where Q is a bounded domain in RN and N > 5, under sufficient conditions on
the data and the considered parameters, we prove the existence and multiplicity
of solutions, by virtue of Ekeland’s Variational Principle and the Mountain Pass
Lemma.

1. INTRODUCTION
In this paper, we consider the following inhomogeneous problem

AQU—M(‘;E%) = (W) +)\(|z‘4 a) + f(x), =€,

u:g—“:(), x € 01,
mn

(1.1)

where ) is a bounded domain in RY, N > 5, containing 0 in its interior, 0 < p <

ﬁ::m A>0,0<s a<4 a#0, fe H?Q) (H2Q) denotes the dual

2(N—s)
N—-4

space of the Sobolev space HZ(€)), A? is the biharmonic operator and 2*(s) =
is the Sobolev critical exponent.

Key words and phrases. Palais-Smale condition, Ekeland’s variational principle, critical Hardy-
Sobolev exponent, singularity, biharmonic problem.
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The nonlinearity has a critical growth imposed by the critical exponent of Sobolev
and the singular potentials, which causes a loss of compactness of the considered
problem, consequently the classical methods cannot be applied directly, which make
the study hard and more difficult.

We quote here some realized problems: The regular case in our problem, i.e.,
i = A = s =0 has been studied by Deng et al. [5]. By using Ekeland’s Variational
Principle [6] and the Mountain Pass Lemma [1], they proved the existence of multiple
solutions for f # 0 satisfying a suitable assumption.

For s =X =0 and f =0, D’Ambrosio and Jannelli in [2], proved that there exists
radial solutions U, positive, symmetric, decreasing and solve

Ay — <’;‘4> = |ul* 2u, xRN u(z)>0.

In [7], Kang and Xu studied the following problem

(s)—
A%y — p (ﬁ) = (W) + Mu|??u, x€Q,
_ Ou __
u= 3" =0, x € 01,
where 0 < s <4 and 2 < g < 2* = %. By variational arguments the existence of

nontrivial solutions of the problem is established.
In what follows, we state our main results for which we consider the following
hypothesis

|u

(1.2) 0 <inf {C/W]\;(T(u))NS_QSS+4 — /fudx Cu € Hg(Q),/ ( 2*55)> dr = 1} ,
A AN ]

where
N—2s5+4

. _<8—2s)< N —4 >
NTAN—4)\N—25+14

o= (o) )

Theorem 1.1. i) Let p €0, [, A €]0, \1[ and [ satisfying the condition (1.2), then
the problem (1.1) has at least a solution.
i) There exists i €]0, [ such that, for pu €]0,a[, A €]0,\1[ and f satisfying the
condition (1.2), then (1.1) has at least two solutions, if
1) O<oz§%f07“N25;
2) 3 <a<4for5<N<I12

and

The positive constants \; and i will be given later.

This paper is organized as follows. In the forthcoming section, we give some
preliminaries and technical lemmas used in our work. In section 3 we give a detailed
proof of Theorem 1.1.
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2. PRELIMINARY RESULTS

2.1. Definitions and notations. Throughout this article, || - |- denotes the norm
of the Sobolev H™%(Q2), 0,(1) is any quantity which tends to zero as n goes to infinity
and O(e®) verifies \@ < C, where C is a positive constant.

Problem (1.1) is related to the following Rellich inequality [§]

2 1
(2.1) B < — [ |Aul*dz, for all u € HZ(S),
[t i "
0 0

where HZ(Q) is the completetion of C§°(£2) with respect to the norm (J(|Aul?dz)z.
Q
Then the following best constant is defined

S (18u)? = pts ) da
(2.2) A ()= inf 2 ;

ueHE(2)\{0} 2 ()
[E—dx
O

, for0<p<n.

|z|®

Note that it is well known that A, 4(Q) is independent of any Q C RY and that is
not obtained except in the case with 2 = RY. Moreover, the minimizers of A, ;(Q)
have been investigated by [7]. Thus, we will simply denote 4, () = A, (RY) = A, ;.

The authors in [2,7] proved that A4, , is attained in RY by the functions

{?/a(if) = €%UM <3:) DEe> O} ,

2%(s)

T P (e P

Q

and achieved

such as U, satisfies for p €]0,7[:
(8) Tmp® WU, (p) = b, limp W10 (p) = i
(b) pggloopb(u)(]u(p) = ko, pgrﬁmpb(u)HUL(p) = ky,

where k; € R, i =1,...,4 and b(p) = (¥54)(2 - 0(£)), a(n) = (—_4)9(%), 6:[0,1] —
0, 1] is given by

\/(N —2)2+4—\/16(N — 2)2 + {(N — 4)2N?

o(t) =1 — 7

Let us define ¥ : [0,1] — [0, 1] as follows:
tt—2)(N =4t +4) (N —4)t —2N +4)
N2

I(t) =

Let us put

. :116(1\/ 4= a)(N =4+ a)(N? = a?),
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(N —4)*(s —
(N + 4)4
+ (N* + 10N? — 20N? + 64N — 64)s — 6N* + 20N® — 64N? 4 64N |,

4
(o= ) [N25% — (2N* + 4N?)s?

and set i = min(c,, ().

Remark 2.1. (a) 6 is continuous and strictly increasing.
(b) ¥ is an increasing homeomorphism and its inverse is 6.

In this paper, we use HZ(Q2) to denote the completetion of C5°(€2) with respect to

the norm,
U2

0
By (2.1), this norm is equivalent to the usual norm ([|Au|?dz)2.
0

Let u € HZ(Q) be a weak solution of (1.1) if for all ¢ € HZ(Q),

L |u|2*(s)—2 Y
/AuAcp—/ T ugpdw—/ — uapdm—/ o ugpdx—/fugpdx =0.
/ A\E I\ )\l /

It is true that the weak solutions of Problem (1.1) are equivalent to the nonzero
critical points of the energy functional associated to (1.1) given by the following
expression:

1 1 Ju*® 2
I(u) = ST(u) — 4 / —dz — /fud:c, for all u € HF(2).
273w e

Definition 2.1. A functional I € C'(HZ(Q2); R) satisfies the Palais-Smale condition
at level ¢, ((PS), for short), if any sequence (u,) C HZ(2) such that

I(u,) —c and [I'(u,) =0 in H?(Q),
contains a strongly convergent subsequence.

2.2. Eigenvalue problem. Due to the Rellich inequality, the operator Lu := A%u —
fip s definite on HZ(€2). Moreover, the following eigenvalue problem with Hardy
potentials and singular coefficient

{N“_“(m"w) = A (=), €9,

_ Ou _
U—%—O, $€8Q,

where 0 < o < 4, A € R, has the first eigenvalue \; given by:

(s
1= .

ue HZ(2)\{0} [ ai=ad
Q

Since the embedding HZ(Q2) — L*(Q, |x|*~*) is compact, by choosing a minimizing
sequence, we easily infer that A\; can be obtained in HZ(2) and A\; > 0.
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2.3. Nehari manifold. As the energy functional I is well defined in HZ(2) and
belongs to C*(HZ(€2), R) and is not bounded from below on HZ(f2), we consider it on
the Nehari manifold

N:={ue HJ(Q) : (I'(u),u) =0}
It is usually effective to consider the existence of critical points in this smaller subset
of the Sobolev space. We can split N for:

ti={ueN: {"(u),u) >0},
N :={ueN:{"(u),u) <0}
and
N = {ueN: ({I"(u),u) =0}
Denote infl = ¢.
N
2.4. Some technical lemmas.

Lemma 2.1. If u €]0, 7], a > 0 and 0 < A < Ay, then

‘u’T‘(S)

dmzl}:M>0.

Proof. We know that

we deduce that

T(u) > (1 - Q) é (\Au|2 o (;;)) dz.

Thus, by Rellich inequality, we get

(1 - i) (1 - ) /\Au! dr < T(u é’AuPdw.

Then (T'(u))z > VKS > 0 for all u € H2(Q) such that f dr = 1. Here S =
Q
f|Au|2dz
inf 7(3) and K = (1 — )(1 — £). We immediately have that A/ >0. [
ueH3 (9 \{o}f‘“‘

Lemma 2.2. Let f # 0 satisfying condition (1.2). Then N° = ().
Proof. Suppose that N° # (), then for u € N° we have

‘u|2*(8)
Tu) = (27(s) = 1)
Q

dx.

| z[*
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Thus,
(2.3) 0= (I"(u) /'“'2 e /fud )—2)/'“'2*8(8) dx—/fudx.

From (1.2) and (2.3), we obtain

0 < Cn(T( NS S /fud:z:

Ng2§+4
T(w) [luf® - [ul*®
= (2(s)=1) || = / dz
@ - 1)) TP 2P
=0,
which yields a contradiction. 0

Lemma 2.3. Let f # 0 satisfying (1.2). For every u € HZ(Q), u # 0 there exists a
unique t = t*(u) > 0 such that tTu € N™. In particular,

N—2s5+4

)] o = tmax(u) and I(tTu) = max I(tu).

T(u)
(2(s) = 1) (V5%
Moreover, if [ fudx > 0, then there exists a unique t~ =t~ (u) > 0 such that t~u €
Q
+ — p— _ .
N 17 < tpax(u) and I(t7u) = ogrt%ltliax[@u)'

Jr

tZtmax

Proof. The lemma is proved in the same way as in [5]. O

Lemma 2.4. Let f # 0 satisfying (1.2). For each u € N\ {0}, there exist ¢ > 0
and a differentiable function t = t(w) > 0, w € HZ(Q)\ {0}, ||lw| < ¢, satisfying the
following there conditions:

t(0) =1,

t(w)(u—w) €N,  forall ||w| <e,

gfz[QAuAv -2 (ﬁ - IV%) uv — 2*(s )|“|2| - fuldx
(24)  (#(0),v) = Tl
T(u) = (2°(s) = )f' |

Proof. Define the map F : R x HZ(Q2) — R,

) L[
F(t,w) = sT(u—w) —t (5)1/|U|w||dx - /(u —w) fdz.
€T S

Q

Since F(1,0) =0, 95(1,0) = T'(u) — (2*(s) — )f‘u| Ldx # 0, applying the implicit

function theorem at the point (1,0), we can get the result of this lemma. O
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In the following lemma, we prove that N~ is closed and disconnects HZ(£2) in exactly
two connected components F; and FEj.

E, = {u € HZQ):u=0or |ul| <t* (HZH>}
and

B = {u e @MY Il > (1)}

Lemma 2.5. Assume that condition (1.2) is satisfied, then
(a) N~ s closed;
(b) HY\N™ = Eq U Ey;
(C) N+ C El.

Proof. Let (u,) C N~ and w = 1_131 Up, then w € N. Assume by contradiction that
w ¢ N—, then

|un\2*(s)

dx <0,
|zl*

(2.5) T(un) = (2°(s) = 1)

T(w)—(2*(s) — )f|w|2 “dr = 0. So, w € N this implies that w = 0. From (2.5) and

|z|®

Lemma 2.1, we get K% < (2'(s) = 1)/ M dr, s0 KS? < (2'(s) = 1)1
Q

which yields to a contradiction
Let w € N™ and v = i, then t*(u) = 1, and there exists a unique ¢*(v) such that

tt(v)v € N7, As tt(v)v =t (HUH) ”u”u € N7, then ¢ (Hull) HiH = t"(u) = 1. Thus,

if u € H3(Q) and ¢+ (;4) iiy # 1, then u ¢ N~ and HZ(Q) = By U By,

f[ull
Let u € N*. Then ¢t~ (” ”> =t (u ) = 1. Since t*(u) > t~(u), it follows that

tt(u) =t* (|“ ) > 1 So, flul| < tr ( u ) and we conclude that N* C Ej. O

Jull llwll

Let the cut-off function p(z) = ¢(|z|) € C§°(2) such that 0 < p(z) <1 in B(0, R)
and ¢(z) = 1 in B(0,£). Set u. = ¢(x)y.(z), the following asymptotic properties
hold.

Proposition 2.1. Suppose that N > 5, u €]0,7i[. Then
N—s
SN (|Aue|2 — (1)) do = AU 4 o(e2mi0-vay,

(2) f|u|‘2\s( “dr = A;(Lg’j) + O(e¥ (P =NFs),
(3) [l |uedz = O(e*);
0
*(s)— _ 2%(s)—1
(4) f%da: =7 ug(0)E+O(e" 2 ), where E = [ U‘idx and i < (s.
Q RN
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Proof. For the estimates (1), (2) one can see in [7], we only verify (3) and (4).
Take R > 0 small enough such that B(0, %) c

/|x|0‘_4u§dx = / |z|**uldr + / |z|**uld

Q Q\B(0,4) B(0,%)

= O NP 4wy / P2 (p)p" dp
0

kv

R
_ OtV 4 wN€4—N/2 pa—4—N—1U3 <::> Nldp
0
= 0(e%),
because
/ l2|*ldr < wy / a=1y2(5) N1
Q\B(0,%) £
_ wN64_N/ oAU <Z> N dp
2
_ 0(64—N+2b(,u)>
and

Nk

R

WN€47N/ pa74+N71UL2L (g) dp = nga/zfpa AN =1=260) g,
0 0

Since « —4+ N — 1 — 2b(u) < —1, we get that
R
wN€4fN/2pa74folU3 (g) N ldp = Keo.
0

It follows from [ |2|**uidr = O(e*N+2W) and 0 < a < 2b(p) + 4 — N, that
Q\B(0,%)

/ 2] uddz =0 ("),
/\xr”@ vy =" / [y 7% O ) = U2 O (o ey)dy
Q

5 [y U O (@) uoley) — uo(0)]dy

N—-4 —s *(g)—
+ez /|y| U2 (y)dy

:O( = 4) ez up(0)E,
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where
E :/7" - ( )dx = wN/ Ui ©=L(p)pN=s=1gy
P s
R M
§C1/ ersflf(Z*(s)fl)a(u)dr_|_WN/ Ui*(s)fl(T%,Nfsfldr
0 R
+o00 N
oA / N=s=1=(2%(s)=D)b(1) g
M
Let N —s—(2"(s) = 1)a(p) —1 > =l and N —s — (2*(s) — 1)b(u) — 1 < —1, thus
p< G- O

3. PROOF OF THEOREM 1.1

The current section contains two subsections. In the first subsection we consider
0 < A< A and 0 < p < T, in the second subsection, we take 0 < A < A\; and
0<p<p.

3.1. Existence of solution in N*. Using Ekeland’s variational principl, we prove

the existence of a solution in N*.

Proposition 3.1. Let f satisfying (1.2). Then ¢y = injf\f](u) is achieved at a point
ue

ug € NT, which is a critical point and even a local minimum for I.

Proof. We start by showing that I is bounded from below in N. Indeed, for u € N we

have:
lu

2%(s)
T(u) —/ | —dz — /fudx = 0.

Thus,
WES
I(u) = ;T(u) — 2*13)/| ‘L’S dx — /fudx
Q Q
4—3s N+4-—2s
“(av—) 10 (v )éf“d””
(N + 4 — 25)? T

>
— 8(N—=s)(4—25)
In particular,
(N +4 — 2s)?
> — o
8(N —s)(4—s)
From Lemma 2.3, we can get to = to(v) such that tov € N and I(¢yv) > 0. Moreover,

Co

2*(s *(g
ARG

) ]U
2 o

I(to) = ~27(0)

5 dx — to/fvda:

Q
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1 1 2% (s) |U|2*(s)
= 12T 1— t /
50 (v) + ( 2*(8)> 0 A EE

Hence,
(31) co < I(t(ﬂ)) < 0.
Applying the Ekeland’s variational principle to the minimization problem (1.1), we
can get a minimizing sequence (u,) C Nt satisfying :
(i) I(uy) < co+ %,
(ii) I(up) < I(w) + L|lw — u,|, for all w € N.
By taking n large enough, we get from (3.1):

4—5 N+4-—2s 1 4—35
[nziTn—i/ ndr < — < 12T (up
() = s =5 T ) = S =5 qu Tt oS oy gyl ).
This implies that
(4 - s)tj
2 > /2T
(3:2) [ funde = =20 T w),
Q
consequently, u, # 0 and we have:
4—s t2 N +4—2s
3.3 O T(up) < ||un| € ——||f
(33) e D e
where the constant p > 0 verifies:
(3.4) T(u) > pllul®.

Next we shall prove that ||'(u,)|| — 0 as n — +o00. Hence, let us assume HI’(un)] >

|
)

0 for n large enough. By Applying Lemma 2.4, with v = u,, and w = 0(

o > 0, we can find some t,(0) = to (||§:E ";”> such that

(o) | — o L)
%‘“)L nmm”eN

By condition (ii), we obtain:
1
lw = un)ll 2 I(un) = I(ws)

— (1= N0 ) )+ ) ). T )+ 00(0)

Dividing by ¢ and passing to the limit as o goes to zero we derive that:

i(l + 16, (O] Nunll) = =t ()T (un), wn) + [T (un)| = [T (un) ],
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where t/,(0) = (t'(0), ”Zgizzgn) So, we conclude that

11wl < S0, oo

The proof will be completed once we have shown that |¢/ (0)] uniformly bounded with
respect to n. From (2.4) and the estimate (3.3), we get:

Ch
() = (2:(s) = D |

|z

[£,(0)] <

n —

X
[un|? (s)

|z|®

C} is a suitable constant. Hence, we must prove that |7'(u,) — (2*(s) — 1)/ dx|
Q

is bounded away from zero. Arguing by contradiction, assume that for a subsequence

still called (u,,), we have

w26
(3.5) Tlun) — (2°(s) — 1) [ 1

According to (3.3) and (3.5), there exists a constant Cy > 0 such that

2(s)
/’“"' dz > C.
Q

dx

= o,(1).

| z[*

| z[*

In addition, from (3.5) and by the fact that u,, € N, we get

|un|2*(8)
/fundx = (2"(s) — 2)/ dz + 0,(1)
A el
This together with (1.2) imply that
*(s)—1
27 (5)—2
T'(uy
0 < (2°(s) — 2) ) —1| = ou1),
(25(s) = 1)f oA
0
which is clearly impossible.
In conclusion,
(3.6) I'(up) >0 as n — +oo.

Let ug € HZ(S) be the weak limit in HZ(Q) of (u,). From (3.2) we derive that
[ fug > 0, and from (3.6) that (I'(ug),w) = 0, for all w € HZ(), i.e., ug is a weak
0

solution for (1.1). In fact, up € N and ¢y < I(ug) < Erf I(uy) = ¢o. So, we deduce
that u,, — v strongly in H2(Q) and I(ug) = cp = inij[(u). Moreover, ug € N*. So ug
ue

is a local minimum for 1. O
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3.2. Existence of solution in N~. In this subsection, for proof of the existence of
a solution in N~ we shall find the range of ¢ where I verifies the (P.S),. condition.
Lemma 3.1. Let (u,) be any sequence of HZ(Q)) satisfying the following conditions:
N—s
Al(léfs ) .

)

(a) I(up) — ¢ with ¢ < ¢o + ﬁ
(b) II'(un)|| = 0 as n — +oc.
Then (u,) has a strongly convergent subsequence.

Proof. We have I(u,) = c+ 0,(1) and
(3.7) (I () ) = Tuwn) = |

Then

[

(s)
—dx — /fundx+0n(1).
0

|,

2]

2*(s)

4—s |t
AN =5)) Jaf

dr +o0,(1) =c+ ;/fundx — ;(['(un),un> +0(1).
Q

By using Holder inquality, we get
2%(s)

4—s lu 1 1
38 / n e < e =l Il 4 =1 ()] .
(3.8) 2N =) lal $_0+ﬂﬂHWH+J|Wﬂ|WH

From (3.4), (3.7) and (3.8), we have for all e > 0:

|2y, |2 (5)

pllun]l < T(ua) < [
Q

2(N — N+4-2
e A2 ) )l + el
So, T'(uy,) is uniformly bounded. For a subsequence of (u,), we can get a u € HZ(Q)
such that u,, — u. So, from (b), we obtain that
(I'(w),w) =0, forallwe HF(S).

Then u is a weak solution for (1.1). In particular u # 0, v € N and I(u) > ¢o. We
have:

dx + /fundx + (I (), un )
Q

ki

u, — u weakly in H3(Q),

U, — u weakly in L2(Q, |z|™) and L ®(Q, |z|7*),
u, — u strongly in L*(Q, |z|*™*),

u, — u strongly in L4(Q) for all 1 < g < 2%(s).

Let u, = u+v,. So, v, — 0in HZ(Q). As in Brezis-Lieb Lemma (see [4]), we conclude
that

(3.9) c+@mJ:ﬂm+sz+/ﬁwx
Q
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and

on(1) =I'(v,) + /fvndx.

Without loss of generality, as n — 400 we may assume that

|Un’2*(8)
T(v,) — 1, / ——dr |
]
From (2.2) we obtain
(3=)
l > qué—s
By (3.9), we deduce that I(u) = c— = 1 < ¢ A=s_4{3=) hich contradict
y (3.9), we deduce that I(u) = =gl < =g Ans 7 < o, which contradicts

the fact that cq = inf I. Hence, [ = 0 and u,, — w strongly in HZ(Q) as n — +oo. 0

Lemma 3.2. Let f # 0 satisfying (1.2) and if 0 < a < % for N >5 07"% <a<i4
for 5 < N < 12, then for allt > 0, there exists eg > 0 such that for 0 < e < &g

4—s5 (X=)

3.10 I tue) < ———Aps
(3.10) (uo + tu.) CO+2(N—$) o
Proof. We infer from [3] that:

/|UO + tu5| _/| 0|2*(s) dr + %) |ue #)

/ F ) TP

2*(s)—2
/‘ 0| uoué‘d +2( t2 (s)— 1/|u5| | de

+O(2b,u)+4 )

Since uy € N is a solution of (1.1) and from Proposition 2.1, we obtain:

I Tug) + Ly = £ el
tug) = v . /
(wo + tus) =1(ug) + 5 (ue) 7(5) r x
ﬂw+m|5 e R s O | T i T
2* ‘I|S
t2 252*(3) |u ’2*(8) . |u |2*(s)—1u0
=] —T — / = dr — 12 (S)*l/fid
o)+ Twe) = 5 T EE
Q Q
o(€2b(,u)+4—N)
2 N—s t2*(5) N—s . 3
=1I(ug) + —A,(Lé_g ) _ A£ ‘é_g) —t? (S)_leTzlu()(O)E
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Define

2 N— t2* N—s N _
g(t) = QAA(L \) 2 (s )A£ ?) —¢? (8)*153%“0(0)15’ t >0,

and assume that g(¢) achieves its maximum at ¢, > 0. Since
N-—s % N—s * —
oA = O AL = (20(s) - O R w0,
necessarly 0 < tp <1 and ty — 1 ase — 0.

N—s * (g N=s
Note that t — %A,g,‘é’s) - ﬂA,(l,‘é’S) rises monotonically on [0, 1], so,

2*s
4—s N-s . ) .
I(”O + tlbg) <co + Q(JV—S)AE’A;S ) t2 16 T UO(O)E + O ( 27 (8)b(p) =N+ )

— 0 (%) + o, (€¥) + 0 (8%(“)*4’]\’) :

We distinguish the following two cases.

Case 1. When 2*(s)b(u) — N > 2b(u) + 4 — N > 82 > o if 5 < N, we have

O<pu<gand < a< %, then, for u €]0, i, we obtain:
— A,
2(N —s)" "

Case 2. When 2*(s)b(u) — N > 2b(p) +4 — N > a > X4 if 5 < N < 12, we have
0<p< SN and % < «a < 4, then, for y €]0, fi[, we obtain:

4—5 (4=)
——Aps. O
2N —s)" "

Finally, it remains to show the following proposition.

[(UO +tu5) < cy+

](Uo +tu€) < ¢y +

Proposition 3.2. Suppose that f wverifies conditions of Lemma 3.2. Then I has a
minimizer uy € N~ such that ¢; = I(uy). Moreover, uy is a solution of Problem (1.1).

Proof. Let (v,) C N~ such that

I(v,) = ¢ and I'(v,) — 0, in H%(Q).
For u € HZ(S)) such that |ju]| = 1. By Lemma 2.3, there exists a unique ¢ (u) > 0
such that t*(u)u € N~ and I(tT(u)u) = Srgamfxf(su). According to Lemma 2.5, we
have uy € Ej, we can choose a constant ¢, which satisfies 0 < t*(u) < ¢, for all

|lu|]| = 1, we claim that

(311) U + toUE € Eg,

1
where tg = (%) * +1. In fact, a direct computation shows that:

UpUse
o + toue||* =||uo|* + 75(2]||u€||2 + 2t0/ (Aquua — |;|4 ) dx
Q
=[Juoll* + t3llucll* + on(1)
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2
2| ()
o HUO—FtouEH ’
for € > 0 small enough. Thus, claim (3.11) holds. We fix € > 0 such that both (3.10)
and (3.11) hold by the choice of ¢y. We set
= {yeC(0;1]: H}(Q)) : v(0) = ug,y(1) = ug + tou.},

and take h(t) = ug + ttyu., which belongs to I'. From Lemma 3.1, we conclude that:

— infmaxI(h(1)) < co + ——— AL
C_heFte[Eoi;)f] 0 2(N —s) "

Since every h € I" intersects N—, we get that:

4—s N=e)
=infl < — A pie
c1 17\1[1_ _C<CO+2(N—5)A’

Using Lemma 3.2, we deduce that v,, converges strongly to u; in H2(2). Thus, u; € N~
and ¢; = I(uy). Then I'(u;) = 0, and thus u; is a solution of Problem (1.1). We
conclude that Problem (1.1) admits also a solution in N~. O

Proof of Theorem 1.1. By Porpositions 3.1, 3.2 and as N* NN~ = () we deduce that
the problem (1.1) admits two solutions uy and w; with wy # u;. O
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