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IMPROVED JENSEN-TYPE INEQUALITIES FOR (p, h)-CONVEX
FUNCTIONS WITH APPLICATIONS

MOHAMED AMINE IGHACHANE1, LAKHLIFA SADEK2, AND MOHAMMAD SABABHEH3

Abstract. The main goal of this article is to present multiple term refinements
of the well-known Jensen’s inequality for h-convex functions for a non-negative
super-multiplicative and super-additive function h. For example, we show that

h(1 − v)f(0) + h(v)f(1) ⩾ f(v) +
N−1∑
n=0

h(2rn(v))
2n∑

k=1
∆(0,1)

f,h (n, k)χ( k−1
2n , k

2n )(v),

for the h-convex function f and certain positive summands. The significance of the
obtained results is the way they extend known results from the setting of convex
functions to other classes of functions.

1. Introduction and Preliminaries

Convex functions and their inequalities have played a major role in the study of
various topics in Mathematics; including applied Mathematics, Mathematical Analysis,
and Mathematical Physics. Recall that a function f : I → R is said to be convex on
the interval I if

(1.1) f((1 − v)a + vb) ⩽ (1 − v)f(a) + vf(b),

for all a, b ∈ I and v ∈ (0, 1). If this inequality is reversed, then f is said to be concave.
Recent studies of the topic have investigated possible refinements of the above

inequality, where adding a positive term to the left side becomes possible. This idea
has been treated in [4, 10–13,15], where not only refinements have been investigated,
but reversed versions have been also discussed.
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The notion of convexity has been expanded and generalized in various ways utilizing
novel and modern methods in recent years.

To motivate our work, let us recall the definitions of some special classes of functions.
Let I be a p-convex subset of R (that means, [(1 − v)ap + vbp]

1
p ∈ I for all a, b ∈ I

and v ∈ (0, 1)).

Definition 1.1 ([16]). A function f : I → R is said to be a p-convex function or
belongs to the class PC(I), if

f
([

(1 − v)ap + vbp
] 1

p

)
⩽ (1 − v)f(a) + vf(b),(1.2)

for all a, b ∈ I, p ∈ R\{0} and v ∈ (0, 1).

Definition 1.2 ([9]). Let h : (0, 1) → R be a non-negative and non-zero function.
We say that f : I → R is an h-convex function or that f belongs to the class SX(I),
if f is non-negative and for all a, b ∈ I and v ∈ (0, 1)

f((1 − v)a + vb) ⩽ h(1 − v)f(a) + h(v)f(b).(1.3)
If this inequality is reversed, then f is said to be h-concave.

Definition 1.3 ([6]). Let h : (0, 1) → R be a non-negative and non-zero function.
We say that f : I → R is a (p, h)-convex function or that f belongs to the class
ghx(h, p, I), if f is non-negative and

f
([

(1 − v)ap + vbp
] 1

p

)
⩽ h(1 − v)f(a) + h(v)f(b),(1.4)

for all a, b ∈ I and v ∈ (0, 1). Similarly, if the inequality sign in (1.4) is reversed, then
f is said to be a (p, h)-concave function or belong to the class ghv(h, p, I).

Definition 1.4 ([7]). Let h : J → R. If
h(x)h(y) ⩽ h(xy),(1.5)

for all x, y ∈ J , then h is said to be a super-multiplicative function. If (1.5) is reversed,
then h is said to be a sub-multiplicative function. If equality holds in (1.5), then h is
said to be a multiplicative function.

Definition 1.5 ([7]). Let h : J → R. If for all x, y ∈ J

h(x) + h(y) ⩽ h(x + y),(1.6)
then h is said to be a super-additive function. If inequality (1.6) is reversed, we say
that h is a sub-additive function. If equality (1.6) holds, we say that h is an additive
function.

Example 1.1. Let h : (0, +∞) → (0, +∞) be defined by h(x) = xk. Then h is
(a) additive if k = 1;
(b) sub-additive if k ∈ (−∞, 1);
(c) super-additive if k ∈ (1, +∞).
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This latter conclusion follows from the fact that h(x) = xk is convex and h(0) = 0,
when k > 1.

Let h : [1, +∞) 7→ R+ be defined by h(x) = x3 − x2 + x. We have
(a) h(xy) − h(x)h(y) = xy(x + y)(1 − x)(1 − y) ⩾ 0;
(b) h(x + y) − h(x) − h(y) = xy(x + y + (x − 1) + (y − 1)) ⩾ 0.

Then h is a super-multiplicative and super-additive function.
The following theorem is the Jensen type inequality for (p, h)-convex functions.

Theorem 1.1 ([6]). Let v1, . . . , vn be positive real numbers, n ⩾ 2, such that ∑n
k=1 vk =

1. If h is a non-negative super-multiplicative function, f an (p, h)-convex function and
a1, . . . , an ∈ I, then

f

(( n∑
k=1

vkap
k

) 1
p

)
⩽

n∑
k=1

h (vk) f (ak) .(1.7)

If h is sub-multiplicative and f an (p, h)-concave function, then inequality (1.7) is
reversed.

The organization of the paper will be as follows. We firstly derive the refinements of
Jensen-type and a variant of Jensen-type inequalities for h-convex functions. Next, we
further refine our presented refinements and point out more or less direct consequences
of our results for (p, h)-convex functions and its reversed, and in the last section we
give the matrix versions of these inequalities studied in Section 2 and 3.

2. New Refinements of the Jensen’s Inequality for h-Convex
Functions

In this part of the paper, we present our main results concerning h-convex functions.
The applications of these inequalities and their relations to the literature will be done
in Remark 2.1. In order to do that, we start with some basic results which are
important in terms of proving our main results.

We will see that our results extend the results in [1, 10] to the context of h-convex
functions, with the existence of multiple refining terms.
Definition 2.1. Let n be a positive integer. The sequence (rn(v)) of functions on
[0, 1] is defined by

r0(v) = min{v, 1 − v},

rn(v) = min{2rn−1(v), 1 − 2rn−1(v)}.

For all integers n, we have the following explicit formula of the function rn(v),
proved by D. Choi in [3]. We also refer the reader to [12] for similar treatment.
Lemma 2.1 ([3]). Let ℓ ⩾ 0 and 1 ⩽ k ⩽ 2n be integers. If k−1

2n ⩽ v ⩽ k
2n , then

rn(v) =

2nv − k + 1, if k−1
2n ⩽ v ⩽ 2k−1

2n+1 ,

k − 2nv, if 2k−1
2n+1 ⩽ v ⩽ k

2n .
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In the following lemma, we prove an essential inequality that will be needed in the
sequel.

Lemma 2.2. Let h be a non-negative super-multiplicative and super-additive function
on [0, 1], and f be a function defined on [0, 1]. For a nonnegative integer N , define
ΨN(v) by

ΨN(v) = h(1 − v)f(0) + h(v)f(1) −
N−1∑
n=0

h(2rn(v))
2n∑

k=1
∆(0,1)

f,h (n, k)χ( k−1
2n , k

2π )(v),(2.1)

where

∆(0,1)
f,h (n, k) = h

(1
2

) [
f

(
k − 1

2n

)
+ f

(
k

2n

)]
− f

(
2k − 1
2n+1

)
,

for k−1
2N ⩽ v ⩽ k

2N and k = 1, . . . , 2N . Then

ΨN(v) ⩾ h
(
k − 2Nv

)
f

(
k − 1
2N

)
+ h

(
2Nv − k + 1

)
f

(
k

2N

)
.

Proof. We proceed by induction on N. For N = 1: if v ∈ [0, 1
2 ], we have

Ψ1(v) = h(1 − v)f(0) + h(v)f(1) − h(2r0(v))∆f,h(0, 1)χ(0,1)(v)
= h(1 − v)f(0) + h(v)f(1) − h(2v)∆f,h(0, 1)

=
(

h(v) − h(2v)h
(1

2

))
f(1) +

(
h(1 − v) − h(2v)h

(1
2

))
f(0) + h(2v)f

(1
2

)

⩾

(
h(1 − v) − h(2v)h

(1
2

))
f(0) + h(2v)f

(1
2

)

⩾ h(1 − 2v)f(0) + h(2v)f
(1

2

)
.

If v ∈ [1
2 , 1], then 1 − v ∈ [0, 1

2 ]. So, by changing v by 1 − v and f(v) by f(1 − v),
the desired inequality for the case v ∈ [1

2 , 1] is obtained.
Now, assume that (2.1) holds and let m−1

2N+1 ⩽ v ⩽ m
2N+1 for m = 1, . . . , 2N+1. If

m = 2k − 1, then k−1
2N ⩽ v ⩽ 2k−1

2N+1 < k
2N and

ΨN+1(v) =ΨN(v) − h(2rN(v))∆(0,1)
f,h (N, k)

⩾h
(
k − 2Nv

)
f

(
k − 1
2N

)
+ h

(
2Nv − k + 1

)
f

(
k

2N

)
− h

(
2N+1v − 2k + 2

)
∆(0,1)

f,h (N, k)

=h
(
k − 2Nv

)
f

(
k − 1
2N

)
+ h

(
2Nv − k + 1

)
f

(
k

2N

)

− h
(
2N+1v − 2k + 2

)
h
(1

2

)(
f

(
k − 1
2N

)
+ f

(
k

2N

))
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+ h
(
2N+1v − 2k + 2

)
f

(
2k − 1
2N+1

)

⩾h
(
k − 2Nv

)
f

(
k − 1
2N

)
+ h

(
2Nv − k + 1

)
f

(
k

2N

)

− h
(
2Nv − k + 1

)(
f

(
k − 1
2N

)
+ f

(
k

2N

))

+ h
(
2N+1v − 2k + 2

)
f

(
2k − 1
2N+1

)

=
(

h
(
k − 2Nv

)
− h

(
2Nv − k + 1

))
f

(
k − 1
2N

)

+ h
(
2N+1v − 2k + 2

)
f

(
2k − 1
2N+1

)

⩾h
(
2k − 1 − 2N+1v

)
f

(
k − 1
2N

)
+ h

(
2N+1v − 2k + 2

)
f

(
2k − 1
2N+1

)

=h
(
m − 2N+1v

)
f
(

m − 1
2N+1

)
+ h

(
2N+1v − m + 1

)
f
(

m

2N+1

)
,

by Lemma 2.1. Similarly, if m = 2k, then k−1
2N < 2k−1

2N+1 ⩽ v ⩽ k
2N and

ΨN+1(v) =ΨN(v) − h(2rN(v))∆(0,1)
f,h (N, k)

⩾h
(
k − 2Nv

)
f

(
k − 1
2N

)
+ h

(
2Nv − k + 1

)
f

(
k

2N

)
− h

(
2k − 2N+1v

)
∆(0,1)

f,h (N, k)

=h
(
k − 2Nv

)
f

(
k − 1
2N

)
+ h

(
2Nv − k + 1

)
f

(
k

2N

)

− h
(
2k − 2N+1v

)
h
(1

2

)(
f

(
k − 1
2N

)
+ f

(
k

2N

))

+ h
(
2k − 2N+1v

)
f

(
2k − 1
2N+1

)

⩾h
(
k − 2Nv

)
f

(
k − 1
2N

)
+ h

(
2Nv − k + 1

)
f

(
k

2N

)

− h
(
k − 2Nv

)(
f

(
k − 1
2N

)
+ f

(
k

2N

))
+ h

(
2k − 2N+1v

)
f

(
2k − 1
2N+1

)
.

Thus, we have shown that

ΨN+1(v) =
(

h
(
2Nv − k + 1

)
− h

(
k − 2Nv

) )
f

(
k

2N

)
+ h

(
2k − 2N+1v

)
f

(
2k − 1
2N+1

)
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⩾ h
(
2N+1v − 2k + 1

)
f

(
k

2N

)
+ h

(
2k − 2N+1v

)
f

(
2k − 1
2N+1

)

= h
(
2N+1v − m + 1

)
f
(

m

2N+1

)
+ h

(
m − 2N+1v

)
f
(

m − 1
2N+1

)
.

This completes the proof. □

Now we show the first result concerning h-convex functions, when h is super-
multiplicative and super-additive.

Theorem 2.1. Let h be a non-negative super-multiplicative and super-additive func-
tion on [0, 1] and f be an h-convex function on [0, 1]. If N is a positive integer,
then

h(1 − v)f(0) + h(v)f(1) ⩾ f(v) +
N−1∑
n=0

h(2rn(v))
2n∑

k=1
∆(0,1)

f,h (n, k)χ( k−1
2n , k

2n )(v)(2.2)

and

h(1 − v)f(0) + h(v)f(1) ⩽f(0) + f(1) − f(1 − v)

−
N−1∑
n=0

h(2rn(v))
2n∑

k=1
∆(0,1)

f,h (n, 2n − k + 1)χ( k−1
2n , k

2n )(v),(2.3)

where v ∈ [0, 1] and

∆(0,1)
f,h (n, k) = h

(1
2

) [
f

(
k − 1

2n

)
+ f

(
k

2n

)]
− f

(
2k − 1
2n+1

)
.

Proof. By Lemma 2.2 and the h-convexity of the function f , we get

ΨN(v) ⩾ h
(
k − 2Nv

)
f

(
k − 1
2N

)
+ h

(
2Nv − k + 1

)
f

(
k

2N

)

⩾ f

((
k − 2Nv

) k − 1
2N

+
(
2Nv − k + 1

) k

2N

)
= f(v).

This end the proof of (2.2).
Replacing v by 1 − v in (2.2) and noting that rn(v) = rn(1 − v), we have

(h(1 − v) + h(v)) (f(0) + f(1)) − h(v)f(0) − h(1 − v)f(1)
⩽ − f(1 − v) + (h(1 − v) + h(v)) (f(0) + f(1))

−
N−1∑
n=0

h((2rn(v)))
2n∑

k=1
∆(0,1)

f,h (n, k)χ( k−1
2n , k

2n )(1 − v).

So,

h(1 − v)f(0) + h(v)f(1) ⩽ (h(1 − v) + h(v)) (f(0) + f(1)) − f(1 − v)
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−
N−1∑
n=0

h(2rn(v))
2n∑

k=1
∆(0,1)

f,h (n, k)χ( k−1
2n

k
2n )(1 − v)

⩽h(1)(f(0) + f(1)) − f(1 − v)

−
N−1∑
n=0

h(2rn(v))
2n∑

k=1
∆(0,1)

f,h (n, k)χ( k−1
2n

k
2n )(1 − v)

⩽(f(0) + f(1)) − f(1 − v)

−
N−1∑
n=0

h(2rn(v))
2n∑

k=1
∆(0,1)

f,h (n, k)χ( k−1
2n , k

2n )(1 − v).

Now, replacing k by 2n − k + 1 in the inner summation and noting that
k − 1

2n
< 1 − v <

k

2n
if and only if 1 − k

2n
< v < 1 − k − 1

2n
,

we obtain (2.3) and the proof is completed. □

Remark 2.1. Before proceeding to further results, we explain a little about Theorem
2.6. Notice that for h(x) = x, we recapture Theorem 2.1 in [4].

Corollary 2.1. Let h be a non-negative super-multiplicative and super-additive func-
tion on [0, 1] and f be a h-convex function on [a, b]. Then for all positive integers
N,

h(1−v)f(a)+h(v)f(b) ⩾ f(va+(1−v)b)+
N−1∑
n=0

h(2rn(v))
2n∑

k=1
∆(a,b)

f,h (n, k)χ( k−1
2n , k

2n )(v),

where v ∈ [0, 1] and

∆(a,b)
f,h (n, k) = h

(1
2

) [
g

(
k − 1

2n

)
+ g

(
k

2n

)]
− g

(
2k − 1
2n+1

)
and g(t) := f((1 − t)a + tb).

Proof. For the h-convex function f , define g : [0, 1] → R by g(t) := f((1 − t)a + tb).
Then, g is h-convex on [0, 1]. Applying Theorem 2.1 on the function g implies the
result. □

The following result provides a two-parameter refined version of the basic inequality
for h-convex functions. We encourage the reader to see the main results in [1, 10],
where this type was treated for convex functions, without any refining terms.

Theorem 2.2. Let h be a non-negative super-multiplicative and super-additive func-
tion on [0, 1] and let f be an h-convex function on [a, b]. If 0 < v ⩽ τ < 1, then for
all positive integers N

h(1 − v)f(a) + h(v)f(b) ⩾f((1 − v)a + vb)

+ h
(

v

τ

) [
h(1 − τ)f(a) + h(τ)f(b) − f((1 − τ)a + τb)

]
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+
N−1∑
n=0

h
(

2rn

(
v

τ

)) 2n∑
k=1

∆(a,b)
f,h (n, k)χ( k−1

2n , k
2n )

(
v

τ

)
,

where
∆(a,b)

f,h (n, k) = h
(1

2

) [
g

(
k − 1

2n

)
+ g

(
k

2n

)]
− g

(
2k − 1
2n+1

)
and g(t) := f((1 − tτ)a + tτb).

Proof. Since, h is super-multiplicative and super-additive, we have

h(1 − v)f(a) + h(v)f(b) − h
(

v

τ

)
[h(1 − τ)f(a) + h(τ)f(b) − f((1 − τ)a + τb)]

=
(

h(1 − v) − h
(

v

τ

)
h(1 − τ)

)
f(a) +

(
h(v) − h

(
v

τ

)
h(τ)

)
f(b)

+ h
(

v

τ

)
f((1 − τ)a + τb)

⩾h
(

1 − v

τ

)
f(a) + h

(
v

τ

)
f((1 − τ)a + τb)

⩾f
[(

1 − v

τ

)
a +

(
v

τ

)
((1 − τ)a + τb)

]

+
N−1∑
n=0

h
(

2rn

(
v

τ

)) 2n∑
k=1

∆(a,b)
f,h (n, k)χ( k−1

2n , k
2n )

(
v

τ

)

=f((1 − v)a + vb) +
N−1∑
n=0

h
(

2rn

(
v

τ

)) 2n∑
k=1

∆(a,b)
f,h (n, k)χ( k−1

2n , k
2n )

(
v

τ

)
.

This completes the proof. □

Notice that in Theorem 2.2, if we ignore the sum, we can rewrite the result in the
simpler form

h(1 − v)f(a) + h(v)f(b) − f((1 − v)a + vb)
h(1 − τ)f(a) + h(τ)f(b) − f((1 − τ)a + τb) ⩾ h

(
v

τ

)
.

This form is easier to view for comparison purpose with the main results in [1, 10].
Thus, Theorem 2.2 presents the h-convex version with multiple term refinements of
the main results in these references.

On the other hand, a reverse of Theorem 2.2 can be stated as follows. We, once
again, refer the reader to [1, 10] where this type of inequalities was treated in its
simplest form for convex functions.

Theorem 2.3. Let h be a non-negative multiplicative and super-additive function on
[0, +∞). If f is h-convex on [a, b] and 0 < v ⩽ τ < 1 then for all positive integer N

h(1 − v)f(a) + h(v)f(b)(2.4)

⩽f((1 − v)a + vb) + h
(1 − v

1 − τ

) [
h(1 − τ)f(a) + h(τ)f(b) − f((1 − τ)a + τb)

]
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−
N−1∑
n=0

h
(

2
(1 − τ

1 − v

)
rn

(1 − τ

1 − v

)) 2n∑
k=1

∆(a,b)
f,h (n, k)χ( k−1

2n , k
2n )

(1 − τ

1 − v

)
,

where

∆(a,b)
f,h (n, k) = h

(1
2

) [
g

(
k − 1

2n

)
+ g

(
k

2n

)]
− g

(
2k − 1
2n+1

)
and g(t) := f((1 − t(1 − v))a + t(1 − v)b).

Proof. Since, h is multiplicative and super-additive, we have

h(1 − τ)f(a) + h(τ)f(b) − f(1 − v)
h
(

1−v
1−τ

) f(a) − f(v)
h
(

1−v
1−τ

)f(b) + 1
h
(

1−v
1−τ

)f((1 − v)a + vb)

= (h(1 − τ) − h(1 − τ)) f(a) +
(

h(τ) − h

(
v(1 − τ)

1 − v

))
f(b)

+ h
(1 − τ

1 − v

)
f((1 − v)a + vb)

⩾h
(

1 − 1 − τ

1 − v

)
f(b) + h

(1 − τ

1 − v

)
f((1 − v)a + vb)

⩾f
[(

1 − 1 − τ

1 − v

)
b +

(1 − τ

1 − v

)
((1 − v)a + vb)

]

+
N−1∑
n=0

h
(

2rn

(1 − τ

1 − v

)) 2n∑
k=1

∆(a,b)
f,h (n, k)χ( k−1

2n , k
2n )

(1 − τ

1 − v

)
=f((1 − τ)a + τb)

+
N−1∑
n=0

h
(

2rn

(1 − τ

1 − v

)) 2n∑
k=1

∆(a,b)
f,h (n, k)χ( k−1

2n , k
2n )

(1 − τ

1 − v

)
.

Multiplying the last inequality by h
(

1−v
1−τ

)
, the desired inequality is obtained. □

While the above results treat the values 0 ⩽ v ⩽ 1, it has been of interest in the
literature to deal with the cases v ̸∈ [0, 1]. We refer the reader to [2, 13] for related
discussion when v ⩾ 1 or v ⩽ 0. In the following two results, this is treated for
h-convex functions, where multiple-term refinements are provided.

Theorem 2.4. Let h be a non-negative super-multiplicative and super-additive func-
tion on [0, +∞), f be h-convex on R and v ⩾ 0. If N is a positive integer, then

h(v + 1)f(b) − h(v)f(a)

+
N−1∑
n=0

h(v + 1)h
(

2rn

( 1
v + 1

)) 2n∑
k=1

∆(a,b)
f,h (n, k)χ( k−1

2n , k
2n )
( 1

v + 1

)
⩽f ((1 + v)b − va) ,

where g(t) := f((1 − (t + v)a + t(1 + v)b).
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Proof. Notice first that for v ⩾ 0, one has

b = v

v + 1a + 1
v + 1 ((1 + v)b − va) .

h-convexity of f and Theorem 2.1, implies

f(b) ⩽h
(

v

v + 1

)
f(a) + h

( 1
v + 1

)
f ((1 + v)b − va)

−
N−1∑
n=0

h
(

2rn

( 1
v + 1

)) 2n∑
k=1

∆(a,b)
f,h (n, k)χ( k−1

2n , k
2n )
( 1

v + 1

)

⩽
h(v)

h(v + 1)f(a) + 1
h(v + 1)f ((1 + v)b − va)

−
N−1∑
n=0

h(v + 1)h
(

2rn

( 1
v + 1

)) 2n∑
k=1

∆(a,b)
f,h (n, k)χ( k−1

2n , k
2n )
( 1

v + 1

)
.

This completes the proof. □

A more straightforward form of Theorem 2.4 can be stated as follows.

Theorem 2.5. Let h be a non-negative super-multiplicative and super-additive func-
tion on [0, +∞), and f : R → R be h-convex. If N is a positive integer and a < b,
then

h(1 + v)f(a) − h(v)f(b)

+
N∑

k=1
h(2kv)

h
(1

2

)f(a) + f


(
2k−1 − 1

)
a + b

2k−1

− f


(
2k − 1

)
a + b

2k


⩽f((1 + v)a − vb),(2.5)

where v ⩾ 0.

Proof. We proceed by induction on N . So, assume that f is h-convex, a < b and
v ⩾ 0. We have

h(1 + v)f(a) − h(v)f(b) + h(2v)
[
h
(1

2

)
(f(a) + f(b)) − f

(
a + b

2

)]

= (h(1 + v) + h(v)) f(a) +
(

h(2v)h
(1

2

)
− h(v)

)
f(b) − h(2v)f

(
a + b

2

)

⩽h(1 + 2v)f(a) − h(2v)f
(

a + b

2

)

⩽f

(
(1 + 2v)a − 2v

a + b

2

)
=f((1 + v)a − vb),
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where we have applied Theorem 2.4, with v and b replaced by 2v and a+b
2 , respectively.

We emphasize here that when a < b we have a < a+b
2 . Moreover, when v ⩾ 0 we have

2v ⩾ 0, justifying the application of Theorem 2.4.
Now assume that, for some N ∈ N, (2.5) holds whenever a < b and v ⩾ 0. We assert

the truth of the inequality for N + 1. Observe that
A =h(1 + v)f(a) − h(v)f(b)

+
N+1∑
k=1

h(2kv)
h
(1

2

)f(a) + f


(
2k−1 − 1

)
a + b

2k−1

− f


(
2k − 1

)
a + b

2k


=h(1 + v)f(a) − h(v)f(b) + h(2v)

[
h
(1

2

)(
f(a) + f(b)

)
− f

(
a + b

2

)]

+
N+1∑
k=2

h(2kv)
h
(1

2

)f(a) + f


(
2k−1 − 1)a + b

2k−1

− f


(
2k − 1

)
a + b

2k


=h(1 + 2v)f(a) − h(2v)f

(
a + b

2

)

+
N+1∑
k=1

h(2k+1v)
h
(1

2

)f(a) + f


(
2k − 1)a + b

2k

− f


(
2k+1 − 1

)
a + b′

2k+1

 .

(2.6)

For simplicity, let 2v = r, a+b
2 = b′. Then (2.6) becomes

A =h(1 + r)f(a) − h(r)f (b′)

+
N∑

k=1
h(2kr)

h
(1

2

)f(a) + f


(
2k−1 − 1

)
a + b′

2k−1

− f


(
2k − 1

)
a + b′

2k


⩽f ((1 + r)a − rb′)
=f((1 + v)a − vb),

where we have used the inductive step to obtain (2.6). Observe that when a < b we
have a < b′, which justifies the application of the inductive step. □

Other generalized external forms for h-convex functions can be stated as follows.
We remark that these results extend known results for convex functions, as one can
see in [14,18].

Theorem 2.6. Let f : R 7→ R be h-convex, b ∈ R and let {vk} be such that vk > 0
for k = 1, 2, . . . , n. If {bk} ⊂ R, and h is a non-negative super-multiplicative function
on [0, +∞), then

h(1 + β)h(a) −
n∑

k=1
h (vk) f (bk) ⩽ f

(
(1 + β)a −

n∑
k=1

vkbk

)
,

where ∑n
k=1 vk = β.
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Proof. Notice first that for s ⩾ 0 and x, y ∈ R one has

y = s

s + 1x + 1
s + 1 ((1 + s)y − sx) .

h-Convexity of f implies

f(y) ⩽ h
(

s

s + 1

)
f(x) + h

( 1
s + 1

)
f ((1 + s)y − sx)

⩽
h(s)

h(s + 1)f(x) + 1
h(s + 1)f ((1 + s)y − sx) ,

which implies

h(s + 1)f(y) − f ((1 + s)y − sx) ⩽ h(s)f(x).(2.7)

Now, applying (2.7), we have

h(1 + β)h(a) − f

(
(1 + β)a −

n∑
k=1

vkbk

)

=h(1 + β)h(a) − f

(
(1 + β)a − β

n∑
k=1

vk

β
bk

)

⩽h(1 + β)h(a) − h(1 + β)h(a) + h(β)f
(

n∑
k=1

vk

β
bk

)

⩽h(β)
n∑

k=1
h

(
vk

β

)
f(bk)

⩽
n∑

k=1
h (vk) f(vk).

This completes the proof. □

In the following result, we present a one-term refinement of Theorem 2.6.

Theorem 2.7. Let f : R → R+ be h-convex, b ∈ R and let {vk} be such that vk > 0
for k = 1, 2, . . . , n. If {bk} ⊂ R, and h is a non-negative super-multiplicative and
super-additive function on [0, +∞), then we have

h(1 + β)h(a) −
n∑

k=1
h (vk) f (bk)

⩽f

(
(1 + β)a −

n∑
k=1

vkbk

)

− h ((n + 1)r0)
[
h
( 1

n + 1

)(
f(a) +

n∑
k=1

f(bk)
)

− f

(
a +∑n

k=1 bk

n + 1

)]
,

where ∑n
k=1 vk = β and r0 = min{v1, v2, . . . , vn}.
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Proof. Since h is super-multiplicative and super-additive, we have

I :=h(1 + β)f(a) −
n∑

k=1
h(vk)f (bk)

+ h ((n + 1)r0)
[
h
( 1

n + 1

)(
f(a) +

n∑
k=1

f(bk)
)

− f

(
a +∑n

k=1 bk

n + 1

)]

⩽
(

h(1 + β) + h((n + 1)r0)h
( 1

n + 1

))
f(a)

+
n∑

k=1
(−h(vk) + h(r0)) f (bk) − h((n + 1)r0)f

(
a +∑n

k=1 bk

n + 1

)

⩽h (1 + β + r0) f(a) −
n∑

k=1
h (vk − r0) f (bk) − h((n + 1)r0)f

(
a +∑n

k=1 bk

n + 1

)
.

Let γn+1 = (n + 1)r0 and for 1 ⩽ k ⩽ n, let γk = vk − r0. Further, denote β + r0 by
λ. Then

n∑
k=1

γk + γn+1 = β + r0 = λ.

Therefore, we may apply Theorem 2.6, we obtain

I ⩽ f

(
(1 + β + r0) a −

n∑
k=1

(vk − r0) bk − (n + 1)r0
a +∑n

k=1 bk

n + 1

)

= f

(
(1 + β)a −

n∑
k=1

vkbk

)
. □

3. Refinement and Reverse of Jensen’s Inequality for (p, h)-Convex
Function

In this part of the paper, we present our main results concerning (p, h)-convex
functions. The applications of these inequalities and their relations to the literature
will be done in Remark 3.1 and in the last section.

In the following result, we present a one-term refinement of Jensen’s type inequality
for (p, h)-convex function and its reverse.

Before we state our first result, we remind the reader of the following lemma, which
was shown in [8].

Lemma 3.1. Let f : I → R be convex, {x1, . . . , xn} ⊂ I and {p1, . . . , pn} ⊂ (0, 1) be
such that ∑n

i=1 pi = 1. Then

f

(
n∑

i=1
pixi

)
+ npmin

(
1
n

n∑
i=1

f(xi) − f

(
1
n

n∑
i=1

xi

))
⩽

n∑
i=1

pif(xi)(3.1)

and

f

(
n∑

i=1
pixi

)
+ npmax

(
1
n

n∑
i=1

f(xi) − f

(
1
n

n∑
i=1

xi

))
⩾

n∑
i=1

pif(xi),(3.2)
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where pmin = min{p1, . . . , pn} and pmax = max{p1, . . . , pn}.

The following result presents the (p, h)-convex version of the above lemma.

Theorem 3.1. Let v1, . . . , vn be positive real numbers, n ⩾ 2, such that ∑n
k=1 vk = 1.

Let f be a (p, h)-convex function, and x1, . . . , xn ∈ I.
(a) If h is a non-negative super-multiplicative and super-additive function on [0, 1],

then

f

(( n∑
k=1

vkxp
k

) 1
p

)
+h(nr0)

(
h
( 1

n

) n∑
k=1

f (xk) − f

(( 1
n

n∑
k=1

xp
k

) 1
p

))
⩽

n∑
k=1

h (vk) f (xk) ,

where r0 = min{v1, v2, . . . , vn}
(b) If h is a non-negative multiplicative and super-additive function on [0, +∞),

then

f

(( n∑
k=1

vkxp
k

) 1
p

)
+h(nR0)

(
h
( 1

n

) n∑
k=1

f (xk) − f

(( 1
n

n∑
k=1

xp
k

) 1
p

))
⩾

n∑
k=1

h (vk) f (xk) ,

where R0 = max{v1, v2, . . . , vn}.

Proof. We prove the first inequality. Since, h is a super-multiplicative and super-
additive function, we have

n∑
k=1

h (vk) f (xk) − h(nr0)
(

h
( 1

n

) n∑
k=1

f (xk) − f

(( 1
n

n∑
k=1

xp
k

) 1
p

))

=
n∑

k=1

(
h (vk) − h(nr0)h

( 1
n

))
f (xk) + h(nr0)f

(( 1
n

n∑
k=1

xp
k

) 1
p

)

⩾
n∑

k=1
h (vk − r0) f (xk) + h(nr0)f

(( 1
n

n∑
k=1

xp
k

) 1
p

)

⩾f

( n∑
k=1

(vk − r0) xp
k + nr0

1
n

n∑
k=1

xp
k

) 1
p


=f

(( n∑
k=1

vkxp
k

) 1
p

)
,

where the last inequality follows by the Jensen’s inequality for the (p, h)-convex
function f . The second inequality is equivalent to the following inequality

n∑
k=1

h (nR0) h
(

1
n

)
−h (vk)

h (nR0)

f(xk)+f

( n∑
k=1

vkxp
k

)1/p
 1

k (nR0)
⩾f

( 1
n

n∑
k=1

xp
k

)1/p
 .

Since, h is a multiplicative and super-additive function, we have
n∑

k=1

h (nR0) h
(

1
n

)
− h (vk)

h (nR0)

 f (xk) + 1
h (nR0)

f

( n∑
k=1

vkxp
k

)1/p
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⩾
n∑

k=1

(
h (R0) − h (vk)

h (nR0)

)
f (xk) + 1

h (nR0)
f

( n∑
k=1

vkxp
k

)1/p


⩾
n∑

k=1

(
h (R0 − vk)

h (nR0)

)
f (xk) + 1

h (nR0)
f

( n∑
k=1

vkxp
k

)1/p


⩾
n∑

k=1
h
(

R0 − vk

nR0

)
f (xk) + h

( 1
nR0

)
f

( n∑
k=1

vkxp
k

)1/p


⩾f

( n∑
k=1

R0 − vk

nR0
xp

k + 1
nR0

n∑
k=1

vkxp
k

)1/p


=f

(
n∑

k=1

(
R0 − vk

nR0
+ vk

nR0

)
xp

k

)1/p

=f

( 1
n

n∑
k=1

xp
k

)1/p
 ,

where the last inequality follows by the Jensen’s inequality for the (p, h)-convex
function f . □

For further generalisation of Theorem 3.1, we need the following lemma.

Lemma 3.2 ([5]). Let ϕ be a strictly increasing convex function defined on an interval
I. If x, y, z and w are points in I such that z − w ⩽ x − y, where w ⩽ z ⩽ x and
y ⩽ x, then

0 ⩽ ϕ(z) − ϕ(w) ⩽ ϕ(x) − ϕ(y).

This lemma will be simply used to prove the following generalization of Theorem 3.1.

Theorem 3.2. Let v1, . . . , vn be positive real numbers, n ⩾ 2, such that ∑n
k=1 vk = 1.

Let f be a (p, h)-convex function, x1, . . . , xn ∈ I and λ ⩾ 1.
(a) If h is a non-negative super-multiplicative and super-additive function on [0, 1],

then

fλ

(( n∑
k=1

vkxp
k

) 1
p

)
+ hλ(nr0)

(h
( 1

n

) n∑
k=1

f (xk)
)λ

− fλ

(( 1
n

n∑
k=1

xp
k

) 1
p

)
⩽

(
n∑

k=1
h (vk) f (xk)

)λ

,(3.3)

where r0 = min{v1, v2, . . . , vn}
(b) If h is a non-negative multiplicative and super-additive function on [0, +∞),

then (
n∑

k=1
h (vk) f (xk)

)λ
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⩽fλ

(( n∑
k=1

vkxp
k

) 1
p

)
+ hλ(nR0)

(h
( 1

n

) n∑
k=1

f (xk)
)λ

− fλ

(( 1
n

n∑
k=1

xp
k

) 1
p

) ,

where R0 = max{v1, v2, . . . , vn}.

Proof. Let

x =
n∑

k=1
h(vk)f(xk), y = f

(( n∑
k=1

vkxp
k

) 1
p

)
,

z =h(nr0)
(

h
( 1

n

) n∑
k=1

f (xk)
)

, w = h(nr0)f
(( 1

n

n∑
k=1

xp
k

) 1
p

)

and
z′ = h(nR0)

(
h
( 1

n

) n∑
k=1

f (xk)
)

, w′ = h(nR0)f
(( 1

n

n∑
k=1

xp
k

) 1
p

)
.

Then based on Theorem 3.1, we have
z − w ⩽ x − y ⩽ z′ − w′.

The first and the second inequalities in Theorem 3.2 follow directly by applying
Lemma 3.2, with ϕ(x) = xλ, where λ ⩾ 1 to the inequalities z − w ⩽ x − y, with
w ⩽ z ⩽ x, y ⩽ x and x − y ⩽ z′ − w′ with y ⩽ x ⩽ z′, w′ ⩽ z′, respectively. This
completes the proof. □

Remark 3.1. Before proceeding to further results, we explain a little about Theorem
3.2. Notice that if we take f(x) = ex, h(x) = x and xi = ln ai for ai > 0 we recapture
Theorems 2.2 and 2.4 in [17].

4. Refinement and Reverse of Jensen’s Inequality for (p, h) Operator
Convex Function

Let Mℓ be the algebra of all complex matrices of order ℓ × ℓ. A matrix A ∈ Mℓ is
called Hermitian if A = A∗, where A∗ is the adjoint of A. The notation A ⩾ 0 (A > 0)
is used to mean that A is positive semi-definite (positive definite). If A and B are
Hermitian and A − B is positive semi-definite, then we write A ⩾ B.

In this section, we extend some results from the context of real functions and real
numbers to that of matrices. In the following we suppose that I ⊂ R+ and p > 0.

Definition 4.1. Let h : [0, 1] → R be a non-negative and non-zero function. We say
that f : I → R is operator (p, h)-convex or that f belongs to the class opgx(h, p, I), if

f
(
[(1 − v)Ap + vBp]

1
p

)
⩽ h(1 − v)f(A) + h(v)f(B),(4.1)

for all A, B ∈ M+
ℓ with σ(A), σ(B) ⊂ I, and v ∈ (0, 1). Similarly, if the inequality

sign in (4.1) is reversed, then f is said to be a (p, h)-concave function or belong to
the class ghv(h, p, I).
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The matrix version of Jensen type inequality for operator (p, h)-convex functions
is as follows.

Theorem 4.1. Let h be a non-negative super-multiplicative function on [0, 1] and
assume f ∈ opgx(p, h, I). For k = 1, . . . , n, let Ak be a positive semi-definite matrix
with spectrum in I and let v1, . . . , vn be positive real numbers, such that ∑n

k=1 vk = 1.
Then

f

( n∑
k=1

vkAp
k

) 1
p

 ⩽
n∑

k=1
h (vk) f (Ak) .

Theorem 4.2. Let f ∈ opgx(p, h, I), A1, . . . , An be positive semi-definite matrices in
Mℓ with spectra in I and v1, . . . , vn be positive real numbers, such that ∑n

k=1 vk = 1.
(a) If h is a non-negative super-multiplicative and super-additive function on [0, 1],

then

f

(( n∑
k=1

vkAp
k

) 1
p

)
+ h(nr0)

(
h
( 1

n

) n∑
k=1

f (Ak) − f

(( 1
n

n∑
k=1

Ap
k

) 1
p

))

⩽
n∑

k=1
h (vk) f (Ak) ,

where r0 = min{v1, v2, . . . , vn}
(b) If h is a non-negative multiplicative and super-additive function on [0, +∞),

then
n∑

k=1
h (vk) f (Ak) ⩽f

(( n∑
k=1

vkAp
k

) 1
p

)

+ h(nR0)
(

h
( 1

n

) n∑
k=1

f (Ak) − f

(( 1
n

n∑
k=1

Ap
k

) 1
p

))
,

where R0 = max{v1, v2, . . . , vn}.

Proof. We prove the first inequality. Since, h is a super-multiplicative and super-
additive function, we have

n∑
k=1

h (vk) f (Ak) − h(nr0)
(

h
( 1

n

) n∑
k=1

f (Ak) − f

(( 1
n

n∑
k=1

Ap
k

) 1
p

))

=
n∑

k=1

(
h (vk) − h(nr0)h

( 1
n

))
f (Ak) + h(nr0)f

(( 1
n

n∑
k=1

Ap
k

) 1
p

)

⩾
n∑

k=1
h (vk − r0) f (Ak) + h(nr0)f

(( 1
n

n∑
k=1

Ap
k

) 1
p

)

⩾f

[( n∑
k=1

(vk − r0) Ap
k + nr0

( 1
n

n∑
k=1

Ap
k

)) 1
p

]
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=f

(( n∑
k=1

vkAp
k

) 1
p

)
,

where the last inequality follows by the Jensen’s inequality for the (p, h) operator
convex function f . This proves the first desired inequality.

To prove the second desired inequality, we have
n∑

k=1

h (nR0) h
(

1
n

)
− h (vk)

h (nR0)

 f (Ak) + 1
h (nR0)

f

( n∑
k=1

vkAp
k

)1/p


⩾
n∑

k=1

(
h (R0) − h (vk)

h (nR0)

)
f (Ak) + 1

h (nR0)
f

( n∑
k=1

vkAp
k

)1/p


⩾
n∑

k=1

(
h (R0 − vk)

h (nR0)

)
f (Ak) + 1

h (nR0)
f

( n∑
k=1

vkAp
k

)1/p


⩾
n∑

k=1
h
(

R0 − vk

nR0

)
f (Ak) + h

( 1
nR0

)
f

( n∑
k=1

vkAp
k

)1/p


⩾f

( n∑
k=1

R0 − vk

nR0
Ap

k + 1
nR0

n∑
k=1

vkAp
k

)1/p


=f

(
n∑

k=1

(
R0 − vk

nR0
+ vk

nR0

)
Ap

k

)1/p

=f

( n∑
k=1

1
n

Ap
k

)1/p
 ,

where the last inequality follows by the Jensen’s inequality for the (p, h) operator
convex function f . □
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